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ABSTRACT

This dissertation combines several of the results I obtained during my doctoral research under
the supervision of Dirk Hundertmark and Semjon Vugalter, as well as in collaboration with
Nikolaos Pattakos. The primary results of this dissertation are presented in the following
manuscripts:

1. On the Excess Charge Problem of Atoms

2. Why a System of Three Bosons on Separate Lines Can Not Exhibit the Confinement-
Induced Efimov Effect

3. Conspiracy of Potential Wells and Absence of the Efimov Effect in Dimension Four

The results presented are centered on the mathematical analysis of many—body systems in
quantum mechanics. The nature of the models we studied naturally leads to intersections with
various disciplines in mathematics and physics, including functional analysis, spectral theory,
calculus of variations, partial differential equations, and many-body quantum mechanics.
Each of the results above discusses the structure of the spectrum of many—particle Schrodinger
operators. In particular, we derive criteria under which the corresponding operators will not
have a discrete spectrum, or if it exists, we prove its finiteness. Our findings directly answer
or improve upon open questions in the mathematical physics community.

Concerning the excess charge problem of atoms, we derive in [50] new bounds on the maximum
number of electrons N.(Z) that an atom with nuclear charge Z can bind. Our main result
establishes that

N.(Z) < 1.1185Z + 0 (21/3).

This finding represents a significant improvement and generalization of the argument de-
veloped by Benguria, Lieb, and Nam ([71], [81]). Notably, it highlights a fundamental
distinction between fermionic and bosonic atoms in the finite Z regime: while for fermionic
atoms N.(Z) satisfies the above bound, bosonic atoms exhibit a different behavior, where
limN.(Z)/Z =t. = 1.21 (see [15]). Using ideas presented in [19] and [20] we are able to
prove analytically 7. < 1.47 which directly proves new bounds on the maximal allowed excess
charge in the Hartree model. We apply these improvements to obtain new bounds on N.(Z)
for bosonic atoms with finite nuclear charge.

This research was conducted collaboratively with Dirk Hundertmark and Nikolaos Pattakos.
Results from this manuscript were presented at the conference Quantum Dynamics and Spectral
Theory in June 2024 at the Institut Mittag-Leffler. The manuscript has not yet been submitted
to any Journal.

In parallel, we investigated new aspects of the Efimov effect. The research in [52] was
conducted jointly with Dirk Hundertmark and Semjon Vugalter. We analyze a system of three
geometrically constrained bosons. In particular, we study a system of three bosons with short-
range interactions, each confined to a separate line in R3. Two of these lines are parallel within
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a plane P. The third line intersects P at a nonzero angle and lies in a plane perpendicular to
P, which intersects P in a line parallel to the first two lines. A recent prediction in the physics
literature [84] suggested that such a configuration exhibits the so—called confinement—induced
Efimov effect. However, we rigorously demonstrate that this prediction is incorrect by proving
that the system can support at most finitely many bound states. This result is notable as it is
one of the rare cases where predictions in the physics literature do not hold up to a rigorous
mathematical analysis. Parts of this result were presented at the International Congress on
Mathematical Physics in July 2024, during the Young Researcher Symposium. The manuscript
has been submitted to Forum of Mathematics, Sigma and is currently under review.

We have studied particle binding mechanisms through the interplay of potential wells in
dimension four. Together with Dirk Hundertmark and Semjon Vugalter, I have analyzed the
asymptotic behavior of the ground-state energy of a quantum particle interacting with two
separated short-range potentials. Our result refines existing lower bounds [90] for this ground-
state energy. Additionally, we give a variational proof of the absence of the Efimov effect
in a system of three interacting bosons in dimension four. The manuscript has not yet been
submitted to any Journal.

Beyond the scope of the three aforementioned manuscripts, I have included several additional
results in this dissertation that are not yet part of any planned publications. In particular, I
have extended our findings on the excess charge problem to the pseudorelativistic case.
Regarding the Efimov effect, I establish pointwise bounds on the decay rates of zero-energy
solutions for critical Schrodinger operators under minimal assumptions on the involved po-
tentials. These estimates play a crucial role in the analysis of the Efimov effect and are, for
instance, used in [113]. While these bounds are widely accepted in the field, to the best of our
knowledge, a rigorous proof can not be found in the existing literature.

On the Structure of this Dissertation: This dissertation is partially cumulative, incorporat-
ing the content of the manuscripts [50], [52] and [51] as Chapters 4, 5 and 6 together with the
Appendices A, B and C.

To provide some of the necessary background for these chapters, I begin in Chapter 1 with an
overview of fundamental concepts in quantum mechanics, the relevant differential equations,
and the basic notation used in this dissertation. More specifically, in Section 1.1 I discuss the
Schrodinger equation, introducing key concepts and the specific choice of units employed in
this work. Section 1.2 revisits the quadratic form approach and examines classes of physically
relevant potentials that guarantee the self—adjointness of the Schrodinger operator. In Section
1.3, I discuss localization according to the IMS formula, along with Zhislin’s criterion [129] for
the finiteness of the discrete spectrum of a Schrodinger operator. Building on this groundwork,
I introduce the concept of virtual levels in Section 1.4, following [59]. This concept is pivotal
for understanding the Efimov effect, which is explored in subsequent sections. In Section 1.5,
I then introduce each of the operators, which will be studied in Chapters 4, 5 and 6 and discuss
the HVZ theorem for these operators.
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The main results of this dissertation are summarized in Chapters 2 and 3, which provide an
overview of the key findings from Chapters 4, 5, and 6. Furthermore, in Section 2.2, our results
from [50] is applied to the pseudorelativistic case. Chapter 3 focuses on the Efimov effect. In
Sections 3.2 and 3.3, we prove pointwise bounds on the decay rates of zero-energy solutions for
critical Schrodinger operators under minimal assumptions on the involved potentials. Some
of the more technical details in the proof of these estimates have been moved to Appendix D.
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Chapter 1

Preliminaries

1.1 Schrodinger Operator

The Schrodinger equation

2

L + V(x)] y(x,t), P=-ihV, (1.1.1)

ihal‘w(xa t) = 2m

is the fundamental equation of quantum mechanics where P denotes the quantum—mechanical
momentum operator. It describes the state ¢ : RY x R — C of a particle of mass m > 0 in the
potential V, where |y (x, r)|? is interpreted as the probability amplitude of finding the particle
at a certain position x € R? at a given t € R. Here /i = h/(2n) is the reduced Planck constant
and £ is the Planck constant which is one of the seven base units in the SI unit system and was
set to a fixed value in 2019 (see Table 1.1). To allow for an interpretation as probability, we
assume the normalization condition

/ ly(x,0)]?dx =1, VteR, (1.1.2)
R4

where d € N denotes the dimension of the underlying configuration space.

Defining constant Symbol Numerical value Unit
hyperfine transition frequency of Cs  Avcg 9192 631 770 Hz
speed of light in vacuum c 299 792 458 ms~!
Planck constant h 6.626 070 15 x 1073 Is
elementary charge e 1.602 176 634 x 10~1° C
Boltzmann constant k 1.380 649 x 10723 JK!
Avogadro constant Ny 6.022 140 76 x 10?3 mol~!
luminous efficacy K.q 683 Im W~!

TaBLE 1.1: Fundamental physical constants with their symbols, numerical val-
ues, and units according to the 2019 revision of the SI unit system [21].
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Remark 1.1.1. The natural choice is d = 3, but also any other choice for d € N allows us
to derive a corresponding Schrodinger equation in (1.1.1) by the so-called correspondence
principle.

Of particular interest are observables, i.e., self-adjoint operators that are connected to the
Schrodinger equation. In comparison to classical mechanics (Hamilton approach), we denote
by
P:  -n?
T = — = —
2m  2m

the kinetic energy observable and for a given state y € L*(R¢)

h2
w.rwy = [ 1oPax
m JRr3
the expectation value of the kinetic energy. Similarly for any potential V : RY — R

w.vwy = [ viePax

denotes the expectation of the potential energy. Said this, it is natural to define the (one-
particle) Schrodinger operator on L*(R9)

H=T+V. (1.1.3)

As for T and V we denote by

2

W, Hy) = 1= / Yy Pdx + / VigPdx
2m R3 R3

the expectation of the energy associated with ¢ € L?(R¢) at a given time 7 € R. A first step
in the understanding of the time—dependent Schrodinger equation (1.1.1) is the study of the
spectrum of the Schrodinger operator in (1.1.3) which is the focus of this dissertation. Of par-
ticular interest is the corresponding eigenvalue problem, namely the (stationary) Schrodinger
equation

Hy =Ey. (1.1.4)

Of course, H is not a self-adjoint operator for arbitrary potential V, however it turns out to
be self-adjoint for almost any physically relevant situation. It is often convenient to work in
terms of so-called quadratic forms rather than operators, which we discuss in Section 1.2.

In order to discuss magnetic fields, we can add a vector potential, namely a function
A :R? > R4, which determines the magnetic field B = V A A (which is the curl of A in
dimension d = 3). From classical mechanics in dimension d = 3 and in comparison to the
Lorenz force F;, = —e/c (X X B(x)) of a single particle of charge e we define the magnetic
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momentum operator and magnetic kinetic energy as

2
Pi=P+%a, TA:Q:L(P+EA)2 :
c 2m  2m c

with e is the elementary charge and ¢ the speed of light. Any of these physical constants 7, e, ¢
are measurable and have been set to the given fixed number as the fundamental base of the
ST1-Unit system.

The explicit values of the physical constants in Table 1.1 are of little importance for spectral
properties of Hy = Tj + V. Consider the rescaling y; (x) = 174/%y/(17'x), then

2

Wt = (i |20 (942 aan) e v o)
2m hc

Choosing A = A, = i/ (mc) the Compton wave—length then we obtain the units

mzc

—] =kg-m?/s>=17. (1.1.5)

[1.] =m and [/l_zh—2] =1

€ 2m

For example, A.x has the unit of a length whenever x € R is dimension—free. Note that
e?/(fic) = a is the fine—structure constant that is dimension—free. Therefore, it is convenient
to choose i = m = ¢ = 1 and consequently 4. = 1 leading to a dimension-free description
where all lengths and energies are implicitly measured with respect to the units defined in
(1.1.5). The only remaining relevant physical constant is ¢ = . In the following, we
will work in this dimension—free unit system. Consequently the corresponding one-particle
Schrodinger operator is

1
Hy=Ty+V, Ty= E(—iV+ VaA)?.

For a particle with high kinetic energies, we keep track of the physical constants more carefully.
It is well known that the relativistic kinetic energy has an asymptotically linear behavior in
the momentum. It is usual to include the mass m > O in this description since the case
m — 0 covers a case called the ultrarelativistic case. From relativistic mechanics, we know
the dispersion relation of a particle of mass m > 0

Erin = V2p2 + (mc2)? = mc? . (1.1.6)

The simplest pseudorelativistic model is the Chandrasekhar operator C4, which is obtained
by replacing p in (1.1.6) with the magnetic momentum operator P4, where the (positive)
unique square root of an unbounded positive operator can be defined by the spectral theorem
of unbounded operators. By a similar change of coordinates as in the non—relativistic case, we
can pass to an operator with a dimensionless description, i.e., the Chandrasekhar operator

Ca=T'+V, T¥= a2Pl+a*-a? (1.1.7)
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where a = e?/(fic) is the fine—structure constant defined above. Note that the pseudorelativistic
kinetic energy is always smaller than the non—relativistic one since

1
[ op2 , 2_ 2 | 2 2
a/zPA+a/4—a =« ( 1+a/2PA—1)S§PA.

In the limit @« — 0 (or ¢ — o0) the pseudorelativistic expression converges to the non—
relativistic operator. A fundamental example of a Schrodinger operator is the Bohr atom,
which describes a single particle in a Coulomb potential, V(x) ~ |x|™!. Specifically, for a
single electron interacting with a nucleus of charge Z, the Schrodinger operator is

Hgonr =T — @
x|
To model a pseudorelativistic hydrogen atom or incorporate magnetic fields (neglecting spin),
the operator T can be replaced by the corresponding (pseudorelativistic) magnetic kinetic
energy.
Note that the non—relativistic operator Hpop, is bounded from below for any values of Za > 0,
which can be shown by the Hardy inequality. In the pseudorelativistic case the situation is
more complicated. By the ultrarelativistic uncertainty principle (see [76, Lemma 8.2] for a
proof)

Lemma 1.1.2 (Fractional-Hardy Inequality). Let d > 2 and let f > 0 in H'/?(R?), then

VO]
A2 4
(f, (A7 f) = ZFZ((T) .[/Rd x|

Remark 1.1.3. In dimension d = 3, the ultrarelativistic Bohr atom is bounded from below (in
fact positive) for Za < 2/ and for d = 2, we need Za: < 4> JT'(1/4)74, see [45]. Since

lpl-1<ylpP+1-1<|p| VpeR’

the same bounds on Za can be applied in the pseudorelativistic case.

1.2 Quadratic Forms

Under suitable restrictions on the potential V : RY — R, any of the operators in Section 1.1
have a (densely) defined self-adjoint realization on L?(R?). Sometimes, it is necessary or just
more convenient to speak about quadratic forms and the corresponding form domain of these
operators instead of the operator itself. Following Simon [104] and [114] , we explain this
approach for the Schrodinger operator H = T+V. For the pseudorelativistic and ultrarelativistic
cases, the ideas remain the same. Let H be a Hilbert space.
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Definition 1.2.1. Let g : Q(gq) X Q(q) — C be a sesquilinearform and Q(q) dense in H.
Then the mapping

q:¥€Q(q) v qy,¥)

is the quadratic form associated with the sesquilinear form q.

If g(¢,¢) > 0 for any ¢ € Q(q), the quadratic form is called positive. It is called closed if
Q(q) is complete in the norm
1/2
lell, = [a(e. @) +leliz] " -

We say ¢ is closable if it has a closed extension. For any densely defined linear operator A,
we can define on its domain D(A) a quadratic form by

lﬁ € D(A) = (l//’ W)A = (W,Alm .

If A is essentially self-adjoint and bounded from below, then (-, -) 4 is closable, and its closure,
denoted by g4, is called the quadratic form of A. Moreover, the domain Q (A) of this quadratic
form is called the form domain of A. An important theorem for which a proof can be found in
[115, Theorem 2.5.18] or [114, Theorem 2.14] states

Theorem 1.2.2. If a quadratic form q is positive and closed, then it is the form of a unique
self-adjoint positive operator. More generally, a closed quadratic form which is lower semi—
bounded, is the form of a unique self-adjoint lower semi—bounded operator and the lower
bounds coincide.

Theorem 1.2.2 allows us to make sense of the kinetic energies from Section 1.1 on L*(R9).
Still, we would like to define a Schrodinger operator, which is a sum of kinetic and potential
energy. Due to a theorem named after Kato, Lion, Lax, Millgram, and Nelson, for which a
proof can be found in [114, Theorem 6.29], we know

Theorem 1.2.3 (KLMN Theorem). Let A be a positive self-adjoint operator with form domain
Q(A). Let B be a sesquilinear form with form domain Q(B) > Q(A) such that there exist
a € (0,1) and b € R with

BW.)| < aly, Ay) + byl (1.2.1)
forall y € Q(A). Then, the quadratic form

U= (L AY) + B, )

defined on Q(A) is the form of a self-adjoint operator, which is bounded from below.

Remark 1.2.4. Note that we use a slightly sloppy but convenient notation here. If y € Q(A),
we also write (Y, AYr) = ga(¥, ) where q 4 is the quadratic form corresponding to A, even
though  might not be in the domain of A.

We call these quadratic forms B form small w.r.t. A. If a can be chosen to be arbitrarily small,
more precisely, if for any a > O there exists b = b, such that (1.2.1) holds, we call the form
form tiny w.r.t. A.
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Take for example A = —A/2 = P?/2 with Q(P?) = H'(R¥) such that
W, Py) = / Vyl*dx, vy e H'(RY)
R4

and B(y,¥) = (¥, Vi) for some potential V : RY — R such that there are a € (0, 1) and
b € R such that

w.vioy <5 [ 1VoParen [ wiar v e @)

then the KLMN theorem (densely) defines a Schrodinger operator as the self—adjoint operator
H = P?/2 + V with form domain Q(H) = H'(R?). In comparison with the condition of the
KLMN theorem, it is usual to define the following.

Definition 1.2.5. Letr A be a positive self-adjoint operator and B symmetric. Then B is said
to be relatively form bounded with respect to A with relative bound a > 0 if Q(A) C Q(B)
and if there exists b € R such that

()l < a.)a+blyI? Vg € H
where ||-|| denotes the norm of the underlying Hilbert space.
Remark 1.2.6. The definition above can be formulated for general quadratic forms as well.

To define H = %Pz +V directly as a self—adjoint operator without the usage of quadratic forms,
one uses the operator—valued version of the KLMN theorem that was discovered independently
by Kato and Rellich and for which a proof can be found, e.g. [114, Theorem 6.4].

Theorem 1.2.7 (Kato—Rellich). Let H be a Hilbert space, A : D(A) — H be self-adjoint

and B : D(B) — H symmetric such that B is relatively bounded with respect to A with relative
bound less that one. That is D(A) C D(B) and there exists some a < 1 and b € R with

1Byl < allAyll+Dllyll, V¢ e D(A). (12.2)
Then A+ B : D(A) — ‘H is self-adjoint.

Summarizing if V is relatively form bounded with respect to P?/2 with relative bound less
than one, we can define on H!(R?) the quadratic form

q(w):%/ |Vw|2dx+/ Vig|?dx Yy € H' (RY). (1.2.3)
R4 R4

If V is relatively bounded with respect to %Pz with relative bound less than one, due to the
Kato—Rellich Theorem 1.2.7 the operator H = %Pz + V is self-adjoint with domain

D(H) = D(P*) = H*(RY).
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The question for which potentials the Schrodinger operator is self—adjoint is fundamental and
has a long story. See for example [54], [64], [102], [111] and [105].

For many applications, it suffices to reduce the discussion to potentials that are infinitesimally
form small with respect to P2, i.e., for any & > 0, there exists C(g) > 0 with

WL Vg <& / Yy Pdx + C(e) / WiPde Vo e H'RY.
R4 R4

Following [105] we define the following class of potentials.

Definition 1.2.8 (Kato—class Potentials). Let d > 2, then a Borel measurable V : R¢ — R lies
in the Kato—class K if

lim sup / 2ale=NIV()ldy = 0, (12.4)
610 |x|erd J |x—y|<6

where
Ix|>4 if d>3

8a(x) ::{ nfxl| if d=2 ° (1.2.5)

is, up to a constant, the fundamental solution of the Laplace equation in RY. In dimension
d =1 the Kato class K is the space LllOC unie (R of uniformly locally L'-functions.
We say that the potential V is in the local Kato—class K 1oc if V1k € Kg for all compact sets

K c R4
It is well known (see, e.g. [105, Lemma A.2.2] that
Lemma 1.2.9. Any potential V € K, is infinitesimally form small with respect to P2.

Remark 1.2.10. Recall that L 1C(Rd) is given by Borel measurable functions

loc,uni
f:RY 5 R =R U{-co, 0}

for which

x€R

1/p
”f”p,loc,unif = sup (/ lf)IP dy) <00,
lx=yl<1

Due to Holder’s inequality, one sees that L RY) ¢ K, forany p > d/2, whend > 2. The

loc,unif
1100 unif R4) holds in any dimension. Note that the class of potentials V € K,
include most, if not all, physically relevant potentials, except maybe some highly oscillating
potentials.

inclusion Kz C L

1.3 IMS Localization

In Chapters 5 and 6, we extensively use the concept of localization. Localization involves
partitioning a set R? into disjoint regions and expressing the quadratic form of H = P?/2 +V
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as a sum of terms, each involving functions localized to these regions. This comes at the
expense of an additional correction term known as the localization error. This decomposi-
tion is achieved using a well-known result called the IMS localization formula named after
Ismagilov [57], Morgan [78], Morgan-Simon [79] and Sigal [99]. Before presenting the IMS
localization formula, we first introduce the concept of quadratic partitions of unity. Following
[27, Definition 3.1] we define

Definition 1.3.1 (Quadratic Partition of Unity). A set of smooth functions { xi }xe; where J is
some index set is called quadratic partition of unity if

(i) 0 < xx(x) < land ¥, xi(x) =1forallx € RY,
keJ

(i) {xx}res is locally finite, i.e., on any compact set K we have y; = 0 for all but finitely
many k € J,

(i) Sup,cga 2. |V)(k(x)|2 < 0.
keJ

Following [106, Lemma 3.1] the IMS localization formula can be formulated as

Theorem 1.3.2 (IMS Localization Formula). Let V be relatively form-bounded with relative
bound zero with respect to P> and H = P*/2+V. Let { x4 }l;:o be a quadratic partition of unity

then
k
Z XaH xa
a=0

The IMS localization formula can be formulated for quadratic forms. A proof for that can, for
instance, be found in [49, Lemma A.1.]. We include here the following simpler version.

H =

k
- 1Vxal” (1.3.1)
a=0

Theorem 1.3.3 (IMS Formula for Quadratic Forms). Let V be form-bounded with relative
bound less than one with respect to P?/2 and H = P?/2+V. Let &€ € W' n C! be
real-valued. For all y € D(P) we also have &y € D(P), €2y € D(P) and

Re(€2y. )i = (&9, 60)n — (0. IVEPY) . (1.3.2)
Proof. Since £ is a real-valued multiplication operator, we have
(E. V) = (€W VED) .
We only need to discuss the kinetic part of the quadratic form. Using the identity
P(£2y) = £P(&) + (PE)EY,

we compute directly:

(P(£2), Pyr)y = (P(£4), P(EW)) + ((PEYW, P(£y))
—(P(&Y), (PEW) — (b, [VEIPY).
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Taking the real part of the expression above, we obtain

Re(P(£2y), Py) = (P(&W), P(EW)) — (W, IVEIPY),
which proves (1.3.2). [ |

Using estimates on the localization error, Zhislin formulated in [129] sufficient criteria for the
finiteness of ogisc(H). Throughout our discussion of the Efimov effect, we will extensively
use these conditions. Here, we demonstrate them as an application of the IMS formula. To
this end, we employ the following estimate on the localization error, originally due to Zhislin
and Vugalter [120, Lemma 5.1]. A version of this lemma is used in Chapter 6 as Lemma
6.2.5 and the proof is given in Appendix C as Lemma C.1.1; we copy that version here for the
convenience of the reader.

Lemma 1.3.4 (see Lemma 6.2.5). For any €,b > 0 there exist 0 < a < b and continuous
functions u,v : R — [0, 1] with piecewise continuous derivatives, such that u> +v> = 1,

L |x|=b L, |x[<a
v(x)—{()’ x| <a ’ u(x)—{o’ x| > b °

and c
2 2
[’ )"+ ' (0)]” < W]l{aslxlsb}-
X
Moreover, a can be chosen such that
e~(142/6) < % < e 2

In the following, we denote by o (H) the spectrum of H and by oess(H) and oyisc (H) its
essential and discrete part, where oyisc(H) consists of all eigenvalues of H having finite
multiplicity and being isolated points of the full spectrum and oess(H) = 0(H) \ 0gisc (H).
The following result was first shown by Zhislin [129] we reproduce it here in a slightly
modified form for the convenience of readers. We follow closely [23, Lemma 3.1.3 (ii)]) to
find a sufficient criterion for the finiteness of ogjisc (H).

Lemma 1.3.5 (Zhislin [129]). Let d > 3 andV be relatively form-bounded with relative bound
zero with respect to P> in L>*(RY). Consider H = P2/2+V on L*(R?) with gess(H) = [0, 00).
Assume there exists € > 0 and some R > 0 such, that

L[y] = Y, HY) — (x| 7y, ) 2 0 (13.3)
forall y € H'(R?) with supp(¢) € {x e R? : |x| > R}. Then oisc(H) is at most finite.

Proof. By the min—max principle, it is sufficient to find a finite—dimensional subspace
M c L*(R?) such that for any ¢ € L*(R3) orthogonal to M

(W,Hy) > 0.
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Note that if Inequality (1.3.3) holds for £, R > 0 then it also holds for any pair &, R > 0
with € € (0,&). Thus we assume without loss of generality that £, R > 0 fulfill (1.3.3)
and %(1 — & —2cqe) > 1/4 where ¢, is the Hardy constant in dimension d > 3 such that
-A > c;l|x|_2.

For this & > 0 and some fixed » > O0let 0 < a < b and u,v : R — [0, 1] be a quadratic
partition of unity of R given by Lemma 1.3.4. Let for any x € RY

x1(x) = u(Bx]),  x2(x) =v(B ).

Then {x1, x»} is a quadratic partition of unity of R¢ and by direct computation the localization
error fulfills

Va1 () +1Vx2 (0 < el 1 gasini<p)- (13.4)
Using the IMS formula (1.3.1) together with (1.3.3) and (1.3.4) yields
W, Hy) = LIy x1] + L[y x2].

Note that supp(¥ x2) € {x € R? : |x| > Ba} and consequently by assumption (1.3.3) we have
LY x2] = 0 for B > 0 large enough. Next we show that L[y y1] > 0. Since V is relatively
form bounded with relative bound zero, there exists C. > 0 such that

Wx1, Vx| < gllV(wxl)llz + Cellyxi 17 (1.3.5)

and consequently

1 2
Lyl = 50 -Vl -l —o [ Eolae a0

Using Hardy’s Inequality in dimension d > 3 we find

1
Llyx] 2 5(1 =& =2ca8) IV@x )|’ = Cellun . (1.3.7)

Consequently it suffices to find finite—dimensional M c L?(R?) such that if i is orthogonal
to M the following holds

IV@x DI = 4Cellyxall* > 0. (1.3.8)

Let ¢1, @2, . . ., ¢, the first n Dirichlet eigenfunctions of the Laplacian on the ball of radius a8
in R?. We choose

M =Lin{e1x1, @2X15 - -+ s PnXn} - (1.3.9)

Note that if & L M then ¢ y; is orthogonal to the first n Dirichlet eigenfunctions and

consequently (1.3.8) needs to hold for n € N large enough. This is due to the well-known fact
that the Dirichlet eigenvalues diverge to +oo. [ |
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1.4 Virtual Levels

In this section we discuss some spectral properties of the Schrédinger operator H = P?/2+V
introduced in (1.1.3) with form domain H'(R?) for admissible V : RY — R (infinitesimally
form small with respect to P?) as discussed in Section 1.2 with quadratic form

1
HE 20 0 HO) = qu(e.0) = 5 [ FoPdee [ ViePar,

Recall that o-(H) denotes the spectrum of H, and by oess(H) and oygisc (H), we refer to its
essential and discrete part. Let
Ey =info (H )

be the ground state energy of H. If there exists a minimizer ¢y € H'(R?) with ||¢o|| = 1 of
the quadratic form in the sense that

<900’H‘100> = inf <lﬁ, Hlﬁ) = Ey,
weH! (B9). [lyl|=1

then ¢ is called a ground state of H. Let X = inf o5 (H) be the bottom of the essential
spectrum. Whenever there exists ¢ € H'(R¢) such that

v, Hy)
112

<X

then ogisc (H) # 0 and consequently there exists an eigenfunction ¢ € H' with Hp = E ¢, with
E < X. We call such states bound states.

In the following, we restrict our discussion to the case £ = 0. Ensuring this requires some decay
conditions on the potential V, as explained in [48, Remark 1.6]. We recall the arguments from
[48, Remark 1.6] here for completeness. A sufficient condition for £ = 0 is that V' is relatively
form compact with respect to the kinetic energy P2, a proof for this can be, for instance, found in
[114, Lemma 6.2.6]. This condition further implies that V is infinitesimally form bounded with
respect to P2, meaning it is relatively form bounded with relative bound zero. Consequently,
this excludes Hardy-type potentials, namely potentials of the form V(x) = C|x|™%, C € R.

A significantly weaker condition for ensuring oes(H) = [0, ) is that V vanishes asymptoti-
cally in comparison to the kinetic energy. More precisely, if

e, Vo)l < anllVell® + ballell? (1.4.1)

forall ¢ € H'(R?) supportedin {|x| > R,}, where the sequences 0 < a,,, b, — Oand R,, — oo
as n — oo, then it follows that oess (H) = [0, 0); see [7, Section 6], [63].

The existence and absence of bound states below the essential spectrum have been studied,
e.g., by application of the Birman—Schwinger principle (see [22] and [96]). The famous
Cwikel-Lieb—Rozenblum bound (see [26], [70] and [94]) gives for d > 3 a bound on the
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number N of negative eigenvalues of P2 + AV

N < ﬂd/zL()’d/ Vfl/zdx.
R4

Consequently, for d > 3, weakly negative potentials do not produce bound states. In dimension
d < 3, the situation is different. Let V be non—positive and strictly negative on an open set,
then in dimension, d < 3, the operator P> + 1V has a bound state for arbitrarily small A (see
[107]).

Indeed, the edge ¥ = 0 separates the spectrum of H into two parts with very different behavior.
It is well known that the bound states below the essential spectrum decay exponentially at
|x| — oo (see [2]), whereas for the so—called scattering—states with (¢, Hy/) > 0 the decay is
much slower.

Whether a zero energy solution is a true eigenfunction, meaning it belongs to L?(R?), or not
is generally a very complicated question. A particularly interesting case occurs for critical
Schrodinger operators, i.e., Schrodinger operators for which oss(H) = [0, c0) but any negative
perturbation creates a negative eigenvalue. See [48, Definition 1.5] for a detailed definition
and [48, Appendix A] for explicit examples of critical Schrodinger operators with nonzero
potentials in all dimensions. Following [59] we say

Definition 1.4.1. The operator H has a virtual level at zero if H > 0 and there exists €1 € (0, 1)
such that for any € € (0, &)

inf oess(H—6P?) =0 and info(H-eP?) <0. (1.4.2)

Remark 1.4.2. The condition (1.4.2) ensures the existence of a negative energy ground state
@, of H — P2 for any small enough & > 0. In the limit ¢ — 0, this determines a candidate for
a zero—energy solution of H, though the family of functions ¢. does not necessarily converge
in H'(RY). But, as explained below, a suitable subsequence will converges in H'(R?). The
limiting function ¢o € H' is a zero—energy solution of H but it might not be in L>(R?). If the
zero—energy solution is in L? it is indeed a true bound state in H'. In this case, the virtual
level is an eigenvalue of H, otherwise the virtual level is called a resonance. If resonances are
unique, the whole family . will converge.

Following Remark 1.4.2 it is useful to introduce the homogeneous Sobolev spaces H'!(R?).
To define them one needs to carefully distinguish the cases d € {1,2} and d > 3. The easiest
definition for d > 3 is to define H'(R9) as the closure of Cy (R?) with respect to the inner

product (u, v} g1 (gay = ./Rd (Vu - Vv) dx.
Following [36, Chapter 2.7] this gives the homogeneous Sobolev space for d > 3 as

H'(RY) = {u € L*(R?, |x|2dx) : Vu € L*(RY)},

with the norm

1/2
llull g1 gty = (/ |Vu|2dx) = (Pu, Pu)'?, d > 3. (1.4.3)
Rd
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The spaces H'(R?) are complete and therefore Hilbert spaces and we have the Sobolev
embedding H'(R?Y) c L?4/(4=2) in dimensions d > 3.
Following [36, Chapter 2.7] for d < 3 the homogeneous Sobolev spaces are

H®R) ={uel? R :VueLl>RY)}, d<3

loc

equipped with the scalar product
(U, V) i () :=/ (Vu - Vv)dx + /Evdx, d <3, (1.4.4)
Rd B

where B ¢ R is the ball centered at zero with radius one. Then, the corresponding norm is

1/2 12
el g1 ey = (/d |Vu|dx + ||u||i2(3)) = ((u,P2u> + ||u||L2(B)) ,d<3. (145)
R

For d < 3 as well, this space is complete under the norm ||| 41 (za) and consequently a Hilbert
space.

Note, that in dimension d < 3 for instance constant functions belong to H' (R¢). To distinguish
functions that differ by a constant the scalar product in (1.4.4) contains an integral over B.
As in the case d > 3 the space H'!(RY) is the closure of Cy (R?) but now with respect to the
modified inner product (u, v) A1 (rey defined in (1.4.4).

Remark 1.4.3. The spaces H'(R?) for d < 3 are sometimes denoted by H' (RY) to emphasize
their different definitions. Throughout this document the symbol H' (R?) is used for any d > 0.

In the case, d = 3 Yafaev did study Schrodinger operators H = P?/2 + V with short-range
interactions that have a virtual level.

Definition 1.4.4 (Short—Range Potentials). A potential V : R — R is called short—range if
there exist constants C,6 > 0 and A > 0 such that

V)| <CA+xD2°, |x|=A.

Remark 1.4.5. Potentials V defined according to Definition 1.4.4 are not allowed to have
singularities outside of a compact set. In many cases one can instead assume that there exists
W € K, a Kato—class potential and 6 > 0 such that

V(x) = (1+x])>'W(x) (1.4.6)
forx € R%.

Yafaev found for short-range potentials as defined in Definition 1.4.4, the virtual level is
indeed a resonance in the sense explained in Remark 1.4.2. In Chapter 4 we discuss a three—
particle system that consists of one and two dimensional two—particle subsystems. We use
the following Theorem for which a proof can be found in [13, Theorem 2.2]. We repeat that
theorem here.
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Theorem 1.4.6. Let d < 3. Consider H = P*/2 +V with V relatively form bounded with
respect to P? |2 with relative bound zero and short—range. If H has a virtual level at zero, then
the following assertions hold:
a) There exists a solution gy € H' (R?), pg # 0, of the equation (P?/2)¢o + Vo = 0, i.e.,
forall y € H'(RY)

1
§<P900, Pyr) + (o, Vi) = 0. (1.4.7)
b) Ifin addition the potential V is relatively —A-bounded, i.e., there exists a constant C > 0,
such that
IVeI? < € (11wl + v 1?) (148)

holds for all functions € H*(R?), then there exists a constant u > 0, such that for any
function y € H'(R?) satisfying (PW, Pgo) = 0

(W, Hy) > pl| Py . (1.4.9)

Remark 1.4.7. If (1.4.7) or (1.4.11) holds, then ¢q is a weak local zero—energy solution,
meaning that ¢g € HllOC and that (1.4.7) or (1.4.11) holds for all y € C3® (RY), and even for
all y € H'(R?) with compact support.

However, functions in HllOC have virtually no growth restrictions at infinity. Any resonance
function ¢y, in addition to being a weak local zero—energy solution of H, does also have finite
kinetic energy.

In dimension d > 3 a theorem similar to Theorem 1.4.6 under slightly different assumptions
on V was proven in [23, Chapter 3]. We repeat a version of that theorem here.

Theorem 1.4.8. Let d > 3. Consider H = P*/2 + V with V relatively form bounded with
respect to P% /2 with relative bound zero and short—range. Moreover, assume that there exists
C > 0 with

W, IVI)y < ClIPyll, vy e H'(RY). (1.4.10)
Then,
a) there exists a non—vanishing ¢o € H'(RY) with ||¢ol| Ay = 1 such that for any
€ H'(RY)
1
§<Pl//,P<P0>+<l//,V<P0> =0. (1.4.11)

b) Ifin addition the potential V is P> bounded, i.e. there exists C > 0 with
IVel? < CCUIPYIR + Il ), V¥ € CF (R (1.4.12)

then the solution go € H'(RY) is unique and there exists a constant u > 0 such that for
any y € H'(R?) with (Py, Ppg) = 0

(W, Hy) > pl|lPy . (1.4.13)
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Remark 1.4.9. Note that for short-range potentials condition (3.1.6) in [23] is fulfilled by
suitably adjusting the relevant parameters. The result for an energy gap in Theorem 1.4.8
needs that, in addition, V? is relatively form bounded w.r.t. P2

Remark 1.4.10. Recall that the spectrum of H on L>(R?) is purely essential with
O-(H) = O-ess(H) = [0, 00) .

The existence of a spectral gap for H on the homogenous Sobolev space H' shows that the
spectral properties of H on H' are very different from its properties on L*(RY).

The assumptions on the positive part of the potential in Theorem 1.4.8 can be relaxed. In
Theorem 1.4.11 we prove an alternative version of Theorem 1.4.8, concerning the existence
of resonances in dimension d > 3. It considerably relaxes the condition on the positive part
of V, but imposes a (weak) short range condition on the negative part of the potential V.
Theorem 1.4.12 below provides a uniqueness result for the resonance and a spectral gap, under
slightly stronger assumptions than the ones made in Theorem 1.4.8.

Similarly to the form domain Q(V,), which is the space of all functions f € L?(R?) for which
(£ Vof) = IV FI1? < oo, we define O(V,) as the space of all functions € H!(RY) for
which (i, Voy) < oo,

Theorem 1.4.11 (Existence of Resonances = Theorem D.1.2). Let d > 3, consider the potential
V : R? > R and define V. = max(0,V) and V- = min(0,V). Suppose that the operator
H = P?/2 +V (considered as a quadratic form) has a virtual level at zero. Assume the

Jollowing conditions:
a) V. e L} (RY),

loc

b) V_ is infinitesimally form-bounded w.r.t. P2, _

c) There exists @ > 0 such that the weighted potential V_ = (1 + |-|)**20V_ is form bounded
w.r.t. P2

Then there exists a non—vanishing function po € H'(R?) N Q(V,) satisfying

1 . .
§<Pw,P<po> + W, Vo) =0, Yy e HRYNO(V,)). (1.4.14)

In particular,
1
§<P900, Pyo) + (po, Vo) =0. (1.4.15)

In addition, compared to Theorem 1.4.8, we do not need much more regularity of the potential
to have a uniqueness result for resonances and an energy gap.

Theorem 1.4.12 (Uniqueness and Energy Gap = Theorem D.2.1). We consider dimension
d > 3. In addition to the short—range condition from Theorem 1.4.11 we assume that the
potential V € Llfi)/cz aswell as V, € Kg1oc and V- € K.

Then the resonance solution ¢ from Theorem 1.4.11 is unique and can be chosen to be strictly

positive. Moreover, there exists a constant u > 0 such that, as quadratic forms,

(W, Hy) > p|lPyl|* (1.4.16)
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forally € H'(RY) N Q(V,) orthogonal to the resonance ¢q in H'(R?), i.e., (Py, Pgg) = 0.

Remark 1.4.13. The conditions on'V in Theorem 1.4.11 are for instance fulfilled if V is short
range in the sense that V = (1 + |-|)">"°W for some > 0 and with W € K4 a Kato potential.
The conditions of Theorem 1.4.12 are satisfied if, in addition to being in the Kato—class, we
also have W € Lﬁ)/cz such that W € LY* n K.

loc

We give the proof of Theorem 1.4.11, respectively Theorem 1.4.12, in the Appendix, see
Theorem D.1.2, respectively Theorem D.2.1.

1.5 Many Particle Operator

The approach explained in Sections 1.1 and 1.2 does generalize for many—particle systems with-
out difficulties. In contrary to the units chosen in Section 1.1 we may not set all the (possibly
different) masses my, k € N to a fixed value. Given N particles of masses m,my,...my >0

at the positions x = (x1,x,...,xy) € R? the kinetic energy of the system can be described
by
N p2
P
T=) 5 Pe=-iVi.
k=1 <

Here V; denotes the gradient with respect to the coordinate x; € R?. For the potential energy
of this system, we consider the potential V;; : R?¢ — R which describes the interactions
between particles at positions x;, x; € R<. The Schrodinger operator of the system is then

n
H(n) 1:ZTk+ Z Vl-j(x,-—xj). (1.5.1)
k=1

1<i<j<n

The operators above can be densely defined in the appropriate Hilbert spaces by similar
approaches as outlined in Section 1.2. The Hilbert space of the N—particle system is the
N-fold tensor product of the Hilbert space for a single particle with the usual inner product for
the tensor product. When considering particles with spin § € Ny/2 = {0,1/2,1,3/2...} the
allowed values s for the spin are in {-S,-S+1,...,5 — 1, S} and consequently the Hilbert
space for a single particle is

H, = L*(RY) @ CB = 2R3 CP5 = L2(RPx {-S,-S+1,...,5-1,5)})
Therefore we can think of € L?(R3; C?5*1) as a spinor, that is a vector with 25+ 1 components

Y1(x)

) = lﬁzfx)

Yose1(x)
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with Yeis41(x) = ¥(x,s) with s € {-S,...,S}. In this case, the full Hilbert space for
N-particles each with spin S is

N
Hy = @ L2(R3;C25+1y (1.5.2)

i=1

When considering identical particles we have to distinguish between fermions or bosons.
Let zi,...zy be the combined position—spin coordinate of a single particle, z; = (x;,s;).
Considering identical particles we only consider states ¢ € Hy such that

2

Wz zj D =2z O (1.5.3)

We distinguish between fermions or bosons. For fermions, the state space is the subspace of
totally antisymmetric functions H 1{; We call ¢ € Hy totally antisymmetric if

vz 2y ) ==Y (.. 2., %,...) foralli#je{l,...,N}.

For bosons, we consider the subspace of totally symmetric functions denoted by H 1{7,. We call
Y € Hy totally symmetric if

lﬁ(...Z[,...,Zj,...):l//(...Zj,...,Z,',...) fOI'alll'ijE{l,...,N}.

With regards to real atoms, the particles of interest are electrons and thus the fermionic case
with spin S = 1/2 is the natural one.

1.5.1 Internal Schrodinger Operator

Given n particles with positions x1,x2, ...,X, € R4 and masses my, ma, . . . m, be the operator
H™ in (1.5.1) is invariant under simultaneous translation of all particles and thus we can
separate the center of mass motion. Let M = "', m; the total mass of the system. Following
[100] this separation can be understood by introducing the following spaces

n
Ro = {(xl,xz, s Xp) €RM Zmixi = 0}

i=1
n
B D=1 MjXj

R, = {(xl,xz, o xp) €ER™ L xp = — ke{l,?2,.. .n}}

and the scalar product

n
G ROXRM S R, (ny) o ) mi(a, i) (154)
i=1
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where (-, -) denotes the usual scalar product in R¢. We define the norm |-|f = (-, )1 corre-
sponding to this new scalar product. We have Ry L R, in the sense of the product (-, -); and
hence R" = Ry & R.. Consequently

L*(R™) = L*(Ry) ® L*(R,) . (1.5.5)

The space Ry is a (n — 1)d-dimensional subspace of R™. Let —P(Z) be the corresponding
Laplace-Beltrami operator on COZ(RO) which can be extended to a self-adjoint operator on
L%(Ry). Then in the center of mass frame the relevant operator is

2
i

Hy = >

+ZV,~J~(x,~ —x)) (1.5.6)

i<j

on L?(Ry). The operator Hy is called the internal Schrodinger operator. The remaining degrees
of freedom correspond to the motion of the center of mass which corresponds to a particle
moving freely. To study the spectrum of the internal Schrodinger operator we can neglect the
motion of the center of mass.
For an arbitrary number of particles n € N, it is convenient to introduce coordinates within
subsystems by the help of orthogonal projections onto these subsystems, to obtain an explicit
representation of the operator P(2). Since Chapters 5 and 6 focus exclusively on the case
n = 3, we will now examine this scenario in more detail. For three-particle systems, it is a
common practice to use Jacobi coordinates. We use the common aberration for labeling pairs
of particles as @ = (ij) € I, where I = {(12),(13),(23)}. The remaining particle is then
labeled by k € {1,2,3} \ {i, j}. The Jacobi coordinates (g, &,) for the three—particle system
are
~ o mix; + m;x;
Gij =xi—xj, &ij = Tmitm, —Xk -
_
= COM of pair (ij)

In Figure 1.1 we give the sketch of this specific choice of coordinates. One can express P% in
this new set of coordinates. For simplicity we drop here the indices (ij) so that §(;;) = ¢ and
&) = € and denote by P; and P; the momentum operator with respect to § and . Then by
direct calculations
2 2
7 - o omym; ~ (mi+mj)my

2 2,[1,']' 2Vij’ Y m,-+mj’ g (ml-+mj)+mk

(1.5.7)

and
nm; m;

Xi—xp =&+ g, Xj—xp=&— 7 .
! f I’I’li+qu / é: mi+qu

The number y;; is the reduced mass of particles with masses m; and m; whereas v;; is the
reduced mass of particles with masses m; +m; and my. The operator Hy = P(z) /24 Y e Vo in
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Ficure 1.1: Jacobi coordinates for the choice of a two—particle subsystem (i) €
{(12), (13), (23)} (colored blue) of the three—particle system with particles at
positions xp, xp,Xx3 € R? and masses m, ma, m3 > 0.

this set of coordinates reads

p2 P2
Hy = _q+_f+vij(67)+vik (é?+
2uij - 2vij

m;

67) + Vi (5 - q‘) . (1.5.8)

i J ml-+mj

Sometimes it is more convenient to avoid the prefactors of the Laplace operators in (1.5.8).
We introduce the rescaled Jacobi coordinates (g, &,) With

1/2 12 z
qij = (2my) P diy. &= (2vy)' P&, (1.5.9)
Then a direct computation shows
3
(Ot x2,%3), (1,2, 03001 = Y mylil = |gal> + |al’, Vo el (1.5.10)
i=1

The coordinates in (1.5.9) are chosen such that the kinetic energy operator is independent of
the masses and in particular it takes the form

2
70 = P;a + Pézgn on L>(R%). (L.5.11)

Any system of three particles can be decomposed in three different two—particle subsystems
labeled with @ € I. In the set of coordinates chosen above each of these two—particle
subsystems is then described by the Schrodinger operator

P2 P)%
X /
iy 3= G g Vi (5 =),

The famous HVZ theorem, proved by Zhislin [127], van Winter [123] and Hunziker [53],
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says that the bottom of the essential spectrum of an N-particle Schrodinger operator (after
separating off the free center of mass motion) is given by the lowest possible energy which two
independent subsystems can have. By direct application of the HVZ theorem we can therefore
locate the essential spectrum of the internal Hamiltonian Hy and in particular

Proposition 1.5.1 (HVZ theorem for three particle operators). Let V;; € Lﬁ) . (RY) with p =2
ford=4and p =d/2 ford > 3, d # 4 be short—range in the sense of Definition 1.4.4. Then

Cess ( + Z V. ) [Z, ), where ¥ = ml?o' (he) .

ael

1.5.2 Conspiracy of Potential Wells and Proto-Efimov effect

Equipped with the representation of Hp in (1.5.8) we give here a brief argument why the double
well operator studied in Chapter 6 is relevant for the discussion of the discrete spectrum of H
and the Efimov effect (see Chapter 3 for an Overview on the Efimov effect).

In the case of equal masses m; = m; = m and m; = w the situation simplifies and the operator
in (1.5.8) then reads

—

P% 2m+w
H()=—+
m dmw

P2 + Vi (q) + Vik (§+ lq) + Vi (f - —q) (1.5.12)

It is well known that the Efimov effect can only occur if at least two of the two—particle
subsystems have a virtual level, see [60], [118]. Assume that the particle pairs (i) and (ik)
have a virtual level. For (ik) for instance that is that the operator

2 P2
hir = —+—+V,k(x,-—xk) (1.5.13)
2m 2w
has a virtual level. As for the many particle operator we can change to the internal operator of
the two—particle operator. Let s = x; — x; and p = (m;x; + wxy)/(m; + w) then the operator in
(1.5.13) reads

P2
m+w

hix = —P2+V ol+19 —2 .
k= 2mw ik (s) 2(m+ w)

Note that since the operator /;; has a virtual level, the internal operator

m+ w

hiko = > P?+Vi(s) on L*(RY), (1.5.14)
maw

has a virtual level as well. By construction s = £ + §/2 and for fixed § € R? we have P, = P;

due to the translation invariance of derivatives. Comparing the prefactor of P2 in (1.5.14) with
the prefactor of Pé% in (1.5.12) one directly notes that a direct application of the existence of
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virtual levels is not possible. We therefore note

H —P§+V--(~)+ Lp mt0p vy (24tg) vy (2
0= m ij\q 4m é Ymw g ik 2C] Jjk

| =

9
and define for fixed ¢ the double well operator
m+w

H[q] =- PZ+Vy (£+ %(j) +Vik (5— %q) . (1.5.15)

2mw ¢

We explain now how to find a bound state of Hy by usage of the ground state E[4] of the
operator H[4] at large |G|. Assume that V;; and V; are short-range then for large |g| the
parameter |g| separates the potentials V;; and V in two regions for which either Vi or V
is small (if the potentials are compactly supported they even vanish in those regions). Given
the shift in the potentials it is expected that for any fixed § such that |g| is large enough the
ground state ® : RY — C of H[§] does approximately behave as ®(& + %q). Letu € L2(RY)
with ||u||, = 1 then we make the ansatz ¢ (g, €) = u(§)®(q, £). By direct computations

W PG 12ag.a8) = (s Pgidiaag) = <u’ (/Rd |V4‘D|2d5) u>

L2(dq) (1.5.16)
1
~ (u, P2udp2ag) + 1Y P§w>L2(dq“,d$) :
Consequently, by combining (1.5.16) with (1.5.12) one expects
P2
<§0, H0¢/>L2(dq~,d§?) ~ <I/£, (;q + ‘/l](q) + EM] I/t> . (1517)
L*(dg)

As a consequence, the ground state E[§] of the operator H[g] takes the role of an effective
potential. Whenever the operator

P2
ﬁ+v,-j(q~)+E[q] (1.5.18)

has infinitely many bound states we also expect Hy to have infinitely many bound states. If
the ground state energy E[4] is strong enough to produce infinitely many bound states this is
called the Baby—Efimov or Proto—Efimov effect.

Ovchinnikov and Sigal [89] used that approach to give a variational proof of the Efimov effect.
Later Tamura [113] improved that result by constructing good approximations to the ground
state ®. In dimension d = 3 and m = w = 1 the Proto—Efimov effect was already shown by
Klaus and Simon in [66]. In particular they show that E[§] ~ —clql_2 forc = 0.321651512. ..
whenever |G| is large, which is enough for binding as the Hardy constant in dimension d = 3
is 1/4. This phenomenon is called conspiracy of potential wells.

In higher dimensions there is also a conspiracy of potential wells, but it is not strong enough
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to produce the Proto—Efimov effect. Under some additional assumptions on the potentials it
was shown in [91][Theorem 4.3] by Pinchover, that if d > 5 there exists C > 0 with

-Clg*™* < E[g] < -C7'|gI*™
for |G| large. In dimension d = 4 we prove that

~Clg1* log(I1g) ™" < E[4]

for some C > 0 in Theorem 6.2.4. There exists a matching upper bound in dimension d = 4
by Pinchover [90][Theorem 2.3] under additional assumptions on the involved potentials.

1.5.3 Constrained Three Particle System

In Chapter 5 we study a system of three geometrically constrained bosons. In particular, we
study a system of three bosons with short-range interactions, each confined to a separate line
in R3. Two of these lines are parallel within a plane P. The third line intersects P at a nonzero
angle and lies in a plane perpendicular to P which intersects P in a line parallel to the first
two lines. See Figure 1.2. In contrary to the unconstrained operator H® in (1.5.1) the system

€3
Ly
sin(@y | b
Irp :

2 ’ I

‘- a

! Y3 |
Y2 cos()y; ‘/ az &
L3 r3

é>

Ficure 1.2: Geometrically constrained configuration space of particles.

in Figure 1.2 is not invariant under translations. Still we can find a Schrodinger operator that
describes this configuration of particles. Let y; € R be the distance of the i-th particle from
the origin along the line L;, and let r; € R? be the three—dimensional position vector of this
particle. Then
y1cos({) Y2 Y3
r; = 0 ,Iy=[ ay |,r3=| az [,
y1sin({) 0 0
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where a; € R with j € {2,3} denotes the distance between the line L; and the é;—axis as
indicated in Figure 1.2.

By the usual quantum mechanic correspondence principle we find the kinetic energy by writing
down the classical kinetic energy of the system supposing the particles move freely on the
Lines L1, L, and L3. This energy is given by

3 2 3 2
|0,r| 10,y |
E = E ) (1.5.19)
= 2my = 2my

where 0; denotes the derivative with respect to time. Given the energy in (1.5.19) we can
interpret the particles at r; as one—dimensional particles and replace d;yi/(2my) by the

quantum-mechanical momentum operator Py := —idy, and arrive at
3 p2
P)’k
7= Z 2
k=1 7

Denote by r;; = r; —r; the distance between the particles i and j. We assume that the particles
interact pairwise by three-dimensional forces, therefore we assume that the potentials depend
on the distances r, with @ € I only. The Schrodinger operator of the system, expressed in this
coordinate system, is given by

3 2

P

H= y"
Z 2mk

k=1

+ZVQ(|I~Q|) on L2(R3) (1.5.20)

ael

where V, : R — R is the interaction potential between the particle pairs, indexed by a € 1,
with I := {(12), (13), (23)} and m, m», m3 > 0 are the masses of the particles. Regarding the
potentials we assume that V;; € L12OC (R?) and V3 € L12OC (R) and V,, short-range for any a € 1.
The operator H is not of the same form as the n—particle operator in (1.5.1) and looks more
like an internal Hamiltonian as it is not invariant under translations.

Similarly as in Section 1.4.4, we want to pass to a mass—invariant description and consequently
it is convenient to introduce the scaling y; = V2myx;. Then ng = 2mkP§k and in abuse of
notation, we denote the transformed operator by the same letter such that

3
H= —ZP§k+ZVa(|ra|) on L3(R%). (1.5.21)
k=1

ael
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In this new set of coordinates the distances |r,| are

D) 2 1/2
|l’1 | = xl + Xj - COS({) X1XxX;+ az-
J 2my  2m; mm; ’

(1.5.22)

) 1/2
X2 X3 2

|ra23| = ((\/M \/2—m3) + (a2 — az) ) -
The decay properties of zero—energy solutions in the two—particle subsystems do depend on
given symmetries. Contrary to the case of unconstrained particles the potentials V,, are not
invariant under simultaneous translation or rotation of particle pairs. Still the subsystem (23)
is invariant under translations (xz,x3) — (x2,x3) + (s,5), s € R and in the corresponding
center of mass coordinates the Schrodinger operator of this system will be one—dimensional.
The subsystems (1) for j € {2,3} lack this translation invariance. The corresponding
two—particle subsystems are therefore two—dimensional. The subsystems (12) and (13) do
have a mirror-symmetry under the transformation (x1,x;) +— (=x1,-x;), j € {2,3} as
this transformation keeps the distance |r1 j| invariant. The subsystems are described by the
Schrodinger operators

hlj = P)%l +P§j +V1j(|r1j|), ] € {2’3}

Similarly to the HVZ theorem stated in Proposition 1.5.1, we can determine the essential
spectrum of the operator H. However, Proposition 1.5.1 cannot be applied directly. Unlike
the case of unconstrained particles, where each two-particle system is three-dimensional in
its center-of-mass frame, the confined system is more complicated (as discussed above). We
give here the corresponding version of the HVZ theorem and give the proof following closely
a proof of the HVZ theorem by Enss in [30].

Proposition 1.5.2 (HVZ Theorem for Geometrically Constrained Particles). Let
Y,;j =1inf o (h;;) be the bottom of the spectrum of h;j and let ¥ = min{%, : a € I}. Then
Tess(H) = [Z, 00).

Proof. There exists a technically simple proof of the HVZ theorem by Enss in [30]. In the
statement by Enss the assumptions are given in terms of the Schrodinger operator alone without
reference to potentials which is beneficial to our situation. The inequality

inf o (H) > = (1.5.23)

follows directly by application of his proof [30, Theorem 1 and Theorem 2]. We show that the
criteria in [30] are fulfilled. These criteria are:
a) The operator H is bounded from below and (essentially) self—adjoint on H.
b) There exists a core D C H of H that is invariant under multiplication with bounded
C® functions with bounded derivatives. Moreover, for every bounded f,g € C® with
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bounded derivatives

W, [£x/d), [H,g(e/d)]Jw) < ha(F, )L+ HDw I

for some hy(f,g) > 0 with limy—,e hg(f,g) = 0. Here x = (x,x2, x3) are the rescaled
positions of the particles as discussed above.
c) Let Fg be the multiplication with the characteristic function on the set such that |r,| < R
for any @ € I. The operator Fg(il + H)~! is compact for all R > 0.
By the assumptions on V, the operator H is (essentially) self adjoint on H with form
core C° (R?) and bounded from below. Hence, the first criterion is fulfilled. Considering
D=Cy (R?) multiplication by f, g leaves this space invariant, and consequently the following
is well-defined

W, [£x/d), [H,g(x/d)]|wy <(w, [£(x/d), Z 208/ d)] |y
(1.5.24)

+ [ f /), [Z Val, g(x/d)] |0y

The second term on the right-hand side of (1.5.24) vanishes as V,, is a multiplication operator
for @ € I. For the first term on the right-hand side of (1.5.24) using that f, g have bounded
derivatives it follows from direct computations that there exists ¢ > 0 with

5

as d — oo. Consequently, the second criterion of Enss is also fulfilled. The compactness in
the third condition follows from the fact that 3> =1 Py, is form bounded with respect to H. A
proof of the compactness condition can be found in [5 Appendix I].

Due to (1.5.23), it suffices to show

f(x/d), Z 2o 8(x/d)]

c
>SE_>O

[Sq,00) C 0pys(H) forael. (1.5.25)

We follow the proof in [114, 11.2. The HVZ theorem]. To this end, we show that for arbitrary
A > 0 we have £, + 1 € o(H). We only consider the case @ = (12) the case @ = (13) is
similar. Since the spectrum is closed £, € o (hj3) and consequently for given £ > 0 there
exists Y12 € L?*(R?) depending on the internal coordinates x;,x, € R with |[¢12]| = 1 and
|[(h1a — Z12)¥12]] < €. Since O'eSS(P)%3) = [0, o) there also exists u € L*(R) with |ju]| = 1
and ||(P)%3 - /l)u” < &. Consider for r € R the function

W (x1,X2,x3) = Yia(x1, x2)ur(x3) = Yri2(x1, x2)u(xs —r)
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then
I(H = 2= Z0)¢, ]l < 172 = Zi2) vinll + ||(PE, = Due|| + 1 (Vi + Vaz)u |l . (1.5.26)

Using that PfS is translation invariant the first two terms in the right-hand side of (1.5.26)
are each smaller than e. Since C°(R) is a form core of P§3 we can assume u, € Cg’(R) and
consequently it vanishes pointwise as r — oo. The potential V|3 + V>3 vanishes asymptotically.
Since the distances |r;3| and |rp3| tend to infinity by replacing x3 with x3 —r in the limit 7 — oo,
we also have

(Viz+V3)u, >0 asr — oo,

Consequently, for » > 0 large enough we arrive at
[(H =2 =2y, < 3e.

In the case @ = (23) the Schrodinger operator /53 is invariant under translations and the internal
Hamiltonian of the subsystem (23) is one—dimensional and o (h23) = 0ess(h23) = [Z23, ).
A similar construction as in the case @ = (23) does work with the obvious changes giving
(1.5.25). Combining (1.5.23) and (1.5.25) completes the proof of Proposition 1.5.2. [

1.5.4 Atomic Schrodinger Operator

In [50] we study the spectrum of the atomic Schrodinger operator in dimension d = 3. We
assume that the nucleus is a pointlike particle of elementary charge Z at position x| = r € R
with mass M > 0 interacting with N electrons at positions (x,x2,...xy) € R3N of mass
m, = 1. This means, that we consider the operator H ) for n = N + 1 with the choices

\/,-j(xi—x_,-):ﬁ, 1<i<]_N
i A

—Za
Viney(xi =) = o <N

l

i.e. the operator

Hy ;= ——P? + Z 2P2 Z Y . Pr=-iV,.

2
M i = r| l<i<j<N i — x;

The operator Hy 7 is invariant under combined translation of all particles and consequently
0 (Hy.z) = 0ess(Hn.z). To study the inner degrees of freedom of this system, one needs to use
a non—translationally invariant operator. In the infinite mass approximation, that is M — oo
we assume that the nucleus is fixed at r = 0 so that we can ignore the kinetic energy of the
nucleus. We arrive at the internal Hamiltonian

1 N il Za a
Hy, == ) P2— Y —— 4 - 1.5.27
z 2; 2 ;lxil , (1.5.27)

I<i<j<N |xl - xj|
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This operator then describes a fixed nucleus surrounded by N identical particles. The operator
Hy 7z is bounded from below and the bottom of the spectrum of Hy 7 is called ground state
energy

EN,Z = inf O'(HN’Z) . (1528)

As for the many—particle operators in the previous sections, one can formulate the HVZ
theorem for this operator. Following [114, Theorem 11.2] we have

Theorem 1.5.3 (HVZ theorem for atomic Schrodinger operator). The operator Hy 7 is
bounded from below and
O-ess(HN,Z) = [EN—I,Za OO) .

For large atoms Z > 1, the particles should be considered to be relativistic. To include
a simple pseudorelativistic case, we will study in Section 2 the N-particle Chandrashekar
operator

N N
Cnyz = Z (JQ—ZPZ rat— a_z) _ Z Zz . Z L (1.5.29)
’ k=1 ¢ =1 il 1<i<j<N |xi _xj|
= = <i<j<

We apply our results from [50] and prove new bounds on the maximal allowed excess charge in
the psuedorelativistic case. The operator Cy 7 is bounded from below if and only if Za < 2/x
(See [65, Chapter 5, (5.33) and (5.34)], [45, Theorem 2.5] and [121] for reference). Since
a = e?/(hic) ~ 1/137 we have Z < 87.22 in the pseudorelativistic case. Then, if Za < 2/n
and all of the involved particles have spin S, the operator Cy 7 can be defined on Hy defined
in (1.5.2) as the Friedrichs extension of the corresponding quadratic form with form domain
H1/2(R3N . CZSH) N Hy.
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Chapter 2

The Excess Charge Problem

2.1 Overview

The question of maximal negative ionization of atoms is a widely studied but still unresolved
fundamental problem in quantum mechanics. We refer, for instance, to Barry Simon’s Fifteen
Problems in Mathematical Physics [103]. For a comprehensive review, see [37, pp. 99-130]
and references therein. To the best of our knowledge, there is no experimental evidence that a
single neutral atom in a vacuum can bind more than one, or at most two, additional electrons.
Considering an (ionized) atom with Z protons and N electrons, the excess chargeis Q = N-Z.
The case Q = 0 is then the atomic case. The ionization conjecture on the maximal number
of electrons an atom with nuclear charge Z can bind is Q < Qnax for a constant Qx> 0
independent of Z and probably Qmax = 1 or Qmax = 2. Up to now, there is no proof that Qpnax
is uniformly bounded in Z.

Considering the many-particle Schrodinger operator Hy z on H ]J; introduced in Section 1.5
the bottom of the spectrum of Hy 7 is called ground state energy

Enyz=info(Hyz) = inf w . Q2.1.1)
vertfy Iyl
Since Hy 7 is bounded from below on H / , the value E 7 is finite for any values of N and
Z. To answer the Ionization conjecture it suffices to show that in the case N > Z + 2 the
right-hand side of (2.1.1) is not a minimum in H ]5 Due to an early work of Zhislin [128], we
know that there is a minimizer in the case N < Z + 1, which proves that atoms and positively
charged ions do indeed exist.

We define the critical number of electrons that a nucleus with Z particles can bind as the
largest number N. = N.(Z) such that Ey,_ 7 is a minimum (that is, Ey_z = inf o (Hy z) is an
eigenvalue of Hy z in Hy). Note that it is also an open question whether Ey z not being a
minimum also implies that E,, 7 is not a minimum for all » > N. Due to the famous HVZ we
know oess(Hy,z) = [En-1.7, %) and consequently the binding inequality

Enz=info(Hyz) < En-17

does hold for all N € N.
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Enz

Z Z+0Qma N

Ficure 2.1: Sketch of the predicted behavior of the ground state energy En . z
for fixed Z > 1. The prediction suggests that configurations with more particles
(e.g., electrons) are preferred, as they lower the energy En 7 up to a critical
number of particles N.(Z) = Z + Omax. The graph of E 7 is expected to be
convex, reflecting the fact that the ionization energies are growing. Specifically,
|En.z — En—1,z| decreases as N increases until it vanishes for N > N.(Z).

Remark 2.1.1. If Ey 7z < En_1z then Eyz € o0disc(Hn,z). In particular, there exists an
eigenfunction Yy z € Hy with Hy 72y Nz = Enz¥N 2

Regarding the excess charge problem, the following results are known. As discussed above,

due to the early work of Zhislin [128]

> 1

lim inf

Z—0o0

Nc(Z)
z

was known for a long time already. That there is a critical number N.(Z) < co that an atom of
charge Z can bind was first shown independently by Ruskai [95] and Sigal [99]. Later, Lieb,
Sigal, Simon, and Thirring [77] proved

lim Ne(2)
m
Z—00 7

=1.

In fact, they proved the result with lim replaced by lim sup. The result by Lieb, Sigal, Simon,
and Thirring uses a compactness argument and does not provide any quantitative bounds on
how big N.(Z) is for finite nuclear charge Z.

If the particles are bosons, it is known from the work of Benguria and Lieb [17] that the
asymptotic neutrality does not hold and, in particular,

L Ne(2)

im

Z—00

=t.>1. (2.1.2)

Later Baumgartner [15] determined computationally 7. = 1.21.
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Considering finite values of Z Fefferman and Seco [32] and Seco, Sigal and Solovej [97]
proved in 1990

N.(2)-Z <cz (2.1.3)

for some C > 0. Non—asymptotic bounds are rare. For a long time, the only non-asymptotic
bound was due to Lieb [71], who proved his famous bound

Ne(Z) <2Z+1 forallZ>1. (2.1.4)

Lieb’s result is independent of the statistics of the particles, i.e., independent of whether
they are fermions of bosons, and it also holds, suitably modified, for systems of atoms, i.e.,
molecules. While Lieb’s bound certainly overcounts N.(Z), it shows that Hydrogen (Z = 1)
can bind at most two electrons, which is observed in nature.

It took 28 years until Nam’s breakthrough result [81] could significantly improve Lieb’s
longstanding bound. Nam showed, for a single atom with fermionic statistics, that

No(Z) <1.22Z+3Z'® forall Z > 1. (2.1.5)

In this work, we provide even tighter bounds on N.. In particular, we prove in Proposition
4.2.5

N.(Z) < 1.1185Z +3.90Z'3 + 0.0134 + 0.184Z7 13 + 0.0196Z7?/3, forall Z > 4.

Rounding numbers up this shows N < 1.12 Z+4Z'/3 for all Z > 4. We want to stress that this
shows that for large nuclear charges Z, fermionic atoms do indeed behave much differently
from bosonic atoms. Bosonic atoms are known to allow for a surcharge of 21 %, i.e., large
bosonic atoms can bind roughly N ~ 1.21Z bosonic particles for large Z. The leading order
coeflicient in Nam’s bound is just above 1.21, whereas in our bound, it is lower, with a good
safety margin.

To achieve our improvements, we significantly extend Nam’s approach and, in addition, prove
some of his conjectures made in [81].

For bosonic atoms, we have utilized approaches by Benguria et al. [19] involving the Hartree
Model to prove new bounds on the ground state energy of bosonic ions. Specifically, we show
in Corollary 4.8.6

2t
Eyz > —7623 +0(Z'3).
Interestingly, this bound involves the parameter 7, from (2.1.2). By combining the new

techniques developed for the fermionic case with the new bounds on the ground state energy,
we have derived in Theorem 4.2.7

fe
N.(Z) < 5Z+0(Z'?)
X
0



Chapter 2. The Excess Charge Problem 31

where xo > 0 is the unique positive solution of:
0.7821, = (1 +0.1463x0) x3 .

With 7, ~ 1.21, we find 7.x 2 ~ 1.45. To the best of our knowledge, this is the first improvement
over Lieb’s result of 2Z + 1 in the bosonic case.

Remark 2.1.2. The best analytic bound on t. was for a long time due to Lieb’s result given by
tc < 2. Benguria and Tubino showed in [14] t. < 1.5211 together with our improvements we
are able to improve upon their result and show t. < 1.47 see Lemma A.7.1 and the Remark
thereaffter.

2.2 The Excess Charge Problem for the Pseudorelativistic
Operator
In [50], we did not discuss relativistic models. Our improvements generalize for these cases and

can also give refined bounds on N.(Z) in these cases. We will cover here the pseudorelativistic
case given by the operator

N N
Z 1
Crnz = (1 la=2P2 + a4 - a_z) ) Q- at — 2.2.1)
; ; a 1Sl<ZmSN 1 = Xon|

which was defined in (1.5.29). In particular, we prove the following Theorems in Section 2.2.1

Theorem 2.2.1. Let A > 1 and let E,r\‘;’lz = inf 0 (Cy.z) be an eigenvalue of Cy z on L*(R?)

in 7—(15 then there exists ¢, > 0 with

1
N <3 (V2+1) Z+ sz, forZ > O with AZa <2/x.

Remark 2.2.2. Theorem 2.2.1 refines the inequality by Nam in [84, Thoerem 3].

To prove this results we apply the so—called Benguria-Lieb-Nam argument (see Section 4.3),
that is to multiply the Schrodinger equation from the left by |xj |2lﬂ1v,z, where Yy 7z is a ground
state corresponding to Ey z then, in the quadratic form sense,

0 = (|x¢|*¥n.z, (Cnz — En2)¥n.z) = Re{|xk|P¥n 2, (Cn.z — EN2)¥nz) - (2.2.2)

As in the non-relativistic case we have Cy_1z > Enx-1 > Ey using the HVZ theorem
for pseudorelativistic operators from [69] which holds for Z € (0,2/(na)]. Applying the
symmetry of Yy z € H. 16 and defining

x>+ 2
lef<kSN = | 3
xR fork=1,...,N (2.2.3)

(N=1) 2N ]

anNp = inf
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this yields, as explained in Section 4.3, the inequality

_1Re (Ix1 *¥n .z, TN z)

(ZNQZ(N - 1) <Z
2 (Ixilynz¥nz)

(2.24)

Here Tlrel is the pseudorelativistic operator acting on x; € R and is defined by

1 _ -2 p2 — -2 _
T =\Ja?P{+a™* —a™", Pi=-iV,.

We need two ingredients to prove Theorem 2.2.1. The first one is an estimate for the expression
ay and the second one is a lower bound for the weighted kinetic energy in the right-hand
side of (2.2.4). To estimate ay one can apply Nam’s mean field type argument and our
improvements in Section 4.4 to find

Lemma 2.2.3. Let ay be defined as in (2.2.3) then for every N > 2, r > 0

(1+r)? = (1-r)° (1+r)*= (1 =rp*
6r Np2 < 8r

( N,Z(N 1) 1) >
@ F
where 1

By < 5 (\/§+1) ,

Proof. The first inequality follows directly from Lemma 4.5.9 and Remark 4.4.6. For the
estimate on B I see Section 4.4. ]

In dimension d = 3 in the non-relativistic case T = P? by application of the IMS localization
formula, we obtain

2 2
PITTO - 2 (pTet) - 1Peo)P) 225)

and for ¢(x) = |x| this yields together with the Hardy inequality

xPT+T|x|> 1
2 2

3
(|x|T|x| - |P|x||2) > - (2.2.6)

as an operator on L?>(R3). Chen and Siedentop proved in [24] the generalization that if
a+ b < d with min{a, b} € [0, 2] with d > 0 the underlying spatial dimension, then

|P|%|x|® + |x|°|P|* > 0 on L>(RY) . (2.2.7)

They remarked the importance of this inequality in the excess charge problem and Handrek
and Siedentop [44] applied the inequality to the ultrarelativistic operator

N

N
4
Dyzi= Y [Pi+AGr)| + Vaoy - Alx) - Z; ﬁ oy (2.2.8)

k=1 1<i<j<N |xl' _xJ'|
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with A € L2 (R?R?) and |A(x)| < 6]x|™" for some § > 0, which is a simplified model

describing particles interacting with a graphene quantum dot. They showed
N(Z) <20+2Z)+1 (2.2.9)

by application of the Benguria—Lieb argument.

Remark 2.2.4. For d = 3, the ultrarelativistic case a = 1 and b = 2 is covered in [24]. The
case a =2 and b = 1 was discussed by Lieb in [71]. In dimension d = 2, one can reproduce
Lieb’s result with this inequality, but a = b = 1 is the borderline case for positivity. In [81],
Nam did discuss the case b = 2 for pseudorelativistic operators.

The following inequalities hold
Lemma 2.2.5. Let d = 3, then on Cy°(RY)

WPT + T 3 xR+ Pl
> -z, >
2 8 2

0 (2.2.10)

and for d =2
PP+ [Pl T2(1/4)
2 T 4n?
Remark 2.2.6. We will use the first inequality (2.2.10) to establish bounds on the excess
charge for the operator Cy z. The other two inequalities apply to the ultrarelativistic case. In
particular, (2.2.11) can be used in the discussion of the operator Dy 7 defined in (2.2.8).

x| . (2.2.11)

Proof. The second inequality in (2.2.10) is covered by the result of Chen and Siedentop (see
(2.2.7)). The first inequality in (2.2.10) was proven by Nam in [81, eq. (24)]). We give a
different proof of this inequality. Since 7" is (essentially) self adjoint on e (R?) we find that

2 1 rel|,.|2
T +T

Consider 7 : k € R? i yJa~2|k|> + @=* — @2, which is the Fourier multiplier of 7" then due
to the Plancherel theorem

Re(|x|*y, T™y) = Re((=Au)fr, 1)) . (2.2.12)

The expectation on the right—hand side is real (apply the IMS formula and use #(k) is positive).
Following [8, p. 420 ff] we can define fractional powers of any closed operator A as

sin(kr) /°° A dr
0

A* =
n A+rri-=«

(2.2.13)

By direct calculations and (2.2.13) with x = 1/2, we find the representation

-1 p2 0 [y _ 42
77 =a2P v a4-a =2 P roe ﬂ

T Jo2 r+P? r
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For the Fourier multiplier, this is indeed a pointwise identity such that

_1 [ _2
(k) =2 |k| ! Ik emd. (2.2.14)
a2 r+|k|2 r

Inserting (2.2.14) into the right hand side of (2.2.12) yields
-bope R a d
(xPy, Ty = / Vr = a2 (=) kP (r + 162 1) < (2.2.15)
T Ja-2 r

Define i := (r + |k|*)~', then the weighted kinetic energy under the integral can be written
as

(=AY, k1> (r + k1)) 7' = r((=Ap)a, [kIPa) + ((-Ak) (Ik[*@), [k[Pa).  (2.2.16)

By the same arguments as in the non—relativistic case (see Lemma 4.6.2) it follows for the first
term in the right-hand side of (2.2.16) that

3 3r . n
r((=Ap)i, |k|2a) > —{m, i) = —{w/, (r + k)72 . 2.2.17)

By Hardy’s inequality, we can estimate the second term on the right—hand side of (2.2.16) to
find

. ki = (132 et zo. 218

Note that one could keep this positive contribution and try to prove a better inequality after
solving the integral over dr by optimizing in |k|. However, we could not obtain enough
information on ¢ for an improvement.

Consequently by inserting (2.2.17) and (2.2.18) into (2.2.16) we arrive at

(-0 KRG+ K 0) > (5, 53+ 1) 25 @219
Combining (2.2.15) and (2.2.19) we find
(et 1) = 2 [N s W20 ar,
By direct calculations, one finds

-1
—§“—/ Vr—a=2(r + k) 2dr > -2
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where we used

dr <
w2 (P kP2 T

A <a—1/wmdr_1
Vroaz
:

Consequently, the first inequality in (2.2.10) follows immediately.
Similarly, we now prove the inequality on the ultrarelativistic kinetic energy in dimension
d=2.Lett:k € R* — |k|, then by the Plancherel theorem

(P, |Plyy = (A, ) (2.2.20)
and using (2.2.13) we find
Lo kP dr
T(k)—ﬂ_/o KPar iR (2.2.21)

Define i = (r + |k|*)~'{ then by inserting (2.2.21) into (2.2.20) we arrive at

(xPu. 1Ply) = / (=B (K + )i, [620) ST
(2.2.22)

> —/ (A, |k|*ayr?dr .

T Jo
By application of the IMS localization formula in (2.2.5) with ¢ (k) : k € R? |k|2 we find
(A, [kI*a) = (@, (K| (=AQ) k] = 1) ) = (@, a) . (2.2.23)

Note that contrary to dimension three, we cannot apply Hardy’s inequality to the equation
above. Inserting (2.2.23) into the right—hand side of (2.2.22) yields

00 1/2
20.|P _—<A,/ 4 A>:— k) 2224
WPuelPly 2 = | o dry (. kI7H0) (2.2.24)

We apply the following Hardy-type inequality (see [38])
[owrirwbacscy [ ePiferd  recrah. @22

which is valid for O < 2s < d. The sharp constant in (2.2.25),

2 T2 ((d +25) /4)
r2((d - 25)/4)

Ksq = (2.2.26)
has been found independently by Herbst [45] and Yafaev [125]. Inourcase s = 1/2and d =2
with

Kij, =T2(1/4)/(47%)
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and consequently by combining (2.2.25) and (2.2.24), we arrive at

(P, [Pl = =Ky 5, [xlp)

2.2.1 Ciritical Number of Electrons

Equipped with the inequality (2.2.4) and the Lemmas 2.2.3 and 2.2.5 we prove now Theorem
2.2.1.

Proof of Theorem 2.2.1. Combining (2.2.4) and the first inequality in (2.2.10) yields

3 -1
ana(N=1) < Z+ o (lynz.¥nz) - (2.2.27)
To estimate the right-hand side above, we first note that by application of Jensen’s inequality

<|x1|lﬂN,z,lﬂN,z>_] < (il nz v z) = (Unz, Il e z)

Recall that Cy 7z is the many—particle Chandrashekar operator defined in (1.5.29). Let 4 > 0
then due to the symmetry of Yy 7

(A= DNZ Yy z, x| Wnz) = Wnz, (Cnz — Cnaz)¥nz) < Enz—Enaz.
Assume A > 1 then Dividing by 4 — 1 yields

Enz —ENnaz < —Enaz
(A-1)NZ ~ (A-1NZ"

(Wnz, lxi | o z) <

Using that there exists C; > 0 with —C, 7' < Enaz < Oforany Z > 0 with AZa < 2/7 and
consequently for N > Z

f‘lzl/ﬁ‘, for \Za < 2/x. (2.2.28)

(Wnz, Ixi[Mow z) <

For fixed ratio N/Z in the large Z limit it was shown by Sorensen [88], that E 7 in leading
order in Z is the same as in the non-relativistic case, given by (non-relativistic) Thomas-Fermi
theory. Define C(1) = %CA (1 —1)"! then with (2.2.27) and (2.2.28) we arrive at

an2(N—-1) < Z+C)Z'3, forAZa <2/r.

Applying Lemma 2.2.3 yields for any r € (0, 1)

(1+r)-(1- ;~)3Nﬁ2 - (1+r) -1 -r)?
(4 8r

. 1
Z+C)Z'P+ =) . (2.2.29)
r
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In Appendix A as Lemma A.5.1 we have shown

(1 +I‘)3 ; (1 —r)3 > (1 _ %rz) (1 +r)4 ; (1 _r)4 ) (2'2.30)

Combining (2.2.29) and (2.2.30) yields
NB, <Z+C(A)Z"° + -+ Nﬁzgr .
r

Choose r = uZ~'/3 for some 1 > 0 such that r € (0, 1) then for N < 3Z (which we can always
assume due to N.(Z) <2Z +1)

N<B'Z+5" (C‘(/l) o+ 2ﬁ2u2/3) VAL
which proves the statement of Theorem 2.2.1 since

ﬁgls%(\/in)

by Lemma 2.2.3. |
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Chapter 3

The Efimov Effect

3.1 Overview

Consider a Schrodinger operator H = P?/2 + V with o = [0, c0) which is, for instance,
fulfilled if the potential vanishes at infinity in the sense of (1.4.1). It is well known that if
V is a short—range potential, then there are always at most finitely many bound states. For
many—particle operators, the spectrum is more complicated. Due to the famous HVZ theorem
(see Proposition 1.5.1), the essential spectrum of a many-particle operator is [X, c0) where
Y~ € R is the bottom of the spectra of the Schrodinger operators with one particle less. In
the corresponding center of mass frame, the n-particle Operator can have bound states that
correspond to isolated eigenvalues of finite multiplicity below the essential spectrum. In
the case of short-range potentials and X < 0, which is the same as saying that one of the
sub—systems does already have a bound state, independently Zhislin [129] and Yafaev [58]
found that the negative spectrum is at most finite. The case £ = 0 is much more complicated.
Indeed, it was predicted in the 1960s by Efimov [28] that there are situations in which the
three—particle systems with short-range interactions can have an infinite number of bound
states. To be precise, the effect can be described in the following way:

The Efimov effect is a phenomenon where three particles in three-dimensional space that
interact with short—range potentials form an infinite number of bound states even if none of the
two-particle subsystems are bound. This effect can only occur if at least two of the two—particle
subsystems possess a virtual level (see Definition 1.4.1).

That the effect can only occur if at least two subsystems possess a virtual level was already
proven in [60], and for a fully variational proof of this, see [118].

The Efimov effect is surprising for several reasons. An infinite number of bound states is
usually seen in systems with long-range interactions and is not to be expected for short-range
potentials as described above. Another important feature of the Efimov effect is its universality.
In physics, a property is said to be universal if it does not depend on the specific microscopic
details of the interactions and appears in the same way in any system that exhibits the effect.
In particular, for the Efimov effect, the number of bound states N(E) below E < 0 satisfies

_ NE)
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for some constant Cp > 0, which depends solely on the particle masses and not on the
interaction potentials. Importantly, the universality of Efimov physics does not mean it
happens in every system. It means that any system that meets the conditions for it will show
the same universal features. In fact, the restriction to systems with virtual levels is a highly
significant limitation on the possible potentials.

After the first description by Efimov, it took several years to find the first rigorous mathematical
description of the effect and much longer to confirm the effect experimentally. Yafaev gave the
first mathematical proof [59]. The proof of Yafaev is based on so—called Faddeev equations
for three-body systems. Later, Sobolev [108] did add to the proof of Yafaev and, in addition,
showed the asymptotic behavior in (3.1.1). Utilizing the ideas of the Born—Oppenheimer
approximation, Ovchinikov and Sigal [89] gave a fully variational proof of the Efimov effect
under some restrictions on the involved particle masses. Later, the proof was improved and
generalized to arbitrary particle masses by Tamura [113]. In the proof of Tamura [113], well—
believed explicit bounds on the decay properties of zero—energy solutions [113, Proposition 3.1]
have been used without explicit proof. Since these bounds are relevant for many applications
and in particular concerning the Efimov effect, we discuss and prove these estimates in Sections
3.2 and 3.3 below.

It took until 2006 for the first definitive experimental confirmation of the Efimov effect in
an ultracold gas of cesium atoms [67]. See [33] and the references therein for an extensive
review of the experimental findings and advancements concerning the Efimov effect. Beyond
the case of three particles in dimension three, it is an interesting question whether or not an
Efimov-type effect can exist for different numbers of particles or different spatial dimensions.
We refer to the introduction Chapter 5 for a review of several of these cases and the dissertation
of Andreas Bitter in [23].

In Chapter 5, we discuss the absence of the Efimov effect in a system of geometrically
constrained particles. Recent advancements in experiments with ultracold gases and magnetic
traps have increased interest in exploring the potential existence of the Efimov effect in
systems with mixed dimensions (see [84],[85],[86]). This phenomenon, sometimes called the
Confinement Induced Efimov Effect [85], has been predicted in various scenarios, as shown
in Figure 5.1. We have studied several of these configurations. In some of these cases, the
existence of the Efimov effect can be confirmed by extending the ideas in [113]. For this, the
explicit bounds on the decay of the zero—energy solution in Theorem 3.2.2 are necessary.
Through a detailed analysis of the properties of zero—energy resonances in two-dimensional
Schrodinger operators, we have disproved the existence of the Confinement Induced Efimov
Effect in the system illustrated in Figure 5.2. This result is notable as it is one of the rare
cases where predictions in the physics literature do not hold up to a rigorous mathematical
analysis. To achieve this result, we applied the criterion of Zhislin [129] for the finiteness of
the discrete spectrum (see Lemma 1.3.5) and build on methods and techniques as, for example,
in [120],[117] and [13].

The method we developed to disprove the Confinement Induced Efimov Effect has proven to be
robust and is also relevant for unconfined three-particle configurations in d = 4 dimensions. In
dimensions d > 5, zero—energy solutions for the two-particle subsystems are square-integrable.
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Thus, zero is an eigenvalue of the corresponding Hamiltonian, with the absence of the Efimov
effect demonstrated in [11]. In dimension d = 4, the situation is considerably more complex
because the zero—energy solutions for particle pairs interacting with short—range potentials are
not square-integrable. Thus, zero is a resonance rather than an eigenvalue of the two-particle
operator. Using our study of two-dimensional Schrodinger operators, we prove the absence
of the Efimov effect for three particles in dimension d = 4 under minimal assumptions on the
interaction potentials using a fully variational proof.

3.2 On the Decay of Resonance Functions

For many applications, and in particular, for the description of the Efimov effect, it is useful
to have some knowledge of the explicit properties of the decay of resonances and their cor-
responding zero—energy solutions. Given that the potential is short-range it is expected that
such a solution ¢y € H'(R¢) has the asymptotics

loo(xX)| ~ x>, Vo (x)| ~ [x|"™¢, d=3. (3.2.1)

This behavior is well-believed, and under additional assumptions besides the short-range
property of the potential, it can be proven by elementary steps directly from the Schrodinger
equation. Itis not trivial how to deduce the decay properties of ¢o under minimal assumptions
on the potential from works such as [59].

Throughout this section we consider the Schrodinger operator H = P2/2+V > 0 on L*(R9)
with potential V : R? — R such that there exists W € Kz and 6 > 0 such that

V(x) = (1+x])>'W(x) (3.2.2)

for x € R? and we assume H has a virtual level at zero as defined in Definition 1.4.1 with
corresponding zero—energy solution denoted by ¢y € H'(R?).

Remark 3.2.1. Note that any short—range potential V € K, satisfies condition (1.4.6). How-
ever, condition (1.4.6) also permits potentials that have singularities outside of compact sets.

To prove the sharp asymptotics of the distributional gradient Vo we define for d > 2 the set
K41 C K, as any real-valued potential V such that

lim sup / Ix — y|"V(y)ldy =0. (3.2.3)
610 |x|erd J [x—y|<6

For convenience, we write

(V,p0) = /R ) V(y)eo(y)dy .

The next theorem shows that Voo € L'(R?) under condition (1.4.6), i.e., (V, @) is well
defined. In Section 3.3 we prove
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Theorem 3.2.2 (Precise asymptotic of virtual levels). Let d > 3. Under the short—range
assumption (1.4.6) ¢q is (globally) bounded. Moreover, ¢ has a continuous version, V¢ € L',
and ¢q has the asymptotics

wo(x) = —2cdv— +Ei(x) forx — oo, (3.2.4)

where cq = (d — 2)_1|Sd_1|_l and, for any 0 < k < 1 there exists a constant C, < oo and
R > 0 such that the error is bounded by

|E1(x)] < Celx|74%%  for|x| > R. (3.2.5)

Moreover, if the function W in the definition (1.4.6) of the potential V is in K41, then the
distributional gradient of ¢y has a continuous version and

Veo(x) = 2(d = 2)ca(V, po)xlx|™ + Ea(x),  forx — oo (3.2.6)
where for any 0 < k < 1 there exists ¢, > 0 and R > 0 with
|E>(x)] < clx]'™%  for|x| > R. (3.2.7)

We prove Theorem 3.2.2 in Section 3.3 and start the discussion of the results of Theorem 3.2.2
with some remarks.

Remark 3.2.3. In [113, Proposition 3.1], where the three dimensional case is considered
under a global uniform short—range condition

V)| <CA+|x)*% forallx e R?

it is claimed that one can use k = 1 in the bounds (3.2.5), respectively (3.2.7), for the errors.
However, no proof of this claim is given in [113].

Our Theorem 3.2.2 requires k < 1 since the constants c, and C, diverge in the limit k — 1. So
up to an epsilon loss in the exponent, the asymptotic for the virtual level ¢y claimed in [113,
Proposition 3.1] is correct, even for a much larger class of potentials.

Fortunately, for the results in [113] concerning the existence of the Efimov effect for three
particles in three dimensions, our estimates are sufficient since 0 < k < 1 can be chosen
arbitrarily close to one. Furthermore, our result requires minimal regularity and decay of the
potential V.

Remark 3.2.4. Since ¢ is bounded, we also have

<V7 ‘700>

+E (x) VxeRY
1+ |x|%?

@o(x) = —2¢cq

where for any 0 < k < 1 there exists ¢, > 0 with

|E1(x)| < co(1+ x> %0 vx e R?.
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Since k € (0, 1) we have
2 P(RY - -
E, e LP(RY) ifp > I
which generalizes and confirms the results in [11] and [23, Theorem 3.3.1]. This also shows
directly that ¢y € L (RY) forall p > ﬁ. Consequently for d > 5 we have ¢ € L*(RY). This
confirms the common knowledge that for dimension d > 5, virtual levels are eigenfunctions
instead of resonances.
Similarly if V(x) = (1 + |x|)">°W(x) with W € K, the distributional gradient has a
continuous representation, which is therefore locally bounded, so the asymptotics (3.2.6)

implies that

Vv, -
Vo(x) =2(d - 2)cdx<—()00d> +Er(x) forx e RY,
1+ |x|

where for any 0 < k < 1
|Ez(x)| < (14 x4 forx eR?.

Thus E> € LP(RY) if p > #, and

VgooeLp(Rd) forp>d T

Note that 1 < % <2foralld > 3.

Our proof is based on integral representations of the zero—energy solution ¢g. In the proof of
Theorem 3.2.2 we will use the following integral representations of ¢ and its weak gradient,
see also Theorem D.5.2 in Appendix D.

Theorem 3.2.5 (= Theorem D.5.2). Let d > 3 and assume that V satisfies the short—-range
condition (1.4.6). Then the zero—energy solution ¢g has a continuous version, it is bounded
with Vo € L'(RY), and satisfies the integral equation

60(x) = —2c4 / eV O)eo(dy, VxR, (32.8)
R

with cq = (d — 2)_1|Sd_1|_1, where |Sd_1| = d|B‘1"| is the surface area of the unit sphere in
R? and |B‘11| the volume of the unit ball in R?. If additionally the function W in the short—
range condition (1.4.6) for V satisfies W € K, 1, then the distributional gradient Vg has a
continuous version and satisfies the integral equation

Veo() =20d =2)ey [ TGvmedy vee R (329)

Remark 3.2.6. The conclusion that the zero—energy solution g is globally bounded, derived
from subsolution estimates as in ([3] and [101]), appears to be new.
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We will give the proof of Theorem 3.2.5 in Appendix D, see Theorem D.5.2. Before we prove
Theorem 3.2.2, together with the explicit error bounds, we prove an important a—priori bound
on ¢g, which has the correct order of decay.

Proposition 3.2.7 (A—priori decay bound). Let d > 3 then there exists a constant ¢ > 0 such
that
loo(x)| < c(1+|x)>"¢ forallx e RY.

Proof. Following Theorem 3.2.5 the zero—energy solution ¢ is bounded and since V is short—
range in the sense of (1.4.6) there exists W € K; and 6 > 0 such that for any ¢ € (0, 6]

IV(xX)o(x)] < IWO)|(1+]x])72° VxeR?. (3.2.10)

Using the integral representation in (3.2.8) we arrive at

[po(0)] 5 /R =T D W () Idy (3:2.11)
Note that for |x — y| < 1 we have
(1+[y)) " < (14 |x])~* (3.2.12)
and for |x — y| > 1 we have
=y g (L -y (3.2.13)

Splitting the domain of integration in the right-hand side of (3.2.11) into the sets [x — y| < 1
and |x — y| > 1 and inserting (3.2.12) and (3.2.13) we arrive at

lpo(x)] <(1 + |x[)~3+ / e — |72 |\W (y)|dy

o<t (3.2.14)
o[ @) R ) W)y
[x=y|>1
Let
has@) = [ (e lr =y )P+ W 0y (3215

witha=2+dand 8 =d—2. Since W € K; we conclude from (3.2.14) we find
lpo(X)| < (1 +[x])™" + he p(x) .
In the Appendix D we have shown as Lemma D.6.1 thatif @ < d, 8 < d and @ + 8 > d, then

o p(x) < (1+ [x])97 @B = (1 + |x[)™°
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and consequently
lpo(x)| < (1+ )™
With this estimate, we can repeat the argument by replacing (3.2.10) with
V(@) @o(x)] < W)I(1+|x) > VxeR!

to find
leo(X)] < (1+[x])7% + hay p(x)
withay =2+26and S =d - 2. If 2+ 26 < d this proves

lpo(0)| < (1+1x[)7°.
Define a;, =2 + nd for all n € N. Let ng € N satisfy
@py=2+n90 <d and a1 =2+ (no+1)6>4d.

Note that such an ny € N may not exist for every § € (0, 8], but it is always possible to shrink
0 € (0, 0] to ensure the existence of such an ny € N. Iterating the initial argument ng-times,
we arrive at

lpo(0)] S (14 |x)™"0 + ha, p(x) < (1+]x])7™°.

We can apply the same argument one more time, then

o) S (14 )0 + g,y 5(0).
Since @;,+1 > d > B it follows from Lemma D.6.1 that

R 5 (1) S (L4 )P = (14 |x))>.

Since 8 < @+ this proves
lpo(x)| < (1+ x>,

3.3 Proof of the Decay Properties of Resonance Functions

Using the a priori estimates from Proposition 3.2.7 and the integral representation of zero—
energy solutions from Theorem 3.2.5, we can now prove Theorem 3.2.2, which establishes
the sharp asymptotic behavior of the resonance function for critical Schrodinger operators and
provides estimates for the lower-order terms. We give this proof now.

Proof of Theorem 3.2.2. We will use the integral representations from Theorem 3.2.5 together
with the a—priori bound from Proposition 3.2.7 for the proof of the error bounds in Theorem
3.2.2. We begin with E|. Note that due to the a—priori bound on ¢g from Proposition 3.2.7
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and the decay assumption on the potential V we have

V) eo)] s (1+]y))" 1w (y)l, (3.3.1)

for some 8 > 0 and W € K; ¢ L! (R?). Hence the bound (D.4.5) from Lemma D.4.1

loc,unif
shows that Voo € L'(R?). Thus, we can rewrite the integral representation from Theorem

3.2.5 as follows,
eo() = =24 [ 1x =5V
= <2cu [ (=317 = ) vy

(3.3.2)
— 2eqlx| @2 /R V3eo(y)dy .

=(V,¢0)

Fix L(x) > 0 and split the domain of integration of the first integral in the second line of
(3.3.2) of into the sets A(x) := {y e R : |y| > L(x)} and B(x) := {y e R¢ : |y| < L(x)} to
find
0(6) = 2DV u) + 2eae 0 [ Vo1
X
“2eq [ (b ) VOl 333
“2e [ -y TG0y
A(x)
We define
@) = =2ca | VO)en()ay,
A(x)
g2(x) = ~2¢q / . (lx —y[742 - |x|‘("‘2)) V(y)eo(y)dy, (3.3.4)
B(x

25(x) = —2c4 /A VO
X

Comparing (3.3.3) with (3.2.4) we find

E1(x) = [x]7“Pgi(x) + g2(x) + g3(x), VxeR?. (3.3.5)
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Using again (3.3.1) in (3.3.4) we arrive at

81 (0] < /A D W ay

20| < /
B(x)

lg3(x)] < /A . e = Y7+ [y)T W () dy

be = 792 — TP (1 + [y) T O W ()| dy,

where < means that the inequality holds up to a constant ¢ > 0 independent of x € RY.
In Lemma D.6.3 from Appendix D we prove the following estimates under the assumption
L(x) < |x|/2 for |x| > 1 large enough,

g1(x)  (1+L(x))™,
g2(x) S (1+L(x)"?(Jx| - L(x))'™,
g3(x) s (L+ L)+ xp'.

Let k € (0,1) and choose L(x) = |x|“ then for any |x| > 1 large enough

(d-2) (d-2)-0«

g1(x) < |x|”
g2(x) < [x|! a0, (3.3.6)
|1=d+x(1-6)

x|

g3(x) < |x

Note that
—(d-2)-0k>1-d+«(1-0),

consequently (3.3.5) and (3.3.6) yields
E1(x)] < |72

for any k € (0, 1) and |x| > 1 large enough.
The proof of the estimates on the lower order terms of V¢ are similar, and we give them now.
Using a again Theorem 3.2.5 and Vo € L' we rewrite

x—y
d |x -yl

Veo(x) = 2(d — 2eq /R V(3)eo(y)dy

e x-y _x e X
~2(d-2ea | T Vs 20d =206, [, voramads.

As in the previous case, we split the domain of integration into the sets

AX)={yeR?:|y|>L(x)} and Bx)={yeR%:|y|<L(x)}.
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Then

Vo(x) = 2(d - 2)Cd| a (V, 00

~2d-2ei5 [ VoI
|x|® Jaw)
(3.3.7)

~ xX-—y X
v2d-2e [ (225 - )0

+2(d - eq /A VO

Comparing (3.3.7) with (3.2.6) we find
|E2(0)] < 1x7 Vg1 (0] + [ 0]+ [ A(R)], Vx e RY, (3.3.8)

where

— X=Y
A= [ <x>(|x_y| N )y

F0) = / 2y (y)go(y)dy.
A Jx =y

As in the previous case, we can use the bound (3.3.1) and Lemma D.6.3 to see that

FEICIIRS /A( ) e = [T VA )W () ) dy

< (1+Lx)7" 1 +x)~@D .

(3.3.9)

In Lemma D.6.3 we also show that
xX—-Yy

RIS [T T Wty

< (14 L) el (x] = L(x)) =Y

Jx Id (3.3.10)

and
" Plgi )] < I+ L) (3.3.1D)

Combining (3.3.11), (3.3.10) and (3.3.9) with (3.3.8) we arrive at
E2(0)] € (14 L) (|l + (1 LOo) el (el = L)~ + (14 fa]) @)
for |x| > 1 large enough. Choose L(x) = |x|* for x € (0, 1) then for |x| > 1 large enough

|E2(x)] < |x| ™ (le‘(d‘” + x4 |x|—<d—1>) < || (@-Dx0
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which completes the proof of Theorem 3.2.2.
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Chapter 4

On the Excess Charge Problem of Atoms

4.1 Introduction

It is widely accepted that a single atom in a vacuum can bind at most one or two additional
electrons. From a heuristic perspective, this is evident: atoms are electrically neutral, and while
an additional electron may coexist with the atom, adding more electrons becomes challenging
due to Coulomb repulsion caused by the net-negative charge of the resulting configuration.
Deriving this behavior from the many-body Schrodinger equation remains a challenging open
question for many decades.

An atom of nuclear charge Z should be able to bind at least N < Z + 1 electrons since the
farthest out electron will experience a net Coulomb attraction to the nucleus. The remaining
N — 1 electrons cannot fully screen the charge of the nucleus when N — 1 < Z. This was made
rigorous in the early work of Zhislin [128], so liminfz_,« N ”Z(Z) > 1 was known for a long
time, already. That there is a critical number N.(Z) < oo that an atom of charge Z can bind
was first shown independently by Ruskai [95] and Sigal [99]. Later, Lieb, Sigal, Simon, and
Thirring [77] proved

. N.(2)
lim ——= =
Z—00 A

1.

In fact, they proved the result with lim replaced by lim sup. The result by Lieb, Sigal, Simon,
and Thirring uses a compactness argument and does not provide any quantitative bounds on
how big N.(Z) is for finite nuclear charge Z. Fefferman and Seco [32] and Seco, Sigal and
Solovej [97] proved in 1990

NA(Z)<Z+0(Z°") asZ > oo.

Non-asymptotic bounds are rare. For a long time, the only non-asymptotic bound was due to
Lieb [71], who proved his famous bound

N.(Z)<2Z+1 forallZ > 1.

Lieb’s result is independent of the statistic of the particles, i.e., independent of whether they are
fermions of bosons, and it also holds, suitably modified, for systems of atoms, i.e., molecules.
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While Lieb’s bound certainly overcounts N.(Z), it shows that Hydrogen (Z = 1) can bind only
two electrons, which is observed in nature.

It took 28 years until Nam’s breakthrough result [81] could significantly improve Lieb’s
longstanding bound. Nam showed, for a single atom with fermionic statistics, that

No(Z) < 1.22Z+3Z'"3 forall Z > 1.

In this work, we provide even tighter bounds on N,. In particular, we prove
N(Z) < 1.12Z +4Z'3 forall Z > 4.

We would like to stress that this shows that for large nuclear charges Z, fermionic atoms do
indeed behave much differently from bosonic atoms. Bosonic atoms are known to allow for
a surcharge of 21 %, i.e., large bosonic atoms can bind roughly N ~ 1.21Z bosonic particles
for large Z. The leading order coefficient in Nam’s bound is just above 1.21, whereas in our
bound, it is lower, with a good safety margin.

To achieve our improvements, we significantly extend Nam’s approach and, in addition, prove
some of the conjectures made in [81].

Acknowledgements: The authors thank Ioannis Anapolitanos, Peer Kunstmann, and Leonid
Chaichenets for insightful discussions, which greatly contributed to the development and
refinement of this manuscript. This research has been partially funded by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) — Project-ID 258734477 —
SFB 1173.

4.2 Basic Notation and Main Result

We consider a nucleus of charge Z placed at the origin and N particles located at positions
X1,...xy € R3. Inthe limit of infinite nuclear mass and after appropriate rescaling (see Section
1.1), the Schrodinger operator of a single atom is given by

1 > Y\ Za a
HN,Z::EZPk—Z—+ > 4.2.1)
k=1

= il 1<i<j<N |xl- _xj|

Here o = ¢%/(fic) is the fine structure constant, and P ; = —ihV; denotes the usual three-
dimensional momentum operator with respect to the variable x;.

Remark 4.2.1. We choose atomic units, that is h = m, = ¢ = e = 1 and consequently a = 1.
Another usual choice of units is setting the electron mass m, = 1/2 as, for example, in [72],
such that the factor in the kinetic energy vanishes. The question on the maximal excess charge
is independent of the choice of these units.
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Following Section 1.5 the Hilbert space of N particles of spin § € Ny/2 is the N—fold tensor
product

N
Hy = L?(R?; c>5+y (4.2.2)
i=1
Let zi,...zy be the combined position—spin coordinate of a single particle, z; = (x;,s;).
Considering identical particles we only consider stats ¢ € Hy such that
|2

Wz zjp I =z 2 D (4.2.3)

We distinguish between fermions and bosons. For fermions, the state space is the subspace of
totally antisymmetric functions H 1{, We call ¢ € Hy totally antisymmetric if

(o Zio %) ==(..2j,...,2,...) foralli#je{l,...,N}.

For bosons, we consider the subspace of totally symmetric functions denoted by H 1{’,. We call
Y € Hy totally symmetric if

l//(...Zi,...,Zj,...):l//(...Zj,...,Zi,...) fOI'alll'ijE{l,...,N}.

Regarding real atoms, the particles of interest are electrons. Thus, the fermionic case with
spin S = 1/2 is the natural one. Thus we discuss Hy z on 7—(1{; first and discuss the case of
bosons later. The bottom of the spectrum of Hy 7 is called ground state energy

EN,Z = inf O'(HN,Z) . (424)

At first, Ey z does not need to be an eigenvalue of Hy z. The HVZ theorem (see Theorem
1.5.3) shows that the essential spectrum of Hy 7 is given by o (H N,Z) = [En-1,7,90). Thus
the binding condition

EN,Z < EN—I,Z (425)

ensures that there is some discrete spectrum below the essential spectrum. Hence, the atom
can bind N electrons. In particular, (4.2.5) ensures that Ey 7z is an eigenvalue of Hy z, 1.e.,
there exists a function ¢ z such that

HyzYnz = ENzYNzZ . (4.2.6)
Thus, it is natural to call
NC(Z) = maX{N e N: Esz < EN—],Z}

the critical number of particles that an atom of charge Z can bind.

In this paper, we derive new bounds on N.(Z). The strategy of our proof is inspired by [72]
and, in particular, [81]. One assumes (4.2.6) with Ey 7z < En_; 7z for fixed nuclear charge
Z > 0 (not necessarily an integer) which will then lead to a contradiction if N is too large. We
sketch the original Bunguria—Lieb argument together with Nam’s improvement in Section 4.3.
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Our main result is

Theorem 4.2.2. Let s € (1, 3] then there exists c¢(s) > 0 such that
Ne(Z) < b(s) Z +c(s)Z'3,

where

s—1
Sto

b(s) = 4.2.7)

with ty the unique solution of t* + st + 1 —s =01in (0, 1).

Remark 4.2.3. We conjecture that Theorem 4.2.2 holds for any s > 1 with the same b(s) and
some c(s) < oo with c(s) — o0 as s — 0.

We prove Theorem 4.2.2 in Section 4.7. Finding good bounds on c(s) is technical. We study
the cases s = 2 and s = 3 in greater detail. In particular, for s = 2 we show

Proposition 4.2.4. Forany Z > 2
1
N.(Z) < 5(\/§+ 1)Z +2.96Z'3. (4.2.8)

where 1.2071 < 1(V2 +1) < 1.2072.
For s = 3 we show

Proposition 4.2.5. Forany Z > 4
N < b(3)Z+3.90Z'3 +0.0134 +0.184Z7 '3 + 0.0196Z272/3, (4.2.9)

with

2 N1+V2

1.1184 < b(3) = = < 1.1185.
3(1+V2)23 -1
Remark 4.2.6. Proposition 4.2.4 is better than the estimate of N.(Z) < 2Z + 1 in [71] for
Z > 5.3. Since the constant (N2 + 1)/2 is slightly better than the one in [81] it improves
the result of [81] for all Z > 2. For Z > 35.8 the bound in (4.2.9) is better than (4.2.8). In
particular Proposition 4.2.4 proves

N <1.12Z+47'3, 7z >4.

We prove the Propositions 4.2.4 and 4.2.5 in Section 4.7.

Proposition 4.2.5 significantly improves upon the results of [81] for large Z. More importantly,

while it falls short of proving the asymptotic neutrality of fermionic atoms, it provides the

first quantitative result showing that, for atoms, the distinction between fermions and bosons

is crucial. In [17], Benguria and Lieb showed that in contrary to fermions for bosonic atoms
N.(Z)

lim =t.>1.

Z—00
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Numerically one finds 7, ~ 1.21 (see [15]). Thus, large bosonic atoms can have an excess
charge of 21 %. On the other hand, as proven in [77], fermionic atoms are asymptotically
neutral. Our bound (4.2.9) shows that fermionic atoms are very much different from bosonic
atoms not only in the limit of infinite nuclear charge Z but also, quantitatively, for a large
but finite nuclear charge. The constant %(\/i + 1) < 1.2072 in our bound (4.2.8) is just a bit
smaller than ¢, ~ 1.21, and thus, this conclusion is not allowed if one also allows for possible
numerical uncertainties in the calculation of the precise value of z.. However, the constant
b(3) < 1.1185 in the leading order term of (4.2.9) is certainly much smaller than 7., including
possible numerical errors.

Thus our results, in particular Proposition 4.2.5, show that fermionic atoms are quantitatively
quite different from bosonic atoms, not only in the limit of large nuclear charges but already
for medium values of Z.

For bosonic atoms, i.e., considering totally symmetric functions as explained above, we have

Theorem 4.2.7. The critical number of bosonic particles that an atom can bind is at most
t
Ne(Z) < SZ+ 0,22 +0,7'3 + 95727413
Xo
where xo > 0 is the unique positive solution of

0.7821, = (1 +0.1463x0) x3

and

01 <652, 6,<0.361, 65<0.378.
We prove Theorem 4.2.7 in Section 4.8.6.

Remark 4.2.8. With t. ~ 1.21 one finds tcxa2 ~ 1.45. Using the analytic bound t. < 1.47 in
Lemma A.7.1 one can prove
N.(Z) < 1.47Z +0(Z'?) (4.2.10)

with minimal changes in our proof.

4.3 The Benguria-Lieb-Nam Argument: Playing With
Weights

Based on an idea by Benguria, Lieb showed N, < 2Z + 1 forany Z > 1 in [71]. One starts by
taking the scalar product of the solution of the Schrodinger equation

Hyzynz =ENnzY¥nz (4.3.1)

with |x [ n.z where x;, is the position of the k" electron. Using an idea from Benguria allows
us to control the terms involving electron-electron repulsion, which, together with the crucial
positivity of the weighted kinetic energy term Re(|xx |y, P*y), leads to the bound N < 2Z + 1
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under the binding condition (4.2.5). This led to the first non—asymptotic quantitative bound
for the number of particles an atom can bind for arbitrary Z > 0 We sketch more of the main
ideas shortly.

In [81], Nam used a similar approach but changed the weight from |x;| to |x;|>. This change
in weight complicated the analysis considerably. Mainly because Re(|x [, P2) is no longer
positive anymore. With Nam’s choice of weight, the analysis of the terms, including the
electron—electron repulsion, gets considerably more involved. Nevertheless, Nam was able
to prove N.(Z) < 1.22Z + 3Z'/3 with the help of his new choice of weight, a breakthrough
compared to the bound of Benguria—Lieb.

We refer to [82] for a recent and comprehensive review, which includes a discussion of what
we would call the Benguria-Lieb-Nam Argument. In this work, we follow the same argument
but modify the power in the ansatz to a general power |x|* with s € (1,3]. The case s = 1
is the case treated by Lieb in [71]. The strategy is the following. Assume (4.3.1). Let
k € {1,2,...,N} and multiply the Schrodinger equation from the left by |x;|*¥y. 2 then, in
the quadratic form sense,

0= {(IxxI’¥n.z, (HNz — Enz)¥n.z) = Re|xi|"¥n 2z, (Hn.z — ENZ)¥UN,Z) - (4.3.2)

Note that 7 is a many—particle function, and the inner product above is the inner product
of Hy defined in equation (4.2.2). For an introductory explanation, see [76, Chapter 3]. We
ignore the spin for now since it is irrelevant to the argument.

We want to single out the k™ particle. Let N(k) := {1,2,3,...N} \ {k}. Then the atomic
operator Hy z for N particles, defined (4.2.1), can be written as

1 z 1
Hyz=-P?- =+ ——+HW

4.3.3)
2 x|

with

the operator of an N — 1 particle system where the k' particle is removed. Combining (4.3.2)
and (4.3.3) we find

Z 1
2
—P; - —

1
0:Re<|xk|sz,Z, 7 + Z : YN,z
bl Sy Wi — Xl (4.3.4)

+Re(|xi|*¥n z, (H,(vk_)l,z - Enz)YnNzZ) -
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From (4.2.5) we have H[(f_)l ~ = En-1. Since Hl(f_)l , commutes with |x;|* and for fixed x the

function |x;|*y has the same symmetry as ¢ in the other N — 1 variables, we have

Re(|xi|*¥n, 2, (H(k) - EN z)lﬁN z)

n 5/ 4.3.5)
= (Joex|* l//Nz,( 1Z_ENZ)|xk| Ynz) 2 0.
Combining (4.3.4) and (4.3.5) we arrive at
1 _
0> > Re (|x¢|*¥n,z, Prvrnz) = Z (¥ z, 1xicl* w2 )
| (4.3.6)
+ Z <¢Nz,| l_Xkl'#Nz

Of course, <|xk I*vN .z, PigﬁN,z> = <Vk(|xk I"Yn.2)s kaN,Z> in the quadratic form sense, where
V is the gradient with respect to the position of the k™ particle.
Due to the symmetry of the ground state, see (4.2.3), the first two terms of (4.3.6) do not

depend on k. Consequently, by summing over k € {1,2,..., N} we arrive at
1 _
0> 5 e (Vi(lx11%Wn,2), Vienz) = Z (il Wz, ¥w z)
N : (4.3.7)
1 x|’
NZ Z <¢N z, T ¥nNz| -
k=1 jeN(k) |xj _xk|

Symmetrizing the double sum above yields

1 < Ik >_ RN | + el
NZ Z <l//NZ,| _xkll/’N,Z =5 Z 24 YNz, |xj—xk| YN,z

ieN(k) k=1 j
s 4.3.8
P b+ bl (4-3:8)
=N Z N,Z> N,Z
Jok=1 by = x|
Jj<k
For N € N with N > 2 we define
| el
. Zl<j<k<N % 3 B
ay,s = inf xy€eRfork=1,...,N (4.3.9)
(N-1) XL, lxel*™

which for s = 2 was introduced by Nam in [81, Equation (1)]. Combining (4.3.7) and (4.3.8)
and using the definition of ay ; yields

ans(N=1) < Z - 1Re<vl<|x1| unz). Vi)

(4.3.10)
2 (il Yz Unz)
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Ficure 4.1: Numerical approximation of the values of a ¢ for various s and

N. Starting from an initial sample set of vectors, the values of @y ¢ have

been obtained using a Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm

implemented in Python. For s = 2.5 and s = 3.0, the values of ay ¢ seem to

be almost identical for N < 20. In the plot @61 > ;3,1 Which is contrary to

Lemma 4.3.2 and due to the fact that numerical approximation is difficult for
small s > 1.

Remark 4.3.1. Note that this inequality is central to the analysis. The problem is now reduced
to find good estimates for ay s and the fraction on the right—hand side of (4.3.10).

for s = 1 we have Re <V1(|x1 I*¥n.2), Vle,Z> > 0, using the IMS localization formula and
Hardy’s inequality. Thus, one directly recovers Lieb’s result in the case of a single atom.

It is not hard to see that for all s > 1, one has @y = 1/2 as well. Besides these two cases,
finding good lower bounds for ay  is nontrivial. In [81], Nam showed a way how to derive
bounds for ay>. He also showed that ay ; is monotone increasing in N. This also holds for

general s > 1.

When s = 1 we have ay > 1/2 since |x| + |y| > |x — y| by the triangle inequality. Also,

Lemma 4.3.2. ay  is increasing in N € N for all s > 1.

Proof. In fact, Nam’s original proof carries over with minor changes in notation. For the
convenience of the reader, we give the short argument. Singling out the particle m, we have

s N s
Z |xj| + [xg|® _Z 1 Z |xj| + x|
1<j<k<N bej—xl AN -2 1<j<k<N bej = xl

J#EmMk#m



Chapter 4. On the Excess Charge Problem of Atoms 57

N N N
> Y lav-1s ) bl [= ancis (N =1) ) Il
m=1 = k=1
k+m
using the definition of ay_1 . This shows that ay ; < an41 s forall N € N. ]

Lemma 4.3.2 shows that ay  is increasing in N, so once it is bounded, it has a limit. Similar
as in [81] we will use a mean-field type approximation for ay s given by

B, = 4.3.11)

Sz B du () du(y) e p(2)
Lok )

where P(R?) is the set of probability measures on R3. In fact, for technical reasons, we will
additionally assume further regularity of the probability measures u in the definition of Sy, see
(4.4.1) below.

Lemma 4.3.3. Forall N e Nand s > 1 we have ay 3 < ;.

Proof. Again, the proof follows the argument in [81]. By symmetry,

ol + Iyl Lo ol + bl
I S = 5 [ Y bl .t

) 20x - 1<j<k<N 2|xj_xk|

QNS/ Z|Xk|s Ydu(xy) .. d,u(XN)—CZNs/ e[S (x) .

Thus ay s < Bsforall N € Nand s > 1. [

Remark 4.3.4. Given the monotonicity of ay s in N and the fact that mean-field expressions
such as (4.3.11) often are an excellent approximation for many—particle expression such as
the one for ay s, one expects that ay s converges to s in the limit of large N. This is indeed
the case. Lemma 4.5.5 shows that limy_,« an s = Bs for all s > 2, see Remark 4.5.6.

That leaves us with the task of finding the value of S, or, at least, good lower bounds. Nam
conjectured in [81] that the infimum in the definition of 5, is achieved by radially symmetric
probability measures u. If this is the case, one can easily find excellent lower bounds for 3,
and B;. In the next section, we show that this is indeed true, not only for s = 2 but even in the
range 2 < s < 3. This allows us to tighten the lower bound for 5, and it also yields excellent
lower bounds for 3, in the range 2 < s < 3.

In Section 4.5 we then show how to derive lower bounds for ay ¢ in terms of S,. This works
for all s > 2, but using the lower bounds for 3, derived in Section 4.4 requires to restrict our
studies to 2 < s < 3. In the limit s — 1, our estimate reduces to the estimate found by Lieb,
and in the case s = 2, we find a new improved estimate, sharpening the results in [81]. We
further improve the results by choosing s € (1, 3] optimally.

In Section 4.6, we derive upper bounds for the right-hand side of (4.3.10). In Section 4.7, we
prove the main Theorem 4.2.2 along with Propositions 4.2.4 and 4.2.5.
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4.4 On the Symmetry of Relevant Minimizers

First, we give a more careful definition of 8. From now on, we set, for s > 1,

Jsms BB dp(x)du(y) .

e D,(R%) (4.4.1)
Joa 1P~ (x)

BS =

where D,(R?) = P(R?) n H'(R?) n L,_1(R?). Here P(R?) is the set of all probability
measures in R?, H~! is the usual Sobolev space of negative order

—~ 1/2
ROAS
dk
1+ |k|?

H'RY) =1 eS"RY : fllg = (/
Rd

where S*(R9) is the space of tempered distributions, f the Fourier transform of a tempered
distribution f, and L;(R?) the set of all finite signed or complex—valued measures for which
/R3 |x|"d|u|(x) < oo, where |u]| is the modulus of u.

First, we show that for 1 < s < 3, the infimum in (4.4.1) can be computed using only radially
symmetric probability measures.

Definition 4.4.1. Let p € P(R?). The radial part of p is the measure p given by
/ f0)dp(x) = / f(U™x) dUdp(x), (4.4.2)
R3 R3 JSO(3)

for any bounded measurable function f where dU is the normalized Haar measure on SO (3).
We say that a probability measure p is radial if p = p. The set of radial probability measures
on R3 is given by

Pra(R) = {p € P(R*) : p =} .
‘With this definition, we have

Theorem 4.4.2. Forall 1 < s < 3 we have

//szRg Mt du(x)du (y)
o el e (x)

Bs = e = . 4 € Dy raa(RY) (4.4.3)

where Ds,md(R3) = Prad(R3) n H_I(R3) N L (RS)-
The proof of this theorem is based on

Lemma 4.4.3. Let p € P(R*) n H'(R?) and

Lo = [ B ). (444)

xR3 2|X
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Then for any s € (1, 3]

Is(p) = I5(p)
where p is the radial part of p.

Remark 4.4.4. Iy is the Coulomb energy, which is known to be positive definite, that is,
Io(p) = 0 for all signed and even complex—valued measures (see [41], or [76, Theorem 5.1]).
From this the bound 1y(p) > Io(p) follows easily. Indeed let v = p — p be the non—radial part
of p and also define the bilinear version ly(p1, p2) = f/ ﬁdpl (x)dp2(y). Then

lo(p) =Ilo(p+v,p+v) =1o(p,p) +2Io(p,v) + Io(v, V)

Since p is a radial measure, Newtons theorem shows that its potential, given by V5(y) =
/ |x%yldﬁ(x) = / mdﬁ(x) = V5(lyl) is also radial, hence

_ 1
W) =5 [ Vallyhdv( =0
since the non—radial part v is orthogonal to radial functions. Hence

Io(p) = Ip(p) + Io(v) = Io(p) .

Unfortunately, we don’t know of any such simple argument based on positive definiteness for
I, when s > 0.

Since the proof of Lemma 4.4.3 is a bit lengthy, we postpone it to the end of this section and
will first show how it implies Theorem 4.4.2 and discuss its consequences. We will always
assume s > 1 in the following.

Proof of Theorem 4.4.2. In the definition of S, the infimum is taken over quotients of the
form I5(p)/( f |x|*"'dp(x)). The denominator does not change under radial symmetrization,

i.e., we have
/ X dp (x) = / X[ dp ()

where p is the radial part of p. Note that p is again a probability measure and it is also in H~!.
By Lemma 4.4.3 we have I;(p) > I;(p) when 1 < s < 3. So for this range of parameters s we
have
L) L@
JIxltdp(x) [ Ixltdp(x)

which implies (4.4.3). [ |

Equipped with Theorem 4.4.2, we can compute a lower bound to S5 when 1 < s < 3.
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Proposition 4.4.5. Let s € (1, 3] and let B be defined as in (4.4.1) then

1+¢ s
> mi = to = b(s)™!
Ps z?%ﬁ] T+0-1 s—1° ()

where to € (0, 1) is the unique root of t /— t° + st +1 — s in (0, 1).

Proof. By definition and Lemma 4.4.3 we have for any s € [1, 3]

[[R3><R3 |xz||‘x+_|§lA (dp(x)dp(y)
Jos 1 dp (x)

Bs > inf D€ PdaRHNH(RY)

where the infimum is taken only over radial probability measures p. Using Newtons Theorem
[76, Theorem 5.2] for fixed p yields

el + Iy _ el + Iyl _
I Srrdewdso =3 [ dpeapo)

min(|x],|y|)
max (|x[,|y[)”

3 L apoane)
R3><R3 X

Ix|* + |yl - e
2 dp(x)d
//Rsxw (e (e pp BT R dpdp(y)

[/R3 L +t(xy)* LI s Y dB () B ()

wr3 1+1(x,y)s!

.1+ .
> / X dp ()

0<r<1 1+¢51

Therefore, with #(x, y) =

Consequently,
(4.4.5)

. 1+
s = min .
te[0,1] 1+ 571

While this minimum can easily be computed for s = 2 and s = 3, it cannot be computed in a
closed form for arbitrary 2 < s < 3. The minimum is obviously not attained at the boundary
t € {0, 1} since

1 s
1+ (5) ~ 25 +1
| s—1 25 42
1+ (z)
We locate the position of the minimum by differentiating

( 141¢5 )’ _P@+s-D+1)

1+75-1 (15 +1)?
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which vanishes for 7y € (0, 1) iff
ty+sto+1-s5=0. (4.4.6)

The minimum in equation (4.4.5) is therefore attained at ty € (0, 1). Combining the equation
(4.4.6) and (4.4.5) shows

1+1#5 s

Bs > min = to = b(s)~!

re[0,] 1+25-1 s—1

Remark 4.4.6. Nam conjectured in [81] that B> could be calculated using only radial prob-
ability measures. Theorem 4.4.2 shows that this is indeed correct. Because of this, our lower
bound for B, is slightly better than the one in [81]. More importantly, the main improvement
in our analysis of the ionization problem comes from the fact that the lower bound for By is
increasing in s € (2, 3] and substantially bigger than B, when s is close to 3. We would like to
take s much larger than 2. However, we do not know whether the lower bound of Proposition
4.4.5 extends to s > 3.

For s =2 and s = 3, one can compute the value of s explicitly. One finds

Br=2(V2-1) = b(2) = %(\/5+ 1) < 1.2072,

3(1+¥227 -1 —b(3) =2 VI+V2 | e
2 ,3/1+\/§ 3 B

(1++2)2/3 -1
To find upper bounds on Sy, respectively lower bounds on b(s), one can choose an explicit
measure in (4.4.3). To produce Figure 4.2 we have chosen

_ Alx|"P, x| € [1,n]
pnu’n('x) = *
0, |x| € [1,n]

B3 =

and have optimized numerically in the parameters p and n and chose A > 0 such that p,,,,, 1s
the density of a probability measure. The results of this study are plotted in Figure 4.2 where
bnum(s) are the numerically obtained lower bounds on ,8;1 after the optimization explained
above. Next, we give the

Proof of Lemma 4.4.3. Before we give a detailed proof, let us clarify the strategy. We want to
mimic the strategy for the Coulomb potential I outlined in Remark 4.4.4, but the weight |x|*
seems to spoil the argument and, as far we know, no arguments using positive definiteness, as
for Iy, or conditional positive definiteness, i.e., I;(v) > 0 for all (suitable) signed measures
v with total mass v(R?) = 0, seem to be available. So we have to use a different route. We
introduce the bilinear version

I,(p1. p2) = //R 3 bl +'y | S o e () 4.4.7)

xR3 2|X



Chapter 4. On the Excess Charge Problem of Atoms 62

135 —]
. * b(s)
1.3+ .. anum(s) *

- ] -
1251 .
([ ]
x ..
X
1.2* x .. |
><>< ...
XXX ....
1.15 | Xxx .... -
Xxx ....
XXXX ...
X x
1-17 xxxXXxxxx |

\ \ \ \ \ \ \ \
14 16 18 2 22 24 26 28 3
N

FiGure 4.2: Values of b(s) according to Proposition 4.4.5, where o was com-

puted numerically. The lower bounds b, (s) on B;' have been found by

choosing explicit measures in (4.4.3) and numerical optimization. The exact

value of 87! has to be between both lines. The values 5(3) and by, (3) differ
by approximately 3 %.

Then, as for Iy, we have

I(p) = I;(p) +2I(p,v) + I;(v)

where v = p — p is the non-radial part of p. Since p is a radial measure, Newton’s theorem
shows again that the functions

4 = [
/|x-y|dp<X>—/maqul,mdp(x) = Vi(lyD).

1 1 o
/ () - / () = Va(ly)

are radial. Thus

215 = [ Vilsbavn+ [ valsDlylar(y) =0 @48

since the measure v is orthogonal to radial functions. Thus, it is enough to show that
I;(v) > 0 for measures v, which are orthogonal to radial functions. Note that the potential
V= f ﬁd,u(y) solves the equation

=AV, =4ru
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in the sense of distributions. Hence, at least informally,

1
Lo = [t [ e duwda) = [ v eduto)

1 1
= E/ |x|SVﬂ(x)(—AVM(x))dx = E <|X|SVN, _AV'u>

where (-, -) is the usual scalar product on L?(R?) and we used symmetry for the first equality.
Since u is real-valued, so is its potential V,, hence using the IMS formula and Hardy’s
inequality, there exists a cy > 0 such that

2
S _
Anly(u) = Re(|x|°Vyy, —=AV,) = (|x[72V,,, —A(|x[*2V,,)) = (V, Sl 2V,

2
(72V,)) = (H - SZ) Vi 20,0

52

—A—
4x|?

s/2
= (bl"2V,.

Using u = v = p — p above and noting that v is orthogonal to radial functions, one sees that
also its potential V,, is orthogonal to radial functions. Hence

52 .
51,00 2 (en = | V1720

with the improved Hardy constant cy = d> /4 in dimension d > 2, (see [29, Lemma 2.4]),
since the potential V is orthogonal to radial symmetric functions in the L’-sense. Hence
I;(v) = I;(p — p) > 0 whenever s < d = 3. Of course, this is not yet a rigorous proof. The
weight |x|* is not bounded, so the application of the IMS localization formula is not clear. In
addition, it is not clear that the potential V,, is well-defined.

To make this argument rigorous, one has to be a bit more careful. For any x € R3,£1>0
and u € H™'(R?) we define

|x|s e—/l|x_)7| J 4.4.9
© =V = —du(y), 4.

These are regularized versions of the weight |x|* and the potential V,, respectively. Let us
collect some properties of ¢ s, Vi, and u[ 1] before we continue. Note that V,, , is the solution

to the differential equation
(=A+2*)WVy0 = p. (4.4.10)

in the sense of distributions. It is elementary to verify that ¢, € W' since x — |x|* is
weakly differentiable and ¢,  is bounded by construction. In the definition of B in (4.4.1) we
also assumed that u € H ~1(R9). This ensures that Vua €H ! Indeed, (4.4.10) shows that the

Fourier transform of V, , is given by V/L#(k) = (|k|> +2)~'ja(k). Hence the H~! norm of V;,
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is given by

_ ’ 2y (72 ~ 1812
/(1+|k|2))vﬂ,ﬂ(k)‘ dks/ (1+|k|2) l’u(k)lzdks/ Lk)lzdk@o
R R2 A2+ k|7 A%+ |k| R A2 + |k|

The last integral is finite for any 1 > 0 since, by assumption, 4 € H~!. In particular, we also
have ¢V, 1 € H! for any &, 1 > 0 as a product of an W!* and an H! function. Note that if we
split a probability measure p € H~!(R?) as p = p + v, with p the radial and v the non-radial
parts, the same holds for the potential V5 and V,. Thus, all potentials we need are in H H(RY).
By monotone convergence

1(p) = //R 'x'”y' Do Fde(de(y)

xR3 2|X

5 4 1ylS) et
_ hm// (le e e () @4.11)
R3xR3

A—0 2|x =yl

=Alx-y|
= lim lim //R . (e () + 95 OV o).

A—0e—0 2|x - yl

Define

e _ (‘Ps,s(x) + (pg’s(y))e_/UX—ﬂ J p
I (p) = //M o (y)dp (x)

lx =yl

and its bilinear version

Lo _ (€os(8) + gese
I57(p1-p2) _//R3><R3 p1(Y)dp1(x) .

lx — |

Split p into its radial part p and its non-radial part v = p — p. Then as in (4.4.7) one sees
I3°(p) = I} () + 213 (0, v) + I;°(v) .

Again, we have that the potentials
Vi=(-A)"'p and Vo = (-A) 'gesp

are rotationally symmetric. Thus as in (4.4.8) we have

A& (— _ 17 17 s _
sei5ov) = [ Vilohav)+ [ Talyblylavis) =0

since v is a bounded measure orthogonal to radial functions. Thus we have
I35 (p) = I1°(P) + 11°(¥) (4.4.12)

and the claim follows once we show that / f’g(v) >0forv=p-p.
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We claim that for any probability measure u € P(R?) n H~'(R?)

1
(g 0) = (Ve Vi) T V) + A0SV 0l Vi) (44.13)

4n
where V, , = (A + A)~ 'y and ¢, ,V,, € H'(R?). Assuming this representation allows us to
finish the proof since now, we can apply the IMS localization formula. Since the right-hand
side of (4.4.13) is real, we have

1 1/2 1/2
L1 ) = Re (F(00Vi). T(V,0) + 2 (€2 02V

A
= (V@V} = (Vi IVolZ V) + 4 (Vi eiliVay)  (4414)

from the IMS localization formula. Computing the derivative shows

2

V()Os,s(x) 2 s

/22
Vols? = = Pos—s
| 26,5 (x) “ 4x)?

so, since 4 > 0,

2
1/2 1/2 1/2 s 1/2
12 ) 2 (V@) Y (@lV) - <¢8Cv ||2sog/svﬂ>-

We use this for u = v = p — p € H '(R?). Note that v being orthogonal to radial functions
implies that its potential V, = (A + 1)~!v is orthogonal to radial functions in L*(R3). Also,
sincebothpandp € H™ 1(}1%3) we also have that v € H~!(R?), so we can use the representation
(4.4.13) for u = v. _
Hence, with the improved Hardy inequality Cf = d?/4 (see [29, Lemma 2.4]), valid for
functions orthogonal to radial functions, we get

4r

1 _
10y (Cf —s2/4) <<p}9/3vy, 202V, > . (4.4.15)

In our case d = 3, so (4.4.15) shows that I;(v,v) > 0 as long as s < 3. Together with (4.4.12)
we get

I = lim lim I*?(p) > lim lim I*¢(2) = I,(p 4.4.16
s(p) lim Lim /¢ (p)_slgé lim 15 (p) = L(p) ( )

for any measure p € P(R>) N H"'(R3) and all 0 < s < 3.
It remains to prove the representation (4.4.13). First, note that by symmetry, we have

=Alx-y|
e = [ £ “”“(x) £ ) () = [ sV ()d).
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To show that this leads to (4.4.13) we use the the Lax-Milgram theorem [31, Chapter 6.2.1,
Theorem 1]. For any A > 0, define the bilinear, or better sesquilinear, form

B[.,-] :H'xH' - R, (u,v)+— Blu,v] = (Vu, Vv),2 + A%(u, V).

Then B is coercive and bounded (with respect to the H ! norm) and thus fulfills the conditions
of the Lax-Milgram Theorem. Let

FO H SC g flg) = / ¢ (0)du(x)
R3

for 4 € H~! a bounded measure. Then f is a bounded linear functional on H', and by the
Lax-Milgram theorem, there exists a unique vo € H' such that

/R3 gdu = f(g) = Blg,vol = (Vg, Vvo),2 + 1%(g, vo) 2. (4.4.17)

Recall that this solution v is the weak solution of Equation (4.4.10), hence
/ g = (Vg VW) + (g, V). (4.4.18)
R\

for all g € H'(R?). Using g = $e,sVa,u Proves

1
Elf’g (u, ) = / ‘Ps,sV/l,/zd,U = <V(‘;08,sv/l,,u)’ VV/l,,u> +4 <§08,SV/1,;1, V/l,u>

which is (4.4.13). |

4.5 Mean-Field Type Bound

In this section, we analyze ay ¢ defined in (4.3.9) and derive lower bounds for ay s in terms of
its mean—field version ;. Clearly, the quotient in the definition of ey s is infinite if two points
coincide. So let

A={(x1,x2,...xy) e R*V : x; # x; wheneveri # j}

then e P
Xk | +|Xi
f lelt_'fksN Tl ( )
ans =1n — (x1,x2,...xy) €A} . “4.5.1)
2N -1 XL Il
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Note that the mapping

S i< e |*+xi |*
IS{,kSN [xi—xx]
i#k

= N )
2(N-1) Zkzl |xk|*

(X1, X2, ...XN)

is continuous on A. The set

Ag ={(x1,x2,...xy) € A:xx #0for 1 < k < N} (4.5.2)
is dense in A, thus
lej.',ksN le,clli?f'
an,y = inf ik D (xX1,%2, ... xN) € Agy - (4.5.3)

2(N = 1) By bl
For completeness, we prove this in the Appendix in Lemma A.1.1. In order to prove that

ans — Bs for N — oo, with S given by (4.4.1) we need some preparations.

Lemma 4.5.1. Let r > 0, x € R3\ {0} and p be the measure defined by
dw
fdu = f(x+r|x|w)— (4.5.4)
R3 S2 dr

for any measurable function f. Then u € H™'(R?).

Remark 4.5.2. This lemma shows that convex combinations of probability measures of the
form (4.5.4) are allowed in the computation of upper bounds for B since they clearly are in
P(R?) N M,_{(R?) and the lemma shows that they are also in H™'(R?).

Proof. Letr >0,Q:={xeR3:|x| <r}and T : H'(Q) — L*(9Q) the trace operator as for
example defined in [31, Chapter 5.5]. Furthermore, let f € H'(R?) then

d
‘/R fdﬂ‘ - '/Szf<x+r|x|w>ﬁ

The Trace Theorem [31, Chapter 5.5 Theorem 1] shows that there exists a C > 0 such that

1
< 3 [ TN @Ido < P g,

||Tf||L2(¢9Q) < C“f”Hl(Q) < ©0.

Consequently, u is in the dual space of H'(R?) by definition of the dual space. That is,
u e H'(R?). |
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We continue by comparing ay ; to Bs. Let 7 > 0 and (xy,...,xy) € RN with x; # x; for
J # k. Following [81] we define
] & dw
= LS . ) 22 45.
N 2 du /R3 fdu /Szf(x] +r|x]|a)) 1 4.5.5)

for any measurable function f. By Lemma 4.5.1 x; # 0 implies that 4; € H~!. In our analysis,
we will use a refinement of the following Lemma 4.5.3. We provide this bound since it allows
us to compare ay s and S, for all s > 0 and large N, while the refinements only work for s > 2.

Lemma 4.5.3 (Comparison of ay s with Ss, all s > 0). Let ay s and B be defined as in (4.4.1)
and (4.5.1) then for every N > 2, r >0, and s > 0

(I” + 1)s+l _ (1 _ r)s+1
2r(s+1)

NBs < (1+7)° (aN,X(N— 1)+ %) . (4.5.6)

Remark 4.5.4. Note that the prefactors in front of NBs and ay s(N — 1) in (4.5.6) converges
to one as r — 0. Thus (4.5.6) shows that for all r > 0

i ; . (1 +r)s+1 _ (l _r)s+1
imin
Nes TN = T T ) (L4 7)0

Bs -

Taking the limit r — 0 yields liAr/n inf ay ¢ > By and with Lemma 4.3.3 this proves

1\}1_r)l}>o an,s ﬁs
forall s > 0.

Proof of Lemma 4.5.3. Let u = Z?’zl uj for points xi,...,xy € Ap, where Ag is defined in

(4.5.2), be the measure given by (4.5.5). By Lemma 4.5.1 we know that u € H~'(R?). Recall
the definition of /; in Lemma 4.4.3. Then

= [ )

J.k=1

_ |x|® +|y| _
Z//R?sxR3 2x — d“f(x>d“k(y) (4.5.7)

[x|” + [yI®
¥ Z </]R3><R3 ;|x+ . A () lp (y)

Note that by construction of the measure y;

|x —xi| = r|x;]



Chapter 4. On the Excess Charge Problem of Atoms 69

and hence
x| < |x — x| + x| < (1+7)|x;]. (4.5.8)

for any x € supp(y;) We first bound the diagonal terms with j = k. Note that

el + IyP* )
//RW T dﬂj(x)dﬂj(y)—/ x| /R oy )y ()

1 d
< (14l / 9 i)
R3 Js2 |x —xj - r|x,~|w| 4n 45.9)
T 1 dwdn "
= (1+7)°x;]

s Js el = gl 4
| .|s—l

Hence

st 4t ey
Z//R&R* 2lx - d/JJ( )dpj(y) < Z| ]| (4.5.10)

Similarly, we can bound the off—diagonal terms j # k. We have

Il + Pyl
// B iy (e ()
R3XR3 2|X
s 1
- / i / i (¥)dbt; (x)
R3 R3 |X —)’|

1 dw
< (1+r)'x; Y du
- ( +I’) |xJ| 43 /gz |X—Xk —rlxk|w| 41 /l](x) (4.5.11)

1
R3 max{|x - xj|, rlxj|}d'uj(X)

, 1
<1 +r)5|x,~|s‘/ ——duj(x) < (1 +r)°
R3 |X—Xj|

= (1+7)|x|°

x;|*

|xi _le .
Thus
Ix|* + |y|* + |xi|?
2 // Sy @ () < (4 ZL (45.12)
RIxR 2|x —

Jj#k %k 2l — x]

Combining (4.5.7), (4.5.9) and (4.5.12) shows

N?I(u) < (1”) ZI T () ZM (4.5.13)

j#k |xl - xk|
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Let r > —2 then with Lemma A.2.2 we have

N

N
rdo  (1+7r)*2— (1 -r)*? ¢
N/RS belfdpe = ; /sz b + rbesle 4n 2r(t+2) ; il (4.5.14)

Applying (4.5.14) fort = s — 1 yields

N
- _ (1 +r)s+1 _ (1 _ Y‘)S+1 =
ACéJxl du(x) = EEERY ;;hA : (4.5.15)

Recall the definitions of S8y and /() in (4.4.1) and (4.4.4) then B, < IS(,u)/f Ix|*"'du or

N/uwwmmwsMMm, (4.5.16)
R3

which together with (4.5.13) and (4.5.15) implies the inequality

Z ) |les+|xk|s
(L+r)* —(1-r)! 1 =0#k 2]
sV s =+ ———————
2r(s+ 1)(1+7r)s r Z?/:l |xj|5
Taking the infimum in the positions (x,x2,...,xy) € Ag together with the definition of ay s

and applying Lemma A.1.1 we conclude

(1 + r)s+1 _ (1 _ r)s+1
2r(s+1)(1 +r)s

1
BsN < - +anys(N-1).

This proves (4.5.6). [ |

Lemma 4.5.5 (Refined comparison I of ay s with B, s > 2). For s > 2 and all N € N and
r > 0 we have

s+2) (L4 =1 = ! 1 2r(s+2)
NBs—— < N-1) 45.17
(S+1) (1+l’)s+2—|1—1"|s+2 ﬂs r - (1+r)s+2_|1_r|s+2g(r)a,N’s( ) ( )
where
g [A+) 2+ (1-q)? 5(s-2) 4 2
g(r) = (1+r2) /2( q) . q) - FA+q)2 |, g= o (4.5.18)
+r

Remark 4.5.6. For s = 2, the bound (4.5.17) is similar to the refined bound (27) in [81]. The
main challenge in establishing a relationship between ay s and S5 arises from the weighted
Coulomb interaction term in (4.5.11). In the proof of Lemma 4.5.5, we improve the estimate
of these terms using a convexity argument.

Since obtaining optimal estimates between ay s and By is technically challenging, we present
the proof of Lemma 4.5.5 here, relying only on standard arguments. A further refinement
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is provided in Lemma 4.5.9. This improvement, which is more difficult to prove as it in-
volves a multipole expansion and estimates for all multipole moments using certain nontrivial
properties of Legendre polynomials, yields a better constant in front of BsN

Before we give the proof of Lemma 4.5.5, we state and prove a result, which is extremely
helpful in dropping certain terms when deriving a bound on ay s in terms of S5 when s > 2.

Lemma 4.5.7. Let y : (0, 00) X (0, 00) — [0, 00) a function such that y(u,v) is increasing in

v for any fixed u > 0. Then for any N distinct points x1, . . ., xy in R3 \ {0} we have
X;— x|, rlx;
> AT A X+ (xj—x1) >0 (4.5.19)
Jj*k |xf|
forallr >0

Proof. Since the sum is over pais j # k itis enough to considerthecase N =2andi =1, j = 2.
Set a = x; —xp. We have x1 - (x; —xp) = |x1|2 — X1 Xy > |x1|2 — |x1]|x2] and, similarly,
x2- (xa—x1) = x| = |xa|x1]. Since y > 0y(lal, vi) = y(lal,v2) if vi = vo, by assumption,
this implies

y(x1 = xal, rlx1]) X1 () —x0) + y(x2 = xi, rlxal)
1l |x2

> y(lal, rlxil) (b1l = x2l) + v (lal, rlxa]) (2] = x1l)

= (y(lal, rlxil) = y(lal, rlx2D) (Jx1] = [x2])) > 0.

x2 - (22 —x1)

Remark 4.5.8. We note that unlike the proof in [81], we do not need the explicit form of y (u, v)
in (4.5.35) for (4.5.19). Our argument shows that it is enough that y(u,v) > 0 is increasing
inv > 0 for fixed u > 0.

Proof of Lemma 4.5.5. The diagonal terms are easy to calculate. Without loss of generality,
let j = 1. Then by symmetry, the definition of the measures u;, and Newton’s theorem, we

have
IXIS+|y|5
//1R3XR3 2|x d’u (x)dp1 (y) = //RxR = dﬂl(x)dﬂl(y)

x1 +rlxi|wrl?
/ lx1 +rlxi|wi] dwdes

s2 Js2 rlxi]|wr — wal

= |x1|5_1/ Ix1 + rol’dw
47TI‘|)C1| 2

~ |x]|s—1 (1 +,,.)s+2 _ |1 _ r|s+2
r 2r(s+2)

(4”)2 (4.5.20)
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See Lemma A.2.2 for the explicit calculation of the last integral in (4.5.20). Thus, the diagonal
sum is given by

|S+2 N

[x|* + Iyls (L+r)*2 =1 -7 =
=y i (D) dui(y) = I @sa21
Z//RW 2= paj (X)dpic (y) 25+ 2) ;|x]| ( )

For the off—diagonal sum, we use symmetry and Newton’s theorem — the measure y is radially
symmetric around the point x; — to see that

|x|S+|y|s
Z //R e () () = Z //R T )
1 |x,~ + r|xj|w|s
d
<Z@vx|”)zhymﬂwmw”

J#k J#k

(4.5.22)

To bound the integral in the last sum for s # 2, the estimates presented in [81, Section 4]
can not easily be applied. We will proceed differently. With X = x/|x| for x € R3\ {0} and
g = 2r/(1 + r?) we have for the numerator in the last term of (4.5.22)

|xj +r|xj|w|s = |xj|s()€j +rw)’ = |xj|s(1 +r2+2r%; - w)*?

; , (4.5.23)
= i (1 + D)2 (1 + g2 - w)*2

Setfort € [-1,1] andd € R
F(1) = (1+q0)*?, Hy(t) =F(@)-d(*-1) (4.5.24)

We determine d € R depending on ¢, s € R such that H is convex. Note that H)] = F” - 2d.
Consequently, to ensure the convexity of H;, we need

1 Ky —4 S (S s—4
d<—F" :_(__1) _(__ ) 2 5t
> (1) 3 P(l+gnT < 73 1)g=(1+q)>
We fix

=) e
do._4(2 l)q(l+q)2 (4.5.25)

such that H4, is convex. Due to the convexity of H;, we have

Hdo(l) - Hdo(_l)t + Hdo(l) +Hdo(_1) .

H; (1) <
4 (1) < > >

Since Hy, = F(t) — do(t> — 1) this yields

F(1) _F(_l)t+ F(1)+ F(-1)

2 —
. . +do(2 - 1) (4.5.26)

F(r) <
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Inserting F (1) = (1 + g¢)*/? and d from (4.5.25) into (4.5.26) we arrive at

(1 +q)s/2 _ (1 _ q)s/2t .\ (1 + q)s/Z + (1 _ q)s/Z
o 2 ) 2 (4.5.27)
+4(2 1)q(1+q)2(t 1.

Combining (4.5.22), (4.5.23) and (4.5.27) yields

Z //R . |§||; 'y'sdm(x)duk(y)

12 _ (1 = ¢)*/? Xi-w dw
1 2 s/2(1+q) ( q s J aw
=+ 2 Z|x]| 52 [xj = xp +rfxj|w| 47

(1+ qt)s/2 <

J#k
+(1+}’2)S/2(1+q)S/2+(1 —q)s/Z Z|x'|s 1 d_(l) (4.5.28)
? S s g — o] 4
s— £ 2_1 da)
1 zAs/zf(f_l) 21 + o) It (% - ) do
+(1+7r%) 4 \2 qg°(1+q) 2 j;|xj| 52 |xj—Xk+r|xj|a)| A

We proceed by estimating each of the summands in the right-hand side of (4.5.28) indepen-
dently. We begin by showing that the first summand is negative. Let a;; = (xx —x;)/ |x j|

then R
xj s da)

o[ A de (4.5.29)

s —
|x] | = |XJ

52 xj —xi + r|xj|a)|ﬂ 52 |ajk —ro| 4
which either can be solved in polar coordinates directly or using multipol expansion, that is,
expanding the Coulomb—kernel in terms of the Legendre Polynomials P;(¢), [ € Ny. Using

the generating function

(1+682 =200 = 3" 8" P, (1)
n=0
which is valid for |#| < 1 and |§| < 1. We can always assume that r # |a jk| since otherwise
we replace r with r, = r + & and take the limit € — 0 after solving the integral. Expanding
ajr — rcu|_1 yields

, T}

-1 - ' i ~
|ajk ) rw| i ; max{|ajk|, Fynt Pu(w-aj). (4.5.30)
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Using Pi(%; - w) = X; - w and inserting (4.5.30) into (4.5.29) we arrive at

)CA]"(J) da)

S
bl .. ) — i + g |] 47

sl Oy minf|aji|, r}" . . dw
=l /sz ; max{|a; ,r}”“Pn(w AP 'M)E (4.5.31)

min{|ajk|, ri"

= |’CJ|S_1 Z
max{|ajk|, ril Jge

n=0

R . dw
Py (w-ad)Pi(%; - a))ﬂ )
Legendre Polynomials are orthogonal in the following sense

1
Py(t)Py (1) dt = ———, 4.5.32
[ Patopat e = 3o 453
and consequently, by the Funk-Hecke formula in Lemma A.2.1, we arrive at

6mn
2n+1°

d
/ Pu(R; - 0)Pu(w - djy) — = (4.5.33)
S2 47T

Inserting (4.5.33) into (4.5.31) we arrive at

XA]"(IJ dw

S
e e e o

_| ‘|s_1 min{|ajk|,r} aji - X

- max{|ajk|, ry2 3
= [ min{la;i|. r} (x; - xe) - % (4.5.34)
- max{|ajk ,r}? 3|xk —xj|

—| .|S min{|xj —xk|,l’|xj|} 1
" max{]x; — xi, e[} 3 — x;]

X)) (xj —xi) - %5

(xj = xi) - &

=—r"Yy (|xj —xk|,r
with

v¥ min(u, v)

v(u,v) = (4.5.35)

3umax(u,v)?
for u,v > 0. Summing (4.5.31) over j # k yields

lej|s fo-a) d_w:_r—sz,yqxj_xk
J#k $ = xe + o] 47 Jk

xi|) (o —xe) %5 (4.5.36)

,r
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Applying Lemma 4.5.7 and noting Remark 4.5.8 we find

Zy(|xj —xe|s )X - (x; —xk) = 0.

j#k

Thus, the first summand in the right—hand side of (4.5.28) is not positive and consequently

Z// M61'.“;'(96)6!',uk(y)
ik RIxR3 2|x =yl

24+ (1-q)°? : do
< 25/2(l+q)s +(1-¢q 1° A
(1+72) > jzi;|xj| o |X' — 1 +r|Xj|CU| 4 (4.5.37)
-1 dow
1 2s/2 ( ) 1 w) .
+(1+77) ¢(1+q)7 J;|x]| S2|xj_xk+”|x |“’|47T

The first integral in the right—hand side of (4.5.37) can be solved since due to Newton’s theorem

1 dw 1
— = ) 4.5.38
52 |xj — Xp + r|xj|w| 4n max{|xj —xk|, rlxj|} ( )
Inserting (4.5.38) into (4.5.37) yields
S S
> L B )
R3xR3 2|x —
s/2 1 - )s/2 |x‘|s
< 1+2s/2(1+61) +(l—¢ J
(1+77) . J; —T— (4.5.39)
-1 dw
1472525 ( ) 1 w)
+(1+7%) q*( +CI)ZZ|XJ| s2|x]—xk+r|x|a)|47T

J*k

Next, we estimate the remaining integral on the right-hand side of (4.5.39). In particular we
aim to solve

| .|s (ﬁj.w)Z_l dw _| .|S_1 (% - 0)? - 1dw
J J

(4.5.40)

s oy =i+ rpgfo] 47 s Jaju—ro| 47

We use 5 5
§P2(t) -3 2 -1, Vie[-1,1], (4.5.41)
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where P; is the second—order Legendre polynomial. Inserting (4.5.41) into (4.5.40) we find

(£ w?-1 dw 2 _1/P2(£j~w)—1d_w
S2

|xj| 52 |xj — X +7‘|)Cj|a)|H B §|Xj| |ajk B rw| 4n (4.5.42)
o ([ e L B
J 52 |ajk_ra)| dr ar}

Where we have used Newton’s theorem. To solve the integral involving the Legendre polyno-
mial P, we use the multipole expansion in (4.5.30) and (4.5.33) to find

PQ(XA' . (.U) dw > min{ aikl, r}” N N dw
LAY 4 [ Pu@- ap)Pa(E) - 0) o
S2 |Cljk - rw| 4n =0 max{|ajk|, rivtl Js2 4

(4.5.43)
’r}Z PZ(d]kw) < 1
RS rh
Using |ajx| = |x; — x«|/[x;| and inserting (4.5.43) into (4.5.42) shows
t-w)?-1 - x|’
o [ (ol do 8 adl (45.44)
s2 |xj —Xi + r|xj|a)| 4 15 max{|xj
Combining (4.5.39) and (4.5.44) we arrive at
x|® + Iyls
> ] B )
ik R3xR3 X —
s/2 _\s/2 15
B (1+r2)s/2(1+61) ri-9” 5 bl
2 7 max{|v; — x|, rf; [}
8 S (S s s
- ()P (2 21) P )
15 412 j;maxﬂxj ,F
/2 _ g)s/2 _ 18
2 15 P max{|xj —xk|,r

=:g(r)

Using ¢ = 2r/(1 + r?) one checks by direct computations that g(r) > 0. Consequently, we

find
|x|® +|y| ;| + el
Z //MR? 2 — dﬂJ () dux (y) < g(r) Z . (4.5.45)

J*k Jj#k 2|xj _xkl
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Combining the estimates of the diagonal terms (4.5.20) and the off—diagonal terms (4.5.45)
together with (4.5.7) yields

+2 _ |1 _ ,|5F2
N < R Z|J|“+g<)z|x’|+'xk' (4:5.46)

2r2(s+2) P

Applying Lemma A.2.2 we also get

N 1 s+1 N
s—1 s—1 (1+r)s+ - |1_r| s—1
= E (x) = E T 4.5.47
N/ |x|°™ du(x) 2 lx|*™ duj(x) G D) 2 |x]| (4.5.47)

Combining (4.5.46) and (4.5.47) shows

N2I(p)
N [ e du()
1 (s+1) (1+7)2 = |1 - r[**?
S+2) (1+r)s+ =1 =" (4.5.48)
x|+l
2r(s+ 1)g(r) 1<jcken 2hid
(1 + r)s+l _ |l _ r|s+1 Z;\I:l |xj|s—1

T r

Taking the infimum over the positions x1,x2, ...xy € Ag together with the definition of ay s
in (4.5.3) we conclude from (4.5.48)

1 (s+ 1) (1+7r)5*2 |1 = r|**? L 2r(s+De(r)

NBs < — N-1) (4549
P s+2 (1+r)s+1_|1_r|s+l (1+I’)s+1—|1—r|s+laN’S( ) ( )

r

and equivalently

s+2) (L+r)s =1 —r**! 1 2r(s+2)g(r)
( ) s+2NﬁS__ E G s s+2a/N’S(N_1)'
s+1] (1+7r)s+2 - |1 -7 r o (1+7r)5*2 — |1 -7
This completes the proof of Lemma 4.5.5. [ |

For small r, one can find a better bound than the one in Lemma 4.5.5 by estimating more
carefully and not using convexity. But the argument is much more involved. However, since
we are interested in bounds for small » > 0, in order to make the prefactor in (4.5.17) close to
one, we will give this improved bound now.
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Lemma 4.5.9 (Refined comparison II of ay s with B, 4 > s > 2). Let ay s and B, be defined
asin (4.5.1) and (4.4.1) then for every N > 2, r >0, and4 > s > 2

(1 + I’)s+1 _ (1 _ ’,)s+1 (1 + r)s+2 _ (1 _ r)s+2 1
NBs < s(N=1)+ -
2r(s+1) p 2r(s+2) an.s( )+ r (4.5.50)
+r2f(r,)aws(N = 1)
i 4 8 448
s (S s s
DA B o)) s
Fr.s) 2(2 (15+ 2)105" T\* 7 2) 625" “4551)
In particular, for s = 3 this gives
1+2r2 +r%/5 2o 168
(L4 rNgy = F2HTS v (1+%+;—5+@r4) (4.5.52)

Remark 4.5.10. Note that f(r,2) vanishes for all r > 0, and for s € (2,3], it adds a positive
correction to the leading order term in the prefactor of an 5. For later usage, we note that one
has the rough estimate f(r,s) < f(r,3) < %for re|0,1] anys € (2,3].

Proof. We again use the bounds (4.5.7) together with (4.5.21) and (4.5.22). In order to improve
on Lemma 4.5.5, we have to bound the integral in the last sum of (4.5.22) more carefully.
Recalling ajx = (x; — xj)/|xj| and x; = xj/|xj| we can rewrite

S KL R PP B

b+ rbeill o = | (4.5.53)

|S_1 (1+r2+2r)?j~a))s/2dw

Such integrals can be solved by multipole expansion, that is, expanding the Coulomb—kernel
in terms of the Legendre Polynomials P;(¢), [ € Ny. Using the generating function

(1+6%-261)712 = Z 5P, (1) (4.5.54)
n=0

which is valid for |t| < 1 and |6] < 1, and expanding |a  — rw|_l in (4.5.53) with the help of
(4.5.54) and using Lemma A.2.1 yields

|xj|s_1 (1+r2+2r)?j-a))s/2d_a)
s2 |ajk — rw| 4n
= |x .|S‘1 i min(|a |, r)’
’ i max(|ai|, r)*! Js
min(|ajk 1)

[ee]
s—1 N N
= IZ;J max (|aj|, r)’”/ll’S(r)Pl (@ 4)

R ; ~ dw
(1+ 72 +2r%; - w)** P ({a jks @) (4.5.55)
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with |
1
/ll,s(i’) = 5‘/ (1+ r?+ ZFI)S/ZPl(t)dl‘.
-1

We will see shortly that the sum ;2 |/ll,s(r)| converges — see (4.5.68) — so the series in the
last line of (4.5.55) converges for all » > 0 since —1 < P;(t) < 1 for—1<r < 1.
Using Py(7) = 1 the first multipole moment [/ = 0 is easy to compute,

(1 + r)s+2 _ (1 _ r)s+2

G127 (4.5.56)

/10,5 (}”) =

Note that with P(#) = t and consequently the second multipole moment is positive non—
negative since

1 1
Ai(r) = 3 / 1 (1+ 72 +2r0)*%1dt > 0. (4.5.57)

The calculation for higher moments is a bit involved. Before we embark on this, let us note
that if };5o4;.4(7) converges absolutely, we can further bound (4.5.55) as follows.

o1 o min(|ajil, )’
Y

= max(|ajk|, r)li+l

As(r)Pr(dji - %))

e ] e, minla . )
< Ag,(r) +A1,5(r) (Aji - %)
max(|ajk ,7) max(|ajk|, r)?
|-xj|s_1 i |/l ( )|
max(|a;, ) = S

Using aj; = (x; — xj)/|xj| we arrive at

lx; As(r)Pr(ajk - %)

|S_1 i min(|ajk|,r)l

1=0 max(|ajk|, r)i+l

< (/lo,s(r) +Z |/11,s(r)|) IXj|
=)

|xJ _xk|_

A .
a0 |xj| m1n(|xJ — Xk ,rxJ|) % (- x0).
|xj —xk|rnax(|xj — Xk ,r)cj|)2

Let Cy(r) = 212, |/ll,s(r)| and

v* min(u, v)

y(u,v) = ,
y(u.v) umax(u, v)?
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then
-1 o min(la ], r)! o
. 1 PG -2
& z;maxdajkh)’“ ()P )
|x.]|s —5~ A
< (do.s(r) + Cs(r)) Pa— = s (MY (g = xal ) &5 - (e = x)-
J

Note that y(u, v) is increasing in v for fixed u > 0. Applying Lemma 4.5.7 and noting Remark
4.5.8 we find

Z?(|xj—xk|,r|xj|)55j- (x; —xk) > 0. (4.5.58)
7k

As in (4.5.22) one sees

> B dn )
i MR 20x =yl

N

< (o,s(r) + Cy(r)) Z all = Ay5(r)r™ Z Yy = x| ) 25 Gy = xp)
j#k |xJ' - xk| j#k

< (o5 (r) + Cs(r)) Z M
= LS N jik 2|_XJ _ Xk|
where we used (4.5.58) to drop the second sum. In the last line, we symmetrized the remaining

expression. Thus we get a similar bound as (4.5.45), with g(r) replaced by Ao s(r) + Cs(r).

Thus, as in the proof of Lemma 4.5.5, a bound similar to (4.5.46), but with g(r) in (4.5.46)
replaced by Ao 5(7) + Cs(r), follows from this. In particular, it follows

(s+2) (L) =1 =rp* 1 205+ DG ) o (N—1). (4.5.59)

NB——= < |1+
s+1) (147r)52 = |1 —r|*? by (147)5+2 — |1 = r[**?
Hence the claimed bound (4.5.50) follows as soon as we can show that
Cy(r) < r2f(r,s) (4.5.60)

with f given in (4.5.51). We will do this in the rest of this proof.

To get a grip on the higher order moments A; ;(r) for [ > 2 we expand |)% i+ rw|s in a binomial
series. With 7 =X - w and
qg=2r/(1+r*) <1 (4.5.61)

we have

(1472 +2r) = (1472 P (14 1) = (14722 (S/z)q”t" . (4.5.62)

n=0 n
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According to [35, Satz 22.8] the binomial series converges absolutely and uniformly for
-1 <t <landall0 < g < 1. Hence, we can interchange the summation and integration in
(4.5.55) to see that

o (s/2) 1 !
m,s(r):(1+r2)s/22(s/ )q"— / "P(1)dr 122, (4.5.63)
n=0 n 2 J-
Write .
t":Zcmum(l) fort e [—1,1]. (4.5.64)

m=0
Using that the Legendre polynomials are orthogonal in L?([—1,1]) and normalized by
1/1 Pi(1)%dt = 2111, and P; has degree [, one sees that f_ll t"Pi(t)dt = 0if n < [ and
for n > | we have 5 / L TPi()dt =

) 2\ g" .
Az,s(r):(1+r2)s/22(s/ )q wl1x. (4.5.65)
n=l[ n

2[+1

We will use that the coeflicients ¢, for n,l € Ny are non—negative, see (A.2.6) in Appendix

A. Moreover,
n

ch,mzl»

m=0

which follows from setting ¢+ = 1 in (4.5.64) and using P;(1) = 1 for [ € Ny. Together with
cnm = 0, this also shows ¢, , < 1. From [35, Hilfssatz 22.8a] we have the bound

(s/ 2) <

n n

This implies that the series on the right-hand—side of (4.5.65) converges absolutely for all
0<qg<1,since 0 <c,; <1 andhence

N S/2 qncnl -
Z; ( n )’21+1 Z;Zl+1nl+s/2 o0 (4.5.67)

n=
for any s > 0. Moreover, we also have

C
I+s/2 °

(4.5.66)

2\5/2 ShN s/2\|q"cni SAY
;|/ll,s(l’)|ﬁ(1+”) ;Z;(n)zl_*_l ZZZln1+é/221+l
> =2 n= =2 n= (4.5.68)

¢  In(2 + n)
Z;Z 1+s)2 21+1 S Z; sz %
= n=
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For n € N define
S/2 L Cn.l
A, =
" ( n ) Z 20+1
=2
We have
2\s/2 SAV S/2 Cnl n 2\8/2 N n
Z|/lls(r)|<(l+r) ZZ (1+7)72 " Ang (4.5.69)
=2 n=l n=2
Since ¢ = 2r/(1 +r?) (see (4.5.61)) we get
472 3 4 s
8 16
Z Ang" < Ayt ——— Ayt —— 3 A, (4.5.70)
1+r2) (1+7r2) (1+r2)" 7=
In Lemma A.2.4 in Appendix A we show that
s/2\| 2 s/2 s s\ 28
_|(+2) 2. n<t(Eon) o) 2
2 (2)15 ( ) Z 2( )( 2/ 625
It follows that
Z Argk < )zf(r 5). (4.5.71)
with f defined in (4.5.51). Combining (4.5.71) with (4.5.69) proves for s < 4
Co(r) = D s ()] < (L4 )22 f(r,5) <72 f (1) (4.5.72)
=2
This proves (4.5.60), which finishes the proof of Lemma 4.5.9. [ ]

Remark 4.5.11. We truncate the series in (4.5.70) at the fourth power because we will later

choose r < Z71/3

. As a result, even terms like Zr* become negligible as Z increases. For

further refinements at small Z respectively large r, it is more appropriate to evaluate the

inequality using computational methods.

4.6 Upper Bounds on the Weighted Kinetic Energy

In this section, we derive an upper bound on

1 (Ix11°¥n.z, PPnz)
2 <|X1|S_I¢N,Z,¢N,Z>

(4.6.1)
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which is the right—hand side of (4.3.10). Note that

<|X1 |S¢N,Z, P%'J’N,Z> = A%(N1)<|XI |S¢N’Z, P%¢N,Z>L2(dx1)dx2 coodxy .

In the case s = 1 Lieb used in [71] the fact that
(@, (@A +AD )23y < 0 (4.6.2)

for any ¢ € LZ(R3) if @ is a non negativ superharmonic function (see [76, Lemma 12.2]). In
particular this covers ®(x) = lx|~! and proves

_1{mlvwz Plonz) (4.6.3)
2 (Unz.¥nz) -

Remark 4.6.1. Combining (4.3.10) and (4.6.3) together with ay 1 > 1/2 recovers the bound
N. <2Z+ 1.

In [24] Chen and Siedentop showed that in dimension d = 3 for any b € [0, 1]
(p. (Ix"A + Alx|")p) < 0 (4.6.4)

for any ¢ € L?>(R?). For b > 1 (4.6.4) does not hold in general. Before we proceed, let
us clarify in what sense we understand the inner product in (4.6.1). Recall that Yy 7 € 7-(]6
is the normalized many particle ground state of Hy z in (4.2.1) and does depend on the
positions of particles (xy, X2, ...,x,) and the spin degrees of freedom (o, 03, ..., oy) with
o; € {1/2,—-1/2} . Following [76, Chapter 3] we define the one-particle density by

N
Py z(X) = Z Py 5 (X)
i=1
where
pfﬂNZ(x) = / [ (X1, o Xim1, X, Xig s - .xN)|2dx1 codx; . dxy
> R3(N-1)

where dx; means that the integration of x; is omitted. Remember that we ignore any degrees
of freedom related to spin. Due to (4.2.3) we have p' = p! foranyi € {1,2,..., N} and thus

Punz(x1) = Npy (1) (4.6.5)

with
/ Py, (x1)dx; =N .
R3
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Consequently for any p € R

1
(Ixt/P¥nz.¥nz) = v /R3 X1l oy, (x1) dxy (4.6.6)

As a substitute for the negativity in (4.6.2), we prove

Lemma 4.6.2. For any s > 2

—_1<|X1|S¢N,Z,P%l//N,Z> - 5% —
2 (Il 'ynzounzy 8

Proof. We drop the indices N, Z for readability so that ¥ = Y z. Applying the IMS-
localization formula, see for example [27, Theorem 3.2], yields

Vil P
P%—‘ = ]|x1|s/2w>
L% (dxy)

1 - =L
(Il enz, onz) . (4.6.7)

R s ,P2 — s/2 ,
el 'y, Py L2 ay) <|X1| v 2]

2
= <|x1|3/2¢r, [Pf - Sz|x1|—2} |x1|s/2¢,> (4.6.8)

L2(dxy)
1 —s2
4

=

s—2
<|X1| v, w>L2(dxl) .
Due to (4.6.6) we have
s—2 1 s—2
(bl 200y = 5 [ bl puta an
R3

Applying Holder’s inequality for

yields

[

S—
S

s=2

= ((l ) o)

s— 1 s—
<|x1| 2"”’¢>L2(dxl) = (ﬁ /R3 x| lpw(xl)dxl)

Note that we used s > 2 in this step. To cover the cases s € (1,2), one needs to estimate the
expression above differently. Consequently

<|_X'] |S—2¢, l//>L2(dxl) <
<|X1 |S_1¢a l/’>L2(dx1) N

((l'xlls_lw’ gb>LZ(dxl))m . (469)

Combining (4.6.8) and (4.6.9) proves Lemma (4.6.2). The case s = 2 follows in the limit
s — 2. [ |
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Remark 4.6.3. There exists a straightforward simplification of the inequality in Lemma 4.6.2
since by Jensen’s Inequality

AR QﬁN,z)S_Tl < (Ixil ™ "ww,z ¥ z) (4.6.10)

The right—hand side of (4.6.7) is growing quadratic in s, which is unfortunate since the bound
on b(s) in Theorem 4.2.2 is decreasing. Note that the right—hand side of (4.6.10) can be
interpreted as the inverse expectation of the radius of the atom, which in Thomas—Fermi
Theory grows as 7713 (see [72, p. 560]) but should be bounded in Z for real atoms. In [81],
Nam did control the right-hand side of (4.6.10). We follow a similar approach to his proof.

We continue by estimating the right-hand side of (4.6.7). We want to apply the following
inequality introduced by Lieb in [72, p. 563]

% 1+%”
(/R3 f(x)gdx) /R3 |x|? f(x)dx > C, (/R3 f(x)dx) (4.6.11)

which holds for any non negative measurable function f and p > 0 where the sharp constant
C), 1s attained for

3
1-1x|")2 x| <1
fr(x) = (1= 1x%)2 ] oo (4.6.12)
0 elsewise
We give the explicit constant C), in the Appendix in equation (A.3.1). We prove
Lemma 4.6.4. Let p > 0O then
1 " =1/p > A7-2/3
— X117 pyy , (x1) dxy < kC, '"ZN
N R3 ’
) 1/3 .
where k = V5 (W1'456) and C), the constant in (4.6.11).
Proof. Applying (4.6.11) for f = py,, , yields
1 -1/p Ly s/6 P 3
_/ |X1|pp¢,N,Z(X1)dX1 < Cp PN~ / pr’Z(X])3dX1
N Jg3 R3
By the fermionic kinetic energy inequality in [39, Theorem 1]
7 N
u 5
7K3 ‘/R3 Py, (X)3dx < ; EWN,Z, [-AilYn.z) (4.6.13)

5\ 6n2
components. We consider spin 1/2 particles (for example, electrons) and thus u = 2. By the

-2/3
with K3 = 32 (@) ~ 7.096. Here, u denotes the degrees of freedom in the spin
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quantum mechanic virial theorem (see [122], [7])

N
1
~Enz = ; §<¢’N,Za [-AilYn,z) - (4.6.14)
Combining (4.6.13) and (4.6.14) for u = 2 we arrive at

s 25/3
‘/R3 Pyn.,(X)3dxy < —EEN,Z.
Together with
-Enz < AZ*N'/3
for A = (3/2)'/3 (see Lemma A.4.1) this yields

25/3

1 i 1/ 2 2/3
(ﬁ ‘/]R;3 |x1|pp¢N’Z(x1)dx1) <C, P (7314) ZN72/

. 2 1/3
=C, /”\/5(9—1.456) ZN73,

2
|
Combining Lemma 4.6.7 and Lemma 4.6.4 we can prove
Lemma 4.6.5. Let s > 2 then
+ 1{lywz. Agvz) < 2+ 560 gyan (4.6.15)
2 (Il 'ynz, ¥n 2) g !

1/3
with k = V5 (#1.456) and Cy_; the constant in (4.6.11).

Proof. The inequality (4.6.15) follows directly by combining Lemma 4.6.2 and Lemma 4.6.4.
The fact that we can either apply Lemma 4.6.4 for p = 1 or p = s — 1 is due to Jensen’s
inequality as explained in Remark 4.6.3. An explicit calculation shows

-1 3.3
=1335% ~ 2.341
! 2211
" 2/3
2 =42 ~2215. ..
2 V15

andt — C, T decreasing. We give in Appendix Lemma A.3.1 the explicit constant C), for
any p € [1,2]. |
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4.7 Bounds on Maximal Excess Charge

From Lemma 4.5.9 and Lemma 4.6.5, it is straightforward to prove the inequality in Theorem
4.2.2. We begin with the general inequality for s € [2, 3] before we discuss some refinements
in the cases s =2 and s = 3.

4.7.1 Main Theorem
Proof of Theorem 4.2.2. We aim to solve (4.5.50) namely

(1 +r)s+1 _ (1 _ I”)s+] (1 +r)s+2 _ (1 _ r)s+2 1
2r(s+1) NBs < 2r(s+2) (aN’S(N -+ ;)

+r2f(r.s)ays(N - 1)

4.7.1)

for N. Note that the fraction on the left-hand side of (4.7.1) is positive for all » > 0 and
s > 0 and consequently we can use the lower bound b(s)~! from Proposition 4.4.5 to bound
the left-hand side ;.

Direct computations show for r € [0, 1] and p > 2

2rp < (1+r)P = (1 =r)P.

Consequently
2r(s+2)

(r + 1)s+2 _ (1 _ r)s+2 -

together with f(r,s) < 1/2

(S}

2r(s+2)
(l’ + 1)s+2 _ (1 _ r)s+2r

r

2frs) <r2f(r,s) < 5 -

Consequently from 4.5.9 we conclude

s+2(r+ D) —(1-r)* N1 2
s+1(r+ 12— (1-r)*2b(s) ;) <ans(N=1) (1 * 3) ' 4.7.2)

We prove in the appendix as Lemma A.5.1 that for any r € (0,1) and s > 0

2 1 s+1 _ 1 — s+1
SH20+ DT —(=n)™ 5 4.73)
s+l (r+ )2 — (1= 3

Combining the (4.7.2) and (4.7.3) we conclude

s 5\ N 1 r?
( -3 )m) -~ <an (N-1) (1 + E) . 4.7.4)
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We minimize the left-hand side of (4.7.4), and therefore we choose

3\1B N 13 R
:(2_S) (%) AN 4.7.5)

Combining (4.7.4) and (4.7.5) to find

A2 A2
< ay (N - )(1+7N‘2/3) (/l‘ a )N1/3.

N
b(s) ~ 3b(s)

Applying Lemma 4.6.15 shows

Z(1+AN 2/3)(1+(/12/2)N 2/3)+(/l N )N1/3

N
b(s) = 3b(s)

pl 12A
—Z+ (A+(/12/2))ZN‘2/3 (/l + ;b(s))Nl/3 SoZN

where )
L 1ys-
A=l oty

8 s—1
is the parameter in Lemma 4.6.15. Note that Z < N < 3Z and thus there exists some c(s) > 0
such that
Ne. < b(s)Z+c(s)Z'3.

Since the calculations hold for any lower bound b(s)~' < Sy, the statement of Theorem 4.2.2
follows. ]

4.7.2 The Case of a Quadratic Weight
Proof of Proposition 4.2.4. Applying Lemma 4.5.9 yields

2/3+1 1 3
rréTN,Bz -- S an2(N-1) < Z+ §C1_1KZN_2/3 . (4.7.6)

Note that by a straightforward calculation

2 2
2r ) B, 4.7.7)

NBy |1 — —
'82( 3 r’+1

and consequently by inserting (4.7.7) into (4.7.6) we arrive at

2r2\ 1 3
NB; (1 - %) - <Z+ gc;‘KZN—Z/3 : (4.7.8)
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Optimizing the left-hand side of (4.7.8) in r > 0 gives

3 1/3
r= (Z) (NBy)™'/3 . (4.7.9)

Note that r < 1 for N > 1. Inserting (4.7.9) into (4.7.8) yields

9\'/ 3
NS, — (5) (NB)'B <z + gC;1KZN‘2/3 .

Applying Lemma 4.6.5 we arrive at
3 9 1/3
NB> < Z+ §C;1KZN—2/3 + (5,32) N'/3.
We define 3
A= gc;lk ~ 0.6284.
Then
9 1/3
NBy, < Z+AZN72P3 4 (5/32) N'/3 (4.7.10)

Let a > 0 and assume that
NBy > Z + BraZ'? (4.7.11)

Combining (4.7.10) and (4.7.11) yields
9 1/3
Z+BraZ'® < Z+AZN2P + (Eﬁz) N'/3 (4.7.12)

Dividing by Z!/3 gives

N\ 23 9 \!3 /)13
essifz) ) 2)

From Lieb’s bound, we conclude N/Z < 5/2 for any Z > 2. Maximizing the right hand side
of (4.7.12) for N/Z € [1,5/2] yields

-2/3 1/3 1/3
N 9 N
a<p;'a (2) +5;" (Eﬁz) (E) <2.953.

Thus for a := 2.96 assumption (4.7.11) cannot hold and thus

1
N < ﬁ—z +2.96Z'3 < b(2)Z +2.962'/3
2

for any Z > 2. The assertion in Proposition 4.2.4 follows. [ ]
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4.7.3 The Case of a Cubic Weight
Proof of Proposition 4.2.5. By application of Lemma 4.5.9 we find

(1 + ’,)s+l _ (1 _ r)s+1 (1 + r)s+2 _ (1 _ r)s+2
2r(s+1) NBs < 2r(s+2)
+ rzf(r, s)anys(N —1)

1
(“N’S(N —D+ ?) 4.7.13)

or equivalently

(s+2) (1+7)* = |1 = p[s*! 1 (1 . 2r(s +2)r2f(r, s)

NB;—— < ays(N-1). (4.7.14)
S+ 1] (1+7)+2 = |1 — | P (l+r)s+2—|1—r|s+2) N

In Appendix A as Lemma A.5.1 we show that for any r € (0,1) and s > 0

| S 2 s+2(r+ 1% — (1 = r)s!
- —=r )
3 T s+l (r+ 1) —(1-r)st?

(4.7.15)

Combining (4.7.15) and (4.7.14) with s = 3 proves

(1-r*)NpB; - % <|1 r2f(r,3) |ans(N-1).

+
r2(r2+10) +5
where | . 168
3) = 4t a2,
fr3)=35+357+ 55"

By direct computations, one shows for any » > 0

(4.7.16)

5 19
<1-2r+ =, 4.7.17
r2(r2+10)+5 SR ( )

Assume r < 0.5 then by combining (4.7.16) and (4.7.17) we find

P23 82kt 2 139/ 1977 31928

2
<14+ —+—- _=
a0 as T S S5 "0 T35 teas T 175 T 3125
<0, for r<0.53
’,.2 ’,.3
<1+ e
<1+ 3 +35

(4.7.18)

Inserting (4.7.18) into (4.7.14) we arrive at

2 3

(1-r*)NB; —% < (1 + % + ;—5) an3(N-1). (4.7.19)
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for any r < 0.5. Applying Lemma 4.6.5 for s = 3 yields

2 3

1 -
(l—rz)Nﬁ:?)_;S (1+%+;—5) (Z+CZN_2/3), C:C21/2K.

We continue by choosing r € (0,0.5]. As in the previous cases, let
r=A(NB3)~'3, a1>0. (4.7.20)
Inserting (4.7.20) into (4.6.5) yields
/12
NBy < Z+AYNB)'P+ /IZ(N,B3)1/3 + —(N,83)‘2/3Z +cZN23
3
+35(NB3) ' Z+ s (Nﬁ3) 237N (4.7.21)
+c—(N ‘1ZN‘2/3 :
035( B3)

We can always assume Z < N3 (since otherwise N < 7 1Z already proves an inequality than
the statement), and consequently we find

61>
NBs < Z+ (/1—1 + ?) (NB3)'/3 + cZN23

(4.7.22)
A 13 5173 A N2/
+—+c— +c— .
35 ‘ (ﬁ ) 35
To optimize the leading correction term that grows as N'/3, we minimize
6
A A7+ 2%
5
and consequently, we choose
5\1/3 6 3\1/3
1={=] hthat A7'+-A2=3(=—| . 4.7.23
( 12) sueh T 5 ( 10) (47.23)
To ensure r < 0.5 as assumed after (4.7.23) we need to have
10 10
N > — (4.7.24)

-— > .
385 3
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We always assume N > Z, and consequently, the result will hold for Z > 4. Inserting (4.7.23)
into (4.7.22) yields

1/3
NB3 < Z+3 (1—0) (NB3)'3 + cZN72/3
(4.7.25)

LI 2/3(3)1/3N_1/3+ L y-213
84" 5|12 3 ‘%4 '

We can always assume N > S5 1Z because otherwise N < B3 1Z and we are done. Inserting
N = B3 1Z into the last two summands in the right-hand side of (4.7.25) yields

1/3
NBs < Z+3(—) (NB3)'3 + cZN72/3

10
1 C 5 2/3 2 ﬁ2/3
42| = /37-1/3 M3 5-2/3
+84+5(12) (B3)°Z +c84Z .

To prove the desired inequality
N<B'Z+a1Z'"P +ar+as27'P + ay 2728

for optimal ay, az,a3,as > 0 and all N > 3 we assume that for any arbitrary but fixed N, Z
with N > 3 holds

NB3 > Z + B3a1 Z'3 + Bzas + B3az 273 + Byas 273 (4.7.26)

and bring this to a contradiction by choosing a, as, as, a4 > 0 and comparing (4.7.26) with
(4.7.25). We do this now to finish the proof. Combining (4.7.26) with (4.7.25) yields

Bsa1 Z'3 + Byas + B3as 273 + Byas 27?3

3\1/3 1
< = /3 -2/3
=7 (10) (NBs)™" + cZN (4.7.27)
1 c(5\23 , ﬁ2/3
I Il By-13 3 5213
+84+5(12) (B3) MGy,
After comparing both sides of (4.7.27) we choose
2/3 -1/3
_ gl _cf(5> -1/3 _ By
a) =5 /84, a3z= 3 (E) By, as=c T (4.7.28)

Using 83! < 1.1185 and ¢ < 1.5855 this gives

a <0.0134, a3 <0.184, a4 <0.0196. (4.7.29)
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For this choice of a», a3, as we arrive at

3 1/3
Ba1Z'P < 3(1—0) (NB3)'P + cZN723 (4.7.30)
Dividing (4.7.30) by 83Z'/3 we find
3 1/3 23 N 1/3 B N -2/3

We can always assume N > B 17 as explained earlier and N < 2Z + 1 due to Lieb’s result
and consequently we can assume N/Z € [Bgl ,5/2] for Z > 2. Thus

3\
a) < sup {3 (E) By Px P epytx P i x e [ﬁgl,S/z]} . (4.7.32)

Following Lemma 4.6.5 we have

) 1/3 203
c=15 (—21.456) 4—, (4.7.33)
On V15

and since S5 ' € [1.0,1.1185] one can show that the supremum in the right-hand side of
(4.7.32) is attained at x = 35 I"and consequently

3\1/3 _
a; <3 (1—0) By + By’ <3.893. (4.7.34)

For the choice a; = 3.90 and a3, a3, a4 as in (4.7.27) the inequality (4.7.26) fails and therefore
we find

N < B7'Z+3.90Z'3 +0.0134+0.18427'3 +0.019627%73,  Z > 4.

this proves the statement of Proposition 4.2.5. [ ]

4.8 Bosonic Atoms

So far, our discussion has focused exclusively on fermionic systems. We now turn our attention
to bosonic atoms by considering the Hamiltonian Hy 7z in (4.2.1) on the bosonic Hilbert space
H 1{’,. Contrary to the fermionic case the result on the excess charge will not depend on the
spin of the particles. Therefore, we restrict our analysis to spinless bosons. In this context, let
Y.z denote the ground state of Hy z on H b and let N.(Z) represent the critical number of
bosonic particles that can be bound.
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By comparison to the Hartree model, it was shown by Benguria and Lieb in [17] that

(Z
lim N; ) _ e 4.8.1)

Z—00

for some z. > 1 where the numerical value was computed by Baumgartner in [15] to be
t. = 1.21. In the appendix as Lemma A.7.1, we prove the analytic bound ¢, < 1.47.

Up to our knowledge, for finite Z > 0, Lieb’s bound of N, < 2Z + 1 remains the best
bound so far. The mean-field arguments presented in Section 4.5 remain valid in the bosonic
case without modification. The only part of the previous proofs that relied on the fermionic
symmetry of the ground state was Lemma 4.6.4, which is used to find in the fermionic case
the bound

{1 ynzwnz) s ZN7H3 < 713 (4.82)

Here, the left-hand side of (4.8.2) represents the expectation value of one electron’s inverse
position. For a fermionic atom, the average distance between the electrons and the nucleus with
charge Z scales as Z~'/3. However, in the case of bosonic atoms, this distance is proportional
to Z~'. This can be derived by comparing Hy z with Hy ;7 for some k > 0, together with
estimates of the ground state energy Ey z, see [98, Proof of Theorem 1].

In Section 4.8.1, we present an initial estimate that can be derived by applying our previ-
ous findings while optimizing the parameter s > 1 in the Benguria—Lieb—Nam argument.
Specifically, we prove the following bound:

No(Z) < 1.54141Z+3.50Z"% +2.43+0.494 2712, vz >2

as stated in Theorem 4.8.1.
In Section 4.8.2, we build on an approach developed by Benguria et al. in [19] to establish new
bounds on the ground state energy Ey 7z for bosonic systems. These refined estimates enable
us to improve the result on the maximal excess charge of bosonic atoms. Our main objective
is to prove Theorem 4.2.7.

4.8.1 A first Inequality

The techniques derived earlier can be applied to the case of bosonic atoms. We show

Theorem 4.8.1. Let s € (1,2] and Z > 2, then

N.(Z) < b(s)d(s)Z +2b(s) (d(s)s)"? Z'/?
+b(s)(s+1—-sh (4.8.3)
+b(s)(s=1)(d(s)s) 2z
where

1 s2 -1

T d(s) =1+

b(s) = S;O

with to the unique solution of t* + st +1 —s=0in (0, 1).
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Remark 4.8.2. In Figure 4.3, we have plotted the behavior of s +— b(s)d(s). The minimum is
attained at s ~ 1.480. Let so = 1.48 then for t| = 0.241715 it follows t‘;o +s50t1+1—59<0
and consequently

so—1

b(S()) <

= 1.34176, and d(sp) = 1.1488 .

By direct computations,

b(s0)d(so) < 1.54141,

2b(s0) (d(s0)s0)'"* < 3.50,
b(s0)(so+1—s5") < 2.43,

b(s0)(so — 1) (d(s0)s0)""/* < 0.494 .

Inserting these numbers into (4.8.3) proves
No(Z) < 1.54141Z +3.50 2"/ +2.43 +0.494 Z71/2

which improves Lieb’s result of No(Z) < 2Z + 1 for Z > 64.6.

2f e |
Tl
+ 187 ® B
i .
| < ° ..
1.6 - e’ :
..ooo...

1 1.2 1.4 1.6 1.8 2
s

Ficure 4.3: Sample values of the prefactor in the term linear in Z in (4.8.11) .

Proof. Without any changes (4.2.2) and (4.6.9) still hold, so that for any s > 2 and Jensen’s
inequality
2

-1
aN,S(N—1)<Z+S

(<|Xl|s_llﬁN,Z,¢N,z>)ﬁ

4.8.4
st -1 ( )

8

<Z+

(1l Wz o z) -
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Indeed (4.8.4) does also hold for s > 1, and we prove this as Lemma 4.8.8 below. Following
[76] the energy of a single electron atom with nuclear charge A is bounded from below by

—A A 2
<f’7f>_<f’mf>2_7<faf>

for every f € H' and 1 € R. Recall the definition of Pyy I (4.6.5). Then py, , > 0 by
construction. Choose

_ S Py s
N

A

s f= pWN,Z(x)'

Consequently, we arrive at Coulomb’s uncertainty principle

/ X ™ Py L dx < N'Y2|Vypynll, - (4.8.5)

By the Hoffmann-Ostenhof inequality (see, [46, Lemma 2]) and the virial theorem

N
”V\/wa,zni < Z(lﬁN,Z, -AYnz)=-2ENnz7. (4.8.6)
i=1

For the bosonic ground state we have —Ey z < NZ?/2 by ignoring the electron—electron
repulsion which together with (4.8.5) yields

(xi| n zownz) S NTVA-2EN ;< Z. (4.8.7)

Combining (4.8.4) and (4.8.7) we arrive at

21
aN,S(N—l)<(1+S - )Z.

Applying Lemma 4.5.3 forevery N > 2,r > 0O and s > 1 we find

(I” + 1)s+1 _ (1 _ I")S+1
2r(s+1)(1+7r)s

Z+—. (4.8.8)
r

s2 -1 1
NﬁsS 1+

Let p > 2 and r > 0 then by standard arguments, the following inequality is valid
(1+r)? =(1=r)? >2rp. (4.8.9)

Let p =s+ 1 fors > 1 and insert (4.8.9) into (4.8.8) to find

2

(I+r)

(4.8.10)

NB; < (1+S )Z(1+r)s+
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Choose r = AZ~ /2 for some A > 0, then by standard estimates one can find c(4, s) > 0 with

2

N <p;! (1 42 )Z R VALY 4.8.11)

Optimizing in A > 0 can improve the result. For s € [1,2] we give a rough estimate on c(4, s).
For g € [0, 1], the following Bernoulli’s inequality is true

(I+x)? <1+¢gx, VYx=>-1. (4.8.12)
Let |r| < 1 then together with Bernoulli’s inequality we find
L+ =0+)A+r) <A+ +(s=Dr)=1+sr+(s—Dr2. (4.8.13)
Let
2-1  s2+7
8 8
then by inserting (4.8.14) and (4.8.13) into the right—hand side of (4.8.10) we arrive at

d=d(s)=1+> (4.8.14)

S2 s
(1+ g )Z(1+r)+

N
r r
<(dZ+r YA +sr+(s=1)r?)
=dZ+dsZr+r ' +d(s=1DZrP+s+(s=Dr.

Choose now r = 1Z~1/2 for some A > 0 then

(1+s28 1)Z(1+r)s+ (d+r)

< dZ + [dsa+ 171 Z'?

+[d(s - 1A%+ 5]
+A(s = 1)Z7V2.

It remains to choose the free parameter 4 > 0 optimally. We decide to optimize the expression
that grows as Z'/2 in the free parameter A > 0 to find

A= (ds)™'V?

and consequently

< dZ+2(ds)\2 7\

(1+S2_1)Z(1+r)“+—(1+r)g
8 r

+[s+1-57"]
+(s—1)(ds)" V2 Zz7112,

Inserting this into (4.8.10) proves the statement of Theorem 4.8.1. [ |
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4.8.2 Comparison with the Hartree Model

We begin by analyzing a recent technique by Benguria et al. in [19] to derive new bounds to the
ground state energy Ey 7z in the bosonic case. It has come to our attention that there appears
to be an inconsistency in [19]. Upon careful examination, we have identified a potential error.
We deeply appreciate the approach introduced by Benguria et al. and hope that our contribution
will be seen as a constructive enhancement to their valuable work.

We study the Hartree Model, which is given by

g4(f) ::%/(Vf)zdx—z 'fl dx + //'f(xll'_“;(ly)l dedy, feH'. 48.15)

The energy in the Hartree model is defined as

EN, = inf (ag(f) FeH'®),|fI? = ) . (4.8.16)

By rescaling
EN,=2(N/Z) (4.8.17)

where e(-) is defined as
— H( )\ . 13 2 _ o
e(t) =inf {&E]'(g) : g € H'(RY),|Igll; =}, fort > 0and e(0) :=0. (4.8.18)
We give this rescaling argument in Appendix A as Lemma A.6.1.

Remark 4.8.3. The mapping t — e(t) is strictly decreasing and strictly convex fort € [0, t.]
(see [17]) and constant for t > t. (see [110, p. 166]). In particular

mine(t) = e(t.) . (4.8.19)

Note that this behavior of e(-) directly clarifies the maximal excess charge in the Hartree
model since, for any 6 > 0, we have due to (4.8.17)

N-o N N-o
EﬁdZ>ENZ<:>e( - )>e(§)=} —— <l

and in the limit & — 0 this proves N < t. Z. Due to Baumgartner [15] we know numerically
te % 1.21. In Lemma A.7.1, we prove analytically t. < 1.47 and consequently N < 1.47Z in
the Hartree model.

In Section 4.8.3 we show

Lemma 4.8.4. Let e(-) be defined as in (4.8.18) and let t. the asymptotic constant in (4.8.1)

then 9y
) > —==.
elte) =
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Remark 4.8.5. Combining Lemma 4.8.4 and (4.8.17) together with (4.8.19) shows

21,
Eyz2-52 (4.8.20)

Equipped with Lemma 4.8.4, we show a lower bound to the ground state energy Ey z. In
particular, we show

Corollary 4.8.6. For the ground state energy En z we find

Enyz > _%23 - Dz_\/t_"N5/6Z3/2 _p? 3 N13/67-3/2
=T 3 2V

where D = CroCgn with Cgy = 0.2793 and Crp = 1.58.
Remark 4.8.7. To derive estimates on N.(Z), we can always assume N > Z. In the proof of

Theorem 4.8.1, we used the bound

—EN7Z < T .

However, the estimate provided in Corollary 4.8.6 improves upon this, since it proves

2t
—Engz < 7023 +0(Z%13),

where t. < 2, as established by Lieb’s result N.(Z) < 2Z + 1 and numerically t. =~ 1.21 due to
Baumgartner [15]. Following the steps of the proof of Theorem 4.8.1 and applying this refined
estimate for Ey z, we obtain an improved bound on N.(Z). The remainder of our analysis
will focus on proving Corollary 4.8.6 and deriving a new estimate on N.(Z).

We prove Corollary 4.8.6 in section section 4.8.4. We continue by proving Lemma 4.8.4.

4.8.3 Proof of Lemma 4.8.4
Proof. Following [110, p. 166] there exists f; = \/u with \u € H' such that

elt) = . IfIE = [ In()ldr = @821)
where f is the unique positive solution to
—Afn
=0
> JH

with
D(x) = |x| 7 = (] TH ).
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The Hartree energy functional is strictly convex. The fact that the function
u - / |V Vuldx

is convex, can be for instance found in [16, Lemma 4]. Due to the strict convexity of 8?
there is no minimizer of 8{{ with ||f||% =t > t.and 8{{(]”) = e(t.) (choose ¥y = 0 in [73,
Theorem 2.4 and Theorem 2.5], where the more general Thomas-Fermi-von Weizsicker theory

is studied). Consequently fy = u is the unique minimizer of 8{1 without restriction on |[[u]|;.
Let A, s > 0, and define

s(x) = 5712273 2u(ﬂ‘lx), (4.8.22)

then by direct calculations

&1 (Vi) = ;2 [ v ar- & [0,

x|

4.8.23
1/ ()] () (8.2
+ —— ————dydx.
5212 lx — y]
As fy = Vu is the unique minimizer it follows
0 .m 0 om
—&) (\/u,l,s) = —&; ('\/l/l/l,s) =0. (4.8.24)
ds s=a=1 04 s=A=1
These conditions define several virial theorems. To reduce notation, we define,
1
K== / (Vvi)’ dx, (4.8.25)
2 R3
Py i LGOI (4.8.26)
Ry |x]
// LICITIC) ey (4.8.27)
R3XR3 |x yl

Taking the derivatives in (4.8.23) according to (4.8.24) and inserting K, A and R we find

2 1 1
O0=|-—F%K+—A—-—==R =-2K+A-R, (4.8.28)
s sA2 0 s2A% )|l
1 1 2
0= [-—K+—A-—R - _K+A-2R. (4.8.29)
22 52 S )|y

By definition of K, A and R together with (4.8.21) and the definition of e(z.) in (4.8.17) we
have
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Combining this with (4.8.28) we find
K=A/3, e(t)=-K. (4.8.30)

We apply the Coulomb Uncertainty Principle (see [76, Equation 2.2.18]) which yields

ju)| 20 "
dx < (/ (VVu) dx) (/ |u(x)|dx) ) (4.8.31)
RS |x] R3 R3
Since 3K = A,
2 lu(x)| ? 2 1/2 1/2 ’ B 1
A® = dx| < / (VVu)"dx| 1 = A <Kt =>A<-t. (48.32)
R | R3 3
Combining (4.8.30) and (4.8.32) we arrive at
1
K < §tc. (4.8.33)
Together with e(¢.) = —K we find
2t
e(te) > —7" (4.8.34)
which completes the proof. |

We continue by proving Corollary 4.8.6.

4.8.4 Proof of Corollary 4.8.6

Proof. Let Yy z denote the ground state of Hy z, and recall the definition of the one-particle
density py, , given in (4.6.5). For brevity, we write p = py,, ,. Following [17], the Hartree
energy 8? and the ground state energy Ey z of the Schrodinger operator Hy z can be related
via the Lieb-Oxford inequality (see [75]). In particular, we have

Enz > EZ(Vp) - CLo /R 3 p(x)*3 dx. (4.8.35)

We use the improved Lieb-Oxford constant Crp = 1.5765, which was recently derived in [68,
Equation 79]. Applying the Gagliardo—Nirenberg inequality to the Lieb-Oxford term, we find

5/6
/R3 (p())*dx < Con||Vp, (/R3p(x)dx) = Con||[Vpl|,N°/® (4.8.36)
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where Cgy can be computed numerically to get Cgy < 0.2793 (see [19]). By the Hoffmann-
Ostenhof Inequality (see, [46, Lemma 2])) and the virial theorem

N
||V\/ﬁ||§ < Z(lﬁN,z, —Aiynz) =-2ENz .

i=1

Using the definition of the Hartree energy in (4.8.16) and combining (4.8.35), (4.8.36) and
(4.8.6) shows
Enz > E , — CLoCon(—2EN z) N/

Define D := CroCgy then by application of (4.8.20) we arrive at
2t
Enz > _?c — D(=2Ey.z)'>N3/6 | (4.8.37)

Inserting equation (4.8.37) into itself yields

21 3 4tc3 12 561/2 5/6
Enz 2 =7 =D|-5*2° +2D(-2Ey 7) 2NSI6) NS/ (4.8.38)

Ignoring the electron—electron repulsion, there is always the inequality
1
~Enz < ENZZ. (4.8.39)

Combining (4.8.39) and (4.8.38) we arrive at

1/2
Enz > —%23 D (49th3 2DN4/3Z) N6
2e 3 2\/5 5/653/2 D s, 0\’
=-35Z-D N/z/(1+—N/Z—)
C
2t ey _ 2‘/EN5/6Z3/2 1+ 9_DN4/3Z—2
9 3 4t
_ %23 _ Dz\/ENS/éZyz _p? 3 N13/67-3/2
9 3 24/t
In the third line, we applied Bernoulli’s Inequality (4.8.12). This proves the assertion of
Corollary 4.8.6. [ ]

Equipped with Corollary 4.8.6, we can continue to prove bounds to the Excess Charge in the
bosonic case.

4.8.5 Maximal Excess Charge In The Bosonic Case

We want to apply Lemma 4.6.2, but for s < 2, this is not directly possible. We show
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Lemma 4.8.8. Forany s € (1,2]

1<|X1|S'//N,Z,A1¢N,z> B 52— 1
2l Nz unz) 8

(k1N z. Unz) - (4.8.40)

Proof. With the same arguments as in Lemma 4.6.2

1<|x1|S¢N,Z,A1‘/’N,Z> B 2= 1 {11 YNz, ¥n.z)
2 <|X1|S_1¢N,Z,¢N,Z> -8 <|x1|s_ll/’N,ZawN,Z>'

Note that |
<|x1|s_21//N,z,lﬂN,z> =N /3 x| lel_l,z),pMZ (x1) dxy .
R

Instead of applying Holder’s inequality directly, we define the probability measure

l |x|_1pl//1v,z (X) dx
N (x1|"ywz, ¥n.2)

do(x) =
then by Holder’s inequality

(I Nz, ¥nz) = /1&3 "o (x) (x| Wz, ¥v z)

(s=1)/s (4.8.41)
< (./R3 |X|Sd90(x)) <|x1|_1¢N,Z,lﬁN,Z> :
Inserting the definition of d¢ in the second line of (4.8.41) we arrive at
s=1 1
(I Nz, ¥nz) < (<|x1|s_llﬁ1v,z,lﬂ1v,z>) ' (<|X1|_]WN,Z,¢N,Z>)S
and consequently
1 YNz, Uz . 5 _ 5
< ) < (<|X1| llﬁN,Z,lﬁN,Z)) ((|x1| llﬁN,Z,'//N,Z>) . (4.8.42)

(alynz.onz)

To simplify the expression on the right-hand side of (4.8.42) we use Jensen’s inequality. Let
s € (1,2] and u € P(R?). We show

-3 B
(/ |x|“_1du(x)) < (/ |x|_1d,u(x)) . (4.8.43)
R3 R3

1-s
[ o) > ( / |x|—1du(x>) | (4.8.44)
R3 R3

This is equivalent to
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The mapping (0, o) 3 7 +— 175 is convex for any s € (1,2] since (¢!7%)” = s(s — 1)~ 6+,
Equation (4.8.44) and consequently (4.8.43) then follows directly from Jensen’s inequality.
Note that

du=N"'dpyy,

is a probability measure, and thus, applying (4.8.43), we conclude

o1
(<|x1 Nz, lﬂN,z)) T < <<|x1 "Nz, ‘/’N,Z>)
which combining with (4.8.42) yields

(1 2Nz, ¥nz)
() nz, ¥nz)

< <|X1|_1¢N,Z,¢N,Z> :

This finishes the proof of Lemma 4.8.8. ]

With Corollary 4.8.6 and Lemma 4.8.8, we now have the necessary tools to establish a more
refined version of Theorem 4.8.1, namely Theorem 4.2.7. Before proceeding with the proof
of Theorem 4.2.7, it is helpful to summarize our findings in the form of the following lemma.

Lemma 4.8.9. Let Y 7 the ground state of Hy 7 in (4.2.1) on 7-(;’, then

(11 Y.z N .z)

64"

<
3 \N

2V \Z i) \z

Proof. We already have proven

5/6 2 13/6
14D (N) Z‘2/3+D2(—3 ) (N) z—7/3) (384

<|X1|_1¢N,Z,WN,Z> < NV2\2En, (4.8.46)

in the proof of Theorem 4.8.1 (see (4.8.7)). Combining (4.8.46) together with the estimate on
En . z found in Corollary 4.8.6 we arrive at
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(11w .z, ¥ z)

1
-5 [l ot dn

12
< N2 4323 +D4\/EN5/6Z3/2+D2 6 N13/67-3/2
9 3 24/t

_ e (z)”zz

12
) z

1+3_DN5/6Z—3/2+2D2 i N13/6Z—9/2
\/_

tc AN

2
1+DiN5/6Z—3/2+D2( 3 ) N13/6Z—9/2)
24/ie

Te AV

5/6 2 13/6
1+D 3 (N) Z‘2/3+D2( 3 ) (N) z—7/3).

2 \Z W) \z

4.8.6 Proof of Theorem 4.2.7

Remark 4.8.10. As in previous cases, s > 1 will appear as a free parameter in our analysis.
However, unlike the fermionic case, increasing s does not necessarily yield better results. In
Lemma A.7.1, we prove the bound

(Z .
t. = lim Ne( )s 1nf]b(s)(1+

Z—oo [ se[1,2

s2—1

) <147

where the infimum is attained at s ~ 1.624. This suggests that optimal results can be expected
fors < 2.

In the fermionic case, we previously relied on Lemma 4.5.9, which is valid only for s > 2.
Here, we instead use Lemma 4.5.3, which applies to s < 2. Consequently, we cannot establish

Nc(Z)

6021/3,
S0z

and instead, we obtain a Z''* behavior for the correction terms.
While extending the analysis to s > 2 in conjunction with Lemma 4.5.3 might improve our
results for finite Z, we restrict our consideration to s € (1,2).
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Proof of Theorem 4.2.7. We combine (4.3.10) with Lemma 4.5.3 and the estimate on S in
(4.4.5) to prove the Theorem. Combining Lemma 4.5.3, Lemma 4.8.8 and (4.3.10) yields

(r + 1)s+1 _ (1 _ r)s+1 1
i DU Py

2 z\/? 3D (N\*/¢ op2 (N\'°
<7+ V|2l zl|i+ ) A el ) BRAUES
12 N 2 \Z 4, \z

Direct computations show for » > 0 and s > 1 that

A+r)* — A=) > 20 (s+ 1)1 =7)°.

Thus, we arrive at

1-r\* 1 2—1 —(z\'?
——<|1 2l |z
(1+r) NBs =3 (+ 12 \/E(N)

2 7/6
LS (N (4.8.47)
8 Z

S2 -1 3D2 E 513 Z_4/3
8 2y \Z ‘

Note that by Bernoulli’s inequality

1-r\’ 2r
>1- >1-2 4.8.4
(1+r) N S1+r_ S (4.8.48)

for any r € (0, 1). Combining (4.8.47) and (4.8.48) yields

s2—1
12

Z

%(%)1/2

(1 =2sr)NBs — % < (1 +

Lo ( ) 2113 (4.8.49)

5 \/_( )5/3 o

We use that N < 2Z + 1 by Lieb’s result and hence N < 5/2Z for Z > 2. We define

s2—1D 5\7/6 s2—13D2 (5\3
cl = — , €= — )
TR 2 T8 2y \2
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Consequently, we arrive at

s2—1

12

1/2
A
NB; s(1+ \/Z(N) )Z+clzl/3+c22_4/3

1
+—+2srNB;s.
r

1 \\/2
r= ( ) NT1/2,
25Bs

Note that r < 1 if N > 1. Thus, we arrive at

2 1/2
P P 1\/7(5) 2+ 8718 Ly [ By,
Bs 12 N Bs Bs Bs

Using again that N < 2Z + 1 by Liebs result and hence N < 5/2Z for Z > 2 shows

Optimizing in r yields

1 s2—1
N<— 1+1—

B, 2

zZ\'/? c1 ca 5s
Vie (—) Z+—7ZB 42774340 22717 (4.8.50)
N Bs Bs Bs

It remains to turn (4.8.50) into the desired relation between N and Z. To this end let
6o, 01, 62, 63 > 0 and assume for arbitrary but fixed N > Z > 2
N > 60Z +6,2"2 +6,7'3 + 632743, (4.8.51)

To prove the theorem, we will now determine values of 6y, 81, 8> and 83 such that (4.8.50)
together with (4.8.51) yields a contradiction. Fix

5
01 =242, =L, g3=22.
Bs Bs Bs

Then combining (4.8.50), (4.8.51) and (4.8.52) we arrive at

1 2 Z 172
eos—(1+S12 vr( ) |

,35 90Z+91Z1/2+9221/3+93Z_4/3

(4.8.52)

Consequently,

1 2_q C1/2
eos—(1+s (t) . (4.8.53)
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Recall that our goal is to determine the smallest possible value of 8y for a given s > 1 at which
(4.8.53) no longer holds. Choose 6y = x~2t, then we need to find x > 0 such that

s2—1 )
Bste < |1+ B x|x (4.8.54)

fails. For fixed s > 1, the cubic equation (4.8.54) has a unique positive solution that can be
computed explicitly. A numerical investigation with 7. ~ 1.21 shows that at s = 1.66, one can
prove the best results. Thus, we fix s = 1.66. In this case B 66 < 0.782 and consequently we
may choose x = xq as the unique positive solution of

0.7821. = (1 +0.1463x)) x3

and consequently 6y = xaztc. Fort. ~ 1.21 one finds xo = 0.913597 ... which gives 6y < 1.45
Thus we have found .
Ne < =Z+0Z2'7+0,2'P +0;27% (4.8.55)
X
0

5
01 =2 —s, 92=ﬂ, 93=2~
ﬁS ,Bs ﬁs

01 <6.52, 6, <0361, 65<0.378.

with

Withs =1.66and 7. > 1

This proves Theorem 4.2.7. |
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Chapter 5

Why a System of Three Bosons On
Separate Lines Can Not Exhibit The
Confinement Induced Efimov Effect

5.1 Introduction

5.1.1 The physical system

We study a system consisting of three quantum particles (bosons) with short—range interactions
confined to move on separate lines within R3, see Figure 5.2 in Section 5.2. Two of these lines,
L, and L3, are parallel to each other within a plane P, while the first line, L, is constrained
to a plane perpendicular to P which does not intersect L, or L3. That is the intersection of
the plane on which L; lies with the plane P forms a line parallel to L, and L3. The line
L, intersects P at an angle £ € (0,7/2]. Without loss of generality, we can fix the point of
intersection of the line L; and the plane P as the origin.

Recently the physicists Nishida and Tan predicted that this system might exhibit the so—called
confinement induced Efimov effect. This, in particular, means that it should have an infinite
number of negative eigenvalues if two—particle subsystems do not have bound states but have
resonances at the bottom of the essential spectrum. the possible existence of Efimov type
effects in such geometrically constrained quantum systems, see [87],[86]).

Our main result, see Theorem 5.2.1, shows that this prediction is not correct. We prove that
the geometrically constrained three—particle system discussed above can have at most finitely
many bound states for a large class of short-range potentials.

5.1.2 The Efimov effect.

It is well known that an one-particle Schrodinger operator —A+V (x) on L?(R?) with relatively
bounded potential decaying faster than Ix|727%, 6 > 0 may have only a finite number of
eingenvalues. It was proven by Zhislin [129] and Yafaev [59] using two different methods that
N-particle Schrodinger operators, under the same conditions on the potentials, possess only a
finite number of eigenvalues if at least one of the subsystems has a bound state below zero.



Absence of the Efimov Effect for Bosons on Separate Lines 110

It was very surprising when physicist Efimov found in 1970 [28] that a system of three particles
in R3 with short—range pairwise interactions may have an infinite number of eigenvalues when
the two—particle subsystems do not have bound states, but have resonances at the bottom of
the spectrum.

Beyond the infinite accumulation of bound states, the Efimov effect exhibits several remarkable
properties, one of the most significant being its universality. This means that the discrete
spectrum’s asymptotic behavior remains the same, regardless of the microscopic specifics of
the underlying pair-potentials. In particular, the number of bound states N(E) below E < 0
satisfies the universal asymptotic behavior

. N(E)

Eh_)rg_ n(ED] Co (5.1.1)
for some constant Cp > 0, which depends solely on the particle masses and not on the
interaction potentials.

Both in mathematics and physics, the study of the Efimov effect became a highly recognized
challenge. After Efimov’s initial description, the first rigorous mathematical proof was pro-
vided by Yafaev in 1970 [59], followed by a variational proof by Ovchinnikov and Sigal in
1979 [89] and Tamura in [113]. The asymptotic behavior of the number of bound states,
which was already predicted by Efimov, was later confirmed mathematically by Sobolev in
1993 [108]. Until the end of the 1990s, several significant physical and mathematical findings
had emerged on this topic (see, e.g., [116], [66], [91], [90], [120] and [118])

Despite its universality property, the Efimov effect is an exceptionally rare phenomenon,
primarily due to the necessary presence of virtual levels in two—particle subsystems. In
experiments, it is difficult to create conditions where two—particle subsystems have zero—
energy resonances. Moreover, the Efimov bound states have a large size and are very weakly
bound. This makes the Efimov effect exceedingly challenging to observe.

However, technological advancements in the 1990s, such as improved laser cooling techniques,
enabled the study of resonant systems through the application of magnetic fields and so—called
Feshbach resonances (see, e.g., [116], [55], and [25]). The first experimental observation
of the Efimov effect was achieved in 2002 in an ultracold gas of cesium atoms, which was
published in 2006 [67]. Later, in experiments with potassium atoms, two consecutive Efimov
states have been observed [126], obtaining data consistent with the universal scaling property
in (5.1.1). By the late 2000s, evidence of the Efimov effect was found for various other
particles, including cases beyond systems of three identical bosons (see, e.g., [43], [92], [10]
and [124]). For a more detailed review of the experimental results on the Efimov effect, see
[33] and the references therein. The experimental verification of the Efimov effect generated
renewed and significant academic interest. For a comprehensive review, see [84] (published
in 2017), which includes over 400 references, most of them from after 2009.

Experimental and theoretical studies have recently explored the existence of effects similar to
the Efimov effect. A natural question is: does the Efimov effect extend to N—particle systems
for N > 3 when the (N — 1)—particle subsystems possess a virtual level? It is known that in
systems with N > 4 bosons in three dimensions, the effect is absent [4], [12], [42].
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Another question is whether the effect can exist in spatial dimensions other than three, which
occur, for example, in configurations involving graphene or by confinement of particles via
optical lattices. In systems of N bosons, the absence of the Efimov effect in dimension one
has been established in [12]. In the same work, it was proved that for N two—dimensional
bosons, the Efimov effect is absent, except in the case N = 4. Physicists predict that for
N = 4, the Efimov effect exists only if the system interacts solely via three-particle forces.
Mathematically, this is still an open problem.

For N = 3 in dimensions greater than five, virtual levels correspond to bound states of two—
particle subsystems, resulting in the non—existence of the Efimov effect. The situation in
dimension four is more complex since virtual levels in this case are resonances but not bound
states, however, the decay rate is so high, that the resonance barely misses to be L?. The
non—existence of the Efimov effect for three bosons in dimension four was demonstrated by
the use of so—called Faddeev equations in [11]. This completes the picture for the existence
or non—existence of the Efimov effect for (bosonic) three—particle systems in all dimensions.
Recent advancements in experiments with ultracold gases have enabled the confinement of
particles to lower—dimensional subspaces using strong optical lattices (see, e.g., [40], [112]).
This development enables the study of systems with mixed dimensionality, where different
species of particles are confined to distinct subspaces of dimension less than three. The
physicists Nishida and Tan discussed the possible existence of Efimov type effects in such
geometrically constrained systems (see [87],[86]). In [85], they examined the possibility of
this effect occurring in a mixture of “°K and °Li isotopes, where the conventional Efimov
effect is known to be absent. They argued that confining *°K particles to a one—dimensional
subspace is a promising system for the so—called confinement induced Efimov effect. However,
a rigorous mathematical description of these scenarios remains an open question. In [84], the
predictions on the Efimov effect among various configurations of three particles with mixed
dimensionality have been summarized. We present the table [84, page 44, Table 1] and these
predictions in Figure 5.1 below. In this work, we examine one of the cases. Namely, the case
(1D-1D x 1D) on the bottom right.

We prove that, contrary to the predictions made, this system can support only a finite number
of bound states, even if there are virtual levels in the two—particle subsystems.

This configuration is particularly intriguing because it is a truly mixed dimensional system,
consisting of one one—dimensional and two two—dimensional subsystems.

Our approach is based on methods developed by Vugalter and Zhislin (see, e.g., [129], [120],
[118] and [119]), which were recently applied in [13] to establish the absence of the Efimov
effect in unconstrained N—particle systems in dimensions one and two. As usual, an important
part of the work is the study of the decay properties of resonances, which may occur at
the bottom of the spectrum of subsystems. To the best of our knowledge, the decay of
resonances has only been studied in the case of rotational symmetric potentials. However,
for this mixed dimensional system, the subsystems are not necessarily rotational invariant,
which tremendously complicates the analysis of the decay properties of zero—energy solutions.
Although this solutions are not functions in L?(R?) using a modification of techniques from
[49], [47], [12], [13] and [9], which extend the method of [2], we show that the projection of
these solutions onto the subspace orthogonal to radially symmetric functions are in L?(R?).
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Ficure 5.1: Predictions on the confinement induced Efimov effect. Table taken
from [84, page 44, Table 1]. For each case, it is indicated whether the Efimov
effect is predicted to occur (v') or not (x).

The paper is structured as follows. In Section 5.2, we give main definitions, state our main
result, and address the (lack of) symmetries within the two—particle subsystems. In Section
5.3.1, we state four lemmas and show how they lead to a proof of our main theorem regarding
the finiteness of the discrete spectrum.

As preparation for proving these lemmas, Section 5.4 examines the decay properties of the
zero—energy solutions within a given symmetry subspace. It turns out that the part of a
resonance in angular momentum subspaces different from zero angular momentum has faster
decay than the part in the zero angular momentum subspace (the s channel in physics language).
We finish the proof of the main theorem by proving the remaining lemmas from Section 5.3.1
in Section 5.5.

Acknowledgements: This research has been partially funded by the Deutsche Forschungsge-
meinschaft (DFG, German Research Foundation) — Project-ID 258734477 — SFB 1173.
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5.2 Definitions and Main Result

Let y; € R be the distance of the i-th particle from the origin along the line L;, and let r; € R3
be the three—dimensional position vector of this particle. Then

y1¢cos({) y2 V3
r = 0 , = a [,r3=| a3 |,
y1sin(&) 0 0

where a; € R with j € {2,3} denotes the distances between the line L; and the é;—axis as
indicated in Figure 5.2.

Denote by r;; = r; — r; the distance between the particles i and j. The Schrodinger operator
of the system, expressed in this coordinate system, is given by

H:—Z#a—z+2va(|ra|) (5.2.1)

where V, : R — R is the interaction potential between the particle pairs, indexed by « € I,
with I == {(12), (13), (23)} and m, m», m3 > 0 are the masses of the particles. We study the

é3
Ly
sin({)y1 r
T
Irp :
i ® | —
2 ’ I
- ap
! Y3 _
Y2 cos({)y1 o az 6
L3 I3
ér

Ficure 5.2: Geometrically constrained configuration space of particles.

system of three bosons given by the operator H in (5.2.1). Regarding the potentials we assume
that Vy; € LIZOC(RZ) and V3 € leoc (R) and there exist constants C,d > 0 and A > 0 such that
for |ry| > A.

Vo (IraD| < C(1+ [ra )™, (5.2.2)

where v23 == 2+ 6 and vy = vi3 = 3 + 0. Note that by short-range one typically refers
to potentials which decay as |-|7279 at infinity. To ensure the applicability of specific decay
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estimates on the so—called zero—energy resonances of two—particle subsystems, we assume a
stronger decay condition on the interaction potentials Vi, and V3.

In addition, the particles always maintain a minimum distance, making the presence or absence
of singularities in the potentials at very small distances irrelevant, except in the special cases
where a, = 0 or a3 = 0, when the particles 1 and 2, respectively, 1 and 3, can come arbitrarily
close to each other. Denote by oess(H) the essential and by ogisc (H) the discrete spectrum of
H. Our main result is

Theorem 5.2.1. Let H be the operator defined in equation (5.2.1) with V, fulfilling (5.2.2)
forany a € I = {(12), (13), (23)}. Assume that oess(H) = [0, 00). Then ogisc(H) is at most
finite. Contrary to the prediction in [84], this system does not exhibit a confinement induced
Efimov effect.

Remarks 5.2.2. The statement of Theorem 5.2.1 does not impose any conditions on the
existence or absence of resonances in two—particle subsystems.

For each a = (ij) € I we denote by h, the corresponding two—body Hamiltonian:

16> 1 6?
he = ———s — ——+ Vo (Ira]) . 2.
mioy?  my 02 (ral) (5.2.3)

Let ¥;; = inf o (h;;) be the bottom of the spectrum of 4;; and let ¥ = min{%, : @ € I}.
Analogously to the HVZ theorem for systems without geometrical constraints [93, Theorem
XIII.17], we have 0ess(H) = [Z,00). Under the conditions of Theorem 5.2.1, £ = 0 and
consequently &, > 0.

By appropriate rescaling, we can remove the dependence on the masses from the kinetic part
of the Hamiltonian H. Let x = (x1, xp, x3) with

x; = ymyy; fori € {1,2,3}

and |x| = (x +x2+x3)1/2 then

92
H‘—Z—2+ZV (IEal) = ~Ac+ 3 Va(lral) (5.2.4)
i=1 Ot el ael
and , ,
0 0
hij==—>— = + Vi (Jri]) -

0xl.2 62
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In abuse of notation, we denote the transformed operator by the same letter. In this new set of
coordinates the distances |r,| are

2 2 1/2
X X cos({)
1 J
|Plj|=(—+——2 xixj+ai| o,

mp  m; \m; | 525
2 /2
_((F2 _ ¥ )2
[ro3| = ((\/m—2 \/m_s) + (az — az) )

Note that |r1 j| remains unchanged under reflection (x1,x;) = (—x, —x;). This symmetry of
the potentials will play an important role in our analysis.

5.3 Absence of the Efimov Effect

5.3.1 Proof of Theorem 5.2.1

By the min—max principle, it is sufficient to find a finite—dimensional subspace M c L*(R?)
such that for any ¢ € L?(R?) orthogonal to M

(W,Hy) > 0.

Such a space M exists, see for example the work by Zhislin [129], if there are constants
b, T > 0 such that

3 2
2
Lly] :=/ Al + Valwlz) dx —/ dx >0 (5.3.1)
R? (;” | Z wlelb2b] x|

ael

for any ¢ € Cj(R?) with suppy € {x € R’ : |x| > b}. We emphasize that no smallness
condition of the parameter 7 > 0 is needed. Everywhere below we assume that b > 0 is
sufficiently large and 7 > 0 is a fixed number which is less than §, where 6 > 0 is the
parameter in the decay condition on the interaction potentials in (5.2.2). Let

1/2
Kiy) = e R () <olelh e (23},
— S| X2 *3 5.3.2)
Kn(y) = {x e R : | — | < yx|f, (
23(7) {X N )’lxl}

Q(y) =R\ {Ki2(y) UKi3(y) U K23 ()} .

In the following we denote by dK,(y) the boundary of K,(y). The sets K,(y) describe
parts of the configuration space where the particles i and j in @ = (ij) are close to each
other compared to their distance from the third particle k& # {i, j}. In Lemma B.2.1 in the
Appendix B, we show that the sets K, () do not intersect, except for x = 0, for sufficiently
small y > 0.
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Let 1 4 be the indicator function of the set A ¢ R? and define ¢, := y1 Ko(y) and ¢o = ¢lg(y).
We prove (5.3.1) by estimating for all @ € I the local energies

— 2 2 |’70a'|2
LolYel = ‘/Ka(y) ('Vwafl +Zvﬂ|wa| )dx_/K 2+dea

Ael 7 |xl (5.3.3)
Lo[yo] = Vol + Y V, Zd—/ Wol ..
olvol /Q N (| w3, |¢/0|) R e
and noting
LIy] = Lolyol + D Laltl . (5.3.4)
ael

Note that we use a hard cut—off in the definition of the local energies L, and Ly. The analysis
of these local energies will involve boundary terms on 0K, (y) and 0Q(y). The analysis
will proceed in several steps. As a first step, we show that the functionals L, for @ € I can
be bounded in terms of boundary integrals over dK,(y). This is done in the following two
lemmas.

Lemma 5.3.1. Fix a € {(12), (13)} and let Py[a] be the projection in L*(R?) onto functions
that are invariant under rotations of the coordinates (x1,x;) describing the position of the
particle pair @ = (ij). Under the conditions of Theorem 5.2.1 there exists a constant ¢ > 0,
independent of W, such that

2
Lo[¥o] = —c/ %don (5.3.5)
9K a(y) |

|x

The statement of Lemma 5.3.1 is similar to [13, Lemma 6.7], whereas its proof is significantly
more complex. It is based on a detailed analysis of properties of zero-energy resonances of
two—dimensional systems, which will be done in Section 5.4.

For the functional Ly3[y23], we prove the following bound, whose proof is similar to the proof
of [13, Theorem 6.1].

Lemma 5.3.2. Under the conditions of Theorem 5.2.1, there exists a constant ¢ > 0 such that

|y |?

|x|1+‘r

Los[yo3] 2 —C/

9K3(y)

(5.3.6)

As the second step, applying the one—dimensional Trace Theorem (see, [31, Theorem 1, p.
272]) and Hardy Inequality, we show that the right—hand sides of (5.3.5) and (5.3.6) can be
controlled by a small part of the kinetic energy term on the set (y). This is done in the
following two lemmas.

Lemma 5.3.3. Fory; € (y,1)and a € {(12), (13)}, we define K,(y,v1) = Ko(y1) \ Ko (7).
For any € > 0, for sufficiently large b > 0 holds
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P 2
/ %da < g/ IV |2dx . (5.3.7)
IKa(y) x| Kao(yiy1)
Lemma 5.34. Let y; € (v, 1) and define K»3(7y,v1) = Kx3(y1) \ Ka3(y). For any € > 0 we
have 5
/ ll//1|+Td0' <e / |V |>dx . (5.3.8)
9K (y) |x| K3 (y.y1)

for all sufficiently large b > 0.

Assuming the Lemmas 5.3.1, 5.3.2, 5.3.3 and 5.3.4 for the moment, we give the

Proof of Theorem 5.2.1: Using the bounds of Lemma 5.3.3 and 5.3.4 in (5.3.4) and assuming
that y; > 7 is close enough to y so that the regions K, (y,v1) = Ko (y1) \ Ko (y) fora € I do
not overlap, we arrive at

Lz Lolwol -5 Y, [ WPav-s [ wfa
ae{(12),(13)} Y Ka(y:71) K (v 1) (5.39)

> Lolwo] - 36 / Yy P

Q(y)

where € > 0 is arbitrary small and b > 0 large. Choosing b > 0 large enough, Lemma B.2.2
shows that each of the potentials satisfies |V,| < C|x|™" for some constant C > 0 on
Q(y) N {x : |x| > b}. Thus, for fixed & > 0 we have |V,| < &|x| > for x € Q(y) with |x| > b
and all sufficiently large » > 0. Hence,

2
de.

(5.3.10)
o |xI?

Lo[¢o] - 38/ |Vy|?dx > (1 - 3¢) |Vy |>dx — s/
Q(y) Q(y) Q

The set Q(y) ¢ R3 is conical and applying the radial Hardy inequality for the last term on the
right—hand side of (5.3.10) (see B.1.3) yields

Lo[yo] — 38/ |Vy|?dx > (1 -T¢) |V |>dx .
Q(y) Q(y)

This completes the proof of Theorem 5.2.1. [ ]

5.4 Zero-Energy Resonances

To prove Lemma 5.3.1, we will need some properties of zero—energy resonances of two—particle
Schrodinger Operators in dimension two. The most important of them are the estimates on the
decay of such resonances, which will be given in Lemma 5.4.3.
Let

h=-A+V on L*(R?) (5.4.1)
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with V satisfying (5.2.2) with parameter v, = 3 + ¢ for some 6 > 0 and V(x) = V(-x).
Following [61], we say that & has a virtual level (zero—energy resonance) if 4 > 0 and for any
g > 0, h + €A has an eigenvalue below zero.

Let H'!(R?) be the homogeneous Sobolev space defined as

H'(R?) = {u e L>_(R®) : Vu € L*(R?)},

loc

equipped with the norm

1/2
”M”HI(RZ) = (/ |Vu|2dx+/ |u|2dx) .
R2 [x|<1

We will use the following result of [13, Theorem 2.2]
Lemma 5.4.1. Assume that h has a virtual level. Then

1. there exists a unique non—negative po € H'(R?) with ||¢o|| A2y = 1 such that for any
Y € H'(R?)
(Y, Vo) + (¢, Vpo) = 0. (54.2)

2. there exists pu > 0 such that for any ¢ € H'(R?) with (Vi, Vo) =0
W, by = Vo). (5.4.3)

Remark 5.4.2. Note that, in general, oo ¢ L>(R?). Moreover, if the potential V is radially
symmetric and compactly supported, it is easy to see that ¢ is also a radially symmetric
function that does not decay at infinity. If V is not radially symmetric, then g is not radially
symmetric either. For this case, we prove that if V is symmetric under reflection, then the
projection of ¢g onto the subspace orthogonal to radially symmetric functions is in L*>(R?).
The proof'is given in the next lemma.

Let P, the projection onto radially symmetric functions in L?(R?) and P, := 1 — Py the pro-
jection onto its orthogonal complement. The next result shows that even though ¢ ¢ L?(R?)
its projection P, ¢y is in a weighted L>—space.

Lemma 5.4.3. Let g be a virtual level of h, then there exists [(6) > 0 such that

(1+|-D'PLgo € LA2(R?) . (5.4.4)

5.4.1 Proof of Lemma 5.4.3

Let f = Pogpo and g = P ¢g. Since V(x) = V(—x), a virtual level ¢ can be either an even or
odd function with respect to reflection. However, by Lemma 5.4.1, ¢g is non—negative, which
implies that it must be an even function. Consequently, for almost all | x|,

2r
/ e*g(|x|,0)do = 0.
0
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Note that for all functions F(|x|,8) € H'(R?) orthogonal to radially symmetric functions with

2
/ e F(|x|,0)do = 0 (5.4.5)
0
the following inequality holds:
F 2
IVF[? dx 24/ (xz) dx . (5.4.6)
R2 R2 x|

In particular (5.4.6) holds for F = g. To prove (5.4.4) it suffices now to show that
v ((1 + |-|)l+]g) e LA(RY). (5.4.7)

Choose & € C*([0,00)) with &(f) =0fort < 1 and é(¢) = 1 fort > 2, such that £(¢) < 1 and
&'(t) < 2forany t € [0, ). For any w, k, 8 > 0 we define

x|

G(lx]) = ———=x&(xI/B) . (5.4.8)

1+ w|x|
Inserting ¢ = G?g into (5.4.2) and writing ¢o = f + g yields
0=(G%g, hf)+(G*g, hg). (5.4.9)
Since Py and P, commute with —A, it holds
(G?g,hf) ={(Gg,VGf). (5.4.10)

Observe that

VG
(G?g,hg) = (Gg, hGg) - <Gg, =08

) (5.4.11)
2 VG|
=[|[V(Gg)II” +(Gg,VGg) — {Gg, 2 08
Combining (5.4.9), (5.4.10) and (5.4.11) we arrive at
2 IVG|?
IV(G@)II” +(Gg,VGg) — (Gg. 2 08)+(Gs.VGf)=0. (5.4.12)

We claim, there exists some &€ > 0 and a constant c(8) > 0 that both are independent of w
such that
VG| 2 2
(Gg.VGg) —(G8. —=5-Gg) +(Gs.VG[) 2 —(1=)IV(GII” = c(B)llpollzy - (5.4.13)
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Assuming this claim for the moment, we complete the proof of Lemma 5.4.3. Combining
(5.4.12) with (5.4.13) yields

elV(GRII? < ¢(B)lioll7,

and consequently [|[V(Gg) |? is bounded uniformly in w, which proves (5.4.7) with k = [ + 1.
Then, taking the limit w — 0 concludes the proof of Lemma 5.4.3. [ ]

We prove the remaining statement in (5.4.13) by estimating each of the terms on the left—hand
side of (5.4.13) separately.

5.4.2 First Termin (5.4.13)

The function G vanishes for |x| < 8 and V fulfills (5.2.2) and therefore there exists C > 0 such
that

C |Ggl|? 4C )
Gg,VG < — dx < V(G . 5.4.14
(Gg, VGg)| (1+ﬁ>1+6ﬁ|>ﬁ e (5.4.14)

5.4.3 Second Term in (5.4.13)
In Lemma B.3.1 in Appendix B we show for |x| > 2/ that
IVG(x)| < klx|"'G(x) for |x|>28 (5.4.15)

and
VG (x)] < g~ (2K+1 + sz—l) —c1(B) for |x| € [B,28]. (5.4.16)

Recall that the function Gg is orthogonal to radially symmetric functions and in addition
satisfies (5.4.5), consequently (5.4.15) together with (5.4.6) yields

|VG|2 2 2 ) 2 s 2
3 |Gg|“dx < k |x|™*|Ggl°dx < —||V(Gg)|l”. (5.4.17)
K2 G x|>28 4
By combining (5.4.16) and (5.4.17), we obtain

VG|
<Gg,' ! Gg>s [ 9GPIgPax+ [ 1vGPlgPax
G p<lv|<2p Ix|228

2
K
ccap) [ lePdx+ LIVGOIF.
Bs|x[<28

(5.4.18)
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Applying (5.4.6) gives

/ glPdx < (28)? / x| 2lg Pex
B<|x|<28 B<|x|<28

RZ
<402p>leoll% -
Inserting (5.4.19) into (5.4.18) yields
VG |? K2
<Gg o2 Gg ZIIV(Gg)II +c2(B)lleoll7 (5.4.20)
where ¢2(8) = 4(28)*c1(B).
5.4.4 Third Term in (5.4.13)
Let & > 0. By (5.2.2) and Schwarz Inequality, we obtain
IGgl |Gfl
|<Gg’VGf>| < C‘Lbﬂ |x|1+5/2 |x|2+6/2
|G| |G|2 (5.4.21)
< Cé/ 2+(5 _/ 4+6|f|2dx
Ixl>8 |x| >8 |x]
Using (5.4.6) for Gg in the first term on the right-hand side of (5.4.21) we get
N IGI* | Cé 2
Cs/ lg|"dx < —||IV(Gg)||~. (5.4.22)
el>p x>0 4

To estimate the second term on the right-hand side of (5.4.21) we choose « in the definition
of G in (5.4.8) as 1 + §/4, then for every |x| > 8

G 2
'lx(lfffé' < P40l B < e 0P(lxl B)IE (5423)
Applying (5.4.23) yields
G
[ - 168 | e < [ W1 ) o (5.4.24)
x|>p |x| R?

Note that the function &(|x|/B)f(x) vanishes for |x| = B and consequently for 8 > 0 large
enough we can apply the two—dimensional Hardy Inequality (see Lemma B.1.2) and get

[Pl p oPdr < [ VEdspfenPar.  6425)
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Since V&(|-|/B) is supported in B < |x| < 2B and |[VE(]|/B)| < 2/B we get for the right-hand
side of (5.4.25)

200 < &
[ wepretacs 2

| f|2dx +2 / |V F|?dx (5.4.26)
<x|<28 x|>B

where we have used that (a + b)* < a* + b*. The function ¢y € L (R?) is normalized with

respect to H'(R?). Then, due to the orthogonality of f and g for fixed |x|, there exists a
constant ¢3(28) > 0 such that

11,z < N0l a5 < €32B) g0l oo, - (5.427)

Combining (5.4.26) and (5.4.27) shows there exits a constant c4(8) > 0, such that

/]R VB ()P < caBlleoly g

Relations (5.4.24), (5.4.25) and (5.4.4) imply

G|* 20y < 2
| — 51 f17dx < ca(B)llgoll -

x|>B |x]

Substituting (5.4.22) and (5.4.4) into (5.4.21) gives

Ccé -
(Ge. VG < =IV(GIF + es(8.8)goll 2,

where

m| O

cs(B, &) = —< - ca(B)

is a constant depending on 8 and &. Note that C > 0 is a constant depending on the potential
V only, and the parameter & > 0 can be chosen small.

5.4.5 Completing the Proof of (5.4.13)

Combining the inequalities (5.4.14), (5.4.20) and (5.4.4) yields for a constant c¢(S, &) > 0 that
depends on S and £ but is independent of

IVG|®
(Gg,VGg) - (Gg, 2 s +(Gg,VGf)
(K2 4C Cé
> —

2 aepm T 7) IV(GRIP* = (B, &)lgoll7,

Since we can always assume 6 < 1 and since x = 1 + /4 we have «?/4 < 1. Consequently for
B > 0 sufficiently large and by assuming that £ > 0 in (5.4.21) is chosen to be small we can
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have

K2 .\ 4C . Cé -1
—t et — —-£&.
4 (1+p)* 4

The constant ¢(B, €) for fixed 8 and € may be large but is finite and independent on w. As
explained earlier, taking the limit w — O completes the proof of Lemma 5.4.3.

5.5 Proofs of the Lemmas for the Main Theorem

In this section, we prove the lemmas stated in Section 5.3.1.

5.5.1 Proof of Lemma 5.3.1

We show the statement for L, [¢/,] with @ = (12). The proof for @ = (13) is similar. We drop
the index @ whenever possible.

Remark 5.5.1. The proof of Lemma 5.3.1 is organized as follows. First, we introduce several
new functions and state three lemmas corresponding to the proof’s main steps, showing how
they conclude Lemma 5.3.1. The proofs of these three lemmas are then provided in Section

5.5.2.

Due to [120, Lemma 5.1] for given &€ > 0 and fixed y > 0 there exists a y € (0,y) and a
piecewise continuously differentiable function u : R* — [0, 1] with

1 Ki»(y
uy = |1 T EKR®) (5.5.1)
0 x¢Ki(y)
such that for v == (1 — u2)1/2
2 2
Vul? + |V < & (V—2 + ”—2) (5.5.2)
x| [(x1,x2)]
for every x = (xq,x2,x3) € R3.
Let
= (P ,
Y1 = (Prna)v (5.5.3)

Yo = (P y12)u+ Poyia .

Note that we use smooth localization for the function P, 1>, which allows us to apply the
IMS—-Localization formula. For reasons that will be explained later, we can not do such a
smooth localization for the function Py 5.

As the first step, we show that L [¥12] can be estimated in terms of integrals involving ¢,
only. Namely, we prove the following:
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Lemma 5.5.2. Let Ki2(y,7) = Ki2(y) \ K12(¥) and b > 0 large enough. Then

Lia[y12] = Liz[¢2],

where

2
Lia[y12] =/ (|V¢12|2+2Va|¢12|2) dx—/ |lﬁ122+|T dx
Ki2(y) K |

acl P\S(0.b) |x

and

s ol
Lolal= [ {19028 + Y ValvaPLe, ) - 2020 | ax
Ki2(y) |x|

ael

p 2
_8/ |P Ly dx.
Koty [(x1,x2)]

As the next step we extend ¢, for fixed x3 outside of K15 (7y). Note that o = Poiy12 on 0K12(7y)
and thus is constant for fixed x3 € R on dKj,(y). This allows us to continuously extend ¢,
to R3 by a function which does not depend on (x;, x») outside of K1»(y). Let > be this new
function, then since ¥ € C}(R?) it follows that

5.54)

Ja(-x3) € H'(RY), da(x1,x2,-) € H(R) and r € H'(RY). (5.5.5)

Denote by V> = (dy,, 0x,) the gradient in the (x,x2)—plane. If i1 has a virtual level let
©o € H'(R?) be the corresponding solution of /11209 = 0. We normalize g with respect to
the seminorm corresponding to the sesquilinearform

(Viof, V2 g) = /2 (Viaf - Vi2g) d(x1,x2), f.g € H'(R?)
R
such that
leol? = [ Feoldan) = 1.

For every x3 € R let
D (x3) = (Vi2po, Vio¥2) 12 (r2) - (5.5.6)
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We show that the function ® is in L?>(R). Since V2, vanishes outside of supp > and
consequently outside of supp ¢, applying Schwarz Inequality yields for some constant C > 0

2
dxs

”q)”iz(R) = / I[/ (VIZ(PO]lsupp(zp) 'VIZJZ) d(x1,x2)

< /R||V12900]lsupp(t//)||L2(R2) ' ||V12J/2("x3)||L2(R2)dx3

(5.5.7)
- (191220 oo ey + 171202 5) 3 gy ) i
=2 /) 120 Lsupp(y) L2(R2) 12205 X3)]| 2 (R2) 3
|
< C”VIZ‘;DO”* + §||,7[/2||H1(R3) .
In the last line of 5.5.7, we have used that ¢ is compactly supported.
Let F(x1,x2,x3) be defined by
Yo (x1,x2,x3) = o (x1,x2)P(x3) + F(x1,%2,x3) . (5.5.8)
For almost all x3 € R the function F satisfies
(Vi2¢0, Vi2F) 22y = 0. (5.5.9)

If the virtual level ¢o does not exist we assume ®(x3) = 0 and consequently F = 5.

Remark 5.5.3. For fixed x3 € R, the expression (5.5.8) is a projection of Y onto the virtual
level @o within H' (R?). Note that, unlike (-, x3), the function (-, x3) is not in H'(R?) and
therefore such a projection would not be possible. That is the reason why we needed to extend
Wy introducing .

With these definitions in (5.5.6) and (5.5.8), we can state the following:

Lemma 5.5.4. For the functional L 1> we have the estimate

P oy
[Py I

) (1, x2)

. 1 5
Lia[yo] le||V12F||2+§/ |(9x3(Pﬂ//2)| dx—s/
K2 (y) K

P 2
-C / | Oﬂ do
aKn(y) |x|

where i > 0 is the parameter in assertion (2) of Lemma 5.4.1 and C > 0 a constant independent

of .

Remark 5.5.5. By comparing the statement of Lemma 5.3.1 with Lemma 5.5.4 we see that the
assertion of Lemma 5.3.1 follows immediately if we can show that the sum of the first three
terms on the right-hand side of (5.5.4) are positive. We give this in the following lemma,
which is the last step in the proof of Lemma 5.3.1.
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Lemma 5.5.6. For ¢ € (0, u/8) and b > 0 large enough we have

uIViaF|)* + = |0, (PLgp2)|"dx — & ——"= _dx>0. (5.5.10)
2 Jkn(y) K

n9) [(x1,x2)]?

Remark 5.5.7. Recall that for any fixed vy > 0, we can make & > 0 arbitrarily small by
choosing y € (0,vy) small. In particular, we can always assume € < u/8.

5.5.2 Proofs of Lemmas 5.5.2, 5.5.4 and 5.5.6
Proof of Lemma 5.5.2

We aim to decompose the expression

Liz[¥12] =/ |Vl//12|2+ZVa|¢12|2 dx—/ leilr dx (5.5.11)
Ki2(y) K

ael R\S(0,b) |x]

into terms that involve either /| or i, defined in (5.5.3). In the region K> (y, 7), the potentials
V, satisfy |V,| < Clx|” =279 for some constant C > 0, assuming y > 0 is sufficiently small and
b > 0 is sufficiently large (see Lemma B.2.2). Since v < § we have

12|
/ ZVahﬁlzlzdx > —/ wz_ﬁ dx
Kio(v.7) et Ki2(»)\S(0.b) x|

and consequently

2
Li2[y12] 2/ » (|V1ﬁ12|2+ZVa|l//12|2]lK12(7)) dx—2/ MG’X- (5.5.12)
Kia(y K

= pONS©Ob) |x[7*7

Due to the orthogonality of Pyy12 and P,y ;

/ V1P = / V(P L) P + / IV(Powria) . (55.13)
Ki2(y) Ki2(y) Ki2(y)

With the bounds on the localization estimates in (5.5.2), we have

/ V(PLy) P
Ki2(y)
2

2/ IV(Pwuu)lzdx—s/ |PLyal? —dx (5.5.14)
Ki2(y) Ki2(v,7)

I(X1,xz)|

[ vePa-s [ Pl
Ki2(y) Ki2(7.9) |x|
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where u, v are functions defined by (5.5.1). Due to the definition of functions ¢ and ¥, in
(5.5.3) we have

[ vEewabas [ mEewoPas [ WePa 6519
Ki2(y) Ki2(y) Kia(y)
and since | vanishes on K, (7) it follows
/ |V(PLyiav)|Pdx = / |V | 2dx . (5.5.16)
Kia(y) Ki2(y,9)
Inserting (5.5.14) into (5.5.13) and applying the relations in (5.5.15) and (5.5.16) we arrive at
2 2 215
[Viia]dx > [V |7dx — € S-dx
Ki2(y) K2 (v.7) K2 (v.7) |'x|P ) (5517)
+/ V| dx —8/ |L—w2|2dx
Kia2(y) K.y [(x1,x2)]
The functions 1, ¥, satisfy
Poy1 =0 and |Poyi|* + Py’ = [Prynal®. (5.5.18)

Dividing by lx|*** does not change the symmetry of the functions and consequently together
with (5.5.18) we get

2 2 2
/ |l/’122+|de:/ |l//;J|erx+/ |l//§|+7dx. (55.19)
Kia(»\S(0,0) |x| Kia()\S(0.6) |x] Kin()\s(0.) |x]

Inserting (5.5.17) and (5.5.19) into (5.5.12) yields

2 2
Lia[¢12] = Lia[y2] +/ o (IV%I2 -2 Wal” 8|¢1||2 )dx (5.5.20)
Kz (y

|x|2+‘r |x

where L5 [)] is given in (5.5.4). Since suppy; € {x € R : |x| > b} we can apply the radial
Hardy Inequality and for £ > 0 small and » > 0 large enough we obtain

1 |* 1 |*
/K (|V¢1|2—2 o —e——|dx20.
12(7) |x| |

|x

This completes the proof of Lemma 5.5.2. [ |
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Proof of Lemma 5.5.4

We aim to estimate

. ol
Lotal= [ (190aP + 3 ValaP i - 2,5 | o
Kia(7) x|

ael
_ 8/ Py I
Kty [(x1,52)
Due to Lemma B.2.2 there exists a constant C > 0 such that on on K»(y) \ S(0, b)
[Viz + Vaz| < Clx|727°. (5.5.21)

Then, using (5.5.21) together with 7 < ¢ yields

2
Li[yr] > / (ww + Vialwo Lk 5 — 3"0—2'” dx
Kia(y) x| (5.5.22)
/ Pyl
—-£ —2dx
Kty [(x1,x2)]
We rewrite (5.5.22) as
I 2 2 .
12[¥2] = Vi |” + Violyo |1k, 5) | dx
K12(7) (5 5 23)

2 2
P
+ / |0x39//2|2dx -3 / |¢’§|+T dx — 8/ |J‘—l//2|2dx .
Ki2(y) Kia(y) |x] Kn(r.y) [(x1,x2)]

We start with the first integral on the right-hand side of (5.5.23). With the definition of i, in
Section 5.5.1 we have

~ 12
/ |V12¢2|2dX=/ V12| dx . (5.5.24)
K12(y) R3

The function i, and ¥, coincide inside of K>(7y) and consequently for the term involving Vi,
in (5.5.23) we have

/ Violwa | 1k, (5 dx
Ki2(y)

~ 12 ~ 12
= / Vio|tro| dx - / Vialya|Pdx — / Vio|o| dx .
R3 Ki2(v.7) R3\K2(y)

Outside of K;»(%) holds [Vi»] < C Ix| 7>~ for some C > 0. Consequently for b > 0 large

enough
/ Violwa|*dx
K2 (v,7)

(5.5.25)

< / o () | )x| "> T dx (5.5.26)
Ki2(v.,7)
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and

= |2 ~ 2, _o_
/ Via|da| dx S/ |2 (o) Ix] 7> " dx . (5.5.27)
R3\K2(y) R3\Ki2(y)

Combining (5.5.24), (5.5.25), (5.5.26) and (5.5.27) we find

-2 -2
/ V122l + Vialya P dx 2/ (|V121ﬁ2| + Vio|ihs| )dx
Ki2(y) R3

~ 2
|2 ()] ol
- 2+1 dx — 24T dx
R)\Kia(y) x| Kia(y3) |x]

By expressing i, in terms of ®pg and F (see (5.5.8)), using hi2¢o = 0 and assertion (2) of
Lemma 5.4.1 yields

(5.5.28)

./JWH%P+Wmhmdx2MWmﬂP- (5.5.29)
R‘

Inserting (5.5.29) into (5.5.28) gives

/ \V12u2|? + Via|po|*dx
Ki2(y) (5.5.30)

~ 2 _n_ __
ZM%ﬁW—/ |muﬂm2%ui/ WPl dx.
R3\K12(y) Kix(y.9)

Next, we show that

~ 2 _n_
/ ()P |2 dx
R3\K2(y)

can be estimated by an integral over the surface 0K,(y). We introduce polar coordinates

x1 = p sin(p),

(5.5.31)
x2 = p cos(yp)

with ¢ € [0,27) and p € [0, ). In this choice of coordinates the set K>(7y) is determined
by p < k|x3| for some « > 0 depending on y (see Figure 5.3). Then

U (x) [02(p. . x3)[ dyp
_/ | 2+r| / / /0 P pdopdxs . (5.5.32)
R\Kpa(y) x| Ix3]

Outside of the conical set Ki2(y) the function ¥, is equal to its value on the boundary and
consequently substituting > (o, ¢, x3) with > (k|x3|, ¢, x3) in (5.5.33) and solving the integral
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over p yields

|l//2(x)| /0 |2 (k3] 90,x3)| dy
2+T 2+T dde3
R)\Kia(y) x| k3|

— (KTT)—I /00 ./(‘) |¢2(K|X3|, (,0,X3)|2d90

|x3|1+‘r

(5.5.33)

x3]dx3 .

Regarding the set 9 K»3(y) the surface measure do- equals |x3|dx3d¢ up to a constant depending

Kpp(y) \ Ki2(9)

|Ge1,x0)| b |(x1,20)|

FiGure 5.3: Left-hand side: sketch of the sets Kj>(y) and K>(¥) used in the
proof of Lemma 5.3.1.

Right-hand side: sketch of the sets Kj,(y) and K, (1) where the angles 6y and

0, are defined as 6y = arcsin(y) and 6 = arcsin(7y;) and used in Lemma 5.3.3.

on y and the function P, /> = 0 such that» = Poy on this surface. For (x1,x2,x3) € 0K12(y)
we have |x3| = (1 — ¥?)!/2|x| and therefore there exists some C; > 0 that depends on y and &
but is independent of i such that

¥ (x) Pow|?
/ | 2+T| dx < C / | Oﬂ do . (5.5.34)
R)\Kpa(y) x| 0Kia(y) |x|

Combining (5.5.34) and (5.5.30) we arrive at

P X
/ V122l + VialwalPdx = ullVioFI? - €, / [N DE
Ki2(y) Kia(y) |

|x

v |2 (5.5.35)
Kin(y.3) |x|
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Substituting (5.5.35) into (5.5.23) yields

|Poy|*

1+7

do

Lolval =ulViuFI? - ¢ /

aKn(y) |x]|

2 2
P

+ / (|5x3lﬂ2|2 -4 WEL) dx — s/ 1Puyal” 5 dx

K2 (y) |x| Kn(r9) |(x1,x2)]

We proceed by studying the term

2 | ) / ( 2 [Pyl

0 1/12 dx —4 dx = 0 (P()I,ﬁz) -4 dx
/1<12<y> (| ) x> Ki2(») 9 | x>

1 P 2
+/ (_|6X%(PJJ//2)|2—4| 12| )dx (5.5.37)
K12 (y) 20 |x

|2+T

(5.5.36)

1 2
o[ Slogpnfa
Ki2(y)

Using P,y = 0 on dK|>(y) and decreasing the integral by replacing |x| with |x3| together
with the one—dimensional Hardy Inequality (see Lemma B.1.1) yields for » > 0 large enough

1 2 Pyl
18 (PLuo)| -4 dx > 0. (5.5.38)
~/Klz(7) (2| S | |x3|2+T

Combining (5.5.37) and (5.5.38) yields
2 25 2 Py ()]
/ |0uy2| "dx —4——| dx > / |00y (Poa)|” — 4——5=— dx
Kia(y) |x| Ki2(y) |x3]
1

2
+§/ |8x3(PLlﬁ2)| dx .
Ki2(y)

(5.5.39)

Next, we estimate the integral involving Poy, in (5.5.39). The one-dimensional Hardy
Inequality can not be applied directly, as Poy, does not vanish on the boundary dKi,(y). So,
we use the following construction instead.

Let G be defined as a continuous function in K15(y) \ S(0, b) that coincides with Py, on the
boundary 0K, (7y) and is independent of x3 within K1>(y). We define I" in K1>(y) \ S(0, b) as

I''=Por-G

such that I vanishes on K1, (y). Then

/ |6x3 (Po¢2)|2dx = / |3x3r|2dx (5.5.40)
K2 (y) Ki2(y)
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and

Povo|? [+G?
[ g
Kin(y) |x3] Kin(y) |x3]
P2 G2
o TP nf oF
Kia(y) |x3] Kin(y) |x3]
Combining (5.5.40) and (5.5.41) we find
2 P X 2 r?
/ (|ax3(Po¢2)| %)dx z/ (|ax3r| g |2+T)dx
Kiz(y) |3 Ki2(y) |3

G2
—/ 8 | 2|+de.
Kin(y) |x3]

Since ¢ and consequently I" vanishes for |x3| < b/2 we can apply the one—dimensional Hardy
inequality (see Lemma B.1.1), which yields for 7 > 0 and b > 0 large enough

(5.5.41)

r 2
/ |0, T dx — 8 / | |2+de >0. (5.5.42)
Ki2(y) Kin(y) |x3]
This yields
2 | Poyr2 (x)|? IG?
/ |0y (Potp)|"dx — 4——=—| dx > -8 / ——dx. (5.5.43)
Kia(y) |x| Kia(y) X3l

Next, we show that the integral on the right-hand side of equation (5.5.43) can be estimated
by an integral over dK(y). The function G is independent of x3 in K1>(y), therefore using
polar coordinates as in (5.5.31) we find

IG(X)I |G (p, ¢, x3) Pdg
2+T 2+1 depdp
Kia(y) |x3] lsl=c1p |x3]

G(p, e,k 'p)| dy
/ [ e,
+7
lvs|2k~1p |x3]

/ s IG(psf

k)| Tde
| pdp .

+T

= (kT (1+7)™!

Due to the definition of G and since p = y|x| on dKj;(x) there exists a constant C; > 0 that
depends on y and ¢ but is independent of ¢ such that

IG|? |Pow|?
/ 2+de = ;{T do . (5.5.44)
Ki(y) |x3] dKi2(y) x|
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Substituting the relation (5.5.44) into (5.5.43) it follows from (5.5.39) that

2 2
P
/ (|ax3¢,2|2dx_4|¢§| )dx 2—8CZ_/ | O:M do
K2 (y) x| +T oKty —
(5.5.45)

1 2
+ E/ |ax3(PJ_'702)| dx .
Ki2(y)

We insert (5.5.45) into (5.5.36) and define C = C; + 8C», such that

8 1 2 Pyl
Lialya] 2ullVioF P + 5 / |0, (P L) dx — & / 'l—wzdx
Ki2(y) Ki(rv.9) [(x1,x2)]
P2
-C / | Oﬂ dor,
9Ka(y) |x]

which completes the proof of Lemma 5.5.4. [ ]
Proof of Lemma 5.5.6

To prove the lemma it suffices to show that for any u > 0 and & € (0, u/8) there exists
ad € (0,1/2) such that for all » > 0 (depending on u, &, 1) large enough, the following
inequality holds:

IV + /

K (y

|P L)

Ldx>0.  (5.546)
() [(x1,x2)]

10, (PLy)[dx — & /
) K

We start with the second term on the left—hand side of (5.5.46). The function P, ¥, vanishes
for |x3| = 0 and therefore by the one—dimensional Hardy Inequality (Lemma B.1.1)

1 P |
/ 10 (PP = - / Poval” (5.5.47)
Ki2(y) Ki2(y)

- 2
4 |x3]

Since Yo = Do+ F on K1»(y) and (a + b)? > a?/2 — b* we can estimate the right—hand side
of (5.5.47) by

P s|? 1 P ool P, F|?
/ | Wi' dx > —/ |®|2%dx—/ 1Py 2' dx . (5.5.48)
Kin(y) |x3] 2 Ki2(y) |x3] Kin(y) |x3]

Using that

2
|(x1,x2)|* < y—xi, Vx € Ki2(y).
1 —y2

and substituting this into the right-hand side of (5.5.48) we find

Pl 1 Pigol’ ’ P.F|’
/ | M;I de_/ |c1>|2| Mgl de— Y 2/ |l—|2dx. (5.5.49)
Ky |x3] 2 Jkn) |x3] 1 =7 Jknm) [(x1,x2)]
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Combining (5.5.47) and (5.5.49) and assuming

we arrive at

A / 0, (P L) [ dx
Ki2(y)

pl P ool 1 2 P F|?
z—/ |q>|2%dx—— 4 2/ lL—|2dx (5.5.50)
8 Ki2(y) |x3] 41— Y° Kk [(x1,x2)]

1 P, ool? P, F|?
Z—/ |CI>|2| ﬂpg' dx—ﬁ/ —l 1Fl de
8 Ki2(y) x| 8 Kin(y) [(x1,x2)]

Using € € (0, u/8) we find that last term on the left—hand side of (5.5.46) can be estimated as

P oyl
8/ [P ys| dx
Kn(y.) |(x1,x2)]

P, ool P, F|?
< 28/ |<1>|2|l—"0°|2dx+2g/ lL—|2dx (5.5.51)
Kin(7,9) |(x1,x2)] Kn(yy) [(x1,x2)]

PLgol® P, F|?
< 28/ |d)|2|l—('00|2dx+E/ lL—lzdx.
Kia(y.9) |(x1,x2)] 4 JknG) 1(x1,x0)]

Inserting (5.5.50) and (5.5.51) into (5.5.46) we find

P oyl
|P1ys] I

p(r3) |(x1,x2) %

A P, gol? P.ool?
> —/ |®|2%dx—2g/ |<D|2|l—('00|2dx (5.5.52)
8 JKin(y) |x3] Koy |(x1,x0)]

3 P.F?
eulerP-2u [ L
8" JKkn@m) |(x1,x2)]

LIV FIP + 2 /

K (y

104, (PLu) Py — & /
) K

Furthermore, due to the symmetry of P, F' (see (5.4.6)) we have

|PLFI?
IV2FI? = IVi2(PoF)IP + [Vi2(PLP)IP 2 IVi2(PLF) 2 4 / ——dx.

®3 | (x1,x0)
Consequently, for the terms in that last line of (5.5.52) we find

3 P, F|?
,U||V12F||2 - g,u./ —| L] 2dx >0
Kn(y) |(x1,x2)]
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To complete the proof of the lemma it remains to show for fixed A and & we can choose b > 0
large enough such that

A PLool? P, ool
—/ o2 *‘”g' dx—2s/ |c1>|2|l—9”°|2dxzo. (5.5.53)
8 K12 (y) |x3] Ki2(v.7) [(x1,x2)]

The first integral in (5.5.53) is taken over the region K, (y), while the second integral, which
is negative, is taken over K2(y,¥), a subset of Kj>(y). We will show that (5.5.53) follows
from this observation and the decay properties of P ¢g proved in Lemma 5.4.3.

It holds

~2
o <)l Va e Kn(n. 7). (5.5.54)
1-72
and

yb/2 < yl|x| < |(x1,x2)|, Vx € Kia(y,¥) Nsupp(¥) . (5.5.55)

Using (5.5.54) and (5.5.55) and applying Lemma 5.4.3 there exists some v > 0 and a constant
c(¥,v) > 0 such that for the second integral in (5.5.53)

P ool
/ |®|2|L—¢0|2dx
Ki2(v.%) |(x1,x2)]

Poool> (1+ v
:/ P [P Lol 2( |(361,)€2)|)yd)C
ket s (L + G 5556
1 1-7 / @I° 2 B
< T S (1 +[(x1,x2) )" [P Lol "d (x1, x2)dx3
A+76727 7 Jrnrs) bool? ’
_c@ [Tl
= " —2 X3 .
b Jbp2 s
On the other hand for the first term in (5.5.53) we have for » > 0 large enough
2
P 2 1P Leoll;2 w2 < 1p|?
/ o2 L‘”g' dx > 2L(R)/ | |2dx3. (5.5.57)
Ki(y) |x3] b/2 |x3]

Combining (5.5.56) and (5.5.57) proves (5.5.53), which completes the proof of Lemma 5.5.6
and as discussed in 5.5.1 this completes also the proof of Lemma 5.3.1. [ ]

5.5.3 Proof of Lemma 5.3.2

We aim to estimate

2
Las[y23] :/ ( )(|V¢23|2+Zvﬁ|¢23|2) dx —/ "M;'T dx.  (5.5.58)
Ko (y K>

el 3(\S(0.0) |x]
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The potentials V;; satisfy |V1j| < Clx| 77 for j € {2,3} and some C > 0 on K»3(y) due to
Lemma B.2.2. Consequently, for b > 0 sufficiently large

2
Lo3[ya3] 2 / (|V¢23|2 + V23|¢'z3|2) dx — 2/ |lﬁ223+|T dx, (5.5.59)
K2(y) K (»)\S(0,b) |x]

which is equivalent to

Los[y23] 2 / (|5x2lﬁ23|2 + |3x31ﬁ23|2 + V23|lﬁ23|2) dx
K23 (y)

2 a3
+ |02 23] -2 = dx
K23 (y) K23(y)\S(0,b) | x|

Next, we estimate the first term on the right—hand side of equation (5.5.60), which corresponds
to a part of the quadratic form of the operator /3 defined in (5.2.3). Note that the operator /3
is translation invariant. We introduce new coordinates (g, &), which correspond to the relative
distance and position of the center of mass of the subsystem (23) with

(5.5.60)

g = @(sz—mm,
£ = \/Al/I—B(\/m_zwh/m_m),

where My3 = my + m3. Note that ¢° + &% = x% +x
(g, &)—coordinates the operator /3 takes the form

?2,. Direct computations show that in

| |2 1/2
h23 = _6q2 - (9? + V23 ((’3— + (az - a3)2) )
23

where the reduced mass u»3 of particles (23) is given by

mams3
M>;

H23 =
The set K»3(7y) in (x1, g, £)—coordinates is given by

12
Kx(y) = {(m,q,f) eR’: gl <y (Xf+q2+§2) }
(5.5.61)

1/2
= {(xl,q,-f) R’ 1 gl < ko (] +€?) }

with

2 1/2
‘o = (L) | (5.5.62)
1 —~+2

Y H23
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The functional Ly3[y23] can be written as

12
M

Loz[y3] 2 (ﬁ) l/ |8q¢23|2+V23|¢23|2d(x1,q,§)
H23 K3 (y)

(5.5.63)

2 23]
+/ IV (.03 d(xl,q,f)—Z/ ———————d(x1,q,¢)
Kny) Kns(\506) |(x1, 4, €))7

where (M»3/u23)"/? is the Jacobian determinant of the transformation to the new set of
coordinates (x1, g, ¢). In abuse of notation, we denote />3 expressed in coordinates (xi, g, &)
by the same letter. We estimate (5.5.63) in two steps. As the first step, we show that

Lemma 5.5.8.
2 2 a3 |
(|5qlﬁ23| + Vas|os| )d(xl,q,f) =z -C s do (5.5.64)
K (y) 9K (y) |x|
for some C > 0 independent of .
As a second step, we show the following lemma.
Lemma 5.5.9. Define
N3] 'I/ v 5)1/123|2d(x1 q,¢) —2/ %d(m q,¢)

Kn() Kn(\SO.b) |(x1, ¢, &)

then
23]
N3] > -C T do (5.5.65)
Kx(y) |x]

for some constant C > 0 independent of .

Proof of Lemma 5.5.8

We rewrite the first integral on the right—hand side of (5.5.63) as

/ (|an23|2+V23|W23|2) d(x1,q,¢&)
= (5.5.66)

mmm ) ,
/RZ/ e |0g023]" + Vaslyos|Pdg d(x1, &) .
—ko|(x1,

Note that due to the positivity of operator /3 also holds

| | 1/2
—63 + Va3 (( + (a 613)2) ) >0.
H23
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Since the potential V,3 satisfies
1/2
lq|?
Va3 ((_q +(az — az)’
H23

< é|q|2+5

for some constant C > 0if ¢ is sufficiently large, applying [13, Lemma 6.2] (for convenience of
the reader, we proof it in Appendix B) there exists C > 0 that depends on ¢ but is independent
of  such that

kol (x1,€)] 5 5
/ |0gw23|” + Vaslyasl®dg

Kol (x1.8)1 , , (5.5.67)
_ o W23 lri kol (1, O O + a3 (x1, —kol (1. )| )7

|(x1, &)

>

Combining (5.5.66) and (5.5.67) we find

_/K o) (|5q‘/’23|2 + V23|l//23|2) d(x1,q,€)
23y
_c W23 (x1, kol (x1, €)1, €)|* + |w23(x1,—K0|(x1,§)|,§)|2d

R2 |(er, )11

The points (x1, +ko|(x1, )|, €) belong to the surface dK»3(y). Direct computations show that
for the surface measure do associated with the set K3 (y) satisfies the relation

(5.5.68)

>

(x1,€) .

do = kod(x1, &), (5.5.69)

with k¢ defined in (5.5.62). Consequently from (5.5.68) we find

2
2
/ (|5ql//23| +V23|l//23|2) d(x1,q,¢) = —C/ le (5.5.70)
K>3 (y) aKkxn(y) |(x1,8)]
for a possible different constant C > 0. Using that on dK»3(y)
x> = 11, ) + g% = (1+ k)| (x1, )
completes the proof of Lemma 5.5.8. |

Proof of Lemma 5.5.9

This lemma mainly follows the ideas of [13, Lemma 6.7]. We introduce polar coordinates in

the (x1, &)—plane as
pi=xt+&2, @ =arctan(x; /) .
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FiGure 5.4: Sketch of the set K»3(7). In the circular blue area, the function
vanishes. For fixed g € R, the horizontal red line indicates the path of integration
used in Lemma 5.5.9.

The set 0K»3(y) corresponds to points with

lg| = kop,

where ko was defined in (5.5.62). For each fixed g € R let

- 2r d . -
0@ = [ umGildl 95 wd By(p) =0 100,

Let F = Y3 — ¢;. We write V(p.¢) for the gradient in polar coordinates in the (x1, £)—plane.
Then V(, »)¢, = 0 and consequently

2
/ |V(x1,§)l/’23| d(x1,q,&)
o (5.5.71)

2 2
=/ IVip.o¥23| d(q, p, @) =/ V.00 F| d(q. p, @),
K23 (y) K»(y)

where d(x1,q,¢) = d(q,p,¢) = pdqdpde. Inserting (5.5.71) into the right-hand side of
(5.5.65) we arrive at

2
s —d(x1,4.£). (5.5.72)

2
Nuas] = / Vi F2d(a.p,0) — 2 / _ Wl
Kx(y) Kx(\S(0,0) |(x1,9,&)]

Transforming the second integral on the right—hand side of (5.5.72) to polar coordinates, we
get

2
23]

d(q,p,¢). (5.5.73)
SNSOb) (g, p) 77

2
Nuras] = / Vi Fd(a.p00) — 2 /
K3 (y) K>
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Since F =3 — ¢ and (a + b)? < 2a® + 2b? it holds

a3 J
Kn(\S(0.0) (g, o)+ (4:0-¢)
23y 5 )
< 2/ ﬂd(q Io 90)+2/ ﬁd(q 0, ¢) o
~Jksonson) (. )P Kn\SOb) [(q, p)77
Combining (5.5.73) and (5.5.74) yields
2 |F|?

Ny > Vo Z| d(q. p. ) — 4 ————d(q,p,¢)

Ka3(y) K3 (»\S(0.0) (g, p)|

’ (5.5.75)

2
K (n)\S(0,0) |(q, p)|

Next, we show that the sum of the first two integrals on the right-hand side of (5.5.75) is
positive. The function ,3 = 0 for |x| < b and consequently for
po = max{; ', b/2}
we have
) 00 00 2r )
/ Vi) | d(q,p, ) = / / / V0 F (4. p.9)| d(p,9)dg . (55.76)
K23 (y) -0 Jpy JO

For p = po, the projection of & onto functions with zero angular momentum in the
(x1,&)-plane vanishes. As a result, the following two—dimensional Hardy inequality (see
Lemma B.1.2) holds for almost all g € R:

o 2r ) 2 2
o 2 1 |F (q,p, )|
/ / V.00 Z (0,0, 9)|” d(p, ) > Z/ / d(p, ),
po JO po JO  p2 (1 + lnz(p))

where we assume pg > 1 for sufficiently large b > 0. Inserting (5.5.3) into the right—hand side
of (5.5.76) gives

o2 1 |F|?
/ |V(p,so)=/’| d(q,p,¢) = 4_1/ d(q,p,¢). (5.5.77)
K23(y) K23(y) p2 (1 +1n2 (p))

Since p > b/2 on K»3(y) N supp ¥o3 the positivity of the sum of the first two terms on the
right-hand side of (5.5.75) follows from (5.5.77) for b > O sufficiently large. We arrive at

— 2
v
K3 (»\S(0.0) |(q, p)|
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It remains to show that the integral on the right-hand side of (5.5.78) can be estimated by an
integral over 0K»3(7y). By direct computation

Vi(g:0,9) © (g, p. @)
/ %d(%ﬂfﬁ) = 27T/ / %pdpdq. (5.5.79)
Kx(y\8(0.6) (g, p)l —w Jpo (g, p)l

Using the definition of ¥, and Schwarz Inequality

oo oo o 2r 1 Zd
/ / le(q)2|+ dpdq < / / o 2345 fl’@' Y pdpdq.  (5.5.80)
po (g, p)l o ~o0 Jpo (g, p)I”"

Combining (5.5.79) and (5.5.80) we arrive at

|‘ﬂ1|
———d(q, p, p)
/1<23<7>\s<0,b> (g, p)[**"

2r
// W3(q. 5" 1q1. ©)[ d / )|2+Tpdpdq

Using |(¢g,p)| > p and po > &, !|g|, yields by solving the integral over p that there exists a
constant C > 0, which depends on 7 and k¢ but is independent of ¢, such that

|l//1|2 27 |y3(q, k5 gl @)1
d(q,p,¢) < C/ / gdgde. (5.5.81)
/1(23(y)\S(0 b 1(q, 1(g, p)2*7 lg|'+7

The points (g, g1, ¢) with ¢ € R and ¢ € [0,2n) correspond to points on the surface
0K»3(y). Consequently, by substituting (5.5.81) into (5.5.78), we obtain for another constant
C > 0 that depends on k¢ and 7 but is independent of i :

NI / |y |2
W3] > -C do, (5.5.82)
K

0K23(y) |x|1+T

where we used that y»3 = ¢ on 0K»3(y). This completes the proof of Lemma 5.5.9, and as
discussed in 5.5.3, this also completes the proof of Lemma 5.3.2. ]

5.5.4 Proof of Lemma 5.3.3

We prove Lemma 5.3.3 for @ = (12). The proof for @ = (13) is similar. We introduce spherical
coordinates as follows:
= |x| sin(¢) sin(H),
x7 = |x| cos(g) sin(6), (5.5.83)
x3 = |x| cos(6),
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where ¢ € [0,2n), 6 € [0, 7], and |x| € [0, 00). The boundary K ,(7) is then described by
(|x], £60, @), where 6y = arcsin(y) and 6 € [0, 7] (see Figure 5.3).

Let Py[(12)] be the projection onto radially symmetric functions in the (x;, x)—plane intro-
duced in Lemma 5.3.1, then

2 2
PRI CEICT Py Sy 7T (5584)
0K12(y) 9

|x|1+6 Ki2(y) |x|1+6

where the surface measure do associated with 0K, (7y) in the spherical coordinattes (5.5.83)
is given by
do = |sin O||x|d|x|de . (5.5.85)

By applying the one—dimensional trace theorem in the 6 variable (see, [31, Theorem 1, p.
272]) for every fixed |x| > b/2, ¢ € [0,2n), there is a constant C > 0 that depends on 6 and
01 = arcsin (1) but is independent of |x| and ¢ such that

w (Ix], 60, )| U1y (1x], 0, )P +1(8ey) (1x], 6, ©) |
— T = C/ 15 de. (5.5.86)
|x| b x|
Integrating (5.5.86) with respect to do- in (5.5.85) yields
2r ) )
[/ | Wbl 0. ) Plsin ol
(5.5.87)
o peo 6,0))* +(d 9, )|
< crma [T [" [T WALOENDDEALOE g
o Joy, Jbn lx|'*
where we have also used that ¥ (|x/|, 8, ¢) = 0 for |x| < b/2. Similar we get
2 [+3) 5
[ st~ o)Picoslinlatuia
0 JbR (5.5.88)
b peo 6, 0)* +1(d 6, )| o
<cma [ [ [T WO NBNALOE 0,
0o J-o Jup lx|'*
For K17(y,v1) = K12(y1) \ Ki2(7y) by combining (5.5.87) and (5.5.88) we find
/ wP
1+6
8K12(7) |.X| (5589)

| (Ix1, 6, @) I* + 1(Bp9) (Ix], 6, @)

< C|sin 6y| [

|x|d|x|dOdy .
Kia(y:y1)
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Using dx = sin(0)|x|*d|x|dfdy and sin(8) < |sin(6)| on K12(y, y1) we arrive at

2
X
/ le('s do
Ki(y) |x|

A 5 0 o2 (5.5.90)
< C/ |¢(IXI,2+,6¢)I dx+C/ I( el//)(l);l+,6 Sl
Ki2(y.y1) |x| Kiz2(y,71) |x|
Since ¢ (x) = 0 for |x| < b/2 we conclude from (5.5.90)
2
[t
aKlZ(’Y) |'x| (5591)

C .0, 0)? ) 0, 0)
< ! (/ |y (|x] ! o)l dx+/ I( e)lﬁ)(|x|2 o)l dx) ‘
(b/2) Kia(y.y1) |)C| K12 (y.71) |X|

Applying the radial Hardy Inequality to the first term on the right-hand side of (5.5.91) yields

()]
-/8 146 do

Kin(y) x|

C 1 B0y (11, 6, ) I* 6292
2 'x b b
< 57208 (/ Z|6|x|t,b(|x|,9, gp)| dx+/ 0 5 L dx) .
(b/2) Kia(yy1) Kia(yy1) |x|
Expressing the gradient in spherical coordinates, we conclude from (5.5.92) that
l (x)* ¢ 2

/amm e 7 Gy oo 0259

which completes the proof of Lemma 5.3.3 [ |

5.5.5 Proof of Lemma 5.3.4

In the set of coordinates (x1, g, &) introduced in 5.5.3 the set dK»3(7y) is determined by

gl = ko(x7 +&%)'/?

with k¢ defined in (5.5.62). We introduce spherical coordinates as follows:

x1 = |x| sin(g) cos(¥),
& = |x| cos(y) cos(1?), (5.5.94)
q = |x| sin(d),

where we used that the coordinates (x1, g, &) fulfill |x| = |(x1, g,&)| (see Lemma B.2.4). In
this set of coordinates 1}y := arctan(kg) corresponds to the opening angle of the conical set
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Ficure 5.5: Sketch of the sets K»3(y) and K3(y;) and their relation to the
constants kg and ;. This construction is used in Lemma 5.3.4.

K>3(y). Let ¢ := arctan k; with

Vi |
Ky = (1—23) , (5.5.95)
2
1- Y1H23

then ¢ > ¥y corresponds to the opening angle of the conical set K»3(7y1) (see Figure 5.5).
Analogous to Lemma 5.3.3 by application of the one—dimensional trace theorem in the variable
¥ and the radial Hardy Inequality proves Lemma 5.3.4. [ ]
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Chapter 6

Conspiracy of Potential Wells and
Absence of Efimov Effect in Dimension
Four.

6.1 Introduction
We study the double—well operator
Hg = P>+ Vi(x)+Va(x—R), P=-iV, onL*RY) (6.1.1)

for fixed R € R? and short-range potentials Vi, V, in dimension d > 3. This operator
appears in the Born—Oppenheimer approximation for quantum three—body systems. This
approximation is for instance used in the study of molecules. Beyond Coulomb interactions,
it is also known that for short-range potentials, i.e., potentials that asymptotically decay faster
than |x| 2, the Born-Oppenheimer approximation and the operator Hg plays an important role
in the understanding of the Efimov effect (see, e.g., [89], [66], [34] and [113]).

Remark 6.1.1. In Section 1.5.2, and in particular in (1.5.15), we provide a heuristic derivation
of the operator (6.1.1). In previous sections, we used the convention T = P22 for the kinetic
energy operator. Here, by assuming all involved particles in (1.5.15) have mass one, the
prefactor 1/2 in the kinetic energy becomes 1. Consequently, the choice in (6.1.1) is the
natural one for the present discussion.

The Efimov effect, first predicted by Efimov in [28], describes an unexpected phenomenon
where three particles can form an infinite number of bound states, even if none of the two-
particle subsystems are bound, provided at least two subsystems have a so—called virtual level
(see Definition 1.4.1).

The Efimov effect exhibits several remarkable features. One of these is its so—called universality
property. That is, the asymptotic behavior of the number of bound states below the essential
spectrum does not depend on the microscopic details of the involved potentials.

We study the asymptotic limit of the ground state energy E(R) = inf o (Hpy) of the operator
Hp in the parameter R in the case where the operators i) = P2 +V,>0and hy, = P2+V, >0
do not have bound states but have virtual-levels.
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For d = 3, it has been proven by Klaus and Simon in [66][Theorem 4] for strictly negative
potentials that
IRI’E(R) — —a?, as|R| — o,

where @ > 0 is the unique solution of exp(—a) = @. Under some additional assumptions on
the potentials, it was shown in [91, Theorem 4.3] by Pinchover that if d > 5, there exists C > 0
with

—C|R** < E(R) < -C7'|R*™

whenever |R| is large enough. For dimensions d > 5 the existence of a virtual level of /; with
J € {1,2} forces h; to have zero as an eigenvalue. However, if d = 3 the operators £, do not
necessarily have a zero—energy solution in L?(R?) but a resonance at zero (see Remark 1.4.2
and Remark 3.2.4).

The most challenging case is d = 4. The difference to dimension d = 3 is, that if the zero—
energy solution is not in L?(R*) then its decay rate at infinity is critically slow, meaning that
it barely misses being in L?(R*). We refer to Theorem 3.2.2 and the discussion thereafter for
more details.

Assuming that the potentials are compactly supported and have additional smoothness, Pin-
chover showed in [90, Theorem 2.3] for d = 4, that there exists C > 0 such that

—C|R|™?> < E(R) < -=C7'|R|*log(|R|)"!

whenever |R| is large enough. However, the lower bound in Pinchover’s result does not match
the upper bound. In this work, we establish a matching lower bound. Specifically, we prove
that

~C|R|1og(IR])™" < E(R)

for some C > 0 in Section 6.2 as Theorem 6.2.4. Using similar ideas as in the proof of
Theorem 6.2.4, we provide in Section 6.3 a fully variational proof of the absence of the Efimov
effect in dimension d = 4.

6.2 Conspiracy of Potential Wells in Dimension Four

6.2.1 Notation and Main Result

We study the double-well operator
Hg = P>+ Vi(x) + Va(x — R)

on L*(R*) for R € R* and potentials V1, V, € L (R*) N K4 where Ky the Kato class defined
in Definition 1.2.8. Then following [105, Lemma A.2.2] the potential V; is infinitesimally
form small with respect to P?>. We assume that V; for j € {1,2} is short-range, i.e. there are

constants C, 9, p > 0 such that

[Vi(x)| < Clx|727°,  j e {1,2}. (6.2.1)
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for any |x| > p.

Remark 6.2.1. With some changes below, one can instead assume the (weak) short—range
property in (3.2.2), which allows the potential to have local singularities outside of compact
sets.

We denote by o (Hp) the spectrum of Hg. We adopt the standard notation as, for instance,
used in [13] and denote one-particle Schrodinger operators with a single potential well, such
as hj = P? + V; for j € {1,2}, using lowercase letters.

Definition 6.2.2 (= Definition 1.4.1). The operator h = P> +V has a virtual level at zero if
H > 0 and there exists €1 € (0, 1) such that for any € € (0, &)

inf oo (h—€P?) =0 and info(h—eP?) <0. (6.2.2)

Remark 6.2.3. In Definition 1.4.1 we have used a different mass convention where the kinetic
energy is P?/2. Throughout this section h = P> +V, see Remark 6.1.1.

Theorem 6.2.4. Let Hg on L>(R*) be defined as in (6.1.1) with short—range potentials Vi€
leoc (R*) N Ky, such that hj = P? + V; > 0 has a virtual level for j € {1,2}. Then there exists
C > 0 such that for any R € R*

E(R) =inf o(Hg) > —C|R|*log(|R]) " . (6.2.3)

We prove Theorem 6.2.4 in Section 6.2.2. First, we collect some properties of zero-energy
resonances. Let

H'(RY = {u € L*(R*, |x|%dx) : Vu € L*(R*)}

be the homogeneous Sobolev space equipped with the norm

1/2
el g1 sy = (/ IVulde) :
R4

These homogeneous Sobolev spaces have already been introduced by Birman in [22] (See
[36, Chapter 2] for an overview). For any short-range potential V € LY (R*) N K4 we can
apply Theorem 1.4.11 and Theorem 1.4.12. Consequently, if the operator 4 := P? +V has a
virtual level, then there exists ¢ € H!'(R*), ¢ # 0 such that

he =0 (6.2.4)

in the sense that
/ VyVodx + / Vygde =0, Yy € H' (RY). (6.2.5)
R4 R4

Furthermore, there exists a constant 4 > 0, such that for every function g € H'(R?*) with
(Vg, V) =0 we have
(g, hg) = plIVell3. (6.2.6)
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For V € K4 we have proven in Section 3.2 as Theorem 3.2.2 that then

o) = L)
27 1 + |x|?

+u(x) (6.2.7)
for some u € L*(R%).

6.2.2 Ground State Energy Estimate

In the proof of Theorem 6.2.4, we will use the following modification of [120, Lemma 5.1].

Lemma 6.2.5. For any €,b > 0 there exist 0 < a < b and continuous functions u,v : R —
[0, 1] with piecewise continuous derivatives, such that ur+1v2 =1,

N
and
W () + Y (0 < @n{asmsb}.
Moreover, a can be chosen such that
e 19209 < & < 2o (6.2.8)

Proof. For the reader’s convenience, we prove this lemma in the Appendix C as Lemma C.1.1.
|

Equipped with Lemma 6.2.5 we now give proof of the main Theorem 6.2.4.

Proof of Theorem 6.2.4. Lety € H'(R*) with ||/||, = 1. For fixed R € R* the quadratic form
corresponding to the operator Hg in (6.1.1) is given by

Lly] = /4 |V |2dx + /4 (Vi(x) + Va(x — R))|w|dx . (6.2.9)
R R
Theorem 6.2.4 follows directly if there exists a constant C > 0 independent of ¥ and R with
L[y] = -C|R|*log(|R])". (6.2.10)

The parameter |R| > O separates the potentials V; and V5 into distinct regions of R*. We aim
to localize L in regions where either one or both potentials are small. To this end, we define,
for s € (0, 1), the following sets:

Bi(s) = {x e R*| |x| < 5|R|},

By(s) ={x € R*| |x — R| < s|R|},
Q(s) :=R*\ (Bi(s) UBa(s)).
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By the short-range condition of V; for j € {1,2}, the potential V5 is small on B (s) for large
|R|, while the potential V; is small on B;(s). On the set Q(s), both potentials are small.
Assume b < 1/3 such that B;(b) N B2(b) = 0, then for any € > 0 we choose a > 0 and
functions u,v : R — [0, 1] according to Lemma 6.2.5. Define

x| x - R| 12

then { xo, 1, x2} is a quadratic partition of unity with

2 elx| 7, x € Bi(b) \ Bi(a)
D IVxl® < Jelx = RI2, x € By(b) \ Ba(a)
k=0 0, x € Q(b) U Bi(a) U Ba(a)

Let Ay (b,a) = Bx(b) \ Bi(a) for k € {1,2} and then by application of the IMS localization
formula (1.3.1) we find

2 2
L) = Y bl - Y [ VPluPas

k=0 k=0 (6.2.11)
> (Zzl L xxv] —8/ wa’x—a‘/ |lﬁ|2 dx
=0 Avbay |x]? Ax(ba) |x — RJ?
Define for any f € H!
_ £
Ll[f] -—L[f]—<9 de,
A1(ba) x|f|2 (6.2.12)
Lol f] ::L[f]—s/ dx.
A(ba) |x — R|?
Then by inserting (6.2.12) into (6.2.11) we arrive at
L{y] > Lixoy] + Li[x1¢] + L2 [ x2¢] . (6.2.13)

We prove Theorem 6.2.4 in two steps. In the first step, we show L[ yow] > O for |R| large
enough, and in the second step, we show that there exists C > 0 such that

y|?

C——, je{l,2} (6.2.14)
IR|* log(|R])

Lily] = -

for |R| large enough, which then completes the proof of Theorem 6.2.4. We begin with
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Step 1:

We show for |R| sufficiently large

Lhasl = [V GonPas+ [ (00 +Vale = R) awPas 20, (62,19

By construction supp( o) C Q(a). The potentials V| and V, (- — R) are short-range such that
for |R| > 0 large enough and x € Q(a)

Vix) < x| and Va(x—R) < |x—R|7>7°. (6.2.16)

Inserting (6.2.16) into (6.2.15) we arrive at
Lhwwl > [V GanPar= [ (7204 =R owPar. 62.1)
R4 Q(a)

Using that V [(xoy) (x = R)] = [V (xo¥)] (x — R) together with the Hardy inequality in
dimension four yields

[ v conPas =3 [ 9 G Pas+ 5 [ 19 0w (- R P

1 2 1 2
S |xov| x4 / | xov|
R4

> = X+ =
2 Jre Ix? 2 Jrs Ix = RI?

(6.2.18)
dx .

Inserting (6.2.18) into (6.2.17) we arrive at

1 _ _
Lhowd = 5 [ (17 1= RIZ) Low P
R4
- (b R P
Q(a)
Since 6 > 0, |x| > a|R]| and |x — R| > a|R| on Q(a) we find

[ (b7 b= R oo P
Q(a)

1\° , | 2
_R .
= (a|R|) /R4 (lxl + | ) Loy |“dx

Consequently by combining (6.2.20) and (6.2.19) we find L[ yoy] > O.

(6.2.19)

(6.2.20)
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Step 2:

We prove (6.2.14) for j = 1. The proof for j = 2 is similar. We aim to estimate

Libaw] = [ IV noPass [ viloPaer [ vate= Rl

2
—8/ |X1¢2| dx .
A(ba)  |x]

We begin with estimating the term involving V,. Since b < 1/3 and supp(y1¥) C B1(b) we
have for any x € supp(y1¥) that |[x — R| > |R|/2. Consequently the potential V(- — R) fulfills
(6.2.1). Thus for |R| sufficiently large

22+6 1
|x_R|2+6 < |R|2+6 < |R|2+6/2 '

V2(lx = R))[ <

Consequently, the term involving V; is negligible as it decays faster than the right-hand side
of (6.2.14). It remains to estimate

vl
by x|

L= [V GanPas+ [ vicolnPar-e [ dr. ©221)

We begin with the first two integrals on the right-hand side of (6.2.21). The operator
hy = P2+ V; has a virtual level at zero. As explained in Section 6.2.1 this implies the
existence of a solution ¢; € H'(R*) with h;¢; = 0. We choose ¢, to be normalized such that
ll@1l g1 ey = 1. Next, we project y1¢ onto ¢; in the sense of H'(R*) by introducing

Or = (Vo1,V(x1¢)) and g := x1¢ — Orer . (6.2.22)

Then
(Vp1,Vg) =0.

Due to the definition of 6z and g in (6.2.22) we have

/ IV Cea) Pl + / Vil Pdx = / Ve Py + / VilglPdx
R4 R* R* R4

(6.2.23)
+ 20R Re/ (VgV(pl + Vlgﬁ) dx .
R4

Since ¢ is the zero—energy solution as explained in (6.2.5) it follows

Re/ (VgV(pl + Vlgﬁ) dx =0
R4
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and therefore

[vcawbacs [ vibawPar= [ 1VePac+ [ vilgPar. (62.24)
R4 R4 R4 R4
As discussed in Section 6.2.1, since (V¢, Vg) = 0, there exists a constant u > 0 such that
/ |Vg|*dx + / Vilgl2dx > ul|Vgll3 . (6.2.25)
R4 R4
Inserting (6.2.25) into the right—hand side of (6.2.24) yields

L7 ampPas+ [ vicobawPas > ulvelf. (62.26)

Combining (6.2.26) and (6.2.21) we find

2
L] zmwgné—s/ badd

S—dx.. (6.2.27)
Ai(ba) x|

Inserting y1¥ = 6rp + g into the right—hand side of (6.2.27) yields

|0rg1 + g

5 dx

Llviv] = ullVell —a/

Ai(b,a) |x]

0 2 2
zunvgug—zg/ | ’“”21' —28/ %dx.
A(ba)  |x] Ai(b.a) |x]

To prove (6.2.14) it suffices to show that for given u > 0 and ¢ € (0,u/4) for |R| > 0
sufficiently large there exists a cop > 0 depending on u, £ only such that

0 2 2
M||Vg||§—2g/ | R“’;' —28/ %dx e — (6.2.29)
A(ba) x| Ai(b.a) |x] |R|" log(|R])

(6.2.28)

Using & € (0, u/4) together with A;(b, a) c R* and applying Hardy Inequality in dimension
four we have

2 2
28/ %dx <£ %dx < Ejvgl?. (6.2.30)
Ar(ba) |x] 2 Jres |x|
and consequently
2
Eivel? - 28/ %dx > 0. (6.2.31)
2 Al(h’a) |x|
Inserting (6.2.31) into the right—hand side of (6.2.28) we arrive at
~ ye 2 2 |‘Pl |2
Lixiy] = =|Vgll; — 265 S-dx. (6.2.32)
2 Aiba) x|
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Next, estimate the last term on the right-hand side of (6.2.32) for which the integral is taken
over the set A;(b,a) = {x € R*: a|R| < |x| < b|R|}. Using that ¢ is the resonance function,
which decays as |x| ™ for |x| large enough as explained in Section 6.2.1, we can determine the
behavior of this integral in |R|. In particular there exist ¢ > 0 and u € L*>(R*) such that

e1(x) = % +u(x). (6.2.33)
X

Then for |R| large enough there exists ¢; > 0 with

2 2
2
/ |901|2 dx < 5 / (—C 2+ |u|2) dx
A(ba) |x] a?|R|” Ja,(b.a) \ x|

2 b

< 5 (c2 In (—) + ||u||§) (6.2.34)
a’|R| a

C1

< —.
IR|?

Here ¢; > 0 may depend a and b but is independent of R. Inserting (6.2.34) into (6.2.32) we

arrive at 9

- 0
Lin]) = SVl 201t (6:235)

Next, we estimate the behavior of 6 for large |R|. Recall that we chose |||, = 1 and hence
t=lwlE> [ pawPar= [ jorer el (6236)
|x|<a|R| |x]<a|R|

and using (a + b)? > a?/2 — b* we arrive at

92
7’? et lo1|2dx < 1+/|| " lg|%dx . (6.2.37)
x|<a x|<a

Applying the Hardy Inequality in dimension four, we find

2
/ lg|?dx < a|R|2/ %dx < alR*||Vgll3. (6.2.38)
|x|<alR| R# |X|

Combining (6.2.37) and (6.2.38) we find

-1
62 <2 (1 +a|R|2||Vg||§) (/ |g01|2dx) . (6.2.39)
|x|<a|R|
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We continue by estimating the integral on the right—hand side of (6.2.39). Using (6.2.33) and
@1 € L2 (R*) there exist c», c3 > 0 such that

/ o1 P = / o1 Pl + / o1 Px
|x|<al|R| lx|<1 1<|x|<a|R|

c? _ 6.2.40
>t S el dx — [lull2 (6.2.40)

1<|x|<alR|

> c3log(|R])

loc (

where c3 > 0 depends on a > 0 only. Combining (6.2.39) and (6.2.40) yields
0% < 2c3' log(|R) ™" +2¢5'alR|* log(IR]) ' Vell3 - (6.2.41)

Inserting (6.2.41) into (6.2.35) we arrive at

HV ” _ ”V ||2_— (6242)
S log(IRD " *"2 7 1R [Z102(IR])

. C
Ll = SIVgll3 - -

with C = 4sclc a positive constant independent of R. Consequently, for |R| > 0 large
enough, the sum of the first two terms in the right-hand side of (6.2.42) is positive, which
proves (6.2.14) and therefore completes the proof of Theorem 6.2.4. ]

6.3 Absence of Efimov Effect in Dimension Four

6.3.1 Basic Definitions and Notation

We consider three bosons in dimension d = 4 at the positions (x1,x2,Xx3) € R34 with masses
m; for i € {1,2,3}. The Schrodinger operator on L?(R>*) for this system is

3
22_ 200 Y Vyw-x). (6.3.1)
=1 1<i<j<3

We assume that the potentials V;; € leoc (R*) N K, are short-range. The operator H is invariant
under simultaneous translation of (xp, x3,x3) in R*, By standard arguments
-1
H =Ty + Z Vi|@l+1® A
1<i<j<3
where M = Z?Zl m; and Ty is the Laplace-Beltrami operator on L?(R) where

3
RO = {(XI’XZ’X3) € R3d . Zmixi = 0}

i=1
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and ﬁA r 1s the operator associated with the kinetic energy of the relative motion of the center
of mass. We define
H=To+ ) Vi (6.3.2)

1<i<j<3

which is an operator on L?(R) where Ry is an eight-dimensional subspace of R**4.
Denote by oss(H) the essential and by ogisc (H) the discrete spectrum of H. Our main result
is

Theorem 6.3.1. Let H be the operator defined in (6.3.2) with V;; short-range for any
(ij) € {(12),(13), (23)}. Assume that oess(H) = [0, 00). Then ogisc(H) is at most finite.

Remark 6.3.2. Due to the HVZ theorem oess(H) > 0 is equivalent to the fact that all two-
particle subsystems do not have a bound state below their essential spectrum. Theorem 6.2.4
does not impose any condition on the existence or absence of virtual levels in the two-particle
subsystems. In particular, it shows that the Efimov effect [28] in dimension four does not exist.

We use the common aberration for labeling pairs of particles as @ = (ij) € I, where I =
{(12),(13),(23)}. The remaining particle is then labeled by k € {1,2,3} \ {i,j}. We
introduce the coordinates (g, &q, R) with

,_ 1/2 L 1/2 (MiXi + mjx;
g = 2uij) " (i =x),  Eapy = (2vig) (—mi T, —xk), (6.3.3)
Here ( )
m;m; mi+mj mp L
ji= — o= —" ke{l,2,3 LT} 6.34
Hij o, Vij Vi { P\ A{i, j} (6.3.4)

denote the reduced masses. Given the positions, x; € Ry, i € {1,2,3} of the particles and
fixed a € I direct computations show

3
Z milxi|? = |qal* + |Eal, ael. (6.3.5)
i=1

In this new set of coordinates, the operator Ty takes the form
To=-A,, —As, onL*(R®), (6.3.6)

and
ho = Ay, +Va, on L*(RY), (6.3.7)

denotes the two-particle Schrodinger operator of the particle pair @. As we mentioned, due to
the HVZ theorem under the conditions of 6.3.1, we have A, > 0.
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6.3.2 On the Discrete Spectrum of H

To prove that the discrete spectrum ogisc(H) is at most finite, it suffices to find a finite-
dimensional space M c L?(Ry) such that for any ¢ € L?(Ro) orthogonal to M

(W, Hy) > 0.

As it was shown by Zhislin [129] such a space M exists if there are constants b, 8 > 0 with

2
LIy = . Hy) - / W e s o

wlelb2b] |x|P

for every ¢ € Cé(R“) with suppy € {x € Ry : |x| > b}. Leta € I,fory > 0and y € (0, y)
we define

Ka(y) ={x € Ro : |qal <yléal}t,  Kij(v,7) = Ka(y) \ Ka(¥) -

The set K, (y) represents a conical region in Ry where the distance between particles in «
is small relative to their distances from the third particle. In Appendix C, we show that the
sets % (y) are mutually disjoint for sufficiently small y > 0. We will henceforth assume this
condition throughout the following proof.

Proof of Theorem 6.3.2. Everywhere below we assume that s € Cé (Ro) with

supp(¢) C {x € Ry : |x| > b},

where b > 0 is large and will be chosen later.
Following [120, Lemma 5.1]for given € > 0 and y > O there exists a continuous differential
function u and ¥ € (0, y) such that

a 1 € (](a y
o (x) = u (m) , Vx € Ry suchthat u,(x)= o 7)
1€e| 0 x¢7%,(y)
and with v, := (1 — u2)'/? such that the next inequality holds
Vita +1val? < & (1012l + 1ol 2lual?) . x € Ka(7,7) (6.3.8)

LetV = (1 = Yoer ué)l/2 then since the sets K, (y) for a € I are disjoint we have V = v,
on supp (Vv,) and the family of functions {V, U}, U3, U3} forms a quadratic partition of
unity. Let

Yo =Yue, Yo =yV.
Applying (6.3.8) and the IMS localization formula gives
LIyl = Lolwol + ) LalYal

ael
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where

2 2
Lol = o, Hy) — 8/ |¢’a||2 dx —/ Vel dx, Vael,
|

Ko (r.7) |4a rlelb.2b] x|P

2 2
Lo[¥o] = (o, Hio) —8/ Wol dx —/| Yol dx

: .
Ka(r.7) || vlelb2p] |x|P

(6.3.9)

Remark 6.3.3. In x = 0, the functions u,,v, are not continuous and consequently not
differentiable. Since suppy C {x € Ry : |x| > b} this is irrelevant.

The parameter B > 0 can be chosen freely. We fix 8 =2 +  for some T € (0,6), where § > 0
is the parameter in definition of the potentials.

We prove the theorem in two steps. First, we show Ly[¥o] > 0 and in a second step we show
Lo[¥q] = 0forany a € I, and for and &,y > 0 small and » > 0 depending on &, y sufficiently
large. Following [120, Lemma 5.1] we can always make £ > 0 small by choosing ¥ small.

Step 1:
We show
" lwol? lwol?
Lolwol = (vo.To+ >, Vijwo)-¢ > dx - O _dx 2 0. (63.10)
1<i<j<3 Ka(y.7) |X] xle[b2b] |x]

For b > 0 large enough, we can combine the last two terms on the right—hand side of (6.3.10),
arriving at

2
Lolyol 2 <wo,To+ZVa://o>—2s/ Wol_ (6.3.11)
|

2
el x|>b |x|

For b > 0 large enough on suppiq each of the potentials V, fulfill [V,| < &|x|™ and
consequently

2
Lolwol > (Wo, Towo) — 36 / Wol” 4. 63.12)

b |x|?

The operator Ty is the Laplace—Beltrami operator on L?(Ry). The non—negativity of the
right—hand side of (6.3.12) follows directly from the radial Hardy Inequality whenever £ > 0
is small enough.

Step 2:
With the coordinates (g, &) defined in (6.3.3) and the representation of H in (6.3.6) it is

(W Hra) = / 1V a2 d(qa.0) + / Ve, val d(gas £0)
Ka(y) Ko (y)

alyY

+ Veltal*d(qa: £a) -
</'Ka()’) Z

oel

(6.3.13)
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Any of the potential V-, with o € [ fulfill (6.2.1) and consequently there exists a constants
C,06,A > 0 such, that
Ve (x)] < Clx| 770 (6.3.14)

for any x € Ry with |x| > A. For b > 0large enough on supp ¥, C Ko (y)N{x € Ry : |x| > b}
the potential V,; with o # « fulfils (6.3.14) and consequently we can estimate the last term in
(6.3.13) as

2 2
War Hro) > /« Voutel d(qa-€a) + /7( Ve, Wal| d(qaréa)
a(')’) a(')’) |l// |2 (6315)
+/ Val‘/’cr'zd(CImfa) _ZC/ C2Z+(5dx'
Ka(y) Kaly) |X]
Inserting (6.3.15) into L, [, ] defined in (6.3.9) we arrive at
2 2 2
Lol > [ (Vaaf +VoltaP) dlao )+ [ [Vepafd(anc)
7(0(7) 7(a('y) (6 3 16)

2
_8/ |wa|2 +8[l//(l/],
Ko(r:7) 1qal

where

2 2
Elval = / Ve, ol d(qar ) —2C / Wl g - / Wal” .
Ka(y) X, |

) x| delb2n] xP

Next, we show &E[¢,] = 0 for b > 0 large enoug. Recal that 8 = 2 + 7 for some 7 € (0, §).
Since i, is supported outside of {x € Ry : |x| > b}

2
|!r//a/ | d_x

o) [>T

Elval = / Ve, v d(qa.é0) — 2 / 63.17)
7(0(7) 7((1

Using (6.3.5) and consequently |x| > C|&,| for some C > 0 depending on the masses only
together with the Hardy Inequality in dimension four yields E[y,] > 0 for b > 0 sufficiently
large. Consequently, we arrive at

Lol > [ (Vaf + Volta) degaro) + [
Ka(y)

7((1(7

Vol

_g/ de(qa,fa,).
Ko (r:7) 1qal

|V§a§[’a|2d(CI0’§a)
) (6.3.18)

We introduce several new functions first to prove the positivity of the right-hand side of
(6.3.18). The operator A, defined in (6.3.7) can have a virtual level at zero. For fixed &, € R*
the function ¢, (-, &,) € C®(R*) is compactly supported with

SUPp W (-, €a) C {qa € R* 1 |qal < k|&al} .
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Let ¢ € H'(R*) be the corresponding solution with 4,¢ = 0 if it exists. Let f : R* — C be
the projection of ¥, (-, £&,)n onto ¢ € H'(R*) such, that for any &, € R*

FEa) = (@0 C )i ag 19172
and let g : Rp — C defined by the relation

Ya(qarEa) = 0(qa) f(Ea) +8(qaséa) - (6.3.19)

Then, by construction g satisfies

<Vq(r‘10’ VQ(rg(.’ §Q)>L2(R4) = 0’ Vé‘:d € R4 .

If the operator A, does not have a virtual level, we assume f = O such that ¥, = g.
Next, we estimate the first integral on the right-hand side of (6.3.18). Inserting (6.3.19) into

/ (|V51¢rl//a|2 + lelptI'z) d(‘]a’ fa')
Ko (y)

and applying (6.2.6) there exist a constant ¢ > 0 depending on the masses but independent of

¥ such that
|2

/7< o) (|Vq(z¢/(1/|2 + V(y"//alz) d(qa>&a) 2 ,UHVq(,g (6.3.20)
aly

Combining (6.3.18) and (6.3.20) we arrive at

P [
+
XK,

a

Wl p
5d(qaéa) . (63.21)
7 19a]

Laltal = |Vy.g Ve, v d(qasé0) - & /
() Ko

Next, We estimate the second term on the right-hand side of (6.3.21). By the Hardy inequality
in dimension four and since ¥, = fo + g

2
/ |V§alflla|2d(qa’§a’) Z./ |ww|2 d(qaafaf)
Ko () Ka(y) 1€al

) ) (6.3.22)
>3 [ P e - [ Eauen.
2% " NEal Ko () |€al
For the last integral in the right—hand side of (6.3.21), we find
Yol
/ 2 d(th faf)
Ko (r.7) |9l (6.3.23)

ol? 8P
<2 P a2 [ Elage).
K (7.7) |

g0l Ko (y.9) |90
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Consequently by inserting (6.3.22) and (6.3.23) into (6.3.21) we arrive at

La [wa'] > N [lﬁa] + NZ[W&] s

where
> lg]? lg]?
Nyl = p|| Vel - —=—d(qa-é0) — 26 ——d(qa-€a), (6324
Ka(y) |0l Ka(r.7) |90l
and
1 || ||
AA ;:5/ |f|290_2d(qa,ga)_zg/ Vik L sd(qa-£a) - (6.3.25)
Ko (y) |Eal Ko (7:7) 94|

The theorem follows if we can show for any 4 > 0 and € € (0, u/4) that N[¢,] > 0 and
Nz o] = 0 for b > 0O sufficiently large.

FiGure 6.1: Sketch of the sets K, (y) and Ky (v, V).

We begin with N [,]. For any x € K, () it holds |g,| < k|&.| where k = y(1 —y?)'/? and
consequently for the second term on the right-hand side of (6.3.24) we find together with the
Hardy Inequality
l? jgl? 2
/ B d(gata) < K B d(qa-ba) < K|V, (6.3.26)
Ka () €l Ka) |9al

Substituting (6.3.26) into (6.3.24) for K% < /2 we arrive at

2
M.l 2 ﬁ||Vq(,g |2 - 28/ i zd(Q(za &) -
2 %, |

(v |90

Using & < u/4 together with the Hardy Inequality yields Nj [y, ] = 0.
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Next, we show that N> [¢,] is positive. For any x € K, (y,¥) it holds |g,| < K|é,| where
& :=7(1 = %*)1/% and consequently for the second integral on the right—hand side of (6.3.25)
holds

2¢ / P g ) < 202 / Vis '“"2 d(qaséa) - (6.3.27)
Ko (7.7) |

o l* Kard)  |€a

Inserting (6.3.27) int (6.3.25) yields

1
Noltra] > & / P g ) - 265 / PP g, 6328)
2J%,00 " Nal? Kalyd)  |&al?

Note that the second integral on the right-hand side of (6.3.28) is taken over K, (v, ¥), which
is a subset of K, (y). We show that for » > 0 large enough, the first integral on the right—hand
side of (6.3.28) dominates the second integral.

The function f is constant in ¢, and consequently, by Fubini’s Theorem and the geometry of
the set K, (y) (see Figure 6.1), we find for the first integral on the right-hand side of (6.3.28)

1 / 2 lol? 1 £ (&a))? >
- |f| _d(CIm faf) == |()D(Q(z)| dCIa/dfa/- (6329)
2Jx.00 " €l 2 Nigalsb2 1Eal* Jigal<léal

Using the decay property of ¢ in (6.2.7) there exists a constant C > 0 such that for almost any
& R

/| . letanPda, = Clog (i) (6.3.30)
qﬂ/ <K (04
Combining (6.3.29) and (6.3.30) shows
1/ 2 lol? C/ |f (&)
= |f| d(CIa/,‘fa) = |1 g( |§a|)| d‘fcx (6331)
2 Jxatn) T |Eal? 2 Jigalsbr2 |Eql?

We proceed similarly for the second integral on the right-hand side of (6.3.28). The set
Ko (y,7¥) is determined by the relations £|&,| < |qa| < k|€q| < (see Figure 6.1). Consequently

2 2
[ wrlhage - [ Ve T 0(g0) P dgudts . (63.32)
Ko (y.7) |€a|? lEal>b/2  |€al |qale(®lEal klEal)

Using the decay property of ¢ in (6.2.7) there exists a constants Cy, C; > 0 such that for almost
any &, € R*

K
/ l9(qa)*dga < Co+ Cjlog (—) = Cy(k, k). (6.3.33)
|90l €(RIE alKIEa]) K
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Note that compared to (6.3.30) the expression in (6.3.33) is bounded for large |£,|. Combining
(6.3.32) and (6.3.33) we find

Pl i |f (£a)?
|1~ d(ga-éa) < Ca(k, &) dé, . (6.3.34)
/m(y,w |€a ! s Eal>b/2  |Eal?

Substituting (6.3.31) and (6.3.34) into (6.3.28) yields for » > 0 large enough

|f ()l

2
«>b/2  |€a]

No[Ye] = (Elog(Kb) - 28/?_2C2(K, /?)) / déy, >0
2 ¢

for b > 0 large enough. This completes the proof of Theorem 6.3.1. [ |
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Appendix A

A.1 Density Argument for ay g
Lemma A.1.1. Let ay g be defined as in equation (4.5.1) and A c R3N be defined as
Ag={(x1,x2,...xny) €A:x;x #0for1 < k < N}

then o
Z . g |® +]xi |
1<i,k<N =]

. ik
an.s = inf i — (X1, X2,...Xy) € Ag} . (A.1.1)
Y 2(N = 1) I8 !

Proof. We define

_ e |+ |*
( ) ZlﬁlgkaN [xi—xk|
F(x1,x2,...,xn) = . (A.1.2)
) s s N 1
2(N-1) Zkzl |xk|s
Note that F' is continuous in A and Ay is dense in A. Since any (x1,x2,...,xXy) € A consists
of arbitrary but distinct point in R? we may always assume that |x;| < |x2] < --- < |xy] by

relabeling the indices. Since the vectors are distinct, only x; may vanish. The set Ag is a
subset of A and thus

ay,s < inf{F(xy,x2,...,xn) @ (X1,X2,...,XN) € Ao} = N s -

The claim follows if we can show {y s < ay 5. We show for arbitrary € > Othat {y s < ays+¢
and conclude the statement in the limit e — 0. Let & > 0 arbitrary, then by the definition of the
infimum, there exists some r, € A such that F(r;) < ay+&/2. If ro € Agthen F(rg) > {ns
and the inequality follows directly. If r, € A\ Ag then (r;); = 0. By continuity of F in r, we
can find u, € Ag such that |F(r;) — F(ug)| < £/2 and thus

Ins < F(ug) <ays+e.

Thus, we have shown {n s = @y s, and the statement follows immediately. ]
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A.2 Funk-Hecke Formula and Multipole Moments

Lemma A.2.1. For any function f € L'(-1, 1) and any Legendre polynomial
1
4—/ f(€ - w)P(¢ w)ydw= AP (&) (A.2.1)
T Js2

forall €, € S? where

1
A= %[1 Pi(t)f(r)drt.

Proof. This is a direct consequence of the Funk-Hecke formula in three dimensions, see
equation (2.66) just after Theorem 2.22 in Chapter 2.6 of [6]. [ ]

Lemma A.2.2. Let A > —2,a € R} and r,|a| > 0, then

|a +rw|4d_w - (lal +I’)A+2 — (la] - ,,)A+2
52 4r 2rlal(1+2)

Proof. Since the Legendre polynomial Py = 1 and |a + rwl? = |al> + r* + 2r|a|ad - w we see
from Lemma A.2.1 that

do 1 [! dw  (la|+r)*? = (Ja| - r)**?
l/l_ - _ 2 2 ¢ /1/2_ — )
/82 ja+rol 4 2[1(|a| +rew+2riali) 4 2rlal(A+2)

Lemma A.2.3. Lets > -2, € S2, w e R*\ {0}, and r > 0. Then

2
ot reoft 4 _ (w141 ] =
52 4 2riw|(s +2)

[ ot @ag? = oo

d 1!
/52 |w + ra)|sPl((W,w))ﬁ = 3 /1 (w2 +r2 4 2r|w|t)s/2Pl(t)dt

where c(r) = f_ll(l +r2+2rt)?tdt and ¢y, = 2n+ 1) f_ll kP, (1) dt.

Proof. The zero-order moment is easy to compute and follows directly from Lemma A.2.2.
Similar

d ~ d
/52 |)€j + rw|sP1((d, w))ﬁ = ./SZ |)2j +rw|é(d, w)ﬁ

d
= (d,/ |)€J- + rw|sw—w)
S2 Ar
dw

=4, | U "% +rof w—
( a‘/S2| x; rw|w4ﬂ)
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for any U € SO(3). Choose U € SO(3) such that U“ﬁj = é3 then

1A s dw R 5 dw
U7'% +rofw—= [ |&3+rol’w—
2 4r S2 4r

d in 0d0
:27ré3/ (1 +r2+2rcos6’)s/zcost9sm
0

. 1
= %3 /1 (1+ 7% +2r0)"?tdt = &3¢(r)

and thus J
/ |2 + rwISP1(<é,w>)—w = c(r)(a,Ués) (A2.2)
S2 47

for some c¢(r) > 0. To compute higher multipole moments, we need to extend |)€ i+ ra)|s in
terms of Legendre polynomials. Note, that

2r
1+7r2

s/2 s/2
% +rw| = (1 +r2 4 2r<x},w)) = (1+r%)*? (1 + (ﬁj,(x})) (A.2.3)

For convenience, we define
2r

T 142
By Newton’s generalized binomial theorem, we can extend the right—hand side of (A.2.3)

q:

s/2 00
(1 412y (1 + 1irr2 <)ej,w>) = (1Y (sl/cz)q" (&), ) (A2.4)
k=0

which converges absolutely since g(£;, w) < 1 by assumption. If s/2 € N, then the generalized
binomial coefficients are identical to the normal binomial coefficients with

(s/2

' ):O, k>s/2eN. (A.2.5)

Hence, the series above is only a finite sum in that case. If s/2 ¢ N then for any £ € Ny the
generalized binomial coefficients are defined as

(s/z)_g<5—1>~-<g—<k—1>>_ "o (3= n)
k| k! B k! '

We extend monomials in terms of Legendre polynomials. From Rodrigou’s Formula (see [1,
Chapter 8]), one can derive the explicit representation

n+m—1

P,(t) =2" it’"(i)( fl ) :

m=0
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Let

2n+1) [!
Chn = ( n2+ )/ P, (1) dt
-1

n n+m—1 1
= (2n+ 1)2"! Z (;’1) (T) / I dy

m=0 -1

(A.2.6)

then its clear that ¢y , = 0 for n > k. We differ the cases for which & is even and for which k is
odd. When £ is even, then c; , = 0 whenever n is odd, as one easily concludes from equation
(A.2.6). Analogous when k is odd ci , = 0 whenever n is even. Hence for n < k,

n+m—1 2

Cn+ )23 (M) (T2 )=, k+miseven,
Cikn =40, k+misodd, . (A.2.7)
19 k =m= 0

By the orthogonality of Legendre Polynomials

! 268 mn
P P =
[1 (P (0) dr =

it then follows

k
t* = Z craPi(1). (A.2.8)
1=0
By the usual definition of the double factorial, one can derive by elementary steps that
21+ 1)k!
i~ = 20+1) Pi(D). (A.2.9)

1=k k-2,.. 2tk=D/2 (%) W[+ k+1)!!

For even numbers of k = 2n with n € N this means

¢ 4u+1)(2n)!
A=y (du+1)(2n) Pau (D). (A.2.10)
— 201=1) (n — u)!(2(n +u) + 1)
and for odd numbers of k = 2n + 1 with n € Ny this is
. du+3)2n+1)!
A=y @u+3)@n+1) Poysr (1) (A2.11)

— 20=w) (n — u)!(2(n + u) + 3)!!

Combining the equation (A.2.8), (A.2.4) and (A.2.3) shows

o k
[ +rof' = (147272 ) (S]/Cz)q" D cenPu((E),0)). (A2.12)
k=0

n=0
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Using this representation, we can compute the remaining multipole moments. For [ > 2 we
compute

/ |%; + rwlsPl(<&, w))d—“’

k=0

(A.2.13)

The remaining integral follows from the orthogonality of Legendre Polynomials. By extending
the Legendre Polynomials P,, into the spherical harmonics Y;,,, one easily shows the following
orthogonality relation for a, b € R? with ||a|| = ||b|| = 1,

R b>>| =

dr  4Ar
Z Z 2 + lm/ lm(w)Ynm (w)| 2| lm(a)Ynm (b)

'——1

A 4T SpOin .
Z Z 2 +12n+1 |SZ| Ylm(a)Ynm'(b)

/_ lm
_ 6ln
S 20+1

Thus combining equation (A.2.14) and (A.2.13) shows for [ > 2,

(A.2.14)

Pi({a,b)).

) . dw
/SZ |xj +rw|sPl((a,w>)E
) k
s/2 ) A a
— (1 +r2)s/2kz_2( L )q"Zock,nZZijz«a,x]’)) (A.2.15)

NIAYREY
— (14722 s/
(1+r7) ;(k 21

ELPI(@.5)))

where the series still converges absolutely as mentioned after equation (A.2.4). Note that in
the case s = 2, the expression vanishes due to equation (A.2.5). [ ]

Lemma A.2.4. Fors € [2,3],k € Nwith k > 2 let
S/2 Ck,l
k

Ay = —
L4020+ 1
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with ci 1 defined in equation (A.2.6). Then

Sasili-ne-
e 2\2 2/ 625°
Proof. Note that

k
PICAES

=0

due to its defining equation

k
tk = Z CkJP[(t) .

1=0
by choosing ¢ = 1 and noting P;(1) = 1 for any / € N. Consequently

k
A e <=0

=2 1=0
where we used cx; > 0 (see their explicit form in (A.2.6)). For the generalized binomial
coeflicients, the inequality

5/2 3G sys 1 1
( )‘Sk(k 1)—_("1)(m_%)

holds for any s € [2,3] and k > 2, k € N. Thus for ngp € N

oace Yl (3 1) s

k=ny k=ny

Ak_S

and consequently
ZAk<—(——1)(2 )ﬁ = 5(N)

is arbitrary small for N large enough. Thus, we can estimate the series over A; with arbitrary
precision. Let ng = 4 then

Z Ap < ZNAk +6(2N) = ZAZk + Z Azis1 +O0(2N) .

k=ny
With the explicit expression of ¢ ; in (A.2.10) we find

k (2k = 2)!
Ay < %(% - 1) (2— %) ; 2kl (k=1 Q(k+1)+ D!
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and analogous with (A.2.11)

k

(2k — 1)!
A3 (31) (2‘3); 21 (k = D12k +1) +3)!

Choosing N = 1000 and computing those terms on a computer explicitly, we find

—_
=
—_

0

S /(S S
4 A< (5 - 1) (2 - 5) (0.0242 +0.0203) .

>~
1]

Adding the error estimate

S (S N
< — |- - [ .
5(2000) < > (2 1) (2 2)00003

such that

> s (S s\ 448
A s—(——l)(z—— iy
Z k=312 2)10000

A.3 Explicit Constant in an Inequality due to Lieb

Lemma A.3.1. For any p € [1,2] the constant C, in equation (4.6.11) is given by

15V _TG/p) \P* TG/
_3WE (4m) PP\ TIOR3 TG

C, =
I3 4 pl+p/2 VE TG/p+l) 1+5p/6
"4 T(3/p+5/2)

where I is the Gamma function defined by the improper integral

I'(r) ::/ x e ™ dx .
0

(A3.1)

Proof. We give only a sketch of the calculations. Following [72, p. 563] one needs to solve

the following three integrals

[ s, [ 1w fyodsand [ 1f01 s

for X
(I-|x”)2 |xl <1

0 elsewise

fp(x) = {

(A.3.2)
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the first integral can be solved by a straightforward calculation, and the latter two can be solved
by substituting u = |x|”. The first integral reduces to

/lrz(l _ Py gy = Vo T'(3/p+1)
0

4 T(3/p+5/2)

After substituting, the second integral reduces to

1
l/ WP (1 = 1) = 3z TG3/p+D
P Jo 4p T'(3/p+17/2)
The third integral reduces to
1
l/ 3PP (1 gy = DVE_TG/P)
P Jo 8p TI'(3/p+7/2)

Combining these three integrals gives the desired constant. [ ]

A.4 Estimate on Groundstate Energie of the Bohr Atom

The following Lemma is a well-known fact. We include it here for convenience.

Lemma A.4.1. Given the operator in (4.2.1) (in atomic units) for N fermions with u € N
spin-degrees of freedom and nuclear charge Z then the ground state energy is bound by

~Eyz < AZ*N'/3

with A = 1u?/331153,

Proof. The energy levels of hydrogen with nuclear charge Z

1 Z
h=—-—A-— A4l
AT ( )
are
_72
E, = ——Ry (A4.2)
n
where Ry is the Rydberg energy. In atomic units
2
e 1
Tl - (A43)

YT 2(aneg)?n 2

Each of these energy levels is n’-times degenerated. Note that the interelectronic repulsion is
a positive contribution to the operator in (4.2.1) and thus

H >N 1A z Ad4
N,Z—;_Ei_m . (A.4.4)
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The ground state of the right—hand side can be computed explicitly in terms of the energies
in equation (A.4.2). Due to the fermionic symmetry, the particles occupy the energy levels
starting from the lowest, counting the degeneration in the ground state. Let Eo(N, Z) the
ground-state energy of the right hand side of equation (A.4.4) and Denote by L € N the last
completely filled energy Level then there exists ¢ € [0, 1) such that

L
Eo(N,Z) = cu(L + 1)*Ep41 +u Z JPEj = —uZ’Ry(c +L).
j=1

Here we have used that due to the spin of the particles, each state can be u-times occupied. It
remains to compare L with N.

L 3 2
N 5 2 , L° L L
—=c(L+1 +§ =c(L+1)"+—+—+—.

A straightforward calculation using ¢ € [0, 1] shows

3N
(L+c¢)’ <—.
u

We conclude

N\
—-Enz < -Eo(N,Z) < uZzRy (—) = 5142/331/3ZZN1/3 .
u

[ |
A.5 A Useful Elementary Inequality
Lemma A.5.1. Letr # 0 and p > 1 then
(1+7r)P~ 1= (1 =r)r! S (I+r)P = (1-r)?
2r(p+1) - 2rp
(gL (et oy (A>D
—( T3 r) 2r(p+1) '

Proof. Since the inequalities in (A.5.1) are symmetric under changing r to —r, it is enough to
prove them for » > 0. In this case (A.5.1) is equivalent to

(1 +r)P*l — (1 = )P+ S (1+r)? = (1-r)?
p+1 B P
_ p+l _ _ \p+l
2(l_p lrz) (1+7r) (1-r) .
3 p+1

(A5.2)
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The first bound,

nir) = U Al el O L0 Ll Ul k(r) (A.5.3)
(p+1) p

for r > 0 is easy to show. Since 2(0) = 0 = k(0) it follows as soon as h’(r) > k’(r) for r > 0.
This is equivalent to

(L+r)P+(1 =P >0+ =Q=-r)P forr>0. (A.5.4)
Expanding

L+ (1= =0+r) 1+ A -r)P(1-7)
_ _ _ B (A.5.5)
=1+ (1= +r(Q+rn) P51 -r)P

in the left-hand—side of (A.5.4) we see that (A.5.4) is equivalent to
. ((1 +rPl (1 - r)p_l) >0

which is true for » > 0 if p > 1. This proves the first bound in (A.5.2).
We prove the second inequality in (A.5.2) by determining ¢ € R such that

(1+7)7 = (1=r)P )\ (L P = (1= ppt!
> (1 —cr ) T

forr > 0. Atr = 0 we have f1(0) = g1(0), s0 (A.5.6) is true for r > O as soon as f](r) > g}(r)
for r > 0. This is equivalent to

fi(r) =

=g1(r), (A5.6)

A+ P+ (=Pt >A=cr) (A +1)" +(1=r)P)
2¢r ((1+r)P* = (1 —r)P*) (A5.7)
. p+1 ’

Using (A.5.5) this is equivalent to

AE) ==L+ = (1 =)l + 1% ((1 + )P (1 - r)p+l)

+er((1+r)?+(1-=r))>0 forr>0.

(A.5.8)

Since f2(0) = 0 we know that (A.5.8) holds as soon as f7(r) > 0 for r > 0. Now

A =—(p-1) ((1 +r)P 24 (1 - r)p_z) +3¢ (1+r)P +(1=1)P)

+cpr ((1 +r)p_1 - (1- r)p_l)

and using (A.5.5) twice, the second time with p replaced with p — 1, we have
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A+r)7+(1=r)P =1 +r)P22(1 —r)p_2+2r((l +r)P2E (1 - r)P—Z)
P+ e (=)
Hence, we see that

A =Ge=(p=D) ((1=n"2+(1+r)72)
+(6+p)er ((1 +r)P2 - (1- r)p—Z)

+(3+p)er? ((1 P24 (1 - r)”_z) >0

for all » > O as soon as ¢ > (p — 1)/3 > 0. This proves the second inequality in (A.5.2) and
finishes the proof of (A.5.1). [ |

A.6 Rescaling of the Hartree Energy

Lemma A.6.1. Consider the Hartree energy, which is given by
Eff , =inf {EX(w) 1y € H'(®), |3 =N},

where

- v ? @ Py 1
) = /(w)dx z/ dx + // o dxdy, weH'.

Then
EN,=2(N/Z)

where e(-) is defined as in (4.8.18) namely
e(t) =inf {E(g) : g € H'(RY), ||gll5 = ¢}, fort > 0 and e(0) := 0.
Proof. Lety € H' with ||||3 = N and define
Y(x) =572 (/).

By direct computations

1
(L[ Gorar-z 8P 4, -1, L le@PIEWIP 4 o

H _ . —15-
6z(4) =54 N B
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Choose s = 1 = Z~! then

2 2 2
85(¢>=Z3B/(Vg)2dx— ﬁdﬂl/ dedy],

x| 2 x =yl
with N
2 _ 2 _ I
lgll3 = sl = 3
By the definition of E} , this proves
. N
ENz =2’ inf {8? (g) - g € H'(R?), llgll; = E} :
Comparing this with the definition of e(-) proves the statement. [ ]

A.7 Excess Charge Problem in the Hartree Model

We apply the Benguria—Lieb—Nam argument directly to the Hartree Model similar to [20] to
derive analytic bounds on the value 7. defined in Section 4.8. Since N < f. Z (see Remark
4.8), this directly proves new bounds on the maximal allowed excess charge in the Hartree
model. In particular, we prove

Lemma A.7.1. Let t. be the minimizer according to (4.8.19) then

t. < inf b
c séﬁ,z] (s)

(11+s2

) o1+ -
B ), with b(s)—(mln )

0<r<1 1 + -1

Remark A.7.2. Numerically, it was found t. ~ 1.21 (see [18]), and up to our knowledge, the
best analytic bound is t, < 1.5211 in [20]. We improve upon their result. Choose s = 1.624

then one easily checks b(1.624) < 1.29 and consequently

t. <129

11+ (1.624)2
— T <147,
12 -

Proof of A.7.1. Let f with ||f ||§ = N be the unique minimizer of the Hartree functional
following [110, p. 166] then f is the unique positive solution to

“Af

s =0f (A7.1)

with
(x) = Zx|™ = (1P # 17D (%) .
Let s € (1,2] and multiply (A.7.1) from the left by |-|° f and integrate, then

|x

L - L P
S =Af) = ZATU ) = 5 //R o WO OIFd (e y) . (A7)

I+
lx =yl
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The Hartree equation (A.7.1) is invariant under rotations, and consequently, f is rotationally
symmetric. Thus, using Newton’s theorem

LR SRR
3 L PR P =5 [ oot o) a

min{|x|.|y|}
max{|x[,[y[}

// PP Pae )
w1 il 2

|x|s + |y|5 2 9_] S—l 2
_ _ . di.
/]]R3><R3 |f(x)| max{|x|, |y|}(|x|s—1 + |y|s_1) |/ Clx] + PO D)Id(x, y)

//R % LI R+ O

R31+I"(X )Sl

Therefore, with r(x, y) =

51 2 (VA Eom—
> min = [P OIPAAIR = 2 B,
(A.7.3)
with
1+7°

b(s)~' = min
() o<r<t 1 +r5-1

the same number as in Proposition 4.4.5. Combining (A.7.2) and (A.7.3) yields

1115 Nl £, AF)
</Z+—.

By application of Lemma 4.8.8 (note that f is not normalized) we find

115 2= 1{x|I"' £, f)
— =<7
o) SR Ige

and by the Coulomb—Uncertainty principle (see (4.8.5))

(L) < Il (CF=A) 2

Similar to Lemma 4.8.4, we have the following virial theorem
(f,—Af)y=-2ER,

where E 1{}' - 18 the Hartree energy (see Lemma A.6.1). Summarizing the above, we have shown

b(s) —

1115 21, . 12
2 < 7+ f1;" (2EH,)
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Using E , = Z3¢(N/Z) (see Lemma A.6.1) and ||f||2 = N we arrive at
gLNz 2

N -1 12
L <7+ NV (27%(N/Z ,
b <2 (-22%(v/2)

and after dividing by Z and multiplying by b(s) this yields

N
Z

Z

Sb(s)(l+s2_1(N

-1/2
- —) <—2e(N/z>>”2) .

In the Hartree model its true that % — t. as Z — oo and e(-) is continuous such that by taking

the limit Z — oo s
21 (—e(t
tch(s)(1+S ( e(C)) .

8 te

In Lemma 4.8.4 we have proven
2t
e(tc) Z - 9 .

and consequently, we arrive at

s2—1
tCSb(s)(1+ 7 )

For s = 1, this proves ¢, < 2 as shown by Lieb, and for s = 2, this reduced to the inequality
found in [20]. ]
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B.1 Hardy-Type Inequalities

In the work at hand, several types of Hardy Inequalities are used. We collect them here from
different sources and refer to their proofs.

The one—dimensional Hardy Inequality, for which a proof can be found in [36, Theorem 2.65]
is:

Lemma B.1.1. Let u € H'(R) and assume lim i(r)1f|u(r)| =0. Then
r—

2
/'”('2' drS4/|u'(r)|2dr. (B.1.1)
R |r| R

The following is the Hardy Inequality in dimension two, for which a proof can be found in
[109] or derived from [36, Pop. 2.68]

Lemma B.1.2. Let u € H'(R?) with

2r
/ u(c,p)dy =0,
0

where (p, ¢) are polar coordinates and ¢ > 0. Then the following Hardy Inequality is true:

/ juf” dy <4 | |VulPdx.
B2 |x|? (1+1n ('x')) R?

The following is the radial Hardy Inequality on conical sets, which was proven in [83, §4].

Lemma B.1.3. Let d > 2 and K c S a smooth domain and
Q={x=xlw:weK}.

Then for any u € H'(Q\ {0}) the following Hardy Inequality holds:

IR 2dx<( ) [ rvurax.
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B.2 Remarks on the Geometry of the Sets K, (y)

Lemma B.2.1. Let a, B € {(12), (13), (23)} then

Ko (y) N Kp(y) = {0}
fora # Bify > 0 is small enough.

Proof. We begin with the sets Ki;(y) for j € {2,3}. Assume that x € K12(y) N K13(y) and
x # 0 then
Ix|? < (x% +x§) + (x% +x§) < 29%x)?

which fails for y small enough, which we assume henceforth. Consequently, we have

Kia(y) N Ki3(y) = {0}

Next we assume that x € K17(y) N K>3(y) and x # 0, then

2 2 21..12
x| +x5 <ylx|”,

Let m := min{m, mp, m3} and M := max{m, m;, m3} and recall the choice /m;y; = x; then

2 2 72 2
+y;, < —M ,
YTy = 1 (B.2.1)

lva — y3| < yVMy|.

Note that the points (y,,0), (y3,0) and (0, y;) are the corners of a triangle in R? and thus by
the triangle inequality

W3+ 03 ST+ bya = ysl < y VM (1 m™'2) Iy, (B.2.2)

Combining (B.2.1) and (B.2.2) there exists a constant ¢(M,m) > 0 independent of y and
y # 0 such that

DIP < 07 +32) + 07 +33) < e(M,m)lyPIyl

which fails for y small enough and thus K> (y) NK»3(y) = {0}. Repeating the same arguments
for the set K13(y) N K»3(y) concludes the proof. ]

Lemma B.2.2. Let a € {(12), (13), (23)} and let y > 0 satisfy the condition (B.2.1). Assume
that the potentials V, satisfy (5.2.2). Then there exists C > 0 such that for any x ¢ K, (y) with
|x| > b holds

Ve (x)| < Clx| Ve, (B.2.3)

where vo3 =2+ 0 and vio =vi3=3+6.
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Remark B.2.3. Lemma B.2.2 implies that for small y > 0 condition (B.2.3) holds on Q(vy) for
any of the potentials if |x| > b and b > 0 large enough. Consequently the condition (B.2.3)
applies on any of the sets K, (7y,¥) defined in Section 5.3.1.

Proof. We begin with @ = (23). The potential V,3 fulfills (5.2.2) and thus there exist constants
C,6 > 0and A > 0 such that

[Vas(Iras))| < C(1 + [ras)) 7272, (B.2.4)
whenever |rp;3| > A. For x ¢ K»3(y) we have

X2 X3

Vi N

Consequently |ry3] > A for x| > b for b > 0 large enough. Combining (B.2.5) and (B.2.4)
the statement for @ = (23) follows directly.

Next, we prove the case @ = (12). The proof for @ = (13) is similar. The potential Vi, fulfills
(5.2.2) and thus there exist constants C, 6 > 0 and A > 0 such that

[ros| > > ylx|. (B.2.5)

IVia(Irpa])| < C(1+Jrpa]) 70 (B.2.6)

whenever |rj3| > A. Assume x ¢ K;>(7y) then

X2 x2 X1X 1/2
1 2 142
rp| > |—+— —cos()2
|r12] . ) '—m1mz)
2 2\\?
>[L+=2| (1-cos(¢)'/?
mp;  mp (B.2.7)
- 12
. min{—,—}u—cos(o)) [x100)
mip mj
11 12
> min{—,—}(l—COS(f)))’) |x] .

mp mj

where we have used that 2ab < a? + b? from the first to the second line in (B.2.7). Since
{ € (0,7/2], combining (B.2.7) and (B.2.6) completes the proof. [ ]

Lemma B.2.4. Let (x1,x2,x3) € R3 and let (g, &) be defined as,

61=\/A1/I—23(\/m_3x2—\/m_2X3),
£= \/;/1—23(\/”72)62+\/”T3x3),

where Mp3 = my +m3. Then
x| = [(x1, 4,6 (B.2.8)
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The surface measure on the set 0K»3(7y) in this set of coordinates is given by

do = K()d(xl,f) (B.2.9)
with
2 1/2 M
o = (7—“223) L= (B.2.10)
1 —y*po3 my +ms3

Proof. Direct computations show

1 1
2, &2 2 2 2 2
q° +&° = ——(m3x5 + max; — 24/moym3xox3) + —— (max; + maxs + 24/mom3xox3)
23 M>3

M
— 24 42
=Xx5 +X3.

Consequently, (B.2.8) holds.
The set dK»3(y) is determined by

X2 X3

— - —| =vlx]. (B.2.11)

Expressing x; and x3 in (g, &)—varibales gives

1/2 1/2 1/2 1/2
mo ms3 ms3 ma
Xy =|—— +|— , x3=|— -|— . (B.2.12)
’ (M23) (f (mz) q) ’ (M23) (g (m3) q)
Inserting (B.2.12) into (B.2.11) gives

I I -1/2 B.2.13

for uy3 in (B.2.10).
Combining (B.2.11) and (B.2.13) shows that the surface dK»3(y) is determined by the relation

1/2

lgl = (u23) " “yl(x1,9,8)]. (B.2.14)

Solving (B.2.14) for |¢q| yields

2 1/2
M) . (B.2.15)

gl = kol(r1.£)]  where KO:( :
L=y uo3

Using (B.2.15) as parametrization of the surface 0 K»3(7y) the relation for the surface element
do of 0K»3(y) in (B.2.9) follows from direct computations. (]
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B.3 Estimate used in Lemma 5.4.3

Lemma B.3.1. Let & € C*([0,00)) with £(t) =0 fort < 1 and £(t) = 1 fort > 2, such that
E() < land &'(t) <2 foranyt € [0,00). Forany w, k, B > 0 we define

o l”
G(lx]) = T ol +w|x|,<§(|x|/ﬁ).
Then
VG (x)| < «|x|"'G (x), for |x| > 28
and for

VG (x)| < B<! (2“” +K2K-1), for 1x| € [B,28].

Proof. By construction

for |x| > 28 and consequently

_ T | -
'(VG”’C)"‘V(HMW) = o S oW,
For x| € [,2p]
) <

e(5) <2
then for |x| € [, 28]

2 B el

001 < 5o |7 (o)

< 2K+1ﬁK—1 + KZK_],BK_]
:IBK—I (2K+1 +K2K—l) )

B.4 Proof of Lemma 6.2 of [13]

Lemma B.4.1. Let h = —63 +V(q) on L*(R), such that h > 0. Assume that for every € > 0
there exists a constant C(g) > 0, such that

/ V(@) (@)Pdg < & / W' (g)dg + C(e) / W(q)Pdg Yy € H'(R).
R R R
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Assume there are constants C, A, 5 > 0 such that
V(g)| < Clg|7>™° (B.4.1)

for any g € Rwith |q| > A. Then there exists a constant C > 0, such that for any L > 0 and
any function y € H'(R)

L
T = [ (0 @F + V@@ dg > ~cL7 (WP +lw(-L)P)
Proof. Let L > A, for s > 0 we define for |g| < L +2

p(L)YE e (L, (L+5))
vs(q) =¥ (q) qgel[-L,L]
y(-L) 1 e ((L+5),-L)

and y5(g) = 0 for |¢| > L +s. Then ¢, € H'(R). By construction J (¢, L) = J (¥, L) and
since h > 0

J@.L) = - /L (W@ F +1V@lus(a)P) dg
-L
N / (li@f + 1v(@llws(@)1?) dg.

(B.4.2)

We estimate the first integral on the right-hand side of (B.4.2). Using that ¥ and ¢ are
supported on {g € R, |g| < L + s} yields

/ (@ + Iv(@)lws(@)1?) dg
L (B.4.3)

L+s L+s
- [ wialdg+ [ w@l@Pdg.

The first term on the right—hand side of (B.4.3) vanishes in the limit s — oo and for the second

term we find
L+s

L+s
/ V(@)l0s(@)Pdg < (L)) / V(q)lda - (B.4.4)
L L

Applying (B.4.1) and solving the remaining integral on the right-hand side of (B.4.4) we find
there exists a constant C > 0 depending on 6 > 0 but independent of L and s such that

L+s C
[ v@lw@Pds < Sk, (B4S)
L

Using the same Arguments for the Integral over (—oco, —L] in (B.4.2) proves the statement in
the limit s — oo. ]
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Appendix C

C.1 Partition Functions

The following estimate is a version of a result that was first shown in [120][Lemma 5.1] and
used in several other papers.

Lemma C.1.1 (= Lemma 6.2.5). For any €,b > 0 there exist 0 < a < b and continuous
functions u,v : R — [0, 1] with piecewise continuous derivatives, such that ur+1v2=1,

R RN RC R N 1
and
174 (x)| + (x)l » | ﬂ{a<|x|<b} (C.1.2)
Moreover, a can be chosen such that
e 19209 < & < 72, (C.1.3)

Proof. Given 0 < v < 1 we have u = (1 —v?)!/2. In particular, u’ = —(1 — v?)~""/2yy’ and

” 7”2 ”
7”2 72 v v v

Y S T T Ty S 1= (€.14)

The denominator becomes zero when v approaches 1, i.e., in the limit t — 1—, which must be
compensated by a fast enough decay of the derivative of v ast — 1—.
We make the ansatz v(¢) = 1 fort > 1 and

v(t):( —s/ (1-1) —) (C.1.5)
for0 <t <1 Then0O <v <

< 1, is piecewise continuously differentiable and v(z) = 0 for
0 <t < a, where a is determined by

1
/ 1-9B -1 (C.1.6)
a s €
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Clearly, v'(t) = (1 —t)/tfora <t < landv'(t) =0forO <t <aort > 1. Thus

Vv (1)? C

1— V(l‘) ]l{a<t<1} (C.1.7)
with

(1-1)?
C=sup -1 (C.1.8)
0<t<1/t (1_3)%
Note that
/(1—s) /(l—s) (-—1+1) ds-/ (1-1y)) ds+/ (l—s)2 (C.1.9)

:5(14) +h(1). (C.1.10)

with A(r) = /t 1(1 —5)? % > (0 for 0 < ¢ < 1. This immediately implies C < 2. Moreover,
since

1 "(1-9)ds Uds
0—(1— 7 h(t) = TS _/t — =20 asr—0 (C.1.11)

one sees that

1 —1)? 2 2
C = sup # =sup ———— = lim ————— (C.1.12)
O<r<1 / (1- @ 0<t<1 1+ - ,)zh(t) =1-1+ - t)zh(t)
To get a bound on 0 < a < 1, recall that it is determined by
1 ! ds 1
1n(a— ) —(1-a) :/ (1-5Z g1, (C.1.13)
u S
Hence we have
1n(a—‘) Sl<sl< 1n(a—1) (C.1.14)

from which e~(*1/9) < 4 < ¢71/¢ follows. Replacing & by £/2 proves the Lemma for
b = 1. For general b > 0, on scales the functions u and v by replacing them with u(z/b) and
v(t/b). |

C.2 Remarks on the Geometry of the Sets K, (y)

The fact that the conical sets K, (y), @ € I do not overlap outside of {x € Ry : |x| > b} for
v > 0 small enough is well known and goes back to the work of M. A. Antonets, G. M. Zhislin,
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and I. A. Shereshevsky (see appendix of the Russian edition of [56]). We prove the following

Lemma C.2.1. Let a, B € {(12), (13), (23)} then there exits some yy > 0 depending on the
masses only such that for any y < ypand a # 8

Ka(y) N Ks(y) = {0} (C2.1)

Proof. In the following, we denote by < that the inequality holds up to a constant, possibly
depending on m, my, m3 > 0. It suffices to prove the statement for = (12) and 8 = (13).
Since x € Ry and my, my, m3 > 0, the points x1, X2, x3 span a triangle such that the origin (the
center of mass) is within the area of this triangle and consequently

3

Dbl < Y i-xl. (C.2.2)

i=1 (ij)el

Due to the equivalence of norms in R”, it is

3 1/2
2
x| = (Z |x] ) < Z |xi—xj|-
i=1

(ij)el

Assume now that x € Kj2(y) N K3(y) then by the definition of the sets K, (y), @ € I and the
triangle inequality

[x2 = x3] < (Jx1 = x2| + |x1 = x3]) < v([€13] + |€12]) - (C.2.3)

Combining (C.2.2) and (C.2.3) together with the definition of the sets K, (y), @ € I we arrive
at

NS (C2.4)

ael

Recall that by construction for any a € [

3
D ominl = lgal? + &l ael. (C.2.5)
=1

Using (C.2.5) we conclude from (C.2.4) that
l? < 21 (C2.6)

which only holds for x = 0 for y > 0 small enough and consequently proves the statement of
Lemma C.2.1. [ |
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Appendix D

D.1 Existence of Resonance Solutions

We aim to prove Theorem 1.4.11. Before we give the proof, we state the following

Lemma D.1.1. Ler A ¢ R with |A| < oo, then the embedding H' (A) < LP(A) is compact
forall1 < p < %.

Proof. For instance, a proof for this can be found in [74, Theorem 8.6]. ]

Recall, that for a positive potential V the form domain Q(V) is the space of all functions
f € L2(R?) for which (f,Vf) = ||[V!/2f]|? < co. Similarly we define Q(V) as the space of all
functions ¢ € H'(R?) for which (¢, Vi) < co.

Theorem D.1.2 (= Theorem 1.4.11). Let d > 3, consider the potential V : R — R and define
V. = max(0, V) and V_ = min(0, V). Suppose that the operator H = P?/2 +V (considered as
quadratic form) has a virtual level at zero. Assume the following conditions:

a) V, e LI (RY),

loc
b) V_ is infinitesimally form-bounded w.r.t. P2,

c) There exists 0 > 0 such that the weighted potential V_ = (1 + |-|)2*2°V_ is form bounded
w.r.t. P
Then there exists a non—vanishing function gy € H'(R?) N Q(V,) satisfying

1 . .
5(PU, Poo) + (@, Vipo) =0, Wy € HI(RT) N O (V). (D.1.1)

In particular,

1
§<P<Po, Pyo) + (o, Vo) = 0. (D.1.2)

We first state Lemmas D.1.3 and D.1.5 below, and prove Theorem D.1.2 with the help of the
two lemmas. The proof of the Lemmas is given in Sections D.1.1 and D.1.2.

Lemma D.1.3. Let d > 3. For some 6 > 0 define v = (1+]-)"% fory € H'(RY).
Then we have § € L%*(RY) and there exists a constant C < oo independent of ¥ such that
[Pu]| < CliPyll. _

Moreover, if  has support in Bg(0) = {|x| > R} for some R > 0, then ||Plﬁ|| < C(1+
RO Py || and ||| < (1+ R)?||Py].
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Remark D.1.4. Note that for wave function @ we define the weighted function W different
from the weighted potential V. = (1 + | - |)****V. This is done to ensure, at least formally,
(W, Vi) = (, V). For notational convenience, we suppress the dependence of ¢ and V on
the parameter 6 > Q.

Lemma D.1.5. Let d > 3. For any sequence (Y)nent ©€ H'(RY), which is normalized in the
sense that |Pyr,|| = 1, and converges weakly to ¢q in H' (RY) we have

a) (g0, V-¢o) < o,

b) nh_)n;)(wna V—%) = <()00’ V—‘PO>,

C) lim Supn—)oo('vl’n’ V—‘//n> < <(P0, V—‘;00> -1,

d) (@0, Vapo) < liminf, e W, Vithn).

Proof of Theorem D.1.2. Let (6,)nen C (0, 1) be a sequence satisfying 6, | 0 as n — oo.
Since H has a virtual level at zero, the perturbed operator

1 -6,

P2+V
2

H, =

has a negative ground state energy E,, < O for all n € N.
For each fixed n € N, let ,, € H' be the ground state of H,, corresponding to the ground state
energy E, < 0. Then, as n — oo, we have E,, T 0, hence

1-6,
2 ”P‘ﬁn”2 + <¢’n, V+¢n> - <¢na V—‘/’n> < En”‘ﬁn”2 <0.
for all n € N.
We normalize ¢, € H' by |||l = ||[Py,|| = 1 for all n € N. Under this normalization, we
obtain s
D) - + <¢na V+’/’n> - <‘/’n, V—‘/’n) <0 (D-1-3)
for all n € N.

Since the sequence (¥,)neny € H'(R?) is bounded, there exists a weakly convergent subse-
quence with weak limit ¢ € H'(R?). We denote this subsequence also by (¢/,,),en. Taking a
further subsequence, if necessary, we can also assume that (¢¥,),en also converges pointwise
almost everywhere. Using statements (a) and (b) of Lemma D.1.5 together with (D.1.3), we
obtain

1
3+ lim inf (Y, Vi) — (o, Vogo) < 0.
n—oo

Using statement (d) of Lemma D.1.5 yields
|
IP@oll” + (0. Vipo) < 5 HHminfW, Vi) = (@0, Vo) < 0. (D.1.4)
To complete the proof, we must show that

1
§IIP‘,00|I2 + (0, Vo) = 0. (D.1.5)
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We now prove (D.1.5). Let 7 € C3°(R) such thatn(7) = 1 forz < 1, n(z) = 0 for 7 > 2, and
10l < 2. For afixed T > 0, define &7 : RY — R as

x|

ér(x) =n (7) :

Then ér¢pg € H'(R?). Since the operator H = P? + V is self-adjoint and non-negative, we
have

1
§||P($T¢o)||2 +(é1¢0, VéETgo) = 0. (D.1.6)

Let 7, = 2" for all n € N, so that 7, — oo as n — oo. Define ¢, = &r,. Note that
£np0 € L2(RY). By the monotone convergence theorem, we then have

’}Lrglo(fn()oo, Viénpo) = (w0, Vago).

It remains to show that P(&,¢0) converges to Py in L?>(R¢). Note, that

P(&np0) = (P&p) o +ExPyy .

By the monotone convergence theorem, we have &,Ppg — Pyg in L>(R¢). Thus, it suffices
to show that (P&,)@o — 0 in L?(R?). We compute

|P&,|* < 4T, 211, <yj<or,y < X172 17, <pj<omy )

and by Hardy’s inequality, we obtain

D IPEN@oll> < D o, x|z, <psi<ar,)90)
n=0 n=0

< (90, x| 290) < [|Pgoll* < 1.

Since the series converges, we have ||(P&,)¢o|| — 0 as n — oo. Taking the limit of (D.1.6) as
n — oo, we conclude

1

S I1P@oll” + (o, Vipo) = 0.
Combining (D.1.5) and (D.1.4), we find

1 2
(w0, Hpo) = 5 [1Pgoll” + (w0, Vo) = 0.

This shows that ¢ is the minimizer of the associated Lagrange problem, thus completing the
proof. We make this explicit below.
Let gy be the quadratic form of the operator H = %PZ +V, where V satisfies the conditions of

Theorem D.1.2. For any f € H'(RY) n Q(V,) an explicit calculation shows that

qu(po+tf,p0+1f)
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is a second order polynomial in ¢t € R. Moreover, as just shown, gg(¢o+tf,po+tf) =0
for all + € R and gy (o, o) = 0. So, the polynomial has a minimum at # = 0. Thus, by an
explicit calculation,

d
0= EQH(SOO +l’f’ 900+tf) -0 = 2RCC]H(‘100af)'

By replacing f with if, we obtain 0 = Reigy(¢o, f) = Imgp(po, f), which shows that
qu(go, f) = 0forall f € H'(RY) N O(V4). Hence also g (f, o) = qu (o), f) = 0. N

D.1.1 Existence of Resonance Solutions Part I1

Proof of Lemma D.1.3. By construction and Hardy’s inequality, we have @y € L?(R?).
By a direct computation, we have

Vg (x) = —(1+6)(1+ IXI)_Z_Q;—“I/(X) +(1+ )y (x) .

Hence,

1PN = (V. (1+ ) 2209y + (1+6) (. (1+ [x]) ™ 2y)

~ (1+6)Re((Vy, (1+ |x|>—3—2"|fc—|w>> .
Integrating by parts, one has
(Vy. (1+ |x|>—3—29|§—|w> = (. V((1+ |x|)—3—29|;‘—|w>>
= (3+20)(y, (1+[x|) ™) — (v, (1 + |x|)‘3‘2"%w> — (. (1+ |x|>‘3‘2%w>
Thus,
2Re((Vy (14 be) ™2 9)) = (3200w, (1 )™+ 2) - (v, (1+ |x|>-3-29%w>
which yields

IPYI1? = (Vi (1+ ) 272Vy) + (1+60)(d = Dy, (1+ |x)) x| ')
— (1+6)(2+360)(y, (1 + [x)™%y))
< VY, (1+ ) 272Vy) + (1+0)(d = D, (1L+ k)| Py) . (D7)

Using Hardy’s inequality, we obtain

W, (1+1x) 1% ) < 1Py,
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moreover, if supp(¥) C Br(0)¢, we have
W, (1+ )77 0x gy < (1+ R) 72729y, x2y) < (1+ R) > Py

Together with (D.1.7) this proves the second and third claim of the lemma.
The last claim follows from

[l < L+ R +1-D720] s (1+ R)CUPYIL

D.1.2 Existence of Resonance Solutions Part I11

Proof of Lemma D.1.5. Claim (c) follows immediately from the second claim and the bound
(D.1.3).
We begin by proving statement (a). Define
9o = (1+]x)) "¢y
By assumption, the potential V_ is form bounded with respect to P2. Consequently, there exist

constants a, b > 0 such that

(0, V-p0) = (0, V-0) < allPgoll* + blI@oll*.

By Lemma D.1.3 we have @y € L*>(R¢) and also ||P@yl||> < co. This completes the proof of
statement (a).

We proceed by proving statement (b). Let R > 0 be given, and choose {yi, y2} to be a
quadratic partition of unity such that supp(y;) € {x € R? : |x| < 2R} and supp(x2) C {x €
R¢ : |x| > R}. Then, since )(12 +X§ = 1 we can write

(@0, V_o) = (wox1, V-wox1) + {Lox2, V-¢ox2), (D.1.8)

which splits the expression into two terms.
Next, we estimate each term on the right-hand side of (D.1.8) separately. We begin with the
term involving y;. For all n € N, we have the following decomposition:

(eox1, V_wox1) = {eox1,V-(¢o —¥u)x1)
+ <(900 - ‘//n)Xla V—‘/’n)(l) + <l//n)(1’ V—'ﬁn)(l>-

Let I = (wox1, V-(wo — ¥n) x1) and I == ((¢o — ¥n) x1, V-¥nx1). We now aim to show

,}i_{g Wnx1, Vo) = (eox1, V_wox1), (D.1.9)
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by proving that both I} and I, tend to zero as n — oo. We begin by estimating /;. Using
Holder’s inequality we find

11 < V2100l PV 01 (00 — win) |1 (D.1.10)

By assumption, V_ is infinitesimally form bounded. Therefore, for any & > 0, there exists
C. > 0 such that

V22 x100ll* < &llPOago)lI” + Cellxigoll*. (D.1.11)

Since ¢y € H'(R?), it follows that ¢y € L} , and consequently, |lx1¢ol|* < oo. To estimate
the first term on the right-hand side of (D.1.11), we note that

1P Cerpo) I < 201Pgoll® + 201 (T x1) ol

which is finite because ¢o € H'(R?). Therefore, we have shown
IV x1¢0l|* < oo. (D.1.12)

Next, to conclude that /1 — 0 as n — oo, we show that for any £ > 0, there exists C > 0
independent of ¢ such that

lim [[V22x1 (0o — ¥n)|* < Ce. (D.1.13)
n—oo

Since V_ is infinitesimally form bounded with respect to P2, for any & > 0, there exists C, > 0
such that

VY2 x1 (00 = wn)IIP < el P(go = wa) 7 + Cell (x1) (po = ) 1.

A short calculation shows that
1P(p0 = ¥u) 1> < 4lIPgoll* + 41 Py,|I* < 8,
and since supp(y1) € {x € R? : x| < 2R}, we can apply Lemma D.1.1 to find
Tim [Lx1 (g0 — ¥ I> = 0.

Thus, we have shown that (D.1.13) holds. Summarizing, we obtain |/{| < Ce as n — oo for
some C > 0 independent of n and . Taking the limit & — 0, we conclude that |/;| — 0 as
n — oo. Similar estimates show that |/;| — 0 as n — oo, and consequently, (D.1.9) holds.
Next, we show that

,}Lngo Wnx2, Vnx2) = {eox2, V_pox2). (D.1.14)

Note that

(@ox2, V_wox2) =(vox2, V- (vo — ) x2) + (00 — ¥n) X2, V-nx2)
+ <Wn/\/2’ V—%)(z)-
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Let Ji = (pox2, V- (0 — ¥n) x2) and J» = {(¢0 — ¥n) X2, V-¥nx2). Recall that supp(x2) C
{x e R¢ : |x| > R}. We will show that both J; and Jo vanish uniformly in n as R — oo.
Recall f = (1+|-|)~'=?f for any mapping f, and V_ := (1 +| - |)**?’V_. Then

21> = 1((@0 = ¥ x2, V-drax2) > < V2202 PV (@0 = ) xal. (D.1.15)

We begin by estimating the first factor on the right-hand side of (D.1.15). Since V_ is form-
bounded with respect to P2, there exist constants a, b > 0 such that

IV20xal* < allP(@ax2)|I* + bllgaxall?. (D.1.16)

Using the fact that ||Py,|| = 1 for all n € N, and that supp(x2) € {x € R? : |x| > R}, we
obtain from Lemma D.1.3

IWnxall < L+ R)IPy,ll < (1+R)™. (D.1.17)
Similarly, the first term in (D.1.16) can be bounded with the help of Lemma D.1.3 by

IPWax2)ll s (14 R)IPWax2)ll < (14 R) 7 (Lx2Piall + IV x2all) -

Since the support of V y, is compact and V y; is bounded, Lemma D.1.1 shows ||V x2¢,|| <
[|[P¥,|| < 1 forall n € N. Thus

I1P(ux2)ll < (1+R)™° (D.1.18)

for all n € N, where the implicit constant is independent of n. Combining (D.1.16), (D.1.17)
and (D.1.18) we arrive at o
IV 20l < (1+R). (D.1.19)

Next, we estimate the second factor in the right—hand side of (D.1.15). Since V_ is form—
bounded with respect to P2, there exist constants a, b > 0 such that

IV22(G0 = ) x2ll* < allP(@0 = ¥n)xall” + b1 (@0 — ¥n) xal>- (D.1.20)
Using a similar argument as before, we find
1@ =Bl < 2010+ B (I1Pgoll> + 1P 2] < 201+ R, (D.1.21)
Moreover, similarly as before, we see that
IP(20 = ¥ xall” s (1+R) > (I1Pgoll + 1PYull) < (1+R)~. (D.1.22)
Combining (D.1.20), (D.1.21) and (D.1.22) we find

IVY2(Go =) xall* s (1+ R)7%. (D.1.23)
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Inserting (D.1.23) and (D.1.19) into (D.1.15) yields
2l < (1+R).
Similarly, we find that
i< 1+ R) 7.
This proves (D.1.14) as R — co. Combining this with (D.1.9), we conclude

Tim (rn, Vi) = (0. V-¢00),

which completes the proof of statement (b).
It remains to prove statement (d), which says

(¢0, Vigpo) < lirfiiofo}ﬂlﬁn, Vidn).

Let y7 be the characteristic function of the set {x € R? : |x| < T}. By Lemma D.1.1, for any
T > 0, we have 71, — yreo in L2(R?). Hence, there exists a subsequence of (xg¥n)nen
that converges pointwise almost everywhere to yr¢o. For this subsequence, we can apply
Fatou’s Lemma to get

ereo, Vixreo) < li,{gglfwn, Vin).

Thus, statement (d) follows from the monotone convergence theorem as 77 — 0. ]

D.2 Uniqueness of Resonances and the Energy Gap

In this section, we show that the resonance solution ¢ is unique under a small additional
assumption on the potential. Moreover, this uniqueness implies that on the space H'(R?) N
Q(V,) the operator H = %PZ + V has an energy gap for functions orthogonal to the resonance
o with respect to the scalar product in the homogenous Sobolev space H'.

Theorem D.2.1 (Uniqueness of Resonances and the Energy Gap). We consider dimension
d > 3. In addition to the short-range condition from Theorem D.1.2) (=Theorem 1.4.11) we
assume that the potential V € leo /C 2 as well as Vi € Kgjoc and V_ € K.

Then the resonance solution ¢ from Theorem D. 1.2 is unique and can be chosen to be strictly

positive. Moreover, there exists a constant u > 0 such that, as quadratic forms,

(W, HY) = pllPy|? (D.2.1)
forall y € H'(RY) N Q(V,) orthogonal to the resonance ¢o in H' (R?), i.e., (Py, Pgg) = 0.

Remark D.2.2. The conditions of Theorem D.2.1 are satisfied if the potential V is a short—range
potential of the form

V=(1+]-D7"W
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dj2
loc

for some 0 > 0and W € L;'” N K.

Proof. Let ¢( be the resonance solution from Theorem D.1.2. The complex conjugate @q is
also a solution of (D.1.1) since H commutes with complex conjugation. By linearity, Re(¢q)
and Im(¢g) are solutions of (D.1.1). Hence, we can assume that the resonance ¢ is real—
valued. Moreover, since V., is in the local Kato—class K41, and V- € K, and ¢ is a local
solution of Hpg = 0 (see Remark 1.4.7), the results of [3] show that ¢ is continuous. With an
argument slightly different from the one given in [3] we also explain in the proof of Theorem
D.5.2 why resonances are continuous when the potential satisfies the short range condition of
Remark D.2.2 above.

If the bound (D.2.1) is false, then for any 6 > O there exists ¢ € H'(RY) n Q(V,) with
(P, Peo) = 0 such that

(W, Hy) < 8/2||Pyl* .

Taking a sequence (J,)y € (0,1) with §, | 0 yields a sequence ¥, € H'(RY) n Q(V,) with
<P¢/n’PQOO> = 0 and

W Hyn) < 60201 Pyl (D:2.2)

Again, since ¢, # 0 we can assume that ||Py,|| = 1 by normalizing the sequence i, so
(D.2.2) gives

(Wn, Hipr) < 60/2 (D.2.3)

with g, € H'(RY) N Q(V,), ||Py,ll = 1, and (P, Poo) = 0 for all n € N. In particular, since
||Pyy|l = 1 we have

On
) + <l//n’ V‘/’n> = <wn,H‘rl/n> - 6}1/2 <0 (D.2.4)

which is the same bound as (D.1.3), but now for a sequence with (Py,,, P¢g) = 0.
Taking a subsequence, again denoted by (¥,,),en Which converges weakly in H' and almost
everywhere to some o € H'. By weak convergence, we have (P, Pog) = 0.

Using (D.2.4), the same arguments as in the proof of Theorem D.1.2 can be used to show
that ||Pyoll = 1, {¢o, Vabo) < (o, V-iho) — 1 < o0, and (Yo, HYo) = qu(o,¥o) = 0, ie.,
Yo is also an energy minimizer on H "'noW,). In particular, (D.1.1) and (D.1.2) hold with
@0 replaced by 9. Again, since V, € K;joc and V_ € Ky, the results of [3] show that ¢ is
continuous.

Since ¢ is real-valued and g is orthogonal to ¢q in H', also the real and imaginary parts
of ¢ are orthogonal to ¢y in H!. Moreover, they are both minimizers of the energy (on
H' N Q(V,)). Hence we can assume that both ¢, and i are real-valued and continuous.
The space

L = span{yro, 9o} = {ao + Byo : @, B € R}
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is a two—dimensional subspace of H' N Q(V,)) and by bi-linearity and (D.1.1) we have for all
Y =ago+Peo €L

W, Hyr) = {aypo + Bpo, Hao + Beo)
= a* (Yo, Hyo) + aB{Wo, Heo) + aB{po, Ho) + B (w0, Heo)
= a* (Yo, Hyo) + B*{po, Hpo) = 0

where in the last step we also used (D.1.2). Note that L is a real two dimensional subspace
of H'! with scalar product (V, Vi), for ¢, € L. Since L is finite—dimensional, any other
scalar product on L will will be equivalent to (Ve, Vi/);. We choose

()Y (x)

A+ 2

Pty = (o, (1+]- N2y =

Recall that any € L is real-valued. Since L is a two—dimensional real vector space, there
must exist a function f € L which changes sign or is zero on a non—empty open subset of R.
Otherwise, any function in L is either non-negative or non-positive and zero only on a set of
Lebesgue measure zero, Hence (¢, ¥ ), # 0 for all ¢, € L, which is not possible since the
dimension of L is two.

Taking a real-valued continuous function f € L which changes sign, consider its positive
and negative parts f, and f-, which are elements of L ¢ H' n Q(V,) due to the well-known
inequality |V|f]|| < |V f|. The sets { f; > 0} and {f~ > 0} are open and disjoint. Hence, since
H or, more precisely, its quadratic form gg, is local, we have

0=(f,HfY=qu(f.f)=qu(fs— - fr = f-)
=qu(fe, f+) —qu(fe, 1) —qu(f= f+) + qu(f-, f-)
=qu(fe, fo) +qu(f-, f-)

and since gg(fs, fr) = 0, we get gy(fs, fx) = 0. If both f, and f_ are non—trivial, then
f+ and f_ are both zero on non—-empty open sets. Since V € Lﬁ)/c 2, the unique continuation
theorem from [62], see Theorem D.3.2, shows that both f, and f_ are identically zero, which
is a contradiction. Thus, either f; or f_ are identically zero. This contradicts the fact that L is
two—dimensional. Thus, (D.2.1) holds for some u > 0.

If the resonance solution ¢ is not unique, there exists a nontrivial ¥y ¢ span(gg) with
gu (Yo, o) = 0. Write Yo = co + g with a non—trivial g € H' n Q(V,) which is orthogonal
to ¢ in H'. Then (D.1.1), (D.1.2), and (D.2.1) imply

(o, Hpo) = (Yo, ¥o) = IcI*qu (g0, o) + 2Re(cqn (g, o)) + qr(g, 8)
=qn(g.8) = 6||Pg|> > 0
which is a contradiction. So ¢y is unique.

As before, the real part ¢, = Re(¢g) and imaginary part ¢; = Im(¢q) of ¢ are also resonance
solutions. If both are nontrivial and linearly independent, then ¢, = cg; + g with g non—trivial
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and orthogonal to ¢, in H!. As before, this leads to the contradiction

0= (Wr, HYy) = qu(r ) = lc*qu @i, ¢i) + 2Re(qu(g, cgi) + qu(g, 8)
=qnu(g.g) = S|IPg|* > 0.

So Re(¢p) and Im(¢q) are linearly dependent, hence ¢( can be chosen to be real-valued and
continuous. If the positive and negative parts of ¢ are non-trivial, then as before, we get a
contradiction using the unique continuation theorem. This proves that ¢ can be chosen to be
strictly positive and finishes the proof of Theorem D.2.1. ]

D.3 Unique Continuation a la Jerison and Kenig

In this section, we give a proof of the following unique continuation type result. First, some
notation. Let Q@ c R? be an open set. We say that a function f € leoc(Q) vanishes to infinite
order at a point xo € Q if for any n € N there exists positive constants C,, and #,, such that for
any0 <t <t,

/ |f(0)|* dx < Cut". (D.3.1)
|x—xo|<t

Remark D.3.1. Note that if f vanishes to infinite order at a point x(, then Holder’s inequality
implies that for any 1 < q < 2 we have

(2-9)/2 2/q
/ | f19dx < (/ 1dx) (/ Vik dx) < (2d+(n=d)q)/2
|x—xo|<t [x—xo|<t [x—xo|<t

for all n € N, so f vanishes to infinite order also with respect to any L9-norm as long as
I <qg<2.

The main unique continuation result we need is

Theorem D.3.2 (= Theorem 6.3 in [62]). Let @ ¢ R? be open and connected and d > 3.
Assume that V € Li)/cz(Q), f € H! (Q) with distributional Lapalacian Af € L} (Q), and

loc loc
IAf| < |Vfl inQ.

If f vanished at a point xo € Q to infinite order, then f is identically zero on Q.

Remark D.3.3. In their landmark paper, Jerison and Kenig proved this theorem under the

additional assumption that f is in the second oder Sobolev space leo’cq(Q) with g = % and

d > 3. Of course, inthe application to solutions of the Schrodinger equation, we have f € Hlloc,

hence, by Sobolev’s embedding theorem, also f € lefc/ @2 The inequality |Af| < |V f|, with
velL 2(Q) and f € Hlloc(Q), together with Holder’s inequality then implies

loc

2d/(d+2
Af e LY Q).
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Calderon—Zygmund theory, see [80], shows that all mixed weak second order derivatives of f
are in leci/(d+2)(9). Indeed, it is shown in Exercise 7.4 in [80] that for all j,k =1,...,d the
operators R = a_,akA—‘ are operators given by singular integrals. By Calderon—-Zygmund
theory they are bounded from L to LP as long as 1 < p < oo. So, see for example Corollary
7.7 in [80], one has

sup ||c9j8ku||L,, < CpallAullyp .
jok=1,...d

Using cut—off functions and bounding the commutators, shows that 0;0; f € Lﬁ) (Q) for all
j.k=1...,dassoonas Af € L" (Q).

loc

Together with the fact that LIZOC(Q) C lejc/ (d+2)(£2), this shows that any function f satisfying

the assumptions of Theorem D.3.2 is indeed in Wli’f(Q) with q = %, as assumed in [62].

D.4 Uniformly Integrable Potentials and the Kato—class

Recall that Lf; . Llnif(Rd), the space of uniformly locally p-times integrable functions is given
by all (Borel measurable) functions f such that

1/p
Ifllr = sup (/ |FnIP dy) <o, (D4.1)
loc,unif xGRd |X—y|S1
It is easy to see that for all » > 0 the norms
1/p
1Al = sup ( / lfFn)IP a’y) (D.4.2)
oc,uni xERd |x—y|§r

are equivalent to (D.4.1). Recall also that for d > 2 the Kato—class K; defined in Definition
1.2.8, is given by all potentials V such that with

g4(x) = {| ndlxl)] -~ d=2 (D.4.3)

x—y> 4 d>2’

one has

lim sup / 2= NIV dy = 0.
=0 crd J |x—y|<6

Also, K; = LlloC unif(R), but we will not use this. Furthermore, for d > 2 we define K1 as the

set of all potentials V' such that

lim sup / lx = vV (y)|dy =0.
6_)0x€Rd |x—y|<6
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Since gg(x) > 1 for |[x] < 1 and d > 3, respectively g>(x) > In(2) for |x| < 1/2, one
easily sees from (D.4.1), respectively (D.4.2), that K; ¢ L! R9). Similarly, K1 C

loc,unif

Ll (R%). Furthermore, Holder’s inequality shows that L (RY) c Ky forall p > d/2

loc,unif loc,unif

and LP (RY) C Kg forall p > d.

loc,uni
The following Lemma is a key observation for our proof of the precise asymptotics of virtual

levels.

LemmaD.4.1. a) Forall W e L! (R and all L >0

loc,unif

wp [ WOy Wl 00 (D44
x—y|<L oc,uni

xeR4

Moreover, for any 0 > 0 we have

sup /(1 +x =)W ()| dy < . (D.4.5)

xeR4

b) Assume that d > 2 and for some 0 > 0 the potential V is given by
V(y) = (1+yD>"W(y) forae yeR

where W € K;. Then

sup / ga(x =)V (y)ldy < co. (D.4.6)

xeR4

Proof. Clearly, with |Bf | the volume of a ball of radius one in R? we have

/ Lqjy—q<1y dz = |BY| forall y e RY.

Thus

1
/| |<LIW(y)Idy= @//]l{lx—ylsL}]l{l)’—zlsl}|W(y)|d)’dz
X—=Yy|= 1

and since |[x — z| < |x —y|+ |y —z| £ L + 1, we see that

1
[ owolaysee [ [ woldy
l—y|<L |BY| Jjx—zl<1+L J]y-z/<1

! d
< — =
B |Bf| ||W||L11°C’umf ‘/|;C—Z|SI+L d ”WHLllOc,unif(l +L)

for all x € R¥. This proves (D.4.4).
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Using the identity
(I+]z) ™=« (1+ r)'(‘”l)]l r>lndr, Yz € R? and a > 0,
{r=lzl}
0

together with (D.4.4) we have

/ (14 | — )W (y)ldy = (d +6) / (14 ) (@04 / W(y)\dydr
R4 0

[x—yl<r
<C(d+ 9)/ (1+7r)"*Dgr < o0,
0
which proves (D.4.5).

We only give the proof of (D.4.6) for d > 3. The proof for d = 2 is similar. By the definition
of the Kato—class we have

sup / x = YV ()] dy < o0
|x—y|<do

xeR4

for some 6 > 0. Thus it remains to check that

sup / x = y|7 IV (y)| dy < 0. (D.4.7)
xeRd J |x—y|>dg
For |x — y| > 69 we have |x — y|>¢ < (1 +|x — y)?>7%, so

/ =y V() dy < / (14 b= yD24(1 + [y) W) dy .
|x=y[>d0

Since W € K; c L} (Rd) the claim (D.4.7) follows from Lemma D.6.1. ]

loc,unif

D.5 Integral Representation of Zero—Energy Solutions

To prove Theorem 3.2.5, we need the following result on solutions of Poisson’s equation

Theorem D.5.1 (= Theorem 6.21 in [74]). Let f € L} (RY), d > 1. Assume that for almost

loc
every x € R? the function

y - Gx-y)f(y) € L'(RY)
where
caln(lx —y]) d=2

Gx_ = 9
(=) {cdlx—ylz_d d+2
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with cqg = (d - 2)_1|Sd_1|_1f0r d>3andc) = —|Sl|_1. Define the function u : R¢ — C by

u) = [ GG=nf0)dy.

Then u € LllOC (RY) and —Au = f in the sense of distributions. Moreover, the function u has a
distributional derivative that is a function; it is given, for almost every x € R¢, by

Vu(x) = /Rd VG(x —y)f(y)dy. (D.5.1)

We prove the following, which is in large parts an application of Theorem D.5.1.

Theorem D.5.2. Let d > 3 and V : R? — R such that there exists W € Ky and 6 > 0 such
that
V) =Wx) (1+|x)>? vxeR?. (D.5.2)

Assume that H = %Pz + V has a virtual level and ¢ is the corresponding weak local zero
energy eigenfunction with finite kinetic energy (i.e., oo € H'). Then @y has a continuous
version, it is bounded with Vo € L' (R?), and satisfies the integral equation

w00 ==2¢4 [ 1=y IDVOIe0dy, Va e R (053)
R

with cqg = (d - 2)_1|Sd_1|_1, where |Sd_1| = d|B‘1i| is the surface area of the unit sphere in R¢
and |B‘11 | the volume of the unit ball in RY. If additionally W € K41 then Vo has a continuous
version and satisfies the integral equation

Vool =20d ey [ T vy, veer @54

Remark D.5.3. Equation (D.5.1) shows that for almost every x € R? the integral equation
(D.5.4) holds. If W € K41, the the right hand side of (D.5.1) is continuous in x and yields the
continuous version of V.

Proof of Theorem D.5.2. The proof proceeds in two steps. In the first step we assume that
the zero-energy solution ¢q is bounded and use this, together with a—priori bound from
Proposition 3.2.7, to see that Theorem D.5.1 applies. Thus the integral representations in
(D.5.3) and (D.5.4) are valid for almost every x € R?. Then we use this to show that ¢ is
continuous, more precisely, has a continuous version when W € K; and that Vg is continuous
when W € K, ;1. In the second step, we show that ¢ 1s indeed bounded.
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Step 1:

Assume that ¢q is bounded then

/R IG (= )V ()go(y)ldy 5 /R =AWy (D55)

where < means that the inequality holds up to a positive constant. Thanks to (D.4.6), we have
that for every x € R? the map y — G(x — y)V(y) is integrable. Therefore we may apply
Theorem D.5.1 to conclude that

() =264 [ Gl =nVOIe(r) € L (BY).

for almost every x € R?. Note that the right—hand side of the above equation is finite uniformly
inx € RY.

Next we show that u# has a continuous version by showing that the right—-hand—side of the above
equation is continuous in x. Let y € C° (RY) 6 >0with0 < y < 1, y(x) = 1 for |x| < 1 and
x(x) =0for |x|] = 2. For 6 > 0 define ys(x) = y(x/6) and

us(x) = 2cq / (1— xs(x = )G — NV o(y)dy.

Since ys(x—y) = 1for |[x—y| < dthemapx — (1—xs5(x—y))G(x—y)V(y)¢po(y) is continuous
for for fixed y € R?. Because of (D.4.6), we can use Lebesgue’s dominated convergence
theorem to see that lim, . us(x,) = us(x) for any sequence (x,), which converges to x.
Thus, us is continuous. Since V(y) = (1 + |y|)~ W (y) with W in the Kato—class K, we
have

sup lu(x) s (0| 5 sup [ v yPWO)dy 0 fors -0

xeR4 xeR4
[x—y|<26

and consequently, u is the uniform limit of continuous functions, hence continuous. This
shows that the zero—energy solution ¢ indeed has a continuous version. If, in addition, the
function W € K 1, this also implies that V¢, can be chosen to be continuous. Define

f5(0) = 2(d —2)eq / (- xs(x =) ="2 V(0w (y) dy

[x=y|>6 |-)C - yld

which is again continuous, and f(x) by the right hand side of (D.5.1) and note that

sup |f(x) = f5(x)| < Sup/ | 6|x—y|1_d|W(y)|dy—>O asd — 0.
x—y|<

xeR4 xeR4

So Vo has a continuous version if W € K 1.
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Step 2:

We show that ¢ is indeed bounded. Following [3, Lemma Theorem 6.1], for any 6 > 0 small
enough there exists Cs > 0 with

eo(x)] < Cs / eo()ldy.
[x—y|<6

The constant Cs depends on local norms Kato—norms of V_ and can be chosen independently
of x. However, Cs will blow up as 6 — 0. Using Cauchy—Schwarz, we get

lpo(x)| < C5|B5d|1/2||900||L2(B§(x))

and

leo()I? oo ()|
l9oll? ga) < Bs] / 52 dy < |BY)6? Oy (D.5.6)
o lx =yl lx =yl
|x—y|<8 lx—y|<é

Since g € H', we can use translation invariance and Hardy’s inequality to see that

2
sup / |‘100(y)| dy < ”V‘;OOHZ < 0.

/ 2
R X
X€ | |< | yl

This proves that sup,..ra |@o(x)| < ||[Veol| < oo, i.e., o is bounded. ]

D.6 Useful Integral Estimates

Lemma D.6.1. Let 0 < U € L! (RY). Given parameters a, 8 > 0 with a + B > d define

loc,unif
for any x € R4
has) = [ (L= 3D P+ B UG, D6.1)
Then there exists a constant ¢ > 0 depending on a, 8 > 0 such that
c(1 + |x|)4-(@*h) ifa,B<dandd < a+pf
c(1+x)™*In(2+|x|) ifB=d, anda <d
|hap()| < Sc(1+x)PInQ2+|x]) ife=dandB<d (D.6.2)
c(1+1x)# ifB<d<a
c(l+|x])~@ ifa<d<p

for all x € RY.

Remark D.6.2. The estimate (D.6.2) is symmetric under the exchange of a and B, even though
the expression hy, g itself is not symmetric under this exchange. Substituting x—y = z in (D.6.1)
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1
loc,unif

1
loc,unif

and noting that for any z € R? the potential U(- — z) € L
helps clarify this behavior.

uniformly in z if U € L

Proof. Inserting the identity
(L+z))™® = a/ooo(l +7) @D ydr, Yz eR?
into the right—hand side of (D.6.1) we arrive at
hap(x) = af /O ) /0 Oo(l +5) B (1 4 )74 /R Uszpeoyy Liszpyy U(y)dydsdr . (D.6.3)

Applying Lemma D.4.1 we have with C = ||U||L11 and all 5,7 > 0 and x € R?

,unif

[ Vet oy < | L scaeyt o6y
and similar
/R sz Lz UGy < C(1+ ne. (D.6.5)
So
/Rd Liss eyt Lz U)dy < Cmin((1+5)%, (1+1)9), (D.6.6)

Furthermore, for |[x — y| < s and |y| < ¢ also have |x| < |x — y| + |y| < s +¢. Thus, using
(D.6.6) in (D.6.3) we find

|hap(x)| < Cap // (1+5)" B 1+~ min{(1+ )%, (1 + 5)4}dsdr .
5,t>0,|x|<s+t
We split the integral in the regions where s < # and ¢ < s to find

|hap(x)| <Cap // (1+ ) B (1 4 1)~ @D gsdr

0<s<t,|x|<2t

+Cap // (1+5) B+ (1 + ) Dggqr .

0<r<s,|x|<2s

We define

I = // (1+5)B (1 40~V gsdr,

0<s<t,|x|<2t

I = // (1+5)" BV (1 + 0@ Dgsar

0<t<s,|x|<2s
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It suffices to estimate /; since both integrals are the same after renaming s > 0 and ¢ > 0.

Note that o
11:/ /(1+s)d‘(ﬁ+1)ds(1+t)‘(‘”1)dt
xl/2 Jo

and by direct calculations

/t(1+s)d_(ﬁ”)ds< d-p) 1+, p#d
0 | In(1 +1), B=d

In the case 8 = d, @ > 0 after substitution and partial integration
I < / In(1+0(1+0)~@Ddr = o7 (1 + |x|/2)" (1n(1 +1x|/2) + a—l)
lx1/2

and consequently for S = d there exists some c¢; > 0 depending on @ > 0 such that
L<ca(+|xDm@2+|x]) VxeR?.

In the case 8 # d and using a + 8 > d we have

B [ e = - p) g (L 2

Hence for some ¢, > 0 depending on «, 8 > 0 it follows
L] < ea(1+ [x])4-(@*h)
Choosing ¢ = max{cy, ¢} proves the assertion of Lemma D.6.1. ]
Lemma D.6.3. Let d > 3,0 > 0 and W € K;. For any x € R let L(x) > 0 such that
L(x) < |x|/2 for |x| > 1 large enough. For p < d we define
nw= [ @) Wl
y|[>L(x

oap )= [ (e y T ) () W)y,
[yl<L(x)

oy (x) = / = P (1 [y W () )y
[y|>L(x)

o4(x) = /
[yI<L(x)

xX—-y X

d
|x]

= L+ Y)W (y)ldy .
-yl Ix
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Then for |x| > 1 large enough

o1 ()] s (1+L(x) ™,
|o2,p ()] 5 (14 L(x) ™ (el = L(x)?
o2 () s (1+ L) x| (I = L) ™,

andifp=1and W € Ky, or p =2 and W € K41, then for |x| > 1 large enough
o3, ()] < (1+ L(x) ™ (1+x))P .

Proof. We begin with the estimate for 0. The estimate follows similar to the proof of Lemma
D.4.1. Using the identity

(1+|y)77 = y/o (1+7) Dy ypdr, ¥y eR%y >0 (D.6.7)

one finds for y = d + 0 by application of Lemma D.4.1

o(x) = (d+6) (1+ r)_(d+9+l)/ Lispyizony |W(y)ldydr
L(x) R4

< (d+86) (1 +r)—<d+9+1>/ |W(y)|dydr
L(x) lyl<r

< (1+r)""Vagr < 1+Lx)7.
L(x)

We continue by estimating 03 ,. We split the domain of integration into the sets where
|x —y| < 1and |x —y| > 1 to find

o3,p(x) = I1(x) + I2(x),

where
L) = =y TP A+ )T W) dy,
[YI2L(x)
D)= [ =y TP A+ )T W () ldy
Iy[=L(x)

For the integral I; we have by using Lemma D.4.1 for the cases p = 1 and p =2

Ii(x) < (1+]x])"* sup / x =y P W (y)|dy < (1+[x])"“ . (D.6.8)

xeR4
lx—y|<1
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To estimate I, note that
bL(x) S / (L+|x = y)™P) (1 + [y~ W (y)|dy . (D.6.9)
[yI=L(x)

Inserting the identity (D.6.7) fory = p — d and v = d + 6 we arrive at
I (x)

—(d- _ (D.6.10)
< // (1491 +1) (d+9+1)/ Lsspemyly Ly IW (0) dydisd
5,1>0 [y|=L(x)

Not that on that the constraints s > |x — y| and 7 > |y| > L(x) directly imply
x| < |x—y|+|y| £ s+t

and r > L(x). Applying Lemma D.4.1 we find
/II ( )]1{sz|x_y|}]l{zz|y|}|W(y)|dy < min{(1+5)% (1+ 0V op00) Lzl - (D.6.11)
y|=L(x

Inserting (D.6.11) into (D.6.10) and splitting the domain of integration into the sets for which
s >tandt < s we arrive at

I (x)

(14+5)"@ P (140~ min {(1 4+ 5), (1 + ) s 1)y dsdt

~

s,t>0
s+t>|x|

& /ASSSI(I )T t)_(d+9+1)]1{z2L(x)}dsdt (D.6.12)

|x|<2¢

+ /Aﬁzs‘s(l + s)—(d—p+1)(1 + t)d_(d+6+l)]l{zzL(x)}del .

[x|<2s

We estimate the remaining two integrals independently. We begin with the integral in the
second line of (D.6.12) and find

// (1+5)7 P (1 4 )~ BNy vdsdt

0<s<t
|x| <2t

. e (D.6.13)
< / (1+0)P~4=0"1gr < (1+max {L(x),%}) .

max{L(x),%}
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For the integral in the third line of (D.6.12) we have

/Agm(l 4 5) @D (] g pd-@rosDy

|x|<2s

< (1+ S)_(d—P+1)dS (1+ t)_(6+1)dl‘ (D.6.14)

|x]/2 L(x)
S (1+1x))" P (1+ L(x)) ™.

For |x| > 1 large enough L(x) < |x|/2 by assumption. Comparing the estimates in (D.6.8),
(D.6.13) and (D.6.14) proves

o3,,(X) S (1+x)™P) (1 + L(x))™*

for |x| > 1 large enough.
We continue by estimating 0 ,. Note that for |y| < |x| we have |x —y| > |x| —|y| > 0 and
consequently

[yl
=317 = 5P < (el = )P = P = (d+ 1= p) [ (] - 5P ds
0

< (d+1=p)lyl(el = ypr=",

By assumption L(x) < |x|/2 for |x| > 1 large enough and therefore this implies

72.p(x) = (e = Y172 = =) (1 O W ()l dy
IyI<L(x)

< (| = L(x)r-! /| o DI D Oy
y|<L(x

Using |y| < 1+]y| the remaining integral can be estimated similar to the estimate of o to find
[l e wlay s (14 26 (D6.15)
[yl<L(x)

This directly proves the estimate on 03, and finishes the proof of Lemma D.6.3.
It remains to estimate o4. Note that

xX=y X

= 2= b (= = ) = vl
o= yl? Il

—d —d _
< xlfle = y17 = 17 + [yl
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and consequently
loa ()| <lx] / [l = y17¢ = 7L+ [y DO W ()| dy
[yI<L(x)
W[ AWy
y|<L(x
Comparing this with o3 o shows
|oa ()] <Px] (1+ L(x))~" (x| = L(x)) ™!
W[ AWy
[yI<L(x)

The last remaining integral is the same as in (D.6.15), and consequently we arrive at

Joa ()| <hel (14 L)™ (el = L) ™+ (1 + L))
Sl (14 L) ™ (el = L) ™

which completes the proof of Lemma D.6.3.
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