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Abstract
We present a hybrid zero dynamics control design to develop stable, energy-efficient running
gaits for a bipedal robot on compliant ground, extending previous work focused on rigid sur-
faces. The robot, modeled with five rigid segments and four actuated joints with point feet,
has a running gait represented as a periodic hybrid dynamical system with two continuous
phases and two discrete transitions. Non-slipping contact during single support is modeled
using nonlinear viscoelastic contacts. Using virtual constraints, we represent the gait through
reduced-order hybrid invariant zero dynamics. Periodic solutions are found via a multiple
shooting method, and energy-efficient gaits are optimized by adjusting the reference tra-
jectory within a sequential quadratic programming framework, incorporating stability and
feasibility constraints. Orbital stability is assessed using Floquet theory. Ground compliance
increases the dimension of the invariant zero dynamics manifold and introduces sensitivity
in the contact phase equations. We overcome these challenges through a multiple shooting
formulation and orthogonal projection of the monodromy matrix, isolating critical Floquet
multipliers. This enables stable, efficient running gaits on compliant ground. Ground com-
pliance does not inherently reduce energy efficiency and can enhance it despite additional
contact dissipation. Moreover, compliant ground reduces impulsive landing forces, mitigat-
ing mechanical stress on the robot.

Keywords Bipedal robot · Bipedal running · Compliant ground · Hybrid zero dynamics
control

1 Introduction

In recent years, the development of bipedal humanoid robots has accelerated, leading to
diverse applications across various complex environments. The interaction between a robot’s
foot and the ground has garnered increasing research interest [1, 2]. Most robots feature
numerous degrees of freedom, either passive [3] or actuated by electric or hydraulic drive
trains, which follow different control strategies [4]. When modeling biped robots as dynamic
multi-body systems, the interaction with the ground can be described either as a non-smooth,
discontinuous mapping or as a continuous process with its own dynamics [5].

Specifically, the non-smooth contact approach is applicable when the ground is assumed
to be perfectly rigid, a common assumption in many control designs where ground deforma-
tion is considered negligible compared to the robot’s larger-scale movement [6]. In this case,
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contact is modeled as an instantaneous impact, resulting in discontinuities in the system’s
state [7]. Studies such as [8] propose formulations for managing non-smooth impacts with
friction, while hybrid dynamical systems incorporating both sticking and slipping behavior
have been used to model biped locomotion in [9].

In bipedal robotics, compliance is typically introduced not through the ground but via
deformable segments in robot platforms such as MABEL [10], Cassie [11], DURUS [12],
ATRIAS [13], or the system described in [14], while the ground is still assumed to be rigid.
The case of a robot with rigid segments interacting with a significantly deformable terrain
is far less studied. In such cases, the non-instantaneous contact process is approximated by
the continuous dynamics of the colliding objects [15]. The continuous deformation of the
ground, determined by its reaction force-indentation characteristics, is crucial for modeling
the robot’s stance phase. Deciding on appropriate ground parameters is essential, as they of-
ten depend on the geometry and material properties of the colliding objects [16]. If the con-
tact process is assumed to be quasi-static, the force-deformation relationship can be modeled
using nonlinear spring models, such as those suggested by Hertz [17]. Additionally, damp-
ing is often considered in reaction force models to account for energy dissipation, according
to [18]. Various viscoelastic models have been proposed in the literature for normal contact
[19–22], and for coupled normal and tangential compliant contacts [23]. Studies such as
[24] introduce simulation techniques to address friction at the contact point. Advanced finite
element simulations also support the approximation of more detailed contact behaviors in
data-driven approaches for complex surfaces [25], while other data-driven methods rely on
experimental measurements [26].

Among various control paradigms [4], the inverted pendulum model represents a foun-
dational methodology for the approximation of bipedal locomotion [27]. The zero-moment
point (ZMP) control approach stands as one of the most prevalently employed strategies,
specifically tailored for fully or over-actuated robotic systems equipped with multiple actu-
ators to facilitate both walking [28, 29] and running [30]. The goal of ZMP control is to keep
the zero-moment point within a support polygon [31]. More recently, the contact-wrench-
sum control criteria alternatively consider the aggregated wrench that is generated by the
contact and the gravitation being equal to the change of the robot’s linear and rotational
momentum with respect to the center of mass [32], enabling a broader range of contact
scenarios to be evaluated [33]. Meanwhile, under-actuated robots have drawn considerable
interest due to their high energy efficiency [34]. The Hybrid Zero Dynamics (HZD) con-
troller has been successfully implemented for both planar walking [35] and running [36], as
well as for 3D under-actuated robots [37].

Despite differences in control approaches, the ground surface is generally modeled as
rigid and monolithic. However, extensions that include compliant ground behaviors can be
found, for example in [38], which developed an optimization approach using human walking
patterns, captured via cameras and force plates, to estimate optimal gaits for a planar robot
model. The virtual model control concept, which uses virtual components (like springs and
dampers) to simulate the interaction between the robot and the environment, enables the
modeling of compliant ground [39]. The drawback of this approach is that selecting the
appropriate virtual components requires a deep understanding of, and experience with, the
specific robot system. Furthermore, another approach is studied in [40], which developed
an HZD controller for RABBIT (a planar biped robot with five rigid body segments) on
rigid ground and validated the controller’s robustness by simulating the walking gait on
compliant terrain. In [41], a time-based HZD controller was designed to generate bipedal
walking gaits, incorporating either an instantaneous or non-instantaneous double support
phase on compliant ground. To reduce the numerical complexity, this method first generates
optimal gaits on rigid ground before applying them to compliant terrain.
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Contrary to previous studies, this paper examines the adoption of the HZD framework
for the generation of stable and energy-efficient running gaits on a compliant ground. The
challenges associated with the stability analysis are of considerable interest, particularly due
to the complexities of numerical handling under these conditions. Additionally, this study
seeks to discern whether running on a compliant ground surface is less efficient than on
a rigid one, owing to the contact’s dissipative properties. Can the elasticity of the ground
mitigate this inefficiency in certain scenarios?

A five-link robot model is utilized, as it offers the most elementary configuration neces-
sary to facilitate the lift-off motion of the lower leg around the knee joint. A point foot is
modeled at the stance leg’s end, adhering to the Hertz theory, allowing us to describe in-
dentation and damping dissipation in the normal direction with one penetration variable and
its derivative. Implementing a sophisticated foot in contact dynamics augments the robot’s
degrees of freedom, requiring stress integration over a dynamic pressure field defined by the
foot’s geometry. Despite enhancing the controller’s robustness and aligning more closely
with human locomotion, this complexity complicates controller design and understanding
the impact of ground deformation on movement. To achieve our research aim of validating
simulation results with a robotic prototype through real experiments, employing a point foot
model is fundamentally advantageous for system development. Our study thus commences
with this basic model, allowing for advancement to more complex foot models in subsequent
research.

The HZD control approach facilitates the generation of optimal gaits with high energy
efficiency by utilizing the system’s passive dynamics, particularly the free swinging of the
robot’s segments, to aid in locomotion. This controller is applied to an under-actuated biped,
where there are fewer available actuators than degrees of freedom. The viscoelasticity of
the ground causes rapid changes in velocity and acceleration during contact, resulting in a
stiff numerical problem. This stiffness contrasts significantly with the dynamics during the
flight phase of running, complicating the adaptation of the numerical integration step size,
especially during phase transitions, when using a single shooting method [42].

To address this issue, the multiple shooting method [43] is employed, utilizing ad-
vanced ordinary differential equation (ODE) solvers. These solvers efficiently handle the
stiff reduced-order zero dynamics during the compliant contact phase, while using larger
adaptive integration step sizes for the flight phase dynamics. An alternative approach, the
direct collocation method, as presented in [44], generates biped running gaits with multiple
inelastic impacts by formulating the full-order system dynamics as optimization constraints
using the Euler integration scheme. In particular, [45] introduces a novel scalable collocation
method designed to manage high degrees of underactuation within the HZD framework.

However, further investigation is required to determine whether the collocation method
is suitable for handling the stiff dynamics during the compliant contact phase in our case,
where very small time steps are necessary in the discretization scheme. Additionally, mini-
mizing trajectory drifts requires advanced techniques, such as those proposed in [46], which
is crucial because even minor kinematic drifts can generate large (unphysical) response
forces from the ground. Consequently, we opt for the multiple shooting approach to gain
initial insights into how ground compliance affects the running gait.

The optimal reference running gait, postulated to be periodic and characterized by a
constant average velocity, is established through an offline optimization process aimed at
maximizing energy efficiency, designated as the objective function. The stability and phys-
ical feasibility of the running gait are ensured by means of inequality constraints within the
optimization framework, which is addressed using the sequential quadratic programming
(SQP) algorithm. While a plethora of optimization-based controllers, including optimal con-
trol [47] and model predictive control [48], have been devised for the purpose of tracking
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Fig. 1 Normal reaction force on
the compliant ground determined
using models Fz,Silva from the
equation (1b) (in red) and Fz,exp
from the equation (2) (in blue),
which are compared to the static
Hertz model (in light blue)

reference trajectories on real robot systems, the current study concentrates exclusively on
the trajectory optimization for running on compliant ground. The outcomes are juxtaposed
with those of running on rigid ground presented in existing literature, with respect to gait
stability and energy efficiency.

The manuscript is structured as follows: Sect. 2 presents an overview of the modeling
and simulation process; Sect. 3 introduces the robot model for running and the compli-
ant ground model; Sect. 4 discusses the control design for running on compliant ground;
Sect. 5 describes the optimization process for generating periodic, energy-efficient refer-
ence motion; Sect. 6 presents the optimization results, including efficiency and stability, and
discusses the effect of ground compliance on the running gait; Sect. 7 concludes the study
with a summary and outlook on future research.

2 Approach overview

This section provides an overview of the process for simulating and optimizing a biped
robot’s running gaits on compliant ground. The primary aim of this study is to explore how
ground compliance affects the robot’s locomotion, particularly with respect to energy effi-
ciency and stability. The problem setup begins with a qualitative description of the compliant
ground in Sect. 2.1. The bipedal running gaits are defined in Sect. 2.2, and are generated by
the controller described in Sect. 2.3. In Sect. 2.4, an offline optimization process is employed
to produce the optimal periodic reference motion, with an emphasis on maximizing energy
efficiency.

2.1 Contact with compliant ground

The contact with deformable ground is modeled as a nonlinear viscoelastic element. For an
initial understanding, Fig. 1 illustrates the reaction force in the normal direction as a func-
tion of deformation based on different models. The Hertz contact model disregards energy
dissipation during contact, resulting in identical force-indentation curves for compression
and restitution. In contrast, the models proposed in [49] and [22] account for energy dissipa-
tion through nonlinear damping, producing a hysteresis effect in the force diagram. In this
study, we simplify the modeling of normal and tangential reaction forces by treating them in
a decoupled manner, focusing only on stiction at the non-slipping stance foot [24, 50] (see
Sect. 3.1 for further details). The proposed control design remains adaptable, allowing for
the inclusion of more complex compliant contact models in future.
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Fig. 2 The five-link robot model
in contact with rigid ground via
its stance leg

Fig. 3 Periodic running gait consisting of continuous single support and flight phases and discontinuous take-
off and landing events

2.2 Periodic running gait

Our research utilizes a planar robot model (Fig. 2) comprising five rigid body segments,
representing the upper body, two thighs, and two shanks. These segments are connected by
four revolute joints at the hips and knees, which are actuated by electric motors. The lower
end of each leg is modeled as a point foot, ensuring that no torque is transmitted around the
stance foot between the robot body and the ground. This point foot design also aligns with
the assumptions of the Hertz contact model, which is used to estimate the contact force.

At a constant average speed (step length over step duration), the running gait is assumed
to be periodic. It consists of a repeating sequence: . . . ⇒ single support phase ⇒ take-off
⇒ flight phase ⇒ landing ⇒ . . . , as visualized in Fig. 3.

2.3 Controller design

We extend the hybrid zero dynamics controller as presented in [51] to accommodate the
execution of running gaits on compliant ground. The primary distinction from traditional
control on rigid surfaces lies in the incorporation of two additional degrees of freedom re-
sulting from ground deformation, specifically in the normal and tangential directions. Fig-
ure 4 illustrates the configuration of the feedback controller during the single support phase.
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Fig. 4 Feedback control in the
single support phase

Fig. 5 Process of simulating and
optimizing periodic gaits
employing numerical
optimization

This feedback mechanism is designed to align the actuated joints with their reference tra-
jectories, thereby imposing the virtual constraints within these joints. Assuming the strict
adherence to the virtual constraints, the periodic running gait of the full-order robot system
is represented on the invariant zero dynamics manifold with a reduced order.

2.4 Gait generation by optimization

As illustrated in Fig. 5, the generation of efficient and stable running gaits is conceptual-
ized as an offline optimization process focused on minimizing energy consumption during
locomotion. The reference trajectories of the actuated joint angles act as the parameters to
be optimized. Periodic solutions that describe the running gait are determined via a multiple
shooting method, integrated into the optimization framework. The conditions of stability and
feasibility for the resultant running gait are addressed as equality and inequality constraints
within the optimization, which is resolved utilizing a SQP algorithm.
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3 Model description

We investigate a planar robot model that consists of five rigid body segments representing
the upper body, two thighs, and two shanks, connected by four revolute joints actuated by
integrated electric drive trains. Various control concepts have been developed for this five-
link robot, which has the simplest configuration that allows for foot lift-off due to the knee
joint’s degree of freedom. The primary contribution of the present research is extending
this rigid body model to simulate running gaits on compliant ground. We assume minimal
contact area between the lower end of the shank and the ground, modeling the foot as a point
contact on a deformable surface. The stance foot without slipping on the ground is regarded
as an ideal pivot without resistance.

The running gait is assumed to be periodic with a constant average speed, defined as the
step length divided by the step duration. More specifically, the gait comprises four alternat-
ing phases: single support (SSP) and flight phases (FLP), governed by continuous dynam-
ics, and the take-off and landing events, modeled as instantaneous, discontinuous mappings.
During the SSP, the robot is supported by a single stance leg, while the swing leg moves
forward without contacting the ground. SSP concludes with the take-off event, occurring
when the normal reaction force at the stance foot becomes zero. The FLP follows, where the
robot’s center of mass follows a ballistic trajectory, as air resistance is neglected. The FLP
ends with the landing event, marked by foot contact with the ground.

The organization of this section is as follows: Sect. 3.1 elucidates the compliant ground
model; Sects. 3.2 and 3.3 present the continuous models for the FLP and SSP, respectively.
Sections 3.4 and 3.5 discuss the discrete transition events of take-off and landing, respec-
tively.

3.1 Compliant ground model

In the present study, we define the ground deformation 𝜹 := [δx, δz]⊤ and the time derivative
𝜹̇ := [δ̇x , δ̇z]⊤ in the tangential e⃗x and the normal direction e⃗z of the ground surface, respec-
tively. As specified in the SSP in Sect. 3.3, 𝜹 and 𝜹̇ correspond to the position and velocity
of the stance point foot, which can therefore be expressed as functions of qf and q̇f.

Among the various models, we started with the proposal of Silva et al. [49], which ap-
proximate both tangential and normal reaction forces of the compliant ground. In this study,
different ground materials such as peat, clay, and sand are parameterized. In order to high-
light the influence of the soft ground on the robot locomotion, we consider the softest mate-
rial, namely peat. The contact force in e⃗x - and e⃗z-direction is modeled as

Fx,Silva := Kxδx(qf) + Bx

δz,max
⏞ ⏟⏟ ⏞

Bx

δz(qf)δ̇x(qf, q̇f), (1a)

Fz,Silva := Kzδz(qf) + Bz
(︁

δz,max

)︁0.9

⏞ ⏟⏟ ⏞

Bz

(δz(qf))
0.9 δ̇z(qf, q̇f), (1b)

with stiffness Kx = 43,405 Nm−1 and Kz = 56,840 Nm−1 and damping parameters Bx =
625 Nsm−1 and Bz = 715 Nsm−1. Note that the study in [49] estimates the parameters Bx

and Bz for linear damping models, which are augmented by the maximum depth δz,max of
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the foot penetration into the ground to specify the nonlinear damping Bx and Bz. Given that
this study aims to develop a general control strategy for generating bipedal running gaits
on various compliant ground models, we treat the maximum value δz,max in (1a)–(1b) as a
nominal constant, which can be incorporated into the ground model’s parameter uncertainty
relative to real-world conditions. This assumption allows us to use a parameter-fitting pro-
cedure to identify ground parameters for other models that yield similar force-indentation
characteristics to the materials studied in [49].

As noted in [22], one drawback of the expression in (1b) is that it can yield negative
values, implying an adhesive reaction force. This contradicts the model’s assumption of
(dry) unilateral contact with the ground. These undesired adhesive forces often arise in
scenarios involving forced contacts or when an object has multiple simultaneous contact
points with the ground. This issue becomes particularly relevant when considering a non-
instantaneous and continuous double support phase (DSP) for walking on compliant ground
in future work, where both feet are expected to remain in contact with the ground. The robot
model in the DSP is under-actuated because the ground’s deformability means both stance
feet lack constraints. Initial simulations of a non-instantaneous DSP demonstrate that impos-
ing simultaneous contact at both stance feet complicates the numerical assessments due to
stiff dynamics on compliant surfaces. Consequently, the optimization-based gait generation
framework consistently aims to minimize the DSP duration to nearly zero.

For the robot model on rigid ground during the DSP, there is an over-actuation issue
because the two stance legs form a closed kinematic chain, reducing the degrees of freedom
to three—less than the four available actuators. A prior study [52] analyzed continuous
DSP while walking on rigid terrain, demonstrating improved gait stability but decreased
energy efficiency, due to the point foot model which does not allow for passive dynamics
to enhance efficiency. Consequently, the increased computational complexity and decreased
energy efficiency mean non-instantaneous DSP is excluded from this study. Instead, it is
focused on running gaits similar to human running, involving contact only during the single
support phase.

Nevertheless, although negative reaction forces can be prevented by imposing appropri-
ate inequality constraints in the optimization process, it is beneficial to employ an alternative
formulation that inherently avoids this problem. Therefore, the normal reaction force is de-
termined by

Fz,exp = Kexp exp
(︁

η δ̇z(qf, q̇f)
)︁

δz(qf)
ν, (2)

as proposed in [22]. The exponential function in (2) ensures that no negative (adhesive) nor-
mal forces occur. The parameters Kexp, η, and ν are determined through a fitting process (see
Fig. 6). This fitting aims to estimate the appropriate parameters in (2) to replicate similar de-
formation behaviors as in (1b), using ground parameters for peat from [49]. Specifically, we
minimize the sum of squared errors between the contact velocity-deformation characteris-
tics1 produced by both models, starting from identical initial conditions.

Typically, the parameter ν depends on the geometry of the colliding objects. For example,
ν = 3/2 applies to a point model colliding with a deformable flat surface, according to
Hertz’s theory [17]. In this study, we also estimate ν by fitting it to existing data, yielding
ν = 1.208.

1An alternative approach could be to formulate the parameter fitting task to match the force-deformation
diagram across different ground models, as shown in Fig. 1. However, since the primary focus of this study is
the effect of compliant ground, we prioritize analyzing the evolution of the colliding objects’ state variables,
particularly positions and velocities.



Bipedal running on compliant ground

Fig. 6 Velocity of the contact
foot over the ground deformation
resulted from the normal force
Fz,Silva (red) and Fz,exp (blue)
with the fitted ground parameters

Fig. 7 Left: Five-link robot
model in the flight phase. Right:
Robot in the single support
phase, with position r1 of the
stance foot

As the tangential force can be either positive or negative, using the formulation in (2)
to prevent negative forces is unnecessary. Thus, the force formulation Fx,Silva in (1a), along
with the suggested parameters, is adopted from the literature without modifications. The
force model Fz,exp according to (2) is used for the normal direction.

Identifying parameters in (2) is a drawback of utilizing the exponential function. Since
stiffness and damping are closely linked, the parameter fitting via optimization might lead
to non-uniqueness due to varying experimental data caused by minor measurement uncer-
tainties. This non-uniqueness can result in significant differences in contact dynamics. Fur-
thermore, the assumed decoupled normal and tangential forces complicate adjusting contact
model parameters using a variable friction coefficient for specific conditions. Our primary
aim is to extend the optimization framework to incorporate ground compliance within gaits
generated by the HZD controller. Future research could explore similar contact force models
using this framework.

3.2 Flight Phase (FLP) model

As shown in Fig. 7 (Left), the FLP model has seven DoF defined2 by the coordinates
qf := [r⊤

CM, θHAT,q⊤
b ]⊤ ∈ 𝒬f ⊂ ℝ

2 × 𝕋
5 and a five-dimensional torus 𝕋

5. Here, rCM :=
[xCM, zCM]⊤ is the CoM position of the robot in the coordinate system {e⃗x , e⃗z}, θHAT

is the upper body’s absolute orientation, and qb := [θH1, θH2, θK1, θK2]⊤ are the angles
of the four actuated joints with integrated electric drives producing the actuator torques
u := [uH1, uH2, uK1, uK2]⊤.

2Mathematical definitions are marked with :=.
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Using Lagrange’s equations as explained in [53, Sect. 3.5.1], the motion of the FLP is
described by

Mf (qf) q̈f + 𝚪f (qf, q̇f) = Bfu. (3)

Mf is the mass matrix, 𝚪f represents the generalized forces including Coriolis and gravi-
tational elements, and Bf := [0, I4]⊤ is the actuation projection with a zero matrix and a
4 × 4 unit matrix. Considering the second-order nature of the system dynamics, the state
space is constituted by the tangent bundle T𝒬f of the configuration space 𝒬f, as delineated
in reference

T𝒬f := {x := [q⊤
f , q̇⊤

f ]⊤ |qf ∈ 𝒬f, q̇f ∈ℝ
7}. (4)

The vector field within T𝒬f, as dictated by the equations of motion (3), is defined as

ẋf = ff(xf) + gf(xf)u, xf ∈ T𝒬f. (5)

3.3 Single Support Phase (SSP) model

During the SSP (Fig. 7 (Right)), the stance leg contacts the ground with its point foot, gen-
erating reaction forces F1 := [F1x,F1z]⊤. The position r1(qf) := [x1, z1]⊤ = 𝜹 (related to
ground penetration) and the velocity vector ṙ1(qf, q̇f) := [ẋ1, ż1]⊤ = 𝜹̇ of the stance point
foot can be expressed as functions of the coordinates qf and their time derivatives q̇f.

In accordance with the principle of virtual power, F1 and the Jacobian J1 := (∂ ṙ1/∂q̇f)

are present in the motion equation

Mf (q̇f) q̈f + 𝚪f −
(︃

∂ ṙ1

∂q̇f

)︃⊤
F1

⏞ ⏟⏟ ⏞

𝚪gen,s(qf,q̇f)

= Bfu, (6)

where the three degrees of freedom—xCM, zCM, and θHAT—remain uncontrollable through
actuation u. Notably, the generalized force 𝚪gen,s is augmented by the reactive response of
the compliant ground, which is formulated as a function dependent on the system states
(qf, q̇f), consistent with equation (3). Consequently, the vector field, as dictated by the equa-
tion of motion (6) during the SSP, is articulated in the state space T𝒬f as

ẋs = fs(xs) + gs(xs)u, xs ∈ T𝒬f. (7)

3.4 Take Off (TO)

The TO is a discrete event transitioning state variables from the end of the SSP (q−
f,s, q̇−

f,s)

to the start of the FLP (q+
f,f, q̇+

f,f), with smooth transitions in coordinates and velocities as
shown in

q−
f,s = q+

f,f, q̇−
f,s = q̇+

f,f. (8)

The TO occurs on the surface x−
s := [(q−

f,s)
⊤, (q̇−

f,s)
⊤]⊤ ∈ 𝒮 f

s , when the normal reaction force
F−

1z = 0 at the stance foot r1 becomes zero.
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3.5 Landing (LD) on compliant ground

The LD event on the surface 𝒮s
f marks the culmination of the FLP as the anterior foot es-

tablishes contact with the ground, signified by the vertical displacement z2(qf,f) = 0 of the
swing foot becoming null. Due to the compliance inherent in the massless ground model,
transitions occur without impact, thereby ensuring a seamless transition where the termi-
nal conditions x−

f := [(q−
f,f)

⊤, (q̇−
f,f)

⊤]⊤ ∈ 𝒮s
f of the FLP are directly mapped onto the initial

conditions x+
s := [(q+

f,s)
⊤, (q̇+

f,s)
⊤]⊤ of the successive SSP. Furthermore, considering that the

simulation of a singular step cycle is adequate for the representation of periodic motion, the
roles of the leading and trailing limbs are interchanged during the landing phase:

q+
f,s = R+

−q−
f,f, q̇+

f,s = R+
−q̇−

f,f. (9)

It is important to observe that the CoM position undergoes a shift equivalent to exactly
one step length rstep := rstep,x e⃗x + rstep,ze⃗z following a complete step cycle. In order to reset
the CoM position to its initial state, this displacement must be deducted from the final po-
sition (r+

CM = r−
CM − rstep). The subsequent states of the system are modified in accordance

with the relabeling matrix

R+
− :=

[︃

I3 0
0 R

]︃

, with R :=

⎡

⎢

⎢

⎣

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎤

⎥

⎥

⎦

. (10)

4 Hybrid zero dynamics control

This section addresses the design of control strategies aimed at facilitating efficient running
gaits on compliant terrains by employing extensions of the established HZD control frame-
work as reported in the literature [53]. Specifically, the control strategy that incorporates
virtual constraints during the FLP is derived from [53, Sect. 9.3.2]. In the reference, the
ground surface is considered rigid, resulting in a two-dimensional zero dynamics manifold
during the SSP. The current research effort is focused on enhancing the controller to incor-
porate compliant contact during the SSP, thereby yielding a six-dimensional zero dynamics
manifold. To address the augmented dimensionality, we employ Floquet theory to evaluate
the stability of the periodic solutions emerging from the hybrid zero dynamics.

The structure of this section is outlined as follows: Sect. 4.1 delineates the zero dynamics
pertinent to the single support and flight phases. Section 4.2 develops a hybrid zero dynamics
model that characterizes running gait. Section 4.3 elucidates the methodology for evaluating
the stability of periodic running gaits.

4.1 Virtual constraints

The framework of virtual constraints is thoroughly explicated in [53, Sect. 5.1.2]. Funda-
mentally, feedback controllers are devised to nullify the output ys in the SSP, and yf in the
FLP, defined as

ys = hs(xs) = qb − qr,s(xCM,𝜶s), (11a)

yf = hf(xf) = qb − qr,f(xCM,𝜶f), (11b)
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wherein qr,s : ℝ × ℝ
4×7 → ℝ

4 and qr,f : ℝ × ℝ
4×7 → ℝ

4 function as the reference trajec-
tory in the SSP and FLP, respectively. This trajectory is characterized by Bézier polynomi-
als of sixth degree, encompassing parameters 𝜶s ∈ ℝ

4×7 and 𝜶f ∈ ℝ
4×7, as detailed in [53,

Sect. 6.2]. The phase-dependent control strategy is implemented by choosing the horizontal
position xCM of the CoM as the independent variable, owing to its consistently monotonous
increase throughout both the SSP and FLP.

The formulation elucidated in (11b) originates from the framework as outlined in [53,
Sect. 9.3.2], wherein the feedback linearization approach as per [54] is employed to nul-
lify the control output. Consequently, by utilizing the same methodological approach and
presuming the complete fulfillment of virtual constraints absent of control inaccuracies, the
zero dynamics manifolds within the SSP and FLP emerge as articulated in

𝒵s := {xs ∈ T𝒬f∥hs(xs) = 0,ℒfs hs(xs) = 0}, (12a)

𝒵f := {xf ∈ T𝒬f∥hf(xf) = 0,ℒff hf(xf) = 0}, (12b)

encompassing both as smooth, six-dimensional invariant submanifolds embedded within
T𝒬f. Within this context, ℒfs and ℒff denote the Lie derivative along the vector fields (7) of
the SSP and (5) of the FLP, respectively.

Within the SSP zero dynamics manifold as referenced in 𝒵s, local coordinates zs :=
[q⊤

z,s,p⊤
z,s]⊤, wherein qz,s := [r⊤

CM, θHAT]⊤ and pz,s := [︁

I3 0
]︁

Mf(qf)q̇f serve as conjugates
to qz,s, are employed to delineate the zero dynamics as indicated in żs = fs,zero(zs), specifi-
cally articulated in

q̇z,s = 𝜿 s,1

(︁

qz,s

)︁

pz,s, (13a)

ṗz,s = 𝜿 s,2
(︁

qz,s,pz,s
)︁

, (13b)

The components 𝜿 s,1 and 𝜿 s,2 are obtained by following the methodology delineated in [53,
Equation (5.48)]. Due to the ground’s compliance, equation (13a)–(13b) constitutes a stiff
ordinary differential equation system.

Within the FLP zero dynamics manifold 𝒵f, the coordinates zf := [q⊤
z,f,p⊤

z,f]⊤ include
qz,f := [r⊤

CM, θHAT]⊤ and pz,f := [ṙ⊤
CM, σCM]⊤, together with the generalized momentum

σCM := [︁

0 1 0
]︁

Mf(qf)q̇f relative to the CoM. The zero dynamics are defined by equa-
tion żf = ff,zero(zf), as derived from reference [53, Equation (9.18)].

4.2 Hybrid zero dynamics

The running gait, characterized by an alternating sequence of . . . ⇒ single support phase, ⇒
take-off, ⇒ flight phase, ⇒ landing ⇒ . . . , is considered periodic at a given constant aver-
age speed vavg := ℓstep/tstep. Here, ℓstep represents the step length and tstep denotes the step du-
ration. The gait is structured upon the zero dynamics manifold, as delineated in (12a)–(12b),
referred to as hybrid zero dynamics, and elaborated in

ΣZD :

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

żs = fs,zero(zs), zs /∈ 𝒮 f
s ∩𝒵s,

z+
f = 𝚫f

s,zero(z
−
s ), z−

s ∈ 𝒮 f
s ∩𝒵s,

żf = ff,zero(zf), zf /∈ 𝒮s
f ∩𝒵f,

z+
s = 𝚫s

f,zero(z
−
f ), z−

f ∈ 𝒮s
f ∩𝒵f.

(14)

Within this framework, the discontinuous mappings z+
f = 𝚫f

s,zero(z
−
s ) and z+

s = 𝚫s
f,zero(z

−
f )

are determined via the evaluation of take-off, as articulated in (8), and landing, as detailed
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Fig. 8 Periodic solution of the
continuous dynamics (solid red
lines) and the discrete mappings
(dashed red lines) of the hybrid
zero dynamics of running

in (9), with regard to the zero dynamics manifolds 𝒵s and 𝒵f as specified in (12a)–(12b).
A solution curve maintains invariance with respect to the discontinuous mappings provided
the conditions 𝚫f

s,zero(𝒮 f
s ∩ 𝒵s) ∈ 𝒵f and 𝚫s

f,zero(𝒮s
f ∩ 𝒵f) ∈ 𝒵s, as illustrated in Fig. 8, are

satisfied.

4.3 Stability of periodic reference solution

In this section, we examine the orbital stability of the non-smooth hybrid zero dynamics
delineated in (14), which encapsulate periodic running gaits of the complete robot system,
assuming strict adherence to the virtual constraints (11a)–(11b). Importantly, the zero dy-
namics are structured to remain invariant under the closed-loop system dynamics. For stable
periodic orbits, referred to as limit cycles, minor perturbations or initial deviations from the
running gait will diminish asymptotically, thereby enabling the disturbed motion to revert
to the periodic reference gait at the desired constant velocity. Accordingly, the optimization
framework is structured to confine the search space to stable limit cycles of the hybrid zero
dynamics.

Various methods have been used to analyze the stability of periodic solutions in non-
smooth dynamical systems, such as calculating the maximum Lyapunov exponents, as de-
scribed in [55]. However, obtaining an accurate estimation of the Lyapunov exponents re-
quires long numerical integration and careful orthonormalization to stabilize the evaluation,
making this method impractical for our optimization framework. An alternative approach
is to compute the Jacobian of the Poincaré map, as applied in the literature for running on
rigid ground [51]. In our study, due to the high dimensionality of the zero dynamics, the
Jacobian of the Poincaré map can only be approximated using automatic differentiation.
However, given the computational inefficiency of this approach, we use the Poincaré map
method solely to validate stability results determined by Floquet theory, which is introduced
in this section.

Initially, in Sect. 4.3.1, we determine the monodromy matrix of the periodic solution in
accordance with Floquet theory. Subsequently, in Sect. 4.3.2, we proceed to ascertain its
eigenvalues, known as Floquet multipliers.

4.3.1 Monodromy matrix

Following the optimization process, the periodic solutions of the hybrid zero dynamics refer-
enced in (14) are constructed utilizing the solution curve 𝚽s

(︁

z+
s , t

)︁

in the SSP and 𝚽f

(︁

z+
f , t

)︁

in the FLP, with z+
s and z+

f serving as the respective initial conditions. Furthermore, the total
duration of a step tstep = ts + tf is characterized by the summation of ts within the SSP and tf
within the FLP.
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Subsequently, the methodology delineated in [56] is employed to determine the mon-
odromy matrix of the hybrid dynamics, denoted as

MRun

(︁

z−
f , tstep

)︁ = ∂𝚽f

(︁

z+
f , tf

)︁

∂z+
f

CTO

(︁

z−
s

)︁ ∂𝚽s

(︁

z+
s , ts

)︁

∂z+
s

CLD

(︁

z−
f

)︁

. (15)

Specifically, ∂𝚽f

(︁

z+
f , tf

)︁

/∂z+
f and ∂𝚽s

(︁

z+
s , ts

)︁

/∂z+
s represent the fundamental matrix solu-

tions in the SSP and FLP, respectively, as derived according to reference [57, Sect. 3.2]. The
derivatives of the discrete transitions, identified as saltation matrices CLD

(︁

z−
f

)︁

and CTO

(︁

z−
s

)︁

,
are obtained in compliance with reference [58, Equation (2)].

As illustrated in Fig. 8, the hyperplane utilized for the assessment of the monodromy
matrix corresponding to the periodic solution is established on the landing surface z−

f ∈
𝒮s

f ∩ 𝒵f. Given that the Floquet multiplier resulting from the analysis is insensitive to the
selection of a hyperplane, situating this surface within the FLP effectively reduces numerical
sensitivities. This effect is attributed to the lower stiffness of the equations governing the
FLP zero dynamics compared to those in the SSP, a consequence of the compliance of the
ground.

4.3.2 Floquet multiplier

According to the Floquet theory in [57, Sect. 3.2], the Floquet multipliers are the eigen-
values of the (6 × 6)-dimensional monodromy matrix MRun, which describes how initial
perturbations to a system state evolve along the periodic orbit over one period. Due to the
autonomous nature of the system, there is always a trivial Floquet multiplier Λ0 = 1, cor-
responding to perturbations along the flow direction. This multiplier merely causes a phase
shift in the trajectory and does not impact orbital stability. The remaining five multipliers,
particularly the one with the largest magnitude |Λ|, indicate the stability of the periodic or-
bit. Specifically, the periodic solution of the hybrid zero dynamics is stable if and only if the
largest magnitude |Λ| < 1.

To facilitate the analysis of stability, the influence of the trivial Floquet multiplier Λ0 = 1
is addressed by projecting the monodromy matrix MRun onto the nullspace of the tangent
vector ff,zero

(︁

z−
f

)︁

of the solution curve 𝚽f

(︁

z+
f , t

)︁

at the point of evaluation z−
f , as this tan-

gent vector ff,zero
(︁

z−
f

)︁

serves as the associated eigenvector to the trivial multiplier Λ0. In
particular, five orthonormal basis vectors that span the orthogonal complement of ff,zero

(︁

z−
f

)︁

are constructed3 and organized into columns of a (6 × 5)-dimensional matrix Q⊥. The or-
thogonal projection described by

DΣ,Run = Q⊤
⊥MRunQ⊥, (16)

yields a reduced monodromy matrix DΣ,Run ∈ ℝ
5×5 that encompasses five eigenvalues4 in-

dicative of the non-trivial Floquet multipliers, which determine the orbital stability of the
limit cycle. Specifically, the periodic solution is deemed stable if the largest eigenvalue mag-
nitude |Λ| < 1 is less than one.

3As described in [59, Chap. 5], techniques such as Givens rotations and the Gram–Schmidt process are
available for the construction of orthonormal basis vectors.
4The eigenvalues are computed numerically employing an iterative QR algorithm, as detailed in [59,
Sect. 7.5].
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5 Optimization of reference running gaits

A numerical optimization methodology is employed to determine physically feasible and
periodic running gaits as generated by the controller described in Sect. 4. It is presumed that
the virtual constraints in (11a)–(11b) are strictly adhered to, allowing the running gait to
be characterized by the hybrid invariant zero dynamics with a reduced order. The reference
trajectories for the actuated joint angles are parameterized using Bézier polynomials, as
specified in [53, Sect. 6.2], which serve as the optimization parameters. The enhancement
of energy efficiency in locomotion is the principal optimization objective, as discussed in
Sect. 5.1. Assurance of physical feasibility and gait stability is accomplished through the
imposition of equality and inequality constraints, as demonstrated in Sect. 5.2.

5.1 Optimization objective and parameters

The primary goal of the optimization is to generate stable running gaits on compliant ground
with high energy efficiency. The efficiency is evaluated by the dimensionless cost of trans-
port (CoT), defined as the optimization objective function:

f (𝒙opt) = CoT :=
∑︁4

i=1

∫︁ tstep
0 max

(︁

0, Pmech,i

)︁

dt

mgℓstep
, (17)

where mg is the total weight, ℓstep is the step length in one step period, and tstep is the step
duration. The mechanical power Pmech,i = uiq̇b,i , i ∈ [1,4] results from torque ui of the
motor and the joint’s angular velocity q̇b,i . Since no electric energy is recovered during de-
celeration, negative mechanical power (representing motor operation in generator mode) is
excluded via the max(·) operator. Additionally, Ohmic losses are neglected in this prelimi-
nary analysis, assuming I 2R ≪ Pmech,i , i ∈ [1,4].

The running gait parameter set includes Bézier parameters, initial conditions, and step
duration of the SSP and FLP, respectively:

𝒙opt :=
[︁

(𝜶s)
⊤, (𝜶f)

⊤, (z+
s )⊤, (z+

f )⊤, ts, tf
]︁⊤

. (18)

5.2 Optimization constraints

The process of generating periodic solutions through multiple shooting is incorporated into
the offline optimization procedure using the equality constraints described in Sect. 5.2.1.
Feasibility of the running gaits is ensured by a set of physical conditions enforced through
inequality constraints, as detailed in Sect. 5.2.2.

5.2.1 Periodic solution via multiple shooting

The periodic orbits of the hybrid zero dynamics for running consist of two continuous phases
and two discrete mappings, as depicted in Fig. 8. Numerically integrating these solutions
over extended evaluation periods, which involve transitions due to the discrete mappings,
can be highly sensitive to small deviations in initial conditions or reference parameters. For
instance, [42] highlights stability issues that arise when using adaptive time-step integration
algorithms to detect contact events, a challenge when simulating running gaits. Specifically,
during the flight phase, the integration step size is typically larger than in the single support
phase due to the stiff system characteristics. If an inappropriate (i.e., overly large) step size
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is used to detect contact events, it can result in significant, nonphysical ground penetration
at the start of the single support phase, leading to abnormally large reaction forces and often
causing the integration process to fail, particularly in single shooting methods.

In response to these numerical challenges, we adopt a multiple shooting method as de-
scribed in [43]. This technique partitions the entire periodic solution into distinct continuous
phases, with discrete transition events (such as contact detection) being treated as boundary
conditions between phases, each governed by varying system dynamics. A prevalent method
for enforcing these boundary conditions involves employing a root-finding algorithm such
as Newton’s method. Nevertheless, rather than utilizing this conventional approach, we in-
tegrate the equality constraints directly into the optimization process to enforce boundary
conditions within the multiple shooting method. In particular, the stiff differential equations
associated with the SSP are addressed utilizing the “RadauIIA5” solver, while the non-stiff
equations involved in the FLP are resolved via the efficient “Tsit5” solver. These solvers
are sourced from the Julia package DifferentialEquations.jl. The transitional events, namely
take-off as delineated in (8) and landing as expounded in (9), are formulated as a set of
equality constraints g1 ∈ ℝ

28.

5.2.2 Conditions for feasible gaits

Maintaining a steady average moving speed v is accomplished by the constraint

g2 := v − ℓstep

tstep
= 0. (19)

In addition, the guard functions of the transition surfaces defined in Sects. 3.4 and 3.5 are
formulated as equality constraints:

g3 := F−
1z = 0, (zero normal force before take-off) (20a)

g4 := z−
2 = 0. (front foot touches ground) (20b)

These are combined into a vector form of equality constraints g := [g⊤
1 , . . . , g4]⊤ = 0.

A series of inequality constraints h(tk) := [h1, . . . , h10]⊤ < 0, which are evaluated at each
discrete time step tk ∈ [0, tstep] of simulation, consist of the conditions in the SSP:

h1 := −F1z, h2 := |F1,x | − μ0|F1,z|, (21a)

h3 := z1, h4 := −z2, (21b)

h5 := −θK1, h6 := −θK2, (21c)

and the FLP:

h7 := −θK1, h8 := −θK2, (22a)

h9 := −z1, h10 := −z2. (22b)

Among these inequality constraints, (21a) enforces unilateral contacts of the stance
foot without slipping;5 (21b) requires that the stance foot (z1) is not lift-off from the

5We assume the friction coefficient μ0 = 0.6 in the present study.
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Table 1 Mechanical parameters
of the five-link robot model upper body thigh shank

mass moment of inertia (in 10−3 kg m2) 40.53 25.28 8.78

mass (in kg) 7.00 2.69 1.33

length (in m) 0.23 0.30 0.30

center of mass position (in m) 0.14 0.16 0.09

ground and the swing foot (z2) does not scuff the ground; (21c) and (22a) forbid hyper-
extension of the knee joints; (22b) restricts that both feet do not touch the ground dur-
ing the flight. These conditions form the vector of inequality constraints stated as h :=
[h(0)⊤, . . . ,h(tk), . . . ,h(tstep)]⊤ < 0.

In addition, the optimization is restricted to finding stable limit cycles of the hybrid zero
dynamics by the inequality constraint

hΛ := |Λ| − 1 < 0, (23)

where the largest magnitude |Λ| of the Floquet multipliers, calculated from the projected
monodromy matrix DΣ,Run in (16), characterizes the stability of the periodic orbit, according
to Sect. 4.3.2. The formulation presented in (24) is inspired by [60, 61], which seeks to iden-
tify stable, open-loop running gaits on rigid ground using a two-level optimization scheme.
In their approach, energy-efficient gaits are optimized in the inner loop, while stability—
characterized by the eigenvalues of the monodromy matrix—is handled in the outer loop. In
contrast, our study employs a single-stage formulation, which significantly reduces evalua-
tion time while still maintaining both efficiency and stability.

As a conclusion of the current section, we obtain the optimization problem

min
𝒙opt

f (𝒙opt)

subject to g = 0,

h < 0,

hΛ < 0,

(24)

which we solve with the SQP algorithm provided by the commercial software Artelys Kni-
tro. Equations of motion are derived in the computer algebra system Maple and numerically
evaluated using the programming language Julia. Derivatives are determined by the auto-
matic differentiation algorithm from the Julia package ForwardDiff.jl.

6 Results and discussion

This study primarily contributes by designing a controller under the hybrid zero dynamics
framework to analyze bipedal periodic running gaits on compliant surfaces. The main aim
is to achieve high energy efficiency in generating a reference running gait that is periodic
at a fixed average speed. This is accomplished by optimizing gait parameters in order to
minimize the cost of transport. Stability and feasibility conditions of the simulated running
are considered via inequality constraints in the optimization.

Optimization is performed for various average speeds within the set v ∈ {1.8, 1.9, . . . ,

3.3}m/s. These outcomes are contrasted with studies on rigid ground running, extensively
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explored in the literature, e.g. [51] and [53, Sect. 9]. Consequently, the modeling and con-
troller design methodologies are employed from existing work without extensive elabora-
tion in this manuscript. We employ the same optimization framework to reduce the bipedal
running model to hybrid zero dynamics of lower dimensionality and determine periodic
solutions using the multiple shooting method.

Parameters for the simulation robot model are sourced from a prototype under develop-
ment, with dimensions of 0.83 m in height and a weight of 15.04 kg. Table 1 provides further
mechanical details. The structure is as follows: Sect. 6.1 delves into the stability analysis of
the optimized reference motion, and Sect. 6.2 examines energy efficiency alongside the re-
action force and actuator torque when running on both rigid and compliant grounds.

6.1 Stability of reference gaits

As outlined in Sect. 4.3, the stability of the optimized reference gaits is evaluated using
the largest magnitude |Λ| of the nontrivial Floquet multipliers, which must be less than
one. When this condition is satisfied, any initial deviations from the periodic solution decay
asymptotically, ensuring that the gait stabilizes and converges to a steady periodic motion at
the desired constant speed. Conversely, for unstable solutions, small deviations grow expo-
nentially, causing the gait to diverge from the reference.

This section initiates the stability analysis with a study of running on rigid ground (see
Sect. 6.1.1), a well-explored area in the literature. Subsequently, Sect. 6.1.2 provides a com-
parison of stability results on rigid versus compliant grounds. Closed-loop simulations offer
insights into the limit cycles of the optimized reference running gait on both ground types.

6.1.1 Running on rigid ground

The framework for bipedal locomotion on rigid ground employs the identical robot model,
consisting of five segments and a point foot, as that utilized for compliant ground. The
principal difference arises in the representation of an inelastic impact at the point foot during
the contact with rigid ground. In correspondence with the one degree of underactuation
present during the single support phase, the limit cycle of the hybrid zero dynamics produces
a (2 × 2)-dimensional monodromy matrix, which is derived analogously as delineated in
(15). Among its two eigenvalues, one is trivial at unity owing to the system’s autonomous
nature, while the other nontrivial eigenvalue, known as the Floquet multiplier, signifies the
rate of convergence to a stable limit cycle. More explicitly, a smaller multiplier denotes a
more rapid convergence of perturbed solutions to the reference limit cycle. The orthogonal
projection method, as detailed in (16), is utilized to directly compute the sole nontrivial
eigenvalue, thus circumventing the QR iterations outlined in [59, Sect. 7.5].

In order to examine the relationship between energy efficiency and gait stability, a param-
eter study is conducted to illustrate the optimized cost of transport across various running
speeds and Floquet multipliers, as depicted in Fig. 9. The findings indicate that, within the
examined range of speeds, an enhancement in gait stability (achieved by reducing the mag-
nitude of the largest Floquet multiplier) necessitates greater energy expenditure.

6.1.2 Comparison between rigid and compliant grounds

Figure 10 illustrates the magnitude of the largest Floquet multiplier |Λ| for locomotion on
both compliant and rigid grounds. Importantly, the multipliers remain marginally below
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Fig. 9 Optimized cost of
transport of running on rigid
ground for the given target
speeds and magnitudes of the
largest Floquet multiplier

Fig. 10 Magnitude of the largest
Floquet multiplier for the optimal
walking and running gaits on
compliant and rigid grounds

unity under all conditions examined, implying the stability of the solutions. Regarding run-
ning on rigid ground, depicted in Fig. 9, a decrease in the multiplier |Λ| is associated with
diminished energy efficiency, consequently leading to an increased cost of transport. There-
fore, in efforts to minimize energy consumption while maintaining the largest multiplier |Λ|
beneath one, it is likely that the resultant multiplier will be proximate to, yet slightly below,
unity.

The stability of running on compliant ground is not easily modified through adjustments
in gait parameters. Establishing an optimization objective f̃ (𝒙opt) = |Λ| to directly mini-
mize the Floquet multiplier’s magnitude |Λ| does not yield smaller multipliers than shown
in Fig. 10. Similarly, minimizing the largest singular value of the saltation matrices for dis-
continuous mappings, as suggested in [62], is ineffective in reducing the Floquet multiplier.
We believe that running stability on compliant ground is attributed to three-dimensional un-
deractuation in both single support and flight phases. Specifically, the relevant coordinates,
particularly velocity components, undergo continuous transitions between phases. For in-
stance, the angular momentum with respect to the robot’s center of mass is used as an in-
dependent coordinate in both underactuated SSP and FLP, which remains constant during
take-off (Sect. 3.4) and landing transitions (Sect. 3.5). This constancy also applies to linear
momentum based on velocity coordinates. Thus, small perturbations to the system states
persist near the periodic orbit, as indicated by a Floquet multiplier |Λ| ≈ 1.

Conversely, locomotion on rigid ground results in a significant alteration. For example,
the translational velocity of the contacting foot, previously the swing foot during the pre-
ceding flight phase, becomes zero due to the inelastic impact. Additionally, the angular mo-
mentum assessed around the center of mass experiences a discontinuity in accordance with
the impact mapping on rigid ground, as elucidated in [53, Equation (3.110)]. Consequently,
perturbations in state may be attenuated via discrete reset mappings, culminating in a stable
periodic solution, as illustrated in Fig. 9.
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We suggest that a gradual transition should occur when moving from running on com-
pliant ground surfaces to rigid ones as the ground’s stiffness and damping parameters in
equation (1a)–(1b) progressively increase. This adjustment results in significant impulsive
alterations in velocity coordinates and diminished motion of the stance foot, thereby emulat-
ing the dynamics observed on rigid ground. Nevertheless, our current optimization approach
encounters considerable difficulty in obtaining periodic solutions that adhere to constraints
when stiffness is increased, complicating the numerical solution of the SSP equations. Con-
sequently, this manuscript does not include ground parameter variations. To further inves-
tigate stability, we suggest exploring alternative numerical techniques for addressing the
significant underactuation in hybrid zero dynamics control, complicated by contact dynam-
ics governed by stiff differential equations. For example, [45] employs the direct collocation
method to facilitate gait generation for bipedal walking with many degrees of freedom, but
it is unclear if this method can reliably approximate the contact dynamics in running gaits.

Running gaits with slippage can also be examined through our framework. Reference
[53, p. 278] considers compliant ground as a model perturbation to test the stability of gaits
initially designed for rigid ground. Their forward time simulation results indicate that while
the limit cycle changes with respect to the reference on rigid ground, a stable limit cycle
forms, implying stability in slipping scenarios on compliant surfaces. However, they do not
offer a systematic stability analysis, and their stiffness parameter is about 440 times higher
than in our work. Thus, additional research is needed to ascertain if stability is due to the
slipping stance foot in the single support phase or the increased ground stiffness.

6.1.3 Closed-loop simulation

To assess the stability of the optimized running gaits, closed-loop simulations are performed
using high-gain PD feedback6 as described in Sect. 4. The simulations of the running gaits
are conducted at a speed of 2.0 m/s on both rigid and compliant grounds, considering 20%
initial discrepancies in the velocity coordinates of the four actuated joints relative to the ref-
erence. The initial velocity error is highlighted, given that, in practical experiments, adjust-
ing the velocity of the robot’s joints poses a greater challenge than configuring the precise
joint angles prescribed by the reference gait. For improved visualization and validation of
the convergence characteristics of the perturbed periodic solution, the reference gaits are
established by imposing the magnitude of the Floquet multiplier |Λ| < 0.9. As depicted in
Fig. 10, utilizing outcomes with Floquet multipliers slightly less than one leads to a situation
where the initial deviations are nearly preserved.

Figure 11 particularly demonstrates the progression of actuated joint velocities with re-
spect to the corresponding joint angles across ten sequential steps. Following each step, the
exchange between the leading and trailing legs takes place, with each step’s simulation em-
ploying the state variables derived from the previous one as initial conditions. Consequently,
the trajectories shown in Fig. 11 are indicative of a closed loop. The simulation effectively
validates that the closed-loop system maintains its limit cycle on both rigid and compliant
grounds, despite minor initial perturbations. Notably, on rigid ground, Fig. 11 (Left) reveals
discontinuities in the system states due to inelastic impacts and take-off events. Conversely,
Fig. 11 (Right) illustrates relatively smooth state transitions during the discrete landing and
take-off events.

Simulation results indicate that the generated running gait is highly sensitive to the cho-
sen ground parameters within the compliant ground model. The closed-loop simulation ap-
plies a high-gain feedback law to ensure the system follows the zero dynamics manifold

6Feedback gains KP = 1000, KD = 1000 are used in the simulation.
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Fig. 11 Depiction of the running simulation as presented in 2.0 m/s, showcasing the behavior on rigid (Left)
and compliant ground (Right). The presence of a dotted line signifies the discrete transition phase

Fig. 12 The Cost of Transport
(CoT) and normalized energy
dissipation attributed to contact
on rigid and compliant grounds,
as well as deceleration
employing electric motors

outlined in (12a)–(12b). Due to the large stiffness parameter used in this study, even slight
control deviations cause notable alterations in the ground reaction force, significantly im-
pacting system dynamics and the resulting gait.

6.2 Efficiency study

Figure 12 presents the optimized cost of transport and energy dissipation across various
speeds for both ground models. In particular, the energy consumption and the energy dissi-
pation are normalized against step length and robot weight, mirroring the cost of transport
equation (17), to standardize energy assessments for comparison.

On rigid ground, efficiency is nearly linearly related to speed. In contrast, on compliant
ground, efficiency remains roughly constant for speeds v < 2.9 m/s. The overall energy ef-
ficiency of running on compliant surfaces is enhanced within the examined range of speeds,
owing to the robot’s ability to exploit the ground elasticity. This elasticity facilitates the
temporary storage and subsequent recovery of kinetic energy as elastic energy during both
compression and restitution phases, thereby reducing the amount of work required from the
actuator.
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Fig. 13 Step length (Left) and step frequency (Right) of optimized running gaits on rigid and compliant
grounds

Figure 13 depicts the analysis of optimal gaits concerning step length and frequency.
Primarily, variations in running speed are due to changes in step length, with step frequency
showing minimal variation. Compared to rigid surfaces, running on compliant ground in
Fig. 13 (Right) results in lower step frequency due to ground deformation. As rigid ground
can be regarded as a model with infinite stiffness, increasing the stiffness parameter in the
compliant ground model could enhance the optimal step frequency, falling between the two
scenarios shown.

6.2.1 Energy losses

Another perspective on the efficiency analysis involves examining the energy dissipation
caused by contact with both rigid and compliant grounds, shown in Fig. 12 (dotted lines),
and the energy loss during movement deceleration via electric motors, depicted in Fig. 12
(dashed lines). With periodic running regarded as limit cycles, the total energy remains
unchanged, balancing total input (cost of transport) and losses due to ground contact and
actuator deceleration. Electric energy regenerates as actuators decelerate, which is excluded
from the cost of transport in equation (17).

As illustrated in Fig. 12 (dotted lines), the energy dissipation resulting from impacts on
rigid ground is notably lower than that arising from damping on compliant ground, as de-
tailed in Sect. 3.1. When contrasted with the actuator’s deceleration-related energy losses
depicted in Fig. 12 (dashed lines), the energy losses attributed to ground interactions are rel-
atively minor. The deceleration-induced energy losses on rigid ground demonstrate a linear
correlation with speed. Conversely, the presence of compliant ground facilitates the decel-
eration of the robot’s movement, thereby markedly diminishing the actuator’s deceleration
energy losses and ultimately enhancing the overall energy efficiency of locomotion.

6.2.2 Reaction force on ground

Figure 14 depicts the reaction forces on the stance foot in both tangential and normal direc-
tions during running at 2.0 m/s on compliant and rigid grounds. With static friction ensuring
no-slip contact, these forces are confined to the friction cone, as defined by constraint (21a).
The unilateral contact condition ensures the normal forces are positive.
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Fig. 14 Reaction forces F1 := [F1x,F1z]⊤ on compliant (a) and rigid (b) grounds during the SSP of running
at 2.0 m/s. Dotted lines show the maximum horizontal force without slippage, per μ = 0.6

On rigid ground, tangential and normal forces reach their peak immediately following
inelastic impact. By the conclusion of the SSP, the normal force diminishes to zero, and the
robot initiates the flight phase. On compliant ground, both tangential and normal forces grad-
ually increase from zero at SSP onset. Notably, the tangential force on compliant surfaces
displays significant oscillations, essential for meeting feasibility conditions during running.
As illustrated in Fig. 14a, the stance foot on compliant ground exhibits reduced slippage po-
tential, whereas Fig. 14b indicates a higher likelihood of slipping on rigid ground during the
middle of the SSP. This potential for slippage increases significantly with higher running
speeds. Furthermore, the vertical normal forces have nearly equal maximum magnitudes,
suggesting a minor influence of ground compliance on peak normal force.

6.2.3 Actuator

At an equivalent running speed 2.0 m/s on both rigid and compliant grounds, the actuator
torques during the SSP and FLP are illustrated in Fig. 15. Similar to the ground response
force, actuators, particularly those in the hip joints, display an impulsive escalation subse-
quent to the inelastic impact on rigid ground, posing a potential risk of damage to the drive
train. During the mid and latter portions of the SSP, the actuators typically generate sub-
stantially reduced torque, as the robot leverages its passive dynamics to advance forward,
optimizing energy expenditure.

In contrast, on compliant surfaces, the actuators escalate from a baseline of zero without
abrupt jumps. Nevertheless, throughout the entirety of the SSP, continuous actuation is im-
perative to fulfill contact conditions, which are notably more intricate on compliant ground.

The compliant nature of the ground results in a significant reduction in actuator torque
needed for movement, allowing for the use of smaller actuators with minimal impact from
actuator saturation. Moreover, the smooth variations in the reference torque signal simplify
the controller’s responsiveness compared to the complex real-time adjustments required for
abrupt changes on rigid surfaces.
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Fig. 15 Actuator torques required for running at 2.0, m/s on rigid (Right) and compliant ground (Left). The
stance leg is denoted as 1, and the swing leg as 2

7 Conclusions

This study presents a control design within the framework of hybrid zero dynamics to enable
stable and energy-efficient running gaits for a bipedal robot on compliant ground, expanding
on previous work focused on rigid ground. The robot model consists of five rigid segments
connected by four actuated revolute joints, ending with point feet. Its periodic running gait,
maintaining a constant average speed determined by step length and duration, includes two
continuous phases (single support and flight) and two discrete transitions (take-off and land-
ing), forming a hybrid dynamical system. Non-slipping contact during the single support
phase is modeled using nonlinear viscoelastic contact models.

Virtual constraints are utilized to represent the robot’s running gait through reduced-order
hybrid invariant zero dynamics, with periodic solutions identified via a multiple shooting
method. The development of energy-efficient running gaits is formulated as an optimization
problem focused on the reference trajectory, incorporating constraints for gait stability and
physical feasibility. Orbital stability is evaluated using Floquet theory, and optimization is
executed using a sequential quadratic programming algorithm.

Ground compliance introduces significant challenges, notably expanding the invariant
zero dynamics manifold from two to six dimensions compared to rigid ground, and increas-
ing sensitivity in the differential equations during contact. These challenges are addressed
through a proposed multiple shooting formulation and an orthogonal projection of the mon-
odromy matrix to isolate critical nontrivial Floquet multipliers. Using these methodologies,
stable and efficient running gaits are achieved on compliant ground. A comparative study
reveals that while energy dissipation from damping is greater on compliant ground surfaces
compared to inelastic impacts on rigid surfaces, such compliance can still be used to attain
energy-efficient running gaits. An added advantage of compliant ground is the absence of
impulsive jumps in ground reaction forces and actuator torques upon landing, reducing po-
tential mechanical damage to components like drive trains. The proposed framework can
also be applied to the design of sports floors and surfaces. The software suite for simulating
and optimizing running gaits on compliant ground is detailed in [63].

Future work will focus on refining numerical methods or exploring alternative ap-
proaches to address the high-dimensional, nonlinear, and stiff differential equations that
arise during contact, facilitating the simulation of stiffer ground materials. This is expected
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to provide deeper insights into smooth transitions between running gaits as ground prop-
erties shift from compliant to rigid. This study presumes decoupled normal and tangential
contact force models and a constant friction coefficient. Future research could investigate
the effects of coupling these forces and varying the friction coefficient according to contact
conditions. Additionally, plans include incorporating sticking-slipping motion into the con-
tact model, requiring advanced numerical techniques to handle increased discontinuities and
uncertain sequences of continuous dynamics.
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