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Underapproximative Methods for the Order
Reduction of Zonotopes
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and Matthias Althoff , Member, IEEE

Abstract—Zonotopes are a widely used set represen-
tation in set-based computations due to their compact
representation size and their closure under many relevant
set operations. However, certain set operations, such as the
Minkowski sum, increase the zonotope order, which in turn
increases the computational cost of further computations.
To address this issue, various order reduction techniques
have been proposed, most of which focus on overapprox-
imating the original zonotope. While overapproximations
are crucial for safety verification, some applications –
such as reachset-conformant identification and backward
reachability analysis – require underapproximations (also
referred to as inner-approximations). Besides providing
a comprehensive survey of existing underapproximative
order reduction methods, we propose four novel reduction
methods in this letter. We analyze the computational cost
of all methods and evaluate the tightness of the result-
ing underapproximations through numerical experiments
on more than 2000 randomly generated zonotopes. The
results demonstrate that our proposed methods achieve
a favorable balance between computational efficiency and
approximation accuracy, making them well-suited for appli-
cations in control, estimation, and system identification.

Index Terms—Order reduction, set-based computations,
underapproximation, zonotopes.

I. INTRODUCTION

SET-BASED computations enable the efficient handling of
complex problems by processing entire sets simultane-

ously. However, the computational efficiency and accuracy
of these computations depends heavily on the choice of set
representation. A good trade-off between expressiveness and
computational efficiency is offered by zonotopes, which are
a special type of centrally symmetric polytopes. They can be
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Fig. 1. Example two-dimensional zonotopes of order o (gray) and
underapproximative zonotopes of order ô < o computed with different
methods.

compactly represented by a center and a number of generators
and are closed under several common set operations. Due
to these properties, zonotopes are widely used for set-based
computations in applications such as reachability analy-
sis [5], [6], safe-by-construction controller synthesis [7], [8],
guaranteed state and parameter estimation [9], [10], [11], [12],
abstract interpretation [13], and conformant system identifica-
tion [14], [15].

Certain set operations that are frequently used in set-based
computations increase the zonotope order, which is defined as
the number of generators divided by the zonotope dimension.
Since the computational cost of many algorithms involving
zonotopes scales with the zonotope order, reducing the order is
crucial for maintaining computational efficiency. Most existing
methods address this challenge by overapproximating the orig-
inal zonotope with a reduced-order zonotope [16], [17]. While
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overapproximations are essential for problems like safety
verification [6] or safe-by-construction controller synthesis [8],
other applications, such as safety falsification [18], [19] and
the estimation of the guaranteed reachable set [20], require
underapproximations. Underapproximations are also critical in
reachset-conformant system identification [3], [14], where the
model is guaranteed to be conformant if all measurements
from the real system are contained in the exact or an under-
approximative reachable set of the model. Additionally, they
play a key role in backward reachability analysis [1], where
the set of states that are guaranteed to reach a given target set
is computed.

This letter provides an overview of existing methods for
computing reduced-order underapproximations of zonotopes
and introduces four novel approaches. We evaluate all methods
in terms of computational cost and the tightness of the
resulting underapproximations through numerical experiments.

In Section II, we introduce the notation and present fun-
damentals on zonotopes and order reduction. In Section III,
we summarize state-of-the-art underapproximation techniques,
while our novel methods are detailed in Section IV. All
methods are compared based on their computational cost and
the tightness of the underapproximations in Section V.

II. PRELIMINARIES

In this section, we introduce the notation used in this
letter and describe the encoding of infinity norm constraints.
Furthermore, we present fundamentals on zonotopes and
underapproximative order reduction.

A. Notation

We denote sets by calligraphic letters, matrices by upper-
case letters, and vectors and scalars by lower-case letters.
Furthermore, we use 0 for the zero vector. The horizontal
concatenation of two matrices A ∈ R

m×n and B ∈ R
m×o is

denoted by [A B]. The i-th element in the j-th column of
the matrix A is denoted by A(i,j), and the j-th element of the
vector a ∈ R

m is denoted by a(j). Removing the i-th and
j-th column from the matrix A ∈ R

m×n leads to the matrix
A\i\j ∈ R

m×(n−2). The operation diag(a) returns a diagonal
matrix with the elements of the vector a ∈ R

m on its main
diagonal, det(C) computes the determinant of C ∈ R

m×m, and
sign(x) returns −1 if x ∈ R is smaller than 0, and 1 otherwise.

Important set operations are linear transformation and
Minkowski sum, where the linear transformation of the set
S ⊂ R

n using the matrix A ∈ R
m×n is defined as AS =

{As|s ∈ S}. Given two sets Sa,Sb ⊂ R
n, their Minkowski sum

is defined as Sa ⊕ Sb = {sa + sb|sa ∈ Sa, sb ∈ Sb}.

B. Infinity Norm Constraints

In the remainder of this letter, we will often use con-
straints of the form ‖T‖∞ ≤ α with T ∈ R

ν×ν̂ and α ≥
0, where the infinity norm ‖T‖∞ is defined as ‖T‖∞ =
max1≤i≤ν

∑ν̂
j=1 |T(i,j)|. To encode this constraint, we use the

linear formulation from [21, Eq. (6)], which is based on the
vertex representation of the L1-norm ball. In particular, the
constraint ‖T‖∞ ≤ α requires the containment of the vectors
formed by each matrix row in the L1-norm unit-ball scaled

by α. The L1-norm unit-ball in R
ν̂ is a polytope and can be rep-

resented as the convex hull of its 2̂ν vertices [4, Eq. (3)], which
is more efficient than representing the L1-norm ball via the 2ν̂

inequality constraints for its faces. Since the vertices are given
by the positive and negative unit vectors ± ej, j = 1, . . . , ν̂,
we obtain the linear encoding ∀i = 1, . . . , ν, ∃μ−i , μ+i ∈ R

ν̂
≥0:

ti =∑ν̂
j=1(μ

+
i(j) − μ−i(j)) ej ∧ ∑ν̂

j=1(μ
+
i(j) + μ−i(j)) = α, where

T = [t1 . . . tν]
.

C. Zonotopes

Zonotopes can be defined as follows [22, Ch. 7.3]:
Definition 1 (Zonotopes): A zonotope Z ⊂ R

n is defined
by a center vector c ∈ R

n and a generator matrix
G = [g1 . . . gν] ∈ R

n×ν :

Z =
{

c+
ν
∑

i=1

λ(i)gi

∣

∣

∣

∣

∣

λ(i) ∈ [−1, 1]

}

= 〈c, G〉.

The order o of the zonotope is defined as o = ν
n and represents

a measure for the complexity of a zonotope that is independent
of the dimension.

The linear transformation of a zonotope Z = 〈c, G〉 ⊂
R

n using the matrix A ∈ R
m×n can be computed as

〈Ac, AG〉 ⊂ R
m. Given two zonotopes Za = 〈ca, Ga〉 ⊂ R

n and
Zb = 〈cb, Gb〉 ⊂ R

n, their Minkowski sum can be computed
as 〈ca + cb, [Ga Gb]〉. Thus, every time two zonotopes are
added using the Minkowski sum, the zonotope order increases,
which motivates the need for efficient order reduction
methods.

D. Underapproximative Order Reduction

We consider order reduction methods that underapproximate
the zonotope Z = 〈c, G〉, G ∈ R

n×ν of order o = ν
n by a

zonotope ̂Z = 〈c,̂G〉 ⊆ Z , ̂G ∈ R
n×ν̂ of order ô = ν̂

n < o.
Note that order reduction results in a new generator matrix ̂G
while the center vector c remains unchanged.

Two general approaches exist for computing reduced-
order underapproximations: Optimization-based methods aim
to maximize a measure of the volume of ̂Z , while ensuring
the containment ̂Z ⊆ Z via the sufficient condition [4, Th. 3]

∃T ∈ R
ν×ν̂ : ̂G = G T, ‖T‖∞ ≤ 1. (1)

The constraints in (1) are linear in T and ̂G since ‖T‖∞ ≤ 1
can be encoded as described in Section II-B.

Heuristic methods satisfy the containment condition in (1)
by replacing generators in G by their sum or difference, e.g.,
the combination of the two generators gi and gj would lead to
the reduced-order generator matrix

̂G = [G\i\j gi + agj
]

, (2)

with a ∈ {1,−1}. The generators that are combined in (2) are
selected with the aim of maximizing the volume of ̂Z .

When deriving the computational complexity of the heuris-
tic methods with respect to the dimension n, we make the
assumption that the zonotope order o is a constant that is
independent of n, while the number of generators is ν = o n.
We do not provide the computational complexity for the
optimization-based methods, as their complexity depends on
the specific solver and algorithm used.
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III. EXISTING ORDER REDUCTION METHODS

We identified the following four order reduction methods
in the literature, where the first three methods are based on
heuristics and the last method uses optimization.

A. Yang

Yang and Ozay [1, Sec. IV.B] propose a heuristic underap-
proximation method, where generators that are closely aligned
or small in 2-norm are greedily combined. This leads to
the following procedure for computing the reduced-order
generator matrix ̂G from G:

1) Find

(i, j) = arg min
1≤i<j≤ν

‖gi‖2
∥

∥

∥

∥

∥

gj − gi

‖gi‖22
g
j gi

∥

∥

∥

∥

∥

2

.

2) Set G← (2), where

a =
{

1 if
‖H(gi+gj)‖2
‖H(gi−gj)‖2 ≥ 1,

−1 otherwise,

and H is the right inverse of G\i\j, which we compute
as H = G
\i\j(G\i\j G
\i\j)−1.

3) The number of generators in G decreases to ν ← ν− 1.
If ν > ν̂, continue with Step 1). Otherwise, set ̂G← G.

Assuming ν = o n, the computational complexity of this
method is O(n4), since the computation of the inverse matrix
in each iteration has complexity O(n3), and the number of
iterations is proportional to n.

B. Raghuraman

Raghuraman and Koeln [2, Sec. 5.1] split the generators into
large generators gs,j, j = 1, . . . , ν̂, and small generators gs,i,
i = ν̂ + 1, . . . , ν according to the 2-norm. The reduced-order
generator matrix ̂G is created from the large generators, where
each small generator is added to or subtracted from the large
generator that it is most aligned to in terms of the 2-norm.
This idea can be implemented as follows:

1) Create the sorted generator matrix Gs = [gs,1 . . . gs,ν]
by sorting the generators in G according to their 2-norm,
i.e., ‖gs,i‖2 ≥ ‖gs,i+1‖2, ∀i = 1, . . . , ν − 1.

2) Compute P(j,i) = g
s,igs,j, ∀i = 1, . . . , ν̂, ∀j = ν̂ +
1, . . . , ν.

3) Compute the reduced-order generator matrix ̂G = GsT ,
with T ∈ R

ν×ν̂ and

T(j,i) =

⎧

⎪

⎨

⎪

⎩

1 if j = i and j ≤ ν̂,
P(j,i)
|P(j,i)| if j > ν̂ and ∀k �= i : |P(j,i)| > |P(j,k)|,
0 otherwise.

Using ν = o n, the computational complexity is O(n3) due to
the ν̂(ν− ν̂) dot products g
s,igs,j in Step 2), each of which has
complexity O(n).

C. Kochdumper

Kochdumper and Bak [3, Proposition 1] propose to sum the
generators with the smallest 2-norm, where the first element
gi(1) of each generator gi determines the sign in the sum. This
results in the following procedure:

1) Create the sorted generator matrix Gs as done in Step
1) of the Rhaguraman method in Section III-B.

2) Compute the reduced-order generator matrix ̂G as
̂G = [gs,1 . . . gs,̂ν−1

∑ν
i=ν̂ sign(gs,i(1)) gs,i].

The computational complexity is O(n2), because computing
the 2-norm of one generator is O(n), and the number of
generators is proportional to n.

D. Sadraddini

Sadraddini and Tedrake [4, Corollary 6] aim to compute
the reduced-order generator matrix ̂G that minimizes the
Hausdorff distance δ [4, Eq. (36)] between the original zono-
tope Z and the reduced-order zonotope ̂Z via the following
optimization problem:

min
δ∈R≥0,̂G∈Rn×ν̂ , T∈Rν×ν̂ ,

T�∈Rν̂×ν ,�∈Rn×ν

δ s.t. (1), G = ̂G T� +�,

‖T�‖∞ ≤ 1, ‖�‖∞ ≤ δ.
(3)

Due to the bilinear expression ̂G T�, this optimization problem
is nonlinear. To solve it efficiently, the authors propose the
following procedure [4, Sec. V.B]:

1) Randomly initialize ̂G ∈ R
n×ν̂ .

2) Find diagonal matrix diag(λ), with λ ∈ R
ν̂ , such that

∃T ∈ R
ν×ν̂ : ̂G diag(λ) = G T ∧ ‖T‖∞ ≤ 1.

3) Set ̂G← ̂G diag(λ).
4) Alternate between solving (3) for T� and ̂G until

convergence. With fixed ̂G or fixed T�, the optimization
problem in (3) becomes a linear program that can be
solved efficiently.

Although this method explicitly searches for the underapprox-
imative zonotope that has the minimum Hausdorff distance
to the original zonotope, the resulting reduced-order zonotope
might not be optimal due to the following reasons: First, there
is no guarantee that the iterative procedure above converges
to the optimal solution of problem (3). Second, the zonotope
containment constraints in (1) are sufficient but not necessary.

IV. NOVEL UNDERAPPROXIMATION METHODS

This section presents four novel methods for underapprox-
imative order reduction: one heuristic method based on (2)
and three optimization-based approaches that incorporate (1)
within their constraints.

A. Clustering

Most heuristic underapproximation methods, such as the
methods from Yang and Ozay [1] and Raghuraman and
Koeln [2], try to find generators that are closely aligned
as their combination via (2) promises a less conservative
underapproximation. To find globally optimal groupings of
aligned generators rather than relying on a purely greedy
strategy, we propose to use kmeans++ clustering [23], which
extends the kmeans algorithm by a sophisticated method for
cluster center initialization.

1) We partition the generators in G into ν̂ clusters Ck, k =
1, . . . , ν̂, using the k-means++ algorithm [23], where
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the distance between a generator gi and the cluster center
gj is computed as 1− dcos(gi, gj) with

dcos
(

gi, gj
) = sign

(

gi(1)gj(1)

) g
i gj
√

(

g
i gi
)

(

g
j gj

)

. (4)

Eq. (4) computes the cosine of the angle between
sign(gi(1))gi and sign(gj(1))gj, where we include the
signum functions to ensure that both vectors are pointing
in the same direction in the first dimension (multi-
plication of generators with −1 does not change the
zonotope). Using the first element is a heuristic choice
inspired by the Kochdumper method.

2) We combine generators assigned to the same cluster Ck
with ĝk =∑g∈Ck

sign(g(1))g.
3) The reduced generator matrix is given as ̂G =

[̂g1 . . . ĝ̂ν].
The complexity of evaluating (4) for ν = o n generators gi and
ν̂ = ô n cluster centers gj with dimension n is O(n3).

B. Box

Another idea is to reduce the zonotope by computing a
box underapproximation, which can be represented by the
zonotope B = 〈c, diag(γ )〉 with γ ∈ R

n.
1) The zonotope Z = 〈c, G〉 is split into the zonotope

Za = 〈c, Ga〉 that is not changed and the zonotope
Zb = 〈0, Gb〉 that will be underapproximated, i.e.,
Z = Za ⊕ Zb, where Ga ∈ R

n×(̂ν−n) and Gb ∈ R
n×νb ,

νb = ν − ν̂ + n, are created from partitioning the
generators in G, such that ∀i = 1, . . . , ν̂ − n and ∀j =
1, . . . , νb

‖ga,i‖1 − ‖ga,i‖∞ ≥ ‖gb,j‖1 − ‖gb,j‖∞. (5)

2) Even though the metric used to sort the generators
in (5) is expected to select generators for reduction
that are close to a box [5, Sec. 3.4], an even better
underapproximating box might still be obtained if the
zonotope Zb is further rotated into a more favorable
orientation. According to [16, Algorithm 2], a suitable
rotation matrix U ∈ R

n×n can be computed via singular
value decomposition of C = [Gb − Gb][Gb − Gb]
,
i.e., C = U�V
, which leads to the rotated zonotope
Zbr = U
Zb.

3) The rotated zonotope Zbr = 〈0, Gbr〉 is underapproxi-
mated by a box B = 〈0, diag(γ )〉 ⊆ Zbr. A tight box
underapproximation can be computed via optimization,
where we maximize the volume of the box and use the
sufficient linear condition in (1) to guarantee B ⊆ Zbr:

max
γ∈Rn≥0,

T∈Rνb×n

2n
n
∏

i=1

γ(i) s.t. diag(γ ) = Gbr T, ‖T‖∞ ≤ 1.

According to [7, Sec. V.A], this optimization problem
can be formulated as a second-order cone program using
the approach in [24, Sec. 2.3 e)], because maximizing
the concave function n

√∏

i γ(i) yields the same optimal
scaling factors as maximizing the volume 2n∏

i γ(i)
since the function n

√
x is strictly monotonically increas-

ing in x ∈ R≥0.

4) We rotate the underapproximating box B back using U.
Since B ⊆ Zbr = U
Zb and U is orthogonal, i.e.,
U−1 = U
, we obtain UB ⊆ Zb after multiplication
with U from the left. The resulting underapproximative
zonotope of order ô is computed as ̂Z = Za ⊕ UB =
〈c, [Ga U diag(γ )]〉.

C. Scale

One can also scale the generators of a suitable zonotope
template, where good templates can be generated using one of
the numerous methods for overapproximative order reduction
of zonotopes [16], [17]:

1) Given the zonotope Z = 〈c, G〉, we first compute a
reduced-order zonotope Zo = 〈c, Go〉 with Go ∈ R

n×ν̂

that overapproximates the zonotope Z ⊆ Zo using an
overapproximative order reduction method [16], [17].

2) The underapproximative zonotope ̂Z ⊆ Z is obtained
by scaling each generator go,i of Zo with a scaling factor
λ(i), i.e., ̂Z = 〈c, Go diag(λ)〉, λ ∈ R

ν̂
≥0. We can compute

the scaling factors with the following linear program,
where we use the sufficient linear condition in (1) to
enforce ̂Z ⊆ Z while maximizing the 2-norm of each
generator:

max
λ∈Rν̂≥0,

T∈Rν×ν̂

ν̂
∑

i=1

λ(i)‖go,i‖2 s.t. Go diag(λ) = G T,

‖T‖∞ ≤ 1.

D. Nonlinear Programming (NLP)

Finding the reduced-order underapproximation ̂Z = 〈c,̂G〉
with the maximum volume can be written as the following
nonlinear optimization problem:

max
̂G∈Rn×ν̂ , T∈Rν×ν̂

volume
(〈c,̂G〉) s.t. (1), (6)

where (1) enforces the containment ̂Z ⊆ Z . Assuming a
full-rank generator matrix, the volume of a zonotope can be
computed as [25, Corollary 3.4]

volume
(〈c,̂G〉) = 2n

∑

1≤j1<···<jn≤ν̂

|det
(

̂Gj1,...,jn

)|, (7)

where the summation considers all possible choices of
j1, . . . , jn that satisfy 1 ≤ j1 < · · · < jn ≤ ν̂, and ̂Gj1,...,jn is
constructed from columns j1, . . . , jn of ̂G. Note that we can
remove the factor 2n when using (7) as a cost function since
constant factors do not change the location of the optimum.

This approach searches for the optimal underapproximation.
However, since the cost function is not concave, optimizers
using gradient ascend are not guaranteed to find the global
maximum. Furthermore, the computational cost of evaluating
cost function (7) is high for a large number of generators ν̂

due to the large number of choices of j1, . . . , jn. To obtain a
faster runtime, we can use the following procedure:

1) We split the zonotope Z = 〈c, G〉 into the zonotope
〈c, Ga〉, whose generator matrix Ga ∈ R

n×ν̂a consists
of the (̂ν − n) generators with the largest 2-norm, and
the zonotope 〈0, Gb〉, whose generator matrix Gb ∈
R

n×(ν−ν̂+n) consists of the remaining generators, i.e.,
Z = 〈c, Ga〉 ⊕ 〈0, Gb〉.
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2) We underapproximate 〈0, Gb〉 with 〈0,̂Gb〉, where ̂Gb ∈
R

n×n, using the nonlinear program in (6). Since ̂Gb is a
square matrix, the cost function in (7) simplifies to

volume
(〈c,̂Gb〉

) = 2n|det
(

̂Gb
)|.

3) The resulting underapproximation of order ô is com-
puted as ̂Z = 〈c, Ga〉 ⊕ 〈0,̂Gb〉 = 〈c, [Ga ̂Gb]〉.

V. COMPARISON

We compare the performance of the presented methods for
different dimensions and zonotope orders. For each dimension-
order configuration, we create 50 random zonotopes, where
the direction of the generators is determined by randomly
generating points on a sphere, and their length is sampled
from a certain distribution [16, Sec. IV.A]. Here, we use the
uniform distribution over the interval [0, 1], the exponential
distribution with a mean of one, and the gamma distribution
with a shape parameter of one and a scale parameter of two for
one third of the zonotopes each. We measure the computation
time and the tightness of the resulting underapproximations,
where the tightness of an underapproximation is assessed using
the volume ratio [16, Sec. IV.B]

R =
(

volumeApprox
(

̂Z)

volumeApprox(Z)

) 1
n

. (8)

For zonotopes of dimension less than 10 with at most
150 generators, the function volumeApprox(·) computes
the exact volume according to (7). In all other cases,
volumeApprox(·) approximates the zonotope volume with
the volume of the tightest box overapproximation according
to [5, Sec. 3.4] because evaluating (7) becomes extremely
expensive for high dimensions and a large number of
generators.

All methods are implemented in the MATLAB toolbox
CORA [26], and the experiments are conducted on an
i9-12900HK processor (2.5GHz) with 64GB memory. We
solve the linear, nonlinear, and second-order cone programs
with the built-in solvers linprog using the dual-simplex
algorithm, fmincon using the sequential quadratic pro-
gramming algorithm, and coneprog. Note that in our
implementation of the Sadraddini method [4], we perform a
fixed number of 10 alternations in Step 4) since this yields
a good trade-off between accuracy and computation time.
Furthermore, we apply the overapproximative order reduction
method CoOptdir [16, Sec. III.D] in Step 1) of the Scale
method because it provides a good trade-off between accuracy
and computational cost [16, Table 1].

Example zonotopes and their underapproximations are dis-
played in Fig. 1, while the volume ratios as well as the
computation times are visualized in Fig. 2(a) for reduction to
order ô = 1 and in Fig. 2(b) for reduction to order ô = 2. We
do not display the volume ratios and computation times for
methods that take longer than 50s.

The NLP method achieves the tightest underapproximations
in low-dimensional settings for reductions to order ô = 1.
However, all four optimization-based methods (Sadraddini,
Scale, Box, and NLP) incur high computational cost due to
the need to solve the corresponding optimization problems,

exceeding the feasible computation time for zonotopes with
n ≥ 10 or o ≥ 50. The fastest methods are Rhaguraman
and Kochdumper, from which Kochdumper yields the least
conservative underapproximations. The Yang and Clustering
methods provide a good balance between approximation accu-
racy and efficiency by computing tight underapproximations in
reasonable computation time for reductions to orders 1 and 2.
While the Yang method is more efficient for low-dimensional
zonotopes, Clustering scales better and is able to successfully
handle zonotopes with n ≥ 20 and o ≥ 200, where the Yang
method fails.

VI. CONCLUSION

This letter provides a comprehensive survey of
underapproximative order reduction methods for zonotopes,
reviewing four existing approaches from the literature
and introducing four novel methods. Through numerical
experiments, we compared the approximation accuracy and
computational efficiency of all methods and demonstrated that
the proposed techniques can achieve significant improvements.
Among the presented methods, we find the Clustering method
the most practical choice for most applications due to its
good trade-off between tightness and efficiency. When tight
underapproximations are essential and computational cost is
not a concern, we recommend utilizing the NLP method for
reductions to order 1. Conversely, the Kochdumper method
is well-suited for scenarios with constrained computational
resources. Future work may refine these methods through
a detailed analysis of various heuristics or by tailoring them
to specific applications, such as reachset-conformant system
identification and backward reachability analysis.
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