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Unified evolution of electromagnetic sources in homogeneous fields
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In this work, we study the behavior of elementary electromagnetic sources, i.e., pointlike electric charges and
intrinsic magnetic dipoles, in the presence of homogeneous electromagnetic fields in a classical and covariant
setting. We show that the respective evolution equations for both kinds of sources can be formulated using a
single Lorentz-like transformation with suitably adjusted parameters, thereby unifying the fundamental behavior
of these intrinsic particle properties. We arrive at this description by expressing the evolution of the electric
sources, governed by the Lorentz force, as a series of infinitesimal boosts and rotations acting on them, with the
electric and magnetic field as the corresponding parameters. Upon suitable adjustments, we find a new effective
Lorentz-like transformation, applicable to both electric and magnetic sources. We provide the results using both
the tensorial and pseudovector representation of the magnetic sources. Finally, we obtain a nonrelativistic limit
of the evolution equation for magnetic sources.
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I. INTRODUCTION AND SUMMARY

Maxwell’s equations tell us that electromagnetic fields are
generated by certain objects such as electric charges and cur-
rents, the former of which we call elementary electric sources
of Maxwell fields. However, these are not the only set of
sources that cause and interact with electromagnetic fields.
One may instead consider both electric charge and magnetic
spin as the fundamental sources of Maxwell fields. The latter
is connected to the intrinsic magnetic dipole moments of
certain particles, which we call the magnetic sources. The
behavior of the electric sources in homogeneous fields is
described by the Lorentz force, which has a well-known co-
variant form. We give an overview of the classical description
of magnetic sources in the following.

After Uhlenbeck and Goudsmit [1] proposed the concept
of an intrinsic rotation of electrons, called spin, in 1925,
many authors contributed to the development of the theory of
classical particles with spin. In 1926, Thomas [2] built on the
idea and corrected it by accounting for relativistic effects on
electrons moving in electromagnetic fields, thereby lifting the
discrepancies in the initial spinning electron model. With the
knowledge of Thomas’ work, in that same year, Frenkel [3]
published his theory on covariant spinning electron dynamics
using a tensor to describe the intrinsic magnetic dipole mo-
ment. A few years later came Tamm [4], who described spin
covariantly via a pseudovector. In 1959, Bargmann, Michel,
and Telegdi [5] published their famous paper on the covariant
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description of spin precession in homogeneous electromag-
netic fields, an equation, which came to be known as the
(T)BMT equation. A comprehensive review of the history of
electron spin is presented in Ref. [6]. For more studies on
covariant dynamics of particles with an intrinsic magnetic
moment, see Refs. [7–12] and references therein. Particles
with both intrinsic electric and magnetic dipole moment have
also been studied, for example, in Refs. [13,14]. Relativistic
spinning particle dynamics have also been explored using a
Lagrangian and a Hamiltonian formalism for external electro-
magnetic fields [15–17]. The coupling of spin to gravitational
fields in the framework of general relativity has been studied
as well [18–25]. The advantage of classical spin models is that
they tend to be more intuitive, while still providing an accurate
description of spin properties.

For particles with spin in very strong or inhomoge-
neous fields additional terms arise, which originate from
a Stern-Gerlach-type force. A covariant formulation of the
Stern-Gerlach force was first considered by Frenkel [3] and
then by Good [26] and Nyborg [27], among others. It has been
revisited and extended in recent years [28], and the dynamics
of both neutral and charged particles were studied in Refs.
[29–31]. We do not consider such contributions here since we
focus on homogeneous fields and fields, whose gradients are
negligibly small. Further extensions to the dynamical equa-
tions and implications thereof are presented in Ref. [32]. In
the framework of general relativity, spin can also couple to
gravitational fields and a gravitomagnetic Stern-Gerlach force
arises (see, for example, Ref. [24]).

In the present work, we are inspired by the similarities
between the covariant Lorentz force, which applies to electric
sources in homogeneous electromagnetic fields, and a Lorentz
transformation acting on such electric sources. A close in-
spection of the explicit form of the Lorentz force shows two
terms—one of them describes how an electric field moves a
charge along its field lines, and the other one portrays how the
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magnetic field rotates already moving charges around itself.
We show that we can express the evolution of electric sources
as a series of infinitesimal Lorentz transformations, which
contain a boost and a rotation with the electric and mag-
netic fields as parameters, respectively. We hence adopt the
perspective that the electromagnetic fields drive the electric
sources to evolve by means of a Lorentz-like transformation.
After carefully considering the application of such a transfor-
mation on the magnetic sources and a comparison with known
evolution equations, we arrive at a modified operation. What
we call an effective Lorentz-like transformation is not only ap-
plicable to the magnetic sources but also, in that exact form, to
the electric ones. In both cases, the transformation yields the
correct evolution equations for both kinds of sources, uniting
their principle driving mechanisms in terms of a Lorentz-
like transformation with effective electromagnetic fields as
parameters.

This article is structured as follows. In Sec. II, we give
a short introduction to the covariant notation for the sake
of self-containment, and we provide the definitions of the
relevant quantities and relations. Then, in Sec. III, we study
the correspondence between the Lorentz force and a series
of Lorentz-like transformations using the electromagnetic
fields as parameters. In Sec. IV we apply such a Lorentz-
like transformation on the magnetic sources, characterized
by a second-rank tensor, and explore their evolution, which
prompts us to reformulate the transformation in order for
it to yield the correct evolution equations for both kinds of
sources. The explicit form and nonrelativistic approximations
to different orders are discussed in Sec. IV A. Finally, we
connect our description of the magnetic sources to one using a
pseudovector in Sec. IV B and give the relations between the
different quantities. Section V contains the conclusions that
we draw from this work as well as an outlook.

II. NOTATION AND DEFINITIONS

We work in the formalism of special relativity, which uses
covariant notation. The central point is the mixing of space
and time, which form a four-dimensional hyperbolic space,
called Minkowski space-time with the metric tensor ημν =
ημν = diag(1,−1,−1,−1). We distinguish between covari-
ant and contravariant elements, which are related to each
other by the metric tensor. For example, the covariant and
contravariant four-position vectors are given as

xμ =

⎛
⎜⎜⎝

ct
x
y
z

⎞
⎟⎟⎠ =

(
ct
r

)
and xμ = ημνxν =

(
ct
−r

)
, (1)

respectively, with c being the speed of light. The Greek indices
run over {0, 1, 2, 3}, and the Einstein summation convention
is used for contraction between a co- and contravariant index.
The invariant distance element in relativity is the proper time
τ , defined by

c2dτ 2 = ημνdxμdxν = c2dt2 − dx2 − dy2 − dz2, (2)

which corresponds to time as experienced in the rest frame of
the object. The proper time is typically used to parametrize
the trajectory of a point particle, and hence, all variables

connected to its movement are implicit functions of τ . In this
work, we frequently refer to an object’s four-velocity,

uμ = dxμ

dτ
=

(
γ c
γ v

)
, (3)

where v is the three-velocity vector of the particle, and the
relativistic factor appearing is defined as γ −1 =

√
1 − β2 with

βββ = v
c . A Lorentz scalar is a constant in any reference frame,

and in the case of the projection of the four-velocity onto
itself, that value is uμuμ = c2. Taking the derivative with
respect to proper time on both sides yields the condition

uμ

duμ

dτ
= 0, (4)

that is, the four-velocity uμ and four-acceleration duμ

dτ
are

orthogonal in the four-dimensional hyperbolic Minkowski
space.

The next important object of discussion is the totally an-
tisymmetric second-rank tensor consisting of the electric and
magnetic fields, i.e., the electromagnetic tensor

Fμν =

⎛
⎜⎜⎜⎝

0 −Ex/c −Ey/c −Ez/c

Ex/c 0 −Bz By

Ey/c Bz 0 −Bx

Ez/c −By Bx 0

⎞
⎟⎟⎟⎠, (5)

which is present in the covariant form of Maxwell’s equations.
Based on how the polarization and magnetization density, P
and M, respectively, enter Maxwell’s equations, we can see
that they also build a tensor with E/c → −cP and B → M
[33, Chapter 11.10]. However, here we will focus on point
particles and their intrinsic magnetic moments. One such
moment μμμ gives rise to an electric dipole moment ddd when
considered from an inertial reference frame, moving with a
constant velocity with respect to the reference frame, in which
the particle hosting μμμ is at rest. We know that μμμ must be
part of the space-space components of the moment tensor
�μν and ddd of the space-time ones. Although typically the
literature on the matter of the �μν tensor dynamics (such as
Ref. [3] and works based on it) consists of just the electric
and magnetic dipole moments, we cannot a priori assume that
they transform the same way as the densities P and M and
that we can just substitute the densities by the moments. As is
pointed out in Ref. [13], one can determine the transformation
properties of the moments by the following consideration. The
magnetization density M is the magnetic moment per unit
volume. The connection between the magnetic dipole moment
μμμ and the magnetization density M reads as

M = dμμμ

dV
. (6)

We already know that M transforms as the space-space part
of a tensor under a Lorentz transformation, e.g., a boost. The
volume element dV = dxdydz becomes dV ′ = dx′dy′dz′ in a
boosted frame. Without loss of generality, we can align the
spatial axes such that the boost is in the x direction. Then
only the x dimension is Lorentz contracted with dx′ = 1

γ
dx

and dy′dz′ = dydz. Hence, we can write, in general, that

dV = 1

γ
dVrest. (7)
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Upon comparison of the magnetization density in the rest
frame and in the boosted frame,

Mrest = dμμμrest

dVrest
, M = dμμμ

dV
= γ dμμμ

dVrest
, (8)

we see that, since the left-hand sides (M) transform as the
space-space part of an antisymmetric tensor and the de-
nominators on the right-hand sides (dVrest) are identical, the
numerators (γ dμμμ) also transform like the space-space part
of an antisymmetric tensor. By analogous considerations, one
finds that cγ dddd is the space-time part of the same tensor. The
tensor for the electric and magnetic dipole moment of a point
particle is hence given by

�μν = γ

⎛
⎜⎜⎝

0 cdx cdy cdz

−cdx 0 −μz μy

−cdy μz 0 −μx

−cdz −μy μx 0

⎞
⎟⎟⎠, (9)

which we call the electromagnetic moment tensor. The addi-
tional γ factor in the tensor is important because it is frame
dependent. Therefore, such a factor changes the transforma-
tion properties of μμμ and ddd upon a Lorentz boost from the rest
frame to a different reference frame moving with velocity v
with respect to the rest frame, as follows:

μμμ = μμμrest − v × ddd rest − 1

c2

γ

γ + 1
v(v · μμμrest ),

ddd = ddd rest + 1

c2
v × μμμrest − 1

c2

γ

γ + 1
v(v · ddd rest ).

(10)

Currently, there is no experimental evidence of the existence
of an intrinsic electric dipole moment (EDM) in fundamental
particles. For a comprehensive review of the subject, see Ref.
[34] and references therein. We will assume that the point par-
ticles that we consider do not have an EDM at rest and, in turn,
that the electric moment ddd appearing in the electromagnetic
moment tensor �μν arises only as a consequence of evalu-
ating it in a reference frame, which is moving with a given
instantaneous velocity with respect to the particle rest frame.
Hence, at rest, �μν consists only of space-space components
corresponding to the intrinsic magnetic moment of the particle
μμμrest. With ddd rest = 0 in Eq. (10), we get an additional condition
relating the electric and magnetic moment of a particle. The
connection reads as

ddd = 1

c2
v × μμμrest, (11)

or, equivalently,

�μνuν = 0 (12)

in covariant form, the latter of which is known as the Frenkel
condition [3]. For more details on the equivalence of Eqs. (11)
and (12), see Appendix A. We need such a constraint to
eliminate the degrees of freedom of the tensor that one would
otherwise associate with an electric moment independent of
the magnetic one. The electromagnetic moment tensor �μν

has two remaining degrees of freedom—three of the six initial
ones are taken care of by way of Eq. (12) and one is removed
by the fixed value of μ = |μμμrest| via the Lorentz invariant
�μν�μν = −2μ.

III. EVOLUTION OF THE ELECTRIC SOURCES

We start by analyzing what drives the elementary electric
sources and how. We are interested in the trajectory of an
electrically charged point particle, i.e., an electric monopole,
in the presence of homogeneous electromagnetic fields and
fields with negligibly small gradients. The four-velocity is the
tangent vector to the particle trajectory at a certain proper
time. Hence, given the necessary initial conditions, the change
of the four-velocity of a particle determines its trajectory.
The evolution of the four-velocity of an electric charge can,
therefore, be thought of as the evolution of the charge itself. It
is given by the force acting on it in an external electromagnetic
field—the well-known Lorentz force, here in covariant form

m
duμ

dτ
= eFμ

νuν, (13)

where m is the mass and e the elementary charge of the
particle. If field gradients are non-negligible, a coupling of
the particle trajectory to the magnetic moment arises, i.e., the
latter influences the former. Such contributions are given in
Ref. [29, Eq. (6)], but we do not consider them here. It is
worth noting that in the setting of homogeneous fields, we
can treat the field tensor as just another constant and solve
the ordinary differential equation for uμ given by the Lorentz
force, Eq. (13). The expression for the trajectory then contains
an exponentiation of the proper time and the electromagnetic
field tensor (see Ref. [35, Chapter 1.1.3]). To gain more in-
sight, we rewrite Eq. (13) explicitly in its temporal and spatial
components,

d

dτ

(
γ c
γ v

)
= e

m

(
γ E · v

γ E + γ v × B

)
. (14)

The right-hand side of the above equation can be interpreted
as follows. The spatial components give the three-dimensional
Lorentz force acting on the charge—the direction in which
and the strength with which it is being pushed and pulled by
the fields—telling us how its velocity changes and thereby
determining its trajectory. The time component represents the
work exerted on the change by the electric field, i.e., the rate of
change of the particle’s energy [33, Chapter 11.9]. The γ fac-
tor coming from the four-velocity is present in all components
and ensures that the resulting four-vector transforms correctly
under the transformations of special relativity.

We want to analyze Eq. (14) with some more care. The
spatial part describes how the velocity associated with the mo-
tion of an electrically charged point particle changes ( d

dτ
γ v).

An electric field makes such a charge move along it (∝ γ E),
while a magnetic field causes an already moving charge to
rotate around it (∝ γ v × B). How the temporal component,
i.e., the energy of the charge, changes is dictated by the part of
the three-velocity parallel to the electric field. With these con-
siderations, a similarity emerges between the Lorentz force
and a Lorentz boost, which moves a system along a given
direction with a certain rapidity, combined with a rotation,
which rotates the system around an axis by some angle. By
drawing this parallel, we can think of the electromagnetic
field as driving the sources to evolve by way of a Lorentz-like
transformation.
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A system experiencing acceleration, such as the one where
a Lorentz force acts on the electric sources, is noninertial.
Lorentz boosts only relate coordinate systems moving with
a constant velocity relative to each other, which is not the case
for the above consideration. However, we may still describe an
accelerated motion as a series of infinitesimal Lorentz boosts
with a constantly adjusted rapidity parameter. We shall exam-
ine the idea of the electromagnetic field driving the sources
through a Lorentz-like transformation containing a boost and
a rotation by applying such an infinitesimal boost and rotation
to uμ and comparing the results. In the infinitesimal regime,
the two transformations commute in their general forms up
to first order. The active transformation for an infinitesimal
Lorentz boost combined with an infinitesimal rotation is given
by [33, Chapter 11.7]

Lμ
ν = δμ

ν + (ϕϕϕ · J + ζζζ · K)μν

= δμ
ν +

⎛
⎜⎜⎝

0 ζx ζy ζz

ζx 0 −ϕz ϕy

ζy ϕz 0 −ϕx

ζz −ϕy ϕx 0

⎞
⎟⎟⎠ (15)

with the typical transformation parameters—the three angles
of rotation represented by ϕϕϕ and the rapidity vector ζζζ =
v̂b tanh−1 vb

c of the boost with v̂b = vb
vb

and vb = √
vb · vb—

and their corresponding generators—the vectors of matrices
J and K, respectively, the explicit form of which is given in
Appendix B 1. Applying this Lorentz transformation to the
four-velocity uμ yields the transformed quantity in covariant
form and explicitly for the components

u′μ = Lμ
νuν,(

γ ′c
(γ v)′

)
=

(
γ c
γ v

)
+

(
ζζζ · (γ v)

γ cζζζ + ϕϕϕ × (γ v)

)
.

(16)

To compare the above equation to the Lorentz force, Eq. (13),
we modify the latter first. Using the limit representation
of a derivative, here with respect to proper time, d

dτ
f (τ ) =

lim�τ→0
f (τ+�τ )− f (τ )

�τ
, we get in the limit �τ → 0

uμ(τ + �τ ) = uμ(τ ) + �τ
e

m
Fμ

νuν (τ )

=
(
δμ
ν + �τ

e

m
Fμ

ν

)
uν (τ ),(

γ (τ + �τ )c
(γ v)(τ + �τ )

)
=

(
γ (τ )c

(γ v)(τ )

)

+ �τ
e

m

(
1
c E · (γ v)

γ c 1
c E − B × (γ v)

)
(17)

for the covariant and explicit forms. The above equation de-
scribes how the four-velocity after an infinitesimal increment
in τ depends on that at the current τ . Specifically, the second
line in Eq. (17) is already reminiscent of an infinitesimal
transformation acting on the four-velocity. It consists of an
identity operation, δμ

ν , and an additional term proportional to
a small parameter, �τ , and a matrix operator, Fμ

ν .
We are now almost ready to compare Eqs. (16) and (17). To

bring it all together, we make the following argument: uμ(τ +
�τ ) = (γ (τ + �τ )c, (γ v)(τ + �τ )) in Eq. (17) represents
how the four-velocity has changed after an infinitesimal

proper time interval �τ , while u′μ = (γ ′c, (γ v)′) in Eq. (16)
is the four-velocity after an infinitesimal Lorentz transforma-
tion consisting of a boost with rapidity ζζζ and a rotation by the
angles in ϕϕϕ. With the consideration that the electromagnetic
field drives the electric sources, i.e., their four-velocity, by
way of boosting and rotating it, we take

u′μ → uμ(τ + �τ ). (18)

We can then compare the respective right-hand sides of the
explicit forms in Eqs. (16) and (17). The first term (the four-
velocity) is the same in both equations. In the respective
second terms, very similar expressions are found; in the tem-
poral components of both, there is a scalar product with γ v
and in the spatial ones—a term proportional to γ c and one
consisting of a cross product with γ v. We can now directly
identify the remaining quantities and make the following sub-
stitution of the Lorentz transformation parameters

ζζζ → �τ
e

m

E
c

, ϕϕϕ → −�τ
e

m
B. (19)

The identification is in agreement with our previous
discussion—the electric field boosts the sources along itself
and corresponds to the boost parameter ζζζ , while the magnetic
field causes a rotation and corresponds to the rotation angles
ϕϕϕ. We can now substitute the new parameters in the Lorentz
transformation in Eq. (15) to get the new Lorentz-like trans-
formation in terms of the electromagnetic fields, which we call
�μ

ν . It reads as

�μ
ν = δμ

ν + �τ
e

m

⎛
⎜⎜⎜⎝

0 Ex/c Ey/c Ez/c

Ex/c 0 Bz −By

Ey/c −Bz 0 Bx

Ez/c By −Bx 0

⎞
⎟⎟⎟⎠

= δμ
ν + �τ

e

m
Fμ

ν. (20)

We observe that the parameter substitution reconstructs ex-
actly the electromagnetic tensor. The above matrix is our
Lorentz-like transformation driving the electric sources. The
inverse is given by

� μ
ν = (�−1)μν = δμ

ν − �τ
e

m
Fμ

ν. (21)

Like any Lorentz transformation, this one keeps the metric
tensor invariant, which is essential for the Lorentz invariance
of the infinitesimal four-volume element related to the proper
time in Eq. (2). More details regarding the form of the in-
verse and the proof of the above statements can be found in
Appendices B 2 and B 3.

IV. EVOLUTION OF THE MAGNETIC SOURCES

After analyzing the Lorentz force, which drives the electric
sources to evolve in the presence of homogeneous electro-
magnetic fields, we aim to study the behavior of the magnetic
sources under such conditions in the following. Although we
discuss the electric and magnetic sources in a manner that
might suggest that they are separate objects, it is important to
note that this is often not the case. For example, all electrically
charged fermions, such as the electron, possess an intrinsic
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half-integer spin, making them both electric and magnetic
sources simultaneously. However, since we only consider the
dynamics of the sources in homogeneous fields, we will treat it
separately and will not assume any a priori coupling between
the evolution of the electric sources (the trajectory of the par-
ticle) and the magnetic ones (the orientation of the magnetic
moment).1 The only requirement we impose is Eq. (11), or
equivalently Eq. (12), which ensures that there is no EDM in
the instantaneous rest frame of the particle (vrest = 0).

The magnetic sources are described using the totally anti-
symmetric second-rank tensor given in Eq. (9) together with
the Frenkel condition, Eq. (12). We know that while electric
sources at rest are only affected by the electric field around
them according to the Lorentz force, Eq. (14), magnetic mo-
ments at rest precess around the magnetic field and do not
couple to the electric one. There may not be an EDM at any
point in the instantaneously accompanying rest frame. We will
use these ground truths of the rest-frame dynamics to check
the correctness of the results we get.

In Sec. III, we formulated the evolution of the electric
sources as a series of infinitesimal boosts and rotations using
the electric and magnetic fields as parameters, respectively.
We shall assume a priori that the magnetic sources also
evolve similarly in the presence of electromagnetic fields. To
that end, we want to apply the same type of infinitesimal
Lorentz-like transformation on the magnetic moment tensor
�μν . Since we are handling the electric and magnetic sources
separately, we replace the constant e/m in the infinitesimal
term proportional to �τ by a generalized one, κ , allowing its
value to be different, while its units remain unchanged. We
apply the Lorentz-like transformation to the magnetic moment
tensor following the transformation rules for second-rank ten-
sors to get

�′μν = �μ
α�ν

β�αβ

= �μν + �τκ
(
Fμ

α�αν − F ν
α�αμ

)
(22)

up to first order in �τ . For more details on the above
calculation, see Appendix C 1. Reconstructing the proper
time derivative using the same assumption as for the elec-
tric sources, �′μν → �μν (τ + �τ ) and accordingly �μν =
�μν (τ ), in the above equation yields

d�μν

dτ
= κ

(
Fμ

α�αν − F ν
α�αμ

)
= κF [μ

α�αν]

= κ[F, �]μν. (23)

Importantly, the acquired evolution equation yields a totally
antisymmetric tensor on both hand sides. It is written in
three different but equivalent forms that we can compare to
the evolution equations for classical intrinsic spin found in
literature, which were obtained by different means. The ex-
pressions in the three lines in Eq. (23) correspond to those in

1In the case of fields, whose gradients are non-negligible, a cou-
pling between the electric and magnetic source dynamics arises (see
Ref. [29, Eq. (6)]) and we would not be allowed to assume indepen-
dence here.

Refs. [9,10,11], respectively. Comparison with the evolution
equations in Refs. [10,11,16] yields the explicit expression for
the prefactor κ2

κ = eg

2m
, (24)

where g is g-factor of the particle under consideration. Note
that if we had a particle with g = 2, the above constant would
match that in the Lorentz-like transformation of the electric
sources exactly (κ = e/m).

Now that we have arrived at an evolution equation for the
electric and magnetic moments, Eq. (23), we need to check
that it satisfies the condition that magnetic moments at rest
only couple to magnetic fields and that it is in agreement with
the Frenkel condition, �μνuν = 0 in Eq. (12). The explicit
form of Eq. (23) reads as

d(γμμμ)

dτ
= eg

2m
γddd × E + eg

2m
γμμμ × B,

d(γddd )

dτ
= eg

2m
γddd × B − eg

2mc2
γμμμ × E.

(25)

In the instantaneously accompanying rest frame with ddd rest = 0
(as per Eq. (11) with vrest = 0) and γrest = 1 the remaining
terms are (

dμμμ

dτ

)∣∣∣∣
rest

= eg

2m
(μμμ × B)|rest,(

dddd

dτ

)∣∣∣∣
rest

= − eg

2mc2
(μμμ × E)|rest.

(26)

The evolution equation of the magnetic moment in the rest
frame does fulfill the condition that it may only couple to the
magnetic field. The change of the electric moment is not iden-
tically zero at rest for a general electric field, which authors
find troubling [3,10]. To check if the nonvanishing derivative
with respect to τ of the electric dipole moment in the rest
frame is indeed problematic, we look at the relation between
ddd and μμμ in the explicit form of Eq. (12), which already takes
into account ddd rest = 0. Taking the proper time derivative on
both sides yields

dddd

dτ
= d

dτ

(
1

c2
v × μμμ

)

= 1

c2
v ×

(
dμμμ

dτ

)
+ 1

c2

(
dv
dτ

)
× μμμ. (27)

The form that the above equation takes in an inertial frame, in
which the particle is instantaneously at rest, is(

dddd

dτ

)∣∣∣∣
rest

= − e

mc2
(μμμ × E)|rest, (28)

where we have once again used vrest = 0 to drop the first
term on the right-hand side and the Lorentz force in an

2The given κ has been adjusted from the one in Refs. [10,11], which
have an additional factor of c in the denominator due to a difference
in the definitions of the electromagnetic field and moment tensor
elements.
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instantaneous rest frame (see the space component of
Eq. (14)) (

dv
dτ

)∣∣∣∣
rest

= e

m
Erest (29)

to reformulate the second term. We see that the second line
of Eq. (26) is Eq. (28) multiplied by g/2. The mismatch
seems to be of significance, insofar as we consider Eq. (28)
to hold since it is derived from the Frenkel condition. There
are seemingly different ways to go about fixing this problem
in literature (see, for example, Ref. [3] or Ref. [10]). The
most intuitive and elegant one that does not involve enforc-
ing a priori restrictions is to add a zero term to the energy
functional. This addition is a mathematical tool, and it lets
us enforce conditions by introducing a new parameter, which
we can then determine by utilizing the desired constraint, i.e.,
Eq. (12). We add a zero term that keeps the structure of the
energy functional intact—a double index contraction of two
antisymmetric second-rank tensors—as

U = − 1
2�μνFμν

→ Ũ = − 1
2�μν (Fμν + �μuν − �νuμ)

= − 1
2�μνF̃μν.

(30)

We then calculate the equation of motion anew by substituting
Fμν with F̃μν , which is now an effective field containing
the auxiliary four-vector �μ. The added terms in the energy
functional vanish via the Frenkel condition, Eq. (12). We do
not make any assumptions about �μ and instead let its form
emerge naturally. Such a derivation for an electron was par-
tially done already by Frenkel [3], but the missing knowledge
at the time that the electron g factor is, in fact, g �= 2 yielded
incomplete results. We take a general g-factor into account
here. Replacing Fμν by F̃μν in the commutator equation,
Eq. (23) leads to

d�μν

dτ
= eg

2m

(
Fμ

α�αν − F ν
α�αμ

)
− eg

2m
�α (uμ�αν − uν�αμ) (31)

and we can once again use the Frenkel condition to find the
unknown four-vector �μ,

�μ = 1

gc2
(g − 2)F νμuν . (32)

The detailed derivation can be found in Appendix C 2. We
note that �μ is spacelike, i.e., �μuμ = 0. The evolution equa-
tion for the electromagnetic moment tensor hence becomes

d�μν

dτ
= eg

2m

(
Fμ

α�αν − F ν
α�αμ

)
− e(g − 2)

2mc2
(uμ�να − uν�μα )Fαβuβ. (33)

The above equation agrees with the evolution equations in
Refs. [10,11], which are derived in different ways than the
one above. We have now found an additional term, which is
proportional to (g − 2) and corresponds to the contribution of
an anomalous magnetic moment that an electrically charged
fermion might have. We know that the intrinsic magnetic mo-
ments of the electron and the muon do have an anomalous part

[36]. We see that in this classical treatment, the corresponding
contribution arises naturally when we keep g general and do
not set it to 2. As we see in the second term on the right-hand
side of Eq. (33), the evolution of the moment tensor is coupled
to the four-velocity of the particle, i.e., its trajectory, through
the electromagnetic field. This was not the case in Eq. (23),
where �μν evolves independently of uμ. For g = 2 in Eq. (33),
we recover Eq. (23).

The space-time component of Eq. (33) in a frame, which is
momentarily at rest, indeed matches Eq. (28) exactly. We have
established an agreement between the evolution equation for
the magnetic sources and the Frenkel condition, that is, the
absence of an EDM in the rest frame. It turns out that we do
not need the term ( d

dτ
ddd )|rest to vanish in order for the evolution

equation to be correct. Instead, it is not identically zero and
actually agrees with the relation resulting from Eqs. (10)–(12),
i.e., Eq. (28).

Furthermore, we take the effective electromagnetic field
tensor F̃μν and write a Lorentz-like transformation with it in
analogy to the case with just Fμν ,

�̃μ
ν = δμ

ν + �τ
eg

2m

⎛
⎜⎜⎜⎝

0 Ẽx/c Ẽy/c Ẽz/c

Ẽx/c 0 B̃z −B̃y

Ẽy/c −B̃z 0 B̃x

Ẽz/c B̃y −B̃x 0

⎞
⎟⎟⎟⎠

= δμ
ν + �τ

eg

2m
F̃μ

ν, (34)

with the effective fields explicitly given by

Ẽ = E + (g − 2)

gc2
γ 2(v(v · E) − c2(E + v × B))

B̃ = B − (g − 2)

gc2
γ 2(v(v · B) − v2B + v × E)

(35)

and call it an effective Lorentz-like transformation. Analo-
gously to �μ

ν , its inverse is given by

�̃ μ
ν = (�̃−1)μν = δμ

ν − �τ
eg

2m
F̃μ

ν, (36)

and it keeps the metric tensor invariant. This can be readily
seen from calculations equivalent to those in Appendix B 2
and B 3 with the substitution e

m Fμ
ν → eg

2m F̃μ
ν . Transforming

the electromagnetic moment tensor according to the transfor-
mation rules used in Eq. (22) and reconstructing the proper
time derivative by utilizing the method that led to Eq. (23)
now yields Eq. (33). The effective Lorentz-like transforma-
tion can still be expressed in terms of the Lorentz boost and
rotation generators, K and J, respectively, as in Eq. (15), with
parameters

ζζζ → �τ
eg

2m

Ẽ
c

, ϕϕϕ → −�τ
eg

2m
B̃, (37)

with Ẽ and B̃ given in Eq. (35). Hence, we can keep the idea
of the electromagnetic fields driving the sources by means of
Lorentz boosts and rotations. In this case, we have a totally an-
tisymmetric effective electromagnetic tensor F̃μν , or adjusted
boost and rotation parameters, which act as a coupler between
the evolution of the magnetic sources and the trajectory of the
particle.

033086-6



UNIFIED EVOLUTION OF ELECTROMAGNETIC SOURCES … PHYSICAL REVIEW RESEARCH 7, 033086 (2025)

The effective Lorentz-like transformation in Eq. (34)
originates from adjusting the Lorentz-like transformation
acting on the electric sources, Eq. (20), to fit the properties and
constraints of the evolution of magnetic sources, leading to
Eq. (33). However, we can show that when we let the effective
Lorentz-like transformation act on the electric sources, that
is, the four-velocity uμ, we reproduce the Lorentz force
again. The reason why both e

m Fμ
ν and eg

2m F̃μ
ν in Eqs. (20)

and (34), respectively, yield the correct result for the electric
sources is the following. In the latter case the emerging
terms proportional to g cancel, while the remaining term
yields the prefactor e

m in the Lorentz force, which the former
expression does directly. The explicit calculation is given in
Appendix C 3. As the arising differential equation remains the
same, Eq. (13), the exponentiation given in Ref. [35, Chapter
1.1.3] is still its solution. Importantly, we can now use a single
transformation, namely, the effective Lorentz-like one given
in Eq. (34), apply it to both fundamental sources—electric and
magnetic—and correctly recreate their respective evolution
equations in the presence of electromagnetic fields, which
is a quite satisfactory unification. Hence, we can interpret
the driving forces of both electric and magnetic sources
as a series of infinitesimal boosts and rotations containing
effective electromagnetic fields.

A. Explicit form and nonrelativistic limit

The explicit form of the evolution equation for �μν in
Eq. (33) reads as

d(γμμμ)

dτ
= eg

2m
γ (ddd × E + μμμ × B)

− e(g − 2)

2mc2
γ 3

(
(v · E)(v × ddd )

+ v × (μμμ × E) − (v · μμμ)(v × B)
)
,

d(γddd )

dτ
= eg

2m
γ

(
ddd × B − 1

c2
μμμ × E

)

− e(g − 2)

2mc2
γ 3

(
E × (v × ddd ) − μμμ × E

− μμμ × (v × B) − v(B · (v × ddd ))
)
, (38)

which can be reformulated to (see Appendix C 4 for details)

γ
dμμμ

dt
= eg

2mc2

(
μμμ × B − v(μμμ · E)

)
+ e(g − 2)

2mc2
γ 2(v · μμμ)

(
E + v × B − 1

c2
v(v · E)

)
,

γ
dddd

dt
= eg

2mc2
v × (μμμ × B)

− e

mc2
μμμ ×

(
E + v × B − 1

c2
v(v · E)

)

+ e(g − 2)

2mc4
γ 2(v · μμμ)v × (E + v × B), (39)

where now d
dt appears instead of d

dτ
, while no nonrelativistic

approximation has yet been made. In Eq. (39) we have sub-
stituted ddd = 1

c2 v × μμμ, the explicit form of Eq. (12). Note that
if the same substitution is made for dddd

dt in the second line in

Eq. (39), it can be shown that there is no new information in
the evolution equation for the electric dipole moment. Hence,
all of the information about the evolution of the system is
contained in the first equation above, the equation for the mag-
netic moment, and the dynamics of the electric moment can
be extracted from it via the explicit formulation of Eq. (12).
This finding is in agreement with the lack of an independent
intrinsic electric dipole moment.

Using the expressions in Eq. (39), we can take the nonrel-
ativistic limit valid at small velocity values. The expansion of
the above equation in powers of v

c , keeping terms up to and
including second order, yields(

1 + v2

2c2

)
dμμμ

dt
= eg

2m

(
μμμ × B − 1

c
(μμμ · E)

v
c

)

+ e(g − 2)

2m

(v
c

· μμμ
)(

1

c
E + v

c
× B

)
,

(
1 + v2

2c2

)
dddd

dt
= eg

2mc

v
c

× (μμμ × B)

− e

mc2
μμμ ×

(
E + c

v
c

× B − v
c

(v
c

· E
))

+ e(g − 2)

2mc2

(v
c

· μμμ
)v

c
× E, (40)

where we have substituted the explicit form of Eq. (12) for ddd .
Making the nonrelativistic approximation stricter and neglect-
ing terms proportional to v2

c2 gives

dμμμ

dt
= eg

2m

(
μμμ × B − 1

c
(μμμ · E)

v
c

)
+ e(g − 2)

2mc

(
v
c

· μμμ
)

E,

dddd

dt
= eg

2mc

v
c

× (μμμ × B) − e

mc2
μμμ ×

(
E + c

v
c

× B
)

.

(41)

When the particle is at rest, v
c = 0, the equation for μμμ coin-

cides with the first line of Eq. (26), while that for ddd collapses
to Eq. (28). Both equations correspond to our requirements
for the physical system at rest, namely, no independent EDM
and precession of the magnetic moment around the magnetic
field.

B. Spin-pseudovector representation

For the purposes of completeness and relating this
work further to existing literature, we introduce a four-
pseudovector, sμ, which is also used to describe the classical
spin of a particle. It is given by

sμ =
(

s0

s

)
(42)

with the temporal component vanishing in the instantaneous
rest frame and the spatial ones being connected to the intrin-
sic magnetic moment via srest = 1

μ
μμμrest. Similarly to �μν , sμ

should also only have two degrees of freedom, but such a
vector generally has four. One of them is eliminated by the
condition sμsμ = −1. The other degree of freedom is removed
by the Frenkel condition, which in this setting is formulated
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as [4,5]

sμuμ = 0, (43)

from which the connection s0 = 1
c v · s arises. Applying the ef-

fective Lorentz-like transformation on the spin-pseudovector
and reconstructing the proper time derivative using the same
argument as before yields the evolution equation for sμ (see
Appendix C 5 for details)

dsμ

dτ
= eg

2m
Fμ

νsν − e(g − 2)

2mc2
uμFναuνsα. (44)

The above equation matches the one in literature on the evolu-
tion of the magnetic moment in terms of a four-pseudovector
(see, e.g., Refs. [10,13,37]). The two descriptions of classical
spin—the tensor �μν and vector sμ ones—are equivalent and
a dual transformation exists between them [38, Chapter 10.4],
which reads as

sμ = 1

2μc
εμναβ�αβuν and �μν = μ

c
εμναβsαuβ. (45)

Equations (33) and (44) are compatible with the dual trans-
formation in the above equation, and one can use it to switch
between the evolution equations in the two representations.
The corresponding calculation is sketched in Appendix D.

In a final remark, we give the explicit connections between
the separate components of the two classical spin representa-
tions �μν and sμ, which arise from Eq. (45). They read as

s0 = γ 2

μc
v · μμμ, s = 1

μ

(
μμμ + γ 2

c2
v(v · μμμ)

)
,

μμμ = μ

(
s − 1

c2
v(v · s)

)
, ddd = μ

c2
v × s (46)

and are slightly different than the way they usually appear in
literature, which is due to the additional factor γ that we have
in the definition of our tensor �μν , which ensures the correct
transformation properties of �μν upon a Lorentz boost.

V. CONCLUSIONS

In this study, we propose, investigate, and confirm a pre-
viously unexplored perspective on the driving mechanism of
both kinds of fundamental electromagnetic sources in the
presence of homogeneous fields. We show that we can inter-
pret the evolution of pointlike electric charges and magnetic
moments as a series of infinitesimal effective Lorentz-like
transformations acting on the corresponding sources. The
transformations contain boosts and rotations with effective
electric and magnetic fields as parameters, respectively. In-
triguingly and importantly, we find that we can apply the
exact same transformation on both the electric as well as
the magnetic sources and correctly obtain their corresponding
evolution equations. This discovery provides a consistent and
unified interpretation of the forces driving the elementary
electromagnetic sources. Such a union points to a fundamen-
tally equivalent behavior of what is typically regarded as two
inherently different intrinsic properties of particles—electric
charge and magnetic moment.

Understanding the fundamental behavior of particles with
certain properties is not only satisfactory to the scientific
curiosity intrinsic to scientists, but it can also lead to unpre-

dictable progress. What steered us to the topic of the current
work is the study of light-matter interaction in cases where
magnetism plays a role. The underlying unit behind macro-
scopic magnetism is the spin of particles. Understanding its
evolution and interpreting it suitably can help with translating
the dynamics to a larger spatial scale. The perspective we give
in this article could potentially be used to take the description
of the interaction between electromagnetic fields and pointlike
sources to one between fields and continuous matter densities.
Such an approach would be intuitive since Lorentz transfor-
mations acting on covariant elements such as four-vectors and
second-rank tensors are well understood.

A possible next step regarding the interpretation proposed
in this study is to include contributions from inhomogeneous
fields in the evolution equations for the sources and to ex-
plore the prospect of expressing the latter again as a series
of infinitesimal Lorentz transformation with adjusted param-
eters. When the fields are not homogeneous, new terms in
both evolution equations arise, and then there is not only an
effect of the trajectory on the magnetic moment but also a
back-coupling of the trajectory to the magnetic moment. In
the latter case, the new terms represent a Stern-Gerlach-type
force, whose covariant form is discussed in Refs. [28–31].
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APPENDIX A: EQUIVALENCE OF EQS. (11) AND (12)

We start with the first line of Eq. (10) and apply v× to it on
the left to show that, using ddd rest = 0,

v × μμμrest = v × μμμ. (A1)

The above result can be substituted into Eq. (11) to yield

ddd = 1

c2
v × μμμ, (A2)

which in agreement with the space part of Eq. (12), the explicit
form of which reads as

�μνuν = γ 2

( −cv · ddd
−c2ddd + v × μμμ

)
= 0. (A3)

The temporal component then vanishes automatically, show-
ing the equivalence of Eqs. (11) and (12).

APPENDIX B: GENERAL PROPERTIES OF THE
LORENTZ AND LORENTZ-LIKE TRANSFORMATION

1. Infinitesimal Lorentz transformation

Depending on convention, the infinitesimal Lorentz trans-
formation consisting of a rotation and a boost can be
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represented differently. Here, we use the form given in
Jackson, Section 11.7 [33, Eqs. (11.91) and (11.93)]. The
generators of rotation Ji and those of Lorentz boosts Ki for
the three spatial axes read as

Jx =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

⎞
⎟⎟⎠, Jy =

⎛
⎜⎜⎝

0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

⎞
⎟⎟⎠,

Jz =

⎛
⎜⎜⎝

0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

⎞
⎟⎟⎠, Kx =

⎛
⎜⎜⎝

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎠,

Ky =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

⎞
⎟⎟⎠, Kz =

⎛
⎜⎜⎝

0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

⎞
⎟⎟⎠.

(B1)

With these, the active Lorentz transformation reads as the first
line in Eq. (15)

Lμ
ν = δμ

ν + (ϕϕϕ · J + ζζζ · K)μν.

The multiplication between the parameters and the genera-
tors represents a scalar product between the parameter vector
and the vector of generator matrices, e.g., ϕϕϕ = (ϕx, ϕy, ϕz )
and K = (Kx, Ky, Kz ), respectively. Performing the straight-
forward calculation yields the second line in Eq. (15)

Lμ
ν = δμ

ν +

⎛
⎜⎜⎝

0 ζ1 ζ2 ζ3

ζ1 0 −ϕ3 ϕ2

ζ2 ϕ3 0 −ϕ1

ζ3 −ϕ2 ϕ1 0

⎞
⎟⎟⎠.

2. Inverse transformation

Every infinitesimal transformation consists of an identity
operation, here δμ

ν , to which one adds the product of a small
parameter and a generator, which describes the infinitesimal
change. The inverse of that transformation is the same, only
with a minus sign in front of the second term. Physically, the
sign change represents the undoing of the small addition to the
initial quantity. The product of such a transformation and its
inverse yields an identity matrix up to first order in the small
transformation parameter, and all higher orders are negligible
since we consider an infinitesimal transformation. Hence, the
inverse of the active Lorentz transformation in Eq. (15) is
given by3

(L−1)μν = δμ
ν − (ϕϕϕ · J + ζζζ · K)μν. (B2)

The inverse of the Lorentz-like transformation driving the
Maxwell sources to evolve emerges upon the parameter sub-
stitution in Eq. (19) and is given by Eq. (21)

(�−1)μν = δμ
ν − �τ

e

m
Fμ

ν.

3Depending on the definition, the transformation might include
subtraction of the infinitesimal change instead of addition. The in-
verse will always have the corresponding opposite sign.

Taking the new transformation �μ
ν and explicitly calculating

its inverse up to first order, which is valid in the infinitesimal
case, yields the same result. For the sake of completeness, we
shall show that Eq. (21) is indeed the correct inverse

�
μ
β (�−1)βν =

(
δ

μ
β + �τ

e

m
Fμ

β

)(
δβ
ν − �τ

e

m
Fβ

ν

)
= δ

μ
β δβ

ν + �τ
e

m
δβ
ν Fμ

β − �τ
e

m
δ

μ
β Fβ

ν

= δμ
ν + �τ

e

m
Fμ

ν − �τ
e

m
Fμ

ν

= δμ
ν . (B3)

up to first order. In the first line above, we have substituted the
transformation and its inverse with a fitting choice of index
placement. In the second line, the parentheses have been ex-
panded and any O(�τ 2)-terms neglected, and the terms were
simplified in the next line. Finally, we arrive at the last line
after canceling the two identical terms with opposite signs. We
get an identity matrix, δμ

ν , proving that (�−1)μν from Eq. (21)
is in fact the inverse of �μ

ν from Eq. (20).
In the case of mixed tensors such as �μ

ν , there are differ-
ent conventions regarding the order of the indices and their
character. For example, one may define �μ

ν , a mixed tensor
with its first index being contravariant and its second one—
covariant, to be the inverse of the tensor with the opposite
order of its indices, i.e., �μ

ν ≡ (�−1) μ
ν . While remaining

compatible with this method, we shall show in the following
how the index placement influences the transformation. Since
the identity operation δμ

ν is a symmetric matrix, we need
not distinguish between the first and second index, that is,
δμ
ν = δμ

ν = δ μ
ν . We examine the electromagnetic tensor4 and

get

Fμ
ν = ημβFβν

= −ημβFνβ

= −ηβμFνβ

= −F μ
ν . (B4)

In the above calculations, several qualities of the two tensors
are utilized. The first line shows how one gets Fμ

ν from the
covariant tensor Fβν . In the second row, the antisymmetric na-
ture of the electromagnetic tensor is used, Fβν = −Fνβ , while
in the next one, the indices of the metric tensor are switched,
which leads to no change in sign since it is symmetric. Finally,
in the last line, the electromagnetic tensor with a first covariant
and a second contravariant index is built, and one may notice
the remaining minus sign in front of it, ultimately yielding
the connection Fμ

ν = −F μ
ν . We now go back to the whole

transformation and write

�μ
ν = δμ

ν + �τ
e

m
Fμ

ν

= δμ
ν − �τ

e

m
F μ

ν

= (�−1) μ
ν , (B5)

showing the previously a priori defined relation.

4This holds for every totally antisymmetric second-rank tensor.
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3. Metric tensor invariance

The cornerstone of special relativity is the invariance of
the infinitesimal four-volume element, Eq. (2). To assure this
condition is fulfilled, the metric tensor ημν must also remain
invariant. We can see this from the form of the transformed
volume element by requiring that it be conserved

dxμdxμ = ημνdxμdxν

!= ημνdx′
μdx′

ν

= ημν
(
�β

μ�σ
νdxβdxσ

)
= (

�β
μ�σ

νη
μν

)
dxβdxσ

= (
�

μ

β�ν
σηβσ

)
dxμdxν .

In the first line of the above calculation, we have rewritten
the volume element as two covariant elements, where one
of them is contracted with the covariant metric tensor. In
the next row, we apply the requirement that the four-volume
element remains invariant and, hence, the expression must be
equal to when the two infinitesimal line elements are first
transformed and then contracted with the metric tensor, which
is written explicitly in the third line. In the next one, we have
regrouped the terms, which we are allowed to do since the
index placement fully determines the multiplication. In this
order, we can interpret the transformation matrices as acting
on the metric tensor, even though we have done nothing else
but shuffle the terms. Finally, in the last row, we renamed all
of the dummy indices to make the comparison more obvious.
Since we required that lines one and five are equivalent, we
can formulate the invariance condition for the transformation
of the metric tensor as

ημν = �
μ

β�ν
σηβσ . (B6)

To show this for our Lorentz-like transformation matrix �,
we perform the calculation of the right-hand side of the above
expression, which yields

�
μ

β�ν
σηβσ = �

μ
β (�−1) ν

σ ηβσ

=
(
δ

μ

β + �τ
e

m
Fμ

β

)(
δν
σ − �τ

e

m
F ν

σ

)
ηβσ

=
(
δ

μ
β + �τ

e

m
Fμ

β

)(
ηβν − �τ

e

m
Fβν

)
= ημν − �τ

e

m
Fμν + �τ

e

m
Fμν

= ημν.

(B7)
In the above proof, we have first used the identity of the
inverse from Eq. (B5) and have then written both transforma-
tions explicitly in the second line. In the next one, the terms
in the second parentheses have been applied on ηβσ . In the
fourth row, the two sets of parentheses have been expanded
again up to first order, resulting in two terms, which cancel
exactly to give the contravariant metric tensor we needed to
fulfill invariance under the Lorentz-like transformation.

APPENDIX C: LORENTZ-LIKE
TRANSFORMATIONS FOR THE EVOLUTION

OF THE ELECTROMAGNETIC SOURCES

1. Lorentz-like transformation acting on the moment tensor

In the following, we give a more detailed version of the
calculation in Eq. (22):

�′μν = �μ
α�ν

β�αβ

= (
δμ
α + �τκFμ

α

)(
δν
β + �τκF ν

β

)
�αβ

= (
δμ
α + �τκFμ

α

)(
�αν + �τκF ν

β�αβ
)

= �μν + �τκFμ
α�αν + �τκF ν

β�μβ

= �μν + �τκ
(
Fμ

α�αν − F ν
α�αμ

)
.

(C1)

The first line of the above equation represents the transforma-
tion law for second-rank tensors. In the next row, the two �’s
have been expanded as given in Eq. (20) with a generalized
constant κ . In the next two lines, the operations in the two
sets of parentheses have been applied consecutively, leaving
the three terms in the fourth line, where higher order terms
O(�τ 2) have been dropped out since they are negligible
in the infinitesimal regime. In the last row, the two terms
proportional to �τκ have been grouped together. The indices
of the tensor � have been interchanged in the last term, giving
rise to a change in sign, and the dummy index β in that same
term has been changed to α for later convenience.

2. Effective Lorentz-like transformation acting
on the moment tensor

Replacing Fμν by F̃μν in the commutator equation for the
electromagnetic moment tensor, Eq. (23) yields

d�μν

dτ
= eg

2m

(
F̃μ

α�αν − F̃ ν
α�αμ

)
= eg

2m

(
Fμ

α�αν − F ν
α�αμ

)
+ eg

2m
uα (�αν�μ − �αμ�ν )

− eg

2m
�α (uμ�αν − uν�αμ)

= eg

2m

(
Fμ

α�αν − F ν
α�αμ

)
− eg

2m
�α (uμ�αν − uν�αμ), (C2)

where we have used that the last term in the second line
vanishes as a consequence of contracting one of the indices
of the moment tensor with the four-velocity, Eq. (12). Taking
the proper time derivative on both sides of the same condition,
Eq. (12), yields

(
d�μν

dτ

)
uν + �μν

(
duν

dτ

)
= 0. (C3)

We can use Eq. (C2) and contracting all terms with uν

to get the first term on the left-hand side of the above

033086-10



UNIFIED EVOLUTION OF ELECTROMAGNETIC SOURCES … PHYSICAL REVIEW RESEARCH 7, 033086 (2025)

equation(
d�μν

dτ

)
uν = eg

2m

(
Fμ

α�ανuν − F ν
αuν�

αμ
)

− eg

2m
�α (uμ�ανuν − uνuν�

αμ)

= − eg

2m
F ν

αuν�
αμ + egc2

2m
�α�αμ. (C4)

Above, we have used the Frenkel condition to drop the first
terms in both sets of parentheses as well as the Lorentz invari-
ant quantity uμuμ = c2. On the other hand, we have

�μν

(
duν

dτ

)
= e

m
�μνFναuα

= − e

m
�αμFανuν, (C5)

where we have substituted the Lorentz force, Eq. (13), in the
first line and used �μν = −�νμ and then switched the dummy
indices α and ν in the second one. Equations (C3)–(C5) can
then be combined into

e

m
�αμ

(
− g

2
F ν

αuν + gc2

2
�α + F ν

αuν

)
= 0, (C6)

by using that Fαν = −Fνα and Fναuν = F ν
αuν to reformulate

the right-hand side of Eq. (C5). Requiring that the whole term
in parenthesis in the above equation vanishes lets us determine
the vector �α to be

�α = 1

gc2
(g − 2)F ν

αuν, (C7)

which corresponds to Eq. (32). Substituting the vector �α in
Eq. (C2) and rewriting (uμ�αν − uν�αμ)F ν

αuν = (uμ�να −
uν�μα )Fανuν yields Eq. (33).

3. Effective Lorentz-like transformation acting
on the electric sources

We apply the effective Lorentz-like transformation,
Eq. (34), on the four-velocity uμ. The calculation goes as
follows

u′μ = �̃μ
νuν

=
(

δμ
ν + �τ

eg

2m
F̃μ

ν

)
uν

=
(

δμ
ν + �τ

eg

2m

(
Fμ

ν + �μuν − �νuμ
))

uν

=
(

δμ
ν + �τ

eg

2m
Fμ

ν + �τ
e(g − 2)

2mc2
Fαμuαuν

− �τ
e(g − 2)

2mc2
Fανuαuμ

)
uν

= uμ + �τ
eg

2m
Fμ

νuν − �τ
e(g − 2)

2m
Fμ

αuα

= uμ + �τ
e

m
Fμ

νuν, (C8)

where we have applied the transformation on the four-
velocity, which is written first in terms of F̃μν , then in terms

of �μ and finally in its most explicit but still covariant form in
the first four steps of the above equation. Opening the paren-
thesis in the next line leads to the vanishing of the last term
since Fανuαuν = 0. The property is easily obtained when one
considers that on the one hand Fανuαuν = Fναuνuα when sim-
ply exchanging the dummy indices α and ν and on the other
hand Fανuαuν = −Fναuαuν upon utilizing the total asymmetry
of the electromagnetic tensor. Equating both results yields
Fναuνuα = −Fναuαuν , which means that the expression can
only be identically zero. In the sixth line we have also used
that uμuμ = c2 in the third term as well as the reformulation
Fαμuα = −Fμαuα = −Fμ

αuα . Finally, we see that the second
term and the part of the third one, which is proportional to g,
are identical up to a sign and hence cancel. We are left with the
result in the last line, which yields the Lorentz force directly
upon the use of Eq. (18) and reconstruction of the proper time
derivative. In short, it holds that e

m Fμ
νuν = eg

2m F̃μ
νuν .

4. Explicit evolution equations for the electric
and magnetic dipole moments

We take the expressions in Eq. (38) and expand the left-
hand sides as

d(γμμμ)

dτ
= dγ

dτ
μμμ + γ

dμμμ

dτ
(C9)

and equivalently for γddd . We can now eliminate the term dγ

dτ
by

performing the proper time derivative on the definition of γ

dγ

dτ
= d

dτ

1√
1 −

√
v·v
c2

= γ 3

c2
v · dv

dτ
(C10)

and utilizing the space-part of the Lorentz force, Eq. (14),
expanding the derivative using the product rule as

d(γ v)

dτ
= v

dγ

dτ
+ γ

dv
dτ

= γ 3

c2
v
(

v · dv
dτ

)
+ γ

dv
dτ

= e

m
γ (E + v × B), (C11)

where in the second line the result from Eq. (C10) has been
substituted. Taking the last two lines of the above equation and
projecting them onto v yields

γ 3 v · v
c2

(
v · dv

dτ

)
+ γ v · dv

dτ
= e

m
γ v · (E + v × B),

(
γ 3 v2

c2
+ γ

)(
v · dv

dτ

)
= e

m
γ v · E,

v · dv
dτ

= e

mγ 2
v · E,

(C12)

which we can then substitute in Eq. (C10) to get

dγ

dτ
= e

mc2
γ v · E. (C13)

Plugging in Eqs. (C9) and (C13) into Eq. (38), us-
ing the identities a · (b × c) = b · (c × a) and a(a · (b ×
c)) = (a × b) × (a × c) to rewrite v(B · (v × ddd )) = (v ×
ddd ) × (v × B) in the evolution equation for ddd , substituting
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ddd = 1
c2 v × μμμ, and switching from proper to coordinate time with dτ = γ −1dt results in

γ 2 dμμμ

dt
= eg

2m
γ

(
1

c2
(v × μμμ) × E + μμμ × B

)
− e

mc2
γ (v · E)μμμ

− e(g − 2)

2mc2
γ 3

(
1

c2
(v · E)

(
v × (v × μμμ)

) + v × (μμμ × E) − (v · μμμ)(v × B)

)
,

γ 2 dddd

dt
= eg

2mc2
γ
(
(v × μμμ) × B − μμμ × E

) − e

mc4
γ (v · E)(v × μμμ)

− e(g − 2)

2mc2
γ 3

(
1

c2
E × (

v × (v × μμμ)
) − μμμ × E − μμμ × (v × B) − 1

c2

(
v × (v × μμμ)

) × (v × B)

)
. (C14)

Application of the triple cross product identity a × (b × c) =
(a · c)b − (a · b)c to multiple terms in the above equations,
results in different but equivalent reformulations of the ex-
pressions, depending on the choice of term grouping. One
possibility is Eq. (39), which is a somewhat more compact
formulation.

5. Effective Lorentz-like transformation acting
on the spin-pseudovector

Applying the effective Lorentz-like transformation on the
spin-pseudovector according to the transformation rule for a
four-vector and writing down the transformation in terms of
F̃μ

ν yields

s′μ = �̃μ
νsν

=
(

δμ
ν + �τ

eg

2m
F̃μ

ν

)
sν

=
(

δμ
ν + �τ

eg

2m

(
Fμ

ν + �μuν − �νuμ
))

sν

=
(

δμ
ν + �τ

eg

2m
Fμ

ν + �τ
e(g − 2)

2mc2
Fαμuαuν

− �τ
e(g − 2)

2mc2
Fανuαuμ

)
sν

= sμ + �τ

(
eg

2m
Fμ

νsν − e(g − 2)

2mc2
uμFανuαsν

)
. (C15)

Here, the third line F̃μ
ν has been expanded in terms of �μ,

whose form has been written explicitly in the next step. Fi-
nally, the condition in Eq. (43) has been used to drop the
third term in the parentheses, resulting in the final form.
Reconstructing the proper time derivative by taking s′μ →
sμ(τ + �τ ) then leads to Eq. (44)

APPENDIX D: DUAL TRANSFORMATION BETWEEN
THE MOMENT TENSOR AND PSEUDOVECTOR

In order to perform the conversion between the mo-
ment tensor and pseudovector representation of classical spin,
we need some contractions of four-dimensional Levi-Civita

symbols given by

εμναβεμγ δσ = −δγ
α δσ

ν δδ
β + δγ

α δδ
νδ

σ
β + δδ

αδ
γ

β δσ
ν

− δδ
αδσ

β δγ
ν − δσ

α δ
γ

β δδ
ν + δσ

α δδ
βδγ

ν , (D1a)

εμναβεμνδσ = −2δσ
β δδ

α + 2δδ
βδσ

α . (D1b)

All other contractions with differently ordered indices can
be acquired from the above identities using the tensor’s asym-
metry under the exchange of any two neighboring indices.
Now we transform Eq. (33) from the �μν to the sμ represen-
tation by first looking at the left-hand side. We multiply the
expression by 1

2μc εαβμνuβ and substitute �μν with the identity
on the right in Eq. (45), thereby contracting both moment
tensor indices

1

2μc
εαβμν

d�μν

dτ
uβ = 1

2c2
εαβμνε

μνδσ d(sδuσ )

dτ
uβ

= 1

c2

(
δδ
βδσ

α − δσ
β δδ

α

)d(sδuσ )

dτ
uβ

= 1

c2

d(sβuα − sαuβ )

dτ
uβ

= 1

c2

(
dsβ

dτ
uαuβ + sβ

duα

dτ
uβ

− dsα

dτ
uβuβ − sα

duβ

dτ
uβ

)

= −dsα

dτ
+ 1

c2

dsβ

dτ
uβuα

= −dsα

dτ
− 1

c2
sβ

duβ

dτ
uα

= −dsα

dτ
+ e

mc2
Fνβuνsβuα. (D2)

The following steps were made in the equation above. In the
second line we have used that εαβμν = εμναβ and substituted
Eq. (D1b), and have then applied the emerging Kronecker
deltas to the term (sδuσ ) in the next one. In the fourth step,
the product rule has been performed for the proper time
derivative. In the following one, we have used the fact that
sβuβ = 0 and duβ

dτ
uβ = 0, i.e., Eqs. (43) and (4), to remove

the second and fourth term in the parenthesis as well as the
norm of the four-velocity in the third term, uβuβ = c2. In
the next to last line we have reformulated the second term
by taking the proper time derivative of Eq. (43) and getting
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dsβ

dτ
uβ = −sβ

duβ

dτ
. In the last line we have substituted duβ

dτ
using

the Lorentz force, Eq. (13), and reformulating the term as
Fβ

νuνsβ = −Fνβuνsβ . We now perform an analogous set of
operations to the first term on the right-hand side of Eq. (33)

eg

2m

1

2μc
εαβμνuβ

(
Fμ

α�αν − F ν
α�αμ

)
= eg

4mc2

(
εαβμνε

ρνδσ Fμ
ρsδuσ uβ − εαβμνε

ρμδσ F ν
ρsδuσ uβ

)
= eg

4mc2

(( − δρ
αδδ

βδσ
μ + δρ

αδσ
β δδ

μ + δδ
αδ

ρ

βδσ
μ − δδ

αδσ
β δρ

μ − δσ
α δ

ρ

βδδ
μ + δσ

α δδ
βδρ

μ

)
Fμ

ρsδuσ uβ

− (−δρ
αδδ

βδσ
ν + δρ

αδσ
β δδ

ν + δδ
αδ

ρ
βδσ

ν − δδ
αδσ

β δρ
ν − δσ

α δ
ρ
βδδ

ν + δσ
α δδ

βδρ
ν

)
F ν

ρsδuσ uβ
)

= eg

4mc2

( − Fμ
αsβuμuβ + Fμ

αsμuβuβ + Fμ
βsαuμuβ − Fμ

μsαuβuβ − Fμ
βsμuαuβ + Fμ

μsβuαuβ

− F ν
αsβuνuβ + F ν

αsνuβuβ + F ν
βsαuνuβ − F ν

νsαuβuβ − F ν
βsνuαuβ + F ν

νsβuαuβ
)

= eg

4mc2

(
c2Fμ

αsμ − Fμ

βsμuαuβ + c2F ν
αsν − F ν

βsνuαuβ
)

= − eg

2m
Fανsν + eg

2mc2
Fβνsνuβuα. (D3)

In the above manipulation, the expression is multiplied by
1

2μc εαβμνuβ as the left-hand side before and then the iden-
tity on the right in Eq. (45) is substituted. The Levi-Civita
contractions from Eq. (D1a) are used in the second step
after identifying εαβμνε

ρνδσ = εναβμενρδσ and εαβμνε
ρμδσ =

−εμαβνε
μρδσ and have been applied in the next one. In the

next to last line, the following properties have been used to
simplify the expression: uμuμ = c2, sμsμ = 0, Fμ

μ = 0, and
Fμ

βuμuβ = 0. Finally, to get to the last line in the above
equation, we have used that Fμ

αsμ = F ν
αsν = −Fανsν and

Fμ
βsμuβ = F ν

βsνuβ = −Fβνsνuβ .
Last, we perform the equivalent calculation of the second

term on the right-hand side of Eq. (33)

e(g − 2)

2mc2

1

2μc
εαβμνuβ (uμ�να − uν�μα )Fαρuρ

= e(g − 2)

4mc4

(
εαβμνε

ναδσ Fαρsδuσ uβuμuρ

− εαβμνε
μαδσ Fαρsδuσ uβuνuρ

)
= e(g − 2)

4mc4

((
2δσ

μδδ
β − 2δδ

μδσ
β

)
Fαρsδuσ uβuμuρ

− (−2δσ
ν δδ

β + 2δδ
νδ

σ
β

)
Fαρsδuσ uβuνuρ

)
= e(g − 2)

2mc4

(
Fαρsβuμuβuμuρ − Fαρsμuβuβuμuρ

+ Fαρsβuνuβuνuρ − Fαρsνuβuβuνuρ
)

= 0. (D4)

In the second line above the identity for �μν from Eq. (45) has
been substituted and the Levi-Civita contractions in Eq. (D1b)
utilized after reformulating εαβμνε

ναδσ = −εναβμεναδσ and
εαβμνε

μαδσ = εμαβνε
μαδσ . In the fourth line, the Kronecker

deltas have been applied, where we see that in every term
there is a contraction between the spin-pseudovector sμ and
the four-velocity uμ, which means that each term and, in turn,
the whole expression vanishes and does not contribute to the
sμ representation of the evolution equation for the magnetic
sources. Putting together Eqs. (D2) and (D3) and rearranging
them to isolate dsα

dτ
on the left-hand side yields

dsα

dτ
= eg

2m
Fανsν − eg

2mc2
Fβνsνuβuα + e

mc2
Fνβuνsβuα

= eg

2m
Fανsν − e(g − 2)

2mc2
uαFβνuβsν, (D5)

the result of which corresponds to Eq. (44) for the contravari-
ant vector sμ. To get to the final expression, the dummy
indices in the last term on the right-hand side of the first line
have been exchanged, which makes obvious the fact that the
last two terms are identical up to a prefactor, which, when
put together, gives the desired (g − 2) term in the result. The
conversion of the equation of motion for the magnetic sources
from the sμ to the �μν representation works in an equivalent
way.
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