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ABSTRACT

We derive the partial differential equation (PDE) to which the pseudo-potential lattice Boltzmann method (P-LBM) converges under diffu-
sive scaling, providing a rigorous basis for its consistency analysis. By establishing a direct link between the method’s parameters and physical
properties—such as phase densities, interface thickness, and surface tension—we develop a framework that enables users to specify fluid
properties directly in SI units, eliminating the need for empirical parameter tuning. This allows the simulation of problems with predefined
physical properties, ensuring a direct and physically meaningful parametrization. The proposed approach is implemented in OpenLB, featur-
ing a dedicated unit converter for multiphase problems. To validate the method, we perform benchmark tests—including planar interface,
static droplet, Galilean invariance, and two-phase flow between parallel plates—using R134a as the working fluid, with all properties specified
in physical units. The results demonstrate that the method achieves second-order convergence to the identified PDE, confirming its numeri-
cal consistency. These findings highlight the robustness and practicality of the P-LBM, paving the way for accurate and user-friendly simula-
tions of complex multiphase systems with well-defined physical properties.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0268276

I. INTRODUCTION straightforward procedure for the P-LBM. Therefore, some authors
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The lattice Boltzmann method (LBM) has emerged as a promis-
ing tool for simulating multiphase systems," ~ primarily due to its high
computational efficiency, particularly in parallel simulations using
multicore CPUs” * and GPUs.”'? Several multiphase approaches exist
within the LBM framework, including the pseudo-potential,''* free-
energy, " phase-field,'” """ and color-gradient methods.'*'” Among
these, the pseudo-potential method (P-LBM) is particularly useful for
high-performance simulations’*”' due to its simplicity and effi-
ciency.”” The interface naturally emerges from the interparticle forces
acting on the fluid,” eliminating the need for interface capturing or
tracking methods.

However, many simulations using the P-LBM are conducted
using lattice units without establishing a clear correspondence between
the simulation and a real physical condition.”* Baakeem et al.”’ argue
that the conversion or mapping of parameters between the macro-
scopic (or physical) scale and the mesoscopic (or lattice) scale is not a

have focused on the dimensional analysis of this method.”* ** As a
result, different strategies for mapping parameters between the macro-
scopic and mesoscopic scales were proposed.

Despite the progress, some points still make P-LBM challenging
to apply to real physical problems. First, the method relies on specify-
ing the properties of the equation of state (EOS), whereas the phase-
field method allows for the direct imposition of surface tension and
interface thickness, making it more practical to use. Another difficulty
mentioned by Czelusniak et al.”” is that the method’s parameters, nec-
essary to impose the desired surface tension and ensure thermody-
namic consistency, must be found empirically through prior
simulations such as the Young-Laplace test.

To address these issues, we revisited the topic of P-LBM consis-
tency. Through our investigation, we derived the form of the macro-
scopic equation to which the P-LBM converges under diffusive scaling.
This understanding allowed us to directly relate the fluid’s physical
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properties—such as phase densities, interface thickness, and surface
tension—to the P-LBM parameters. Consequently, one of the meth-
od’s major limitations was addressed: Users no longer need to fine-
tune specific parameters, but can instead define desired fluid properties
directly, greatly simplifying its application.

To implement and validate these developments, we utilized
OpenLB” based on version 1.7.”" This software is a powerful tool for
parallel lattice Boltzmann simulations that is employed for example in
sub-grid particulate flows,”! fully resolved particle flows,”*” turbulence
simulations,””* optimization,v ¢ sub- grid multiphase flows,”” and
fully resolved multiphase flows.” OpenLB employs unit converters,
enabling users to specify physical variables directly in physical units
that are then transformed into lattice units by the converter. We
extended this framework by developing a dedicated converter for mul-
tiphase problems. This enhancement allows users to define fluid prop-
erties not only directly but also in physical units, making the method
significantly more user-friendly and versatile.

To validate our approach, we selected four benchmarks with ana-
Iytical solutions for diffuse interface problems: planar interface, static
droplet, Galilean invariance, and two-phase flow between parallel
plates. All tests are performed in SI units using R134a as a working
fluid. Each problem was solved using meshes with varying resolutions,
and we demonstrated that the method achieves second-order conver-
gence in all cases, confirming its consistency.

The remainder of this paper is organized as follows. In Sec. II, we
introduce the theoretical foundations of the pseudo-potential lattice
Boltzmann method (P-LBM). Section III focuses on the derivation of
the partial differential equation (PDE) approximated by the P-LBM
under diffusive scaling. In Sec. IV, we present the methodology for
directly relating the method parameters to physical properties. Section
V' describes the implementation of the proposed framework in
OpenLB, including the development of a dedicated unit converter for
multiphase problems. Section VI presents the results of the benchmark
tests, validating the consistency of the method. Finally, Sec. VII con-
cludes the paper with a summary of the main findings.

Il. PSEUDO-POTENTIAL LBM

In this work, we apply the lattice Boltzmann equation (LBE) with
the single-relaxation-time (SRT or BGK) collision operator.”” To
establish the dimensions of each variable, we define the fundamental
dimensions of mass (M), length (L), and time (7). We denote the
dimension of a variable ¢ as [¢]. The LBE is expressed as

fi(t + At,x + ¢;At) — fi(t,

where f; ([f;] = ML™3) are the particle distribution functions associated
with particle velocities ¢;, and £ are the local equilibrium distribution
functions (EDF). The BGK collision operator is governed by the relax-
ation time 7 ([t] = 7).

The variables t and x are the time and space coordinates, respec-
tively. The velocity set used is the regular two-dimensional nine veloci-
ties scheme (D2Q9),

):—*(f — Y+ AtFL (1)

(0,0), i=0,
¢ = (C,O),(O,C),(—C,O),(O,—C), i= 7~--a47 (2)
(C,C),(—C,C),(—C,—C).,(C,—C), i=5,..,8
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where c is the lattice speed defined as ¢ = Ax/At. The parameters Ax
and At are the space and time steps.

The specific form of £ ([f;'] = ML~3) varies depending on the
particular method employed. In this work, we use the form

Ci CinCip — 625
£ =wp (1 +§u1 +W”fx”ﬁv ) G)
N

N

where w; (dimensionless) are the weights associated with each velocity
¢;. For the D2Q9 scheme, these weights are given as wy = 4/9,
Wi234 = 1/9, and ws 675 = 1/36. The parameter ¢, referred to as
the lattice sound speed, is defined as ¢/+/3. The variable p represents
the density, and u,, denotes the fluid velocity.

The term F] on the right-hand side of Eq. (1) represents the
forcing scheme. This term incorporates the effects of an external volu-
metric force field F, ([F,] = ML™2T~2) into the macroscopic conser-
vation equations. Shan and Chen'' introduced an interaction force
based on nearest-neighbor interactions (see Shan™ for the definition
of nearest-neighbor interactions),

8
Fﬁc = Z w |c,| (x + ¢;At) — (4)

i=1 (At)z 7

where  is a density-dependent interaction potential, and G is a

parameter that controls the strength of the interaction. The parameters

o(|¢;|*) (dimensionless) are weights, typically set as (1) = 1/3 and

®(2) = 1/12. The definition of the interaction potential used in this

study follows the approach proposed by Yuan and Schaefer’' which

enables the incorporation of arbitrary equations of state pros into the
2(pros — pe?)

system
<PEOS ((At)) g)
Y(p) = = . (5)

A
Gc? G

When this technique is used, the parameter G no longer controls the
interaction strength. Since authors in the literature commonly adopt
PEos < pcf, we can simply set G = —1. If G is defined as a dimension-
less quantity, then [y] = [\/p] = M'/2L=%/2,

When applying the original force proposed by Shan and Chen''
the pseudo-potential method exhibits certain issues related to thermo-
dynamic consistency and the inability to adjust surface tension. To
address these limitations, several approaches were developed.”” " In

this work, we add the terms derived by Czelusniak et al. ' into the
interaction force,
; G (Ax)
int _ pSC (1) 3 4(2)
Fint — FSC 2(At) ( &+ 2 — )Mﬁ M.
( A t) (K ) o /;/; 9 ( )

where ¢ and k are the adjustable parameters to control phase densities

and surface tension. Also, M ) and M? i are defined as

=04 +0((Ax)%),  (7a)

Cly
= Z wih(x + ¢;At) AL
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CioCip — Cszéa[i
ct(Ar)?
= 3,050 + O((Ax)?). (7b)

Mi? = Z wiy(x + ¢;At)

The interaction force can be implemented using various forcing
schemes. In this study, we adopt the forcing scheme proposed by
Guo and Zhao'*

At (¢ CinCip — €20
Fz{ = W,-<1 - E) (ng +WFQ(L{/;) . (8)

N N

Here, the total force F, is the combination of the interaction force F;m
and other external forces, such as gravity.

The relation between the particle distribution functions f; and the
macroscopic fluid velocity u, depends on the chosen forcing scheme.
For the scheme adopted in this study, the density and velocity fields
are defined as follows:

p= Zﬁv (92)

F,At

ply = Z ficiu + o (9b)

I1l. P-LBM PARTIAL DIFFERENTIAL EQUATION

When analyzing the pseudo-potential method’s numerical
scheme using the third-order analysis proposed by Lycett-Brown and
Luo™’ the following mass and momentum conservation equations are
obtained

Op + aa(pua) =0, (10a)
O (puy) + Op(pugiip) = —Oppup + Dpo,g + Fo. (10b)

Here, the viscous stress tensor O’; 5 is expressed as
oy = pv(Optiy + Dyug). (11)

The kinematic viscosity v, which appear in Eq. (11), is related to
the relaxation time by v = (7 — 0.5A¢).

The effect of the interaction force was incorporated into the pres-
sure tensor pyg, leaving only the gravitational force Fy, in Eq. (10b).
The pressure tensor is expressed as

4 4
pas = (p - g((i—j)lsw) 0,) +1—i((it)) (3- 2x>w8~;8~,w> Y
G(Ax)*
o "

In the finite-difference literature, these PDEs would be classified as
modified equations.”” Tt is the differential equation obtained by replac-
ing the numerical approximations in the discrete equation with their
Taylor series expansions. The terms retained in the equations above
are of the order (Ax)* and (At)*. A rigorous consistency analysis of
the method would require determining the truncation errors, which
could be done following the procedure developed by Simonis and
Krause."’ However, we defer this more in-depth theoretical analysis to

pubs.aip.org/aip/pof

The PDE approximated by the P-LBM is grid-dependent, as it
relies on Ax and At. This dependency manifests in the pressure tensor
[Eq. (12)] and the interaction potential  [Eq. (5)]. This behavior
introduces challenges when discussing the consistency of the P-LBM.
By definition, consistency requires that a numerical method approxi-
mates a specific PDE. However, in the case of the P-LBM, the PDE
varies with each grid resolution.

We proceed to analyze the behavior of the PDE under a diffusive
scaling, At oc (Ax)?. For simplicity, we assume At = /r(Ax)*, where
r is a constant. Based on this assumption, the following result is
obtained

2 (pEog(Ax)zr — g) 5
lim ¥ = lim = \/;\//5 (13)

Ax—0 Ax—0 G

We assume G = —1. Consequently, Eq. (12) can be reformulated to
express the pressure tensor of the PDE solved by the P-LBM

1 1
= (peos + 1350V @) ~ 13, 5~ 200VF0,0,7 )y

1
— gx\/ﬁ&xf)ﬁ\/ﬁ. (14)

The presence of the constant r implies that the final pressure tensor
remains dependent on the choice of the grid. However, it is possible to
compare the results of two simulations under a diffusive scaling refine-
ment, as the pressure tensor remains unchanged. This allows us to
determine the convergence order of the method.

The main advantage of expressing the pressure of the P-LBM
PDE in the form of Eq. (14), lies in the ability to directly relate the
parameters of the pseudopotential method to the physical properties
we aim to impose in the simulation (phase densities, interface thick-
ness, and surface tension). This will be explored in Sec. I'V.

IV. COMPUTING P-LBM PARAMETERS

Obtaining the limiting PDE of the P-LBM is more than a mere
theoretical curiosity. In this section, we demonstrate that through the
derived PDE, it is possible to relate the multiphase physical properties
(phase densities, interface thickness, and surface tension) to the meth-
od’s parameters (equation of state parameters, ¢ and ). This approach
addresses one of the major challenges of the P-LBM: the empirical
adjustment of the method parameters to achieve the desired physical
properties.

The mechanical stability condition*”*” for the P-LBM is given by

01 w 01 dp
Jpv (peos —Po)de x Jpv (PEOs — Po) F =0. (15)
This relation becomes equivalent to the Maxwell equal area rule when
& = 2. Throughout the remainder of this work, we assume & = 2 for
the numerical tests.

For this work, we propose the following novel equation of state

Pros = % [2/03 + (p, = 2p1)p" = 3/pyp*°

c

future work and proceed with our analysis based on modified 15 ) 05}
equations, +2y/p,01p7" +/PupiP | (16)
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where p,,, p;, and p, represent the vapor, liquid, and critical densities,
respectively. The critical pressure is denoted by p.. This equation is
designed to satisfy the Maxwell construction, with p, and p; as the
equilibrium densities. This EOS was proposed because it provides a
useful and easy way to link its parameters with macroscopic physical
properties.

Next, we want to impose a certain interface thickness . The
interface is defined as the region where p, +0.33(p;, — p,)
< p < p,+0.67(p; — p,). This can be done by setting p./p> accord-
ing to the following formula:

Pc _ (fc’(ﬂl;l) _fi(PI;z))z
p? 6ré? ’

where py,, = p, +0.33(p; — p,) and py, = p, +0.67(p; — p,,). The
function fz(p) is defined as

_ 1
Pr— Py

17)

felp) In (v = v/py)

1
NGO RN (VP = v/p)

1
_mln (Vo + o) (18)

The theoretical derivation of this expression for the interface thickness
is provided in Appendix A.
Finally, the surface tension y is imposed by computing the

pararneter K as
27p} Y
K= s (19)
\ 212 £,(0,) = fi(p1)

2
PP p P A
Flo) =" =50 =501+ oipap™ (20)

where

The theoretical derivation of this expression for surface tension is pro-
vided in Appendix B.

The proposed approach does not alter the numerical scheme of
the pseudo-potential method, but rather provides a way to link the
simulation parameters with the desired physical properties. As a result,
the positive features of the method, such as its computational effi-
ciency, are preserved. The pseudo-potential method in the presented
formulation is highly efficient, as it uses only one distribution function

// === 1st Step: Unit Converter ===

ARTICLE pubs.aip.org/aip/pof

and a single LBE. Moreover, the interaction force depends only on
nearest-neighboring nodes, avoiding costly communication operations
between distant lattices.”” Thus, one of the appealing aspects of the
proposed approach is that it does not add any complexity to the
method.

Next, we present details of our OpenLB implementation.

V. IMPLEMENTATIONS IN OPENLB

OpenLB”’ is a robust simulation software based on LBM. In this
work, we detail how our implementation operates using physical units.
To make a clear distinction between unit systems we define a generic
variable X;y as given in physical units and Xj,; in lattice units.

First, the user specifies the desired fluid properties in physical
units, such as the densities p,,,;, and p;,, the viscosities vy, and
Viphs» and the surface tension 7. Additionally, the user defines the
geometry of the domain in physical units. For instance, the user may
define a characteristic length of the domain Ly,.

To enable unit conversion, the multiphase unit converter requires
three key inputs in lattice units. These inputs are the characteristic
length Ly, the kinematic viscosity of the liquid phase v, and the lig-
uid density p;,,;. Based on these inputs, the conversion factors for
length Cp, time Cr, and mass Cy from lattice to physical units are
calculated

_ Ly s Piphs

Vlla
Cr=(C) L Cy=(C)

CL - ’
Llat Vl:phs Pliat

21

For a pure hydrodynamic problem (without heat transfer or chemical
reactions), these conversion factors are sufficient to convert any physi-
cal property. For example, the conversion factors of velocity Cy, volu-
metric force Cyr, and surface tension C, are obtained as

C C C
Co=¢; Cr=ga G=gG (22)
It is worth noting that the conversion factor transforms a variable
from lattice units to physical units. For example, if Uy, is the velocity
in physical units and Uy, is the velocity in lattice units, they are related
bY Uphs = CyUl.

After obtaining all properties in lattice units, such as the interface
thickness ¢ and surface tension 7, Egs. (17) and (19) are used to com-
pute p./p> and k. The knowledge of r is not required, as r = 1 in lat-
tice units. We illustrate our unit converter by presenting a snapshot of
our OpenlB code in Fig. 1. The converter also accepts the

MultiPhaseUnitConverterFromRelaxationTime<T,DESCRIPTOR> converter(

(T) N /] resolution

(T) 0.7, / lattice relaxation time

(T) rho_liquid / 1000., // lattice density

(T) L, // charPhysLength

(T)y ©0., /] charPhysVelocity in __m / s_

(T) nu_liquid, /] physViscosity in __m*2 [/ s__

(T) rho_liquid, /] physDensity in __kg / m*3__

(T) surfTension /] physSurfaceTension in __kg / s__

);

FIG. 1. Example of the unit converter
implemented in OpenLB, showing the con-
version of physical properties into lattice
units. This converter allows users to spec-
ify fluid properties directly in physical
units, simplifying the simulation setup.

lat_rho_vapor = rho_vapor / converter.getConversionFactorDensity();
lat_rho_liquid = rho_liquid / converter.getConversionFactorDensity();

02:62:01 9202 Asenuer 60

lat_surfTension = surfTension / converter.getConversionFactorSurfaceTension();
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characteristic physical velocity as an input if the user wishes to calcu-
late and print the Reynolds number.

The codes used in this work will be available in the next release of
OpenLB (1.8), which can be downloaded from the website: https://
www.openlb.net/download/. Authors can also request the codes by
email or through the OpenLB forum: https://www.openlb.net/forum/.

VI. RESULTS

In this section, we conduct several benchmark tests and analyze
the order of convergence of the numerical method with respect to the
analytical solutions. All simulations were performed using R134a as
the working fluid. Table I summarizes the fluid properties.

Unless otherwise stated, we set 7. = 0.56 and p,,, = 1.187 in
lattice units. The choice of a small relaxation time was necessary due to
the low viscosity of the fluid. Other parameters are computed using
properties in physical units and conversion factors—Eqs. (21) and
(22). The relaxation time applied in the LBE is a linear combination
between the liquid and vapor relaxation times, 7; and 7,

P =Py
Pr— Py

To analyze the convergence of the method, we define the
numerical solution snum, which is given by a matrix resulting from a
simulation and may represent a field of densities, velocities, or other
quantities. Based on this, we define the analytical solution as Sy,
which represents a matrix containing the values of the analytical
solutions at the same points as spum. Finally, the error matrix e =
Snum — Sana 1 defined. The relative norms are then computed as
follows:

> el
L=4&—"", L=
Z|Sana;iJ|

T=1,+ (11— 1y). (23)

> (e))?
Z (Sana;i«,j)z 7

_ max|e; ;|
oo — . |»
max|5ana;i-j|

(29)

where i and j represent the indexes of the elements of e.

In cases where the analytical solution is zero everywhere, such as
for spurious currents, we instead define the norms solely in terms of
the errors

Ll :Z\eij\, LZI \/Z((?,‘J)Z7 Loo :max|e,-_j|. (25)

Before describing the tests performed, we provide some com-
ments regarding the scales of the selected problems. We chose prob-
lems with characteristic lengths on the order of 10 um. Although
problems can be simulated on larger scales, the time conversion factor
Cr increases proportionally to Cf (21), which in turn leads to a

TABLE I. Properties of saturated R134a*"°" at T = 30°C.

Property Vapor phase Liquid phase
Density p [kg/m?] 37.5 1187
Kinematic viscosity v [um? /s] 0.339 0.158
Surface tension y [mN/m] 7.58

ARTICLE pubs.aip.org/aip/pof

reduction in the surface tension conversion factor C, (22). To recover
the correct physical surface tension, it would be necessary to simulate
larger surface tension values in lattice units. This can be achieved by
increasing the parameter k (6) or by reducing the relaxation time to
decrease Cr.

However, since we are using the BGK collision operator, there
is a lower bound on how much we can reduce 7, limiting our ability
to adjust Cy freely. We explore the variation of x in the droplet test.
For this reason, we opted to work with problems at a relatively small
physical scale. We intend to explore problems at different scales in
future work.

A. Planar interface

The first benchmark is the planar interface test problem.
Although simple, this test is used here to demonstrate the validity
of the equations presented in Sec. IV, particularly regarding the
ability to directly prescribe the interface thickness within the method.
A schematic of the test geometry is shown in Fig. 2, where
Ly =10 um, L, = 0.5 um and L; = 5 um. Periodic boundary condi-
tions are applied and the simulation is carried out until equilibrium.

The simulation is carried out using five different grid resolutions,
and all the necessary information to reproduce the test is shown in
Table II.

Periodic Boundary

4 L]

A
A 4

Vapor 3| Liquid Vapor

L.’I,'

A

Periodic Boundary
Periodic Boundary

Periodic Boundary

FIG. 2. Schematic diagram of the planar interface test configuration. The geometry
consists of a two-dimensional domain (L, x L), where the liquid phase occupies a
central region of length L;, surrounded by vapor. Periodic conditions are applied to
all boundaries.

TABLE II. Discretization parameters of planar interface test case. Ny and N, are the
number of grid nodes used to discretize the domain. Ax (in nanometers) is defined
as Ly/Ny. At (in picoseconds) is the time step and ¢ is the interface thickness. Cy
and C, are the conversion factors from lattice units (l.u.) to physical units for velocity
and surface tension — Eq. (22).

- Gridl Grid2 Grid3 Grid4 Grid5

N, 100 200 300 400 500
N, 5 10 15 20 25
Ax [nm] 100 50 333 25 20
At [ps] 1266 3164 140.7 79.11 50.63
¢ [m] 1.5Ax  3.0Ax 45Ax 6.0Ax  7.5Ax
Cuy [m/s per l.u.] 79 158 237 316 395

C, [N/m per Lu.] 0.62 1.25 1.87 2.50 3.12
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The simulation results are presented in Fig. 3. The entire density
profile was compared with the analytical solution Eq. (A6) in
Appendix A. The error norms converge with second order of accuracy.

Figure 4 shows the density profile along the interface for the
coarser mesh (N, = 100) and the finer mesh (N, = 500). It is
observed that for the coarser mesh, there was a small difference com-
pared to the analytical solution. However, the finer mesh coincides
with the reference solution with high accuracy.

B. Static droplet

The second test is the static drop test, where a liquid
droplet is placed in the middle of a 2D cuboid domain of dimensions
Ly = 15um and L, = 15 um, surrounded by vapor, as shown in
Fig. 5. Periodic boundary conditions are applied.

First, we assess whether the surface tension reproduced by
the method matches the one prescribed by Eq. (19). To this end,

- 1st order
----- 2nd order

100 200 300 400 500

FIG. 3. Comparison of the L1, L,, and L., norm errors between the numerical simula-
tion and the analytical solution for the planar interface test. The norms are defined in
Eq. (24). Norms are plotted as a function of number of grid points in x-direction N,.

1200—— Analytical; Eq. (A6a)
X LBM; N, =100
O LBM; N, =500

1000

800

600

p [kg/m?]

400

200

2.0 2:2 24 2.6 2.8 3.0
« [pm]
FIG. 4. Density profile p along the interface region (aligned with the x axis) for the

planar interface test. The plot compares analytical and numerical results at different
resolutions, denoted by N.
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we carry out Young-Laplace test by simulating varying droplet
diameters.

When simulating R134a (y; = 7.58 mN/m) using a discretiza-
tion of Ax =0.1 um and At = 1.26ns, the parameter x obtained
from Eq. (19) has a value of 1.026. For values close to one, the term
responsible for modifying the surface tension in Eq. (6) tends to zero,
indicating that the surface tension is primarily determined by the
Shan-Chen force. The results for this case, with £ = 1.5Ax, are shown
in Fig. 6. Even with a small &, the numerical Laplace pressures are very

Periodic Boundary

A

Vapor

Periodic Boundary
Ly
Periodic Boundary

L,

y

Periodic Boundary

FIG. 5. Schematic diagram of the static droplet test configuration. A two-
dimensional domain (L, x L) contains a liquid droplet of diameter D placed at the
center, surrounded by vapor. Periodic boundary conditions are applied in all
directions.
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FIG. 6. Laplace pressure AP (in Pascal) as a function of droplet curvature 1/R for dif-
ferent surface tensions p; = 0.0758 mN/m, 7, = 0.758 mN/m, y3 = 7.58 mN/m,
74 = 75.8mN/m, and ys = 379 mN/m. Comparison between Young-Laplace rela-
tion and LBM results using different interface thickness ¢&.
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close to the expected values, indicating that the correct surface tension
was imposed.

To test the validity of the proposed approach, we consider surface
tensions different from that of R134a. We first test y, = 0.758 mN/m,
which is 100 times smaller than the surface tension of water. Instead of
changing x, we employ an alternative strategy to adjust the surface ten-
sion: increasing 1pj,; from 0.56 to 0.68. Due to the unit conversion in
Eq. (21), this change enables the simulation of the new surface tension
while yielding x = 0.923, which remains close to one. Figure 6 shows
that the results are very good even with &= 1.5Ax. The same
approach was applied to simulate y, = 75.8 mN/m, which is close to
the surface tension of water. In this case, we decrease 7.1 to 0.52,
resulting in k = 1.140. The simulation results were also in close agree-
ment with the imposed surface tension.

Finally, we test two additional cases: y; = 0.0758 mN/m (with
Tygae = 0.68) and y5 = 379 mN/m (with 75, = 0.52). Instead of fur-
ther modifying the relaxation time as in the previous cases, we directly
adjust k to 0.0923 for the first case and 5.698 for the second. As shown
in Fig. 6, the simulations with ¢ = 1.5Ax approximate the target sur-
face tensions, but with less accuracy compared to the cases where « is
close to one. This suggests that large changes in x introduce numerical
errors. We repeated the simulation of y; using a higher resolution with
Ax = 0.05 um, At = 0.95ns, and ¢ = 3Ax. The finer grid shows bet-
ter agreement with the desired surface tension in Fig. 6, demonstrating
the robustness of the proposed approach for imposing surface tension.
As a final remark, we attempted to simulate a surface tension of
75 = 758 mN/m, but the simulation became unstable due to the high
value of r.

An important difference between this test and the planar interface
test is the presence of curvature in the interface, which leads to spuri-
ous currents caused by discretization errors. In this case, we assess the
impact of increasing the computational mesh resolution on spurious
currents. To this end, we fix L, = 10 um, L, = 10 um, D = 5 um
and 74, = 0.62, and simulate five different meshes, with all relevant
data presented in Table I11.

The simulation results are presented in Fig. 7. Norms are com-
puted from the velocity magnitude field using Eq. (25) since no spuri-
ous currents should be observed in reality. The error norms converge
with second order of accuracy.

The simulation with the coarse grid (N, = 100) resulted in a
maximum spurious currents magnitude of 0.1 m/s and 2.6 x 1072

TABLE Il Discretization parameters of static droplet test case. Ny and N, are the
number of grid nodes used to discretize the domain. Ax (in nanometers) is defined
as Ly/Nx. At (in nanoseconds) is the time step and ¢ is the interface thickness. Cy
and C, are the conversion factors from lattice units (/.u.) to physical units for velocity
and surface tension — Eq. (22).

- Grid 1 Grid 2 Grid 3 Grid 4 Grid 5

N, 100 200 300 400 500
N, 100 200 300 400 500
Ax [nm] 100 50 333 25 20
At [ns] 2.532 0.633 0.281 0.158 0.101
& [m] 1.5Ax 3.0Ax 4.5Ax 6.0Ax 7.5Ax
Cu 39.5 79 118.5 158 197.5
C, 0.156 0.312 0.468 0.624 0.780

ARTICLE pubs.aip.org/aip/pof

FIG. 7. Comparison of the L4, L, and L., norm errors for the static droplet test.
The norms, defined in Eq. (25), are computed from the velocity magnitude field.

lattice units. With the finest resolution, this magnitude decreased to
4.3 x 107> m/s and 2.2 x 1077 in lattice units. It is observed that the
velocity in physical units converges with second-order accuracy, while
the velocity in lattice units converges to zero with third-order accuracy.
This occurs because the conversion factor Cy increases linearly with
the grid resolution.

It is important to mention that there are numerical schemes
designed to eliminate the presence of spurious currents, such as well-
balanced scheme.” In this work, we employ a discretization that still
exhibits spurious currents; however, our intention is to demonstrate
the method’s order of convergence through mesh refinement.

C. Galilean invariance

In this section, we describe a test used to evaluate whether the P-
LBM respects Galilean invariance. This test is similar to the flat inter-
face test; however, here we introduce a constant velocity U, through-
out the fluid. If the method respects Galilean invariance, the velocity
profile should remain constant throughout the simulation. We can
consider the fluid to be static relative to an inertial reference frame
moving with velocity Uy; thus, the results of this simulation should not
differ from those of the flat interface test. However, due to discretiza-
tion errors, the method may exhibit a deviation from this behavior.

The configuration of this problem is identical to the flat interface
described in Fig. 2. Also, simulation parameters are equal to the ones
shown in Table II with the addition of the velocity U, = 0.1 m/s. The
simulation begins with zero velocity until t = 7.91 us seconds, allow-
ing the interface density profile to reach equilibrium. A force field is
then applied to abruptly change the system’s velocity to U,. The simu-
lation continues until ¢ = 31.6 us, and the results are recorded.

To illustrate this behavior, we compare the simulation results for
Ny, =100 and N, = 500 in Fig. 8. The fluid velocity is expected to
remain constant throughout the domain, but it is observed that the
vapor and liquid phases exhibit a relative velocity. This relative motion
between phases persists over time, indicating that it is not a transient
phenomenon, but rather a consequence of discretization errors acting at
the interface. This highlights the importance of mesh convergence anal-
ysis to ensure that such effects do not influence the simulation results.

The error norms are presented in Fig. 9. The norms are given by
Eq. (24) and are computed from the velocity field. The analytical
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FIG. 8. LBM results for Galilean invariance test. Left axis: Density profile p along x
axis. Right axis: Velocity profile Uy along x axis. Comparison between two grid reso-
lutions Ny = 100 and N, = 500.
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FIG. 9. Errors in the Ly, Ly, and L., norms for the Galilean invariance test. The con-
figuration includes a planar interface subjected to a constant velocity field
(Uy =0.1m/s).

solution is simply a constant field with magnitude U,. The error norms
converge with second order of accuracy.

D. Two-phase flow between parallel plates

The last test is the two-phase flow between parallel plates. A sche-
matic describing the geometry of the simulation is shown in Fig. 10.
Again, a 2D cuboid geometry with dimensions L, = 0.5 um and L,
= 10 um is defined. Periodic boundary conditions are applied to the
side boundaries, while solid walls are applied to the lower and upper
boundaries. The bottom part of the domain is filled with liquid, while
the upper part is filled with vapor. A volumetric force F, = 10° N/m?
is applied in the entire domain to drive the flow.

Since periodic boundary conditions are applied to the side
boundaries, it is not necessary to have a long domain length.
Therefore, we choose L, < L, to save computational time. Five grid
resolutions are tested and parameters are provided in Table IV.

The simulation results are presented in Fig. 11. The norms are
given by Eq. (24) and are computed from the velocity field. Similarly
to the previous tests, the error norms converge with second order of
accuracy.

ARTICLE pubs.aip.org/aip/pof
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FIG. 10. Schematic diagram of the two-phase flow test between parallel plates. A
two-dimensional domain (Ly x L,) features solid walls at the top and bottom
boundaries and periodic boundary conditions on the sides. The lower part contains
liquid, while the upper part contains vapor.

TABLE IV. Discretization parameters of two-phase flow between parallel plates test.
Ny and N, are the number of grid nodes used to discretize the domain. Ax (in nano-
meters) is defined as Ly /Ny. At (in picoseconds) is the time step and ¢ is the inter-
face thickness. Cy, Cyr, and C, are the conversion factors from lattice units (l.u.) to
physical units for velocity, volumetric force, and surface tension—Eq. (22).

- Gridl Grid2 Grid3 Grid4 Grid5

N, 5 10 15 20 25
N}, 100 200 300 400 500
Ax [nm] 100 50 333 25 20
At [ps] 1266 316.4 140.7 79.11 50.63
¢ [m] 1.5Ax 3.0Ax 4.5Ax 6.0Ax 7.5Ax
Cu [m/s per L.u.] 79 158 237 316 395
Cyr [TN/m3 perLu.] 6241 499.3 1685 3994 7801
C, [N/m per Lu.] 0.62 1.25 1.87 2.50 3.12

To illustrate the simulation results, we plot both the numerical solu-
tion (with two grid resolutions) and the analytical solution in Fig. 12. As
shown, the highest resolution closely matches the analytical results.

VIl. CONCLUSION

In this study, we analyzed the consistency of the P-LBM, focusing
on its relationship with macroscopic properties and the PDE it approx-
imates. We derived a formulation that directly links the method
parameters to physical properties such as phase densities, interface
thickness, and surface tension. This approach eliminates the need for
empirical parameter tuning, thereby simplifying the application of the
method and improving its robustness.

Furthermore, we implemented and validated our approach in
OpenlLB, introducing a dedicated unit converter for multiphase prob-
lems. The benchmarks conducted—including the planar interface,
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FIG. 11. Errors in the L4, Ly, and L., norms for the two-phase flow test between
parallel plates. The norms were computed from Eq. (24) using the velocity field.
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FIG. 12. Velocity profile U along the channel height (aligned with the y axis) for the
two-phase flow test. The plot compares analytical and numerical results at different
resolutions, denoted by N,.

static droplets, Galilean invariance, and two-phase flow between paral-
lel plates—demonstrated second-order convergence and confirmed
the numerical consistency of the method. All tests were performed
using R134a as working fluid with all properties given in SI units.

The tests performed show that numerical errors occur in multi-
phase simulations with P-LBM. Therefore, it is important to perform a
mesh study to ensure that the numerical errors converge to an accept-
able value and to guarantee the reliability of the simulation.

The results obtained not only validate the proposed methodology
but also emphasize its potential for future applications in complex and
realistic multiphase simulations. The methodology offers a practical
approach to applying the pseudo-potential, enabling users to utilize
the method more effectively with real simulation parameters.
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APPENDIX A: INTERFACE PROFILE

In the following analysis, two fluids separated by a flat interface at
equilibrium are considered. Density gradients exist only along the x axis.
The component p,., of the pressure tensor, Eq. (12), can be written as

() - w2

1
Pxx = PEos + a

Here, we consider ¢ = 2 as discussed in Sec. I'V.

To further simplify the equation, we define z = d,/p/dx. Next,
we assume that z is a function of p to apply the following
transformation

d (2 <d\/ﬁ) ? d\/p
) =22 . A2
P dp (p) dx Vp dx? (A2)
Then, we arrive at the following ordinary differential equation:
d > ~ Pxx
d (Z—) — PP —Pux (A3)
dp \p p

From Eq. (10b), we notice py, = constant for a static planar inter-
face in equilibrium. Also, we have the boundary conditions

P = Pros(py) = pros(p;)-
Equation (A3) together with the EOS of Eq. (16) and the

assigned boundary conditions has the following solution:

z= —\/%(\/ﬁ —/p)(p = 1), (a4)

Phys. Fluids 37, 073332 (2025); doi: 10.1063/5.0268276
© Author(s) 2025

37, 0733329

02:62:01 9202 Asenuer 60


pubs.aip.org/aip/phf

Physics of Fluids

with z = d/p/dx. This equation can also be written as

8P gy — dv/p (A5)

R V- Py

Integrating this equation, we obtain

6rp,

3
c

x + Co = f:(p), (A6a)

where Cy is an integration constant and

1
Pr— Py

felp) = In (vp = v/py),

1
—mln (VP —Vp),

1
_ Wln (Vo + o) (A6b)

We define the interface width ¢ as the distance where
py+0.33(p; = p,) < p < p,+0.67(p; — p,). Then

3
¢= 6/;_;750%(/)1;1) — fe(pr2)), (A7)

where p, = p, +0.33(p; — p,) and py, = p, +0.67(p; — p,).

APPENDIX B: SURFACE TENSION

The surface tension in diffuse interface models for a planar
interface case is defined as™

~+00
Y= J (pxx _pyy)dx> (Bl)

where x and y represent the normal and tangential directions in
respect to the interface. Considering the pressure tensor expression—
Eq. (12)—we have the formula

+00 d2
y = KJ N7 VP e (B2)

T 9 dx?

—00
Using integral by part, we rewrite the above expression

B ” d\/ﬁ +00 —+00 (d\/ﬁ)z
y79r Vv dx 7OO+J_OC dx dx | (B3)

The interface density is constant at the bulk phases meaning
d\/p/dx = 0 for x = *oo. Then, we write the final form for the
expression

P d
y = EJ VP45 (B4)

9 p, dx

We already know the expression for d./p/dx which is equal to z(p) in
Eq. (A4). Then, the surface tension is simply obtained by integration

2rp.
7= 1375 0) = £ 00) (85)
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with

2
PP o AP
Flo) =" =50 =50 + Voo™, (B6)
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