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Krylov complexity measures the spread of an evolved state in a natural basis, induced by the generator
of the dynamics and the initial state, and serves as an effective probe for detecting various properties of
many-body systems. Here, we study the spread in Hilbert space of the state of an Ising chain subject to a
complex-valued transverse magnetic field, initialized in a trivial product state with all spins pointing down.
We demonstrate that Krylov spread reveals structural features of many-body systems, which remain hidden in
correlation functions that are traditionally employed to determine phase diagrams. When the imaginary part
of the spectrum of the non-Hermitian Hamiltonian is gapped, the system’s state asymptotically approaches the
non-Hermitian Bogoliubov vacuum for this Hamiltonian. We find that the spread of this evolution unravels three
different dynamical phases based on how the spread reaches its infinite-time value. We also show that the second
derivatives of the spread with respect to the real and imaginary components of the complex magnetic field exhibit
algebraic divergence at the transition between gapped and gapless imaginary spectra. Furthermore, we establish
a connection between the Krylov spread and the static correlation function for the z components of spins in
the underlying non-Hermitian Bogoliubov vacuum, providing a full analytical characterization of correlations
across the phase diagram. Specifically, for a gapped imaginary spectrum in a finite magnetic field, we find that
the correlation function exhibits an oscillatory behavior that decays exponentially in space. Conversely, for a
gapless imaginary spectrum, the correlation function displays an oscillatory behavior with an amplitude that
decays algebraically in space; the underlying power law depends on the manifestation of two exceptional points
within this phase. Our findings, showing the potential of the Krylov spread in exposing dynamical transitions,

motivate further studies of Krylov’s complexity in open many-body systems, including monitored ones.

I. INTRODUCTION

The description of quantum systems via one-parameter
unitary groups—i.e., when the dynamics is generated by a
unitary operator governed by a Hermitian Hamiltonian and
parametrized by time—is insufficient once the interaction
with (possibly unknown) environments is considered. This in-
evitably more realistic situation requires implementing more
general mathematical tools, such as the theory of semigroups
of completely positive maps [1,2], for which the former
scenario is just a special case. Within this more general
framework, deterministic or stochastic master equations re-
place the Schrodinger equation as the equation governing the
dynamics of the system [3] (see Ref. [4] for a recent re-
view). The dynamics of certain classes of systems interacting
with Markovian environments are adequately described by the
Lindblad equation
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where [., .] and {., .} denote the commutator and anticommu-
tator, respectively, and the role of the environment is encoded

in the jump operators L; and the dissipation rates y;. The solu-
tion of the Lindblad equation can be understood as describing
the expectation of a stochastic density matrix w(t) of a
monitored quantum system, i.e., p(t) = E[w(?)] [2-7]. In par-
ticular, if the open system undergoes a counting measurement,
then w(t) corresponds to a quantum trajectory of detections
and instants of detections of the form (ji, t1; ... ; ju, t,), Where
ji € {1, ..., d} specifies the type of count detected at time ;.
Given this trajectory up to time t > ,, the equation determin-
ing the a posteriori state is given by the Poissonian stochastic
master equation

d
do(t) = — i[H, o(t)]dt —%Z{L,L}' —(LILy);, w(t))dr

i=1
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where {dN;(¢)}; are the Poissonian increments describing the
detections and (LiT L) = Tr[LiT L;w(t)]. Here, the evolution
between any two measurements occurring at ¢;, and #;, > t;
(ip > iy) is dictated by the non-Hermitian Hamiltonian arising
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from Eq. (2) when dN;(f) = Oforalliand t € [1;,, t;,),
i t
H$=H—§2Mqu 3)

Then, in this time interval, the evolution of the trajectory w(z)
is given by

idw(t) = Hegro(t) — () Her, 1 € [ty 1,].  (4)

Moreover, if w(t;,) = | (#;,)){¥ ()], then the solution to
Eq. (4) is equivalent to

exp [ — iHer (1 — )] ¥ (1))
| exp[ = it (c = i) ][ (1))

which describes the evolution of a pure system under a non-
Hermitian Hamiltonian. The conditions leading to Eq. (5)
justify the implementation of non-Hermitian Hamiltonians in
the problem of monitored systems.

Notwithstanding the fact that describing the evolution of an
open system via Eq. (5) implies considerable simplifications
and assumptions, effective non-Hermitian Hamiltonians pro-
vide an enormously rich arena of novel phenomena that are
not present in their Hermitian counterparts. The immediate
difference and cornerstone of non-Hermitian Hamiltonians is
the existence of complex eigenvalues and exceptional points
in the parameter space where the eigenvalues and eigenstates
coalesce [8]. For example, such points can be responsible for
unconventional phase transitions [9,10], the non-Hermitian
skin effect [11-14], or chiral topological conversion in the
slow non-Hermitian dynamics (see Ref. [15] for a recent
overview). Moreover, near (and at) exceptional points, cor-
relation functions can display anomalous power-law behavior
[16] and faster spatial decay than their Hermitian counterparts
[17]. Gaps in the complex spectrum, where both the real and
imaginary parts of the spectrum may be gapless or gapful,
also play an essential role in the physics of non-Hermitian
systems, such as in, e.g., in topological band theory [18-20].
Various critical phenomena, such as entanglement phase tran-
sitions or dynamical phase transitions, among many others
[21-34], can be associated with the peculiarities of the com-
plex spectra in non-Hermitian systems. In general, phases of
non-Hermitian systems can be classified via symmetry and
topology [18-20,35-38]. We point out that all of the phe-
nomena mentioned above can be found not only in systems
governed by non-Hermitian Hamiltonians but also in generic
open quantum systems (in particular, monitored ones); see,
e.g., Refs. [39-48].

Much of the characterization of non-Hermitian systems
is in line with their Hermitian counterparts, where, e.g.,
correlation functions, entanglement entropy, Loschmidt echo
[49,50], among other measures, are used. In addition to
these traditional quantities, Krylov’s complexity has been
recently introduced as an alternative tool (mainly in Hermi-
tian systems). It determines the spread of an evolved state
(or operator) in a natural basis, called the Krylov basis,
constructed from the initial state and the generator of the
dynamics. This notion of complexity was initially put for-
ward to study the operator spread in chaotic systems [51]
and has been implemented as a probe of chaos and integra-
bility [52-61], topological phases [62,63], dynamical phase
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transitions [64-66], among other phenomena and applica-
tions; see, e.g., Refs. [67-69]. For example, the Krylov
complexity of an integrable system is much smaller than that
of an ergodic system since states of the latter explore the
underlying Krylov space formed by the Krylov basis as much
as possible. In general, an important advantage of utilizing
such a measure is the low computational cost of finding the
subspace in which an initial system evolves under the ac-
tion of a generator of dynamics. This complexity measure is
straightforward to calculate if the generator of the dynamics
belongs to a semisimple Lie algebra [70] or a semidirect sum
of semisimple Lie algebras [71]. Furthermore, the Krylov
basis offers yet another appealing feature. Being the basis that
minimizes the spread over all possible bases of an evolved
state [72], it naturally serves as a natural tool to study quantum
speed limits [73-76].

Krylov’s complexity has also been studied in open quan-
tum systems [77-81], where it has been found to be
significantly suppressed compared to its behavior in their
Hermitian counterparts. We note that, in general, the Krylov
complexity of systems governed by Eq. (5) remains largely
unexplored (see, however, Refs. [82-84]). While the Krylov
spread has been employed as a probe for characterizing known
dynamical phase transitions, we are unaware of this measure
being used as a tool to detect hitherto “hidden” dynamical
phases of non-Hermitian systems. This is the focus of this
work.

Specifically, we demonstrate that the Krylov spread reveals
new dynamical phases of the one-dimensional (1D) Ising
model with a transverse, single-component, complex-valued
magnetic field of the form s 4 iy /4. This model is known
to have two main phases that depend on the gap or lack
thereof of the imaginary part of the complex spectrum of the
non-Hermitian Hamiltonian. The two distinct phases manifest
through several features. For instance, the entanglement en-
tropy of the non-Hermitian vacuum obeys a logarithmic law in
the gapless phase and an area law in the gapped phase [22,24].
Similar transitions have also been studied for variations of the
above models in, e.g., Refs. [85,86], where the gapped nature
of the spectrum dictates the scaling behavior of the entangle-
ment entropy. Another distinctive feature of the two phases is
the asymptotic behavior of correlation functions. Specifically,
the static correlation function of the z components of spins,
calculated in the non-Hermitian vacuum, exhibits an oscilla-
tory behavior with an algebraic decay in the gapless phase,
while in the other phase, it displays an exponential decay.

Going beyond the two main phases, here, through the
employment of Krylov spread fidelity, we identify and char-
acterize the previously unnoticed dynamical phases of a
non-Hermitian Ising chain. The Krylov spread fidelity is de-
fined as the absolute difference between the infinite-time limit
and the time-dependent value of the Krylov spread density
in the thermodynamic limit when the imaginary part of the
spectrum is gapped. In the regime where the fidelity tends to
zero, we identify three specific time scales that arise from
the interplay between the real and imaginary parts of the
transverse magnetic field. The former, alongside the hopping
terms of the Hamiltonian, governs the unitary evolution of the
system, while the latter generates the dissipative dynamics.
Importantly, the identified characteristic time scales refine the



region of the h-y plane where the imaginary part of the spec-
trum is gapped by splitting it into distinct dynamical phases
characterized by different time dependencies of the Krylov
fidelity.

The paper is organized as follows. In Sec. II, we define the
model and diagonalize the Hamiltonian, choosing a sign con-
vention such that the imaginary part of the spectrum is always
negative. Analogously to the Hermitian case where y =0
[87], we show that the ground state of the non-Hermitian
Hamiltonian is a generalized coherent state of the Jordan-
Wigner vacuum. We define a stationary-state regime based
on how the Jordan-Wigner vacuum reaches the non-Hermitian
Bogoliubov vacuum when the imaginary part of the spectrum
is gapped. For a gapless spectrum, we demonstrate that the
stationary state of the same initial state is a linear combi-
nation of time-dependent coefficients of the non-Hermitian
vacuum and two non-Hermitian excitations over the
same vacuum.

In Sec. III, we analyze, both in the gapless and gapped
phases, the asymptotic behavior (at large spatial distance
x) of the static spin-spin correlation function C¥(x) for z
components of spins. In the gapless phase, we find that the
correlation function decays algebraically, displaying an os-
cillatory behavior with a power-law exponent that changes
depending on the emergence of two exceptional points. The
same correlation function was calculated in Ref. [23] for the
XY model only in one subregion of the gapless phase where
the exceptional points are absent. In the gapped phase, the
asymptotic behavior of C¥(x) is characterized by an expo-
nential decay, with oscillations on top of it. To the best of
our knowledge, this correlation function was calculated in this
phase only for a vanishing real magnetic field in the XY chain
[10]. The correlation functions for other spin components
have been numerically calculated in Refs. [88,89].

In Sec. IV, we establish a connection between the
Krylov spread and the correlation function C¥*(x) when the
Jordan-Wigner vacuum evolves unitarily to the non-Hermitian
Bogoliubov vacuum. Furthermore, we demonstrate that the
spread undergoes a third-order phase transition when the
imaginary part of the spectrum goes from being gapless to
gapped at the critical value A, of the real part of a magnetic
field. We also confirm and expand the results presented in
Ref. [62], where the spread in a Kitaev chain via unitary
dynamics was calculated. We explicitly calculate the spread in
the oscillatory gapless phase where (h, y) < (J, 0) and show
that its first derivative with respect to & diverges logarithmi-
cally as & approaches the value of the hopping term J at y = 0.

In Sec. V, we analyze the time dependence of the Krylov
spread across the entire phase diagram. We define the Krylov
spread fidelity density, which reveals three distinct dynamical
phases existing in the gapped phase when the Jordan-Wigner
vacuum evolves under the non-Hermitian Hamiltonian to the
non-Hermitian Bogoliubov vacuum in the infinite-time limit.
We demonstrate how this spread is related to the one cal-
culated in the previous section. In Fig. 4, we present the
refined phase diagram of the non-Hermitian 1D Ising model,
including the dynamical “Krylov phases”, which is one of the
key results of our work.

Finally, the insights into the dynamics of non-Hermitian
quantum systems, which this paper gained, and the outlook

are presented in Sec. VI. Technical details of calculations are
relegated to Appendices.

II. MODEL: SPECTRUM AND NON-HERMITIAN VACUUM

The model we study in this work is an Ising chain with
N sites and nearest-neighbor XX interactions, subject to a
complex magnetic field in the z direction acting at each site.
The non-Hermitian Hamiltonian of this 1D transverse-field
Ising model is

H=— i [Ja;‘olﬁl + (h + i%)af], (©)

i=1

where J > 0 is the hopping strength and % + iy /4 is the com-
plex magnetic field with &, y > 0. Even with this complex
magnetic field, the system is still integrable. It can be easily
diagonalized via the Jordan-Wigner transformation, followed
by a non-Hermitian Bogoliubov rotation, as we show in the
following subsection, cf. Refs. [22,88,90-92]. Afterward, in a
situation akin to the Hermitian case, we demonstrate that the
ground state of H, or its vacuum, is a coherent state defined in
coset space SU(2)®N /U(1)®V [87,93]. At the end of this sec-
tion, we will find an explicit expression for the time-evolved
state

exp(—iH1)[y(0))
I exp(—iH1)|y (0))]”

where |Y(0)) = |{ ... ) is the state of all N spins pointing
down with o*|]) = —|{).
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A. Spectrum of H

Let us start by introducing the conventional Jordan-
Wigner (JW) transformation that expresses spin operators via
fermionic operators:

—1
iy | (cj+c;),
|

~.

oj’f =exp | in of =1- Zc;c_i, ®)

l

where #; = c[ci, {cicl} =8; and {c;,c;} ={c].c]} =0.

Upon performing the JW transformation of H, one gets

N
H=— JZ(c;cHl + cjc}H + H.c.)

=1
L
_ (h+iz> Z(l —2a;), ©)
j=I
where cyy1 = e®c; is the generalized boundary condition.
Note that ¢/® = 1 or ¢/* = —1 for periodic and anti-periodic

boundary conditions (PBC and ABC, respectively). For con-
creteness, we pick the latter.

To diagonalize H, we implement the following Fourier
representation of the JW operators

e—irr/él
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FIG. 1. Examples of the real, E(k) (a), and the imaginary, I'(k) (b), parts of the spectrum (14) satisfying the convention Im I'(k) < O for
all k in units of J, exemplifying cases (I)-(IV) discussed in the main text. (I) 2 = 0.5, y = 1 (black curves). (Il) h = 1/2, y = 4 (blue). (III)
h=1.5,y =4 (purple). IV)h = 0.2,y = y.(h) = 44/1 — h?> =~ 3.91 (red). Panel (c) shows the /-y plane with the four regions corresponding
to cases (I)=(IV) indicated. The green dashed line separates regions (II) and (III) of the phase where I' (k) is gapped. The critical curve y = y.(h)

corresponding to case (IV) is shown in red.

where we have set the lattice spacing to unity, and the wave numbers belong to the following set:

,C:{knzz_n<_{u
N 2

—‘—i-n—i-%):ne[o,N)ﬂN}. (11)

Here, the ceiling function [x] denotes the least integer that is greater than or equal to x.
Using the Fourier representation of the JW operators, after standard manipulations, we get

H= Z ![2(}1 —Jcosk) + i%](czck - C—kCT_k) + 2J sink (chT_k + c_kck)}, (12)

kelCt

where Kt := K N Ry. Since we are working with ABC, the subspaces associated with each k € K are two-dimensional. The

Hamiltonian can be written as H = ) , _,+ H (k), where

Hk) =V ME)W = (c]  cy)

The symmetric matrix M(k) can be diagonalized with
a similarity transformation using orthogonal matrices:
Vk_lM (k)V = diag[A(k), —A(k)]. For our particular model,
the presence of a complex magnetic field implies that the
eigenvalues of M (k) are complex:

A(k) = E(k) + iT(k) (14a)

2
=\/4(h—1cosk+i£) +472sin’ k. (14b)

As in the Hermitian case, the sign of the square root in A (k)
for each k depends on the convention (or “picture”) chosen to
describe the excitations on the vacuum [94]. In what follows,
we choose the sign such that I'(k) = Im A(k) < 0 Vk € K.
This guarantees that the eigenvalue associated with the ground
state of H has the largest imaginary part. This way, this state is
the one associated with the slowest decay in time. Our chosen
sign convention forces the sign of E (k) to change along the
k-axis, as shown in Fig. 1(a). This sign convention can be con-
veniently cast by choosing the positive root in Eq. (14b) for all
k and multiplying it with sgn(J cos k — h), where sgn(0) = 1.

2(h — Jcosk) + i%
2J sink

2J sink c
v < : ) (13)
—2(h — Jcosk) — i C_k

(

The real and imaginary parts of the spectrum can either indi-
vidually or jointly vanish at +g = = arccos(#/J), where

2 h2 2
N PR | 14

From this expression, we can identify the critical curve in the

h-y plane
h2
ve(h) =4J l_ﬁ’ h<J, (16)

where A(£+qg) =0 (y. =0forh > J).

The properties of A (k) define the following phase diagram
in the h-y plane (with J fixed) characterized by the regions
where the real and imaginary parts of the spectrum, E (k)
and I'(k), respectively, are gapless or gapful. Specifically, we
identify the following four regions, defined by the intervals
along the # and y axes {h} x {y}:



D [0,J) x (0, y.(h)). Below the critical curve (16), I'(k)
is gapless atk = +q, i.e., ['(£q) = 0, and E (k) is gapped, i.e.,
E(k) #0Vk e K.

D [0, J] x (y.(h), o0). Above the critical curve, I'(k) is
gapped, and E (k) is gapless at k = +q.

1) (J, 00) x (0, 00). Both I'(k) and E (k) are gapped.

Iv) [0,J) x y.(h). Exactly on the critical curve, I'(k) and
E (k) are gapless, and thus the spectrum has two exceptional
points at +q.

If y=0, then I'(k) =0, and E(k) is gapped for h €
[0, 1) U (1, co) and gapless for h = J.

Henceforth, we refer to the cases y > y.(h) and 0 < y <
vc(h) as the gapped and gapless phases, respectively. In each
of these phases, with a slight abuse of language, we say that
the spectrum of H is gapped and gapless, respectively. The
characteristic examples of the behavior of E(k) and I'(k)
in the four cases (I)—(IV), as well as the “phase diagram”
comprising these regions, are presented in Fig. 1.

Continuing with the diagonalization of H, let

R, (k) 2J sink
Riky= | R, k) | = 0 . a7
R (k) Z(I’l—JCOSk)+i§

be the complex Bloch vector associated with M (k) from
Eq. (13). Furthermore, let

[ Uk — Vg
Vie = <Uk ” ) (18)

be an orthogonal matrix such that Vk_lI-AI k)W, =
diag[A(k), — A (k)] with
A(k) + R (k) R (k)
= = —, 19
NG HENa

where N (k) is a complex normalization factor such that u; +
v} = 1. With the aid of V, we get

Hk) = (c] c_y) Vidiag[A(k), —AK)IV, <Cik ) (20)
—k

The introduction of the orthogonal matrix V; allows us to
define the non-Hermitian fermionic operators

Mk we v\ G urer + e’
) = : )= ] @D
n_k Uk Uk )\c_, —VkCr + ucl,
These operators satisfy
{ne, ng = {ng,myt =0 (22)

and n; # UZ- Thus, H can be written in a diagonal form in
terms of these operators as

H=Y" AK)0ime —n-n"p)- (23)
kelCt

{ni> g} = kgs

Our next goal is to find the state satisfying n|2) = 0,
which is the right non-Hermitian Bogoliubov vacuum or
(right) ground state of H. Similarly, one can find the /eft non-
Hermitian Bogoliubov vacuum, which satisfies (n,’(‘)"'| E)=0.
It is worth recalling that in non-Hermitian systems, the left
and right eigenvalues are different from each other and need

not be orthogonal. This implies that expectation values can
be calculated over the different vacua or their excitations;
namely, when calculating the expectation value of an oper-
ator O with respect to the vacua of H, one can consider
(E|0|R2), (E|O|E) or (2|0]2) [95-99]. The latter two are
called biorthogonal correlation functions. For definiteness, we
will calculate expectation values only in the right vacuum.

B. Non-Hermitian Bogoliubov vacuum |£2)

We proceed to demonstrate that the right vacuum |2) is a
generalized coherent state of the JW vacuum |0) (i.e., ¢;|0) =
0) defined in the coset space SU(2)®Y /U(1)®". To this end,
let us return to Eq. (12) and define the following operators:

J(k) = cfer — cic’)) 24)
and

Ty = clct,,  J_(k) = c_per. (25)

By implementing the anticommutation relations obeyed by the
fermionic operators {cy}eic, it is straightforward to demon-
strate that the above operators satisfy the multiplication table
of the su(2) Lie algebra for each k

[Jz(k), J+(@)] = EigJ+(k), (26)

[V (k), J-(q)] = 28qJ- (k). 27)

Hence, Eq. (12) can be written as an element of su(2)®",

H= Z H(k)

kelCt
= Z {2R.(k)J. (k) + R (k)[J+ (k) + ()1} (28)
kelkCt

Given this Lie-algebraic representation of the Hamiltonian,
we proceed to find the right non-Hermitian vacuum.

Let g € G = SU(2)®" be an arbitrary group element in an
appropriate unitary representation, and let

N
0) = @) 1) = Q) 11/2, ~1/2) (29)
i=1 kelkC

be the JW vacuum defined by c¢,|0) =0 (Vk € K) with
J_(k)I1/2, =1/2); = 0. Then, if the action of g on |0) sat-
isfies |®) = g|0) = Qh|0) = ¢*™MQ|0), where h € H is an
element of the isotropy group of |0) and 2 € G/H is a unitary
operator, then 2 defines a generalized coherent state of |0) via

|Q2) = 2|0). (30)
In our case, the isotropy group is H = U(1)®", as the action
of an arbitrary element of this group, such as, e.g.,

1_[ expla; (k)J. (k)] € U1V, (31
kekC+

on |0) produces only a global phase. Therefore, the generic
form of our coherent state is given by

12) = 10) = [T l0)

kelkCt

l_[ explo (k)J 4 (k) + a_(k)J_(k)]|0), (32b)
kelCt

(32a)



where o1 (k) are complex functions of k. This coherent state
coincides with the right non-Hermitian vacuum of Eq. (23) if
(see Appendix A)

1
a, (k) = —a* (k) = — exp(iArg ;) arccos ———,
VIt+inl?
(33)
where
7= (34)
Uj

The reason for this choice is that the vacuum found tradition-

ally is
N—kMk
Q) =[]

0 T T 0 1/2|0) (353)
ke,@( |77k77,k777k’7k| )

_ 1_[ chk —k 10). (35b)
kelkc+t V 1+ ITk|2

Here, the order of the products of the form n_;n; does not

matter since they commute for different k. Owing to this, it is

straightforward to verify that the non-Hermitian right vacuum
satisfies the following conditions:

(Qlng #0, (R # 0. (36)

Also, the left vacuum | E) can be constructed following similar
steps as above. It is worth noting that the first condition can
also be obtained by noting that (Appendix A)

nk12) =0,

Cp = QCkQ_I = QkaQk_] = Hycy + f)kCik, 37
where
1 T
iy = ——, U= S — (38)
V14 n? V1+|nl?
Then, ¢;|R2) = Qck|0) = 0 implies that n; also annihilates
|€2), since

e = 1+ || ug &. (39)

With this relation, the state |2) can be thought of as a
state populated either by Hermitian or non-Hermitian quasi-
particles created by products of the form ¢_¢r or n_ing,
respectively, acting on |0). Moreover, the excited non-
Hermitian particle states created on the right vacuum |2) are
of the form

W({m ) = [ ] Meh; (40)

keK
with K ={k € K:m =1}, and ), g mx = Np with Ny €
27 . These are thus the right eigenstates of H with eigen-
values

E({m}) =) A(k) + Eq, (41)

keK

where Eq = —) , c+ A(k) is the energy of the non-
Hermitian right vacuum. Note that the sign convention we
adopted for I'(k) implies Im Eg > 0.

C. Time evolution of JW vacuum |0)
In this section, we explicitly find the time evolution of |0)

under H and demonstrate that if I'(k) is gapped, the stationary
state (to be defined below) is

[Wa(2)) = [€2).

If, however, I'(k) is gapless, then |{¥y(¢)) does not reduce
to the Bogoliubov vacuum and involves the excited state
lg. —q) o< n~ ny|S2) populated with the nondecaying quasi-
particles corresponding to the modes

h
+¢g = + arccos 7 42)

Above, the sign =~ indicates leading-order contributions (see
below).

Let H(k) be as in Eq. (28), and let us consider
exp[—iH (k)t] acting on |0). Applying the normal-order de-
composition formula of su(2) [100] yields

exp[—iH (k)t]|0)
= exp(—i{2R (k)J(k) + R (k)[J (k) + J_(k)]}1)|0)

= exp [—% lnAz(k§t)i| exp[A4(k; 1)/ (]|0),  (43)

where
-2

Re(k) sin A(k)t] (44)

A(k)

A (k;t) = |:COS Al +i

and
(R (k)/ A(k)]sin A(k)t
Aukit) = — il ()'/ (k)] sin (.) . @s)
cos A(k)t + i[R,(k)/A(k)]sin A (k)t
Hence, the normalized evolved state |0) is, up to a phase,
exp(—iHt)|0)
() = b
llexp(—iH1)|0}]|
_ 1—[ explA4 (k;1)J4 (k)]
e V1AL KD
From this expression, we define the stationary state for times
satisfying (see Appendix B)

1
t>1, ;= max —— In(m?+/m? — By), 47
kek+\{q) 2|T (k)| ( k k 'Bk) 47)

(463)

0). (46b)

where
ﬂk_4[1—wk<sz>](12—|fk|cosﬁk> L s
| fel
with
fi = file™ = 14 R.(k)/Ak), (49)
A1 — wp ()] [1 — wi()] 1/2
=11 — % ,
" { A ( A ">}
(50)
and
wk<s2>=i (51)
1+ |52



Clearly, if there are nondecaying modes, i.e., I'(£q) = 0, then
t. — oo as k — =+gq. Returning to Eq. (46), if the spectrum is
gapped, then (see Appendix B)

Y (@) = Y > 1))
expl—n/y (b)) fkf+(k)]
= |0y + O L@)], (52)
- e (1;[ k )
where
2
L(t) = . (53)

Ju(1 — exp[2iA(k)t])

It is guaranteed that in the stationary state, |[;(f)] < 1 and
I(t) > 0 as t — oo. Comparing Eq. (52) with Eq. (35b)
indicates that, in the gapped phase, the state |0) reaches the
non-Hermitian Bogoliubov right vacuum in the stationary-
state regime. We denote this as | (7)) >~ |2), where the sing
=~ indicates that we keep the leading contributions to Eq. (52)
only.

If the spectrum is gapless, in the stationary state regime,
then the evolved state is a superposition of two states
(Appendix B): the vacuum |2) and the state of two ex-
cited non-Hermitian quasiparticles over the vacuum. More
precisely,

[V (@)) = A®)|Q2) + A*(®)lg, —q), (54)
where
e+ ia(t)
A@t) = , 55
® V214 a@t)? COS Ay 43
with
) = — sin E(g)t (56)

cos[E(g)t + A4l

and A, satisfies
tan i, = y [2E(g)]"".

In contrast to what was reported in Ref. [22], the coefficients
in Eq. (54) are time-dependent. Let us remark that for any
initial state of the form

W (0) o [ [ (0l1/2, =1/2) +d* (1172, 1/2)),

kekC

with a nonzero overlap with |Q2) and |¢g, —¢g), has a stationary
state wave function similar to Eq. (54), with the appropriate
(and possibly) time-dependent coefficients. Nonetheless, we
focus only on the initial state |0) as it is canonically related to
|€2).

III. CORRELATION FUNCTIONS

After having precisely defined the link between the vacua
|0) and |€2), we proceed to broaden the characterization of
the latter state by calculating the asymptotic behavior of the
correlation function between z components of spins,

C*(n—m) = <0,f1)(0,f>, 57

where the expectation value is in the state |2) [101]. The
asymptotic behavior of this correlation function has been cal-
culated for the XY model in Ref. [10] for 2 = 0 in the gapped

7.2\ _
(o0m)

TABLE I. Asymptotic behavior of the correlation function (57)
for m = 0 and n = x — oo. The functions p(x) and x(x) are given
by Egs. (C36) and (71), respectively. The correlation length £ is given
by Eq. (72) and &, = lim, o &.

Region: {h} x {y} C%(x)
Oscillatory gapless phase: [0, J) x [0, y.(h)) x 2 cos? gx
Oscillatory critical line: [0, J) x {y.(h)} X u(x)
Ising critical point: {J} x {0} x2
Disordered Hermitian: (J, 0o) x {0} x2e7¥E+

Disordered non-Hermitian: [0, 00) X (¥, 00) X3y (x)e¢

phase and in Ref. [23] for any # in the gapless phase but for
Y < Ye(h).

In this section, we complete the characterization of the
asymptotic behavior of Eq. (57) for our non-Hermitian Ising
chain in the gapped phase and in the full region of the gapless
phase y < y.(h), as well as in the limiting case lim,_.o H.
As we show below, in this limit, for n = x and m = 0, the
asymptotics of C¥*(x) in the region & < J and y = 0 differs
from the one found in the standard ferromagnetic phase. This
is because the ground state lim,, _,¢ |€2) is an excited state of
the ground state of the Hermitian H (the one with y =0 ab
initio). A schematic overview of the asymptotics of C¥(x)
as x — oo is displayed in Table I and Fig. 2. The detailed
calculations are shown in Appendix C.

Gapped phase

I O(ay(x)e"/%)

©)
EN
¥
Az

Gapless phase j)

O(z72)

—x/&y

(= )7
J x h

FIG. 2. Schematic phase diagram displaying the asymptotic be-
havior of C¥(x) calculated in the non-Hermitian vacuum |2), in
the gapped and gapless regions (cf. Fig. 1) separated by the crit-
ical curve y = y.(h). The functions u(x) and x(x) are given by
Egs. (C36) and (71), respectively. The correlation length £ is given
by Eq. (72) and &, = lim,_, . The correlation function is contin-
uous throughout the subregion 0 < y < y.(h) and the approach to
the segment 0 < h < J at y = 0 must be understood as a limiting
procedure at the level of the non-Hermitian Hamiltonian (6); that is,
the sign-convention for the eigenvalues of H is chosen, and then, one
takes the limit y — 0. As a consequence, C**(x) does not display an
exponential decay that would correspond to the standard (Hermitian,
y = 0) ferromagnetic phase for 0 < h < J.

O(z72 cos? qx)




Following the standard procedure as in, e.g., Ref. [10], we
express the correlation function (57) in terms of the operators
Ay=cl +c,andB, =c] — cy:

C*(n—m) = —(A;B,) (A;B) — (ApnAL) (BB, (58)
where
| Y UV — Up vk
<AmAn) =8mn+_ dk Sln[k(n - m)] T2 2 (59)
7T Jo et ]” + v
1 T * ok
(BuBy) = — Syt — f dk sin[k(n — m)] —k — 4
7 Jo |~ + v
= _2(Smn+ <AmAn>’ (60)
and
<BmAn> = _<Aan>
1 T 2 _ 2
= ——/ dk coslk(n — my] 4L~ 1%
7 Jo o | =+ |kl
1 T k k
+ —f dk sin[k(n — m)] w 61)
7 Jo [t |” + ]

The functions u; and v are given by Eq. (19). Let m = 0 and
n=2xe2Z%. Then,

(AoBy) = —(BoA_y),  (AoA.) = (BoBy),
and so

C%(x) = —(BoA_y) (BoAy) — (AoA,)™. (62)
|

We note that (AgA,) = 0 for A = 0, which was obtained in
Ref. [10] only for y > 4J. In the following subsections, we
first discuss the asymptotic behavior of C*(x) in the gapped
phase and then in the gapless phase. We will finish this sec-
tion by discussing the limiting Hermitian case y — 0 while
keeping the sign convention of I'(k).

A. Correlation function in the gapped phase

Under our convention regarding the sign of Im A(k), the
spectrum (14) can be written as

A(k) = sgn(J cosk — h) /R, (k)? + R, (k)?, (63)

where the positive branch of the square root is taken and
sgn(0) = 1. For y > 0, we have the following useful relations
involving the real and imaginary parts of the spectrum:

E(k)T'(k) =y (h— Jcosk) (64)
and

y [uil = ol

r(ky = £ = 2
®) 2 |ug|? + v

(65)

These allow us to greatly simplify the contractions (59)—(61) (cf. Eq. (D8) of Ref. [10]):

4J sink

;T 2 _ 412k
(Aoh,) = —— / dk sinkx L0 (66)
0

Yy
and

(67)

17 i4(h — J cos k
(BoAs,) = Re —/ dk | i cos kx + sin g YA =T eosB 1
211 4J sink

To find the asymptotic behavior of these contractions as x — 00, the integrals are analytically extended to the complex plane.
Then, the integration contours are deformed, such that they end up surrounding the branch cuts lying outside the unit circle (see
Fig. 5). It turns out that the dominant contributing points in the deformed integration contour lie on the closest branch points to
the unit circle from the outside. This is known as the Darboux method [102,103]. Next, a series expansion around the external
branch points is performed, and the resulting divergent series is integrated term-wise, giving

{ I= L (=P ] e () 4+ O(lz |7 72),

-7

N

<B0A5x>: _ — —x.—
7= 3 (GO T () + Ol [T ?),

(68)

where k4 (x) are oscillatory functions of x given by Egs. (C23) and (C24), respectively, and z; = (—y + i4h)/(4J) is the above-
mentioned external branch point at which the series expansion is performed. Returning to Eq. (66), the Darboux method gives

4 J

(Aoh,) ~ Ty (=2 x732 12 | vx) + Oz | *x?), (69)
[
where v(x) is an oscillatory function of x given by Eq. (C14). where
The asymptotic behavior of the correlation function in 5
the gapped phase, which we also call the disordered non- X () = Kk (k- (x) — v7(x) (71)
Hermitian phase (see Table I), is
and
V4 16 (J : -3 _—x/& -1
C*(x) ~ 7\ x e x(x0) + 0], (70) £=Qn|z )" (72)



is the correlation length. Let us note that for a nonvanishing
real part of the magnetic field, an oscillatory function of x
emerges not only from (BpA,) but also from (ApA,). For h =
0, the latter contraction vanishes, and we find (cf. Eq. (D12)
of Ref. [10]):

1()/)2)/2 —16J?

x@) =Kk (x)=—35(~ V116 (73)

8\J
Hence, Eq. (70) does not display any oscillatory behavior in x
when & = 0 and y > 4J. From Eqgs. (73) and (70), it is clear
that the O(x ) term tends to zero as y — 4J. In this limit, the
next contributing term of Eq. (70) (not shown here) coincides
with the leading-order term in the gapless phase, for which
y = ¥:(0) = 4J [cf. Eq. (79)]. In contrast, when & > 0 and
y — y.(h) from above, only the algebraic terms of Eqs. (70)
and (79) coincide but not the prefactors. Regardless of this
issue, which we will address in brief, for & € [0, J) and y —
y.(h)", the correlation length diverges as

£~ 2)° +0() (714)

VI2 =Ry — ye(h)]

The mismatch of the prefactors occurs because the Dar-
boux method we implemented to calculate the correlation
function (70) “does not know” about the sign discontinuities
that were on the unit circle in the complex plane before
the contour was deformed off the unit circle. In addition to
this, the internal and external branch cuts to the unit circle
emerging from the analytical continuation of the contraction
integrals tend to merge as y — y,(h), rendering the Darboux
method inapplicable. A way to circumvent this issue occur-
ring in the critical gapless phase y = y.(h) is presented in
Sec. III B.

It is important to provide some additional comments re-
garding the gapped phase. The asymptotic behavior of C¥(x)
in the standard Hermitian case, i.e., y = 0, in the ferromag-
netic and paramagnetic phases is (see Appendix C4)

Ci(x) ~ x 275

where the correlation lengths of the ferromagnetic and param-
agnetic phases are

£ =[2InU/MI™" and & =[2In(/)]",

respectively. The exponential decay occurs at all orders in x™"

(n > 0) in the two phases, and the argument of the logarithm
in the correlation function changes from J/h to h/J as the
Ising critical point (k, y) = (J, 0) is crossed. In contrast, in
the gapped phase, as long as y > y.(h), this inversion in
the correlation function does not happen: it is always & =
(2In|z;])~" and not £ = (21In|1/z1])~". However, as we dis-
cuss in the following section, if the critical line y = y.(h) is
crossed and we stay in this gapless region even for y — 0,
then the inversion in & does occur, but the term containing
the exponential decay in the asymptotic expansion becomes
subdominant. Despite this fact, the correlation function is
continuous for 4 > J and all y.

For example, if & > J, then lim,_,o§ = &, so that it be-
haves as

1 J
£ 5= +0W) (75)

for y — 0 and then h — JT. Conversely, if h = J, then

2
£~ 16(%) +0(1) (76)

as y — 0. Nevertheless, for & > J, lim,_,o C*(x) # C§ (x),
as the former goes as x~> and the latter as x~> [compare
Eq. (81) with Eq. (70)]. This discrepancy of the powers can
be explained as follows: when the integrals in the contrac-
tions (BpAi,) and (ApA,) are analytically extended into the
complex plane, in the “disordered non-Hermitian” and “dis-
ordered Hermitian” phases, as well as in the paramagnetic
phase where y = 0 (see Appendices C 3 and C 4, and Table I),
there is one branch point outside the unit circle, which is
dominant when performing the asymptotic expansion. In the
disordered non-Hermitian phase, the branch point z; appears
in the numerator of a function containing /z — z;, whereas in
the paramagnetic and disordered Hermitian phases, it appears
in the denominator. This leads to the contractions to behave as
|z1|~*x~3/2 for the former case and as |z;|~*x~/? for the latter
as x — o0; see, e.g., Eqs. (73) and (74) of Ref. [102].

B. Correlation function in the gapless phase

Calculating the asymptotics of C*(x) in the gapless phase
via contour integration is somewhat more involved than in the
previous case, as more sophisticated methods must be invoked
(for gapless Hermitian models, see, e.g., Refs. [102,104]). To
avoid this issue, we opt for a more conventional approach,
such as performing a series expansion of the integrands of
(AoA,) and (BpAi,), not involving x, at relevant k points such
as x — 00, and adding appropriate regulators to the integrals.
In this way, the integration domains can be extended to co or
—o00, depending on the point at which the Taylor expansion is
taken, to facilitate the calculation.

As shown in Appendix C 2, a jump discontinuity occurs at
k = q. Therefore, this point contributes the most to the asymp-
totic expansion of the contractions. First, for 0 < y < y.(h),
we find (AgA,) ~ O(x 2 sin gx), and

[1+0&H].
(77)

<B0Aix> =:F_ J2 _ hz

1 [16(J? — h?) — y? cos qx
27

Thus, for 0 < y < y.(h) = 44/J* — h%, we obtain

1 16(J% — h?) — y? cos? gx
472 J? — h? x2

C¥(x) = [1+0G™NH]. (78)
Let us note that in this phase, which we also call “oscillatory
gapless phase” (see Table I), there are subdominant expo-
nentially decaying terms similar to Eq. (70) with correlation
length & = (21In|1/z;]). If y = y.(h) for h # 0O, then the lead-
ing term in Eq. (78) vanishes and the correlation function
yields

C¥(x) = %x‘%(x) + 0@ (x)x), (79)

where w(x) is given by Eq. (C36), and 6(x) is not relevant to
our analysis. Finally, if h = 0 and y = y.(0) = 4J, then u(x)



and 0 (x) become constant, and

CH(0) > x4 O, (80)
2

The change in the power-law decay from ~x~2 to x™* is
due to the emergence of two exceptional points at +¢ (see
Fig. 1 in red). These exceptional points do not represent crit-
ical points between a PT-symmetric and symmetry-broken
phases of Eq. (6) as this Hamiltonian is not P7 -symmetric.
Nevertheless, the existence of these exceptional points seems
to translate into a higher level of suppression in the correlation
function. We emphasize that to our knowledge, C*(x) had not
previously been calculated for y = y.(h).

C. Hermitian limiting case

The next natural step is to calculate the same cor-
relation function in the limiting Hermitian case; that is,
lim,_,o A(k) = E(k). Since, following our convention dic-
tated by the sign of I'(k), E (k) changes sign with k, the state
lim, _,¢ |€2) is an excited state of the true ground state |GS) of
the corresponding Hermitian Hamiltonian (i.e., H with y =0
ab initio). Specifically,

: 5t 5t
lim |2) = [ 4/d",IGs),
k>m/2

where, for a given k, c?k is the Hermitian Bogoliubov fermionic
operator and |GS) o [];., a?kc?_k|0) is the ground state of
Hl,=o.

Thus, starting from the non-Hermitian model, the limit
y — 01is not expected to always reproduce the results for the
Hermitian case (y = 0), as the vacua of the two models do not
coincide. Based on the consideration of Sec. II C, this reflects
the fact that, for an arbitrarily small but finite y, evolving
the initial state with the non-Hermitian Hamiltonian for times
much longer than the time scale set by y ~!, the specific char-
acteristics of the non-Hermitian Bogoliubov vacuum and of
the corresponding steady state will always reveal themselves.
We remind the reader that in the gapless region (I), there are
excitations at £¢ in the steady state for arbitrary, whatever
small y. A similar situation is encountered in the context of
measurement-induced transitions. There, the properties of the
monitored systems in the steady state at an arbitrary small but
finite measurement rate are drastically different from those in
nonmonitored systems; see, e.g., Refs. [105,106].

Upon implementing the same techniques as for the non-
Hermitian case (see Appendix C 3), we get for the correlation
function in the limit y — 0:
ﬁ[;gﬂ H+0xNH], h>J, y—0,
LL+06™), h=J,y—0, (81)

LG L O )], h<J, y—0,

C¥(x) ~~

where £, = [21n(k/J)] 7" is the correlation length in the “dis-
ordered Hermitian phase.” The correlation function in this
phase, as well as in the “critical Ising” phase (h = J, y — 0),
coincides with the one calculated in |GS) [cf. Eq. (C68)].
In contrast, in the “oscillatory phase” (h > J, y — 0), the
leading-order term displays oscillatory and algebraic decay x
instead of exponential behavior characteristic of the Hermitian

ferromagnetic phase. Similar to the gapless phase, the leading
term in Eq. (C68) for i < J appears as subleading.

IV. KRYLOV SPREAD

In this section, we first briefly review the generalities
of Krylov spread complexity (henceforth, Krylov spread) of
states to establish our notation. We proceed to calculate the
Krylov spread of the JW vacuum |0) when it evolves unitarily
to |2) by means of the Hermitian Hamiltonian (as opposed to
the nonunitary evolution addressed in Sec. II C), correspond-
ing to the natural relation between the two vacua. We find
the critical behavior of the derivatives of the spread density
with respect to 4 or y across the boundary corresponding to
the critical value y = y,(h) and across the Ising critical point.
These results will set the stage for the analysis of dynamical
phase transitions in the case of nonunitary evolution, revealed
via the Krylov spread in Sec. V.

A. Generalities

The span of the vectors obtained from the repeated action
of an operator on a seed vector creates what is called a Krylov
subspace. For example, for an initial state |4 (0)) and a Hermi-
tian, time-independent Hamiltonian H, the Krylov subspace is
given by

R (0), H)= spanf|y(0)), H|y(0)), ..., H"[¢(0)), .. .}.
(82)

For a time-dependent generator of the dynamics, see, e.g.,
Ref. [107]. The orthonormal basis of such a space obtained
via the Gram-Schmidt process is called the Krylov basis and is
denoted as {|K,)}?_,, where D = dim &(y(0), H) < dimH.
Here, H is the Hilbert space. Given this basis, we can expand
the evolved state |y (¢)) as

D
[y () = e "y (0) = Z%(t)lKn), (83)
n=0

where {g,(t) = (Kn|1/f(t))}nD=0 are the Krylov coefficients.
The Krylov spread is then defined as

D
COO)LH: =Y nlga)I, (84)

n=0

which is the mean value of the distance of the evolved state
[¥(¢)) on the Krylov basis from the origin. In the absence
of ambiguity, we write C(¢) = C(¥(0), H;t). We remark that
the spread can be interpreted as the expectation value of the
operator

D
C =7 nlK.) (K| (85)
n=0

in the state p(t) = | (@)) (¥ (1)].

A key advantage of using the Krylov basis to describe
quantum dynamics [51] is its natural emergence from the
unitary evolution, which, in a way, is the repeated action of the
Hamiltonian H on | (0)). Furthermore, the above definitions
can be extended to operators instead of states and to sys-
tems governed by non-Hermitian Hamiltonians, where some



nuances must be considered, see Sec. V below. For a recent
review on the Krylov complexity for states and operators, see,
e.g., Ref. [108].

Krylov spread becomes especially tractable when the
Hamiltonian is an element of a Lie algebra, and the initial
state is the lowest (or highest) weight state of the algebra. For
example, if

H=@J+r'J)+s),+pl € su(2),

and [y (0)) = |1/2, —1/2) with J_|1/2, —1/2) = 0, then the
spread reads [70,72]

C@t) = [{1/2, 1721y ) (86a)

= [(1/2, 1/2]e"™"|1/2, —1/2)|? (86b)

S L i sin?(r /|| + s2/4). (86¢)
TP+ s2/4

Having outlined the basics of Krylov spread, we return to
our problem. Let us assume that our initial state is the JW
vacuum |0). Then, we calculate its Krylov spread per unit site
(spread density) with respect to two different Hamiltonians
by taking advantage of the fact that it is the lowest weight
state of s1(2)®". The two spreads are calculated as follows:
first, by implementing a single unitary evolution operator that
takes the state to the non-Hermitian vacuum |2); second, by
evolving |0) in time via the non-Hermitian Hamiltonian (6)
until the stationary state is reached. By doing so, we find
that the spreads “coincide” in the gapped phase, whereas in
the gapless phase, the spread obtained via a unitary oper-
ator coincides with the time-averaged (in the steady state)
spread. Additionally, we demonstrate that, at least for the
non-Hermitian 1D Ising model, the Krylov spread is encoded
in the same-site pair contraction (B,A,), which provides an
alternative and more direct approach to calculating the spread
(cf. Ref. [62]).

B. Krylov spread via unitary dynamics

Since |0) and |2) in Eq. (32) are related via a unitary
operator, there exists a Hermitian Hamiltonian

A=Y H=Y [|oc+(k)|eiA‘gfk’i%J+(k) + Hc]

kelkCt kelCt
(87)

such that |2) ~is obtained from |0) with the unitary evolution
governed by H from time? =0tot = 1:

Q) = exp(—iH 1)|0)|

a-{i

(88)

t=1"

J

[1+i*2]E@),

= =
:1|~ :uH

Ref[1 — AR ][E() - 26 ( arceos 4 1))
Re|

Let us write the JW vacuum as in Eq. (29). Since each mode in
Eq. (88) evolves unitarily, i.e., e " [1/2, —1/2)¢|;=1, we can
use J(k)|1/2, —1/2); = |1/2, 1/2); together with Eq. (86)
to find the Krylov spread per mode:

||
1+ |52

Following Ref. [62], since the Hermitian Hamiltonian (87)
is an element of the semisimple Lie algebra s1u(2)®" and can
be written in an upper Hessenberg form due to the Gram-
Schmidt process applied to {H"|0)},>0 to find {|K,)},>0, one
can demonstrate that, in the thermodynamic limit, the n-th
Krylov vector can be written as

IK,) = M(Z a+(k)J+(k>) 10),

kelCt

C(t = 1;k) = (89)

(90)

where N, is a normalization factor. Because of this, one also
finds that >, C(k)|K,) = n|K,) holds in the thermodynamic
limit, where C(k) = J.(k) + 1/2 is the spread operator per k
mode [cf. Eq. (85)]. Hence, the spread per site (or density)
can be written as a sum of the individual spreads per mode
plus corrections:

1
o= ) nl(Q6 = DIK)P (91a)
1
= 2 Ce=LH+0W7), (b
kel
which, in the thermodynamic limit, yields
1 (" |ue|?
Cq = —/ dk ———. 92)
Ty T P P

Quite interestingly, this spread density is related to the
same-site contraction

1 B,A,
Co = L, 93)
2
or, in terms of the same-site correlation function,
1+ /1-—C%(0
Co = %() 94)

Equation (93) offers us the great advantage of being able to
analytically perform the integration in Eq. (92). Thus, with
the aid of Eq. (67), we can rewrite the spread density (92) as

Co = l—i—Re{L/ﬂ dkA(k)}, (95)
2 vy Jo
yielding
Y < ve(h),
6
Y 2 ve(h), ©o

where ¢ = —16J(4h + iy)[4(h — J) + iy]~2, and E(¢|m) and E(¢) are the incomplete and complete elliptic integrals of the
second kind, respectively. Note that the spread density is continuous across the critical curve y,(h) (see Fig. 3). Furthermore, in
the absence of dissipation and keeping the sign convention of the spectrum as lim,,_,o A(k), the spread density is constant for



h < J and monotonically increases for & > J, tending to unity as 4 — oo [109]:

1 1
3+

Ca= 1 1

7t ﬁ{%E(_ (/ﬁlJJ)Z) +

where K(¢) is the complete elliptic integral of the first kind.
In the limit y — 0, Eq. (96) coincides with Eq. (97); hence,
Cq is continuous for (h, y) € [0, oo] x [0, 0c0).

Given the analytical expressions for Cq, we find that, in the
Hermitian limit, its first derivative with respect to & diverges
logarithmically as h — J ¥, i.e.,

Co 11(21

o S _h—J>+O(1)’

and it vanishes from the left. Therefore, in the same spirit as
in Ref. [62], we can assert that the spread density witnesses
the quantum phase transition occurring at (k, y) = (J, 0) by
displaying a second-order phase transition.

In the presence of dissipation, for a fixed 0 < y < 4J, the
critical real magnetic field is h. = /J2 — y2/16 and, as h —
h_, the second derivative of Cg with respect to h diverges as

9%Cq 1 he he
e S e m‘/hc_h—i-(’)(w/hc—h) (99)

and tends to a constant as & — k. Hence, there is a third-
order phase transition in the spread density once |0) evolves
to |€2) via unitary dynamics [Eq. (88)]. In a similar manner, if
h = 0, then the second derivative of the spread with respect to
y behaves as

3Co 4 J
dy?

oyt J16J% — 2

(98)

+0() (100)

fory — 4J~.

It is worth recalling that the entanglement entropy of a
partition of the system in the state |2) undergoes a phase
transition across y = y,(h) [or, equivalently, h = h.(y )] from
a logarithmic law in the gapless phase to an area law in the
gapped phase [22,24]. Thus, since Cq also exhibits a phase
transition at this boundary, we argue that the spread density

may serve as a probe for various exotic phase transitions. We
will elaborate on this expectation in the following section,

FIG. 3. Krylov spread complexity density (96) for |0) evolving
to |£2) via unitary dynamics (% and y are in units of J).

h+JK( 4hJ )}’

o7

h = =)

(

where we consider the time dependence of the Krylov spread
when the state is evolved by the non-Hermitian Hamiltonian
(6), as in Sec. I C.

V. DYNAMICAL PHASE TRANSITION
AND KRYLOV SPREAD

In this section, we calculate the Krylov spread of the
state |0) evolving under the non-Hermitian Hamiltonian H,
Eq. (6). Similar to the Hermitian case [cf. Eq. (82)], the Krylov
space for a non-Hermitian H is £(|0), H)= span{H"|0)},>o.
Once the Gram-Schmidt procedure is applied to this set of
vectors, one obtains the Krylov basis {|K},) ﬁ);o’ where D =

dim K(]|0), H). The non-Hermitian Hamiltonian can also be
written in a Hessenberg form with respect to the Krylov
basis. Furthermore, the Krylov coefficients are {¢,(t) =
(K| (1)) nDZO, where |1 (2)) is the state (7), which is evolved
by the non-Hermitian Hamiltonian and contains the extra nor-
malization factor not appearing in Eq. (83). Then, the Krylov
spread of this evolution is

C(0). Hit) =C@0) =) nlu(0)].
n=0
Owing to the su(2) structure of H [see Eq. (28)], the Krylov
vectors can be written in the thermodynamic limit as in
Eq. (90) with R, (k) instead of o (k).

We will show that the infinite-time limit of C(¢) in the
gapped phase coincides with the spread found in the previous
section in the same phase. We will also demonstrate that the
infinite-time average and the subsequent thermodynamic limit
yield the spread found via unitary dynamics.

Further, we introduce a dynamical quantity called the
Krylov spread fidelity, which we use to define the stationary
state of the time-dependent Krylov spread density in the ther-
modynamic limit. With the aid of this measure, we present
one of our main findings, namely, the identification of three
dynamical phases found in |€2) when the spectrum is gapped,
each one with an associated characteristic time.

(101)

A. Time-dependent Krylov spread in the gapped phase
and Krylov fidelity

Since the non-Hermitian Hamiltonian H is also an element
of 5u(2)®" containing the raising and lowering operators per
mode J(k), one can apply the same reasoning as that used
in Egs. (91) and (92). Hence, in the thermodynamic limit, the
time-dependent spread density C(¢) = limy_,»C(¢)/N when
|0) evolves by a non-Hermitian Hamiltonian with a gapped

Ay (ks 1)

spectrum is
C@) = ! /n dk
Como T ALK

where A (k;t) is given by Eq. (45). To characterize the ap-
proach to the steady state in the thermodynamic limit, we

(102)



define the spread fidelity

F(t) =|C(t) —Cql. (103)
We denote the time for which the inequality
F(t)<e (104)

holds for a given € € (0, 1), as t(¢). Then, we denote Cy(t) =
C(t > t(e)) ~ Cq as the spread density in the stationary-state
regime, in the gapped phase. For an e-independent descrip-
tion, we define the time

o 1im & (105)
e—>0 |1n € |
Then, the stationary state holds for # > #*. Since this time is
defined for a vanishing e, it serves as a probe of dynamical
phase transitions, as we show next.
For sufficiently small € and large ¢, there are four main
contributions to F(t),

F () = o) + L (1) + 1p,1 (1) + Ip2(1)], (106)
where the first two arise from expanding the integrand of F(¢)
around £k = 0 and k = m, and the other two from the bulk of
the integration interval (see Appendix D). The fidelity (106)
allows us to identify three different dynamical phases that
characterize how C(¢) approaches Cq. These phases are shown
in Fig. 4 in gray, green, and blue, where the derivatives of ¢*
with respect to 4 or y are discontinuous across the boundaries

J

h

FIG. 4. Schematic phase diagram defined by the fidelity (104).
The white and red regions correspond to the gapless phase, where
I'(+q) = 0, and do not have any associated characteristic time of
the form given by Eq. (105). The dynamical phases and their char-
acteristic times ¢* are: 1 (gray) characterized by t* ~ y~!; 2 (green)
by t* ~ (4|T'(k)|)~"; and 3 (blue) by t* ~ |yy|~', where %k are the
modes given by Eq. (110).

separating the regions. Note that the white and red regions in
Fig. 4 do not have an associated time #*, as they lie in the
gapless phase. For a given €, the characteristic times, which
we denote with a slight abuse of notation as #;(¢) and ¢/ with
i=1,2,3,are

1 4je
fi(€) ~ —In . tr=y7 (107)
% |:\/16(h+1)2+y2+\/16(h—J)2+y2:| 1
1 X2(k)|T(k 1 1 -
he) ~ ——w, (” (I )') 0l = @@, (108)
8ICGO|\ 2217 (K)] ) == 4Ir(®)| €
1 8| (k)I?
t3(€) = WO( Qi — =, =l (109)
2lyrl elN® ) o Il €
[
Here, Let us recall that the real part of the spectrum goes from
_ 16hJ gapless (h < J) to gapped (h > J) at +q = Farccos(h/J)
k = arccos (m) (110) (see Fig. 1), and thus one could naturally expect that the long-

is the mode with the slowest decay, i.e., mingex|I(k)| =
|[T'(£k)|. The function Wy(z) is the Lambert W function,
which has the asymptotics

Wo(z = 00) ~Inz — In(Inz),

and X (k) and Y (k) are functions extracted from appropriate
approximations of Eq. (103) in the bulk of the integration
interval [see Eqgs. (D16) and (D17)]. Finally,
E/(IE)ZF//(IE)
|A" (k)|

is an effective decay obtained from the condition (D20).

yy = 2I(K) + (111)

time dynamics would be different across the line & = J for
any y > 0. Nevertheless, this does not occur, and the modes
+q appear to be not that relevant for the dynamical phases
shown in Fig. 4. Instead, the intricate and unexpected regions
of the diagram indicate that the modes at k = 0, 7 and k ~ k
are those dictating the long-time dynamics.

B. Time-dependent Krylov density in the gapless phase

In the gapless phase y < y.(h), before taking the thermo-
dynamic limit, let us assume that the modes +¢ € K such that
I'(£q) = 0 exist. Then, following Eq. (91), the leading-order



contribution to the complexity is
B 2sin’[E(q)1]
 sin’[E(q)t] + cos’[E(q)t + ]

+ ) CHl+OW™).
kek\{=xq)

C@)

(112)

Taking the time average and then the thermodynamic limit
yields

1
lim — lim
N—ooo N T—oo T — ¢,

T
/ dr C(t) ~ Cq. (113)

Note that the lower integration limit is given by Eq. (47); this
time is found for the gapped modes in K. We observe that, in
the thermodynamic limit, the time average of the spread den-
sity of the state evolving from |0) to A(?)|2) + A*(t)|q, —q)
with the non-Hermitian Hamiltonian H coincides with the
spread density (97) found via the unitary dynamics induced
by H.

We emphasize that we calculated the spread of the evolu-
tion of |0) as it is the state that, at (appropriately defined) long
times, evolves to |2) when the spectrum of H is gapped and
to the state (54), when it is gapless. On top of this, as we dis-
cussed in Sec. I C, any initial state that has a nonzero overlap
with |2) and the state possessing two nondecaying excita-
tions will always have the structure comprising the gapless or
gapped stationary states of |0). Consequently, the spreads we
found behave universally for such states in the long-time limit.

VI. SUMMARY AND DISCUSSION

Krylov subspace methods offer an efficient approach to
simulating quantum systems, which requires only an initial
state, a generator of dynamics, and an inner product. One such
method, based on Krylov spread complexity, quantifies the
spread of an evolved state within the Krylov basis constructed
from these three ingredients. This seemingly straightforward
measure has proven valuable in exploring diverse quantum
phenomena, including entanglement and dynamical phase
transitions, in both Hermitian and non-Hermitian systems.
Furthermore, connections have been established between
Krylov spread and other complexity measures (e.g., circuit
complexity, Nielsen complexity) and dynamical quantities
(e.g., Loschmidt echo, quantum Fisher information). How-
ever, the potential of Krylov spread complexity to reveal
quantum dynamical phase transitions beyond the reach of
conventional methods remains largely unexplored. This work
addressed this gap.

In this paper, we have investigated the spin-spin corre-
lations and their relation with Krylov spread for a non-
Hermitian Hamiltonian describing an Ising chain with a
complex-valued transverse magnetic field. We found that (i)
the infinite-time Krylov spread is related to the same-site spin
correlation function, whereas (ii) its time dependence upon
approaching the asymptotic value reveals dynamical phase
transitions when the imaginary part of the spectrum is gapped.

First, by employing asymptotic methods, we fully charac-
terized the static correlation function of the spin z component
in the vacuum state of the non-Hermitian Hamiltonian, cover-

ing the entire phase diagram defined by the real and imaginary
parts of the magnetic field (4, y). Then, we established a
connection between the Krylov spread of the all-spin-down
state evolving unitarily toward the Bogoliubov vacuum of the
non-Hermitian Hamiltonian, which allowed us to calculate the
spread analytically in terms of elliptic integrals. One surpris-
ing result was that the spread density in the thermodynamic
limit displayed a third-order phase transition across the critical
line separating the gapless phase from the gapful one. Lastly,
for the same initial state evolving under the non-Hermitian
Hamiltonian itself, we found that the spread density could
uncover dynamical phase transitions in the gapped region of
the phase diagram, which remained hidden from other con-
ventional measures. In what follows, we provide an expanded
summary of our results and future directions.

More specifically, we addressed a non-Hermitian 1D Ising
model by choosing the complex eigenvalues (14) of the
non-Hermitian Hamiltonian (6) to always have a negative
imaginary part for each momentum mode. We derived ana-
lytically the asymptotics of the spin-spin correlation function
(57) in the right-ground state (i.e., the non-Hermitian Bogoli-
ubov vacuum) and the Krylov spread complexity [Eqgs. (95)
and (102)] of the state that evolves from the Jordan-Wigner
vacuum to the right-ground state. The asymptotic behavior
of the correlation function is of the form x~3 exp(—x/&) x
(oscillatory term in x) as x — oo when the imaginary part of
the complex spectrum is gapped [Eq. (70)]. In the gapless
phase, the generic behavior of the correlation function is of
the form x™" x (oscillatory term in x) [Egs. (78) and (79)].
If y < y.(h), then no exceptional points emerge and only
I'(xg) =0 and n = 2, while if y = y.(h), then n =4 and
two exceptional points develop at k = g = Farccos(h/J),
where A(£q) = 0. What is more, in the limit y — 0, the cor-
relation function is oscillatory and decays algebraically as x 2
instead of displaying an exponential decay as in the ferromag-
netic phase. The correlation functions at (k, y) = (J, 0) and
(h,y) > (J,0) are the same as in the Ising critical phase and
paramagnetic phase, respectively [see Eq. (81) and Fig. 2].

Moving to Krylov complexity, similar to what was done
in Ref. [62] for the nondissipative limiting case (y — 0), the
thermodynamic limit of the Krylov spread complexity density
(97) of the state evolving unitarily from |0) to |Q2) = 2|0),
was found to be constant for 4 < J. In contrast, for 2 > J, we
found that the spread density displayed a monotonically in-
creasing behavior and its asymptotic behavior tending to unity
as h — oo. In the limit of no dissipation, the first derivative of
the spread density with respect to & diverges logarithmically
as h approaches J from the right. In the non-Hermitian case
(y > 0), we obtained the relationship between the spin-spin
correlation function and the Krylov spread density [Eq. (93)].
By exploiting this relation, we found that the second derivative
with respect to y of the Krylov spread density (in the ther-
modynamic limit) exhibits a power-law behavior near the real
critical field . = (J> — y?/16)~'/2, diverging as (h, — h)~/?
when h, is approached from the left [Eq. (100)]. It is well-
known [22-24] that entanglement phase transitions occur in
the non-Hermitian vacuum |2) when real part of the magnetic
field (or the imaginary part) crosses the critical value, where
the entanglement entropy obeys an area law for y > y,.(h),
and a logarithmic law for y < y.(h). We argue that the Krylov



spread also serves as a probe of such a transition, and it might
be possible that the Krylov spread density and its deriva-
tives can serve as a probe for quantum-phase transitions in
general.

In the same gapped phase, we found that the spread density
of the state that evolves under unitary dynamics from |0)
to |Q2) coincides with the spread density of the state that
evolves under the non-Hermitian Hamiltonian from |0) to |€2)
in the infinite-time limit. In addition, to have a well-defined
stationary state regime in the thermodynamic limit, we de-
fined a fidelity based on the absolute value of the difference
between the infinite-time and time-dependent Krylov spread
densities in the gapped phase. This Krylov spread fidelity
yielded one of our key results: refining the gapped region
y > y.(h) of the h-y plane into three subregions (see Fig. 4).
That is to say, we found that for long times and vanishing
fidelity, there are three characteristic timescales after which
the stationary state regime is reached [Egs. (107)—(109)]: one
given by the imaginary part of the magnetic field y, one
proportional to the imaginary part of the complex spectrum
of Hamiltonian H evaluated at the slowest decay mode, and
another, highly nontrivial one obtained from a saddle point
of the spectrum belonging to the complex k-space, involv-
ing thus the spectrum and its derivatives. This indicates that
the nontrivial dynamical features are not only mainly dic-
tated by the modes for which the real part of the spectrum
vanishes in the gapped phase and the slowest decay mode,
but also by a broader set of modes, including a continuum
of them (see Appendix D). In fact, our results showed that
the modes, in which the real part of the spectrum vanishes,
did not have a special role in the long-time behavior of the
Krylov spread density. Therefore, our results suggest that the
Krylov spread density broadens the characterization of dy-
namical phases via the Krylov spread fidelity. That said, we
are unaware of whether the standard time-dependent corre-
lation function, the time-dependent entanglement entropy, or
any other dynamical measure can easily discern these phases
when the imaginary part of the spectrum is gapped. In any
case, the spread in Krylov subspace serves, by construction, as
a natural, powerful tool for unraveling such hidden dynamical
transitions.

For a gapless spectrum, we demonstrated that when the
zero modes +g¢ exist, |0) evolves to |y (t)) >~ A(#)|Q2) +
A*(t)niqnzm) for sufficiently long times. This is a more
precise result than the one shown in Ref. [22], where the coef-
ficient of |2) was guessed to be a constant. In the same phase
and for the same initial state, we demonstrated that the time
average of the time-dependent spread obtained via dissipative
dynamics coincides with the one obtained via unitary dynam-
ics. This is a result akin to the one found in Refs. [22,24],
where it was found that the properties of the entanglement
entropy are encoded in the non-Hermitian vacuum |€2). In
the context of Krylov spread in the stationary state regime,
even if the state |0) evolves to the one containing the two
zero modes, it is sufficient to study the spread via the natural
relation between |0) and |€2), implying that |Q2) encodes all
the pertinent physical properties. However, as we discussed
above, it does matter how the state |2) is reached.

A promising albeit more challenging future direction of our
work is to compute additional canonical correlation functions
in the state |2), such as C*(x) and C”(x), along with the
time-dependence of such correlation functions, including C%.
Based on our results on C*(x) and on what was reported
in Ref. [88] mainly via numerical methods, we expect that
these exhibit distinct asymptotic behaviors compared to their
Hermitian counterparts [110—113]. In addition, all the above
correlations and spreads can also be calculated in the left-
ground states and left and right, i.e., ((...), and L(...)g,
respectively. Further, the critical behavior of the spread and
its derivatives with respect to physical parameters can be ex-
amined in other non-Hermitian models, potentially revealing
novel phase transitions. Another interesting direction would
be to continue studying and exploiting the relationship we
found (at least for this model) between the contractions and
the spread, as calculating one quantity might facilitate obtain-
ing the other. It is also worth exploring other Krylov-based
characteristics of the models to understand whether they can
reveal other unexpected transitions. In particular, it is interest-
ing to investigate whether there is an analog of Eq. (91), where
the Krylov entropy (see, e.g., Ref. [114]) in the thermody-
namic limit can be written as the integral over the momentum
modes of the Krylov entropy associated to a single su(2)
copy.

Our study of non-Hermitian chains can be naturally applied
to, e.g., the extended Kitaev chain [115,116] or the Su—
Schrieffer—Heeger (SSH) model, among other non-Hermitian
systems. Further, our approach can be generalized to systems
governed by the Lindblad equation, Eq. (1), or by stochastic
master equations (2), as well as to hybrid dynamics, which
is the interpolation between non-Hermitian Hamiltonian and
Lindbladian dynamics (cf. Refs. [77-81] where Krylov spread
was studied in open systems). Finally, our study paves the
way for exploring the hidden dynamical phase transitions of
monitored systems in terms of Krylov fidelity. Importantly,
Krylov methods appear to be extremely efficient in character-
izing the degree of chaos in many-body systems, while the
measurements naturally introduce quantum stochasticity of
evolution.

Note added. Recently, we became aware of a related work
[117], where dynamics of a non-Hermitian SSH model was
analyzed in Krylov space.
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APPENDIX A: THE BOGOLIUBOV VACUUM AS A GENERALIZED COHERENT STATE

In this appendix, we show that the coherent state |2) (35) introduced in Sec. II B coincides with the non-Hermitian Bogoliubov
vacuum state (32) when the coefficients o (k) are given by Eq. (33). Further, we also demonstrate the relation (37) between the
fermionic operators.

Start with the normal-ordering decomposition formula of su(2) [100]

exp(@s )y + oo + @ J) = exp(AJy) explIn(A. )] exp(A _J.), (Al
with o, = 0 and
(ot /¢) sinh ¢ A, = [cosh¢ — (c;/2¢)sinh @] 72, ¢ = v/ (0z/2)> + arar_ . (A2)

7 Cosho — (@,/2¢)sinh ¢’
By using Eq. (33), we get

Ay = —A* = -1, A, =1+ |wl?, ¢ =iarccos(l + | |*) V2 (A3)
Recalling that J_(k)|1/2, —1/2); = 0 together with J,(k)|1/2, —1/2) = —(1/2)|1/2, —1/2);, we have
Qui|1/2, —=1/2)i = exploy (k) (k) + a_(k)J_(k)][1/2, —1/2); (Ada)
= exp[— /4 (k)] explIn(1 + [7|*)™"/2J.(k)] explz; T_(k)]|1/2, —1/2); (Adb)
exp[—ni/ 4 (k)]

= ————|1/2,—1/2). (A4c)
VI nl?
Thus, Eq. (32b) coincides with Eq. (35b). Note that when normalizing the equation that yields the state (35b), a global phase
explio(2)] = [Treic+ un/luk| is obtained. Since these states belong to the same ray, the global phase is unimportant for the
coherent state |$2).
To demonstrate relation (37), we utilize the following identities:

exp[B_J_ (k)] cx expl—B_J_ (k)] = e, explByJy (k)] cxexpl—BJ4 (k)] = cx — Bict (AS)
and
explB.J. (k)] c expl—B.J.(k)] = exp (—3:)cx (A6)
where B, B, € C. Using these formulas together with
Q= l—[ Q= H explA (k)J4 (k)] exp[log(A (k))J; (k)] exp[A—(k)J_(k)], (A7)
kekCH kelCH
we have
e + el

Qe = 2! = Ak — A = (A8)

NAEETA

which coincides with Eq. (37).

APPENDIX B: STATIONARY STATE

In this appendix, we determine the time ¢, (47) that defines the onset of the stationary-state regime, based on how |0) reaches
|€2) via H when the imaginary part of the spectrum is gapped. Once we find #,, we demonstrate that |0) evolves to Eq. (54) when
the imaginary part of the spectrum is gapless.

We start with Eq. (45), which we identically rewrite as

. 1
“T= )
where 7; is defined in Eq. (34) and [;(¢) is given by Eq. (53). Clearly, if I'(k) is gapped, then [;(¢) — 0 ast — oo. Let us pick

any operator from the product in Eq. (46b) corresponding to an arbitrary mode leading to a gapped imaginary spectrum, and let
us demand from

Aykir) = — (BI)

LR — 172
11— L@ 1] ’ (B2)

A+ A D)2 =0+ |rk|2)‘/2[1 — wi(Q)
* 11— L(1)]?
where wi () = |7|?(1 + |%|?)~!, that

|Li ()] == wi(£2)

— 2 _
|1 — L()] 1’ (B3)

11— L(@)I?



holds. Given this condition, we have

explAi(k; 1) (k)] exp[—tJ+ (k)] wi ()

Fi(t) = = — L.(¢ iArgrkJ k B4
O i or irmivitno V1o e (B4a)
_ exp[—th+(k)] _ (1) \/memrgu]+(k) +O(Lk(t)). (Bdb)

V1t w2 L = l(r)

Note that if |L;(t)] < 1, then /wi(Q)|L()(1 — L(t))"'| <1 and |[(t)| < 1; therefore, the magnitude of the second and
remaining O(l(¢)) terms in the above equation are smaller than unity for the times that fulfill the inequalities and tend to
zero as t — o0o. Given all this, we proceed to calculate bounds of ¢ such that |L;(¢)| < 1 holds. To this end,

L) <1 & wi(Q)2Rel(t) — [k(®)*| < 1 —2Rel(t) + |k (®)* = 1+[1 — we(DI(|L()* — 2Rel(t)) > 0. (BS)

Note that we have chosen the right-hand side of the inequality, i.e., wi(2)[2Re [ (t) — | (t)|*] < |1 — Li(¢)|?, instead of the
other one since the latter gives negative times. We thus have

2(1 — wi(€2)) 41— we(82))(1 — | fil cos ) L
el | fil?
Finding the tightest bound is difficult, if not impossible, so it is enough to find the times for which the lower envelope of the

left-hand side lies above zero. To find it, we need the amplitude of the oscillatory function that multiplies the second exponential,
which has the following generic form:

2bsin ¢
bcos(at + ¢) — cos(at) = sgn(bcos ¢ — 1)4/1 — 2bcos ¢ + b? cos [at + arctan <m>i| B7)

eHrionr 4 2e2'“k>’[ cos[2E (k)t + 9] — cos(ZE(k)t)} + > 0. (B6)

Let my = /1 —2bcos ¢ + b2 thus be the amplitude with b = 2[1 — wi(2)]]f¢|~" and ¢ = ¥, and then consider the easier
inequality

ATEN 9 TR L g ) (B8)

where fy is given by Eq. (48). The times satisfying Eq. (B8) are

1 /
ty > 2T 0| In (mk + m]% - ,Bk) (B9)

Therefore, we define the stationary state regime for 7 >> f, = maXgexc+\(g) %-

The immediate conclusion is that if the imaginary part of the spectrum A (k) is gapped, then |0) reaches the Bogoliubov right
vacuum in the stationary state regime, i.e., | (f > 1)) = |¥s(f)) = |S2), where >~ means that we keep the leading-order terms
only. Let us see what occurs when I'(+¢q) = 0, where g = & arccos(h/J).

Starting from Eq. (46), we know that for all the modes different than +¢q [see Eq. (B4)],

expl—nJ4 (k)]

F@) = + O (D)). (B10)
VI+nl?
In short, F(¢t) >~ €4 and
Q=[] (B11)
k#q
Therefore, in the stationary state regime, we can write
W) = F)Q,00+ 0| [ &®]. (B12)
kelC\{£q}
where
explA(g;1)J1(q)]
F () = plAa (g +q2 ’ (B13)
V1+1Ai(g;0)l
and
iR, 2J si in E(g)t
As(gst) = Rla) ' " L E@r ), (B14)

TE,cotlE(qu] +iR(q) | E(@cotlE(@] —y/2  coslE@) + Al



where tan A, = Y[2E(¢)]~". Continuing with Eq. (B12), we can add to it the zero A@)(R24 — ©,4) = 0 and keep only the leading
terms:

[V (1)) = ADIR) + Qq[F, (1) — A0)24]10), (B15)

where A(#) is an arbitrary complex function. Let us note that we have also used €2,4€2,|0) = 2,|0) = |€2). By inserting QQ=1
in the last term of Eq. (B15) and using [F;, Qq] =0, we get

[s()) = AW®)IQ) + [Fy (1)) — ADIIQ). (B16)
The two-quasiparticle state created from |€2) reads
1 i
9. =4) = N ;1) = (14 €104 (@)@210). (B17)

We want the term in brackets of Eq. (B16), i.e.,

F 09— ADN) = | e~ AO  (AD a0 (BI8)
R | VT+ae? V2 2 Jixaer ) TV

to be equal to B(t)|q, —q), where B(t) is some complex function. Hence, we must have

e’ +ia(t)
V21T +a(t)Pcosr,

With the above identification, if there are nondecaying modes such that I'(£q) = 0, then the state |0) evolves to |V (?)) =~
A@®)|R2) + A*(t)|q, —¢q) in the stationary state regime, which is Eq. (54) of the main text.

A@t) = B*(t) =

(B19)

APPENDIX C: CALCULATION OF THE SPIN-SPIN CORRELATION FUNCTION

In this appendix, we present a detailed calculation of the asymptotic expansion of the correlation function (62) as x — oo. In
Appendix C 1, we calculate the asymptotics of C**(x) in the gapped phase, Eq. (70), by applying tools from complex analysis. In
Appendix C 2, we treat the same correlation function in the gapless phase. However, we implement more conventional methods
using exponential regulators and find Egs. (78)—(80). In Appendix C 3, we demonstrate Eq. (81), which is the asymptotics of
C*(x) when the limit y — 0 is taken at the level of the non-Hermitian Hamiltonian (6). Finally, in Appendix C 4, we calculate
Eq. (C68), which is the asymptotic expansion C**(x) in ground state of H|, .

1. Gapped phase

In this section, we implement the Darboux method to calculate the asymptotic behavior of C**(x) when the imaginary part of
the spectrum (14) is gapped. In summary, we define contour integrals in the complex plane containing the contractions (ApA,) and
(BoAiy) [see Egs. (C9) and (C17), respectively], and perform suitable series expansion around the branch points that contribute
the most to the integrals. In what follows, we identify some useful relations that simplify the complicated integrands of Egs. (59)
and (61).

By using Eqs. (64) and (65), we can rewrite the functions of u; and v; appearing in Egs. (59) and (61) as

21 2 2i
_% :Re{—lA(k)} (CD)
|t |* + |vkl 4
and
* —2I'(k
Re{%} :Re{%}y—(). (C2)
|t |* + |vk Uk 2y

Now, by noting that
ug  E(k)+2(h—Jcosk) .y +2I(k)

) C3
e 2J sink 4T sink €3
we have
— 2T (k j4(h — J cosk
Re{ Y =220 ()=Re v ik - cos )A(k)~ (C4)
Vg y y4J sink

Hence, the contractions (ApA,) and (BpAi,) can be written as in Egs. (66) and (67), respectively. Recall that the gapped phase
corresponds to y > y .(h). In what follows, we first address (ApA,) and then (BpAi,).
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FIG. 5. Contours of integration used to evaluate the contractions (a) (AoA,) and (b) (AoB..) in the gapped phase.

a. Contraction (AyA)
The explicit form of I'2(k) is

12
2 1 2 2
k)= 2>+ K + % + 4hJ cosk + 3 <4y2(h — Jcosk)* + [4(,12 + 1) — VT —8hJ coski| , (C5)

and after replacing it into Eq. (66) and using the fact that fon dk sinkx csck (ap + ay cosk) = a;m for x € 2Z* and ap; € C,
we get

4h ”
(o) = —i! f dk sin kx G(k), (C6)
14 0
where
) 21/2
Gk) = csck| 4y2(h — Jcosk)? + (4% +12) — L= —8hicosk ) (C7)
2Jym 4
For convenience, let us write
I(x) = —i / dk sinkx G(k) = iIm{p.V. / dk e‘ika(k)}, (C8)
0 0

where p.v. denotes the Cauchy principal value and the singular points are k = 0 and £x. To attack Z(x), we first consider the
contour integral in the complex plane

/ dzf(2) = f dz22*G(2), (C9)
C C

where

41Tzl @ =@+ )+ 1/z2)E = 1/z))
T y2+1 2

9(z) = — (C10)
and the contour C is depicted in Fig. 5(a) in blue. Here, z; = (—y + i4h)/(4J) is the initial point of the branch cut extending
radially outward from the origin. The other branch cut extending to infinity starts at —z}’, and we connect the horizontal branch
cut between the points —1/z; and 1/z}. The poles of f(z) are located at z = =i and z = 0. The contour integral (C9) is zero, for
the contour does not enclose any singularity. Let us note that C = C;(R) U C; U C3(€) U C4 U Cs(€) U Cg, where 0 < R < |z1].
Later, we set R — oo and € — 0. C(R) is the semicircle of radius R, and Cy(¢€) is the arc of unity radius that intersects with the
upper and lower arcs of radius € centered at z = i and z = —i, respectively. The upper one is Cs(¢) and the lower one is Cy(€).
The upper and lower segments lying on the Im z-axis are C, and C, respectively.



By setting z = ie¥, it is evident that the imaginary part of the integral over C; is —Z(x). Hence,

I(x)= ilm{/ dzf(z)} = ilm{/ dzf(z)—i—/ dzf(z) — z— [Res(f(z), i) + Res(f(z), —i)] } (C11)
C\Cy GUCe

The sum of the residues gives —8%/(y ) and the integral over C, U Cyq is purely real, which leaves us with

I(x) = iﬁ +ilm{f dzf(z)}. (C12)
4 Ci(R)

The next step is to utilize the Darboux method [103] to find the leading-order contribution to Z(x) as x — oco. More precisely,
we extend the radius R to infinity so the deformed contour C surrounds the external branch cut located on the left, as shown in
Fig. 5(a) in red. Then, the dominant contribution to this contour integral comes from the branch point z = z; as x — 0o, and the
integral vanishes at infinity due to the dominant term z—*. Therefore, we perform a series expansion of G(z;y) around y = 1 and
integrate the resulting divergent series term-by-term and gather only the leading order terms. This way, we obtain the asymptotic
expansion of Z(x), where, without loss of generality, we assume that x is even. We have thus

[dzf(z) ~_9 —4ixJ|Zl| 1 \/2 RC{ZI}(ZI + 1/Z1)(Z1 - I/ZT) / dy (y _ ])l/2y—x—l 4 O(|Z1|-x_5/2) (C13a)
C 1

yrg T g+ %

41 o 3p [2Re{zi}(zl’ = 1) x5/
= 7 + O(lz1|7*x773). (C13b)
YV (= +1) (12 )
Let
2R -1
v(x) ;= Im{ z; exp(—ix Argz;) C{ZI}SZ” ) , (C14)
21 (Z] + 1)
with Argz; € (—m, m]. Then, the asymptotic expansion of (AgA,) is given by Eq. (69).
b. Contraction (4yBy,)
We can rewrite Eq. (67) as
1 T .
(BoAy,) = Re{p.v.— dk ie=*[1 :i:y(k)]A(k)} = Re{J (x)}, (C15)
YT J g
where p.v. denotes the Cauchy principal value, the singular points are 0 and +, and
y +i4(h — J cosk)
k) = . Cl6
Yk 47 sink (¢16)
Let us consider the contour integral
/ dzz 7 'FL(2), (C17)
c
where
l'X
Fi(z) = —71(1 T y(2)A2), (C18)

and where C = U -, C; is the contour shown in Fig. 5(b) in blue. C; and Cs are the arcs with radii 1 located in the rlght
and left-half planes, respectively; C>(€) and C4(¢€) are the upper and lower semicircles of radii € located at z =i and z = —i,
respectively; Cs(R) is the circle of radius R.

The explicit form of Fi(z) is

Hian 2@t [e=)etl/z) 2] Emw)etw?) s=+
F=1] ™ & z iz Je=wlletw o (C19)
s a1/ [kl Bl Gmw)etw) o
y 21 z iz Jz—wllz+w*] -
—y + i4h V2 —h2 +ih

=, = C20
21 47 w 7 ( )

where



Since Eq. (C17) does not enclose any pole, it is equal to zero. By exploiting this fact setting z = ie’* in the integral over the
contour —C; U —C3, it is evident that

Jx) = —/ dzz " 'Fi(2) =/ dzz_"_'Fi(z)—i—/ dzz7'FL(2). (C21)
UG C,UC,

Cs
The integral over C, U Cy is equal to —imr Res(z ' F1(z), z = i) — im Res(z ¥~ 'F1(z), z = —i) € iR. Therefore,

(BoAyy) = Re{/ dZZ_x_lFi(Z)}, (C22)
Cs5(R)

and, similar to the other contraction, we set the radius R to infinity so the deformed contour surrounds the external branch cut
starting at the branch point z;. Subsequently, one performs a series expansion of F(z;y) around y = 1, which leads to a divergent
series, and one integrates term-by-term. After implementing these steps, one gets Eq. (68), where

zf/2\/11 + 1/z

211 exp (—ixArg zl)}, (C23)
1

ki (x) = 2Re{z;} Re{

e () = (|12 — DRe ] SXPCArEZ) | (C24)

41

Recall that CZ(x) = —(BoA,)(BoA_,) — (A¢A,)?. Hence, the asymptotic behavior of the correlation function as x — oo in the
gapped phase is given by Eq. (70), where £ = (21n |z;|)~! is the correlation length.

2. Gapless phase

In this section, we implement alternative methods to calculate the asymptotic behavior of C*¥*(x). Namely, we perform series
expansion of the integrands of the contractions (AgA,) and (BgA,) not involving functions of x around the special points k = 0,
and k = g = arccos(h/J). Then, we split the integrals at these points and introduce appropriate exponential regulators to find the
leading contributions of the form x™" with n integer or half-integer. We first treat the case y = y.(h > 0) and then y < y,.(h).
Once more, for all contractions, x is even.

ay=yh=0)
We first treat (ApA,) and then (ByA.,).
Let y = y.(h > 0). Then, the integrand of Eq. (66), g(k), except sin kx, simplifies to
L/ ank,  h—Jcosk <0 (k <q),

gk) = 1"
L /icots, h—Jcosk =0 (k> q).

If we perform a series expansion of this function around k£ = 0 and k = 7 and introduce exponential regulators, then one finds
that these points do not contribute because the series expansions are polynomials with odd powers in k and k — 7, respectively,
eg.,atk =0, gk)=ak+ OK?),and at k = 7, g(k) = by (k — ) + O((k — 7)*). Let a > 0. Then, the regulated integrals at
these points and at leading order give

(C25)

o0 T
lim dke ™ ksinkx =0, and lim dk e (k — 7)) sinkx = 0, (C26)

a—=0 Jo a=>VJ 00
and the same occurs at all orders in k and k — 7. Therefore, the only point that might contribute is k = ¢. Hence, up to first order
in k — g, we have

N i fr g #\/E(l +tan®§)(g—k), k<gq, (C27)
g x
V= I <

Then, for x — 00, we have

a i [J+h i [J+h
(Rohy) = lim dke“k|:§ J%htang - i,/]%h(l + tan? g)(q - k):| sin kx
o i [J—h /J—
li dke| L J2 " 2o d 1 t? k kx+0Ox3
—i—al_r)% ) e |:71 J+hco “ VT Th + co ( q):|sm x+0x)

i 2J
T J2 —h?

x Zsingx + O(x73). (C28)



By repeating the same steps for (BypA.,), one finds that k = g is the only relevant point for performing the series expansion.
From Egq. (61), let

1 —|ue® + ||

(k) = — C29
T = P (€9
and
1 *
£ :=_(Mk+uk)72)k' (30)
7wl |kl
The series expansion around k = g of these functions are
1/4
o [FED a0 - e - 0+ 0 = ), k<q .
fetk) = L=\ A 2 L e a2 Ok — o)), kS (€30
T (J+ ) ( CI) + 47 (J+h)3/4(.]—h)l/4( Q) + (( Q) )7 = q’
and
1 (J=h\1/4 ht4 k
£ = |7 ()@= O~ im0 £ O =", k<q )
—2(5) Tk =" = - g (@ = Y+ Ok = 9)?), k=g
Thus,
q 0
(BoAy) ~ i im </ dk e [cos kx f.(k) + sin kx f,(k)] + / dk e=* [cos kx f.(k) + sin kx fx(k)]) (C33a)
a— o q

q J+h\'"* 1/J—n\"*
= lim f dk e* (g — k)”2 + coskx + —( =——) sinkx
a—0 \ J_o J — J—h T \J+h
1/J—hm\"* 1(J+n\"*
: —ak 1/2 1 : -5/2
~|—£1£(1) (fq dke™*(k — q) |: <J+h) cos kx n(]—h) sinkx | | +O(x/?) (C33b)

1/4 o\ /4
= —Lx_3/2|:<ﬂ> cos (qx + %) + <u> sin (qx + %>:| + O(jl(x)x_s/z), (C33¢)

JT J—nh J+h
where j;(x) is an oscillatory function in x not pertinent in our analysis. By implementing the same steps to (BpA_;), one finds

that the leading-order term is O(x~/?):

(BoA_y) ~ —x‘5/2[ J cos (qx + n> J
YT (J — VAU + hy34 (J + m)V4(J — h)3/4

sin (qx +

%)} +O(hx). (C34)

J2(x) is an oscillatory function not relevant to our analysis. Given the above asymptotic expansions, we get

3 J+h\"* b4 J—n\"* b4
22 ~ —4 — R i —
C (x)_nx |:<J—h> cos(qx+4>+<J+h) 51n<qx+4)

g (o 3+ G (a4 %)
X (J — )4 + h)3/4 Cos \gx (J + h)AJ — h)3/4 sin ( gx 4

4 J?
272 -2t

~*sin® gx + OO (x)x ), (C35)

where 6 (x) is some function of x. By setting

J4+m\"* T J—hm\"*. T
wx) = 3|:(1Th> cos (qx + Z> + <m) sin (qx + Z)

J b4 J T 4 J? 5
X (J_h)1/4(1+h)3/4cos(qx+ ) TECE h)3/4sm(qx+z> +7'[]2 h2 *sin” gx, (C36)

we arrive at Eq. (79).



b. y < y(h)
Let us only consider half of the integration in Eq. (AS) and set
2iA(k ~ 4i(h — J cosk
AR nd f = LB Z T CosK) (C37)

f. k) =
fe®) 2yl sink

The series expansions of these functions around k = 0, = and q are, respectively, to leading order

. - id(h —J - 16(h — J)? + y?
fc(k) ~ m’ fv(k) ~ _iM’ (C38)
V21 dymJk
Foy N YD 16T 4y
.fL(k) ~ )/—JT’ fs(k) ~ lma (C39)
. iy h) —y? q—k VYE) =y q—k
(k) ~ , (k) ~ . C40
Jelk) YT lg — kI Jik) 4Jn I = K2 lg — k| (C40)

We have thus

b ~ _ iA(h — J) [ —idh+J) [T
/ﬁ dkcoskxﬁ(k)::hnl(—lltl—g———gt/‘ dkeﬂmcoskx+—Z——l—g—t—lt/i dk e™ cos kx
0 a—0 yr 0 124 —o0

o —k
+ / dk e~senk=a) Coskxlq kl) + O(j3(x)x %) (C41)
—00 q—
20 [y — 77 s
_— V”V(n) I L 0. (c42)

Following similar steps for f;(k), we get

4 ~ 8h  JyZ(h)—y?
/ dk sinkx (k) ~ ion _ VY Zymeosax ety (C43)
0 Yy 2rJJP—hr X
Adding Egs. (C41) and (C44) and taking the real part gives
1 [16(J% —h?) — y2cosgx o
BoAy,) >~ F— 1+0 . C44
(BoAd:) :an\/ o 1+ 0GT] (C44)

By introducing similar regulators to the integrals in (AgA,), one finds that for x > 1 and y < y.(h), the points k = 0,
produce the negative of the constant term and no O(x~2)-terms. Hence, we obtain Eq. (78).

3. Limiting Hermitian case

In this section, we calculate the asymptotic behavior of C*¥*(x) in the limit of no dissipation, i.e., y — 0. To avoid spurious
results (see the discussion in Sec. IIT A), this limit must be taken at the level of the non-Hermitian Hamiltonian (6), which leads
to a change of sign in the resulting real spectrum E (k) = lim,,_,o A (k). We first address the case & > J for which we obtain the
contractions (C49) and (C51) by implementing the Darboux method. Then, for 4 = J, we obtain the contraction (C52) by direct
integration. Finally, by implementing regulators as in Appendix C 2, we obtain the relevant contractions (C55).

Let us consider the limit y — 0 of Eq. (6), so we keep the sign convention of the spectrum, lim,_g A(k) = E(k) =
2sgn(J cos k — h)x/h? + J? — 2hJ cos k, where sgn(0) = 1. The resultant state is an excited state of the true Hermitian ground
state H|, =, |GS), where the excitations are Hermitian quasiparticles with |k| > 7 /2. Later, for the sake of completeness, we
calculate the same correlation functions in |GS).

a. E(k) = lim,_ o A(k)
For our initial choice of the sign of E (k), (ApA,) = 0, and

1 [7 _
(BoAy,) = 5= dk (hcoskx — J cos[k(x F l)])[sgn(J cosk — h)\/h2 +J% — 2hJ cos k] 1. (C45)
b4

-7

The correlation function simplifies to C¥*(x) = —(BoA,) (BpA_,). In what follows, we find the asymptotic behavior of Eq. (C45)
forh>J,h>Jandh=J.
Let h > J. After some algebra, Eq. (C45) can be rewritten as

1 b4 i h— Jeiik
(B()Aix> = — dk e ™ . (C46)
2 J & sgn(J cosk — h)v/h? 4+ J? — 2hJ cosk



Rez

FIG. 6. Contour of integration used to evaluate the contraction (ByA,,) for A > J and y = 0.

The sign function is equal to —1 for 2 > J. The next step is to analytically extend these integrals to the complex plane by defining

7z =ik,

x—3/2

(BOAix> -

/ dZZ—x 1[ /h/ \/.7(2/ )il (\/(Z lJ/h)(Z_lh/J)) , (C47)

where the integral is over the unit circle S'. We choose the branch cuts such that one starts from z = i/J to infinity, and the
other is in between the branch points z = 0 and z = iJ/h as shown in Fig. 6. We then deform the contour such that it surrounds
the outer branch cut, as shown in Fig. 6 in red. We call this contour C. In what follows, we consider each integral separately.

Let us choose +x in Eq. (C47):
e 1/2 —
[ / dzz (2 — zh/J)(\/ = lj/h)(z ’hm) . (C48)

As we did in the previous sections, make a change of variables z = (ih/J)y to get

1/J\" [ y—1
BoA) = ——[ = dyy>12 L~ C49
(BoAy) n(h) /1 yy ey (C49)

Upon performing a series expansion around y = 1 and performing the integral, it gives the asymptotic expansion

(BoA,)

1 h J\*
(BQAx) ~ _ﬁJﬁ(E) .x_3/2[1 + O(x_l)]. (CSO)

Under similar steps, the asymptotic expansion of (BgA_,) is

3/2 —
(BoA_,) = \f f dzz ™" 2(z—zJ/h)(\/ =i/ h)(z ih/ J)) (C51a)
x oo 72 /12
= l(i) / dyy—)f—3/2 u (C51b)
T \h 1 V y—1

1 Vh2—J?
JT h
This yields Eq. (81) for s > J and y — 0.

For h = J, the integrals can be calculated analytically:
1 s
(Bohyy) = = om / dk(coskx+/1 — cosk F sinkx +/1 + cosk) =
7w Jo

This yields Eq. (81) forh = J and y — 0.

(%) x4+ 0ah). (C51¢)

2 1
712

(C52)



Let h < J. Here, we use regulators in (ByA1,) as it was done in the non-Hermitian case. The points of interest are k = 0,
and g = arccos(h/J). However, after a brief calculation, one finds that the only contributing point is k = g. Given this, the series
expansion at k = g of the functions multiplying cos kx and sin k, except the sign function, in Eq. (C45) are

1 h—Jcosk 1
—— =——(k—q)+ Ok —q)* C53
x TP o ek n( q) (tk—gq)) (C53)
and
1 sin kx 1 1
=———(k—q*+0(k—q)). (C54)

;«/12+h2—2hjcosk T 27

respectively. The last term above is the one contributing to leading order in 1/x. For x > 1 and x even

(Bohs,) = _l /” dk coskx (h — Jcosk) F Jsinkx sink ’ (C55a)

T Jo sgn(J cos k — h)v/J> + h* — 2hJ cosk
2 o ,

~F=lim [ dke! sena=Rgon (g — k) sin kx + O(x 2 cos gx) (C55b)
T a— —0
2

~ 2889 L o). (C55¢)
4 X

Therefore, the asymptotic behavior of the correlation function is given by Eq. (81) with 2 < J and y — 0. Contributions
containing exponential decay in x are present but are subdominant and can be calculated via the Darboux method as it was
done for h > J.

4. Correlation function in the true Hermitian ground state

For the sake of completeness, we calculate the asymptotics of C¥(x) as x — oo in the Hermitian ground state of H when
y = 0; namely, we set y = 0 before imposing any sign-convention on the spectrum [cf. Eq. (14)], and then we calculate the
correlation function. We resort once more to the Darboux method to calculate it in the ferromagnetic (7 < J) and paramagnetic
phases (h > J) and obtain Eq. (C68), whereas, in the Ising critical phase (h = J), we perform a direct integration and obtain
Eq. (C61).

In the ground state of H with y = 0 ab initio, E(k) > 0 for all k € K. Then, the z component of the spin-spin correlation
function between the site m = 0 and n = x is given by [94,118,119]

C¥(x) = —4G(x)* + 4|F(x)I%, (C56)
where
1 T h—Jcosk
G(x) = — cos kx dk (C57)
2 Jo VI2+h2 —2hJcosk
and
1 T Jsink
F(x) = — sin kx dk (C58)
2 Jo NI? + W2 — 2hJ cosk

are the elementary Green’s function between the sites 0 and x > 0 [not to be confused with Eq. (C18)].

a. Critical point

The Green’s function can be analytically calculated at the critical point 7 = J. The functions (C57) and (C58) take then the
simple form

G(x) = %1—;4)# (C59)
and
Foy= 21 (C60)
w1 —4x2
Hence, the exact correlation function is
C&(x) = %ﬁ ~ %x‘z[l +Ox). (C61)



b. Paramagnetic and ferromagnetic phases

Once more, we implement the Darboux method to calculate the asymptotics of the correlation function in both the paramag-
netic (h > J) and ferromagnetic (h < J) phases. Starting with G(x), we extend the integration domain to [—m, 7] and write it in
a slightly more convenient for making use of the differentiation under the integral sign:

ad 1 [T ik
G(x) = —Re{ — dk e *\/J2 + 2 — 2hJ cosk (C62a)
oh 4 J_,

K172 _ _
_ iRe{ VhT -1 /w} (C62b)
oh z

In the last line, we analytically extended the integral to the complex plane by setting z = ie*, and the integration contour is the
same as in Fig. 6 with the external branch starting at z; = ih/J for the paramagnetic phase, and z; = iJ/h for the ferromagnetic
phase. Remark that for the former case, z; = iJ/h and for the latter, z; = ih/J. For any of the two phases, the contour is then
deformed radially to infinity so it surrounds the external branch cut. Making a change of variable y = z/z; and expanding the
integrand, except the dominant term y’x’3/ 2 around y = 1 yields, for x — oo,

o) ~ Re R LA 75 dyy"”/z[ TNV U O 1)%} (C63a)
oh 2 / 1 71 21 —-2/z
d IARCINI TS 3 1+2/z
= —Rej———— 5| = 1—— ’%/2+—— x4+ Ox7? ) . C63b
oh { 2m g2 (2 VX 1 —_Zz/Z1f ( ) ( )
In the paramagnetic and ferromagnetic phases, we have
3 —3/2(J\* 3 R4 5/2(J)F -
D b1 S L Vi Fx PG O] >

1oV V-2 ’ (C64)

Sl = VI () - Al =520 L O((hfIyx )], k<.

~Is

J2—n2
After taking the partial derivative,

(LY [ L X2 - %x—m +0(x>?%)],  h>J,

G(x) ~ N 1 — L - (C65)
4}(1) [«/Jh =172 4 siﬁ/;%x 3/2+(’)(x 5/2)]’ W<l
The Green’s function F(x) can also be rewritten in a more convenient form:
1
F(x) = / sin kx——\/J2 + h? —2hJ cosk dk (C66a)
4 J_, ho
1 T
= 2 | coskxvJ2+ 2 — 2hJ cosk dk, (C66b)
hidrn J_,
and since this integral above is already calculated in Eq. (C64), we have
1 i 23 42 x32 -5/2
Fx) ~ 4f( ) [ 7 LWy +O(x )] h>J, (C67)
~ | 2 hz _ 3 J2an? —
7w GV [ P 4 s P+ O )] <.
The correlation function is then
1 (J\2 — 132 — -
CE(x) =~ ﬁ(%) X 2[1 — g '+ 00 4)] h>J, (C68)
T A1 4+ LR o], k<
27 \J g ’

which coincides with previous results [120].

APPENDIX D: STATIONARY STATE IN THE THERMODYNAMIC LIMIT: KRYLOV FIDELITY APPROACH

In this appendix, we show a detailed calculation of the time (105) that defines the onset of the stationary-state regime in the
thermodynamic limit via the Krylov fidelity (103), leading to Eqgs. (107)—(109).

Let us recall the time-dependent Krylov spread complexity density (in the thermodynamic limit) and its infinite-time limit for
a gapped H:

1 b4 A k;t 2 1 T 2
C(t):—/ ak AALEDE C(t—)OO):Cg:—/ ak (D1)
7 Jo 1+ A (k;1)] 7 Jo L+ |zl



Here,

Aty = — i[Rx(k)'/A(k)] sin A(k.)t _ = Uk _ Rx—(k) D2)
cos A(k)t + i[R,(k)/A(k)]sin A (k)t 1 —L(@) w,  Ak)+ R, (k)
and
. 2 . R (k) _ 9

WO = gy o= 1+ g = e (D3)

In what follows, set

2

Lh)=[1-L»]"" and we(Q)= i (D4)

L+ |l

For a given € € (0, 1), we define the following fidelity based on the time-dependent Krylov spread and its infinite-time limit
when H is gapped as

1 T 2 o, (1 2 _ 1
_/ |7l 8% (1) <e. (D3)
0

F(t) = C(t) — Cql =
D7 o T 1wl 1+ Pl o)P

1 T
_ ’—/ () T (1) dk
T Jo

The times for which this inequality is satisfied are denoted as t*(¢), and the stationary state time in the thermodynamic limit is
defined for the times ¢t > ¢*(¢). From F(¢), we have more explicitly

1 @))> -1

A = wrlor

= (4(| fil cos O — 1) — 4| il OV cos[2E (k)t + 94])

x [(1 + [Tl )1 fi 2T 121 £ 12T N2 cos(2E (k) + )

—1
— (1 + %I fil cosQENO] + (1 + 1w ) fel* + 41 — | fil cos fm] : (D6)

For sufficiently long times, | J;(¢)| < 1 in a neighborhood of k = 0 and k = 7; outside of these neighborhoods, J;(¢) is quickly
suppressed until, in a loosely defined way, in the bulk of the integration region, J;(¢) has the form of a localized wave package
with few oscillations and whose amplitude is smaller than unity. In what follows, we determine the approximated contributions
of the endpoints and bulk region of the integration interval to F ().
Near k = 0, 7, f; behaves like
8Jk? 8J%(k — m)?

Je B ———— D7)

L TR e

TG —m =iyl
respectively. Around the same points, we have

L nl ~ap+ S22 and 1+ o~ b+ —22 (D8)
k ot o k 0 *k—n)2
respectively, where a_,, b_, € R. Moreover,
16J%k?
1+ |%)? Py —— = D9
(1 + 1w Sl 61— )2 1 72 (DY)
and similarly for k = 7. Hence, f; — 0 and J;(t) — —1 as k — 0, 7. For convenience, let us also note that
R.(0) = i% +2(h—J) R.(m)= i% +2h+J), (D10)
and
.Y .Y
A(O):—Z(h—])—za, A(n)=—2(h+1)—z§. (D11)
Given all the above, for large times, the series expansion of J;(¢) around k = 0 is, to leading order in k,
Tet) ~ Jio(t) — ~ ! (D12)
k() =~ Jko(t) = = .
S (U GPIAPATOr gy e oy
Around the same point, w;(£2) & 1. Hence, the approximated contribution to F;(¢) from the points close to k = 0 is
1 [ JV16(h — J)? 2
Io(t)z——/ Ak Teo(t) = YOO =T+ YV (D13)
T Jo ’ 4.]



Similarly, the contribution from the points close to k = 7 is

JI6 T I7 + 12
ATV (D14)

4J

L) = —

We refer to Iy , (¢) as the boundary contributions.
Let us return to J;(¢). Again, for sufficiently long times, but now outside the neighborhoods of X = 0 and k = 7, we have

4(| fi| cos O — 1)e Tl — 4| £ 1 2TON cos(2E (k)t + 0)

Ti(t) = Tpi(t) = (D15)
A+ laPIA?
After using Eq. (64) in wi(2)J5 1 (¢), we get the two “bulk” contributions
T 1/2 —T(k 2I'(k T
Ib,l(t) ::/ dk( / ( )/)/) ( )e4l"(k)t :/ de(k)e4F(k)’B(k), (D16)
0 12+T0k)/y) y= 0
and
T 2 (1 T&\[yh—Jcosk)—il?(k)] nea 4 ,
I,»(t) == —R dk — [ = — REG+20Gr E — R / dk Y (k)eE®i+2rdrt = (p17
b2 e{/_ = (2 y )[ 20— Teosk) — Tk | 1), e 1D

In I, 1 (t), B(k) is a well-behaved function that approaches zero faster than |X (k)| approaches infinity, so the overall contributions
of the endpoints to the integral are negligible.

We proceed to find the leading terms of the asymptotic expansions of the two preceding integrals by first noting that
maxeic+ (k) = I'(k), where

_ 16Jh
k= — ), D18
arccos<16h2+y2> (D13)
and I'"(k) < 0. Thus,
I (1) ~ SX BT / " et bnebt _ Ly gyran [T (D19)
~ — e e = — e = .
b1 ) e 4 |F//(k)|t

The situation with 1, »(¢) is a bit more delicate as the argument of the exponential inside the integral is complex. To implement
the steepest-descent method, we analytically continue the integral with k — k + ix and search for the k 4 ik € C such that the
quadratic expansion of 2if A(k + ik )* is valid. This requirement translates into the following two conditions: first,

1 ko~ =
(3) * 3
< ;(A (k)" (k — k)

R
'(A/(k))*(k —k)+ E(A”(k))*(k —ky? , (D20)

and second,

’%(AG)(IE))*(k*(t) -k} <1, (D21)

where k € C is the complex mode where V  ,yReiA(k + ik)* = 0, and k*(¢) € C is any mode satisfying Eq. (D21), i.e., any
point lying on the circle centered at k. This circle is the boundary of the disk containing the complex modes that contribute
the most to the quadratic expansion of 2iA(k + ik )*t = 2I'(k + ik )t + 2iE (k + ik ). It turns out that the region obtained from
Eq. (D20) satisfies the condition (D21). Given these points, we approximate I, > () as

I,2(t) ~ —2Re {Y(/E)ezl"?(’f)f“”"” / ~ dk exp(i2E'(k)tk + [T (k) + iE”(lE)]tkz)} (D22)
7 U . 1- T\ VR
= —Re{ZY(k) /m exp(yyt)exp(iwyt) exp [_EI(A (k)) i| }, (D23)
where
E'(k)*T" (k) E'(k)*E" (k)

vy = 2T(k) + , and wy = 2I'(k) — (D24)

| A" (k)2 | A7 (k)|?
are the effective decay and frequency associated with the values of y and /4 defined in Eq. (D20).
Overall, for sufficiently long times and small €, the fidelity has four main contributions

F@) =~ |Io(t) + I (t) + I 1 () + Lo (0)] <€, (D25)
where each has a characteristic dissipation rate: Io(¢) and I, (t) are characterized by y [see Eqs. (D13) and (D14)]; I, 1(¢) by

4|T'(k)|; and I, 2(t) by |yy|. We define the stationary state time in the continuum limit as follows: for H gapped (i.e., I'(k) # 0
for all k € K), for a given € € (0, 1) and for sufficiently long times, there is a time #(e) for which F (t(¢)) < e, such that for



t > t(e), C(t) ~ Cq denotes the stationary state (or asymptotic) behavior of the spread complexity in the thermodynamic limit.
By comparing the dissipation rates associated with each contribution in Eq. (C37), one gets three different dynamical regions in
(h,y) C [0, 00) x (y.(h), co0) where one of the three dissipation rates are the slowest one. The decays characterizing the regions
will coincide at the boundaries of such regions (except with y = y.(h) and y = 0). Once we identify each of the regions, we
define the e-independent time (105), which is a continuous function over (k, y) C [0, 00) x (y.(h), 00), but its derivatives with
respect to i or y are discontinuous at the boundaries separating regions 1 to 3 shown in Fig. 4. Hence, we must understand ¢* in
“units” of [In €|. Region 1 corresponds to y; 2 to 4|T'(k)|; and 3 to yy. We omit the formulas describing the boundaries, as they
are solutions to multivariate polynomials of degrees greater than 10. Nevertheless, the times corresponding to the regions are

FO)~ )+ ;)] <€ = t(e) > LR

14

for region 1;

FO) =) <€ = t(€) >

for region 2; and

F@)~ o) <€ = t(e) >

for region 3. These times yield Eqgs. (107)—(109), respectively.
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