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Polarization conversion metasurfaces are compact and efficient devices that manipulate the polarization 
state of electromagnetic waves, offering significant advantages in applications such as antennas, imaging 
systems, and optical communication. Traditional design methods often struggle to achieve high polarization 
conversion efficiency across wide bandwidths. To overcome this limitation, we present a gradient-based topology 
optimization method that uses material distribution approach for the design of broadband polarization conversion 
metasurfaces. In the broadband optimization process, we adopt a max-min-type objective function, where 
multiple frequency points within a given frequency band are selected, and the minimum objective value among 
them is maximized to ensure that the optimized structure performs effectively across the entire frequency range. 
We applied this method to the inverse design of polarization conversion metasurfaces targeting the X-band, 
Ku-band, K-band, and Ka-band. Our results demonstrate that the metasurfaces achieve polarization conversion 
ratios exceeding 90% across these broad frequency bands, significantly enhancing their bandwidth performance. 
Experimental validation was performed to verify the topologically optimized metasurfaces, where the measured 
results exhibit remarkable agreement with their numerical counterparts. This approach offers a powerful tool for 
the design of broadband polarization conversion metasurfaces and holds great promise for various applications, 
including frequency-selective surfaces, absorbing metasurfaces, and other advanced electromagnetic devices.

1. Introduction

Polarization is a fundamental property of electromagnetic waves (EM 
waves), describing the orientation of the oscillating electric field vec

tor. In many practical applications, converting the polarization state 
of waves is crucial for improving the performance of devices, e.g., an

tennas, imaging systems, and optical communication systems [1--5]. In 
recent years, polarization conversion metasurfaces have garnered sig

nificant attention due to their ability to manipulate EM waves with 
compact and planar structures [6--13]. By precisely controlling the phase 
shift and amplitude of the rflected or transmitted wave, polarization 
conversion metasurfaces can achieve highly efficient polarization trans

formations. Such metasurfaces are increasingly being integrated into 
various optical and microwave devices, where they enable several novel 
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functionalities, e.g., polarization-sensitive imaging, multi-functional an

tennas, polarization multiplexed devices, polarization control, RCS re

duction, and multifunctional microstrip array [6,9--11,14--19].

Most of the current design methods for polarization conversion meta

surfaces rely on heuristic approaches, guided by the experience and 
intuition of the designer [12,20--24]. Intuition based design methods 
usually involve trial-and-error procedures or rely on analytical models 
to predict the behavior of the metasurfaces. For example, designers can 
adjust the shape, orientation and size of the unit cells of the metasur

faces to achieve the desired polarization conversion effect across a broad 
range of frequencies. Although those approaches have been success

fully applied, they face significant challenges on designing metasurfaces 
for broad bandwidths [24--26]. This is because that it is challenging to 
achieve high efficiency in a wide operating bandwidth. The interaction 
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between the incident wave and the metasurface is highly dependent of 
the geometry of the unit cells. Therefore, tuning the geometries of the 
unit cells for broadband operation is complex and time-cost. Along with 
the increase of the demand for high-performance polarization conver

sion devices, the limitations of the intuition based design methods have 
become more apparent. This prompts the exploration of alternative de

sign strategies.

To overcome the limitations of the intuition based design meth

ods, optimization algorithms have been introduced to implement the 
inverse design of metasurfaces. Lin et al. implemented inverse design of 
polarization-insensitive, large-area, and high-numerical-aperture mono

lithic metalenses through an optimization framework based on rigorous 
coupled-wave analysis [27]; Wang et al. demonstrated that incorpo

rating the performance evaluation of geometrically eroded and dilated 
structures into iterative optimization algorithms can enhance the ro

bustness of topology optimization of metasurfaces [28]; Wu et al. in

novatively integrated an explicit equivalent circuit intervention model 
into an implicit deep learning methodology to guide metasurface design 
and thereby circumvent the computationally intensive approaches [29]. 
As one of the inverse design methods, genetic algorithms based topol

ogy optimization method have been used by some researchers to design 
polarization conversion metasurfaces [21,30--32]. These algorithms typ

ically rely solely on the objective function values, which make them be 
conveniently used as black-box optimization tools. However, the limited 
information provided by the objective function values, combined with 
the random strategies used to update the design variables, makes those 
algorithms less efficient for the optimization problems involving a large 
number of design variables [33]. Due to the limitation in the number 
of design variables, structures obtained using genetic algorithms often 
exhibit a noticeable checkerboard pattern associated point connection 
issues [21,30--32,34]. This requires high fabrication precision and may 
even lead to performance instability when the device is used in practice 
[34,35]. Topology optimization method with gradient-based optimiza

tion techniques, implemented by the material distribution approach, can 
easily handle problems with a large number of design variables, where 
the gradient of the objective function contains a substantial amount of 
information. The gradient information can greatly accelerate the itera

tion process, and it can be computed efficiently by using the solutions 
of the associated adjoint equations [36--40].

This article devotes to the gradient-based topology optimization car

ried out by material distribution approach for the design of polarization 
conversion metasurfaces. Compared to the existing genetic algorithms 
reported in the literatures which typically handle around 100 design 
variables [21,30--32], our developed method achieves a substantial in

crease in the design variables number up to 2500. This significant en

hancement benfits from the superior capability of gradient-based algo

rithms in managing problems with a large number of design variables, 
thereby offers more design freedom compared to the existing genetic 
algorithms. The problem formulation is based on Maxwell’s equations, 
discretized by using the finite element method (FEM). The method of 
moving asymptotes (MMA) is used to update the design variables. To 
validate the effectiveness of this method, we present numerical exam

ples and experimental verfication for different target frequency bands 
and further analyze the broadband conversion mechanism of the topo

logically optimized metasurfaces through theoretical analysis based on 
surface current distributions. The principal symbols used in this article 
are shown in Table 1, and the key points of this article are shown in 
Table 2.

2. Method

2.1. Polarization conversion

Fig. 1a is the sketch of the unit cell for a polarization conversion 
metasurface. The metasurface extends ifinitely in the 𝑥𝑂𝑦-plane with 
a period size of 𝑝. Consider the incident wave as a plane wave traveling 

Table 1
Principal Symbols and Definitions.

Symbols Definition 
Operator 
∇ gradient operator in Cartesian coordinate system 
∇𝐱′ gradient operator in the PML with transformed coordinates 
⋅ inner product operator 
∗ conjugate operator of a complex variable 
Electromagnetic field relevant variables and parameters 
𝐸𝑖 incident electric field 
𝐸𝑟 reflected (or scattered) electric field 
𝐸 total electric field 
𝐸𝑖𝑛𝑑 induced electric field 
𝐻𝑖𝑛𝑑 induced magnetic field 
𝜔 angular frequency 
𝑚 magnetic dipole moment 
𝜙 phase 
𝜆 wavelength 
𝑘 wave vector 
𝛼 wavenumber 
𝑗 imaginary unit 
𝑡 time 
𝑅𝑥𝑥 co-polarized reflection coefficients 
𝑅𝑦𝑥 cross-polarized reflection coefficients 
Material and dimensional parameters 
𝜀𝑟 relative permittivity 
𝜇𝑟 relative permeability 
𝜎 conductivity 
𝜀0 vacuum permittivity 
𝜇0 vacuum permeability 
𝑝 unit period 
ℎ dielectric layer thickness 
Optimize relevant variables and parameters 
𝜌 design variable 
𝜌𝑓 filtered design variable 
𝜌𝑒 elementwised design variable 
𝜌𝑝 projected design variable 
𝑟 filter radius, 
𝜉 projection point 
𝛽 projection slope 
𝐽 objective function 
𝑁 total number of mesh elements used to discretize the design domain 

Table 2
Key Points of the Article.

No. Key Points

1 A novel polarization conversion metasurface design method based on 
topology optimization is presented.

2 The rational design space for the unit period and dielectric thickness of 
polarization conversion metasurfaces is studied.

3 Four broadband polarization conversion metasurfaces are inversely designed 
for different target frequency bands. Within the target operating frequency 
bands, the PCR of the metasurfaces consistently exceeds 90% which has been 
experimentally verfied. Additionally, the mechanism of broadband 
polarization conversion is further investigated.

in the −𝑧 direction, with its electric field oriented along the 𝑥-axis, the 
front plane of the metasurface is illuminated vertically as illustrated in 
Fig. 1. The incident electric field can be expressed as

𝐄𝐢 =𝐸0𝑒
𝑗𝑘0𝑧𝐮̂𝐱 (1)

where 𝐸0 is the amplitude of the incident wave, 𝑘0(= 2𝜋∕𝜆0) is the free 
space wavenumber, 𝜆0 is the free space wavelength, and ̂𝐮𝐱 is the unit 
vector along the 𝑥 axis.
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Fig. 1. (a) Sketch of the unit cell for the polarization conversion metasurfaces, where 𝐄𝑖 is incident field, 𝑘0 is freespace wavenumber, 𝑝 is period of unit cell and ℎ
is d dielectric thickness; (b) sketch for the three-dimensional FEM model of the unit cell, consists of the PML domain Ω𝑃 , free space domain Ω𝑓 , substrate domain 
Ω𝑠 and design domain Ω𝑑 for metal patch located on the top of the substrate, where Γ𝑒 is external boundary of the unit cell, Γ𝑝 is external boundary of PML, Γ𝑝𝑠𝑥

and Γ𝑝𝑠𝑦 are source boundary of the periodic boundary pair, and Γ𝑝𝑑𝑥 and Γ𝑝𝑑𝑦 are destination boundary of the periodic boundary pair; (c) sketch for topology 
optimization of the metal patch. The design domain is separated from the unit cell boundary by a distance of 𝑝∕40 to prevent adhesion between adjacent cells.

Fig. 2. Heaviside function. 

Due to the periodicity of the metasurface along the 𝑥 axis and the 
𝑦 axis, the rflected electric field can be expressed as a doubly ifinite 
series of Floquet harmonics:

𝐄𝑟 =𝐸𝑜

∞ ∑
𝑚 

∞ ∑
𝑛 

{
(𝑅𝑚,𝑛

𝑥𝑥 𝐮̂𝐱 +𝑅𝑚,𝑛
𝑦𝑥 𝐮̂𝐲)𝑒

[
𝑗(𝑚𝑥+𝑛𝑦)2𝜋

𝑝 
]
𝑒(−𝑗𝛼

𝑚,𝑛𝑧)
}

(2)

where the wavenumbers 𝛼𝑚,𝑛 can be expressed as

𝛼𝑚,𝑛 =

√
𝑘20 −

(
2𝜋
𝑝 

)2
(𝑚2 + 𝑛2); (3)

𝑅𝑚,𝑛
𝑥𝑥 and 𝑅𝑚,𝑛

𝑦𝑥 are co-polarized rflection coefficients (𝑥 to 𝑥) and cross

polarized rflection coefficients (𝑥 to 𝑦), respectively; and ̂𝐮𝐱 and ̂𝐮𝐲 are 
the unit vectors along the 𝑥 axis and 𝑦 axis, respectively.

Based on different values of 𝑚 and 𝑛, the rflection coefficient in 
equation (2) can be categorized into specular and non-specular rflec

tions. Specifically, when 𝑚 = 0 and 𝑛 = 0, the rflection coefficient cor

responds to the specular rflection of the electric field. For the other 
values of 𝑚 and 𝑛, the rflection coefficient represents non-specular re

Fig. 3. Flowchart for the iterative solution of the topology optimization problem.

flection. Non-specular rflection is primarily caused by the excitation of 
higher-order modes, with characteristics closely related to the operating 
frequency and incident angle of the EM wave [41]. Therefore, assuming 
that the loss of EM waves in the substrate is neglected, when the elec

tric field vertically illuminates the front plane of the metasurface, the 
rflected electric field can be expressed as

𝐄𝐫 →𝐸0(𝑅𝑥𝑥𝐮̂𝐱 +𝑅𝑦𝑥𝐮̂𝐲)𝑒−𝑗𝑘0𝐳 (4)

as 𝑧→∞, with 𝑚 = 0 and 𝑛 = 0. The degree of cross-polarization conver

sion of the rflected electric field can be measured by the polarization 
conversion ratio (PCR), which can express as

PCR =
|||𝑅𝑦𝑥

|||2||𝑅𝑥𝑥
||2 + |||𝑅𝑦𝑥

|||2 ∈ [0,1]. (5)
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Fig. 4. Iteration history of the metasurface targeting the X-band. 

2.2. Wave propagation model

The three-dimensional model is considered as shown in Fig. 1b. The 
computational domain is set to be a unit cell of the polarization con

version metasurface. The unit cell follows a typical sandwich structure 
[42,43], consisting of a dielectric substrate, a metal patch on top, and 
a metallic ground plane at the bottom to fully rflect EM waves. The 
dielectric material is selected as FR4 (flame retardant-4), which is cho

sen for its low loss characteristics, with the relative dielectric constant 
𝜀𝑟 = 4.5 and conductivity 𝜎 = 0.004𝑆∕𝑚.

The time-harmonic electric field distribution within the computa

tional domain is determined by solving the three-dimensional Maxwell’s 
equations expressed as

∇× [𝜇−1
𝑟 ∇× (𝐄𝑟 +𝐄𝑖)] − 𝑘20(𝜀𝑟 −

𝑗𝜎 
𝜔𝜀0

)(𝐄𝑟 +𝐄𝑖) = 0, in Ω

∇ ⋅ [(𝜀𝑟 −
𝑗𝜎 
𝜔𝜀0

)(𝐄𝑟 +𝐄𝑖)] = 0, in Ω
. (6)

The formulation of equation (6) employs a Cartesian coordinate system 
with ∇ denoting the gradient operator; to mitigate dispersion errors, a 
scatterin-field decomposition is adopted, where the total electric field 
is expressed as 𝐄 = 𝐄𝑟 + 𝐄𝑖, comprising the scattered field 𝐄𝑟 and in

cident field 𝐄𝑖 [44]. The material properties are characterized by rela

tive permittivity 𝜀𝑟, relative permeability 𝜇𝑟, and conductivity 𝜎. Here, 
𝑘0 = 𝜔

√
𝜀0𝜇0 represents the free-space wavenumber, where 𝜔 is angu

lar frequency, 𝜀0 and 𝜇0 denote vacuum permittivity and permeability 
respectively. All fields exhibit harmonic time dependence governed by 
the factor 𝑒𝑗𝜔𝑡, with 𝑗 =

√
−1 denoting the imaginary unit and 𝑡 repre

senting the time. The divergence-free nature of Maxwell’s equations is 
inherently preserved through the use of edge elements in FEM [45]. The 
perfect electric conductor (PEC) condition, 𝐧× (𝐄𝑟 +𝐄𝑖) = 0, is enforced 
on surface Γ𝑒 to model complete electromagnetic wave rflection at the 
metallic ground plane, where 𝐧 is the outward-pointing unit normal 
vector at the domain boundary. To truncate the ifinite computational 
space, perfectly matched layer (PML) is used to absorb the outgoing 
waves and prevent the spurious rflections from the boundaries of the 
computational domain [46], which is implemented by solving the wave 
equations with the complex-valued coordinate transformation [47]

∇𝐱′ × (𝜇−1
𝑟 ∇×𝐄𝑟) − 𝑘20𝜀𝑟𝐄𝑟 = 0, in Ω𝑃 (7)

where 𝐱′ is the complex-valued coordinate transformed from the origi

nal Cartesian coordinate in Ω𝑃 ; ∇𝐱′ is the gradient operator in the PML 
with transformed coordinates; the transformed coordinates and the orig

inal Cartesian coordinates satisfy the transformation

𝐱′ = 𝐓𝐱,∀𝐱 ∈Ω𝑃

𝐓 =
⎛⎜⎜⎝
1 0 0
0 1 0
0 0 (1 − 𝑗)𝜆∕𝑑

⎞⎟⎟⎠
(8)

where 𝐓 and 𝐱 represent the transformation matrix and the original 
Cartesian coordinate, respectively; 𝜆 is the incident wavelength in the 

Fig. 5. Converged objective values for different unit periods and dielectric thick

nesses with the incident frequency of 10 GHz. The region enclosed by the red 
dashed line represents the suitable design space.

truncated background, and 𝑑 is the thickness of the PML. The no-jump 
boundary condition 𝜇−1

𝑟 (∇ × 𝐄𝑟 − ∇𝐱′ × 𝐄𝑟) × 𝐧 = 𝟎 for the scattering 
field is imposed on the interface 𝜕Ω between Ω𝑃 and Ω and the electric 
conductor condition 𝐧 × (𝐄𝑟 +𝐄𝑖) = 𝟎 is imposed on external boundary 
Γ𝑃 .

Due to the periodicity of the metasurface along the 𝑥-axis and 𝑦-axis, 
periodic boundary condition is imposed on the boundaries in the 𝑥 and 
𝑦 directions to reduce the computational cost:

𝐄𝑟(𝐱 + 𝐚) = 𝐄𝑟(𝐱)𝑒−𝑗𝐤⋅𝐚,

𝐧(𝐱 + 𝐚) ⋅ [∇ ×𝐄𝑟(𝐱)𝑒−𝑗𝐤⋅𝐚] = −𝑒−𝑗𝐤⋅𝐚𝐧(𝐱) ⋅ [∇ ×𝐄𝑟(𝐱)𝑒−𝑗𝐤⋅𝐚],

for ∀𝐱 ∈ Γ𝑝𝑠,𝐱 + 𝐚 ∈ Γ𝑝𝑑

(9)

where Γ𝑝𝑠 and Γ𝑝𝑑 are the source and destination boundaries of the 
periodic boundary pair, respectively; 𝐤 and 𝐚 represent the wave vector 
and the lattice vector, respectively.

2.3. Topology optimization

Topology optimization is a computational design methodology that 
systematically determines the optimal spatial arrangement of material 
within a given design domain to fufill specific performance criteria. As 
demonstrated in Fig. 1c, topology optimization is employed to inversely 
design the metal patch located on the top layer of the substrate, which is 
dfined as the design domain. The metal patch structure is characterized 
by the spatial distribution of conductor material within the design do

main, dfined with the elementwise conductor density, denoted as 𝜌𝑝(𝑖)
with 0 ≤ 𝜌𝑝 ≤ 1 for 𝑖 = 1,2,… ,𝑁 , where 𝑁 represents the total num

ber of mesh elements used to discretize the design domain. This material 
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Fig. 6. (a) Topology optimization results for the unit periods of 0.2, 0.4, and 0.6 times of the free-space wavelength, and the dielectric thicknesses of 0.3, 0.5, and 
0.7 times of the wavelength in the dielectric medium. (b) PCR values of the obtained structures.

density is obtained by filtering, elementwising and projecting the design 
variable 𝜌 dfined on the design domain.

The primary purpose of filtering the design variable is to ensure the 
robust evolution of the design and eliminate small structures with sizes 
comparable to the discretized elements. This filtering process is achieved 
by solving the following Helmholtz equation [48]:

−∇ ⋅
(
𝑟2∇𝜌𝑓

)
+ 𝜌𝑓 = 𝜌, in Ω𝑑

𝐧 ⋅∇𝜌𝑓 = 0,on 𝜕Ω𝑑

(10)

where 𝑟 is the filter radius; 𝜌 is the design variable; and 𝜌𝑓 is the filtered 
design variable. By adjusting the filter radius, the minimum feature size 
of the optimized structure can be controlled.

The material conductivity gradient, resulting from the gradient of 
the design variable, can cause a violation of the divergence-free condi

tion in the governing equations. Consequently, it is necessary to enforce 
piecewise uniformity of the design variable within the design domain, 
such that the conductivity remains constant within each element. An el

ementwise operation is then performed on the filtered design variable 
𝜌𝑓 to obtain the elementwise variable 𝜌𝑒, which represents the average 
value of the filtered variables within each element [45]. This process 
can be expressed as

𝜌𝑒 =
𝑁∑
𝑛=1 

1 
𝑉𝑛 ∫

𝑃𝑛

𝜌𝑓dΩ,with

⎧⎪⎨⎪⎩
𝑉𝑛 = ∫

𝑃𝑛
1 dΩ,⋃𝑁

𝑛=1 𝑃𝑛 =Ω,
and 𝑃𝑙 ∩ 𝑃𝑚 = ∅ (𝑙,𝑚 = 1,2…𝑁, 𝑙 ≠𝑚)

(11)

where 𝑁 represents the total number of mesh elements used to discretize 
the design domain.

The elementwise variable is further projected to obtain the material 
density by using a smoothed approximation of the Heaviside function 
[49], which serves to eliminate the gray region introduced by the filter

ing process:

𝜌𝑝 =
tanh (𝛽𝜉) + tanh

(
𝛽(𝜌𝑒 − 𝜉)

)
tanh (𝛽𝜉) + tanh (𝛽(1 − 𝜉))

, 𝜉 ∈ [0,1] , 𝛽 ∈ [1,+∞] (12)

Fig. 7. Topologically optimized unit cells for the target frequency bands of (a) 
X-band, (b) Ku-band, (c) K-band, and (d) Ka-band, respectively.

where 𝜉 represents the projection point, usually taking the value of 0.5, 
and 𝛽 represents the projection slope, with the ifluence on Heaviside 
function shown in Fig. 2. When 𝛽 = 1, the projection has weak effect; 
as 𝛽 approaches ifinity, the material density almost only takes values 
of 0 or 1. Specifically, we begin with 𝛽 = 1, and double it after every 
20 iterations until 𝛽 reaching 210, to ensure that the final optimization 
result exhibits clear structural boundaries.

For topology optimization based on the material distribution method, 
it is necessary to dfine an interpolation function to map the design vari

ables to material parameters. In the cases where the material parameters 
differ only slightly, e.g. two dielectric materials with small contrast in 
dielectric constants, simple linear interpolation can yield satisfactory 
results [50,51]. However, in our case, due to the significant contrast in 
conductivity between air and metal, simple linear interpolation is no 
longer suitable. Here, we adopt the interpolation scheme expressed as 
[52]



Results in Engineering 25 (2025) 104575

6

H. Zhong, B. Li, Y. Lin et al. 

Fig. 8. Reflectance and PCR of the optimized structures for the target frequency bands of (a) X-band, (b) Ku-band, (c) K-band, and (d) Ka-band, respectively, under 
the condition of 𝑥-polarized incident waves.

𝜎(𝜌𝑝) = 𝜎𝑚𝑖𝑛

(
𝜎𝑚𝑎𝑥
𝜎𝑚𝑖𝑛

)𝜌𝑝

(13)

where 𝜎𝑚𝑖𝑛 = 10−4 𝑆∕𝑚 and 𝜎𝑚𝑎𝑥 = 106 𝑆∕𝑚 are the minimum and 
maximum conductivity values corresponding to air and metal materi

als, respectively. Strictly, the conductivity of free space should be zero; 
however, due to numerical considerations, 𝜎𝑚𝑖𝑛 is assigned a small but 
non-zero value. Nevertheless, this has almost no effect on the EM char

acteristics of the structure.

For polarization conversion metasurfaces, PCR is the primary perfor

mance metric. However, due to the effect of material conductivity on EM 

wave attenuation, a relatively low cross-polarized rflection coefficient 
can still lead to a high PCR if the co-polarized rflection component is 
fully attenuated. As a result, in optimization processes where maximiz

ing PCR serves as the objective function, a large number of undesirable 
gray values may appear in the optimization process. Although these gray 
values can be removed during the process of increasing the projection 
slope, the excessive gray values cause sharp fluctuations in the objective 
function with each increment in the projection slope, leading to insta

bility of the optimization process. Consequently, the final optimization 
results are often not acceptable. To avoid this situation, we use maximiz
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ing the normalized cross-polarization rflected energy as the objective 
function, which not only prevents the PCR from being falsely high, but 
also makes the optimization problem ``self-penalized'' [53], i.e. the de

sign variables can naturally converge to the binary distribution. For the 
case with the incident wave polarized along the 𝑥 axis, the objective 
function can be expressed as

𝐽 =𝑅𝑦𝑥
2 =

∫
𝜕Ω𝐸𝑟,𝑦𝐸

∗
𝑟,𝑦dΓ

∫
𝜕Ω𝐄𝐢 ⋅𝐄𝐢

∗dΓ 
(14)

where 𝜕Ω represents the interface between Ω𝑃 and Ω; and ∗ represents 
the conjugate operation of a complex variable.

For the broadband optimization problem, we use a max-min-type ob

jective function. Specifically, we select multiple frequency points within 
a given frequency band and maximize the minimum objective value 
among them, to ensure the effectiveness of the optimized structure 
across the entire frequency band. The objective function can then be 
expressed as

𝐽 =min 𝑅𝑦𝑥
2(𝜔)

with 𝜔 = 𝜔𝑚𝑖𝑛 + 𝑖
𝜔𝑚𝑎𝑥 −𝜔𝑚𝑖𝑛

𝑁 − 1 
, 𝑖 = 0,1, ...,𝑁 − 1

(15)

where 𝑁 is the total number of sample points selected within the fre

quency band.

Based on the above discussion, the topology optimization problem 
for polarization conversion metasurfaces can be constructed as

Find 𝜌 to maximize 𝐽

subject to
⎧⎪⎨⎪⎩
∇× [𝜇−1

𝑟 ∇× (𝐄𝑟 +𝐄𝑖)] − 𝑘20

(
𝜀𝑟 −

𝑗𝜎 
𝜔𝜀0

)
(𝐄𝑟 +𝐄𝑖) = 0, in Ω

∇ ⋅ [(𝜀𝑟 −
𝑗𝜎 
𝜔𝜀0

)(𝐄𝑟 +𝐄𝑖)] = 0, in Ω

−∇ ⋅
(
𝑟2∇𝜌𝑓

)
+ 𝜌𝑓 = 𝜌, in Ω𝑑

.

(16)

The topology optimization problem is solved by using a gradient

based algorithm, where the gradient information required for each iter

ation is obtained by solving the adjoint equations. Based on the finite 
element solution to the original partial differential equations, the ad

joint equations can be efficiently solved to obtain the adjoint variables, 
which are then used to compute the gradient of the objective function 
with respect to the design variables. MMA is used to update the de

sign variables. Due to the anisotropy requirement of the polarization 
conversion metasurfaces, the initial design variables are arranged sym

metrically along the 45◦ diagonal. The stopping criterion is dfined as 
that the change in all design variables is less than 10−3 or the maxi

mum number of iterations is reached, where the maximum number of 
iterations is 220. The flowchart of topology optimization of polarization 
conversion metasurfaces is illustrated in Fig. 3. The iteration history 
shown in Fig. 4 demonstrates the efficiency and robustness of the opti

mization procedure.

3. Results and discussion

To design polarization conversion metasurfaces, the selection of unit 
period and dielectric layer thickness is critical. To investigate the de

sign space of the unit period and dielectric thickness, a series of metal 
patches for polarization conversion metasurfaces with varying unit pe

riods and dielectric thicknesses were inversely designed by using the 
aforementioned topology optimization method, under the condition of 
an incident frequency of 10 GHz. As shown in the Fig. 5, for unit cells 
with periods ranging from 0.2 to 0.6 times of the free-space wavelength 
and dielectric thicknesses ranging from 0.3 to 0.7 times of the dielectric 
wavelength, the optimization algorithm performs well, with all cases 
converging to relatively high objective values. Fig. 6 shows a subset 
of all the optimization results along with the corresponding PCR of the 
metasurfaces, where each structure achieves a PCR close to 1 at the opti

Fig. 9. Schematic diagram of the 𝑢− 𝑣 decomposition of the electric field. 

mized frequency and therefore nearly complete polarization conversion 
is achieved.

To evaluate the performance of this method in optimizing broadband 
structures, we conducted the inverse design for multiple polarization 
conversion metasurface units with target operating frequency bands of 
X-band (8 − 12 GHz), Ku-band (12 − 18 GHz), K-band (18 − 27 GHz), 
and Ka-band (27 − 40 GHz). The specific values of the unit period and 
dielectric thickness are shown in Fig. 7, which were selected based on 
the design space provided in Fig. 5. The optimization results and the cor

responding rflectance and PCR of the metasurfaces are shown in Fig. 8. 
Compared with the classical design reported in Ref. [54] that achieves 
polarization conversion functionality within limited bandwidths around 
two discrete frequencies, the proposed metasurfaces designed via topol

ogy optimization enables polarization conversion across a continuous 
and broad frequency band. Within the target operating frequency bands, 
the PCR of the metasurfaces consistently exceeds 90%.

To understand the mechanism of polarization conversion shown in 
Fig. 9, the incident plane EM wave polarized along the 𝑥-axis can be 
decomposed into two perpendicular components as 𝐄𝑖 = 𝐮̂𝐮𝐸𝑖,𝑢𝑒

𝑗𝜙 +
𝐮̂𝐯𝐸𝑖,𝑣𝑒

𝑗𝜙, and the rflected wave is given by 𝐄𝑟 = 𝐮̂𝐮R𝑢𝐸𝑖,𝑢𝑒
𝑗𝜙𝑢 +

𝐮̂𝐯R𝑣𝐸𝑖,𝑣𝑒
𝑗𝜙𝑣 , where R𝑢, R𝑣, 𝜙𝑢 and 𝜙𝑣 are the rflectance and phase 

along the 𝑢 and 𝑣-axes, respectively. Due to the anisotropic properties 
of the metasurface, the phase difference Δ𝜙 exists between 𝜙𝑢 and 𝜙𝑣. If 
R𝑢 ≈ R𝑣 and Δ𝜙 ≈ 180◦ are satified, the rflected components 𝐸𝑟,𝑢 and 
𝐸𝑟,𝑣 combine to form a field along the 𝑦-axis, resulting in a 90◦ polariza

tion rotation. To verify this, we numerically simulated the rflectance 
and phase of the metasurface obtained through the optimization algo

rithm under the conditions of the incident EM waves polarized along 
the 𝑢-axis and 𝑣-axis. The results are shown in Fig. 10, where the re

flectance for the 𝑢-axis polarized wave is approximately equal to that 
for the 𝑣-axis polarized wave. Additionally, the phase difference within 
the target frequency band is approximately 180◦. This indicates that the 
metasurface possesses polarization conversion capability over the broad 
frequency band.

To further investigate broadband polarization conversion, we mon

itored the surface current distribution of the metasurfaces at the peak 
PCR frequencies. As shown in Fig. 11, for the optimized structure in the 
X-band, at the three frequencies where the PCR reaches its peak, the 
surface currents on the top metal patch and the bottom metal ground 
plane are antiparallel, and this indicates the magnetic resonance. For 
the optimized structure in the Ku-band, at the three frequencies corre

sponding to the PCR peaks, the surface currents on the top metal patch 
and the bottom metal ground plane are parallel, and this indicates the 
electric resonance [55]. Similarly, for the optimized structure in the K

band, magnetic resonance occurs at two resonant frequencies, while in 
the Ka-band, magnetic resonance occurs at 25.58 GHz and 33.34 GHz, 
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Fig. 10. Reflectance and phase of the optimized structures for the target frequency bands of (a) X-band, (b) Ku-band, (c) K-band, and (d) Ka-band, respectively, under 
the conditions of 𝑢-polarized and 𝑣-polarized incident waves.

and the electric resonance occurs at 43.4 GHz. To elucidate the physical 
mechanism of polarization conversion functionality in the metasurfaces 
through electric and magnetic resonances formed by the surface cur

rents, we established the theoretical model illustrated in Fig. 12. In 
Fig. 12a, the antiparallel currents on the top metal patch and bottom 
metal ground plane excite the magnetic resonance, generating a mag

netic dipole moment 𝑚 that induces a magnetic field 𝐻𝑖𝑛𝑑 along the 
𝑣-axis. Through vector decomposition, the 𝐻𝑖𝑛𝑑,𝑥 component exhibits 
parallel alignment with the incident electric field and it is orthogonal to 
the incident magnetic field, thereby cross-polarization conversion from 
𝑥- to 𝑦-polarization is enabled. Conversely, the 𝐻𝑖𝑛𝑑,𝑦 component re

mains perpendicular to the incident electric field while parallel to the 
incident magnetic field, and this renders it ineffective for the cross

polarization conversion. In Fig. 12b, the parallel currents on the top 
metal patch and bottom metal ground plane establish an electric res

onance, and they generate the induced electric field 𝐸𝑖𝑛𝑑 which can 

decompose into 𝐸𝑖𝑛𝑑,𝑥 and 𝐸𝑖𝑛𝑑,𝑦 components. The 𝐸𝑖𝑛𝑑,𝑦 component, 
orthogonal to the incident electric field and parallel to the incident 
magnetic field, facilitates 𝑥-to-𝑦 polarization conversion through the 
cross-coupling interactions. However, the 𝐸𝑖𝑛𝑑,𝑥 component aligns par

allel with the incident electric field while remaining perpendicular to 
the incident magnetic field, thereby it contributes negligibly to the cross

polarization conversion process. Due to the multi-resonance effect, the 
topologically optimized structures can operate effectively over a broad 
frequency band.

To validate the accuracy of simulation results, experimental sam

ples were fabricated using printed circuit board (PCB) technology. As 
illustrated in Fig. 13c, d, e, and f, the structural units were periodi

cally arranged to form a metal-dielectric-metal tri-layer cofiguration, 
where copper patterns were etched onto an FR4 substrate with a metallic 
ground plane. The experimental setup, depicted in Fig. 13a, employed 
two linearly polarized horn antennas and a vector network analyzer 
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Fig. 11. Surface current distributions at the resonant frequencies on the top metal patch and the bottom metal rflector of the optimized structures for the target 
frequency bands of (a) X-band, (b) Ku-band, (c) K-band, and (d) Ka-band, respectively.

Fig. 12. Theoretical model of (a) magnetic resonance and (b) electric resonance.

(VNA) in an anechoic chamber to transmit/receive linearly polarized 
waves and analyze rflection coefficients. The PCR in the target fre

quency band was calculated from measured co-polarized and cross

polarized rflection coefficients. Comparative analysis between exper

imental and simulated PCR results, presented in Fig. 13g, h, i, and j, 
demonstrates good agreement with minor discrepancies. These observed 
discrepancies could be attributed to fabrication tolerances, finite sample 
dimensions, and measurement system uncertainties.

4. Conclusions

In this article, we present a gradient-based topology optimization 
method for the inverse design of polarization conversion metasurfaces, 
where topology optimization is implemented by using the material dis

tribution approach. Through the inverse design of polarization conver

sion metasurfaces with varying unit periods and dielectric layer thick

nesses under a 10 GHz incident frequency, we identfied the design 
space for unit periods ranging from 0.2 to 0.6 times of the free-space 
wavelength and dielectric thicknesses from 0.3 to 0.7 times of the wave

length in the dielectric medium. To ensure the optimized structure 
performs effectively across a wide bandwidth, we adopted a max-min

type objective function, selecting multiple frequency points within a 
given frequency band and maximizing the minimum objective value 

among them. Furthermore, the inverse design was carried out for meta

surfaces with target operating bands in the X-band, Ku-band, K-band, 
and Ka-band, achieving PCR exceeding 90% within the target frequency 
bands. Additionally, we explored their broadband polarization conver

sion mechanisms through theoretical analysis based on surface current 
distributions. The topologically optimized metasurfaces are experimen

tally verfied and remarkable agreement is exhibited between the nu

merical and experimental results. This method can provide significant 
improvement for the design of broadband polarization conversion meta

surfaces and shows great potential for applications in the design of other 
types of metasurfaces, such as frequency-selective metasurfaces and ab

sorbing metasurfaces.
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Fig. 13. Measurement setup and the test results of the metasurfaces. (a) Sketch of the measuring platform. (b) Cofiguration of the measurement setup. (c) Sample of 
metasurface targeting the X-band, characterized by a polarizer array with 20 × 20 elements and overall dimensions of 210 × 210 × 3 mm3. (d) Sample of metasurface 
targeting the Ku-band, characterized by a polarizer array with 30×30 elements and overall dimensions of 220×220×2 mm3. (e) Sample of metasurface targeting the 
K-band, characterized by a polarizer array with 30 × 30 elements and overall dimensions of 170 × 170 × 1.5 mm3. (f) Sample of metasurface targeting the Ka-band, 
characterized by a polarizer array with 40 × 40 elements and overall dimensions of 140 × 140 × 1 𝑚𝑚3. (g), (h), (i), (j) show the simulated and measured PCR of the 
metasurfaces targeting the X-band, Ku-band, K-band, and Ka-band, respectively.
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