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ABSTRACT
This dissertation combines several of the results I obtained during my doctoral research under
the supervision of Dirk Hundertmark and Semjon Vugalter, as well as in collaboration with
Nikolaos Pattakos. The primary results of this dissertation are presented in the following
manuscripts:

1. On the Excess Charge Problem of Atoms

2. Why a System of Three Bosons on Separate Lines Can Not Exhibit the Confinement-
Induced Efimov Effect

3. Conspiracy of Potential Wells and Absence of the Efimov Effect in Dimension Four

The results presented are centered on the mathematical analysis of many–body systems in
quantum mechanics. The nature of the models we studied naturally leads to intersections with
various disciplines in mathematics and physics, including functional analysis, spectral theory,
calculus of variations, partial differential equations, and many-body quantum mechanics.
Each of the results above discusses the structure of the spectrum of many–particle Schrödinger
operators. In particular, we derive criteria under which the corresponding operators will not
have a discrete spectrum, or if it exists, we prove its finiteness. Our findings directly answer
or improve upon open questions in the mathematical physics community.

Concerning the excess charge problem of atoms, we derive in [50] new bounds on the maximum
number of electrons 𝑁𝑐 (𝑍) that an atom with nuclear charge 𝑍 can bind. Our main result
establishes that

𝑁𝑐 (𝑍) < 1.1185𝑍 + 𝑜
(
𝑍1/3

)
.

This finding represents a significant improvement and generalization of the argument de-
veloped by Benguria, Lieb, and Nam ([71], [81]). Notably, it highlights a fundamental
distinction between fermionic and bosonic atoms in the finite 𝑍 regime: while for fermionic
atoms 𝑁𝑐 (𝑍) satisfies the above bound, bosonic atoms exhibit a different behavior, where
lim 𝑁𝑐 (𝑍)/𝑍 = 𝑡𝑐 ≈ 1.21 (see [15]). Using ideas presented in [19] and [20] we are able to
prove analytically 𝑡𝑐 < 1.47 which directly proves new bounds on the maximal allowed excess
charge in the Hartree model. We apply these improvements to obtain new bounds on 𝑁𝑐 (𝑍)
for bosonic atoms with finite nuclear charge.
This research was conducted collaboratively with Dirk Hundertmark and Nikolaos Pattakos.
Results from this manuscript were presented at the conference Quantum Dynamics and Spectral
Theory in June 2024 at the Institut Mittag-Leffler. The manuscript has not yet been submitted
to any Journal.

In parallel, we investigated new aspects of the Efimov effect. The research in [52] was
conducted jointly with Dirk Hundertmark and Semjon Vugalter. We analyze a system of three
geometrically constrained bosons. In particular, we study a system of three bosons with short-
range interactions, each confined to a separate line in R3. Two of these lines are parallel within
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a plane 𝑃. The third line intersects 𝑃 at a nonzero angle and lies in a plane perpendicular to
𝑃, which intersects 𝑃 in a line parallel to the first two lines. A recent prediction in the physics
literature [84] suggested that such a configuration exhibits the so–called confinement–induced
Efimov effect. However, we rigorously demonstrate that this prediction is incorrect by proving
that the system can support at most finitely many bound states. This result is notable as it is
one of the rare cases where predictions in the physics literature do not hold up to a rigorous
mathematical analysis. Parts of this result were presented at the International Congress on
Mathematical Physics in July 2024, during the Young Researcher Symposium. The manuscript
has been submitted to Forum of Mathematics, Sigma and is currently under review.

We have studied particle binding mechanisms through the interplay of potential wells in
dimension four. Together with Dirk Hundertmark and Semjon Vugalter, I have analyzed the
asymptotic behavior of the ground-state energy of a quantum particle interacting with two
separated short-range potentials. Our result refines existing lower bounds [90] for this ground-
state energy. Additionally, we give a variational proof of the absence of the Efimov effect
in a system of three interacting bosons in dimension four. The manuscript has not yet been
submitted to any Journal.

Beyond the scope of the three aforementioned manuscripts, I have included several additional
results in this dissertation that are not yet part of any planned publications. In particular, I
have extended our findings on the excess charge problem to the pseudorelativistic case.
Regarding the Efimov effect, I establish pointwise bounds on the decay rates of zero-energy
solutions for critical Schrödinger operators under minimal assumptions on the involved po-
tentials. These estimates play a crucial role in the analysis of the Efimov effect and are, for
instance, used in [113]. While these bounds are widely accepted in the field, to the best of our
knowledge, a rigorous proof can not be found in the existing literature.

On the Structure of this Dissertation: This dissertation is partially cumulative, incorporat-
ing the content of the manuscripts [50], [52] and [51] as Chapters 4, 5 and 6 together with the
Appendices A, B and C.
To provide some of the necessary background for these chapters, I begin in Chapter 1 with an
overview of fundamental concepts in quantum mechanics, the relevant differential equations,
and the basic notation used in this dissertation. More specifically, in Section 1.1 I discuss the
Schrödinger equation, introducing key concepts and the specific choice of units employed in
this work. Section 1.2 revisits the quadratic form approach and examines classes of physically
relevant potentials that guarantee the self–adjointness of the Schrödinger operator. In Section
1.3, I discuss localization according to the IMS formula, along with Zhislin’s criterion [129] for
the finiteness of the discrete spectrum of a Schrödinger operator. Building on this groundwork,
I introduce the concept of virtual levels in Section 1.4, following [59]. This concept is pivotal
for understanding the Efimov effect, which is explored in subsequent sections. In Section 1.5,
I then introduce each of the operators, which will be studied in Chapters 4, 5 and 6 and discuss
the HVZ theorem for these operators.
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The main results of this dissertation are summarized in Chapters 2 and 3, which provide an
overview of the key findings from Chapters 4, 5, and 6. Furthermore, in Section 2.2, our results
from [50] is applied to the pseudorelativistic case. Chapter 3 focuses on the Efimov effect. In
Sections 3.2 and 3.3, we prove pointwise bounds on the decay rates of zero-energy solutions for
critical Schrödinger operators under minimal assumptions on the involved potentials. Some
of the more technical details in the proof of these estimates have been moved to Appendix D.
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Chapter 1

Preliminaries

1.1 Schrödinger Operator
The Schrödinger equation

𝑖ℏ𝜕𝑡𝜓(𝑥, 𝑡) =
[
𝑃2

2𝑚
+𝑉 (𝑥)

]
𝜓(𝑥, 𝑡), 𝑃 = −𝑖ℏ∇𝑥 (1.1.1)

is the fundamental equation of quantum mechanics where 𝑃 denotes the quantum–mechanical
momentum operator. It describes the state 𝜓 : R𝑑 × R → C of a particle of mass 𝑚 > 0 in the
potential 𝑉 , where |𝜓(𝑥, 𝑡) |2 is interpreted as the probability amplitude of finding the particle
at a certain position 𝑥 ∈ R𝑑 at a given 𝑡 ∈ R. Here ℏ = ℎ/(2𝜋) is the reduced Planck constant
and ℎ is the Planck constant which is one of the seven base units in the SI unit system and was
set to a fixed value in 2019 (see Table 1.1). To allow for an interpretation as probability, we
assume the normalization condition∫

R𝑑

|𝜓(𝑥, 𝑡) |2𝑑𝑥 = 1, ∀𝑡 ∈ R, (1.1.2)

where 𝑑 ∈ N denotes the dimension of the underlying configuration space.

Defining constant Symbol Numerical value Unit
hyperfine transition frequency of Cs Δ𝜈Cs 9 192 631 770 Hz
speed of light in vacuum 𝑐 299 792 458 m s−1

Planck constant ℎ 6.626 070 15 × 10−34 J s
elementary charge 𝑒 1.602 176 634 × 10−19 C
Boltzmann constant 𝑘 1.380 649 × 10−23 J K−1

Avogadro constant 𝑁𝐴 6.022 140 76 × 1023 mol−1

luminous efficacy 𝐾𝑐𝑑 683 lm W−1

Table 1.1: Fundamental physical constants with their symbols, numerical val-
ues, and units according to the 2019 revision of the SI unit system [21].



Chapter 1. Preliminaries 2

Remark 1.1.1. The natural choice is 𝑑 = 3, but also any other choice for 𝑑 ∈ N allows us
to derive a corresponding Schrödinger equation in (1.1.1) by the so-called correspondence
principle.

Of particular interest are observables, i.e., self-adjoint operators that are connected to the
Schrödinger equation. In comparison to classical mechanics (Hamilton approach), we denote
by

𝑇 =
𝑃2

2𝑚
=
−ℏ2

2𝑚
Δ

the kinetic energy observable and for a given state 𝜓 ∈ 𝐿2(R𝑑)

⟨𝜓,𝑇𝜓⟩ = ℏ2

2𝑚

∫
R3

|∇𝜓 |2𝑑𝑥

the expectation value of the kinetic energy. Similarly for any potential 𝑉 : R𝑑 → R

⟨𝜓,𝑉𝜓⟩ =
∫
R3
𝑉 |𝜓 |2𝑑𝑥

denotes the expectation of the potential energy. Said this, it is natural to define the (one-
particle) Schrödinger operator on 𝐿2(R𝑑)

𝐻 := 𝑇 +𝑉 . (1.1.3)

As for 𝑇 and 𝑉 we denote by

⟨𝜓, 𝐻𝜓⟩ = ℏ2

2𝑚

∫
R3

|∇𝜓 |2𝑑𝑥 +
∫
R3
𝑉 |𝜓 |2𝑑𝑥

the expectation of the energy associated with 𝜓 ∈ 𝐿2(R𝑑) at a given time 𝑡 ∈ R. A first step
in the understanding of the time–dependent Schrödinger equation (1.1.1) is the study of the
spectrum of the Schrödinger operator in (1.1.3) which is the focus of this dissertation. Of par-
ticular interest is the corresponding eigenvalue problem, namely the (stationary) Schrödinger
equation

𝐻𝜓 = 𝐸𝜓 . (1.1.4)

Of course, 𝐻 is not a self–adjoint operator for arbitrary potential 𝑉 , however it turns out to
be self–adjoint for almost any physically relevant situation. It is often convenient to work in
terms of so-called quadratic forms rather than operators, which we discuss in Section 1.2.
In order to discuss magnetic fields, we can add a vector potential, namely a function
𝐴 : R𝑑 → R𝑑 , which determines the magnetic field 𝐵 = ∇ ∧ 𝐴 (which is the curl of 𝐴 in
dimension 𝑑 = 3). From classical mechanics in dimension 𝑑 = 3 and in comparison to the
Lorenz force 𝐹𝐿 = −𝑒/𝑐 ( ¤𝑥 × 𝐵(𝑥)) of a single particle of charge 𝑒 we define the magnetic
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momentum operator and magnetic kinetic energy as

𝑃𝐴 = 𝑃 + 𝑒
𝑐
𝐴, 𝑇𝐴 =

𝑃2
𝐴

2𝑚
=

1
2𝑚

(
𝑃 + 𝑒

𝑐
𝐴

)2
.

with 𝑒 is the elementary charge and 𝑐 the speed of light. Any of these physical constants ℏ, 𝑒, 𝑐
are measurable and have been set to the given fixed number as the fundamental base of the
𝑆𝐼–Unit system.
The explicit values of the physical constants in Table 1.1 are of little importance for spectral
properties of 𝐻𝐴 = 𝑇2

𝐴
+𝑉 . Consider the rescaling 𝜓𝜆 (𝑥) = 𝜆−𝑑/2𝜓(𝜆−1𝑥), then

⟨𝜓𝜆, 𝐻𝐴𝜓𝜆⟩ =
〈
𝜓,

[
𝜆−2 ℏ2

2𝑚

(
−𝑖∇ + 𝜆2 𝑒

ℏ𝑐
𝐴(𝜆𝑥)

)2
+𝑉 (𝜆𝑥)

]
𝜓

〉
.

Choosing 𝜆 = 𝜆𝑐 = ℏ/(𝑚𝑐) the Compton wave–length then we obtain the units

[𝜆𝑐] = m and
[
𝜆−2
𝑐

ℏ2

2𝑚

]
=

[
𝑚2𝑐

2

]
= kg · m2/s2 = J . (1.1.5)

For example, 𝜆𝑐𝑥 has the unit of a length whenever 𝑥 ∈ R is dimension–free. Note that
𝑒2/(ℏ𝑐) = 𝛼 is the fine–structure constant that is dimension–free. Therefore, it is convenient
to choose ℏ = 𝑚 = 𝑐 = 1 and consequently 𝜆𝑐 = 1 leading to a dimension-free description
where all lengths and energies are implicitly measured with respect to the units defined in
(1.1.5). The only remaining relevant physical constant is 𝑒 =

√
𝛼. In the following, we

will work in this dimension–free unit system. Consequently the corresponding one-particle
Schrödinger operator is

𝐻𝐴 = 𝑇𝐴 +𝑉, 𝑇𝐴 =
1
2
(−𝑖∇ +

√
𝛼𝐴)2 .

For a particle with high kinetic energies, we keep track of the physical constants more carefully.
It is well known that the relativistic kinetic energy has an asymptotically linear behavior in
the momentum. It is usual to include the mass 𝑚 ≥ 0 in this description since the case
𝑚 → 0 covers a case called the ultrarelativistic case. From relativistic mechanics, we know
the dispersion relation of a particle of mass 𝑚 > 0

𝐸𝑘𝑖𝑛 =
√︁
𝑐2𝑝2 + (𝑚𝑐2)2 − 𝑚𝑐2 . (1.1.6)

The simplest pseudorelativistic model is the Chandrasekhar operator 𝐶𝐴, which is obtained
by replacing 𝑝 in (1.1.6) with the magnetic momentum operator 𝑃𝐴, where the (positive)
unique square root of an unbounded positive operator can be defined by the spectral theorem
of unbounded operators. By a similar change of coordinates as in the non–relativistic case, we
can pass to an operator with a dimensionless description, i.e., the Chandrasekhar operator

𝐶𝐴 = 𝑇 rel
𝐴 +𝑉, 𝑇 rel

𝐴 =

√︃
𝛼−2𝑃2

𝐴
+ 𝛼−4 − 𝛼−2 (1.1.7)
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where𝛼 = 𝑒2/(ℏ𝑐) is the fine–structure constant defined above. Note that the pseudorelativistic
kinetic energy is always smaller than the non–relativistic one since√︃

𝛼−2𝑃2
𝐴
+ 𝛼−4 − 𝛼−2 = 𝛼−2

(√︃
1 + 𝛼2𝑃2

𝐴
− 1

)
≤ 1

2
𝑃2
𝐴 .

In the limit 𝛼 → 0 (or 𝑐 → ∞) the pseudorelativistic expression converges to the non–
relativistic operator. A fundamental example of a Schrödinger operator is the Bohr atom,
which describes a single particle in a Coulomb potential, 𝑉 (𝑥) ∼ |𝑥 |−1. Specifically, for a
single electron interacting with a nucleus of charge 𝑍 , the Schrödinger operator is

𝐻Bohr = 𝑇 − 𝑍𝛼

|𝑥 | .

To model a pseudorelativistic hydrogen atom or incorporate magnetic fields (neglecting spin),
the operator 𝑇 can be replaced by the corresponding (pseudorelativistic) magnetic kinetic
energy.
Note that the non–relativistic operator 𝐻Bohr is bounded from below for any values of 𝑍𝛼 ≥ 0,
which can be shown by the Hardy inequality. In the pseudorelativistic case the situation is
more complicated. By the ultrarelativistic uncertainty principle (see [76, Lemma 8.2] for a
proof)

Lemma 1.1.2 (Fractional–Hardy Inequality). Let 𝑑 ≥ 2 and let 𝑓 ≥ 0 in 𝐻1/2(R𝑑), then

⟨ 𝑓 , (−Δ𝑥)1/2 𝑓 ⟩ ≥ 2
Γ2( 𝑑+1

4 )
Γ2( 𝑑−1

4 )

∬
R𝑑

| 𝑓 (𝑥) |2

|𝑥 | 𝑑𝑥 .

Remark 1.1.3. In dimension 𝑑 = 3, the ultrarelativistic Bohr atom is bounded from below (in
fact positive) for 𝑍𝛼 ≤ 2/𝜋 and for 𝑑 = 2, we need 𝑍𝛼 ≤ 4𝜋2/Γ(1/4)−4, see [45]. Since

|𝑝 | − 1 ≤
√︃
|𝑝 |2 + 1 − 1 ≤ |𝑝 | ∀𝑝 ∈ R3

the same bounds on 𝑍𝛼 can be applied in the pseudorelativistic case.

1.2 Quadratic Forms
Under suitable restrictions on the potential 𝑉 : R𝑑 → R, any of the operators in Section 1.1
have a (densely) defined self-adjoint realization on 𝐿2(R𝑑). Sometimes, it is necessary or just
more convenient to speak about quadratic forms and the corresponding form domain of these
operators instead of the operator itself. Following Simon [104] and [114] , we explain this
approach for the Schrödinger operator𝐻 = 𝑇+𝑉 . For the pseudorelativistic and ultrarelativistic
cases, the ideas remain the same. Let H be a Hilbert space.
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Definition 1.2.1. Let 𝑞 : 𝑄(𝑞) × 𝑄(𝑞) → C be a sesquilinearform and 𝑄(𝑞) dense in H .
Then the mapping

𝑞 : 𝜓 ∈ 𝑄(𝑞) ↦→ 𝑞(𝜓, 𝜓)
is the quadratic form associated with the sesquilinear form 𝑞.

If 𝑞(𝜑, 𝜑) ≥ 0 for any 𝜑 ∈ 𝑄(𝑞), the quadratic form is called positive. It is called closed if
𝑄(𝑞) is complete in the norm

∥𝜑∥𝑞 :=
[
𝑞(𝜑, 𝜑) + ∥𝜑∥2

H
]1/2

.

We say 𝑞 is closable if it has a closed extension. For any densely defined linear operator 𝐴,
we can define on its domain 𝐷 (𝐴) a quadratic form by

𝜓 ∈ 𝐷 (𝐴) ↦→ (𝜓, 𝜓)𝐴 := ⟨𝜓, 𝐴𝜓⟩ .

If 𝐴 is essentially self–adjoint and bounded from below, then (·, ·)𝐴 is closable, and its closure,
denoted by 𝑞𝐴, is called the quadratic form of 𝐴. Moreover, the domain𝑄(𝐴) of this quadratic
form is called the form domain of 𝐴. An important theorem for which a proof can be found in
[115, Theorem 2.5.18] or [114, Theorem 2.14] states

Theorem 1.2.2. If a quadratic form 𝑞 is positive and closed, then it is the form of a unique
self–adjoint positive operator. More generally, a closed quadratic form which is lower semi–
bounded, is the form of a unique self–adjoint lower semi–bounded operator and the lower
bounds coincide.

Theorem 1.2.2 allows us to make sense of the kinetic energies from Section 1.1 on 𝐿2(R𝑑).
Still, we would like to define a Schrödinger operator, which is a sum of kinetic and potential
energy. Due to a theorem named after Kato, Lion, Lax, Millgram, and Nelson, for which a
proof can be found in [114, Theorem 6.29], we know

Theorem 1.2.3 (KLMN Theorem). Let 𝐴 be a positive self–adjoint operator with form domain
𝑄(𝐴). Let 𝛽 be a sesquilinear form with form domain 𝑄(𝛽) ⊃ 𝑄(𝐴) such that there exist
𝑎 ∈ (0, 1) and 𝑏 ∈ R with

|𝛽(𝜓, 𝜓) | ≤ 𝑎⟨𝜓, 𝐴𝜓⟩ + 𝑏∥𝜓∥2 (1.2.1)

for all 𝜓 ∈ 𝑄(𝐴). Then, the quadratic form

𝜓 ↦→ ⟨𝜓, 𝐴𝜓⟩ + 𝛽(𝜓, 𝜓)

defined on 𝑄(𝐴) is the form of a self–adjoint operator, which is bounded from below.

Remark 1.2.4. Note that we use a slightly sloppy but convenient notation here. If 𝜓 ∈ 𝑄(𝐴),
we also write ⟨𝜓, 𝐴𝜓⟩ = 𝑞𝐴 (𝜓, 𝜓) where 𝑞𝐴 is the quadratic form corresponding to 𝐴, even
though 𝜓 might not be in the domain of 𝐴.
We call these quadratic forms 𝛽 form small w.r.t. 𝐴. If 𝑎 can be chosen to be arbitrarily small,
more precisely, if for any 𝑎 > 0 there exists 𝑏 = 𝑏𝑎 such that (1.2.1) holds, we call the form 𝛽

form tiny w.r.t. 𝐴.
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Take for example 𝐴 = −Δ/2 = 𝑃2/2 with 𝑄(𝑃2) = 𝐻1(R𝑑) such that

⟨𝜓, 𝑃2𝜓⟩ =
∫
R𝑑

|∇𝜓 |2𝑑𝑥, ∀𝜓 ∈ 𝐻1(R𝑑)

and 𝛽(𝜓, 𝜓) = ⟨𝜓,𝑉𝜓⟩ for some potential 𝑉 : R𝑑 → R such that there are 𝑎 ∈ (0, 1) and
𝑏 ∈ R such that

⟨𝜓, |𝑉 |𝜓⟩ ≤ 𝑎

2

∫
R𝑑

|∇𝜓 |2𝑑𝑥 + 𝑏
∫
R𝑑

|𝜓 |2𝑑𝑥 ∀𝜓 ∈ 𝐻1(R𝑑)

then the KLMN theorem (densely) defines a Schrödinger operator as the self–adjoint operator
𝐻 = 𝑃2/2 + 𝑉 with form domain 𝑄(𝐻) = 𝐻1(R𝑑). In comparison with the condition of the
KLMN theorem, it is usual to define the following.

Definition 1.2.5. Let 𝐴 be a positive self–adjoint operator and 𝐵 symmetric. Then 𝐵 is said
to be relatively form bounded with respect to 𝐴 with relative bound 𝑎 > 0 if 𝑄(𝐴) ⊂ 𝑄(𝐵)
and if there exists 𝑏 ∈ R such that

| (𝜓, 𝜓)𝐵 | ≤ 𝑎(𝜓, 𝜓)𝐴 + 𝑏∥𝜓∥2 ,∀𝜓 ∈ H

where ∥·∥ denotes the norm of the underlying Hilbert space.

Remark 1.2.6. The definition above can be formulated for general quadratic forms as well.

To define 𝐻 = 1
2𝑃

2+𝑉 directly as a self–adjoint operator without the usage of quadratic forms,
one uses the operator–valued version of the KLMN theorem that was discovered independently
by Kato and Rellich and for which a proof can be found, e.g. [114, Theorem 6.4].

Theorem 1.2.7 (Kato–Rellich). Let H be a Hilbert space, 𝐴 : 𝐷 (𝐴) → H be self–adjoint
and 𝐵 : 𝐷 (𝐵) → H symmetric such that 𝐵 is relatively bounded with respect to 𝐴 with relative
bound less that one. That is 𝐷 (𝐴) ⊂ 𝐷 (𝐵) and there exists some 𝑎 < 1 and 𝑏 ∈ R with

∥𝐵𝜓∥ ≤ 𝑎∥𝐴𝜓∥ + 𝑏∥𝜓∥, ∀𝜓 ∈ 𝐷 (𝐴) . (1.2.2)

Then 𝐴 + 𝐵 : 𝐷 (𝐴) → H is self–adjoint.

Summarizing if 𝑉 is relatively form bounded with respect to 𝑃2/2 with relative bound less
than one, we can define on 𝐻1(R𝑑) the quadratic form

𝑞(𝜓) = 1
2

∫
R𝑑

|∇𝜓 |2𝑑𝑥 +
∫
R𝑑

𝑉 |𝜓 |2𝑑𝑥 ∀𝜓 ∈ 𝐻1(R𝑑) . (1.2.3)

If 𝑉 is relatively bounded with respect to 1
2𝑃

2 with relative bound less than one, due to the
Kato–Rellich Theorem 1.2.7 the operator 𝐻 = 1

2𝑃
2 +𝑉 is self-adjoint with domain

𝐷 (𝐻) = 𝐷 (𝑃2) = 𝐻2(R𝑑) .
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The question for which potentials the Schrödinger operator is self–adjoint is fundamental and
has a long story. See for example [54], [64], [102], [111] and [105].
For many applications, it suffices to reduce the discussion to potentials that are infinitesimally
form small with respect to 𝑃2, i.e., for any 𝜀 > 0, there exists 𝐶 (𝜀) > 0 with

⟨𝜓, |𝑉 |𝜓⟩ ≤ 𝜀
∫
R𝑑

|∇𝜓 |2𝑑𝑥 + 𝐶 (𝜀)
∫
R𝑑

|𝜓 |2𝑑𝑥 ∀𝜓 ∈ 𝐻1(R𝑑) .

Following [105] we define the following class of potentials.

Definition 1.2.8 (Kato–class Potentials). Let 𝑑 ≥ 2, then a Borel measurable𝑉 : R𝑑 → R lies
in the Kato–class 𝐾𝑑 if

lim
𝛿↓0

sup
|𝑥 |∈R𝑑

∫
|𝑥−𝑦 |≤𝛿

𝑔𝑑 (𝑥 − 𝑦) |𝑉 (𝑦) |𝑑𝑦 = 0 , (1.2.4)

where
𝑔𝑑 (𝑥) :=

{
|𝑥 |2−𝑑 if 𝑑 ≥ 3
| ln |𝑥 | | if 𝑑 = 2 , (1.2.5)

is, up to a constant, the fundamental solution of the Laplace equation in R𝑑 . In dimension
𝑑 = 1 the Kato class 𝐾1 is the space 𝐿1

loc,unif (R) of uniformly locally 𝐿1-functions.
We say that the potential 𝑉 is in the local Kato–class 𝐾𝑑,loc if 𝑉1𝐾 ∈ 𝐾𝑑 for all compact sets
𝐾 ⊂ R𝑑 .

It is well known (see, e.g. [105, Lemma A.2.2] that

Lemma 1.2.9. Any potential 𝑉 ∈ 𝐾𝑑 is infinitesimally form small with respect to 𝑃2.

Remark 1.2.10. Recall that 𝐿𝑝loc,unif (R
𝑑) is given by Borel measurable functions

𝑓 : R𝑑 → R := R ∪ {−∞,∞}

for which

∥ 𝑓 ∥𝑝,loc,unif := sup
𝑥∈R

(∫
|𝑥−𝑦 |≤1

| 𝑓 (𝑦) |𝑝 𝑑𝑦
)1/𝑝

< ∞ .

Due to Hölder’s inequality, one sees that 𝐿𝑝loc,unif (R
𝑑) ⊂ 𝐾𝑑 for any 𝑝 > 𝑑/2, when 𝑑 ≥ 2. The

inclusion 𝐾𝑑 ⊂ 𝐿1
loc,unif (R

𝑑) holds in any dimension. Note that the class of potentials 𝑉 ∈ 𝐾𝑑 ,
include most, if not all, physically relevant potentials, except maybe some highly oscillating
potentials.

1.3 IMS Localization
In Chapters 5 and 6, we extensively use the concept of localization. Localization involves
partitioning a set R𝑑 into disjoint regions and expressing the quadratic form of 𝐻 = 𝑃2/2 + 𝑉
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as a sum of terms, each involving functions localized to these regions. This comes at the
expense of an additional correction term known as the localization error. This decomposi-
tion is achieved using a well-known result called the IMS localization formula named after
Ismagilov [57], Morgan [78], Morgan-Simon [79] and Sigal [99]. Before presenting the IMS
localization formula, we first introduce the concept of quadratic partitions of unity. Following
[27, Definition 3.1] we define

Definition 1.3.1 (Quadratic Partition of Unity). A set of smooth functions {𝜒𝑘 }𝑘∈𝐼 where J is
some index set is called quadratic partition of unity if

(i) 0 ≤ 𝜒𝑘 (𝑥) ≤ 1 and
∑
𝑘∈𝐽

𝜒2
𝑘
(𝑥) = 1 for all 𝑥 ∈ R𝑑 ,

(ii) {𝜒𝑘 }𝑘∈𝐽 is locally finite, i.e., on any compact set 𝐾 we have 𝜒𝑘 = 0 for all but finitely
many 𝑘 ∈ 𝐽,

(iii) sup𝑥∈R𝑑

∑
𝑘∈𝐽

|∇𝜒𝑘 (𝑥) |2 < ∞.

Following [106, Lemma 3.1] the IMS localization formula can be formulated as

Theorem 1.3.2 (IMS Localization Formula). Let 𝑉 be relatively form-bounded with relative
bound zero with respect to 𝑃2 and 𝐻 = 𝑃2/2+𝑉 . Let {𝜒𝑎}𝑘𝑎=0 be a quadratic partition of unity
then

𝐻 =

(
𝑘∑︁
𝑎=0

𝜒𝑎𝐻𝜒𝑎

)
−

𝑘∑︁
𝑎=0

|∇𝜒𝑎 |2. (1.3.1)

The IMS localization formula can be formulated for quadratic forms. A proof for that can, for
instance, be found in [49, Lemma A.1.]. We include here the following simpler version.

Theorem 1.3.3 (IMS Formula for Quadratic Forms). Let 𝑉 be form-bounded with relative
bound less than one with respect to 𝑃2/2 and 𝐻 = 𝑃2/2 + 𝑉 . Let 𝜉 ∈ 𝑊1,∞ ∩ 𝐶1 be
real–valued. For all 𝜓 ∈ 𝐷 (𝑃) we also have 𝜉𝜓 ∈ 𝐷 (𝑃), 𝜉2𝜓 ∈ 𝐷 (𝑃) and

Re(𝜉2𝜓, 𝜓)𝐻 = (𝜉𝜓, 𝜉𝜓)𝐻 − ⟨𝜓, |∇𝜉 |2𝜓⟩ . (1.3.2)

Proof. Since 𝜉 is a real–valued multiplication operator, we have

⟨𝜉2𝜓,𝑉𝜓⟩ = ⟨𝜉𝜓,𝑉𝜉𝜓⟩ .

We only need to discuss the kinetic part of the quadratic form. Using the identity

𝑃(𝜉2𝜓) = 𝜉𝑃(𝜉𝜓) + (𝑃𝜉)𝜉𝜓,

we compute directly:

⟨𝑃(𝜉2𝜓), 𝑃𝜓⟩ = ⟨𝑃(𝜉𝜓), 𝑃(𝜉𝜓)⟩ + ⟨(𝑃𝜉)𝜓, 𝑃(𝜉𝜓)⟩
− ⟨𝑃(𝜉𝜓), (𝑃𝜉)𝜓⟩ − ⟨𝜓, |∇𝜉 |2𝜓⟩.
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Taking the real part of the expression above, we obtain

Re⟨𝑃(𝜉2𝜓), 𝑃𝜓⟩ = ⟨𝑃(𝜉𝜓), 𝑃(𝜉𝜓)⟩ − ⟨𝜓, |∇𝜉 |2𝜓⟩,

which proves (1.3.2).

Using estimates on the localization error, Zhislin formulated in [129] sufficient criteria for the
finiteness of 𝜎disc(𝐻). Throughout our discussion of the Efimov effect, we will extensively
use these conditions. Here, we demonstrate them as an application of the IMS formula. To
this end, we employ the following estimate on the localization error, originally due to Zhislin
and Vugalter [120, Lemma 5.1]. A version of this lemma is used in Chapter 6 as Lemma
6.2.5 and the proof is given in Appendix C as Lemma C.1.1; we copy that version here for the
convenience of the reader.

Lemma 1.3.4 (see Lemma 6.2.5). For any 𝜀, 𝑏 > 0 there exist 0 < 𝑎 < 𝑏 and continuous
functions 𝑢, 𝑣 : R → [0, 1] with piecewise continuous derivatives, such that 𝑢2 + 𝑣2 = 1,

𝑣(𝑥) =
{

1, |𝑥 | ≥ 𝑏

0, |𝑥 | ≤ 𝑎 , 𝑢(𝑥) =
{

1, |𝑥 | ≤ 𝑎
0, |𝑥 | ≥ 𝑏

,

and
|𝑢′(𝑥) |2 + |𝑣′(𝑥) |2 ≤ 𝜀

|𝑥 |2
1{𝑎≤|𝑥 |≤𝑏} .

Moreover, 𝑎 can be chosen such that

𝑒−(1+2/𝜀) ≤ 𝑎

𝑏
≤ 𝑒−2/𝜀 .

In the following, we denote by 𝜎(𝐻) the spectrum of 𝐻 and by 𝜎ess(𝐻) and 𝜎disc(𝐻) its
essential and discrete part, where 𝜎disc(𝐻) consists of all eigenvalues of 𝐻 having finite
multiplicity and being isolated points of the full spectrum and 𝜎ess(𝐻) = 𝜎(𝐻) \ 𝜎disc(𝐻).
The following result was first shown by Zhislin [129] we reproduce it here in a slightly
modified form for the convenience of readers. We follow closely [23, Lemma 3.1.3 (ii)]) to
find a sufficient criterion for the finiteness of 𝜎disc(𝐻).

Lemma 1.3.5 (Zhislin [129]). Let 𝑑 ≥ 3 and𝑉 be relatively form-bounded with relative bound
zero with respect to 𝑃2 in 𝐿2(R𝑑). Consider 𝐻 = 𝑃2/2 +𝑉 on 𝐿2(R𝑑) with 𝜎ess(𝐻) = [0,∞).
Assume there exists 𝜀 > 0 and some 𝑅 > 0 such, that

𝐿 [𝜓] := ⟨𝜓, 𝐻𝜓⟩ − 𝜀⟨|𝑥 |−2𝜓, 𝜓⟩ ≥ 0 (1.3.3)

for all 𝜓 ∈ 𝐻1(R𝑑) with supp(𝜓) ⊂ {𝑥 ∈ R𝑑 : |𝑥 | ≥ 𝑅}. Then 𝜎disc(𝐻) is at most finite.

Proof. By the min–max principle, it is sufficient to find a finite–dimensional subspace
M ⊂ 𝐿2(R𝑑) such that for any 𝜓 ∈ 𝐿2(R3) orthogonal to M

⟨𝜓, 𝐻𝜓⟩ ≥ 0 .
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Note that if Inequality (1.3.3) holds for 𝜀, 𝑅 > 0 then it also holds for any pair 𝜀, 𝑅 > 0
with 𝜀 ∈ (0, 𝜀). Thus we assume without loss of generality that 𝜀, 𝑅 > 0 fulfill (1.3.3)
and 1

2 (1 − 𝜀 − 2𝑐𝑑𝜀) ≥ 1/4 where 𝑐𝑑 is the Hardy constant in dimension 𝑑 ≥ 3 such that
−Δ ≥ 𝑐−1

𝑑
|𝑥 |−2.

For this 𝜀 > 0 and some fixed 𝑏 > 0 let 0 < 𝑎 < 𝑏 and 𝑢, 𝑣 : R → [0, 1] be a quadratic
partition of unity of R given by Lemma 1.3.4. Let for any 𝑥 ∈ R𝑑

𝜒1(𝑥) := 𝑢(𝛽−1 |𝑥 |), 𝜒2(𝑥) := 𝑣(𝛽−1 |𝑥 |) .

Then {𝜒1, 𝜒2} is a quadratic partition of unity of R𝑑 and by direct computation the localization
error fulfills

|∇𝜒1(𝑥) |2 + |∇𝜒2(𝑥) |2 ≤ 𝜀 |𝑥 |−21{𝛽𝑎≤|𝑥 |≤𝛽𝑏} . (1.3.4)

Using the IMS formula (1.3.1) together with (1.3.3) and (1.3.4) yields

⟨𝜓, 𝐻𝜓⟩ ≥ 𝐿 [𝜓𝜒1] + 𝐿 [𝜓𝜒2] .

Note that supp(𝜓𝜒2) ⊂ {𝑥 ∈ R𝑑 : |𝑥 | ≥ 𝛽𝑎} and consequently by assumption (1.3.3) we have
𝐿 [𝜓𝜒2] ≥ 0 for 𝛽 > 0 large enough. Next we show that 𝐿 [𝜓𝜒1] ≥ 0. Since 𝑉 is relatively
form bounded with relative bound zero, there exists 𝐶𝜀 > 0 such that

|⟨𝜓𝜒1, 𝑉𝜓𝜒1⟩| ≤
𝜀

2
∥∇(𝜓𝜒1)∥2 + 𝐶𝜀∥𝜓𝜒1∥2 (1.3.5)

and consequently

𝐿 [𝜓𝜒1] ≥
1
2
(1 − 𝜀)∥∇(𝜓𝜒1)∥2 − 𝐶𝜀∥𝜓𝜒1∥2 − 𝜀

∫
R𝑑

|𝜓𝜒1 |2

|𝑥 |2
𝑑𝑥 . (1.3.6)

Using Hardy’s Inequality in dimension 𝑑 ≥ 3 we find

𝐿 [𝜓𝜒1] ≥
1
2
(1 − 𝜀 − 2𝑐𝑑𝜀)∥∇(𝜓𝜒1)∥2 − 𝐶𝜀∥𝜓𝜒1∥2 . (1.3.7)

Consequently it suffices to find finite–dimensional M ⊂ 𝐿2(R𝑑) such that if 𝜓 is orthogonal
to M the following holds

∥∇(𝜓𝜒1)∥2 − 4𝐶𝜀∥𝜓𝜒1∥2 ≥ 0 . (1.3.8)

Let 𝜑1, 𝜑2, . . . , 𝜑𝑛 the first 𝑛 Dirichlet eigenfunctions of the Laplacian on the ball of radius 𝑎𝛽
in R𝑑 . We choose

M = Lin{𝜑1𝜒1, 𝜑2𝜒1, . . . , 𝜑𝑛𝜒𝑛} . (1.3.9)

Note that if 𝜓 ⊥ M then 𝜓𝜒1 is orthogonal to the first 𝑛 Dirichlet eigenfunctions and
consequently (1.3.8) needs to hold for 𝑛 ∈ N large enough. This is due to the well–known fact
that the Dirichlet eigenvalues diverge to +∞.
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1.4 Virtual Levels
In this section we discuss some spectral properties of the Schrödinger operator 𝐻 = 𝑃2/2 +𝑉
introduced in (1.1.3) with form domain 𝐻1(R𝑑) for admissible 𝑉 : R𝑑 → R (infinitesimally
form small with respect to 𝑃2) as discussed in Section 1.2 with quadratic form

𝐻1(R𝑑) ∋ 𝜓 ↦→ ⟨𝜓, 𝐻𝜓⟩ = 𝑞𝐻 (𝜓, 𝜓) =
1
2

∫
R𝑑

|∇𝜓 |2𝑑𝑥 +
∫
R𝑑

𝑉 |𝜓 |2𝑑𝑥 .

Recall that 𝜎(𝐻) denotes the spectrum of 𝐻, and by 𝜎ess(𝐻) and 𝜎disc(𝐻), we refer to its
essential and discrete part. Let

𝐸0 := inf 𝜎(𝐻)
be the ground state energy of 𝐻. If there exists a minimizer 𝜑0 ∈ 𝐻1(R𝑑) with ∥𝜑0∥ = 1 of
the quadratic form in the sense that

⟨𝜑0, 𝐻𝜑0⟩ = inf
𝜓∈𝐻1 (R𝑑),∥𝜓∥=1

⟨𝜓, 𝐻𝜓⟩ = 𝐸0,

then 𝜑0 is called a ground state of 𝐻. Let Σ := inf 𝜎ess(𝐻) be the bottom of the essential
spectrum. Whenever there exists 𝜓 ∈ 𝐻1(R𝑑) such that

⟨𝜓, 𝐻𝜓⟩
∥𝜓∥2 < Σ,

then 𝜎disc(𝐻) ≠ ∅ and consequently there exists an eigenfunction 𝜑 ∈ 𝐻1 with 𝐻𝜑 = 𝐸𝜑, with
𝐸 < Σ. We call such states bound states.
In the following, we restrict our discussion to the caseΣ = 0. Ensuring this requires some decay
conditions on the potential 𝑉 , as explained in [48, Remark 1.6]. We recall the arguments from
[48, Remark 1.6] here for completeness. A sufficient condition for Σ = 0 is that 𝑉 is relatively
form compact with respect to the kinetic energy 𝑃2, a proof for this can be, for instance, found in
[114, Lemma 6.2.6]. This condition further implies that𝑉 is infinitesimally form bounded with
respect to 𝑃2, meaning it is relatively form bounded with relative bound zero. Consequently,
this excludes Hardy-type potentials, namely potentials of the form 𝑉 (𝑥) = 𝐶 |𝑥 |−2, 𝐶 ∈ R.
A significantly weaker condition for ensuring 𝜎ess(𝐻) = [0,∞) is that 𝑉 vanishes asymptoti-
cally in comparison to the kinetic energy. More precisely, if

|⟨𝜑,𝑉𝜑⟩| ≤ 𝑎𝑛∥∇𝜑∥2 + 𝑏𝑛∥𝜑∥2 (1.4.1)

for all 𝜑 ∈ 𝐻1(R𝑑) supported in {|𝑥 | ≥ 𝑅𝑛}, where the sequences 0 ≤ 𝑎𝑛, 𝑏𝑛 → 0 and 𝑅𝑛 → ∞
as 𝑛→ ∞, then it follows that 𝜎ess(𝐻) = [0,∞); see [7, Section 6], [63].
The existence and absence of bound states below the essential spectrum have been studied,
e.g., by application of the Birman–Schwinger principle (see [22] and [96]). The famous
Cwikel–Lieb–Rozenblum bound (see [26], [70] and [94]) gives for 𝑑 ≥ 3 a bound on the
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number 𝑁 of negative eigenvalues of 𝑃2 + 𝜆𝑉

𝑁 ≤ 𝜆𝑑/2𝐿0,𝑑

∫
R𝑑

𝑉 𝑑/2
− 𝑑𝑥 .

Consequently, for 𝑑 ≥ 3, weakly negative potentials do not produce bound states. In dimension
𝑑 < 3, the situation is different. Let 𝑉 be non–positive and strictly negative on an open set,
then in dimension, 𝑑 < 3, the operator 𝑃2 + 𝜆𝑉 has a bound state for arbitrarily small 𝜆 (see
[107]).
Indeed, the edge Σ = 0 separates the spectrum of 𝐻 into two parts with very different behavior.
It is well known that the bound states below the essential spectrum decay exponentially at
|𝑥 | → ∞ (see [2]), whereas for the so–called scattering–states with ⟨𝜓, 𝐻𝜓⟩ > 0 the decay is
much slower.
Whether a zero energy solution is a true eigenfunction, meaning it belongs to 𝐿2(R𝑑), or not
is generally a very complicated question. A particularly interesting case occurs for critical
Schrödinger operators, i.e., Schrödinger operators for which𝜎ess(𝐻) = [0,∞) but any negative
perturbation creates a negative eigenvalue. See [48, Definition 1.5] for a detailed definition
and [48, Appendix A] for explicit examples of critical Schrödinger operators with nonzero
potentials in all dimensions. Following [59] we say

Definition 1.4.1. The operator𝐻 has a virtual level at zero if𝐻 ≥ 0 and there exists 𝜀1 ∈ (0, 1)
such that for any 𝜀 ∈ (0, 𝜀1)

inf 𝜎ess(𝐻 − 𝜀𝑃2) = 0 and inf 𝜎(𝐻 − 𝜀𝑃2) < 0 . (1.4.2)

Remark 1.4.2. The condition (1.4.2) ensures the existence of a negative energy ground state
𝜑𝜀 of 𝐻 − 𝜀𝑃2 for any small enough 𝜀 > 0. In the limit 𝜀 → 0, this determines a candidate for
a zero–energy solution of 𝐻, though the family of functions 𝜑𝜀 does not necessarily converge
in 𝐻1(R𝑑). But, as explained below, a suitable subsequence will converges in ¤𝐻1(R𝑑). The
limiting function 𝜑0 ∈ ¤𝐻1 is a zero–energy solution of 𝐻 but it might not be in 𝐿2(R𝑑). If the
zero–energy solution is in 𝐿2 it is indeed a true bound state in 𝐻1. In this case, the virtual
level is an eigenvalue of 𝐻, otherwise the virtual level is called a resonance. If resonances are
unique, the whole family 𝜓𝜀 will converge.

Following Remark 1.4.2 it is useful to introduce the homogeneous Sobolev spaces ¤𝐻1(R𝑑).
To define them one needs to carefully distinguish the cases 𝑑 ∈ {1, 2} and 𝑑 ≥ 3. The easiest
definition for 𝑑 ≥ 3 is to define ¤𝐻1(R𝑑) as the closure of 𝐶∞

0 (R𝑑) with respect to the inner
product ⟨𝑢, 𝑣⟩ ¤𝐻1 (R𝑑) =

∫
R𝑑 (∇𝑢 · ∇𝑣) 𝑑𝑥.

Following [36, Chapter 2.7] this gives the homogeneous Sobolev space for 𝑑 ≥ 3 as

¤𝐻1(R𝑑) = {𝑢 ∈ 𝐿2(R𝑑 , |𝑥 |−2𝑑𝑥) : ∇𝑢 ∈ 𝐿2(R𝑑)},

with the norm

∥𝑢∥ ¤𝐻1 (R𝑑) :=
(∫

R𝑑

|∇𝑢 |2𝑑𝑥
)1/2

= ⟨𝑃𝑢, 𝑃𝑢⟩1/2, 𝑑 ≥ 3. (1.4.3)
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The spaces ¤𝐻1(R𝑑) are complete and therefore Hilbert spaces and we have the Sobolev
embedding ¤𝐻1(R𝑑) ⊂ 𝐿2𝑑/(𝑑−2) in dimensions 𝑑 ≥ 3.
Following [36, Chapter 2.7] for 𝑑 < 3 the homogeneous Sobolev spaces are

¤𝐻1(R𝑑) = {𝑢 ∈ 𝐿2
loc(R

𝑑) : ∇𝑢 ∈ 𝐿2(R𝑑)}, 𝑑 < 3

equipped with the scalar product

⟨𝑢, 𝑣⟩ ¤𝐻1 (R𝑑) :=
∫
R𝑑

(∇𝑢 · ∇𝑣) 𝑑𝑥 +
∫
𝐵

𝑢𝑣𝑑𝑥, 𝑑 < 3, (1.4.4)

where 𝐵 ⊂ R𝑑 is the ball centered at zero with radius one. Then, the corresponding norm is

∥𝑢∥ ¤𝐻1 (R𝑑) :=
(∫

R𝑑

|∇𝑢 |2𝑑𝑥 + ∥𝑢∥2
𝐿2 (𝐵)

)1/2
=

(
⟨𝑢, 𝑃2𝑢⟩ + ∥𝑢∥𝐿2 (𝐵)

)1/2
, 𝑑 < 3. (1.4.5)

For 𝑑 < 3 as well, this space is complete under the norm ∥·∥ ¤𝐻1 (R𝑑) and consequently a Hilbert
space.
Note, that in dimension 𝑑 < 3 for instance constant functions belong to ¤𝐻1(R𝑑). To distinguish
functions that differ by a constant the scalar product in (1.4.4) contains an integral over 𝐵.
As in the case 𝑑 ≥ 3 the space ¤𝐻1(R𝑑) is the closure of 𝐶∞

0 (R𝑑) but now with respect to the
modified inner product ⟨𝑢, 𝑣⟩ ¤𝐻1 (R𝑑) defined in (1.4.4).

Remark 1.4.3. The spaces ¤𝐻1(R𝑑) for 𝑑 < 3 are sometimes denoted by 𝐻1(R𝑑) to emphasize
their different definitions. Throughout this document the symbol ¤𝐻1(R𝑑) is used for any 𝑑 > 0.

In the case, 𝑑 = 3 Yafaev did study Schrödinger operators 𝐻 = 𝑃2/2 + 𝑉 with short–range
interactions that have a virtual level.

Definition 1.4.4 (Short–Range Potentials). A potential 𝑉 : R𝑑 → R is called short–range if
there exist constants 𝐶, 𝛿 > 0 and 𝐴 > 0 such that

|𝑉 (𝑥) | ≤ 𝐶 (1 + |𝑥 |)−2−𝛿, |𝑥 | ≥ 𝐴 .

Remark 1.4.5. Potentials 𝑉 defined according to Definition 1.4.4 are not allowed to have
singularities outside of a compact set. In many cases one can instead assume that there exists
𝑊 ∈ 𝐾𝑑 a Kato–class potential and 𝜃 > 0 such that

𝑉 (𝑥) = (1 + |𝑥 |)−2−𝜃𝑊 (𝑥) (1.4.6)

for 𝑥 ∈ R𝑑 .

Yafaev found for short–range potentials as defined in Definition 1.4.4, the virtual level is
indeed a resonance in the sense explained in Remark 1.4.2. In Chapter 4 we discuss a three–
particle system that consists of one and two dimensional two–particle subsystems. We use
the following Theorem for which a proof can be found in [13, Theorem 2.2]. We repeat that
theorem here.
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Theorem 1.4.6. Let 𝑑 < 3. Consider 𝐻 = 𝑃2/2 + 𝑉 with 𝑉 relatively form bounded with
respect to 𝑃2/2 with relative bound zero and short–range. If 𝐻 has a virtual level at zero, then
the following assertions hold:

a) There exists a solution 𝜑0 ∈ ¤𝐻1(R𝑑), 𝜑0 ≠ 0, of the equation (𝑃2/2)𝜑0 + 𝑉𝜑0 = 0, i.e.,
for all 𝜓 ∈ ¤𝐻1(R𝑑)

1
2
⟨𝑃𝜑0, 𝑃𝜓⟩ + ⟨𝜑0, 𝑉𝜓⟩ = 0. (1.4.7)

b) If in addition the potential𝑉 is relatively −Δ-bounded, i.e., there exists a constant 𝐶 > 0,
such that

∥𝑉𝜓∥2 ≤ 𝐶
(
∥Δ𝜓∥2 + ∥𝜓∥2

)
(1.4.8)

holds for all functions 𝜓 ∈ 𝐻2(R𝑑), then there exists a constant 𝜇 > 0, such that for any
function 𝜓 ∈ 𝐻1(R𝑑) satisfying ⟨𝑃𝜓, 𝑃𝜑0⟩ = 0

⟨𝜓, 𝐻𝜓⟩ ≥ 𝜇∥𝑃𝜓∥2. (1.4.9)

Remark 1.4.7. If (1.4.7) or (1.4.11) holds, then 𝜑0 is a weak local zero–energy solution,
meaning that 𝜑0 ∈ 𝐻1

loc and that (1.4.7) or (1.4.11) holds for all 𝜓 ∈ 𝐶∞
0 (R𝑑), and even for

all 𝜓 ∈ 𝐻1(R𝑑) with compact support.
However, functions in 𝐻1

loc have virtually no growth restrictions at infinity. Any resonance
function 𝜑0, in addition to being a weak local zero–energy solution of 𝐻, does also have finite
kinetic energy.

In dimension 𝑑 ≥ 3 a theorem similar to Theorem 1.4.6 under slightly different assumptions
on 𝑉 was proven in [23, Chapter 3]. We repeat a version of that theorem here.

Theorem 1.4.8. Let 𝑑 ≥ 3. Consider 𝐻 = 𝑃2/2 + 𝑉 with 𝑉 relatively form bounded with
respect to 𝑃2/2 with relative bound zero and short–range. Moreover, assume that there exists
𝐶 > 0 with

⟨𝜓, |𝑉 |𝜓⟩ ≤ 𝐶∥𝑃𝜓∥, ∀𝜓 ∈ ¤𝐻1(R𝑑) . (1.4.10)

Then,
a) there exists a non–vanishing 𝜑0 ∈ ¤𝐻1(R𝑑) with ∥𝜑0∥ ¤𝐻1 (R𝑑) = 1 such that for any
𝜓 ∈ ¤𝐻1(R𝑑)

1
2
⟨𝑃𝜓, 𝑃𝜑0⟩ + ⟨𝜓,𝑉𝜑0⟩ = 0 . (1.4.11)

b) If in addition the potential 𝑉 is 𝑃2 bounded, i.e. there exists 𝐶 > 0 with

∥𝑉𝜓∥2 ≤ 𝐶⟨(∥𝑃𝜓∥2 + ∥𝜓∥2), ∀𝜓 ∈ 𝐶∞
0 (R𝑑) (1.4.12)

then the solution 𝜑0 ∈ ¤𝐻1(R𝑑) is unique and there exists a constant 𝜇 > 0 such that for
any 𝜓 ∈ 𝐻1(R2) with ⟨𝑃𝜓, 𝑃𝜑0⟩ = 0

⟨𝜓, 𝐻𝜓⟩ ≥ 𝜇∥𝑃𝜓∥2 . (1.4.13)
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Remark 1.4.9. Note that for short–range potentials condition (3.1.6) in [23] is fulfilled by
suitably adjusting the relevant parameters. The result for an energy gap in Theorem 1.4.8
needs that, in addition, 𝑉2 is relatively form bounded w.r.t. 𝑃2.

Remark 1.4.10. Recall that the spectrum of 𝐻 on 𝐿2(R𝑑) is purely essential with

𝜎(𝐻) = 𝜎𝑒𝑠𝑠 (𝐻) = [0,∞) .

The existence of a spectral gap for 𝐻 on the homogenous Sobolev space ¤𝐻1 shows that the
spectral properties of 𝐻 on ¤𝐻1 are very different from its properties on 𝐿2(R𝑑).
The assumptions on the positive part of the potential in Theorem 1.4.8 can be relaxed. In
Theorem 1.4.11 we prove an alternative version of Theorem 1.4.8, concerning the existence
of resonances in dimension 𝑑 ≥ 3. It considerably relaxes the condition on the positive part
of 𝑉 , but imposes a (weak) short range condition on the negative part of the potential 𝑉 .
Theorem 1.4.12 below provides a uniqueness result for the resonance and a spectral gap, under
slightly stronger assumptions than the ones made in Theorem 1.4.8.
Similarly to the form domain𝑄(𝑉+), which is the space of all functions 𝑓 ∈ 𝐿2(R𝑑) for which
⟨ 𝑓 , 𝑉+ 𝑓 ⟩ = ∥𝑉1/2

+ 𝑓 ∥2 < ∞, we define ¤𝑄(𝑉+) as the space of all functions 𝜓 ∈ ¤𝐻1(R𝑑) for
which ⟨𝜓,𝑉+𝜓⟩ < ∞.

Theorem 1.4.11 (Existence of Resonances = Theorem D.1.2). Let 𝑑 ≥ 3, consider the potential
𝑉 : R𝑑 → R and define 𝑉+ = max(0, 𝑉) and 𝑉− = min(0, 𝑉). Suppose that the operator
𝐻 = 𝑃2/2 + 𝑉 (considered as a quadratic form) has a virtual level at zero. Assume the
following conditions:

a) 𝑉+ ∈ 𝐿1
loc(R

𝑑),
b) 𝑉− is infinitesimally form-bounded w.r.t. 𝑃2,
c) There exists 𝜃 > 0 such that the weighted potential 𝑉− := (1 + |·|)2+2𝜃𝑉− is form bounded

w.r.t. 𝑃2.
Then there exists a non–vanishing function 𝜑0 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+) satisfying

1
2
⟨𝑃𝜓, 𝑃𝜑0⟩ + ⟨𝜓,𝑉𝜑0⟩ = 0, ∀𝜓 ∈ ¤𝐻1(R𝑑 ∩ ¤𝑄(𝑉+)). (1.4.14)

In particular,
1
2
⟨𝑃𝜑0, 𝑃𝜑0⟩ + ⟨𝜑0, 𝑉𝜑0⟩ = 0 . (1.4.15)

In addition, compared to Theorem 1.4.8, we do not need much more regularity of the potential
to have a uniqueness result for resonances and an energy gap.

Theorem 1.4.12 (Uniqueness and Energy Gap = Theorem D.2.1). We consider dimension
𝑑 ≥ 3. In addition to the short–range condition from Theorem 1.4.11 we assume that the
potential 𝑉 ∈ 𝐿𝑑/2

loc as well as 𝑉+ ∈ 𝐾𝑑,loc and 𝑉− ∈ 𝐾𝑑 .
Then the resonance solution 𝜑0 from Theorem 1.4.11 is unique and can be chosen to be strictly
positive. Moreover, there exists a constant 𝜇 > 0 such that, as quadratic forms,

⟨𝜓, 𝐻𝜓⟩ ≥ 𝜇∥𝑃𝜓∥2 (1.4.16)
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for all 𝜓 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+) orthogonal to the resonance 𝜑0 in 𝐻1(R𝑑), i.e., ⟨𝑃𝜓, 𝑃𝜑0⟩ = 0.

Remark 1.4.13. The conditions on 𝑉 in Theorem 1.4.11 are for instance fulfilled if 𝑉 is short
range in the sense that 𝑉 = (1 + |·|)−2−𝜃𝑊 for some 𝜃 > 0 and with 𝑊 ∈ 𝐾𝑑 a Kato potential.
The conditions of Theorem 1.4.12 are satisfied if, in addition to being in the Kato–class, we
also have𝑊 ∈ 𝐿𝑑/2

loc such that𝑊 ∈ 𝐿𝑑/2
loc ∩ 𝐾𝑑 .

We give the proof of Theorem 1.4.11, respectively Theorem 1.4.12, in the Appendix, see
Theorem D.1.2, respectively Theorem D.2.1.

1.5 Many Particle Operator
The approach explained in Sections 1.1 and 1.2 does generalize for many–particle systems with-
out difficulties. In contrary to the units chosen in Section 1.1 we may not set all the (possibly
different) masses 𝑚𝑘 , 𝑘 ∈ N to a fixed value. Given 𝑁 particles of masses 𝑚1, 𝑚2, . . . 𝑚𝑁 > 0
at the positions 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑁 ) ∈ R𝑑𝑁 the kinetic energy of the system can be described
by

T =

𝑁∑︁
𝑘=1

𝑃2
𝑘

2𝑚𝑘

, 𝑃𝑘 = −𝑖∇𝑘 .

Here ∇𝑘 denotes the gradient with respect to the coordinate 𝑥𝑘 ∈ R𝑑 . For the potential energy
of this system, we consider the potential 𝑉𝑖 𝑗 : R𝑑 → R which describes the interactions
between particles at positions 𝑥𝑖, 𝑥 𝑗 ∈ R𝑑 . The Schrödinger operator of the system is then

𝐻 (𝑛) :=
𝑛∑︁
𝑘=1

𝑇𝑘 +
∑︁

1≤𝑖< 𝑗≤𝑛
𝑉𝑖 𝑗 (𝑥𝑖 − 𝑥 𝑗 ) . (1.5.1)

The operators above can be densely defined in the appropriate Hilbert spaces by similar
approaches as outlined in Section 1.2. The Hilbert space of the 𝑁–particle system is the
𝑁-fold tensor product of the Hilbert space for a single particle with the usual inner product for
the tensor product. When considering particles with spin 𝑆 ∈ N0/2 = {0, 1/2, 1, 3/2 . . . } the
allowed values 𝑠 for the spin are in {−𝑆,−𝑆 + 1, . . . , 𝑆 − 1, 𝑆} and consequently the Hilbert
space for a single particle is

H1 = 𝐿2(R3) ⊗ C2𝑆+1 � 𝐿2(R3;C2𝑆+1) � 𝐿2(R3 × {−𝑆,−𝑆 + 1, . . . , 𝑆 − 1, 𝑆})

Therefore we can think of𝜓 ∈ 𝐿2(R3;C2𝑆+1) as a spinor, that is a vector with 2𝑆+1 components

𝜓(𝑥) =
©­­­­«
𝜓1(𝑥)
𝜓2(𝑥)
...

𝜓2𝑆+1(𝑥)

ª®®®®¬
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with 𝜓𝑠+𝑆+1(𝑥) = 𝜓(𝑥, 𝑠) with 𝑠 ∈ {−𝑆, . . . , 𝑆}. In this case, the full Hilbert space for
𝑁-particles each with spin 𝑆 is

H𝑁 :=
𝑁⊗
𝑖=1

𝐿2(R3;C2𝑆+1) . (1.5.2)

When considering identical particles we have to distinguish between fermions or bosons.
Let 𝑧1, . . . 𝑧𝑁 be the combined position–spin coordinate of a single particle, 𝑧 𝑗 = (𝑥 𝑗 , 𝑠 𝑗 ).
Considering identical particles we only consider states 𝜓 ∈ H𝑁 such that��𝜓(. . . 𝑧𝑖, . . . , 𝑧 𝑗 , . . . )��2 =

��𝜓(. . . 𝑧 𝑗 , . . . , 𝑧𝑖, . . . )��2. (1.5.3)

We distinguish between fermions or bosons. For fermions, the state space is the subspace of
totally antisymmetric functions H 𝑓

𝑁
. We call 𝜓 ∈ H𝑁 totally antisymmetric if

𝜓(. . . 𝑧𝑖, . . . , 𝑧 𝑗 , . . . ) = −𝜓(. . . 𝑧 𝑗 , . . . , 𝑧𝑖, . . . ) for all 𝑖 ≠ 𝑗 ∈ {1, . . . , 𝑁} .

For bosons, we consider the subspace of totally symmetric functions denoted by H 𝑏
𝑁

. We call
𝜓 ∈ H𝑁 totally symmetric if

𝜓(. . . 𝑧𝑖, . . . , 𝑧 𝑗 , . . . ) = 𝜓(. . . 𝑧 𝑗 , . . . , 𝑧𝑖, . . . ) for all 𝑖 ≠ 𝑗 ∈ {1, . . . , 𝑁} .

With regards to real atoms, the particles of interest are electrons and thus the fermionic case
with spin 𝑆 = 1/2 is the natural one.

1.5.1 Internal Schrödinger Operator
Given 𝑛 particles with positions 𝑥1, 𝑥2, . . . , 𝑥𝑛 ∈ R𝑑 and masses 𝑚1, 𝑚2, . . . 𝑚𝑛 be the operator
𝐻 (𝑛) in (1.5.1) is invariant under simultaneous translation of all particles and thus we can
separate the center of mass motion. Let 𝑀 =

∑𝑛
𝑖=1 𝑚𝑖 the total mass of the system. Following

[100] this separation can be understood by introducing the following spaces

𝑅0 :=

{
(𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ R𝑛𝑑 :

𝑛∑︁
𝑖=1

𝑚𝑖𝑥𝑖 = 0

}
𝑅𝑐 :=

{
(𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ R𝑛𝑑 : 𝑥𝑘 =

∑𝑛
𝑗=1 𝑚 𝑗𝑥 𝑗

𝑀
, 𝑘 ∈ {1, 2, . . . 𝑛}

}
and the scalar product

⟨·, ·⟩1 : R𝑛𝑑 × R𝑛𝑑 → R, ⟨𝑥, 𝑦⟩ ↦→
𝑛∑︁
𝑖=1

𝑚𝑖 (𝑥𝑖, 𝑦𝑖) (1.5.4)
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where (·, ·) denotes the usual scalar product in R𝑑 . We define the norm |·|21 := ⟨·, ·⟩1 corre-
sponding to this new scalar product. We have 𝑅0 ⊥ 𝑅𝑐 in the sense of the product ⟨·, ·⟩1 and
hence R𝑛𝑑 = 𝑅0 ⊕ 𝑅𝑐. Consequently

𝐿2(R𝑛𝑑) � 𝐿2(𝑅0) ⊗ 𝐿2(𝑅𝑐) . (1.5.5)

The space 𝑅0 is a (𝑛 − 1)𝑑-dimensional subspace of R𝑛𝑑 . Let −𝑃2
0 be the corresponding

Laplace-Beltrami operator on 𝐶2
0 (𝑅0) which can be extended to a self-adjoint operator on

𝐿2(𝑅0). Then in the center of mass frame the relevant operator is

𝐻0 :=
𝑃2

0
2

+
∑︁
𝑖< 𝑗

𝑉𝑖 𝑗 (𝑥𝑖 − 𝑥 𝑗 ) (1.5.6)

on 𝐿2(𝑅0). The operator𝐻0 is called the internal Schrödinger operator. The remaining degrees
of freedom correspond to the motion of the center of mass which corresponds to a particle
moving freely. To study the spectrum of the internal Schrödinger operator we can neglect the
motion of the center of mass.
For an arbitrary number of particles 𝑛 ∈ N, it is convenient to introduce coordinates within
subsystems by the help of orthogonal projections onto these subsystems, to obtain an explicit
representation of the operator 𝑃2

0. Since Chapters 5 and 6 focus exclusively on the case
𝑛 = 3, we will now examine this scenario in more detail. For three-particle systems, it is a
common practice to use Jacobi coordinates. We use the common aberration for labeling pairs
of particles as 𝛼 = (𝑖 𝑗) ∈ 𝐼, where 𝐼 := {(12), (13), (23)}. The remaining particle is then
labeled by 𝑘 ∈ {1, 2, 3} \ {𝑖, 𝑗}. The Jacobi coordinates (𝑞𝛼, 𝜉𝛼) for the three–particle system
are

𝑞𝑖 𝑗 := 𝑥𝑖 − 𝑥 𝑗 , 𝜉𝑖 𝑗 :=
𝑚𝑖𝑥𝑖 + 𝑚 𝑗𝑥 𝑗

𝑚𝑖 + 𝑚 𝑗︸         ︷︷         ︸
= COM of pair (ij)

−𝑥𝑘 .

In Figure 1.1 we give the sketch of this specific choice of coordinates. One can express 𝑃2
0 in

this new set of coordinates. For simplicity we drop here the indices (𝑖 𝑗) so that 𝑞 (𝑖 𝑗) = 𝑞 and
𝜉(𝑖 𝑗) = 𝜉 and denote by 𝑃𝑞 and 𝑃𝜉 the momentum operator with respect to 𝑞 and 𝜉. Then by
direct calculations

𝑃2
0

2
=
𝑃2
𝑞

2𝜇𝑖 𝑗
+
𝑃2
𝜉

2𝜈𝑖 𝑗
, 𝜇𝑖 𝑗 :=

𝑚𝑖𝑚 𝑗

𝑚𝑖 + 𝑚 𝑗

, 𝜈𝑖 𝑗 :=
(𝑚𝑖 + 𝑚 𝑗 )𝑚𝑘

(𝑚𝑖 + 𝑚 𝑗 ) + 𝑚𝑘

(1.5.7)

and
𝑥𝑖 − 𝑥𝑘 = 𝜉 +

𝑚 𝑗

𝑚𝑖 + 𝑚 𝑗

𝑞, 𝑥 𝑗 − 𝑥𝑘 = 𝜉 −
𝑚𝑖

𝑚𝑖 + 𝑚 𝑗

𝑞 .

The number 𝜇𝑖 𝑗 is the reduced mass of particles with masses 𝑚𝑖 and 𝑚 𝑗 whereas 𝜈𝑖 𝑗 is the
reduced mass of particles with masses 𝑚𝑖 +𝑚 𝑗 and 𝑚𝑘 . The operator 𝐻0 = 𝑃2

0/2 +∑
𝛼∈𝐼 𝑉𝛼 in



Chapter 1. Preliminaries 19

𝑚 𝑖𝑥 𝑖
+𝑚 𝑗𝑥 𝑗

𝑚 𝑖+𝑚
𝑗

𝑥𝑘

𝑥𝑖

𝑥 𝑗

𝑞𝑖 𝑗

𝜉𝑖 𝑗

Figure 1.1: Jacobi coordinates for the choice of a two–particle subsystem (𝑖 𝑗) ∈
{(12), (13), (23)} (colored blue) of the three–particle system with particles at

positions 𝑥1, 𝑥2, 𝑥3 ∈ R𝑑 and masses 𝑚1, 𝑚2, 𝑚3 > 0.

this set of coordinates reads

𝐻0 =
𝑃2
𝑞

2𝜇𝑖 𝑗
+
𝑃2
𝜉

2𝜈𝑖 𝑗
+𝑉𝑖 𝑗 (𝑞) +𝑉𝑖𝑘

(
𝜉 +

𝑚 𝑗

𝑚𝑖 + 𝑚 𝑗

𝑞

)
+𝑉 𝑗 𝑘

(
𝜉 − 𝑚𝑖

𝑚𝑖 + 𝑚 𝑗

𝑞

)
. (1.5.8)

Sometimes it is more convenient to avoid the prefactors of the Laplace operators in (1.5.8).
We introduce the rescaled Jacobi coordinates (𝑞𝛼, 𝜉𝛼) with

𝑞𝑖 𝑗 :=
(
2𝜇𝑖 𝑗

)1/2
𝑞𝑖 𝑗 , 𝜉𝑖 𝑗 :=

(
2𝜈𝑖 𝑗

)1/2
𝜉𝑖 𝑗 , (1.5.9)

Then a direct computation shows

⟨(𝑥1, 𝑥2, 𝑥3), (𝑥1, 𝑥2, 𝑥3)⟩1 =

3∑︁
𝑖=1

𝑚𝑖 |𝑥𝑖 |2 = |𝑞𝛼 |2 + |𝜉𝛼 |2, ∀𝛼 ∈ 𝐼 . (1.5.10)

The coordinates in (1.5.9) are chosen such that the kinetic energy operator is independent of
the masses and in particular it takes the form

𝑃2
0

2
= 𝑃2

𝑞𝛼
+ 𝑃2

𝜉𝛼
on 𝐿2(R2𝑑) . (1.5.11)

Any system of three particles can be decomposed in three different two–particle subsystems
labeled with 𝛼 ∈ 𝐼. In the set of coordinates chosen above each of these two–particle
subsystems is then described by the Schrödinger operator

ℎ𝑖 𝑗 :=
𝑃2
𝑥𝑖

2𝑚𝑖
+
𝑃2
𝑥 𝑗

2𝑚 𝑗

+𝑉𝑖 𝑗 (𝑥𝑖 − 𝑥 𝑗 ) .

The famous HVZ theorem, proved by Zhislin [127], van Winter [123] and Hunziker [53],
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says that the bottom of the essential spectrum of an 𝑁-particle Schrödinger operator (after
separating off the free center of mass motion) is given by the lowest possible energy which two
independent subsystems can have. By direct application of the HVZ theorem we can therefore
locate the essential spectrum of the internal Hamiltonian 𝐻0 and in particular

Proposition 1.5.1 (HVZ theorem for three particle operators). Let 𝑉𝑖 𝑗 ∈ 𝐿𝑝loc(R
𝑑) with 𝑝 = 2

for 𝑑 = 4 and 𝑝 = 𝑑/2 for 𝑑 ≥ 3, 𝑑 ≠ 4 be short–range in the sense of Definition 1.4.4. Then

𝜎ess

(
𝑃2

0
2

+
∑︁
𝛼∈𝐼

𝑉𝛼

)
= [Σ,∞), where Σ := min

𝛼∈𝐼
𝜎 (ℎ𝛼) .

1.5.2 Conspiracy of Potential Wells and Proto–Efimov effect
Equipped with the representation of𝐻0 in (1.5.8) we give here a brief argument why the double
well operator studied in Chapter 6 is relevant for the discussion of the discrete spectrum of 𝐻0
and the Efimov effect (see Chapter 3 for an Overview on the Efimov effect).
In the case of equal masses 𝑚𝑖 = 𝑚 𝑗 = 𝑚 and 𝑚𝑘 = 𝜔 the situation simplifies and the operator
in (1.5.8) then reads

𝐻0 =
𝑃2
𝑞

𝑚
+ 2𝑚 + 𝜔

4𝑚𝜔
𝑃2
𝜉
+𝑉𝑖 𝑗 (𝑞) +𝑉𝑖𝑘

(
𝜉 + 1

2
𝑞

)
+𝑉 𝑗 𝑘

(
𝜉 − 1

2
𝑞

)
. (1.5.12)

It is well known that the Efimov effect can only occur if at least two of the two–particle
subsystems have a virtual level, see [60], [118]. Assume that the particle pairs (𝑖 𝑗) and (𝑖𝑘)
have a virtual level. For (𝑖𝑘) for instance that is that the operator

ℎ𝑖𝑘 =
𝑃2
𝑥𝑖

2𝑚
+
𝑃2
𝑥𝑘

2𝜔
+𝑉𝑖𝑘 (𝑥𝑖 − 𝑥𝑘 ) (1.5.13)

has a virtual level. As for the many particle operator we can change to the internal operator of
the two–particle operator. Let 𝑠 = 𝑥𝑖 − 𝑥𝑘 and 𝜌 = (𝑚𝑖𝑥𝑖 +𝜔𝑥𝑘 )/(𝑚𝑖 +𝜔) then the operator in
(1.5.13) reads

ℎ𝑖𝑘 =

[𝑚 + 𝜔
2𝑚𝜔

𝑃2
𝑠 +𝑉𝑖𝑘 (𝑠)

]
⊗ 1 + 1 ⊗

𝑃2
𝜌

2(𝑚 + 𝜔) .

Note that since the operator ℎ𝑖𝑘 has a virtual level, the internal operator

ℎ𝑖𝑘,0 =
𝑚 + 𝜔
2𝑚𝜔

𝑃2
𝑠 +𝑉𝑖𝑘 (𝑠) on 𝐿2(R𝑑), (1.5.14)

has a virtual level as well. By construction 𝑠 = 𝜉 + 𝑞/2 and for fixed 𝑞 ∈ R𝑑 we have 𝑃𝑠 = 𝑃𝜉
due to the translation invariance of derivatives. Comparing the prefactor of 𝑃2

𝑠 in (1.5.14) with
the prefactor of 𝑃2

𝜉
in (1.5.12) one directly notes that a direct application of the existence of
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virtual levels is not possible. We therefore note

𝐻0 =
𝑃2
𝑞

𝑚
+𝑉𝑖 𝑗 (𝑞) +

1
4𝑚

𝑃2
𝜉
− 𝑚 + 𝜔

2𝑚𝜔
𝑃2
𝜉
+𝑉𝑖𝑘

(
𝜉 + 1

2
𝑞

)
+𝑉 𝑗 𝑘

(
𝜉 − 1

2
𝑞

)
and define for fixed 𝑞 the double well operator

H[𝑞] := −𝑚 + 𝜔
2𝑚𝜔

𝑃2
𝜉
+𝑉𝑖𝑘

(
𝜉 + 1

2
𝑞

)
+𝑉 𝑗 𝑘

(
𝜉 − 1

2
𝑞

)
. (1.5.15)

We explain now how to find a bound state of 𝐻0 by usage of the ground state 𝐸 [𝑞] of the
operator H[𝑞] at large |𝑞 |. Assume that 𝑉𝑖𝑘 and 𝑉 𝑗 𝑘 are short–range then for large |𝑞 | the
parameter |𝑞 | separates the potentials 𝑉𝑖𝑘 and 𝑉 𝑗 𝑘 in two regions for which either 𝑉𝑖𝑘 or 𝑉 𝑗 𝑘
is small (if the potentials are compactly supported they even vanish in those regions). Given
the shift in the potentials it is expected that for any fixed 𝑞 such that |𝑞 | is large enough the
ground state Φ : R𝑑 → C of H[𝑞] does approximately behave as Φ(𝜉 ± 1

2𝑞). Let 𝑢 ∈ 𝐿2(R𝑑)
with ∥𝑢∥2 = 1 then we make the ansatz 𝜓(𝑞, 𝜉) = 𝑢(𝑞)Φ(𝑞, 𝜉). By direct computations

⟨𝜓, 𝑃2
𝑞𝜓⟩𝐿2 (𝑑𝑞,𝑑𝜉) = ⟨𝑢, 𝑃2

𝑞𝑢⟩𝐿2 (𝑑𝑞) −
〈
𝑢,

(∫
R𝑑

��∇𝑞Φ��2𝑑𝜉) 𝑢〉
𝐿2 (𝑑𝑞)

≈ ⟨𝑢, 𝑃2
𝑞𝑢⟩𝐿2 (𝑑𝑞) +

1
4
⟨𝜓, 𝑃2

𝜉
𝜓⟩𝐿2 (𝑑𝑞,𝑑𝜉) .

(1.5.16)

Consequently, by combining (1.5.16) with (1.5.12) one expects

⟨𝜓, 𝐻0𝜓⟩𝐿2 (𝑑𝑞,𝑑𝜉) ≈
〈
𝑢,

(
𝑃2
𝑞

𝑚
+𝑉𝑖 𝑗 (𝑞) + 𝐸 [𝑞]

)
𝑢

〉
𝐿2 (𝑑𝑞)

. (1.5.17)

As a consequence, the ground state 𝐸 [𝑞] of the operator H[𝑞] takes the role of an effective
potential. Whenever the operator

𝑃2
𝑞

𝑚
+𝑉𝑖 𝑗 (𝑞) + 𝐸 [𝑞] (1.5.18)

has infinitely many bound states we also expect 𝐻0 to have infinitely many bound states. If
the ground state energy 𝐸 [𝑞] is strong enough to produce infinitely many bound states this is
called the Baby–Efimov or Proto–Efimov effect.
Ovchinnikov and Sigal [89] used that approach to give a variational proof of the Efimov effect.
Later Tamura [113] improved that result by constructing good approximations to the ground
state Φ. In dimension 𝑑 = 3 and 𝑚 = 𝜔 = 1 the Proto–Efimov effect was already shown by
Klaus and Simon in [66]. In particular they show that 𝐸 [𝑞] ∼ −𝑐 |𝑞 |−2 for 𝑐 = 0.321651512 . . .
whenever |𝑞 | is large, which is enough for binding as the Hardy constant in dimension 𝑑 = 3
is 1/4. This phenomenon is called conspiracy of potential wells.
In higher dimensions there is also a conspiracy of potential wells, but it is not strong enough
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to produce the Proto–Efimov effect. Under some additional assumptions on the potentials it
was shown in [91][Theorem 4.3] by Pinchover, that if 𝑑 ≥ 5 there exists 𝐶 ≥ 0 with

−𝐶 |𝑞 |2−𝑑 ≤ 𝐸 [𝑞] ≤ −𝐶−1 |𝑞 |2−𝑑

for |𝑞 | large. In dimension 𝑑 = 4 we prove that

−𝐶 |𝑞 |−2 log( |𝑞 |)−1 ≤ 𝐸 [𝑞]

for some 𝐶 > 0 in Theorem 6.2.4. There exists a matching upper bound in dimension 𝑑 = 4
by Pinchover [90][Theorem 2.3] under additional assumptions on the involved potentials.

1.5.3 Constrained Three Particle System
In Chapter 5 we study a system of three geometrically constrained bosons. In particular, we
study a system of three bosons with short-range interactions, each confined to a separate line
in R3. Two of these lines are parallel within a plane 𝑃. The third line intersects 𝑃 at a nonzero
angle and lies in a plane perpendicular to 𝑃 which intersects 𝑃 in a line parallel to the first
two lines. See Figure 1.2. In contrary to the unconstrained operator 𝐻 (3) in (1.5.1) the system

𝐿3

𝐿2

r2

𝐿1

𝜁

𝑒1

𝑒3

𝑒2

r3

r1

cos(𝜁)𝑦1𝑦2

𝑦3

sin(𝜁)𝑦1

𝑎3

𝑎2

Figure 1.2: Geometrically constrained configuration space of particles.

in Figure 1.2 is not invariant under translations. Still we can find a Schrödinger operator that
describes this configuration of particles. Let 𝑦𝑖 ∈ R be the distance of the 𝑖-th particle from
the origin along the line 𝐿𝑖, and let r𝑖 ∈ R3 be the three–dimensional position vector of this
particle. Then

r1 =
©­«
𝑦1 cos(𝜁)

0
𝑦1 sin(𝜁)

ª®¬ , r2 =
©­«
𝑦2
𝑎2
0

ª®¬ , r3 =
©­«
𝑦3
𝑎3
0

ª®¬ ,
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where 𝑎 𝑗 ∈ R with 𝑗 ∈ {2, 3} denotes the distance between the line 𝐿 𝑗 and the 𝑒1–axis as
indicated in Figure 1.2.
By the usual quantum mechanic correspondence principle we find the kinetic energy by writing
down the classical kinetic energy of the system supposing the particles move freely on the
Lines 𝐿1, 𝐿2 and 𝐿3. This energy is given by

3∑︁
𝑘=1

|𝜕𝑡r𝑘 |2

2𝑚𝑘

=

3∑︁
𝑘=1

|𝜕𝑡𝑦𝑘 |2

2𝑚𝑘

, (1.5.19)

where 𝜕𝑡 denotes the derivative with respect to time. Given the energy in (1.5.19) we can
interpret the particles at r𝑘 as one–dimensional particles and replace 𝜕𝑡𝑦𝑘/(2𝑚𝑘 ) by the
quantum-mechanical momentum operator 𝑃𝑘 := −𝑖𝜕𝑦𝑘 and arrive at

T =

3∑︁
𝑘=1

𝑃2
𝑦𝑘

2𝑚𝑘

.

Denote by r𝑖 𝑗 = r𝑖 − r 𝑗 the distance between the particles 𝑖 and 𝑗 . We assume that the particles
interact pairwise by three-dimensional forces, therefore we assume that the potentials depend
on the distances r𝛼 with 𝛼 ∈ 𝐼 only. The Schrödinger operator of the system, expressed in this
coordinate system, is given by

𝐻 =

3∑︁
𝑘=1

𝑃2
𝑦𝑘

2𝑚𝑘

+
∑︁
𝛼∈𝐼

𝑉𝛼 ( |r𝛼 |) on 𝐿2(R3) (1.5.20)

where 𝑉𝛼 : R → R is the interaction potential between the particle pairs, indexed by 𝛼 ∈ 𝐼,
with 𝐼 := {(12), (13), (23)} and 𝑚1, 𝑚2, 𝑚3 > 0 are the masses of the particles. Regarding the
potentials we assume that 𝑉1 𝑗 ∈ 𝐿2

loc(R
2) and 𝑉23 ∈ 𝐿2

loc(R) and 𝑉𝛼 short–range for any 𝛼 ∈ 𝐼.
The operator 𝐻 is not of the same form as the 𝑛–particle operator in (1.5.1) and looks more
like an internal Hamiltonian as it is not invariant under translations.
Similarly as in Section 1.4.4, we want to pass to a mass–invariant description and consequently
it is convenient to introduce the scaling 𝑦𝑘 =

√
2𝑚𝑘𝑥𝑘 . Then 𝑃2

𝑦𝑘
= 2𝑚𝑘𝑃

2
𝑥𝑘

and in abuse of
notation, we denote the transformed operator by the same letter such that

𝐻 = −
3∑︁
𝑘=1

𝑃2
𝑥𝑘
+

∑︁
𝛼∈𝐼

𝑉𝛼 ( |r𝛼 |) on 𝐿2(R3) . (1.5.21)
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In this new set of coordinates the distances |r𝛼 | are

��r1 𝑗
�� = (

𝑥2
1

2𝑚1
+
𝑥2
𝑗

2𝑚 𝑗

− cos(𝜁)
√
𝑚1𝑚 𝑗

𝑥1𝑥 𝑗 + 𝑎2
𝑗

)1/2

,

|r23 | =
((

𝑥2√
2𝑚2

− 𝑥3√
2𝑚3

)2
+ (𝑎2 − 𝑎3)2

)1/2

.

(1.5.22)

The decay properties of zero–energy solutions in the two–particle subsystems do depend on
given symmetries. Contrary to the case of unconstrained particles the potentials 𝑉𝛼 are not
invariant under simultaneous translation or rotation of particle pairs. Still the subsystem (23)
is invariant under translations (𝑥2, 𝑥3) ↦→ (𝑥2, 𝑥3) + (𝑠, 𝑠), 𝑠 ∈ R and in the corresponding
center of mass coordinates the Schrödinger operator of this system will be one–dimensional.
The subsystems (1 𝑗) for 𝑗 ∈ {2, 3} lack this translation invariance. The corresponding
two–particle subsystems are therefore two–dimensional. The subsystems (12) and (13) do
have a mirror–symmetry under the transformation (𝑥1, 𝑥 𝑗 ) ↦→ (−𝑥1,−𝑥 𝑗 ), 𝑗 ∈ {2, 3} as
this transformation keeps the distance

��r1 𝑗
�� invariant. The subsystems are described by the

Schrödinger operators

ℎ1 𝑗 = 𝑃
2
𝑥1 + 𝑃

2
𝑥 𝑗
+𝑉1 𝑗 (

��r1 𝑗
��), 𝑗 ∈ {2, 3} .

Similarly to the HVZ theorem stated in Proposition 1.5.1, we can determine the essential
spectrum of the operator 𝐻. However, Proposition 1.5.1 cannot be applied directly. Unlike
the case of unconstrained particles, where each two-particle system is three-dimensional in
its center-of-mass frame, the confined system is more complicated (as discussed above). We
give here the corresponding version of the HVZ theorem and give the proof following closely
a proof of the HVZ theorem by Enss in [30].

Proposition 1.5.2 (HVZ Theorem for Geometrically Constrained Particles). Let
Σ𝑖 𝑗 := inf 𝜎(ℎ𝑖 𝑗 ) be the bottom of the spectrum of ℎ𝑖 𝑗 and let Σ := min{Σ𝛼 : 𝛼 ∈ 𝐼}. Then
𝜎ess(𝐻) = [Σ,∞).

Proof. There exists a technically simple proof of the HVZ theorem by Enss in [30]. In the
statement by Enss the assumptions are given in terms of the Schrödinger operator alone without
reference to potentials which is beneficial to our situation. The inequality

inf 𝜎𝑒𝑠𝑠 (𝐻) ≥ Σ (1.5.23)

follows directly by application of his proof [30, Theorem 1 and Theorem 2]. We show that the
criteria in [30] are fulfilled. These criteria are:

a) The operator 𝐻 is bounded from below and (essentially) self–adjoint on H .
b) There exists a core 𝐷 ⊂ H of 𝐻 that is invariant under multiplication with bounded
𝐶∞ functions with bounded derivatives. Moreover, for every bounded 𝑓 , 𝑔 ∈ 𝐶∞ with



Chapter 1. Preliminaries 25

bounded derivatives

⟨𝜓,
[
𝑓 (𝑥/𝑑),

[
𝐻, 𝑔(𝑥/𝑑)

] ]
𝜓⟩ ≤ ℎ𝑑 ( 𝑓 , 𝑔)∥(1 + |𝐻 |)𝜓∥2

for some ℎ𝑑 ( 𝑓 , 𝑔) > 0 with lim𝑑→∞ ℎ𝑑 ( 𝑓 , 𝑔) = 0. Here 𝑥 = (𝑥1, 𝑥2, 𝑥3) are the rescaled
positions of the particles as discussed above.

c) Let 𝐹𝑅 be the multiplication with the characteristic function on the set such that |r𝛼 | < 𝑅
for any 𝛼 ∈ 𝐼. The operator 𝐹𝑅 (𝑖1 + 𝐻)−1 is compact for all 𝑅 > 0.

By the assumptions on 𝑉𝛼 the operator 𝐻 is (essentially) self adjoint on H with form
core 𝐶∞

0 (R3) and bounded from below. Hence, the first criterion is fulfilled. Considering
𝐷 = 𝐶∞

0 (R3) multiplication by 𝑓 , 𝑔 leaves this space invariant, and consequently the following
is well–defined

⟨𝜓,
[
𝑓 (𝑥/𝑑),

[
𝐻, 𝑔(𝑥/𝑑)

] ]
𝜓⟩ ≤⟨𝜓,

[
𝑓 (𝑥/𝑑),

[ 3∑︁
𝑘=1

𝑃2
𝑥𝑘
, 𝑔(𝑥/𝑑)

] ]
𝜓⟩

+ ⟨𝜓,
[
𝑓 (𝑥/𝑑),

[ 3∑︁
𝛼

|𝑉𝛼 |, 𝑔(𝑥/𝑑)
] ]
𝜓⟩

(1.5.24)

The second term on the right–hand side of (1.5.24) vanishes as 𝑉𝛼 is a multiplication operator
for 𝛼 ∈ 𝐼. For the first term on the right–hand side of (1.5.24) using that 𝑓 , 𝑔 have bounded
derivatives it follows from direct computations that there exists 𝑐 > 0 with〈

𝜓,

[
𝑓 (𝑥/𝑑),

[ 3∑︁
𝑘=1

𝑃2
𝑥𝑘
, 𝑔(𝑥/𝑑)

] ]
𝜓

〉
≤ 𝑐

𝑑2 → 0

as 𝑑 → ∞. Consequently, the second criterion of Enss is also fulfilled. The compactness in
the third condition follows from the fact that

∑3
𝑘=1 𝑃

2
𝑥𝑘

is form bounded with respect to 𝐻. A
proof of the compactness condition can be found in [5, Appendix I].
Due to (1.5.23), it suffices to show

[Σ𝛼,∞) ⊂ 𝜎𝑒𝑠𝑠 (𝐻) for 𝛼 ∈ 𝐼 . (1.5.25)

We follow the proof in [114, 11.2. The HVZ theorem]. To this end, we show that for arbitrary
𝜆 > 0 we have Σ𝛼 + 𝜆 ∈ 𝜎(𝐻). We only consider the case 𝛼 = (12) the case 𝛼 = (13) is
similar. Since the spectrum is closed Σ12 ∈ 𝜎(ℎ12) and consequently for given 𝜀 > 0 there
exists 𝜓12 ∈ 𝐿2(R2) depending on the internal coordinates 𝑥1, 𝑥2 ∈ R with ∥𝜓12∥ = 1 and
∥(ℎ12 − Σ12)𝜓12∥ < 𝜀. Since 𝜎ess(𝑃2

𝑥3) = [0,∞) there also exists 𝑢 ∈ 𝐿2(R) with ∥𝑢∥ = 1
and



(𝑃2
𝑥3 − 𝜆)𝑢



 < 𝜀. Consider for 𝑟 ∈ R the function

𝜓𝑟 (𝑥1, 𝑥2, 𝑥3) = 𝜓12(𝑥1, 𝑥2)𝑢𝑟 (𝑥3) = 𝜓12(𝑥1, 𝑥2)𝑢(𝑥3 − 𝑟)
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then

∥(𝐻 − 𝜆 − Σ12)𝜓𝑟 ∥ ≤ ∥(ℎ12 − Σ12) 𝜓12∥ +


(𝑃2

𝑥3 − 𝜆)𝑢𝑟


 + ∥(𝑉13 +𝑉23)𝑢𝑟 ∥ . (1.5.26)

Using that 𝑃2
𝑥3 is translation invariant the first two terms in the right–hand side of (1.5.26)

are each smaller than 𝜀. Since 𝐶∞
0 (R) is a form core of 𝑃2

𝑥3 we can assume 𝑢𝑟 ∈ 𝐶∞
0 (R) and

consequently it vanishes pointwise as 𝑟 → ∞. The potential𝑉13+𝑉23 vanishes asymptotically.
Since the distances |r13 | and |r23 | tend to infinity by replacing 𝑥3 with 𝑥3−𝑟 in the limit 𝑟 → ∞,
we also have

(𝑉13 +𝑉23)𝑢𝑟 → 0 as 𝑟 → ∞ .

Consequently, for 𝑟 > 0 large enough we arrive at

∥(𝐻 − 𝜆 − Σ12)𝜓𝑟 ∥ ≤ 3𝜀 .

In the case𝛼 = (23) the Schrödinger operator ℎ23 is invariant under translations and the internal
Hamiltonian of the subsystem (23) is one–dimensional and 𝜎(ℎ23) = 𝜎ess(ℎ23) = [Σ23,∞).
A similar construction as in the case 𝛼 = (23) does work with the obvious changes giving
(1.5.25). Combining (1.5.23) and (1.5.25) completes the proof of Proposition 1.5.2.

1.5.4 Atomic Schrödinger Operator
In [50] we study the spectrum of the atomic Schrödinger operator in dimension 𝑑 = 3. We
assume that the nucleus is a pointlike particle of elementary charge 𝑍 at position 𝑥𝑁+1 = 𝑟 ∈ R3

with mass 𝑀 > 0 interacting with 𝑁 electrons at positions (𝑥1, 𝑥2, . . . 𝑥𝑁 ) ∈ R3𝑁 of mass
𝑚𝑒 = 1. This means, that we consider the operator 𝐻 (𝑛) for 𝑛 = 𝑁 + 1 with the choices

𝑉𝑖 𝑗 (𝑥𝑖 − 𝑥 𝑗 ) =
𝛼��𝑥𝑖 − 𝑥 𝑗 �� , 1 ≤ 𝑖 < 𝑗 ≤ 𝑁

𝑉𝑖(𝑁+1) (𝑥𝑖 − 𝑟) =
−𝑍𝛼
|𝑥𝑖 − 𝑟 |

, 𝑖 ≤ 𝑁

i.e. the operator

H𝑁,𝑍 =
1

2𝑀
𝑃2
𝑟 +

𝑁∑︁
𝑘=1

1
2
𝑃2
𝑘 −

𝑁∑︁
𝑖=1

𝑍𝛼

|𝑥𝑖 − 𝑟 |
+

∑︁
1≤𝑖< 𝑗≤𝑁

𝛼��𝑥𝑖 − 𝑥 𝑗 �� , 𝑃𝑟 = −𝑖∇𝑟 .

The operator H𝑁,𝑍 is invariant under combined translation of all particles and consequently
𝜎(H𝑁,𝑍 ) = 𝜎ess(H𝑁,𝑍 ). To study the inner degrees of freedom of this system, one needs to use
a non–translationally invariant operator. In the infinite mass approximation, that is 𝑀 → ∞
we assume that the nucleus is fixed at 𝑟 = 0 so that we can ignore the kinetic energy of the
nucleus. We arrive at the internal Hamiltonian

𝐻𝑁,𝑍 :=
1
2

𝑁∑︁
𝑘=1

𝑃2
𝑘 −

𝑁∑︁
𝑖=1

𝑍𝛼

|𝑥𝑖 |
+

∑︁
1≤𝑖< 𝑗≤𝑁

𝛼��𝑥𝑖 − 𝑥 𝑗 �� . (1.5.27)
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This operator then describes a fixed nucleus surrounded by 𝑁 identical particles. The operator
𝐻𝑁,𝑍 is bounded from below and the bottom of the spectrum of 𝐻𝑁,𝑍 is called ground state
energy

𝐸𝑁,𝑍 := inf 𝜎(𝐻𝑁,𝑍 ) . (1.5.28)

As for the many–particle operators in the previous sections, one can formulate the HVZ
theorem for this operator. Following [114, Theorem 11.2] we have

Theorem 1.5.3 (HVZ theorem for atomic Schrödinger operator). The operator 𝐻𝑁,𝑍 is
bounded from below and

𝜎ess(𝐻𝑁,𝑍 ) = [𝐸𝑁−1,𝑍 ,∞) .

For large atoms 𝑍 ≫ 1, the particles should be considered to be relativistic. To include
a simple pseudorelativistic case, we will study in Section 2 the 𝑁-particle Chandrashekar
operator

𝐶𝑁,𝑍 :=
𝑁∑︁
𝑘=1

(√︃
𝛼−2𝑃2

𝑘
+ 𝛼−4 − 𝛼−2

)
−

𝑁∑︁
𝑖=1

𝑍

|𝑥𝑖 |
+

∑︁
1≤𝑖< 𝑗≤𝑁

1��𝑥𝑖 − 𝑥 𝑗 �� . (1.5.29)

We apply our results from [50] and prove new bounds on the maximal allowed excess charge in
the psuedorelativistic case. The operator 𝐶𝑁,𝑍 is bounded from below if and only if 𝑍𝛼 < 2/𝜋
(See [65, Chapter 5, (5.33) and (5.34)], [45, Theorem 2.5] and [121] for reference). Since
𝛼 = 𝑒2/(ℏ𝑐) ≈ 1/137 we have 𝑍 < 87.22 in the pseudorelativistic case. Then, if 𝑍𝛼 < 2/𝜋
and all of the involved particles have spin 𝑆, the operator 𝐶𝑁,𝑍 can be defined on H𝑁 defined
in (1.5.2) as the Friedrichs extension of the corresponding quadratic form with form domain
𝐻1/2(R3𝑁 : C2𝑆+1) ∩ H𝑁 .
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Chapter 2

The Excess Charge Problem

2.1 Overview
The question of maximal negative ionization of atoms is a widely studied but still unresolved
fundamental problem in quantum mechanics. We refer, for instance, to Barry Simon’s Fifteen
Problems in Mathematical Physics [103]. For a comprehensive review, see [37, pp. 99-130]
and references therein. To the best of our knowledge, there is no experimental evidence that a
single neutral atom in a vacuum can bind more than one, or at most two, additional electrons.
Considering an (ionized) atom with 𝑍 protons and 𝑁 electrons, the excess charge is𝑄 = 𝑁−𝑍 .
The case 𝑄 = 0 is then the atomic case. The ionization conjecture on the maximal number
of electrons an atom with nuclear charge 𝑍 can bind is 𝑄 ≤ 𝑄max for a constant 𝑄max > 0
independent of 𝑍 and probably 𝑄max = 1 or 𝑄max = 2. Up to now, there is no proof that 𝑄max
is uniformly bounded in 𝑍 .
Considering the many-particle Schrödinger operator 𝐻𝑁,𝑍 on H 𝑓

𝑁
introduced in Section 1.5

the bottom of the spectrum of 𝐻𝑁,𝑍 is called ground state energy

𝐸𝑁,𝑍 := inf 𝜎(𝐻𝑁,𝑍 ) = inf
𝜓∈H 𝑓

𝑁

⟨𝜓, 𝐻𝑁,𝑍𝜓⟩
∥𝜓∥2 . (2.1.1)

Since 𝐻𝑁,𝑍 is bounded from below on H 𝑓

𝑁
, the value 𝐸𝑁,𝑍 is finite for any values of 𝑁 and

𝑍 . To answer the Ionization conjecture it suffices to show that in the case 𝑁 ≥ 𝑍 + 2 the
right–hand side of (2.1.1) is not a minimum in H 𝑓

𝑁
. Due to an early work of Zhislin [128], we

know that there is a minimizer in the case 𝑁 < 𝑍 + 1, which proves that atoms and positively
charged ions do indeed exist.
We define the critical number of electrons that a nucleus with 𝑍 particles can bind as the
largest number 𝑁𝑐 = 𝑁𝑐 (𝑍) such that 𝐸𝑁𝑐 ,𝑍 is a minimum (that is, 𝐸𝑁𝑐 ,𝑍 = inf 𝜎(𝐻𝑁,𝑍 ) is an
eigenvalue of 𝐻𝑁,𝑍 in H𝑁 ). Note that it is also an open question whether 𝐸𝑁,𝑍 not being a
minimum also implies that 𝐸𝑛,𝑍 is not a minimum for all 𝑛 > 𝑁 . Due to the famous 𝐻𝑉𝑍 we
know 𝜎ess(𝐻𝑁,𝑍 ) = [𝐸𝑁−1,𝑍 ,∞) and consequently the binding inequality

𝐸𝑁,𝑍 = inf 𝜎(𝐻𝑁,𝑍 ) ≤ 𝐸𝑁−1,𝑍

does hold for all 𝑁 ∈ N.
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𝑁

𝐸𝑁,𝑍

𝑍 𝑍 +𝑄max

Figure 2.1: Sketch of the predicted behavior of the ground state energy 𝐸𝑁,𝑍

for fixed 𝑍 > 1. The prediction suggests that configurations with more particles
(e.g., electrons) are preferred, as they lower the energy 𝐸𝑁,𝑍 up to a critical
number of particles 𝑁𝑐 (𝑍) = 𝑍 + 𝑄max. The graph of 𝐸𝑁,𝑍 is expected to be
convex, reflecting the fact that the ionization energies are growing. Specifically,
|𝐸𝑁,𝑍 − 𝐸𝑁−1,𝑍 | decreases as 𝑁 increases until it vanishes for 𝑁 > 𝑁𝑐 (𝑍).

Remark 2.1.1. If 𝐸𝑁,𝑍 < 𝐸𝑁−1,𝑍 then 𝐸𝑁,𝑍 ∈ 𝜎disc(𝐻𝑁,𝑍 ). In particular, there exists an
eigenfunction 𝜓𝑁,𝑍 ∈ H𝑁 with 𝐻𝑁,𝑍𝜓𝑁,𝑍 = 𝐸𝑁,𝑍𝜓𝑁,𝑍

Regarding the excess charge problem, the following results are known. As discussed above,
due to the early work of Zhislin [128]

lim inf
𝑍→∞

𝑁𝑐 (𝑍)
𝑍

≥ 1

was known for a long time already. That there is a critical number 𝑁𝑐 (𝑍) < ∞ that an atom of
charge 𝑍 can bind was first shown independently by Ruskai [95] and Sigal [99]. Later, Lieb,
Sigal, Simon, and Thirring [77] proved

lim
𝑍→∞

𝑁𝑐 (𝑍)
𝑍

= 1 .

In fact, they proved the result with lim replaced by lim sup. The result by Lieb, Sigal, Simon,
and Thirring uses a compactness argument and does not provide any quantitative bounds on
how big 𝑁𝑐 (𝑍) is for finite nuclear charge 𝑍 .
If the particles are bosons, it is known from the work of Benguria and Lieb [17] that the
asymptotic neutrality does not hold and, in particular,

lim
𝑍→∞

𝑁𝑐 (𝑍)
𝑍

= 𝑡𝑐 > 1 . (2.1.2)

Later Baumgartner [15] determined computationally 𝑡𝑐 ≈ 1.21.
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Considering finite values of 𝑍 Fefferman and Seco [32] and Seco, Sigal and Solovej [97]
proved in 1990

𝑁𝑐 (𝑍) − 𝑍 ≤ 𝐶𝑍5/7 (2.1.3)

for some 𝐶 > 0. Non–asymptotic bounds are rare. For a long time, the only non-asymptotic
bound was due to Lieb [71], who proved his famous bound

𝑁𝑐 (𝑍) < 2𝑍 + 1 for all 𝑍 ≥ 1 . (2.1.4)

Lieb’s result is independent of the statistics of the particles, i.e., independent of whether
they are fermions of bosons, and it also holds, suitably modified, for systems of atoms, i.e.,
molecules. While Lieb’s bound certainly overcounts 𝑁𝑐 (𝑍), it shows that Hydrogen (𝑍 = 1)
can bind at most two electrons, which is observed in nature.
It took 28 years until Nam’s breakthrough result [81] could significantly improve Lieb’s
longstanding bound. Nam showed, for a single atom with fermionic statistics, that

𝑁𝑐 (𝑍) < 1.22𝑍 + 3𝑍1/3 for all 𝑍 ≥ 1 . (2.1.5)

In this work, we provide even tighter bounds on 𝑁𝑐. In particular, we prove in Proposition
4.2.5

𝑁𝑐 (𝑍) < 1.1185𝑍 + 3.90𝑍1/3 + 0.0134 + 0.184𝑍−1/3 + 0.0196𝑍−2/3, for all 𝑍 ≥ 4 .

Rounding numbers up this shows 𝑁 < 1.12 𝑍 + 4𝑍1/3 for all 𝑍 ≥ 4. We want to stress that this
shows that for large nuclear charges 𝑍 , fermionic atoms do indeed behave much differently
from bosonic atoms. Bosonic atoms are known to allow for a surcharge of 21 %, i.e., large
bosonic atoms can bind roughly 𝑁 ∼ 1.21𝑍 bosonic particles for large 𝑍 . The leading order
coefficient in Nam’s bound is just above 1.21, whereas in our bound, it is lower, with a good
safety margin.
To achieve our improvements, we significantly extend Nam’s approach and, in addition, prove
some of his conjectures made in [81].
For bosonic atoms, we have utilized approaches by Benguria et al. [19] involving the Hartree
Model to prove new bounds on the ground state energy of bosonic ions. Specifically, we show
in Corollary 4.8.6

𝐸𝑁,𝑍 ≥ −2𝑡𝑐
9
𝑍3 +𝑂 (𝑍7/3) .

Interestingly, this bound involves the parameter 𝑡𝑐 from (2.1.2). By combining the new
techniques developed for the fermionic case with the new bounds on the ground state energy,
we have derived in Theorem 4.2.7

𝑁𝑐 (𝑍) ≤
𝑡𝑐

𝑥2
0
𝑍 +𝑂 (𝑍1/2)
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where 𝑥0 > 0 is the unique positive solution of:

0.782 𝑡𝑐 = (1 + 0.1463𝑥0) 𝑥2
0 .

With 𝑡𝑐 ≈ 1.21, we find 𝑡𝑐𝑥−2
0 ≈ 1.45. To the best of our knowledge, this is the first improvement

over Lieb’s result of 2𝑍 + 1 in the bosonic case.

Remark 2.1.2. The best analytic bound on 𝑡𝑐 was for a long time due to Lieb’s result given by
𝑡𝑐 ≤ 2. Benguria and Tubino showed in [14] 𝑡𝑐 < 1.5211 together with our improvements we
are able to improve upon their result and show 𝑡𝑐 < 1.47 see Lemma A.7.1 and the Remark
thereafter.

2.2 The Excess Charge Problem for the Pseudorelativistic
Operator

In [50], we did not discuss relativistic models. Our improvements generalize for these cases and
can also give refined bounds on 𝑁𝑐 (𝑍) in these cases. We will cover here the pseudorelativistic
case given by the operator

𝐶𝑁,𝑍 :=
𝑁∑︁
𝑘=1

(√︃
𝛼−2𝑃2

𝑘
+ 𝛼−4 − 𝛼−2

)
−

𝑁∑︁
𝑙=1

𝑍

|𝑥𝑙 |
+

∑︁
1≤𝑙<𝑚≤𝑁

1
|𝑥𝑙 − 𝑥𝑚 |

. (2.2.1)

which was defined in (1.5.29). In particular, we prove the following Theorems in Section 2.2.1

Theorem 2.2.1. Let 𝜆 > 1 and let 𝐸 rel
𝑁,𝑍

:= inf 𝜎(𝐶𝑁,𝑍 ) be an eigenvalue of 𝐶𝑁,𝑍 on 𝐿2(R3)
in H 𝑓

𝑁
then there exists 𝑐𝜆 > 0 with

𝑁 <
1
2

(√
2 + 1

)
𝑍 + 𝑐𝜆𝑍1/3, for 𝑍 > 0 with 𝜆𝑍𝛼 < 2/𝜋 .

Remark 2.2.2. Theorem 2.2.1 refines the inequality by Nam in [84, Thoerem 3].

To prove this results we apply the so–called Benguria-Lieb-Nam argument (see Section 4.3),
that is to multiply the Schrödinger equation from the left by |𝑥𝑘 |2𝜓𝑁,𝑍 , where 𝜓𝑁,𝑍 is a ground
state corresponding to 𝐸𝑁,𝑍 then, in the quadratic form sense,

0 = ⟨|𝑥𝑘 |2𝜓𝑁,𝑍 , (𝐶𝑁,𝑍 − 𝐸𝑁,𝑍 )𝜓𝑁,𝑍⟩ = Re⟨|𝑥𝑘 |2𝜓𝑁,𝑍 , (𝐶𝑁,𝑍 − 𝐸𝑁,𝑍 )𝜓𝑁,𝑍⟩ . (2.2.2)

As in the non–relativistic case we have 𝐶𝑁−1,𝑍 ≥ 𝐸𝑁−1 ≥ 𝐸𝑁 using the HVZ theorem
for pseudorelativistic operators from [69] which holds for 𝑍 ∈ (0, 2/(𝜋𝛼)]. Applying the
symmetry of 𝜓𝑁,𝑍 ∈ H 𝑓

𝑁
and defining

𝛼𝑁,2 := inf

∑

1≤ 𝑗<𝑘≤𝑁
|𝑥𝑘 |2+|𝑥𝑖 |2
|𝑥𝑖−𝑥𝑘 |

(𝑁 − 1)∑𝑁
𝑘=1 |𝑥𝑘 |

: 𝑥𝑘 ∈ R3 for 𝑘 = 1, . . . , 𝑁
 (2.2.3)
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this yields, as explained in Section 4.3, the inequality

𝛼𝑁,2(𝑁 − 1) < 𝑍 − 1
2

Re
〈
|𝑥1 |2𝜓𝑁,𝑍 , 𝑇 rel

1 𝜓𝑁,𝑍
〉〈

|𝑥1 |𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉 . (2.2.4)

Here 𝑇 rel
1 is the pseudorelativistic operator acting on 𝑥1 ∈ R3 and is defined by

𝑇 rel
1 =

√︃
𝛼−2𝑃2

1 + 𝛼−4 − 𝛼−2, 𝑃1 = −𝑖∇𝑥1 .

We need two ingredients to prove Theorem 2.2.1. The first one is an estimate for the expression
𝛼𝑁,2 and the second one is a lower bound for the weighted kinetic energy in the right–hand
side of (2.2.4). To estimate 𝛼𝑁,2 one can apply Nam’s mean field type argument and our
improvements in Section 4.4 to find

Lemma 2.2.3. Let 𝛼𝑁,2 be defined as in (2.2.3) then for every 𝑁 ≥ 2, 𝑟 > 0

(1 + 𝑟)3 − (|1 − 𝑟 |)3

6𝑟
𝑁𝛽2 ≤ (1 + 𝑟)4 − (|1 − 𝑟 |)4

8𝑟

(
𝛼𝑁,2(𝑁 − 1) + 1

𝑟

)
,

where
𝛽−1

2 ≤ 1
2

(√
2 + 1

)
.

Proof. The first inequality follows directly from Lemma 4.5.9 and Remark 4.4.6. For the
estimate on 𝛽−1

2 see Section 4.4.

In dimension 𝑑 = 3 in the non-relativistic case 𝑇 = 𝑃2 by application of the IMS localization
formula, we obtain

𝜑(𝑥)2𝑇 + 𝑇𝜑(𝑥)2

2
=

1
2

(
𝜑(𝑥)𝑇𝜑(𝑥) − |𝑃𝜑(𝑥) |2

)
(2.2.5)

and for 𝜑(𝑥) = |𝑥 | this yields together with the Hardy inequality

|𝑥 |2𝑇 + 𝑇 |𝑥 |2

2
=

1
2

(
|𝑥 |𝑇 |𝑥 | − |𝑃 |𝑥 | |2

)
≥ −3

8
(2.2.6)

as an operator on 𝐿2(R3). Chen and Siedentop proved in [24] the generalization that if
𝑎 + 𝑏 ≤ 𝑑 with min{𝑎, 𝑏} ∈ [0, 2] with 𝑑 > 0 the underlying spatial dimension, then

|𝑃 |𝑎 |𝑥 |𝑏 + |𝑥 |𝑏 |𝑃 |𝑎 ≥ 0 on 𝐿2(R𝑑) . (2.2.7)

They remarked the importance of this inequality in the excess charge problem and Handrek
and Siedentop [44] applied the inequality to the ultrarelativistic operator

𝐷𝑁,𝑍 :=
𝑁∑︁
𝑘=1

|𝑃𝑘 + 𝐴(𝑥𝑘 ) | +
√
𝛼𝜎𝑘 · A(𝑥𝑖) −

𝑁∑︁
𝑖=1

𝑍𝛼

|𝑥𝑖 |
+

∑︁
1≤𝑖< 𝑗≤𝑁

𝛼��𝑥𝑖 − 𝑥 𝑗 �� . (2.2.8)
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with 𝐴 ∈ 𝐿2
loc(R

2,R2) and |A(𝑥) | ≤ 𝛿 |𝑥 |−1 for some 𝛿 > 0, which is a simplified model
describing particles interacting with a graphene quantum dot. They showed

𝑁𝑐 (𝑍) < 2(𝛿 + 𝑍) + 1 (2.2.9)

by application of the Benguria–Lieb argument.
Remark 2.2.4. For 𝑑 = 3, the ultrarelativistic case 𝑎 = 1 and 𝑏 = 2 is covered in [24]. The
case 𝑎 = 2 and 𝑏 = 1 was discussed by Lieb in [71]. In dimension 𝑑 = 2, one can reproduce
Lieb’s result with this inequality, but 𝑎 = 𝑏 = 1 is the borderline case for positivity. In [81],
Nam did discuss the case 𝑏 = 2 for pseudorelativistic operators.
The following inequalities hold
Lemma 2.2.5. Let 𝑑 = 3, then on 𝐶∞

0 (R𝑑)

|𝑥 |2𝑇 rel + 𝑇 rel |𝑥 |2

2
≥ −3

8
,

|𝑥 |2 |𝑃 | + |𝑃 | |𝑥 |2

2
≥ 0 (2.2.10)

and for 𝑑 = 2
|𝑥 |2 |𝑃 | + |𝑃 | |𝑥 |2

2
≥ −Γ2(1/4)

4𝜋2 |𝑥 | . (2.2.11)

Remark 2.2.6. We will use the first inequality (2.2.10) to establish bounds on the excess
charge for the operator 𝐶𝑁,𝑍 . The other two inequalities apply to the ultrarelativistic case. In
particular, (2.2.11) can be used in the discussion of the operator 𝐷𝑁,𝑍 defined in (2.2.8).
Proof. The second inequality in (2.2.10) is covered by the result of Chen and Siedentop (see
(2.2.7)). The first inequality in (2.2.10) was proven by Nam in [81, eq. (24)]). We give a
different proof of this inequality. Since 𝑇 rel is (essentially) self adjoint on𝐶∞

0 (R𝑑) we find that〈
𝜓,

|𝑥 |2𝑇 rel + 𝑇 rel |𝑥 |2

2
𝜓

〉
= Re⟨|𝑥 |2𝜓,𝑇 rel𝜓⟩

Consider 𝑡 : 𝑘 ∈ R𝑑 ↦→
√︃
𝛼−2 |𝑘 |2 + 𝛼−4 − 𝛼−2, which is the Fourier multiplier of 𝑇 rel then due

to the Plancherel theorem

Re⟨|𝑥 |2𝜓,𝑇 rel𝜓⟩ = Re⟨(−Δ𝑘 )𝜓̂, 𝑡𝜓̂⟩ . (2.2.12)

The expectation on the right–hand side is real (apply the IMS formula and use 𝑡 (𝑘) is positive).
Following [8, p. 420 ff] we can define fractional powers of any closed operator 𝐴 as

𝐴𝜅 =
sin(𝜅𝜋)
𝜋

∫ ∞

0

𝐴

𝐴 + 𝑟
𝑑𝑟

𝑟1−𝜅 . (2.2.13)

By direct calculations and (2.2.13) with 𝜅 = 1/2, we find the representation

𝑇𝑟𝑒𝑙 =
√︁
𝛼−2𝑃2 + 𝛼−4 − 𝛼−2 =

𝛼−1𝑃2

𝜋

∫ ∞

𝛼−2

√
𝑟 − 𝛼−2

𝑟 + 𝑃2
𝑑𝑟

𝑟
.
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For the Fourier multiplier, this is indeed a pointwise identity such that

𝑡 (𝑘) = 𝛼−1 |𝑘 |2

𝜋

∫ ∞

𝛼−2

√
𝑟 − 𝛼−2

𝑟 + |𝑘 |2
𝑑𝑟

𝑟
∀𝑘 ∈ R𝑑 . (2.2.14)

Inserting (2.2.14) into the right hand side of (2.2.12) yields

⟨|𝑥 |2𝜓,𝑇 rel𝜓⟩ = 𝛼−1

𝜋

∫ ∞

𝛼−2

√︁
𝑟 − 𝛼−2

〈
(−Δ𝑘 )𝜓̂, |𝑘 |2(𝑟 + |𝑘 |2)−1𝜓̂

〉 𝑑𝑟
𝑟
. (2.2.15)

Define 𝑢̂ := (𝑟 + |𝑘 |2)−1𝜓̂, then the weighted kinetic energy under the integral can be written
as 〈

(−Δ𝑘 )𝜓̂, |𝑘 |2(𝑟 + |𝑘 |2)−1𝜓̂
〉
= 𝑟 ⟨(−Δ𝑘 )𝑢̂, |𝑘 |2𝑢̂⟩ + ⟨(−Δ𝑘 ) ( |𝑘 |2𝑢̂), |𝑘 |2𝑢̂⟩ . (2.2.16)

By the same arguments as in the non–relativistic case (see Lemma 4.6.2) it follows for the first
term in the right–hand side of (2.2.16) that

𝑟 ⟨(−Δ𝑘 )𝑢̂, |𝑘 |2𝑢̂⟩ ≥ −3𝑟
4
⟨𝑢̂, 𝑢̂⟩ = −3𝑟

4
⟨𝜓̂, (𝑟 + |𝑘 |2)−2𝜓̂⟩ . (2.2.17)

By Hardy’s inequality, we can estimate the second term on the right–hand side of (2.2.16) to
find

⟨(−Δ𝑘 ) ( |𝑘 |2𝑢̂), |𝑘 |2𝑢̂⟩ ≥
(
𝑑 − 2

2

)2
⟨𝑢̂, |𝑘 |2𝑢̂⟩ ≥ 0 . (2.2.18)

Note that one could keep this positive contribution and try to prove a better inequality after
solving the integral over 𝑑𝑟 by optimizing in |𝑘 |. However, we could not obtain enough
information on 𝜓̂ for an improvement.
Consequently by inserting (2.2.17) and (2.2.18) into (2.2.16) we arrive at〈

(−Δ𝑘 )𝜓̂, |𝑘 |2(𝑟 + |𝑘 |2)−1𝜓̂
〉
≥

〈
𝜓̂,

−3𝑟
4

(𝑟 + |𝑘 |2)−2𝜓̂

〉
. (2.2.19)

Combining (2.2.15) and (2.2.19) we find

⟨|𝑥 |2𝜓,𝑇 rel𝜓⟩ ≥ −3
4
𝛼−1

𝜋

∫ ∞

𝛼−2

√︁
𝑟 − 𝛼−2

〈
𝜓̂, (𝑟 + |𝑘 |2)−2𝜓̂

〉
𝑑𝑟 .

By direct calculations, one finds

−3
4
𝛼−1

𝜋

∫ ∞

𝛼−2

√︁
𝑟 − 𝛼−2(𝑟 + |𝑘 |2)−2𝑑𝑟 ≥ −3

8
,
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where we used

𝛼−1

𝜋

∫ ∞

𝛼−2

√
𝑟 − 𝛼−2

(𝑟 + |𝑘 |2)2
𝑑𝑟 ≤ 𝛼−1

𝜋

∫ ∞

𝛼−2

√
𝑟 − 𝛼−2

𝑟2 𝑑𝑟 =
1
2
.

Consequently, the first inequality in (2.2.10) follows immediately.
Similarly, we now prove the inequality on the ultrarelativistic kinetic energy in dimension
𝑑 = 2. Let 𝜏 : 𝑘 ∈ R2 ↦→ |𝑘 |, then by the Plancherel theorem

⟨|𝑥 |2𝜓, |𝑃 |𝜓⟩ = ⟨(−Δ𝑘 )𝜓̂, 𝜏𝜓̂⟩ (2.2.20)

and using (2.2.13) we find

𝜏(𝑘) = 1
𝜋

∫ ∞

0

|𝑘 |2

|𝑘 |2 + 𝑟
𝑑𝑟

𝑟1/2 . (2.2.21)

Define 𝑢̂ := (𝑟 + |𝑘 |2)−1𝜓̂ then by inserting (2.2.21) into (2.2.20) we arrive at

⟨|𝑥 |2𝜓, |𝑃 |𝜓⟩ = 1
𝜋

∫ ∞

0
⟨(−Δ𝑘 ) ( |𝑘 |2 + 𝑟)𝑢̂, |𝑘 |2𝑢̂⟩

𝑑𝑟

𝑟1/2

≥ 1
𝜋

∫ ∞

0
⟨(−Δ𝑘 )𝑢̂, |𝑘 |2𝑢̂⟩𝑟1/2𝑑𝑟 .

(2.2.22)

By application of the IMS localization formula in (2.2.5) with 𝜑(𝑘) : 𝑘 ∈ R2 ↦→ |𝑘 |2 we find

⟨(−Δ𝑘 )𝑢̂, |𝑘 |2𝑢̂⟩ = ⟨𝑢̂, ( |𝑘 | (−Δ𝑘 ) |𝑘 | − 1) 𝑢̂⟩ ≥ −⟨𝑢̂, 𝑢̂⟩ . (2.2.23)

Note that contrary to dimension three, we cannot apply Hardy’s inequality to the equation
above. Inserting (2.2.23) into the right–hand side of (2.2.22) yields

⟨|𝑥 |2𝜓, |𝑃 |𝜓⟩ ≥ −
〈
𝜓̂,

∫ ∞

0

𝑟1/2

(𝑟 + |𝑘 |2)2
𝑑𝑟𝜓̂

〉
= −

〈
𝜓̂, |𝑘 |−1𝜓̂

〉
. (2.2.24)

We apply the following Hardy-type inequality (see [38])∫
R𝑑

|𝑥 |−2𝑠 | 𝑓 (𝑥) |2 𝑑𝑥 ≤ C−1
𝑠,𝑑

∫
R𝑑

|𝜉 |2𝑠 | 𝑓 (𝜉) |2 𝑑𝜉, 𝑓 ∈ 𝐶∞
0 (R𝑑), (2.2.25)

which is valid for 0 < 2𝑠 < 𝑑. The sharp constant in (2.2.25),

𝐾𝑠,𝑑 := 22𝑠 Γ
2((𝑑 + 2𝑠)/4)

Γ2((𝑑 − 2𝑠)/4)
, (2.2.26)

has been found independently by Herbst [45] and Yafaev [125]. In our case 𝑠 = 1/2 and 𝑑 = 2
with

𝐾−1
1/2,2 = Γ2(1/4)/(4𝜋2)
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and consequently by combining (2.2.25) and (2.2.24), we arrive at

⟨|𝑥 |2𝜓, |𝑃 |𝜓⟩ ≥ −𝐾−1
1/2,2⟨𝜓, |𝑥 |𝜓⟩ .

2.2.1 Critical Number of Electrons
Equipped with the inequality (2.2.4) and the Lemmas 2.2.3 and 2.2.5 we prove now Theorem
2.2.1.

Proof of Theorem 2.2.1. Combining (2.2.4) and the first inequality in (2.2.10) yields

𝛼𝑁,2(𝑁 − 1) ≤ 𝑍 + 3
8

〈
|𝑥1 |𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉−1
. (2.2.27)

To estimate the right–hand side above, we first note that by application of Jensen’s inequality〈
|𝑥1 |𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉−1 ≤
〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
=

〈
𝜓𝑁,𝑍 , |𝑥1 |−1𝜓𝑁,𝑍

〉
.

Recall that 𝐶𝑁,𝑍 is the many–particle Chandrashekar operator defined in (1.5.29). Let 𝜆 > 0
then due to the symmetry of 𝜓𝑁,𝑍

(𝜆 − 1)𝑁𝑍
〈
𝜓𝑁,𝑍 , |𝑥1 |−1𝜓𝑁,𝑍

〉
= ⟨𝜓𝑁,𝑍 , (𝐶𝑁,𝑍 − 𝐶𝑁,𝜆𝑍 )𝜓𝑁,𝑍⟩ ≤ 𝐸𝑁,𝑍 − 𝐸𝑁,𝜆𝑍 .

Assume 𝜆 > 1 then Dividing by 𝜆 − 1 yields〈
𝜓𝑁,𝑍 , |𝑥1 |−1𝜓𝑁,𝑍

〉
≤ 𝐸𝑁,𝑍 − 𝐸𝑁,𝜆𝑍

(𝜆 − 1)𝑁𝑍 ≤ −𝐸𝑁,𝜆𝑍
(𝜆 − 1)𝑁𝑍 .

Using that there exists 𝐶𝜆 > 0 with −𝐶𝜆𝑍7/3 < 𝐸𝑁,𝜆𝑍 < 0 for any 𝑍 > 0 with 𝜆𝑍𝛼 < 2/𝜋 and
consequently for 𝑁 > 𝑍〈

𝜓𝑁,𝑍 , |𝑥1 |−1𝜓𝑁,𝑍
〉
≤ 𝐶𝜆

𝜆 − 1
𝑍1/3, for 𝜆𝑍𝛼 < 2/𝜋 . (2.2.28)

For fixed ratio 𝑁/𝑍 in the large 𝑍 limit it was shown by Sorensen [88], that 𝐸𝑁,𝑍 in leading
order in Z is the same as in the non-relativistic case, given by (non-relativistic) Thomas-Fermi
theory. Define 𝐶̂ (𝜆) := 3

8𝐶𝜆 (𝜆 − 1)−1 then with (2.2.27) and (2.2.28) we arrive at

𝛼𝑁,2(𝑁 − 1) ≤ 𝑍 + 𝐶̂ (𝜆)𝑍1/3, for 𝜆𝑍𝛼 < 2/𝜋 .

Applying Lemma 2.2.3 yields for any 𝑟 ∈ (0, 1)

(1 + 𝑟)3 − (1 − 𝑟)3

6𝑟
𝑁𝛽2 ≤ (1 + 𝑟)4 − (1 − 𝑟)4

8𝑟

(
𝑍 + 𝐶̂ (𝜆)𝑍1/3 + 1

𝑟

)
. (2.2.29)
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In Appendix A as Lemma A.5.1 we have shown

(1 + 𝑟)3 − (1 − 𝑟)3

3
≥

(
1 − 2

3
𝑟2

)
(1 + 𝑟)4 − (1 − 𝑟)4

4
. (2.2.30)

Combining (2.2.29) and (2.2.30) yields

𝑁𝛽2 ≤ 𝑍 + 𝐶̂ (𝜆)𝑍1/3 + 1
𝑟
+ 𝑁𝛽2

2
3
𝑟2 .

Choose 𝑟 = 𝜇𝑍−1/3 for some 𝜇 > 0 such that 𝑟 ∈ (0, 1) then for 𝑁 ≤ 3𝑍 (which we can always
assume due to 𝑁𝑐 (𝑍) < 2𝑍 + 1)

𝑁 ≤ 𝛽−1
2 𝑍 + 𝛽−1

2

(
𝐶̂ (𝜆) + 𝜇−1 + 2𝛽2𝜇

2/3
)
𝑍1/3

which proves the statement of Theorem 2.2.1 since

𝛽−1
2 ≤ 1

2

(√
2 + 1

)
by Lemma 2.2.3.
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Chapter 3

The Efimov Effect

3.1 Overview
Consider a Schrödinger operator 𝐻 = 𝑃2/2 + 𝑉 with 𝜎ess = [0,∞) which is, for instance,
fulfilled if the potential vanishes at infinity in the sense of (1.4.1). It is well known that if
𝑉 is a short–range potential, then there are always at most finitely many bound states. For
many–particle operators, the spectrum is more complicated. Due to the famous HVZ theorem
(see Proposition 1.5.1), the essential spectrum of a many-particle operator is [Σ,∞) where
Σ ∈ R is the bottom of the spectra of the Schrödinger operators with one particle less. In
the corresponding center of mass frame, the 𝑛-particle Operator can have bound states that
correspond to isolated eigenvalues of finite multiplicity below the essential spectrum. In
the case of short–range potentials and Σ < 0, which is the same as saying that one of the
sub–systems does already have a bound state, independently Zhislin [129] and Yafaev [58]
found that the negative spectrum is at most finite. The case Σ = 0 is much more complicated.
Indeed, it was predicted in the 1960s by Efimov [28] that there are situations in which the
three–particle systems with short–range interactions can have an infinite number of bound
states. To be precise, the effect can be described in the following way:

The Efimov effect is a phenomenon where three particles in three-dimensional space that
interact with short–range potentials form an infinite number of bound states even if none of the
two-particle subsystems are bound. This effect can only occur if at least two of the two–particle
subsystems possess a virtual level (see Definition 1.4.1).

That the effect can only occur if at least two subsystems possess a virtual level was already
proven in [60], and for a fully variational proof of this, see [118].
The Efimov effect is surprising for several reasons. An infinite number of bound states is
usually seen in systems with long–range interactions and is not to be expected for short–range
potentials as described above. Another important feature of the Efimov effect is its universality.
In physics, a property is said to be universal if it does not depend on the specific microscopic
details of the interactions and appears in the same way in any system that exhibits the effect.
In particular, for the Efimov effect, the number of bound states 𝑁 (𝐸) below 𝐸 < 0 satisfies

lim
𝐸→0−

𝑁 (𝐸)
|ln( |𝐸 |) | = 𝐶0 (3.1.1)
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for some constant 𝐶0 > 0, which depends solely on the particle masses and not on the
interaction potentials. Importantly, the universality of Efimov physics does not mean it
happens in every system. It means that any system that meets the conditions for it will show
the same universal features. In fact, the restriction to systems with virtual levels is a highly
significant limitation on the possible potentials.
After the first description by Efimov, it took several years to find the first rigorous mathematical
description of the effect and much longer to confirm the effect experimentally. Yafaev gave the
first mathematical proof [59]. The proof of Yafaev is based on so–called Faddeev equations
for three-body systems. Later, Sobolev [108] did add to the proof of Yafaev and, in addition,
showed the asymptotic behavior in (3.1.1). Utilizing the ideas of the Born–Oppenheimer
approximation, Ovchinikov and Sigal [89] gave a fully variational proof of the Efimov effect
under some restrictions on the involved particle masses. Later, the proof was improved and
generalized to arbitrary particle masses by Tamura [113]. In the proof of Tamura [113], well–
believed explicit bounds on the decay properties of zero–energy solutions [113, Proposition 3.1]
have been used without explicit proof. Since these bounds are relevant for many applications
and in particular concerning the Efimov effect, we discuss and prove these estimates in Sections
3.2 and 3.3 below.
It took until 2006 for the first definitive experimental confirmation of the Efimov effect in
an ultracold gas of cesium atoms [67]. See [33] and the references therein for an extensive
review of the experimental findings and advancements concerning the Efimov effect. Beyond
the case of three particles in dimension three, it is an interesting question whether or not an
Efimov-type effect can exist for different numbers of particles or different spatial dimensions.
We refer to the introduction Chapter 5 for a review of several of these cases and the dissertation
of Andreas Bitter in [23].

In Chapter 5, we discuss the absence of the Efimov effect in a system of geometrically
constrained particles. Recent advancements in experiments with ultracold gases and magnetic
traps have increased interest in exploring the potential existence of the Efimov effect in
systems with mixed dimensions (see [84],[85],[86]). This phenomenon, sometimes called the
Confinement Induced Efimov Effect [85], has been predicted in various scenarios, as shown
in Figure 5.1. We have studied several of these configurations. In some of these cases, the
existence of the Efimov effect can be confirmed by extending the ideas in [113]. For this, the
explicit bounds on the decay of the zero–energy solution in Theorem 3.2.2 are necessary.
Through a detailed analysis of the properties of zero–energy resonances in two-dimensional
Schrödinger operators, we have disproved the existence of the Confinement Induced Efimov
Effect in the system illustrated in Figure 5.2. This result is notable as it is one of the rare
cases where predictions in the physics literature do not hold up to a rigorous mathematical
analysis. To achieve this result, we applied the criterion of Zhislin [129] for the finiteness of
the discrete spectrum (see Lemma 1.3.5) and build on methods and techniques as, for example,
in [120],[117] and [13].
The method we developed to disprove the Confinement Induced Efimov Effect has proven to be
robust and is also relevant for unconfined three-particle configurations in 𝑑 = 4 dimensions. In
dimensions 𝑑 ≥ 5, zero–energy solutions for the two-particle subsystems are square-integrable.
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Thus, zero is an eigenvalue of the corresponding Hamiltonian, with the absence of the Efimov
effect demonstrated in [11]. In dimension 𝑑 = 4, the situation is considerably more complex
because the zero–energy solutions for particle pairs interacting with short–range potentials are
not square-integrable. Thus, zero is a resonance rather than an eigenvalue of the two-particle
operator. Using our study of two-dimensional Schrödinger operators, we prove the absence
of the Efimov effect for three particles in dimension 𝑑 = 4 under minimal assumptions on the
interaction potentials using a fully variational proof.

3.2 On the Decay of Resonance Functions
For many applications, and in particular, for the description of the Efimov effect, it is useful
to have some knowledge of the explicit properties of the decay of resonances and their cor-
responding zero–energy solutions. Given that the potential is short–range it is expected that
such a solution 𝜑0 ∈ ¤𝐻1(R𝑑) has the asymptotics

|𝜑0(𝑥) | ∼ |𝑥 |2−𝑑 , |∇𝜑0(𝑥) | ∼ |𝑥 |1−𝑑 , 𝑑 ≥ 3 . (3.2.1)

This behavior is well-believed, and under additional assumptions besides the short–range
property of the potential, it can be proven by elementary steps directly from the Schrödinger
equation. It is not trivial how to deduce the decay properties of 𝜑0 under minimal assumptions
on the potential from works such as [59].
Throughout this section we consider the Schrödinger operator 𝐻 = 𝑃2/2 + 𝑉 ≥ 0 on 𝐿2(R𝑑)
with potential 𝑉 : R𝑑 → R such that there exists𝑊 ∈ 𝐾𝑑 and 𝜃 > 0 such that

𝑉 (𝑥) = (1 + |𝑥 |)−2−𝜃𝑊 (𝑥) (3.2.2)

for 𝑥 ∈ R𝑑 and we assume 𝐻 has a virtual level at zero as defined in Definition 1.4.1 with
corresponding zero–energy solution denoted by 𝜑0 ∈ ¤𝐻1(R𝑑).

Remark 3.2.1. Note that any short–range potential 𝑉 ∈ 𝐾𝑑 satisfies condition (1.4.6). How-
ever, condition (1.4.6) also permits potentials that have singularities outside of compact sets.

To prove the sharp asymptotics of the distributional gradient ∇𝜑0 we define for 𝑑 ≥ 2 the set
𝐾𝑑,1 ⊂ 𝐾𝑑 as any real–valued potential 𝑉 such that

lim
𝛿↓0

sup
|𝑥 |∈R𝑑

∫
|𝑥−𝑦 |≤𝛿

|𝑥 − 𝑦 |1−𝑑 |𝑉 (𝑦) |𝑑𝑦 = 0 . (3.2.3)

For convenience, we write
⟨𝑉, 𝜑0⟩ =

∫
R𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 .

The next theorem shows that 𝑉𝜑0 ∈ 𝐿1(R𝑑) under condition (1.4.6), i.e., ⟨𝑉, 𝜑0⟩ is well
defined. In Section 3.3 we prove
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Theorem 3.2.2 (Precise asymptotic of virtual levels). Let 𝑑 ≥ 3. Under the short–range
assumption (1.4.6) 𝜑0 is (globally) bounded. Moreover, 𝜑0 has a continuous version,𝑉𝜑0 ∈ 𝐿1,
and 𝜑0 has the asymptotics

𝜑0(𝑥) = −2𝑐𝑑
⟨𝑉, 𝜑0⟩
|𝑥 |𝑑−2 + 𝐸1(𝑥) for 𝑥 → ∞ , (3.2.4)

where 𝑐𝑑 = (𝑑 − 2)−1
��S𝑑−1

��−1 and, for any 0 < 𝜅 < 1 there exists a constant 𝐶𝜅 < ∞ and
𝑅 > 0 such that the error is bounded by

|𝐸1(𝑥) | ≤ 𝐶𝜅 |𝑥 |2−𝑑−𝜅𝜃 for |𝑥 | ≥ 𝑅 . (3.2.5)

Moreover, if the function 𝑊 in the definition (1.4.6) of the potential 𝑉 is in 𝐾𝑑,1, then the
distributional gradient of 𝜑0 has a continuous version and

∇𝜑0(𝑥) = 2(𝑑 − 2)𝑐𝑑 ⟨𝑉, 𝜑0⟩𝑥 |𝑥 |−𝑑 + 𝐸2(𝑥), for 𝑥 → ∞ (3.2.6)

where for any 0 < 𝜅 < 1 there exists 𝑐𝜅 > 0 and 𝑅 > 0 with

|𝐸2(𝑥) | ≤ 𝑐𝜅 |𝑥 |1−𝑑−𝜅𝜃 for |𝑥 | ≥ 𝑅 . (3.2.7)

We prove Theorem 3.2.2 in Section 3.3 and start the discussion of the results of Theorem 3.2.2
with some remarks.

Remark 3.2.3. In [113, Proposition 3.1], where the three dimensional case is considered
under a global uniform short–range condition

|𝑉 (𝑥) | ≤ 𝐶 (1 + |𝑥 |)−2−𝜃0 for all 𝑥 ∈ R𝑑

it is claimed that one can use 𝜅 = 1 in the bounds (3.2.5), respectively (3.2.7), for the errors.
However, no proof of this claim is given in [113].
Our Theorem 3.2.2 requires 𝜅 < 1 since the constants 𝑐𝜅 and𝐶𝜅 diverge in the limit 𝜅 → 1. So
up to an epsilon loss in the exponent, the asymptotic for the virtual level 𝜑0 claimed in [113,
Proposition 3.1] is correct, even for a much larger class of potentials.
Fortunately, for the results in [113] concerning the existence of the Efimov effect for three
particles in three dimensions, our estimates are sufficient since 0 < 𝜅 < 1 can be chosen
arbitrarily close to one. Furthermore, our result requires minimal regularity and decay of the
potential 𝑉 .

Remark 3.2.4. Since 𝜑0 is bounded, we also have

𝜑0(𝑥) = −2𝑐𝑑
⟨𝑉, 𝜑0⟩

1 + |𝑥 |𝑑−2 + 𝐸̃1(𝑥) ∀𝑥 ∈ R𝑑 ,

where for any 0 < 𝜅 < 1 there exists 𝑐𝜅 > 0 with��𝐸̃1(𝑥)
�� ≤ 𝑐𝜅 (1 + |𝑥 |)2−𝑑−𝜅𝜃 ∀𝑥 ∈ R𝑑 .
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Since 𝜅 ∈ (0, 1) we have
𝐸̃1 ∈ 𝐿𝑝 (R𝑑) if 𝑝 >

𝑑

𝑑 + 𝜃 − 2
which generalizes and confirms the results in [11] and [23, Theorem 3.3.1]. This also shows
directly that 𝜑0 ∈ 𝐿𝑝 (R𝑑) for all 𝑝 > 𝑑

𝑑−2 . Consequently for 𝑑 ≥ 5 we have 𝜑0 ∈ 𝐿2(R𝑑). This
confirms the common knowledge that for dimension 𝑑 ≥ 5, virtual levels are eigenfunctions
instead of resonances.
Similarly if 𝑉 (𝑥) = (1 + |𝑥 |)−2−𝜃𝑊 (𝑥) with 𝑊 ∈ 𝐾𝑑,1, the distributional gradient has a
continuous representation, which is therefore locally bounded, so the asymptotics (3.2.6)
implies that

∇𝜑0(𝑥) = 2(𝑑 − 2)𝑐𝑑
𝑥⟨𝑉, 𝜑0⟩
1 + |𝑥 |𝑑

+ 𝐸̃2(𝑥) for 𝑥 ∈ R𝑑 ,

where for any 0 < 𝜅 < 1 ��𝐸̃2(𝑥)
�� ≲ (1 + |𝑥 |)1−𝑑−𝜅𝜃 for 𝑥 ∈ R𝑑 .

Thus 𝐸̃2 ∈ 𝐿𝑝 (R𝑑) if 𝑝 > 𝑑
𝑑+𝜃−1 , and

∇𝜑0 ∈ 𝐿𝑝 (R𝑑) for 𝑝 >
𝑑

𝑑 − 1
.

Note that 1 < 𝑑
𝑑−1 < 2 for all 𝑑 ≥ 3.

Our proof is based on integral representations of the zero–energy solution 𝜑0. In the proof of
Theorem 3.2.2 we will use the following integral representations of 𝜑0 and its weak gradient,
see also Theorem D.5.2 in Appendix D.

Theorem 3.2.5 (= Theorem D.5.2). Let 𝑑 ≥ 3 and assume that 𝑉 satisfies the short–range
condition (1.4.6). Then the zero–energy solution 𝜑0 has a continuous version, it is bounded
with 𝑉𝜑 ∈ 𝐿1(R𝑑), and satisfies the integral equation

𝜑0(𝑥) = −2𝑐𝑑
∫
R𝑑

|𝑥 − 𝑦 |−(𝑑−2)𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦, ∀𝑥 ∈ R𝑑 , (3.2.8)

with 𝑐𝑑 = (𝑑 − 2)−1
��S𝑑−1

��−1, where
��S𝑑−1

�� = 𝑑
��𝐵𝑑1 �� is the surface area of the unit sphere in

R𝑑 and
��𝐵𝑑1 �� the volume of the unit ball in R𝑑 . If additionally the function 𝑊 in the short–

range condition (1.4.6) for 𝑉 satisfies 𝑊 ∈ 𝐾𝑑,1, then the distributional gradient ∇𝜑0 has a
continuous version and satisfies the integral equation

∇𝜑0(𝑥) = 2(𝑑 − 2)𝑐𝑑
∫
R𝑑

𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 ∀𝑥 ∈ R𝑑 . (3.2.9)

Remark 3.2.6. The conclusion that the zero–energy solution 𝜑0 is globally bounded, derived
from subsolution estimates as in ([3] and [101]), appears to be new.
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We will give the proof of Theorem 3.2.5 in Appendix D, see Theorem D.5.2. Before we prove
Theorem 3.2.2, together with the explicit error bounds, we prove an important a–priori bound
on 𝜑0, which has the correct order of decay.

Proposition 3.2.7 (A–priori decay bound). Let 𝑑 ≥ 3 then there exists a constant 𝑐 > 0 such
that

|𝜑0(𝑥) | ≤ 𝑐(1 + |𝑥 |)2−𝑑 for all 𝑥 ∈ R𝑑 .

Proof. Following Theorem 3.2.5 the zero–energy solution 𝜑0 is bounded and since𝑉 is short–
range in the sense of (1.4.6) there exists𝑊 ∈ 𝐾𝑑 and 𝜃 > 0 such that for any 𝛿 ∈ (0, 𝜃]

|𝑉 (𝑥)𝜑0(𝑥) | ≤ |𝑊 (𝑥) | (1 + |𝑥 |)−2−𝛿 ∀𝑥 ∈ R𝑑 . (3.2.10)

Using the integral representation in (3.2.8) we arrive at

|𝜑0(𝑥) | ≲
∫
R𝑑

|𝑥 − 𝑦 |−(𝑑−2) (1 + |𝑦 |)−2−𝛿 |𝑊 (𝑦) |𝑑𝑦 . (3.2.11)

Note that for |𝑥 − 𝑦 | ≤ 1 we have

(1 + |𝑦 |)−(2+𝛿) ≲ (1 + |𝑥 |)−(2+𝛿) (3.2.12)

and for |𝑥 − 𝑦 | ≥ 1 we have

|𝑥 − 𝑦 |−(𝑑−2) ≲ (1 + |𝑥 − 𝑦 |)−(𝑑−2) . (3.2.13)

Splitting the domain of integration in the right–hand side of (3.2.11) into the sets |𝑥 − 𝑦 | ≤ 1
and |𝑥 − 𝑦 | ≥ 1 and inserting (3.2.12) and (3.2.13) we arrive at

|𝜑0(𝑥) | ≲(1 + |𝑥 |)−(2+𝛿)
∫

|𝑥−𝑦 |≤1

|𝑥 − 𝑦 |−(𝑑−2) |𝑊 (𝑦) |𝑑𝑦

+
∫

|𝑥−𝑦 |≥1

(1 + |𝑥 − 𝑦 |)−(𝑑−2) (1 + |𝑦 |)−(2+𝛿) |𝑊 (𝑦) |𝑑𝑦 .
(3.2.14)

Let
ℎ𝛼,𝛽 (𝑥) :=

∫
R𝑑

(1 + |𝑥 − 𝑦 |)−𝛽 (1 + |𝑦 |)−𝛼𝑊 (𝑦)𝑑𝑦 (3.2.15)

with 𝛼 = 2 + 𝛿 and 𝛽 = 𝑑 − 2 . Since𝑊 ∈ 𝐾𝑑 we conclude from (3.2.14) we find

|𝜑0(𝑥) | ≲ (1 + |𝑥 |)−𝛼 + ℎ𝛼,𝛽 (𝑥) .

In the Appendix D we have shown as Lemma D.6.1 that if 𝛼 < 𝑑, 𝛽 < 𝑑 and 𝛼 + 𝛽 > 𝑑, then

ℎ𝛼,𝛽 (𝑥) ≲ (1 + |𝑥 |)𝑑−(𝛼+𝛽) = (1 + |𝑥 |)−𝛿
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and consequently
|𝜑0(𝑥) | ≤ (1 + |𝑥 |)−𝛿 .

With this estimate, we can repeat the argument by replacing (3.2.10) with

|𝑉 (𝑥)𝜑0(𝑥) | ≤ |𝑊 (𝑥) | (1 + |𝑥 |)−2−2𝛿 ∀𝑥 ∈ R𝑑

to find
|𝜑0(𝑥) | ≲ (1 + |𝑥 |)−𝛼2 + ℎ𝛼2,𝛽 (𝑥)

with 𝛼2 = 2 + 2𝛿 and 𝛽 = 𝑑 − 2. If 2 + 2𝛿 < 𝑑 this proves

|𝜑0(𝑥) | ≲ (1 + |𝑥 |)−2𝛿 .

Define 𝛼𝑛 := 2 + 𝑛𝛿 for all 𝑛 ∈ N. Let 𝑛0 ∈ N satisfy

𝛼𝑛0 = 2 + 𝑛0𝛿 < 𝑑 and 𝛼𝑛0+1 = 2 + (𝑛0 + 1)𝛿 > 𝑑 .

Note that such an 𝑛0 ∈ N may not exist for every 𝛿 ∈ (0, 𝜃], but it is always possible to shrink
𝛿 ∈ (0, 𝜃] to ensure the existence of such an 𝑛0 ∈ N. Iterating the initial argument 𝑛0-times,
we arrive at

|𝜑0(𝑥) | ≲ (1 + |𝑥 |)−𝛼𝑛0 + ℎ𝛼𝑛0 ,𝛽
(𝑥) ≲ (1 + |𝑥 |)−𝑛0𝛿 .

We can apply the same argument one more time, then

|𝜑0(𝑥) | ≲ (1 + |𝑥 |)−𝛼𝑛0+1 + ℎ𝛼𝑛0+1,𝛽 (𝑥) .

Since 𝛼𝑛0+1 > 𝑑 > 𝛽 it follows from Lemma D.6.1 that

ℎ𝛼𝑛0+1,𝛽 (𝑥) ≲ (1 + |𝑥 |)𝛽 = (1 + |𝑥 |)2−𝑑 .

Since 𝛽 < 𝛼𝑛0+1 this proves
|𝜑0(𝑥) | ≲ (1 + |𝑥 |)𝑑−2 .

3.3 Proof of the Decay Properties of Resonance Functions
Using the a priori estimates from Proposition 3.2.7 and the integral representation of zero–
energy solutions from Theorem 3.2.5, we can now prove Theorem 3.2.2, which establishes
the sharp asymptotic behavior of the resonance function for critical Schrödinger operators and
provides estimates for the lower-order terms. We give this proof now.

Proof of Theorem 3.2.2. We will use the integral representations from Theorem 3.2.5 together
with the a–priori bound from Proposition 3.2.7 for the proof of the error bounds in Theorem
3.2.2. We begin with 𝐸1. Note that due to the a–priori bound on 𝜑0 from Proposition 3.2.7
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and the decay assumption on the potential 𝑉 we have

|𝑉 (𝑦)𝜑0(𝑦) | ≲ (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) | , (3.3.1)

for some 𝜃 > 0 and 𝑊 ∈ 𝐾𝑑 ⊂ 𝐿1
loc,unif (R

𝑑). Hence the bound (D.4.5) from Lemma D.4.1
shows that 𝑉𝜑0 ∈ 𝐿1(R𝑑). Thus, we can rewrite the integral representation from Theorem
3.2.5 as follows,

𝜑0(𝑥) = −2𝑐𝑑
∫
R𝑑

|𝑥 − 𝑦 |−(𝑑−2)𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦

= −2𝑐𝑑
∫
R𝑑

(
|𝑥 − 𝑦 |−(𝑑−2) − |𝑥 |−(𝑑−2)

)
𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦

− 2𝑐𝑑 |𝑥 |−(𝑑−2)
∫
R𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦︸                ︷︷                ︸
=⟨𝑉,𝜑0⟩

.

(3.3.2)

Fix 𝐿 (𝑥) > 0 and split the domain of integration of the first integral in the second line of
(3.3.2) of into the sets 𝐴(𝑥) := {𝑦 ∈ R𝑑 : |𝑦 | > 𝐿(𝑥)} and 𝐵(𝑥) := {𝑦 ∈ R𝑑 : |𝑦 | ≤ 𝐿 (𝑥)} to
find

𝜑0(𝑥) = −2𝑐𝑑 |𝑥 |−(𝑑−2) ⟨𝑉, 𝜑0⟩ + 2𝑐𝑑 |𝑥 |−(𝑑−2)
∫
𝐴(𝑥)

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦

− 2𝑐𝑑
∫
𝐵(𝑥)

(
|𝑥 − 𝑦 |−(𝑑−2) − |𝑥 |−(𝑑−2)

)
𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦

− 2𝑐𝑑
∫
𝐴(𝑥)

|𝑥 − 𝑦 |−(𝑑−2)𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 .

(3.3.3)

We define

𝑔1(𝑥) := −2𝑐𝑑
∫
𝐴(𝑥)

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦,

𝑔2(𝑥) := −2𝑐𝑑
∫
𝐵(𝑥)

(
|𝑥 − 𝑦 |−(𝑑−2) − |𝑥 |−(𝑑−2)

)
𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦,

𝑔3(𝑥) := −2𝑐𝑑
∫
𝐴(𝑥)

|𝑥 − 𝑦 |−(𝑑−2)𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 .

(3.3.4)

Comparing (3.3.3) with (3.2.4) we find

𝐸1(𝑥) = |𝑥 |−(𝑑−2)𝑔1(𝑥) + 𝑔2(𝑥) + 𝑔3(𝑥), ∀𝑥 ∈ R𝑑 . (3.3.5)



Chapter 3. The Efimov Effect 46

Using again (3.3.1) in (3.3.4) we arrive at

|𝑔1(𝑥) | ≲
∫
𝐴(𝑥)

(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦,

|𝑔2(𝑥) | ≲
∫
𝐵(𝑥)

���|𝑥 − 𝑦 |−(𝑑−2) − |𝑥 |−(𝑑−2)
���(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦,

|𝑔3(𝑥) | ≲
∫
𝐴(𝑥)

|𝑥 − 𝑦 |−(𝑑−2) (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |)𝑑𝑦 .

where ≲ means that the inequality holds up to a constant 𝑐 > 0 independent of 𝑥 ∈ R𝑑 .
In Lemma D.6.3 from Appendix D we prove the following estimates under the assumption
𝐿 (𝑥) < |𝑥 |/2 for |𝑥 | > 1 large enough,

𝑔1(𝑥) ≲ (1 + 𝐿 (𝑥))−𝜃 ,
𝑔2(𝑥) ≲ (1 + 𝐿 (𝑥))1−𝜃 ( |𝑥 | − 𝐿 (𝑥))1−𝑑 ,

𝑔3(𝑥) ≲ (1 + 𝐿 (𝑥))1−𝜃 (1 + |𝑥 |)1−𝑑 .

Let 𝜅 ∈ (0, 1) and choose 𝐿 (𝑥) = |𝑥 |𝜅 then for any |𝑥 | > 1 large enough

|𝑥 |−(𝑑−2)𝑔1(𝑥) ≲ |𝑥 |−(𝑑−2)−𝜃𝜅,

𝑔2(𝑥) ≲ |𝑥 |1−𝑑+𝜅(1−𝜃) ,
𝑔3(𝑥) ≲ |𝑥 |1−𝑑+𝜅(1−𝜃) .

(3.3.6)

Note that
−(𝑑 − 2) − 𝜃𝜅 > 1 − 𝑑 + 𝜅(1 − 𝜃) ,

consequently (3.3.5) and (3.3.6) yields

|𝐸1(𝑥) | ≲ |𝑥 |−(𝑑−2)−𝜅𝜃

for any 𝜅 ∈ (0, 1) and |𝑥 | > 1 large enough.
The proof of the estimates on the lower order terms of ∇𝜑0 are similar, and we give them now.
Using a again Theorem 3.2.5 and 𝑉𝜑0 ∈ 𝐿1 we rewrite

∇𝜑0(𝑥) = 2(𝑑 − 2)𝑐𝑑
∫
R𝑑

𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦

= 2(𝑑 − 2)𝑐𝑑
∫
R𝑑

𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

− 𝑥

|𝑥 |𝑑
𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 + 2(𝑑 − 2)𝑐𝑝

𝑥

|𝑥 |𝑑

∫
R𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 .

As in the previous case, we split the domain of integration into the sets

𝐴(𝑥) = {𝑦 ∈ R𝑑 : |𝑦 | > 𝐿(𝑥)} and 𝐵(𝑥) = {𝑦 ∈ R𝑑 : |𝑦 | ≤ 𝐿 (𝑥)} .
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Then

∇𝜑0(𝑥) = 2(𝑑 − 2)𝑐𝑑
𝑥

|𝑥 |𝑑
⟨𝑉, 𝜑0⟩

− 2(𝑑 − 2)𝑐𝑑
𝑥

|𝑥 |𝑑

∫
𝐴(𝑥)

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦

+ 2(𝑑 − 2)𝑐𝑑
∫
𝐵(𝑥)

(
𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

− 𝑥

|𝑥 |𝑑

)
𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦

+ 2(𝑑 − 2)𝑐𝑑
∫
𝐴(𝑥)

𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 .

(3.3.7)

Comparing (3.3.7) with (3.2.6) we find

|𝐸2(𝑥) | ≲ |𝑥 |−(𝑑−1) |𝑔1(𝑥) | + | 𝑓2(𝑥) | + | 𝑓3(𝑥) |, ∀𝑥 ∈ R𝑑 , (3.3.8)

where

𝑓2(𝑥) :=
∫
𝐵(𝑥)

(
𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

− 𝑥

|𝑥 |𝑑

)
𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦,

𝑓3(𝑥) :=
∫
𝐴(𝑥)

𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 .

As in the previous case, we can use the bound (3.3.1) and Lemma D.6.3 to see that

| 𝑓3(𝑥) | ≲
∫
𝐴(𝑥)

|𝑥 − 𝑦 |−(𝑑−1) (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |)𝑑𝑦

≤ (1 + 𝐿 (𝑥))−𝜃 (1 + |𝑥 |)−(𝑑−1) .

(3.3.9)

In Lemma D.6.3 we also show that

| 𝑓2(𝑥) | ≲
∫
𝐵(𝑥)

���� 𝑥 − 𝑦|𝑥 − 𝑦 |𝑑
− 𝑥

|𝑥 |𝑑

����(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦

≲ (1 + 𝐿 (𝑥))1−𝜃 |𝑥 | ( |𝑥 | − 𝐿 (𝑥))−(𝑑+1)
(3.3.10)

and
|𝑥 |−(𝑑−1) |𝑔1(𝑥) | ≲ |𝑥 |−(𝑑−1) (1 + 𝐿 (𝑥))−𝜃 . (3.3.11)

Combining (3.3.11), (3.3.10) and (3.3.9) with (3.3.8) we arrive at

|𝐸2(𝑥) | ≲ (1 + 𝐿 (𝑥))−𝜃
(
|𝑥 |−(𝑑−1) + (1 + 𝐿 (𝑥)) |𝑥 | ( |𝑥 | − 𝐿 (𝑥))−(𝑑+1) + (1 + |𝑥 |)−(𝑑−1)

)
for |𝑥 | > 1 large enough. Choose 𝐿 (𝑥) = |𝑥 |𝜅 for 𝜅 ∈ (0, 1) then for |𝑥 | > 1 large enough

|𝐸2(𝑥) | ≲ |𝑥 |−𝜅𝜃
(
|𝑥 |−(𝑑−1) + |𝑥 |𝜅−𝑑 + |𝑥 |−(𝑑−1)

)
≲ |𝑥 |−(𝑑−1)−𝜅𝜃
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which completes the proof of Theorem 3.2.2.
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Chapter 4

On the Excess Charge Problem of Atoms

4.1 Introduction
It is widely accepted that a single atom in a vacuum can bind at most one or two additional
electrons. From a heuristic perspective, this is evident: atoms are electrically neutral, and while
an additional electron may coexist with the atom, adding more electrons becomes challenging
due to Coulomb repulsion caused by the net-negative charge of the resulting configuration.
Deriving this behavior from the many–body Schrödinger equation remains a challenging open
question for many decades.
An atom of nuclear charge 𝑍 should be able to bind at least 𝑁 < 𝑍 + 1 electrons since the
farthest out electron will experience a net Coulomb attraction to the nucleus. The remaining
𝑁 − 1 electrons cannot fully screen the charge of the nucleus when 𝑁 − 1 < 𝑍 . This was made
rigorous in the early work of Zhislin [128], so lim inf𝑍→∞

𝑁𝑐 (𝑍)
𝑍

≥ 1 was known for a long
time, already. That there is a critical number 𝑁𝑐 (𝑍) < ∞ that an atom of charge 𝑍 can bind
was first shown independently by Ruskai [95] and Sigal [99]. Later, Lieb, Sigal, Simon, and
Thirring [77] proved

lim
𝑍→∞

𝑁𝑐 (𝑍)
𝑍

= 1 .

In fact, they proved the result with lim replaced by lim sup. The result by Lieb, Sigal, Simon,
and Thirring uses a compactness argument and does not provide any quantitative bounds on
how big 𝑁𝑐 (𝑍) is for finite nuclear charge 𝑍 . Fefferman and Seco [32] and Seco, Sigal and
Solovej [97] proved in 1990

𝑁𝑐 (𝑍) ≤ 𝑍 +𝑂 (𝑍5/7) as 𝑍 → ∞ .

Non–asymptotic bounds are rare. For a long time, the only non-asymptotic bound was due to
Lieb [71], who proved his famous bound

𝑁𝑐 (𝑍) < 2𝑍 + 1 for all 𝑍 ≥ 1 .

Lieb’s result is independent of the statistic of the particles, i.e., independent of whether they are
fermions of bosons, and it also holds, suitably modified, for systems of atoms, i.e., molecules.
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While Lieb’s bound certainly overcounts 𝑁𝑐 (𝑍), it shows that Hydrogen (𝑍 = 1) can bind only
two electrons, which is observed in nature.
It took 28 years until Nam’s breakthrough result [81] could significantly improve Lieb’s
longstanding bound. Nam showed, for a single atom with fermionic statistics, that

𝑁𝑐 (𝑍) < 1.22𝑍 + 3𝑍1/3 for all 𝑍 ≥ 1 .

In this work, we provide even tighter bounds on 𝑁𝑐. In particular, we prove

𝑁𝑐 (𝑍) ≤ 1.12𝑍 + 4𝑍1/3 for all 𝑍 ≥ 4 .

We would like to stress that this shows that for large nuclear charges 𝑍 , fermionic atoms do
indeed behave much differently from bosonic atoms. Bosonic atoms are known to allow for
a surcharge of 21 %, i.e., large bosonic atoms can bind roughly 𝑁 ∼ 1.21𝑍 bosonic particles
for large 𝑍 . The leading order coefficient in Nam’s bound is just above 1.21, whereas in our
bound, it is lower, with a good safety margin.
To achieve our improvements, we significantly extend Nam’s approach and, in addition, prove
some of the conjectures made in [81].
Acknowledgements: The authors thank Ioannis Anapolitanos, Peer Kunstmann, and Leonid
Chaichenets for insightful discussions, which greatly contributed to the development and
refinement of this manuscript. This research has been partially funded by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) – Project-ID 258734477 –
SFB 1173.

4.2 Basic Notation and Main Result
We consider a nucleus of charge 𝑍 placed at the origin and 𝑁 particles located at positions
𝑥1, . . . 𝑥𝑁 ∈ R3. In the limit of infinite nuclear mass and after appropriate rescaling (see Section
1.1), the Schrödinger operator of a single atom is given by

𝐻𝑁,𝑍 :=
1
2

𝑁∑︁
𝑘=1

𝑃2
𝑘 −

𝑁∑︁
𝑖=1

𝑍𝛼

|𝑥𝑖 |
+

∑︁
1≤𝑖< 𝑗≤𝑁

𝛼��𝑥𝑖 − 𝑥 𝑗 �� . (4.2.1)

Here 𝛼 = 𝑒2/(ℏ𝑐) is the fine structure constant, and 𝑃 𝑗 = −𝑖ℏ∇ 𝑗 denotes the usual three-
dimensional momentum operator with respect to the variable 𝑥 𝑗 .

Remark 4.2.1. We choose atomic units, that is ℏ = 𝑚𝑒 = 𝑐 = 𝑒 = 1 and consequently 𝛼 = 1.
Another usual choice of units is setting the electron mass 𝑚𝑒 = 1/2 as, for example, in [72],
such that the factor in the kinetic energy vanishes. The question on the maximal excess charge
is independent of the choice of these units.
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Following Section 1.5 the Hilbert space of 𝑁 particles of spin 𝑆 ∈ N0/2 is the 𝑁–fold tensor
product

H𝑁 :=
𝑁⊗
𝑖=1

𝐿2(R3;C2𝑆+1) . (4.2.2)

Let 𝑧1, . . . 𝑧𝑁 be the combined position–spin coordinate of a single particle, 𝑧 𝑗 = (𝑥 𝑗 , 𝑠 𝑗 ).
Considering identical particles we only consider stats 𝜓 ∈ H𝑁 such that��𝜓(. . . 𝑧𝑖, . . . , 𝑧 𝑗 , . . . )��2 =

��𝜓(. . . 𝑧 𝑗 , . . . , 𝑧𝑖, . . . )��2. (4.2.3)

We distinguish between fermions and bosons. For fermions, the state space is the subspace of
totally antisymmetric functions H 𝑓

𝑁
. We call 𝜓 ∈ H𝑁 totally antisymmetric if

𝜓(. . . 𝑧𝑖, . . . , 𝑧 𝑗 , . . . ) = −𝜓(. . . 𝑧 𝑗 , . . . , 𝑧𝑖, . . . ) for all 𝑖 ≠ 𝑗 ∈ {1, . . . , 𝑁} .

For bosons, we consider the subspace of totally symmetric functions denoted by H 𝑏
𝑁

. We call
𝜓 ∈ H𝑁 totally symmetric if

𝜓(. . . 𝑧𝑖, . . . , 𝑧 𝑗 , . . . ) = 𝜓(. . . 𝑧 𝑗 , . . . , 𝑧𝑖, . . . ) for all 𝑖 ≠ 𝑗 ∈ {1, . . . , 𝑁} .

Regarding real atoms, the particles of interest are electrons. Thus, the fermionic case with
spin 𝑆 = 1/2 is the natural one. Thus we discuss 𝐻𝑁,𝑍 on H 𝑓

𝑁
first and discuss the case of

bosons later. The bottom of the spectrum of 𝐻𝑁,𝑍 is called ground state energy

𝐸𝑁,𝑍 := inf 𝜎(𝐻𝑁,𝑍 ) . (4.2.4)

At first, 𝐸𝑁,𝑍 does not need to be an eigenvalue of 𝐻𝑁,𝑍 . The HVZ theorem (see Theorem
1.5.3) shows that the essential spectrum of 𝐻𝑁,𝑍 is given by 𝜎ess

(
𝐻𝑁,𝑍

)
= [𝐸𝑁−1,𝑍 ,∞). Thus

the binding condition
𝐸𝑁,𝑍 < 𝐸𝑁−1,𝑍 (4.2.5)

ensures that there is some discrete spectrum below the essential spectrum. Hence, the atom
can bind 𝑁 electrons. In particular, (4.2.5) ensures that 𝐸𝑁,𝑍 is an eigenvalue of 𝐻𝑁,𝑍 , i.e.,
there exists a function 𝜓𝑁,𝑍 such that

𝐻𝑁,𝑍𝜓𝑁,𝑍 = 𝐸𝑁,𝑍𝜓𝑁,𝑍 . (4.2.6)

Thus, it is natural to call

𝑁𝑐 (𝑍) := max{𝑁 ∈ N : 𝐸𝑁,𝑍 < 𝐸𝑁−1,𝑍 }

the critical number of particles that an atom of charge 𝑍 can bind.
In this paper, we derive new bounds on 𝑁𝑐 (𝑍). The strategy of our proof is inspired by [72]
and, in particular, [81]. One assumes (4.2.6) with 𝐸𝑁,𝑍 < 𝐸𝑁−1,𝑍 for fixed nuclear charge
𝑍 > 0 (not necessarily an integer) which will then lead to a contradiction if 𝑁 is too large. We
sketch the original Bunguria–Lieb argument together with Nam’s improvement in Section 4.3.
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Our main result is

Theorem 4.2.2. Let 𝑠 ∈ (1, 3] then there exists 𝑐(𝑠) > 0 such that

𝑁𝑐 (𝑍) < 𝑏(𝑠) 𝑍 + 𝑐(𝑠)𝑍1/3,

where
𝑏(𝑠) :=

𝑠 − 1
𝑠𝑡0

(4.2.7)

with 𝑡0 the unique solution of 𝑡𝑠 + 𝑠𝑡 + 1 − 𝑠 = 0 in (0, 1).

Remark 4.2.3. We conjecture that Theorem 4.2.2 holds for any 𝑠 ≥ 1 with the same 𝑏(𝑠) and
some 𝑐(𝑠) < ∞ with 𝑐(𝑠) → ∞ as 𝑠 → ∞.

We prove Theorem 4.2.2 in Section 4.7. Finding good bounds on 𝑐(𝑠) is technical. We study
the cases 𝑠 = 2 and 𝑠 = 3 in greater detail. In particular, for 𝑠 = 2 we show

Proposition 4.2.4. For any 𝑍 ≥ 2

𝑁𝑐 (𝑍) <
1
2
(
√

2 + 1) 𝑍 + 2.96𝑍1/3 . (4.2.8)

where 1.2071 < 1
2 (
√

2 + 1) < 1.2072.

For 𝑠 = 3 we show

Proposition 4.2.5. For any 𝑍 ≥ 4

𝑁 ≤ 𝑏(3)𝑍 + 3.90𝑍1/3 + 0.0134 + 0.184𝑍−1/3 + 0.0196𝑍−2/3, (4.2.9)

with

1.1184 < 𝑏(3) = 2
3

3
√︁

1 +
√

2
(1 +

√
2)2/3 − 1

< 1.1185 .

Remark 4.2.6. Proposition 4.2.4 is better than the estimate of 𝑁𝑐 (𝑍) < 2𝑍 + 1 in [71] for
𝑍 > 5.3. Since the constant (

√
2 + 1)/2 is slightly better than the one in [81] it improves

the result of [81] for all 𝑍 ≥ 2. For 𝑍 ≥ 35.8 the bound in (4.2.9) is better than (4.2.8). In
particular Proposition 4.2.4 proves

𝑁 ≤ 1.12𝑍 + 4𝑍1/3, 𝑍 ≥ 4 .

We prove the Propositions 4.2.4 and 4.2.5 in Section 4.7.
Proposition 4.2.5 significantly improves upon the results of [81] for large 𝑍 . More importantly,
while it falls short of proving the asymptotic neutrality of fermionic atoms, it provides the
first quantitative result showing that, for atoms, the distinction between fermions and bosons
is crucial. In [17], Benguria and Lieb showed that in contrary to fermions for bosonic atoms

lim
𝑍→∞

𝑁𝑐 (𝑍)
𝑍

= 𝑡𝑐 > 1 .
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Numerically one finds 𝑡𝑐 ≈ 1.21 (see [15]). Thus, large bosonic atoms can have an excess
charge of 21 %. On the other hand, as proven in [77], fermionic atoms are asymptotically
neutral. Our bound (4.2.9) shows that fermionic atoms are very much different from bosonic
atoms not only in the limit of infinite nuclear charge 𝑍 but also, quantitatively, for a large
but finite nuclear charge. The constant 1

2 (
√

2 + 1) < 1.2072 in our bound (4.2.8) is just a bit
smaller than 𝑡𝑐 ≈ 1.21, and thus, this conclusion is not allowed if one also allows for possible
numerical uncertainties in the calculation of the precise value of 𝑡𝑐. However, the constant
𝑏(3) < 1.1185 in the leading order term of (4.2.9) is certainly much smaller than 𝑡𝑐, including
possible numerical errors.
Thus our results, in particular Proposition 4.2.5, show that fermionic atoms are quantitatively
quite different from bosonic atoms, not only in the limit of large nuclear charges but already
for medium values of 𝑍 .
For bosonic atoms, i.e., considering totally symmetric functions as explained above, we have

Theorem 4.2.7. The critical number of bosonic particles that an atom can bind is at most

𝑁𝑐 (𝑍) <
𝑡𝑐

𝑥2
0
𝑍 + 𝜃1𝑍

1/2 + 𝜃2𝑍
1/3 + 𝜃3𝑍

−4/3

where 𝑥0 > 0 is the unique positive solution of

0.782 𝑡𝑐 = (1 + 0.1463𝑥0) 𝑥2
0

and
𝜃1 ≤ 6.52, 𝜃2 ≤ 0.361, 𝜃3 ≤ 0.378 .

We prove Theorem 4.2.7 in Section 4.8.6.

Remark 4.2.8. With 𝑡𝑐 ≈ 1.21 one finds 𝑡𝑐𝑥−2
0 ≈ 1.45. Using the analytic bound 𝑡𝑐 ≤ 1.47 in

Lemma A.7.1 one can prove
𝑁𝑐 (𝑍) < 1.47𝑍 +𝑂 (𝑍1/2) (4.2.10)

with minimal changes in our proof.

4.3 The Benguria–Lieb–Nam Argument: Playing With
Weights

Based on an idea by Benguria, Lieb showed 𝑁𝑐 < 2𝑍 + 1 for any 𝑍 ≥ 1 in [71]. One starts by
taking the scalar product of the solution of the Schrödinger equation

𝐻𝑁,𝑍𝜓𝑁,𝑍 = 𝐸𝑁,𝑍𝜓𝑁,𝑍 (4.3.1)

with |𝑥𝑘 |𝜓𝑁,𝑍 where 𝑥𝑘 is the position of the 𝑘 th electron. Using an idea from Benguria allows
us to control the terms involving electron-electron repulsion, which, together with the crucial
positivity of the weighted kinetic energy term Re⟨|𝑥𝑘 |𝜓, 𝑃2𝜓⟩, leads to the bound 𝑁 < 2𝑍 + 1
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under the binding condition (4.2.5). This led to the first non–asymptotic quantitative bound
for the number of particles an atom can bind for arbitrary 𝑍 > 0 We sketch more of the main
ideas shortly.
In [81], Nam used a similar approach but changed the weight from |𝑥𝑘 | to |𝑥𝑘 |2. This change
in weight complicated the analysis considerably. Mainly because Re⟨|𝑥𝑘 |𝜓, 𝑃2𝜓⟩ is no longer
positive anymore. With Nam’s choice of weight, the analysis of the terms, including the
electron–electron repulsion, gets considerably more involved. Nevertheless, Nam was able
to prove 𝑁𝑐 (𝑍) < 1.22𝑍 + 3𝑍1/3 with the help of his new choice of weight, a breakthrough
compared to the bound of Benguria–Lieb.
We refer to [82] for a recent and comprehensive review, which includes a discussion of what
we would call the Benguria-Lieb-Nam Argument. In this work, we follow the same argument
but modify the power in the ansatz to a general power |𝑥 |𝑠 with 𝑠 ∈ (1, 3]. The case 𝑠 = 1
is the case treated by Lieb in [71]. The strategy is the following. Assume (4.3.1). Let
𝑘 ∈ {1, 2, . . . , 𝑁} and multiply the Schrödinger equation from the left by |𝑥𝑘 |𝑠𝜓𝑁,𝑍 then, in
the quadratic form sense,

0 = ⟨|𝑥𝑘 |𝑠𝜓𝑁,𝑍 , (𝐻𝑁,𝑍 − 𝐸𝑁,𝑍 )𝜓𝑁,𝑍⟩ = Re⟨|𝑥𝑘 |𝑠𝜓𝑁,𝑍 , (𝐻𝑁,𝑍 − 𝐸𝑁,𝑍 )𝜓𝑁,𝑍⟩ . (4.3.2)

Note that 𝜓𝑁,𝑍 is a many–particle function, and the inner product above is the inner product
of H𝑁 defined in equation (4.2.2). For an introductory explanation, see [76, Chapter 3]. We
ignore the spin for now since it is irrelevant to the argument.
We want to single out the 𝑘 th particle. Let 𝑁 (𝑘) := {1, 2, 3, . . . 𝑁} \ {𝑘}. Then the atomic
operator 𝐻𝑁,𝑍 for 𝑁 particles, defined (4.2.1), can be written as

𝐻𝑁,𝑍 =
1
2
𝑃2
𝑘 −

𝑍

|𝑥𝑘 |
+

∑︁
𝑖∈𝑁 (𝑘)

1
|𝑥𝑖 − 𝑥𝑘 |

+ 𝐻 (𝑘)
𝑁−1,𝑍 . (4.3.3)

with

𝐻
(𝑘)
𝑁−1,𝑍 =

𝑁∑︁
𝑖=1
𝑖≠𝑘

(
1
2
𝑃2
𝑖 −

𝑍

|𝑥𝑖 |

)
+

∑︁
𝑖, 𝑗∈𝑁 (𝑘)
𝑖< 𝑗

1
|𝑥𝑖 − 𝑥 𝑗 |

.

the operator of an 𝑁 − 1 particle system where the 𝑘 th particle is removed. Combining (4.3.2)
and (4.3.3) we find

0 =Re

〈
|𝑥𝑘 |𝑠𝜓𝑁,𝑍 ,


1
2
𝑃2
𝑘 −

𝑍

|𝑥𝑘 |
+

∑︁
𝑖∈𝑁 (𝑘)

1
|𝑥𝑖 − 𝑥𝑘 |

 𝜓𝑁,𝑍
〉

+ Re⟨|𝑥𝑘 |𝑠𝜓𝑁,𝑍 , (𝐻 (𝑘)
𝑁−1,𝑍 − 𝐸𝑁,𝑍 )𝜓𝑁,𝑍⟩ .

(4.3.4)
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From (4.2.5) we have 𝐻 (𝑘)
𝑁−1,𝑍 ≥ 𝐸𝑁−1. Since 𝐻 (𝑘)

𝑁−1,𝑍 commutes with |𝑥𝑘 |𝑠 and for fixed 𝑥𝑘 the
function |𝑥𝑘 |𝑠𝜓 has the same symmetry as 𝜓 in the other 𝑁 − 1 variables, we have

Re⟨|𝑥𝑘 |𝑠𝜓𝑁,𝑍 , (𝐻 (𝑘)
𝑁−1,𝑍 − 𝐸𝑁,𝑍 )𝜓𝑁,𝑍⟩

= ⟨|𝑥𝑘 |𝑠/2𝜓𝑁,𝑍 , (𝐻 (𝑘)
𝑁−1,𝑍 − 𝐸𝑁,𝑍 ) |𝑥𝑘 |

𝑠/2𝜓𝑁,𝑍⟩ ≥ 0 .
(4.3.5)

Combining (4.3.4) and (4.3.5) we arrive at

0 ≥ 1
2

Re
〈
|𝑥𝑘 |𝑠𝜓𝑁,𝑍 , 𝑃2

𝑘𝜓𝑁,𝑍
〉
− 𝑍

〈
𝜓𝑁,𝑍 , |𝑥𝑘 |𝑠−1𝜓𝑁,𝑍

〉
+

∑︁
𝑖∈𝑁 (𝑘)

〈
𝜓𝑁,𝑍 ,

|𝑥𝑘 |𝑠

|𝑥𝑖 − 𝑥𝑘 |
𝜓𝑁,𝑍

〉
.

(4.3.6)

Of course,
〈
|𝑥𝑘 |𝑠𝜓𝑁,𝑍 , 𝑃2

𝑘
𝜓𝑁,𝑍

〉
=

〈
∇𝑘 ( |𝑥𝑘 |𝑠𝜓𝑁,𝑍 ),∇𝑘𝜓𝑁,𝑍

〉
in the quadratic form sense, where

∇𝑘 is the gradient with respect to the position of the 𝑘 th particle.
Due to the symmetry of the ground state, see (4.2.3), the first two terms of (4.3.6) do not
depend on 𝑘 . Consequently, by summing over 𝑘 ∈ {1, 2, . . . , 𝑁} we arrive at

0 ≥ 1
2

Re
〈
∇1( |𝑥1 |𝑠𝜓𝑁,𝑍 ),∇1𝜓𝑁,𝑍

〉
− 𝑍

〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
+ 1
𝑁

𝑁∑︁
𝑘=1

∑︁
𝑗∈𝑁 (𝑘)

〈
𝜓𝑁,𝑍 ,

|𝑥𝑘 |𝑠��𝑥 𝑗 − 𝑥𝑘 ��𝜓𝑁,𝑍
〉
.

(4.3.7)

Symmetrizing the double sum above yields

1
𝑁

𝑁∑︁
𝑘=1

∑︁
𝑖∈𝑁 (𝑘)

〈
𝜓𝑁,𝑍 ,

|𝑥𝑘 |𝑠

|𝑥𝑖 − 𝑥𝑘 |
𝜓𝑁,𝑍

〉
=

1
2𝑁

𝑁∑︁
𝑘=1

∑︁
𝑗∈𝑁 (𝑘)

〈
𝜓𝑁,𝑍 ,

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠��𝑥 𝑗 − 𝑥𝑘 �� 𝜓𝑁,𝑍

〉
=

1
𝑁

𝑁∑︁
𝑗 ,𝑘=1
𝑗<𝑘

〈
𝜓𝑁,𝑍 ,

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠��𝑥 𝑗 − 𝑥𝑘 �� 𝜓𝑁,𝑍

〉
.

(4.3.8)

For 𝑁 ∈ N with 𝑁 ≥ 2 we define

𝛼𝑁,𝑠 := inf


∑

1≤ 𝑗<𝑘≤𝑁
|𝑥 𝑗 |𝑠+|𝑥𝑘 |𝑠
|𝑥 𝑗−𝑥𝑘 |

(𝑁 − 1)∑𝑁
𝑘=1 |𝑥𝑘 |

𝑠−1 : 𝑥𝑘 ∈ R3 for 𝑘 = 1, . . . , 𝑁

 (4.3.9)

which for 𝑠 = 2 was introduced by Nam in [81, Equation (1)]. Combining (4.3.7) and (4.3.8)
and using the definition of 𝛼𝑁,𝑠 yields

𝛼𝑁,𝑠 (𝑁 − 1) < 𝑍 − 1
2

Re
〈
∇1( |𝑥1 |𝑠𝜓𝑁,𝑍 ),∇1𝜓𝑁,𝑍

〉〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 . (4.3.10)
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Figure 4.1: Numerical approximation of the values of 𝛼𝑁,𝑠 for various 𝑠 and
𝑁 . Starting from an initial sample set of vectors, the values of 𝛼𝑁,𝑠 have
been obtained using a Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm
implemented in Python. For 𝑠 = 2.5 and 𝑠 = 3.0, the values of 𝛼𝑁,𝑠 seem to
be almost identical for 𝑁 ≤ 20. In the plot 𝛼16,1 > 𝛼18,1 which is contrary to
Lemma 4.3.2 and due to the fact that numerical approximation is difficult for

small 𝑠 ≥ 1.

Remark 4.3.1. Note that this inequality is central to the analysis. The problem is now reduced
to find good estimates for 𝛼𝑁,𝑠 and the fraction on the right–hand side of (4.3.10).

When 𝑠 = 1 we have 𝛼𝑁,𝑠 ≥ 1/2 since |𝑥 | + |𝑦 | ≥ |𝑥 − 𝑦 | by the triangle inequality. Also,
for 𝑠 = 1 we have Re

〈
∇1( |𝑥1 |𝑠𝜓𝑁,𝑍 ),∇1𝜓𝑁,𝑍

〉
> 0, using the IMS localization formula and

Hardy’s inequality. Thus, one directly recovers Lieb’s result in the case of a single atom.
It is not hard to see that for all 𝑠 ≥ 1, one has 𝛼2,𝑠 = 1/2 as well. Besides these two cases,
finding good lower bounds for 𝛼𝑁,𝑠 is nontrivial. In [81], Nam showed a way how to derive
bounds for 𝛼𝑁,2. He also showed that 𝛼𝑁,2 is monotone increasing in 𝑁 . This also holds for
general 𝑠 ≥ 1.

Lemma 4.3.2. 𝛼𝑁,𝑠 is increasing in 𝑁 ∈ N for all 𝑠 ≥ 1.

Proof. In fact, Nam’s original proof carries over with minor changes in notation. For the
convenience of the reader, we give the short argument. Singling out the particle 𝑚, we have

∑︁
1≤ 𝑗<𝑘≤𝑁

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠

|𝑥 𝑗 − 𝑥𝑘 |
=

𝑁∑︁
𝑚=1

©­­­«
1

𝑁 − 2

∑︁
1≤ 𝑗<𝑘≤𝑁
𝑗≠𝑚,𝑘≠𝑚

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠

|𝑥 𝑗 − 𝑥𝑘 |

ª®®®¬
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≥
𝑁∑︁
𝑚=1

©­­«𝛼𝑁−1,𝑠

𝑁∑︁
𝑘=1
𝑘≠𝑚

|𝑥𝑘 |𝑠
ª®®¬ = 𝛼𝑁−1,𝑠 (𝑁 − 1)

𝑁∑︁
𝑘=1

|𝑥𝑘 |𝑠

using the definition of 𝛼𝑁−1,𝑠. This shows that 𝛼𝑁,𝑠 ≤ 𝛼𝑁+1,𝑠 for all 𝑁 ∈ N.

Lemma 4.3.2 shows that 𝛼𝑁,𝑠 is increasing in 𝑁 , so once it is bounded, it has a limit. Similar
as in [81] we will use a mean-field type approximation for 𝛼𝑁,𝑠 given by

𝛽𝑠 := inf

∬
R3×R3

|𝑥 |𝑠+|𝑦 |𝑠
2|𝑥−𝑦 | 𝑑𝜇(𝑥)𝑑𝜇(𝑦)∫

R3 |𝑥 |𝑠−1𝑑𝜇(𝑥)
: 𝜇 ∈ 𝑃

(
R3

) . (4.3.11)

where 𝑃(R3) is the set of probability measures on R3. In fact, for technical reasons, we will
additionally assume further regularity of the probability measures 𝜇 in the definition of 𝛽𝑠, see
(4.4.1) below.
Lemma 4.3.3. For all 𝑁 ∈ N and 𝑠 ≥ 1 we have 𝛼𝑁,𝑠 ≤ 𝛽𝑠.

Proof. Again, the proof follows the argument in [81]. By symmetry,∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇(𝑥)𝑑𝜇(𝑦) =
1
𝑁

∫
R3𝑁

1
𝑁 − 1

∑︁
1≤ 𝑗<𝑘≤𝑁

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠

2
��𝑥 𝑗 − 𝑥𝑘 �� 𝑑𝜇(𝑥1) . . . 𝑑𝜇(𝑥𝑁 )

≥ 𝛼𝑁,𝑠

𝑁

∫
R3𝑁

𝑁∑︁
𝑘=1

|𝑥𝑘 |𝑠−1𝑑𝜇(𝑥1) . . . 𝑑𝜇(𝑥𝑁 ) = 𝛼𝑁,𝑠
∫
R3

|𝑥 |𝑠−1𝑑𝜇(𝑥) .

Thus 𝛼𝑁,𝑠 ≤ 𝛽𝑠 for all 𝑁 ∈ N and 𝑠 ≥ 1.
Remark 4.3.4. Given the monotonicity of 𝛼𝑁,𝑠 in 𝑁 and the fact that mean-field expressions
such as (4.3.11) often are an excellent approximation for many–particle expression such as
the one for 𝛼𝑁,𝑠, one expects that 𝛼𝑁,𝑠 converges to 𝛽𝑠 in the limit of large 𝑁 . This is indeed
the case. Lemma 4.5.5 shows that lim𝑁→∞ 𝛼𝑁,𝑠 = 𝛽𝑠 for all 𝑠 ≥ 2, see Remark 4.5.6.

That leaves us with the task of finding the value of 𝛽𝑠 or, at least, good lower bounds. Nam
conjectured in [81] that the infimum in the definition of 𝛽2 is achieved by radially symmetric
probability measures 𝜇. If this is the case, one can easily find excellent lower bounds for 𝛽2
and 𝛽𝑠. In the next section, we show that this is indeed true, not only for 𝑠 = 2 but even in the
range 2 ≤ 𝑠 ≤ 3. This allows us to tighten the lower bound for 𝛽2 and it also yields excellent
lower bounds for 𝛽𝑠 in the range 2 ≤ 𝑠 ≤ 3.
In Section 4.5 we then show how to derive lower bounds for 𝛼𝑁,𝑠 in terms of 𝛽𝑠. This works
for all 𝑠 ≥ 2, but using the lower bounds for 𝛽𝑠 derived in Section 4.4 requires to restrict our
studies to 2 ≤ 𝑠 ≤ 3. In the limit 𝑠 → 1, our estimate reduces to the estimate found by Lieb,
and in the case 𝑠 = 2, we find a new improved estimate, sharpening the results in [81]. We
further improve the results by choosing 𝑠 ∈ (1, 3] optimally.
In Section 4.6, we derive upper bounds for the right–hand side of (4.3.10). In Section 4.7, we
prove the main Theorem 4.2.2 along with Propositions 4.2.4 and 4.2.5.
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4.4 On the Symmetry of Relevant Minimizers
First, we give a more careful definition of 𝛽𝑠. From now on, we set, for 𝑠 ≥ 1,

𝛽𝑠 := inf

∬
R3×R3

|𝑥 |𝑠+|𝑦 |𝑠
2|𝑥−𝑦 | 𝑑𝜇(𝑥)𝑑𝜇(𝑦)∫

R3 |𝑥 |𝑠−1𝑑𝜇(𝑥)
: 𝜇 ∈ 𝐷𝑠 (R3)

 (4.4.1)

where 𝐷𝑠 (R3) = 𝑃(R3) ∩ 𝐻−1(R3) ∩ 𝐿𝑠−1(R3). Here 𝑃(R3) is the set of all probability
measures in R3, 𝐻−1 is the usual Sobolev space of negative order

𝐻−1(R𝑑) =
 𝑓 ∈ S∗(R𝑑) : ∥ 𝑓 ∥𝐻−1 =

(∫
R𝑑

| 𝑓̂ (𝑘) |2
1 + |𝑘 |2

𝑑𝑘

)1/2

< ∞


where S∗(R𝑑) is the space of tempered distributions, 𝑓̂ the Fourier transform of a tempered
distribution 𝑓 , and 𝐿𝑡 (R3) the set of all finite signed or complex–valued measures for which∫
R3 |𝑥 |𝑡𝑑 |𝜇 | (𝑥) < ∞, where |𝜇 | is the modulus of 𝜇.

First, we show that for 1 ≤ 𝑠 ≤ 3, the infimum in (4.4.1) can be computed using only radially
symmetric probability measures.

Definition 4.4.1. Let 𝜌 ∈ 𝑃(R3). The radial part of 𝜌 is the measure 𝜌 given by∫
R3
𝑓 (𝑥)𝑑𝜌(𝑥) :=

∫
R3

∫
SO(3)

𝑓 (𝑈−1𝑥) 𝑑𝑈𝑑𝜌(𝑥), (4.4.2)

for any bounded measurable function 𝑓 where 𝑑𝑈 is the normalized Haar measure on 𝑆𝑂 (3).
We say that a probability measure 𝜌 is radial if 𝜌 = 𝜌. The set of radial probability measures
on R3 is given by

𝑃rad(R3) :=
{
𝜌 ∈ 𝑃(R3) : 𝜌 = 𝜌

}
.

With this definition, we have

Theorem 4.4.2. For all 1 ≤ 𝑠 ≤ 3 we have

𝛽𝑠 = 𝛽
rad
𝑠 := inf


∬
R3×R3

|𝑥 |𝑠+|𝑦 |𝑠
2|𝑥−𝑦 | 𝑑𝜇(𝑥)𝑑𝜇(𝑦)∫

R3 |𝑥 |𝑠−1𝑑𝜇(𝑥)
: 𝜇 ∈ 𝐷𝑠,rad(R3)

 (4.4.3)

where 𝐷𝑠,rad(R3) = 𝑃rad(R3) ∩ 𝐻−1(R3) ∩ 𝐿𝑠−1(R3).

The proof of this theorem is based on

Lemma 4.4.3. Let 𝜌 ∈ 𝑃(R3) ∩ 𝐻−1(R3) and

𝐼𝑠 (𝜌) :=
∬

R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜌(𝑥)𝑑𝜌(𝑦) . (4.4.4)
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Then for any 𝑠 ∈ (1, 3]

𝐼𝑠 (𝜌) ≥ 𝐼𝑠 (𝜌)

where 𝜌 is the radial part of 𝜌.

Remark 4.4.4. 𝐼0 is the Coulomb energy, which is known to be positive definite, that is,
𝐼0(𝜌) ≥ 0 for all signed and even complex–valued measures (see [41], or [76, Theorem 5.1]).
From this the bound 𝐼0(𝜌) ≥ 𝐼0(𝜌) follows easily. Indeed let 𝜈 = 𝜌 − 𝜌 be the non–radial part
of 𝜌 and also define the bilinear version 𝐼0(𝜌1, 𝜌2) =

∬ 1
|𝑥−𝑦 | 𝑑𝜌1(𝑥)𝑑𝜌2(𝑦). Then

𝐼0(𝜌) = 𝐼0(𝜌 + 𝜈, 𝜌 + 𝜈) = 𝐼0(𝜌, 𝜌) + 2𝐼0(𝜌, 𝜈) + 𝐼0(𝜈, 𝜈)

Since 𝜌 is a radial measure, Newtons theorem shows that its potential, given by 𝑉𝜌 (𝑦) =∫ 1
|𝑥−𝑦 | 𝑑𝜌(𝑥) =

∫ 1
max( |𝑥 |,|𝑦 |) 𝑑𝜌(𝑥) = 𝑉𝜌 ( |𝑦 |) is also radial, hence

𝐼0(𝜌, 𝜈) =
1
2

∫
𝑉𝜌 ( |𝑦 |)𝑑𝜈(𝑦) = 0

since the non–radial part 𝜈 is orthogonal to radial functions. Hence

𝐼0(𝜌) = 𝐼0(𝜌) + 𝐼0(𝜈) ≥ 𝐼0(𝜌) .

Unfortunately, we don’t know of any such simple argument based on positive definiteness for
𝐼𝑠 when 𝑠 > 0.
Since the proof of Lemma 4.4.3 is a bit lengthy, we postpone it to the end of this section and
will first show how it implies Theorem 4.4.2 and discuss its consequences. We will always
assume 𝑠 ≥ 1 in the following.

Proof of Theorem 4.4.2. In the definition of 𝛽𝑠, the infimum is taken over quotients of the
form 𝐼𝑠 (𝜌)/(

∫
|𝑥 |𝑠−1𝑑𝜌(𝑥)). The denominator does not change under radial symmetrization,

i.e., we have ∫
|𝑥 |𝑠−1𝑑𝜌(𝑥) =

∫
|𝑥 |𝑠−1𝑑𝜌(𝑥)

where 𝜌 is the radial part of 𝜌. Note that 𝜌 is again a probability measure and it is also in 𝐻−1.
By Lemma 4.4.3 we have 𝐼𝑠 (𝜌) ≥ 𝐼𝑠 (𝜌) when 1 ≤ 𝑠 ≤ 3. So for this range of parameters 𝑠 we
have

𝐼𝑠 (𝜌)∫
|𝑥 |𝑠−1𝑑𝜌(𝑥)

≥ 𝐼𝑠 (𝜌)∫
|𝑥 |𝑠−1𝑑𝜌(𝑥)

,

which implies (4.4.3).

Equipped with Theorem 4.4.2, we can compute a lower bound to 𝛽𝑠 when 1 < 𝑠 ≤ 3.
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Proposition 4.4.5. Let 𝑠 ∈ (1, 3] and let 𝛽𝑠 be defined as in (4.4.1) then

𝛽𝑠 ≥ min
𝑡∈[0,1]

1 + 𝑡𝑠
1 + 𝑡𝑠−1 =

𝑠

𝑠 − 1
𝑡0 =: 𝑏(𝑠)−1

where 𝑡0 ∈ (0, 1) is the unique root of 𝑡 ↦→ 𝑡𝑠 + 𝑠𝑡 + 1 − 𝑠 in (0, 1).

Proof. By definition and Lemma 4.4.3 we have for any 𝑠 ∈ [1, 3]

𝛽𝑠 ≥ inf

∬
R3×R3

|𝑥 |𝑠+|𝑦 |𝑠
2|𝑥−𝑦 | (𝑑𝜌(𝑥)𝑑𝜌(𝑦)∫

R3 |𝑥 |𝑠−1𝑑𝜌(𝑥)
: 𝜌 ∈ 𝑃rad(R3) ∩ 𝐻−1(R3)


where the infimum is taken only over radial probability measures 𝜌. Using Newtons Theorem
[76, Theorem 5.2] for fixed 𝜌 yields∬

R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜌(𝑥)𝑑𝜌(𝑦) =
1
2

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

max( |𝑥 |, |𝑦 |) 𝑑𝜌(𝑥)𝑑𝜌(𝑦) .

Therefore, with 𝑡 (𝑥, 𝑦) = min( |𝑥 |,|𝑦 |)
max( |𝑥 |,|𝑦 |) ,

1
2

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

|𝑥 − 𝑦 | 𝑑𝜌(𝑥)𝑑𝜌(𝑦)

=
1
2

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

max( |𝑥 |, |𝑦 |) ( |𝑥 |𝑠−1 + |𝑦 |𝑠−1)
( |𝑥 |𝑠−1 + |𝑦 |𝑠−1)𝑑𝜌(𝑥)𝑑𝜌(𝑦)

=
1
2

∬
R3×R3

1 + 𝑡 (𝑥, 𝑦)𝑠
1 + 𝑡 (𝑥, 𝑦)𝑠−1 ( |𝑥 |

𝑠−1 + |𝑦 |𝑠−1)𝑑𝜌(𝑥)𝑑𝜌(𝑦)

≥ min
0≤𝑡≤1

1 + 𝑡𝑠
1 + 𝑡𝑠−1

∫
R3

|𝑥 |𝑠−1𝑑𝜌(𝑥) .

Consequently,
𝛽𝑠 ≥ min

𝑡∈[0,1]

1 + 𝑡𝑠
1 + 𝑡𝑠−1 . (4.4.5)

While this minimum can easily be computed for 𝑠 = 2 and 𝑠 = 3, it cannot be computed in a
closed form for arbitrary 2 < 𝑠 < 3. The minimum is obviously not attained at the boundary
𝑡 ∈ {0, 1} since

1 +
(

1
2

) 𝑠
1 +

(
1
2

) 𝑠−1 =
2𝑠 + 1
2𝑠 + 2

< 1.

We locate the position of the minimum by differentiating(
1 + 𝑡𝑠

1 + 𝑡𝑠−1

)′
=
𝑡𝑠 (𝑡𝑠 + 𝑠(𝑡 − 1) + 1)

(𝑡𝑠 + 𝑡)2
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which vanishes for 𝑡0 ∈ (0, 1) iff

𝑡𝑠0 + 𝑠𝑡0 + 1 − 𝑠 = 0 . (4.4.6)

The minimum in equation (4.4.5) is therefore attained at 𝑡0 ∈ (0, 1). Combining the equation
(4.4.6) and (4.4.5) shows

𝛽𝑠 ≥ min
𝑡∈[0,1]

1 + 𝑡𝑠
1 + 𝑡𝑠−1 =

𝑠

𝑠 − 1
𝑡0 = 𝑏(𝑠)−1 .

Remark 4.4.6. Nam conjectured in [81] that 𝛽2 could be calculated using only radial prob-
ability measures. Theorem 4.4.2 shows that this is indeed correct. Because of this, our lower
bound for 𝛽2 is slightly better than the one in [81]. More importantly, the main improvement
in our analysis of the ionization problem comes from the fact that the lower bound for 𝛽𝑠 is
increasing in 𝑠 ∈ [2, 3] and substantially bigger than 𝛽2 when 𝑠 is close to 3. We would like to
take 𝑠 much larger than 2. However, we do not know whether the lower bound of Proposition
4.4.5 extends to 𝑠 > 3.
For 𝑠 = 2 and 𝑠 = 3, one can compute the value of 𝛽𝑠 explicitly. One finds

𝛽2 = 2(
√

2 − 1) ⇒ 𝑏(2) = 1
2
(
√

2 + 1) ≤ 1.2072,

𝛽3 =
3
2
(1 +

√
2)2/3 − 1

3
√︁

1 +
√

2
⇒ 𝑏(3) = 2

3

3
√︁

1 +
√

2
(1 +

√
2)2/3 − 1

≤ 1.1185 .

To find upper bounds on 𝛽𝑠, respectively lower bounds on 𝑏(𝑠), one can choose an explicit
measure in (4.4.3). To produce Figure 4.2 we have chosen

𝜌𝑛𝑢𝑚 (𝑥) =
{
𝐴|𝑥 |−𝑝, |𝑥 | ∈ [1, 𝑛]
0, |𝑥 | ∉ [1, 𝑛]

.

and have optimized numerically in the parameters 𝑝 and 𝑛 and chose 𝐴 > 0 such that 𝜌𝑛𝑢𝑚 is
the density of a probability measure. The results of this study are plotted in Figure 4.2 where
𝑏𝑛𝑢𝑚 (𝑠) are the numerically obtained lower bounds on 𝛽−1

𝑠 after the optimization explained
above. Next, we give the

Proof of Lemma 4.4.3. Before we give a detailed proof, let us clarify the strategy. We want to
mimic the strategy for the Coulomb potential 𝐼0 outlined in Remark 4.4.4, but the weight |𝑥 |𝑠
seems to spoil the argument and, as far we know, no arguments using positive definiteness, as
for 𝐼0, or conditional positive definiteness, i.e., 𝐼𝑠 (𝜈) ≥ 0 for all (suitable) signed measures
𝜈 with total mass 𝜈(R3) = 0, seem to be available. So we have to use a different route. We
introduce the bilinear version

𝐼𝑠 (𝜌1, 𝜌2) =
∬

R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠
2|𝑥 − 𝑦 | 𝑑𝜌1(𝑥)𝑑𝜌2(𝑦) . (4.4.7)
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1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

1.1

1.15

1.2

1.25

1.3

1.35

𝑠

𝑏(𝑠)
𝑏𝑛𝑢𝑚 (𝑠)

Figure 4.2: Values of 𝑏(𝑠) according to Proposition 4.4.5, where 𝑡0 was com-
puted numerically. The lower bounds 𝑏𝑛𝑢𝑚(𝑠) on 𝛽−1

𝑠 have been found by
choosing explicit measures in (4.4.3) and numerical optimization. The exact
value of 𝛽−1

𝑠 has to be between both lines. The values 𝑏(3) and 𝑏𝑛𝑢𝑚(3) differ
by approximately 3 %.

Then, as for 𝐼0, we have

𝐼𝑠 (𝜌) = 𝐼𝑠 (𝜌) + 2𝐼𝑠 (𝜌, 𝜈) + 𝐼𝑠 (𝜈)

where 𝜈 = 𝜌 − 𝜌 is the non–radial part of 𝜌. Since 𝜌 is a radial measure, Newton’s theorem
shows again that the functions∫ |𝑥 |𝑠

|𝑥 − 𝑦 | 𝑑𝜌(𝑥) =
∫ |𝑥 |𝑠

max( |𝑥 |, |𝑦 |) 𝑑𝜌(𝑥) =
: 𝑉1( |𝑦 |) ,∫

1
|𝑥 − 𝑦 | 𝑑𝜌(𝑥) =

∫
1

max( |𝑥 |, |𝑦 |) 𝑑𝜌(𝑥) =
: 𝑉2( |𝑦 |)

are radial. Thus

2𝐼𝑠 (𝜌, 𝜈) =
∫
R3
𝑉1( |𝑦 |)𝑑𝜈(𝑦) +

∫
R3
𝑉2( |𝑦 |) |𝑦 |𝑠𝑑𝜈(𝑦) = 0 (4.4.8)

since the measure 𝜈 is orthogonal to radial functions. Thus, it is enough to show that
𝐼𝑠 (𝜈) ≥ 0 for measures 𝜈, which are orthogonal to radial functions. Note that the potential
𝑉𝜇 =

∫ 1
|𝑥−𝑦 | 𝑑𝜇(𝑦) solves the equation

−Δ𝑉𝜇 = 4𝜋𝜇
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in the sense of distributions. Hence, at least informally,

𝐼𝑠 (𝜇) =
∫
R3

|𝑥 |𝑠
∫
R3

1
|𝑥 − 𝑦 | 𝑑𝜇(𝑥)𝑑𝜇(𝑦) =

∫
R3

|𝑥 |𝑠𝑉𝜇 (𝑥)𝑑𝜇(𝑥)

=
1

4𝜋

∫
|𝑥 |𝑠𝑉𝜇 (𝑥) (−Δ𝑉𝜇 (𝑥))𝑑𝑥 =

1
4𝜋

〈
|𝑥 |𝑠𝑉𝜇,−Δ𝑉𝜇

〉
where ⟨·, ·⟩ is the usual scalar product on 𝐿2(R3) and we used symmetry for the first equality.
Since 𝜇 is real-valued, so is its potential 𝑉𝜇, hence using the IMS formula and Hardy’s
inequality, there exists a 𝑐𝐻 > 0 such that

4𝜋𝐼𝑠 (𝜇) = Re⟨|𝑥 |𝑠𝑉𝜇,−Δ𝑉𝜇⟩ = ⟨|𝑥 |𝑠/2𝑉𝜇,−Δ( |𝑥 |𝑠/2𝑉𝜇)⟩ − ⟨𝑉𝜇,
𝑠2

4
|𝑥 |𝑠−2𝑉𝜇⟩

=

〈
|𝑥 |𝑠/2𝑉𝜇,

[
−Δ − 𝑠2

4|𝑥 |2

]
( |𝑥 |𝑠/2𝑉𝜇)

〉
≥

(
𝑐𝐻 − 𝑠2

4

)
⟨𝑉𝜇, |·|𝑠−2𝑉𝜇⟩ .

Using 𝜇 = 𝜈 = 𝜌 − 𝜌 above and noting that 𝜈 is orthogonal to radial functions, one sees that
also its potential 𝑉𝜈 is orthogonal to radial functions. Hence

4𝜋𝐼𝑠 (𝜈) ≥
(
𝑐𝐻 − 𝑠2

4

)
⟨𝑉𝜈, |·|𝑠−2𝑉𝜈⟩

with the improved Hardy constant 𝑐𝐻 = 𝑑2/4 in dimension 𝑑 ≥ 2, (see [29, Lemma 2.4]),
since the potential 𝑉 is orthogonal to radial symmetric functions in the 𝐿2-sense. Hence
𝐼𝑠 (𝜈) = 𝐼𝑠 (𝜌 − 𝜌) ≥ 0 whenever 𝑠 ≤ 𝑑 = 3. Of course, this is not yet a rigorous proof. The
weight |𝑥 |𝑠 is not bounded, so the application of the IMS localization formula is not clear. In
addition, it is not clear that the potential 𝑉𝜈 is well–defined.
To make this argument rigorous, one has to be a bit more careful. For any 𝑥 ∈ R3, 𝜀, 𝜆 > 0
and 𝜇 ∈ 𝐻−1(R3) we define

𝜑𝜀,𝑠 (𝑥) :=
|𝑥 |𝑠

1 + 𝜀 |𝑥 |𝑠 , 𝑉𝜇,𝜆 (𝑥) :=
∫
R3

𝑒−𝜆 |𝑥−𝑦 |

4𝜋 |𝑥 − 𝑦 | 𝑑𝜇(𝑦), (4.4.9)

These are regularized versions of the weight |𝑥 |𝑠 and the potential 𝑉𝜈, respectively. Let us
collect some properties of 𝜑𝜀,𝑠,𝑉𝜆,𝜇 and 𝑢[𝜇] before we continue. Note that𝑉𝜇,𝜆 is the solution
to the differential equation

(−Δ + 𝜆2)𝑉𝜇,𝜆 = 𝜇. (4.4.10)

in the sense of distributions. It is elementary to verify that 𝜑𝜀,𝑠 ∈ 𝑊1,∞ since 𝑥 ↦→ |𝑥 |𝑠 is
weakly differentiable and 𝜑𝜀,𝑠 is bounded by construction. In the definition of 𝛽𝑠 in (4.4.1) we
also assumed that 𝜇 ∈ 𝐻−1(R𝑑). This ensures that 𝑉𝜇,𝜆 ∈ 𝐻1. Indeed, (4.4.10) shows that the
Fourier transform of 𝑉𝜆,𝜈 is given by 𝑉𝜆,𝜇 (𝑘) = ( |𝑘 |2 + 𝜆)−1𝜇(𝑘). Hence the 𝐻−1 norm of 𝑉𝜆,𝜈
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is given by∫
R3
(1 + |𝑘 |2)

���𝑉𝜇,𝜆 (𝑘)���2𝑑𝑘 ≲
∫
R2

(1 + |𝑘 |2)
𝜆2 + |𝑘 |2

|𝜇(𝑘) |2

𝜆2 + |𝑘 |2
𝑑𝑘 ≲

∫
R3

|𝜇(𝑘) |2

𝜆2 + |𝑘 |2
𝑑𝑘 < ∞ .

The last integral is finite for any 𝜆 > 0 since, by assumption, 𝜇 ∈ 𝐻−1. In particular, we also
have 𝜑𝜀𝑉𝜇,𝜆 ∈ 𝐻1 for any 𝜀, 𝜆 > 0 as a product of an𝑊1,∞ and an 𝐻1 function. Note that if we
split a probability measure 𝜌 ∈ 𝐻−1(R3) as 𝜌 = 𝜌 + 𝜈, with 𝜌 the radial and 𝜈 the non–radial
parts, the same holds for the potential 𝑉𝜌 and 𝑉𝜈. Thus, all potentials we need are in 𝐻1(R3).
By monotone convergence

𝐼𝑠 (𝜌) =
∬

R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜌(𝑥)𝑑𝜌(𝑦)

= lim
𝜆→0

∬
R3×R3

( |𝑥 |𝑠 + |𝑦 |𝑠)𝑒−𝜆 |𝑥−𝑦 |
2|𝑥 − 𝑦 | 𝑑𝜌(𝑦)𝑑𝜌(𝑥)

= lim
𝜆→0

lim
𝜀→0

∬
R3×R3

(𝜑𝜀,𝑠 (𝑥) + 𝜑𝜀,𝑠 (𝑦))𝑒−𝜆 |𝑥−𝑦 |
2|𝑥 − 𝑦 | 𝑑𝜌(𝑦)𝑑𝜌(𝑥) .

(4.4.11)

Define

𝐼𝜆,𝜀𝑠 (𝜌) =
∬

R3×R3

(𝜑𝜀,𝑠 (𝑥) + 𝜑𝜀,𝑠 (𝑦))𝑒−𝜆 |𝑥−𝑦 |
|𝑥 − 𝑦 | 𝑑𝜌(𝑦)𝑑𝜌(𝑥)

and its bilinear version

𝐼𝜆,𝜀𝑠 (𝜌1, 𝜌2) =
∬

R3×R3

(𝜑𝜀,𝑠 (𝑥) + 𝜑𝜀,𝑠 (𝑦))𝑒−𝜆 |𝑥−𝑦 |
|𝑥 − 𝑦 | 𝑑𝜌1(𝑦)𝑑𝜌1(𝑥) .

Split 𝜌 into its radial part 𝜌 and its non–radial part 𝜈 = 𝜌 − 𝜌. Then as in (4.4.7) one sees

𝐼𝜆,𝜀𝑠 (𝜌) = 𝐼𝜆,𝜀𝑠 (𝜌) + 2𝐼𝜆,𝜀𝑠 (𝜌, 𝜈) + 𝐼𝜆,𝜀𝑠 (𝜈) .

Again, we have that the potentials

𝑉1 = (−Δ𝜆)−1𝜌 and 𝑉2 = (−Δ𝜆)−1𝜑𝜖,𝑠𝜌

are rotationally symmetric. Thus as in (4.4.8) we have

8𝜋𝐼𝜆,𝜀𝑠 (𝜌, 𝜈) =
∫
R3
𝑉1( |𝑦 |)𝑑𝜈(𝑦) +

∫
R3
𝑉2( |𝑦 |) |𝑦 |𝑠𝑑𝜈(𝑦) = 0

since 𝜈 is a bounded measure orthogonal to radial functions. Thus we have

𝐼𝜆,𝜀𝑠 (𝜌) = 𝐼𝜆,𝜀𝑠 (𝜌) + 𝐼𝜆,𝜀𝑠 (𝜈) (4.4.12)

and the claim follows once we show that 𝐼𝜆,𝜀𝑠 (𝜈) ≥ 0 for 𝜈 = 𝜌 − 𝜌.
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We claim that for any probability measure 𝜇 ∈ 𝑃(R3) ∩ 𝐻−1(R3)

1
4𝜋
𝐼𝜆,𝜀𝑠 (𝜇, 𝜇) =

〈
∇(𝜑𝜀,𝑠𝑉𝜆,𝜇),∇(𝑉𝜆,𝜇)

〉
+ 𝜆

〈
𝜑

1/2
𝜀,𝑠 𝑉𝜆,𝜇, 𝜑

1/2
𝜀,𝑠 𝑉𝜆,𝜇

〉
(4.4.13)

where 𝑉𝜆,𝜇 = (−Δ + 𝜆)−1𝜇 and 𝜑𝜀,𝑠𝑉𝜆,𝜈 ∈ 𝐻1(R3). Assuming this representation allows us to
finish the proof since now, we can apply the IMS localization formula. Since the right–hand
side of (4.4.13) is real, we have

1
4𝜋
𝐼𝜆,𝜀𝑠 (𝜇, 𝜇) = Re

〈
∇(𝜑𝜀,𝑠𝑉𝜇),∇(𝑉𝜇)

〉
+ 𝜆

〈
𝜑

1/2
𝜀,𝑠 𝑉𝜆,𝜇, 𝜑

1/2
𝜀,𝑠 𝑉𝜆,𝜇

〉
=

〈
∇(𝜑1/2

𝜀,𝑠 𝑉𝜇),∇(𝜑1/2
𝜀,𝑠 𝑉𝜇)

〉
−

〈
𝑉𝜇, |∇𝜑1/2

𝜀,𝑠 |2𝑉𝜇
〉
+ 𝜆

〈
𝜑

1/2
𝜀,𝑠 𝑉𝜆,𝜇, 𝜑

1/2
𝜀,𝑠 𝑉𝜆,𝜇

〉
(4.4.14)

from the IMS localization formula. Computing the derivative shows

|∇𝜑1/2
𝜀,𝑠 |2 = 𝜑𝜀,𝑠

����∇𝜑𝜀,𝑠 (𝑥)2𝜑𝜀,𝑠 (𝑥)

����2 = 𝜑𝜀,𝑠
𝑠2

4|𝑥 |2
,

so, since 𝜆 ≥ 0,

1
4𝜋
𝐼𝜆,𝜀𝑠 (𝜇, 𝜇) ≥

〈
∇(𝜑1/2

𝜀,𝑠 𝑉𝜇),∇(𝜑1/2
𝜀,𝑠 𝑉𝜇)

〉
−

〈
𝜑

1/2
𝜀,𝑠 𝑉𝜇,

𝑠2

4|𝑥 |2
𝜑

1/2
𝜀,𝑠 𝑉𝜇

〉
.

We use this for 𝜇 = 𝜈 = 𝜌 − 𝜌 ∈ 𝐻−1(R𝑑). Note that 𝜈 being orthogonal to radial functions
implies that its potential 𝑉𝜈 = (Δ + 𝜆)−1𝜈 is orthogonal to radial functions in 𝐿2(R3). Also,
since both 𝜌 and 𝜌 ∈ 𝐻−1(R3) we also have that 𝜈 ∈ 𝐻−1(R3), so we can use the representation
(4.4.13) for 𝜇 = 𝜈.
Hence, with the improved Hardy inequality 𝐶𝐻

𝑑
= 𝑑2/4 (see [29, Lemma 2.4]), valid for

functions orthogonal to radial functions, we get

1
4𝜋
𝐼𝜆,𝜀𝑠 (𝜈, 𝜈) ≥

(
𝐶𝐻3 − 𝑠2/4

) 〈
𝜑

1/2
𝜀,𝑠 𝑉𝜈, |𝑥 |−2𝜑

1/2
𝜀,𝑠 𝑉𝜈

〉
. (4.4.15)

In our case 𝑑 = 3, so (4.4.15) shows that 𝐼𝑠 (𝜈, 𝜈) ≥ 0 as long as 𝑠 ≤ 3. Together with (4.4.12)
we get

𝐼𝑠 (𝜌) = lim
𝜀→0

lim
𝜆→0

𝐼𝜆,𝜀𝑠 (𝜌) ≥ lim
𝜀→0

lim
𝜆→0

𝐼𝜆,𝜀𝑠 (𝜌) = 𝐼𝑠 (𝜌) (4.4.16)

for any measure 𝜌 ∈ 𝑃(R3) ∩ 𝐻−1(R3) and all 0 ≤ 𝑠 ≤ 3.
It remains to prove the representation (4.4.13). First, note that by symmetry, we have

1
4𝜋
𝐼𝜆𝜀𝑆 (𝜇, 𝜇) =

∬
𝜑𝜀,𝑠 (𝑥)𝑒−𝜆 |𝑥−𝑦 |

4𝜋 |𝑥 − 𝑦 | 𝑑𝜇(𝑦) 𝑑𝜇(𝑥) =
∫

𝜑𝜀,𝑠 (𝑥)𝑉𝜆,𝜇 (𝑥)𝑑𝜇(𝑥) .
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To show that this leads to (4.4.13) we use the the Lax-Milgram theorem [31, Chapter 6.2.1,
Theorem 1]. For any 𝜆 > 0, define the bilinear, or better sesquilinear, form

𝐵[·, ·] : 𝐻1 × 𝐻1 → R, (𝑢, 𝑣) ↦→ 𝐵[𝑢, 𝑣] := ⟨∇𝑢,∇𝑣⟩𝐿2 + 𝜆2⟨𝑢, 𝑣⟩𝐿2 .

Then 𝐵 is coercive and bounded (with respect to the 𝐻1 norm) and thus fulfills the conditions
of the Lax-Milgram Theorem. Let

𝑓 (·) : 𝐻1 → C, 𝑔 ↦→ 𝑓 (𝑔) :=
∫
R3
𝑔(𝑥)𝑑𝜇(𝑥)

for 𝜇 ∈ 𝐻−1 a bounded measure. Then 𝑓 is a bounded linear functional on 𝐻1, and by the
Lax-Milgram theorem, there exists a unique 𝑣0 ∈ 𝐻1 such that∫

R3
𝑔𝑑𝜇 = 𝑓 (𝑔) = 𝐵[𝑔, 𝑣0] = ⟨∇𝑔,∇𝑣0⟩𝐿2 + 𝜆2⟨𝑔, 𝑣0⟩𝐿2 . (4.4.17)

Recall that this solution 𝑣0 is the weak solution of Equation (4.4.10), hence∫
R3
𝑔𝑑𝜇 = ⟨∇𝑔,∇𝑉𝜇,𝜆⟩𝐿2 + 𝜆2⟨𝑔,𝑉𝜇,𝜆⟩𝐿2 . (4.4.18)

for all 𝑔 ∈ 𝐻1(R3). Using 𝑔 = 𝜑𝜀,𝑠𝑉𝜆,𝜇 proves

1
4𝜋
𝐼𝜆,𝜀𝑠 (𝜇, 𝜇) =

∫
𝜑𝜀,𝑠𝑉𝜆,𝜇𝑑𝜇 =

〈
∇(𝜑𝜀,𝑠𝑉𝜆,𝜇),∇𝑉𝜆,𝜇

〉
+ 𝜆

〈
𝜑𝜀,𝑠𝑉𝜆,𝜇, 𝑉𝜆,𝜇

〉
which is (4.4.13).

4.5 Mean–Field Type Bound
In this section, we analyze 𝛼𝑁,𝑠 defined in (4.3.9) and derive lower bounds for 𝛼𝑁,𝑠 in terms of
its mean–field version 𝛽𝑠. Clearly, the quotient in the definition of 𝛼𝑁,𝑠 is infinite if two points
coincide. So let

𝐴 := {(𝑥1, 𝑥2, . . . 𝑥𝑁 ) ∈ R3𝑁 : 𝑥𝑖 ≠ 𝑥 𝑗 whenever 𝑖 ≠ 𝑗}

then

𝛼𝑁,𝑠 = inf


∑

1≤𝑖,𝑘≤𝑁
𝑖≠𝑘

|𝑥𝑘 |𝑠+|𝑥𝑖 |𝑠
|𝑥𝑖−𝑥𝑘 |

2(𝑁 − 1)∑𝑁
𝑘=1 |𝑥𝑘 |

𝑠−1 : (𝑥1, 𝑥2, . . . 𝑥𝑁 ) ∈ 𝐴
 . (4.5.1)
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Note that the mapping

(𝑥1, 𝑥2, . . . 𝑥𝑁 ) ↦→

∑
1≤𝑖,𝑘≤𝑁
𝑖≠𝑘

|𝑥𝑘 |𝑠+|𝑥𝑖 |𝑠
|𝑥𝑖−𝑥𝑘 |

2(𝑁 − 1)∑𝑁
𝑘=1 |𝑥𝑘 |

𝑠−1

is continuous on 𝐴. The set

𝐴0 := {(𝑥1, 𝑥2, . . . 𝑥𝑁 ) ∈ 𝐴 : 𝑥𝑘 ≠ 0 for 1 ≤ 𝑘 ≤ 𝑁} (4.5.2)

is dense in 𝐴, thus

𝛼𝑁,𝑠 = inf


∑

1≤ 𝑗 ,𝑘≤𝑁
𝑖≠𝑘

|𝑥 𝑗 |𝑠+|𝑥𝑘 |𝑠
|𝑥𝑖−𝑥𝑘 |

2(𝑁 − 1)∑𝑁
𝑘=1 |𝑥𝑘 |

𝑠−1 : (𝑥1, 𝑥2, . . . 𝑥𝑁 ) ∈ 𝐴0

 . (4.5.3)

For completeness, we prove this in the Appendix in Lemma A.1.1. In order to prove that
𝛼𝑁,𝑠 → 𝛽𝑠 for 𝑁 → ∞, with 𝛽𝑠 given by (4.4.1) we need some preparations.

Lemma 4.5.1. Let 𝑟 > 0, 𝑥 ∈ R3 \ {0} and 𝜇 be the measure defined by∫
R3
𝑓 𝑑𝜇 :=

∫
𝑆2
𝑓 (𝑥 + 𝑟 |𝑥 |𝜔) 𝑑𝜔

4𝜋
(4.5.4)

for any measurable function 𝑓 . Then 𝜇 ∈ 𝐻−1(R3).

Remark 4.5.2. This lemma shows that convex combinations of probability measures of the
form (4.5.4) are allowed in the computation of upper bounds for 𝛽𝑠 since they clearly are in
𝑃(R3) ∩ 𝑀𝑠−1(R3) and the lemma shows that they are also in 𝐻−1(R3).

Proof. Let 𝑟 > 0, Ω := {𝑥 ∈ R3 : |𝑥 | < 𝑟} and 𝑇 : 𝐻1(Ω) → 𝐿2(𝜕Ω) the trace operator as for
example defined in [31, Chapter 5.5]. Furthermore, let 𝑓 ∈ 𝐻1(R3) then����∫

R3
𝑓 𝑑𝜇

���� = ����∫
𝑆2
𝑓 (𝑥 + 𝑟 |𝑥 |𝜔) 𝑑𝜔

4𝜋

���� ≤ 1
4𝜋

∫
𝜕Ω

| (𝑇 𝑓 ) (𝜔) |𝑑𝜔 ≤ 𝑟1/2∥𝑇 𝑓 ∥𝐿2 (𝜕Ω) .

The Trace Theorem [31, Chapter 5.5 Theorem 1] shows that there exists a 𝐶 > 0 such that

∥𝑇 𝑓 ∥𝐿2 (𝜕Ω) ≤ 𝐶∥ 𝑓 ∥𝐻1 (Ω) < ∞ .

Consequently, 𝜇 is in the dual space of 𝐻1(R3) by definition of the dual space. That is,
𝜇 ∈ 𝐻−1(R3).
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We continue by comparing 𝛼𝑁,𝑠 to 𝛽𝑠. Let 𝑟 > 0 and (𝑥1, . . . , 𝑥𝑁 ) ∈ R3𝑁 with 𝑥 𝑗 ≠ 𝑥𝑘 for
𝑗 ≠ 𝑘 . Following [81] we define

𝜇 :=
1
𝑁

𝑁∑︁
𝑖=1

𝑑𝜇𝑖,

∫
R3
𝑓 𝑑𝜇𝑖 :=

∫
𝑆2
𝑓 (𝑥 𝑗 + 𝑟

��𝑥 𝑗 ��𝜔) 𝑑𝜔4𝜋 (4.5.5)

for any measurable function 𝑓 . By Lemma 4.5.1 𝑥𝑖 ≠ 0 implies that 𝜇𝑖 ∈ 𝐻−1. In our analysis,
we will use a refinement of the following Lemma 4.5.3. We provide this bound since it allows
us to compare 𝛼𝑁,𝑠 and 𝛽𝑠 for all 𝑠 > 0 and large 𝑁 , while the refinements only work for 𝑠 ≥ 2.

Lemma 4.5.3 (Comparison of 𝛼𝑁,𝑠 with 𝛽𝑠, all 𝑠 ≥ 0). Let 𝛼𝑁,𝑠 and 𝛽𝑠 be defined as in (4.4.1)
and (4.5.1) then for every 𝑁 ≥ 2, 𝑟 > 0, and 𝑠 ≥ 0

(𝑟 + 1)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) 𝑁𝛽𝑠 ≤ (1 + 𝑟)𝑠
(
𝛼𝑁,𝑠 (𝑁 − 1) + 1

𝑟

)
. (4.5.6)

Remark 4.5.4. Note that the prefactors in front of 𝑁𝛽𝑠 and 𝛼𝑁,𝑠 (𝑁 − 1) in (4.5.6) converges
to one as 𝑟 → 0. Thus (4.5.6) shows that for all 𝑟 > 0

lim inf
𝑁→∞

𝛼𝑁,𝑠 ≥
(1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) (1 + 𝑟)𝑠 𝛽𝑠 .

Taking the limit 𝑟 → 0 yields lim inf
𝑁→∞

𝛼𝑁,𝑠 ≥ 𝛽𝑠 and with Lemma 4.3.3 this proves

lim
𝑁→∞

𝛼𝑁,𝑠 = 𝛽𝑠

for all 𝑠 > 0.

Proof of Lemma 4.5.3. Let 𝜇 =
∑𝑁
𝑗=1 𝜇 𝑗 for points 𝑥1, . . . , 𝑥𝑁 ∈ 𝐴0, where 𝐴0 is defined in

(4.5.2), be the measure given by (4.5.5). By Lemma 4.5.1 we know that 𝜇 ∈ 𝐻−1(R3). Recall
the definition of 𝐼𝑠 in Lemma 4.4.3. Then

𝑁2𝐼𝑠 (𝜇) =
𝑁∑︁

𝑗 ,𝑘=1

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

=

𝑁∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

+
𝑁∑︁
𝑗=1

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇 𝑗 (𝑦) .

(4.5.7)

Note that by construction of the measure 𝜇𝑖

|𝑥 − 𝑥𝑖 | = 𝑟 |𝑥𝑖 |
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and hence
|𝑥 | ≤ |𝑥 − 𝑥𝑖 | + |𝑥𝑖 | ≤ (1 + 𝑟) |𝑥𝑖 |. (4.5.8)

for any 𝑥 ∈ supp(𝜇𝑖) We first bound the diagonal terms with 𝑗 = 𝑘 . Note that∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇 𝑗 (𝑦) =
∫
R3

|𝑥 |𝑠
∫
R3

1
|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑦)𝑑𝜇 𝑗 (𝑥)

≤ (1 + 𝑟)𝑠 |𝑥𝑖 |𝑠
∫
R3

∫
𝑆2

1��𝑥 − 𝑥 𝑗 − 𝑟 |𝑥𝑖 |𝜔�� 𝑑𝜔4𝜋 𝑑𝜇𝑖 (𝑥)
= (1 + 𝑟)𝑠

��𝑥 𝑗 ��𝑠 ∫
𝑆2

∫
𝑆2

1��𝑟 ��𝑥 𝑗 ��𝜂 − 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 𝑑𝜂4𝜋

=

��𝑥 𝑗 ��𝑠−1

𝑟
(1 + 𝑟)𝑠 .

(4.5.9)

Hence
𝑁∑︁
𝑗=1

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇 𝑗 (𝑦) ≤
(1 + 𝑟)𝑠
𝑟

𝑁∑︁
𝑗=1

��𝑥 𝑗 ��𝑠−1
. (4.5.10)

Similarly, we can bound the off–diagonal terms 𝑗 ≠ 𝑘 . We have∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

=

∫
R3

|𝑥 |𝑠
∫
R3

1
|𝑥 − 𝑦 | 𝑑𝜇𝑘 (𝑦)𝑑𝜇 𝑗 (𝑥)

≤ (1 + 𝑟)𝑠
��𝑥 𝑗 ��𝑠 ∫

R3

∫
𝑆2

1
|𝑥 − 𝑥𝑘 − 𝑟 |𝑥𝑘 |𝜔 |

𝑑𝜔

4𝜋
𝑑𝜇 𝑗 (𝑥)

= (1 + 𝑟)𝑠
��𝑥 𝑗 ��𝑠 ∫

R3

1
max{

��𝑥 − 𝑥 𝑗 ��, 𝑟 ��𝑥 𝑗 ��} 𝑑𝜇 𝑗 (𝑥)
≤ (1 + 𝑟)𝑠 |𝑥𝑖 |𝑠

∫
R3

1��𝑥 − 𝑥 𝑗 ��𝑑𝜇 𝑗 (𝑥) ≤ (1 + 𝑟)𝑠 |𝑥𝑖 |𝑠��𝑥𝑖 − 𝑥 𝑗 �� .
(4.5.11)

Thus ∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦) ≤ (1 + 𝑟)𝑠
𝑁∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠

2
��𝑥 𝑗 − 𝑥𝑘 �� . (4.5.12)

Combining (4.5.7), (4.5.9) and (4.5.12) shows

𝑁2𝐼𝑠 (𝜇) ≤
(1 + 𝑟)𝑠
𝑟

𝑁∑︁
𝑗=1

��𝑥 𝑗 ��𝑠−1 + (1 + 𝑟)𝑠
𝑁∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠

2
��𝑥 𝑗 − 𝑥𝑘 �� . (4.5.13)
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Let 𝑡 > −2 then with Lemma A.2.2 we have

𝑁

∫
R3

|𝑥 |𝑡𝑑𝜇 =

𝑁∑︁
𝑗=1

∫
𝑆2

��𝑥 𝑗 + 𝑟 ��𝑥 𝑗 ��𝜔��𝑡 𝑑𝜔
4𝜋

=
(1 + 𝑟)𝑡+2 − (1 − 𝑟)𝑡+2

2𝑟 (𝑡 + 2)

𝑁∑︁
𝑗=1

��𝑥 𝑗 ��𝑡 . (4.5.14)

Applying (4.5.14) for 𝑡 = 𝑠 − 1 yields

𝑁

∫
R3

|𝑥 |𝑠−1𝑑𝜇(𝑥) = (1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1)

𝑁∑︁
𝑗=1

��𝑥 𝑗 ��𝑠−1
. (4.5.15)

Recall the definitions of 𝛽𝑠 and 𝐼𝑠 (𝜇) in (4.4.1) and (4.4.4) then 𝛽𝑠 ≤ 𝐼𝑠 (𝜇)/
∫
|𝑥 |𝑠−1𝑑𝜇 or

𝑁

∫
R3

|𝑥 |𝑠−1𝑑𝜇(𝑥) 𝛽𝑠𝑁 ≤ 𝑁2𝐼𝑠 (𝜇) , (4.5.16)

which together with (4.5.13) and (4.5.15) implies the inequality

(1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) (1 + 𝑟)𝑠 𝛽𝑠𝑁 ≤ 1
𝑟
+

∑
𝑗≠𝑘

|𝑥 𝑗 |𝑠+|𝑥𝑘 |𝑠
2|𝑥 𝑗−𝑥𝑘 |∑𝑁

𝑗=1
��𝑥 𝑗 ��𝑠−1 .

Taking the infimum in the positions (𝑥1, 𝑥2, . . . , 𝑥𝑁 ) ∈ 𝐴0 together with the definition of 𝛼𝑁,𝑠
and applying Lemma A.1.1 we conclude

(1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) (1 + 𝑟)𝑠 𝛽𝑠𝑁 ≤ 1
𝑟
+ 𝛼𝑁,𝑠 (𝑁 − 1) .

This proves (4.5.6).

Lemma 4.5.5 (Refined comparison I of 𝛼𝑁,𝑠 with 𝛽𝑠, 𝑠 ≥ 2). For 𝑠 ≥ 2 and all 𝑁 ∈ N and
𝑟 > 0 we have(

𝑠 + 2
𝑠 + 1

)
(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2𝑁𝛽𝑠 −
1
𝑟
≤ 2𝑟 (𝑠 + 2)

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2𝑔(𝑟)𝛼𝑁,𝑠 (𝑁 − 1) (4.5.17)

where

𝑔(𝑟) = (1+𝑟2)𝑠/2
(
(1 + 𝑞)𝑠/2 + (1 − 𝑞)𝑠/2

2
− 𝑠 (𝑠 − 2)

15
𝑞2(1 + 𝑞) 𝑠−4

2

)
, 𝑞 =

2𝑟
1 + 𝑟2 . (4.5.18)

Remark 4.5.6. For 𝑠 = 2, the bound (4.5.17) is similar to the refined bound (27) in [81]. The
main challenge in establishing a relationship between 𝛼𝑁,𝑠 and 𝛽𝑠 arises from the weighted
Coulomb interaction term in (4.5.11). In the proof of Lemma 4.5.5, we improve the estimate
of these terms using a convexity argument.
Since obtaining optimal estimates between 𝛼𝑁,𝑠 and 𝛽𝑠 is technically challenging, we present
the proof of Lemma 4.5.5 here, relying only on standard arguments. A further refinement
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is provided in Lemma 4.5.9. This improvement, which is more difficult to prove as it in-
volves a multipole expansion and estimates for all multipole moments using certain nontrivial
properties of Legendre polynomials, yields a better constant in front of 𝛽𝑠𝑁 .

Before we give the proof of Lemma 4.5.5, we state and prove a result, which is extremely
helpful in dropping certain terms when deriving a bound on 𝛼𝑁,𝑠 in terms of 𝛽𝑠 when 𝑠 ≥ 2.

Lemma 4.5.7. Let 𝛾 : (0,∞) × (0,∞) → [0,∞) a function such that 𝛾(𝑢, 𝑣) is increasing in
𝑣 for any fixed 𝑢 > 0. Then for any 𝑁 distinct points 𝑥1, . . . , 𝑥𝑁 in R3 \ {0} we have∑︁

𝑗≠𝑘

𝛾(
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��)��𝑥 𝑗 �� 𝑥 𝑗 · (𝑥 𝑗 − 𝑥𝑘 ) ≥ 0 (4.5.19)

for all 𝑟 > 0

Proof. Since the sum is over pais 𝑗 ≠ 𝑘 it is enough to consider the case 𝑁 = 2 and 𝑖 = 1, 𝑗 = 2.
Set 𝑎 = 𝑥1 − 𝑥2. We have 𝑥1 · (𝑥1 − 𝑥2) = |𝑥1 |2 − 𝑥1 · 𝑥2 ≥ |𝑥1 |2 − |𝑥1 | |𝑥2 | and, similarly,
𝑥2 · (𝑥2 − 𝑥1) ≥ |𝑥2 |2 − |𝑥2 | |𝑥1 |. Since 𝛾 ≥ 0 𝛾( |𝑎 |, 𝑣1) ≥ 𝛾( |𝑎 |, 𝑣2) if 𝑣1 ≥ 𝑣2, by assumption,
this implies

𝛾( |𝑥1 − 𝑥2 |, 𝑟 |𝑥1 |)
|𝑥1 |

𝑥1 · (𝑥1 − 𝑥2) +
𝛾( |𝑥2 − 𝑥1 |, 𝑟 |𝑥2 |)

|𝑥2 |
𝑥2 · (𝑥2 − 𝑥1)

≥ 𝛾( |𝑎 |, 𝑟 |𝑥1 |)
(
|𝑥1 | − |𝑥2 |

)
+ 𝛾( |𝑎 |, 𝑟 |𝑥2 |)

(
|𝑥2 | − |𝑥1 |

)
=

(
𝛾( |𝑎 |, 𝑟 |𝑥1 |) − 𝛾( |𝑎 |, 𝑟 |𝑥2 |)

) (
|𝑥1 | − |𝑥2 |)

)
≥ 0 .

Remark 4.5.8. We note that unlike the proof in [81], we do not need the explicit form of 𝛾(𝑢, 𝑣)
in (4.5.35) for (4.5.19). Our argument shows that it is enough that 𝛾(𝑢, 𝑣) ≥ 0 is increasing
in 𝑣 > 0 for fixed 𝑢 > 0.

Proof of Lemma 4.5.5. The diagonal terms are easy to calculate. Without loss of generality,
let 𝑗 = 1. Then by symmetry, the definition of the measures 𝜇 𝑗 , and Newton’s theorem, we
have ∬

R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇1(𝑥)𝑑𝜇1(𝑦) =
∬

R3×R3

|𝑥 |𝑠

|𝑥 − 𝑦 | 𝑑𝜇1(𝑥)𝑑𝜇1(𝑦)

=
1

(4𝜋)2

∫
𝑆2

∫
𝑆2

|𝑥1 + 𝑟 |𝑥1 |𝜔1 |𝑠
𝑟 |𝑥1 | |𝜔1 − 𝜔2 |

𝑑𝜔1𝑑𝜔2

=
1

4𝜋𝑟 |𝑥1 |
|𝑥1 |𝑠−1

∫
𝑆2
|𝑥̂1 + 𝑟𝜔 |𝑠𝑑𝜔

=
|𝑥1 |𝑠−1

𝑟

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2

2𝑟 (𝑠 + 2) .

(4.5.20)
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See Lemma A.2.2 for the explicit calculation of the last integral in (4.5.20). Thus, the diagonal
sum is given by

𝑁∑︁
𝑗=1

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦) =
(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2

2𝑟2(𝑠 + 2)

𝑁∑︁
𝑗=1

��𝑥 𝑗 ��𝑠−1
. (4.5.21)

For the off–diagonal sum, we use symmetry and Newton’s theorem – the measure 𝜇 𝑗 is radially
symmetric around the point 𝑥 𝑗 – to see that∑︁

𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦) =
∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠

|𝑥 − 𝑦 | 𝑑𝜇𝑘 (𝑦)𝑑𝜇 𝑗 (𝑥)

≤
∑︁
𝑗≠𝑘

∫
R3

|𝑥 |𝑠��𝑥 − 𝑥 𝑗 ��𝑑𝜇 𝑗 (𝑥) = ∑︁
𝑗≠𝑘

1
4𝜋

∫
𝑆2

��𝑥 𝑗 + 𝑟 ��𝑥 𝑗 ��𝜔��𝑠��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔��𝑑𝜔 . (4.5.22)

To bound the integral in the last sum for 𝑠 ≠ 2, the estimates presented in [81, Section 4]
can not easily be applied. We will proceed differently. With 𝑥̂ = 𝑥/|𝑥 | for 𝑥 ∈ R3 \ {0} and
𝑞 = 2𝑟/(1 + 𝑟2) we have for the numerator in the last term of (4.5.22)��𝑥 𝑗 + 𝑟 ��𝑥 𝑗 ��𝜔��𝑠 = ��𝑥 𝑗 ��𝑠 (𝑥 𝑗 + 𝑟𝜔)𝑠 = ��𝑥 𝑗 ��𝑠 (1 + 𝑟2 + 2𝑟𝑥 𝑗 · 𝜔)𝑠/2

=
��𝑥 𝑗 ��𝑠 (1 + 𝑟2)𝑠/2(1 + 𝑞𝑥 𝑗 · 𝜔)𝑠/2 .

(4.5.23)

Set for 𝑡 ∈ [−1, 1] and 𝑑 ∈ R

𝐹 (𝑡) := (1 + 𝑞𝑡)𝑠/2, 𝐻𝑑 (𝑡) := 𝐹 (𝑡) − 𝑑 (𝑡2 − 1) (4.5.24)

We determine 𝑑 ∈ R depending on 𝑞, 𝑠 ∈ R such that 𝐻 is convex. Note that 𝐻′′
𝑑
= 𝐹′′ − 2𝑑.

Consequently, to ensure the convexity of 𝐻𝑑 , we need

𝑑 ≤ 1
2
𝐹′′(𝑡) = 𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞𝑡) 𝑠−4

2 ≤ 𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞) 𝑠−4

2 .

We fix
𝑑0 :=

𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞) 𝑠−4

2 (4.5.25)

such that 𝐻𝑑0 is convex. Due to the convexity of 𝐻𝑑0 we have

𝐻𝑑0 (𝑡) ≤
𝐻𝑑0 (1) − 𝐻𝑑0 (−1)

2
𝑡 +

𝐻𝑑0 (1) + 𝐻𝑑0 (−1)
2

.

Since 𝐻𝑑0 = 𝐹 (𝑡) − 𝑑0(𝑡2 − 1) this yields

𝐹 (𝑡) ≤ 𝐹 (1) − 𝐹 (−1)
2

𝑡 + 𝐹 (1) + 𝐹 (−1)
2

+ 𝑑0(𝑡2 − 1) (4.5.26)
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Inserting 𝐹 (𝑡) = (1 + 𝑞𝑡)𝑠/2 and 𝑑0 from (4.5.25) into (4.5.26) we arrive at

(1 + 𝑞𝑡)𝑠/2 ≤ (1 + 𝑞)𝑠/2 − (1 − 𝑞)𝑠/2

2
𝑡 + (1 + 𝑞)𝑠/2 + (1 − 𝑞)𝑠/2

2
+ 𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞) 𝑠−4

2 (𝑡2 − 1) .
(4.5.27)

Combining (4.5.22), (4.5.23) and (4.5.27) yields∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

≤ (1 + 𝑟2)𝑠/2 (1 + 𝑞)𝑠/2 − (1 − 𝑞)𝑠/2

2

∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 ∫
𝑆2

𝑥 𝑗 · 𝜔��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋
+ (1 + 𝑟2)𝑠/2 (1 + 𝑞)𝑠/2 + (1 − 𝑞)𝑠/2

2

∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 ∫
𝑆2

1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋
+ (1 + 𝑟2)𝑠/2 𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞) 𝑠−4

2
∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 ∫
𝑆2

(𝑥 𝑗 · 𝜔)2 − 1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 .
(4.5.28)

We proceed by estimating each of the summands in the right–hand side of (4.5.28) indepen-
dently. We begin by showing that the first summand is negative. Let 𝑎 𝑗 𝑘 := (𝑥𝑘 − 𝑥 𝑗 )/

��𝑥 𝑗 ��
then ��𝑥 𝑗 ��𝑠 ∫

𝑆2

𝑥 𝑗 · 𝜔��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 =
��𝑥 𝑗 ��𝑠−1

∫
𝑆2

𝑥 𝑗 · 𝜔��𝑎 𝑗 𝑘 − 𝑟𝜔�� 𝑑𝜔4𝜋 (4.5.29)

which either can be solved in polar coordinates directly or using multipol expansion, that is,
expanding the Coulomb–kernel in terms of the Legendre Polynomials 𝑃𝑙 (𝑡), 𝑙 ∈ N0. Using
the generating function

(1 + 𝛿2 − 2𝛿𝑡)−1/2 =

∞∑︁
𝑛=0

𝛿𝑛𝑃𝑛 (𝑡)

which is valid for |𝑡 | ≤ 1 and |𝛿 | < 1. We can always assume that 𝑟 ≠
��𝑎 𝑗 𝑘 �� since otherwise

we replace 𝑟 with 𝑟𝜀 = 𝑟 + 𝜀 and take the limit 𝜀 → 0 after solving the integral. Expanding��𝑎 𝑗 𝑘 − 𝑟𝜔��−1 yields

��𝑎 𝑗 𝑘 − 𝑟𝜔��−1
=

∞∑︁
𝑛=0

min{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛

max{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛+1

𝑃𝑛 (𝜔 · 𝑎̂ 𝑗 𝑘 ) . (4.5.30)
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Using 𝑃1(𝑥 𝑗 · 𝜔) = 𝑥 𝑗 · 𝜔 and inserting (4.5.30) into (4.5.29) we arrive at��𝑥 𝑗 ��𝑠 ∫
𝑆2

𝑥 𝑗 · 𝜔��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋
=

��𝑥 𝑗 ��𝑠−1
∫
𝑆2

∞∑︁
𝑛=0

min{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛

max{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛+1

𝑃𝑛 (𝜔 · 𝑎̂ 𝑗 𝑘 )𝑃1(𝑥 𝑗 · 𝜔)
𝑑𝜔

4𝜋

=
��𝑥 𝑗 ��𝑠−1

∞∑︁
𝑛=0

min{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛

max{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛+1

∫
𝑆2
𝑃𝑛 (𝜔 · 𝑎̂ 𝑗 𝑘 )𝑃1(𝑥 𝑗 · 𝜔)

𝑑𝜔

4𝜋
.

(4.5.31)

Legendre Polynomials are orthogonal in the following sense∫ 1

−1
𝑃𝑛 (𝑡)𝑃𝑚 (𝑡) 𝑑𝑡 =

2𝛿𝑚𝑛
2𝑛 + 1

, (4.5.32)

and consequently, by the Funk-Hecke formula in Lemma A.2.1, we arrive at∫
𝑆2
𝑃𝑛 (𝑥 𝑗 · 𝜔)𝑃𝑚 (𝜔 · 𝑎̂ 𝑗 𝑘 )

𝑑𝜔

4𝜋
=

𝛿𝑚𝑛

2𝑛 + 1
. (4.5.33)

Inserting (4.5.33) into (4.5.31) we arrive at��𝑥 𝑗 ��𝑠 ∫
𝑆2

𝑥 𝑗 · 𝜔��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋
=

��𝑥 𝑗 ��𝑠−1 min{
��𝑎 𝑗 𝑘 ��, 𝑟}

max{
��𝑎 𝑗 𝑘 ��, 𝑟}2

𝑎̂ 𝑗 𝑘 · 𝑥 𝑗
3

= −
��𝑥 𝑗 ��𝑠−1 min{

��𝑎 𝑗 𝑘 ��, 𝑟}
max{

��𝑎 𝑗 𝑘 ��, 𝑟}2

(𝑥 𝑗 − 𝑥𝑘 ) · 𝑥 𝑗
3
��𝑥𝑘 − 𝑥 𝑗 ��

= −
��𝑥 𝑗 ��𝑠 min{

��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��}
max{

��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��}2
1

3
��𝑥𝑘 − 𝑥 𝑗 �� (𝑥 𝑗 − 𝑥𝑘 ) · 𝑥 𝑗

= −𝑟−𝑠𝛾
(��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��) (𝑥 𝑗 − 𝑥𝑘 ) · 𝑥 𝑗

(4.5.34)

with

𝛾(𝑢, 𝑣) = 𝑣𝑠 min(𝑢, 𝑣)
3𝑢max(𝑢, 𝑣)2 . (4.5.35)

for 𝑢, 𝑣 > 0. Summing (4.5.31) over 𝑗 ≠ 𝑘 yields∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 ∫
𝑆2

𝑥 𝑗 · 𝜔��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 = −𝑟−𝑠
∑︁
𝑗≠𝑘

𝛾
(��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��) (𝑥 𝑗 − 𝑥𝑘 ) · 𝑥 𝑗 . (4.5.36)
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Applying Lemma 4.5.7 and noting Remark 4.5.8 we find∑︁
𝑗≠𝑘

𝛾(
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��) 𝑥̂ 𝑗 · (𝑥 𝑗 − 𝑥𝑘 ) ≥ 0 .

Thus, the first summand in the right–hand side of (4.5.28) is not positive and consequently∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

≤ (1 + 𝑟2)𝑠/2 (1 + 𝑞)𝑠/2 + (1 − 𝑞)𝑠/2

2

∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 ∫
𝑆2

1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋
+ (1 + 𝑟2)𝑠/2 𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞) 𝑠−4

2
∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 ∫
𝑆2

(𝑥 𝑗 · 𝜔)2 − 1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 .
(4.5.37)

The first integral in the right–hand side of (4.5.37) can be solved since due to Newton’s theorem∫
𝑆2

1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 =
1

max{
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��} . (4.5.38)

Inserting (4.5.38) into (4.5.37) yields∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

≤ (1 + 𝑟2)𝑠/2 (1 + 𝑞)𝑠/2 + (1 − 𝑞)𝑠/2

2

∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠
max{

��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��}
+ (1 + 𝑟2)𝑠/2 𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞) 𝑠−4

2
∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 ∫
𝑆2

(𝑥 𝑗 · 𝜔)2 − 1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 .
(4.5.39)

Next, we estimate the remaining integral on the right–hand side of (4.5.39). In particular we
aim to solve ��𝑥 𝑗 ��𝑠 ∫

𝑆2

(𝑥 𝑗 · 𝜔)2 − 1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 =
��𝑥 𝑗 ��𝑠−1

∫
𝑆2

(𝑥 𝑗 · 𝜔)2 − 1��𝑎 𝑗 𝑘 − 𝑟𝜔�� 𝑑𝜔

4𝜋
. (4.5.40)

We use
2
3
𝑃2(𝑡) −

2
3
= 𝑡2 − 1, ∀𝑡 ∈ [−1, 1], (4.5.41)
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where 𝑃2 is the second–order Legendre polynomial. Inserting (4.5.41) into (4.5.40) we find��𝑥 𝑗 ��𝑠 ∫
𝑆2

(𝑥 𝑗 · 𝜔)2 − 1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 =
2
3
��𝑥 𝑗 ��𝑠−1

∫
𝑆2

𝑃2(𝑥 𝑗 · 𝜔) − 1��𝑎 𝑗 𝑘 − 𝑟𝜔�� 𝑑𝜔

4𝜋

=
2
3
��𝑥 𝑗 ��𝑠−1

(∫
𝑆2

𝑃2(𝑥 𝑗 · 𝜔)��𝑎 𝑗 𝑘 − 𝑟𝜔�� 𝑑𝜔4𝜋 − 1
max{

��𝑎 𝑗 𝑘 ��, 𝑟}
)
.

(4.5.42)

Where we have used Newton’s theorem. To solve the integral involving the Legendre polyno-
mial 𝑃2 we use the multipole expansion in (4.5.30) and (4.5.33) to find∫

𝑆2

𝑃2(𝑥 𝑗 · 𝜔)��𝑎 𝑗 𝑘 − 𝑟𝜔�� 𝑑𝜔4𝜋 =

∞∑︁
𝑛=0

min{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛

max{
��𝑎 𝑗 𝑘 ��, 𝑟}𝑛+1

∫
𝑆2
𝑃𝑛 (𝜔 · 𝑎̂ 𝑗 𝑘 )𝑃2(𝑥 𝑗 · 𝜔)

𝑑𝜔

4𝜋

=
min{

��𝑎 𝑗 𝑘 ��, 𝑟}2

max{
��𝑎 𝑗 𝑘 ��, 𝑟}3

𝑃2(𝑎̂ 𝑗 𝑘 · 𝜔)
5

≤ 1
5 max{

��𝑎 𝑗 𝑘 ��, 𝑟} .
(4.5.43)

Using
��𝑎 𝑗 𝑘 �� = ��𝑥 𝑗 − 𝑥𝑘 ��/��𝑥 𝑗 �� and inserting (4.5.43) into (4.5.42) shows

��𝑥 𝑗 ��𝑠 ∫
𝑆2

(𝑥 𝑗 · 𝜔)2 − 1��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 ≤ −8
15

��𝑥 𝑗 ��𝑠
max{

��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��} . (4.5.44)

Combining (4.5.39) and (4.5.44) we arrive at∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

≤ (1 + 𝑟2)𝑠/2 (1 + 𝑞)𝑠/2 + (1 − 𝑞)𝑠/2

2

∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠
max{

��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��}
− 8

15
(1 + 𝑟2)𝑠/2 𝑠

4

( 𝑠
2
− 1

)
𝑞2(1 + 𝑞) 𝑠−4

2
∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠
max{

��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��}
= (1 + 𝑟2)𝑠/2

(
(1 + 𝑞)𝑠/2 + (1 − 𝑞)𝑠/2

2
− 𝑠 (𝑠 − 2)

15
𝑞2(1 + 𝑞) 𝑠−4

2

)
︸                                                                            ︷︷                                                                            ︸

=:𝑔(𝑟)

∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠
max{

��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��} .
Using 𝑞 = 2𝑟/(1 + 𝑟2) one checks by direct computations that 𝑔(𝑟) ≥ 0. Consequently, we
find ∑︁

𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑦 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦) ≤ 𝑔(𝑟)
∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠

2
��𝑥 𝑗 − 𝑥𝑘 �� . (4.5.45)



Chapter 4. On the Excess Charge Problem of Atoms 77

Combining the estimates of the diagonal terms (4.5.20) and the off–diagonal terms (4.5.45)
together with (4.5.7) yields

𝑁2𝐼𝑠 (𝜇) ≤
(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2

2𝑟2(𝑠 + 2)

𝑁∑︁
𝑗=1

��𝑥 𝑗 ��𝑠−1 + 𝑔(𝑟)
∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 + |𝑥𝑘 |𝑠

2
��𝑥 𝑗 − 𝑥𝑘 �� . (4.5.46)

Applying Lemma A.2.2 we also get

𝑁

∫
|𝑥 |𝑠−1𝑑𝜇(𝑥) =

𝑁∑︁
𝑗=1

|𝑥 |𝑠−1𝑑𝜇 𝑗 (𝑥) =
(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1

2𝑟 (𝑠 + 1)

𝑁∑︁
𝑗=1

��𝑥 𝑗 ��𝑠−1
. (4.5.47)

Combining (4.5.46) and (4.5.47) shows

𝑁𝛽𝑠 ≤
𝑁2𝐼𝑠 (𝜇)

𝑁
∫
|𝑥 |𝑠−1𝑑𝜇(𝑥)

≤ 1
𝑟

(
𝑠 + 1
𝑠 + 2

)
(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2

(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1

+ 2𝑟 (𝑠 + 1)𝑔(𝑟)
(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1

∑
1≤ 𝑗<𝑘≤𝑁

|𝑥 𝑗 |𝑠+|𝑥𝑘 |𝑠
2|𝑥 𝑗−𝑥𝑘 |∑𝑁

𝑗=1
��𝑥 𝑗 ��𝑠−1 .

(4.5.48)

Taking the infimum over the positions 𝑥1, 𝑥2, . . . 𝑥𝑁 ∈ 𝐴0 together with the definition of 𝛼𝑁,𝑠
in (4.5.3) we conclude from (4.5.48)

𝑁𝛽𝑠 ≤
1
𝑟

(
𝑠 + 1
𝑠 + 2

)
(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2

(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1 + 2𝑟 (𝑠 + 1)𝑔(𝑟)
(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1𝛼𝑁,𝑠 (𝑁 − 1) (4.5.49)

and equivalently(
𝑠 + 2
𝑠 + 1

)
(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2𝑁𝛽𝑠 −
1
𝑟
≤ 2𝑟 (𝑠 + 2)𝑔(𝑟)

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2𝛼𝑁,𝑠 (𝑁 − 1) .

This completes the proof of Lemma 4.5.5.

For small 𝑟 , one can find a better bound than the one in Lemma 4.5.5 by estimating more
carefully and not using convexity. But the argument is much more involved. However, since
we are interested in bounds for small 𝑟 > 0, in order to make the prefactor in (4.5.17) close to
one, we will give this improved bound now.
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Lemma 4.5.9 (Refined comparison II of 𝛼𝑁,𝑠 with 𝛽𝑠, 4 ≥ 𝑠 ≥ 2). Let 𝛼𝑁,𝑠 and 𝛽𝑠 be defined
as in (4.5.1) and (4.4.1) then for every 𝑁 ≥ 2, 𝑟 > 0, and 4 ≥ 𝑠 ≥ 2

(1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) 𝑁𝛽𝑠 ≤
(1 + 𝑟)𝑠+2 − (1 − 𝑟)𝑠+2

2𝑟 (𝑠 + 2)

(
𝛼𝑁,𝑠 (𝑁 − 1) + 1

𝑟

)
+ 𝑟2 𝑓 (𝑟, 𝑠)𝛼𝑁,𝑠 (𝑁 − 1)

(4.5.50)

with
𝑓 (𝑟, 𝑠) :=

𝑠

2

( 𝑠
2
− 1

) (
4

15
+

(
2 − 𝑠

2

) 8
105

𝑟 +
(
2 − 𝑠

2

) 448
625

𝑟2
)
. (4.5.51)

In particular, for 𝑠 = 3 this gives

(1 + 𝑟2)𝑁𝛽3 −
1 + 2𝑟2 + 𝑟4/5

𝑟
≤ 𝛼𝑁,3(𝑁 − 1)

(
1 + 𝑟

2

5
+ 𝑟

3

35
+ 168

625
𝑟4

)
. (4.5.52)

Remark 4.5.10. Note that 𝑓 (𝑟, 2) vanishes for all 𝑟 > 0, and for 𝑠 ∈ (2, 3], it adds a positive
correction to the leading order term in the prefactor of 𝛼𝑁,𝑠. For later usage, we note that one
has the rough estimate 𝑓 (𝑟, 𝑠) ≤ 𝑓 (𝑟, 3) < 1

2 for 𝑟 ∈ [0, 1] any 𝑠 ∈ (2, 3].

Proof. We again use the bounds (4.5.7) together with (4.5.21) and (4.5.22). In order to improve
on Lemma 4.5.5, we have to bound the integral in the last sum of (4.5.22) more carefully.
Recalling 𝑎 𝑗 𝑘 = (𝑥𝑘 − 𝑥 𝑗 )/

��𝑥 𝑗 �� and 𝑥̂ 𝑗 = 𝑥 𝑗/
��𝑥 𝑗 �� we can rewrite∫

𝑆2

��𝑥 𝑗 + 𝑟 ��𝑥 𝑗 ��𝜔��𝑠��𝑥 𝑗 − 𝑥𝑘 + 𝑟 ��𝑥 𝑗 ��𝜔�� 𝑑𝜔4𝜋 =
��𝑥 𝑗 ��𝑠−1

∫
𝑆2

(1 + 𝑟2 + 2𝑟𝑥 𝑗 · 𝜔)𝑠/2��𝑎 𝑗 𝑘 − 𝑟𝜔�� 𝑑𝜔

4𝜋
. (4.5.53)

Such integrals can be solved by multipole expansion, that is, expanding the Coulomb–kernel
in terms of the Legendre Polynomials 𝑃𝑙 (𝑡), 𝑙 ∈ N0. Using the generating function

(1 + 𝛿2 − 2𝛿𝑡)−1/2 =

∞∑︁
𝑛=0

𝛿𝑛𝑃𝑛 (𝑡) (4.5.54)

which is valid for |𝑡 | ≤ 1 and |𝛿 | < 1, and expanding
��𝑎 𝑗 𝑘 − 𝑟𝜔��−1 in (4.5.53) with the help of

(4.5.54) and using Lemma A.2.1 yields��𝑥 𝑗 ��𝑠−1
∫
𝑆2

(1 + 𝑟2 + 2𝑟𝑥 𝑗 · 𝜔)𝑠/2��𝑎 𝑗 𝑘 − 𝑟𝜔�� 𝑑𝜔

4𝜋

=
��𝑥 𝑗 ��𝑠−1

∞∑︁
𝑙=0

min(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙

max(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙+1

∫
𝑆2
(1 + 𝑟2 + 2𝑟𝑥 𝑗 · 𝜔)𝑠/2𝑃𝑙 (⟨𝑎̂ 𝑗 𝑘 , 𝜔⟩)

𝑑𝜔

4𝜋

=
��𝑥 𝑗 ��𝑠−1

∞∑︁
𝑙=0

min(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙

max(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙+1

𝜆𝑙,𝑠 (𝑟)𝑃𝑙
(
𝑎̂ 𝑗 𝑘 · 𝑥 𝑗

)
(4.5.55)
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with

𝜆𝑙,𝑠 (𝑟) =
1
2

∫ 1

−1
(1 + 𝑟2 + 2𝑟𝑡)𝑠/2𝑃𝑙 (𝑡)𝑑𝑡 .

We will see shortly that the sum
∑∞
𝑙=0

��𝜆𝑙,𝑠 (𝑟)�� converges – see (4.5.68) – so the series in the
last line of (4.5.55) converges for all 𝑟 > 0 since −1 ≤ 𝑃𝑙 (𝑡) ≤ 1 for −1 ≤ 𝑡 ≤ 1.
Using 𝑃0(𝑡) ≡ 1 the first multipole moment 𝑙 = 0 is easy to compute,

𝜆0,𝑠 (𝑟) =
(1 + 𝑟)𝑠+2 − (1 − 𝑟)𝑠+2

2(𝑠 + 2)𝑟 . (4.5.56)

Note that with 𝑃1(𝑡) = 𝑡 and consequently the second multipole moment is positive non–
negative since

𝜆1,𝑠 (𝑟) =
1
2

∫ 1

−1
(1 + 𝑟2 + 2𝑟𝑡)𝑠/2𝑡𝑑𝑡 > 0 . (4.5.57)

The calculation for higher moments is a bit involved. Before we embark on this, let us note
that if

∑
𝑙≥0 𝜆𝑙,𝑠 (𝑟) converges absolutely, we can further bound (4.5.55) as follows.��𝑥 𝑗 ��𝑠−1

∞∑︁
𝑙=0

min(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙

max(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙+1

𝜆𝑙,𝑠 (𝑟)𝑃𝑙
(
𝑎̂ 𝑗 𝑘 · 𝑥 𝑗

)
≤ 𝜆0,𝑠 (𝑟)

��𝑥 𝑗 ��𝑠−1

max(
��𝑎 𝑗 𝑘 ��, 𝑟) + 𝜆1,𝑠 (𝑟)

��𝑥 𝑗 ��𝑠−1 min(
��𝑎 𝑗 𝑘 ��, 𝑟)

max(
��𝑎 𝑗 𝑘 ��, 𝑟)2

(𝑎̂ 𝑗 𝑘 · 𝑥 𝑗 )

+
��𝑥 𝑗 ��𝑠−1

max(
��𝑎 𝑗 𝑘 ��, 𝑟) ∞∑︁

𝑙=2

��𝜆𝑙,𝑠 (𝑟)�� .
Using 𝑎 𝑗 𝑘 = (𝑥𝑘 − 𝑥 𝑗 )/

��𝑥 𝑗 �� we arrive at

��𝑥 𝑗 ��𝑠−1
∞∑︁
𝑙=0

min(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙

max(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙+1

𝜆𝑙,𝑠 (𝑟)𝑃𝑙
(
𝑎̂ 𝑗 𝑘 · 𝑥 𝑗

)
≤

(
𝜆0,𝑠 (𝑟) +

∞∑︁
𝑙=2

��𝜆𝑙,𝑠 (𝑟)��) ��𝑥 𝑗 ��𝑠��𝑥 𝑗 − 𝑥𝑘 ��−
𝜆1,𝑠 (𝑟)

��𝑥 𝑗 ��𝑠 min(
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��)��𝑥 𝑗 − 𝑥𝑘 �� max(
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��)2

𝑥 𝑗 · (𝑥 𝑗 − 𝑥𝑘 ) .

Let 𝐶𝑠 (𝑟) =
∑∞
𝑙=2

��𝜆𝑙,𝑠 (𝑟)�� and

𝛾̃(𝑢, 𝑣) = 𝑣𝑠 min(𝑢, 𝑣)
𝑢max(𝑢, 𝑣)2 ,
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then��𝑥 𝑗 ��𝑠−1
∞∑︁
𝑙=0

min(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙

max(
��𝑎 𝑗 𝑘 ��, 𝑟)𝑙+1

𝜆𝑙,𝑠 (𝑟)𝑃𝑙
(
𝑎̂ 𝑗 𝑘 · 𝑥 𝑗

)
≤

(
𝜆0,𝑠 (𝑟) + 𝐶𝑠 (𝑟)

) ��𝑥 𝑗 ��𝑠��𝑥 𝑗 − 𝑥𝑘 �� − 𝜆1,𝑠 (𝑟)𝑟−𝑠𝛾̃(
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��) 𝑥 𝑗 · (𝑥 𝑗 − 𝑥𝑘 ) .

Note that 𝛾̃(𝑢, 𝑣) is increasing in 𝑣 for fixed 𝑢 > 0. Applying Lemma 4.5.7 and noting Remark
4.5.8 we find ∑︁

𝑗≠𝑘

𝛾̃(
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��) 𝑥̂ 𝑗 · (𝑥 𝑗 − 𝑥𝑘 ) ≥ 0 . (4.5.58)

As in (4.5.22) one sees∑︁
𝑗≠𝑘

∬
R3×R3

|𝑥 |𝑠 + |𝑥 |𝑠

2|𝑥 − 𝑦 | 𝑑𝜇 𝑗 (𝑥)𝑑𝜇𝑘 (𝑦)

≤
(
𝜆0,𝑠 (𝑟) + 𝐶𝑠 (𝑟)

) ∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠��𝑥 𝑗 − 𝑥𝑘 �� − 𝜆1,𝑠 (𝑟)𝑟−𝑠
∑︁
𝑗≠𝑘

𝛾̃(
��𝑥 𝑗 − 𝑥𝑘 ��, 𝑟 ��𝑥 𝑗 ��) 𝑥 𝑗 · (𝑥 𝑗 − 𝑥𝑘 )

≤
(
𝜆0,𝑠 (𝑟) + 𝐶𝑠 (𝑟)

) ∑︁
𝑗≠𝑘

��𝑥 𝑗 ��𝑠 + ��𝑥 𝑗 ��𝑠
2
��𝑥 𝑗 − 𝑥𝑘 ��

where we used (4.5.58) to drop the second sum. In the last line, we symmetrized the remaining
expression. Thus we get a similar bound as (4.5.45), with 𝑔(𝑟) replaced by 𝜆0,𝑠 (𝑟) + 𝐶𝑠 (𝑟).
Thus, as in the proof of Lemma 4.5.5, a bound similar to (4.5.46), but with 𝑔(𝑟) in (4.5.46)
replaced by 𝜆0,𝑠 (𝑟) + 𝐶𝑠 (𝑟), follows from this. In particular, it follows(
𝑠 + 2
𝑠 + 1

)
(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2𝑁𝛽𝑠−
1
𝑟
≤

(
1 + 2𝑟 (𝑠 + 2)𝐶𝑠 (𝑟)

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2

)
𝛼𝑁,𝑠 (𝑁−1) . (4.5.59)

Hence the claimed bound (4.5.50) follows as soon as we can show that

𝐶𝑠 (𝑟) ≤ 𝑟2 𝑓 (𝑟, 𝑠) (4.5.60)

with 𝑓 given in (4.5.51). We will do this in the rest of this proof.
To get a grip on the higher order moments 𝜆𝑙,𝑠 (𝑟) for 𝑙 ≥ 2 we expand

��𝑥 𝑗 + 𝑟𝜔��𝑠 in a binomial
series. With 𝑡 = 𝑥̂ 𝑗 · 𝜔 and

𝑞 = 2𝑟/(1 + 𝑟2) ≤ 1 (4.5.61)

we have(
1 + 𝑟2 + 2𝑟𝑡

) 𝑠/2
=

(
1 + 𝑟2) 𝑠/2 (1 + 𝑞𝑡

) 𝑠/2
=

(
1 + 𝑟2) 𝑠/2

∞∑︁
𝑛=0

(
𝑠/2
𝑛

)
𝑞𝑛𝑡𝑛 . (4.5.62)
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According to [35, Satz 22.8] the binomial series converges absolutely and uniformly for
−1 ≤ 𝑡 ≤ 1 and all 0 ≤ 𝑞 ≤ 1. Hence, we can interchange the summation and integration in
(4.5.55) to see that

𝜆𝑙,𝑠 (𝑟) = (1 + 𝑟2)𝑠/2
∞∑︁
𝑛=0

(
𝑠/2
𝑛

)
𝑞𝑛

1
2

∫ 1

−1
𝑡𝑛𝑃𝑙 (𝑡)𝑑𝑡 𝑙 ≥ 2 . (4.5.63)

Write

𝑡𝑛 =

𝑛∑︁
𝑚=0

𝑐𝑛,𝑚𝑃𝑚 (𝑡) for 𝑡 ∈ [−1, 1] . (4.5.64)

Using that the Legendre polynomials are orthogonal in 𝐿2( [−1, 1]) and normalized by
1
2

∫ 1
−1 𝑃𝑙 (𝑡)

2𝑑𝑡 = 1
2𝑙+1 , and 𝑃𝑙 has degree 𝑙, one sees that

∫ 1
−1 𝑡

𝑛𝑃𝑙 (𝑡)𝑑𝑡 = 0 if 𝑛 < 𝑙 and
for 𝑛 ≥ 𝑙 we have 1

2

∫ 1
−1 𝑡

𝑛𝑃𝑙 (𝑡)𝑑𝑡 = 𝑐𝑛,𝑙
1𝑙+1 . Thus

𝜆𝑙,𝑠 (𝑟) = (1 + 𝑟2)𝑠/2
∞∑︁
𝑛=𝑙

(
𝑠/2
𝑛

)
𝑞𝑛𝑐𝑛,𝑙

2𝑙 + 1
, 𝑙 ≥ 2 . (4.5.65)

We will use that the coefficients 𝑐𝑛,𝑙 for 𝑛, 𝑙 ∈ N0 are non–negative, see (A.2.6) in Appendix
A. Moreover,

𝑛∑︁
𝑚=0

𝑐𝑛,𝑚 = 1 ,

which follows from setting 𝑡 = 1 in (4.5.64) and using 𝑃𝑙 (1) = 1 for 𝑙 ∈ N0. Together with
𝑐𝑛,𝑚 ≥ 0, this also shows 𝑐𝑛,𝑚 ≤ 1. From [35, Hilfssatz 22.8a] we have the bound����(𝑠/2

𝑛

)���� ≤ 𝑐

𝑛1+𝑠/2 . (4.5.66)

This implies that the series on the right–hand–side of (4.5.65) converges absolutely for all
0 ≤ 𝑞 ≤ 1, since 0 ≤ 𝑐𝑛,𝑙 ≤ 1 and hence

∞∑︁
𝑛=𝑙

����(𝑠/2
𝑛

)����𝑞𝑛𝑐𝑛,𝑙2𝑙 + 1
≲

∞∑︁
𝑛=𝑙

1
2𝑙 + 1

1
𝑛1+𝑠/2 < ∞ (4.5.67)

for any 𝑠 > 0. Moreover, we also have∑︁
𝑙≥2

��𝜆𝑙,𝑠 (𝑟)�� ≤ (1 + 𝑟2)𝑠/2
∞∑︁
𝑙=2

∞∑︁
𝑛=𝑙

����(𝑠/2
𝑛

)����𝑞𝑛𝑐𝑛,𝑙2𝑙 + 1
≲

∞∑︁
𝑙=2

∞∑︁
𝑛=𝑙

1
𝑛1+𝑠/2

1
2𝑙 + 1

=

∞∑︁
𝑛=2

𝑛∑︁
𝑙=2

1
𝑛1+𝑠/2

1
2𝑙 + 1

≲
∞∑︁
𝑛=2

ln(2 + 𝑛)
𝑛1+𝑠/2 < ∞ .

(4.5.68)
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For 𝑛 ∈ N define

𝐴𝑛 :=
����(𝑠/2
𝑛

)���� 𝑛∑︁
𝑙=2

𝑐𝑛,𝑙

2𝑙 + 1
.

We have
∞∑︁
𝑙=2

��𝜆𝑙,𝑠 (𝑟)�� ≤ (1 + 𝑟2)𝑠/2
∞∑︁
𝑙=2

∞∑︁
𝑛=𝑙

����(𝑠/2
𝑛

)���� 𝑐𝑛,𝑙2𝑙 + 1
𝑞𝑛 = (1 + 𝑟2)𝑠/2

∞∑︁
𝑛=2

𝐴𝑛𝑞
𝑛 . (4.5.69)

Since 𝑞 = 2𝑟/(1 + 𝑟2) (see (4.5.61)) we get

∞∑︁
𝑛=2

𝐴𝑛𝑞
𝑛 ≤ 4𝑟2(

1 + 𝑟2)2 𝐴2 +
8𝑟3(

1 + 𝑟2)3 𝐴3 +
16𝑟4(

1 + 𝑟2)4

∞∑︁
𝑛=4

𝐴𝑛 . (4.5.70)

In Lemma A.2.4 in Appendix A we show that

𝐴2 =

����(𝑠/2
2

)���� 2
15
, 𝐴3 =

����(𝑠/2
3

)���� 2
35
,

∞∑︁
𝑘=4

𝐴𝑘 ≤
𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

) 28
625

.

It follows that
∞∑︁
𝑘=2

𝐴𝑘𝑞
𝑘 ≤ 𝑟2(

1 + 𝑟2)2 𝑓 (𝑟, 𝑠). (4.5.71)

with 𝑓 defined in (4.5.51). Combining (4.5.71) with (4.5.69) proves for 𝑠 ≤ 4

𝐶𝑠 (𝑟) =
∞∑︁
𝑙=2

��𝜆𝑙,𝑠 (𝑟)�� ≤ (1 + 𝑟2) (𝑠−4)/2𝑟2 𝑓 (𝑟, 𝑠) ≤ 𝑟2 𝑓 (𝑟, 𝑠) . (4.5.72)

This proves (4.5.60), which finishes the proof of Lemma 4.5.9.

Remark 4.5.11. We truncate the series in (4.5.70) at the fourth power because we will later
choose 𝑟 ≲ 𝑍−1/3. As a result, even terms like 𝑍𝑟4 become negligible as 𝑍 increases. For
further refinements at small 𝑍 respectively large 𝑟, it is more appropriate to evaluate the
inequality using computational methods.

4.6 Upper Bounds on the Weighted Kinetic Energy
In this section, we derive an upper bound on

𝑍 − 1
2

〈
|𝑥1 |𝑠𝜓𝑁,𝑍 , 𝑃2

1𝜓𝑁,𝑍
〉〈

|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉 (4.6.1)
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which is the right–hand side of (4.3.10). Note that〈
|𝑥1 |𝑠𝜓𝑁,𝑍 , 𝑃2

1𝜓𝑁,𝑍
〉
=

∫
R3(𝑁−1)

⟨|𝑥1 |𝑠𝜓𝑁,𝑍 , 𝑃2
1𝜓𝑁,𝑍⟩𝐿2 (𝑑𝑥1)𝑑𝑥2 . . . 𝑑𝑥𝑁 .

In the case 𝑠 = 1 Lieb used in [71] the fact that

⟨𝜑, (Φ−1Δ + ΔΦ−1)𝜑⟩𝐿2 (R3) ≤ 0 (4.6.2)

for any 𝜑 ∈ 𝐿2(R3) if Φ is a non negativ superharmonic function (see [76, Lemma 12.2]). In
particular this covers Φ(𝑥) = |𝑥 |−1 and proves

𝑍 − 1
2

〈
|𝑥1 |𝜓𝑁,𝑍 , 𝑃2

1𝜓𝑁,𝑍
〉〈

𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉 ≤ 𝑍 . (4.6.3)

Remark 4.6.1. Combining (4.3.10) and (4.6.3) together with 𝛼𝑁,1 ≥ 1/2 recovers the bound
𝑁𝑐 < 2𝑍 + 1.

In [24] Chen and Siedentop showed that in dimension 𝑑 = 3 for any 𝑏 ∈ [0, 1]

⟨𝜑, ( |𝑥 |𝑏Δ + Δ|𝑥 |𝑏)𝜑⟩ ≤ 0 (4.6.4)

for any 𝜑 ∈ 𝐿2(R3). For 𝑏 > 1 (4.6.4) does not hold in general. Before we proceed, let
us clarify in what sense we understand the inner product in (4.6.1). Recall that 𝜓𝑁,𝑍 ∈ H 𝑓

𝑁

is the normalized many particle ground state of 𝐻𝑁,𝑍 in (4.2.1) and does depend on the
positions of particles (𝑥1, 𝑥2, . . . , 𝑥𝑛) and the spin degrees of freedom (𝜎1, 𝜎2, . . . , 𝜎𝑁 ) with
𝜎𝑖 ∈ {1/2,−1/2} . Following [76, Chapter 3] we define the one-particle density by

𝜌𝜓𝑁,𝑍
(𝑥) :=

𝑁∑︁
𝑖=1

𝜌𝑖𝜓𝑁,𝑍
(𝑥)

where

𝜌𝑖𝜓𝑁,𝑍
(𝑥) :=

∫
R3(𝑁−1)

|𝜓(𝑥1, . . . 𝑥𝑖−1, 𝑥, 𝑥𝑖+1, . . . 𝑥𝑁 ) |2𝑑𝑥1 . . . ˆ𝑑𝑥𝑖 . . . 𝑑𝑥𝑁 .

where ˆ𝑑𝑥𝑖 means that the integration of 𝑥𝑖 is omitted. Remember that we ignore any degrees
of freedom related to spin. Due to (4.2.3) we have 𝜌𝑖 = 𝜌1 for any 𝑖 ∈ {1, 2, . . . , 𝑁} and thus

𝜌𝜓𝑁,𝑍
(𝑥1) := 𝑁𝜌1

𝜓𝑁,𝑍
(𝑥1) (4.6.5)

with ∫
R3
𝜌𝜓𝑁,𝑍

(𝑥1) 𝑑𝑥1 = 𝑁 .
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Consequently for any 𝑝 ∈ R〈
|𝑥1 |𝑝𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
=

1
𝑁

∫
𝑅3

|𝑥1 |𝑝𝜌𝜓𝑁,𝑍
(𝑥1) 𝑑𝑥1 (4.6.6)

As a substitute for the negativity in (4.6.2), we prove

Lemma 4.6.2. For any 𝑠 ≥ 2

−1
2

〈
|𝑥1 |𝑠𝜓𝑁,𝑍 , 𝑃2

1𝜓𝑁,𝑍
〉〈

|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉 ≤ 𝑠2 − 1

8
〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 −1
𝑠−1 . (4.6.7)

Proof. We drop the indices 𝑁, 𝑍 for readability so that 𝜓 = 𝜓𝑁,𝑍 . Applying the IMS-
localization formula, see for example [27, Theorem 3.2], yields

Re⟨|𝑥1 |𝑠𝜓, 𝑃2
1𝜓⟩𝐿2 (𝑑𝑥1) =

〈
|𝑥1 |𝑠/2𝜓,

[
𝑃2

1 −
����∇1 |𝑥1 |𝑠

2|𝑥1 |

����2] |𝑥1 |𝑠/2𝜓

〉
𝐿2 (𝑑𝑥1)

=

〈
|𝑥1 |𝑠/2𝜓,

[
𝑃2

1 −
𝑠2

4
|𝑥1 |−2

]
|𝑥1 |𝑠/2𝜓

〉
𝐿2 (𝑑𝑥1)

≥ 1 − 𝑠2

4
〈
|𝑥1 |𝑠−2𝜓, 𝜓

〉
𝐿2 (𝑑𝑥1) .

(4.6.8)

Due to (4.6.6) we have 〈
|𝑥1 |𝑠−2𝜓, 𝜓

〉
=

1
𝑁

∫
𝑅3

|𝑥1 |𝑠−2𝜌𝜓 (𝑥1) 𝑑𝑥1 .

Applying Hölder’s inequality for

𝑝 =
𝑠 − 1
𝑠 − 2

, 𝑞 = 𝑠 − 1

yields

〈
|𝑥1 |𝑠−2𝜓, 𝜓

〉
𝐿2 (𝑑𝑥1) ≤

(
1
𝑁

∫
R3

|𝑥1 |𝑠−1𝜌𝜓 (𝑥1) 𝑑𝑥1

) 𝑠−2
𝑠−1

=

(〈
|𝑥1 |𝑠−1𝜓, 𝜓

〉
𝐿2 (𝑑𝑥1)

) 𝑠−2
𝑠−1

.

Note that we used 𝑠 > 2 in this step. To cover the cases 𝑠 ∈ (1, 2), one needs to estimate the
expression above differently. Consequently〈

|𝑥1 |𝑠−2𝜓, 𝜓
〉
𝐿2 (𝑑𝑥1)〈

|𝑥1 |𝑠−1𝜓, 𝜓
〉
𝐿2 (𝑑𝑥1)

≤
(〈
|𝑥1 |𝑠−1𝜓, 𝜓

〉
𝐿2 (𝑑𝑥1)

) −1
𝑠−1

. (4.6.9)

Combining (4.6.8) and (4.6.9) proves Lemma (4.6.2). The case 𝑠 = 2 follows in the limit
𝑠 → 2.
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Remark 4.6.3. There exists a straightforward simplification of the inequality in Lemma 4.6.2
since by Jensen’s Inequality〈

|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉 −1

𝑠−1 ≤
〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
(4.6.10)

The right–hand side of (4.6.7) is growing quadratic in 𝑠, which is unfortunate since the bound
on 𝑏(𝑠) in Theorem 4.2.2 is decreasing. Note that the right–hand side of (4.6.10) can be
interpreted as the inverse expectation of the radius of the atom, which in Thomas–Fermi
Theory grows as 𝑍−1/3 (see [72, p. 560]) but should be bounded in 𝑍 for real atoms. In [81],
Nam did control the right-hand side of (4.6.10). We follow a similar approach to his proof.

We continue by estimating the right–hand side of (4.6.7). We want to apply the following
inequality introduced by Lieb in [72, p. 563](∫

R3
𝑓 (𝑥) 5

3 𝑑𝑥

) 𝑝

2
∫
R3

|𝑥 |𝑝 𝑓 (𝑥)𝑑𝑥 ≥ 𝐶𝑝
(∫

R3
𝑓 (𝑥)𝑑𝑥

)1+ 5𝑝
6

(4.6.11)

which holds for any non negative measurable function 𝑓 and 𝑝 ≥ 0 where the sharp constant
𝐶𝑝 is attained for

𝑓𝑝 (𝑥) :=

{
(1 − |𝑥 |𝑝)

3
2 |𝑥 | ≤ 1

0 elsewise
. (4.6.12)

We give the explicit constant 𝐶𝑝 in the Appendix in equation (A.3.1). We prove

Lemma 4.6.4. Let 𝑝 ≥ 0 then(
1
𝑁

∫
R3

|𝑥1 |𝑝𝜌𝜓𝑁,𝑍
(𝑥1) 𝑑𝑥1

)−1/𝑝
≤ 𝜅𝐶

−1/𝑝
𝑝 𝑍𝑁−2/3

where 𝜅 =
√

5
(

2
9𝜋2 1.456

)1/3
and 𝐶𝑝 the constant in (4.6.11).

Proof. Applying (4.6.11) for 𝑓 = 𝜌𝜓𝑁,𝑍
yields(

1
𝑁

∫
R3

|𝑥1 |𝑝𝜌𝜓𝑁,𝑍
(𝑥1)𝑑𝑥1

)−1/𝑝
≤ 𝐶−1/𝑝

𝑝 𝑁−5/6
(∫

R3
𝜌𝜓𝑁,𝑍

(𝑥1)
5
3 𝑑𝑥1

) 1
2

.

By the fermionic kinetic energy inequality in [39, Theorem 1]

𝑢
−2
3

2
𝐾3

∫
R3
𝜌𝜓𝑁,𝑍

(𝑥) 5
3 𝑑𝑥 ≤

𝑁∑︁
𝑖=1

1
2
⟨𝜓𝑁,𝑍 , [−Δ𝑖]𝜓𝑁,𝑍⟩ (4.6.13)

with 𝐾3 = 3
5

(
1.456
6𝜋2

)−2/3
≈ 7.096. Here, 𝑢 denotes the degrees of freedom in the spin

components. We consider spin 1/2 particles (for example, electrons) and thus 𝑢 = 2. By the
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quantum mechanic virial theorem (see [122], [7])

−𝐸𝑁,𝑍 =

𝑁∑︁
𝑖=1

1
2
⟨𝜓𝑁,𝑍 , [−Δ𝑖]𝜓𝑁,𝑍⟩ . (4.6.14)

Combining (4.6.13) and (4.6.14) for 𝑢 = 2 we arrive at∫
R3
𝜌𝜓𝑁,𝑍

(𝑥) 5
3 𝑑𝑥1 ≤ −25/3

𝐾3
𝐸𝑁,𝑍 .

Together with
−𝐸𝑁,𝑍 ≤ 𝐴𝑍2𝑁1/3

for 𝐴 = (3/2)1/3 (see Lemma A.4.1) this yields(
1
𝑁

∫
R3

|𝑥1 |𝑝𝜌𝜓𝑁,𝑍
(𝑥1)𝑑𝑥1

)−1/𝑝
≤ 𝐶−1/𝑝

𝑝

(
25/3

𝐾3
𝐴

)1/2

𝑍𝑁−2/3

= 𝐶
−1/𝑝
𝑝

√
5
(

2
9𝜋2 1.456

)1/3
𝑍𝑁−2/3 .

Combining Lemma 4.6.7 and Lemma 4.6.4 we can prove

Lemma 4.6.5. Let 𝑠 ≥ 2 then

𝑍 + 1
2

〈
|𝑥1 |𝑠𝜓𝑁,𝑍 ,Δ1𝜓𝑁,𝑍

〉〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 ≤ 𝑍 + 𝑠
2 − 1

8
𝐶
−1/(𝑠−1)
𝑠−1 𝜅𝑍𝑁−2/3 (4.6.15)

with 𝜅 =
√

5
(

2
9𝜋2 1.456

)1/3
and 𝐶𝑠−1 the constant in (4.6.11).

Proof. The inequality (4.6.15) follows directly by combining Lemma 4.6.2 and Lemma 4.6.4.
The fact that we can either apply Lemma 4.6.4 for 𝑝 = 1 or 𝑝 = 𝑠 − 1 is due to Jensen’s
inequality as explained in Remark 4.6.3. An explicit calculation shows

𝐶−1
1 =

©­­­«3
5
3 5

5
6

(
7
𝜋

) 1
3

22
√

11

ª®®®¬
−1

≈ 2.341 . . .

𝐶
−1/2
2 = 4

𝜋2/3
√

15
≈ 2.215 . . .

and 𝑡 ↦→ 𝐶
−1/𝑡
𝑡 is decreasing. We give in Appendix Lemma A.3.1 the explicit constant 𝐶𝑝 for

any 𝑝 ∈ [1, 2].
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4.7 Bounds on Maximal Excess Charge
From Lemma 4.5.9 and Lemma 4.6.5, it is straightforward to prove the inequality in Theorem
4.2.2. We begin with the general inequality for 𝑠 ∈ [2, 3] before we discuss some refinements
in the cases 𝑠 = 2 and 𝑠 = 3.

4.7.1 Main Theorem
Proof of Theorem 4.2.2. We aim to solve (4.5.50) namely

(1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) 𝑁𝛽𝑠 ≤
(1 + 𝑟)𝑠+2 − (1 − 𝑟)𝑠+2

2𝑟 (𝑠 + 2)

(
𝛼𝑁,𝑠 (𝑁 − 1) + 1

𝑟

)
+ 𝑟2 𝑓 (𝑟, 𝑠)𝛼𝑁,𝑠 (𝑁 − 1)

(4.7.1)

for 𝑁 . Note that the fraction on the left–hand side of (4.7.1) is positive for all 𝑟 > 0 and
𝑠 > 0 and consequently we can use the lower bound 𝑏(𝑠)−1 from Proposition 4.4.5 to bound
the left–hand side 𝛽𝑠.
Direct computations show for 𝑟 ∈ [0, 1] and 𝑝 ≥ 2

2𝑟 𝑝 ≤ (1 + 𝑟)𝑝 − (1 − 𝑟)𝑝 .

Consequently
2𝑟 (𝑠 + 2)

(𝑟 + 1)𝑠+2 − (1 − 𝑟)𝑠+2 ≤ 1

together with 𝑓 (𝑟, 𝑠) < 1/2

2𝑟 (𝑠 + 2)
(𝑟 + 1)𝑠+2 − (1 − 𝑟)𝑠+2 𝑟

2 𝑓 (𝑟, 𝑠) ≤ 𝑟2 𝑓 (𝑟, 𝑠) ≤ 𝑟2

2
.

Consequently from 4.5.9 we conclude(
𝑠 + 2
𝑠 + 1

(𝑟 + 1)𝑠+1 − (1 − 𝑟)𝑠+1

(𝑟 + 1)𝑠+2 − (1 − 𝑟)𝑠+2
𝑁

𝑏(𝑠) −
1
𝑟

)
≤ 𝛼𝑁,𝑠 (𝑁 − 1)

(
1 + 𝑟

2

2

)
. (4.7.2)

We prove in the appendix as Lemma A.5.1 that for any 𝑟 ∈ (0, 1) and 𝑠 ≥ 0

𝑠 + 2
𝑠 + 1

(𝑟 + 1)𝑠+1 − (1 − 𝑟)𝑠+1

(𝑟 + 1)𝑠+2 − (1 − 𝑟)𝑠+2 ≥ 1 − 𝑠

3
𝑟2 . (4.7.3)

Combining the (4.7.2) and (4.7.3) we conclude(
1 − 𝑠

3
𝑟2

) 𝑁

𝑏(𝑠) −
1
𝑟
< 𝛼𝑁,𝑠 (𝑁 − 1)

(
1 + 𝑟

2

2

)
. (4.7.4)
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We minimize the left-hand side of (4.7.4), and therefore we choose

𝑟 =

(
3
2𝑠

)1/3 (
𝑁

𝑏(𝑠)

)−1/3
=: 𝜆𝑁−1/3 . (4.7.5)

Combining (4.7.4) and (4.7.5) to find

𝑁

𝑏(𝑠) ≤ 𝛼𝑁,𝑠 (𝑁 − 1)
(
1 + 𝜆

2

2
𝑁−2/3

)
+

(
𝜆−1 + 𝑠

3
𝜆2

𝑏(𝑠)

)
𝑁1/3 .

Applying Lemma 4.6.15 shows

𝑁

𝑏(𝑠) ≤ 𝑍

(
1 + 𝐴𝑁−2/3

)
(1 + (𝜆2/2)𝑁−2/3) +

(
𝜆−1 + 𝑠

3
𝜆2

𝑏(𝑠)

)
𝑁1/3

= 𝑍 +
(
𝐴 + (𝜆2/2)

)
𝑍𝑁−2/3 +

(
𝜆−1 + 𝑠

3
𝜆2

𝑏(𝑠)

)
𝑁1/3 + 𝜆

2𝐴

2
𝑍𝑁−4/3

where
𝐴 :=

𝑠2 − 1
8

𝐶
−1/(𝑠−1)
𝑠−1 𝜅

is the parameter in Lemma 4.6.15. Note that 𝑍 ≤ 𝑁 ≤ 3𝑍 and thus there exists some 𝑐(𝑠) > 0
such that

𝑁𝑐 < 𝑏(𝑠) 𝑍 + 𝑐(𝑠)𝑍1/3 .

Since the calculations hold for any lower bound 𝑏(𝑠)−1 < 𝛽𝑠, the statement of Theorem 4.2.2
follows.

4.7.2 The Case of a Quadratic Weight
Proof of Proposition 4.2.4. Applying Lemma 4.5.9 yields

𝑟2/3 + 1
𝑟2 + 1

𝑁𝛽2 −
1
𝑟
≤ 𝛼𝑁,2(𝑁 − 1) < 𝑍 + 3

8
𝐶−1

1 𝜅𝑍𝑁−2/3 . (4.7.6)

Note that by a straightforward calculation

𝑁𝛽2

(
1 − 2𝑟2

3

)
≤ 𝑟2/3 + 1

𝑟2 + 1
𝑁𝛽2 (4.7.7)

and consequently by inserting (4.7.7) into (4.7.6) we arrive at

𝑁𝛽2

(
1 − 2𝑟2

3

)
− 1
𝑟
≤ 𝑍 + 3

8
𝐶−1

1 𝜅𝑍𝑁−2/3 . (4.7.8)
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Optimizing the left–hand side of (4.7.8) in 𝑟 > 0 gives

𝑟 =

(
3
4

)1/3
(𝑁𝛽2)−1/3 . (4.7.9)

Note that 𝑟 < 1 for 𝑁 > 1. Inserting (4.7.9) into (4.7.8) yields

𝑁𝛽2 −
(
9
2

)1/3
(𝑁𝛽2)1/3 ≤ 𝑍 + 3

8
𝐶−1

1 𝜅𝑍𝑁−2/3 .

Applying Lemma 4.6.5 we arrive at

𝑁𝛽2 ≤ 𝑍 + 3
8
𝐶−1

1 𝜅𝑍𝑁−2/3 +
(
9
2
𝛽2

)1/3
𝑁1/3 .

We define
𝜆 :=

3
8
𝐶−1

1 𝜅 ≈ 0.6284 .

Then

𝑁𝛽2 ≤ 𝑍 + 𝜆𝑍𝑁−2/3 +
(
9
2
𝛽2

)1/3
𝑁1/3 . (4.7.10)

Let 𝑎 > 0 and assume that
𝑁𝛽2 ≥ 𝑍 + 𝛽2𝑎𝑍

1/3 . (4.7.11)

Combining (4.7.10) and (4.7.11) yields

𝑍 + 𝛽2𝑎𝑍
1/3 ≤ 𝑍 + 𝜆𝑍𝑁−2/3 +

(
9
2
𝛽2

)1/3
𝑁1/3 . (4.7.12)

Dividing by 𝑍1/3 gives

𝑎 ≤ 𝛽−1
2 𝜆

(
𝑁

𝑍

)−2/3
+ 𝛽−1

2

(
9
2
𝛽2

)1/3 (
𝑁

𝑍

)1/3
.

From Lieb’s bound, we conclude 𝑁/𝑍 < 5/2 for any 𝑍 ≥ 2. Maximizing the right hand side
of (4.7.12) for 𝑁/𝑍 ∈ [1, 5/2] yields

𝑎 ≤ 𝛽−1
2 𝜆

(
𝑁

𝑍

)−2/3
+ 𝛽−1

2

(
9
2
𝛽2

)1/3 (
𝑁

𝑍

)1/3
≤ 2.953 .

Thus for 𝑎 := 2.96 assumption (4.7.11) cannot hold and thus

𝑁 ≤ 1
𝛽2
𝑍 + 2.96𝑍1/3 < 𝑏(2)𝑍 + 2.96𝑍1/3

for any 𝑍 ≥ 2. The assertion in Proposition 4.2.4 follows.



Chapter 4. On the Excess Charge Problem of Atoms 90

4.7.3 The Case of a Cubic Weight
Proof of Proposition 4.2.5. By application of Lemma 4.5.9 we find

(1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) 𝑁𝛽𝑠 ≤
(1 + 𝑟)𝑠+2 − (1 − 𝑟)𝑠+2

2𝑟 (𝑠 + 2)

(
𝛼𝑁,𝑠 (𝑁 − 1) + 1

𝑟

)
+ 𝑟2 𝑓 (𝑟, 𝑠)𝛼𝑁,𝑠 (𝑁 − 1)

(4.7.13)

or equivalently(
𝑠 + 2
𝑠 + 1

)
(1 + 𝑟)𝑠+1 − |1 − 𝑟 |𝑠+1

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2𝑁𝛽𝑠−
1
𝑟
≤

(
1 + 2𝑟 (𝑠 + 2)𝑟2 𝑓 (𝑟, 𝑠)

(1 + 𝑟)𝑠+2 − |1 − 𝑟 |𝑠+2

)
𝛼𝑁,𝑠 (𝑁−1) . (4.7.14)

In Appendix A as Lemma A.5.1 we show that for any 𝑟 ∈ (0, 1) and 𝑠 ≥ 0

1 − 𝑠

3
𝑟2 ≤ 𝑠 + 2

𝑠 + 1
(𝑟 + 1)𝑠+1 − (1 − 𝑟)𝑠+1

(𝑟 + 1)𝑠+2 − (1 − 𝑟)𝑠+2 . (4.7.15)

Combining (4.7.15) and (4.7.14) with 𝑠 = 3 proves

(1 − 𝑟2)𝑁𝛽3 −
1
𝑟
≤

(
1 + 5

𝑟2(𝑟2 + 10) + 5
𝑟2 𝑓 (𝑟, 3)

)
𝛼𝑁,3(𝑁 − 1) .

where
𝑓 (𝑟, 3) = 1

5
+ 1

35
𝑟 + 168

625
𝑟2 . (4.7.16)

By direct computations, one shows for any 𝑟 ≥ 0

5
𝑟2(𝑟2 + 10) + 5

≤ 1 − 2𝑟2 + 19
5
𝑟4 . (4.7.17)

Assume 𝑟 < 0.5 then by combining (4.7.16) and (4.7.17) we find(
1 + 5

𝑟2(𝑟2 + 10) + 5
𝑟2 𝑓 (𝑟, 3)

)
≤ 1 + 𝑟

2

5
+ 𝑟

3

35
−82𝑟4

625
− 2𝑟5

35
+ 139𝑟6

625
+ 19𝑟7

175
+ 3192𝑟8

3125︸                                               ︷︷                                               ︸
≤0, for 𝑟<0.53

≤ 1 + 𝑟
2

5
+ 𝑟

3

35
.

(4.7.18)

Inserting (4.7.18) into (4.7.14) we arrive at

(1 − 𝑟2)𝑁𝛽3 −
1
𝑟
≤

(
1 + 𝑟

2

5
+ 𝑟

3

35

)
𝛼𝑁,3(𝑁 − 1) . (4.7.19)
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for any 𝑟 ≤ 0.5. Applying Lemma 4.6.5 for 𝑠 = 3 yields

(1 − 𝑟2)𝑁𝛽3 −
1
𝑟
≤

(
1 + 𝑟

2

5
+ 𝑟

3

35

) (
𝑍 + 𝑐𝑍𝑁−2/3

)
, 𝑐 = 𝐶

−1/2
2 𝜅 .

We continue by choosing 𝑟 ∈ (0, 0.5]. As in the previous cases, let

𝑟 = 𝜆(𝑁𝛽3)−1/3, 𝜆 > 0 . (4.7.20)

Inserting (4.7.20) into (4.6.5) yields

𝑁𝛽3 ≤ 𝑍 + 𝜆−1(𝑁𝛽3)1/3 + 𝜆2(𝑁𝛽3)1/3 + 𝜆
2

5
(𝑁𝛽3)−2/3𝑍 + 𝑐𝑍𝑁−2/3

+ 𝜆
3

35
(𝑁𝛽3)−1𝑍 + 𝑐𝜆

2

5
(𝑁𝛽3)−2/3𝑍𝑁−2/3

+ 𝑐𝜆
3

35
(𝑁𝛽3)−1𝑍𝑁−2/3 .

(4.7.21)

We can always assume 𝑍 < 𝑁𝛽3 (since otherwise 𝑁 ≤ 𝛽−1
3 𝑍 already proves an inequality than

the statement), and consequently we find

𝑁𝛽3 ≤ 𝑍 +
(
𝜆−1 + 6𝜆2

5

)
(𝑁𝛽3)1/3 + 𝑐𝑍𝑁−2/3

+ 𝜆
3

35
+ 𝑐𝜆

2

5
(𝛽3)1/3𝑁−1/3 + 𝑐𝜆

3

35
𝑁−2/3 .

(4.7.22)

To optimize the leading correction term that grows as 𝑁1/3, we minimize

𝜆 ↦→ 𝜆−1 + 6
5
𝜆2,

and consequently, we choose

𝜆 =

(
5

12

)1/3
, such that 𝜆−1 + 6

5
𝜆2 = 3

(
3

10

)1/3
. (4.7.23)

To ensure 𝑟 < 0.5 as assumed after (4.7.23) we need to have

𝑁 >
10
3𝛽3

>
10
3
. (4.7.24)
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We always assume 𝑁 ≥ 𝑍 , and consequently, the result will hold for 𝑍 ≥ 4. Inserting (4.7.23)
into (4.7.22) yields

𝑁𝛽3 ≤ 𝑍 + 3
(

3
10

)1/3
(𝑁𝛽3)1/3 + 𝑐𝑍𝑁−2/3

+ 1
84

+ 𝑐
5

(
5

12

)2/3
(𝛽3)1/3𝑁−1/3 + 𝑐 1

84
𝑁−2/3 .

(4.7.25)

We can always assume 𝑁 ≥ 𝛽−1
3 𝑍 because otherwise 𝑁 ≤ 𝛽−1

3 𝑍 and we are done. Inserting
𝑁 ≥ 𝛽−1

3 𝑍 into the last two summands in the right–hand side of (4.7.25) yields

𝑁𝛽3 ≤ 𝑍 + 3
(

3
10

)1/3
(𝑁𝛽3)1/3 + 𝑐𝑍𝑁−2/3

+ 1
84

+ 𝑐
5

(
5

12

)2/3
(𝛽3)2/3𝑍−1/3 + 𝑐

𝛽
2/3
3
84

𝑍−2/3 .

To prove the desired inequality

𝑁 ≤ 𝛽−1
3 𝑍 + 𝑎1𝑍

1/3 + 𝑎2 + 𝑎3𝑍
−1/3 + 𝑎4𝑍

−2/3

for optimal 𝑎1, 𝑎2, 𝑎3, 𝑎4 ≥ 0 and all 𝑁 ≥ 3 we assume that for any arbitrary but fixed 𝑁, 𝑍
with 𝑁 ≥ 3 holds

𝑁𝛽3 ≥ 𝑍 + 𝛽3𝑎1𝑍
1/3 + 𝛽3𝑎2 + 𝛽3𝑎3𝑍

−1/3 + 𝛽3𝑎4𝑍
−2/3 (4.7.26)

and bring this to a contradiction by choosing 𝑎1, 𝑎2, 𝑎3, 𝑎4 ≥ 0 and comparing (4.7.26) with
(4.7.25). We do this now to finish the proof. Combining (4.7.26) with (4.7.25) yields

𝛽3𝑎1𝑍
1/3 + 𝛽3𝑎2 + 𝛽3𝑎3𝑍

−1/3 + 𝛽3𝑎4𝑍
−2/3

≤ 3
(

3
10

)1/3
(𝑁𝛽3)1/3 + 𝑐𝑍𝑁−2/3

+ 1
84

+ 𝑐
5

(
5
12

)2/3
(𝛽3)2/3𝑍−1/3 + 𝑐

𝛽
2/3
3
84

𝑍−2/3 .

(4.7.27)

After comparing both sides of (4.7.27) we choose

𝑎2 = 𝛽−1
3 /84, 𝑎3 =

𝑐

5

(
5

12

)2/3
𝛽
−1/3
3 , 𝑎4 = 𝑐

𝛽
−1/3
3
84

. (4.7.28)

Using 𝛽−1
3 < 1.1185 and 𝑐 < 1.5855 this gives

𝑎2 ≤ 0.0134, 𝑎3 ≤ 0.184, 𝑎4 ≤ 0.0196 . (4.7.29)



Chapter 4. On the Excess Charge Problem of Atoms 93

For this choice of 𝑎2, 𝑎3, 𝑎4 we arrive at

𝛽3𝑎1𝑍
1/3 ≤ 3

(
3

10

)1/3
(𝑁𝛽3)1/3 + 𝑐𝑍𝑁−2/3 . (4.7.30)

Dividing (4.7.30) by 𝛽3𝑍
1/3 we find

𝑎1 ≤ 3
(

3
10

)1/3
𝛽
−2/3
3

(
𝑁

𝑍

)1/3
+ 𝑐𝛽−1

3

(
𝑁

𝑍

)−2/3
. (4.7.31)

We can always assume 𝑁 ≥ 𝛽−1
3 𝑍 as explained earlier and 𝑁 < 2𝑍 + 1 due to Lieb’s result

and consequently we can assume 𝑁/𝑍 ∈ [𝛽−1
3 , 5/2] for 𝑍 ≥ 2. Thus

𝑎1 ≤ sup

{
3
(

3
10

)1/3
𝛽
−2/3
3 𝑥1/3 + 𝑐𝛽−1

3 𝑥−2/3 : 𝑥 ∈ [𝛽−1
3 , 5/2]

}
. (4.7.32)

Following Lemma 4.6.5 we have

𝑐 =
√

5
(

2
9𝜋2 1.456

)1/3
4
𝜋2/3
√

15
, (4.7.33)

and since 𝛽−1
3 ∈ [1.0, 1.1185] one can show that the supremum in the right–hand side of

(4.7.32) is attained at 𝑥 = 𝛽−1
3 and consequently

𝑎1 ≤ 3
(

3
10

)1/3
𝛽−1

3 + 𝑐𝛽−1/3
3 < 3.893 . (4.7.34)

For the choice 𝑎1 = 3.90 and 𝑎2, 𝑎3, 𝑎4 as in (4.7.27) the inequality (4.7.26) fails and therefore
we find

𝑁 ≤ 𝛽−1
3 𝑍 + 3.90𝑍1/3 + 0.0134 + 0.184𝑍−1/3 + 0.0196𝑍−2/3, 𝑍 ≥ 4 .

this proves the statement of Proposition 4.2.5.

4.8 Bosonic Atoms
So far, our discussion has focused exclusively on fermionic systems. We now turn our attention
to bosonic atoms by considering the Hamiltonian 𝐻𝑁,𝑍 in (4.2.1) on the bosonic Hilbert space
H 𝑏
𝑁

. Contrary to the fermionic case the result on the excess charge will not depend on the
spin of the particles. Therefore, we restrict our analysis to spinless bosons. In this context, let
𝜓𝑁,𝑍 denote the ground state of 𝐻𝑁,𝑍 on H 𝑏

𝑁
, and let 𝑁𝑐 (𝑍) represent the critical number of

bosonic particles that can be bound.
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By comparison to the Hartree model, it was shown by Benguria and Lieb in [17] that

lim
𝑍→∞

𝑁𝑐 (𝑍)
𝑍

= 𝑡c (4.8.1)

for some 𝑡c > 1 where the numerical value was computed by Baumgartner in [15] to be
𝑡c ≈ 1.21. In the appendix as Lemma A.7.1, we prove the analytic bound 𝑡𝑐 ≤ 1.47.
Up to our knowledge, for finite 𝑍 > 0, Lieb’s bound of 𝑁𝑐 < 2𝑍 + 1 remains the best
bound so far. The mean-field arguments presented in Section 4.5 remain valid in the bosonic
case without modification. The only part of the previous proofs that relied on the fermionic
symmetry of the ground state was Lemma 4.6.4, which is used to find in the fermionic case
the bound 〈

|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉
≲ 𝑍𝑁−2/3 ≲ 𝑍1/3 . (4.8.2)

Here, the left-hand side of (4.8.2) represents the expectation value of one electron’s inverse
position. For a fermionic atom, the average distance between the electrons and the nucleus with
charge 𝑍 scales as 𝑍−1/3. However, in the case of bosonic atoms, this distance is proportional
to 𝑍−1. This can be derived by comparing 𝐻𝑁,𝑍 with 𝐻𝑁,𝑘𝑍 for some 𝑘 > 0, together with
estimates of the ground state energy 𝐸𝑁,𝑍 , see [98, Proof of Theorem 1].
In Section 4.8.1, we present an initial estimate that can be derived by applying our previ-
ous findings while optimizing the parameter 𝑠 ≥ 1 in the Benguria–Lieb–Nam argument.
Specifically, we prove the following bound:

𝑁𝑐 (𝑍) < 1.54141 𝑍 + 3.50 𝑍1/2 + 2.43 + 0.494 𝑍−1/2, ∀𝑍 ≥ 2

as stated in Theorem 4.8.1.
In Section 4.8.2, we build on an approach developed by Benguria et al. in [19] to establish new
bounds on the ground state energy 𝐸𝑁,𝑍 for bosonic systems. These refined estimates enable
us to improve the result on the maximal excess charge of bosonic atoms. Our main objective
is to prove Theorem 4.2.7.

4.8.1 A first Inequality
The techniques derived earlier can be applied to the case of bosonic atoms. We show

Theorem 4.8.1. Let 𝑠 ∈ (1, 2] and 𝑍 ≥ 2, then

𝑁𝑐 (𝑍) < 𝑏(𝑠)𝑑 (𝑠)𝑍 + 2𝑏(𝑠) (𝑑 (𝑠)𝑠)1/2 𝑍1/2

+ 𝑏(𝑠) (𝑠 + 1 − 𝑠−1)
+ 𝑏(𝑠) (𝑠 − 1) (𝑑 (𝑠)𝑠)−1/2 𝑍−1/2

(4.8.3)

where
𝑏(𝑠) :=

𝑠 − 1
𝑠𝑡0

, 𝑑 (𝑠) = 1 + 𝑠
2 − 1

8
with 𝑡0 the unique solution of 𝑡𝑠 + 𝑠𝑡 + 1 − 𝑠 = 0 in (0, 1).
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Remark 4.8.2. In Figure 4.3, we have plotted the behavior of 𝑠 ↦→ 𝑏(𝑠)𝑑 (𝑠). The minimum is
attained at 𝑠 ≈ 1.480. Let 𝑠0 = 1.48 then for 𝑡1 = 0.241715 it follows 𝑡𝑠0

1 + 𝑠0𝑡1 + 1 − 𝑠0 < 0
and consequently

𝑏(𝑠0) <
𝑠0 − 1
𝑠0𝑡1

= 1.34176, and 𝑑 (𝑠0) = 1.1488 .

By direct computations,

𝑏(𝑠0)𝑑 (𝑠0) < 1.54141,
2𝑏(𝑠0) (𝑑 (𝑠0)𝑠0)1/2 < 3.50,
𝑏(𝑠0) (𝑠0 + 1 − 𝑠−1

0 ) < 2.43,
𝑏(𝑠0) (𝑠0 − 1) (𝑑 (𝑠0)𝑠0)−1/2 < 0.494 .

Inserting these numbers into (4.8.3) proves

𝑁𝑐 (𝑍) < 1.54141 𝑍 + 3.50 𝑍1/2 + 2.43 + 0.494 𝑍−1/2 .

which improves Lieb’s result of 𝑁𝑐 (𝑍) < 2𝑍 + 1 for 𝑍 > 64.6 .

1 1.2 1.4 1.6 1.8 2

1.6

1.8

2

𝑠

𝛽
−1 𝑠

( 1
+
𝑠2
−1 8

)

Figure 4.3: Sample values of the prefactor in the term linear in 𝑍 in (4.8.11) .

Proof. Without any changes (4.2.2) and (4.6.9) still hold, so that for any 𝑠 ≥ 2 and Jensen’s
inequality

𝛼𝑁,𝑠 (𝑁 − 1) < 𝑍 + 𝑠
2 − 1

8

(〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉) −1
𝑠−1

< 𝑍 + 𝑠
2 − 1

8
〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
.

(4.8.4)
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Indeed (4.8.4) does also hold for 𝑠 ≥ 1, and we prove this as Lemma 4.8.8 below. Following
[76] the energy of a single electron atom with nuclear charge 𝜆 is bounded from below by〈

𝑓 ,
−Δ
2
𝑓

〉
−

〈
𝑓 ,
𝜆

|𝑥 | 𝑓
〉
≥ −𝜆

2

2
⟨ 𝑓 , 𝑓 ⟩

for every 𝑓 ∈ 𝐻1 and 𝜆 ∈ R. Recall the definition of 𝜌𝜓𝑁,𝑍
in (4.6.5). Then 𝜌𝜓𝑁,𝑍

≥ 0 by
construction. Choose

𝜆 =

∫
|𝑥 |−1𝜌𝜓𝑁,𝑍 (𝑥)𝑑𝑥

𝑁
, 𝑓 =

√︃
𝜌𝜓𝑁,𝑍

(𝑥) .

Consequently, we arrive at Coulomb’s uncertainty principle∫
|𝑥 |−1𝜌𝜓𝑁,𝑍 (𝑥)𝑑𝑥 ≤ 𝑁1/2

∇√𝜌𝜓𝑁,𝑍




2 . (4.8.5)

By the Hoffmann-Ostenhof inequality (see, [46, Lemma 2]) and the virial theorem



∇√𝜌𝜓𝑁,𝑍



2
2 ≤

𝑁∑︁
𝑖=1

⟨𝜓𝑁,𝑍 ,−Δ𝑖𝜓𝑁,𝑍⟩ = −2𝐸𝑁,𝑍 . (4.8.6)

For the bosonic ground state we have −𝐸𝑁,𝑍 ≤ 𝑁𝑍2/2 by ignoring the electron–electron
repulsion which together with (4.8.5) yields

⟨|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍⟩ ≤ 𝑁−1/2√︁−2𝐸𝑁,𝑍 ≤ 𝑍 . (4.8.7)

Combining (4.8.4) and (4.8.7) we arrive at

𝛼𝑁,𝑠 (𝑁 − 1) <
(
1 + 𝑠

2 − 1
8

)
𝑍 .

Applying Lemma 4.5.3 for every 𝑁 ≥ 2, 𝑟 > 0 and 𝑠 ≥ 1 we find

(𝑟 + 1)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) (1 + 𝑟)𝑠 𝑁𝛽𝑠 ≤
(
1 + 𝑠

2 − 1
8

)
𝑍 + 1

𝑟
. (4.8.8)

Let 𝑝 ≥ 2 and 𝑟 > 0 then by standard arguments, the following inequality is valid

(1 + 𝑟)𝑝 − (1 − 𝑟)𝑝 ≥ 2𝑟 𝑝 . (4.8.9)

Let 𝑝 = 𝑠 + 1 for 𝑠 ≥ 1 and insert (4.8.9) into (4.8.8) to find

𝑁𝛽𝑠 ≤
(
1 + 𝑠

2 − 1
8

)
𝑍 (1 + 𝑟)𝑠 + (1 + 𝑟)𝑠

𝑟
. (4.8.10)
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Choose 𝑟 = 𝜆𝑍−1/2 for some 𝜆 > 0, then by standard estimates one can find 𝑐(𝜆, 𝑠) > 0 with

𝑁 ≤ 𝛽−1
𝑠

(
1 + 𝑠

2 − 1
8

)
𝑍 + 𝑐(𝜆, 𝑠)𝑍1/2 . (4.8.11)

Optimizing in 𝜆 > 0 can improve the result. For 𝑠 ∈ [1, 2] we give a rough estimate on 𝑐(𝜆, 𝑠).
For 𝑞 ∈ [0, 1], the following Bernoulli’s inequality is true

(1 + 𝑥)𝑞 ≤ 1 + 𝑞𝑥, ∀𝑥 ≥ −1 . (4.8.12)

Let |𝑟 | < 1 then together with Bernoulli’s inequality we find

(1 + 𝑟)𝑠 = (1 + 𝑟) (1 + 𝑟)𝑠−1 ≤ (1 + 𝑟) (1 + (𝑠 − 1)𝑟) = 1 + 𝑠𝑟 + (𝑠 − 1)𝑟2 . (4.8.13)

Let
𝑑 := 𝑑 (𝑠) := 1 + 𝑠

2 − 1
8

=
𝑠2 + 7

8
(4.8.14)

then by inserting (4.8.14) and (4.8.13) into the right–hand side of (4.8.10) we arrive at(
1 + 𝑠

2 − 1
8

)
𝑍 (1 + 𝑟)𝑠 + (1 + 𝑟)𝑠

𝑟
=

(
𝑑𝑍 + 1

𝑟

)
(1 + 𝑟)𝑠

≤ (𝑑𝑍 + 𝑟−1) (1 + 𝑠𝑟 + (𝑠 − 1)𝑟2)
= 𝑑𝑍 + 𝑑𝑠𝑍𝑟 + 𝑟−1 + 𝑑 (𝑠 − 1)𝑍𝑟2 + 𝑠 + (𝑠 − 1)𝑟 .

Choose now 𝑟 = 𝜆𝑍−1/2 for some 𝜆 > 0 then(
1 + 𝑠

2 − 1
8

)
𝑍 (1 + 𝑟)𝑠 + (1 + 𝑟)𝑠

𝑟
≤ 𝑑𝑍 + [𝑑𝑠𝜆 + 𝜆−1]𝑍1/2

+ [𝑑 (𝑠 − 1)𝜆2 + 𝑠]
+ 𝜆(𝑠 − 1)𝑍−1/2 .

It remains to choose the free parameter 𝜆 > 0 optimally. We decide to optimize the expression
that grows as 𝑍1/2 in the free parameter 𝜆 > 0 to find

𝜆 = (𝑑𝑠)−1/2

and consequently(
1 + 𝑠

2 − 1
8

)
𝑍 (1 + 𝑟)𝑠 + (1 + 𝑟)𝑠

𝑟
≤ 𝑑𝑍 + 2 (𝑑𝑠)1/2 𝑍1/2

+
[
𝑠 + 1 − 𝑠−1]

+ (𝑠 − 1) (𝑑𝑠)−1/2 𝑍−1/2 .

Inserting this into (4.8.10) proves the statement of Theorem 4.8.1.
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4.8.2 Comparison with the Hartree Model
We begin by analyzing a recent technique by Benguria et al. in [19] to derive new bounds to the
ground state energy 𝐸𝑁,𝑍 in the bosonic case. It has come to our attention that there appears
to be an inconsistency in [19]. Upon careful examination, we have identified a potential error.
We deeply appreciate the approach introduced by Benguria et al. and hope that our contribution
will be seen as a constructive enhancement to their valuable work.

We study the Hartree Model, which is given by

EH
𝑍 ( 𝑓 ) :=

1
2

∫
(∇ 𝑓 )2 d𝑥 − 𝑍

∫ | 𝑓 |2

|𝑥 | d𝑥 + 1
2

∬ | 𝑓 (𝑥) |2 | 𝑓 (𝑦) |2

|𝑥 − 𝑦 | d𝑥 d𝑦 , 𝑓 ∈ 𝐻1 . (4.8.15)

The energy in the Hartree model is defined as

𝐸H
𝑁,𝑍

:= inf
(
E𝐻𝑍 ( 𝑓 ) : 𝑓 ∈ 𝐻1(R3), ∥ 𝑓 ∥2

2 = 𝑁

)
. (4.8.16)

By rescaling
𝐸H
𝑁,𝑍 = 𝑍3𝑒(𝑁/𝑍) (4.8.17)

where 𝑒(·) is defined as

𝑒(𝑡) := inf
{
EH

1 (𝑔) : 𝑔 ∈ 𝐻1(R3), ∥𝑔∥2
2 = 𝑡

}
, for 𝑡 > 0 and 𝑒(0) := 0 . (4.8.18)

We give this rescaling argument in Appendix A as Lemma A.6.1.

Remark 4.8.3. The mapping 𝑡 ↦→ 𝑒(𝑡) is strictly decreasing and strictly convex for 𝑡 ∈ [0, 𝑡c]
(see [17]) and constant for 𝑡 ≥ 𝑡c (see [110, p. 166]). In particular

min 𝑒(𝑡) = 𝑒(𝑡c) . (4.8.19)

Note that this behavior of 𝑒(·) directly clarifies the maximal excess charge in the Hartree
model since, for any 𝛿 > 0, we have due to (4.8.17)

𝐸H
𝑁−𝛿,𝑍 > 𝐸

H
𝑁,𝑍 ⇔ 𝑒

(
𝑁 − 𝛿
𝑍

)
> 𝑒

(
𝑁

𝑍

)
⇔ 𝑁 − 𝛿

𝑍
< 𝑡c

and in the limit 𝛿 → 0 this proves 𝑁 ≤ 𝑡c 𝑍 . Due to Baumgartner [15] we know numerically
𝑡c ≈ 1.21. In Lemma A.7.1, we prove analytically 𝑡c ≤ 1.47 and consequently 𝑁 < 1.47𝑍 in
the Hartree model.

In Section 4.8.3 we show

Lemma 4.8.4. Let 𝑒(·) be defined as in (4.8.18) and let 𝑡c the asymptotic constant in (4.8.1)
then

𝑒(𝑡c) ≥ −2𝑡c
9
.
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Remark 4.8.5. Combining Lemma 4.8.4 and (4.8.17) together with (4.8.19) shows

𝐸H
𝑁,𝑍 ≥ −2𝑡c

9
𝑍3 (4.8.20)

Equipped with Lemma 4.8.4, we show a lower bound to the ground state energy 𝐸𝑁,𝑍 . In
particular, we show

Corollary 4.8.6. For the ground state energy 𝐸𝑁,𝑍 we find

𝐸𝑁,𝑍 ≥ −2𝑡c
9
𝑍3 − 𝐷 2

√
𝑡c

3
𝑁5/6𝑍3/2 − 𝐷2 3

2
√
𝑡c
𝑁13/6𝑍−3/2.

where 𝐷 = 𝐶𝐿𝑂𝐶𝐺𝑁 with 𝐶𝐺𝑁 = 0.2793 and 𝐶𝐿𝑂 = 1.58.

Remark 4.8.7. To derive estimates on 𝑁𝑐 (𝑍), we can always assume 𝑁 ≥ 𝑍 . In the proof of
Theorem 4.8.1, we used the bound

−𝐸𝑁,𝑍 <
𝑁𝑍2

2
.

However, the estimate provided in Corollary 4.8.6 improves upon this, since it proves

−𝐸𝑁,𝑍 <
2𝑡c
9
𝑍3 +𝑂 (𝑍2+1/3),

where 𝑡c ≤ 2, as established by Lieb’s result 𝑁𝑐 (𝑍) < 2𝑍 +1 and numerically 𝑡c ≈ 1.21 due to
Baumgartner [15]. Following the steps of the proof of Theorem 4.8.1 and applying this refined
estimate for 𝐸𝑁,𝑍 , we obtain an improved bound on 𝑁𝑐 (𝑍). The remainder of our analysis
will focus on proving Corollary 4.8.6 and deriving a new estimate on 𝑁𝑐 (𝑍).

We prove Corollary 4.8.6 in section section 4.8.4. We continue by proving Lemma 4.8.4.

4.8.3 Proof of Lemma 4.8.4
Proof. Following [110, p. 166] there exists 𝑓𝐻 =

√
𝑢 with

√
𝑢 ∈ 𝐻1 such that

𝑒(𝑡𝑐) = EH
1 (

√
𝑢), ∥ 𝑓 ∥2

2 =

∫
R3

|𝑢(𝑥) | d𝑥 = 𝑡c (4.8.21)

where 𝑓𝐻 is the unique positive solution to

−Δ 𝑓𝐻
2

= Φ 𝑓𝐻

with
Φ(𝑥) = |𝑥 |−1 − (𝑢 ∗ |·|−1) (𝑥) .
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The Hartree energy functional is strictly convex. The fact that the function

𝑢 ↦→
∫ ��∇√𝑢��𝑑𝑥

is convex, can be for instance found in [16, Lemma 4]. Due to the strict convexity of EH
1

there is no minimizer of EH
1 with ∥ 𝑓 ∥2

2 = 𝑡 > 𝑡𝑐 and EH
1 ( 𝑓 ) = 𝑒(𝑡𝑐) (choose 𝛾 = 0 in [73,

Theorem 2.4 and Theorem 2.5], where the more general Thomas-Fermi-von Weizsäcker theory
is studied). Consequently 𝑓𝐻 =

√
𝑢 is the unique minimizer of E𝐻1 without restriction on ∥𝑢∥1.

Let 𝜆, 𝑠 > 0, and define
𝑢𝜆,𝑠 (𝑥) := 𝑠−1/2𝜆−3/2𝑢

(
𝜆−1𝑥

)
, (4.8.22)

then by direct calculations

E𝐻1
(√
𝑢𝜆,𝑠

)
=

1
𝑠𝜆22

∫ (
∇
√
𝑢
)2 d𝑥 − 1

𝑠𝜆

∫ |𝑢(𝑥) |
|𝑥 | d𝑥

+ 1
𝑠2𝜆

1
2

∬ |𝑢(𝑥) | |𝑢(𝑦) |
|𝑥 − 𝑦 | d𝑦 d𝑥 .

(4.8.23)

As 𝑓𝐻 =
√
𝑢 is the unique minimizer it follows

𝜕

𝜕𝑠
E𝐻1

(√
𝑢𝜆,𝑠

) ����
𝑠=𝜆=1

=
𝜕

𝜕𝜆
E𝐻1

(√
𝑢𝜆,𝑠

) ����
𝑠=𝜆=1

= 0 . (4.8.24)

These conditions define several virial theorems. To reduce notation, we define,

𝐾 :=
1
2

∫
R3

(
∇
√
𝑢
)2 d𝑥 , (4.8.25)

𝐴 :=
∫
R3

|𝑢(𝑥) |
|𝑥 | d𝑥 , (4.8.26)

𝑅 :=
1
2

∬
R3×R3

|𝑢(𝑥) | |𝑢(𝑦) |
|𝑥 − 𝑦 | d𝑦 d𝑥 . (4.8.27)

Taking the derivatives in (4.8.23) according to (4.8.24) and inserting 𝐾 , 𝐴 and 𝑅 we find

0 =

(
− 2
𝑠𝜆3𝐾 + 1

𝑠𝜆2 𝐴 − 1
𝑠2𝜆2 𝑅

)����
𝑠=𝜆=1

= −2𝐾 + 𝐴 − 𝑅, (4.8.28)

0 =

(
− 1
𝑠2𝜆2𝐾 + 1

𝑠2𝜆
𝐴 − 2

𝑠3𝜆
𝑅

)����
𝑠=𝜆=1

= −𝐾 + 𝐴 − 2𝑅 . (4.8.29)

By definition of 𝐾 , 𝐴 and 𝑅 together with (4.8.21) and the definition of 𝑒(𝑡𝑐) in (4.8.17) we
have

𝑒(𝑡c) = 𝐾 − 𝐴 + 𝑅 .
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Combining this with (4.8.28) we find

𝐾 = 𝐴/3, 𝑒(𝑡c) = −𝐾. (4.8.30)

We apply the Coulomb Uncertainty Principle (see [76, Equation 2.2.18]) which yields∫
R3

|𝑢(𝑥) |
|𝑥 | d𝑥 ≤

(∫
R3

(
∇
√
𝑢
)2 d𝑥

)1/2 (∫
R3

|𝑢(𝑥) | d𝑥
)1/2

. (4.8.31)

Since 3𝐾 = 𝐴,

𝐴2 =

(∫
R3

|𝑢(𝑥) |
|𝑥 | d𝑥

)2
≤

((∫
R3

(
∇
√
𝑢
)2 d𝑥

)1/2
𝑡
1/2
c

)2

⇒ 𝐴2 ≤ 𝐾𝑡c ⇒ 𝐴 ≤ 1
3
𝑡c (4.8.32)

Combining (4.8.30) and (4.8.32) we arrive at

𝐾 ≤ 1
9
𝑡c . (4.8.33)

Together with 𝑒(𝑡c) = −𝐾 we find
𝑒(𝑡c) ≥ −2𝑡c

9
(4.8.34)

which completes the proof.

We continue by proving Corollary 4.8.6.

4.8.4 Proof of Corollary 4.8.6
Proof. Let 𝜓𝑁,𝑍 denote the ground state of 𝐻𝑁,𝑍 , and recall the definition of the one-particle
density 𝜌𝜓𝑁,𝑍

given in (4.6.5). For brevity, we write 𝜌 = 𝜌𝜓𝑁,𝑍
. Following [17], the Hartree

energy E𝐻
𝑍

and the ground state energy 𝐸𝑁,𝑍 of the Schrödinger operator 𝐻𝑁,𝑍 can be related
via the Lieb-Oxford inequality (see [75]). In particular, we have

𝐸𝑁,𝑍 ≥ E𝐻𝑍
(√
𝜌
)
− 𝐶LO

∫
R3
𝜌(𝑥)4/3 d𝑥. (4.8.35)

We use the improved Lieb-Oxford constant 𝐶𝐿𝑂 = 1.5765, which was recently derived in [68,
Equation 79]. Applying the Gagliardo–Nirenberg inequality to the Lieb-Oxford term, we find∫

R3
(𝜌(𝑥))4/3𝑑𝑥 ≤ 𝐶𝐺𝑁



∇√𝜌

2

(∫
R3
𝜌(𝑥)𝑑𝑥

)5/6
= 𝐶𝐺𝑁



∇√𝜌

2𝑁
5/6 (4.8.36)
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where 𝐶𝐺𝑁 can be computed numerically to get 𝐶𝐺𝑁 < 0.2793 (see [19]). By the Hoffmann-
Ostenhof Inequality (see, [46, Lemma 2])) and the virial theorem



∇√𝜌

2
2 ≤

𝑁∑︁
𝑖=1

⟨𝜓𝑁,𝑍 ,−Δ𝑖𝜓𝑁,𝑍⟩ = −2𝐸𝑁,𝑍 .

Using the definition of the Hartree energy in (4.8.16) and combining (4.8.35), (4.8.36) and
(4.8.6) shows

𝐸𝑁,𝑍 ≥ 𝐸H
𝑁,𝑍 − 𝐶𝐿𝑂𝐶𝐺𝑁 (−2𝐸𝑁,𝑍 )1/2𝑁5/6

Define 𝐷 := 𝐶𝐿𝑂𝐶𝐺𝑁 then by application of (4.8.20) we arrive at

𝐸𝑁,𝑍 ≥ −2𝑡c
9
𝑍3 − 𝐷 (−2𝐸𝑁,𝑍 )1/2𝑁5/6 . (4.8.37)

Inserting equation (4.8.37) into itself yields

𝐸𝑁,𝑍 ≥ −2𝑡c
9
𝑍3 − 𝐷

(
4𝑡c
9
𝑍3 + 2𝐷 (−2𝐸𝑁,𝑍 )1/2𝑁5/6

)1/2
𝑁5/6 . (4.8.38)

Ignoring the electron–electron repulsion, there is always the inequality

−𝐸𝑁,𝑍 ≤ 1
2
𝑁𝑍2 . (4.8.39)

Combining (4.8.39) and (4.8.38) we arrive at

𝐸𝑁,𝑍 ≥ −2𝑡c
9
𝑍3 − 𝐷

(
4𝑡c
9
𝑍3 + 2𝐷𝑁4/3𝑍

)1/2
𝑁5/6

= −2𝑡c
9
𝑍3 − 𝐷 2

√
𝑡c

3
𝑁5/6𝑍3/2

(
1 + 9𝐷

2𝑡c
𝑁4/3𝑍−2

)1/2

≥ −2𝑡c
9
𝑍3 − 𝐷 2

√
𝑡c

3
𝑁5/6𝑍3/2

(
1 + 9𝐷

4𝑡c
𝑁4/3𝑍−2

)
= −2𝑡c

9
𝑍3 − 𝐷 2

√
𝑡c

3
𝑁5/6𝑍3/2 − 𝐷2 3

2
√
𝑡c
𝑁13/6𝑍−3/2 .

In the third line, we applied Bernoulli’s Inequality (4.8.12). This proves the assertion of
Corollary 4.8.6.

Equipped with Corollary 4.8.6, we can continue to prove bounds to the Excess Charge in the
bosonic case.

4.8.5 Maximal Excess Charge In The Bosonic Case
We want to apply Lemma 4.6.2, but for 𝑠 < 2, this is not directly possible. We show
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Lemma 4.8.8. For any 𝑠 ∈ (1, 2]

1
2

〈
|𝑥1 |𝑠𝜓𝑁,𝑍 ,Δ1𝜓𝑁,𝑍

〉〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 ≤ 𝑠2 − 1
8

〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
. (4.8.40)

Proof. With the same arguments as in Lemma 4.6.2

1
2

〈
|𝑥1 |𝑠𝜓𝑁,𝑍 ,Δ1𝜓𝑁,𝑍

〉〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 ≤ 𝑠2 − 1
8

〈
|𝑥1 |𝑠−2𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 .
Note that 〈

|𝑥1 |𝑠−2𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉
=

1
𝑁

∫
𝑅3

|𝑥1 |𝑠−1 |𝑥1 |−1𝜌𝜓𝑁,𝑍
(𝑥1) 𝑑𝑥1 .

Instead of applying Hölder’s inequality directly, we define the probability measure

𝑑𝜑(𝑥) :=
1
𝑁

|𝑥 |−1𝜌𝜓𝑁,𝑍
(𝑥) 𝑑𝑥〈

|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉

then by Hölder’s inequality〈
|𝑥1 |𝑠−2𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
=

∫
R3

|𝑥 |𝑠−1𝑑𝜑(𝑥)
〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
≤

(∫
R3

|𝑥 |𝑠𝑑𝜑(𝑥)
) (𝑠−1)/𝑠 〈

|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍
〉
.

(4.8.41)

Inserting the definition of 𝑑𝜑 in the second line of (4.8.41) we arrive at〈
|𝑥1 |𝑠−2𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
≤

(〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉) 𝑠−1
𝑠

(〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉) 1
𝑠

and consequently〈
|𝑥1 |𝑠−2𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 ≤
(〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉) −1
𝑠

(〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉) 1
𝑠

. (4.8.42)

To simplify the expression on the right–hand side of (4.8.42) we use Jensen’s inequality. Let
𝑠 ∈ (1, 2] and 𝜇 ∈ 𝑃(R3). We show(∫

R3
|𝑥 |𝑠−1𝑑𝜇(𝑥)

)− 1
𝑠

≤
(∫

R3
|𝑥 |−1𝑑𝜇(𝑥)

)1− 1
𝑠

. (4.8.43)

This is equivalent to ∫
R3

|𝑥 |𝑠−1𝑑𝜇(𝑥) ≥
(∫

R3
|𝑥 |−1𝑑𝜇(𝑥)

)1−𝑠
. (4.8.44)
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The mapping (0,∞) ∋ 𝑡 ↦→ 𝑡1−𝑠 is convex for any 𝑠 ∈ (1, 2] since (𝑡1−𝑠)′′ = 𝑠(𝑠 − 1)𝑡−(𝑠+1) .
Equation (4.8.44) and consequently (4.8.43) then follows directly from Jensen’s inequality.
Note that

𝑑𝜇 = 𝑁−1𝑑𝜌𝜓𝑁,𝑍

is a probability measure, and thus, applying (4.8.43), we conclude(〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉) −1
𝑠 ≤

(〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉)1− 1
𝑠

which combining with (4.8.42) yields〈
|𝑥1 |𝑠−2𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉〈
|𝑥1 |𝑠−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉 ≤
〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
.

This finishes the proof of Lemma 4.8.8.

With Corollary 4.8.6 and Lemma 4.8.8, we now have the necessary tools to establish a more
refined version of Theorem 4.8.1, namely Theorem 4.2.7. Before proceeding with the proof
of Theorem 4.2.7, it is helpful to summarize our findings in the form of the following lemma.

Lemma 4.8.9. Let 𝜓𝑁,𝑍 the ground state of 𝐻𝑁,𝑍 in (4.2.1) on H 𝑏
𝑁

then〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
≤ 2

√
𝑡c

3

(
𝑍

𝑁

)1/2
𝑍

(
1 + 𝐷 3

2
√
𝑡c

(
𝑁

𝑍

)5/6
𝑍−2/3 + 𝐷2

(
3

2
√
𝑡c

)2 (
𝑁

𝑍

)13/6
𝑍−7/3

)
(4.8.45)

Proof. We already have proven〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
≤ 𝑁−1/2√︁−2𝐸𝑁,𝑍 (4.8.46)

in the proof of Theorem 4.8.1 (see (4.8.7)). Combining (4.8.46) together with the estimate on
𝐸𝑁,𝑍 found in Corollary 4.8.6 we arrive at
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〈
|𝑥1 |−1𝜓𝑁,𝑍 , 𝜓𝑁,𝑍

〉
=

1
𝑁

∫
𝑅3

|𝑥1 |−1𝜌(𝑥1) 𝑑𝑥1

≤ 𝑁−1/2
(
4𝑡c
9
𝑍3 + 𝐷 4

√
𝑡c

3
𝑁5/6𝑍3/2 + 𝐷2 6

2
√
𝑡c
𝑁13/6𝑍−3/2

)1/2

=
2
√
𝑡c

3

(
𝑍

𝑁

)1/2
𝑍

(
1 + 3𝐷

√
𝑡c
𝑁5/6𝑍−3/2 + 2𝐷2

(
3

2
√
𝑡c

)2
𝑁13/6𝑍−9/2

)1/2

≤ 2
√
𝑡c

3

(
𝑍

𝑁

)1/2
𝑍

(
1 + 𝐷 3

2
√
𝑡c
𝑁5/6𝑍−3/2 + 𝐷2

(
3

2
√
𝑡c

)2
𝑁13/6𝑍−9/2

)
=

2
√
𝑡c

3

(
𝑍

𝑁

)1/2
𝑍

(
1 + 𝐷 3

2
√
𝑡c

(
𝑁

𝑍

)5/6
𝑍−2/3 + 𝐷2

(
3

2
√
𝑡c

)2 (
𝑁

𝑍

)13/6
𝑍−7/3

)
.

4.8.6 Proof of Theorem 4.2.7
Remark 4.8.10. As in previous cases, 𝑠 ≥ 1 will appear as a free parameter in our analysis.
However, unlike the fermionic case, increasing 𝑠 does not necessarily yield better results. In
Lemma A.7.1, we prove the bound

𝑡𝑐 = lim
𝑍→∞

𝑁𝑐 (𝑍)
𝑍

≤ inf
𝑠∈[1,2]

𝑏(𝑠)
(
1 + 𝑠

2 − 1
12

)
≤ 1.47,

where the infimum is attained at 𝑠 ≈ 1.624. This suggests that optimal results can be expected
for 𝑠 ≤ 2.
In the fermionic case, we previously relied on Lemma 4.5.9, which is valid only for 𝑠 ≥ 2.
Here, we instead use Lemma 4.5.3, which applies to 𝑠 ≤ 2. Consequently, we cannot establish

𝑁𝑐 (𝑍)
𝑍

∈ 𝑂 (𝑍1/3),

and instead, we obtain a 𝑍1/2 behavior for the correction terms.
While extending the analysis to 𝑠 ≥ 2 in conjunction with Lemma 4.5.3 might improve our
results for finite 𝑍 , we restrict our consideration to 𝑠 ∈ (1, 2).
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Proof of Theorem 4.2.7. We combine (4.3.10) with Lemma 4.5.3 and the estimate on 𝛽𝑠 in
(4.4.5) to prove the Theorem. Combining Lemma 4.5.3, Lemma 4.8.8 and (4.3.10) yields

(𝑟 + 1)𝑠+1 − (1 − 𝑟)𝑠+1

2𝑟 (𝑠 + 1) (1 + 𝑟)𝑠 𝑁𝛽𝑠 −
1
𝑟

≤ 𝑍 + 𝑠
2 − 1
12

√
𝑡𝑐

(
𝑍

𝑁

)1/2
𝑍

(
1 + 3𝐷

2
√
𝑡c

(
𝑁

𝑍

)5/6
𝑍−2/3 + 9𝐷2

4𝑡𝑐

(
𝑁

𝑍

)13/6
𝑍−7/3

)
.

Direct computations show for 𝑟 ≥ 0 and 𝑠 ≥ 1 that

(1 + 𝑟)𝑠+1 − (1 − 𝑟)𝑠+1 ≥ 2𝑟 (𝑠 + 1) (1 − 𝑟)𝑠 .

Thus, we arrive at (
1 − 𝑟
1 + 𝑟

) 𝑠
𝑁𝛽𝑠 −

1
𝑟
≤

(
1 + 𝑠

2 − 1
12

√
𝑡c

(
𝑍

𝑁

)1/2
)
𝑍

+ 𝑠
2 − 1

8
𝐷

(
𝑁

𝑍

)7/6
𝑍1/3

+ 𝑠
2 − 1

8
3𝐷2

2
√
𝑡c

(
𝑁

𝑍

)5/3
𝑍−4/3 .

(4.8.47)

Note that by Bernoulli’s inequality(
1 − 𝑟
1 + 𝑟

) 𝑠
≥ 1 − 𝑠 2𝑟

1 + 𝑟 ≥ 1 − 2𝑠𝑟 (4.8.48)

for any 𝑟 ∈ (0, 1). Combining (4.8.47) and (4.8.48) yields

(1 − 2𝑠𝑟)𝑁𝛽𝑠 −
1
𝑟
≤

(
1 + 𝑠

2 − 1
12

√
𝑡c

(
𝑍

𝑁

)1/2
)
𝑍

+ 𝑠
2 − 1

8
𝐷

(
𝑁

𝑍

)7/6
𝑍1/3

+ 𝑠
2 − 1

8
3𝐷2

2
√
𝑡c

(
𝑁

𝑍

)5/3
𝑍−4/3 .

(4.8.49)

We use that 𝑁 < 2𝑍 + 1 by Lieb’s result and hence 𝑁 ≤ 5/2𝑍 for 𝑍 ≥ 2. We define

𝑐1 :=
𝑠2 − 1

8
𝐷

(
5
2

)7/6
, 𝑐2 :=

𝑠2 − 1
8

3𝐷2

2
√
𝑡c

(
5
2

)5/3
.
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Consequently, we arrive at

𝑁𝛽𝑠 ≤
(
1 + 𝑠

2 − 1
12

√
𝑡c

(
𝑍

𝑁

)1/2
)
𝑍 + 𝑐1𝑍

1/3 + 𝑐2𝑍
−4/3

+ 1
𝑟
+ 2𝑠𝑟𝑁𝛽𝑠 .

Optimizing in 𝑟 yields

𝑟 =

(
1

2𝑠𝛽𝑠

)1/2
𝑁−1/2 .

Note that 𝑟 < 1 if 𝑁 ≥ 1. Thus, we arrive at

𝑁 ≤ 1
𝛽𝑠

(
1 + 𝑠

2 − 1
12

√
𝑡c

(
𝑍

𝑁

)1/2
)
𝑍 + 𝑐1

𝛽𝑠
𝑍1/3 + 𝑐2

𝛽𝑠
𝑍−4/3 + 2

√︄
2𝑠
𝛽𝑠
𝑁1/2 .

Using again that 𝑁 < 2𝑍 + 1 by Liebs result and hence 𝑁 ≤ 5/2𝑍 for 𝑍 ≥ 2 shows

𝑁 ≤ 1
𝛽𝑠

(
1 + 𝑠

2 − 1
12

√
𝑡c

(
𝑍

𝑁

)1/2
)
𝑍 + 𝑐1

𝛽𝑠
𝑍1/3 + 𝑐2

𝛽𝑠
𝑍−4/3 + 2

√︄
5𝑠
𝛽𝑠
𝑍1/2 . (4.8.50)

It remains to turn (4.8.50) into the desired relation between 𝑁 and 𝑍 . To this end let
𝜃0, 𝜃1, 𝜃2, 𝜃3 > 0 and assume for arbitrary but fixed 𝑁 ≥ 𝑍 ≥ 2

𝑁 ≥ 𝜃0𝑍 + 𝜃1𝑍
1/2 + 𝜃2𝑍

1/3 + 𝜃3𝑍
−4/3 . (4.8.51)

To prove the theorem, we will now determine values of 𝜃0, 𝜃1, 𝜃2 and 𝜃3 such that (4.8.50)
together with (4.8.51) yields a contradiction. Fix

𝜃1 = 2

√︄
5𝑠
𝛽𝑠
, 𝜃2 =

𝑐1
𝛽𝑠
, 𝜃3 =

𝑐2
𝛽𝑠
. (4.8.52)

Then combining (4.8.50), (4.8.51) and (4.8.52) we arrive at

𝜃0 ≤ 1
𝛽𝑠

(
1 + 𝑠

2 − 1
12

√
𝑡c

(
𝑍

𝜃0𝑍 + 𝜃1𝑍1/2 + 𝜃2𝑍1/3 + 𝜃3𝑍−4/3

)1/2
)
.

Consequently,

𝜃0 ≤ 1
𝛽𝑠

(
1 + 𝑠

2 − 1
12

(
𝑡c
𝜃0

)1/2
)
. (4.8.53)
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Recall that our goal is to determine the smallest possible value of 𝜃0 for a given 𝑠 > 1 at which
(4.8.53) no longer holds. Choose 𝜃0 = 𝑥−2𝑡c then we need to find 𝑥 > 0 such that

𝛽𝑠𝑡c ≤
(
1 + 𝑠

2 − 1
12

𝑥

)
𝑥2 (4.8.54)

fails. For fixed 𝑠 ≥ 1, the cubic equation (4.8.54) has a unique positive solution that can be
computed explicitly. A numerical investigation with 𝑡c ≈ 1.21 shows that at 𝑠 = 1.66, one can
prove the best results. Thus, we fix 𝑠 = 1.66. In this case 𝛽1.66 < 0.782 and consequently we
may choose 𝑥 = 𝑥0 as the unique positive solution of

0.782 𝑡c = (1 + 0.1463𝑥0) 𝑥2
0

and consequently 𝜃0 = 𝑥−2
0 𝑡c. For 𝑡c ≈ 1.21 one finds 𝑥0 ≈ 0.913597 . . . which gives 𝜃0 < 1.45

Thus we have found
𝑁𝑐 ≤

𝑡c

𝑥2
0
𝑍 + 𝜃1𝑍

1/2 + 𝜃2𝑍
1/3 + 𝜃3𝑍

−4/3 (4.8.55)

with

𝜃1 = 2

√︄
5𝑠
𝛽𝑠
, 𝜃2 =

𝑐1
𝛽𝑠
, 𝜃3 =

𝑐2
𝛽𝑠
.

With 𝑠 = 1.66 and 𝑡c ≥ 1

𝜃1 ≤ 6.52, 𝜃2 ≤ 0.361, 𝜃3 ≤ 0.378 .

This proves Theorem 4.2.7.
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Chapter 5

Why a System of Three Bosons On
Separate Lines Can Not Exhibit The
Confinement Induced Efimov Effect

5.1 Introduction

5.1.1 The physical system
We study a system consisting of three quantum particles (bosons) with short–range interactions
confined to move on separate lines within R3, see Figure 5.2 in Section 5.2. Two of these lines,
𝐿2 and 𝐿3, are parallel to each other within a plane 𝑃, while the first line, 𝐿1, is constrained
to a plane perpendicular to 𝑃 which does not intersect 𝐿2 or 𝐿3. That is the intersection of
the plane on which 𝐿1 lies with the plane 𝑃 forms a line parallel to 𝐿2 and 𝐿3. The line
𝐿1 intersects 𝑃 at an angle 𝜁 ∈ (0, 𝜋/2]. Without loss of generality, we can fix the point of
intersection of the line 𝐿1 and the plane 𝑃 as the origin.
Recently the physicists Nishida and Tan predicted that this system might exhibit the so–called
confinement induced Efimov effect. This, in particular, means that it should have an infinite
number of negative eigenvalues if two–particle subsystems do not have bound states but have
resonances at the bottom of the essential spectrum. the possible existence of Efimov type
effects in such geometrically constrained quantum systems, see [87],[86]).
Our main result, see Theorem 5.2.1, shows that this prediction is not correct. We prove that
the geometrically constrained three–particle system discussed above can have at most finitely
many bound states for a large class of short–range potentials.

5.1.2 The Efimov effect.
It is well known that an one-particle Schrödinger operator −Δ+𝑉 (𝑥) on 𝐿2(R𝑑) with relatively
bounded potential decaying faster than |𝑥 |−2−𝛿, 𝛿 > 0 may have only a finite number of
eingenvalues. It was proven by Zhislin [129] and Yafaev [59] using two different methods that
𝑁-particle Schrödinger operators, under the same conditions on the potentials, possess only a
finite number of eigenvalues if at least one of the subsystems has a bound state below zero.
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It was very surprising when physicist Efimov found in 1970 [28] that a system of three particles
in R3 with short–range pairwise interactions may have an infinite number of eigenvalues when
the two–particle subsystems do not have bound states, but have resonances at the bottom of
the spectrum.
Beyond the infinite accumulation of bound states, the Efimov effect exhibits several remarkable
properties, one of the most significant being its universality. This means that the discrete
spectrum’s asymptotic behavior remains the same, regardless of the microscopic specifics of
the underlying pair–potentials. In particular, the number of bound states 𝑁 (𝐸) below 𝐸 < 0
satisfies the universal asymptotic behavior

lim
𝐸→0−

𝑁 (𝐸)
|ln( |𝐸 |) | = 𝐶0 (5.1.1)

for some constant 𝐶0 > 0, which depends solely on the particle masses and not on the
interaction potentials.
Both in mathematics and physics, the study of the Efimov effect became a highly recognized
challenge. After Efimov’s initial description, the first rigorous mathematical proof was pro-
vided by Yafaev in 1970 [59], followed by a variational proof by Ovchinnikov and Sigal in
1979 [89] and Tamura in [113]. The asymptotic behavior of the number of bound states,
which was already predicted by Efimov, was later confirmed mathematically by Sobolev in
1993 [108]. Until the end of the 1990s, several significant physical and mathematical findings
had emerged on this topic (see, e.g., [116], [66], [91], [90], [120] and [118])
Despite its universality property, the Efimov effect is an exceptionally rare phenomenon,
primarily due to the necessary presence of virtual levels in two–particle subsystems. In
experiments, it is difficult to create conditions where two–particle subsystems have zero–
energy resonances. Moreover, the Efimov bound states have a large size and are very weakly
bound. This makes the Efimov effect exceedingly challenging to observe.
However, technological advancements in the 1990s, such as improved laser cooling techniques,
enabled the study of resonant systems through the application of magnetic fields and so–called
Feshbach resonances (see, e.g., [116], [55], and [25]). The first experimental observation
of the Efimov effect was achieved in 2002 in an ultracold gas of cesium atoms, which was
published in 2006 [67]. Later, in experiments with potassium atoms, two consecutive Efimov
states have been observed [126], obtaining data consistent with the universal scaling property
in (5.1.1). By the late 2000s, evidence of the Efimov effect was found for various other
particles, including cases beyond systems of three identical bosons (see, e.g., [43], [92], [10]
and [124]). For a more detailed review of the experimental results on the Efimov effect, see
[33] and the references therein. The experimental verification of the Efimov effect generated
renewed and significant academic interest. For a comprehensive review, see [84] (published
in 2017), which includes over 400 references, most of them from after 2009.
Experimental and theoretical studies have recently explored the existence of effects similar to
the Efimov effect. A natural question is: does the Efimov effect extend to 𝑁–particle systems
for 𝑁 > 3 when the (𝑁 − 1)–particle subsystems possess a virtual level? It is known that in
systems with 𝑁 ≥ 4 bosons in three dimensions, the effect is absent [4], [12], [42].
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Another question is whether the effect can exist in spatial dimensions other than three, which
occur, for example, in configurations involving graphene or by confinement of particles via
optical lattices. In systems of 𝑁 bosons, the absence of the Efimov effect in dimension one
has been established in [12]. In the same work, it was proved that for 𝑁 two–dimensional
bosons, the Efimov effect is absent, except in the case 𝑁 = 4. Physicists predict that for
𝑁 = 4, the Efimov effect exists only if the system interacts solely via three-particle forces.
Mathematically, this is still an open problem.
For 𝑁 = 3 in dimensions greater than five, virtual levels correspond to bound states of two–
particle subsystems, resulting in the non–existence of the Efimov effect. The situation in
dimension four is more complex since virtual levels in this case are resonances but not bound
states, however, the decay rate is so high, that the resonance barely misses to be 𝐿2. The
non–existence of the Efimov effect for three bosons in dimension four was demonstrated by
the use of so–called Faddeev equations in [11]. This completes the picture for the existence
or non–existence of the Efimov effect for (bosonic) three–particle systems in all dimensions.
Recent advancements in experiments with ultracold gases have enabled the confinement of
particles to lower–dimensional subspaces using strong optical lattices (see, e.g., [40], [112]).
This development enables the study of systems with mixed dimensionality, where different
species of particles are confined to distinct subspaces of dimension less than three. The
physicists Nishida and Tan discussed the possible existence of Efimov type effects in such
geometrically constrained systems (see [87],[86]). In [85], they examined the possibility of
this effect occurring in a mixture of 40K and 6Li isotopes, where the conventional Efimov
effect is known to be absent. They argued that confining 40K particles to a one–dimensional
subspace is a promising system for the so–called confinement induced Efimov effect. However,
a rigorous mathematical description of these scenarios remains an open question. In [84], the
predictions on the Efimov effect among various configurations of three particles with mixed
dimensionality have been summarized. We present the table [84, page 44, Table 1] and these
predictions in Figure 5.1 below. In this work, we examine one of the cases. Namely, the case
(1D-1D x 1D) on the bottom right.
We prove that, contrary to the predictions made, this system can support only a finite number
of bound states, even if there are virtual levels in the two–particle subsystems.
This configuration is particularly intriguing because it is a truly mixed dimensional system,
consisting of one one–dimensional and two two–dimensional subsystems.
Our approach is based on methods developed by Vugalter and Zhislin (see, e.g., [129], [120],
[118] and [119]), which were recently applied in [13] to establish the absence of the Efimov
effect in unconstrained 𝑁–particle systems in dimensions one and two. As usual, an important
part of the work is the study of the decay properties of resonances, which may occur at
the bottom of the spectrum of subsystems. To the best of our knowledge, the decay of
resonances has only been studied in the case of rotational symmetric potentials. However,
for this mixed dimensional system, the subsystems are not necessarily rotational invariant,
which tremendously complicates the analysis of the decay properties of zero–energy solutions.
Although this solutions are not functions in 𝐿2(R2) using a modification of techniques from
[49], [47], [12], [13] and [9], which extend the method of [2], we show that the projection of
these solutions onto the subspace orthogonal to radially symmetric functions are in 𝐿2(R2).
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Figure 5.1: Predictions on the confinement induced Efimov effect. Table taken
from [84, page 44, Table 1]. For each case, it is indicated whether the Efimov

effect is predicted to occur (✓) or not (𝑥).

The paper is structured as follows. In Section 5.2, we give main definitions, state our main
result, and address the (lack of) symmetries within the two–particle subsystems. In Section
5.3.1, we state four lemmas and show how they lead to a proof of our main theorem regarding
the finiteness of the discrete spectrum.
As preparation for proving these lemmas, Section 5.4 examines the decay properties of the
zero–energy solutions within a given symmetry subspace. It turns out that the part of a
resonance in angular momentum subspaces different from zero angular momentum has faster
decay than the part in the zero angular momentum subspace (the s channel in physics language).
We finish the proof of the main theorem by proving the remaining lemmas from Section 5.3.1
in Section 5.5.
Acknowledgements: This research has been partially funded by the Deutsche Forschungsge-
meinschaft (DFG, German Research Foundation) – Project-ID 258734477 – SFB 1173.
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5.2 Definitions and Main Result
Let 𝑦𝑖 ∈ R be the distance of the 𝑖-th particle from the origin along the line 𝐿𝑖, and let r𝑖 ∈ R3

be the three–dimensional position vector of this particle. Then

r1 =
©­«
𝑦1 cos(𝜁)

0
𝑦1 sin(𝜁)

ª®¬ , r2 =
©­«
𝑦2
𝑎2
0

ª®¬ , r3 =
©­«
𝑦3
𝑎3
0

ª®¬ ,
where 𝑎 𝑗 ∈ R with 𝑗 ∈ {2, 3} denotes the distances between the line 𝐿 𝑗 and the 𝑒1–axis as
indicated in Figure 5.2.
Denote by r𝑖 𝑗 = r𝑖 − r 𝑗 the distance between the particles 𝑖 and 𝑗 . The Schrödinger operator
of the system, expressed in this coordinate system, is given by

𝐻 = −
3∑︁
𝑖=1

1
𝑚𝑖

𝜕2

𝜕𝑦2
𝑖

+
∑︁
𝛼∈𝐼

𝑉𝛼 ( |r𝛼 |) (5.2.1)

where 𝑉𝛼 : R → R is the interaction potential between the particle pairs, indexed by 𝛼 ∈ 𝐼,
with 𝐼 := {(12), (13), (23)} and 𝑚1, 𝑚2, 𝑚3 > 0 are the masses of the particles. We study the

𝐿3

𝐿2

r2

𝐿1

𝜁

𝑒1

𝑒3

𝑒2

r3

r1

cos(𝜁)𝑦1𝑦2

𝑦3

sin(𝜁)𝑦1

𝑎3

𝑎2

Figure 5.2: Geometrically constrained configuration space of particles.

system of three bosons given by the operator 𝐻 in (5.2.1). Regarding the potentials we assume
that 𝑉1 𝑗 ∈ 𝐿2

loc(R
2) and 𝑉23 ∈ 𝐿2

loc(R) and there exist constants 𝐶, 𝛿 > 0 and 𝐴 > 0 such that
for |r𝛼 | > 𝐴.

|𝑉𝛼 ( |r𝛼 |) | ≤ 𝐶 (1 + |r𝛼 |)−𝜈𝛼 , (5.2.2)

where 𝜈23 := 2 + 𝛿 and 𝜈12 := 𝜈13 := 3 + 𝛿. Note that by short–range one typically refers
to potentials which decay as |·|−2−𝛿 at infinity. To ensure the applicability of specific decay
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estimates on the so–called zero–energy resonances of two–particle subsystems, we assume a
stronger decay condition on the interaction potentials 𝑉12 and 𝑉13.
In addition, the particles always maintain a minimum distance, making the presence or absence
of singularities in the potentials at very small distances irrelevant, except in the special cases
where 𝑎2 = 0 or 𝑎3 = 0, when the particles 1 and 2, respectively, 1 and 3, can come arbitrarily
close to each other. Denote by 𝜎ess(𝐻) the essential and by 𝜎disc(𝐻) the discrete spectrum of
𝐻. Our main result is

Theorem 5.2.1. Let 𝐻 be the operator defined in equation (5.2.1) with 𝑉𝛼 fulfilling (5.2.2)
for any 𝛼 ∈ 𝐼 = {(12), (13), (23)}. Assume that 𝜎ess(𝐻) = [0,∞). Then 𝜎disc(𝐻) is at most
finite. Contrary to the prediction in [84], this system does not exhibit a confinement induced
Efimov effect.

Remarks 5.2.2. The statement of Theorem 5.2.1 does not impose any conditions on the
existence or absence of resonances in two–particle subsystems.

For each 𝛼 = (𝑖 𝑗) ∈ 𝐼 we denote by ℎ𝛼 the corresponding two–body Hamiltonian:

ℎ𝛼 := − 1
𝑚𝑖

𝜕2

𝜕𝑦2
𝑖

− 1
𝑚 𝑗

𝜕2

𝜕𝑦2
𝑗

+𝑉𝛼 ( |r𝛼 |) . (5.2.3)

Let Σ𝑖 𝑗 := inf 𝜎(ℎ𝑖 𝑗 ) be the bottom of the spectrum of ℎ𝑖 𝑗 and let Σ := min{Σ𝛼 : 𝛼 ∈ 𝐼}.
Analogously to the HVZ theorem for systems without geometrical constraints [93, Theorem
XIII.17], we have 𝜎ess(𝐻) = [Σ,∞). Under the conditions of Theorem 5.2.1, Σ = 0 and
consequently ℎ𝛼 ≥ 0.
By appropriate rescaling, we can remove the dependence on the masses from the kinetic part
of the Hamiltonian 𝐻. Let 𝑥 = (𝑥1, 𝑥2, 𝑥3) with

𝑥𝑖 =
√
𝑚𝑖𝑦𝑖 for 𝑖 ∈ {1, 2, 3}

and |𝑥 | := (𝑥2
1 + 𝑥

2
2 + 𝑥

2
3)

1/2, then

𝐻 = −
3∑︁
𝑖=1

𝜕2

𝜕𝑥2
𝑖

+
∑︁
𝛼∈𝐼

𝑉𝛼 ( |r𝛼 |) = −Δ𝑥 +
∑︁
𝛼∈𝐼

𝑉𝛼 ( |r𝛼 |) (5.2.4)

and
ℎ𝑖 𝑗 = − 𝜕2

𝜕𝑥2
𝑖

− 𝜕2

𝜕𝑥2
𝑗

+𝑉𝑖 𝑗 (
��r𝑖 𝑗 ��) .



Absence of the Efimov Effect for Bosons on Separate Lines 115

In abuse of notation, we denote the transformed operator by the same letter. In this new set of
coordinates the distances |r𝛼 | are

��r1 𝑗
�� = (

𝑥2
1
𝑚1

+
𝑥2
𝑗

𝑚 𝑗

− 2
cos(𝜁)
√
𝑚1𝑚 𝑗

𝑥1𝑥 𝑗 + 𝑎2
𝑗

)1/2

,

|r23 | =
((

𝑥2√
𝑚2

− 𝑥3√
𝑚3

)2
+ (𝑎2 − 𝑎3)2

)1/2

.

(5.2.5)

Note that
��r1 𝑗

�� remains unchanged under reflection (𝑥1, 𝑥 𝑗 ) ↦→ (−𝑥1,−𝑥 𝑗 ). This symmetry of
the potentials will play an important role in our analysis.

5.3 Absence of the Efimov Effect

5.3.1 Proof of Theorem 5.2.1
By the min–max principle, it is sufficient to find a finite–dimensional subspace M ⊂ 𝐿2(R3)
such that for any 𝜓 ∈ 𝐿2(R3) orthogonal to M

⟨𝜓, 𝐻𝜓⟩ ≥ 0 .

Such a space M exists, see for example the work by Zhislin [129], if there are constants
𝑏, 𝜏 > 0 such that

𝐿 [𝜓] :=
∫
R3

( 3∑︁
𝑖=1

��𝜕𝑥𝑖𝜓��2 + ∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓 |2
)
𝑑𝑥 −

∫
|𝑥 |∈[𝑏,2𝑏]

|𝜓 |2

|𝑥 |2+𝜏
𝑑𝑥 ≥ 0 (5.3.1)

for any 𝜓 ∈ 𝐶1
0 (R

3) with supp𝜓 ⊂ {𝑥 ∈ R3 : |𝑥 | > 𝑏}. We emphasize that no smallness
condition of the parameter 𝜏 > 0 is needed. Everywhere below we assume that 𝑏 > 0 is
sufficiently large and 𝜏 > 0 is a fixed number which is less than 𝛿, where 𝛿 > 0 is the
parameter in the decay condition on the interaction potentials in (5.2.2). Let

𝐾1 𝑗 (𝛾) := {𝑥 ∈ R3 :
(
𝑥2

1 + 𝑥
2
𝑗

)1/2
≤ 𝛾 |𝑥 |}, 𝑗 ∈ {2, 3} ,

𝐾23(𝛾) :=
{
𝑥 ∈ R3 :

���� 𝑥2√
𝑚2

− 𝑥3√
𝑚3

���� ≤ 𝛾 |𝑥 |} ,
Ω(𝛾) := R3 \ {𝐾12(𝛾) ∪ 𝐾13(𝛾) ∪ 𝐾23(𝛾)} .

(5.3.2)

In the following we denote by 𝜕𝐾𝛼 (𝛾) the boundary of 𝐾𝛼 (𝛾). The sets 𝐾𝛼 (𝛾) describe
parts of the configuration space where the particles 𝑖 and 𝑗 in 𝛼 = (𝑖 𝑗) are close to each
other compared to their distance from the third particle 𝑘 ≠ {𝑖, 𝑗}. In Lemma B.2.1 in the
Appendix B, we show that the sets 𝐾𝛼 (𝛾) do not intersect, except for 𝑥 = 0, for sufficiently
small 𝛾 > 0.
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Let 1𝐴 be the indicator function of the set 𝐴 ⊂ R3 and define 𝜓𝛼 := 𝜓1𝐾𝛼 (𝛾) and 𝜓0 := 𝜓1Ω(𝛾) .
We prove (5.3.1) by estimating for all 𝛼 ∈ 𝐼 the local energies

𝐿𝛼 [𝜓𝛼] :=
∫
𝐾𝛼 (𝛾)

(
|∇𝜓𝛼 |2 +

∑︁
𝛽∈𝐼

𝑉𝛽 |𝜓𝛼 |2
)
𝑑𝑥 −

∫
𝐾𝛼 (𝛾)

|𝜓𝛼 |2

|𝑥 |2+𝜏
𝑑𝑥 ,

𝐿0 [𝜓0] :=
∫
Ω(𝛾)

(
|∇𝜓0 |2 +

∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓0 |2
)
𝑑𝑥 −

∫
Ω(𝛾)

|𝜓0 |2

|𝑥 |2+𝜏
𝑑𝑥 ,

(5.3.3)

and noting
𝐿 [𝜓] = 𝐿0 [𝜓0] +

∑︁
𝛼∈𝐼

𝐿𝛼 [𝜓𝛼] . (5.3.4)

Note that we use a hard cut–off in the definition of the local energies 𝐿𝛼 and 𝐿0. The analysis
of these local energies will involve boundary terms on 𝜕𝐾𝛼 (𝛾) and 𝜕Ω(𝛾). The analysis
will proceed in several steps. As a first step, we show that the functionals 𝐿𝛼 for 𝛼 ∈ 𝐼 can
be bounded in terms of boundary integrals over 𝜕𝐾𝛼 (𝛾). This is done in the following two
lemmas.

Lemma 5.3.1. Fix 𝛼 ∈ {(12), (13)} and let 𝑃0 [𝛼] be the projection in 𝐿2(R3) onto functions
that are invariant under rotations of the coordinates (𝑥1, 𝑥 𝑗 ) describing the position of the
particle pair 𝛼 = (𝑖 𝑗). Under the conditions of Theorem 5.2.1 there exists a constant 𝑐 > 0,
independent of 𝜓, such that

𝐿𝛼 [𝜓𝛼] ≥ −𝑐
∫
𝜕𝐾𝛼 (𝛾)

|𝑃0 [𝛼]𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎 . (5.3.5)

The statement of Lemma 5.3.1 is similar to [13, Lemma 6.7], whereas its proof is significantly
more complex. It is based on a detailed analysis of properties of zero-energy resonances of
two–dimensional systems, which will be done in Section 5.4.
For the functional 𝐿23 [𝜓23], we prove the following bound, whose proof is similar to the proof
of [13, Theorem 6.1].

Lemma 5.3.2. Under the conditions of Theorem 5.2.1, there exists a constant 𝑐 > 0 such that

𝐿23 [𝜓23] ≥ −𝑐
∫
𝜕𝐾23 (𝛾)

|𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎 . (5.3.6)

As the second step, applying the one–dimensional Trace Theorem (see, [31, Theorem 1, p.
272]) and Hardy Inequality, we show that the right–hand sides of (5.3.5) and (5.3.6) can be
controlled by a small part of the kinetic energy term on the set Ω(𝛾). This is done in the
following two lemmas.

Lemma 5.3.3. For 𝛾1 ∈ (𝛾, 1) and 𝛼 ∈ {(12), (13)}, we define 𝐾𝛼 (𝛾, 𝛾1) := 𝐾𝛼 (𝛾1) \𝐾𝛼 (𝛾).
For any 𝜀 > 0, for sufficiently large 𝑏 > 0 holds
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∫
𝜕𝐾𝛼 (𝛾)

|𝑃0 [𝛼]𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎 ≤ 𝜀

∫
𝐾𝛼 (𝛾,𝛾1)

|∇𝜓 |2𝑑𝑥 . (5.3.7)

Lemma 5.3.4. Let 𝛾1 ∈ (𝛾, 1) and define 𝐾23(𝛾, 𝛾1) := 𝐾23(𝛾1) \ 𝐾23(𝛾). For any 𝜀 > 0 we
have ∫

𝜕𝐾23 (𝛾)

|𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎 ≤ 𝜀

∫
𝐾23 (𝛾,𝛾1)

|∇𝜓 |2𝑑𝑥 . (5.3.8)

for all sufficiently large 𝑏 > 0.

Assuming the Lemmas 5.3.1, 5.3.2, 5.3.3 and 5.3.4 for the moment, we give the

Proof of Theorem 5.2.1: Using the bounds of Lemma 5.3.3 and 5.3.4 in (5.3.4) and assuming
that 𝛾1 > 𝛾 is close enough to 𝛾 so that the regions 𝐾𝛼 (𝛾, 𝛾1) = 𝐾𝛼 (𝛾1) \ 𝐾𝛼 (𝛾) for 𝛼 ∈ 𝐼 do
not overlap, we arrive at

𝐿 [𝜓] ≥ 𝐿0 [𝜓0] − 𝜀
∑︁

𝛼∈{(12),(13)}

∫
𝐾𝛼 (𝛾,𝛾1)

|∇𝜓 |2𝑑𝑥 − 𝜀
∫
𝐾23 (𝛾,𝛾1)

|∇𝜓 |2𝑑𝑥

≥ 𝐿0 [𝜓0] − 3𝜀
∫
Ω(𝛾)

|∇𝜓 |2𝑑𝑥 .
(5.3.9)

where 𝜀 > 0 is arbitrary small and 𝑏 > 0 large. Choosing 𝑏 > 0 large enough, Lemma B.2.2
shows that each of the potentials satisfies |𝑉𝛼 | ≤ 𝐶 |𝑥 |−𝜈𝛼 for some constant 𝐶 > 0 on
Ω(𝛾) ∩ {𝑥 : |𝑥 | > 𝑏}. Thus, for fixed 𝜀 > 0 we have |𝑉𝛼 | ≤ 𝜀 |𝑥 |−2 for 𝑥 ∈ Ω(𝛾) with |𝑥 | > 𝑏
and all sufficiently large 𝑏 > 0. Hence,

𝐿0 [𝜓0] − 3𝜀
∫
Ω(𝛾)

|∇𝜓 |2𝑑𝑥 ≥ (1 − 3𝜀)
∫
Ω(𝛾)

|∇𝜓 |2𝑑𝑥 − 𝜀
∫
Ω(𝛾)

|𝜓 |2

|𝑥 |2
𝑑𝑥 . (5.3.10)

The set Ω(𝛾) ⊂ R3 is conical and applying the radial Hardy inequality for the last term on the
right–hand side of (5.3.10) (see B.1.3) yields

𝐿0 [𝜓0] − 3𝜀
∫
Ω(𝛾)

|∇𝜓 |2𝑑𝑥 ≥ (1 − 7𝜀)
∫
Ω(𝛾)

|∇𝜓 |2𝑑𝑥 .

This completes the proof of Theorem 5.2.1.

5.4 Zero–Energy Resonances
To prove Lemma 5.3.1, we will need some properties of zero–energy resonances of two–particle
Schrödinger Operators in dimension two. The most important of them are the estimates on the
decay of such resonances, which will be given in Lemma 5.4.3.
Let

ℎ = −Δ +𝑉 on 𝐿2(R2) (5.4.1)
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with 𝑉 satisfying (5.2.2) with parameter 𝜈𝛼 = 3 + 𝛿 for some 𝛿 > 0 and 𝑉 (𝑥) = 𝑉 (−𝑥).
Following [61], we say that ℎ has a virtual level (zero–energy resonance) if ℎ ≥ 0 and for any
𝜀 > 0, ℎ + 𝜀Δ has an eigenvalue below zero.
Let ¤𝐻1(R2) be the homogeneous Sobolev space defined as

¤𝐻1(R2) := {𝑢 ∈ 𝐿2
loc(R

2) : ∇𝑢 ∈ 𝐿2(R2)},

equipped with the norm

∥𝑢∥ ¤𝐻1 (R2) :=
(∫

R2
|∇𝑢 |2𝑑𝑥 +

∫
|𝑥 |≤1

|𝑢 |2𝑑𝑥
)1/2

.

We will use the following result of [13, Theorem 2.2]

Lemma 5.4.1. Assume that ℎ has a virtual level. Then

1. there exists a unique non–negative 𝜑0 ∈ ¤𝐻1(R2) with ∥𝜑0∥ ¤𝐻1 (R2) = 1 such that for any
𝜓 ∈ ¤𝐻1(R2)

⟨∇𝜓,∇𝜑0⟩ + ⟨𝜓,𝑉𝜑0⟩ = 0 . (5.4.2)

2. there exists 𝜇 > 0 such that for any 𝜓 ∈ 𝐻1(R2) with ⟨∇𝜓,∇𝜑0⟩ = 0

⟨𝜓, ℎ𝜓⟩ ≥ 𝜇∥∇𝜓∥2 . (5.4.3)

Remark 5.4.2. Note that, in general, 𝜑0 ∉ 𝐿2(R2). Moreover, if the potential 𝑉 is radially
symmetric and compactly supported, it is easy to see that 𝜑0 is also a radially symmetric
function that does not decay at infinity. If 𝑉 is not radially symmetric, then 𝜑0 is not radially
symmetric either. For this case, we prove that if 𝑉 is symmetric under reflection, then the
projection of 𝜑0 onto the subspace orthogonal to radially symmetric functions is in 𝐿2(R2).
The proof is given in the next lemma.

Let 𝑃0 the projection onto radially symmetric functions in 𝐿2(R2) and 𝑃⊥ := 1 − 𝑃0 the pro-
jection onto its orthogonal complement. The next result shows that even though 𝜑0 ∉ 𝐿2(R2)
its projection 𝑃⊥𝜑0 is in a weighted 𝐿2–space.

Lemma 5.4.3. Let 𝜑0 be a virtual level of ℎ, then there exists 𝑙 (𝛿) > 0 such that

(1 + |·|)𝑙𝑃⊥𝜑0 ∈ 𝐿2(R2) . (5.4.4)

5.4.1 Proof of Lemma 5.4.3
Let 𝑓 := 𝑃0𝜑0 and 𝑔 := 𝑃⊥𝜑0. Since 𝑉 (𝑥) = 𝑉 (−𝑥), a virtual level 𝜑0 can be either an even or
odd function with respect to reflection. However, by Lemma 5.4.1, 𝜑0 is non–negative, which
implies that it must be an even function. Consequently, for almost all |𝑥 |,∫ 2𝜋

0
𝑒±𝑖𝜃𝑔( |𝑥 |, 𝜃)𝑑𝜃 = 0 .
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Note that for all functions 𝐹 ( |𝑥 |, 𝜃) ∈ ¤𝐻1(R2) orthogonal to radially symmetric functions with∫ 2𝜋

0
𝑒±𝑖𝜃𝐹 ( |𝑥 |, 𝜃)𝑑𝜃 = 0 (5.4.5)

the following inequality holds:∫
R2

|∇𝐹 |2 𝑑𝑥 ≥ 4
∫
R2

𝐹 (𝑥)2

|𝑥 |2
𝑑𝑥 . (5.4.6)

In particular (5.4.6) holds for 𝐹 = 𝑔. To prove (5.4.4) it suffices now to show that

∇
(
(1 + |·|)𝑙+1𝑔

)
∈ 𝐿2(R2) . (5.4.7)

Choose 𝜉 ∈ 𝐶∞( [0,∞)) with 𝜉 (𝑡) = 0 for 𝑡 ≤ 1 and 𝜉 (𝑡) = 1 for 𝑡 ≥ 2, such that 𝜉 (𝑡) ≤ 1 and
𝜉′(𝑡) ≤ 2 for any 𝑡 ∈ [0,∞). For any 𝜔, 𝜅, 𝛽 > 0 we define

𝐺 ( |𝑥 |) :=
|𝑥 |𝜅

1 + 𝜔|𝑥 |𝜅 𝜉 ( |𝑥 |/𝛽) . (5.4.8)

Inserting 𝜓 = 𝐺2𝑔 into (5.4.2) and writing 𝜑0 = 𝑓 + 𝑔 yields

0 = ⟨𝐺2𝑔, ℎ 𝑓 ⟩ + ⟨𝐺2𝑔, ℎ𝑔⟩ . (5.4.9)

Since 𝑃0 and 𝑃⊥ commute with −Δ, it holds

⟨𝐺2𝑔, ℎ 𝑓 ⟩ = ⟨𝐺𝑔,𝑉𝐺 𝑓 ⟩ . (5.4.10)

Observe that

⟨𝐺2𝑔, ℎ𝑔⟩ = ⟨𝐺𝑔, ℎ𝐺𝑔⟩ −
〈
𝐺𝑔,

|∇𝐺 |2

𝐺2 𝐺𝑔

〉
= ∥∇(𝐺𝑔)∥2 + ⟨𝐺𝑔,𝑉𝐺𝑔⟩ −

〈
𝐺𝑔,

|∇𝐺 |2

𝐺2 𝐺𝑔

〉
.

(5.4.11)

Combining (5.4.9), (5.4.10) and (5.4.11) we arrive at

∥∇(𝐺𝑔)∥2 + ⟨𝐺𝑔,𝑉𝐺𝑔⟩ −
〈
𝐺𝑔,

|∇𝐺 |2

𝐺2 𝐺𝑔

〉
+ ⟨𝐺𝑔,𝑉𝐺 𝑓 ⟩ = 0 . (5.4.12)

We claim, there exists some 𝜀 > 0 and a constant 𝑐(𝛽) > 0 that both are independent of 𝜔
such that

⟨𝐺𝑔,𝑉𝐺𝑔⟩ −
〈
𝐺𝑔,

|∇𝐺 |2

𝐺2 𝐺𝑔

〉
+ ⟨𝐺𝑔,𝑉𝐺 𝑓 ⟩ ≥ −(1− 𝜀)∥∇(𝐺𝑔)∥2 − 𝑐(𝛽)∥𝜑0∥2

¤𝐻1 . (5.4.13)
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Assuming this claim for the moment, we complete the proof of Lemma 5.4.3. Combining
(5.4.12) with (5.4.13) yields

𝜀∥∇(𝐺𝑔)∥2 ≤ 𝑐(𝛽)∥𝜑0∥2
¤𝐻1

and consequently ∥∇(𝐺𝑔)∥2 is bounded uniformly in 𝜔, which proves (5.4.7) with 𝜅 = 𝑙 + 1.
Then, taking the limit 𝜔 → 0 concludes the proof of Lemma 5.4.3.
We prove the remaining statement in (5.4.13) by estimating each of the terms on the left–hand
side of (5.4.13) separately.

5.4.2 First Term in (5.4.13)
The function𝐺 vanishes for |𝑥 | < 𝛽 and𝑉 fulfills (5.2.2) and therefore there exists𝐶 > 0 such
that

|⟨𝐺𝑔,𝑉𝐺𝑔⟩| ≤ 𝐶

(1 + 𝛽)1+𝛿

∫
|𝑥 |>𝛽

|𝐺𝑔 |2

|𝑥 |2
𝑑𝑥 ≤ 4𝐶

(1 + 𝛽)1+𝛿 ∥∇(𝐺𝑔)∥
2 . (5.4.14)

5.4.3 Second Term in (5.4.13)
In Lemma B.3.1 in Appendix B we show for |𝑥 | > 2𝛽 that

|∇𝐺 (𝑥) | ≤ 𝜅 |𝑥 |−1𝐺 (𝑥) for |𝑥 | > 2𝛽 (5.4.15)

and
|∇𝐺 (𝑥) |2 ≤ 𝛽𝜅−1

(
2𝜅+1 + 𝜅2𝜅−1

)
=: 𝑐1(𝛽) for |𝑥 | ∈ [𝛽, 2𝛽] . (5.4.16)

Recall that the function 𝐺𝑔 is orthogonal to radially symmetric functions and in addition
satisfies (5.4.5), consequently (5.4.15) together with (5.4.6) yields∫

|𝑥 |≥2𝛽

|∇𝐺 |2

𝐺2 |𝐺𝑔 |2𝑑𝑥 ≤ 𝜅2
∫
|𝑥 |≥2𝛽

|𝑥 |−2 |𝐺𝑔 |2𝑑𝑥 ≤ 𝜅2

4
∥∇(𝐺𝑔)∥2 . (5.4.17)

By combining (5.4.16) and (5.4.17), we obtain〈
𝐺𝑔,

|∇𝐺 |2

𝐺2 𝐺𝑔

〉
≤

∫
𝛽≤|𝑥 |≤2𝛽

|∇𝐺 |2 |𝑔 |2𝑑𝑥 +
∫
|𝑥 |≥2𝛽

|∇𝐺 |2 |𝑔 |2𝑑𝑥

≤ 𝑐1(𝛽)
∫
𝛽≤|𝑥 |≤2𝛽

|𝑔 |2𝑑𝑥 + 𝜅
2

4
∥∇(𝐺𝑔)∥2 .

(5.4.18)
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Applying (5.4.6) gives ∫
𝛽≤|𝑥 |≤2𝛽

|𝑔 |2𝑑𝑥 ≤ (2𝛽)2
∫
𝛽≤|𝑥 |≤2𝛽

|𝑥 |−2 |𝑔 |2𝑑𝑥

≤ 4(2𝛽)2
∫
R2

|∇𝑔 |2𝑑𝑥

≤ 4(2𝛽)2∥𝜑0∥2
¤𝐻1 .

(5.4.19)

Inserting (5.4.19) into (5.4.18) yields〈
𝐺𝑔,

|∇𝐺 |2

𝐺2 𝐺𝑔

〉
≤ 𝜅2

4
∥∇(𝐺𝑔)∥2 + 𝑐2(𝛽)∥𝜑0∥2

¤𝐻1 (5.4.20)

where 𝑐2(𝛽) = 4(2𝛽)2𝑐1(𝛽).

5.4.4 Third Term in (5.4.13)
Let 𝜀 > 0. By (5.2.2) and Schwarz Inequality, we obtain

|⟨𝐺𝑔,𝑉𝐺 𝑓 ⟩| ≤ 𝐶
∫
|𝑥 |>𝛽

|𝐺𝑔 |
|𝑥 |1+𝛿/2

|𝐺 𝑓 |
|𝑥 |2+𝛿/2 𝑑𝑥

≤ 𝐶𝜀
∫
|𝑥 |>𝛽

|𝐺 |2

|𝑥 |2+𝛿
|𝑔 |2𝑑𝑥 + 𝐶

𝜀

∫
|𝑥 |>𝛽

|𝐺 |2

|𝑥 |4+𝛿
| 𝑓 |2𝑑𝑥 .

(5.4.21)

Using (5.4.6) for 𝐺𝑔 in the first term on the right–hand side of (5.4.21) we get

𝐶𝜀

∫
|𝑥 |>𝛽

|𝐺 |2

|𝑥 |2+𝛿
|𝑔 |2𝑑𝑥 ≤ 𝐶𝜀

4
∥∇(𝐺𝑔)∥2 . (5.4.22)

To estimate the second term on the right–hand side of (5.4.21) we choose 𝜅 in the definition
of 𝐺 in (5.4.8) as 1 + 𝛿/4, then for every |𝑥 | > 𝛽

|𝐺 (𝑥) |2

|𝑥 |4+𝛿
≤ |𝑥 |2𝜅−4−𝛿 |𝜉 ( |𝑥 |/𝛽) |2 ≤ |𝑥 |−2−𝛿/2 |𝜉 ( |𝑥 |/𝛽) |2 . (5.4.23)

Applying (5.4.23) yields∫
|𝑥 |>𝛽

|𝐺 |2

|𝑥 |4+𝛿
| 𝑓 |2𝑑𝑥 ≤

∫
R2

|𝑥 |−2−𝛿/2 |𝜉 ( |𝑥 |/𝛽) 𝑓 (𝑥) |2𝑑𝑥 . (5.4.24)

Note that the function 𝜉 ( |𝑥 |/𝛽) 𝑓 (𝑥) vanishes for |𝑥 | = 𝛽 and consequently for 𝛽 > 0 large
enough we can apply the two–dimensional Hardy Inequality (see Lemma B.1.2) and get∫

R2
|𝑥 |−2−𝛿/2 |𝜉 ( |𝑥 |/𝛽) 𝑓 (𝑥) |2𝑑𝑥 ≤

∫
R2

|∇(𝜉 ( |𝑥 |/𝛽) 𝑓 (𝑥)) |2𝑑𝑥 . (5.4.25)
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Since ∇𝜉 ( |·|/𝛽) is supported in 𝛽 ≤ |𝑥 | ≤ 2𝛽 and |∇𝜉 ( |·|/𝛽) | ≤ 2/𝛽 we get for the right–hand
side of (5.4.25)∫

R2
|∇(𝜉 ( |𝑥 |/𝛽) 𝑓 (𝑥)) |2𝑑𝑥 ≤ 8

𝛽2

∫
𝛽< |𝑥 |<2𝛽

| 𝑓 |2𝑑𝑥 + 2
∫
|𝑥 |>𝛽

|∇ 𝑓 |2𝑑𝑥 (5.4.26)

where we have used that (𝑎 + 𝑏)2 < 𝑎2 + 𝑏2. The function 𝜑0 ∈ 𝐿2
loc(R

2) is normalized with
respect to ¤𝐻1(R2). Then, due to the orthogonality of 𝑓 and 𝑔 for fixed |𝑥 |, there exists a
constant 𝑐3(2𝛽) > 0 such that

∥ 𝑓 ∥2
|𝑥 |<2𝛽 ≤ ∥𝜑0∥2

|𝑥 |<2𝛽 ≤ 𝑐3(2𝛽)∥𝜑0∥2
¤𝐻1 (R2) . (5.4.27)

Combining (5.4.26) and (5.4.27) shows there exits a constant 𝑐4(𝛽) > 0, such that∫
R2

|∇(𝜉 ( |𝑥 |/𝛽) 𝑓 (𝑥)) |2𝑑𝑥 ≤ 𝑐4(𝛽)∥𝜑0∥2
¤𝐻1 (R2) .

Relations (5.4.24), (5.4.25) and (5.4.4) imply∫
|𝑥 |>𝛽

|𝐺 |2

|𝑥 |4+𝛿
| 𝑓 |2𝑑𝑥 ≤ 𝑐4(𝛽)∥𝜑0∥2

¤𝐻1 .

Substituting (5.4.22) and (5.4.4) into (5.4.21) gives

|⟨𝐺𝑔,𝑉𝐺 𝑓 ⟩| ≤ 𝐶𝜀

4
∥∇(𝐺𝑔)∥2 + 𝑐5(𝛽, 𝜀)∥𝜑0∥2

¤𝐻1 ,

where
𝑐5(𝛽, 𝜀) :=

𝐶

𝜀
· 𝑐4(𝛽)

is a constant depending on 𝛽 and 𝜀. Note that 𝐶 > 0 is a constant depending on the potential
𝑉 only, and the parameter 𝜀 > 0 can be chosen small.

5.4.5 Completing the Proof of (5.4.13)
Combining the inequalities (5.4.14), (5.4.20) and (5.4.4) yields for a constant 𝑐(𝛽, 𝜀) > 0 that
depends on 𝛽 and 𝜀 but is independent of 𝜓

⟨𝐺𝑔,𝑉𝐺𝑔⟩ −
〈
𝐺𝑔,

|∇𝐺 |2

𝐺2 𝐺𝑔

〉
+ ⟨𝐺𝑔,𝑉𝐺 𝑓 ⟩

≥ −
(
𝜅2

4
+ 4𝐶
(1 + 𝛽)1+𝛿 +

𝐶𝜀

4

)
∥∇(𝐺𝑔)∥2 − 𝑐(𝛽, 𝜀)∥𝜑0∥2

¤𝐻1
.

Since we can always assume 𝛿 < 1 and since 𝜅 = 1 + 𝛿/4 we have 𝜅2/4 < 1. Consequently for
𝛽 > 0 sufficiently large and by assuming that 𝜀 > 0 in (5.4.21) is chosen to be small we can
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have (
𝜅2

4
+ 4𝐶
(1 + 𝛽)1+𝛿 +

𝐶𝜀

4

)
< 1 − 𝜀 .

The constant 𝑐(𝛽, 𝜀) for fixed 𝛽 and 𝜀 may be large but is finite and independent on 𝜔. As
explained earlier, taking the limit 𝜔 → 0 completes the proof of Lemma 5.4.3.

5.5 Proofs of the Lemmas for the Main Theorem
In this section, we prove the lemmas stated in Section 5.3.1.

5.5.1 Proof of Lemma 5.3.1
We show the statement for 𝐿𝛼 [𝜓𝛼] with 𝛼 = (12). The proof for 𝛼 = (13) is similar. We drop
the index 𝛼 whenever possible.

Remark 5.5.1. The proof of Lemma 5.3.1 is organized as follows. First, we introduce several
new functions and state three lemmas corresponding to the proof’s main steps, showing how
they conclude Lemma 5.3.1. The proofs of these three lemmas are then provided in Section
5.5.2.

Due to [120, Lemma 5.1] for given 𝜀 > 0 and fixed 𝛾 > 0 there exists a 𝛾̃ ∈ (0, 𝛾) and a
piecewise continuously differentiable function 𝑢 : R3 → [0, 1] with

𝑢(𝑥) =
{

1 𝑥 ∈ 𝐾12(𝛾̃)
0 𝑥 ∉ 𝐾12(𝛾)

(5.5.1)

such that for 𝑣 :=
(
1 − 𝑢2)1/2

|∇𝑢 |2 + |∇𝑣 |2 ≤ 𝜀
(
𝑣2

|𝑥 |2
+ 𝑢2

| (𝑥1, 𝑥2) |2

)
(5.5.2)

for every 𝑥 = (𝑥1, 𝑥2, 𝑥3) ∈ R3.
Let

𝜓1 := (𝑃⊥𝜓12)𝑣,
𝜓2 := (𝑃⊥𝜓12)𝑢 + 𝑃0𝜓12 .

(5.5.3)

Note that we use smooth localization for the function 𝑃⊥𝜓12, which allows us to apply the
IMS–Localization formula. For reasons that will be explained later, we can not do such a
smooth localization for the function 𝑃0𝜓12.
As the first step, we show that 𝐿12 [𝜓12] can be estimated in terms of integrals involving 𝜓2
only. Namely, we prove the following:
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Lemma 5.5.2. Let 𝐾12(𝛾, 𝛾̃) := 𝐾12(𝛾) \ 𝐾12(𝛾̃) and 𝑏 > 0 large enough. Then

𝐿12 [𝜓12] ≥ 𝐿̃12 [𝜓2],

where

𝐿12 [𝜓12] =
∫
𝐾12 (𝛾)

(
|∇𝜓12 |2 +

∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓12 |2
)
𝑑𝑥 −

∫
𝐾12 (𝛾)\𝑆(0,𝑏)

|𝜓12 |2

|𝑥 |2+𝜏
𝑑𝑥

and

𝐿̃12 [𝜓2] :=
∫
𝐾12 (𝛾)

(
|∇𝜓2 |2 +

∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓2 |21𝐾𝛼 (𝛾̃) − 2
|𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥

− 𝜀
∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.4)

As the next step we extend 𝜓2 for fixed 𝑥3 outside of 𝐾12(𝛾). Note that 𝜓2 = 𝑃0𝜓12 on 𝜕𝐾12(𝛾)
and thus is constant for fixed 𝑥3 ∈ R on 𝜕𝐾12(𝛾). This allows us to continuously extend 𝜓2
to R3 by a function which does not depend on (𝑥1, 𝑥2) outside of 𝐾12(𝛾). Let 𝜓̃2 be this new
function, then since 𝜓 ∈ 𝐶1

0 (R
3) it follows that

𝜓̃2(·, 𝑥3) ∈ ¤𝐻1(R2), 𝜓̃2(𝑥1, 𝑥2, ·) ∈ 𝐻1(R) and 𝜓̃2 ∈ ¤𝐻1(R3) . (5.5.5)

Denote by ∇12 = (𝜕𝑥1 , 𝜕𝑥2) the gradient in the (𝑥1, 𝑥2)–plane. If ℎ12 has a virtual level let
𝜑0 ∈ ¤𝐻1(R2) be the corresponding solution of ℎ12𝜑0 = 0. We normalize 𝜑0 with respect to
the seminorm corresponding to the sesquilinearform

⟨∇12 𝑓 ,∇12 𝑔⟩∗ =
∫
R2

(∇12 𝑓 · ∇12𝑔) 𝑑 (𝑥1, 𝑥2), 𝑓 , 𝑔 ∈ 𝐻1(R2)

such that
∥𝜑0∥2

∗ =

∫
R2

|∇𝜑0 |2𝑑 (𝑥1, 𝑥2) = 1 .

For every 𝑥3 ∈ R let
Φ(𝑥3) := ⟨∇12𝜑0,∇12𝜓̃2⟩𝐿2 (R2) . (5.5.6)
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We show that the function Φ is in 𝐿2(R). Since ∇12𝜓̃2 vanishes outside of supp𝜓12 and
consequently outside of supp𝜓, applying Schwarz Inequality yields for some constant 𝐶 > 0

∥Φ∥2
𝐿2 (R) =

∫ ����∬ (
∇12𝜑01supp(𝜓) · ∇12𝜓̃2

)
𝑑 (𝑥1, 𝑥2)

����2𝑑𝑥3

≤
∫
R



∇12𝜑01supp(𝜓)



𝐿2 (R2) ·



∇12𝜓̃2(·, 𝑥3)



𝐿2 (R2)𝑑𝑥3

≤ 1
2

∫
R

(

∇12𝜑01supp(𝜓)


2
𝐿2 (R2) +



∇12𝜓̃2(·, 𝑥3)


2
𝐿2 (R2)

)
𝑑𝑥3

≤ 𝐶∥∇12𝜑0∥∗ +
1
2


𝜓̃2



 ¤𝐻1 (R3) .

(5.5.7)

In the last line of 5.5.7, we have used that 𝜓 is compactly supported.
Let 𝐹 (𝑥1, 𝑥2, 𝑥3) be defined by

𝜓̃2(𝑥1, 𝑥2, 𝑥3) = 𝜑0(𝑥1, 𝑥2)Φ(𝑥3) + 𝐹 (𝑥1, 𝑥2, 𝑥3) . (5.5.8)

For almost all 𝑥3 ∈ R the function 𝐹 satisfies

⟨∇12𝜑0,∇12𝐹⟩𝐿2 (R2) = 0 . (5.5.9)

If the virtual level 𝜑0 does not exist we assume Φ(𝑥3) ≡ 0 and consequently 𝐹 = 𝜓̃2.

Remark 5.5.3. For fixed 𝑥3 ∈ R, the expression (5.5.8) is a projection of 𝜓̃2 onto the virtual
level 𝜑0 within ¤𝐻1(R2). Note that, unlike 𝜓̃2(·, 𝑥3), the function 𝜓2(·, 𝑥3) is not in ¤𝐻1(R2) and
therefore such a projection would not be possible. That is the reason why we needed to extend
𝜓2 introducing 𝜓̃2.

With these definitions in (5.5.6) and (5.5.8), we can state the following:

Lemma 5.5.4. For the functional 𝐿̃12 we have the estimate

𝐿̃12 [𝜓2] ≥𝜇∥∇12𝐹∥2 + 1
2

∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 − 𝜀 ∫

𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

− 𝐶
∫
𝜕𝐾12 (𝛾)

|𝑃0𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎

where 𝜇 > 0 is the parameter in assertion (2) of Lemma 5.4.1 and𝐶 > 0 a constant independent
of 𝜓.

Remark 5.5.5. By comparing the statement of Lemma 5.3.1 with Lemma 5.5.4 we see that the
assertion of Lemma 5.3.1 follows immediately if we can show that the sum of the first three
terms on the right–hand side of (5.5.4) are positive. We give this in the following lemma,
which is the last step in the proof of Lemma 5.3.1.
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Lemma 5.5.6. For 𝜀 ∈ (0, 𝜇/8) and 𝑏 > 0 large enough we have

𝜇∥∇12𝐹∥2 + 1
2

∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 − 𝜀 ∫

𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 ≥ 0 . (5.5.10)

Remark 5.5.7. Recall that for any fixed 𝛾 > 0, we can make 𝜀 > 0 arbitrarily small by
choosing 𝛾̃ ∈ (0, 𝛾) small. In particular, we can always assume 𝜀 < 𝜇/8.

5.5.2 Proofs of Lemmas 5.5.2, 5.5.4 and 5.5.6
Proof of Lemma 5.5.2

We aim to decompose the expression

𝐿12 [𝜓12] =
∫
𝐾12 (𝛾)

(
|∇𝜓12 |2 +

∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓12 |2
)
𝑑𝑥 −

∫
𝐾12 (𝛾)\𝑆(0,𝑏)

|𝜓12 |2

|𝑥 |2+𝜏
𝑑𝑥 (5.5.11)

into terms that involve either 𝜓1 or 𝜓2 defined in (5.5.3). In the region 𝐾12(𝛾, 𝛾̃), the potentials
𝑉𝛼 satisfy |𝑉𝛼 | ≤ 𝐶̃ |𝑥 |−2−𝛿 for some constant 𝐶̃ > 0, assuming 𝛾 > 0 is sufficiently small and
𝑏 > 0 is sufficiently large (see Lemma B.2.2). Since 𝜏 < 𝛿 we have∫

𝐾12 (𝛾,𝛾̃)

∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓12 |2𝑑𝑥 ≥ −
∫
𝐾12 (𝛾)\𝑆(0,𝑏)

|𝜓12 |2

|𝑥 |2+𝜏
𝑑𝑥

and consequently

𝐿12 [𝜓12] ≥
∫
𝐾12 (𝛾)

(
|∇𝜓12 |2 +

∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓12 |21𝐾12 (𝛾̃)

)
𝑑𝑥 − 2

∫
𝐾12 (𝛾)\𝑆(0,𝑏)

|𝜓12 |2

|𝑥 |2+𝜏
𝑑𝑥 . (5.5.12)

Due to the orthogonality of 𝑃0𝜓12 and 𝑃⊥𝜓12∫
𝐾12 (𝛾)

|∇𝜓12 |2𝑑𝑥 =
∫
𝐾12 (𝛾)

|∇(𝑃⊥𝜓12) |2𝑑𝑥 +
∫
𝐾12 (𝛾)

|∇(𝑃0𝜓12) |2𝑑𝑥 . (5.5.13)

With the bounds on the localization estimates in (5.5.2), we have∫
𝐾12 (𝛾)

|∇(𝑃⊥𝜓12) |2𝑑𝑥

≥
∫
𝐾12 (𝛾)

|∇(𝑃⊥𝜓12𝑢) |2𝑑𝑥 − 𝜀
∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓12 |2
𝑢2

| (𝑥1, 𝑥2) |2
𝑑𝑥

+
∫
𝐾12 (𝛾)

|∇(𝑃⊥𝜓12𝑣) |2𝑑𝑥 − 𝜀
∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓12 |2
𝑣2

|𝑥 |2
𝑑𝑥,

(5.5.14)
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where 𝑢, 𝑣 are functions defined by (5.5.1). Due to the definition of functions 𝜓1 and 𝜓2 in
(5.5.3) we have∫

𝐾12 (𝛾)
|∇(𝑃⊥𝜓12𝑢) |2𝑑𝑥 +

∫
𝐾12 (𝛾)

|∇(𝑃0𝜓12) |2𝑑𝑥 =
∫
𝐾12 (𝛾)

|∇𝜓2 |2𝑑𝑥 (5.5.15)

and since 𝜓1 vanishes on 𝐾12(𝛾̃) it follows∫
𝐾12 (𝛾)

|∇(𝑃⊥𝜓12𝑣) |2𝑑𝑥 =
∫
𝐾12 (𝛾,𝛾̃)

|∇𝜓1 |2𝑑𝑥 . (5.5.16)

Inserting (5.5.14) into (5.5.13) and applying the relations in (5.5.15) and (5.5.16) we arrive at∫
𝐾12 (𝛾)

|∇𝜓12 |2𝑑𝑥 ≥
∫
𝐾12 (𝛾,𝛾̃)

|∇𝜓1 |2𝑑𝑥 − 𝜀
∫
𝐾12 (𝛾,𝛾̃)

|𝜓1 |2

|𝑥 |2
𝑑𝑥

+
∫
𝐾12 (𝛾)

|∇𝜓2 |2𝑑𝑥 − 𝜀
∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.17)

The functions 𝜓1, 𝜓2 satisfy

𝑃0𝜓1 = 0 and |𝑃⊥𝜓1 |2 + |𝑃⊥𝜓2 |2 = |𝑃⊥𝜓12 |2 . (5.5.18)

Dividing by |𝑥 |2+𝜏 does not change the symmetry of the functions and consequently together
with (5.5.18) we get∫

𝐾12 (𝛾)\𝑆(0,𝑏)

|𝜓12 |2

|𝑥 |2+𝜏
𝑑𝑥 =

∫
𝐾12 (𝛾)\𝑆(0,𝑏)

|𝜓1 |2

|𝑥 |2+𝜏
𝑑𝑥 +

∫
𝐾12 (𝛾)\𝑆(0,𝑏)

|𝜓2 |2

|𝑥 |2+𝜏
𝑑𝑥 . (5.5.19)

Inserting (5.5.17) and (5.5.19) into (5.5.12) yields

𝐿12 [𝜓12] ≥ 𝐿̃12 [𝜓2] +
∫
𝐾12 (𝛾)

(
|∇𝜓1 |2 − 2

|𝜓1 |2

|𝑥 |2+𝜏
− 𝜀 |𝜓1 |2

|𝑥 |2

)
𝑑𝑥 (5.5.20)

where 𝐿̃12 [𝜓2] is given in (5.5.4). Since supp𝜓1 ⊂ {𝑥 ∈ R3 : |𝑥 | ≥ 𝑏} we can apply the radial
Hardy Inequality and for 𝜀 > 0 small and 𝑏 > 0 large enough we obtain∫

𝐾12 (𝛾)

(
|∇𝜓1 |2 − 2

|𝜓1 |2

|𝑥 |2+𝜏
− 𝜀 |𝜓1 |2

|𝑥 |2

)
𝑑𝑥 ≥ 0 .

This completes the proof of Lemma 5.5.2.
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Proof of Lemma 5.5.4

We aim to estimate

𝐿̃12 [𝜓2] =
∫
𝐾12 (𝛾)

(
|∇𝜓2 |2 +

∑︁
𝛼∈𝐼

𝑉𝛼 |𝜓2 |21𝐾12 (𝛾̃) − 2
|𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥

− 𝜀
∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

Due to Lemma B.2.2 there exists a constant 𝐶̃ > 0 such that on on 𝐾12(𝛾) \ 𝑆(0, 𝑏)

|𝑉13 +𝑉23 | ≤ 𝐶̃ |𝑥 |−2−𝛿 . (5.5.21)

Then, using (5.5.21) together with 𝜏 < 𝛿 yields

𝐿̃12 [𝜓2] ≥
∫
𝐾12 (𝛾)

(
|∇𝜓2 |2 +𝑉12 |𝜓2 |21𝐾12 (𝛾̃) − 3

|𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥

− 𝜀
∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.22)

We rewrite (5.5.22) as

𝐿̃12 [𝜓2] ≥
∫
𝐾12 (𝛾)

(
|∇12𝜓2 |2 +𝑉12 |𝜓2 |21𝐾12 (𝛾̃)

)
𝑑𝑥

+
∫
𝐾12 (𝛾)

��𝜕𝑥3𝜓2
��2𝑑𝑥 − 3

∫
𝐾12 (𝛾)

|𝜓2 |2

|𝑥 |2+𝜏
𝑑𝑥 − 𝜀

∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.23)

We start with the first integral on the right–hand side of (5.5.23). With the definition of 𝜓̃2 in
Section 5.5.1 we have ∫

𝐾12 (𝛾)
|∇12𝜓2 |2𝑑𝑥 =

∫
R3

��∇12𝜓̃2
��2𝑑𝑥 . (5.5.24)

The function 𝜓̃2 and 𝜓2 coincide inside of 𝐾12(𝛾) and consequently for the term involving 𝑉12
in (5.5.23) we have∫

𝐾12 (𝛾)
𝑉12 |𝜓2 |21𝐾12 (𝛾̃)𝑑𝑥

=

∫
R3
𝑉12

��𝜓̃2
��2𝑑𝑥 − ∫

𝐾12 (𝛾,𝛾̃)
𝑉12 |𝜓2 |2𝑑𝑥 −

∫
R3\𝐾12 (𝛾)

𝑉12
��𝜓̃2

��2𝑑𝑥 . (5.5.25)

Outside of 𝐾12(𝛾̃) holds |𝑉12 | ≤ 𝐶̃ |𝑥 |−3−𝛿 for some 𝐶̃ > 0. Consequently for 𝑏 > 0 large
enough ����∫

𝐾12 (𝛾,𝛾̃)
𝑉12 |𝜓2 |2𝑑𝑥

���� ≤ ∫
𝐾12 (𝛾,𝛾̃)

|𝜓2(𝑥) |2 |𝑥 |−2−𝜏𝑑𝑥 (5.5.26)
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and ����∫
R3\𝐾12 (𝛾)

𝑉12
��𝜓̃2

��2𝑑𝑥���� ≤ ∫
R3\𝐾12 (𝛾)

��𝜓̃2(𝑥)
��2 |𝑥 |−2−𝜏𝑑𝑥 . (5.5.27)

Combining (5.5.24), (5.5.25), (5.5.26) and (5.5.27) we find∫
𝐾12 (𝛾)

|∇12𝜓2 |2 +𝑉12 |𝜓2 |2𝑑𝑥 ≥
∫
R3

(��∇12𝜓̃2
��2 +𝑉12

��𝜓̃2
��2) 𝑑𝑥

−
∫
R3\𝐾12 (𝛾)

��𝜓̃2(𝑥)
��2

|𝑥 |2+𝜏
𝑑𝑥 −

∫
𝐾12 (𝛾,𝛾̃)

|𝜓2 |2

|𝑥 |2+𝜏
𝑑𝑥 .

(5.5.28)

By expressing 𝜓̃2 in terms of Φ𝜑0 and 𝐹 (see (5.5.8)), using ℎ12𝜑0 = 0 and assertion (2) of
Lemma 5.4.1 yields ∫

R3

(��∇12𝜓̃2
��2 +𝑉12

��𝜓̃2
��2) 𝑑𝑥 ≥ 𝜇∥∇12𝐹∥2 . (5.5.29)

Inserting (5.5.29) into (5.5.28) gives∫
𝐾12 (𝛾)

|∇12𝜓2 |2 +𝑉12 |𝜓2 |2𝑑𝑥

≥ 𝜇∥∇12𝐹∥2 −
∫
R3\𝐾12 (𝛾)

��𝜓̃2(𝑥)
��2 |𝑥 |−2−𝜏𝑑𝑥 −

∫
𝐾12 (𝛾,𝛾̃)

|𝜓2 |2 |𝑥 |−2−𝜏𝑑𝑥 .
(5.5.30)

Next, we show that ∫
R3\𝐾12 (𝛾)

��𝜓̃2(𝑥)
��2 |𝑥 |−2−𝜏𝑑𝑥

can be estimated by an integral over the surface 𝜕𝐾12(𝛾). We introduce polar coordinates

𝑥1 = 𝜌 sin(𝜑),
𝑥2 = 𝜌 cos(𝜑)

(5.5.31)

with 𝜑 ∈ [0, 2𝜋) and 𝜌 ∈ [0,∞). In this choice of coordinates the set 𝐾12(𝛾) is determined
by 𝜌 ≤ 𝜅 |𝑥3 | for some 𝜅 > 0 depending on 𝛾 (see Figure 5.3). Then∫

R3\𝐾12 (𝛾)

��𝜓̃2(𝑥)
��2

|𝑥 |2+𝜏
𝑑𝑥 =

∫ ∞

−∞

∫ ∞

𝜅 |𝑥3 |

∫ 2𝜋
0

��𝜓̃2(𝜌, 𝜑, 𝑥3)
��2𝑑𝜑

𝜌2+𝜏 𝜌𝑑𝜌𝑑𝑥3 . (5.5.32)

Outside of the conical set 𝐾12(𝛾) the function 𝜓̃2 is equal to its value on the boundary and
consequently substituting 𝜓̃2(𝜌, 𝜑, 𝑥3) with 𝜓̃2(𝜅 |𝑥3 |, 𝜑, 𝑥3) in (5.5.33) and solving the integral
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over 𝜌 yields∫
R3\𝐾12 (𝛾)

��𝜓̃2(𝑥)
��2

|𝑥 |2+𝜏
𝑑𝑥 =

∫ ∞

−∞

∫ ∞

𝜅 |𝑥3 |

∫ 2𝜋
0

��𝜓̃2(𝜅 |𝑥3 |, 𝜑, 𝑥3)
��2𝑑𝜑

𝜌2+𝜏 𝜌𝑑𝜌𝑑𝑥3

= (𝜅𝜏𝜏)−1
∫ ∞

−∞

∫ 2𝜋
0

��𝜓̃2(𝜅 |𝑥3 |, 𝜑, 𝑥3)
��2𝑑𝜑

|𝑥3 |1+𝜏
|𝑥3 |𝑑𝑥3 .

(5.5.33)

Regarding the set 𝜕𝐾23(𝛾) the surface measure 𝑑𝜎 equals |𝑥3 |𝑑𝑥3𝑑𝜑 up to a constant depending

𝐾12(𝛾) \ 𝐾12(𝛾̃)

𝑥3

| (𝑥1, 𝑥2) |𝑏

𝐾12(𝛾̃)

𝐾12(𝛾̃)

𝜃0

𝜃1

𝑥3

| (𝑥1, 𝑥2) |𝑏

𝐾12(𝛾)

𝐾12(𝛾)

Figure 5.3: Left–hand side: sketch of the sets 𝐾12(𝛾) and 𝐾12(𝛾̃) used in the
proof of Lemma 5.3.1.

Right–hand side: sketch of the sets 𝐾12(𝛾) and 𝐾12(𝛾1) where the angles 𝜃0 and
𝜃1 are defined as 𝜃0 = arcsin(𝛾) and 𝜃1 = arcsin(𝛾1) and used in Lemma 5.3.3.

on 𝛾 and the function 𝑃⊥𝜓̃2 = 0 such that 𝜓̃2 = 𝑃0𝜓 on this surface. For (𝑥1, 𝑥2, 𝑥3) ∈ 𝜕𝐾12(𝛾)
we have |𝑥3 | = (1 − 𝛾2)1/2 |𝑥 | and therefore there exists some 𝐶1 > 0 that depends on 𝛾 and 𝛿
but is independent of 𝜓 such that∫

R3\𝐾12 (𝛾)

��𝜓̃2(𝑥)
��2

|𝑥 |2+𝜏
𝑑𝑥 ≤ 𝐶1

∫
𝜕𝐾12 (𝛾)

|𝑃0𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎 . (5.5.34)

Combining (5.5.34) and (5.5.30) we arrive at∫
𝐾12 (𝛾)

|∇12𝜓2 |2 +𝑉12 |𝜓2 |2𝑑𝑥 ≥ 𝜇∥∇12𝐹∥2 − 𝐶1

∫
𝜕𝐾12 (𝛾)

| (𝑃0𝜓) (𝑥) |2

|𝑥 |1+𝜏
𝑑𝜎

−
∫
𝐾12 (𝛾,𝛾̃)

|𝜓2 |2

|𝑥 |2+𝜏
𝑑𝑥 .

(5.5.35)
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Substituting (5.5.35) into (5.5.23) yields

𝐿̃12 [𝜓2] ≥𝜇∥∇12𝐹∥2 − 𝐶1

∫
𝜕𝐾12 (𝛾)

|𝑃0𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎

+
∫
𝐾12 (𝛾)

(��𝜕𝑥3𝜓2
��2 − 4

|𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥 − 𝜀

∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.36)

We proceed by studying the term∫
𝐾12 (𝛾)

(��𝜕𝑥3𝜓2
��2𝑑𝑥 − 4

|𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥 =

∫
𝐾12 (𝛾)

(��𝜕𝑥3 (𝑃0𝜓2)
��2 − 4

|𝑃0𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥

+
∫
𝐾12 (𝛾)

(
1
2
��𝜕𝑥3 (𝑃⊥𝜓2)

��2 − 4
|𝑃⊥𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥

+
∫
𝐾12 (𝛾)

1
2
��𝜕𝑥3 (𝑃⊥𝜓2)

��2𝑑𝑥 .
(5.5.37)

Using 𝑃⊥𝜓2 = 0 on 𝜕𝐾12(𝛾) and decreasing the integral by replacing |𝑥 | with |𝑥3 | together
with the one–dimensional Hardy Inequality (see Lemma B.1.1) yields for 𝑏 > 0 large enough∫

𝐾12 (𝛾)

(
1
2
��𝜕𝑥3 (𝑃⊥𝜓2)

��2 − 4
|𝑃⊥𝜓2 |2

|𝑥3 |2+𝜏

)
𝑑𝑥 ≥ 0 . (5.5.38)

Combining (5.5.37) and (5.5.38) yields∫
𝐾12 (𝛾)

(��𝜕𝑥3𝜓2
��2𝑑𝑥 − 4

|𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥 ≥

∫
𝐾12 (𝛾)

(��𝜕𝑥3 (𝑃0𝜓2)
��2 − 4

|𝑃0𝜓2(𝑥) |2

|𝑥3 |2+𝜏

)
𝑑𝑥

+ 1
2

∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 . (5.5.39)

Next, we estimate the integral involving 𝑃0𝜓2 in (5.5.39). The one–dimensional Hardy
Inequality can not be applied directly, as 𝑃0𝜓2 does not vanish on the boundary 𝜕𝐾12(𝛾). So,
we use the following construction instead.
Let 𝐺 be defined as a continuous function in 𝐾12(𝛾) \ 𝑆(0, 𝑏) that coincides with 𝑃0𝜓2 on the
boundary 𝜕𝐾12(𝛾) and is independent of 𝑥3 within 𝐾12(𝛾). We define Γ in 𝐾12(𝛾) \ 𝑆(0, 𝑏) as

Γ := 𝑃0𝜓2 − 𝐺

such that Γ vanishes on 𝜕𝐾12(𝛾). Then∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃0𝜓2)
��2𝑑𝑥 = ∫

𝐾12 (𝛾)

��𝜕𝑥3Γ
��2𝑑𝑥 (5.5.40)
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and ∫
𝐾12 (𝛾)

|𝑃0𝜓2 |2

|𝑥3 |2+𝜏
𝑑𝑥 =

∫
𝐾12 (𝛾)

|Γ + 𝐺 |2

|𝑥3 |2+𝜏
𝑑𝑥

≤ 2
∫
𝐾12 (𝛾)

|Γ|2

|𝑥3 |2+𝜏
𝑑𝑥 + 2

∫
𝐾12 (𝛾)

|𝐺 |2

|𝑥3 |2+𝜏
𝑑𝑥 .

(5.5.41)

Combining (5.5.40) and (5.5.41) we find∫
𝐾12 (𝛾)

(��𝜕𝑥3 (𝑃0𝜓2)
��2 − 4

|𝑃0𝜓2(𝑥) |2

|𝑥3 |2+𝜏

)
𝑑𝑥 ≥

∫
𝐾12 (𝛾)

(��𝜕𝑥3Γ
��2 − 8

|Γ|2

|𝑥3 |2+𝜏

)
𝑑𝑥

−
∫
𝐾12 (𝛾)

8
|𝐺 |2

|𝑥3 |2+𝜏
𝑑𝑥 .

Since 𝜓 and consequently Γ vanishes for |𝑥3 | < 𝑏/2 we can apply the one–dimensional Hardy
inequality (see Lemma B.1.1), which yields for 𝜏 > 0 and 𝑏 > 0 large enough∫

𝐾12 (𝛾)

��𝜕𝑥3Γ
��2𝑑𝑥 − 8

∫
𝐾12 (𝛾)

|Γ|2

|𝑥3 |2+𝜏
𝑑𝑥 ≥ 0 . (5.5.42)

This yields∫
𝐾12 (𝛾)

(��𝜕𝑥3 (𝑃0𝜓2)
��2𝑑𝑥 − 4

|𝑃0𝜓2(𝑥) |2

|𝑥 |2+𝜏

)
𝑑𝑥 ≥ −8

∫
𝐾12 (𝛾)

|𝐺 |2

|𝑥3 |2+𝜏
𝑑𝑥 . (5.5.43)

Next, we show that the integral on the right–hand side of equation (5.5.43) can be estimated
by an integral over 𝜕𝐾12(𝛾). The function 𝐺 is independent of 𝑥3 in 𝐾12(𝛾), therefore using
polar coordinates as in (5.5.31) we find∫

𝐾12 (𝛾)

|𝐺 (𝑥) |2

|𝑥3 |2+𝜏
𝑑𝑥 =

∫ ∞

0

∫
|𝑥3 |≥𝜅−1𝜌

∫ 2𝜋
0 |𝐺 (𝜌, 𝜑, 𝑥3) |2𝑑𝜑

|𝑥3 |2+𝜏
𝑑𝑥3𝜌𝑑𝜌

=

∫ ∞

0

∫
|𝑥3 |≥𝜅−1𝜌

∫ 2𝜋
0

��𝐺 (𝜌, 𝜑, 𝜅−1𝜌)
��2𝑑𝜑

|𝑥3 |2+𝜏
𝑑𝑥3𝜌𝑑𝜌

= (𝜅1+𝜏 (1 + 𝜏))−1
∫ ∞

0

∫ 2𝜋
0

��𝐺 (𝜌, 𝜑, 𝜅−1𝜌)
��2𝑑𝜑

𝜌1+𝜏 𝜌𝑑𝜌 .

Due to the definition of 𝐺 and since 𝜌 = 𝛾 |𝑥 | on 𝜕𝐾12(𝑥) there exists a constant 𝐶2 > 0 that
depends on 𝛾 and 𝛿 but is independent of 𝜓 such that∫

𝐾12 (𝛾)

|𝐺 |2

|𝑥3 |2+𝜏
𝑑𝑥 = 𝐶2

∫
𝜕𝐾12 (𝛾)

|𝑃0𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎 . (5.5.44)
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Substituting the relation (5.5.44) into (5.5.43) it follows from (5.5.39) that∫
𝐾12 (𝛾)

(��𝜕𝑥3𝜓2
��2𝑑𝑥 − 4

|𝜓2 |2

|𝑥 |2+𝜏

)
𝑑𝑥 ≥ − 8𝐶2

∫
𝜕𝐾12 (𝛾)

|𝑃0𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎

+ 1
2

∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 . (5.5.45)

We insert (5.5.45) into (5.5.36) and define 𝐶 := 𝐶1 + 8𝐶2, such that

𝐿̃12 [𝜓2] ≥𝜇∥∇12𝐹∥2 + 1
2

∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 − 𝜀 ∫

𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

− 𝐶
∫
𝜕𝐾𝛼 (𝛾)

|𝑃0𝜓 |2

|𝑥 |1+𝜏
𝑑𝜎,

which completes the proof of Lemma 5.5.4.

Proof of Lemma 5.5.6

To prove the lemma it suffices to show that for any 𝜇 > 0 and 𝜀 ∈ (0, 𝜇/8) there exists
a 𝜆 ∈ (0, 1/2) such that for all 𝑏 > 0 (depending on 𝜇, 𝜀, 𝜆) large enough, the following
inequality holds:

𝜇∥∇12𝐹∥2 + 𝜆
∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 − 𝜀 ∫

𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 ≥ 0 . (5.5.46)

We start with the second term on the left–hand side of (5.5.46). The function 𝑃⊥𝜓2 vanishes
for |𝑥3 | = 0 and therefore by the one–dimensional Hardy Inequality (Lemma B.1.1)∫

𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 ≥ 1

4

∫
𝐾12 (𝛾)

|𝑃⊥𝜓2 |2

|𝑥3 |2
𝑑𝑥 . (5.5.47)

Since 𝜓2 = Φ𝜑0 + 𝐹 on 𝐾12(𝛾) and (𝑎 + 𝑏)2 ≥ 𝑎2/2 − 𝑏2 we can estimate the right–hand side
of (5.5.47) by∫

𝐾12 (𝛾)

|𝑃⊥𝜓2 |2

|𝑥3 |2
𝑑𝑥 ≥ 1

2

∫
𝐾12 (𝛾)

|Φ|2 |𝑃⊥𝜑0 |2

|𝑥3 |2
𝑑𝑥 −

∫
𝐾12 (𝛾)

|𝑃⊥𝐹 |2

|𝑥3 |2
𝑑𝑥 . (5.5.48)

Using that

| (𝑥1, 𝑥2) |2 ≤ 𝛾2

1 − 𝛾2 𝑥
2
3, ∀𝑥 ∈ 𝐾12(𝛾).

and substituting this into the right–hand side of (5.5.48) we find∫
𝐾12 (𝛾)

|𝑃⊥𝜓2 |2

|𝑥3 |2
𝑑𝑥 ≥ 1

2

∫
𝐾12 (𝛾)

|Φ|2 |𝑃⊥𝜑0 |2

|𝑥3 |2
𝑑𝑥 − 𝛾2

1 − 𝛾2

∫
𝐾12 (𝛾)

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 . (5.5.49)
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Combining (5.5.47) and (5.5.49) and assuming

𝜆 <
1 − 𝛾2

2𝛾2 𝜇

we arrive at

𝜆

∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥

≥𝜆
8

∫
𝐾12 (𝛾)

|Φ|2 |𝑃⊥𝜑0 |2

|𝑥3 |2
𝑑𝑥 − 𝜆

4
𝛾2

1 − 𝛾2

∫
𝐾12 (𝛾)

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

≥ 𝜆

8

∫
𝐾12 (𝛾)

|Φ|2 |𝑃⊥𝜑0 |2

|𝑥3 |2
𝑑𝑥 − 𝜇

8

∫
𝐾12 (𝛾)

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.50)

Using 𝜀 ∈ (0, 𝜇/8) we find that last term on the left–hand side of (5.5.46) can be estimated as

𝜀

∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

≤ 2𝜀
∫
𝐾12 (𝛾,𝛾̃)

|Φ|2 |𝑃⊥𝜑0 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 + 2𝜀

∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

≤ 2𝜀
∫
𝐾12 (𝛾,𝛾̃)

|Φ|2 |𝑃⊥𝜑0 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 + 𝜇

4

∫
𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.51)

Inserting (5.5.50) and (5.5.51) into (5.5.46) we find

𝜇∥∇12𝐹∥2 + 𝜆
∫
𝐾12 (𝛾)

��𝜕𝑥3 (𝑃⊥𝜓2)
��2𝑑𝑥 − 𝜀 ∫

𝐾12 (𝛾,𝛾̃)

|𝑃⊥𝜓2 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

≥ 𝜆

8

∫
𝐾12 (𝛾)

|Φ|2 |𝑃⊥𝜑0 |2

|𝑥3 |2
𝑑𝑥 − 2𝜀

∫
𝐾12 (𝛾,𝛾̃)

|Φ|2 |𝑃⊥𝜑0 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

+ 𝜇∥∇12𝐹∥2 − 3
8
𝜇

∫
𝐾12 (𝛾)

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

(5.5.52)

Furthermore, due to the symmetry of 𝑃⊥𝐹 (see (5.4.6)) we have

∥∇12𝐹∥2 = ∥∇12(𝑃0𝐹)∥2 + ∥∇12(𝑃⊥𝐹)∥2 ≥ ∥∇12(𝑃⊥𝐹)∥2 ≥ 4
∫
R3

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 .

Consequently, for the terms in that last line of (5.5.52) we find

𝜇∥∇12𝐹∥2 − 3
8
𝜇

∫
𝐾12 (𝛾)

|𝑃⊥𝐹 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 ≥ 0 .
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To complete the proof of the lemma it remains to show for fixed 𝜆 and 𝜀 we can choose 𝑏 > 0
large enough such that

𝜆

8

∫
𝐾12 (𝛾)

|Φ|2 |𝑃⊥𝜑0 |2

|𝑥3 |2
𝑑𝑥 − 2𝜀

∫
𝐾12 (𝛾,𝛾̃)

|Φ|2 |𝑃⊥𝜑0 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥 ≥ 0 . (5.5.53)

The first integral in (5.5.53) is taken over the region 𝐾12(𝛾), while the second integral, which
is negative, is taken over 𝐾12(𝛾, 𝛾̃), a subset of 𝐾12(𝛾). We will show that (5.5.53) follows
from this observation and the decay properties of 𝑃⊥𝜑0 proved in Lemma 5.4.3.
It holds

𝛾̃2

1 − 𝛾̃2 𝑥
2
3 ≤ |(𝑥1, 𝑥2) |2, ∀𝑥 ∈ 𝐾12(𝛾, 𝛾̃), (5.5.54)

and
𝛾̃𝑏/2 ≤ 𝛾̃ |𝑥 | ≤ |(𝑥1, 𝑥2) |, ∀𝑥 ∈ 𝐾12(𝛾, 𝛾̃) ∩ supp(𝜓) . (5.5.55)

Using (5.5.54) and (5.5.55) and applying Lemma 5.4.3 there exists some 𝜈 > 0 and a constant
𝑐(𝛾̃, 𝜈) > 0 such that for the second integral in (5.5.53)∫

𝐾12 (𝛾,𝛾̃)
|Φ|2 |𝑃⊥𝜑0 |2

| (𝑥1, 𝑥2) |2
𝑑𝑥

=

∫
𝐾12 (𝛾,𝛾̃)

|Φ|2 |𝑃⊥𝜑0 |2

| (𝑥1, 𝑥2) |2
(1 + |(𝑥1, 𝑥2) |)𝜈

(1 + |(𝑥1, 𝑥2) |)𝜈
𝑑𝑥

≤ 1
(1 + 𝛾̃𝑏/2)𝜈

1 − 𝛾̃2

𝛾̃2

∫
𝐾12 (𝛾,𝛾̃)

|Φ|2

|𝑥3 |2
(1 + |(𝑥1, 𝑥2) |)𝜈 |𝑃⊥𝜑0 |2𝑑 (𝑥1, 𝑥2)𝑑𝑥3

=
𝑐(𝛾̃, 𝜈)
𝑏𝜈

∫ ∞

𝑏/2

|Φ|2

|𝑥3 |2
𝑑𝑥3 .

(5.5.56)

On the other hand for the first term in (5.5.53) we have for 𝑏 > 0 large enough∫
𝐾12 (𝛾)

|Φ|2 |𝑃⊥𝜑0 |2

|𝑥3 |2
𝑑𝑥 ≥

∥𝑃⊥𝜑0∥2
𝐿2 (R2)

2

∫ ∞

𝑏/2

|Φ|2

|𝑥3 |2
𝑑𝑥3 . (5.5.57)

Combining (5.5.56) and (5.5.57) proves (5.5.53), which completes the proof of Lemma 5.5.6
and as discussed in 5.5.1 this completes also the proof of Lemma 5.3.1.

5.5.3 Proof of Lemma 5.3.2
We aim to estimate

𝐿23 [𝜓23] =
∫
𝐾23 (𝛾)

(
|∇𝜓23 |2 +

∑︁
𝛽∈𝐼

𝑉𝛽 |𝜓23 |2
)
𝑑𝑥 −

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

|𝑥 |2+𝜏
𝑑𝑥 . (5.5.58)
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The potentials 𝑉1 𝑗 satisfy
��𝑉1 𝑗

�� ≤ 𝐶̃ |𝑥 |−3−𝛿 for 𝑗 ∈ {2, 3} and some 𝐶̃ > 0 on 𝐾23(𝛾) due to
Lemma B.2.2. Consequently, for 𝑏 > 0 sufficiently large

𝐿23 [𝜓23] ≥
∫
𝐾23 (𝛾)

(
|∇𝜓23 |2 +𝑉23 |𝜓23 |2

)
𝑑𝑥 − 2

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

|𝑥 |2+𝜏
𝑑𝑥, (5.5.59)

which is equivalent to

𝐿23 [𝜓23] ≥
∫
𝐾23 (𝛾)

(��𝜕𝑥2𝜓23
��2 + ��𝜕𝑥3𝜓23

��2 +𝑉23 |𝜓23 |2
)
𝑑𝑥

+
∫
𝐾23 (𝛾)

��𝜕𝑥1𝜓23
��2 − 2

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

|𝑥 |2+𝜏
𝑑𝑥 .

(5.5.60)

Next, we estimate the first term on the right–hand side of equation (5.5.60), which corresponds
to a part of the quadratic form of the operator ℎ23 defined in (5.2.3). Note that the operator ℎ23
is translation invariant. We introduce new coordinates (𝑞, 𝜉), which correspond to the relative
distance and position of the center of mass of the subsystem (23) with

𝑞 :=
1

√
𝑀23

(√𝑚3𝑥2 −
√
𝑚2𝑥3) ,

𝜉 :=
1

√
𝑀23

(√𝑚2𝑥2 +
√
𝑚3𝑥3),

where 𝑀23 := 𝑚2 + 𝑚3. Note that 𝑞2 + 𝜉2 = 𝑥2
2 + 𝑥2

3. Direct computations show that in
(𝑞, 𝜉)–coordinates the operator ℎ23 takes the form

ℎ23 = −𝜕2
𝑞 − 𝜕2

𝜉 +𝑉23

((
|𝑞 |2

𝜇23
+ (𝑎2 − 𝑎3)2

)1/2)
where the reduced mass 𝜇23 of particles (23) is given by

𝜇23 :=
𝑚2𝑚3
𝑀23

.

The set 𝐾23(𝛾) in (𝑥1, 𝑞, 𝜉)–coordinates is given by

𝐾23(𝛾) =
{
(𝑥1, 𝑞, 𝜉) ∈ R3 : |𝑞 | ≤ 𝛾√𝜇23

(
𝑥2

1 + 𝑞
2 + 𝜉2

)1/2
}

=

{
(𝑥1, 𝑞, 𝜉) ∈ R3 : |𝑞 | ≤ 𝜅0

(
𝑥2

1 + 𝜉
2
)1/2

} (5.5.61)

with

𝜅0 :=
(
𝛾2𝜇23

1 − 𝛾2𝜇23

)1/2

. (5.5.62)
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The functional 𝐿23 [𝜓23] can be written as

𝐿23 [𝜓23] ≥
(
𝑀23
𝜇23

)1/2
[ ∫

𝐾23 (𝛾)

��𝜕𝑞𝜓23
��2 +𝑉23 |𝜓23 |2𝑑 (𝑥1, 𝑞, 𝜉)

+
∫
𝐾23 (𝛾)

��∇(𝑥1,𝜉)𝜓23
��2𝑑 (𝑥1, 𝑞, 𝜉) − 2

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

| (𝑥1, 𝑞, 𝜉)) |2+𝜏
𝑑 (𝑥1, 𝑞, 𝜉)

] (5.5.63)

where (𝑀23/𝜇23)1/2 is the Jacobian determinant of the transformation to the new set of
coordinates (𝑥1, 𝑞, 𝜉). In abuse of notation, we denote 𝜓23 expressed in coordinates (𝑥1, 𝑞, 𝜉)
by the same letter. We estimate (5.5.63) in two steps. As the first step, we show that

Lemma 5.5.8.∫
𝐾23 (𝛾)

(��𝜕𝑞𝜓23
��2 +𝑉23 |𝜓23 |2

)
𝑑 (𝑥1, 𝑞, 𝜉) ≥ −𝐶

∫
𝜕𝐾23 (𝛾)

|𝜓23 |2

|𝑥 |1+𝛿
𝑑𝜎 (5.5.64)

for some 𝐶 > 0 independent of 𝜓.

As a second step, we show the following lemma.

Lemma 5.5.9. Define

N[𝜓23] :=
∫
𝐾23 (𝛾)

��∇(𝑥1,𝜉)𝜓23
��2𝑑 (𝑥1, 𝑞, 𝜉) − 2

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

| (𝑥1, 𝑞, 𝜉)) |2+𝜏
𝑑 (𝑥1, 𝑞, 𝜉)

then

N[𝜓23] ≥ −𝐶
∫
𝜕𝐾23 (𝛾)

|𝜓23 |2

|𝑥 |1+𝜏
𝑑𝜎 (5.5.65)

for some constant 𝐶 > 0 independent of 𝜓.

Proof of Lemma 5.5.8

We rewrite the first integral on the right–hand side of (5.5.63) as∫
𝐾23 (𝛾)

(��𝜕𝑞𝜓23
��2 +𝑉23 |𝜓23 |2

)
𝑑 (𝑥1, 𝑞, 𝜉)

=

∫
R2

∫ 𝜅0 | (𝑥1,𝜉) |

−𝜅0 | (𝑥1,𝜉) |

��𝜕𝑞𝜓23
��2 +𝑉23 |𝜓23 |2𝑑𝑞 𝑑 (𝑥1, 𝜉) .

(5.5.66)

Note that due to the positivity of operator ℎ23 also holds

−𝜕2
𝑞 +𝑉23

((
|𝑞 |2

𝜇23
+ (𝑎2 − 𝑎3)2

)1/2)
≥ 0 .
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Since the potential 𝑉23 satisfies�����𝑉23

((
|𝑞 |2

𝜇23
+ (𝑎2 − 𝑎3)2

)1/2)����� ≤ 𝐶̃ |𝑞 |2+𝛿
for some constant 𝐶̃ > 0 if 𝑞 is sufficiently large, applying [13, Lemma 6.2] (for convenience of
the reader, we proof it in Appendix B) there exists 𝐶 > 0 that depends on 𝛿 but is independent
of 𝜓 such that∫ 𝜅0 | (𝑥1,𝜉) |

−𝜅0 | (𝑥1,𝜉) |

��𝜕𝑞𝜓23
��2 +𝑉23 |𝜓23 |2𝑑𝑞

≥ −𝐶 |𝜓23(𝑥1, 𝜅0 | (𝑥1, 𝜉) |, 𝜉) |2 + |𝜓23(𝑥1,−𝜅0 | (𝑥1, 𝜉) |, 𝜉) |2

| (𝑥1, 𝜉) |1+𝛿
.

(5.5.67)

Combining (5.5.66) and (5.5.67) we find∫
𝐾23 (𝛾)

(��𝜕𝑞𝜓23
��2 +𝑉23 |𝜓23 |2

)
𝑑 (𝑥1, 𝑞, 𝜉)

≥ −𝐶
∫
R2

|𝜓23(𝑥1, 𝜅0 | (𝑥1, 𝜉) |, 𝜉) |2 + |𝜓23(𝑥1,−𝜅0 | (𝑥1, 𝜉) |, 𝜉) |2

| (𝑥1, 𝜉) |1+𝛿
𝑑 (𝑥1, 𝜉) .

(5.5.68)

The points (𝑥1,±𝜅0 | (𝑥1, 𝜉) |, 𝜉) belong to the surface 𝜕𝐾23(𝛾). Direct computations show that
for the surface measure 𝑑𝜎 associated with the set 𝜕𝐾23(𝛾) satisfies the relation

𝑑𝜎 = 𝜅0𝑑 (𝑥1, 𝜉), (5.5.69)

with 𝜅0 defined in (5.5.62). Consequently from (5.5.68) we find∫
𝐾23 (𝛾)

(��𝜕𝑞𝜓23
��2 +𝑉23 |𝜓23 |2

)
𝑑 (𝑥1, 𝑞, 𝜉) ≥ −𝐶

∫
𝜕𝐾23 (𝛾)

|𝜓23 |2

| (𝑥1, 𝜉) |1+𝛿
𝑑𝜎 (5.5.70)

for a possible different constant 𝐶 > 0. Using that on 𝜕𝐾23(𝛾)

|𝑥 |2 = | (𝑥1, 𝜉) |2 + 𝑞2 = (1 + 𝜅2
0) | (𝑥1, 𝜉) |2

completes the proof of Lemma 5.5.8.

Proof of Lemma 5.5.9

This lemma mainly follows the ideas of [13, Lemma 6.7]. We introduce polar coordinates in
the (𝑥1, 𝜉)–plane as

𝜌 :=
√︃
𝑥2

1 + 𝜉2, 𝜑 := arctan(𝑥1/𝜉) .
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𝐾23(𝛾)𝑏/2

𝑞

𝜌

𝑞 =
𝜅0𝜌

𝑏

Figure 5.4: Sketch of the set 𝐾23(𝛾). In the circular blue area, the function 𝜓
vanishes. For fixed 𝑞 ∈ R, the horizontal red line indicates the path of integration

used in Lemma 5.5.9.

The set 𝜕𝐾23(𝛾) corresponds to points with

|𝑞 | = 𝜅0𝜌,

where 𝜅0 was defined in (5.5.62). For each fixed 𝑞 ∈ R let

𝜓(𝑞) :=
∫ 2𝜋

0
𝜓23(𝑞, 𝜅−1

0 |𝑞 |, 𝜑) 𝑑𝜑
2𝜋

and 𝜓1(𝑞, 𝜌, 𝜑) ≔ 𝜓(𝑞) · 1(𝜌, 𝜑) .

Let ℱ := 𝜓23 − 𝜓1. We write ∇(𝜌,𝜑) for the gradient in polar coordinates in the (𝑥1, 𝜉)–plane.
Then ∇(𝜌,𝜑)𝜓1 ≡ 0 and consequently∫

𝐾23 (𝛾)

��∇(𝑥1,𝜉)𝜓23
��2𝑑 (𝑥1, 𝑞, 𝜉)

=

∫
𝐾23 (𝛾)

��∇(𝜌,𝜑)𝜓23
��2𝑑 (𝑞, 𝜌, 𝜑) = ∫

𝐾23 (𝛾)

��∇(𝜌,𝜑)ℱ
��2𝑑 (𝑞, 𝜌, 𝜑), (5.5.71)

where 𝑑 (𝑥1, 𝑞, 𝜉) = 𝑑 (𝑞, 𝜌, 𝜑) = 𝜌 𝑑𝑞𝑑𝜌𝑑𝜑. Inserting (5.5.71) into the right–hand side of
(5.5.65) we arrive at

N[𝜓23] =
∫
𝐾23 (𝛾)

��∇(𝜌,𝜑)ℱ
��2𝑑 (𝑞, 𝜌, 𝜑) − 2

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

| (𝑥1, 𝑞, 𝜉) |2+𝜏
𝑑 (𝑥1, 𝑞, 𝜉) . (5.5.72)

Transforming the second integral on the right–hand side of (5.5.72) to polar coordinates, we
get

N[𝜓23] =
∫
𝐾23 (𝛾)

��∇(𝜌,𝜑)ℱ
��2𝑑 (𝑞, 𝜌, 𝜑) − 2

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑) . (5.5.73)
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Since ℱ = 𝜓23 − 𝜓1 and (𝑎 + 𝑏)2 ≤ 2𝑎2 + 2𝑏2 it holds∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓23 |2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑)

≤ 2
∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|ℱ |2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑) + 2

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

��𝜓1
��2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑) .

(5.5.74)

Combining (5.5.73) and (5.5.74) yields

N[𝜓23] ≥
∫
𝐾23 (𝛾)

��∇(𝜌,𝜑)ℱ
��2𝑑 (𝑞, 𝜌, 𝜑) − 4

∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|ℱ |2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑)

− 4
∫
𝐾23 (𝛾)\𝑆(0,𝑏)

��𝜓1
��2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑) .

(5.5.75)

Next, we show that the sum of the first two integrals on the right–hand side of (5.5.75) is
positive. The function 𝜓23 = 0 for |𝑥 | < 𝑏 and consequently for

𝜌0 := max{𝜅−1
0 |𝑞 |, 𝑏/2}

we have∫
𝐾23 (𝛾)

��∇(𝜌,𝜑)ℱ
��2𝑑 (𝑞, 𝜌, 𝜑) = ∫ ∞

−∞

∫ ∞

𝜌0

∫ 2𝜋

0

��∇(𝜌,𝜑)ℱ(𝑞, 𝜌, 𝜑)
��2𝑑 (𝜌, 𝜑)𝑑𝑞 . (5.5.76)

For 𝜌 = 𝜌0, the projection of ℱ onto functions with zero angular momentum in the
(𝑥1, 𝜉)–plane vanishes. As a result, the following two–dimensional Hardy inequality (see
Lemma B.1.2) holds for almost all 𝑞 ∈ R:∫ ∞

𝜌0

∫ 2𝜋

0

��∇(𝜌,𝜑)ℱ(𝑞, 𝜌, 𝜑)
��2 𝑑 (𝜌, 𝜑) ≥ 1

4

∫ ∞

𝜌0

∫ 2𝜋

0

|ℱ(𝑞, 𝜌, 𝜑) |2

𝜌2
(
1 + ln2(𝜌)

) 𝑑 (𝜌, 𝜑),
where we assume 𝜌0 > 1 for sufficiently large 𝑏 > 0. Inserting (5.5.3) into the right–hand side
of (5.5.76) gives∫

𝐾23 (𝛾)

��∇(𝜌,𝜑)ℱ
��2𝑑 (𝑞, 𝜌, 𝜑) ≥ 1

4

∫
𝐾23 (𝛾)

|ℱ |2

𝜌2
(
1 + ln2 (𝜌)

) 𝑑 (𝑞, 𝜌, 𝜑) . (5.5.77)

Since 𝜌 > 𝑏/2 on 𝐾23(𝛾) ∩ supp𝜓23 the positivity of the sum of the first two terms on the
right–hand side of (5.5.75) follows from (5.5.77) for 𝑏 > 0 sufficiently large. We arrive at

N[𝜓23] ≥ −4
∫
𝐾23 (𝛾)\𝑆(0,𝑏)

��𝜓1
��2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑) . (5.5.78)
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It remains to show that the integral on the right–hand side of (5.5.78) can be estimated by an
integral over 𝜕𝐾23(𝛾). By direct computation∫

𝐾23 (𝛾)\𝑆(0,𝑏)

��𝜓1(𝑞, 𝜌, 𝜑)
��2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑) = 2𝜋

∫ ∞

−∞

∫ ∞

𝜌0

��𝜓1(𝑞, 𝜌, 𝜑)
��2

| (𝑞, 𝜌) |2+𝜏
𝜌𝑑𝜌𝑑𝑞 . (5.5.79)

Using the definition of 𝜓1 and Schwarz Inequality

2𝜋
∫ ∞

−∞

∫ ∞

𝜌0

��𝜓1(𝑞)
��2

| (𝑞, 𝜌) |2+𝜏
𝜌𝑑𝜌𝑑𝑞 ≤

∫ ∞

−∞

∫ ∞

𝜌0

∫ 2𝜋
0

��𝜓23(𝑞, 𝜅−1
0 |𝑞 |, 𝜑)

��2𝑑𝜑
| (𝑞, 𝜌) |2+𝜏

𝜌𝑑𝜌𝑑𝑞 . (5.5.80)

Combining (5.5.79) and (5.5.80) we arrive at∫
𝐾23 (𝛾)\𝑆(0,𝑏)

��𝜓1
��2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑)

≤
∫ ∞

−∞

∫ 2𝜋

0

��𝜓23(𝑞, 𝜅−1
0 |𝑞 |, 𝜑)

��2𝑑𝜑 ∫ ∞

𝜌0

1
| (𝑞, 𝜌) |2+𝜏

𝜌𝑑𝜌𝑑𝑞 .

Using | (𝑞, 𝜌) | > 𝜌 and 𝜌0 > 𝜅−1
0 |𝑞 |, yields by solving the integral over 𝜌 that there exists a

constant 𝐶 > 0, which depends on 𝜏 and 𝜅0 but is independent of 𝜓, such that∫
𝐾23 (𝛾)\𝑆(0,𝑏)

|𝜓1 |2

| (𝑞, 𝜌) |2+𝜏
𝑑 (𝑞, 𝜌, 𝜑) ≤ 𝐶

∫ ∞

−∞

∫ 2𝜋

0

|𝜓23(𝑞, 𝜅−1
0 |𝑞 |, 𝜑) |2

|𝑞 |1+𝜏
𝑞 𝑑𝑞 𝑑𝜑. (5.5.81)

The points (𝑞, 𝜅−1
0 |𝑞 |, 𝜑) with 𝑞 ∈ R and 𝜑 ∈ [0, 2𝜋) correspond to points on the surface

𝜕𝐾23(𝛾). Consequently, by substituting (5.5.81) into (5.5.78), we obtain for another constant
𝐶 > 0 that depends on 𝜅0 and 𝜏 but is independent of 𝜓:

N[𝜓23] ≥ −𝐶
∫
𝜕𝐾23 (𝛾)

|𝜓 |2
|𝑥 |1+𝜏

𝑑𝜎, (5.5.82)

where we used that 𝜓23 = 𝜓 on 𝜕𝐾23(𝛾). This completes the proof of Lemma 5.5.9, and as
discussed in 5.5.3, this also completes the proof of Lemma 5.3.2.

5.5.4 Proof of Lemma 5.3.3
We prove Lemma 5.3.3 for 𝛼 = (12). The proof for 𝛼 = (13) is similar. We introduce spherical
coordinates as follows:

𝑥1 = |𝑥 | sin(𝜑) sin(𝜃),
𝑥2 = |𝑥 | cos(𝜑) sin(𝜃),
𝑥3 = |𝑥 | cos(𝜃),

(5.5.83)
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where 𝜑 ∈ [0, 2𝜋), 𝜃 ∈ [0, 𝜋], and |𝑥 | ∈ [0,∞). The boundary 𝜕𝐾12(𝛾) is then described by
( |𝑥 |,±𝜃0, 𝜑), where 𝜃0 = arcsin(𝛾) and 𝜃0 ∈ [0, 𝜋] (see Figure 5.3).
Let 𝑃0 [(12)] be the projection onto radially symmetric functions in the (𝑥1, 𝑥2)–plane intro-
duced in Lemma 5.3.1, then∫

𝜕𝐾12 (𝛾)

| (𝑃0 [(12)]𝜓) (𝑥) |2

|𝑥 |1+𝛿
𝑑𝜎 ≤

∫
𝜕𝐾12 (𝛾)

|𝜓(𝑥) |2

|𝑥 |1+𝛿
𝑑𝜎 (5.5.84)

where the surface measure 𝑑𝜎 associated with 𝜕𝐾12(𝛾) in the spherical coordinattes (5.5.83)
is given by

𝑑𝜎 = |sin 𝜃0 | |𝑥 |𝑑 |𝑥 |𝑑𝜑 . (5.5.85)

By applying the one–dimensional trace theorem in the 𝜃 variable (see, [31, Theorem 1, p.
272]) for every fixed |𝑥 | > 𝑏/2, 𝜑 ∈ [0, 2𝜋), there is a constant 𝐶 > 0 that depends on 𝜃0 and
𝜃1 := arcsin (𝛾1) but is independent of |𝑥 | and 𝜑 such that

|𝜓( |𝑥 |, 𝜃0, 𝜑) |2

|𝑥 |1+𝛿
≤ 𝐶

∫ 𝜃1

𝜃0

|𝜓( |𝑥 |, 𝜃, 𝜑) |2 + |(𝜕𝜃𝜓) ( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |1+𝛿
𝑑𝜃. (5.5.86)

Integrating (5.5.86) with respect to 𝑑𝜎 in (5.5.85) yields∫ 2𝜋

0

∫ ∞

𝑏/2
|𝜓( |𝑥 |, 𝜃0, 𝜑) |2 |sin 𝜃0 | |𝑥 |𝑑 |𝑥 |𝑑𝜑

≤ 𝐶 |sin 𝜃0 |
∫ 2𝜋

0

∫ 𝜃1

𝜃0

∫ ∞

𝑏/2

|𝜓( |𝑥 |, 𝜃, 𝜑) |2 + |(𝜕𝜃𝜓) ( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |1+𝛿
|𝑥 |𝑑 |𝑥 |𝑑𝜃𝑑𝜑.

(5.5.87)

where we have also used that 𝜓( |𝑥 |, 𝜃, 𝜑) = 0 for |𝑥 | < 𝑏/2. Similar we get∫ 2𝜋

0

∫ ∞

𝑏/2
|𝜓( |𝑥 |,−𝜃0, 𝜑) |2 |cos 𝜃 | |𝑥 |𝑑 |𝑥 |𝑑𝜑

≤ 𝐶 |sin 𝜃0 |
∫ 2𝜋

0

∫ −𝜃0

−𝜃1

∫ ∞

𝑏/2

|𝜓( |𝑥 |, 𝜃, 𝜑) |2 + |(𝜕𝜃𝜓) ( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |1+𝛿
|𝑥 |𝑑 |𝑥 |𝑑𝜃𝑑𝜑.

(5.5.88)

For 𝐾12(𝛾, 𝛾1) = 𝐾12(𝛾1) \ 𝐾12(𝛾) by combining (5.5.87) and (5.5.88) we find∫
𝜕𝐾12 (𝛾)

|𝜓(𝑥) |2

|𝑥 |1+𝛿
𝑑𝜎

≤ 𝐶 |sin 𝜃0 |
∫
𝐾12 (𝛾,𝛾1)

|𝜓( |𝑥 |, 𝜃, 𝜑) |2 + |(𝜕𝜃𝜓) ( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |1+𝛿
|𝑥 |𝑑 |𝑥 |𝑑𝜃𝑑𝜑 .

(5.5.89)
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Using 𝑑𝑥 = sin(𝜃) |𝑥 |2𝑑 |𝑥 |𝑑𝜃𝑑𝜑 and sin(𝜃0) ≤ |sin(𝜃) | on 𝐾12(𝛾, 𝛾1) we arrive at∫
𝜕𝐾12 (𝛾)

|𝜓(𝑥) |2

|𝑥 |1+𝛿
𝑑𝜎

≤ 𝐶
∫
𝐾12 (𝛾,𝛾1)

|𝜓( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |2+𝛿
𝑑𝑥 + 𝐶

∫
𝐾12 (𝛾,𝛾1)

| (𝜕𝜃𝜓) ( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |2+𝛿
𝑑𝑥 .

(5.5.90)

Since 𝜓(𝑥) = 0 for |𝑥 | ≤ 𝑏/2 we conclude from (5.5.90)∫
𝜕𝐾12 (𝛾)

|𝜓(𝑥) |2

|𝑥 |1+𝛿
𝑑𝜎

≤ 𝐶

(𝑏/2)𝛿

(∫
𝐾12 (𝛾,𝛾1)

|𝜓( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |2
𝑑𝑥 +

∫
𝐾12 (𝛾,𝛾1)

| (𝜕𝜃𝜓) ( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |2
𝑑𝑥

)
.

(5.5.91)

Applying the radial Hardy Inequality to the first term on the right–hand side of (5.5.91) yields∫
𝜕𝐾12 (𝛾)

|𝜓(𝑥) |2

|𝑥 |1+𝛿
𝑑𝜎

≤ 𝐶

(𝑏/2)𝛿

(∫
𝐾12 (𝛾,𝛾1)

1
4
��𝜕|𝑥 |𝜓( |𝑥 |, 𝜃, 𝜑)��2𝑑𝑥 + ∫

𝐾12 (𝛾,𝛾1)

| (𝜕𝜃𝜓) ( |𝑥 |, 𝜃, 𝜑) |2

|𝑥 |2
𝑑𝑥

)
.

(5.5.92)

Expressing the gradient in spherical coordinates, we conclude from (5.5.92) that∫
𝜕𝐾12 (𝛾)

|𝜓(𝑥) |2

|𝑥 |1+𝛿
𝑑𝜎 ≤ 𝐶

(𝑏/2)𝛿
∥∇𝜓∥2

𝐿2 (𝐾12 (𝛾,𝛾1)) , (5.5.93)

which completes the proof of Lemma 5.3.3

5.5.5 Proof of Lemma 5.3.4
In the set of coordinates (𝑥1, 𝑞, 𝜉) introduced in 5.5.3 the set 𝜕𝐾23(𝛾) is determined by

|𝑞 | = 𝜅0(𝑥2
1 + 𝜉

2)1/2

with 𝜅0 defined in (5.5.62). We introduce spherical coordinates as follows:

𝑥1 = |𝑥 | sin(𝜑) cos(𝜗),
𝜉 = |𝑥 | cos(𝜑) cos(𝜗),
𝑞 = |𝑥 | sin(𝜗),

(5.5.94)

where we used that the coordinates (𝑥1, 𝑞, 𝜉) fulfill |𝑥 | = | (𝑥1, 𝑞, 𝜉) | (see Lemma B.2.4). In
this set of coordinates 𝜗0 := arctan(𝜅0) corresponds to the opening angle of the conical set
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𝐾23(𝛾)𝑏/2

𝑞

(𝑥2
1 + 𝜉

2)1/2

𝑞 =
𝜅0𝜌

𝑞 =
𝜅 1𝜌

𝑏

Figure 5.5: Sketch of the sets 𝐾23(𝛾) and 𝐾23(𝛾1) and their relation to the
constants 𝜅0 and 𝜅1. This construction is used in Lemma 5.3.4.

𝐾23(𝛾). Let 𝜗1 := arctan 𝜅1 with

𝜅1 :=

(
𝛾2

1𝜇23

1 − 𝛾2
1𝜇23

)1/2

, (5.5.95)

then 𝜗1 > 𝜗0 corresponds to the opening angle of the conical set 𝐾23(𝛾1) (see Figure 5.5).
Analogous to Lemma 5.3.3 by application of the one–dimensional trace theorem in the variable
𝜗 and the radial Hardy Inequality proves Lemma 5.3.4.
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Chapter 6

Conspiracy of Potential Wells and
Absence of Efimov Effect in Dimension
Four.

6.1 Introduction
We study the double–well operator

𝐻𝑅 := 𝑃2 +𝑉1(𝑥) +𝑉2(𝑥 − 𝑅), 𝑃 = −𝑖∇𝑥 on 𝐿2(R𝑑) (6.1.1)

for fixed 𝑅 ∈ R𝑑 and short–range potentials 𝑉1, 𝑉2 in dimension 𝑑 ≥ 3. This operator
appears in the Born–Oppenheimer approximation for quantum three–body systems. This
approximation is for instance used in the study of molecules. Beyond Coulomb interactions,
it is also known that for short-range potentials, i.e., potentials that asymptotically decay faster
than |𝑥 |−2, the Born-Oppenheimer approximation and the operator 𝐻𝑅 plays an important role
in the understanding of the Efimov effect (see, e.g., [89], [66], [34] and [113]).

Remark 6.1.1. In Section 1.5.2, and in particular in (1.5.15), we provide a heuristic derivation
of the operator (6.1.1). In previous sections, we used the convention 𝑇 = 𝑃2/2 for the kinetic
energy operator. Here, by assuming all involved particles in (1.5.15) have mass one, the
prefactor 1/2 in the kinetic energy becomes 1. Consequently, the choice in (6.1.1) is the
natural one for the present discussion.

The Efimov effect, first predicted by Efimov in [28], describes an unexpected phenomenon
where three particles can form an infinite number of bound states, even if none of the two-
particle subsystems are bound, provided at least two subsystems have a so–called virtual level
(see Definition 1.4.1).
The Efimov effect exhibits several remarkable features. One of these is its so–called universality
property. That is, the asymptotic behavior of the number of bound states below the essential
spectrum does not depend on the microscopic details of the involved potentials.
We study the asymptotic limit of the ground state energy 𝐸 (𝑅) := inf 𝜎(𝐻𝑅) of the operator
𝐻𝑅 in the parameter 𝑅 in the case where the operators ℎ1 := 𝑃2 +𝑉1 ≥ 0 and ℎ2 := 𝑃2 +𝑉2 ≥ 0
do not have bound states but have virtual–levels.
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For 𝑑 = 3, it has been proven by Klaus and Simon in [66][Theorem 4] for strictly negative
potentials that

|𝑅 |2𝐸 (𝑅) → −𝛼2, as |𝑅 | → ∞,
where 𝛼 > 0 is the unique solution of exp(−𝛼) = 𝛼. Under some additional assumptions on
the potentials, it was shown in [91, Theorem 4.3] by Pinchover that if 𝑑 ≥ 5, there exists𝐶 ≥ 0
with

−𝐶 |𝑅 |2−𝑑 ≤ 𝐸 (𝑅) ≤ −𝐶−1 |𝑅 |2−𝑑

whenever |𝑅 | is large enough. For dimensions 𝑑 ≥ 5 the existence of a virtual level of ℎ 𝑗 with
𝑗 ∈ {1, 2} forces ℎ 𝑗 to have zero as an eigenvalue. However, if 𝑑 = 3 the operators ℎ 𝑗 , do not
necessarily have a zero–energy solution in 𝐿2(R3) but a resonance at zero (see Remark 1.4.2
and Remark 3.2.4).
The most challenging case is 𝑑 = 4. The difference to dimension 𝑑 = 3 is, that if the zero–
energy solution is not in 𝐿2(R4) then its decay rate at infinity is critically slow, meaning that
it barely misses being in 𝐿2(R4). We refer to Theorem 3.2.2 and the discussion thereafter for
more details.
Assuming that the potentials are compactly supported and have additional smoothness, Pin-
chover showed in [90, Theorem 2.3] for 𝑑 = 4, that there exists 𝐶 > 0 such that

−𝐶 |𝑅 |−2 ≤ 𝐸 (𝑅) ≤ −𝐶−1 |𝑅 |−2 log( |𝑅 |)−1

whenever |𝑅 | is large enough. However, the lower bound in Pinchover’s result does not match
the upper bound. In this work, we establish a matching lower bound. Specifically, we prove
that

−𝐶 |𝑅 |−2 log( |𝑅 |)−1 ≤ 𝐸 (𝑅)
for some 𝐶 > 0 in Section 6.2 as Theorem 6.2.4. Using similar ideas as in the proof of
Theorem 6.2.4, we provide in Section 6.3 a fully variational proof of the absence of the Efimov
effect in dimension 𝑑 = 4.

6.2 Conspiracy of Potential Wells in Dimension Four

6.2.1 Notation and Main Result
We study the double-well operator

𝐻𝑅 = 𝑃2 +𝑉1(𝑥) +𝑉2(𝑥 − 𝑅)

on 𝐿2(R4) for 𝑅 ∈ R4 and potentials 𝑉1, 𝑉2 ∈ 𝐿2
loc(R

4) ∩ 𝐾4 where 𝐾4 the Kato class defined
in Definition 1.2.8. Then following [105, Lemma A.2.2] the potential 𝑉 𝑗 is infinitesimally
form small with respect to 𝑃2. We assume that 𝑉 𝑗 for 𝑗 ∈ {1, 2} is short-range, i.e. there are
constants 𝐶, 𝛿, 𝜌 > 0 such that��𝑉 𝑗 (𝑥)�� ≤ 𝐶 |𝑥 |−2−𝛿, 𝑗 ∈ {1, 2} . (6.2.1)
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for any |𝑥 | > 𝜌.

Remark 6.2.1. With some changes below, one can instead assume the (weak) short–range
property in (3.2.2), which allows the potential to have local singularities outside of compact
sets.

We denote by 𝜎(𝐻𝑅) the spectrum of 𝐻𝑅. We adopt the standard notation as, for instance,
used in [13] and denote one-particle Schrödinger operators with a single potential well, such
as ℎ 𝑗 := 𝑃2 +𝑉 𝑗 for 𝑗 ∈ {1, 2}, using lowercase letters.

Definition 6.2.2 (= Definition 1.4.1). The operator ℎ = 𝑃2 + 𝑉 has a virtual level at zero if
𝐻 ≥ 0 and there exists 𝜀1 ∈ (0, 1) such that for any 𝜀 ∈ (0, 𝜀1)

inf 𝜎ess(ℎ − 𝜀𝑃2) = 0 and inf 𝜎(ℎ − 𝜀𝑃2) < 0 . (6.2.2)

Remark 6.2.3. In Definition 1.4.1 we have used a different mass convention where the kinetic
energy is 𝑃2/2. Throughout this section ℎ = 𝑃2 +𝑉 , see Remark 6.1.1.

Theorem 6.2.4. Let 𝐻𝑅 on 𝐿2(R4) be defined as in (6.1.1) with short–range potentials 𝑉 𝑗 ∈
𝐿2

loc(R
4) ∩ 𝐾4, such that ℎ 𝑗 = 𝑃2 +𝑉 𝑗 ≥ 0 has a virtual level for 𝑗 ∈ {1, 2}. Then there exists

𝐶 > 0 such that for any 𝑅 ∈ R4

𝐸 (𝑅) := inf 𝜎(𝐻𝑅) ≥ −𝐶 |𝑅 |−2 log( |𝑅 |)−1 . (6.2.3)

We prove Theorem 6.2.4 in Section 6.2.2. First, we collect some properties of zero-energy
resonances. Let

¤𝐻1(R4) = {𝑢 ∈ 𝐿2(R4, |𝑥 |−2𝑑𝑥) : ∇𝑢 ∈ 𝐿2(R4)}

be the homogeneous Sobolev space equipped with the norm

∥𝑢∥ ¤𝐻1 (R4) :=
(∫

R4
|∇𝑢 |2𝑑𝑥

)1/2
.

These homogeneous Sobolev spaces have already been introduced by Birman in [22] (See
[36, Chapter 2] for an overview). For any short–range potential 𝑉 ∈ 𝐿2

loc(R
4) ∩ 𝐾4 we can

apply Theorem 1.4.11 and Theorem 1.4.12. Consequently, if the operator ℎ := 𝑃2 + 𝑉 has a
virtual level, then there exists 𝜑 ∈ ¤𝐻1(R4), 𝜑 ≠ 0 such that

ℎ𝜑 = 0 (6.2.4)

in the sense that ∫
R4

∇𝜓∇𝜑𝑑𝑥 +
∫
R4
𝑉𝜓𝜑𝑑𝑥 = 0, ∀𝜓 ∈ ¤𝐻1(R4). (6.2.5)

Furthermore, there exists a constant 𝜇 > 0, such that for every function 𝑔 ∈ ¤𝐻1(R4) with
⟨∇𝑔,∇𝜑⟩ = 0 we have

⟨𝑔, ℎ𝑔⟩ ≥ 𝜇∥∇𝑔∥2
2 . (6.2.6)
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For 𝑉 ∈ 𝐾4 we have proven in Section 3.2 as Theorem 3.2.2 that then

𝜑(𝑥) = − 1
2𝜋

⟨𝑉, 𝜑⟩
1 + |𝑥 |2

+ 𝑢(𝑥) (6.2.7)

for some 𝑢 ∈ 𝐿2(R4).

6.2.2 Ground State Energy Estimate
In the proof of Theorem 6.2.4, we will use the following modification of [120, Lemma 5.1].

Lemma 6.2.5. For any 𝜀, 𝑏 > 0 there exist 0 < 𝑎 < 𝑏 and continuous functions 𝑢, 𝑣 : R →
[0, 1] with piecewise continuous derivatives, such that 𝑢2 + 𝑣2 = 1,

𝑣(𝑥) =
{

1, |𝑥 | ≥ 𝑏

0, |𝑥 | ≤ 𝑎 , 𝑢(𝑥) =
{

1, |𝑥 | ≤ 𝑎
0, |𝑥 | ≥ 𝑏

,

and
|𝑢′(𝑥) |2 + |𝑣′(𝑥) |2 ≤ 𝜀

|𝑥 |2
1{𝑎≤|𝑥 |≤𝑏} .

Moreover, 𝑎 can be chosen such that

𝑒−(1+2/𝜀) ≤ 𝑎

𝑏
≤ 𝑒−2/𝜀 . (6.2.8)

Proof. For the reader’s convenience, we prove this lemma in the Appendix C as Lemma C.1.1.

Equipped with Lemma 6.2.5 we now give proof of the main Theorem 6.2.4.

Proof of Theorem 6.2.4. Let 𝜓 ∈ 𝐻1(R4) with ∥𝜓∥2 = 1. For fixed 𝑅 ∈ R4 the quadratic form
corresponding to the operator 𝐻𝑅 in (6.1.1) is given by

𝐿 [𝜓] :=
∫
R4

|∇𝜓 |2𝑑𝑥 +
∫
R4

(
𝑉1(𝑥) +𝑉2(𝑥 − 𝑅)

)
|𝜓 |2𝑑𝑥 . (6.2.9)

Theorem 6.2.4 follows directly if there exists a constant 𝐶 > 0 independent of Ψ and 𝑅 with

𝐿 [𝜓] ≥ −𝐶 |𝑅 |−2 log( |𝑅 |)−1 . (6.2.10)

The parameter |𝑅 | > 0 separates the potentials 𝑉1 and 𝑉2 into distinct regions of R4. We aim
to localize 𝐿 in regions where either one or both potentials are small. To this end, we define,
for 𝑠 ∈ (0, 1), the following sets:

𝐵1(𝑠) := {𝑥 ∈ R4 | |𝑥 | ≤ 𝑠 |𝑅 |},
𝐵2(𝑠) := {𝑥 ∈ R4 | |𝑥 − 𝑅 | ≤ 𝑠 |𝑅 |},
Ω(𝑠) := R4 \ (𝐵1(𝑠) ∪ 𝐵2(𝑠)) .
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By the short-range condition of 𝑉 𝑗 for 𝑗 ∈ {1, 2}, the potential 𝑉2 is small on 𝐵1(𝑠) for large
|𝑅 |, while the potential 𝑉1 is small on 𝐵2(𝑠). On the set Ω(𝑠), both potentials are small.
Assume 𝑏 < 1/3 such that 𝐵1(𝑏) ∩ 𝐵2(𝑏) = ∅, then for any 𝜀 > 0 we choose 𝑎 > 0 and
functions 𝑢, 𝑣 : R → [0, 1] according to Lemma 6.2.5. Define

𝜒1 := 𝑢
(
|𝑥 |
|𝑅 |

)
, 𝜒2 := 𝑢

(
|𝑥 − 𝑅 |
|𝑅 |

)
, and 𝜒0 :=

(
1 − 𝜒2

1 − 𝜒2
2

)1/2
,

then {𝜒0, 𝜒1, 𝜒2} is a quadratic partition of unity with

2∑︁
𝑘=0

|∇𝜒𝑘 |2 ≤

𝜀 |𝑥 |−2, 𝑥 ∈ 𝐵1(𝑏) \ 𝐵1(𝑎)
𝜀 |𝑥 − 𝑅 |−2, 𝑥 ∈ 𝐵2(𝑏) \ 𝐵2(𝑎)
0, 𝑥 ∈ Ω(𝑏) ∪ 𝐵1(𝑎) ∪ 𝐵2(𝑎)

.

Let 𝐴𝑘 (𝑏, 𝑎) := 𝐵𝑘 (𝑏) \ 𝐵𝑘 (𝑎) for 𝑘 ∈ {1, 2} and then by application of the IMS localization
formula (1.3.1) we find

𝐿 [𝜓] =
2∑︁
𝑘=0

𝐿 [𝜒𝑘𝜓] −
2∑︁
𝑘=0

∫
R4

|∇𝜒𝑘 |2 |𝜓 |2𝑑𝑥

≥
( 2∑︁
𝑘=0

𝐿 [𝜒𝑘𝜓]
)
− 𝜀

∫
𝐴1 (𝑏,𝑎)

|𝜓 |2

|𝑥 |2
𝑑𝑥 − 𝜀

∫
𝐴2 (𝑏,𝑎)

|𝜓 |2

|𝑥 − 𝑅 |2
𝑑𝑥 .

(6.2.11)

Define for any 𝑓 ∈ 𝐻1

𝐿1 [ 𝑓 ] := 𝐿 [ 𝑓 ] − 𝜀
∫
𝐴1 (𝑏,𝑎)

| 𝑓 |2

|𝑥 |2
𝑑𝑥,

𝐿2 [ 𝑓 ] := 𝐿 [ 𝑓 ] − 𝜀
∫
𝐴2 (𝑏,𝑎)

| 𝑓 |2

|𝑥 − 𝑅 |2
𝑑𝑥 .

(6.2.12)

Then by inserting (6.2.12) into (6.2.11) we arrive at

𝐿 [𝜓] ≥ 𝐿 [𝜒0𝜓] + 𝐿1 [𝜒1𝜓] + 𝐿2 [𝜒2𝜓] . (6.2.13)

We prove Theorem 6.2.4 in two steps. In the first step, we show 𝐿 [𝜒0𝜓] ≥ 0 for |𝑅 | large
enough, and in the second step, we show that there exists 𝐶 > 0 such that

𝐿 𝑗 [𝜓] ≥ −𝐶 |𝜓 |2

|𝑅 |2 log( |𝑅 |)
, 𝑗 ∈ {1, 2} (6.2.14)

for |𝑅 | large enough, which then completes the proof of Theorem 6.2.4. We begin with
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Step 1:

We show for |𝑅 | sufficiently large

𝐿 [𝜒0𝜓] =
∫
R4

|∇ (𝜒0𝜓) |2𝑑𝑥 +
∫
R4

(𝑉1(𝑥) +𝑉2(𝑥 − 𝑅)) |𝜒0𝜓 |2𝑑𝑥 ≥ 0 . (6.2.15)

By construction supp(𝜒0𝜓) ⊂ Ω(𝑎). The potentials𝑉1 and𝑉2(· − 𝑅) are short-range such that
for |𝑅 | > 0 large enough and 𝑥 ∈ Ω(𝑎)

𝑉1(𝑥) ≤ |𝑥 |−2−𝛿 and 𝑉2(𝑥 − 𝑅) ≤ |𝑥 − 𝑅 |−2−𝛿 . (6.2.16)

Inserting (6.2.16) into (6.2.15) we arrive at

𝐿 [𝜒0𝜓] ≥
∫
R4

|∇ (𝜒0𝜓) |2𝑑𝑥 −
∫
Ω(𝑎)

(
|𝑥 |−2−𝛿 + |𝑥 − 𝑅 |−2−𝛿

)
|𝜒0𝜓 |2𝑑𝑥 . (6.2.17)

Using that ∇ [(𝜒0𝜓) (𝑥 − 𝑅)] = [∇ (𝜒0𝜓)] (𝑥 − 𝑅) together with the Hardy inequality in
dimension four yields∫

R4
|∇ (𝜒0𝜓) |2𝑑𝑥 =

1
2

∫
R4

|∇ (𝜒0𝜓) (𝑥) |2𝑑𝑥 +
1
2

∫
R4

|∇ [(𝜒0𝜓) (𝑥 − 𝑅)] |2𝑑𝑥

≥ 1
2

∫
R4

|𝜒0𝜓 |2

|𝑥 |2
𝑑𝑥 + 1

2

∫
R4

|𝜒0𝜓 |2

|𝑥 − 𝑅 |2
𝑑𝑥 .

(6.2.18)

Inserting (6.2.18) into (6.2.17) we arrive at

𝐿 [𝜒0𝜓] ≥
1
2

∫
R4

(
|𝑥 |−2 + |𝑥 − 𝑅 |−2

)
|𝜒0𝜓 |2𝑑𝑥

−
∫
Ω(𝑎)

(
|𝑥 |−2−𝛿 + |𝑥 − 𝑅 |−2−𝛿

)
|𝜒0𝜓 |2𝑑𝑥 .

(6.2.19)

Since 𝛿 > 0, |𝑥 | > 𝑎 |𝑅 | and |𝑥 − 𝑅 | > 𝑎 |𝑅 | on Ω(𝑎) we find∫
Ω(𝑎)

(
|𝑥 |−2−𝛿 + |𝑥 − 𝑅 |−2−𝛿

)
|𝜒0𝜓 |2𝑑𝑥

≤
(

1
𝑎 |𝑅 |

)𝛿 ∫
R4

(
|𝑥 |−2 + |𝑥 − 𝑅 |−2

)
|𝜒0𝜓 |2𝑑𝑥 .

(6.2.20)

Consequently by combining (6.2.20) and (6.2.19) we find 𝐿 [𝜒0𝜓] ≥ 0.
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Step 2:

We prove (6.2.14) for 𝑗 = 1. The proof for 𝑗 = 2 is similar. We aim to estimate

𝐿1 [𝜒1𝜓] =
∫
R4

|∇ (𝜒1𝜓) |2𝑑𝑥 +
∫
R4
𝑉1(𝑥) |𝜒1𝜓 |2𝑑𝑥 +

∫
R4
𝑉2(𝑥 − 𝑅) |𝜒1𝜓 |2𝑑𝑥

− 𝜀
∫
𝐴1 (𝑏,𝑎)

|𝜒1𝜓 |2

|𝑥 |2
𝑑𝑥 .

We begin with estimating the term involving 𝑉2. Since 𝑏 < 1/3 and supp(𝜒1𝜓) ⊂ 𝐵1(𝑏) we
have for any 𝑥 ∈ supp(𝜒1𝜓) that |𝑥 − 𝑅 | > |𝑅 |/2. Consequently the potential 𝑉2(· − 𝑅) fulfills
(6.2.1). Thus for |𝑅 | sufficiently large

|𝑉2( |𝑥 − 𝑅 |) | ≤
1

|𝑥 − 𝑅 |2+𝛿
≤ 22+𝛿

|𝑅 |2+𝛿
≤ 1

|𝑅 |2+𝛿/2 .

Consequently, the term involving 𝑉2 is negligible as it decays faster than the right-hand side
of (6.2.14). It remains to estimate

𝐿̂ [𝜒1𝜓] :=
∫
R4

|∇ (𝜒1𝜓) |2𝑑𝑥 +
∫
R4
𝑉1(𝑥) |𝜒1𝜓 |2𝑑𝑥 − 𝜀

∫
𝐴1 (𝑏,𝑎)

|𝜒1𝜓 |2

|𝑥 |2
𝑑𝑥 . (6.2.21)

We begin with the first two integrals on the right–hand side of (6.2.21). The operator
ℎ1 = 𝑃2 +𝑉1 has a virtual level at zero. As explained in Section 6.2.1 this implies the
existence of a solution 𝜑1 ∈ ¤𝐻1(R4) with ℎ1𝜑1 = 0. We choose 𝜑1 to be normalized such that
∥𝜑1∥ ¤𝐻1 (R4) = 1. Next, we project 𝜒1𝜓 onto 𝜑1 in the sense of ¤𝐻1(R4) by introducing

𝜃𝑅 := ⟨∇𝜑1,∇(𝜒1𝜓)⟩ and 𝑔 := 𝜒1𝜓 − 𝜃𝑅𝜑1 . (6.2.22)

Then
⟨∇𝜑1,∇𝑔⟩ = 0 .

Due to the definition of 𝜃𝑅 and 𝑔 in (6.2.22) we have∫
R4

|∇ (𝜒1𝜓) |2𝑑𝑥 +
∫
R4
𝑉1 |𝜒1𝜓 |2𝑑𝑥 =

∫
R4

|∇𝑔 |2𝑑𝑥 +
∫
R4
𝑉1 |𝑔 |2𝑑𝑥

+ 2𝜃𝑅 Re
∫
R4

(
∇𝑔∇𝜑1 +𝑉1𝑔𝜑1

)
𝑑𝑥 .

(6.2.23)

Since 𝜑1 is the zero–energy solution as explained in (6.2.5) it follows

Re
∫
R4

(
∇𝑔∇𝜑1 +𝑉1𝑔𝜑1

)
𝑑𝑥 = 0
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and therefore∫
R4

|∇ (𝜒1𝜓) |2𝑑𝑥 +
∫
R4
𝑉1 |𝜒1𝜓 |2𝑑𝑥 =

∫
R4

|∇𝑔 |2𝑑𝑥 +
∫
R4
𝑉1 |𝑔 |2𝑑𝑥 . (6.2.24)

As discussed in Section 6.2.1, since ⟨∇𝜑1,∇𝑔⟩ = 0, there exists a constant 𝜇 > 0 such that∫
R4

|∇𝑔 |2𝑑𝑥 +
∫
R4
𝑉1 |𝑔 |2𝑑𝑥 ≥ 𝜇∥∇𝑔∥2

2 . (6.2.25)

Inserting (6.2.25) into the right–hand side of (6.2.24) yields∫
R4

|∇ (𝜒1𝜓) |2𝑑𝑥 +
∫
R4
𝑉1(𝑥) |𝜒1𝜓 |2𝑑𝑥 ≥ 𝜇∥∇𝑔∥2

2 . (6.2.26)

Combining (6.2.26) and (6.2.21) we find

𝐿̂ [𝜒1𝜓] ≥ 𝜇∥∇𝑔∥2
2 − 𝜀

∫
𝐴1 (𝑏,𝑎)

|𝜒1𝜓 |2

|𝑥 |2
𝑑𝑥 . (6.2.27)

Inserting 𝜒1𝜓 = 𝜃𝑅𝜑1 + 𝑔 into the right–hand side of (6.2.27) yields

𝐿̂ [𝜒1𝜓] ≥ 𝜇∥∇𝑔∥2
2 − 𝜀

∫
𝐴1 (𝑏,𝑎)

|𝜃𝑅𝜑1 + 𝑔 |2

|𝑥 |2
𝑑𝑥

≥ 𝜇∥∇𝑔∥2
2 − 2𝜀

∫
𝐴1 (𝑏,𝑎)

|𝜃𝑅𝜑1 |2

|𝑥 |2
− 2𝜀

∫
𝐴1 (𝑏,𝑎)

|𝑔 |2

|𝑥 |2
𝑑𝑥 .

(6.2.28)

To prove (6.2.14) it suffices to show that for given 𝜇 > 0 and 𝜀 ∈ (0, 𝜇/4) for |𝑅 | > 0
sufficiently large there exists a 𝑐0 > 0 depending on 𝜇, 𝜀 only such that

𝜇∥∇𝑔∥2
2 − 2𝜀

∫
𝐴1 (𝑏,𝑎)

|𝜃𝑅𝜑1 |2

|𝑥 |2
− 2𝜀

∫
𝐴1 (𝑏,𝑎)

|𝑔 |2

|𝑥 |2
𝑑𝑥 ≥ − 𝑐0

|𝑅 |2 log( |𝑅 |)
. (6.2.29)

Using 𝜀 ∈ (0, 𝜇/4) together with 𝐴1(𝑏, 𝑎) ⊂ R4 and applying Hardy Inequality in dimension
four we have

2𝜀
∫
𝐴1 (𝑏,𝑎)

|𝑔 |2

|𝑥 |2
𝑑𝑥 ≤ 𝜇

2

∫
R4

|𝑔 |2

|𝑥 |2
𝑑𝑥 ≤ 𝜇

2
∥∇𝑔∥2

2 . (6.2.30)

and consequently
𝜇

2
∥∇𝑔∥2

2 − 2𝜀
∫
𝐴1 (𝑏,𝑎)

|𝑔 |2

|𝑥 |2
𝑑𝑥 ≥ 0 . (6.2.31)

Inserting (6.2.31) into the right–hand side of (6.2.28) we arrive at

𝐿̂ [𝜒1𝜓] ≥
𝜇

2
∥∇𝑔∥2

2 − 2𝜀𝜃2
𝑅

∫
𝐴1 (𝑏,𝑎)

|𝜑1 |2

|𝑥 |2
𝑑𝑥 . (6.2.32)
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Next, estimate the last term on the right-hand side of (6.2.32) for which the integral is taken
over the set 𝐴1(𝑏, 𝑎) = {𝑥 ∈ R4 : 𝑎 |𝑅 | ≤ |𝑥 | ≤ 𝑏 |𝑅 |}. Using that 𝜑1 is the resonance function,
which decays as |𝑥 |−2 for |𝑥 | large enough as explained in Section 6.2.1, we can determine the
behavior of this integral in |𝑅 |. In particular there exist 𝑐 > 0 and 𝑢 ∈ 𝐿2(R4) such that

𝜑1(𝑥) =
−𝑐
|𝑥 |2

+ 𝑢(𝑥) . (6.2.33)

Then for |𝑅 | large enough there exists 𝑐1 > 0 with∫
𝐴1 (𝑏,𝑎)

|𝜑1 |2

|𝑥 |2
𝑑𝑥 ≤ 2

𝑎2 |𝑅 |2

∫
𝐴1 (𝑏,𝑎)

(
𝑐2

|𝑥 |4
+ |𝑢 |2

)
𝑑𝑥

≤ 2
𝑎2 |𝑅 |2

(
𝑐2 ln

(
𝑏

𝑎

)
+ ∥𝑢∥2

2

)
≤ 𝑐1

|𝑅 |2
.

(6.2.34)

Here 𝑐1 > 0 may depend 𝑎 and 𝑏 but is independent of 𝑅. Inserting (6.2.34) into (6.2.32) we
arrive at

𝐿̂ [𝜒1𝜓] ≥
𝜇

2
∥∇𝑔∥2

2 − 2𝜀𝑐1
𝜃2
𝑅

|𝑅 |2
. (6.2.35)

Next, we estimate the behavior of 𝜃𝑅 for large |𝑅 |. Recall that we chose ∥𝜓∥2 = 1 and hence

1 = ∥𝜓∥2
2 ≥

∫
|𝑥 |≤𝑎 |𝑅 |

|𝜒1𝜓 |2𝑑𝑥 =
∫
|𝑥 |≤𝑎 |𝑅 |

|𝜃𝑅𝜑1 + 𝑔 |2𝑑𝑥 (6.2.36)

and using (𝑎 + 𝑏)2 ≥ 𝑎2/2 − 𝑏2 we arrive at

𝜃2
𝑅

2

∫
|𝑥 |≤𝑎 |𝑅 |

|𝜑1 |2𝑑𝑥 ≤ 1 +
∫
|𝑥 |≤𝑎 |𝑅 |

|𝑔 |2𝑑𝑥 . (6.2.37)

Applying the Hardy Inequality in dimension four, we find∫
|𝑥 |≤𝑎 |𝑅 |

|𝑔 |2𝑑𝑥 ≤ 𝑎 |𝑅 |2
∫
R4

|𝑔 |2

|𝑥 |2
𝑑𝑥 ≤ 𝑎 |𝑅 |2∥∇𝑔∥2

2 . (6.2.38)

Combining (6.2.37) and (6.2.38) we find

𝜃2
𝑅 ≤ 2

(
1 + 𝑎 |𝑅 |2∥∇𝑔∥2

2

) (∫
|𝑥 |≤𝑎 |𝑅 |

|𝜑1 |2𝑑𝑥
)−1

. (6.2.39)
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We continue by estimating the integral on the right–hand side of (6.2.39). Using (6.2.33) and
𝜑1 ∈ 𝐿2

loc(R
4) there exist 𝑐2, 𝑐3 > 0 such that∫

|𝑥 |≤𝑎 |𝑅 |
|𝜑1 |2𝑑𝑥 =

∫
|𝑥 |≤1

|𝜑1 |2𝑑𝑥 +
∫

1≤|𝑥 |≤𝑎 |𝑅 |
|𝜑1 |2𝑑𝑥

≥ 𝑐2 +
𝑐2

2

∫
1≤|𝑥 |≤𝑎 |𝑅 |

|𝑥 |−4𝑑𝑥 − ∥𝑢∥2
2

≥ 𝑐3 log( |𝑅 |)

(6.2.40)

where 𝑐3 > 0 depends on 𝑎 > 0 only. Combining (6.2.39) and (6.2.40) yields

𝜃2
𝑅 ≤ 2𝑐−1

3 log( |𝑅 |)−1 + 2𝑐−1
3 𝑎 |𝑅 |2 log( |𝑅 |)−1∥∇𝑔∥2

2 . (6.2.41)

Inserting (6.2.41) into (6.2.35) we arrive at

𝐿̂ [𝜒1𝜓] ≥
𝜇

2
∥∇𝑔∥2

2 −
𝑎𝐶

log( |𝑅 |) ∥∇𝑔∥
2
2 −

𝐶

|𝑅 |2 log( |𝑅 |)
(6.2.42)

with 𝐶 = 4𝜀𝑐1𝑐
−1
3 a positive constant independent of 𝑅. Consequently, for |𝑅 | > 0 large

enough, the sum of the first two terms in the right–hand side of (6.2.42) is positive, which
proves (6.2.14) and therefore completes the proof of Theorem 6.2.4.

6.3 Absence of Efimov Effect in Dimension Four

6.3.1 Basic Definitions and Notation
We consider three bosons in dimension 𝑑 = 4 at the positions (𝑥1, 𝑥2, 𝑥3) ∈ R3×4 with masses
𝑚𝑖 for 𝑖 ∈ {1, 2, 3}. The Schrödinger operator on 𝐿2(R3×4) for this system is

H =

3∑︁
𝑖=1

−1
2𝑚𝑖

𝑃2
𝑥𝑖
+

∑︁
1≤𝑖< 𝑗≤3

𝑉𝑖 𝑗 (𝑥𝑖 − 𝑥 𝑗 ) . (6.3.1)

We assume that the potentials𝑉𝑖 𝑗 ∈ 𝐿2
loc(R

4) ∩𝐾4 are short-range. The operator H is invariant
under simultaneous translation of (𝑥1, 𝑥2, 𝑥3) in R4. By standard arguments

H =

𝑇0 +
∑︁

1≤𝑖< 𝑗≤3
𝑉𝑖 𝑗

 ⊗ 1 + 1 ⊗ −1
2𝑀

Δ𝑅

where 𝑀 =
∑3
𝑖=1 𝑚𝑖 and 𝑇0 is the Laplace-Beltrami operator on 𝐿2(𝑅0) where

𝑅0 :=

{
(𝑥1, 𝑥2, 𝑥3) ∈ R3𝑑 :

3∑︁
𝑖=1

𝑚𝑖𝑥𝑖 = 0

}
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and −1
2𝑀Δ𝑅 is the operator associated with the kinetic energy of the relative motion of the center

of mass. We define
𝐻 := 𝑇0 +

∑︁
1≤𝑖< 𝑗≤3

𝑉𝑖 𝑗 (6.3.2)

which is an operator on 𝐿2(𝑅0) where 𝑅0 is an eight-dimensional subspace of R3×4.
Denote by 𝜎ess(𝐻) the essential and by 𝜎disc(𝐻) the discrete spectrum of 𝐻. Our main result
is

Theorem 6.3.1. Let 𝐻 be the operator defined in (6.3.2) with 𝑉𝑖 𝑗 short-range for any
(𝑖 𝑗) ∈ {(12), (13), (23)}. Assume that 𝜎ess(𝐻) = [0,∞). Then 𝜎disc(𝐻) is at most finite.

Remark 6.3.2. Due to the HVZ theorem 𝜎ess(𝐻) ≥ 0 is equivalent to the fact that all two-
particle subsystems do not have a bound state below their essential spectrum. Theorem 6.2.4
does not impose any condition on the existence or absence of virtual levels in the two-particle
subsystems. In particular, it shows that the Efimov effect [28] in dimension four does not exist.

We use the common aberration for labeling pairs of particles as 𝛼 = (𝑖 𝑗) ∈ 𝐼, where 𝐼 :=
{(12), (13), (23)}. The remaining particle is then labeled by 𝑘 ∈ {1, 2, 3} \ {𝑖, 𝑗}. We
introduce the coordinates (𝑞𝛼, 𝜉𝛼, 𝑅) with

𝑞 (𝑖 𝑗) :=
(
2𝜇𝑖 𝑗

)1/2 (𝑥𝑖 − 𝑥 𝑗 ), 𝜉(𝑖 𝑗) :=
(
2𝜈𝑖 𝑗

)1/2
(
𝑚𝑖𝑥𝑖 + 𝑚 𝑗𝑥 𝑗

𝑚𝑖 + 𝑚 𝑗

− 𝑥𝑘
)
, (6.3.3)

Here
𝜇𝑖 𝑗 :=

𝑚𝑖𝑚 𝑗

𝑚𝑖 + 𝑚 𝑗

, 𝜈𝑖 𝑗 :=
(𝑚𝑖 + 𝑚 𝑗 )𝑚𝑘

𝑀
, 𝑘 ∈ {1, 2, 3} \ {𝑖, 𝑗} . (6.3.4)

denote the reduced masses. Given the positions, 𝑥𝑖 ∈ 𝑅0, 𝑖 ∈ {1, 2, 3} of the particles and
fixed 𝛼 ∈ 𝐼 direct computations show

3∑︁
𝑖=1

𝑚𝑖 |𝑥𝑖 |2 = |𝑞𝛼 |2 + |𝜉𝛼 |2, 𝛼 ∈ 𝐼 . (6.3.5)

In this new set of coordinates, the operator 𝑇0 takes the form

𝑇0 = −Δ𝑞𝛼 − Δ𝜉𝛼 on 𝐿2(R8), (6.3.6)

and
ℎ𝛼 := −Δ𝑞𝛼 +𝑉𝛼, on 𝐿2(R4), (6.3.7)

denotes the two-particle Schrödinger operator of the particle pair 𝛼. As we mentioned, due to
the HVZ theorem under the conditions of 6.3.1, we have ℎ𝛼 ≥ 0.
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6.3.2 On the Discrete Spectrum of 𝐻
To prove that the discrete spectrum 𝜎disc(𝐻) is at most finite, it suffices to find a finite-
dimensional space M ⊂ 𝐿2(𝑅0) such that for any 𝜓 ∈ 𝐿2(𝑅0) orthogonal to M

⟨𝜓, 𝐻𝜓⟩ ≥ 0.

As it was shown by Zhislin [129] such a space M exists if there are constants 𝑏, 𝛽 > 0 with

L[𝜓] := ⟨𝜓, 𝐻𝜓⟩ −
∫
|𝑥 |∈[𝑏,2𝑏]

|𝜓 |2

|𝑥 |𝛽
𝑑𝑥 ≥ 0

for every 𝜓 ∈ 𝐶1
0 (R

4) with supp𝜓 ⊂ {𝑥 ∈ 𝑅0 : |𝑥 | > 𝑏}. Let 𝛼 ∈ 𝐼, for 𝛾 > 0 and 𝛾̃ ∈ (0, 𝛾)
we define

K𝛼 (𝛾) := {𝑥 ∈ 𝑅0 : |𝑞𝛼 | < 𝛾 |𝜉𝛼 |}, K𝑖 𝑗 (𝛾, 𝛾̃) := K𝛼 (𝛾) \ K𝛼 (𝛾̃) .

The set K𝛼 (𝛾) represents a conical region in 𝑅0 where the distance between particles in 𝛼
is small relative to their distances from the third particle. In Appendix C, we show that the
sets K𝑖 𝑗 (𝛾) are mutually disjoint for sufficiently small 𝛾 > 0. We will henceforth assume this
condition throughout the following proof.

Proof of Theorem 6.3.2. Everywhere below we assume that 𝜓 ∈ 𝐶1
0 (𝑅0) with

supp(𝜓) ⊂ {𝑥 ∈ 𝑅0 : |𝑥 | > 𝑏},

where 𝑏 > 0 is large and will be chosen later.
Following [120, Lemma 5.1]for given 𝜀 > 0 and 𝛾 > 0 there exists a continuous differential
function 𝑢 and 𝛾̃ ∈ (0, 𝛾) such that

𝑢𝛼 (𝑥) := 𝑢
(
|𝑞𝛼 |
|𝜉𝛼 |

)
, ∀𝑥 ∈ 𝑅0 such that 𝑢𝛼 (𝑥) =

{
1 𝑥 ∈ K𝛼 (𝛾̃)
0 𝑥 ∉ K𝛼 (𝛾)

and with 𝑣𝛼 := (1 − 𝑢2
𝛼)1/2 such that the next inequality holds

|∇𝑢𝛼 |2 + |∇𝑣𝛼 |2 ≤ 𝜀
(
|𝑥 |−2 |𝑣𝛼 |2 + |𝑞𝛼 |−2 |𝑢𝛼 |2

)
, 𝑥 ∈ K𝛼 (𝛾̃, 𝛾) . (6.3.8)

Let V :=
(
1 − ∑

𝛼∈𝐼 𝑢
2
𝛼

)1/2 then since the sets K𝛼 (𝛾) for 𝛼 ∈ 𝐼 are disjoint we have V = 𝑣𝛼
on supp (∇𝑣𝛼) and the family of functions {V,𝑈12,𝑈13,𝑈23} forms a quadratic partition of
unity. Let

𝜓𝛼 := 𝜓𝑢𝛼, 𝜓0 := 𝜓V .

Applying (6.3.8) and the IMS localization formula gives

L[𝜓] ≥ L0 [𝜓0] +
∑︁
𝛼∈𝐼

L𝛼 [𝜓𝛼]
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where

L𝛼 [𝜓𝛼] := ⟨𝜓𝛼, 𝐻𝜓𝛼⟩ − 𝜀
∫
K𝛼 (𝛾,𝛾̃)

|𝜓𝛼 |2

|𝑞𝛼 |2
𝑑𝑥 −

∫
|𝑥 |∈[𝑏,2𝑏]

|𝜓𝛼 |2

|𝑥 |𝛽
𝑑𝑥, ∀𝛼 ∈ 𝐼,

L0 [𝜓0] := ⟨𝜓0, 𝐻𝜓0⟩ − 𝜀
∫
K𝛼 (𝛾,𝛾̃)

|𝜓0 |2

|𝑥 |2
𝑑𝑥 −

∫
|𝑥 |∈[𝑏,2𝑏]

|𝜓0 |2

|𝑥 |𝛽
𝑑𝑥 .

(6.3.9)

Remark 6.3.3. In 𝑥 = 0, the functions 𝑢𝛼, 𝑣𝛼 are not continuous and consequently not
differentiable. Since supp𝜓 ⊂ {𝑥 ∈ 𝑅0 : |𝑥 | > 𝑏} this is irrelevant.
The parameter 𝛽 > 0 can be chosen freely. We fix 𝛽 = 2 + 𝜏 for some 𝜏 ∈ (0, 𝛿), where 𝛿 > 0
is the parameter in definition of the potentials.

We prove the theorem in two steps. First, we show L0 [𝜓0] ≥ 0 and in a second step we show
L𝛼 [𝜓𝛼] ≥ 0 for any 𝛼 ∈ 𝐼, and for and 𝜀, 𝛾 > 0 small and 𝑏 > 0 depending on 𝜀, 𝛾 sufficiently
large. Following [120, Lemma 5.1] we can always make 𝜀 > 0 small by choosing 𝛾̃ small.

Step 1:

We show

L0 [𝜓0] :=

〈
𝜓0, 𝑇0 +

∑︁
1≤𝑖< 𝑗≤3

𝑉𝑖 𝑗𝜓0

〉
− 𝜀

∫
K𝛼 (𝛾,𝛾̃)

|𝜓0 |2

|𝑥 |2
𝑑𝑥 −

∫
|𝑥 |∈[𝑏,2𝑏]

|𝜓0 |2

|𝑥 |2+𝜏
𝑑𝑥 ≥ 0 . (6.3.10)

For 𝑏 > 0 large enough, we can combine the last two terms on the right–hand side of (6.3.10),
arriving at

L0 [𝜓0] ≥
〈
𝜓0, 𝑇0 +

∑︁
𝛼∈𝐼

𝑉𝛼𝜓0

〉
− 2𝜀

∫
|𝑥 |>𝑏

|𝜓0 |2

|𝑥 |2
𝑑𝑥 . (6.3.11)

For 𝑏 > 0 large enough on supp𝜓0 each of the potentials 𝑉𝛼 fulfill |𝑉𝛼 | < 𝜀 |𝑥 |−2 and
consequently

L0 [𝜓0] ≥ ⟨𝜓0, 𝑇0𝜓0⟩ − 3𝜀
∫
|𝑥 |>𝑏

|𝜓0 |2

|𝑥 |2
𝑑𝑥 . (6.3.12)

The operator 𝑇0 is the Laplace–Beltrami operator on 𝐿2(𝑅0). The non–negativity of the
right–hand side of (6.3.12) follows directly from the radial Hardy Inequality whenever 𝜀 > 0
is small enough.

Step 2:

With the coordinates (𝑞𝛼, 𝜉𝛼) defined in (6.3.3) and the representation of 𝐻 in (6.3.6) it is

⟨𝜓𝛼, 𝐻𝜓𝛼⟩ =
∫
K𝛼 (𝛾)

��∇𝑞𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼) + ∫
K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼)
+

∫
K𝛼 (𝛾)

∑︁
𝜎∈𝐼

𝑉𝜎 |𝜓𝛼 |2𝑑 (𝑞𝛼, 𝜉𝛼) .
(6.3.13)
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Any of the potential 𝑉𝜎, with 𝜎 ∈ 𝐼 fulfill (6.2.1) and consequently there exists a constants
𝐶, 𝛿, 𝐴 > 0 such, that

|𝑉𝜎 (𝑥) | ≤ 𝐶 |𝑥 |−2−𝛿 (6.3.14)

for any 𝑥 ∈ 𝑅0 with |𝑥 | > 𝐴. For 𝑏 > 0 large enough on supp𝜓𝛼 ⊂ K𝛼 (𝛾) ∩{𝑥 ∈ 𝑅0 : |𝑥 | > 𝑏}
the potential 𝑉𝜎 with 𝜎 ≠ 𝛼 fulfils (6.3.14) and consequently we can estimate the last term in
(6.3.13) as

⟨𝜓𝛼, 𝐻𝜓𝛼⟩ ≥
∫
K𝛼 (𝛾)

��∇𝑞𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼) + ∫
K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼)
+

∫
K𝛼 (𝛾)

𝑉𝛼 |𝜓𝛼 |2𝑑 (𝑞𝛼, 𝜉𝛼) − 2𝐶
∫
K𝛼 (𝛾)

|𝜓𝛼 |2

|𝑥 |2+𝛿
𝑑𝑥 .

(6.3.15)

Inserting (6.3.15) into L𝛼 [𝜓𝛼] defined in (6.3.9) we arrive at

L𝛼 [𝜓𝛼] ≥
∫
K𝛼 (𝛾)

(��∇𝑞𝛼𝜓𝛼��2 +𝑉𝛼 |𝜓𝛼 |2) 𝑑 (𝑞𝛼, 𝜉𝛼) + ∫
K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼)
− 𝜀

∫
K𝛼 (𝛾,𝛾̃)

|𝜓𝛼 |2

|𝑞𝛼 |2
+ E[𝜓𝛼],

(6.3.16)

where

E[𝜓𝛼] :=
∫
K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼) − 2𝐶
∫
K𝛼 (𝛾)

|𝜓𝛼 |2

|𝑥 |2+𝛿
𝑑𝑥 −

∫
|𝑥 |∈[𝑏,2𝑏]

|𝜓𝛼 |2

|𝑥 |𝛽
𝑑𝑥 .

Next, we show E[𝜓𝛼] ≥ 0 for 𝑏 > 0 large enoug. Recal that 𝛽 = 2 + 𝜏 for some 𝜏 ∈ (0, 𝛿).
Since 𝜓𝛼 is supported outside of {𝑥 ∈ 𝑅0 : |𝑥 | > 𝑏}

E[𝜓𝛼] ≥
∫
K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼) − 2
∫
K𝛼 (𝛾)

|𝜓𝛼 |2

|𝑥 |2+𝜏
𝑑𝑥 . (6.3.17)

Using (6.3.5) and consequently |𝑥 | ≥ 𝐶 |𝜉𝛼 | for some 𝐶 > 0 depending on the masses only
together with the Hardy Inequality in dimension four yields E[𝜓𝛼] ≥ 0 for 𝑏 > 0 sufficiently
large. Consequently, we arrive at

L𝛼 [𝜓𝛼] ≥
∫
K𝛼 (𝛾)

(��∇𝑞𝛼𝜓𝛼��2 +𝑉𝛼 |𝜓𝛼 |2) 𝑑 (𝑞𝛼, 𝜉𝛼) + ∫
K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼)
− 𝜀

∫
K𝛼 (𝛾,𝛾̃)

|𝜓𝛼 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) .

(6.3.18)

We introduce several new functions first to prove the positivity of the right-hand side of
(6.3.18). The operator ℎ𝛼 defined in (6.3.7) can have a virtual level at zero. For fixed 𝜉𝛼 ∈ R4

the function 𝜓𝛼 (·, 𝜉𝛼) ∈ 𝐶∞(R4) is compactly supported with

supp𝜓𝛼 (·, 𝜉𝛼) ⊂ {𝑞𝛼 ∈ R4 : |𝑞𝛼 | < 𝜅 |𝜉𝛼 |} .
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Let 𝜑 ∈ ¤𝐻1(R4) be the corresponding solution with ℎ𝛼𝜑 = 0 if it exists. Let 𝑓 : R4 → C be
the projection of 𝜓𝛼 (·, 𝜉𝛼)n onto 𝜑 ∈ ¤𝐻1(R4) such, that for any 𝜉𝛼 ∈ R4

𝑓 (𝜉𝛼) := ⟨𝜑, 𝜓𝛼 (·, 𝜉𝛼)⟩ ¤𝐻1 (𝑑𝑞𝛼) ∥𝜑∥
−2
¤𝐻1 (𝑑𝑞𝛼)

and let 𝑔 : 𝑅0 → C defined by the relation

𝜓𝛼 (𝑞𝛼, 𝜉𝛼) = 𝜑(𝑞𝛼) 𝑓 (𝜉𝛼) + 𝑔(𝑞𝛼, 𝜉𝛼) . (6.3.19)

Then, by construction 𝑔 satisfies

⟨∇𝑞𝛼𝜑,∇𝑞𝛼𝑔(·, 𝜉𝛼)⟩𝐿2 (R4) = 0, ∀𝜉𝛼 ∈ R4 .

If the operator ℎ𝛼 does not have a virtual level, we assume 𝑓 ≡ 0 such that 𝜓𝛼 = 𝑔.
Next, we estimate the first integral on the right-hand side of (6.3.18). Inserting (6.3.19) into∫

K𝛼 (𝛾)

(��∇𝑞𝛼𝜓𝛼��2 +𝑉𝛼 |𝜓𝛼 |2) 𝑑 (𝑞𝛼, 𝜉𝛼)
and applying (6.2.6) there exist a constant 𝜇 > 0 depending on the masses but independent of
𝜓 such that ∫

K𝛼 (𝛾)

(��∇𝑞𝛼𝜓𝛼��2 +𝑉𝛼 |𝜓𝛼 |2) 𝑑 (𝑞𝛼, 𝜉𝛼) ≥ 𝜇


∇𝑞𝛼𝑔

2

. (6.3.20)

Combining (6.3.18) and (6.3.20) we arrive at

L𝛼 [𝜓𝛼] ≥ 𝜇


∇𝑞𝛼𝑔

2 +

∫
K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼) − 𝜀 ∫
K𝛼 (𝛾,𝛾̃)

|𝜓𝛼 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) . (6.3.21)

Next, We estimate the second term on the right-hand side of (6.3.21). By the Hardy inequality
in dimension four and since 𝜓𝛼 = 𝑓 𝜑 + 𝑔∫

K𝛼 (𝛾)

��∇𝜉𝛼𝜓𝛼��2𝑑 (𝑞𝛼, 𝜉𝛼) ≥ ∫
K𝛼 (𝛾)

|𝜓𝛼 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼)

≥ 1
2

∫
K𝛼 (𝛾)

| 𝑓 |2 |𝜑 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) −

∫
K𝛼 (𝛾)

|𝑔 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) .

(6.3.22)

For the last integral in the right–hand side of (6.3.21), we find∫
K𝛼 (𝛾,𝛾̃)

|𝜓𝛼 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼)

≤ 2
∫
K𝛼 (𝛾,𝛾̃)

| 𝑓 |2 |𝜑 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) + 2

∫
K𝛼 (𝛾,𝛾̃)

|𝑔 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) .

(6.3.23)
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Consequently by inserting (6.3.22) and (6.3.23) into (6.3.21) we arrive at

L𝛼 [𝜓𝛼] ≥ N1 [𝜓𝛼] + N2 [𝜓𝛼] ,

where

N1 [𝜓𝛼] := 𝜇


∇𝑞𝛼𝑔

2 −

∫
K𝛼 (𝛾)

|𝑔 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) − 2𝜀

∫
K𝛼 (𝛾,𝛾̃)

|𝑔 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼), (6.3.24)

and

N2 [𝜓𝛼] :=
1
2

∫
K𝛼 (𝛾)

| 𝑓 |2 |𝜑 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) − 2𝜀

∫
K𝛼 (𝛾,𝛾̃)

| 𝑓 |2 |𝜑 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) . (6.3.25)

The theorem follows if we can show for any 𝜇 > 0 and 𝜀 ∈ (0, 𝜇/4) that N1 [𝜓𝛼] ≥ 0 and
N2 [𝜓𝛼] ≥ 0 for 𝑏 > 0 sufficiently large.

K𝛼 (𝛾̃)

K
𝛼 (𝛾, 𝛾̃)

𝑏/2

𝑞𝛼

|𝜉𝛼 |
|𝑞𝛼| =

𝜅 |𝜉𝛼|
|𝑞 𝛼|

=
𝜅 |𝜉𝛼

|

𝑏

Figure 6.1: Sketch of the sets K𝛼 (𝛾) and K𝛼 (𝛾, 𝛾̃).

We begin with N1 [𝜓𝛼]. For any 𝑥 ∈ K𝛼 (𝛾) it holds |𝑞𝛼 | < 𝜅 |𝜉𝛼 | where 𝜅 := 𝛾(1 − 𝛾2)1/2 and
consequently for the second term on the right-hand side of (6.3.24) we find together with the
Hardy Inequality∫

K𝛼 (𝛾)

|𝑔 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) ≤ 𝜅2

∫
K𝛼 (𝛾)

|𝑔 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) ≤ 𝜅2

∇𝑞𝛼𝑔

2

. (6.3.26)

Substituting (6.3.26) into (6.3.24) for 𝜅2 < 𝜇/2 we arrive at

N1 [𝜓𝛼] ≥
𝜇

2


∇𝑞𝛼𝑔

2 − 2𝜀

∫
K𝛼 (𝛾,𝛾̃)

|𝑔 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) .

Using 𝜀 < 𝜇/4 together with the Hardy Inequality yields N1 [𝜓𝛼] ≥ 0.
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Next, we show that N2 [𝜓𝛼] is positive. For any 𝑥 ∈ K𝛼 (𝛾, 𝛾̃) it holds |𝑞𝛼 | < 𝜅 |𝜉𝛼 | where
𝜅 := 𝛾̃(1 − 𝛾̃2)1/2 and consequently for the second integral on the right–hand side of (6.3.25)
holds

2𝜀
∫
K𝛼 (𝛾,𝛾̃)

| 𝑓 |2 |𝜑 |2

|𝑞𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) ≤ 2𝜀𝜅−2

∫
K𝛼 (𝛾,𝛾̃)

| 𝑓 |2 |𝜑|2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) . (6.3.27)

Inserting (6.3.27) int (6.3.25) yields

N2 [𝜓𝛼] ≥
1
2

∫
K𝛼 (𝛾)

| 𝑓 |2 |𝜑 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) − 2𝜀𝜅−2

∫
K𝛼 (𝛾,𝛾̃)

| 𝑓 |2 |𝜑 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) . (6.3.28)

Note that the second integral on the right–hand side of (6.3.28) is taken over K𝛼 (𝛾, 𝛾̃), which
is a subset of K𝛼 (𝛾). We show that for 𝑏 > 0 large enough, the first integral on the right–hand
side of (6.3.28) dominates the second integral.
The function 𝑓 is constant in 𝑞𝛼 and consequently, by Fubini’s Theorem and the geometry of
the set K𝛼 (𝛾) (see Figure 6.1), we find for the first integral on the right–hand side of (6.3.28)

1
2

∫
K𝛼 (𝛾)

| 𝑓 |2 |𝜑|2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) =

1
2

∫
|𝜉𝛼 |>𝑏/2

| 𝑓 (𝜉𝛼) |2

|𝜉𝛼 |2

∫
|𝑞𝛼 |<𝜅 |𝜉𝛼 |

|𝜑(𝑞𝛼) |2𝑑𝑞𝛼𝑑𝜉𝛼 . (6.3.29)

Using the decay property of 𝜑 in (6.2.7) there exists a constant 𝐶 > 0 such that for almost any
𝜉𝛼 ∈ R4 ∫

|𝑞𝛼 |<𝜅 |𝜉𝛼 |
|𝜑(𝑞𝛼) |2𝑑𝑞𝛼 ≥ 𝐶 log (𝜅 |𝜉𝛼 |) . (6.3.30)

Combining (6.3.29) and (6.3.30) shows

1
2

∫
K𝛼 (𝛾)

| 𝑓 |2 |𝜑 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) ≥

𝐶

2

∫
|𝜉𝛼 |>𝑏/2

| 𝑓 (𝜉𝛼) |2

|𝜉𝛼 |2
|log (𝜅 |𝜉𝛼 |) |2𝑑𝜉𝛼 . (6.3.31)

We proceed similarly for the second integral on the right–hand side of (6.3.28). The set
K𝛼 (𝛾, 𝛾̃) is determined by the relations 𝜅 |𝜉𝛼 | ≤ |𝑞𝛼 | ≤ 𝜅 |𝜉𝛼 | ≤ (see Figure 6.1). Consequently∫

K𝛼 (𝛾,𝛾̃)
| 𝑓 |2 |𝜑|2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) =

∫
|𝜉𝛼 |>𝑏/2

| 𝑓 (𝜉𝛼) |2

|𝜉𝛼 |2

∫
|𝑞𝛼 |∈(𝜅 |𝜉𝛼 |,𝜅 |𝜉𝛼 |)

|𝜑(𝑞𝛼) |2𝑑𝑞𝛼𝑑𝜉𝛼 . (6.3.32)

Using the decay property of 𝜑 in (6.2.7) there exists a constants𝐶0, 𝐶1 > 0 such that for almost
any 𝜉𝛼 ∈ R4 ∫

|𝑞𝛼 |∈(𝜅 |𝜉𝛼 |,𝜅 |𝜉𝛼 |)
|𝜑(𝑞𝛼) |2𝑑𝑞𝛼 ≤ 𝐶0 + 𝐶1 log

( 𝜅
𝜅

)
=: 𝐶2(𝜅, 𝜅) . (6.3.33)
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Note that compared to (6.3.30) the expression in (6.3.33) is bounded for large |𝜉𝛼 |. Combining
(6.3.32) and (6.3.33) we find∫

K𝛼 (𝛾,𝛾̃)
| 𝑓 |2 |𝜑 |2

|𝜉𝛼 |2
𝑑 (𝑞𝛼, 𝜉𝛼) ≤ 𝐶2(𝜅, 𝜅)

∫
|𝜉𝛼 |>𝑏/2

| 𝑓 (𝜉𝛼) |2

|𝜉𝛼 |2
𝑑𝜉𝛼 . (6.3.34)

Substituting (6.3.31) and (6.3.34) into (6.3.28) yields for 𝑏 > 0 large enough

N2 [𝜓𝛼] ≥
(
𝐶

2
log(𝜅𝑏) − 2𝜀𝜅−2𝐶2(𝜅, 𝜅)

) ∫
|𝜉𝛼 |>𝑏/2

| 𝑓 (𝜉𝛼) |2

|𝜉𝛼 |2
𝑑𝜉𝛼 ≥ 0

for 𝑏 > 0 large enough. This completes the proof of Theorem 6.3.1.
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A.1 Density Argument for 𝛼𝑁,𝑠
Lemma A.1.1. Let 𝛼𝑁,𝑠 be defined as in equation (4.5.1) and 𝐴 ⊂ R3𝑁 be defined as

𝐴0 = {(𝑥1, 𝑥2, . . . 𝑥𝑁 ) ∈ 𝐴 : 𝑥𝑘 ≠ 0 for 1 ≤ 𝑘 ≤ 𝑁}

then

𝛼𝑁,𝑠 = inf


∑

1≤𝑖,𝑘≤𝑁
𝑖≠𝑘

|𝑥𝑘 |𝑠+|𝑥𝑖 |𝑠
|𝑥𝑖−𝑥𝑘 |

2(𝑁 − 1)∑𝑁
𝑘=1 |𝑥𝑘 |

𝑠−1 : (𝑥1, 𝑥2, . . . 𝑥𝑁 ) ∈ 𝐴0

 . (A.1.1)

Proof. We define

𝐹 (𝑥1, 𝑥2, . . . , 𝑥𝑁 ) :=

∑
1≤𝑖,𝑘≤𝑁
𝑖≠𝑘

|𝑥𝑘 |𝑠+|𝑥𝑖 |𝑠
|𝑥𝑖−𝑥𝑘 |

2(𝑁 − 1)∑𝑁
𝑘=1 |𝑥𝑘 |

𝑠−1 . (A.1.2)

Note that 𝐹 is continuous in 𝐴 and 𝐴0 is dense in 𝐴. Since any (𝑥1, 𝑥2, . . . , 𝑥𝑁 ) ∈ 𝐴 consists
of arbitrary but distinct point in R3 we may always assume that |𝑥1 | ≤ |𝑥2 | ≤ · · · ≤ |𝑥𝑁 | by
relabeling the indices. Since the vectors are distinct, only 𝑥1 may vanish. The set 𝐴0 is a
subset of 𝐴 and thus

𝛼𝑁,𝑠 ≤ inf{𝐹 (𝑥1, 𝑥2, . . . , 𝑥𝑁 ) : (𝑥1, 𝑥2, . . . , 𝑥𝑁 ) ∈ 𝐴0} =: 𝜁𝑁,𝑠 .

The claim follows if we can show 𝜁𝑁,𝑠 ≤ 𝛼𝑁,𝑠. We show for arbitrary 𝜀 > 0 that 𝜁𝑁,𝑠 ≤ 𝛼𝑁,𝑠+𝜀
and conclude the statement in the limit 𝜀 → 0. Let 𝜀 > 0 arbitrary, then by the definition of the
infimum, there exists some 𝑟𝜀 ∈ 𝐴 such that 𝐹 (𝑟𝜀) ≤ 𝛼𝑁,𝑠 + 𝜀/2. If 𝑟𝜀 ∈ 𝐴0 then 𝐹 (𝑟𝜀) ≥ 𝜁𝑁,𝑠
and the inequality follows directly. If 𝑟𝜀 ∈ 𝐴 \ 𝐴0 then (𝑟𝜀)1 = 0. By continuity of 𝐹 in 𝑟𝜀 we
can find 𝑢𝜀 ∈ 𝐴0 such that |𝐹 (𝑟𝜀) − 𝐹 (𝑢𝜀) | ≤ 𝜀/2 and thus

𝜁𝑁,𝑠 ≤ 𝐹 (𝑢𝜀) ≤ 𝛼𝑁,𝑠 + 𝜀 .

Thus, we have shown 𝜁𝑁,𝑠 = 𝛼𝑁,𝑠, and the statement follows immediately.
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A.2 Funk-Hecke Formula and Multipole Moments
Lemma A.2.1. For any function 𝑓 ∈ 𝐿1(−1, 1) and any Legendre polynomial

1
4𝜋

∫
𝑆2
𝑓 (𝜉 · 𝜔)𝑃𝑙 (𝜁 · 𝜔)𝑑𝜔 = 𝜆𝑃𝑙 (𝜉 · 𝜁) (A.2.1)

for all 𝜉, 𝜁 ∈ 𝑆2 where

𝜆 =
1
2

∫ 1

−1
𝑃𝑙 (𝑡) 𝑓 (𝑡)𝑑𝑡 .

Proof. This is a direct consequence of the Funk–Hecke formula in three dimensions, see
equation (2.66) just after Theorem 2.22 in Chapter 2.6 of [6].

Lemma A.2.2. Let 𝜆 > −2,𝑎 ∈ R3 and 𝑟, |𝑎 | > 0, then∫
𝑆2
|𝑎 + 𝑟𝜔 |𝜆 𝑑𝜔

4𝜋
=

( |𝑎 | + 𝑟)𝜆+2 − (|𝑎 | − 𝑟)𝜆+2

2𝑟 |𝑎 | (𝜆 + 2) .

Proof. Since the Legendre polynomial 𝑃0 = 1 and |𝑎 + 𝑟𝜔 |2 = |𝑎 |2 + 𝑟2 + 2𝑟 |𝑎 |𝑎̂ · 𝜔 we see
from Lemma A.2.1 that∫

𝑆2
|𝑎 + 𝑟𝜔 |𝑡𝜆𝑑𝜔

4𝜋
=

1
2

∫ 1

−1
( |𝑎 |2 + 𝑟𝜔 + 2𝑟 |𝑎 |𝑡)𝜆/2 𝑑𝜔

4𝜋
=

( |𝑎 | + 𝑟)𝜆+2 − (|𝑎 | − 𝑟)𝜆+2

2𝑟 |𝑎 | (𝜆 + 2) .

Lemma A.2.3. Let 𝑠 ≥ −2, 𝜁 ∈ 𝑆2, 𝑤 ∈ R3 \ {0}, and 𝑟 > 0. Then∫
𝑆2
|𝑤 + 𝑟𝜔 |𝑠 𝑑𝜔

4𝜋
=

( |𝑤 | + 𝑟)𝑠+2 − ||𝑤 | − 𝑟 |𝑠+2

2𝑟 |𝑤 | (𝑠 + 2)∫
𝑆2
|𝑤 + 𝑟𝜔 |𝑠⟨𝜁, 𝜔⟩ 𝑑𝜔

4𝜋
= 𝑐(𝑟)⟨𝑤, 𝜁⟩∫

𝑆2
|𝑤 + 𝑟𝜔 |𝑠𝑃𝑙 (⟨𝑤̂, 𝜔⟩)

𝑑𝜔

4𝜋
=

1
2

∫ 1

−1
(𝑤2 + 𝑟2 + 2𝑟 |𝑤 |𝑡)𝑠/2𝑃𝑙 (𝑡)𝑑𝑡

where 𝑐(𝑟) :=
∫ 1
−1(1 + 𝑟2 + 2𝑟𝑡)𝑠/2𝑡 𝑑𝑡 and 𝑐𝑘,𝑛 := (2𝑛 + 1)

∫ 1
−1 𝑡

𝑘𝑃𝑛 (𝑡) 𝑑𝑡.

Proof. The zero-order moment is easy to compute and follows directly from Lemma A.2.2.
Similar ∫

𝑆2

��𝑥 𝑗 + 𝑟𝜔��𝑠𝑃1(⟨𝑎̂, 𝜔⟩)
𝑑𝜔

4𝜋
=

∫
𝑆2

��𝑥 𝑗 + 𝑟𝜔��𝑠⟨𝑎̂, 𝜔⟩ 𝑑𝜔
4𝜋

= ⟨𝑎̂,
∫
𝑆2

��𝑥 𝑗 + 𝑟𝜔��𝑠𝜔𝑑𝜔
4𝜋

⟩

= ⟨𝑈−1𝑎̂,

∫
𝑆2

��𝑈−1𝑥 𝑗 + 𝑟𝜔
��𝑠𝜔𝑑𝜔

4𝜋
⟩
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for any𝑈 ∈ 𝑆𝑂 (3). Choose𝑈 ∈ 𝑆𝑂 (3) such that𝑈−1𝑥 𝑗 = 𝑒3 then∫
𝑆2

��𝑈−1𝑥 𝑗 + 𝑟𝜔
��𝑠𝜔𝑑𝜔

4𝜋
=

∫
𝑆2
|𝑒3 + 𝑟𝜔 |𝑠𝜔

𝑑𝜔

4𝜋

= 2𝜋𝑒3

∫ 𝜋

0
(1 + 𝑟2 + 2𝑟 cos 𝜃)𝑠/2 cos 𝜃

sin 𝜃𝑑𝜃
4𝜋

=
𝑒3
2

∫ 1

−1
(1 + 𝑟2 + 2𝑟𝑡)𝑠/2𝑡𝑑𝑡 =: 𝑒3𝑐(𝑟)

and thus ∫
𝑆2

��𝑥 𝑗 + 𝑟𝜔��𝑠𝑃1(⟨𝑎̂, 𝜔⟩)
𝑑𝜔

4𝜋
= 𝑐(𝑟)⟨𝑎̂,𝑈𝑒3⟩ (A.2.2)

for some 𝑐(𝑟) ≥ 0. To compute higher multipole moments, we need to extend
��𝑥 𝑗 + 𝑟𝜔��𝑠 in

terms of Legendre polynomials. Note, that��𝑥 𝑗 + 𝑟𝜔��𝑠 = (
1 + 𝑟2 + 2𝑟 ⟨𝑥 𝑗 , 𝜔⟩

) 𝑠/2
= (1 + 𝑟2)𝑠/2

(
1 + 2𝑟

1 + 𝑟2 ⟨𝑥 𝑗 , 𝜔⟩
) 𝑠/2

(A.2.3)

For convenience, we define
𝑞 :=

2𝑟
1 + 𝑟2 .

By Newton’s generalized binomial theorem, we can extend the right–hand side of (A.2.3)

(1 + 𝑟2)𝑠/2
(
1 + 2𝑟

1 + 𝑟2 ⟨𝑥 𝑗 , 𝜔⟩
) 𝑠/2

= (1 + 𝑟2)𝑠/2
∞∑︁
𝑘=0

(
𝑠/2
𝑘

)
𝑞𝑘

(
⟨𝑥 𝑗 , 𝜔⟩

) 𝑘 (A.2.4)

which converges absolutely since 𝑞⟨𝑥 𝑗 , 𝜔⟩ ≤ 1 by assumption. If 𝑠/2 ∈ N, then the generalized
binomial coefficients are identical to the normal binomial coefficients with(

𝑠/2
𝑘

)
= 0, 𝑘 > 𝑠/2 ∈ N . (A.2.5)

Hence, the series above is only a finite sum in that case. If 𝑠/2 ∉ N then for any 𝑘 ∈ N0 the
generalized binomial coefficients are defined as(

𝑠/2
𝑘

)
=

𝑠
2 (

𝑠
2 − 1) · · · ( 𝑠2 − (𝑘 − 1))

𝑘!
=

∏𝑘−1
𝑛=0 ( 𝑠2 − 𝑛)
𝑘!

.

We extend monomials in terms of Legendre polynomials. From Rodrigou’s Formula (see [1,
Chapter 8]), one can derive the explicit representation

𝑃𝑛 (𝑡) = 2𝑛
𝑛∑︁

𝑚=0
𝑡𝑚

(
𝑛

𝑚

) (
𝑛+𝑚−1

2
𝑛

)
.
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Let

𝑐𝑘,𝑛 :=
(2𝑛 + 1)

2

∫ 1

−1
𝑡𝑘𝑃𝑛 (𝑡) 𝑑𝑡

= (2𝑛 + 1)2𝑛−1
𝑛∑︁

𝑚=0

(
𝑛

𝑚

) (
𝑛+𝑚−1

2
𝑛

) ∫ 1

−1
𝑡𝑘+𝑚 𝑑𝑡

(A.2.6)

then its clear that 𝑐𝑘,𝑛 = 0 for 𝑛 > 𝑘 . We differ the cases for which 𝑘 is even and for which 𝑘 is
odd. When 𝑘 is even, then 𝑐𝑘,𝑛 = 0 whenever 𝑛 is odd, as one easily concludes from equation
(A.2.6). Analogous when 𝑘 is odd 𝑐𝑘,𝑛 = 0 whenever 𝑛 is even. Hence for 𝑛 ≤ 𝑘 ,

𝑐𝑘,𝑛 =


(2𝑛 + 1)2𝑛−1 ∑𝑛

𝑚=0
( 𝑛
𝑚

) ( 𝑛+𝑚−1
2
𝑛

) 2
𝑘+𝑚+1 , 𝑘 + 𝑚 is even,

0, 𝑘 + 𝑚 is odd,
1, 𝑘 = 𝑚 = 0

. (A.2.7)

By the orthogonality of Legendre Polynomials∫ 1

−1
𝑃𝑛 (𝑡)𝑃𝑚 (𝑡) 𝑑𝑡 =

2𝛿𝑚𝑛
2𝑛 + 1

it then follows

𝑡𝑘 =

𝑘∑︁
𝑙=0

𝑐𝑘,𝑙𝑃𝑙 (𝑡) . (A.2.8)

By the usual definition of the double factorial, one can derive by elementary steps that

𝑡𝑘 =
∑︁

𝑙=𝑘,𝑘−2,...

(2𝑙 + 1)𝑘!

2(𝑘−𝑙)/2
(
𝑘−𝑙
2

)
!(𝑙 + 𝑘 + 1)!!

𝑃𝑘 (𝑡). (A.2.9)

For even numbers of 𝑘 = 2𝑛 with 𝑛 ∈ N0 this means

𝑡2𝑛 =

𝑛∑︁
𝑢=0

(4𝑢 + 1) (2𝑛)!
2(𝑛−𝑢) (𝑛 − 𝑢)!(2(𝑛 + 𝑢) + 1)!!

𝑃2𝑢 (𝑡). (A.2.10)

and for odd numbers of 𝑘 = 2𝑛 + 1 with 𝑛 ∈ N0 this is

𝑡2𝑛+1 =

𝑛∑︁
𝑢=0

(4𝑢 + 3) (2𝑛 + 1)!
2(𝑛−𝑢) (𝑛 − 𝑢)!(2(𝑛 + 𝑢) + 3)!!

𝑃2𝑢+1(𝑡). (A.2.11)

Combining the equation (A.2.8), (A.2.4) and (A.2.3) shows

��𝑥 𝑗 + 𝑟𝜔��𝑠 = (1 + 𝑟2)𝑠/2
∞∑︁
𝑘=0

(
𝑠/2
𝑘

)
𝑞𝑘

𝑘∑︁
𝑛=0

𝑐𝑘,𝑛𝑃𝑛 (⟨𝑥 𝑗 , 𝜔⟩) . (A.2.12)
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Using this representation, we can compute the remaining multipole moments. For 𝑙 ≥ 2 we
compute ∫

𝑆2

��𝑥 𝑗 + 𝑟𝜔��𝑠𝑃𝑙 (⟨𝑎̂, 𝜔⟩) 𝑑𝜔4𝜋
= (1 + 𝑟2)𝑠/2

∞∑︁
𝑘=0

(
𝑠/2
𝑘

)
𝑞𝑘

𝑘∑︁
𝑛=0

𝑐𝑘,𝑛

∫
𝑆2
𝑃𝑛 (⟨𝑥 𝑗 , 𝜔⟩)𝑃𝑙 (⟨𝑎̂, 𝜔⟩)

𝑑𝜔

4𝜋
.

(A.2.13)

The remaining integral follows from the orthogonality of Legendre Polynomials. By extending
the Legendre Polynomials 𝑃𝑛 into the spherical harmonics 𝑌𝑛𝑚 one easily shows the following
orthogonality relation for 𝑎, 𝑏 ∈ R3 with ∥𝑎∥ = ∥𝑏∥ = 1,∫

𝑆2
𝑃𝑙 (⟨𝜔, 𝑎⟩)𝑃𝑛 (⟨𝜔, 𝑏⟩)

𝑑𝜔��𝑆2
��

=

𝑙∑︁
𝑚′=−𝑙

𝑛∑︁
𝑚=−𝑛

4𝜋
2𝑙 + 1

4𝜋
2𝑛 + 1

∫
𝑆2
𝑌 ∗
𝑙𝑚 (𝜔)𝑌𝑛𝑚′ (𝜔) 𝑑𝜔��𝑆2

��𝑌 ∗
𝑙𝑚 (𝑎)𝑌𝑛𝑚′ (𝑏)

=

𝑙∑︁
𝑚′=−𝑙

𝑛∑︁
𝑚=−𝑛

4𝜋
2𝑙 + 1

4𝜋
2𝑛 + 1

𝛿𝑚𝑚′𝛿𝑙𝑛��𝑆2
�� 𝑌𝑙𝑚 (𝑎)𝑌 ∗

𝑛𝑚′ (𝑏)

=
𝛿𝑙𝑛

2𝑙 + 1
𝑃𝑙 (⟨𝑎, 𝑏⟩).

(A.2.14)

Thus combining equation (A.2.14) and (A.2.13) shows for 𝑙 ≥ 2,∫
𝑆2

��𝑥 𝑗 + 𝑟𝜔��𝑠𝑃𝑙 (⟨𝑎̂, 𝜔⟩) 𝑑𝜔4𝜋
= (1 + 𝑟2)𝑠/2

∞∑︁
𝑘=2

(
𝑠/2
𝑘

)
𝑞𝑘

𝑘∑︁
𝑛=0

𝑐𝑘,𝑛
𝛿𝑙𝑛

2𝑙 + 1
𝑃𝑙 (⟨𝑎̂, 𝑥 𝑗 ⟩)

= (1 + 𝑟2)𝑠/2
∞∑︁
𝑘=𝑙

(
𝑠/2
𝑘

)
𝑞𝑘𝑐𝑘,𝑙

2𝑙 + 1
𝑃𝑙 (⟨𝑎̂, 𝑥 𝑗 ⟩)

(A.2.15)

where the series still converges absolutely as mentioned after equation (A.2.4). Note that in
the case 𝑠 = 2, the expression vanishes due to equation (A.2.5).

Lemma A.2.4. For 𝑠 ∈ [2, 3], 𝑘 ∈ N with 𝑘 ≥ 2 let

𝐴𝑘 =

����(𝑠/2
𝑘

)���� 𝑘∑︁
𝑙=2

𝑐𝑘,𝑙

2𝑙 + 1
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with 𝑐𝑘,𝑙 defined in equation (A.2.6). Then

∞∑︁
𝑘=4

𝐴𝑘 ≤
𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

) 28
625

.

Proof. Note that
𝑘∑︁
𝑙=0

𝑐𝑘,𝑙 = 1

due to its defining equation

𝑡𝑘 =

𝑘∑︁
𝑙=0

𝑐𝑘,𝑙𝑃𝑙 (𝑡) .

by choosing 𝑡 = 1 and noting 𝑃𝑙 (1) = 1 for any 𝑙 ∈ N. Consequently

𝐴𝑘 ≤
1
5

����(𝑠/2
𝑘

)���� 𝑘∑︁
𝑙=2

𝑐𝑘,𝑙 ≤
1
5

����(𝑠/2
𝑘

)���� 𝑘∑︁
𝑙=0

𝑐𝑘,𝑙 =
1
5

����(𝑠/2
𝑘

)����
where we used 𝑐𝑘,𝑙 ≥ 0 (see their explicit form in (A.2.6)). For the generalized binomial
coefficients, the inequality����(𝑠/2

𝑘

)���� ≤ 𝑠
2 (

𝑠
2 − 1)

𝑘 (𝑘 − 1) ≤ 𝑠

2

( 𝑠
2
− 1

) (
1

𝑘 − 1
− 1
𝑘

)
holds for any 𝑠 ∈ [2, 3] and 𝑘 ≥ 2, 𝑘 ∈ N. Thus for 𝑛0 ∈ N

∞∑︁
𝑘=𝑛0

𝐴𝑘 ≤
𝑁∑︁
𝑘=𝑛0

𝐴𝑘 +
𝑠

2

( 𝑠
2
− 1

) 1
5(𝑁 − 1)

and consequently
∞∑︁
𝑘=𝑁

𝐴𝑘 <
𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

) 2
5(𝑁 − 1) =: 𝛿(𝑁)

is arbitrary small for 𝑁 large enough. Thus, we can estimate the series over 𝐴𝑘 with arbitrary
precision. Let 𝑛0 = 4 then

∞∑︁
𝑘=𝑛0

𝐴𝑘 ≤
2∑︁
𝑘=4

𝑁𝐴𝑘 + 𝛿(2𝑁) =
𝑁∑︁
𝑘=2

𝐴2𝑘 +
𝑁−1∑︁
𝑘=2

𝐴2𝑘+1 + 𝛿(2𝑁) .

With the explicit expression of 𝑐𝑘,𝑙 in (A.2.10) we find

𝐴2𝑘 ≤
𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

) 𝑘∑︁
𝑙=1

(2𝑘 − 2)!
2𝑘−𝑙 (𝑘 − 𝑙)!(2(𝑘 + 𝑙) + 1)!!
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and analogous with (A.2.11)

𝐴2𝑘−1 ≤ 𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

) 𝑘∑︁
𝑙=1

(2𝑘 − 1)!
2𝑘−𝑙 (𝑘 − 𝑙)!(2(𝑘 + 𝑙) + 3)!!

.

Choosing 𝑁 = 1000 and computing those terms on a computer explicitly, we find

1001∑︁
𝑘=4

𝐴𝑘 ≤
𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

)
(0.0242 + 0.0203) .

Adding the error estimate

𝛿(2000) ≤ 𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

)
0.0003

such that
∞∑︁
𝑘=4

𝐴𝑘 ≤
𝑠

2

( 𝑠
2
− 1

) (
2 − 𝑠

2

) 448
10000

.

A.3 Explicit Constant in an Inequality due to Lieb
Lemma A.3.1. For any 𝑝 ∈ [1, 2] the constant 𝐶𝑝 in equation (4.6.11) is given by

𝐶𝑝 =
3
√
𝜋

4
(4𝜋)−𝑝/3

𝑝1+𝑝/2

(
15
√
𝜋

8
Γ(3/𝑝)

Γ(7/2+3/𝑝)

) 𝑝/2
Γ(3/𝑝+1)
Γ(3/𝑝+7/2)(√

𝜋

4
Γ(3/𝑝+1)
Γ(3/𝑝+5/2)

)1+5𝑝/6 (A.3.1)

where Γ is the Gamma function defined by the improper integral

Γ(𝑟) :=
∫ ∞

0
𝑥𝑟−1𝑒−𝑥𝑑𝑥 .

Proof. We give only a sketch of the calculations. Following [72, p. 563] one needs to solve
the following three integrals∫

R3
𝑓𝑝 (𝑥)𝑑𝑥,

∫
R3

|𝑥 |𝑝 𝑓𝑝 (𝑥)𝑑𝑥 and
∫
R3
[ 𝑓𝑝 (𝑥)]5/3𝑑𝑥

for

𝑓𝑝 (𝑥) :=

{
(1 − |𝑥 |𝑝)

3
2 |𝑥 | ≤ 1

0 elsewise
. (A.3.2)
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the first integral can be solved by a straightforward calculation, and the latter two can be solved
by substituting 𝑢 = |𝑥 |𝑝. The first integral reduces to∫ 1

0
𝑟2(1 − 𝑟 𝑝)3/2 𝑑𝑟 =

√
𝜋

4
Γ(3/𝑝 + 1)
Γ(3/𝑝 + 5/2) .

After substituting, the second integral reduces to

1
𝑝

∫ 1

0
𝑢3/𝑝 (1 − 𝑢)3/2𝑑𝑢 =

3
√
𝜋

4𝑝
Γ(3/𝑝 + 1)
Γ(3/𝑝 + 7/2) .

The third integral reduces to

1
𝑝

∫ 1

0
𝑢(3−𝑝)/𝑝 (1 − 𝑢)5/2𝑑𝑢 =

15
√
𝜋

8𝑝
Γ(3/𝑝)

Γ(3/𝑝 + 7/2) .

Combining these three integrals gives the desired constant.

A.4 Estimate on Groundstate Energie of the Bohr Atom
The following Lemma is a well-known fact. We include it here for convenience.
Lemma A.4.1. Given the operator in (4.2.1) (in atomic units) for 𝑁 fermions with 𝑢 ∈ N
spin-degrees of freedom and nuclear charge 𝑍 then the ground state energy is bound by

−𝐸𝑁,𝑍 ≤ 𝐴𝑍2𝑁1/3

with 𝐴 = 1
2𝑢

2/331/3.
Proof. The energy levels of hydrogen with nuclear charge 𝑍

ℎ := −1
2
Δ − 𝑍

|𝑥 | (A.4.1)

are
𝐸𝑛 =

−𝑍2

𝑛2 𝑅𝑦 (A.4.2)

where 𝑅𝑦 is the Rydberg energy. In atomic units

𝑅𝑦 =
𝑚𝑒𝑒

2

2(4𝜋𝜀0)2ℏ
=

1
2
. (A.4.3)

Each of these energy levels is 𝑛2-times degenerated. Note that the interelectronic repulsion is
a positive contribution to the operator in (4.2.1) and thus

𝐻𝑁,𝑍 ≥
𝑁∑︁
𝑖=1

(
−1

2
Δ𝑖 −

𝑍

|𝑥𝑖 |

)
. (A.4.4)
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The ground state of the right–hand side can be computed explicitly in terms of the energies
in equation (A.4.2). Due to the fermionic symmetry, the particles occupy the energy levels
starting from the lowest, counting the degeneration in the ground state. Let 𝐸0(𝑁, 𝑍) the
ground-state energy of the right hand side of equation (A.4.4) and Denote by 𝐿 ∈ N the last
completely filled energy Level then there exists 𝑐 ∈ [0, 1) such that

𝐸0(𝑁, 𝑍) = 𝑐𝑢(𝐿 + 1)2𝐸𝐿+1 + 𝑢
𝐿∑︁
𝑗=1

𝑗2𝐸 𝑗 = −𝑢𝑍2𝑅𝑦 (𝑐 + 𝐿) .

Here we have used that due to the spin of the particles, each state can be 𝑢-times occupied. It
remains to compare 𝐿 with 𝑁 .

𝑁

𝑢
= 𝑐(𝐿 + 1)2 +

𝐿∑︁
𝑗=1

𝑗2 = 𝑐(𝐿 + 1)2 + 𝐿
3

3
+ 𝐿

2

2
+ 𝐿

6
.

A straightforward calculation using 𝑐 ∈ [0, 1] shows

(𝐿 + 𝑐)3 ≤ 3𝑁
𝑢
.

We conclude

−𝐸𝑁,𝑍 ≤ −𝐸0(𝑁, 𝑍) ≤ 𝑢𝑍2𝑅𝑦

(
3𝑁
𝑢

)1/3
=

1
2
𝑢2/331/3𝑍2𝑁1/3 .

A.5 A Useful Elementary Inequality
Lemma A.5.1. Let 𝑟 ≠ 0 and 𝑝 ≥ 1 then

(1 + 𝑟)𝑝−1 − (1 − 𝑟)𝑝−1

2𝑟 (𝑝 + 1) ≥ (1 + 𝑟)𝑝 − (1 − 𝑟)𝑝
2𝑟 𝑝

≥
(
1 − 𝑝 − 1

3
𝑟2

)
(1 + 𝑟)𝑝+1 − (1 − 𝑟)𝑝+1

2𝑟 (𝑝 + 1) .

(A.5.1)

Proof. Since the inequalities in (A.5.1) are symmetric under changing 𝑟 to −𝑟, it is enough to
prove them for 𝑟 > 0. In this case (A.5.1) is equivalent to

(1 + 𝑟)𝑝+1 − (1 − 𝑟)𝑝+1

𝑝 + 1
≥ (1 + 𝑟)𝑝 − (1 − 𝑟)𝑝

𝑝

≥
(
1 − 𝑝 − 1

3
𝑟2

)
(1 + 𝑟)𝑝+1 − (1 − 𝑟)𝑝+1

𝑝 + 1
.

(A.5.2)
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The first bound,

ℎ(𝑟) :=
(1 + 𝑟)𝑝+1 − (1 − 𝑟)𝑝+1

(𝑝 + 1) ≥ (1 + 𝑟)𝑝 − (1 − 𝑟)𝑝
𝑝

=: 𝑘 (𝑟) (A.5.3)

for 𝑟 ≥ 0 is easy to show. Since ℎ(0) = 0 = 𝑘 (0) it follows as soon as ℎ′(𝑟) ≥ 𝑘′(𝑟) for 𝑟 ≥ 0.
This is equivalent to

(1 + 𝑟)𝑝 + (1 − 𝑟)𝑝 ≥ (1 + 𝑟)𝑝−1 − (1 − 𝑟)𝑝−1 for 𝑟 ≥ 0 . (A.5.4)

Expanding

(1 + 𝑟)𝑝 ± (1 − 𝑟)𝑝 = (1 + 𝑟)𝑝−1(1 + 𝑟) ± (1 − 𝑟)𝑝−1(1 − 𝑟)
= (1 + 𝑟)𝑝−1 ± (1 − 𝑟)𝑝−1 + 𝑟

(
(1 + 𝑟)𝑝−1 ∓ (1 − 𝑟)𝑝−1) (A.5.5)

in the left–hand–side of (A.5.4) we see that (A.5.4) is equivalent to

𝑟

(
(1 + 𝑟)𝑝−1 − (1 − 𝑟)𝑝−1

)
≥ 0

which is true for 𝑟 ≥ 0 if 𝑝 ≥ 1. This proves the first bound in (A.5.2).
We prove the second inequality in (A.5.2) by determining 𝑐 ∈ R such that

𝑓1(𝑟) :=
(1 + 𝑟)𝑝 − (1 − 𝑟)𝑝

𝑝
≥

(
1 − 𝑐𝑟2

) (1 + 𝑟)𝑝+1 − (1 − 𝑟)𝑝+1

(𝑝 + 1) =: 𝑔1(𝑟) , (A.5.6)

for 𝑟 ≥ 0. At 𝑟 = 0 we have 𝑓1(0) = 𝑔1(0), so (A.5.6) is true for 𝑟 ≥ 0 as soon as 𝑓 ′1 (𝑟) ≥ 𝑔
′
1(𝑟)

for 𝑟 ≥ 0. This is equivalent to

(1 + 𝑟)𝑝−1 + (1 − 𝑟)𝑝−1 ≥ (1 − 𝑐𝑟2) ((1 + 𝑟)𝑝 + (1 − 𝑟)𝑝)

·
2𝑐𝑟

(
(1 + 𝑟)𝑝+1 − (1 − 𝑟)𝑝+1)

𝑝 + 1
.

(A.5.7)

Using (A.5.5) this is equivalent to

𝑓2(𝑟) := −
(
(1 + 𝑟)𝑝−1 − (1 − 𝑟)𝑝−1) + 2𝑐

𝑝 + 1

(
(1 + 𝑟)𝑝+1 − (1 − 𝑟)𝑝+1

)
+ 𝑐𝑟 ((1 + 𝑟)𝑝 + (1 − 𝑟)𝑝) ≥ 0 for 𝑟 ≥ 0 .

(A.5.8)

Since 𝑓2(0) = 0 we know that (A.5.8) holds as soon as 𝑓 ′2 (𝑟) ≥ 0 for 𝑟 ≥ 0. Now

𝑓 ′2 (𝑟) = −(𝑝 − 1)
(
(1 + 𝑟)𝑝−2 + (1 − 𝑟)𝑝−2

)
+ 3𝑐 ((1 + 𝑟)𝑝 + (1 − 𝑟)𝑝)

+ 𝑐𝑝𝑟
(
(1 + 𝑟)𝑝−1 − (1 − 𝑟)𝑝−1

)
and using (A.5.5) twice, the second time with 𝑝 replaced with 𝑝 − 1, we have
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(1 + 𝑟)𝑝 ± (1 − 𝑟)𝑝 = (1 + 𝑟)𝑝−2 ± (1 − 𝑟)𝑝−2 + 2𝑟
(
(1 + 𝑟)𝑝−2 ∓ (1 − 𝑟)𝑝−2

)
+ 𝑟2

(
(1 + 𝑟)𝑝−2 ± (1 − 𝑟)𝑝−2

)
.

Hence, we see that

𝑓 ′2 (𝑟) = (3𝑐 − (𝑝 − 1))
(
(1 − 𝑟)𝑝−2 + (1 + 𝑟)𝑝−2

)
+ (6 + 𝑝)𝑐𝑟

(
(1 + 𝑟)𝑝−2 − (1 − 𝑟)𝑝−2

)
+ (3 + 𝑝)𝑐𝑟2

(
(1 + 𝑟)𝑝−2 + (1 − 𝑟)𝑝−2

)
≥ 0

for all 𝑟 ≥ 0 as soon as 𝑐 ≥ (𝑝 − 1)/3 ≥ 0. This proves the second inequality in (A.5.2) and
finishes the proof of (A.5.1).

A.6 Rescaling of the Hartree Energy
Lemma A.6.1. Consider the Hartree energy, which is given by

𝐸H
𝑁,𝑍 = inf

{
E𝐻𝑍 (𝜓) : 𝜓 ∈ 𝐻1(R3), ∥𝜓∥2

2 = 𝑁
}
,

where

EH
𝑍 (𝜓) =

1
2

∫
(∇𝜓)2 d𝑥 − 𝑍

∫ |𝜓 |2

|𝑥 | d𝑥 + 1
2

∬ |𝜓(𝑥) |2 |𝜓(𝑦) |2

|𝑥 − 𝑦 | d𝑥 d𝑦 , 𝜓 ∈ 𝐻1 .

Then
𝐸H
𝑁,𝑍 = 𝑍3𝑒(𝑁/𝑍)

where 𝑒(·) is defined as in (4.8.18) namely

𝑒(𝑡) = inf
{
EH

1 (𝑔) : 𝑔 ∈ 𝐻1(R3), ∥𝑔∥2
2 = 𝑡

}
, for 𝑡 > 0 and 𝑒(0) := 0 .

Proof. Let 𝜓 ∈ 𝐻1 with ∥𝜓∥2
2 = 𝑁 and define

𝜓(𝑥) := 𝑠−1/2𝜆−3/2𝑔(𝑥/𝜆) .

By direct computations

EH
𝑍 (𝜓) = 𝑠−1𝜆−2

[
1
2

∫
(∇𝑔)2 d𝑥 − 𝑍𝜆

∫ |𝑔 |2

|𝑥 | d𝑥 + 𝑠−1𝜆
1
2

∬ |𝑔(𝑥) |2 |𝑔(𝑦) |2

|𝑥 − 𝑦 | d𝑥 d𝑦
]
.
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Choose 𝑠 = 𝜆 = 𝑍−1 then

EH
𝑍 (𝜓) = 𝑍3

[
1
2

∫
(∇𝑔)2 d𝑥 −

∫ |𝑔 |2

|𝑥 | d𝑥 + 1
2

∬ |𝑔(𝑥) |2 |𝑔(𝑦) |2

|𝑥 − 𝑦 | d𝑥 d𝑦
]
,

with
∥𝑔∥2

2 = 𝑠∥𝜓∥2
2 =

𝑁

𝑍
.

By the definition of 𝐸H
𝑁,𝑍

this proves

𝐸H
𝑁,𝑍 = 𝑍3 inf

{
E𝐻1 (𝑔) : 𝑔 ∈ 𝐻1(R3), ∥𝑔∥2

2 =
𝑁

𝑍

}
.

Comparing this with the definition of 𝑒(·) proves the statement.

A.7 Excess Charge Problem in the Hartree Model
We apply the Benguria–Lieb–Nam argument directly to the Hartree Model similar to [20] to
derive analytic bounds on the value 𝑡c defined in Section 4.8. Since 𝑁 ≤ 𝑡c 𝑍 (see Remark
4.8), this directly proves new bounds on the maximal allowed excess charge in the Hartree
model. In particular, we prove

Lemma A.7.1. Let 𝑡c be the minimizer according to (4.8.19) then

𝑡c ≤ inf
𝑠∈[1,2]

𝑏(𝑠)
(
11 + 𝑠2

12

)
, with 𝑏(𝑠) =

(
min

0≤𝑟≤1

1 + 𝑟 𝑠
1 + 𝑟 𝑠−1

)−1
.

Remark A.7.2. Numerically, it was found 𝑡c ≈ 1.21 (see [18]), and up to our knowledge, the
best analytic bound is 𝑡𝑐 ≤ 1.5211 in [20]. We improve upon their result. Choose 𝑠 = 1.624
then one easily checks 𝑏(1.624) < 1.29 and consequently

𝑡𝑐 ≤ 1.29 · 11 + (1.624)2

12
≤ 1.47 .

Proof of A.7.1. Let 𝑓 with ∥ 𝑓 ∥2
2 = 𝑁 be the unique minimizer of the Hartree functional

following [110, p. 166] then 𝑓 is the unique positive solution to

−Δ 𝑓
2

= Φ 𝑓 (A.7.1)

with
Φ(𝑥) = 𝑍 |𝑥 |−1 − (| 𝑓 |2 ∗ |·|−1) (𝑥) .

Let 𝑠 ∈ (1, 2] and multiply (A.7.1) from the left by |·|𝑠 𝑓 and integrate, then

1
2
⟨|𝑥 |𝑠 𝑓 ,−Δ 𝑓 ⟩ = 𝑍 ⟨|𝑥 |𝑠−1 𝑓 , 𝑓 ⟩ − 1

2

∬
R3×R3

| 𝑓 (𝑥) |2 |𝑥 |
𝑠 + |𝑦 |𝑠

|𝑥 − 𝑦 | | 𝑓 (𝑦) |2𝑑 (𝑥, 𝑦) . (A.7.2)
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The Hartree equation (A.7.1) is invariant under rotations, and consequently, 𝑓 is rotationally
symmetric. Thus, using Newton’s theorem

1
2

∬
R3×R3

| 𝑓 (𝑥) |2 |𝑥 |
𝑠 + |𝑦 |𝑠

|𝑥 − 𝑦 | | 𝑓 (𝑦) |2𝑑 (𝑥, 𝑦) = 1
2

∬
R3×R3

| 𝑓 (𝑥) |2 |𝑥 |𝑠 + |𝑦 |𝑠

max{|𝑥 |, |𝑦 |} | 𝑓 (𝑦) |
2𝑑 (𝑥, 𝑦) .

Therefore, with 𝑟 (𝑥, 𝑦) = min{|𝑥 |,|𝑦 |}
max{|𝑥 |,|𝑦 |} ,

1
2

∬
R3×R3

| 𝑓 (𝑥) |2 |𝑥 |𝑠 + |𝑦 |𝑠

max{|𝑥 |, |𝑦 |} | 𝑓 (𝑦) |
2𝑑 (𝑥, 𝑦)

=
1
2

∬
R3×R3

| 𝑓 (𝑥) |2 |𝑥 |𝑠 + |𝑦 |𝑠

max{|𝑥 |, |𝑦 |}( |𝑥 |𝑠−1 + |𝑦 |𝑠−1)
| 𝑓 (𝑥) |2( |𝑥 |𝑠−1 + |𝑦 |𝑠−1) | 𝑓 (𝑦) |2𝑑 (𝑥, 𝑦)

=
1
2

∬
R3×R3

1 + 𝑟 (𝑥, 𝑦)𝑠
1 + 𝑟 (𝑥, 𝑦)𝑠−1 | 𝑓 (𝑥) |

2( |𝑥 |𝑠−1 + |𝑦 |𝑠−1) | 𝑓 (𝑦) |2

≥ min
0≤𝑟≤1

1 + 𝑟 𝑠
1 + 𝑟 𝑠−1

∫
R3

|𝑥 |𝑠−1 | 𝑓 (𝑦) |2𝑑𝑥∥ 𝑓 ∥2
2 =

∥ 𝑓 ∥2
2

𝑏(𝑠) ⟨|𝑥 |
𝑠−1 𝑓 , 𝑓 ⟩,

(A.7.3)

with
𝑏(𝑠)−1 = min

0≤𝑟≤1

1 + 𝑟 𝑠
1 + 𝑟 𝑠−1

the same number as in Proposition 4.4.5. Combining (A.7.2) and (A.7.3) yields

∥ 𝑓 ∥2
2

𝑏(𝑠) ≤ 𝑍 +
1
2 ⟨|𝑥 |

𝑠 𝑓 ,Δ 𝑓 ⟩
⟨|𝑥 |𝑠−1 𝑓 , 𝑓 ⟩

.

By application of Lemma 4.8.8 (note that 𝑓 is not normalized) we find

∥ 𝑓 ∥2
2

𝑏(𝑠) ≤ 𝑍 + 𝑠
2 − 1

8
⟨|𝑥 |−1 𝑓 , 𝑓 ⟩

∥ 𝑓 ∥2
2

and by the Coulomb–Uncertainty principle (see (4.8.5))

⟨|𝑥 |−1 𝑓 , 𝑓 ⟩ ≤ ∥ 𝑓 ∥2 (⟨ 𝑓 ,−Δ 𝑓 ⟩)1/2 .

Similar to Lemma 4.8.4, we have the following virial theorem

⟨ 𝑓 ,−Δ 𝑓 ⟩ = −2𝐸𝐻𝑁,𝑍

where 𝐸𝐻
𝑁,𝑍

is the Hartree energy (see Lemma A.6.1). Summarizing the above, we have shown

∥ 𝑓 ∥2
2

𝑏(𝑠) ≤ 𝑍 + 𝑠
2 − 1

8
∥ 𝑓 ∥−1

2

(
−2𝐸𝐻𝑁,𝑍

)1/2
.
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Using 𝐸𝐻
𝑁,𝑍

= 𝑍3𝑒(𝑁/𝑍) (see Lemma A.6.1) and ∥ 𝑓 ∥2
2 = 𝑁 we arrive at

𝑁

𝑏(𝑠) ≤ 𝑍 + 𝑠
2 − 1

8
𝑁−1/2

(
−2𝑍3𝑒(𝑁/𝑍)

)1/2
,

and after dividing by 𝑍 and multiplying by 𝑏(𝑠) this yields

𝑁

𝑍
≤ 𝑏(𝑠)

(
1 + 𝑠

2 − 1
8

(
𝑁

𝑍

)−1/2
(−2𝑒(𝑁/𝑍))1/2

)
.

In the Hartree model its true that 𝑁
𝑍
→ 𝑡𝑐 as 𝑍 → ∞ and 𝑒(·) is continuous such that by taking

the limit 𝑍 → ∞

𝑡𝑐 ≤ 𝑏(𝑠)
(
1 + 𝑠

2 − 1
8

(
−𝑒(𝑡𝑐)
𝑡𝑐

)1/2
)
.

In Lemma 4.8.4 we have proven
𝑒(𝑡c) ≥ −2𝑡c

9
.

and consequently, we arrive at

𝑡𝑐 ≤ 𝑏(𝑠)
(
1 + 𝑠

2 − 1
12

)
.

For 𝑠 = 1, this proves 𝑡𝑐 ≤ 2 as shown by Lieb, and for 𝑠 = 2, this reduced to the inequality
found in [20].
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Appendix B

B.1 Hardy–Type Inequalities
In the work at hand, several types of Hardy Inequalities are used. We collect them here from
different sources and refer to their proofs.
The one–dimensional Hardy Inequality, for which a proof can be found in [36, Theorem 2.65]
is:

Lemma B.1.1. Let 𝑢 ∈ ¤𝐻1(R) and assume lim inf
𝑟→0

|𝑢(𝑟) | = 0. Then∫
R

|𝑢(𝑟) |2

|𝑟 |2
𝑑𝑟 ≤ 4

∫
R
|𝑢′(𝑟) |2 𝑑𝑟 . (B.1.1)

The following is the Hardy Inequality in dimension two, for which a proof can be found in
[109] or derived from [36, Pop. 2.68]

Lemma B.1.2. Let 𝑢 ∈ ¤𝐻1(R2) with∫ 2𝜋

0
𝑢(𝑐, 𝜑)𝑑𝜑 = 0,

where (𝜌, 𝜑) are polar coordinates and 𝑐 > 0. Then the following Hardy Inequality is true:∫
R2

|𝑢 |2

|𝑥 |2
(
1 + ln2

(
|𝑥 |
𝑐

)) 𝑑𝑥 ≤ 4
∫
R2

|∇𝑢 |2𝑑𝑥 .

The following is the radial Hardy Inequality on conical sets, which was proven in [83, §4].

Lemma B.1.3. Let 𝑑 ≥ 2 and 𝐾 ⊂ S𝑑−1 a smooth domain and

Ω := {𝑥 = |𝑥 |𝜔 : 𝜔 ∈ 𝐾} .

Then for any 𝑢 ∈ ¤𝐻1(Ω \ {0}) the following Hardy Inequality holds:∫
Ω

|𝑢 |2 |𝑥 |−2𝑑𝑥 ≤
(

2
𝑑 − 2

)2 ∫
Ω

|∇𝑢 |2𝑑𝑥 .
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B.2 Remarks on the Geometry of the Sets 𝐾𝛼(𝛾)
Lemma B.2.1. Let 𝛼, 𝛽 ∈ {(12), (13), (23)} then

𝐾𝛼 (𝛾) ∩ 𝐾𝛽 (𝛾) = {0}

for 𝛼 ≠ 𝛽 if 𝛾 > 0 is small enough.

Proof. We begin with the sets 𝐾1 𝑗 (𝛾) for 𝑗 ∈ {2, 3}. Assume that 𝑥 ∈ 𝐾12(𝛾) ∩ 𝐾13(𝛾) and
𝑥 ≠ 0 then

|𝑥 |2 ≤ (𝑥2
1 + 𝑥

2
2) + (𝑥2

1 + 𝑥
3
3) < 2𝛾2 |𝑥 |2

which fails for 𝛾 small enough, which we assume henceforth. Consequently, we have

𝐾12(𝛾) ∩ 𝐾13(𝛾) = {0}

Next we assume that 𝑥 ∈ 𝐾12(𝛾) ∩ 𝐾23(𝛾) and 𝑥 ≠ 0, then

𝑥2
1 + 𝑥

2
2 < 𝛾

2 |𝑥 |2 ,���� 𝑥2√
𝑚2

− 𝑥3√
𝑚3

���� < 𝛾 |𝑥 | .
Let 𝑚 := min{𝑚1, 𝑚2, 𝑚3} and 𝑀 := max{𝑚1, 𝑚2, 𝑚3} and recall the choice √

𝑚𝑖𝑦𝑖 = 𝑥𝑖 then

𝑦2
1 + 𝑦

2
2 <

𝛾2

𝑚
𝑀 |𝑦 |2 ,

|𝑦2 − 𝑦3 | < 𝛾
√
𝑀 |𝑦 | .

(B.2.1)

Note that the points (𝑦2, 0), (𝑦3, 0) and (0, 𝑦1) are the corners of a triangle in R2 and thus by
the triangle inequality√︃

𝑦2
1 + 𝑦

2
3 ≤

√︃
𝑦2

1 + 𝑦
2
2 + |𝑦2 − 𝑦3 | < 𝛾

√
𝑀

(
1 + 𝑚−1/2

)
|𝑦 | . (B.2.2)

Combining (B.2.1) and (B.2.2) there exists a constant 𝑐(𝑀,𝑚) > 0 independent of 𝛾 and
𝑦 ≠ 0 such that

|𝑦 |2 ≤ (𝑦2
1 + 𝑦

2
2) + (𝑦2

1 + 𝑦
2
3) ≤ 𝑐(𝑀,𝑚) |𝛾 |

2 |𝑦 |2

which fails for 𝛾 small enough and thus𝐾12(𝛾)∩𝐾23(𝛾) = {0}. Repeating the same arguments
for the set 𝐾13(𝛾) ∩ 𝐾23(𝛾) concludes the proof.

Lemma B.2.2. Let 𝛼 ∈ {(12), (13), (23)} and let 𝛾 > 0 satisfy the condition (B.2.1). Assume
that the potentials 𝑉𝛼 satisfy (5.2.2). Then there exists 𝐶 > 0 such that for any 𝑥 ∉ 𝐾𝛼 (𝛾) with
|𝑥 | > 𝑏 holds

|𝑉𝛼 (𝑥) | ≤ 𝐶 |𝑥 |−𝜈𝛼 , (B.2.3)

where 𝜈23 = 2 + 𝛿 and 𝜈12 = 𝜈13 = 3 + 𝛿 .
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Remark B.2.3. Lemma B.2.2 implies that for small 𝛾 > 0 condition (B.2.3) holds on Ω(𝛾) for
any of the potentials if |𝑥 | > 𝑏 and 𝑏 > 0 large enough. Consequently the condition (B.2.3)
applies on any of the sets 𝐾𝛼 (𝛾, 𝛾̃) defined in Section 5.3.1.
Proof. We begin with 𝛼 = (23). The potential𝑉23 fulfills (5.2.2) and thus there exist constants
𝐶, 𝛿 > 0 and 𝐴 > 0 such that

|𝑉23( |r23 |) | ≤ 𝐶 (1 + |r23 |)−2−𝛿, (B.2.4)

whenever |r23 | > 𝐴. For 𝑥 ∉ 𝐾23(𝛾) we have

|r23 | ≥
���� 𝑥2√
𝑚2

− 𝑥3√
𝑚3

���� ≥ 𝛾 |𝑥 | . (B.2.5)

Consequently |r23 | > 𝐴 for |𝑥 | > 𝑏 for 𝑏 > 0 large enough. Combining (B.2.5) and (B.2.4)
the statement for 𝛼 = (23) follows directly.
Next, we prove the case 𝛼 = (12). The proof for 𝛼 = (13) is similar. The potential 𝑉12 fulfills
(5.2.2) and thus there exist constants 𝐶, 𝛿 > 0 and 𝐴 > 0 such that

|𝑉12( |r12 |) | ≤ 𝐶 (1 + |r12 |)−3−𝛿 (B.2.6)

whenever |r12 | > 𝐴. Assume 𝑥 ∉ 𝐾12(𝛾) then

|r12 | ≥
(
𝑥2

1
𝑚1

+
𝑥2

2
𝑚2

− cos(𝜁)2 𝑥1𝑥2√
𝑚1𝑚2

)1/2

≥
(
𝑥2

1
𝑚1

+
𝑥2

2
𝑚2

)1/2

(1 − cos(𝜁))1/2

≥
(
min

{
1
𝑚1
,

1
𝑚2

}
(1 − cos(𝜁))

)1/2
| (𝑥1, 𝑥2) |

≥
(
min

{
1
𝑚1
,

1
𝑚2

}
(1 − cos(𝜁))𝛾

)1/2
|𝑥 | .

(B.2.7)

where we have used that 2𝑎𝑏 ≤ 𝑎2 + 𝑏2 from the first to the second line in (B.2.7). Since
𝜁 ∈ (0, 𝜋/2], combining (B.2.7) and (B.2.6) completes the proof.
Lemma B.2.4. Let (𝑥1, 𝑥2, 𝑥3) ∈ R3 and let (𝑞, 𝜉) be defined as,

𝑞 =
1

√
𝑀23

(√𝑚3𝑥2 −
√
𝑚2𝑥3) ,

𝜉 =
1

√
𝑀23

(√𝑚2𝑥2 +
√
𝑚3𝑥3),

where 𝑀23 := 𝑚2 + 𝑚3. Then
|𝑥 | = | (𝑥1, 𝑞, 𝜉) | . (B.2.8)



Appendix B. 180

The surface measure on the set 𝜕𝐾23(𝛾) in this set of coordinates is given by

𝑑𝜎 = 𝜅0𝑑 (𝑥1, 𝜉) (B.2.9)

with

𝜅0 =

(
𝛾2𝜇23

1 − 𝛾2𝜇23

)1/2

, 𝜇23 =
𝑚2𝑚3
𝑚2 + 𝑚3

. (B.2.10)

Proof. Direct computations show

𝑞2 + 𝜉2 =
1
𝑀23

(𝑚3𝑥
2
2 + 𝑚2𝑥

2
3 − 2

√
𝑚2𝑚3𝑥2𝑥3) +

1
𝑀23

(𝑚2𝑥
2
2 + 𝑚3𝑥

2
3 + 2

√
𝑚2𝑚3𝑥2𝑥3)

= 𝑥2
2 + 𝑥

2
3 .

Consequently, (B.2.8) holds.
The set 𝜕𝐾23(𝛾) is determined by ���� 𝑥2√

𝑚2
− 𝑥3√

𝑚3

���� = 𝛾 |𝑥 | . (B.2.11)

Expressing 𝑥2 and 𝑥3 in (𝑞, 𝜉)–varibales gives

𝑥2 =

(
𝑚2
𝑀23

)1/2
(
𝜉 +

(
𝑚3
𝑚2

)1/2
𝑞

)
, 𝑥3 =

(
𝑚3
𝑀23

)1/2
(
𝜉 −

(
𝑚2
𝑚3

)1/2
𝑞

)
. (B.2.12)

Inserting (B.2.12) into (B.2.11) gives���� 𝑥2√
𝑚2

− 𝑥3√
𝑚3

���� = (𝜇23)−1/2 |𝑞 |, (B.2.13)

for 𝜇23 in (B.2.10).
Combining (B.2.11) and (B.2.13) shows that the surface 𝜕𝐾23(𝛾) is determined by the relation

|𝑞 | = (𝜇23)1/2𝛾 | (𝑥1, 𝑞, 𝜉) | . (B.2.14)

Solving (B.2.14) for |𝑞 | yields

|𝑞 | = 𝜅0 | (𝑥1, 𝜉) | where 𝜅0 =

(
𝛾2𝜇23

1 − 𝛾2𝜇23

)1/2

. (B.2.15)

Using (B.2.15) as parametrization of the surface 𝜕𝐾23(𝛾) the relation for the surface element
𝑑𝜎 of 𝜕𝐾23(𝛾) in (B.2.9) follows from direct computations.
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B.3 Estimate used in Lemma 5.4.3
Lemma B.3.1. Let 𝜉 ∈ 𝐶∞( [0,∞)) with 𝜉 (𝑡) = 0 for 𝑡 ≤ 1 and 𝜉 (𝑡) = 1 for 𝑡 ≥ 2, such that
𝜉 (𝑡) ≤ 1 and 𝜉′(𝑡) ≤ 2 for any 𝑡 ∈ [0,∞). For any 𝜔, 𝜅, 𝛽 > 0 we define

𝐺 ( |𝑥 |) :=
|𝑥 |𝜅

1 + 𝜔|𝑥 |𝜅 𝜉 ( |𝑥 |/𝛽) .

Then
|∇𝐺 (𝑥) | ≤ 𝜅 |𝑥 |−1𝐺 (𝑥), for |𝑥 | > 2𝛽

and for
|∇𝐺 (𝑥) | ≤ 𝛽𝜅−1

(
2𝜅+1 + 𝜅2𝜅−1

)
, for |𝑥 | ∈ [𝛽, 2𝛽] .

Proof. By construction

𝜉

(
|𝑥 |
𝛽

)
≡ 1

for |𝑥 | ≥ 2𝛽 and consequently

| (∇𝐺) (𝑥) | =
����∇ (

|𝑥 |𝜅

1 + 𝜔|𝑥 |𝜅
)���� = 𝜅 |𝑥 |𝜅−1

(1 + 𝜔|𝑥 |𝜅)2 ≤ 𝜅 |𝑥 |−1𝐺 (𝑥) .

For |𝑥 | ∈ [𝛽, 2𝛽]
𝜉

(
|𝑥 |
𝛽

)
≤ 2,

then for |𝑥 | ∈ [𝛽, 2𝛽]

| (∇𝐺) (𝑥) | ≤ 2
𝛽

|𝑥 |𝜅

1 + 𝜔|𝑥 |𝜅 +
����∇ (

|𝑥 |𝜅

1 + 𝜔|𝑥 |𝜅
)����

≤ 2𝜅+1𝛽𝜅−1 + 𝜅2𝜅−1𝛽𝜅−1

= 𝛽𝜅−1
(
2𝜅+1 + 𝜅2𝜅−1

)
.

B.4 Proof of Lemma 6.2 of [13]
Lemma B.4.1. Let ℎ = −𝜕2

𝑞 + 𝑉 (𝑞) on 𝐿2(R), such that ℎ ≥ 0. Assume that for every 𝜀 > 0
there exists a constant 𝐶 (𝜀) > 0, such that∫

R
|𝑉 (𝑞) | |𝜓(𝑞) |2𝑑𝑞 ≤ 𝜀

∫
R
|𝜓′(𝑞) |2𝑑𝑞 + 𝐶 (𝜀)

∫
R
|𝜓(𝑞) |2𝑑𝑞 ∀𝜓 ∈ 𝐻1(R) .
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Assume there are constants 𝐶̃, 𝐴, 𝛿 > 0 such that

|𝑉 (𝑞) | ≤ 𝐶̃ |𝑞 |−2−𝛿 (B.4.1)

for any 𝑞 ∈ R with |𝑞 | > 𝐴. Then there exists a constant 𝐶 > 0, such that for any 𝐿 > 0 and
any function 𝜓 ∈ 𝐻1(R)

J (𝜓, 𝐿) :=
∫ 𝐿

−𝐿

(
|𝜓′(𝑞) |2 +𝑉 (𝑞) |𝜓(𝑞) |2

)
𝑑𝑞 ≥ −𝐶𝐿−1−𝛿

(
|𝜓(𝐿) |2 + |𝜓(−𝐿) |2

)
.

Proof. Let 𝐿 > 𝐴, for 𝑠 > 0 we define for |𝑞 | ≤ 𝐿 + 2

𝜓𝑠 (𝑞) :=


𝜓(𝐿) (𝐿+𝑠)−𝑞

𝑠
𝑞 ∈ (𝐿, (𝐿 + 𝑠))

𝜓(𝑞) 𝑞 ∈ [−𝐿, 𝐿]
𝜓(−𝐿) (𝐿+𝑠)+𝑞

𝑠
𝑞 ∈ (−(𝐿 + 𝑠),−𝐿)

and 𝜓𝑠 (𝑞) = 0 for |𝑞 | > 𝐿 + 𝑠. Then 𝜓𝑠 ∈ 𝐻1(R). By construction J (𝜓, 𝐿) = J (𝜓𝑠, 𝐿) and
since ℎ ≥ 0

J (𝜓, 𝐿) ≥ −
∫ ∞

𝐿

(��𝜓′
𝑠 (𝑞)

��2 + |𝑉 (𝑞) | |𝜓𝑠 (𝑞) |2
)
𝑑𝑞

−
∫ −𝐿

−∞

(��𝜓′
𝑠 (𝑞)

��2 + |𝑉 (𝑞) | |𝜓𝑠 (𝑞) |2
)
𝑑𝑞 .

(B.4.2)

We estimate the first integral on the right–hand side of (B.4.2). Using that 𝜓′ and 𝜓 are
supported on {𝑞 ∈ R, |𝑞 | ≤ 𝐿 + 𝑠} yields∫ ∞

𝐿

(��𝜓′
𝑠 (𝑞)

��2 + |𝑉 (𝑞) | |𝜓𝑠 (𝑞) |2
)
𝑑𝑞

=

∫ 𝐿+𝑠

𝐿

��𝜓′
𝑠 (𝑞)

��2𝑑𝑞 + ∫ 𝐿+𝑠

𝐿

|𝑉 (𝑞) | |𝜓𝑠 (𝑞) |2𝑑𝑞 .
(B.4.3)

The first term on the right–hand side of (B.4.3) vanishes in the limit 𝑠 → ∞ and for the second
term we find ∫ 𝐿+𝑠

𝐿

|𝑉 (𝑞) | |𝜓𝑠 (𝑞) |2𝑑𝑞 ≤ |𝜓(𝐿) |2
∫ 𝐿+𝑠

𝐿

|𝑉 (𝑞) |𝑑𝑞 . (B.4.4)

Applying (B.4.1) and solving the remaining integral on the right–hand side of (B.4.4) we find
there exists a constant 𝐶 > 0 depending on 𝛿 > 0 but independent of 𝐿 and 𝑠 such that∫ 𝐿+𝑠

𝐿

|𝑉 (𝑞) | |𝜓𝑠 (𝑞) |2𝑑𝑞 ≤ 𝐶

𝐿1+𝛿 |𝜓(𝐿) |
2 . (B.4.5)

Using the same Arguments for the Integral over (−∞,−𝐿] in (B.4.2) proves the statement in
the limit 𝑠 → ∞.
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Appendix C

C.1 Partition Functions
The following estimate is a version of a result that was first shown in [120][Lemma 5.1] and
used in several other papers.

Lemma C.1.1 (= Lemma 6.2.5). For any 𝜀, 𝑏 > 0 there exist 0 < 𝑎 < 𝑏 and continuous
functions 𝑢, 𝑣 : R → [0, 1] with piecewise continuous derivatives, such that 𝑢2 + 𝑣2 = 1,

𝑣(𝑥) =
{

1, |𝑥 | ≥ 𝑏

0, |𝑥 | ≤ 𝑎 , 𝑢(𝑥) =
{

1, |𝑥 | ≤ 𝑎
0, |𝑥 | ≥ 𝑏

, (C.1.1)

and
|𝑢′(𝑥) |2 + |𝑣′(𝑥) |2 ≤ 𝜀

|𝑥 |2
1{𝑎≤|𝑥 |≤𝑏} . (C.1.2)

Moreover, 𝑎 can be chosen such that

𝑒−(1+2/𝜀) ≤ 𝑎

𝑏
≤ 𝑒−2/𝜀 . (C.1.3)

Proof. Given 0 ≤ 𝑣 ≤ 1 we have 𝑢 = (1 − 𝑣2)1/2. In particular, 𝑢′ = −(1 − 𝑣2)−1/2𝑣𝑣′ and

𝑢′2 + 𝑣′2 =
𝑣′2

1 − 𝑣2 =
𝑣′2

(1 + 𝑣) (1 − 𝑣) ≤ 𝑣′2

1 − 𝑣 . (C.1.4)

The denominator becomes zero when 𝑣 approaches 1, i.e., in the limit 𝑡 → 1−, which must be
compensated by a fast enough decay of the derivative of 𝑣 as 𝑡 → 1−.
We make the ansatz 𝑣(𝑡) = 1 for 𝑡 > 1 and

𝑣(𝑡) =
(
1 − 𝜀

∫ 1

𝑡

(1 − 𝑠) 𝑑𝑠
𝑠

)
+

(C.1.5)

for 0 ≤ 𝑡 ≤ 1. Then 0 ≤ 𝑣 ≤ 1, is piecewise continuously differentiable and 𝑣(𝑡) = 0 for
0 ≤ 𝑡 ≤ 𝑎, where 𝑎 is determined by∫ 1

𝑎

(1 − 𝑠) 𝑑𝑠
𝑠

=
1
𝜀
. (C.1.6)
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Clearly, 𝑣′(𝑡) = 𝜀(1 − 𝑡)/𝑡 for 𝑎 < 𝑡 < 1 and 𝑣′(𝑡) = 0 for 0 < 𝑡 < 𝑎 or 𝑡 > 1. Thus

𝑣′(𝑡)2

1 − 𝑣(𝑡) ≤ 𝐶𝜀

𝑡2
1{𝑎<𝑡<1} (C.1.7)

with

𝐶 = sup
0<𝑡<1

(1 − 𝑡)2∫ 1
𝑡
(1 − 𝑠) 𝑑𝑠

𝑠

. (C.1.8)

Note that∫ 1

𝑡

(1 − 𝑠) 𝑑𝑠
𝑠

=

∫ 1

𝑡

(1 − 𝑠)
(1
𝑠
− 1 + 1

)
𝑑𝑠 =

∫ 1

𝑡

(1 − 𝑠)
)
𝑑𝑠 +

∫ 1

𝑡

(1 − 𝑠)2 𝑑𝑠

𝑠
(C.1.9)

=
1
2
(1 − 𝑡)2 + ℎ(𝑡) . (C.1.10)

with ℎ(𝑡) =
∫ 1
𝑡
(1 − 𝑠)2 𝑑𝑠

𝑠
≥ 0 for 0 < 𝑡 ≤ 1. This immediately implies 𝐶 ≤ 2. Moreover,

since

0 ≤ 1
(1 − 𝑡)2 ℎ(𝑡) =

∫ 1

𝑡

(1 − 𝑠)2

(1 − 𝑡)2
𝑑𝑠

𝑠
≤

∫ 1

𝑡

𝑑𝑠

𝑠
→ 0 as 𝑡 → 0 (C.1.11)

one sees that

𝐶 = sup
0<𝑡<1

(1 − 𝑡)2∫ 1
𝑡
(1 − 𝑠) 𝑑𝑠

𝑠

= sup
0<𝑡<1

2
1 + 2

(1−𝑡)2 ℎ(𝑡)
= lim
𝑡→1−

2
1 + 2

(1−𝑡)2 ℎ(𝑡)
= 2 . (C.1.12)

To get a bound on 0 < 𝑎 < 1, recall that it is determined by

ln
(
𝑎−1

)
− (1 − 𝑎) =

∫ 1

𝑎

(1 − 𝑠) 𝑑𝑠
𝑠

= 𝜀−1 . (C.1.13)

Hence we have

ln
(
𝑎−1

)
− 1 < 𝜀−1 < ln

(
𝑎−1

)
(C.1.14)

from which 𝑒−(1+1/𝜀) ≤ 𝑎 ≤ 𝑒−1/𝜀 follows. Replacing 𝜀 by 𝜀/2 proves the Lemma for
𝑏 = 1. For general 𝑏 > 0, on scales the functions 𝑢 and 𝑣 by replacing them with 𝑢(𝑡/𝑏) and
𝑣(𝑡/𝑏).

C.2 Remarks on the Geometry of the Sets K𝛼(𝛾)
The fact that the conical sets K𝛼 (𝛾), 𝛼 ∈ 𝐼 do not overlap outside of {𝑥 ∈ 𝑅0 : |𝑥 | > 𝑏} for
𝛾 > 0 small enough is well known and goes back to the work of M. A. Antonets, G. M. Zhislin,
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and I. A. Shereshevsky (see appendix of the Russian edition of [56]). We prove the following

Lemma C.2.1. Let 𝛼, 𝛽 ∈ {(12), (13), (23)} then there exits some 𝛾0 > 0 depending on the
masses only such that for any 𝛾 < 𝛾0 and 𝛼 ≠ 𝛽

K𝛼 (𝛾) ∩ K𝛽 (𝛾) = {0} . (C.2.1)

Proof. In the following, we denote by ≲ that the inequality holds up to a constant, possibly
depending on 𝑚1, 𝑚2, 𝑚3 > 0. It suffices to prove the statement for 𝛼 = (12) and 𝛽 = (13).
Since 𝑥 ∈ 𝑅0 and 𝑚1, 𝑚2, 𝑚3 > 0, the points 𝑥1, 𝑥2, 𝑥3 span a triangle such that the origin (the
center of mass) is within the area of this triangle and consequently

3∑︁
𝑖=1

|𝑥𝑖 | ≤
∑︁
(𝑖 𝑗)∈𝐼

��𝑥𝑖 − 𝑥 𝑗 �� . (C.2.2)

Due to the equivalence of norms in R𝑛, it is

|𝑥 | =
( 3∑︁
𝑖=1

|𝑥𝑖 |2
)1/2

≲
∑︁
(𝑖 𝑗)∈𝐼

��𝑥𝑖 − 𝑥 𝑗 �� .
Assume now that 𝑥 ∈ K12(𝛾) ∩K13(𝛾) then by the definition of the sets K𝛼 (𝛾), 𝛼 ∈ 𝐼 and the
triangle inequality

|𝑥2 − 𝑥3 | ≤ (|𝑥1 − 𝑥2 | + |𝑥1 − 𝑥3 |) ≲ 𝛾( |𝜉13 | + |𝜉12 |) . (C.2.3)

Combining (C.2.2) and (C.2.3) together with the definition of the sets K𝛼 (𝛾), 𝛼 ∈ 𝐼 we arrive
at

|𝑥 |2 ≲ 𝛾2
∑︁
𝛼∈𝐼

|𝜉𝛼 |2 . (C.2.4)

Recall that by construction for any 𝛼 ∈ 𝐼

3∑︁
𝑖=1

𝑚𝑖 |𝑥𝑖 |2 = |𝑞𝛼 |2 + |𝜉𝛼 |2, 𝛼 ∈ 𝐼 . (C.2.5)

Using (C.2.5) we conclude from (C.2.4) that

|𝑥 |2 ≲ 𝛾2 |𝑥 |2 (C.2.6)

which only holds for 𝑥 = 0 for 𝛾 > 0 small enough and consequently proves the statement of
Lemma C.2.1.
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Appendix D

D.1 Existence of Resonance Solutions
We aim to prove Theorem 1.4.11. Before we give the proof, we state the following

Lemma D.1.1. Let 𝐴 ⊂ R𝑑 with |𝐴| < ∞, then the embedding ¤𝐻1(𝐴) ↩→ 𝐿𝑝 (𝐴) is compact
for all 1 ≤ 𝑝 < 2𝑑

𝑑−2 .

Proof. For instance, a proof for this can be found in [74, Theorem 8.6].

Recall, that for a positive potential 𝑉 the form domain 𝑄(𝑉) is the space of all functions
𝑓 ∈ 𝐿2(R𝑑) for which ⟨ 𝑓 , 𝑉 𝑓 ⟩ = ∥𝑉1/2 𝑓 ∥2 < ∞. Similarly we define ¤𝑄(𝑉) as the space of all
functions 𝜓 ∈ ¤𝐻1(R𝑑) for which ⟨𝜓,𝑉𝜓⟩ < ∞.

Theorem D.1.2 (= Theorem 1.4.11). Let 𝑑 ≥ 3, consider the potential𝑉 : R𝑑 → R and define
𝑉+ = max(0, 𝑉) and 𝑉− = min(0, 𝑉). Suppose that the operator 𝐻 = 𝑃2/2 +𝑉 (considered as
quadratic form) has a virtual level at zero. Assume the following conditions:

a) 𝑉+ ∈ 𝐿1
loc(R

𝑑),
b) 𝑉− is infinitesimally form-bounded w.r.t. 𝑃2,
c) There exists 𝜃 > 0 such that the weighted potential 𝑉− := (1 + |·|)2+2𝜃𝑉− is form bounded

w.r.t. 𝑃2.
Then there exists a non–vanishing function 𝜑0 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+) satisfying

1
2
⟨𝑃𝜓, 𝑃𝜑0⟩ + ⟨𝜓,𝑉𝜑0⟩ = 0, ∀𝜓 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+). (D.1.1)

In particular,
1
2
⟨𝑃𝜑0, 𝑃𝜑0⟩ + ⟨𝜑0, 𝑉𝜑0⟩ = 0 . (D.1.2)

We first state Lemmas D.1.3 and D.1.5 below, and prove Theorem D.1.2 with the help of the
two lemmas. The proof of the Lemmas is given in Sections D.1.1 and D.1.2.

Lemma D.1.3. Let 𝑑 ≥ 3. For some 𝜃 > 0 define 𝜓 = (1 + | · |)−1−𝜃𝜓 for 𝜓 ∈ 𝐻1(R𝑑).
Then we have 𝜓 ∈ 𝐿2(R𝑑) and there exists a constant 𝐶 < ∞ independent of 𝜓 such that

𝑃𝜓

 ≤ 𝐶∥𝑃𝜓∥.
Moreover, if 𝜓 has support in 𝐵𝑅 (0)𝑐 = {|𝑥 | ≥ 𝑅} for some 𝑅 > 0, then



𝑃𝜓

 ≤ 𝐶 (1 +
𝑅)−1−𝜃 ∥𝑃𝜓∥ and



𝜓

 ≤ (1 + 𝑅)−𝜃 ∥𝑃𝜓∥.
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Remark D.1.4. Note that for wave function 𝜓 we define the weighted function 𝜓 different
from the weighted potential 𝑉 = (1 + | · |)2+2𝜃𝑉 . This is done to ensure, at least formally,
⟨𝜓,𝑉𝜓⟩ = ⟨𝜓,𝑉𝜓⟩. For notational convenience, we suppress the dependence of 𝜓 and 𝑉 on
the parameter 𝜃 > 0.

Lemma D.1.5. Let 𝑑 ≥ 3. For any sequence (𝜓𝑛)𝑛∈N ⊂ ¤𝐻1(R𝑑), which is normalized in the
sense that ∥𝑃𝜓𝑛∥ = 1, and converges weakly to 𝜑0 in ¤𝐻1(R𝑑) we have

a) ⟨𝜑0, 𝑉−𝜑0⟩ < ∞,
b) lim

𝑛→∞
⟨𝜓𝑛, 𝑉−𝜓𝑛⟩ = ⟨𝜑0, 𝑉−𝜑0⟩,

c) lim sup𝑛→∞⟨𝜓𝑛, 𝑉−𝜓𝑛⟩ ≤ ⟨𝜑0, 𝑉−𝜑0⟩ − 1,
d) ⟨𝜑0, 𝑉+𝜑0⟩ ≤ lim inf𝑛→∞⟨𝜓𝑛, 𝑉+𝜓𝑛⟩.

Proof of Theorem D.1.2. Let (𝛿𝑛)𝑛∈N ⊂ (0, 1) be a sequence satisfying 𝛿𝑛 ↓ 0 as 𝑛 → ∞.
Since 𝐻 has a virtual level at zero, the perturbed operator

𝐻𝑛 :=
1 − 𝛿𝑛

2
𝑃2 +𝑉

has a negative ground state energy 𝐸𝑛 < 0 for all 𝑛 ∈ N.
For each fixed 𝑛 ∈ N, let 𝜓𝑛 ∈ 𝐻1 be the ground state of 𝐻𝑛 corresponding to the ground state
energy 𝐸𝑛 < 0. Then, as 𝑛→ ∞, we have 𝐸𝑛 ↑ 0, hence

1 − 𝛿𝑛
2

∥𝑃𝜓𝑛∥2 + ⟨𝜓𝑛, 𝑉+𝜓𝑛⟩ − ⟨𝜓𝑛, 𝑉−𝜓𝑛⟩ < 𝐸𝑛∥𝜓𝑛∥2 < 0.

for all 𝑛 ∈ N.
We normalize 𝜓𝑛 ∈ 𝐻1 by ∥𝜓𝑛∥ ¤𝐻1 = ∥𝑃𝜓𝑛∥ = 1 for all 𝑛 ∈ N. Under this normalization, we
obtain

1 − 𝛿𝑛
2

+ ⟨𝜓𝑛, 𝑉+𝜓𝑛⟩ − ⟨𝜓𝑛, 𝑉−𝜓𝑛⟩ < 0 (D.1.3)

for all 𝑛 ∈ N.
Since the sequence (𝜓𝑛)𝑛∈N ⊂ ¤𝐻1(R𝑑) is bounded, there exists a weakly convergent subse-
quence with weak limit 𝜑0 ∈ ¤𝐻1(R𝑑). We denote this subsequence also by (𝜓𝑛)𝑛∈N. Taking a
further subsequence, if necessary, we can also assume that (𝜓𝑛)𝑛∈N also converges pointwise
almost everywhere. Using statements (a) and (b) of Lemma D.1.5 together with (D.1.3), we
obtain

1
2
+ lim inf

𝑛→∞
⟨𝜓𝑛, 𝑉+𝜓𝑛⟩ − ⟨𝜑0, 𝑉−𝜑0⟩ ≤ 0.

Using statement (d) of Lemma D.1.5 yields

∥𝑃𝜑0∥2 + ⟨𝜑0, 𝑉𝜑0⟩ ≤
1
2
+ lim inf

𝑛→∞
⟨𝜓𝑛, 𝑉+𝜓𝑛⟩ − ⟨𝜑0, 𝑉+𝜑0⟩ ≤ 0. (D.1.4)

To complete the proof, we must show that

1
2
∥𝑃𝜑0∥2 + ⟨𝜑0, 𝑉𝜑0⟩ ≥ 0. (D.1.5)
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We now prove (D.1.5). Let 𝜂 ∈ 𝐶∞
0 (R) such that 𝜂(𝑡) = 1 for 𝑡 ≤ 1, 𝜂(𝑡) = 0 for 𝑡 ≥ 2, and

∥𝜕𝑡𝜂∥∞ ≤ 2. For a fixed 𝑇 > 0, define 𝜉𝑇 : R𝑑 → R as

𝜉𝑇 (𝑥) := 𝜂
(
|𝑥 |
𝑇

)
.

Then 𝜉𝑇𝜑0 ∈ 𝐻1(R𝑑). Since the operator 𝐻 = 𝑃2 + 𝑉 is self-adjoint and non-negative, we
have

1
2
∥𝑃(𝜉𝑇𝜑0)∥2 + ⟨𝜉𝑇𝜑0, 𝑉𝜉𝑇𝜑0⟩ ≥ 0. (D.1.6)

Let 𝑇𝑛 = 2𝑛 for all 𝑛 ∈ N, so that 𝑇𝑛 → ∞ as 𝑛 → ∞. Define 𝜉𝑛 := 𝜉𝑇𝑛 . Note that
𝜉𝑛𝜑0 ∈ 𝐿2(R𝑑). By the monotone convergence theorem, we then have

lim
𝑛→∞

⟨𝜉𝑛𝜑0, 𝑉±𝜉𝑛𝜑0⟩ = ⟨𝜑0, 𝑉±𝜑0⟩.

It remains to show that 𝑃(𝜉𝑛𝜑0) converges to 𝑃𝜑0 in 𝐿2(R𝑑). Note, that

𝑃(𝜉𝑛𝜑0) = (𝑃𝜉𝑛)𝜑0 + 𝜉𝑛𝑃𝜑0 .

By the monotone convergence theorem, we have 𝜉𝑛𝑃𝜑0 → 𝑃𝜑0 in 𝐿2(R𝑑). Thus, it suffices
to show that (𝑃𝜉𝑛)𝜑0 → 0 in 𝐿2(R𝑑). We compute

|𝑃𝜉𝑛 |2 ≤ 4𝑇−2
𝑛 1{𝑇𝑛≤|𝑥 |≤2𝑇𝑛} ≤ |𝑥 |−21{𝑇𝑛≤|𝑥 |≤2𝑇𝑛},

and by Hardy’s inequality, we obtain

∞∑︁
𝑛=0

∥(𝑃𝜉𝑛)𝜑0∥2 ≤
∞∑︁
𝑛=0

⟨𝜑0, |𝑥 |−21{𝑇𝑛≤|𝑥 |≤2𝑇𝑛}𝜑0⟩

≤ ⟨𝜑0, |𝑥 |−2𝜑0⟩ ≲ ∥𝑃𝜑0∥2 ≤ 1.

Since the series converges, we have ∥(𝑃𝜉𝑛)𝜑0∥ → 0 as 𝑛→ ∞. Taking the limit of (D.1.6) as
𝑛→ ∞, we conclude

1
2
∥𝑃𝜑0∥2 + ⟨𝜑0, 𝑉𝜑0⟩ ≥ 0.

Combining (D.1.5) and (D.1.4), we find

⟨𝜑0, 𝐻𝜑0⟩ =
1
2
∥𝑃𝜑0∥2 + ⟨𝜑0, 𝑉𝜑0⟩ = 0.

This shows that 𝜑0 is the minimizer of the associated Lagrange problem, thus completing the
proof. We make this explicit below.
Let 𝑞𝐻 be the quadratic form of the operator 𝐻 = 1

2𝑃
2 +𝑉 , where 𝑉 satisfies the conditions of

Theorem D.1.2. For any 𝑓 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+) an explicit calculation shows that

𝑞𝐻 (𝜑0 + 𝑡 𝑓 , 𝜑0 + 𝑡 𝑓 )
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is a second order polynomial in 𝑡 ∈ R. Moreover, as just shown, 𝑞𝐻 (𝜑0 + 𝑡 𝑓 , 𝜑0 + 𝑡 𝑓 ) ≥ 0
for all 𝑡 ∈ R and 𝑞𝐻 (𝜑0, 𝜑0) = 0. So, the polynomial has a minimum at 𝑡 = 0. Thus, by an
explicit calculation,

0 =
𝑑

𝑑𝑡
𝑞𝐻 (𝜑0 + 𝑡 𝑓 , 𝜑0 + 𝑡 𝑓 )

���
𝑡=0

= 2 Re 𝑞𝐻 (𝜑0, 𝑓 ).

By replacing 𝑓 with 𝑖 𝑓 , we obtain 0 = Re 𝑖𝑞𝐻 (𝜑0, 𝑓 ) = Im 𝑞𝐻 (𝜑0, 𝑓 ), which shows that
𝑞𝐻 (𝜑0, 𝑓 ) = 0 for all 𝑓 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+). Hence also 𝑞𝐻 ( 𝑓 , 𝜑0) = 𝑞𝐻 (𝜑0), 𝑓 ) = 0.

D.1.1 Existence of Resonance Solutions Part II
Proof of Lemma D.1.3. By construction and Hardy’s inequality, we have 𝜑0 ∈ 𝐿2(R𝑑).
By a direct computation, we have

∇𝜓(𝑥) = −(1 + 𝜃) (1 + |𝑥 |)−2−𝜃 𝑥

|𝑥 |𝜓(𝑥) + (1 + |𝑥 |)−1−𝜃∇𝜓(𝑥) .

Hence,

∥𝑃𝜓∥2 = ⟨∇𝜓, (1 + |𝑥 |)−2−2𝜃∇𝜓⟩ + (1 + 𝜃)2⟨𝜓, (1 + |𝑥 |)−4−2𝜃𝜓⟩

− (1 + 𝜃) Re(⟨∇𝜓, (1 + |𝑥 |)−3−2𝜃 𝑥

|𝑥 |𝜓⟩) .

Integrating by parts, one has

⟨∇𝜓, (1 + |𝑥 |)−3−2𝜃 𝑥

|𝑥 |𝜓⟩ = −⟨𝜓,∇((1 + |𝑥 |)−3−2𝜃 𝑥

|𝑥 |𝜓)⟩

= (3 + 2𝜃)⟨𝜓, (1 + |𝑥 |)−4−2𝜃𝜓⟩ − ⟨𝜓, (1 + |𝑥 |)−3−2𝜃 𝑑 − 1
|𝑥 | 𝜓⟩ − ⟨𝜓, (1 + |𝑥 |)−3−2𝜃 𝑥

|𝑥 | ∇𝜓⟩

Thus,

2 Re(⟨∇𝜓, (1 + |𝑥 |)−3−2𝜃 𝑥

|𝑥 |𝜓⟩) = (3 + 2𝜃)⟨𝜓, (1 + |𝑥 |)−4−2𝜃𝜓⟩ − ⟨𝜓, (1 + |𝑥 |)−3−2𝜃 𝑑 − 1
|𝑥 | 𝜓⟩

which yields

∥𝑃𝜓∥2 = ⟨∇𝜓, (1 + |𝑥 |)−2−2𝜃∇𝜓⟩ + (1 + 𝜃) (𝑑 − 1)⟨𝜓, (1 + |𝑥 |)−3−2𝜃 |𝑥 |−1𝜓⟩
− (1 + 𝜃) (2 + 3𝜃)⟨𝜓, (1 + |𝑥 |)−4−2𝜃𝜓⟩)

≤ ⟨∇𝜓, (1 + |𝑥 |)−2−2𝜃∇𝜓⟩ + (1 + 𝜃) (𝑑 − 1)⟨𝜓, (1 + |𝑥 |)−2−2𝜃 |𝑥 |−2𝜓⟩ . (D.1.7)

Using Hardy’s inequality, we obtain

⟨𝜓, (1 + |𝑥 |)−2−2𝜃 |𝑥 |−2𝜓⟩ ≲ ∥𝑃𝜓∥2 ,
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moreover, if supp(𝜓) ⊂ 𝐵𝑅 (0)𝑐, we have

⟨𝜓, (1 + |𝑥 |)−2−2𝜃 |𝑥 |−2𝜓⟩ ≤ (1 + 𝑅)−2−2𝜃 ⟨𝜓, |𝑥 |−2𝜓⟩ ≲ (1 + 𝑅)−2−2𝜃 ∥𝑃𝜓∥2 .

Together with (D.1.7) this proves the second and third claim of the lemma.
The last claim follows from

𝜓

 ≤ (1 + 𝑅)−𝜃



(1 + | · |)−2𝜓


 ≲ (1 + 𝑅)−𝜃 ∥𝑃𝜓∥ .

D.1.2 Existence of Resonance Solutions Part III
Proof of Lemma D.1.5. Claim (c) follows immediately from the second claim and the bound
(D.1.3).
We begin by proving statement (a). Define

𝜑0 := (1 + |𝑥 |)−1−𝜃𝜑0.

By assumption, the potential𝑉− is form bounded with respect to 𝑃2. Consequently, there exist
constants 𝑎, 𝑏 > 0 such that

⟨𝜑0, 𝑉−𝜑0⟩ = ⟨𝜑0, 𝑉−𝜑0⟩ ≤ 𝑎∥𝑃𝜑0∥2 + 𝑏∥𝜑0∥2.

By Lemma D.1.3 we have 𝜑0 ∈ 𝐿2(R𝑑) and also ∥𝑃𝜑0∥2 < ∞. This completes the proof of
statement (a).
We proceed by proving statement (b). Let 𝑅 > 0 be given, and choose {𝜒1, 𝜒2} to be a
quadratic partition of unity such that supp(𝜒1) ⊂ {𝑥 ∈ R𝑑 : |𝑥 | ≤ 2𝑅} and supp(𝜒2) ⊂ {𝑥 ∈
R𝑑 : |𝑥 | ≥ 𝑅}. Then, since 𝜒2

1 + 𝜒2
2 = 1 we can write

⟨𝜑0, 𝑉−𝜑0⟩ = ⟨𝜑0𝜒1, 𝑉−𝜑0𝜒1⟩ + ⟨𝜑0𝜒2, 𝑉−𝜑0𝜒2⟩, (D.1.8)

which splits the expression into two terms.
Next, we estimate each term on the right-hand side of (D.1.8) separately. We begin with the
term involving 𝜒1. For all 𝑛 ∈ N, we have the following decomposition:

⟨𝜑0𝜒1, 𝑉−𝜑0𝜒1⟩ = ⟨𝜑0𝜒1, 𝑉−(𝜑0 − 𝜓𝑛)𝜒1⟩
+ ⟨(𝜑0 − 𝜓𝑛)𝜒1, 𝑉−𝜓𝑛𝜒1⟩ + ⟨𝜓𝑛𝜒1, 𝑉−𝜓𝑛𝜒1⟩.

Let 𝐼1 := ⟨𝜑0𝜒1, 𝑉−(𝜑0 − 𝜓𝑛)𝜒1⟩ and 𝐼2 := ⟨(𝜑0 − 𝜓𝑛)𝜒1, 𝑉−𝜓𝑛𝜒1⟩. We now aim to show

lim
𝑛→∞

⟨𝜓𝑛𝜒1, 𝑉−𝜓𝑛𝜒1⟩ = ⟨𝜑0𝜒1, 𝑉−𝜑0𝜒1⟩, (D.1.9)
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by proving that both 𝐼1 and 𝐼2 tend to zero as 𝑛 → ∞. We begin by estimating 𝐼1. Using
Hölder’s inequality we find

|𝐼1 |2 ≤ ∥𝑉1/2
− 𝜒1𝜑0∥2∥𝑉1/2

− 𝜒1(𝜑0 − 𝜓𝑛)∥2. (D.1.10)

By assumption, 𝑉− is infinitesimally form bounded. Therefore, for any 𝜀 > 0, there exists
𝐶𝜀 > 0 such that

∥𝑉1/2
− 𝜒1𝜑0∥2 ≤ 𝜀∥𝑃(𝜒1𝜑0)∥2 + 𝐶𝜀∥𝜒1𝜑0∥2. (D.1.11)

Since 𝜑0 ∈ ¤𝐻1(R𝑑), it follows that 𝜑0 ∈ 𝐿2
loc, and consequently, ∥𝜒1𝜑0∥2 < ∞. To estimate

the first term on the right-hand side of (D.1.11), we note that

∥𝑃(𝜒1𝜑0)∥2 ≤ 2∥𝑃𝜑0∥2 + 2∥(∇𝜒1)𝜑0∥

which is finite because 𝜑0 ∈ ¤𝐻1(R𝑑). Therefore, we have shown

∥𝑉1/2
− 𝜒1𝜑0∥2 < ∞. (D.1.12)

Next, to conclude that 𝐼1 → 0 as 𝑛 → ∞, we show that for any 𝜀 > 0, there exists 𝐶 > 0
independent of 𝜀 such that

lim
𝑛→∞

∥𝑉1/2
− 𝜒1(𝜑0 − 𝜓𝑛)∥2 < 𝐶𝜀. (D.1.13)

Since 𝑉− is infinitesimally form bounded with respect to 𝑃2, for any 𝜀 > 0, there exists 𝐶𝜀 > 0
such that

∥𝑉1/2
− 𝜒1(𝜑0 − 𝜓𝑛)∥2 ≤ 𝜀∥𝑃(𝜑0 − 𝜓𝑛)∥2 + 𝐶𝜀∥(𝜒1) (𝜑0 − 𝜓𝑛)∥2.

A short calculation shows that

∥𝑃(𝜑0 − 𝜓𝑛)∥2 ≤ 4∥𝑃𝜑0∥2 + 4∥𝑃𝜓𝑛∥2 ≤ 8,

and since supp(𝜒1) ⊂ {𝑥 ∈ R𝑑 : |𝑥 | ≤ 2𝑅}, we can apply Lemma D.1.1 to find

lim
𝑛→∞

∥𝜒1(𝜑0 − 𝜓𝑛)∥2 = 0.

Thus, we have shown that (D.1.13) holds. Summarizing, we obtain |𝐼1 | ≤ 𝐶𝜀 as 𝑛 → ∞ for
some 𝐶 > 0 independent of 𝑛 and 𝜀. Taking the limit 𝜀 → 0, we conclude that |𝐼1 | → 0 as
𝑛 → ∞. Similar estimates show that |𝐼2 | → 0 as 𝑛 → ∞, and consequently, (D.1.9) holds.
Next, we show that

lim
𝑛→∞

⟨𝜓𝑛𝜒2, 𝑉−𝜓𝑛𝜒2⟩ = ⟨𝜑0𝜒2, 𝑉−𝜑0𝜒2⟩. (D.1.14)

Note that

⟨𝜑0𝜒2, 𝑉−𝜑0𝜒2⟩ =⟨𝜑0𝜒2, 𝑉− (𝜑0 − 𝜓𝑛) 𝜒2⟩ + ⟨(𝜑0 − 𝜓𝑛) 𝜒2, 𝑉−𝜓𝑛𝜒2⟩
+ ⟨𝜓𝑛𝜒2, 𝑉−𝜓𝑛𝜒2⟩.
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Let 𝐽1 := ⟨𝜑0𝜒2, 𝑉− (𝜑0 − 𝜓𝑛) 𝜒2⟩ and 𝐽2 := ⟨(𝜑0 − 𝜓𝑛) 𝜒2, 𝑉−𝜓𝑛𝜒2⟩. Recall that supp(𝜒2) ⊂
{𝑥 ∈ R𝑑 : |𝑥 | ≥ 𝑅}. We will show that both 𝐽1 and 𝐽2 vanish uniformly in 𝑛 as 𝑅 → ∞.
Recall 𝑓 = (1 + | · |)−1−𝜃 𝑓 for any mapping 𝑓 , and 𝑉− := (1 + | · |)2+2𝜃𝑉−. Then

|𝐽2 |2 = |⟨(𝜑0 − 𝜓𝑛)𝜒2, 𝑉−𝜓𝑛𝜒2⟩|2 ≤ ∥𝑉1/2
− 𝜓𝑛𝜒2∥2∥𝑉1/2

− (𝜑0 − 𝜓𝑛)𝜒2∥2. (D.1.15)

We begin by estimating the first factor on the right-hand side of (D.1.15). Since 𝑉− is form-
bounded with respect to 𝑃2, there exist constants 𝑎, 𝑏 > 0 such that

∥𝑉1/2
− 𝜓𝑛𝜒2∥2 ≤ 𝑎∥𝑃(𝜓𝑛𝜒2)∥2 + 𝑏∥𝜓𝑛𝜒2∥2. (D.1.16)

Using the fact that ∥𝑃𝜓𝑛∥ = 1 for all 𝑛 ∈ N, and that supp(𝜒2) ⊂ {𝑥 ∈ R𝑑 : |𝑥 | ≥ 𝑅}, we
obtain from Lemma D.1.3

∥𝜓𝑛𝜒2∥ ≤ (1 + 𝑅)−𝜃 ∥𝑃𝜓𝑛∥ ≤ (1 + 𝑅)−𝜃 . (D.1.17)

Similarly, the first term in (D.1.16) can be bounded with the help of Lemma D.1.3 by

∥𝑃(𝜓𝑛𝜒2)∥ ≲ (1 + 𝑅)−𝜃 ∥𝑃(𝜓𝑛𝜒2)∥ ≤ (1 + 𝑅)−𝜃 (∥𝜒2𝑃𝜓𝑛∥ + ∥∇𝜒2𝜓𝑛∥) .

Since the support of ∇𝜒2 is compact and ∇𝜒2 is bounded, Lemma D.1.1 shows ∥∇𝜒2𝜓𝑛∥ ≲
∥𝑃𝜓𝑛∥ ≤ 1 for all 𝑛 ∈ N. Thus

∥𝑃(𝜓𝑛𝜒2)∥ ≲ (1 + 𝑅)−𝜃 (D.1.18)

for all 𝑛 ∈ N, where the implicit constant is independent of 𝑛. Combining (D.1.16), (D.1.17)
and (D.1.18) we arrive at

∥𝑉1/2
− 𝜓𝑛𝜒2∥ ≲ (1 + 𝑅)−𝜃 . (D.1.19)

Next, we estimate the second factor in the right–hand side of (D.1.15). Since 𝑉− is form–
bounded with respect to 𝑃2, there exist constants 𝑎, 𝑏 > 0 such that

∥𝑉1/2
− (𝜑0 − 𝜓𝑛)𝜒2∥2 ≤ 𝑎∥𝑃(𝜑0 − 𝜓𝑛)𝜒2∥2 + 𝑏∥(𝜑0 − 𝜓𝑛)𝜒2∥2. (D.1.20)

Using a similar argument as before, we find

∥(𝜑0 − 𝜓𝑛)𝜒2∥2 ≤ 2(1 + 𝑅)−2𝜃
(
∥𝑃𝜑0∥2 + ∥𝑃𝜓𝑛∥2

)
≤ 2(1 + 𝑅)−2𝜃 . (D.1.21)

Moreover, similarly as before, we see that

∥𝑃(𝜑0 − 𝜓𝑛)𝜒2∥2 ≲ (1 + 𝑅)−2𝜃 (∥𝑃𝜑0∥ + ∥𝑃𝜓𝑛∥) ≲ (1 + 𝑅)−2𝜃 . (D.1.22)

Combining (D.1.20), (D.1.21) and (D.1.22) we find

∥𝑉1/2
− (𝜑0 − 𝜓𝑛)𝜒2∥2 ≲ (1 + 𝑅)−2𝜃 . (D.1.23)
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Inserting (D.1.23) and (D.1.19) into (D.1.15) yields

|𝐽2 |2 ≲ (1 + 𝑅)−2𝜃 .

Similarly, we find that
|𝐽1 |2 ≲ (1 + 𝑅)−2𝜃 .

This proves (D.1.14) as 𝑅 → ∞. Combining this with (D.1.9), we conclude

lim
𝑛→∞

⟨𝜓𝑛, 𝑉−𝜓𝑛⟩ = ⟨𝜑0, 𝑉−𝜑0⟩,

which completes the proof of statement (b).
It remains to prove statement (d), which says

⟨𝜑0, 𝑉+𝜑0⟩ ≤ lim inf
𝑛→∞

⟨𝜓𝑛, 𝑉+𝜓𝑛⟩.

Let 𝜒𝑇 be the characteristic function of the set {𝑥 ∈ R𝑑 : |𝑥 | ≤ 𝑇}. By Lemma D.1.1, for any
𝑇 > 0, we have 𝜒𝑇𝜓𝑛 → 𝜒𝑇𝜑0 in 𝐿2(R𝑑). Hence, there exists a subsequence of (𝜒𝑅𝜓𝑛)𝑛∈N
that converges pointwise almost everywhere to 𝜒𝑇𝜑0. For this subsequence, we can apply
Fatou’s Lemma to get

⟨𝜒𝑇𝜑0, 𝑉+𝜒𝑇𝜑0⟩ ≤ lim inf
𝑛→∞

⟨𝜓𝑛, 𝑉+𝜓𝑛⟩.

Thus, statement (d) follows from the monotone convergence theorem as 𝑇 → ∞.

D.2 Uniqueness of Resonances and the Energy Gap
In this section, we show that the resonance solution 𝜑 is unique under a small additional
assumption on the potential. Moreover, this uniqueness implies that on the space ¤𝐻1(R𝑑) ∩
¤𝑄(𝑉+) the operator 𝐻 = 1

2𝑃
2 +𝑉 has an energy gap for functions orthogonal to the resonance

𝜑0 with respect to the scalar product in the homogenous Sobolev space ¤𝐻1.

Theorem D.2.1 (Uniqueness of Resonances and the Energy Gap). We consider dimension
𝑑 ≥ 3. In addition to the short–range condition from Theorem D.1.2) (=Theorem 1.4.11) we
assume that the potential 𝑉 ∈ 𝐿𝑑/2

loc as well as 𝑉+ ∈ 𝐾𝑑,loc and 𝑉− ∈ 𝐾𝑑 .
Then the resonance solution 𝜑0 from Theorem D.1.2 is unique and can be chosen to be strictly
positive. Moreover, there exists a constant 𝜇 > 0 such that, as quadratic forms,

⟨𝜓, 𝐻𝜓⟩ ≥ 𝜇∥𝑃𝜓∥2 (D.2.1)

for all 𝜓 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+) orthogonal to the resonance 𝜑0 in ¤𝐻1(R𝑑), i.e., ⟨𝑃𝜓, 𝑃𝜑0⟩ = 0.

Remark D.2.2. The conditions of Theorem D.2.1 are satisfied if the potential𝑉 is a short–range
potential of the form

𝑉 = (1 + | · |)−2−𝜃𝑊
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for some 𝜃 > 0 and𝑊 ∈ 𝐿𝑑/2
loc ∩ 𝐾𝑑 .

Proof. Let 𝜑0 be the resonance solution from Theorem D.1.2. The complex conjugate 𝜑0 is
also a solution of (D.1.1) since 𝐻 commutes with complex conjugation. By linearity, Re(𝜑0)
and Im(𝜑0) are solutions of (D.1.1). Hence, we can assume that the resonance 𝜑0 is real–
valued. Moreover, since 𝑉+ is in the local Kato–class 𝐾𝑑,loc and 𝑉− ∈ 𝐾𝑑 , and 𝜑0 is a local
solution of 𝐻𝜑0 = 0 (see Remark 1.4.7), the results of [3] show that 𝜑0 is continuous. With an
argument slightly different from the one given in [3] we also explain in the proof of Theorem
D.5.2 why resonances are continuous when the potential satisfies the short range condition of
Remark D.2.2 above.
If the bound (D.2.1) is false, then for any 𝛿 > 0 there exists 𝜓 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+) with
⟨𝑃𝜓, 𝑃𝜑0⟩ = 0 such that

⟨𝜓, 𝐻𝜓⟩ < 𝛿/2∥𝑃𝜓∥2 .

Taking a sequence (𝛿𝑛)𝑁 ∈ (0, 1) with 𝛿𝑛 ↓ 0 yields a sequence 𝜓𝑛 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+) with
⟨𝑃𝜓𝑛, 𝑃𝜑0⟩ = 0 and

⟨𝜓𝑛, 𝐻𝜓𝑛⟩ < 𝛿𝑛/2∥𝑃𝜓𝑛∥2 . (D.2.2)

Again, since 𝜓𝑛 ≠ 0 we can assume that ∥𝑃𝜓𝑛∥ = 1 by normalizing the sequence 𝜓𝑛, so
(D.2.2) gives

⟨𝜓𝑛, 𝐻𝜓𝑛⟩ < 𝛿𝑛/2 (D.2.3)

with 𝜓𝑛 ∈ ¤𝐻1(R𝑑) ∩ ¤𝑄(𝑉+), ∥𝑃𝜓𝑛∥ = 1, and ⟨𝑃𝜓𝑛, 𝑃𝜑0⟩ = 0 for all 𝑛 ∈ N. In particular, since
∥𝑃𝜓𝑛∥ = 1 we have

1 − 𝛿𝑛
2

+ ⟨𝜓𝑛, 𝑉𝜓𝑛⟩ = ⟨𝜓𝑛, 𝐻𝜓𝑛⟩ − 𝛿𝑛/2 < 0 (D.2.4)

which is the same bound as (D.1.3), but now for a sequence with ⟨𝑃𝜓𝑛, 𝑃𝜑0⟩ = 0.
Taking a subsequence, again denoted by (𝜓𝑛)𝑛∈N which converges weakly in ¤𝐻1 and almost
everywhere to some 𝜓0 ∈ 𝐻1. By weak convergence, we have ⟨𝑃𝜓0, 𝑃𝜑0⟩ = 0.
Using (D.2.4), the same arguments as in the proof of Theorem D.1.2 can be used to show
that ∥𝑃𝜓0∥ = 1, ⟨𝜓0, 𝑉+𝜓0⟩ ≤ ⟨𝜓0, 𝑉−𝜓0⟩ − 1 < ∞, and ⟨𝜓0, 𝐻𝜓0⟩ = 𝑞𝐻 (𝜓0, 𝜓0) = 0, i.e.,
𝜓0 is also an energy minimizer on ¤𝐻1 ∩ ¤𝑄(𝑉+). In particular, (D.1.1) and (D.1.2) hold with
𝜑0 replaced by 𝜓0. Again, since 𝑉+ ∈ 𝐾𝑑,loc and 𝑉− ∈ 𝐾𝑑 , the results of [3] show that 𝜓0 is
continuous.
Since 𝜑0 is real–valued and 𝜓0 is orthogonal to 𝜑0 in ¤𝐻1, also the real and imaginary parts
of 𝜓0 are orthogonal to 𝜑0 in ¤𝐻1. Moreover, they are both minimizers of the energy (on
¤𝐻1 ∩ ¤𝑄(𝑉+)). Hence we can assume that both 𝜑0 and 𝜓0 are real–valued and continuous.

The space

𝐿 = span{𝜓0, 𝜑0} = {𝛼𝜓0 + 𝛽𝜑0 : 𝛼, 𝛽 ∈ R}



Appendix D. 195

is a two–dimensional subspace of ¤𝐻1 ∩ ¤𝑄(𝑉+)) and by bi–linearity and (D.1.1) we have for all
𝜓 = 𝛼𝜓0 + 𝛽𝜑0 ∈ 𝐿

⟨𝜓, 𝐻𝜓⟩ = ⟨𝛼𝜓0 + 𝛽𝜑0, 𝐻𝛼𝜓0 + 𝛽𝜑0⟩
= 𝛼2⟨𝜓0, 𝐻𝜓0⟩ + 𝛼𝛽⟨𝜓0, 𝐻𝜑0⟩ + 𝛼𝛽⟨𝜑0, 𝐻𝜓0⟩ + 𝛽2⟨𝜑0, 𝐻𝜑0⟩
= 𝛼2⟨𝜓0, 𝐻𝜓0⟩ + 𝛽2⟨𝜑0, 𝐻𝜑0⟩ = 0

where in the last step we also used (D.1.2). Note that 𝐿 is a real two dimensional subspace
of ¤𝐻1 with scalar product ⟨∇𝜑,∇𝜓⟩1 for 𝜑, 𝜓 ∈ 𝐿. Since 𝐿 is finite–dimensional, any other
scalar product on 𝐿 will will be equivalent to ⟨∇𝜑,∇𝜓⟩1. We choose

⟨𝜑, 𝜓⟩2 = ⟨𝜑, (1 + | · |)−2𝜓⟩ =
∫

𝜑(𝑥)𝜓(𝑥)
(1 + |𝑥 |2)2 𝑑𝑥 .

Recall that any 𝜓 ∈ 𝐿 is real–valued. Since 𝐿 is a two–dimensional real vector space, there
must exist a function 𝑓 ∈ 𝐿 which changes sign or is zero on a non–empty open subset of R𝑑 .
Otherwise, any function in 𝐿 is either non-negative or non-positive and zero only on a set of
Lebesgue measure zero, Hence ⟨𝜑, 𝜓⟩2 ≠ 0 for all 𝜑, 𝜓 ∈ 𝐿, which is not possible since the
dimension of 𝐿 is two.
Taking a real–valued continuous function 𝑓 ∈ 𝐿 which changes sign, consider its positive
and negative parts 𝑓+ and 𝑓−, which are elements of 𝐿 ⊂ ¤𝐻1 ∩ ¤𝑄(𝑉+) due to the well–known
inequality |∇| 𝑓 | | ≤ |∇ 𝑓 |. The sets { 𝑓+ > 0} and { 𝑓− > 0} are open and disjoint. Hence, since
𝐻 or, more precisely, its quadratic form 𝑞𝐻 , is local, we have

0 = ⟨ 𝑓 , 𝐻 𝑓 ⟩ = 𝑞𝐻 ( 𝑓 , 𝑓 ) = 𝑞𝐻 ( 𝑓+ − 𝑓−, 𝑓+ − 𝑓−)
= 𝑞𝐻 ( 𝑓+, 𝑓+) − 𝑞𝐻 ( 𝑓+, 𝑓−) − 𝑞𝐻 ( 𝑓−, 𝑓+) + 𝑞𝐻 ( 𝑓−, 𝑓−)
= 𝑞𝐻 ( 𝑓+, 𝑓+) + 𝑞𝐻 ( 𝑓−, 𝑓−)

and since 𝑞𝐻 ( 𝑓±, 𝑓±) ≥ 0, we get 𝑞𝐻 ( 𝑓±, 𝑓±) = 0. If both 𝑓+ and 𝑓− are non–trivial, then
𝑓+ and 𝑓− are both zero on non–empty open sets. Since 𝑉 ∈ 𝐿

𝑑/2
loc , the unique continuation

theorem from [62], see Theorem D.3.2, shows that both 𝑓+ and 𝑓− are identically zero, which
is a contradiction. Thus, either 𝑓+ or 𝑓− are identically zero. This contradicts the fact that 𝐿 is
two–dimensional. Thus, (D.2.1) holds for some 𝜇 > 0.
If the resonance solution 𝜑0 is not unique, there exists a nontrivial 𝜓0 ∉ span(𝜑0) with
𝑞𝐻 (𝜓0, 𝜓0) = 0. Write 𝜓0 = 𝑐𝜑0 + 𝑔 with a non–trivial 𝑔 ∈ ¤𝐻1 ∩ ¤𝑄(𝑉+) which is orthogonal
to 𝜑0 in ¤𝐻1. Then (D.1.1), (D.1.2), and (D.2.1) imply

⟨𝜓0, 𝐻𝜓0⟩ = 𝑞𝐻 (𝜓0, 𝜓0) = |𝑐 |2𝑞𝐻 (𝜑0, 𝜑0) + 2 Re(𝑐𝑞𝐻 (𝑔, 𝜑0)) + 𝑞𝐻 (𝑔, 𝑔)
= 𝑞𝐻 (𝑔, 𝑔) ≥ 𝛿∥𝑃𝑔∥2 > 0

which is a contradiction. So 𝜑0 is unique.
As before, the real part 𝜑𝑟 = Re(𝜑0) and imaginary part 𝜑𝑖 = Im(𝜑0) of 𝜑0 are also resonance
solutions. If both are nontrivial and linearly independent, then 𝜑𝑟 = 𝑐𝜑𝑖 + 𝑔 with 𝑔 non–trivial
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and orthogonal to 𝜑𝑟 in ¤𝐻1. As before, this leads to the contradiction

0 = ⟨𝜓𝑟 , 𝐻𝜓𝑟⟩ = 𝑞𝐻 (𝜓𝑟 , 𝜓𝑟) = |𝑐 |2𝑞𝐻 (𝜑𝑖, 𝜑𝑖) + 2 Re(𝑞𝐻 (𝑔, 𝑐𝜑𝑖)) + 𝑞𝐻 (𝑔, 𝑔)
= 𝑞𝐻 (𝑔, 𝑔) ≥ 𝛿∥𝑃𝑔∥2 > 0 .

So Re(𝜑0) and Im(𝜑0) are linearly dependent, hence 𝜑0 can be chosen to be real–valued and
continuous. If the positive and negative parts of 𝜑0 are non-trivial, then as before, we get a
contradiction using the unique continuation theorem. This proves that 𝜑0 can be chosen to be
strictly positive and finishes the proof of Theorem D.2.1.

D.3 Unique Continuation à la Jerison and Kenig
In this section, we give a proof of the following unique continuation type result. First, some
notation. Let Ω ⊂ R𝑑 be an open set. We say that a function 𝑓 ∈ 𝐿2

loc(Ω) vanishes to infinite
order at a point 𝑥0 ∈ Ω if for any 𝑛 ∈ N there exists positive constants 𝐶𝑛 and 𝑡𝑛 such that for
any 0 < 𝑡 ≤ 𝑡𝑛 ∫

|𝑥−𝑥0 |≤𝑡
| 𝑓 (𝑥) |2 𝑑𝑥 ≤ 𝐶𝑛𝑡𝑛 . (D.3.1)

Remark D.3.1. Note that if 𝑓 vanishes to infinite order at a point 𝑥0, then Hölder’s inequality
implies that for any 1 ≤ 𝑞 < 2 we have∫

|𝑥−𝑥0 |≤𝑡
| 𝑓 |𝑞 𝑑𝑥 ≤

(∫
|𝑥−𝑥0 |≤𝑡

1 𝑑𝑥
) (2−𝑞)/2 (∫

|𝑥−𝑥0 |≤𝑡
| 𝑓 |2 𝑑𝑥

)2/𝑞
≲ 𝑡 (2𝑑+(𝑛−𝑑)𝑞)/2

for all 𝑛 ∈ N, so 𝑓 vanishes to infinite order also with respect to any 𝐿𝑞-norm as long as
1 ≤ 𝑞 ≤ 2.

The main unique continuation result we need is

Theorem D.3.2 (= Theorem 6.3 in [62]). Let Ω ⊂ R𝑑 be open and connected and 𝑑 ≥ 3.
Assume that 𝑉 ∈ 𝐿𝑑/2

loc (Ω), 𝑓 ∈ 𝐻
1
loc(Ω) with distributional Lapalacian Δ 𝑓 ∈ 𝐿1

loc(Ω), and

|Δ 𝑓 | ≤ |𝑉 𝑓 | in Ω .

If 𝑓 vanished at a point 𝑥0 ∈ Ω to infinite order, then 𝑓 is identically zero on Ω.

Remark D.3.3. In their landmark paper, Jerison and Kenig proved this theorem under the
additional assumption that 𝑓 is in the second oder Sobolev space 𝑊2,𝑞

loc (Ω) with 𝑞 = 2𝑑
𝑑+2 and

𝑑 ≥ 3. Of course, in the application to solutions of the Schrödinger equation, we have 𝑓 ∈ 𝐻1
loc,

hence, by Sobolev’s embedding theorem, also 𝑓 ∈ 𝐿2𝑑/(𝑑−2)
loc . The inequality |Δ 𝑓 | ≤ |𝑉 𝑓 |, with

𝑉 ∈ 𝐿𝑑/2
loc (Ω) and 𝑓 ∈ 𝐻1

loc(Ω), together with Hölder’s inequality then implies

Δ 𝑓 ∈ 𝐿2𝑑/(𝑑+2)
loc (Ω) .
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Calderón–Zygmund theory, see [80], shows that all mixed weak second order derivatives of 𝑓
are in 𝐿2𝑑/(𝑑+2)

loc (Ω). Indeed, it is shown in Exercise 7.4 in [80] that for all 𝑗 , 𝑘 = 1, . . . , 𝑑 the
operators 𝑅 𝑗 ,𝑘 = 𝜕𝑗𝜕𝑘Δ

−1 are operators given by singular integrals. By Calderón–Zygmund
theory they are bounded from 𝐿𝑝 to 𝐿𝑝 as long as 1 < 𝑝 < ∞. So, see for example Corollary
7.7 in [80], one has

sup
𝑗 ,𝑘=1,...,𝑑



𝜕𝑗𝜕𝑘𝑢

𝐿𝑝 ≤ 𝐶𝑝,𝑑 ∥Δ𝑢∥𝐿𝑝 .

Using cut–off functions and bounding the commutators, shows that 𝜕𝑗𝜕𝑘 𝑓 ∈ 𝐿
𝑝

loc(Ω) for all
𝑗 , 𝑘 = 1 . . . , 𝑑 as soon as Δ 𝑓 ∈ 𝐿𝑝loc(Ω).
Together with the fact that 𝐿2

loc(Ω) ⊂ 𝐿
2𝑑/(𝑑+2)
loc (Ω), this shows that any function 𝑓 satisfying

the assumptions of Theorem D.3.2 is indeed in𝑊2,𝑞
loc (Ω) with 𝑞 = 2𝑑

𝑑+2 , as assumed in [62].

D.4 Uniformly Integrable Potentials and the Kato–class
Recall that 𝐿𝑃loc,unif (R

𝑑), the space of uniformly locally p-times integrable functions is given
by all (Borel measurable) functions 𝑓 such that

∥ 𝑓 ∥𝐿𝑝

loc,unif
:= sup

𝑥∈R𝑑

(∫
|𝑥−𝑦 |≤1

| 𝑓 (𝑦) |𝑝 𝑑𝑦
)1/𝑝

< ∞ . (D.4.1)

It is easy to see that for all 𝑟 > 0 the norms

∥ 𝑓 ∥𝐿𝑝

loc,unif ,𝑟
:= sup

𝑥∈R𝑑

(∫
|𝑥−𝑦 |≤𝑟

| 𝑓 (𝑦) |𝑝 𝑑𝑦
)1/𝑝

(D.4.2)

are equivalent to (D.4.1). Recall also that for 𝑑 ≥ 2 the Kato–class 𝐾𝑑 defined in Definition
1.2.8, is given by all potentials 𝑉 such that with

𝑔𝑑 (𝑥) =
{
| ln( |𝑥 |) | 𝑑 = 2
|𝑥 − 𝑦 |2−𝑑 𝑑 ≥ 2

, (D.4.3)

one has
lim
𝛿→0

sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |≤𝛿

𝑔𝑑 (𝑥 − 𝑦) |𝑉 (𝑦) | 𝑑𝑦 = 0 .

Also, 𝐾1 := 𝐿1
loc,unif (R), but we will not use this. Furthermore, for 𝑑 ≥ 2 we define 𝐾𝑑,1 as the

set of all potentials 𝑉 such that

lim
𝛿→0

sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |≤𝛿

|𝑥 − 𝑦 |1−𝑑 |𝑉 (𝑦) | 𝑑𝑦 = 0 .
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Since 𝑔𝑑 (𝑥) ≥ 1 for |𝑥 | ≤ 1 and 𝑑 ≥ 3, respectively 𝑔2(𝑥) ≥ ln(2) for |𝑥 | ≤ 1/2, one
easily sees from (D.4.1), respectively (D.4.2), that 𝐾𝑑 ⊂ 𝐿1

loc,unif (R
𝑑). Similarly, 𝐾𝑑,1 ⊂

𝐿1
loc,unif (R

𝑑). Furthermore, Hölder’s inequality shows that 𝐿𝑝loc,unif (R
𝑑) ⊂ 𝐾𝑑 for all 𝑝 > 𝑑/2

and 𝐿𝑝loc,unif (R
𝑑) ⊂ 𝐾𝑑,1 for all 𝑝 > 𝑑.

The following Lemma is a key observation for our proof of the precise asymptotics of virtual
levels.

Lemma D.4.1. a) For all𝑊 ∈ 𝐿1
loc,unif (R

𝑑) and all 𝐿 ≥ 0

sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |≤𝐿

|𝑊 (𝑦) | 𝑑𝑦 ≤ ∥𝑊 ∥𝐿1
loc,unif

(1 + 𝐿)𝑑 . (D.4.4)

Moreover, for any 𝜃 > 0 we have

sup
𝑥∈R𝑑

∫
(1 + |𝑥 − 𝑦 |)−𝑑−𝜃 |𝑊 (𝑦) | 𝑑𝑦 < ∞ . (D.4.5)

b) Assume that 𝑑 ≥ 2 and for some 𝜃 > 0 the potential 𝑉 is given by

𝑉 (𝑦) = (1 + |𝑦 |)−2−𝜃𝑊 (𝑦) for a.e. 𝑦 ∈ R𝑑

where𝑊 ∈ 𝐾𝑑 . Then

sup
𝑥∈R𝑑

∫
𝑔𝑑 (𝑥 − 𝑦) |𝑉 (𝑦) | 𝑑𝑦 < ∞ . (D.4.6)

Proof. Clearly, with |𝐵𝑑1 | the volume of a ball of radius one in R𝑑 we have∫
1{|𝑦−𝑧 |≤1} 𝑑𝑧 = |𝐵𝑑1 | for all 𝑦 ∈ R𝑑 .

Thus ∫
|𝑥−𝑦 |≤𝐿

|𝑊 (𝑦) | 𝑑𝑦 = 1
|𝐵𝑑1 |

∬
1{|𝑥−𝑦 |≤𝐿}1{|𝑦−𝑧 |≤1} |𝑊 (𝑦) | 𝑑𝑦𝑑𝑧

and since |𝑥 − 𝑧 | ≤ |𝑥 − 𝑦 | + |𝑦 − 𝑧 | ≤ 𝐿 + 1, we see that∫
|𝑥−𝑦 |≤𝐿

|𝑊 (𝑦) | 𝑑𝑦 ≤ 1
|𝐵𝑑1 |

∫
|𝑥−𝑧 |≤1+𝐿

∫
|𝑦−𝑧 |≤1

|𝑊 (𝑦) | 𝑑𝑦 𝑑𝑧

≤ 1
|𝐵𝑑1 |

∥𝑊 ∥𝐿1
loc,unif

∫
|𝑥−𝑧 |≤1+𝐿

𝑑𝑧 = ∥𝑊 ∥𝐿1
loc,unif

(1 + 𝐿)𝑑

for all 𝑥 ∈ R𝑑 . This proves (D.4.4).
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Using the identity

(1 + |𝑧 |)−𝛼 = 𝛼

∫ ∞

0
(1 + 𝑟)−(𝛼+1)1{𝑟≥|𝑧 |}𝑑𝑟, ∀𝑧 ∈ R𝑑 and 𝛼 > 0,

together with (D.4.4) we have∫
R𝑑

(1 + |𝑥 − 𝑦 |)−𝑑−𝜃 |𝑊 (𝑦) |𝑑𝑦 = (𝑑 + 𝜃)
∫ ∞

0
(1 + 𝑟)−(𝑑+𝜃+1)

∫
|𝑥−𝑦 |<𝑟

|𝑊 (𝑦) |𝑑𝑦𝑑𝑟

≤ 𝐶 (𝑑 + 𝜃)
∫ ∞

0
(1 + 𝑟)−(𝜃+1)𝑑𝑟 < ∞ ,

which proves (D.4.5).
We only give the proof of (D.4.6) for 𝑑 ≥ 3. The proof for 𝑑 = 2 is similar. By the definition
of the Kato–class we have

sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |≤𝛿0

|𝑥 − 𝑦 |2−𝑑 |𝑉 (𝑦) | 𝑑𝑦 < ∞

for some 𝛿0 > 0. Thus it remains to check that

sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |>𝛿0

|𝑥 − 𝑦 |2−𝑑 |𝑉 (𝑦) | 𝑑𝑦 < ∞ . (D.4.7)

For |𝑥 − 𝑦 | ≥ 𝛿0 we have |𝑥 − 𝑦 |2−𝑑 ≲ (1 + |𝑥 − 𝑦 |)2−𝑑 , so∫
|𝑥−𝑦 |>𝛿0

|𝑥 − 𝑦 |2−𝑑 |𝑉 (𝑦) | 𝑑𝑦 ≲
∫

(1 + |𝑥 − 𝑦 |)2−𝑑 (1 + |𝑦 |)−2−𝜃 |𝑊 (𝑦) | 𝑑𝑦 .

Since𝑊 ∈ 𝐾𝑑 ⊂ 𝐿1
loc,unif (R

𝑑) the claim (D.4.7) follows from Lemma D.6.1.

D.5 Integral Representation of Zero–Energy Solutions
To prove Theorem 3.2.5, we need the following result on solutions of Poisson’s equation

Theorem D.5.1 (= Theorem 6.21 in [74]). Let 𝑓 ∈ 𝐿1
loc(R

𝑑), 𝑑 ≥ 1. Assume that for almost
every 𝑥 ∈ R𝑑 the function

𝑦 ↦→ 𝐺 (𝑥 − 𝑦) 𝑓 (𝑦) ∈ 𝐿1(R𝑑)
where

𝐺 (𝑥 − 𝑦) =
{
𝑐𝑑 ln( |𝑥 − 𝑦 |) 𝑑 = 2
𝑐𝑑 |𝑥 − 𝑦 |2−𝑑 𝑑 ≠ 2

,
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with 𝑐𝑑 = (𝑑 − 2)−1
��S𝑑−1

��−1 for 𝑑 ≥ 3 and 𝑐2 = −
��S1

��−1. Define the function 𝑢 : R𝑑 → C by

𝑢(𝑥) =
∫
R𝑑

𝐺 (𝑥 − 𝑦) 𝑓 (𝑦) 𝑑𝑦.

Then 𝑢 ∈ 𝐿1
loc(R

𝑑) and −Δ𝑢 = 𝑓 in the sense of distributions. Moreover, the function 𝑢 has a
distributional derivative that is a function; it is given, for almost every 𝑥 ∈ R𝑑 , by

∇𝑢(𝑥) =
∫
R𝑑

∇𝐺 (𝑥 − 𝑦) 𝑓 (𝑦) 𝑑𝑦. (D.5.1)

We prove the following, which is in large parts an application of Theorem D.5.1.

Theorem D.5.2. Let 𝑑 ≥ 3 and 𝑉 : R𝑑 → R such that there exists 𝑊 ∈ 𝐾𝑑 and 𝜃 > 0 such
that

𝑉 (𝑥) = 𝑊 (𝑥) (1 + |𝑥 |)−2−𝜃 ∀𝑥 ∈ R𝑑 . (D.5.2)

Assume that 𝐻 = 1
2𝑃

2 + 𝑉 has a virtual level and 𝜑0 is the corresponding weak local zero
energy eigenfunction with finite kinetic energy (i.e., 𝜑0 ∈ ¤𝐻1). Then 𝜑0 has a continuous
version, it is bounded with 𝑉𝜑 ∈ 𝐿1(R𝑑), and satisfies the integral equation

𝜑0(𝑥) = −2𝑐𝑑
∫
R𝑑

|𝑥 − 𝑦 |−(𝑑−2)𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦, ∀𝑥 ∈ R𝑑 , (D.5.3)

with 𝑐𝑑 = (𝑑 − 2)−1
��S𝑑−1

��−1, where
��S𝑑−1

�� = 𝑑��𝐵𝑑1 �� is the surface area of the unit sphere in R𝑑

and
��𝐵𝑑1 �� the volume of the unit ball in R𝑑 . If additionally𝑊 ∈ 𝐾𝑑,1 then ∇𝜑0 has a continuous

version and satisfies the integral equation

∇𝜑0(𝑥) = 2(𝑑 − 2)𝑐𝑑
∫
R𝑑

𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦, ∀𝑥 ∈ R𝑑 . (D.5.4)

Remark D.5.3. Equation (D.5.1) shows that for almost every 𝑥 ∈ R𝑑 the integral equation
(D.5.4) holds. If𝑊 ∈ 𝐾𝑑,1, the the right hand side of (D.5.1) is continuous in 𝑥 and yields the
continuous version of ∇𝜑0.

Proof of Theorem D.5.2. The proof proceeds in two steps. In the first step we assume that
the zero-energy solution 𝜑0 is bounded and use this, together with a–priori bound from
Proposition 3.2.7, to see that Theorem D.5.1 applies. Thus the integral representations in
(D.5.3) and (D.5.4) are valid for almost every 𝑥 ∈ R𝑑 . Then we use this to show that 𝜑0 is
continuous, more precisely, has a continuous version when𝑊 ∈ 𝐾𝑑 and that ∇𝜑0 is continuous
when𝑊 ∈ 𝐾𝑑,1. In the second step, we show that 𝜑0 is indeed bounded.
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Step 1:

Assume that 𝜑0 is bounded then∫
R𝑑

|𝐺 (𝑥 − 𝑦)𝑉 (𝑦)𝜑0(𝑦) |𝑑𝑦 ≲
∫
R𝑑

|𝑥 − 𝑦 |−(𝑑−2) (1 + |𝑦 |)−2−𝜃 |𝑊 (𝑦) |𝑑𝑦 (D.5.5)

where ≲ means that the inequality holds up to a positive constant. Thanks to (D.4.6), we have
that for every 𝑥 ∈ R𝑑 the map 𝑦 ↦→ 𝐺 (𝑥 − 𝑦)𝑉 (𝑦) is integrable. Therefore we may apply
Theorem D.5.1 to conclude that

𝑢(𝑥) = 2𝑐𝑑
∫
R𝑑

𝐺 (𝑥 − 𝑦)𝑉 (𝑦)𝜑0(𝑦) ∈ 𝐿1
loc(R

𝑑) .

for almost every 𝑥 ∈ R𝑑 . Note that the right–hand side of the above equation is finite uniformly
in 𝑥 ∈ R𝑑 .
Next we show that 𝑢 has a continuous version by showing that the right–hand–side of the above
equation is continuous in 𝑥. Let 𝜒 ∈ C∞

0 (R𝑑) 𝛿 > 0 with 0 ≤ 𝜒 ≤ 1, 𝜒(𝑥) = 1 for |𝑥 | ≤ 1 and
𝜒(𝑥) = 0 for |𝑥 | ≥ 2. For 𝛿 > 0 define 𝜒𝛿 (𝑥) = 𝜒(𝑥/𝛿) and

𝑢𝛿 (𝑥) = 2𝑐𝑑
∫

(1 − 𝜒𝛿 (𝑥 − 𝑦))𝐺 (𝑥 − 𝑦)𝑉 (𝑦)𝜑0(𝑦)𝑑𝑦 .

Since 𝜒𝛿 (𝑥−𝑦) = 1 for |𝑥−𝑦 | ≤ 𝛿 the map 𝑥 ↦→ (1−𝜒𝛿 (𝑥−𝑦))𝐺 (𝑥−𝑦)𝑉 (𝑦)𝜑0(𝑦) is continuous
for for fixed 𝑦 ∈ R𝑑 . Because of (D.4.6), we can use Lebesgue’s dominated convergence
theorem to see that lim𝑛→∞ 𝑢𝛿 (𝑥𝑛) = 𝑢𝛿 (𝑥) for any sequence (𝑥𝑛)𝑛 which converges to 𝑥.
Thus, 𝑢𝛿 is continuous. Since 𝑉 (𝑦) = (1 + |𝑦 |)−(2+𝜃)𝑊 (𝑦) with 𝑊 in the Kato–class 𝐾𝑑 , we
have

sup
𝑥∈R𝑑

|𝑢(𝑥) − 𝑢𝛿 (𝑥) | ≲ sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |≤2𝛿

|𝑥 − 𝑦 |2−𝑑 |𝑊 (𝑦) | 𝑑𝑦 → 0 for 𝛿 → 0

and consequently, 𝑢 is the uniform limit of continuous functions, hence continuous. This
shows that the zero–energy solution 𝜑0 indeed has a continuous version. If, in addition, the
function𝑊 ∈ 𝐾𝑑,1, this also implies that ∇𝜑0 can be chosen to be continuous. Define

𝑓𝛿 (𝑥) = 2(𝑑 − 2)𝑐𝑑
∫
|𝑥−𝑦 |>𝛿

(1 − 𝜒𝛿 (𝑥 − 𝑦))
𝑥 − 𝑦
|𝑥 − 𝑦 |𝑑

𝑉 (𝑦)𝜓(𝑦) 𝑑𝑦

which is again continuous, and 𝑓 (𝑥) by the right hand side of (D.5.1) and note that

sup
𝑥∈R𝑑

| 𝑓 (𝑥) − 𝑓𝛿 (𝑥) | ≲ sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |≤𝛿

|𝑥 − 𝑦 |1−𝑑 |𝑊 (𝑦) | 𝑑𝑦 → 0 as 𝛿 → 0 .

So ∇𝜑0 has a continuous version if𝑊 ∈ 𝐾𝑑,1.
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Step 2:

We show that 𝜑0 is indeed bounded. Following [3, Lemma Theorem 6.1], for any 𝛿 > 0 small
enough there exists 𝐶𝛿 > 0 with

|𝜑0(𝑥) | ≤ 𝐶𝛿
∫
|𝑥−𝑦 |≤𝛿

|𝜑0(𝑦) |𝑑𝑦 .

The constant 𝐶𝛿 depends on local norms Kato–norms of 𝑉− and can be chosen independently
of 𝑥. However, 𝐶𝛿 will blow up as 𝛿 → 0. Using Cauchy–Schwarz, we get

|𝜑0(𝑥) | ≤ 𝐶𝛿 |𝐵𝑑𝛿 |
1/2∥𝜑0∥𝐿2 (𝐵𝑑

𝛿
(𝑥))

and

∥𝜑0∥2
𝐿1 (𝐵𝑑

𝛿
) ≤ |𝐵𝛿 |

∫
|𝑥−𝑦 |<𝛿

𝛿2 |𝜑0(𝑦) |2

|𝑥 − 𝑦 |2
𝑑𝑦 ≤

��𝐵𝑑𝛿 ��𝛿2
∫

|𝑥−𝑦 |<𝛿

|𝜑0(𝑦) |2

|𝑥 − 𝑦 |2
𝑑𝑦 . (D.5.6)

Since 𝜑0 ∈ ¤𝐻1, we can use translation invariance and Hardy’s inequality to see that

sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |<𝛿

|𝜑0(𝑦) |2

|𝑥 − 𝑦 |2
𝑑𝑦 ≲ ∥∇𝜑0∥2 < ∞ .

This proves that sup𝑥∈R𝑑 |𝜑0(𝑥) | ≲ ∥∇𝜑0∥ < ∞, i.e., 𝜑0 is bounded.

D.6 Useful Integral Estimates
Lemma D.6.1. Let 0 ≤ 𝑈 ∈ 𝐿1

loc,unif (R
𝑑). Given parameters 𝛼, 𝛽 > 0 with 𝛼 + 𝛽 > 𝑑 define

for any 𝑥 ∈ R𝑑

ℎ𝛼,𝛽 (𝑥) :=
∫
R𝑑

(1 + |𝑥 − 𝑦 |)−𝛽 (1 + |𝑦 |)−𝛼𝑈 (𝑦)𝑑𝑦. (D.6.1)

Then there exists a constant 𝑐 > 0 depending on 𝛼, 𝛽 > 0 such that

��ℎ𝛼,𝛽 (𝑥)�� ≤


𝑐(1 + |𝑥 |)𝑑−(𝛼+𝛽) if 𝛼, 𝛽 < 𝑑 and 𝑑 < 𝛼 + 𝛽
𝑐(1 + |𝑥 |)−𝛼 ln(2 + |𝑥 |) if 𝛽 = 𝑑, and 𝛼 < 𝑑
𝑐(1 + |𝑥 |)−𝛽 ln(2 + |𝑥 |) if 𝛼 = 𝑑 and 𝛽 < 𝑑
𝑐(1 + |𝑥 |)−𝛽 if 𝛽 < 𝑑 < 𝛼
𝑐(1 + |𝑥 |)−𝛼 if 𝛼 < 𝑑 < 𝛽

(D.6.2)

for all 𝑥 ∈ R𝑑 .

Remark D.6.2. The estimate (D.6.2) is symmetric under the exchange of 𝛼 and 𝛽, even though
the expression ℎ𝛼,𝛽 itself is not symmetric under this exchange. Substituting 𝑥−𝑦 = 𝑧 in (D.6.1)
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and noting that for any 𝑧 ∈ R𝑑 the potential 𝑈 (· − 𝑧) ∈ 𝐿1
loc,unif uniformly in 𝑧 if 𝑈 ∈ 𝐿1

loc,unif
helps clarify this behavior.

Proof. Inserting the identity

(1 + |𝑧 |)−𝛼 = 𝛼

∫ ∞

0
(1 + 𝑟)−(𝛼+1)1{𝑟≥|𝑧 |}𝑑𝑟, ∀𝑧 ∈ R𝑑

into the right–hand side of (D.6.1) we arrive at

ℎ𝛼,𝛽 (𝑥) = 𝛼𝛽
∫ ∞

0

∫ ∞

0
(1 + 𝑠)−(𝛽+1) (1 + 𝑡)−(𝛼+1)

∫
R𝑑

1{𝑠≥|𝑥−𝑦 |}1{𝑡≥|𝑦 |}𝑈 (𝑦)𝑑𝑦𝑑𝑠𝑑𝑡 . (D.6.3)

Applying Lemma D.4.1 we have with 𝐶 = ∥𝑈∥𝐿1
loc,unif

and all 𝑠, 𝑡 > 0 and 𝑥 ∈ R𝑑∫
R𝑑

1{𝑠≥|𝑥−𝑦 |}1{𝑡≥|𝑦 |}𝑈 (𝑦)𝑑𝑦 ≤
∫
𝑠≥|𝑥−𝑦 |

|𝑈 (𝑦) |𝑑𝑦 ≤ 𝐶 (1 + 𝑠)𝑑 , (D.6.4)

and similar ∫
R𝑑

1{𝑠≥|𝑥−𝑦 |}1{𝑡≥|𝑦 |}𝑈 (𝑦)𝑑𝑦 ≤ 𝐶 (1 + 𝑡)𝑑 . (D.6.5)

So ∫
R𝑑

1{𝑠≥|𝑥−𝑦 |}1{𝑡≥|𝑦 |}𝑈 (𝑦)𝑑𝑦 ≤ 𝐶min((1 + 𝑠)𝑑 , (1 + 𝑡)𝑑), (D.6.6)

Furthermore, for |𝑥 − 𝑦 | ≤ 𝑠 and |𝑦 | ≤ 𝑡 also have |𝑥 | ≤ |𝑥 − 𝑦 | + |𝑦 | ≤ 𝑠 + 𝑡. Thus, using
(D.6.6) in (D.6.3) we find��ℎ𝛼,𝛽 (𝑥)�� ≤ 𝐶𝛼𝛽 ∬

𝑠,𝑡≥0,|𝑥 |≤𝑠+𝑡

(1 + 𝑠)−(𝛽+1) (1 + 𝑡)−(𝛼+1) min{(1 + 𝑡)𝑑 , (1 + 𝑠)𝑑}𝑑𝑠𝑑𝑡 .

We split the integral in the regions where 𝑠 < 𝑡 and 𝑡 < 𝑠 to find��ℎ𝛼,𝛽 (𝑥)�� ≤𝐶𝛼𝛽 ∬
0≤𝑠<𝑡,|𝑥 |≤2𝑡

(1 + 𝑠)𝑑−(𝛽+1) (1 + 𝑡)−(𝛼+1)𝑑𝑠𝑑𝑡

+𝐶𝛼𝛽
∬

0≤𝑡<𝑠,|𝑥 |≤2𝑠

(1 + 𝑠)−(𝛽+1) (1 + 𝑡)𝑑−(𝛼+1)𝑑𝑠𝑑𝑡 .

We define

𝐼1 :=
∬

0≤𝑠<𝑡,|𝑥 |≤2𝑡

(1 + 𝑠)𝑑−(𝛽+1) (1 + 𝑡)−(𝛼+1)𝑑𝑠𝑑𝑡,

𝐼2 :=
∬

0≤𝑡<𝑠,|𝑥 |≤2𝑠

(1 + 𝑠)−(𝛽+1) (1 + 𝑡)𝑑−(𝛼+1)𝑑𝑠𝑑𝑡 .
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It suffices to estimate 𝐼1 since both integrals are the same after renaming 𝑠 > 0 and 𝑡 > 0.
Note that

𝐼1 =

∫ ∞

|𝑥 |/2

∫ 𝑡

0
(1 + 𝑠)𝑑−(𝛽+1)𝑑𝑠(1 + 𝑡)−(𝛼+1)𝑑𝑡

and by direct calculations∫ 𝑡

0
(1 + 𝑠)𝑑−(𝛽+1)𝑑𝑠 ≤

{
(𝑑 − 𝛽)−1(1 + 𝑡)𝑑−𝛽, 𝛽 ≠ 𝑑

ln(1 + 𝑡), 𝛽 = 𝑑

In the case 𝛽 = 𝑑, 𝛼 > 0 after substitution and partial integration

𝐼1 ≤
∫ ∞

|𝑥 |/2
ln(1 + 𝑡) (1 + 𝑡)−(𝛼+1)𝑑𝑡 = 𝛼−1(1 + |𝑥 |/2)−𝛼

(
ln(1 + |𝑥 |/2) + 𝛼−1

)
and consequently for 𝛽 = 𝑑 there exists some 𝑐1 > 0 depending on 𝛼 > 0 such that

𝐼1 ≤ 𝑐1(1 + |𝑥 |)−𝛼 ln(2 + |𝑥 |) ∀𝑥 ∈ R𝑑 .

In the case 𝛽 ≠ 𝑑 and using 𝛼 + 𝛽 > 𝑑 we have

𝐼1 ≤ (𝑑 − 𝛽)−1
∫ ∞

|𝑥 |/2
(1 + 𝑡)𝑑−(𝛽+𝛼)−1𝑑𝑡 = (𝑑 − 𝛽)−1(𝛼 + 𝛽 − 𝑑)−1(1 + |𝑥 |/2)𝑑−(𝛼+𝛽) .

Hence for some 𝑐2 > 0 depending on 𝛼, 𝛽 > 0 it follows

|𝐼1 | ≤ 𝑐2(1 + |𝑥 |)𝑑−(𝛼+𝛽)

Choosing 𝑐 = max{𝑐1, 𝑐2} proves the assertion of Lemma D.6.1.

Lemma D.6.3. Let 𝑑 ≥ 3, 𝜃 > 0 and 𝑊 ∈ 𝐾𝑑 . For any 𝑥 ∈ R𝑑 let 𝐿 (𝑥) > 0 such that
𝐿 (𝑥) < |𝑥 |/2 for |𝑥 | > 1 large enough. For 𝑝 < 𝑑 we define

𝜎1(𝑥) :=
∫
|𝑦 |>𝐿 (𝑥)

(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦,

𝜎2,𝑝 (𝑥) :=
∫
|𝑦 |<𝐿 (𝑥)

(
|𝑥 − 𝑦 |−(𝑑−𝑝) − |𝑥 |−(𝑑−𝑝)

)
(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦,

𝜎3,𝑝 (𝑥) :=
∫
|𝑦 |>𝐿 (𝑥)

|𝑥 − 𝑦 |−(𝑑−𝑝) (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |)𝑑𝑦

𝜎4(𝑥) :=
∫
|𝑦 |<𝐿 (𝑥)

���� 𝑥 − 𝑦|𝑥 − 𝑦 |𝑑
− 𝑥

|𝑥 |𝑑

����(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦 .
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Then for |𝑥 | > 1 large enough

|𝜎1(𝑥) | ≲ (1 + 𝐿 (𝑥))−𝜃 ,��𝜎2,𝑝 (𝑥)
�� ≲ (1 + 𝐿 (𝑥))−𝜃 ( |𝑥 | − 𝐿 (𝑥))𝑝−𝑑−1 ,

|𝜎4(𝑥) | ≲ (1 + 𝐿 (𝑥))−𝜃 |𝑥 | ( |𝑥 | − 𝐿 (𝑥))−𝑑−1 ,

and if 𝑝 = 1 and𝑊 ∈ 𝐾𝑑 , or 𝑝 = 2 and𝑊 ∈ 𝐾𝑑,1, then for |𝑥 | > 1 large enough��𝜎3,𝑝 (𝑥)
�� ≲ (1 + 𝐿 (𝑥))−𝜃 (1 + |𝑥 |)𝑝−𝑑 .

Proof. We begin with the estimate for 𝜎1. The estimate follows similar to the proof of Lemma
D.4.1. Using the identity

(1 + |𝑦 |)−𝛾 = 𝛾
∫ ∞

0
(1 + 𝑟)−(𝛾+1)1{𝑟≥|𝑦 |}𝑑𝑟, ∀𝑦 ∈ R𝑑 , 𝛾 > 0 (D.6.7)

one finds for 𝛾 = 𝑑 + 𝜃 by application of Lemma D.4.1

𝜎1(𝑥) = (𝑑 + 𝜃)
∫ ∞

𝐿 (𝑥)
(1 + 𝑟)−(𝑑+𝜃+1)

∫
R𝑑

1{𝑟≥|𝑦 |≥𝐿 (𝑥)} |𝑊 (𝑦) |𝑑𝑦𝑑𝑟

≤ (𝑑 + 𝜃)
∫ ∞

𝐿 (𝑥)
(1 + 𝑟)−(𝑑+𝜃+1)

∫
|𝑦 |≤𝑟

|𝑊 (𝑦) |𝑑𝑦𝑑𝑟

≲
∫ ∞

𝐿 (𝑥)
(1 + 𝑟)−(𝜃+1)𝑑𝑟 ≲ (1 + 𝐿 (𝑥))−𝜃 .

We continue by estimating 𝜎3,𝑝. We split the domain of integration into the sets where
|𝑥 − 𝑦 | < 1 and |𝑥 − 𝑦 | > 1 to find

𝜎3,𝑝 (𝑥) = 𝐼1(𝑥) + 𝐼2(𝑥),

where

𝐼1(𝑥) :=
∫
|𝑥−𝑦 |≤1
|𝑦 |≥𝐿 (𝑥)

|𝑥 − 𝑦 |−(𝑑−𝑝) (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦,

𝐼2(𝑥) :=
∫
|𝑥−𝑦 |≥1
|𝑦 |≥𝐿 (𝑥)

|𝑥 − 𝑦 |−(𝑑−𝑝) (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦 .

For the integral 𝐼1 we have by using Lemma D.4.1 for the cases 𝑝 = 1 and 𝑝 = 2

𝐼1(𝑥) ≲ (1 + |𝑥 |)−(𝑑+𝜃) sup
𝑥∈R𝑑

∫
|𝑥−𝑦 |≤1

|𝑥 − 𝑦 |−(𝑑−𝑝) |𝑊 (𝑦) |𝑑𝑦 ≲ (1 + |𝑥 |)−(𝑑+𝜃) . (D.6.8)
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To estimate 𝐼2 note that

𝐼2(𝑥) ≲
∫
|𝑦 |≥𝐿 (𝑥)

(1 + |𝑥 − 𝑦 |)−(𝑑−𝑝) (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦 . (D.6.9)

Inserting the identity (D.6.7) for 𝛾 = 𝑝 − 𝑑 and 𝛾 = 𝑑 + 𝜃 we arrive at

𝐼2(𝑥)

≲
∬

𝑠,𝑡≥0
(1 + 𝑠)−(𝑑−𝑝+1) (1 + 𝑡)−(𝑑+𝜃+1)

∫
|𝑦 |≥𝐿 (𝑥)

1{𝑠≥|𝑥−𝑦 |}1{𝑡≥|𝑦 |} |𝑊 (𝑦) |𝑑𝑦𝑑𝑠𝑑𝑡 . (D.6.10)

Not that on that the constraints 𝑠 ≥ |𝑥 − 𝑦 | and 𝑡 ≥ |𝑦 | ≥ 𝐿 (𝑥) directly imply

|𝑥 | ≤ |𝑥 − 𝑦 | + |𝑦 | ≤ 𝑠 + 𝑡

and 𝑡 ≥ 𝐿 (𝑥). Applying Lemma D.4.1 we find∫
|𝑦 |≥𝐿 (𝑥)

1{𝑠≥|𝑥−𝑦 |}1{𝑡≥|𝑦 |} |𝑊 (𝑦) |𝑑𝑦 ≲ min{(1 + 𝑠)𝑑 , (1 + 𝑡)𝑑}1{𝑡≥𝐿 (𝑥)}1{𝑠+𝑡≥|𝑥 |} . (D.6.11)

Inserting (D.6.11) into (D.6.10) and splitting the domain of integration into the sets for which
𝑠 > 𝑡 and 𝑡 < 𝑠 we arrive at

𝐼2(𝑥)

≲
∬

𝑠,𝑡≥0
𝑠+𝑡≥|𝑥 |

(1 + 𝑠)−(𝑑−𝑝+1) (1 + 𝑡)−(𝑑+𝜃+1) min{(1 + 𝑠)𝑑 , (1 + 𝑡)𝑑}1{𝑡≥𝐿 (𝑥)}𝑑𝑠𝑑𝑡

≲
∬

0≤𝑠≤𝑡
|𝑥 |≤2𝑡

(1 + 𝑠)𝑑−(𝑑−𝑝+1) (1 + 𝑡)−(𝑑+𝜃+1)1{𝑡≥𝐿 (𝑥)}𝑑𝑠𝑑𝑡

+
∬

0≤𝑡≤𝑠
|𝑥 |≤2𝑠

(1 + 𝑠)−(𝑑−𝑝+1) (1 + 𝑡)𝑑−(𝑑+𝜃+1)1{𝑡≥𝐿 (𝑥)}𝑑𝑠𝑑𝑡 .

(D.6.12)

We estimate the remaining two integrals independently. We begin with the integral in the
second line of (D.6.12) and find∬

0≤𝑠≤𝑡
|𝑥 |≤2𝑡

(1 + 𝑠)𝑑−(𝑑−𝑝+1) (1 + 𝑡)−(𝑑+𝜃+1)1{𝑡≥𝐿 (𝑥)}𝑑𝑠𝑑𝑡

≲

∞∫
max

{
𝐿 (𝑥), |𝑥 |2

} (1 + 𝑡)𝑝−𝑑−𝜃−1𝑑𝑡 ≲
(
1 + max

{
𝐿 (𝑥), |𝑥 |

2

}) 𝑝−𝑑−𝜃
.

(D.6.13)
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For the integral in the third line of (D.6.12) we have∬
0≤𝑡≤𝑠
|𝑥 |≤2𝑠

(1 + 𝑠)−(𝑑−𝑝+1) (1 + 𝑡)𝑑−(𝑑+𝜃+1)1{𝑡≥𝐿 (𝑥)}

≲
∫ ∞

|𝑥 |/2
(1 + 𝑠)−(𝑑−𝑝+1)𝑑𝑠

∫
𝐿 (𝑥)

(1 + 𝑡)−(𝜃+1)𝑑𝑡

≲ (1 + |𝑥 |)−(𝑑−𝑝) (1 + 𝐿 (𝑥))−𝜃 .

(D.6.14)

For |𝑥 | > 1 large enough 𝐿 (𝑥) < |𝑥 |/2 by assumption. Comparing the estimates in (D.6.8),
(D.6.13) and (D.6.14) proves

𝜎3,𝑝 (𝑥) ≲ (1 + |𝑥 |)−(𝑑−𝑝) (1 + 𝐿 (𝑥))−𝜃

for |𝑥 | > 1 large enough.
We continue by estimating 𝜎2,𝑝. Note that for |𝑦 | < |𝑥 | we have |𝑥 − 𝑦 | ≥ |𝑥 | − |𝑦 | > 0 and
consequently��|𝑥 − 𝑦 |𝑝−𝑑 − |𝑥 |𝑝−𝑑

�� ≤ (|𝑥 | − |𝑦 |)𝑝−𝑑 − |𝑥 |𝑝−𝑑 = (𝑑 + 1 − 𝑝)
∫ |𝑦 |

0
( |𝑥 | − 𝑠)𝑝−𝑑−1 𝑑𝑠

≤ (𝑑 + 1 − 𝑝) |𝑦 | ( |𝑥 | − |𝑦 |)𝑝−𝑑−1 .

By assumption 𝐿 (𝑥) < |𝑥 |/2 for |𝑥 | > 1 large enough and therefore this implies

𝜎2,𝑝 (𝑥) =
∫
|𝑦 |<𝐿 (𝑥)

(
|𝑥 − 𝑦 |−(𝑑−𝑝) − |𝑥 |−(𝑑−𝑝)

)
(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦

≲ ( |𝑥 | − 𝐿 (𝑥))𝑝−𝑑−1
∫
|𝑦 |<𝐿 (𝑥)

|𝑦 | (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦 .

Using |𝑦 | < 1+ |𝑦 | the remaining integral can be estimated similar to the estimate of 𝜎1 to find∫
|𝑦 |<𝐿 (𝑥)

|𝑦 | (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦 ≲ (1 + 𝐿 (𝑥))1−𝜃 . (D.6.15)

This directly proves the estimate on 𝜎3,𝑝 and finishes the proof of Lemma D.6.3.
It remains to estimate 𝜎4. Note that���� 𝑥 − 𝑦|𝑥 − 𝑦 |𝑑

− 𝑥

|𝑥 |𝑑

���� = ���𝑥 (
|𝑥 − 𝑦 |−𝑑 − |𝑥 |−𝑑

)
− 𝑦 |𝑥 |−𝑑

���
≤ |𝑥 |

��|𝑥 − 𝑦 |−𝑑 − |𝑥 |−𝑑
�� + |𝑦 | |𝑥 |−𝑑
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and consequently

|𝜎4(𝑥) | ≤|𝑥 |
∫
|𝑦 |<𝐿 (𝑥)

��|𝑥 − 𝑦 |−𝑑 − |𝑥 |−𝑑
��(1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦

+ |𝑥 |−𝑑
∫
|𝑦 |<𝐿 (𝑥)

|𝑦 | (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦 .

Comparing this with 𝜎2,0 shows

|𝜎4(𝑥) | ≤|𝑥 | (1 + 𝐿 (𝑥))−𝜃 ( |𝑥 | − 𝐿 (𝑥))−𝑑−1

+ |𝑥 |−𝑑
∫
|𝑦 |<𝐿 (𝑥)

|𝑦 | (1 + |𝑦 |)−(𝑑+𝜃) |𝑊 (𝑦) |𝑑𝑦 .

The last remaining integral is the same as in (D.6.15), and consequently we arrive at

|𝜎4(𝑥) | ≤|𝑥 | (1 + 𝐿 (𝑥))−𝜃 ( |𝑥 | − 𝐿 (𝑥))−𝑑−1 + |𝑥 |−𝑑 (1 + 𝐿 (𝑥))1−𝜃

≲ |𝑥 | (1 + 𝐿 (𝑥))−𝜃 ( |𝑥 | − 𝐿 (𝑥))−𝑑−1 .

which completes the proof of Lemma D.6.3.
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[82] Phan Thành Nam. “The ionization problem in quantum mechanics”. In: The physics
and mathematics of Elliott Lieb—the 90th anniversary. Vol. II. EMS Press, Berlin,
2022, pp. 93–120. isbn: 978-3-98547-022-8.

[83] A. I. Nazarov. “Hardy-Sobolev Inequalities in a Cone”. In: Journal of Mathematical
Sciences 132.4 (Jan. 2006), pp. 419–427. issn: 1573-8795. doi: 10.1007/s10958-
005-0508-1. url: https://doi.org/10.1007/s10958-005-0508-1.

[84] Yusuke Nishida. “Semisuper Efimov Effect of Two-Dimensional Bosons at a Three–
Body Resonance”. In: Phys. Rev. Lett. 118 (23 2017), p. 230601. doi: 10.1103/
PhysRevLett.118.230601. url: https://link.aps.org/doi/10.1103/
PhysRevLett.118.230601.

[85] Yusuke Nishida and Shina Tan. “Confinement-induced Efimov resonances in Fermi-
Fermi mixtures”. In: Phys. Rev. A 79 (6 2009), p. 060701. doi: 10.1103/PhysRevA.
79.060701. url: https://link.aps.org/doi/10.1103/PhysRevA.79.
060701.

[86] Yusuke Nishida and Shina Tan. “Liberating Efimov Physics from Three Dimensions”.
In: Few-Body Systems 51.2 (Nov. 2011), pp. 191–206. issn: 1432-5411. doi: 10.1007/
s00601-011-0243-8. url: https://doi.org/10.1007/s00601-011-0243-8.

[87] Yusuke Nishida and Shina Tan. “Universal Fermi Gases in Mixed Dimensions”. In:
Phys. Rev. Lett. 101 (17 2008), p. 170401. doi: 10.1103/PhysRevLett.101.
170401. url: https://link.aps.org/doi/10.1103/PhysRevLett.101.
170401.

[88] Thomas Østergaard Sørensen. “The large-𝑍 behavior of pseudorelativistic atoms”.
In: J. Math. Phys. 46.5 (2005), pp. 052307, 24. issn: 0022-2488,1089-7658. doi:
10.1063/1.1897645. url: https://doi.org/10.1063/1.1897645.

[89] Yu.N Ovchinnikov and I.M Sigal. “Number of bound states of three-body systems
and Efimov’s effect”. In: Annals of Physics 123.2 (1979), pp. 274–295. issn: 0003-
4916. doi: https://doi.org/10.1016/0003-4916(79)90339-7. url: https:
//www.sciencedirect.com/science/article/pii/0003491679903397.

[90] Yehuda Pinchover. “Binding of Schrödinger particles through conspiracy of potential
wells inR4”. In: Progress in partial differential equations: the Metz surveys, 4. Vol. 345.
Pitman Res. Notes Math. Ser. Longman, Harlow, 1996, pp. 118–133. isbn: 0-582-
27730-2.

https://doi.org/10.1007/s00220-012-1479-y
https://doi.org/10.1007/s00220-012-1479-y
https://doi.org/10.1007/s00220-012-1479-y
https://doi.org/10.1007/s10958-005-0508-1
https://doi.org/10.1007/s10958-005-0508-1
https://doi.org/10.1007/s10958-005-0508-1
https://doi.org/10.1103/PhysRevLett.118.230601
https://doi.org/10.1103/PhysRevLett.118.230601
https://link.aps.org/doi/10.1103/PhysRevLett.118.230601
https://link.aps.org/doi/10.1103/PhysRevLett.118.230601
https://doi.org/10.1103/PhysRevA.79.060701
https://doi.org/10.1103/PhysRevA.79.060701
https://link.aps.org/doi/10.1103/PhysRevA.79.060701
https://link.aps.org/doi/10.1103/PhysRevA.79.060701
https://doi.org/10.1007/s00601-011-0243-8
https://doi.org/10.1007/s00601-011-0243-8
https://doi.org/10.1007/s00601-011-0243-8
https://doi.org/10.1103/PhysRevLett.101.170401
https://doi.org/10.1103/PhysRevLett.101.170401
https://link.aps.org/doi/10.1103/PhysRevLett.101.170401
https://link.aps.org/doi/10.1103/PhysRevLett.101.170401
https://doi.org/10.1063/1.1897645
https://doi.org/10.1063/1.1897645
https://doi.org/https://doi.org/10.1016/0003-4916(79)90339-7
https://www.sciencedirect.com/science/article/pii/0003491679903397
https://www.sciencedirect.com/science/article/pii/0003491679903397


Bibliography 217

[91] Yehuda Pinchover. “On the localization of binding for Schrödinger operators and its
extension to elliptic operators”. In: Journal d’Analyse Mathématique 66.1 (Dec. 1995),
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8663.

[128] G. M. Zhislin. “An investigation of the spectrum of differential operators of many
particle quantum mechanical systems in function spaces of given symmetry”. In: Izv.
Akad. Nauk SSSR Ser. Mat. 33 (1969), pp. 590–649. issn: 0373-2436.

[129] G. M. Zhislin. “Finiteness of the Discrete Spectrum in the Quantum Problem of
𝑛 Particles”. In: Teoret. Mat. Fiz. 21 (1974). English Translation: Finiteness of the
Discrete Spectrum in the Quantum n–Particle Problem, Theoretical and Mathematical
Physics, Volume 21, pages 971–980, (1974), pp. 60–73. issn: 0564-6162.

https://doi.org/10.1006/jfan.1999.3462
https://doi.org/10.1006/jfan.1999.3462
https://doi.org/10.1038/nphys1334
https://doi.org/10.1038/nphys1334

	Abstract
	Acknowledgements
	Preliminaries
	Schrödinger Operator
	Quadratic Forms
	IMS Localization
	Virtual Levels
	Many Particle Operator

	The Excess Charge Problem
	Overview
	The Excess Charge Problem for the Pseudorelativistic Operator

	The Efimov Effect
	Overview
	On the Decay of Resonance Functions
	Proof of the Decay Properties of Resonance Functions 

	On the Excess Charge Problem of Atoms
	Introduction
	Basic Notation and Main Result
	The Benguria–Lieb–Nam Argument: Playing With Weights
	On the Symmetry of Relevant Minimizers
	Mean–Field Type Bound
	Upper Bounds on the Weighted Kinetic Energy
	Bounds on Maximal Excess Charge
	Bosonic Atoms

	Why a System of Three Bosons On Separate Lines Can Not Exhibit The Confinement Induced Efimov Effect
	Introduction
	Definitions and Main Result
	Absence of the Efimov Effect
	Zero–Energy Resonances
	Proofs of the Lemmas for the Main Theorem

	Conspiracy of Potential Wells and Absence of Efimov Effect in Dimension Four.
	Introduction
	Conspiracy of Potential Wells in Dimension Four
	Absence of Efimov Effect in Dimension Four

	Appendix 
	Density Argument for alpha_N,s
	Funk-Hecke Formula and Multipole Moments
	Explicit Constant in an Inequality due to Lieb
	Estimate on Groundstate Energie of the Bohr Atom
	A Useful Elementary Inequality
	Rescaling of the Hartree Energy
	Excess Charge Problem in the Hartree Model

	Appendix 
	Hardy–Type Inequalities
	Remarks on the Geometry of the Sets K_alpha(gamma)
	Estimate used in Lemma 5.4.3 
	Proof of Lemma 6.2 of BBV 2022

	Appendix 
	Partition Functions
	Remarks on the Geometry of the Sets K_alpha(gamma)

	Appendix 
	Existence of Resonance Solutions
	Uniqueness of Resonances and the Energy Gap
	Unique Continuation à la Jerison and Kenig
	Uniformly Integrable Potentials and the Kato–class
	Integral Representation of Zero–Energy Solutions
	Useful Integral Estimates

	Bibliography

