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Abstract

Semantic high definition (HD) maps enable safe and comfortable automated
driving by providing information that extends far beyond the sensing range and
surpasses on-board processing capabilities. However, if an autonomous vehicle
falsely relies on outdated map information, this can have fatal consequences.

This thesis proposes a system which enables the continuous verification of
map information ahead of the vehicle using only on-board sensors and real-
time processing. To be able to react promptly to outdated maps, but also
to safely exploit the information provided by verified maps, the verification
needs to achieve exceptional certainty at distances greater than a comfortable
breaking distance. This requires three major advancements over the previous
state of the art.

The first is a method that detects map elements with human-like accuracy at
distances of up to 180 m. Semantic instances are extracted from camera images
using a deep neural network (DNN) and fused with high-resolution lidar data to
estimate parametric representations. By tailoring the representations to each
semantic class of map elements, they can be estimated robustly even at large
distances. At the same time, they contain sufficient details to render meaningful
reprojections into camera or range images, which is necessary to actively detect
changes in the map. Moreover, they enable appearance-invariant association in
parameter space, which can be trivially used for fully automated mapping.

At the core of this thesis lies the second major advancement, a novel method for
data association and localization, called probabilistic correspondence graph
(PCG). It offers previously unprecedented guarantees: With merely a coarse
initial position and solely using sensor data of a single time step, it provides
globally probabilistically optimal association results in real time. At the same
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Abstract

time, it can deal with outliers, i.e. clutter or outdated map elements, and offers
a self-assessment capable of recognizing ambiguities.

When using PCG for data association and point cloud registration on smaller
and medium-sized problems like the KITTI benchmark, it outperforms the
state-of-the-art. Combining PCG with the proposed highly accurate parametric
detections to localize within a semantic HD map achieves an accuracy of about
2 cm and 0.02°, respectively. Such accuracy was previously only achievable with
orders of magnitude more storage-intensive sensor-specific localization layers.
When localizing in three years old and partially outdated maps, availability
decreases but the error is almost unimpaired.

PCG as multi-hypothesis data association approach also enables the third major
contribution, a continuous ternary map verification that tracks changes and
verification independently. Detections assigned to a map element are interpreted
as evidence for the element’s up-to-dateness. Evidence for changes can be
obtained through very fast ray casting in range images. Evidence theory enables
aggregation over time, the combination of potentially contradictory evidence and
an elegant incorporation of occlusions as complement to changes and verification.

The overall system enables highly reliable verification of significant shares of
traffic lights and signs at ranges of more than 50 m, the comfortable breaking
distance in urban environments. As an outlook, a concept is drafted which
allows the propagation of verification results from physical to abstract map
elements, such as traffic rules, without the need to infer the abstract layer online.

Beyond mere localization and map verification, this work proposes several novel
metrics to evaluate detections, map, and localization results without ground
truth. The self-assessed localization and map verification makes it possible to
safely use HD maps as pseudo ground truth. For this purpose, only the verified
up-to-date parts of a map can be used, restricted to places where localization
is accurate and unambiguous enough.
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Kurzfassung

Semantische hochauflösende (HD) Karten ermöglichen sicheres und komforta-
bles automatisiertes Fahren, da sie Informationen bereitstellen, die weit über das
Sichtfeld der Bordsensorik und weit über die Verarbeitungsmöglichkeiten an
Bord hinausgehen. Verlässt sich ein automatisiertes Fahrzeug aber auf veraltete
Karteninformationen kann das tödliche Konsequenzen haben.

Diese Arbeit stellt daher ein Verfahren vor, das die zuverlässige Verifikation
von Karteninformation vorab ermöglicht und hierfür nur bordeigene Sensorik
und echtzeitfähige Verarbeitungsschritte nutzt. Um rechtzeitig auf Änderungen
reagieren zu können, aber auch um von verifizierten Karten zu profitieren,
muss eine kontinuierliche Verifikation weit über den komfortablen Bremsweg
hinaus, aber dennoch mit höchster Zuverlässigkeit erfolgen. Dies erfordert drei
wesentliche Weiterentwicklungen des Stands der Technik.

Der erste Beitrag ist eine Methode, die Kartenelemente in bis zu 180 m Entfer-
nung mit einer Genauigkeit wahrnimmt, die menschlichen Annotationen nahe
kommt. Hierfür werden semantische Instanzen mit einem tiefen neuronalen Netz
aus Kamerabildern extrahiert und mit hochauflösenden Lidar-Daten fusioniert
um parametrische Repräsentationen zu schätzen. Die maßgeschneiderte An-
passung der Modelle an die jeweilige semantische Klasse erlaubt eine robuste
Schätzung selbst in großen Entfernungen. Gleichzeitig enthalten die Repräsen-
tationen ausreichend Details sie in Kamera- oder Lidarbilder zu projizieren, was
notwendig ist, um aktiv Änderungen der Karte erkennen zu können. Darüber hin-
aus ermöglichen sie eine erscheinungsinvariante Assoziation im Parameterraum,
die trivial für eine vollautomatisierte Kartierung genutzt werden kann.

Das Herz dieser Arbeit ist ein neuartiges Verfahren zur Datenassoziation und
Lokalisierung, Probabilistic Correspondence Graph (PCG) genannt, das bislang
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Kurzfassung

beispiellose Garantien bietet. Mit nur einer sehr groben initialen Position und
nur mit den Sensordaten eines einzigen Zeitschritts ermöglicht es eine global
probabilistisch optimale Assoziation in Echtzeit. Gleichzeitig kann es mit
Ausreißern, bspw. Fehldetektionen oder veralteten Kartenelementen, umgehen
und bietet eine Selbstschätzung, die Mehrdeutigkeiten erkennen kann.

Für die allgemeine Datenassoziation und Registrierung von Punktwolken auf
kleineren und mittelgroßen Problemen wie dem KITTI-Benchmark übertrifft es
den bisherigen Stand der Technik. Wenn das Verfahren genutzt wird um sich
mittels hochgenauer parametrischerDetektionen in einer semantischenHD-Karte
zu lokalisieren erreicht es eine Genauigkeit von ca. 2 cm bzw. 0.02°. Solche
Werte waren bislang nur mit um Größenordnungen speicheraufwändigeren
sensorspezifischen Lokalisierungskarten möglich. Wenn drei Jahre alte und
damit teils veraltete Karten zur Lokalisierung verwendet werden, nimmt die
Verfügbarkeit der Lokalisierung ab, aber der Lokalisierungsfehler bleibt quasi
unbeeinträchtigt.

Die Multi-Hypothesen-Datenassoziation ist auch die Grundlage des dritten
Beitrages, einer ternären evidenzbasierten kontinuierlichen Kartenverifikation.
Zuordnungen von Detektionen zu einem Kartenelement werden als Evidenz
für die Aktualität interpretiert. Evidenz für Änderungen kann über ein sehr
schnelles Ray Casting in Lidarbildern gewonnen werden. Ein ternäres Evi-
denzsystem ermöglicht eine Aggregation über die Zeit, die Kombination von
potentiell widersprüchlichen Evidenzen und eine elegante Berücksichtigung
von Verdeckungen als Komplement von Verifikation und Änderung.

Das Gesamtsystem ermöglicht eine höchst zuverlässige Verifikation eines großen
Teils von Ampeln und Schildern in weit mehr als 50 m Entfernung, was als
komfortabler Bremsweg im urbanen Raum angenommen werden kann. Auf
dieser Basis wird ein Verfahren entworfen, das die Weitergabe von Verifika-
tionsergebnissen von physischen auf abstrakte Elemente, wie Verkehrsregeln,
ermöglicht, ohne die dafür normal nötige Inferenz durchzuführen.

Über die reine Lokalisierung und Verifikation von Karten hinaus werden in
dieser Arbeit mehrere Metriken vorgestellt, um Detektions- und Kartenqualität
sowie Lokalisierungsergebnisse auch ohne eine Ground Truth zu evaluieren.
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Kurzfassung

Schließlich ermöglicht die selbstüberwachte Lokalisierung und Verifikation von
Kartenelementen die sichere Verwendung von HD-Karten als Pseudo-Ground
Truth für das maschinelle Lernen. Hierfür können nur die verifizierten Teile
einer Karte als Pseudo-Ground Truth bereitgestellt werden, und zwar nur dort,
wo eine Lokalisierung genau und eindeutig genug möglich ist.
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Notation

This chapter introduces the notation and symbols which are used in this thesis.
In cases where a symbol has more than one meaning, the context (or a specific
statement) resolves the ambiguity.

Symbols

:= definition
≡ constancy, e.g. over time or samples
∼ sample from a distribution
∝ proportional to
∝∼ approximately proportional to
' homeomorphic to
→ association of measurements to map elements
‖·‖ Euclidean norm
‖·‖Σ covariance weighted norm
] angular or minimal rotational difference

Numbers, Spaces and Indexing

R real numbers
N0 natural numbers including zero (non-negative integers)
SE(3) special Euclidean group in R3

xv



Notation

i, j, k, l indexing for e.g. objects, measurements, points
I index set

Sensor Data and Semantics

Variables related to (preprocessed) sensor data and semantic classes are denoted
in Fraktur script.

l ∈ L lidar point
i ∈ I image
p ∈ P pixel
d ∈ D semantic instance detection
b ∈ B bounding box
m ∈M instance mask
c ∈ C semantic class
o ∈ [0, 1] confidence (of a detected instance)

General Objects

a, b ∈ R scalars
x, y, z ∈ R coordinates in R3

d ∈ R Euclidean distance (e.g. of a lidar point)
t ∈ R3 translation vector
R ∈ R3×3 rotation matrix
T ∈ T ⊂ SE(3) isometric transformation or pose
τ thresholds, usually τ ∈ R or τ ∈ N0

w ∈ R weight
ζ ∈ R scale
e ∈ R, e ∈ Rn (measurement) error
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Notation

ξ ∈ R any parameter/coordinate of a parametric representation or
an SE(3) pose

ϕ ∈ R yaw angle
q ∈ R quotient or share, usually

∑
i qi = 1

u, v ∈ V vertices in a graph
s, t ∈ V sink and source vertices
(u,v) ∈ E edge in a graph
c cost
T ∈ T track
β ∈ R scalar prefactor
Ψ normalization term
J cost function
ρ robust loss function

Parametric Detections and Landmarks

d ∈ D semantic parametric detection (in global map/world frame)
d′ ∈ D′ —"— in the sensor frame it has been measured
dj ∈ Dj —"— in sensor frame at time j
` ∈M semantic map element (landmark)
c ∈ R3 center point
l,w,h ∈ R length, width, height
o ∈ R3 orientation vector
φ ∈ R orientation angle
n ∈ R3 normal vector
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Stochastic Models

p ∈ [0, 1] probability of an event
f ∈ [0,∞) (possibly unnormalized) density, also called likelihood
F ∈ [0, 1] cumulative density function (cdf)
` ∈ R log likelihood
σ standard deviation or scalar noise magnitude
Σ covariance matrix
W noise process
N Gaussian normal distribution

Probabilistic Correspondence Graph

x ∈X,y ∈ Y data points with at least a position parameter in Rn

θ ∈ Θ assignment between points of two sets or to the outlier
symbol ∅

·+, ·+ inliers
·−, ·− outliers
·∗ optimally estimated result
·? true value (e.g. ground truth)
u, v ∈ V vertices in a graph
(u,v) ∈ E edge in a graph
G (probabilistic correspondence) graph
C correspondences between two point sets
∆ transformation invariant measurement (TIM)
δ ∈ R Euclidean distance (between two points)
∆δ ∈ R Euclidean distance difference
∆δ2 ∈ R squared Euclidean distance difference
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Notation

∆δ◦ ∈ R2 joint Euclidean angular distance difference

Evidence Theory

Ω frame of discernment
ω ∈ Ω possibility
m : 2Ω → [0, 1] mass function

Procedures

DT distance transform
R rendering procedure

Binary Prefixes

KiB kibibyte 210 Bytes = 1.024 kB

MiB mebibyte 220 Bytes ≈ 1.049 MB

GiB gibibyte 230 Bytes ≈ 1.074 GB

TiB tebibyte 240 Bytes ≈ 1.100 TB

For the benefit of clearer notation, notation in the appendices may deviate
from the main part.
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1 Maps as Static Images of a Dynamic
World

When children learn to ride a bike, they often rely on training wheels until
they can safely balance themselves. Similarly, most automated vehicles rely on
detailedmaps until even themost complex interpretation of the static environment
is solved reliably at runtime. While parents and educational scientists argue
whether training wheels are more likely to help or harm children, Tesla’s push
to supposedly discard such maps entirely results in a similar discourse regarding
the use of detailed maps for autonomous driving. Like training wheels, maps
can offer a false sense of safety that can have dire consequences when relying
on them in case of failure, i.e. when being outdated.

Unfortunately, the author of this thesis is not very optimistic about the near-term
breakthrough of artificial general intelligence (AGI) on board vehicles, which
would render detailed maps redundant. This necessitates ways to overcome the
potentially fatal failure cases of outdated maps. Hence, this thesis presents an
approach to verify the map ahead of the vehicle that can then be truly trusted.

1.1 Motivation

Automated driving offers the potential to enable private transport regardless
of the passengers’ abilities or formal qualifications. However, to drive as
comfortably and safely as the most responsible human drivers, an automated
driving system needs to perceive and interpret information about the environment
at high resolution and range with an extraordinary level of reliability.
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1 Maps as Static Images of a Dynamic World

Obviously, dynamic information about the environment, like the position,
motion, and intention of other traffic participants, can only be perceived during
runtime. This challenge for the perception modules of an automated driving
system has been recognized early, resulting in various datasets, benchmarks, and
challenges. In contrast, the remaining part of the world has long been assumed
static, supposedly allowing to record, process, and interpret information about it
offline. The result is then stored or provided in form of so-called maps.

Maps not only make it possible to infer one’s own pose with respect to a common
reference frame, providing so-called ego localization. In fact, the author of this
thesis holds the opinion that localization should rather be viewed as enabler
that allows using all other kinds of information contained in a map, turning
the map into a powerful virtual sensor.

Compared to real sensors, maps offer a number of advantages. First, as maps are
stored within the autonomous system or can be retrieved via broadband cellular
networks, they are virtually unlimited in range and resolution. They are also
independent from weather conditions, making maps arbitrarily robust. Finally,
maps can contain information that has been created using data from a whole
fleet, using long-running offline processing methods or even human assistance.

While maps offer all these advantages over real sensors, they come with a catch:
As long as the still incredibly challenging mapping process cannot be done
online, i.e. in real time on board a vehicle, maps will always be a somewhat
static image of a continuously changing world.

1.2 Goals

As it is not expectable that maps will be inferred online even in the midterm
future, one possible consequence could be to discard maps entirely. This would
result in either the abandoning of current safety standards or the unavailability of
autonomous driving functions. The more challenging, but also more attractive
alternative is to verify if the map is still up-to-date and exploit the benefits
of map information as long as it is safe to do so. This motivates this thesis
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1.2 Goals

which presents the first comprehensive on-board solution to verify that map
information is up-to-date and can be used safely.

Naively detecting changes and making map information available as soon as no
change has been detected quickly turns out to be a dead end. In the real world,
at least some parts of the map will be occluded at all times. If this constitutes
a change, the map will never be usable. In the other case, when all changed
parts are occluded, the map would be fully verified mistakenly. Hence, any
safe and feasible solution requires a verification that handles occlusion and
verifies only visible parts of the map.

Additionally, verifying the map as a whole does not scale to maps as they are
required for automated driving, so-called highly automated driving (HAD)
maps: The more details a map contains about the local environment, the likelier
it is that any thing has changed since the most recent map update. Therefore,
the second goal of this work is to resolve verification results to individual
map elements that have been confirmed and are safe to use. This allows using
the up-to-date parts of the map even in the presence of commonly occurring
changes, vastly reducing requirements on map update latency (“map freshness”)
and increasing availability of high quality map content.

Comparingmap content and detections from sensor data on the level of individual
physical elements requires the vehicle to detect these elements in the first place.
This makes the detection range a major limiting factor for the availability of
verifiedmaps. Hence, one needs todetectmap elements at high range. To react
comfortably, in urban environments, the detection range should be at least 50 m.

The second elementary step for comparing map and sensor data is the association
of detected and stored map elements. In the course of this work, this turned out to
be a difficult chicken-and-egg problem: When the map has changed, it becomes
hard to safely localize the ego vehicle within the map. At the same time, if the
ego pose is unknown, it is hard to associate map elements to verify them. Since
the whole verification hinges on the resolution of this key challenge, a robust,
yet verifiably safe solution of the data association problem is required.

When map information is confirmed using data from sensors, each with limited
range and partially obstructed field of view, the absence of detected errors does
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not guarantee that a map element is still up-to-date. At the same time, no
autonomous driving functions will use e.g. a traffic sign that is known to be
missing. In contrast, many functions can assume that a traffic sign that is occluded
by a truck is still valid. To resolve this, the goal is to recognize changes and
verification independently: map elements can be verified, changed or unseen.

Finally, using on-board detections from a single vehicle, verifying abstract
layers of a map, e.g. traffic rules or intersection topologies, is very hard. As
behavior decision and trajectory planning modules depend on this abstract
content, the last goal is to transfer verification results from physical elements
to abstract map content.

1.3 Contributions and Outline

To accomplish the aforementioned goals, this thesis proposes a comprehensive
framework for the continuous verification of HAD maps. An overview of the
system is depicted in Figure 1.1.

Chapter 2 presents one of the first surveys that investigates how the mapped
world changes qualitatively and quantitatively and how these changes affect the
validity of maps. Its insights are crucial to design and implement a system
for map verification that covers all relevant changes and is applicable to real
automated vehicles.

Based on the necessity to detect map elements in large distance with high
precision, Chapter 3 describes how this can be achieved by combining semantic
detections from camera images with lidar point clouds. The proposed parametric
representations, which are tailored to each semantic class, turn out to be
an excellent balance between expressiveness and robustness of estimation.
Parametric detections can also be tracked and combined effectively to fully
automatically create a map which matches human annotation quality. The
lack of suitable ground truth inhibits both supervised learning methods or
a corresponding evaluation. Instead, Chapter 3 proposes novel weakly and
self-supervised metrics for hyperparameter optimization and evaluation of
the approach.
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HD Map

Parametric

Detections

(Chapter 3)

Mapping

(Chapter 3)

Localization & 

Data Association  


(Chapter 4)

Evidential
Verification
(Chapter 5)

Map Change
Analysis


(Chapter 2)

Localization Result

Verification Result

Figure 1.1: Overview of the building blocks of the proposed map verification framework. Individual
chapters are color coded.

With detections and a map at hand, in Chapter 4, a solution for the core challenge
of map verification is proposed: the reliable association of detections to map
elements even in changed environments. It not only solves the probabilistic
data association problem efficiently and globally optimally using only a single
frame of measurements. It also detects ambiguities and, thus, avoids uncertain
data associations. Indirectly, the proposed data association enables a safe yet
highly accurate localization that works in real time. And, when applied to other
association problems like point cloud registration, it is the new state of the art.

The highly reliable association results facilitate verification by marginalization
over association hypothesis. In Chapter 5, this is used in a ternary aggregation
scheme that tracks verification and change beliefs independently using evidence
theory. Changes, i.e. the absence of map elements, can be actively detected
using fast lidar ray casting in ordered range images. It also describes how belief
can be propagated from physical to more abstract layers using a well-designed
map format.

In summary, this makes it possible for the first time to verify large parts of the
map far in advance of the vehicle using only on-board sensors. This enables
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the integration of HAD maps not only as unrealiable prior, but as dependable
virtual sensor with outstanding range, resolution, and powerful information.
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2 HAD Maps, Map Changes and the
Obsolescence of Map Information

From the perspective of this thesis, maps contain the seemingly static parts
of the world which are relevant for automated vehicles. The question how
these parts evolve over time and how this affects these maps has not been
researched widely. In fact, not all changes in the real world automatically render
a map outdated for all applications. For instance, a guardrail that has not been
moved, but was only made safer by increasing the number of mounting poles
is unchanged for any regular behavior or planning algorithm. Only functions
that use this very detail, like a radar-based localization, are affected. Hence,
in order to design map-based automated driving functions for the real world,
one first needs to investigate how the real world evolves and which effects this
has on the validity of map information.

Contributions

This chapter proposes sound definitions for the terms HAD maps and map
changes, which are used very inconsistently in literature. Based on the definition
of map changes, one of the first structured investigations on changes of the
mappedworld is presented and explored bothqualitatively andquantitatively.
The quantitative part of this chapter focuses on German highways. Qualitatively,
the findings are transferred from highways to analogous changes in urban settings,
allowing to gather comprehensive knowledge on map changes across domains.
This knowledge base not only serves as guideline to cover all possible changes
when designing a localization or map verification system. It is also relevant
when developing any map-based automated driving or assistance function.
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Previous Publications

The main contributions of this chapter have been published previously [PSH+18,
PPJ+18]. For this thesis, a previously presented map change analysis [PSH+18]
is used to extract meaningful findings to design and develop a localization and
map verification approach. Lanelet2 [PPJ+18] is used as example for an HAD
map that is particularly well-suited to be verified.

2.1 Related Work

This chapter focuses on the basic concepts of HAD maps and their changes.
Methods for map creation and the detection of map changes are discussed in
Chapter 3 and Chapter 5, respectively.

2.1.1 HD Maps

The invention of high definition (HD) maps is often connected with the au-
tonomous Bertha Benz drive in 2013 [BZS14, ZBS+14, Her18]. In contrast
to previous digital maps, also referred to as standard definition (SD) maps,
HD maps are supposed to contain the necessary data to safely and comfortably
automate driving functions. These data need to fulfill a required level of (at
least local) accuracy not only in 2D, but in 3D [LWZ20, EFH+23].

The map information is typically structured into multiple so-called layers as
depicted in Figure 2.1. While SD maps contain only a coarse network on the
road level, HD maps contain lane level information, usually including the precise
lane course, lane boundaries and connectivity. In addition, automated functions
require semantic information like traffic rules or relations between signs and
lanes. Modern extensions of this map model comprise layers for behavior priors
and dynamic events such as accidents [EFH+23].

Finally, to enable the use of HD maps with the required accuracy, sometimes a
geo-referenced localization layer is added and referenced to the remaining layers.
While early localization layers were often specific to one sensor model or at least
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Figure 2.1: The three layers of an HDmap according to map provider HERETechnologies [HER17].
While it is a prototypical depiction of HD map layers, the author disagrees with the
depiction in the fact that traffic lights, road signs or guardrails are only localization
features. Instead, as proposed in the Lanelet2 map framework, one should also regard
them as essential semantic map elements that induce significant constraints on the
behavior of automated vehicles (cf . Figure 2.2). Image source: [HER17].

one sensingmodality, recent localization approaches attempt to use semantic map
elements already contained in other layers [PPP+20]. This makes localization
independent from a specific sensor and avoids referencing issues between layers.

Due to the sheer breadth of research around HD maps, the author would like to
highlight the perspective of Plachetka et al. [PMF+20] on HD maps. Coining
the concept of map dependability, they discuss a wider context of outdated
maps, including errors during map creation and inconsistencies, which is worth
reading. For more related works, the reader is referred to the two most common
map formats [DSG10, PPJ+18], two general surveys on HD maps [LWZ20,
EFH+23], an HD mapping review [WGK21], and a survey on map-based
localization [CPA23]. The fact that three of the surveys assess a high degree of
inconsistency around the term HD map [LWZ20, CPA23, EFH+23] motivates
the definition of the term HAD map in Section 2.2.
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2.1.2 Map Changes

Many works simply assume that map elements vanish or appear [JKS18],
considering them as point-like landmarks in the world. In two surveys [BGB+22,
EFH+23], map changes are discussed, but both focus on change detection
or map update methods while map changes themselves are only described
superficially. Wang and Kuhn [Wan19] discuss map changes from a functional
safety perspective, but also avoid a clear definition.

One early sound definition for automotive application was given by Raaijmak-
ers [Raa17], stating that the map dictates a valid range of values. For instance,
roundabouts specify circles with a certain radius and position. A map element
is then defined to be changed if and only if no measured element in the world
lies within this valid range of values.

Plachetka et al. [PMF+20] also noted the lack of a clear definition. While they
indeed define interesting and meaningful map deviation metrics, they hide the
question about the ground truth of a change behind a not further determined data
association. In a later publication, Plachetka et al. [PSF+23] give an exemplary
answer using class-specific overlap criteria for the association.

The map provider HERE offers map changes via an application programming
interface (API) and used to visualize them on a now seemingly broken web
interface [HMC]. However, the author is aware of neither a corresponding
definition for a map change, any related aggregated statistics nor qualitative
insights. A rather coarse overview of changes in a collaboration with HERE
is presented by Jomrich [Jom20].

Regarding the map change analysis presented in the course of this chapter, the
author knows only one work with comparably detailed results, which is by
Plachetka et al. [PMF+20]. Coining the term “map deviation”, they compared
data over 127 km of urban road using a map from 2017 and measurement drives
from 2019. Being surprised themselves, they did not notice a single persistent
change, but only temporary modifications on 8.8 % of the road length.
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2.2 Definitions

In order to frame this work and properly distinguish it from previous works,
first, two essential terms are defined: highly automated driving (HAD) maps
and changes in the world that render such a map outdated, called map changes.

2.2.1 HAD Maps

While the terms map and HD map have already been used in this thesis, they
lack a proper definition. This is not only relevant for laymen, but the research
community is missing proper definitions as well [LWZ20, CPA23, EFH+23].
The fact that a wide range of scientific publications use the term HD map in all
kinds of meanings combined with various available products by map suppliers
motivates a proper definition to work with.

Years of research, not only on mapping and localization, but on a comprehensive
software stack for automated driving at the Institute of Measurement and Control
Systems (MRT) have lead to the proposal of a unified holistic map that fulfills
the needs of the full extent of automated driving functions. This map format
and framework, called Lanelet2 [PPJ+18], has since been widely adopted in
the field of autonomous driving research.

To contrast with the vaguely use term HD map, the corresponding publication
also proposed the term HAD map, which serves as foundation of the following
definition targeting the requirements of automation levels 3 and 4 of the SAE
J3016 standard [SAE21]. For linguistic variety, within this thesis, the term
semantic HD map will be used synonymously.

Definition 2.1: Highly Automated Driving (HAD) Map

An highly automated driving (HAD) map is a collection of information that fulfills
the following conditions:

1 Unified content: An HAD map is a unified representation of information
shared across applications / automated driving functions, including but not
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restricted to routing, behavior generation, object prediction, trajectory planning,
special maneuvers, scene understanding, algorithm validation, sensor simulation,
localization, and map verification. Any kind of information that meets the
conditions specified below required by any application is contained in the HAD
map to ensure consistency.

2 Spatial accuracy and resolution: The information is available at a resolution
and local accuracy to safely associate measurements to map contenta. If
information is split into multiple layers, they are referenced to each other with
similar accuracy. This allows using map elements consistently across layers.
Global accuracy is subordinate and only needs to be accurate enough to facilitate
the use of GNSS localization methods as spatial priorb. The same resolution
and accuracy is required across all three spatial dimensions and possibly even
extent or orientation parameters.

3 Spatial and temporal consistency: Within this spatial accuracy, the information
is valid for a time span that comprises the typical interval between two separate
drives. This differentiates an HAD map from e.g. occupancy grid maps. The
two drives are not required to happen with the same vehicle, allowing to include
road works, blockages or accidents.

4 Semantics: The information contained in the map has a semantic meaning and
logical interconnections. In particular, this excludes abstract sensor-specific
feature layers as used for localization.

5 Physical grounding: If possiblec, abstract information needs to be grounded in
physical elements to obtain a replicable and verifiable map. While the direct
annotation of abstract information can be a valid, e.g. for faster processing, their
provenance needs to be comprehensible from existent physical map elements.
This is key not only for map verification, but also to correctly fuse sensor data
with map information.

a Less than 10 cm with current technology.
b Less than 1m with current technology.
c The only valid exception known to the author are typically driven, but unmarked “virtual”
lane boundaries within intersections.

One example of such an HADmap is the open source map format and framework
Lanelet2 [PPJ+18] to which the author contributed significantly. As depicted in
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Figure 2.2, Lanelet2 is defined bottom-up, starting with physical elements, such
as road boundaries, road markings, traffic signs, and traffic lights. These are then
connected with so-called relations to form lane sections, the eponymous lanelets,
which are in turn consolidated to lanes and/or connected with traffic signs to
induce traffic rules. Traffic lights as well as stop or yield signs are semantically
linked to the respective stop line. Successive lanelets share identical end and start
points while neighbors emerge by sharing a common lane boundary. Together,
they form a topological routing graph which constitutes the most abstract layer of
map content. This pervasive semantic connection from physical elements up to
all derived map content is not an unremarkable detail, but a crucial design feature
of Lanelet2. And, as shown in Chapter 5, it actually enables the verifiability
of higher level map content in the first place.

2.2.2 Map Change

The second necessary definition is that of a map change. While the map itself
does not change, but the mapped world is changing, in this thesis this term
is used as abbreviation for map-relevant changes. The often used term road

Figure 2.2: The three layers of a Lanelet2 map with the physical and relational map elements, EP
and ES , respectively. To put them into relation, Plachetka et al. [PMF+20] formally
specified compositions CC , associations CA, and links CL. Image source: [PMF+20].
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change, also used by the author in previous publications, is misleading since
HAD maps contain much more than just roads and road elements.

At talks and conferences, the definition of a map change often raised questions
and caused intensive discussions since most people supposedly have an intuitive
understanding ofmap changes. The common idea is that any humanly perceivable
change would make a map outdated. However, for some changes, this is not
the case for some or even all automated driving functions.

For this work and especially its investigation of map changes, a precise definition
is required. It needs to take into account the requirements of current and
future automated driving functions. At the same time, instead of relying on the
ephemeral technical state of the art, it uses human interpretations as reference.
This human interpretation of the mapped world is called “annotation”, assuming
a trained human map annotator would build a map of the above definition
using arbitrary sensor data.

As proposed by Jo et al. [JKS18], this thesis avoids the idea of “moved” map
elements, but only considers their creation, persistence, and removal. This is not
only simpler from a formal point of view. Also in practice, in most cases, map
elements are not moved, but outdated road markings, poles, traffic signs, and
traffic lights are removed and new map elements are put in the desired new place.

Definition 2.2: Map Change

A physical map element ` in a mapM is outdated if and only if a mapM′ that
was annotated using up-to-date sensor data and sufficient visibility, i.e. ` is not
occluded, would contain no element `′ that is similar with statistical significance,
i.e. excluding typical annotation noise:

` outdated⇔ @ `′ ∈M′ : `′ ≈ ` (2.1)

If even one map element is outdated according to this definition, the map is
considered to have changed and a map change is defined to have been occurred.
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This definition offers two major advantages. First, it builds upon human
annotations, which are prohibitively expensive, but still the gold standard of
mapping. This allows decoupling the definition from a concrete technical
method. Implicitly, this assumes that machine learning as well as any other
methods asymptotically approach human performance which serves as fallback
and quality control – at the moment and for the foreseeable future. One method
to test statistical similarity w.r.t. human annotation noise would be the two one
sided tests (TOST) procedure [Sch87].

Second, defining a change in the (annotated) element space implicitly excludes
any changes that can be perceived by humans or even technical systems, but do
not affect the map content. For instance, a traffic sign that has been replaced
with an identical but new sign that is mounted almost identically should not
constitute a relevant change – at least unless the age of signs is stored in the map.

For the scope of this thesis, the definition of changes is limited to physical
map elements. It also explicitly excludes new elements since the addition
and incorporation of additional map elements is a research topic on its own
that has barely been explored.

Due to the physical grounding of abstract map content required in Definition 2.1,
the absence of physical changes induces the absence of abstract changes. This
holds in particular if no new map elements have appeared. Based on this idea,
Chapter 5 presents how verification results can be propagated from the physical
to abstract layers. One exception which would contradict the concept of physical
grounding are breaking changes of traffic rules. However, due to the necessary
reeducation of human drivers, those are extremely rare to non-existent.

For an idea how specific changes of the abstract layers could be defined and
measured, the reader is referred to Plachetka et al. [PMF+20]. Unless a
comprehensive and detailed empirical map change analysis for abstract layers
is available, the author refrains from proposing a definition other than this
existing one.
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2.3 Quantitative Map Change Analysis

With this definition of a map change one can perform a quantitative analysis
of how they occur in the real world. The analysis presented in this chapter
consists of three steps: data collection, spatial referencing of the data before
and after possible changes, and the actual detection of changes. This section
shows how accurately georeferenced high resolution aerial imagery facilitates
the first two steps. Changes can be extracted by comparing superimposed
imagery from different years.

2.3.1 Aerial Imagery as Data Source

The use of aerial imagery as a data source for map changes may seem surprising
at first since the Institute of Measurement and Control Systems (MRT) maintains
several vehicles equipped with the latest research sensor technology. The idea of
using measurement vehicles to record data for change analysis was actually tried
on several highway sections before and after construction or maintenance works.
However, it was quickly found that comprehensive road surface changes and other
extensive road works would alter any features that could be used to reference
drives before and after the change. Thus, feature-based referencing is very
challenging or even impossible not only in fully changed parts, but especially
in the interesting transitions between unchanged and changed environments.
Referencing using an RTK-GNSS/INS1 unit was attempted but found to be too
inaccurate to resolve small changes with certainty.

In contrast to measurement drives, aerial imagery also covers areas next to the
highway, which allows pixel-accurate referencing of aerial images even across
years or complete reconstructions, as illustrated in Figure 2.3. This suggests
the use of aerial imagery for map change detection.

However, easy referencing is not the only advantage of aerial imagery over data
from measurement vehicles. Aerial imagery also enables change detection in

1 Real-time kinematic (RTK) - global navigation satellite system (GNSS) / inertial navigation system
(INS)
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retrospect. While it is possible to request planned changes from the responsible
institutions, construction measures typically take months or even years. Not
only might this be longer than the typical duration of a PhD; setting up and
maintaining a comparable sensor and software setup before and after the change
is not compatible with the other ongoing research at the institute. Aerial imagery,
on the other hand, is widely available from archives for even more than a decade.
Imagery has consistently high resolution and, for the most parts, is referenced
pixel-accurately. This advances the temporal scope far into the past.

A ground sample distance (GSD), i.e. the size of each pixel side, of around 5 cm

puts the resolution limits of aerial imagery into the same order of magnitude
as data recorded from measurement vehicles. Hence, aerial images are a valid
substitute for onboard sensor data that has been consistently recorded over
multiple years and aligned with highest accuracy.

2.3.2 Map Change Detection

To detect map changes, aerial imagery, acquired from the cites of Karlsruhe and
Erlangen, was used. While Karlsruhe requires financial compensation, the city
of Erlangen is among the few leading cities that make high resolution imagery
publicly available across multiple years, thus, enabling large-scale research.

Student assistants and the author extracted map data and changes using
open source software for annotation [JOSM] and provisioning aerial im-
agery [GeoServer]. Road markings and guardrails were selected as map features
since they are clearly visible in bird’s eye view (BEV). The extraction of those
features was done separately from a detection of changes, which directly used
the imagery. This offers two data streams whose consistency can be verified.

The detected changes follow Definition 2.2, but spatially contiguous changes
were consolidated to a single change with a length of change attribute. For
instance, if eight successive markings have changes over 144 m, this is a single
change. Knowing the total length of the road and the number of distinct features,
one can understand the relative share of changes.
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Figure 2.3: Exemplary superimposition of aerial imagery from 2015 (bottom left) and 2017 (top
right). While the highway has been changed entirely and even was widened, the
unchanged parts next to the highway still allow pixel-accurate geo-referencing.
Aerial Imagery: ©Stadt Karlsruhe | Liegenschaftsamt

Finally, changes were separated by semantic features and extent. The category
guardrail(s) changed means that for the changed part only one or the guardrails
on both sides have been changed, but no marking. Conversely, marking(s)
changed indicates that only one or more markings have been changed, but no
guardrail. Both changed describes that a mix of guardrails and markings have
been changed, with some elements remaining unaltered. This is interesting
since if e.g. the markings that form the right lane are unchanged, an autonomous
vehicle could – although probably with degraded velocity and enhanced caution
– still use the right lane with map support. Finally, full reconstruction means
that all features have changed. This is the usual case when the whole pavement
was removed and renewed.
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(a) Map changes on A3 and A73 around Erlangen (b) Map changes on A5 near Karlsruhe

Figure 2.4: Illustration of the Observed Map Changes. The changes are colored as follows: white:
no change, blue: guardrail(s) changed, yellow: marking(s) changed, orange: both
changed, red: full reconstruction.
Aerial Imagery: ©Esri, DigitalGlobe, GeoEye, Earthstar Geographics, and the GIS
User Community

2.3.3 Spatial and Temporal Extent

Spatially, the analysis investigates six sections of three German highways
covering all lanes of each section. The sections of A3 and A73 around Erlangen
as well as the sections of A5 near Karlsruhe are depicted in Figure 2.4.

In total, the sections have a length of 79.5 km. With two to three lanes, they
are representative examples of German highways.

Regarding the temporal extent, aerial imagery from 2011 and 2016 were
compared for the highways A3 and A73 around Erlangen. The exact date of the
images is unknown. For the A5 near Karlsruhe, the aerial images have been
taken in 2015 and 2017 at the end of the foliage season, i.e. late winter.
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2.3.4 Results

The detected changes by absolute numbers are presented in Table 2.1a. Assuming
two and five full years, respectively, one can also calculate relative change rates
as presented in Table 2.1b. Figure 2.4 illustrates the detected changes visually.

In total, most changes affect markings, but this is not consistent across all
highways. Hence, with the presented dataset, change frequency cannot be
predicted by the semantic type of map elements.

Considering relative changes, the annual change rate of 16% is surprisingly
close to the 15% published by the mapping company TomTom [Tom18].

Table 2.1: Length and share of map changes between the years 2011 and 2015 (A3, A73) as well as
2015 and 2017 (A5), respectively.

Result \ Highway A3 A73 A5 Σ

No change 25.6 13.7 7.6 46.9
Guardrail(s) changed 2.6 0.8 0.6 4.0
Marking(s) changed 1.6 2.9 7.1 11.6
Both changed 0.4 2.4 5.8 8.6
Full reconstruction 2.4 - 5.9 8.3
Total changed length 7.0 6.1 19.4 32.5
Total length 32.6 19.8 27.0 79.4

(a) Results in absolute numbers (km).

Result \ Highway A3 A73 A5 ∅ ∅ p.a.
No change 79 69 28 59
Guardrail(s) changed 8 4 2 5 1.2
Marking(s) changed 5 15 26 15 5.6
Both changed 1 12 22 11 4.4
Full reconstruction 7 - 22 10 4.3
Total changed length 22 31 72 41 15.5
Change per year 4 6 36 16

(b) Results in relative numbers (%). The right column contains the mean across
all sections weighted by temporal distance assuming two and five full years,
respectively.
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Possibly more interesting than the average is that the distribution ranges from
4% to 36% annual changes. One can also divide the changes into partial and
complete changes since for partial changes, the unchanged parts could be used
at least for degraded functionality. About 11% of highways undergo partial
changes in a year while 4% of the road length are renewed completely.

2.4 Qualitative Map Change Analysis

The quantitative change analysis provides a foundation to parameterize map-
based assistance or automated driving functions such as the map verification
itself. However, it does not offer a deeper understanding of the reasons and
patterns that are behind these bare figures.

The goal of the qualitative map change analysis is to characterize the most
relevant causes for map changes as this not only allows understanding the
processes that render a map outdated. It also enables a discussion about expected
failure cases for maps as virtual sensors when considered from a functional
safety perspective. While the quantitative analysis was limited to highways, now
also changes of urban or rural environments are included.

2.4.1 Causes of Map Changes

This investigation identified four main reasons for map changes that need to
be taken into account when designing map-based functions.

Design Changes

Especially in urban and rural environments, most changes are due to design
changes. This means that new roads are constructed or existing roads are moved
or redesigned. While most design changes are due to changes in the world
surrounding the roads, such changes often come along with safety-relevant
changes like better pedestrian crossings or newly integrated bicycle lanes.
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A special case of design changes is to replace intersections with roundabouts.
This has already been noticed and led to a number of previous works that
specialized in these very changes [ZBI12b, RB14, RB15, Raa17].

Safety-relevant Changes

Especially on highways most changes do not alter the course of the road, but
intend to improve the safety of the traffic participants. For instance, due to
stricter norms, old guardrails are replaced with newer ones with better restraint
efficiency. For the same reasons, metal guardrails are replaced with Jersey
barriers made from concrete. These changes are not distributed uniformly, but
occur with higher frequency around bridges or similar places that necessitate
an increased level of safety.

This category also comprises the replacement of static traffic signs with dynamic
traffic control systems that not only improve traffic flow, but can also increase
safety by lowering the speed limit in denser traffic. Like new roundabouts, this
particular change has been covered in a specialized publication [NGZ09].

Deterioration, Weathering, Accidents, and Effects of Severe Weather

While design and safety-relevant changes are desired and intentional, the world
is also changing unintentionally. This is the case for the deterioration due
use, especially by heavy traffic, accidents, and severe weather. Accidents and
meteorological events happen suddenly and surprisingly. At the same time,
effects of both are usually spatially very limited.

On the contrary, deterioration and weathering is happening over the years, but
over a much larger spatial extent. However, over time, the deteriorating quality
of markings or readability of signs can be detected and taken into account by
either robust systems or a possible automated feedback to the administrative
bodies responsible for their maintenance.
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2.4 Qualitative Map Change Analysis

Maintenance Works

The undesirability of the previous category of reasons why maps change directly
leads to their counterpart. Maintenance work repaints markings and replaces
old signs or dented guardrails. Some maintenance work is limited to very few
meters of damaged guardrail and can be tolerated easily by the robustness of
almost any real-world driving function. Full reconstructions of the pavement,
on the contrary, render all map content for a lengthy stretch of the road outdated.

As maintenance only happens after a certain degree of deterioration, tracking
the quality of map elements could also be used to predict maintenance work.

A very important insight is that ongoing road works are the easy case. Due to
warning signs, colored markings, as well as red and white beacons, they are
easy to detect and methods to incorporate them into the road geometry have
already been proposed early on [DRS+15].

The actual challenge are unnoticed maintenance works, e.g. happening over
night, during road closures or in little used roads. When the road works are
done, all visual warning signs might have been removed already. Hence, the
first vehicle driving on such modified roads has no clue, but still needs to deal
with map changes of unknown scale. In fact, this very difficulty was a major
motivation for the onboard verification approach proposed in this thesis.

2.4.2 Correlations

Next to the causes themselves, the correlations between them have not yet been
considered. As changes do not happen uniformly at random, but due to logical
reasons, one can observe several correlations or patterns.

Spatio-semantic Correlations

For instance, almost never only a single marking is repainted, but the change
of a single dash means that the successive dash has also been changed with
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high probability. In urban scenarios, often all lanes are redesigned or all traffic
lights in an intersection are replaced at once.

While this spatio-semantic correlation pattern seems to be apparent, it breaks
with the assumption of uniformly distributed and independent change events
that might be convenient for mathematical models. Instead, it is suggested to
explicitlymodel these correlationswhen verifyingmaps and exploit them, as done
in a series of previously proposed map change detection approaches [PSH+20a,
PSH+20b, PSH+21].

Transitions

Another pattern can be observed at transitions between unchanged and changed
areas. Probably to make transition zones safer and more comfortable, they are
intentionally made smooth. This means that changes are often smaller close to
unchanged areas and increase in magnitude over distance. Hence, few altered
elements could serve as indicator for potentially more changes.

However, while human drivers benefit from this effort, filtering-based localization
approaches run the risk of slowly drifting or degrading in performance. Especially
when some parts are still unchanged, this can pose an issue for localization
integrity and monitoring.

2.5 Insights, Interpretation and Conclusion

The presented map change analysis is, together with its previous publica-
tion [PSH+18], one of the first of its kind. It describes the processes that
render a map outdated both quantitatively and qualitatively. The average annual
change rate of about 16% is made up to two thirds by partial changes while
one third are complete reconstructions. This underlines the importance of map
verification procedures that can resolve map changes to the individual changed
elements. Compared to naive approaches that make the whole map unavailable
as soon as a change is detected, they have the potential to increase (partial)
map availability by up to 200%.
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In the future, the growing collection of fleet data will allow to extend the scope of
similar investigations with comparatively negligible effort. However, compared
to aerial imagery, their referencing is a non-trivial issue and only time will tell
how many insights from private fleet data will actually be published.

In the qualitative analysis, four major reasons why maps become outdated have
been identified. It also characterized the correlation patterns that are known
and should be incorporated into real-world systems or pose severe challenges.
Additionally, the prediction, mitigation or feedback of some of the expectable
map changes has been described.

As a result, this chapter allows to improve the design and parametrization of map-
based driver assistance and automated driving functions far beyond this work.
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3 Detection and Mapping of
Semantically Tailored Parametric
Landmarks

Sensing and measuring the current state of the environment is a fundamental
task of autonomous vehicles. While the necessity to perceive dynamic objects
is obvious, detecting the static parts of the world is equally important for two
reasons. First, GNSS based localization systems are neither accurate nor reliable
enough for highly accurate ego localization. Landmarks have to be matched
between map and sensed environment to achieve the necessary accuracy and
reliability, especially in GNSS-impaired surroundings like cities.

In addition, as pointed out in the previous chapter, maps cannot be assumed
static. For any verification of map elements or change detection, an autonomous
vehicle needs to perceive the current state of the environment. In order to use
the map ahead to drive comfortably and safely, in particular the map elements
ahead of the vehicle need to be perceived. The larger the detection range,
the earlier map elements can be verified, and the more comfortably and safely
the automated vehicle can drive.

While the use of fleet data canmitigate finite sensor and detection range, this work
is limited to onboard sensors. This allows implementing the proposed verification
framework in next-generation series vehicles and fully use it even before fleet
data is common and densely available enough to replace on-board detections.

The approach proposed in this thesis uses camera images with their high spatial
resolution and color information to generate initial detections in the image
domain using a deep neural network (DNN). Instead of estimating depth using
one or multiple camera frames, depth measurements from a lidar sensor are
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projected into the camera image. Lidar’s time of flight (ToF) or frequency
modulated continuous wave (FMCW) measurement principles enable distance
measurements with a range-independent error. Since detections should be
as uncorrelated as possible, the approach does not make use of temporally
aggregated data and estimates detections using only a single time frame at once.

Finally, to demonstrate the localization and verification methods proposed in
the remaining chapters of this thesis, one needs to obtain an exemplary HD
map with sufficient accuracy.

Contributions

To turn the sensor data intomeaningful and highly accurate detections, it proposed
to use parametric representations. The key innovation and amajor contribution of
this chapter is to choose a suitable parametric representation tailored based
on the semantic class that is predicted by the DNN. In contrast to previous,
more generic representations this enables modeling the characteristics of each
category of map elements so that the parameters, like position, orientation, and
size, can be determined with very high accuracy even when only a sensor
data from a single time frame is used. This vastly facilitates data association
during both mapping and localization.

One focus when deriving parametric measurements is an elaborate fusion
of lidar points with camera detections. This includes obvious, but often
neglected steps like taking into account beam divergence and compensating
static and motion parallax effects. Additionally, multiple ways how to weight
points based on instance masks are compared and it is shown how to select inlier
points that then allow the estimation of class-specific parameters.

In order to aggregate individual detections to a map, this thesis proposes to lever-
age state-of-the-art object tracking algorithms to associate the detections
over time. The map can then be computed by robustly averaging all associated
measurements. This allows aggregating the detections fully automatically to
create an exemplary HD map that has similar annotation quality to paramet-
ric annotations by humans. Hence, the resulting map not only enables safe
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localization and map verification as described in the remainder of this thesis.
Without using it further in this work, the proposed technique also enables to
create a map in ground truth quality for machine learning purposes with
minimal human intervention.

Finally, this chapter proposes a family of novel metrics for parametric detec-
tions, the estimated map, and ego localization using semantic instances as
pseudo-labels. It allows comparing the various proposed building blocks and en-
ables fully automatic hyperparameter tuning in a weakly/self-supervised
manner, i.e. without requiring manually annotated ground truth, which is
particularly expensive and tedious for parametric map elements.

All building blocks of this chapter are illustrated in Figure 3.1.

HD Map
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Network

Motion
Compensation

Lidar

Odometry

Parameter
Estimation

Association &
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Instance Masks

Hyperparameter
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Figure 3.1: Overview of the building blocks of the proposed parametric mapping module. Gray
blocks are existing methods that are used for this work. Colored blocks are contributions
of this thesis or previous publications by the author.
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Previous Publications

The main ideas for parametric detections and corresponding mapping have
been developed or first implemented during the student theses of Benjamin
Schmidt [Sch20] and Yu Fang [Fan21], both supervised by the author.

Core concepts of this chapter have previously been published in [PSS21,
PS22], but the author since refined the detection procedure significantly. This
includes changing the temporal data association during mapping to a more
advanced multi-stage graph-based method from object tracking and adding the
weakly/self-supervised metrics and hyperparameter optimization.

3.1 Foundations and Notation

Since most readers are assumed to be familiar with the fundamental concepts of
this work, the reader is referred to the following works which contain the relevant
fundamentals. Projective geometry, such as camera models and homogeneous
coordinates, are described in detail by Beyerer et al. [BPF12]. A broader
overview of the field, including the principles of 3D reconstruction, is given by
Hartley and Zisserman [HZ04]. The reader is also referred to their appendix for
quaternions and singular value decomposition (SVD), including as method for
principal component analysis (PCA). The idea of the simultaneous localization
and mapping (SLAM) problem is described by Thrun et al. [TBF05].

Rigid body motions described by isometric transformations T form a Lie group
and only locally behave like “ordinary” Euclidean space. The foundations and
implications of this fact are covered by Selig [Sel05].

In this work, the application of a transformation T as isometric operator is
denoted by x = Ty, acting as multiplication on homogeneous coordinates.
The composition of transformations is a standard operation within the SE(3)

Lie group and denoted by T = T1 ⊕ T2.

As final notational remark, detections d and map elements ` are assumed to be
elements from a joint space that unifies an SE(3) pose, two real-valued extent
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parameters, and a semantic class. To simplify the notation, for mathematical
operations on d or `, the semantic class is neglected.

3.2 Related Work

While the proposed approach might be transferable to other domains like indoor
robotics, the focus of this work lies on sensing and creating semantic HD maps
as they are used for automated driving.

3.2.1 Map Perception

If annotated ground truth is available and performance is paramount, today
machine learning (ML) approaches are basically the only viable option. Un-
fortunately, as explained below, there are no suitable datasets with lidar and/or
camera information available that contain more than one class of elements
of an HD map in 3D space.

Most modern map perception approaches are not specialized to one specific
class. Instead, related methods, both handcrafted and learned, are distinguished
by sensing modality. These are – with few exceptions – camera, lidar or a
fusion of both.

Datasets

Early datasets with semantic annotations of the static world have been recorded
using mobile laser scanning systems, e.g. [RDG18]. Unfortunately, as neither
camera nor suitable, i.e. single automotive/onboard, lidar scans are available,
they are unsuitable for learning online perception of the map ahead. Additionally,
they are very limited in spatial extent having lengths of at most 2 km. Also,
they usually annotate semantic classes per lidar point instead of more abstract
object representations.

This is similar to the task of 3D semantic segmentation, for which there are
a number of datasets with onboard sensor data, sufficient spatial scope, like

31



3 Detecting and Mapping Semantically Tailored Parametric Landmarks

SemanticKITTI [BGM+19] or Panoptic NuScenes [FMH+22]. Some of them
even contain suitable semantic classes, like the Waymo Open Dataset [Way22] or
KITTI-360 [LXG23]. However, by annotating each point instead of parametric
objects, they leave the non-trivial problem of deriving meaningful parametric
representations from object point clouds.

This is solved in datasets, such as KITTI-360 [LXG23], which offer semantic
object-level annotations in 3D. KITTI-360 was seriously considered for this
work, but discarded due to the outdated lidar sensors which were not promising
with regard to their limited efficient detection range.

Using a very similar, oriented object representation as the approach proposed
in this thesis and poles, signs, and traffic lights as map elements, Plachetka
et al. [PSF+22] recently published 3DHD CityScenes, a HDmap element dataset
including aggregated lidar point cloud tiles. While recorded using a mobile laser
scanning system, they provide virtual scans that are supposed to simulate data
from a multi-layer lidar. Unfortunately, this otherwise very suitable dataset has
two drawbacks. Not only are camera images missing which facilitate detections
in large distances. It is dubious that the virtual scans with their uniform point
density allow to generalize to single scans from multi-layer automotive lidars
whose point density strongly decreases with distance. Being released so recently
and still having this significant domain gap eliminated the dataset for this work.

A whole other category are datasets which annotate objects in 2D images, either
as bounding boxes or with pixelwise instance masks. Early publications, like
COCO [LMB+14] or Cityscapes [COR+16], focused on a very wide, but sparse
range of categories or mostly dynamic objects. More recently, semantically
comprehensive datasets with a (partial) focus on map elements, like Mapillary
Vistas [NOB+17], have been published. Also, 2D annotations of elements like
traffic lights have been added to existing datasets [Jan22, WLL+23]. Regarding
datasets focusing on individual categories of map elements, the reader is referred
to [FMK+18, FGS+18] for traffic lights and [LLC+19, JGB+20] for road signs.

One eventual goal of this work is the evaluation on data that contains map
changes, i.e. recorded several months or even years apart. Unfortunately, camera
and lidar datasets with sufficient temporal scope, like the Oxford RobotCar
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dataset [MPL+17] or Boreas [BYW+23], contain no maps or map annotations
for training while those datasets with maps or suitable annotations have no
sufficient temporal scope. Training on a public dataset with map annotations
and deploying on a multi-season dataset would lead to a domain gap that is
assumed to be no better than using data recorded with measurement vehicles
as they are available at the MRT.

In the course of a student thesis supervised by the author [Feh21] and a joint
publication [PFL+22], this domain gap was partially closed by combining
Mapillary Vistas as diverse 2D dataset with object-level depth estimation
trained using lidar measurements from KITTI as target domain. However,
extending the results beyond coarse depth, as required to perceive parametric
map elements, is not trivial.

Finally, annotating ground truth with all parameters in sensor data is possible,
but extremely time-consuming. For a small sample which is only sufficient
for evaluation, but not training, this option was tried as published in [PSS21].
In Section 3.9 this result serves as baseline.

To summarize, there is a lack of suitable datasets that prevents training a deeply
learned approach that fuses camera and lidar data. Instead, this thesis proposes a
(late) fusion method that combines 2D object detections from a DNN trained on
a well-generalizing dataset with raw lidar data. However, in the future, the maps
that result from this thesis could serve as pseudo-ground truth for training a
fusion DNN. Since the goal of this chapter is to show how a suitable map can be
created and perceived with very high accuracy, it was deemed that implementing
such an additional method was beyond the scope of this thesis.

Camera-based Map Perception

Sensing semantic map content using cameras has been done since the early days
of HD maps, firstly with the goal of localization. The key challenge for camera-
based perception is how to obtain 3D map elements from 2D measurements.
Road markings are probably the most common elements and can be mapped
using so-called inverse perspective mapping [SKF13, ZBS+14]. Like other
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works reviewed in this section, this thesis uses poles, traffic lights, and signs
as exemplary map elements since they have the advantage of being visible
from farther away.

Poles only rarely have a regulatorymeaning, but are commonly used as landmarks
for localization. Thus, they are missing a clear definition of their semantic class.
In contrast, road markings, traffic signs and traffic lights have a clearly defined
multitude of semantic classes. This leads to the differentiation between the
detection of their existence, usually including a location, and the fine-grained
extraction of their semantic class(es). The proposed approach definitely profits
from semantic diversity in order to properly associate map elements correctly,
i.e. more specific sign classes or traffic light types are beneficial as long as
they can be distinguished correctly. However, the focus of this work lies on the
detection of signs and traffic lights, taking their semantic classes for granted.

Since traffic lights are static in position and shape, but their light state is dynamic,
they have been an early focus topic for camera-based perception. For surveys of
traditional, mostly handcrafted methods for their detection, the reader is referred
to [JPM+16, FGS+18]. Modern approaches use DNNs to detect traffic lights in
camera images [WWZ16, BNB17, BSD18, MD18, Jan22, PLB+23]. In their
implementation, they are similar to generic object detection approaches, but differ
in solving both detection and classification of the traffic light state in a single
step, e.g. using hierarchical classes, or a joint, data-driven or learned pipeline.

To map traffic lights in 3D space, many approaches use frame-to-frame associa-
tion combined with triangulation [FU11, LAD+11]. One way to obtain initial
estimates of the distance is by assuming knowledge of the size of lights [FU11] or
their height [DCS12] as specified in norms, laws or guidelines. Another common
method uses multiple cameras, typically in the form of stereo vision [FMD17,
MFD17, FMK+18]. They all share the problem of an error that grows quadrati-
cally with the true distance. Still, previous works were able to demonstrate that
traffic lights can serve as landmarks to improve vehicle localization [WHJ+19].

Traffic sign detection is a knownproblem fromadvanced driver assistance systems
(ADAS). As for traffic lights, state-of-the-art approaches use deeply learned
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methods, typically inspired by 2D object detection frameworks. For an overview
of the general field, the reader is referred to two surveys [LLC+19, JGB+20].

Just like traffic lights, roads signs from an a priori map can be used to improve
vehicle localization [LNT10, WRW15]. One of the first approaches that
mapped road signs in 3D proposed to use a particle filter to estimate the
3D position [MKM08]. Using classical feature matching and multi-view
estimation, another early approach was able to report an average position error
of 0.25 m [TZV09]. Other approaches that not only estimate the 3D position,
but also the size and orientation of traffic signs from multiple views achieved
errors in the range of centimeters and single-digit degrees [SPV13]. The author
is not aware of any method using only camera images that can estimate the 3D
position, and potentially even the size and orientation, of road signs with such
precision using a single or very few images – especially at high range.

Extracting poles from stereo camera images using depth edges or detected
lines was proposed for the goal of localization [SGR16, BN18], using particle
filters to solve the simultaneous localization and mapping (SLAM) problem.
Unfortunately, they do not report the accuracy of their methods.

Lidar-based Map Perception

While lidars clearly beat cameras in terms of depth perception, their limited
resolution and lack of spectral range/color makes it significantly harder to
distinguish the diverse semantic classes of traffic lights and traffic signs. Hence,
most pure lidar approaches cover only the detection, but not the exact recognition
of such semantically rich map elements.

When lidars are used, two vastly different kinds of sensors can be meant. Mobile
mapping systems use one or more single-layer laser scanners with exceptional
angular resolution, effective range, accuracy, and total number of returns. Their
scans are aggregated using INSs/GNSSs and processed offline, yielding a vast,
contiguous point cloud with very high density.

In contrast, automotive lidar sensors typically use multiple layers or similar
patterns that cover the vehicle’s environment multiple times per second [RCG22].
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While being worse in most specification parameters, they enable to perceive
the environment multiple times per second, especially many meters ahead of
the vehicle. This distinction leads to fundamentally different approaches which
cannot always be used on data from the respective other domain. A general
survey of lidar-based map perception methods has been published by Gargoum
and El-Basyouny [GE17].

For the detection of traffic lights, the author is only aware of two approaches.
Both use a DNN trained on a suitably labeled lidar dataset that also contains
poles and road signs, either without [PSF+22] or with map prior [PSF+23].
Since the dataset contains equidistantly spaced points from a mobile lidar
mapping system, its accuracy does not depend on the detection range. For both
approaches Plachetka et al. report errors of single-digit centimeters in position
and size. The error of the orientation estimation diverges: 4.4° with and 14°
without map prior. While a suitably trained DNN is used on very dense lidar
point clouds, especially the orientation estimation results are still impressive.

Compared to traffic lights, road signs are easier to detect in lidar data. By
exploiting their retro-reflective property, several approaches [GRA+11, VYF+13,
RDC+16, GES+17, GEM+19] detect them in lidar point clouds using the
measured intensity. While the mapping is obsolete using mobile mapping
systems, Vu et al. [VYF+13] proposed to use gating in 2D centroid coordinates
and orientation for data association in a stationary frame. Evaluating only few
signs, they report position errors below or around 10 cm. Using a DNN to detect
and localize traffic signs in a single (virtual) point cloud cannot only achieve
similar centroid position errors in 3D. It also allows the orientation and size to be
estimated with errors in the single digit degrees/centimeters [PSF+22, PSF+23].

The area where multi-layer lidar approaches are predominant is the detection of
poles and similar elongated objects. Brenner [Bre09] proposed to extract poles
from mobile mapping system point clouds using a multi-layer hollow cylinder
model, assuming an accuracy of 10 cm. One of the first works using automotive
multi-layer lidars uses jumps in the depth within one scan line to detect poles
and match them with an a priori map [SB14]. Other approaches try to find
a measure for the “poleness” of points that can then be clustered [TFC+14].
Sefati et al. [SDS+17] transferred the idea by Brenner, i.e. stacked cylinders
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or circles, to multi-layer lidar sensors. Yet another approach is to detect poles
from occupancy maps [SBV+19].

Modern approaches use deep learning to detect poles in real time from range
images [DCS+23]. The DNN-based approaches proposed by Plachetka et
al. [PSF+22, PSF+23] also detect poles. In their more recent approach, using
single, virtual lidar scans, they report errors of 5 cm for the 3D base point and
2.7 cm for the diameter. The 3D position error is expected to be larger in real
scans from multi-layer lidar sensors, but it is a good baseline for 2D position
errors. Note that they omit to estimate the height, which turned out to have a
large estimation error using the approach proposed in this thesis.

Camera-Lidar Fusion

Approaches that combine camera and lidar information can benefit from the
dense, colorful image information in order to understand the semantics while
lidars provide range-independent depth measurements that form the perfect
complement. While some approaches use different kinds of map elements from
lidar or camera [SDS+17], this thesis focuses on methods that fuse camera and
lidar data in order to improve detection over either of the individual modalities.

In an early work, Vu et al. [VYF+13] detect traffic signs candidates in lidar
using their retro-reflective property. These candidates are then projected in the
camera image and classified using template voting. Other approaches obtain
lidar points in a region of interest (ROI) via ego localization. The points are
then colorized using camera images and finally classified using a support vector
machine (SVM) [ZD14].

Combining the fusion of camera and lidar data with early deep learning meth-
ods has first been proposed for moving object detection [SSO06]. With the
availability of datasets, DNNs that process combined lidar and camera data
are the state of the art.

One of the first works that proposed to use a DNN to detect traffic signs
in camera images used the detected bounding boxes to crop regions from
an aggregated mobile mapping system point cloud [YWW+19]. Possatti et
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al. [PGC+19] accumulate and cluster lidar points whose projections lie inside
detection bounding boxes from a DNN across multiple frames in order to obtain
sufficiently dense point clouds for 3D position estimation for traffic lights. In
the same year, Naujoks et al. [NBW19] combined semantic multi-class 2D
detections from camera images with clustered 3D points from lidar.

The author is not aware of previous work, i.e. prior to the previous publica-
tion [PSS21], that achieved comparable landmark estimates from single frame
measurements by combining multi-class semantic detections from a DNN used
on camera images with depth perception from lidar data.

3.2.2 Map Element Representations

Next to the detection, another important question is how to represent map
elements in a map. A suitable representation needs to balance two goals. On the
one hand, it should be compact to be stored or transmitted efficiently. Moreover,
fewer parameters are easier to estimate accurately when only limited data, i.e.
one or few frames, are available. On the other hand, the representation has to
be sufficiently rich in terms of semantic classes, but also in terms of geometry.
For instance, knowing the dimensions or shape of a traffic sign can significantly
help to resolve ambiguities during data association.

While sensor specific representations, e.g. image feature descriptors or ag-
gregated point clouds, have been proposed, they are ignored in this work
since semantic HD maps are conceived to be sensor agnostic. This cate-
gory also comprises sensor specific learned object representations [DDS+17,
DCD+20, SWD20].

Initial approaches for traffic lights, signs, or poles used only a position in 2D
or 3D. Focusing on traffic signs, two early approaches used oriented planes in
lidar data [VYF+13], optionally storing the shape [SPV13]. Being semantically
agnostic, a widely adapted solution for localization proposed to use edge and
planar points from lidar [ZS14]. Kümmerle et al. [KSP+19] demonstrated the
use of a similar representation for poles and building facades. Recently, such
lines and planes have been described as Grassmannian subspaces, yielding
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mathematically sound association metrics [LH22]. Plachetka et al. [PSF+22,
PSF+23] showed that the parameters of cylinder and plane representations
can be regressed by DNNs.

Another research direction avoids to find specific shapes that represent each
semantic category, but instead try to devise generic geometric representa-
tions that can approximate multiple object categories. Assuming predefined
3D models, Salas-Moreno et al. [SNS+13] are often credited with proposing
object-oriented SLAM. Early approaches combining this idea with DNNs for
object detection used centroids [MLP+16] or dense point cloud representa-
tions [SPL+17]. More recent approaches model objects of various semantics
and shapes using ellipsoids [OLF+19], (dual) quadrics [RCD18, NMS19],
superquadrics [TNS+21], or cuboids [YS19] as compact and geometrically
sound representations. For an overview, the reader is referred to a recent review
with a focus on representations [RDT+21]. The generality of such geometric
representations does not require exact knowledge of a semantic class or a specific
geometric model for each class. At the same time, in HD maps, the semantics
of map elements has wider implications for e.g. the driving behavior. Hence,
it is deemed acceptable to drop this advantage in favor of better estimates of
the elements’ positions and shape parameters.

3.2.3 Data Association

Next to object perception and representation, the temporal association of detected
elements is an issue to create high-quality HD maps. In a typical SLAM setting,
two association parts need to be distinguished [CCC+16]: short-term and
long-term data association. The latter is often referred to as “loop closure” and
respective techniques are discussed in Section 4.1. For this work, loop closures
are neglected and merely local consistency is deemed acceptable. Instead, the
focus lies on creating HD maps with human-like precision fully automatically.
The integration of the proposed approach as front end in a SLAM framework is
considered a solved problem that requires significant engineering work without
benefits for the actual contributions.
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In a previous publication [PSS21], it was proven that highly accurate maps
can be generated given poses and using frame-to-frame associations with
naive track management. More sophisticated approaches proposed multiple
hypothesis [WE18, HK19] and random finite set methods [MVA+11, DRD15,
FGS+17], stochastic processes [NBW19], non-parametric techniques [MLP+16,
DFL19] or suitable factor graph formulations [SP13, PP18] to tackle clutter
and missing detections.

In contrast to these methods, this work proposes to adapt a graph-based method
from object tracking that is exact and optimal [Wan19]. Unlike filtering
approaches, it does not assume the Markov property. In contrast to complex
factor graph methods, it is known to converge and do so quickly even for
conservative assumptions on the death of tracks. For object tracking in images
it has furthermore shown state-of-the-art performance. The availability of an
open source implementation as well as the possibility to obtain a straightforward
parametrization are additional benefits that enabled a fast and certain way to
achieve an outlier robust data association. To the best of my knowledge, this
work is the first to use graph-based object tracking methods to solve the data
association problem for mapping or SLAM.

3.3 Sensors, Synchronization and Calibration

To the best of my knowledge, camera and lidar are the only two widely available
sensor modalities with sufficient semantics and resolution in far distance at the
moment. The applicability of the approach is demonstrated on two internal
datasets recorded with partially different sensor setups.

While this work uses research vehicles and expensive scientific sensors, the part
of the setup used for this work is comparable to what has been announced for
upcoming series models in terms of both camera resolution [Sha22] and lidar
specifications [Ran23], i.e. range, field of view and point density. Combined
with its modest compute requirements, this makes the proposed approach viable
for implementation in both individual customer cars and commercial robotaxis.
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3.3.1 2020 “Bertha” Sensor Setup

In 2020, a Flir Blackfly S global shutter color camera was mounted inside
the research vehicle behind the windshield. Having 8.9 Mpx resolution with a
roughly 170° wide fisheye optics, this results in about 24 px/° angular resolution
which the author considers the relevant number. Cropping the vertically middle
part around the horizon leaves 6 Mpx that are actually processed.

The Velodyne VLS-128 Alpha Prime lidar, mounted on the roof, has about
240 m effective range and measures around 1810×128 points over 360°×40°
when spinning at 10 Hz. This corresponds to a horizontal angular resolution of
about 5 pts/°. The vertical angular resolution is variable and highest around
the horizon at about 10 pts/°.

The dataset recording with this setup was done by colleagues of the author,
Frank Bieder and Haohao Hu.

3.3.2 2023 “Joy” Sensor Setup

In order to close the domain gap between commonly used, publicly available
datasets [CBL+20, CLS+19, WQA+21] and the research vehicle used for future
research at the MRT, the author designed a new sensor setup consisting of six
surround “ring” cameras as well as both a stereo camera and an high dynamic
range (HDR) camera to the front, combined with the same Velodyne VLS-128
Alpha Prime lidar sensor used in the 2020 setup.

For this work, only images from the front ring camera, a global shutter Lucid
Vision Labs Atlas ATL-071S camera with 7.1 Mpx, were used. Using a lens
with 88° wide field of view (FoV), it has an angular resolution of about 36 px/°.
Both sensor setups are depicted in Figure 3.2.
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3.3.3 Synchronization and Calibration

Camera and lidar sensors are synchronized in time using a custom printed circuit
board (PCB) which allows locking the lidar’s rotational phase such that it passes
the center of the image when the camera is triggered.

For intrinsic and extrinsic camera calibration, the frameworks by Strauß et
al. [SZB14, Str15] as well as Beck and Stiller [BS18, Bec21] were used. The
lidar sensor only required to be calibrated extrinsically, which was done using
a spherical target and the method developed by Kümmerle et al. [KKL18,
KK19, KK20, Küm20].

3.3.4 Sensor Requirements and Generalization

Perhaps the most important requirement is not inherent in the sensors themselves,
but in their synchronization, phase locking, and particularly the extremely
accurate calibration as even sub-degree angular errors inhibit sensor fusion
already at medium range.

It is supposed that coarsely the same range and angular resolution of both
sensors is required to reproduce the results achieved in this work. In contrast,

(a) 2020 sensor setup on the research vehicle “Bertha”
with cameras visually enhanced (photo by courtesy
of Frank Bieder)

(b) 2023 sensor setup on the research vehicle “Joy”
(photo by courtesy of Amadeus Bramspiepe, KIT)

Figure 3.2: Depiction of both sensor setups used to test and evaluate this work.
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the horizontal fields of view can vary as long as about 90° to the front of
the vehicle are covered by both sensors. For all crucial steps, generalization
is preferred over perfect performance and, hence, the author is confident in
generalization to different sensor setups.

3.4 Preprocessing

In order to derive semantic parametric detections, one first needs to processes
both camera and lidar sensor data. For camera images, a DNN that performs
panoptic segmentation [PBC+19], i.e. both pixelwise semantic labeling and
detection of object instances consisting of boxes and masks, is applied. Lidar
point clouds are first used to compute pose using a lidar odometry approach.
The poses are then used to compensate the ego vehicle’s motion.

3.4.1 Semantic Detections

In this work, the presence of a map element is derived using camera images
only. In real systems, a deeply learned sensor fusion approach that directly
predicts parametric detections from camera images and lidar points is expected
to outperform the proposed approach, but designing such a neural network would
go beyond the scope of this thesis, especially due to the lack of a suitable dataset.
Instead, this work will show that detections from camera images can be sufficient.

Deep Neural Network and Training Dataset

This work employs Seamseg [PBC+19], a DNN that was readily available and
trained on the Mapillary Vistas dataset [NOB+17]. In fact, the author believes
that most modern mask-based DNNs would be sufficient for this task as long
as masks and not only bounding boxes are predicted. Comparing a network
based on YOLO [RF18], i.e. using only bounding boxes, for a similar task in
a student thesis [Feh21] showed that masks are crucial to capture the relevant
lidar points for depth estimation in the later steps.
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3 Detecting and Mapping Semantically Tailored Parametric Landmarks

Figure 3.3: Example detections of the DNN used for extracting instance masks on a typical camera
image of the 2020 sensor setup. All masks are combined as clear filter while all other
pixels are faded out.

In the author’s view, the training dataset is much more relevant than the actual
DNN.While Cityscapes [COR+16], Argoverse [CLS+19], NuScenes [CBL+20],
and many other popular datasets are captured using a single sensor setup or a
fleet of almost identically equipped vehicles, Mapillary Vistas uses a wide range
of sensors ranging from smartphones over dashcams to professional cameras.
This enables a vastly better generalization to the proprietary sensor setup used
at MRT and for this work in particular.

Detections, Bounding Boxes, Masks, and Confidences

For each image i ∈ I, the output of the DNN is a set of semantic object
detections (b,m, c, o) := d ∈ D, often referred to as instances, each consisting
of a bounding box b ∈ B, a segmentation mask m ∈ M, a most probable
semantic class c ∈ C together with a detection confidence, also referred to
as “objectness”, o ∈ [0,1].
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3.4 Preprocessing

Ordering and Filtering

However, not all detected instances are equal. Hence, the instances are processed
in decreasing order of confidence o and discarding less confident detections if
their mask overlaps with an already processed instance’s mask by more than
a class-specific threshold qcoverlap.

As detections can only be estimated properly when the potential map elements
are fully visible, instances that are within a certain distance to the image border
are discarded. Additionally, as proposed by a student thesis [Sch20], instances
whosemaskm fills the corresponding bounding box b by less than a threshold qcfill

are discarded as well. This allows rejecting detections that are very unsuitable
for the representation, in particular poles with horizontal or curved arms.

3.4.2 Lidar Odometry

The proposed approach requires 6D poses for two reasons. Firstly, the effect of
the ego motion on the continuous rotation of the lidar’s sensor head needs to
be compensated. Secondly, poses are required to associate the measurements
during mapping. Using only the localization and data association method
proposed in Chapter 4 for frame-to-frame association would be conceivable in
theory. However, being designed for optimality and verifiability, it cannot keep
up with the availability of the method proposed in this chapter, i.e. using lidar
odometry poses with a graph-based association method from object tracking,
especially when initial detections are poor or semantic landmarks are sparse.

To compute 6D poses from lidar, this work uses KISS-ICP [VGM+23], a
state-of-the-art lidar odometry that performs well on multiple datasets using
the same set of parameters. Like for the DNN, again prefer a method that
can generalize well to a proprietary sensor setup over highly tuned methods
with optimal performance on the respective training set, but vastly inferior
generalization ability.

KISS-ICP follows the general ideas of iterative closest point (ICP) methods, but
succeeds in implementing them robustly enough to be close to more complex
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3 Detecting and Mapping Semantically Tailored Parametric Landmarks

state-of-the-art lidar odometry methods on a wide range of datasets and sensor
setups. It handles motion distorted point clouds by compensating motion
internally by extrapolating the motion estimated from the previous frames.

3.4.3 Lidar Motion Compensation

To exploit the strengths of both sensor modalities, lidar point clouds, which are
recorded using a continuously rotating and recording lidar sensor, need to be
fused with camera images, which are captured using a global shutter camera.
This fusion suffers from motion parallax as illustrated in Figure 3.4.

Hence, the motion of the ego vehicle is compensated using the poses computed
via a lidar odometry. Since the internal motion compensation of KISS-ICP is
worse than a subsequent correction using the all odometry poses, for mapping,
the ego motion is interpolated between three poses. As the focus lies on static

TrajectoryΔT

Actual

Lidar Pose

Virtual

Lidar Pose

ΔT-1

Figure 3.4: Illustration of the motion parallax effect. As the lidar sensor is continuously rotating
while recording, a point measured at a vehicle pose with offset∆T to the pose at which
the camera image was captured might falsely seem to lie next to the map element when
motion compensation is neglected. This is depicted by the true, solid red ray that is
interpreted as dashed red ray. By compensating the relative motion from the actual to
the virtual pose at the time the camera image has been taken at, for static objects, the
true point can be recovered completely (blue ray).
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map elements, one can assume that all relevant lidar measurements are static.
Hence, the motion can be compensated by inverting the ego motion relative
to the pose at which the camera took the image corresponding to a full lidar
scan. So all points are corrected as if they were measured from the same pose
as the camera image. To conserve the ordering of the range image, no-returns
are shifted accordingly.

3.5 Semantically Tailored Parametric Detections

For each frame of measurement, one can now assume to have object detections
(b,m, c, o) = d ∈ D, comprising of bounding box b and instance mask m in the
image, confidence o, and semantic class c, as well as a motion compensated
lidar point cloud L. To estimate the parameters of the respective map elements,
first, for each instance d, the relevant lidar points in L need to be determined.

3.5.1 Lidar Point Selection and Static Parallax
Compensation

As the input data can now be assumed to share a common pose T , one can
project all lidar measurements into the image using the camera’s intrinsics and
an external calibration. Instead of finding the points for each mask individually,
it is proposed to project all lidar points into the image at once and cache their
pixel coordinates in a spatially sorted order. This allows selecting the relevant
points for each detected object in the image using the corresponding mask very
efficiently, i.e. two orders of magnitude faster than a naive approach.

Still, the projected lidar points have two open issues. First, due to the non-
identical optical center, even after motion compensation there will be a significant
parallax effect that needs to be compensated. This is illustrated in Figure 3.5
as well as Figure 3.7. Second, not all points have equal likelihood to lie on
the true map element that is to be detected.
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Figure 3.5: Illustration of the static parallax effect. Due to the non-identical optical centers, lidar
points can lie behind the map element, but their projection lies within the corresponding
detection in image space.

Image Domain Parallax Compensation based on Beam Divergence

To compensate the parallax effect remaining after compensating the ego motion,
for each pixel, the closest lidar point is determined, taking into account the
sensor’s beam divergence. More specifically, for each beam, using an R-
tree [Gut84] the pixels that are within the beam, knowing its divergence specified
by the lidar manufacturer, can be tracked efficiently.

If multiple returns hit the same pixel, an overlap due to parallax can be detected
and only the closest lidar point is kept. As illustrated in Figure 3.6, this
allows mitigating static parallax errors at a much denser level than simple point
projections. Its real-world effect is depicted in Figure 3.7.

While no explicit evaluationwas performed, during hyperparameter optimization,
parallax compensation based on beam divergence was significantly better than
tracking only the pixels hit by the beam center.

Retro-Reflective Traffic Signs

For safety reasons, most traffic signs have a so-called retro-reflective surface
which reflects most incoming light back into direction of origin. In lidar
measurements, this is indicated by an intensity value range larger than the range
used for diffuse reflections. Inspired by previous works [VYF+13, RDC+16,
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15 m 15 m

15 m 15 m

25 m

(a) No overlap in the image when considering only ray
center pixels (circles).

(b) Overlap detected based on beam divergence
(hatched colored areas).

Figure 3.6: Illustration of two strategies to detect parallax errors in the image domain.
As each lidar ray center only hits a single pixel, in high resolution images, this rarely
leads to multiple hits per pixel, which could be used to reject more distant points (blue).
By taking beam divergence into account, most parts of the image are more or less
densely covered with lidar hits. This can be exploited to reject most hits with parallax
error (blue) as they now overlap with closer hits (red areas). A real-world example is
depicted in Figure 3.7.

Figure 3.7: A real-world example of parallax error and its compensation. From the perspective of
the camera, the traffic sign contains by both (correct) closer lidar points, depicted in
red-ish color, and background reflections, depicted in green tones.
A naive reprojection approach would lead to about as many background as foreground
points, making distance estimation difficult (left crop). In contrast, if lidar’s beam
convergence is taken into account, almost all background points can be discarded due
to overlap with closer points (right crop).
In the left crop, pixels hit by the ray center are colorized by lidar distance. In the right
crop, all pixels hit by the diverged beam are colorized by distance, using the same scale.
For both crops, more distant lidar points are rejected during parallax compensation.
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GES+17, GEM+19], this allows filtering lidar points on traffic signs by requiring
retro-reflective intensity measurements.

3.5.2 Lidar Point Weighting

One now could assume that the remaining lidar points are a good approximation
of the distance of the pixel they are projected to and, hence, should contribute
to the parameter estimation. However, the probability that this is the case is
unlikely to be uniform. Hence, next to uniformweighting, twomore sophisticated
weighting schemes are proposed. Depending on the semantic class, during
hyperparameter optimization, different approaches turned out to be best. All
methods are illustrated in Figure 3.8.

The first idea is to weight points relative to their distance to the bounding box
center pc with smaller distances inducing higher weight. This works well for
detections that are about as wide as high and could trivially be adapted well to
pure bounding box detections without a mask. The weight wli of a lidar point li
with corresponding pixel pi can be described by

wli =

(
1− ‖pi − pc‖2

maxpj∈m ‖pj − pc‖2

)
. (3.1)

However, for elongated detections, like poles, this weighting scheme is not
well-suited. Instead, the distance to the mask contour can be used as weight
with larger distance inducing larger weight. This can be computed efficiently
by applying a distance transform (DT) on the mask m.

wli = DTm(pi) (3.2)

At the image borders, the masks are zero padded for DT correctness. Optionally,
the weight is saturated using a configurable hyperparameter. An adaption to
bounding boxes is conceivable using the bounding box as contour.

To filter out detections with no or insufficient depth information, semantic
instances are required to have a minimum weight sum over all lidar point
weights. Only instances with sufficient point weight are processed further.
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3.5 Semantically Tailored Parametric Detections

Figure 3.8: Depiction of the proposed schemes to weight lidar points. On the left, a crop of the
original image with the detected sign is shown. On the right, the instance mask m with
uniform, distance to center point and distance to contour weighting is depicted (from
left to right). Brighter color indicates higher weight.

3.5.3 Initial Distance Estimation and Inlier Selection

The last step of the camera lidar fusion chain is to provide a good initial estimate
of the map element’s distance. This initial distance helps to select suitable
inlier lidar points and will be crucial to correctly estimate the actual element
parameters in the next section.

As visualized in Figure 3.9, despite the previous parallax compensation and point
selection, still not all remaining lidar points lie on the true map element. Hence,
two methods are proposed to compute an initial distance estimate, density-based
spacial clustering of applications with noise (DBSCAN) and a weighted median.

DBSCAN

The method that was already explored in a student thesis [Sch20] and previ-
ously proposed in [PSS21] is to perform a density-based spacial clustering of
applications with noise (DBSCAN) in the distance domain.

The main idea is to find clusters that have a certain density, defined by a minimal
number of nmin neighbors within a radius ε. With only two hyperparameters
DBSCAN is one of the most popular clustering methods. For a comprehensive
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Figure 3.9: Colored histograms of lidar points over distance for the traffic sign depicted in Figure 3.7.
Colors indicate hits on the traffic sign of interest (orange), returns on the background
(green) and points in between (blue).
The first row shows the histogram of all lidar points within the mask, irrespective of
intensity, using ray center parallax compensation. In the second row, beam convergence
has been used for parallax compensation. The third row shows the effect of additionally
filtering by intensity. Finally, the last row shows results after distance to contour
weighting. Note that the ordinate is scaled logarithmically.

explanation of the algorithm and its development, the reader is referred to the
original publication [EKS+96] and a modern review [SSE+17].

For this work, a custom C++ implementation is used. It supports weights by
modifying the density definition to a minimal weight sum wcmin taken over all
neighbors within radius ε to form a valid cluster. It precomputes neighborhoods,
but does not use spatial data structures that do not pay off for the relatively
small amount of points. The typical runtime around 1 µs for a single point,
growing asymptotically with O(n log n) after the potentially parallelizable
neighborhood computation.
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The initial distance is then derived as the weighted mean over all points in
the cluster Cmax with largest weight:

dinit =
1∑

li∈Cmax
wli

∑

li∈Cmax

wli‖li‖. (3.3)

Weighted Median

An even faster, but possibly inferior method is to take the weighted median of
the lidar points’ distances. It can make use of the previously introduced weights
wli and be computed using a fast state-of-the-art method [RA12].

For the mean weight w0 = 1
2

∑
li
wli , it finds the weighted median lidar point

with index k = arg mink
∑k
i=0 wlN−i ≥ w0. Hence, the initial distance is

defined as the distance of the weighted median point dinit = ‖lk‖.

Its typical runtime is below 1 µs even for hundreds of points scaling linearly on
average [RA12]. While faster methods might be available for larger amounts
of data by exploiting parallelization, for the comparatively small data size that
usually fits in the CPU’s L1 cache no speedup is expected.

Inlier Selection

The estimated initial distance allows “inlier” lidar points to be selected from
those reprojected into the mask. Only those points are then used to actually
estimate the parameters of the parametric detections. Inlier points are selected
in the distance domain, i.e. relative to the initial distance, depending on the
inlier distance threshold τ cdistance:

L
dj
inl = {li ∈ L | |‖li‖ − dinit| < τ cdistance}. (3.4)

If no cluster of sufficient density, i.e. total weight, is found using DBSCAN or
the inlier set is smaller than a threshold number ninl,c

min , the potential detection
is discarded.
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3.5.4 Semantically Tailored Parametric Models

One key innovation in this chapter is to select a suitable parametric representation
based on the semantic class of the detected object. In contrast to many previous
works, this work does not attempt to find one general representation that
can approximate objects of any semantic class, but is limited in representation
accuracy. Instead, the representation is tailored to the semantic class by choosing
the minimal amount of parameters that is necessary to obtain a representation
that is suitable for both the data association in Chapter 4 and the visibility
analysis in Chapter 5.

For this work, with traffic signs, traffic lights, and poles, three prototypical
semantic classes have been chosen that depict the majority of non-road objects
in urban HD maps. Hence, their omnipresence is sufficient to prove the validity
of the concepts which will be proposed in the following chapters and build
upon the map elements introduced now. The core idea is transferable to other
semantic classes using either the same or conceptionally similar representations
that are adapted to the concrete requirements of the respective class.

All classes are represented by relatively simple geometric bodies: Traffic signs
are simplified as rectangles that are oriented around the up axis. Traffic lights
and poles are modeled by cylinders. While traffic lights are assumed to be
upright, poles are modeled with an orientation.

This relatively simple modeling choice already allows estimating the parameters
with very high accuracy, but also obtain models that have enough fidelity to later
be used to verify that each map element is visible. Further modifications, such as
the shape of traffic signs, are conceivable andwould certainly improve themethod.
However, when using the same parametric measurements during localization
and verification, it is assumed to have only a single frame of measurements and,
given this limitation, such additional parameters are extremely hard to estimate
accurately. Hence, this is left as an open issue.
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3.5 Semantically Tailored Parametric Detections

3.5.5 Parameter Estimation

As all three semantic classes follow different parametric models, the estimation of
parameters is different as well. Regardless of the semantic class, each detection d
consists of a 6D pose (c,o) ∈ SE(3), two extent parameters w,h ∈ R, and a
semantic class c ∈ C. The pose is represented by a center point c = (xc,yc,zc)

and an orientation o, which is stored as quaternion, but compared using the
object’s major axis. One can imagine the pose as transformation between object
and world coordinate system. For the sake of a clearer notation, the semantic
class c is neglected for mathematical operations on d.

Poles

As approaches to estimate the orientation of a pole in the image domain turned out
to be unreliable, a pole’s orientation is estimated using an (unweighted) principal
component analysis (PCA) on the inlier lidar points Ldj

inl of the corresponding
detection dj . The pole axis or orientation vector o is then determined by the
first principal component, i.e. the largest eigenvector of the covariance matrix,
normalized to unit length. More robust, but slower PCA approaches, e.g. using
Grassmann averages [HFE+16], were tried, but the initial point filtering in
distance domain renders them redundant. Extremely skewed poles are rejected
by a threshold on the angular magnitude of o.

In contrast to the orientation, due to vertically limited lidar coverage, the center
point c is extracted using the corresponding instance mask m. First, viewing
rays to the middle pixels ptop,pbottom of the uppermost and lowermost row are
determined. Next, the points xtop,xbottom on the axis going through the lidar
points’ centroid in the direction of the pole’s orientation o that are closest to
each of the respective viewing rays are calculated. The center point is then
the middle of both points:

c = 1/2(xtop + xbottom). (3.5)
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Figure 3.10: Illustration of the estimation of the parameters that represent a pole as a cylinder with
center c, width w, height h and an orientation vector o.
While the real instance mask m, lidar points, and the model are depicted in black and
gray, the abstract PCA coordinate frame is depicted in blue.

The height h of a pole can then be determined by their distance

h = ‖xtop − xbottom‖. (3.6)

Determining the width of a pole in the image is not trivial as it might change
significantly depending on the visibility of the (whole) pole. The fact that the
instance masks often include the pole’s arm(s) only make matters worse. At
the same time, at large distances, the number and density of lidar points is not
sufficient to properly determine the pole width or radius.

As robust solution, it is proposed to iterate over each non-zero row of the instance
mask m and measure the 2D BEV distance of the viewing rays to the leftmost
and rightmost mask pixels at the initially estimated distance dinit . The pole’s
width w is then determined as the median width over all rows. All steps of the
parameter estimation are depicted in Figure 3.10.

56



3.5 Semantically Tailored Parametric Detections

Traffic Lights

Neither the DNN nor the resolution of the lidar sensor allow to resolve the
orientation of the traffic light. Instead, it is assumed that the major axis of
traffic lights is always oriented upwards in the sensor frame. Admittedly, this
assumption is valid neither globally nor for very dynamic driving scenarios,
but it is deemed acceptable for this work.

Due to the often rectangular shape which is matched well by the bounding box,
the center c is determined from the viewing rays to the central top and bottom
pixels of the bounding box b. Sampling them at the initially estimated distance,
dinit, this yields the points xtop and xbottom which can again be averaged:

c = 1/2(xtop + xbottom). (3.7)

The height h of a traffic light can be determined from

xtop =



xtop

ytop

ztop


, xbottom =



xbottom

ybottom

zbottom


 (3.8)
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Figure 3.11: Estimation of a traffic light’s parameters. Traffic lights are represented as upright
cylinders, depicted by its cross section, with center point c, width w and height h.
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using the upright orientation assumption:

h = 1/2(ztop − zbottom). (3.9)

Finally, the width w of a traffic light is determined analogously as for poles.
This robust method helps particularly when viewing a traffic light from the side
which induces significant variation in the observed width.

Traffic Signs

As for poles, for traffic signs first the orientation is estimated, assuming only
a rotation around the up axis. Similar as for traffic lights, this limitation is
admitted but deemed acceptable for this work. A PCA in the xy domain of
the inlier lidar points Ldj

inl determines the normal vector n as object’s major
axis, which is chosen to be oriented towards the sensor origin. This allows
the orientation to be modeled properly since the DNN only detects the front
side of traffic signs while the back sides have a separate semantic class. For
deriving an HD map, the orientation could also be used to attribute the induced
traffic rules to the relevant lanes.

The center c is determined by intersecting the viewing ray through the center
pixel pcenter of the bounding box b with the sign plane. Similarly, width w
and height h can be determined by casting viewing rays through the left/right
and top/bottom pixels, intersecting them with the sign plane and measuring the
respective distance of the intersection points xleft,xright and xtop,xbottom.

Like for poles, a hyperparameter is used to filter out signs are observed from
a really flat angle as already small deviations in the size of b can introduce
significant errors in the estimated width and height. But, in contrast to poles, for
signs this was rejected during hyperparameter optimization seemingly being
inferior to no filtering.
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Figure 3.12: Estimation of the parameters representing a traffic sign. Traffic signs are represented
using a rectangle which is upright, i.e. only rotated around the up axis, and hence can
be described by a center point c, width w, height h and a normal vector n.
The instance mask m, lidar points, and the model are depicted in black, gray and red.
The BEV projected points and the corresponding first axis of the abstract PCA are
colored blue.

3.5.6 Measurement Deduplication

As depicted in Figure 3.13, the single measurement frames may contain duplicate
instance detections from theDNN.Hence, next to filtering based onmask overlap,
as explained in Section 3.4.1, this section examines the possibility to remove
duplicates in the estimated parameter space. Duplicates can be detected based
on either a heuristic or a probabilistic space using DBSCAN clustering. For
simplicity, semantic confusion is ignored and only measurements within each
semantic class are deduplicated.

Heuristic Duplicate Detection

A simple heuristic for duplicate detection is to use the parameter subspace
that has proven to be stable enough even across spurious detections. For
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poles, this is the 2D center in BEV, (xc,yc). When detecting traffic lights,
the height is consistent as well, allowing to use the 3D center c = (xc,yc,zc)

for clustering. Finally, traffic signs exhibit a rather unique and consistently
measurable orientation, allowing to use the combination (c,o) for clustering.
While the Euclidean distance is an obvious choice for pole and traffic light center
points, for the combined spatial-angular clustering space, the pseudo-metric

‖ci − cj‖+ ](oi,oj) (3.10)

is used to determine the distance between two measurements di,dj . Here,
](·, ·) denotes the minimal rotation difference.

Probabilistic Duplicate Detection

A fully probabilistic approach involves more parameters, but less arguable
hand-crafting. It uses the Mahalanobis distance

dMahal(di,dj) =

√
(di − dj)TΣ−1

ci (di − dj) (3.11)

which is based on the class dependent covariance matrix Σci whose entries
are seen as hyperparameters. To limit the number of hyperparameters, it is
assumed that the parameters are uncorrelated, i.e. Σci is a diagonal matrix.
Again, semantic confusion is ignored, hence, ci = cj .

As image resolution and lidar point density both decrease quadratically over
distance, one could expect less certain measurements at larger range. In order
to compensate any such potential distance dependency of the covariance, a
sigmoidally inspired scaling term ζci is introduced. It depends on the Euclidean
distance δi = ‖ci‖ between measurement and sensor origin:

ζci(δi) =
1 + exp

(
acj bcj

)

1 + exp
(
acj (δi + bcj )

) . (3.12)
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(a) First detection mask (b) Second detection mask (c) Overlay of both masks

Figure 3.13: Example of duplicate DNN detections. Especially poles with signs mounted on
them are detected multiple times, often with strongly varying masks. Instead of
finding duplicates only in the image domain, they are also detected and merged in the
parameter space.

This term can then be used to scale the inverse covariance matrix

Σ−1
ciscaled = ζci(δi)Σ

−1
ci . (3.13)

Examples of the scaling function ζci(δi) for various values of aci and bci are
depicted in Figure 3.14.

While this scaling makes the Mahalanobis distance asymmetric in the two
measurements di,dj , this can be neglected as any relevant, i.e. sufficiently
small, distance compares measurements of approximately similar Euclidean
distance to the sensor origin δi ≈ δj . It is assumed that this renders the
Mahalanobis distance approximately symmetric for the relevant range of values.

Indirectly, hyperparameter optimization allows observing any possible distance
dependency of the covariance scale. In Figure 3.14, one can see that especially
with the 2023 sensor setup there is no or only a negligible distance dependency.
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Figure 3.14: Exemplary parametrizations of the scaling function ζ plotted over detection range.
A value of ζ = 1 implies not scaling, i.e. a covariance that is independent of the
detection’s distance. The dashed line depicts the automatically optimized values
for the 2020 sensor setup for poles, traffic lights, and traffic signs. Dotted are the
respective values for the 2023 sensor setup. For aci = 0, the value of bci does not
matter, and all curves with this value are overlapping in the plot.

Duplicate Aggregation

Cohesive duplicate measurements in one time frame are aggregated into a
single measurement using the same robust averaging technique that will be
introduced in Section 3.6.3 for aggregating measurements across multiple time
frames during mapping.

3.6 Highly Accurate HD Mapping

The parametric measurements described so far enable localization and data
association for map verification. However, this section shows that they are also
an excellent foundation to build a highly accurate HD map in two simple steps:
data association over time and optimization of the resulting map elements. The
mapping is illustrated in Figure 3.15.
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...

...

Optimization

Tracking

Figure 3.15: Illustration of the mapping procedure. Parametric detections d are extracted individu-
ally and tracked over time in parameter space. Map elements ` can then be estimated
for each track T via robust non-linear averaging.

3.6.1 Acausal Processing

Before discussing thesemajor points, we need to address a seeminglyminor detail
that was discovered during a student thesis supervised by the author [Sch20]
and actually has great impact on mapping performance: the acausal processing
of parametric measurements as visualized in Figure 3.16. When associating
and aggregating detections reversed in time, i.e. as if driving backwards, map
elements are first seen when they are largest in the camera image and have the
best lidar coverage. This allows initializing them accurately, hence, significantly
improving data association via linear assignment, landmark optimization, and
localization in the previously created map.

3.6.2 Data Association

The goal of the data association is to determine tracks Tk 3 {. . . ,di, . . .} ⊂ D
that consolidate all parametric measurements di belonging to one putative map
element. Using poses from odometry, the detections are transformed into a map
coordinate system to facilitate data association. This can also be done using
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...

Processing Order

Figure 3.16: Illustration of the acausal processing idea. Typically, map elements are closer and,
hence, better to estimate later in time. Thus, processing data backwards in time yields
more stable initial estimates and may improve localization in the already estimated
map.

the transformation estimated by the novel localization approach proposed in
Chapter 4, utilizing the already estimated map in a SLAM fashion1.

To solve the association problem, in this work, two methods are proposed that
both exploit the parameter space of the measurements.

Linear Assignment

In a student thesis [Sch20] and previous publication [PSS21], the Hungarian
algorithm [Kuh55, Mun57, JV87] was proposed to solve a linear assignment
problem in parameter space. Its input is a cost matrix that is based on the
assumption that measurements are distributed normally around the true map
element, i.e.

di ∼ N (`k,Σc), (3.14)

yielding the comparison distribution

di − dj ∼ N (0,
√

2Σc). (3.15)

1 In fact, hyperparameter optimization showed that it is optimal to use the localization approach
with very optimistic parametrization, but bounded by the lidar odometry. I.e. the localization
result is used as long as it is close enough to the odometry pose, otherwise the odometry is used.
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Note thatΣc is the covariance in the full parameter space of the semantic class
c ∈ C. For simplicity, semantic confusion is neglected and association is only
allowed within the same semantic class. In the experiments, Σc is assumed
to be diagonal. The variances are estimated empirically.

The solution of the linear assignment problem are associations between measure-
ments and map elements as well as matches of both with a dummy entry used for
gating. New tracks are formed from measurements that are not associated to any
map element, i.e. the dummy entry. Parametric detections that are associated
to a map element extend its track.

Despite its simplicity, this already yielded astonishing results. In particular,
in contrast to visual tracking in the image space, it could robustly track traffic
lights that changed their state.

Minimal-update Successive Shortest Path (muSSP)

When scaling the approach, the combination of false positive and false negative
detections either requires manual track handling or leads to duplicate/erro-
neous map elements. Hence, this thesis proposes an improvement over the
framewise linear assignment by adapting muSSP [Wan19], a state-of-the-art
graph-based method from object tracking. Together with deeply learned data
association [XZC+19] and multi-hypothesis filtering [RVV+14, GWG+18],
graph-based methods [ZLN08, LGU15, Wan19] form the state of the art in
object tracking.

The effort of training deep learning approaches and the lack of readily avail-
able filtering approaches excluded the first two categories. In contrast,
muSSP [Wan19] was available as open source code and can be parameter-
ized empirically based on the work by Zhang et al. [ZLN08].

Concept

The basic idea is, as illustrated in Figure 3.17, to form a graph that connects
detections according to putative associations as well as to a common source
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Figure 3.17: Illustration of graph-based data association for mapping across the three frames i− 1
to i+ 1. In a) three example frames with two or three detections are depicted.
In b) these detections are then incorporated in a graph using two vertices each as well
as a source vertex S and a sink vertex T. True association edges are solid while false
association possibilities are dashed.
Tracks are found by computing cost-optimal paths from S to T across birth, detec-
tion, association and death edges, representing the respective events for each track.
Exemplary optimal paths are depicted in c).
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and sink vertex to model birth and death of a respective track. In addition, an
auxiliary edge within each edge is required. This results in four kinds of edges
of unit capacity that can each be assigned costs c.

The costs are chosen such that birth and death of a track are relatively costly
compared to connections between similar detections. However, all of them
are positive and only the auxiliary edges have negative costs for including a
detection. This cost formulation is probabilistically motivated [ZLN08] and
influences the minimal cost paths in two ways. First, it successfully suppresses
spurious detections that appear too few times as any too short path has positive
costs. In addition, up to a certain point, connecting similar detections in a
track is cheaper than creating new tracks.

Formally, edges from source s and to sink t have birth and death cost according
to the negative log likelihood of a track appearing or disappearing before/after
detection di, both estimated as class dependent empirical average.

csi = − log(pbirth(di)) ≡ − log(pbirth,c) (3.16)
cit = − log(pdeath(di)) ≡ − log(pdeath,c) (3.17)

Detections di and dj are connected within a gating radius in both parameter
space and time, i.e. frames may be skipped up to a window. Edges connecting di
and dj have the negative log association likelihood, e.g. modeled by assuming
zero-mean Gaussian noise around the true map element (cf. Equations (3.14)
and (3.15)), as costs

cij = − log(p(di | dj)) = − log
(
fN
(
di − dj ,000,

√
2 ·Σc

))
. (3.18)

Finally, detections are modeled by an internal auxiliary edge that models the
relative log likelihood of being a valid detection instead of a false alarm. The
standard cost term for the auxiliary edge [ZLN08] is

cii = log

(
pclutter,c

1− pclutter,c

)
. (3.19)
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It can be combined with the detection confidence (“objectness”) oi output by
the DNN, yielding the cost term

cii = − log

(
1− (1− pclutter,c)oi

(1− pclutter,c)oi

)
. (3.20)

Note that the confidence values are not calibrated, although this is recommended
for stochastic accuracy [GPS+17, PSC+18, KD19, KKS+20, KHK+22, Küp23].
For a formal and very detailed explanation of the cost terms, including the
empirical derivation of the involved likelihoods, the reader is referred to [ZLN08].

The solver, muSSP, now determines the successive shortest (most cost-effective)
path problem by iteratively solving the according minimal cost flow problem
exactly. The resulting cost-optimal paths then directly correspond to the most
likely tracks Tk which each associate measurements to form a future map
element `k.

Implementation Details

To accelerate the association, all possible associations and association probabil-
ities are pre-computed. The association problem is constrained to a parametric-
temporal vicinity via a hybrid gating which filters by a maximum number of
skipped frames as well as a minimal association probability.

As for the Hungarian algorithm, semantic confusion is neglected and only the
diagonal entries of the covariance matrixΣc are estimated empirically. Again,
this assumes that measurements are, in parameter space, normally distributed
with zero mean around the true map element. To include the possibility
of slightly increasing covariance over distance, the same inverse covariance
scaling introduced in Equations (3.12) and (3.13) for probabilistic measurement
deduplication was used here as well.
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Figure 3.18: Qualitative example results of the data association for traffic lights. Each of the four
blocks shows the image crops belonging to the detections of one track, i.e. one map
element. For this visualization, all crops are scaled to the same size within each track.
For many visual tracking techniques, the abrupt change in appearance when the traffic
light’s state switches would be an issue. In contrast, the proposed tracking in semantic
parameter space elegantly circumvents this issue and allows robust tracking despite
significant changes in appearance.
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Figure 3.19: Qualitative example results of the data association for traffic signs. Each of the four
blocks shows the image crops belonging to the detections of one track, i.e. one map
element. For this visualization, all crops are scaled to the same size within each track.
Tracking is successful over more than a hundred frames and across significant variance
in appearance due to lighting, variable exposure, occlusions, changing background,
and motion blur. The proposed tracking method is furthermore agnostic of the shape
and size, e.g. the last sign is several meters high and wide.
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Results

Results of the tracking are illustrated in Figures 3.18 and 3.19. Poles can be
tracked equally well, but a visualization is omitted as poles are missing visual
features that make their tracking graspable for the human eye. The robust
tracks enable estimating map elements simply by robust averaging, which will
be presented in the next section.

3.6.3 Robust Map Element Estimation

The final remaining question is how to determine the parameters of map element
`k from each track Tk. Due to the high accuracy of the parametric measurements
di, like explored in a student thesis [Sch20] and previously published [PSS21],
it is proposed to simply perform a robust weighted averaging.

The robust weighted average can be formulated as robustified non-linear op-
timization problem. More formally, the following problem is solved using
Ceres [AMT20] as solver

`k = arg min
`k

∑

di∈Tk
wi(δi) ρci

(
‖`k − di‖22

)
. (3.21)

Although the individual parameters could be estimated independently, one can
use the prior knowledge that e.g. a bad depth estimate will impair the estimated
width and height. Hence, estimating all parameters jointly weighting each
residual with one common robust loss function ρci(·) neglects outliers w.r.t.
to one parameter for the estimation of all parameters.

In Equation (3.21), ρci(·) is either the Cauchy or Tukey’s biweight loss func-
tion [BGP19] with their respective scale parameter depending on the semantic
class ci.

For the initialization of `k, the hyperparameter optimization can choose between
the first seen measurement, the latest measurement or the weighted median
of all measurements. While the former two choices are trivial, the weighted
geometric median of center points is implemented using a weighted variant of
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Figure 3.20: Exemplary parametrizations of the weight scaling function plotted over detection
range in color. The dashed lines depict the automatically optimized values for the
2020 sensor setup for poles, traffic lights, and traffic signs. Dotted are the respective
values for the 2023 sensor setup. For aci = 0, the value of bci does not matter.

Weiszfeld’s algorithm [Wei37]. The weighted median of orientations can be
computed via quaternion representation [MCC+07].

As additional, but qualitatively minor improvement it is proposed to scale
weights wi, again using a sigmoidally inspired weight scaling function with
parameters aci , bci that re-weights the detection’s confidence oi:

wi(δi) =
1 + exp(acibci)

1 + exp(aci(δi + bci))
oi. (3.22)

Like for the inverse covariance scaling, the input parameter δi is the distance
of the detection to the sensor origin. During hyperparameter optimization, for
different classes different parameter combinations turned out to be optimal. The
corresponding examples are illustrated in Figure 3.20.

It is interesting to note that the hyperparameter optimization preferred weighting
without any significant distance dependency, at least for all relevant distances.
This observation is similar to the rejection of covariance scaling in Figure 3.14.
While no direct proof, it allows the assumption that the quality of detections
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does not vary significantly over detection range. This simplifies the assumptions
of the data association approach presented in Chapter 4.

3.7 Metrics for Weakly / Self-Supervised
Hyperparameter Optimization

The lack of suitable datasets and the huge effort to annotate a parametric HDmap
with all parameters not only denies using standard deep learning approaches for
parametric detections. It also makes hyperparameter optimization and evaluation
a challenge. As a remedy, a novel metric for parametric detections, resulting
HD maps, and localization therein is proposed. It enables both automatic
hyperparameter tuning and a quantitative evaluation without needing any ground
truth. While this option was not explored, one could as well imagine it to be
a suitable loss to train a DNN to detect map elements.

As for machine learning in general, there are two ways to evaluate a predicted
result when lacking annotated ground truth. First, one can take pseudo labels,
i.e. noisy and imperfect predictions, that stem from a pretrained DNN such
as the ones used in this work to create parametric detections. This follows
the machine learning paradigm of weak supervision and exploits that the
DNN predictions are independent from the subsequent detection and mapping
processes (though not vice versa).

Another way to obtain a supervision signal is to exploit natural principles, such
as optical projections and the persistence of static objects in space over time.
This is referred to as self-supervised learning.

By combining both ideas, one can obtain a new family of metrics, called
Rendering Instance IoU. It renders objects that are known to be static into an
artificial camera image which can then be compared with the DNN pseudo labels.

Similar ideas have previously been proposed under the terms analysis-by-
synthesis or render-and-compare, e.g. to train 3D object detection DNNs. There
are various ways to construct suitable losses. When only the shape is known,
object coordinates can be used [ZKB+20]. Knowing shape and semantic class,
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like proposed in this work, allows rendering a semantic mask that can be
compared. Finally, when not only the shape, but also texture can be estimated, a
photometric loss can be computed [CLG+19, BKM+20].

3.7.1 Detection Rendering Instance IoU

More formally, for each image i, given corresponding predicted instance masks
Mi from a DNN such as Seamseg [PBC+19], one can transform parametric
detections d ∈ D into the sensor coordinate frame, d′ = T−1d. Assuming
known intrinsic camera parameters, they can then be rendered into the image i
using the rendering process R(d′, i).

This makes it possible to calculate the Rendering Instance IoU, referred to as
RIIoU, of a predicted instance mask m and a detection d′:

RIIoU
(
d′, i,m

)
=

∣∣R(d′, i) ∩m
∣∣

∣∣R(d′, i) ∪m
∣∣ . (3.23)

One can then derive the mean Rendering Instance IoU, mRIIoU, over all
detections D′ and instance masks Mi for an image i:

mRIIoU(D′, i,Mi) =
1

Ψ

∑

d′∈D′
m∈Mi

1d′(m)

∣∣R(d′, i) ∩m
∣∣

∣∣R(d′, i) ∪m
∣∣ . (3.24)

Its computation involves solving a linear assignment problem [Kuh55] between
rendered detections and masks such that the mean RIIoU is maximized. The
indicator function is 1d′(m) = 1 if and only if d′ and m are matched in the
optimal assignment. The normalization term

Ψ = |D′|+ |Mi| −
∑

d′∈D′
m∈Mi

1d′(m) (3.25)

ensures that the mRIIoU is normalized to the unit interval: It is zero for no
overlap at all and one if every detection and mask is matched pixel-perfectly.
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Note that, in contrast to the generic pixel level mean intersection over union
(mIoU) used for semantic segmentation, the metric exploits knowledge about
individual instances and possibly matching detections. The intersection over
union (IoU), operating on a pixel level, was chosen over instance-specific metrics
like average precision (AP) and average recall (AR) as to gain better, pixel
accurate resolution. However, comparing mRIIoU and analogue AP/AR metrics
both formally and empirically remains an open research question.

The mRIIoU can then be interpreted as a noisy approximation of the likelihood
of the detections given the image’s corresponding instance masks1

fD|Mi
(D |Mi) ∝∼ mRIIoU(D′, i,Mi). (3.26)

A drawback when using detections and instance masks from the same pose is
that the depth and, hence, 3D position and size of the parametric detections
cannot be observed properly. Thus, it is proposed to use instance masks from the
close vicinity of the pose that the detections stem from. To render parametric
detections into another image one can use the poses available by lidar odometry
or methods proposed in the remainder of this thesis. Transforming between
time frames involves two poses, Ti and Tj :

dji = T−1
j di = T−1

j Tid
i
i. (3.27)

Due to persistence of static objects and the negligible changes in occlusions,
this makes the estimated depth, 3D position, and size observable and turns
the mRIIoU into a valid metric for evaluating all parameters of the proposed
detection method. For detections from time frame i evaluated using image
and masks from time frame j this metric is called Detection Mean Rendering
Instance IoU mRIIoU

(
Dji , ij ,Mij

)
:

fDi|Mij
,Ti,Tj

(
Di |Mij , Ti, Tj

) ∝∼ mRIIoU
(
Dji , ij ,Mij

)
. (3.28)

1 Note that, although the pose T is formally involved here, it cancels out when evaluating the
detections d′ ∈ D′ in the sensor frame in which they have been measured.
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Empirically, j = i ± 3 was found to be a good trade-off between occlusions
and depth/size observability.

An example is illustrated in Figure 3.21.

3.7.2 Map Rendering Instance IoU

Analogously to detections from a single time frame, one can render the optimized
mapM into the images I recorded within the mapped area. Again, this assumes
poses T which can stem from either lidar odometry or the localization method
proposed in Chapter 4. To speed up computation times, the rendered map
elements are pruned to the possibly visible part given the camera’s field of
view and a conservatively approximated maximum detection range. Like for
detections, for each image i ∈ I, an optimal linear assignment problem between
instance masks and map elements is solved to maximize the mean RIIoU.

This allows us to define the Map Mean Rendering Instance IoU metric to
approximate the likelihood of the map given the images I with corresponding
instance masks

fM|MI,T (M |MI,T ) ∝∼
1

|I|
∑

ii∈I
mRIIoU

(
T−1
i M, ii,Mii

)
. (3.29)

The metric has two issues that need to be discussed: occlusions and false positive
detections. While the metric neglects occlusions, which can be severe and
consistent over multiple frames, one can argue that any viable mapping result
will suffer from the same occlusions. Regarding false positive detections, due to
the nature of the proposed detection and mapping framework, i.e. being based
on detected instances from a DNN, one may object that false positives which
exactly match occluded map elements are so rare that they can be neglected.

It was also tried to use the visibility check that is proposed in Chapter 5 to predict
occlusions. However, as already small pose errors severely harm true positive
map elements that are falsely predicted occluded, it did more harm than good.
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Figure 3.21: Example of the Rendering Instance IoU (RIIoU) metric for parametric detections.
In the upper half, we see the parametric detection of a traffic sign rendered as blue
quadrilateral R

(
di
i, ii

)
depicted over the original image ii it was detected in.

In the lower half, the same detection is rendered into the evaluation image ii+3 of
three frames later, depicted in the background. The green overlap is the instance
mask, originally drawn in yellow, yielded from the DNN by processing the evaluation
image ii+3, with largest IoU with the rendering R

(
di+3
i , ii+3

)
. The IoU between

blue rendering and yellow mask is maximal if and only if the center in 3D, the size,
and the orientation are estimated correctly.
As the shape of many map elements is challenging to predict from great distance
using only a single frame, this work omits estimating them. Hence, the RIIoU is only
close to 100% for map elements whose shape perfectly fits the representation, e.g.
rectangular signs or straight poles with constant width. In the example, it is only 58%
although the detection is close to optimal.
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3.7.3 Localization Quality Estimation

By reformulating, one can also use themapmRIIoU to approximate the likelihood
of a pose or localization result Ti given a pre-computed mapM and the image ii
with corresponding instance masks Mii that both correspond to pose Ti:

fTi|M,Mii
(Ti | M,Mii) ∝∼ mRIIoU

(
T−1
i M, ii,Mii

)
. (3.30)

The extension to multiple poses T ∈ T is straightforward.

3.7.4 Inferior Metrics

During the development of this work, two further self-supervised metrics were
tried, but both turned out to be inferior to the proposed RIIoU metric. They
are discussed in Appendix A.

3.8 Hyperparameter Optimization

Over the time of development of the detection and mapping framework, a number
of hyperparameters accumulated. While some parts such as the data association
described in Section 3.6.2 could be parameterized empirically, the various
options of this work required a general way to optimize hyperparameters anyway.
At the same time, the availability of a hyperparameter optimization framework
enables the inclusion of small improvements or testing of ideas relatively easily
since any additional hyperparameters can simply be found through optimization.

Hence, in order to enable the many small ideas and to minimize the influence of
manual tuning, one can employ sequential model-based algorithm configuration
(SMAC) [LEF+22], a state-of-the-art hyperparameter optimization framework.
Together with the previously proposed metric, it enables an automatically
optimized detection and mapping framework. Like additional features, the local-
ization presented in the next chapter can be added into the optimization problem.
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Figure 3.22: Illustration of the distributed hyperparameter optimization scheme. First, the mapping
hyperparameters are optimized for each semantic class separately using lidar odometry
poses. Next, the localization hyperparameters are optimized using a basic map which
has been created using the previously optimized parameters (combined for all classes)
and poses from lidar odometry. Finally, all around 200 hyperparameters for joint
mapping and localization are optimized using the previously explored hyperparameter
distributions as priors (indicated by round arrow ends). The exact numbers of each
parameter set vary slightly by task, experiment, and configuration.

The employed hyperparameter optimization method, SMAC (as of version
SMAC3 v2.0), not only supports the latest features from automated machine
learning, like multiple objectives and multi-fidelity, i.e. the ability to quickly
condense the best hyperparameters on gradually larger training sets. It also com-
prises some of the state-of-the-art approaches, including Hyperband [LJD+18]
and BOHB [FKH18]. The even more advanced DEHB [AMH21] was tried as
well, but discarded due to usability issues and unclear advantages for this use case.

While SMAC makes use of sophisticated surrogate models and acquisition
functions, it is still advantageous to simply minimize the parameter space.

79



3 Detecting and Mapping Semantically Tailored Parametric Landmarks

Hence, this work proposes a distributed hyperparameter optimization scheme
that explores the parameters for mapping the involved semantic classes as well
as the localization separately; possibly in parallel for each semantic class.

Using the method of Hvarfner et al. [HSS+22], SMAC can incorporate expert
knowledge, empirical parametrizations or the results of previous stages as priors.
To do the latter, for each hyperparameter with sufficient, i.e. ≥ 3, distinct
samples in the best decile of results, one can fit a normal distribution centered at
the best parameter value as prior. Categorical hyperparameters can be assigned
a weighted discrete prior. The weight is relative in [0, 1] to their performance in
the top decile of results, but each option has at least a weight of 0.1.

Without evaluating the speedup enabled through the distributed optimization
scheme empirically, it is estimated to be at least 2× even without parallelization
across classes. An illustration can be found in Figure 3.22.

3.8.1 Dataset

For each of the years 2020 and 2023, this work uses sequences along four
routes recorded in and around the city of Karlsruhe, Germany, depicted in
Figure 3.23. Comprehensive details, including date, time, weather, and road
conditions, are provided in Tables B.1 and B.2.

To exploit the advantages of multi-fidelity, 27 typical, but rather challenging
sections were selected from each of the 2020 and 2023 datasets. As typical
for machine learning, the scenarios used for optimization were chosen to have
no spatial overlap with the sequences used for evaluation, basically having a
training set for hyperparameter optimization as well as a separate validation set.
Comprehensive lists of all hyperparameter optimization scenarios with brief
descriptions can be found in Tables B.3 and B.4.

3.8.2 Detection Hyperparameters

Evaluating parametric detections is the fastest of all since only a single frame
is computed at each time which can be parallelized perfectly not only across
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3.8 Hyperparameter Optimization

Figure 3.23: Depiction of the sequences used for hyperparameter optimization (green, cyan) as
well as evaluation (red, pink). The scenarios used for multi-fidelity hyperparameter
optimization are sampled from the non-overlapping parts of the sequences.
Aerial Imagery: ©Stadt Karlsruhe | Liegenschaftsamt

semantic classes, but also across time. Hence, this is used to find initial values
for the extraction of parametric detections from raw or pre-processed sensor data.
As loss, the novel RIIoU metric for parametric detections (cf . Equation (3.28))
is used. Due to correlated data, only every fifth frame is computed and evaluated
with the instances masks from three frames later.

Detection hyperparameter optimization runs multiple times faster than real time,
even after accounting for skipped frames. Since it can be parallelized efficiently,
it was found being limited mainly by loading and parsing data.

3.8.3 Map Hyperparameters

To optimize the hyperparameters required for mapping, one needs to compute the
detections and map at every time frame in order to find optimal hyperparameter
values for mapping at full temporal resolution. However, again due to highly
correlated data, the map quality was evaluated only at every fifth frame. To
avoid hyperparameter sets that suppress a semantic class entirely, a soft/smooth
minimum, e.g. mellowmin [AL17], of the RIIoUs of all classes can be used to
equalize performance while leaking information about the non-minimal classes
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3 Detecting and Mapping Semantically Tailored Parametric Landmarks

to the hyperparameter optimization framework. In a typical hyperparameter
optimization scheme, i.e. multiple parallel trials on the same machine and
with varying detection density over the instances, 10 s of data were mapped
and evaluated in 10 to 50 s.

3.8.4 Localization Hyperparameters

Assuming for now a parametrizable black box, one can as well find optimal
hyperparameters for the localization approach proposed in the next chapter.
As they are independent from the hyperparameters used for detections and
mapping, one can run an initial optimization to obtain reasonable value ranges
and prior distributions.

3.9 Evaluation

For evaluation of all contributions, i.e. detections, mapping, and hyperparameter
optimization, one can use the proposed Rendering Instance IoU (RIIoU) metrics
that has been introduced in Section 3.7.

3.9.1 Metrics

While IoU metrics allow to compare different configurations, it is difficult to
infer concrete meaning for applications. Hence, two more metrics are proposed
to evaluate the approach.

k-Recall

The first metric is the so-called k-recall of landmarks in a range window
(d−, d+] that measures from how far away a map element is detected how often.
To illustrate this, one can imagine to drive along a sequence with landmarks
appearing at the horizon. The goal is to detect all landmarks as soon as they are
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visible and/or in lidar range. Ignoring occlusions, the k-recall now measures to
which degree this goal has been achieved at which distance.

Specifically, it evaluates the share of landmarks in range (d−, d+] that were
already associated with at least k measurements. This involves the landmarks
in range (d−, d+] from the sensor origin ti at frame i, M(d−, d+](ti) =

{` ∈M : d− < ‖ti − c`‖ ≤ d+}, and the set of detections until frame i that
were associated with map element ` during mapping1, D`≤i. The k-recall
can then be defined by

Rec
(
k,
(
d−, d+

]
,M

)
=

N∑

i=0

1

N |M(d−, d+](ti)|
∑

`∈M(d−,d+](ti):
|D`
≤i|≥k

1. (3.31)

Ideally, a k-recall of 1 is achieved as soon as the landmark is visible for
k frames. A useful upper bound that corresponds to this visibility for the
proposed system is the number of frames in which enough, i.e. at least two,
lidar points hit the landmark.

Measurement Errors

As second metric, one can use the statistic of the measurement error eξ of
parameter(s) ξ. It is defined via the detections d ∈ D : d → `, which are
associated to the respective landmarks ` ∈ M during mapping, by

eξ(d, `) := ‖ξd − ξ`‖. (3.32)

As the landmarks themselves are only estimated, they are only conventional
true values from a metrological point of view.

In combinationwith the rendering instance IoU and k-recall metric, measurement
errors provide a comprehensive picture of detections and map. At the same
time, k-recall and measurement errors allow to evaluate the proposed RIIoU

1 In contrast to the proposed mapping approach, this employs causal processing of measurements.
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3 Detecting and Mapping Semantically Tailored Parametric Landmarks

metric and reveal possible “cheating”, i.e. overfitting in the IoU domain during
hyperparameter optimization without providing an actual benefit.

3.9.2 Parametric Detections

Regarding parametric detections, the claim that the proposed method achieves
human-like precision at high range needs to be substantiated. As parametric
ground truth annotations in 3D space are considerably more laborious than e.g.
annotations in image space, a true ground truth is omitted. Instead, in this work,
the parametric detections are evaluated using the HD map, created from the
very same parametric detections, as reference.

Since this could become a self-fulfilling prophesy decoupled from reality, in the
next section, the map as reference is evaluated quantitatively using the proposed
RIIoU metric and qualitatively in 2D images. Additionally, the author performed
visual inspection in 3D which showed that the 2D projections are not deceiving.
On the contrary, it is difficult to find instances where manual annotation could
improve the automatically generated parametric map elements.

Measurement Errors

In Figures 3.24 and 3.25, themeasurement errors of the parametric measurements
are depicted over the range, i.e. the distance from sensor to map element. For the
center points the errors in 3D and the ground plane, e3D

c and exyc , respectively,
are depicted. In addition, the errors in width, ew, height, eh, and orientation,
eo are plotted.

The plot not only shows that the proposed approach can detect map elements
with low noise even at large distances. It also underlines that the measurement
errors are close to distance invariant. This is an important assumption of the
localization and data association approach presented in Chapter 4. The root
mean squared errors (RMSEs) corresponding to Figures 3.24 and 3.25 can
be found in Tables C.1 and C.2.
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k-Recall over Range

However, the measurement errors are only half the truth since there is a trade-off
between the measurement errors and the possible k-recall over range: the
mapping might ignore unsuitable detections, thus, improving measurement
errors at the expense of recall. Hence, in Figure 3.26, the k-recall of the farthest
detections of each map element is depicted over detection distance. This serves
as lower bound for the detections themselves since the mapping may ignore
but cannot create new detections. As upper bound for detections with distance
invariant range measurements, one can use the farthest distance at which the map
elements were visible in lidar using the visibility test introduced in Chapter 5.

Figure 3.26 shows that with the 2023 sensor setup at least 20 % of the traffic
lights and signs, which are important to be verified ahead, can be detected
as far as 100 m and 130 m. Half of them can be detected at 77 m and 87 m,
respectively. Subsequent detections depend on the ego velocity, but can be
expected to follow quickly.

When comparing the different sensor setups of 2020 and 2023, one can notice a
significant improvement in recall at higher ranges. This is presumably due to
the higher camera resolution, both in specific resolution and in optical acuity,
and lower static parallax of the new sensor setup.
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Figure 3.24: Measurement errors of the parametric detections w.r.t. the respective map element
assigned during mapping, measured in the map coordinate system and using the 2020
sensor setup. Even at 120m distance, most map elements can be measured with
errors of about 10 cm. Only for poles, the height h and the z component of the center
point has larger errors. The orientation error for poles is at around 1° while sign
measurements deviate around 2 to 7° from the final map element.
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Figure 3.25: Measurement errors of the parametric detections w.r.t. the respective map element
assigned during mapping, measured in the map coordinate system and using the 2023
sensor setup.
Compared to the 2020 sensor setup, detections of all classes now reach up to 180m.
Still, the errors barely increase in magnitude.
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(a) Results using the 2020 sensor setup on the validation sequences Adenauer 01 and Moltke Big 01.
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(b) Results using the 2023 sensor setup on the validation sequences Adenauer 01 and Moltke Big 01.

Figure 3.26: 1/5/10-recall of map elements over detection distance. Depicted in color is the share
of map elements that were associated with at least one, five, and ten farthest detections
at the respective distance.
Since during mapping some detections might not have been associated to a map
element, the solid lines constitute a lower limit for the detection range. The dashed
line indicates the farthest visibility in lidar which is a very optimistic upper limit for
detection methods that rely on directly measured depth from lidar.
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Rendering Instance IoU

Since a real ground truth is missing, in Table 3.1, quantitative results are reported
using the proposed RIIoU metric as reference for future work. The average over
the sequences is weighted using the respective sequence length. To make depth
and size parameters observable, the instances from three frames in the future
were used to evaluate the parametric detections, i.e. j = 3 in Equation (3.28).

The numbers may seem small compared to IoUs reported by state-of-the-art
DNNs. However, considering the abstraction due to parametric representations,
the focus on typically small objects, and the domain gap between training
and evaluation data, especially the values for traffic lights and traffic signs
in fact seem competitive.

When comparing the numbers from 2020 and 2023, the new sensor setup
developed by the author can again show a significant advantage in RIIoU.

Table 3.1: Quantitative results using the RIIoU metric for parametric detections, reported in %
and evaluated on the respective validation sequences. The metric is reported for each
class, as cardinality weighted mean across classes, and as average weighted by sequence
length across sequences.
TL = traffic light, TS = traffic sign.

Year Sequence Pole TL TS ∅
2020 Adenauer 01 11.9 33.0 30.7 18.6
2020 Moltke Big 01 12.7 40.7 33.9 21.5
2020 ∅ 12.3 37.2 32.4 20.2

2023 Adenauer 01 18.3 28.5 34.1 23.7
2023 Moltke Big 01 17.9 33.6 40.6 27.8
2023 ∅ 18.1 31.4 37.8 26.1

Qualitative Examples

Finally, Figures 3.27 to 3.30 show qualitative examples for the two different
sensor setups from 2020 and 2023.
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The images show that not only almost all map elements are correctly detected
by the DNN and converted into parametric measurements. One can also see that
even given just a single point cloud and image, not only the center points, but
also the extent and orientation can be estimated with high precision. The few
missing detections are caused either by absent initial detections from the DNN
or poor lidar coverage. The latter holds in particular in the closest proximity
of the vehicle if the target is too low or too high. Additional lidar sensors are
the obvious solution, but in the close range, mono depth prediction approaches
could be a very promising and more affordable replacement.

To increase the DNN performance, one could use a more modern architec-
ture [JLC+23] pretrained on Mapillary Vistas [NOB+17] together with a,
possibly iterative, finetuning on the sensor setup using e.g. the reprojected
map produced with this approach.

Runtime Analysis

To prove the claim that the presented approach is real-time capable, the runtime
to derive the parametric detections was analyzed on an AMD EPYC 7702P
64-core processor as it is used in the measurement vehicle at the MRT at the time
of writing. The results, reporting average runtimes, are depicted in Figure 3.31.

Since a rather old and unoptimized DNN [PBC+19] was used as is, its perfor-
mance was neither optimized nor measured. Using standard instance segmen-
tation networks from optimized frameworks, e.g. a Mask R-CNN [HGD+17]
from Detectron2 [WKM+19], similar detection results can be achieved in 78 ms

even without GPU-specific optimizations. While this still makes the DNN the
slowest component, the approach has been split. The slow motion and parallax
compensation part can run in parallel to the DNN and builds optimized data
structures which are then exploited by the sequentially running, but very fast
lookup to find relevant lidar points for each instance mask.

Besides the average total runtime of 46 ms for all parts but the DNN, maximum
quantiles of those parts with variable runtimes might be of interest. While the
motion compensation has a constant processing time, parallax compensation,
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Figure 3.31: Runtime analysis of the necessary steps to derive parametric detections. As explained
in the text, the DNN is neither optimized nor measured.

mask lidar fusion, and parametric detections do scale with the amount of detected
map elements in the image. Their 99 % quantiles are at 37 ms, 38 ms, and
12 ms, respectively. However, the last two steps could be parallelized entirely,
leading to sub-millisecond average and 99 % quantile runtimes.

3.9.3 Mapping

The results of the proposed mapping approach can as well be evaluated quan-
titatively and qualitatively.

Rendering Instance IoU

As a ground truth is missing, Table 3.2 states quantitative results using the
RIIoU metric with a maximum detection range of 150 m as reference for future
approaches. Of course, this is now for the map instead of single shot detections.

When comparing Table 3.1 and Table 3.2, one can observe that poles benefit
from mapping in the RIIoU metric while traffic lights and road signs show lower
numbers. This might be explained by two facts. First, parametric detections seem
to effectively exhaust the DNN’s detection capacity. Hence, the missing share
in detection RIIoU is due to the simplification by parametric representations
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and the variation in the DNN’s recall. Additionally, the map’s RIIoU numbers
suffer from map elements in the far distance, which are correct from a human
perspective, but lower the metric as they are not yet detected by the DNN. To
improve upon this, a detection probability that decreases over distance, similar
to the recall plots in Figure 3.26, could be included.

Table 3.2: Quantitative results using the RIIoU metric for the HAD map, reported in % and
evaluated on the respective validation sequences. The metric is reported for each class,
as cardinality weighted mean across classes, and as average weighted by sequence length
across sequences.
TL = traffic light, TS = traffic sign.

Year Sequence Pole TL TS ∅
2020 Adenauer 01 18.2 24.4 28.3 21.6
2020 Moltke Big 01 18.9 25.2 28.4 22.5
2020 ∅ 18.6 24.8 28.4 22.1

2023 Adenauer 01 24.7 27.5 32.2 27.2
2023 Moltke Big 01 22.6 29.2 35.4 27.6
2023 ∅ 23.5 28.5 34.0 27.4

Qualitative Examples

Figures 3.32 to 3.35 show qualitative examples. Using the same poses used
to create the map, all map elements within 200 m distance are projected into
the camera images.
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Accuracy against Ground Truth

Due to the lack of ground truth, one can only state precision of the detections w.r.t.
map elements, but no true accuracy. However, in a previous publication [PSS21],
a very similar approach was evaluated on a few sections of the Ostring 01
sequence using manually annotated ground truth and the 2020 sensor setup. In
contrast to the paper, the approach proposed in this work now allows tilted poles
and uses KISS-ICP [VGM+23] as odometry source, both of which unfortunately
makes the manually annotated ground truth incomparable.

However, not only the parametric representation and the source of odometry
poses were improved, but also the Hungarian association was replaced with
a graph-based data association and applied a hyperparameter optimization.
Hence, it is suggested to view the numbers in Table 3.3 as pessimistic upper
limits of the accuracy achievable with the method presented in this thesis.

When comparing the numbers with a DNN based approach that uses virtual
lidar scans with equal density [PSF+23], reported in Table 3.4, one can see that
the approach proposed in this thesis can achieve similar results in all parameters
but pole center point z coordinate. The latter can be explained by the fact that
Plachetka et al. only predict arguably much simpler base points and neglect
any height estimation for poles.

While the accuracy for the approach proposed in this work is measured for
mapped elements instead of individual detections, the numbers are from real
lidar scans which suffer from occlusions, unregular point and beam spacing,
and a point density that decreases quadratically over distance. Additionally,
as Figures 3.24 and 3.25 show, the performance of the proposed approach can
be expected at even more than 100 m distance which twice the range used
by Plachetka et al.
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Table 3.3: Accuracy of the optimized map against manually annotated ground truth as used in a
previous publication [PSS21]. The first three columns report the RMSE, computed
using the results from [PSS21] for comparison with Plachetka et al. [PSF+23]. The last
six columns are stated as mean absolute error (MAE) as originally done in the previous
publication [PSS21].
Due to the improvements since then, it is suggested to read the numbers as upper limits
for the method proposed in this thesis. Errors of center point coordinates, width and
height are reported in meters; error in orientation is reported in degrees.

RMSE MAE
e3Dc exyc exc eyc ezc ew eh eo

Traffic Signs 0.15 0.13 0.09 0.07 0.03 0.03 0.06 5.6
Traffic Lights 0.17 0.16 0.11 0.08 0.03 0.04 0.03 -
Poles 0.45 0.17 0.12 0.10 0.33 0.06 0.62 -

Table 3.4: Errors reported by Plachetka et al. [PSF+23] using a DNN trained and evaluated on
virtual lidar scans. Center point position errors are given as RMSE while width, height,
and orientation errors are reported as MAE. Accuracy is measured against the test set of
the 3DHD CityScenes dataset [PSF+22]. Errors of center point coordinates, width and
height are reported in meters; error in orientation is reported in degrees.

RMSE MAE
e3Dc ew/ed eh eo

Traffic Signs 0.11 0.09 0.12 12.3
Traffic Lights 0.08 0.04 0.08 14.0
Poles 0.11 0.06 - -
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3.10 Limitations

Regarding the parametric detections, there are three major limitations. First, in
this thesis only three parametric representations have been presented. However,
many more are conceivable, e.g. single lane markings and manhole covers could
be represented as flat rectangles on the ground. Non-confined map elements,
like solid road markings or curbs, are harder to represent parametrically, but
a recent approach [MSP+21, Mey23] proposed a piecewise discretization that
could be used in BEV.

The second limitation is due to the DNN employed for detecting objects in the
first place. It supports relatively few semantic classes and cannot distinguish e.g.
various kinds of traffic signs. Furthermore, it currently is the major limitation of
detection range. Using a dataset with higher semantic resolutionwithmore recent
high resolution approaches [CMS+22] could alleviate both issues significantly.

Lastly, the lidar coverage in the upper half of the image is an issue when detecting
e.g. traffic lights that are mounted above the street. To increase the coverage,
either additional sensors or mono depth prediction approaches are conceivable.

While the mapping works fine for most objects that are visible for at least a few
frames, heavily occluded map elements are still an issue. To reduce occlusion
and increase visibility, the remaining five surround “ring” cameras could be
utilized as well. Extending the framework to support multiple drives, possibly
crossing intersections via all arms, would perfect the map.

Another issue during mapping are signs which are composed of multiple parts.
While the DNN distinguishes the parts as individual signs in the close and mid
range, from far away it often detects one large sign. This could be mitigated
using an appropriate, possibly hierarchical sign representation, possibly in
combination with appropriate semantic classes.

To improve the Rendering Instance IoU metrics, the author proposes to incor-
porate uncertainties. The object detections could be weighted using calibrated
detection probabilities from the DNN. For map elements, which are currently
penalized for not being detecting when too far away, a detection probability
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that decreases over distance is expected to yield the largest improvement. Both
should improve both expressiveness as evaluation metric, i.e. being in line
with subjective map quality, as well as efficiency as loss for hyperparameter
optimization or a DNN training.

Finally, an alternative to a classical fusion approach whose hyperparameters are
optimized in a data-driven way would be to train a DNN that detects parametric
map elements directly in raw sensor data. The current framework offers two
possibilities. First, a standard 3D/BEV object detection approach could be
modified to predict the parameters of element representations. Here, the fully
automated nature of the mapping framework combined with the exceptional
accuracy makes the HAD map an easily scalable pseudo ground truth. The
alternative is to use the novel RIIoU metric based on instances as pseudo-labels.
Here, differentiable rendering [KBM+20, FSL+22] can bridge the gap between
predicted parametric representations and the instance masks used for evaluation.

3.11 Conclusion and Outlook

In this chapter, an approach to detect parametric map elements using a fusion
of object instances from a DNN used on camera images and lidar points was
proposed. The key innovation is to exploit the knowledge of the object semantics
predicted by the DNN to choose a class-specific minimal parametric element
representation that can be estimated precisely while having sufficient fidelity
for a unique data association. This makes it possible to achieve parametric
detections with an unprecedented level of precision at detection ranges that allow
to react comfortably in advance on the presence or absence of map elements.
At the same time, parametric detections can be derived in real time.

The parametric detections are not only suitable for localizing in or verifying
HAD maps. They are also a great foundation to automatically create them. By
leveraging a state-of-the-art object tracking approach detections can be associated
successfully in the parameter space over more than a hundred frames and across
major appearance changes. A subsequent optimization yields parametric HAD
maps with an accuracy that matches human annotations.
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Not by coincidence, the parametric representations are also well-suited to render
the map elements into a camera image. First, this is the foundation of a novel
family of metrics, called Rendering Instance IoU, that combines the ideas of
weak and self supervision. By comparing map element projections with instance
masks as pseudo labels, it enables to evaluate the performance of the detection
and mapping framework without the need for ground truth. To avoid manual
tuning and achieve a data-driven approach, it was shown that the metrics can be
combined with state-of-the-art hyperparameter optimization techniques.

Beyond the scope of this thesis, the suitability of the parametric representations
for rendering enables the use of HAD maps as automatically generated pseudo
ground truth. This is not only the basis for retraining theDNN that currently limits
the detection range. Together with the proposed RIIoU metric for automated
hyperparameter tuning, it is also the stepping stone for a self-optimizing map
perception and mapping framework.
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Association and Localization

Correctly associating detected map elements to a map, although it might have
become incomplete or contain outdated parts, is crucial to safely benefit from
HAD maps, e.g. in terms of localization or traffic light association. But it is
also the core issue to verify the physical map layer. However, the deployment
of localization approaches in robotics or complex ADAS functions and recent
research have shown that the localization problem as well as the inherently
coupled data association issue are far from being solved.

Old Problem, New Challenges

Early localization approaches determined the ego pose of vehicles or robots
in a 2D world, describing the it by x, y coordinates in the plane and a yaw
angle around the up axis. HD maps often contain map elements not only in
2D, but also their height above ground or elevation above a reference geoid.
Fully exploiting 3D data is particularly important when projective geometry is
involved, like for long-range camera perception, head-up displays or learning
from maps [BHS+23]. This makes it necessary to resolve the pose of the ego
vehicle in six dimensions: a 3D position as well as a rotation in 3D space.

Solving 6D localization given a perfect association between detected andmapped
elements is trivial [AHB87, Hor87, Ume91] as is the opposite, optimal data
association given a perfect 6D localization, at least when assuming suitable
measurement models [Mun57, JV87]. But, when detections are noisy, may
contain clutter and possibly even themap is outdated, neither a perfect association
nor a sufficient localization result can be assumed. This presents a difficult
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chicken-and-egg problem that needs to be solved correctly in order to verify
which map elements are up-to-date, but also to localize successfully in a
potentially partially outdated map.

One possible solution is to introduce a localization layer which allows storing
sensor-specific information either densely or via feature descriptors. The
density and/or uniqueness of the data enables localization at high availability
and with comparatively little computational effort. However, localization
layers have two drawbacks. First, they always involve additional storage or
transmission overhead. The data density can reach from “five kilobytes [. . .]
per kilometer” [Ebb17] for an accuracy of “a few decimeters” [Ebb21] to
many megabytes if more accurate localization is required (cf . Section 4.1.3).
The second, possibly more severe challenge, is to reference the localization
layer accurately with the relevant semantic planning information. In contrast,
localizing directly in HAD maps, which are required for automated driving
anyways, comes without any overhead or referencing errors.

Unfortunately, localization in a semantic HAD map comes with its own dif-
ficulties. First, as observed in Chapter 2, transitions between unchanged and
changed areas are often intentionally made smooth. Hence, especially filter-
based localization approaches are prone to gradual deterioration, rendering
localization integrity a serious issue. One way to tackle it is to provide a
self-assessment [SRD17b, Stü18], which will also be referred to as verifiability
throughout this thesis.

Another option is to prevent deterioration due to gradually outdated environments
by decorrelating individual localization results as much as possible. This can
be achieved by using single shot solutions that ideally do not even require
an initial 6D pose as prior. Combined with self-assessment, they can avoid
deterioration entirely by withholding the localization output when gradual
changes lead to ambiguities.

Ambiguities are also a particular problem of maps containing man-made
structures since the ambiguity of their local constellations is a well-known
problem [HSS+19, HSR+20]. Repetitive patterns of street lights, poles, guardrail
mounts, or road markings can inhibit a unique localization given only local
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observations. Previous publications of the author showed that verification of such
repetitive environments can be achieved without resolving this ambiguity using
specialized approaches [PSH+20a, PSH+20b, PSH+21]. However, to uniquely
localize the ego vehicle and, hence, attribute changes and verification results
to individual map elements, one needs to find a way to resolve ambiguities,
if possible. If a unique solution is impossible, the data association procedure
should be able to self-assess this.

A commonly used way to estimate both the optimality of a solution and its
uniqueness is to use a probabilisticmodel. Using such amodel to describe the dis-
tribution of the input data and a method that is aware of those probabilities allows
obtaining the (relative) probability of the outcome. This mathematical soundness
makes probabilistic methods superior to other, e.g. heuristic, approaches.

In summary, a desired approach needs to solve the complex data association
problem i) optimally, ii) in presence of noisy detections and clutter as well
as iii) map changes, iv) without requiring an initial pose. At the same time,
the approach should be able to v) detect ambiguities and vi) self-assess its
performance vii) using a probabilistic model, and viii) do so in real time. As
will be discussed in the related work, existing solutions cover some of those
requirements, but the author is not aware of any approach that fulfills them all.

Contributions

This chapter presents a novel framework for data association called prob-
abilistic correspondence graph (PCG), depicted in Figure 4.1. It allows us
to model and solve the data association problem probabilistically without the
knowledge of an initial pose.

Novel probability distributions of transformation invariant measurements, such
as differences of Euclidean distances, allow to formulate a probabilistic
maximum likelihood problem for data association problem independently
from the transformation between both data sets. It is shown how it can be
rewritten into the problem of retrieving the maximum totally weighted clique in
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a log likelihood-weighted correspondence graph, the eponymous probabilistic
correspondence graph.

A state-of-the-art maximum weighted clique solver is adapted to support real-
valued weights and output multiple hypotheses. For the first time, this enables the
retrieval of exact probabilistically optimal solutions in real time. Retrieving
not only the best, but all possible cliques within a certain log likelihood window
makes it possible to self-assess solutions probabilistically and, hence, to provide
probabilistic guarantees for the uniqueness of the optimal solution.

When used to solve the localization problem for automated vehicles, the proposed
method can provide probabilistically optimal solutions in real time using a
single frame of measurements. Via self-assessment the localization output
can be consciously inhibited instead of providing wrong results.

As theoretical contribution, it is examined how transformation invariant measures
work mathematically and what this implies for their probability distributions.
The resulting probabilistic correspondence space is compared with commonly
used probability measures when knowing the transformation between data sets,
empirically showing high correlation. This thesis also presents measures to
overcome differences between both spaces and necessary geometric conditions
for their alignment.

Experiments show that the proposed data association approach outperforms
the state of the art on small and medium-sized data association problems
like isometric feature matching. For point cloud registration on the KITTI
benchmark, PCG outperforms all previous methods and even surpasses that
of deep learning approaches.

When localizing an automated vehicle in a sparse and compact semantic HD
map using PCGs achieves an average accuracy of about 2 cm and 0.02°,
which previously required significantly denser sensor-specific localization
layers. While requiring only a single frame of measurements, the proposed
method outperforms previous localization approaches in sparse semantic maps
which use particle filters or graph optimization. Hence, PCG represents a new
state of the art for data association, especially when probabilistic outcomes,
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Figure 4.1: Illustration of the concept of probabilistic correspondence graphs (PCGs) using a toy
example:
(a) The goal is to associate the two sets of measurements, e.g. the blue points X to
the orange points Y , without any knowledge on the transformation T between them.
Edges between points are labeled with pairwise distances.
(b) Each putative correspondence (xi,yk) forms a vertex in a weighted graph G, called
probabilistic correspondence graph (PCG). Vertices are connected by edges if and only
if the correspondences are potentially compatible and they are not mutually exclusive,
e.g. due to requiring a one-to-one assignment.
(c) Vertices are weighted with the relative log likelihood of the correspondences, wik ,
describing detection probabilities pD and individual compatibility likelihoods fIC .
Edges in G are weighted with the relative log likelihood of the pairwise compatibility
of the respective vertices, wijkl.
(d) Pairwise compatibility can exemplary be measured by the difference of Euclidean
distances∆δijkl whose distribution can be approximated by a half-normal distribution
for each inliers, f+, and outliers, f−.
The optimal assignment(s) can then be retrieved as clique(s) of maximum total weight.
In this example, the two cliques encircled with dashed lines in G have the same
likelihood. More points would be necessary to resolve the rotation ambiguity, but are
omitted for the sake of clarity.

111



4 Verifiably Optimal Probabilistic Data Association and Localization

optimality guarantees, or uncorrelated localization results are important, such
as in safety-critical systems.

As additional contribution, and in fact independently from the concept of PCGs,
a novel joint Euclidean angular probability distribution is proposed for the
association of oriented objects. Simulation experiments show that it outperforms
the previous state of the art, affine Grassmannian distances [LH22, LPH23].

The idea of weakly and self-supervised metrics presented in Chapter 3 is
extended towards data association and localization. This makes it possible to
overcome the lack of a sufficiently accurate ground truth for hyperparameter
optimization and evaluation.

Previous Publications

A conceptionally similar initial idea for data association has been published
previously in a workshop paper [PS22]. Related ideas that show how to extend
existing data association methods for associating and localizing via line-like map
features have been published with minor contributions by the author [MPH+22a,
MPH+22b]. Transferring the ideas to the approach presented in this work is
straightforward, but was omitted due to the lack of a suitable feature detector.

4.1 Foundations and Related Work

Before presenting related work, it is necessary to establish the basis for the
different fields covered in the course of this chapter. For a comprehensive
introduction to graph theory, the reader is referred to Diestel [Die17]. The idea
of data association with constraints has been described by Grimson [Gri90].
Thrun et al. [TBF05] cover the basics of the SLAM problem and the challenges
of data association. Finally, Mahler [Mah07, Mah14] published comprehensive
works in the direction of probabilistic object tracking, serving as framework
to model probabilistic data association.
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Related work on data association for mapping, localization, or the generalized
SLAM problem can be divided into general concepts, reviewed in this section,
and approaches to formulate the registration of oriented objects, which will be
discussed in the next section. State-of-the-art approaches for highly accurate
localization are introduced in Section 4.1.3.

4.1.1 Data Association

To help putting the data association approaches into context, first, the particular
requirements and the resulting combinatorial explosion as major challenge
are described.

Requirements

Depending on the problem at hand, the desired data association concept needs
to fulfill different requirements. When temporally uncorrelated solutions are
desired, putative approaches must work without an exact prior pose.

Real data typically contains noise and outliers, e.g. from false detections or
outdated landmarks. While basically all approaches can handle noisy data, in
this thesis, only approaches that can also deal with outliers are discussed.

Man-made structures are often ambiguous in their local patterns [HSS+19].
However, not all approaches are made to cope with ambiguities.

For many applications in safety-critical systems, a mathematically proper, hence
usually probabilistic, model is required. To certify safety it is necessary to either
fulfill optimality, provide a self-assessment, or both.

Finally, when the data association is involved in interactions with the real world,
solutions need to be available in real time.

In Table 4.1, the relevant concepts are listed together with references and their
performance w.r.t. these requirements.
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Table 4.1: Overview over existing data association concepts, the proposed method, and their
performance w.r.t. five important requirements. (Soft) real-time capability is evaluated
for typical problem sizes.
Optimality criteria: ML: Maximum likelihood (with strongly varying assumptions).
JC: Joint compatibility. #PC: Largest pairwise compatible subgraph. ρPC: Densest
pairwise compatible subgraph. R: Minimal residual. #I: Inlier count. DG: Duality gap.
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EKF-SLAM X X ML
FastSLAM X X X MLFiltering Approaches
RFS-SLAM X X X ML

Joint Compatibility
JCBB, IPJC, FastJCBB X X X JC
MHJCBB X X X X JC

Pairwise
Compatibility MCS X Xa X X #PC

Densest Subgraph CLIPPER X X X ρPC

Iterative Closest Point
ICP X R
Go-ICP X X R

Hypothesize-and-Test
RANSAC X Xb −Xc− #I
MLESAC X Xb X −Xc− ML
MAGSAC X Xb X −Xc− ML

Certifiable
Optimization

TEASER X d e X DG
[YC20, YC23] X X DG

PCG (Proposed) X X X X X ML
a Can be implemented as proposed in a previous publication by the author [PS22].
b Implementable by tracking multiple best models.
c Continuous trade-off between compute time and optimality.
d Assumptions for optimality exclude nearly identical ambiguous solutions.
e While optimization is real-time capable, optimality certification is not.
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Combinatorial Explosion as Challenge

The main challenge to solve the data association problem is the combinatorial
explosion: There are about

(
n
m

)
possibilities to associate m measurements

with n map elements when, due to misdetections and map changes, both are
uncertain to have a correspondence.

To animate these numbers, for a typical urban scenario with 20 measurements
and 50 landmarks, this yields 47 trillion possibilities. Clearly, even with modern
hardware, these many combinations cannot be explored entirely.

Hence, over time, several strategies emerged to avoid an exhaustive exploration.
Filtering approaches use knowledge from a previous time step to reduce the
number of combinations and to resolve uncertainties over time. Hypothesize-and-
test approaches, like random sample consensus (RANSAC), sample minimal
solutions that can then be evaluated. Solving the association problem by
certifying the optimality of the transformation that aligns measurements and
landmarks is the core idea of certifiable optimization methods. Finally, previous
approaches around the ideas of joint compatibility and binary consensus proposed
to exploit transformation invariant conditions to guide the search for solutions
without computing transformations at all.

Filtering Approaches

When a pose e.g. from a previous time step can be assumed, conceivable
solutions to the data association problem are restricted considerably, usually
by several orders of magnitude. Early approaches, e.g. extended Kalman
filter (EKF)-SLAM, used the Mahalanobis distance to compute a maximum
likelihood association given the previous pose estimate [TBF05]. However, the
underlying assumption of a unimodal Gaussian distribution is rarely fulfilled
in the real world.

FastSLAM’s breakthrough of factorizing the posterior distribution of the SLAM
problem into a path and a map factor enabled the use of particle filters in real
time [MTK+02, MT03, TBF05]. This allows individual associations for each
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particle and, hence, multiple hypotheses for the poses and map that can then
be used to detect, track, and resolve ambiguities.

The emergence of random finite sets (RFSs) and random finite set (RFS)-based
filters allowed to capture multiple hypotheses even better [MVA+11, DRD15,
Deu16, SRD17b, SRD17a, Stü18]. However, the underlying association mecha-
nisms, e.g. ranked assignment or sampling, track only the best k hypotheses.

In order to avoid a pose prior and potential drift problems caused by it, this
thesis refrains from filters to solve the data association challenge. Instead,
the method presented in this chapter may be used as comprehensive front
end for a SLAM filter.

Joint Compatibility

Traditional association methods, like (gated) nearest neighbors using Maha-
lanobis distance, do not incorporate the correlation of the individual measure-
ments’ errors [NT01]. As solution, the so-called joint compatibility criterion
was proposed [NT01]. It is formulated as χ2 innovation test over the squared
Mahalanobis distance [Bai02], also referred to as normalized innovation squared
(NIS) [Bar01], of a putative subset of all possible associations. It can be evaluated
greedily, called sequential compatibility nearest neighbor (SCNN) association.

As alternative, Neira and Tardos also proposed the joint compatibility branch
and bound (JCBB) method [NT01]. It searches the interpretation tree [Gri90]
and performs the joint compatibility test for each putative additional association.
While scaling vastly worse than SCNN, its restrictive nature proved to be
successful even in situations with significant outliers and clutter. In particular,
the share of false associations is significantly lower.

In addition to the combinatorial explosion of the interpretation tree, which is only
confined by the bounding of the branch-and-bound search, each explored search
step requiresO(m2) operations form associated features. To mitigate this effect,
incremental posterior joint compatibility (IPJC) [LO12] and FastJCBB [SFR+16]
were proposed, simplifying the computational cost for each test to O(m) and
O(1) operations, respectively, by exact reformulation.
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Recently, as even more restrictive alternative, conditional compatibility branch
and bound (CCBB) [SAR18] has been proposed. In addition to the joint
compatibility, it also tests if a putative association should be accepted given
the existing associations, hence, limiting not only the total matching cost, but
its change with the putative association. Using the fast joint compatibility test
from [SFR+16] as foundation, it is two to three orders of magnitude faster
than the original JCBB.

All those simplifications cannot solve the core issue of joint compatibility,
the combinatorial explosion of the search tree. Hence, for this thesis, joint
compatibility approaches were not pursued any further.

If computation time was not an issue, the multi-hypothesis extension
MHJCBB [WE18] may provide a useful benefit. It tracks multiple hypotheses
ordered first by size and second by Mahalanobis distance. Despite clever
ideas, tracking multiple hypothesis increases complexity even further. Hence,
even in scenarios with just 32 landmarks only three hypotheses could be
tracked in real time [WE18].

Pairwise Geometric Compatibility

Joint compatibility approaches either require a prior pose or need to fully explore
a vast combinatorial search tree using a branch-and-bound technique. A fast,
yet prior free alternative is to require each putative pair of correspondences to
be compatible given their geometric properties, motivating the term pairwise
or geometric compatibility. The reasoning behind this idea is that isometric
transformations do not change mutual information, such as distances or relative
angles. Hence, matching pairs of correspondences need to have equal distance
up to noise.

A typical formulation for the pairwise geometric compatibility of two corre-
spondences (xi,yk), (xj ,yl) is given by

|‖xi − xj‖ − ‖yk − yl‖| < τPC (4.1)

with τPC being the compatibility threshold.
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This formulation has been reinvented a number of times. Initially, it was proposed
as one of many possible constraints for the purpose of object recognition, nicely
contextualized by Grimson [Gri90]. One perspective is to use it for searching a
so-called interpretation tree that matches elements from each data set [Gri90].
However, already early on, Bolles and Cain [Bol79, BC82] proposed to use the
mutually compatible correspondences as vertices in a so-called compatibility
graph. These vertices are connected by an edge if and only if they are pairwise
geometrically compatible. Since the geometric compatibility needs to hold for
all correspondence pairs involved in a valid association, one can search the
compatibility graph for the largest clique, i.e. fully connected subgraph. This
so-called maximum clique search (MCS) is substantially faster than exploring
the interpretation tree [Bai02].

For the application of robot localization, Bailey et al. [BNR+00] were the first
to describe a similar formulation, coining the term correspondence graph which
stuck in the field of robotics. Later, Bailey [Bai02] referred to the previous
works in the field of object recognition. Mangelson et al. [MDE+18] proposed a
virtually identical idea a third time for the application of map merging.

In principle, this binary pairwise geometric compatibility is the foundation of the
probabilistic correspondence graph proposed in this thesis. Indeed, in a previous
publication by the author [PS22], it was proposed to use maximum clique search
as data association method. Therein, it was also described how ambiguities
can be captured with a simple extension of a standard maximum clique search
algorithm [BK73]. In this thesis, instead of maximizing the cardinality of the
correspondence clique, its likelihood is maximized. This allows including a
probabilistic model and, for the first time, provides a probabilistically globally
optimal result without requiring a pose prior.

When comparing compatibility concepts, pairwise geometrically compatible
associations are not necessarily jointly compatible [Gri90, NTC03]. Hence, it
has been proposed to add a joint compatibility verification step after retrieving
the largest pairwise compatible candidate solutions [NTC03]. While it did not
show any difference in results for the 2D SLAM scenario examined by Neira
et al. [NTC03], the data used in this thesis in fact exhibited a discrepancy in a few
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situations. This issue is discussed again in Section 4.2.5, where an explanation
and conditions for equality of both compatibility terms are provided.

Recently, both relaxations and stricter versions of pairwise geometric compat-
ibility have been proposed. Retrieving only a k-core of the correspondence
graph, i.e. a subgraph K ⊂ G with minimal degree k < |K|, can be 2 to 3.4
times faster and, while being overoptimistic in general, remove sufficiently many
outliers for best effort solvers to succeed [SYC21]. In contrast, searching for
group-k consistent subgraphs, i.e. graphs wherein each subset of k vertices
is jointly consistent, can significantly lower the false positive rate, but comes
at the cost of being about three orders of magnitude slower than pairwise
geometric compatibility [FVK+22].

Densest Subgraphs and Spectral Methods

A closely related family of approaches retrieves subgraphs with maximal
properties inspired by the spectral characteristics of the correspondence graph.
In contrast to the previous methods using pairwise compatibility, this introduces
non-binary and even non-integer quality measures based on the real-valued
adjacency matrix, also called affinity matrix, that is assumed symmetric and
positive. Leordeanu and Hebert [LH05] used spectral methods to find the
subgraph with maximal affinity. While being very efficient and yielding good
results, this offers no guarantee of optimality.

With CLIPPER, Lusk et al. [LFH21] proposed to use the densest subgraph of
mutually consistent associations, i.e. the densest clique. This combines the idea
of using a weighted measure of compatibility with the NP-hard requirement
of retrieving a clique. They provide a relaxation that has proven optimality
conditions for binary adjacency matrices, but omit a proof that extends to the
actually interesting weighted case. If such a proof would exist and hold even for
negative affinities as they occur when using log likelihoods, this would make
CLIPPER a very tempting solver for the problem stated in this thesis. However,
making CLIPPER ambiguity aware is not straightforward. Still, in its original,
non-probabilistic version it is later used as one of the baselines for this thesis.
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Iterative Closest Point

As localmethod, the iterative closest point (ICP) algorithm [BM92] uses an initial
pose to find nearest neighbor correspondences that can then be used to refine the
transformation and thereby initiate the next iteration, with possibly new nearest
neighbors, until convergence. Instead of minimizing the pointwise L2 residual,
like ICP does, G-ICP approximates the local distribution of each point cloud
and uses it to perform a local maximum likelihood step [SHT09]. Still, even
according to its authors, it is only halfway towards a fully probabilistic model.

Both ICP and G-ICP crucially depend on an initial pose. This motivated Go-
ICP [YLJ13, YLC+16] which wraps the ICP algorithm with a branch-and-bound
search of a predefined subspace of SE(3), yielding global optimality within that
volume. Unfortunately, Go-ICP’s runtime is typically several seconds even for
smallest problems, preventing its use in real-time systems.

Hypothesize-and-Test

With the idea of random sample consensus (RANSAC) [FB81], a completely
different family of methods has been founded. The core idea is to sample a
minimal number of correspondences to compute a transformation hypothesis
that can then be applied and evaluated. Initial ideas for evaluation include
the cardinality of inliers yielded from gated nearest neighbors or their joint
compatibility [NTC03].

Torr and Zisserman [TZ00] proposed an robust M-estimator version, MSAC,
and a maximum likelihood variant, MLESAC, which are both closely re-
lated. However, like the original RANSAC, they still crucially depend on
a correctly chosen inlier threshold. This drawback has been alleviated with
MAGSAC(++) [BMN19, BNI+20, BNM22], which marginalizes both model
and inlier likelihood over a finite range of thresholds. This yields state-of-the-art
results within the family of hypothesize-and-test methods and, thus, is used
as baseline for evaluation of this work.

120



4.1 Foundations and Related Work

The previously introduced idea of geometric compatibility can efficiently guide
the sampling of RANSAC. This has been proposed a number of times. For
correspondences pairs in 3D [QY20], correspondence triplets in 3D [YHQ+22],
and, in a work co-authored by the author of this thesis, for correspondence
pairs on lines [MPH+22a].

Certifiable Optimization

The most recently proposed group of methods for robust data association has
evolved around the idea of certifiable algorithms. In the first approach, called
TEASER(++), Yang et al. [YC19, YSC21] proposed to combine a scale and
transformation estimation, robustified via truncated least squares (TLS), with a
subsequent certification based on Douglas-Rachford splitting.

For inlier selection, they seem to reinvent the idea of geometric consistency,
using a perspective closely related to the concept of transformation invariant
measurements (TIMs) introduced in Section 4.2.3. This allows searching for the
largest binary consensus clique or k-core. While the transformation estimation
via graduated nonconvexity (GNC) is really efficient, the certification is not
real-time capable for many real-world registration problems. The appealing
combination of state-of-the-art solution quality at fast computation times with
a separate, slower certification motivated the use of TEASER++ as one of
the baselines for this work.

In a more general approach, a sparse semidefinite programming (SDP) relaxation
has been proposed [YC20, YC23]. While being very generic and globally
optimal, it is not even remotely real-time capable. The same publications also
again address the idea of certifying results from fast, but not necessarily optimal
solvers, like GNC or RANSAC. Experiments show that certifying optimality
for typical problems takes tens to hundreds of seconds.

Best Effort Point Cloud Registration

The availability of datasets like 3DMatch [ZSN+17] and 3DLoMatch [HGU+21]
enabled widespread research on large-scale point cloud registration problems.
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Given a myriad of publications on best effort approaches without guarantees,
only the few main innovations are highlighted.

First, to reduce the vast amount of points and potential matches, feature
descriptors are computed. Classical features, like fast point feature histograms
(FPFHs) [RBB09], were quickly outperformed by learned ones, like fully
convolutional geometric features (FCGFs) [CPK19] or Predator [HGU+21].
The availability of transformation ground truth also enabled approaches that
integrate more and more parts of the registration pipeline in a (deeply) learned
fashion [BLZ+21, QYW+22, QYW+23].

For the classical matching of feature point correspondences two ideas are of
interest. The first is using spectral methods on a graph that measures binary
spatial compatibility of second order [CSY+22, CSY+23]. This means that
the compatibility of two correspondences is measured by the (integer) number
of other correspondences that are pairwise compatible with each of the two
correspondences in question. It is shown probabilistically that measuring
compatibility at second order vastly facilitates distinguishing inliers and outliers.
The second order affinity matrix can then by evaluated using spectral matching
which renders it a best effort approach without guarantees. Using graphics
processing unit (GPU) parallelization, it is real-time capable even for a huge
number of correspondences and forms the state of the art for point cloud
registration at the time of writing. While the rather complex spectral matching
pipeline is debatable, the general concept of using second order compatibility
seems to be a very promising idea.

A recent, award-winning paper proposed to compute the maximal cliques
(plural!) of a compatibility graph which can then be evaluated by computing
the corresponding transformation and residuals [ZYZ+23]. Even claiming
to be real-time capable, this seems like the holy grail of data association.
Unfortunately, Zhang et al. fail to mention a very essential detail: They require a
massive pruning of the first or second order compatibility graph using a number
of metrics inspired by network clustering [YZF+23]. Without the heuristic graph
pruning, which voids all potential guarantees of optimality, the set of maximal
cliques does not even fit into the memory of current high-end computing systems.
In an online discussion about parts of the open source implementation, the
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authors admitted the absolute necessity of the pruning [Zha23]. While one
cannot deny the efficacy of the pruning heuristics, this obliterates the purported
major innovation of simply evaluating the maximal cliques.

4.1.2 Registration of Oriented Objects

When not only points, but oriented objects are to be registered, their orientation
information can be exploited. This has been done for generic object registration,
loop closures, and SLAM in general. It is important to distinguish the goal
of global registration from local odometry approaches, which use line or edge
features as well as planar patches [ZS14], as the latter assume a pose prior
for association or even feature extraction.

Grimson [Gri90] has summarized fundamental ideas to recognize and regis-
ter oriented objects in 3D space, including edges, cylinders, and planes, by
constructing consistency constraints.

Standing upright on the ground, pole-like features can be reduced to a 2D
problem. This holds in particular when lidar sensors with a known scale of the
environment are used since it enables global patternmatching approaches [Bre09,
SB14, CRG+20], sometimes also referred to as fingerprinting.

One of the first methods to use planes as features for 3D SLAM was proposed
by Weingarten and Siegwart [WS05, WS06]. They registered planes based
on individual compatibility using the Mahalanobis distance in the so-called
symmetries and perturbations model [CT99].

Pathak et al. [PBV+10] were the first to compute more than nearest neighbor
correspondences for planes. They exploited their size, orientation, and position
as well as the corresponding uncertainties to perform a series of six different
tests for both pairwise consistency and agreement with the ego motion. Later,
Cupec et al. [CNF+15] extended this idea to 3D line segments.

Trevor et al. [TRC12] used 3D planes and 2D lines, associated using JCBB, in
a pose graph SLAM. Taguchi et al. [TJR+13] presented a RANSAC approach
that can degrade from planes to points on a primitive level. For a detailed
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analysis of plane representations for SLAM and their respective numerical
advantages during optimization the interested reader is referred to recent
papers [GEY+18, ZWK21].

A very interesting perspective on the comparison of oriented objects was
recently proposed by Lusk et al. [LH22, LPH23]. Viewing planes and lines
as elements of the (affine) Grassmannian manifold enables the computation of
mathematically sound transformation invariant distances between them, even if
they have different dimensionality, like between planes and lines. Additionally,
the proposed distances are invariant to measurement errors in the objects’
positions if they are within the plane or along line. This offers robustness against
partial occlusions. However, as will be shown in Section 4.3.3, knowing a
coarse position can already help to yield better metrics. This makes it possible
to challenge this theoretically very appealing perspective in practice.

Previous publications to which the author of this thesis contributed proposed
to globally associate oriented objects of non-local extent, such as solid road
marking lines or curbs, by sampling points along the line [MPH+22a,MPH+22b].
Pairwise compatibility measures can then incorporate different uncertainties
along and across the line.

The approach proposed in this thesis is based on oriented objects with very local
extent. As presented in Chapter 3 their position, orientation, and dimensions
can be measured with very high accuracy. Hence, orientational and positional
information need to be balanced to exploit them optimally. This motivates
the proposal of probabilistically modeled joint Euclidean angular distance
difference (JEADD).

4.1.3 Highly Accurate Localization

Finally, the state of the art of highly accurate methods for localizing in maps,
especially HD or semantic HAD maps, is reviewed to gather a baseline for
evaluating the approach proposed in this work. The review focuses first and
foremost on localization accuracy and is based on two surveys that include
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accuracy numbers [CPA23, SCC23]1. As the entire landscape of localization
approaches, spanned by sensor modalities, map formats, environments, and
feature extraction approaches is vast and would burst the boundaries of this
thesis, the interested reader is referred to those surveys for a broader overview.

The required localization accuracy can be illustrated with a prototypical function
for urban automated driving, the association of mapped to detected traffic lights:
To safely associate typical traffic lights with 0.2 m diameter in 50 m distance,
the maximal positional error is 0.1 m and the maximal angular error is 0.115°.

Many localization approaches that use sensor-specific descriptors, e.g. visual
features or raw point clouds, have reported positional errors in the single digit
centimeter range as well as angular errors below 0.1° [LS14, SLK+17, SDF+18,
SS18, CER+21, CBT+23]. While such approaches are perfectly suited for
reference localization, experience at the Institute of Measurement and Control
Systems (MRT) has shown that such maps age quickly. Additionally, the highly
dense features require three to six orders of magnitude more storage space
compared to sparse semantic HAD maps, i.e. typically tens of megabytes to
gigabytes instead of kilobytes per kilometer, even when using map compression
techniques [DLB+15, MBB+16, LYL+23].

Recently, deeply learned localization approaches superseded manual feature
extraction, matching, pose estimation, and even filtering [CWL+20, CLF+21].
Being similarly trained on one sensor or at least sensing modality, deep learning
approaches can reach the accuracy of conventional sensor-specific methods.
But, so far, they require maps with similar sizes, e.g. about 5 MiB [WGV+23]
to 14 MiB [LZW+19] per kilometer.

Achieving similar localization accuracy in more lightweight HAD maps is
more challenging. Combining corner, pole, and wall-like features with graph
optimization, Cao et al. report a positional RMSE of around 0.1 m [CRG+20].
Using only pole-like landmarks with a particle filter, Schaefer et al. can reproduce
similar errors as well as an angular RMSE of 0.2° [SBV+19]. Similarly, with

1 Note that the author of this thesis found the tabularized references and categorization in [CPA23]
partially incorrect.
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poles and curbs as features and a particle filter, Cai et al. report 0.08 m positional
and 0.08° angular RMSE [CLW+22].

Without the help of temporal filtering or bundle adjustment techniques, only
significantly less accurate results have been reported. For feature point cloud
registration on the KITTI benchmark [GLU12, GLS+13], thresholds of 0.6 m

and 5° are commonly use to consider a registration as successful. With one
of the most recent state-of-the-art methods, Lusk et al. report MAEs of 0.2 m

and about 1°, respectively [LPH23].

This raises the question if the accuracy of storage-intensive sensor-specific
approaches can be achieved using easy-to-maintain, sensor-agnostic semantic
HAD maps even without requiring any temporal filtering.

As presented in Section 4.5.3, with an average RMSE of 0.02 m and 0.02°,
respectively, in a sensor-agnostic map with a size of about 25 KiB per kilometer,
the localization method proposed in thesis could be considered a possible answer.

4.2 Probabilistic Correspondence Graphs

The core innovation of this chapter is a framework that combines the ex-
pressiveness and mathematical soundness of probabilistic modeling with the
completeness, exactness and, hence, optimality guarantees of viewing data
association as a search problem. Previously, the combination of both required
either a prior pose or the expensive computation of a transformation for each
association hypothesis. Globally optimal methods that require neither are
limited by strong assumptions on noise, infeasible solution times or restrictive
approximations when modeling the compatibility problem as binary graph.

Underpinning the search with log likelihoods in a weighted graph, called
probabilistic correspondence graph (PCG), enables guiding the search algorithm
efficiently and retrieving probabilistically optimal solution in real time. For this,
the probabilistic data association problem is reformulated in a transformation
invariant probabilistic correspondence space.
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4.2.1 Problem Definition and Goal

The formal problem modeled by a PCG is to associate data points from two
sets, X and Y that are indexed by the index sets IX and IY , respectively.
To deal with outliers, i.e. points without valid association, one can then split
eachX and Y disjointly into inlier setsX+, Y + and outlier setsX−, Y −:
X = X+ ∪· X−,Y = Y + ∪· Y −. In order to incorporate outliers, the second
index set is extended by the null measurement ∅: I∅Y = IY ∪ {∅}.

The positions of inliers can then be related by a transformation T and a
measurement noise processW . For this work, T is assumed to be an isometry,
positions of data points xi,yk to be Euclidean ci, ck ∈ Rn , and W to be
zero-mean additive Gaussian noise, i.e.

∀xi ∈X+∃!yk ∈ Y + : ck = Tci +w, w ∼ N (0,ΣW ). (4.2)

The corresponding inliers of both sets can be related via the bijective true
assignment θ? : I+

X → I+
Y . As θ? is not known, the formal goal is to retrieve

one or multiple best assignments, θ∗ orΘ∗, from the set of all valid assignments,
Θ. Although this is no actual limitation of PCGs, for this work, one-to-one
assignments are assumed, i.e.

Θ :=
{
θ : IX → I∅Y : @ i,j ∈ IX , i 6= j : θ(i) = θ(j) 6= ∅

}
. (4.3)

This implies that the inlier sets are assumed to have equal cardinality i.e.∣∣X+
∣∣ =

∣∣Y +
∣∣. The (hypothetical) combination of one data point of each set

(xi,yk) is called correspondence and often abbreviated by using only the indices
(i,k) ∈ IX × IY =: IXY . A correspondence (i,k) is part of an assignment
θ if and only if θ(i) = k, which allows us to define the correspondence inlier
and outlier sets

I+
θ := {(i,k) ∈ IXY : θ(i) = k}, (4.4)
I−θ := {(i,k) ∈ IXY : θ(i) = ∅, k /∈ θ(IX)}. (4.5)
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Similar to I+
X , I

+
Y , for the true assignment θ?, the true correspondence inlier

and outlier sets, I+
XY := I+

θ? , I
−
XY := I−θ? , can be defined. It might be worth

noting that I+
θ contains the inlier correspondences claimed by θ while I+

XY

denotes the true inlier correspondences.

In order to determine the best assignment(s) θ∗, which ideally matches θ?, a
suitable model is required. This thesis proposes to determine the best assignment
in a probabilistic maximum likelihood estimation (MLE) sense:

θ∗ := arg max
θ∈Θ

`θ(θ). (4.6)

The underlying probabilistic model that defines the log likelihood `θ(θ) of an
assignment θ will be introduced over the following sections. It will be based on
the idea of finite set statistics (FISST) which defines probabilities by so-called
set integrals [Mah07, p. 296 ff.].

4.2.2 Inlier/Outlier Process

As the goal is a probabilistically optimal assignment, a model for inliers
and outliers to occur needs to be specified. In general, the PCG framework
proposed in this chapter only requires that individual detections are statistically
independent, but assumes no specific stochastic process.

Practically, coarsely following Reuter [Reu14, Chapter 6.3], two multi-Bernoulli
(MB) processes [Mah07] are assumed. Hence, the inlier probability can be stated
for each data point independently based on the detection probabilities pD(·):

p(x ∈X+) = pD(x), (4.7)
p(x ∈X−) = 1− pD(x), (4.8)
p(y ∈ Y +) = pD(y), (4.9)
p(y ∈ Y −) = 1− pD(y). (4.10)

In contrast to themore common combination of anMB process for track detection
and a Poisson process for clutter, the choice of two MB processes allows us to
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handle both sets symmetrically, involves more intuitive parameters and takes
into account that bothX and Y are assumed finite with known cardinality.

However, since for valid assignments each inlier inX needs to be matched by
an inlier in Y , a set integral over the joint spaceX ∪· Y is not a valid probability
distribution anymore. This concern was already raised by Reuter [Reu14,
Chapter 6.3] and results from violating the statistical independence assumptions
for the convolution of individually valid set integrals [Mah07, p. 385 ff.] over
X and Y , respectively.

While lacking a rigorous proof, after careful examination, the author of this
thesis conjectures that the statistical independence assumption holds for all
“allowed” combinations, i.e. for the set of correspondences. This yields a
density which is valid up to a normalization factor. This normalization factor
compensates the probability mass that would be allocated to “forbidden”
combinations and duplicates that yield identical solutions. Moreover, when
considering only relative likelihoods, as done below, the normalization factor
cancels out, rendering this formally only approximate coupling of two MB
processes exact again.

As relative likelihoods will be sufficient for all applications in this thesis, two
coupled MB processes are assumed. For other use cases, correct probabilities
can be obtained by replacing one of the MB processes with a Poisson process.
This is the standard formulation used by e.g. Mahler [Mah07] who proves its
correctness comprehensively.

4.2.3 Probabilistic Correspondence Space

The main factor that determines the probability of an assignment is not the
inlier/outlier probability, but how well the point sets match, i.e. how compatible
they are. For just two points x,y in Euclidean space that form a correspondence,
one cannot reason about their compatibility as they bear no additional information
unless a transformation T is assumed.

Traditionally, e.g. inmulti-target tracking [RVV+14,Mah07], but also in previous
filter-based RFS SLAM methods [MVA+11, DRD15, FGS+17], the probability

129



4 Verifiably Optimal Probabilistic Data Association and Localization

of each measurement-to-track assignment can be evaluated individually given
a prior state predicted from a previous time step. Since this work deliberately
does not assume any prior pose, the only alternative feasible in real time is
constructive sampling of such a pose, as e.g. RANSAC [FB81] does. Another
alternative is searching the pose space, which is prohibitively expensive [Gri90,
YLJ13, YLC+16].

As solution that does not require any knowledge about the transformation T ,
transformation invariant measurements (TIMs) have been proposed in a number
of variations [Bol79, BC82, Gri90, BNR+00, Bai02, NTC03, MDE+18, YC19,
YSC21]. They allow to evaluate the compatibility of correspondence pairs, i.e.
two hypothetical assignments, bymeasuring transformation invariant information
within each set X or Y , e.g. pairwise distances. Since TIMs work on pairs
of correspondences and typically measure geometric information, this is also
referred to as (geometric) pairwise compatibility or pairwise consistency (PC).

Unfortunately, TIMs do not allow to re-use commonly employed methods
to compute the best assignment(s) [Mun57, Mur68, Yen71, JV87, Epp98].
However, they can efficiently guide the search for the optimal assignment in a
probabilistic correspondence graph. Before introducing the necessary probability
space on TIMs, first, the more commonly used concept of probabilities in
residual space is stated.

Likelihoods in Residual Space

When a transformation T is known as prior or computed from a hypothetical
assignment, the probability of assumed inliers (i,k) : θ(i) = k can be judged
in terms of the errors after alignment via T . Since these errors are residual
after transformation, this space will be called residual space in this thesis.
As it is the very same space that the zero-mean Gaussian noise process W
is living in, the evaluation is trivial:

fRS(i,k) ∝ fN (ck − Tci | 0,ΣW ). (4.11)
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However, it either requires knowledge about a prior pose T or comes at the hefty
cost of computing it for a vast number of combinations of correspondences.

Heuristics in Correspondence Space

Amore efficient alternative is to search for assignments in correspondence space,
i.e. the space of pairwise compatible associations. Using heuristic measures
to guide the search for the optimal assignment in correspondence space is no
novel idea. Both continuous subgraph densities [LH05, LFH21] and binary
pruning [NTC03] have been proposed previously.

The latter is far more common and conceptually close to the method proposed
in this thesis. Correspondences vik = (xi,yk) form vertices in a binary
correspondence graph Gbin = (Vbin, Ebin). Based on the idea of pairwise
compatibility (PC), if two correspondences vik, vjl are deemed compatible,
e.g. because their respective distances ‖ci − cj‖,‖ck − cl‖ are similar up to
a certain threshold τbin, they are connected:

(vik, vjl) ∈ Ebin ⇐⇒ |‖ci − cj‖ − ‖ck − cl‖| < τbin. (4.12)

An exemplary binary correspondence graph is depicted in Figure 4.2.

The quality of an assignment is then judged by the cardinality of a fully [NTC03]
or mostly [SYC21] connected subgraph. In the example, the connectivity means
that the distances between all or most correspondence pairs are similar up to the
threshold τbin. In the limit τbin → 0, it follows that fully connected subgraphs
imply that the constellations inX and Y are congruent [Blu53, EGW+04].

The idea of pairwise compatible correspondences builds upon the assumption
that the likelihood of a compatible outlier is much lower than the differences
in e.g. distances being explained by measurement noise. Hence, while few
correspondences in the largest PC subgraph might be outliers, the likelihood that
only outliers form the largest PC subgraph shrinks exponentially with its size.

The challenge with this idea is to correctly choose the threshold τbin, which is
crucial for inlier retrieval as it trades precision against recall. Still, as this method
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Figure 4.2: On the left, an example problem is depicted. The goal is to associate the blue pointsX
to the orange points Y without knowing the transformation T between them. Edges
between points are labeled with pairwise distances.
It can be solved via constructing a binary correspondence graph Gbin as depicted on
the right. Each vertex represents a correspondence of one point in eachX and Y . Two
vertices are connected by an edge if and only if the difference of pairwise distances
within each set is smaller than a maximum threshold τbin (cf . Equation (4.12)).
Exemplary, for τbin = 0.6, four edges (solid) are formed in the correspondence graph
on the right. Edges that are excluded by the threshold are depicted dotted. Connections
that are missing entirely are “illegal” due to the one-to-one assignment assumption.
This exemplary threshold for a binary correspondence graph yields four seemingly
equally optimal assignments, each along one solid edge with a cardinality of 2. Although
comparing the pairwise distances suggest to prefer the encircled two assignments over
the others, this information is lost during binary thresholding.
As innovation over such binary correspondence graphs, the idea of the method proposed
in this chapter is to retain this information and exploit it using a probabilistically optimal
formulation.

ranks among the state of the art for large-scale correspondence problems, the
binarized cardinality approximation obviously works well.

However, regarding optimality, especially for smaller problems such as when
localizing in a sparse map, it raises the question which effect the binarization
has on the connectivity and, hence, the cardinality approximation of the true
likelihood. Approaching this issue with findings from the field of random
graphs seems very elegant and promising. Hence, it was tried by the author, but
unfortunately yielded no usable guarantees. A number of potentially interesting
facts to continue exploring this approach is gathered in Appendix D.
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Likelihoods in Correspondence Space

Instead of modeling the effects of binarization, this thesis proposes to consider
continuous probabilities of inliers and outliers directly in correspondence space.
Thresholds, comparable to gating in residual space, can still be introduced to
trade optimality for speed, but can be arbitrarily conservative in general without
losing information as is it the case with existing binary correspondence graphs.
As shown in the following sections, continuous probabilities allow to unify the
advantages of a fully probabilistic modeling with the ability to directly retrieve
the assignment with optimal likelihood without any prior pose.

Likelihoods in correspondence space are based on transformation invariant
measurements (TIMs) ∆ijkl which allow to compare two correspondences
(xi,yk), (xj ,yl) using transformation invariant information from the respective
point pairs (xi,xj), (yk,yl). As explained in more detail in Section 4.3, typical
examples are differences in distances or relative angles. Exemplary, in the
noiseless case, for true inlier correspondences (xi,yk), (xj ,yl), isometry T ,
and Euclidean distance δ, the following holds trivially and by the very meaning
of isometry being derived from Greek isos (equal) and metron (measure)

‖ci − cj‖2 =: δ(xi,xj) = δ(Txi, Txj) = δ(yk,yl). (4.13)

As the individual distances or relative angles are measured separately in each
space of X or Y , they are transformation invariant and so is their absolute
difference

∆δ(i,j,k,l) := |δ(xi,xj)− δ(yk,yl)| (4.14)

which is referred to as Euclidean distance difference (EDD).

PCGs as data association concept are independent from the underlying
TIMs∆ijkl. This thesis only assumes their symmetry ∆ijkl = ∆jikl = ∆ijlk,
their transformation invariance and the ability to compile a – possibly merely
empirical – statistic over the TIMs of all inliers, outliers, and their combination.
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While likelihoods in residual space involve only one correspondence, likelihoods
in correspondence space involve a pair of correspondences. Given their TIM
∆ijkl one can compute likelihoods for various conditions, e.g. if one or both
correspondences are inliers or outliers, which have the notation

f∆(i,j,k,l) := f∆(∆ijkl). (4.15)

Likelihood formulations involving correspondence triplets [YHQ+22] or struc-
tures of higher order [CSY+22] have been conceived for the retrieval of optimal
assignments in binarized correspondence space. As there is no obvious ad-
vantage for a continuous probabilistic correspondence space, their exploration
is left an open issue.

4.2.4 Optimal Assignments in Correspondence Space

Given the definition of TIMs ∆, the (unnormalized!) likelihood of an assign-
ment θ can now be described as follows, coarsely following Mahler [Mah07,
Eq. 12.139, Mah14, Eq. 7.32] and Reuter [Reu14, Eq. 6.12]:

fθ(θ) =
∏

i∈IX
(1− pD(xi))

∏

k∈IY
(1− pD(yk))

∏

(i,k)∈IXY

f−IC(i,k) (4.16a)

∏

(i,k)∈IXY

∏

(j,l)∈IXY :
j>i,k 6=l

f−∆(i,j,k,l) (4.16b)

∏

(i,k)∈I+θ

pD(xi)

1− pD(xi)

pD(yk)

1− pD(yk)

f+
IC(i,k)

f−IC(i,k)
(4.16c)

∏

(i,k)∈I+θ

∏

(j,l)∈I+θ :j>i

f+
∆(i,j,k,l)

f−∆(i,j,k,l)
(4.16d)

∏

(i,k)∈I+θ

∏

(j,l)∈I−θ :
i 6=j,k 6=l

f±∆(i,j,k,l)

f−∆(i,j,k,l)
. (4.16e)
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Next to the previously introduced detection probability pD, the equation involves
two kinds of likelihood terms, which will be defined below. For now, it is
sufficient to know that f+

IC(i,k),f−IC(i,k) captures individual compatibility of
correspondences while f+

∆(i,j,k,l),f−∆(i,j,k,l),f±∆(i,j,k,l) evaluates the com-
patibility of correspondence pairs based on the TIM ∆. While being rather
unhandy, Equation (4.16) can be broken down into its five parts.

Inspired by Mahler [Mah07, Eq. 12.139], Expressions (4.16a) and (4.16b) model
the likelihood that all data points are outliers, i.e. nothing is detected. As in
[Mah07, Eq. 12.140], they are countered by Expressions (4.16c) to (4.16e).

Expression (4.16c) compensates the respective terms in Expression (4.16a) for
inliers of θ. In addition, it judges how likely the detection of both points and
how compatible each inlier correspondence (i,k) is individually. Similarly,
Expression (4.16d) compensates the terms of Expression (4.16b) for pairs of
inliers and evaluates their pairwise compatibility.

Finally, Expression (4.16e) compensates and evaluates pairwise compatibility
for pairs of inliers and outliers. Note that due to 1 as neutral element of
the product operator, their (non-)detection and individual (in-)compatibility
is already captured in the previous expressions. Hence, they can be omitted
in Expression (4.16e).

The j > i restriction of the inner product terms ensures that each combination
is only captured once. A similar l > k restriction would lead to skipping
terms. Requiring that k 6= l and i 6= j ensures that only “legal” combinations
of correspondences are covered.

It is to note that fθ(θ) is in fact a conditional density fθ|X,Y (θ |X,Y ).
The prior terms fX(X), fY (Y ), pθ are assumed independent, pθ is assumed
uniform. While required for the correctness of the set integral, the terms are
constant prefactors and hence omitted in favor of clearer notation.
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Individual Compatibility

The terms f+
IC(i,k) and f−IC(i,k) capture the individual compatibility (IC) of a

correspondence (i,k). While meaningless for points in a purely Euclidean space,
in real applications, they can be used to describe the similarity of computed or
learned feature descriptors, semantic classes, or parametric landmarks.

One example are feature vectors ξi, ξk associated to the points xi,yk. If the
deviations in feature space were normally distributed with different scalesΣ+

andΣ− for inliers and outliers, respectively, the according IC terms would read

f+
IC (i, k) := fN (ξi | ξk,Σ+) (4.17)
f−IC (i, k) := fN (ξi | ξk,Σ−). (4.18)

Pairwise Compatibility

While individual compatibility can exclude grave outliers, current feature
descriptors or parameter vectors alone are not sufficient to yield spatially
consistent assignments. To retrieve spatially consistent assignments, the pairwise
compatibility (PC) terms f+

∆(i,j,k,l), f±∆(i,j,k,l), and f−∆(i,j,k,l) are necessary.
In contrast to individual compatibility, pairs of correspondences are not either
inliers or outliers, but can consist of one of each. This mixed case will be
referred to as crosslier, denoted by ±.

Proper modeling of the pairwise likelihoods of two correspondences is part
of the major innovation of PCGs. They allow to guide the search for the
optimal assignment(s) without losing the probabilistic information by applying
thresholds. As shown later, they are the foundation to retrieve probabilistically
optimal assignments efficiently.
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4.2 Probabilistic Correspondence Graphs

As stated above, it is assumed that the distribution of TIMs ∆ can be described
statistically. Doing so separately for inliers, crossliers and outliers allows us
to describe the distribution as mixture over the three groups

f∆(i,j,k,l) := f∆(∆ijkl)

=f+
∆(∆ijkl | (i,k),(j,l) ∈ I+

XY ) p((i,k),(j,l) ∈ I+
XY ) +

f±∆(∆ijkl | (i,k) ∈ I+
XY , (j,l) ∈ I−XY ) ·

p((i,k) ∈ I+
XY , (j,l) ∈ I−XY ) +

f−∆(∆ijkl | (i,k),(j,l) ∈ I−XY ) p((i,k),(j,l) ∈ I−XY ).

(4.19)

The prior terms for each group can be split up under the assumption that
correspondences are independent

p((i,k),(j,l) ∈ I+
XY ) = p((i,k) ∈ I+

XY )p((j,l) ∈ I+
XY ), (4.20)

p((i,k) ∈ I+
XY , (j,l) ∈ I−XY ) = p((i,k) ∈ I+

XY )p((j,l) ∈ I−XY ), (4.21)
p((i,k),(j,l) ∈ I−XY ) = p((i,k) ∈ I−XY )p((j,l) ∈ I−XY ). (4.22)

For both inlier and outlier cases, these terms can then be resolved to the
(non)detection probabilities of both data points as well as an optional individual
compatibility likelihood

p((i,k) ∈ I+
XY ) = pD(xi)pD(yk)f+

IC(i,k), (4.23)
p((j,l) ∈ I−XY ) = (1− pD(xj))(1− pD(yl))f

−
IC(j,l). (4.24)

As the attentive reader might have noticed, these terms are already captured
by the (non)detection probabilities and individual (in)compatibility likelihoods
stated in Expressions (4.16a) and (4.16c). Hence, for each correspondence pair
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(xi,yk), (xj ,yl) with the TIM ∆ijkl, this leaves the terms

f+
∆(i,j,k,l) := f∆(∆ijkl | (i,k),(j,l) ∈ I+

XY ), (4.25)
f±∆(i,j,k,l) := f∆(∆ijkl | (i,k) ∈ I+

XY , (j,l) ∈ I−XY ), (4.26)
f−∆(i,j,k,l) := f∆(∆ijkl | (i,k),(j,l) ∈ I−XY ) (4.27)

for inlier, crosslier, and outlier pairs, respectively.

Together with the detection probabilities, individual and pairwise compati-
bility likelihoods can fully describe the likelihood of an assignment without
knowing, guessing or evaluating a transformation T between putative inliers.
Hence, they are the foundation to guide the search for optimal assignments
in correspondence space.

Before getting to the retrieval, to better understand the proposed likelihoods
in correspondence space, in the next section they will be compared with
conventional likelihoods after aligning the point sets X and Y .

4.2.5 On Optimality in Correspondence Space

Likelihood formulations in correspondence space assume that the underlying
transformation T is unknown, rendering the TIM-based likelihood terms in-
dependent. While being formally valid likelihoods, this neglects the fact that
the TIMs may not be truly independent.

More precisely, for non-degenerate constellations of points in R3, knowing
distances to three points is sufficient to make distances to all other points linearly
dependent [EGW+04]. At the same time, not the actual distances, but only
their changes due to positional noise are measured by TIMs. This yields a
complex relationship between TIMs that the author of this thesis failed to capture
elegantly. Although it seems certain that a true independence must not be
assumed, correspondence space likelihoods promise the retrieve supposedly
optimal solutions in previously impossible solution times.

In contrast, using likelihoods in residual space, i.e. after applying a transfor-
mation, comes at the cost of requiring a putative transformation, but nicely

138



4.2 Probabilistic Correspondence Graphs

separates the individual error terms for each correspondence. This motivates
the question how the easily computable correspondence space likelihoods and
the residual space likelihoods, which are “concealed” by a transformation,
are related and if necessary or sufficient conditions exist for both to be (ap-
proximately) equal. While in this section the likelihoods are only compared,
Sections 4.2.8 and 4.4.2 present methods to actually align correspondence space
likelihoods to those in residual space.

To evaluate the residual space (RS) likelihood of an assignment θ given a
transformation T , the following formulation is assumed

fRS(θ | T ) =
∏

i∈IX
(1− pD(xi))

∏

k∈IY
(1− pD(yk)) (4.28a)

∏

(i,k)∈I+θ

pD(xi)

1− pD(xi)

pD(yk)

1− pD(yk)
fN (ck − Tci | 0,ΣW ). (4.28b)

In addition to correspondence space (CS) likelihoods defined in Equation (4.16),
this enables the definition of residual space likelihoods using the transformation
estimated via Umeyama alignment [Ume91], simply referred to as RS likeli-
hood. Thirdly, as reference, the residual space likelihood given the original
transformation can be computed, being referred to as true likelihood. All three
likelihoods can then be compared qualitatively, quantitatively, and formally.

First, one can examine them qualitatively by measuring real-world landmark
distributions or by simulating random point sets. For instance, as depicted in
Figure 4.3, 12 point pairs can be sampled as correspondences from the Stanford
bunny model [TL94] as described in Section 4.5.1. 6 correspondences are inliers
according to Equation (4.2) while the other 6 pairs are unrelated.

Each color encodes one out of five example data association problems. Each
point shows the log likelihood of a possible assignment with three to six out
of six true inliers. Cluster emerge from assignment groups with equal inlier
cardinality. The plots show that while RS and CS have totally different scales,
they order and separate different association problems (different colors) as well
as assignments within each association problem very similarly.
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Figure 4.3: Comparison of residual and correspondence space likelihoods for five prototypical
association problems, each encoded by its own color. The axes depicted residual space
likelihood evaluated using the true transformation (True Log Likelihood) and using an
estimated transformation (RS Log Likelihood) as well as the correspondence space
likelihoods of each assignment (CS Log Likelihood).
The visual groups of points emerge from assignments with equal inlier cardinality.
While different in absolute values, one can see that the proposed CS likelihoods are
well-aligned with the commonly used RS likelihoods and separate assignments very
similarly.
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Using 100 instead of only five random problems shows that the probability
spaces are highly correlated. Concretely, two correlation coefficients can be
computed an averaged over all samples. Table 4.2 lists the Pearson correlation
coefficients which measure a linear dependency. In addition, the Spearman
correlation, which measures the rank order of results, is reported in Table 4.3.

Table 4.2: Average Pearson correlation coefficients between CS, RS and true log likelihoods.

RS True
CS 0.96± 0.13 0.96± 0.10

RS - 0.99± 0.03

Table 4.3: Average Spearman correlation coefficients between CS, RS and true log likelihoods.

RS True
CS 0.96± 0.09 0.91± 0.08

RS - 0.92± 0.04

The RS log likelihoods between estimated and true transformation definitely
show a higher linear correlation compared to CS. In contrast, the rank order
is almost identical and highest between RS and CS. Yet, in both metrics CS
and RS log likelihood are highly correlated by absolute measures, confirming
the suitability of CS log likelihoods to replace RS formulations without the
need for an estimated transformation.

Besides empirical examinations, geometrical reasoning using the concepts of
distance geometry and graph rigidity [Blu53, EGW+04] allows us to establish
geometric conditions for equality of optimality in both likelihood formulations
when using Euclidean distance differences (EDDs) in correspondence space.
The interaction of individual terms, e.g. detection probabilities, and spatial
likelihoods, as measured in correspondence or residual space, is highly non-
trivial. Thus, assignments with equal inlier/outlier cardinality are assumed
for the following thoughts.
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Findings from network localization show that pairwise distances only lead to a
correct (graph) registration if the point sets are not degenerate, e.g. coplanar
or collinear. In addition, the inlier set is required to be large enough, i.e. it
needs to contain three correspondences in R2 and four in R3. The uniqueness
of a registration is then given due to so-called global rigidity of a complete and
large enough graph that is not degenerated in position [EGW+04]. Hence, both
general position and count of inliers are necessary conditions for correspondence
space optimality to validly approximate residual space optimality.

On the other hand, in the asymptotically noiseless case, i.e. when there is no
difference between any corresponding Euclidean distances in the inlier set,
the optimality of both terms is trivial by the definition of congruence [Blu53].
Unfortunately, it is less clear how non-optimal likelihoods behave.

A similar train of thought can be used for joint compatibility (JC) and pairwise
compatibility (PC). While joint compatibility (JC) incorporates an initial pose
in an EKF manner, there are similarities to the probabilistic residual space
likelihood formulation. Hence, it is conjectured that the same geometric
conditions that lead to equality of likelihoods in correspondence and residual
space imply the equality of pairwise compatibility and joint compatibility.

4.2.6 Constructing a PCG

The probabilistic modeling in correspondence space is the foundation for
constructing a probabilistic correspondence graph (PCG). A PCG is a totally
weighted graph G = (V, E). Vertices vik ∈ V are possible correspondences
(i,k) ∈ IXY . Edges (vik,vjl) ∈ E connect two vertices vik = (i,k) and
vjl = (j,l) if and only if the coexistence of vik and vjl does not violate the logic
of one-to-one assignments or possibly other user-defined rules.

Both vertices and edges are assumed to be weighted by real-valued weighting
functions w(vik) : V → R, w((vik,vjl)) : E → R that will be defined below.
The weights will be used in the next section to introduce the (non-)detection
probabilities as well as individual and pairwise compatibility likelihoods. An
example is depicted in Figure 4.4.
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Figure 4.4: Concept of a probabilistic correspondence graph (PCG). All possible correspondences
form vertices and are connected unless they violate the assumption of a one-to-one
assignment. More restricted correspondence sets, e.g. based on feature matching, are
possible and can vastly improve solution times.

4.2.7 Optimal Association as MaximumWeight Cliques

In order to model the data association problem and retrieve probabilistically
optimal assignment(s) exactly, one needs to bridge the gap between the PCG as
weighted correspondence graph and the respective probability and likelihood
terms introduced in Equation (4.16).

As major innovation of this thesis, it combines the idea of retrieving feasible
solutions in correspondence space, that was considered only binarily in previous
works, with the probabilistic modeling used for finite set statistics (FISST)
object tracking. The goal is to reformulate the likelihood of an assignment,
given as product in Equation (4.16), such that it can be viewed as sum over
vertices and edges of a PCG.

The first step is to reformulate the product formulation from Equation (4.16)
as a sum over log likelihoods `. Each likelihood term `θ, `IC , `∆ corresponds
to the respectively denoted likelihood fθ, fIC , f∆.
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`θ(θ) =
∑

i∈IX
log(1− pD(xi)) +

∑

k∈IY
log(1− pD(yk)) +

∑

(i,k)∈IXY

`−IC(i,k)

(4.29a)

+
∑

(i,k)∈IXY

∑

(j,l)∈IXY :
j>i,k 6=l

`−∆(i,j,k,l) (4.29b)

+
∑

(i,k)∈I+θ

log

(
pD(xi)

1− pD(xi)

pD(yk)

1− pD(yk)

)
+ `+IC(i,k)− `−IC(i,k)

(4.29c)

+
∑

(i,k)∈I+θ

∑

(j,l)∈I+θ :j>i

(
`+∆(i,j,k,l)− `−∆(i,j,k,l)

)
(4.29d)

+
∑

(i,k)∈I+θ

∑

(j,l)∈I−θ :
i 6=j,k 6=l

(
`±∆(i,j,k,l)− `−∆(i,j,k,l)

)
. (4.29e)

Sums and double sums over correspondences can be rewritten as sums over
vertices and sums over edges between them, respectively. For this, the corre-
spondence vertices V can be divided disjointly into vertices selected as inliers
by an assignment θ, V+

θ := I+
θ , and those not selected, V−θ := I−θ .

`θ(θ) =
∑

i∈IX
log(1− pD(xi)) +

∑

k∈IY
log(1− pD(yk)) +

∑

(i,k)∈IXY

`−IC(i,k)

(4.30a)

+
∑

(i,k)∈IXY

∑

(j,l)∈IXY :
j>i,k 6=l

`−∆(i,j,k,l) (4.30b)
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+
∑

(i,k)∈V+
θ

log

(
pD(xi)

1− pD(xi)

pD(yk)

1− pD(yk)

)
+ `+IC(i,k)− `−IC(i,k)

(4.30c)

+
∑

(i,k)∈V+
θ

∑

(j,l)∈V+
θ :j>i

(
`+∆(i,j,k,l)− `−∆(i,j,k,l)

)
(4.30d)

+
∑

(i,k)∈V+
θ

∑

(j,l)∈V−θ :
i6=j,k 6=l

(
`±∆(i,j,k,l)− `−∆(i,j,k,l)

)
. (4.30e)

Approximating `±∆(i,j,k,l) ≈ `−∆(i,j,k,l) allows us to write this as a part that is
independent from the assignment θ, Expressions (4.31a) and (4.31b), and a part
that only depends on inlier vertices and edges between them, Expressions (4.31c)
and (4.31d):

`θ(θ) =
∑

i∈IX
log(1− pD(xi)) +

∑

k∈IY
log(1− pD(yk)) +

∑

(i,k)∈IXY

`−IC(i,k)

(4.31a)

+
∑

(i,k)∈IXY

∑

(j,l)∈IXY :
j>i,k 6=l

`−∆(i,j,k,l) (4.31b)

+
∑

(i,k)∈V+
θ

log

(
pD(xi)

1− pD(xi)

pD(yk)

1− pD(yk)

)
+ `+IC(i,k)− `−IC(i,k)

(4.31c)

+
∑

(i,k)∈V+
θ

∑

(j,l)∈V+
θ :j>i

(
`+∆(i,j,k,l)− `−∆(i,j,k,l)

)
. (4.31d)

Now, one can simply neglect Expressions (4.31a) and (4.31b) which are inde-
pendent from the assignment θ. Instead, the quality of an assignment θ can
simply be judged by its relative (log) likelihood w.r.t. this case of no inliers.

This relative log likelihood can be computed as sum over all inlier vertices and
edges between them, i.e. Expressions (4.31c) and (4.31d). This can also be
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viewed as weight of a subgraph V+
θ with vertex weights

w(vik) = log

(
pD(xi)

1− pD(xi)

pD(yk)

1− pD(yk)

)
+ `+IC(i,k)− `−IC(i,k) (4.32)

and edge weights

w((vik,vjl)) = `+∆(i,j,k,l)− `−∆(i,j,k,l). (4.33)

Viewing an assignment θ as subgraph V+
θ raises two possible issues that

need to be addressed: edges with zero probability and avoidance of forbidden
combinations. Since edges with zero probability have negative infinite log
likelihood, they would crush any sum involving it. Instead, they can be omitted
during PCG construction.

To ensure correctness and consider edges which are missing in the PCG, e.g.
due to their negative infinite weight or to fulfill the assumption of a one-to-one
association, one can retrieve only cliques, i.e. fully connected subgraphs. This
ensures both finite likelihoods and restricts the results to valid assignments. As
shown in the next section, existing maximum weighted clique solvers can be
adapted to retrieve the optimal assignment(s) efficiently.

4.2.8 Fast MaximumWeighted Clique Retrieval

The fundamental problem to retrieve a maximum weighted clique from a graph
is a generalization of the same problem for unweighted maximum cliques. This
in turn is a generalization of the clique decision problem, one of the first famous
NP-complete problems [Kar72]. Hence, the problem is expected to scale very
badly with the amount of correspondences. However, for graphs with the typical
size and density of many real problems, state-of-the-art maximum clique solvers
can compute solutions in milliseconds.
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Real-Valued Maximum Totally Weighted Cliques

A problem with most solvers is that they support only weighted vertices or,
rarely, only weighted edges, but not both. One solution that retrieves cliques
from graphs with vertex and edge weights, also referred to as totally weighted
graphs, is called MECQ [SYM20]. Additionally, it was kindly made available
as open source code.

MECQ is a branch-and-bound algorithm that builds upon two ideas. To
incorporate edge weights, it distributes them to adjacent vertices for bounding
the inclusion of putative additional vertices during branching. Furthermore, it
builds upon the previously existing idea of vertex coloring to efficiently compute
bounds for individual independent sets within the graph.

While the original source code and algorithm only supports positive integer
weights, its working principle has proven to be extensible to support any real-
valued weights. This can be implemented by replacing negative edge and
vertex weights with zero weights during the coloring phase, which leads to
an overestimation of upper bounds.

For this thesis, MECQ’s highly efficient source code has been adapted. As this
was far from trivial, an empiric verification procedure was performed. For this,
several thousands of randomly weighted random graphs were generated and their
maximum totally weighted clique was then computed by solving an equivalent
quadratic integer programming formulation [SYM19] with Gurobi [Gur22].
While Gurobi takes about three orders of magnitude longer than MECQ, its
problem formulation is trivial and, hence, its result can serve as reference to
compare the correctness of the adapted MECQ.

To the best knowledge of the author, the adapted MECQ is the only solver that
can efficiently retrieve totally weighted cliques for not only positive real-valued
weights, but for weights from the full spectrum of finite real numbers. While for
this thesis, it is only a tool to retrieve assignments, the adapted MECQ might be
a valuable contribution for applications from plenty of other fields as well.
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Retrieving Multiple Cliques

Adapting MECQ to real-valued weights enables the efficient retrieval of the
clique with maximum total weight from a PCG, corresponding to the optimal
assignment θ∗ in correspondence space. However, as described in Section 4.2.5,
probabilities in correspondence and in residual space are not identical, but
only highly correlated. This may render the assignment which is optimal in
residual space slightly suboptimal in correspondence space. Additionally, due to
the ambiguity of man-made structures, clutter and missed detections, multiple
assignments might be almost equiprobable.

In order to detect those cases, not only the one optimal assignment θ∗, but all
assignments Θ∗ within a certain likelihood window `w can be retrieved

Θ∗ := {θ ∈ Θ : `θ(θ) > `θ(θ
∗)− `w}. (4.34)

This makes it possible to post-process the result in three ways. One can certify the
optimality of the best assignment with a specifiable likelihood gap, marginalize
over all best assignments, or avoid any association at all in case of ambiguities.

To retrieve the best assignments within a log likelihood window `w, the bounding
part of MECQ is extended to explore and return all cliques that are at most
`w less likely than the clique with the largest weight, i.e. the assignment with
highest likelihood in correspondence space. This extension was comparatively
trivial and hence not verified further. In the following, the adapted version
of MECQ, extended to both real-valued weights and multiple cliques, will
be referred to as MECQ++.

Overestimation Compensation

A structural comparison of Equation (4.16) and Equation (4.28) shows that
in the former, the number of pairwise likelihood terms grows quadratically in
the size of a hypothetical assignment while the number of similar terms grows
linearly in the latter. This leads to a relative overestimation that needs to be
compensated by normalizing for assignment cardinality.
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While such a compensation is trivial after retrieving a clique, it would require
careful adaptation of MECQ’s bounding steps or weaken their tightness signifi-
cantly. Instead, within MECQ++, the likelihood window `w is grown with the
size of the so far largest known clique. This does yield the same set of cliques,
but potentially provides tighter bounds, resulting in faster computing times.

4.2.9 Efficient PCG Construction and Approximations

The retrieval of a solution in short time is favorable for many real-world applica-
tions. For autonomous systems that need to interact with their environment, it is
often even crucial. In order to offer a trade-off between solution times and exact
optimality, the PCG can be pruned during construction by skipping extremely
unlikely vertices, i.e. correspondences, or sufficiently improbable edges. This
not only accelerates retrieving the best assignment, but also graph construction,
which is often even more time-consuming than retrieving cliques within it.

The pruning can be implemented in two ways. The first is using a threshold on
the individual and pairwise compatibility inlier cumulative density functions
(cdfs), F+

IC(i,k) and F+
∆ (i,j,k,l), respectively, i.e.

vik ∈ V ⇐⇒ F+
IC(i,k) < τ cdfIC (4.35)

(vik,vjl) ∈ E ⇐⇒ F+
∆ (i,j,k,l) < τ cdfPC . (4.36)

This allows us to reason nicely about the probability that an inlier vertex or
edge is missed, which is 1 − τ cdf .

Alternatively, a threshold on the relative likelihood, which would be used as
vertex and edge weight (cf . Equations (4.32) and (4.33)), can be applied

vik ∈ V ⇐⇒ w(vik) > τ δ`IC (4.37)
(vik,vjl) ∈ E ⇐⇒ w((vik,vjl)) > τ δ`PC . (4.38)

While less expressive, in experiments, the latter thresholding turned out to be
more effective in distinguishing inliers from outliers.
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The thresholds, and hence the probability mass lost in this pruning, can be
chosen arbitrarily conservative, trading graph construction and clique retrieval
times against exactness and probabilistic optimality.

Note that this makes the pruning considerably different from previously existing
binarization. While binarizing approaches need to pick the optimal threshold to
balance recall and precision, the thresholds τIC ,τPC can be chosen arbitrarily
conservative, possibly including many outliers. This is because MECQ++ does
not consider the cardinality of the largest clique, but its total weight. Hence,
not all vertices and edges are equal, and MECQ++ can retrieve the optimal
assignment even if another clique is larger by size, but not by weight.

If retrieval times are still too high, the branching and coloring steps can be
modified to abandon traversing the graph after a specified time limit. This
acts as a timeout that retains a correct view on the best cliques found so far.
While missing a thorough investigation, when using such early stopping, the
author never observed a maximum weight clique missing. Instead, it is the
suboptimal cliques which would still fall into MECQ++’s likelihood window
which have been observed missing.

4.3 Probabilistic Compatibility Distributions

So far, transformation invariant measurements (TIMs) were simply assumed to be
abstract, transformation invariant measures that act upon disjoint correspondence
pairs. In this section, three concrete examples are presented, one of which
has already been introduced briefly.

4.3.1 Squared Euclidean Distance Differences

As first TIM, the squared Euclidean distance difference (SEDD) is defined by
the difference of squared Euclidean distances:

∆δ2((i,k), (j,l)) := δ(xi,xj)
2 − δ(yk,yl)2. (4.39)
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While they perform worse than Euclidean distance differences (EDDs) in
practice, SEDDs can be used as example to derive a TIM analytically and exactly.
This nicely explains how and why inliers and outliers can be distinguished
probabilistically in the TIM space. Due to its length, this derivation is presented
in Appendix E.

Unfortunately, the author did not find the necessary distributional tools to
replicate the same analytical derivation for other TIMs. While none of the steps
seem impossible, it is believed that analytical descriptions of the necessary
correlated difference distributions have simply not yet been derived. Given
the extent of the derivations referenced in Appendix E for the SEDD case, the
necessary work can be expected to fill multiple publications on its own.

4.3.2 Euclidean Distance Differences

The use of EDDs to distinguish inliers and outliers in a correspondence graph
(or interpretation tree) has been proposed by many previous works. However,
they either applied a hard threshold [Gri90, NTC03] to binarize the problem
or used negative EDDs as measure of affinity that can then be maximized
greedily [LH05] or exactly [LFH21]. In contrast, this work proposes to examine,
model, and exploit the probability distribution of EDD, which is significantly
different for inliers and outliers. This not only enables a sound probabilistic
model with enticing guarantees. It also allows the results to be retrieved with a
conscious probabilistic trade-off between provable optimality and retrieval speed.

The (absolute) difference of Euclidean distances is defined as

∆δijkl = ∆δ((i,k), (j,l)) := |δ(xi,xj)− δ(yk,yl)|. (4.40)

Since an analytical derivation of EDDs does not seem to be viable at the
point of writing, half-normal distributions are proposed as empirically valid
approximation. The validity of this approximation has not only been confirmed
for simulated normally distributed data as depicted in Figure 4.5. It also holds
empirically in various real-world scenarios, i.e. for point cloud registration on
the Stanford bunny model [TL94], for feature point alignment on the KITTI
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dataset [GLU12, GLS+13], and for localization in a semantic HAD map (cf .
Section 4.5.3).
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Figure 4.5: EDDs in a prototypical scenario. 3D points X were generated using isotropic zero-
mean Gaussian distribution with magnitude σX = 1. Then, isotropic zero-mean
Gaussian noise W with magnitude σW = 0.05 was added to derive Y = X +W .
Orange shows a histogram of the EDDs among outliers, i.e. false correspondences,
with the fitted half-normal distribution in according color. In blue, the inlier histogram,
i.e. correct correspondences, and fitted half-normal distribution are depicted.

4.3.3 Joint Euclidean Angular Distance Differences

While EDDs work well for unoriented objects, such as points, they fail to capture
the directional information that is available for oriented objects, such as planes
(e.g. traffic signs, walls) or lines (e.g. poles).

As explained in Section 4.1.2, previous works have proposed plenty of methods to
register oriented objects. A recently proposed method is a very generic approach
that views lines and planes as elements of a Grassmannian manifolds [LH22,
LPH23]. This has the advantage that the center point of a plane or line does
not need to be determined. However, while achieving state-of-the-art results
when using sufficiently many objects, Grassmannian space fails to exploit
potentially valuable position information which could allow data association
and localization using only few but accurately detected landmarks.
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4.3 Probabilistic Compatibility Distributions

To exploit both orientation and position information, a novel joint Euclidean
angular distance difference (JEADD) is proposed. It is reasoned probabilistically
and outperforms the Grassmannian state of the art without being less generic.

The JEADD ∆δ◦ is defined on the spatial and orientation coordinates of each
data point xi, e.g. corresponding to the center point ci and normal or axis
vector oi, respectively,

∆δ◦ijkl((i,k), (j,l)) :=

( |δ(ci,cj)− δ(ck,cl)|
|](oi,oj)− ](ok,oj)|

)
. (4.41)

Here, ](oi,oj) denotes the angle of the minimal rotation to rotate oi into oj .

While real-world experiments showed that angular outliers could be approxi-
mated better by a generalized gamma mixture or log-Cauchy distribution, both
inliers and outliers are assumed half-normally distributed for simplicity. In
fact, as long as the inliers are modeled correctly and there is a sufficiently large
scale difference between inliers and outliers, this approximation has shown
to work well in practice.

In order to compare the proposed JEADDs with the distribution of pairwise
differences in Grassmannian space, as proposed by Lusk et al. [LH22, LPH23],
oriented objects are sampled in 3D space with random position and orientation.

To simulate a measurement process, rotational noise sampled from a highly
concentrated vonMises-Fisher distribution is applied to the orientation. Additive
zero-mean Gaussian positional noise is varied in magnitude, allowing to examine
both TIMs over decreasing measurement accuracy for the position of the objects.

Comparing the JEADD and affine Grassmannian distance between correctly and
incorrectly associated correspondences between the original and the noisy object
set allows computing statistical distributions of inliers and outliers, respectively.
As metrics, one can compare the symmetric Kullback-Leibler divergence (KLD)
between the inlier/outlier distribution of each TIM and the F1 score of an optimal
1D linear classifier to distinguish inliers from outliers.

To evaluate the approaches fairly, the scaling factor required for affine Grass-
mannian distances is optimized by sampling from a logarithmic space of size 50.

153



4 Verifiably Optimal Probabilistic Data Association and Localization

0.05 0.1 0.5 1 5 10 50
8

10

12

Standard Deviation of Positional Noise (in m)

In
li
er
/
O
u
tl
ie
r
K
L
D JEADDs

A�ne Grassmannians

0.05 0.1 0.5 1 5 10 50

0.9

0.95

1

Standard Deviation of Positional Noise (in m)

F
1
S
co
re

JEADDs

A�ne Grassmannians

Figure 4.6: Comparison of joint Euclidean angular distance differences (JEADDs) against affine
Grassmannian distances, which are the current state of the art for oriented object
registration.
Over exponentially increasing positional noise, in the upper plot, the Kullback-Leibler
divergence (KLD) between the respective inlier/outlier distribution of each distance
measure is depicted. The lower plot shows the F1 score of an optimal 1D classifier to
separate inliers and outliers based on the respective TIM. Both plots depict the mean±
one standard deviation over 10 experiments.

For simplicity, the threshold which classifies inliers and outliers is determined
by sampling, too, using a linear space of size 100. Both variables were checked
for their insensitivity.

As depicted in Figure 4.6, in terms of KLD, the proposed joint Euclidean angular
distance difference can distinguish inliers and outliers far better for any remotely
useful position measurement. Asymptotically, when orientation information is
far more relevant than any position measurement, its performance converges
against that of distances in Grassmannian space. This proves their advantage
for probabilistic applications such as in a PCG.
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In terms of F1 score, JEADDs dominate over the full range of position noise.
This shows that the proposed distance measure can be assumed superior even
for approaches that rely on a binarizing threshold.

4.4 Interpretation

Given a PCG filled with suitable TIMs, the adapted clique solver MECQ++
retrieves the assignments θ ∈ Θ∗ that are at most a predefined log likelihood
window `w worse than the best assignment θ∗. While θ∗ is the best solution
in correspondence space, slightly suboptimal solutions with entirely different
associations might exist. This can be either due to ambiguous landmark
constellations or due to the non-identity of correspondence and residual space.

This section presents how to evaluate the set of assignments Θ∗ which involves
computing a transformation for each assignment, computing the likelihood in
residual space, marginalizing over Θ∗, and the actual self-assessment.

4.4.1 Pose Estimation

Considering only associated center points c would offer a number of readily
available closed-form solutions [Hor87, AHB87, Ume91] to compute the 6D ego
pose. However, uncertainties, such as in the z component of pole center points,
can induce errors that could be resolved by exploiting additional orientation
information. To do so, a two-stage approach is proposed.

Weighted Alignment of Points and Oriented Objects

As first stage and initial estimate a weighted registration is used. A version of
the approach by Umeyama [Ume91] was adapted by Karney [Kar14] to include
weights, minimizing the residual

J ik(R, t) = wik‖ck − (Rci + t)‖2 (4.42)
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using the corresponding vertex and edge weights as residual weights

wik = w(vik) +
∑

(j,l)∈Vθ
w((vik,vjl)). (4.43)

Note that this involves the knowledge that all vertices in θ are part of a clique
and, hence, direct neighbors. The author has to admit that this log likelihood
weighted registration has no proper reasoning other than being an intuitive
heuristic that exploits knowledge from correspondence space. While it improved
registration results in some examples, statistical tests failed to prove a significant
advantage over the unweighted Umeyama alignment.

In addition to these weights from correspondence space, as proposed by Lusk
and How [LH22], one can exploit the orientation information of oriented objects
by minimizing the relative orientation differences corresponding to the residual

J(R, t) = wik‖ok −Roi‖2. (4.44)

This can be implemented by adding purely rotational terms to the singular value
decomposition (SVD) matrix ΣXY (cf . Eqn. (38) in [Ume91]).

As approximation of the certainty of orientation information, the spatial extent
perpendicular to the orientation vector can be used if known. In case of signs
and poles, this is their width and height, leading to the residuals

J ikpole(R, t) = wik‖hkok −Rhioi‖2 (4.45)

J iksign(R, t) = wik‖wkok −Rwioi‖2. (4.46)

Robust Local Non-Linear Alignment

As second stage for the alignment of oriented objects, the initial estimates of
R, t are used to locally solve a robustified non-linear alignment of the associated
measurements and landmarks using the ceres solver [AMT20]. It minimizes
the covariance-weighted residual

J ik(R, t) = ρ
(
‖ck −Rci + t‖2Σc,c

+ ](ok,Roi)
2
σ2
],c

)
. (4.47)
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The robustifier ρ is the Cauchy loss function and for simplicity, uncorrelated
errors are assumed. This leaves five hyperparameters per class c: the Cauchy
scale and four variances for x, y, z and the relative angle. As recommended by
ceres for its manifold parametrization, orientation differences ](·) are translated
into residuals via the 3D vector part of the quaternion which describes the
minimal rotation delta. Each vector component is weighted equally with the
inverse relative angular variance.

In practice, the robustified solution was able to outperform the closed-form
solution especially in case of grave detection errors, e.g. if parts of a pole or traffic
sign were occluded. For the alignment of unoriented point clouds, a similar but
simpler iterative least squares method [HW77, BE14] is commonly used.

4.4.2 Residual Space Evaluation

While, as explained in Section 4.2.5, probabilities in correspondence and
residual space are highly correlated, there are cases in which small shifts in
landmarks are not reflected well in correspondences space since the direction
of change is orthogonal to the distances between objects. Exemplary, this is
observed when a sign’s mounting position has changed slightly, but all other
landmarks are tens of meters away.

This can be avoided by computing a transformation Tθ for each assignment
θ ∈ Θ∗ retrieved in correspondence space. Using these transformations, one can
then re-evaluate all assignments in residual space according to Equation (4.28).
This combines the advantages of fast retrieval of assignment candidates in
a well-aligned likelihood space with the actual evaluation using a proven
likelihood formulation.

4.4.3 Ambiguity-Awareness by Marginalization

In case of false detections, map changes or ambiguous structures, even the
best pose estimate can be wrong and should be discarded. The autonomous
system can then either fall back to e.g. odometry measurements or deactivate
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functions adaptively. Both is better than falsely relying on a wrong localization
or map verification result.

Naively, one could exclude false detections by requiring a sufficiently large
number of matched landmarks which corresponds to an inflated probability that
includes a wide safety margin. However, when relying on comparatively sparse
semantic landmarks instead of sensor-specific descriptors, this heavily impairs
availability. This becomes especially obvious on rural roads.

At the same time, even a large number of matched landmarks can still be
ambiguous. This is typically the case on highways with plenty, but periodic and
hence spatially ambiguous road markings and other infrastructure.

Instead, this work proposes to compute the marginalized distribution, marginal-
izing over the best associations θ ∈ Θ∗. This makes it possible to include the
safety margin in the choice of the best association set Θ∗. While that increases
computing times to retrieve Θ∗, it in turn enables localization even with as few
as five landmarks if and only if their constellation is locally sufficiently unique.

4.4.4 Marginal Distribution of the Ego Pose

To determine whether the results in Θ∗ are unambiguous, the marginalized pose
can be computed. Chapter 5 will show how similarly marginalized evidences
can be used to verify map elements.

More specifically, the marginalized distribution fT (T ) is approximated by a
mixture over the most likely assignments Θ∗

fT (T ) =
1∑

θ∈Θ fθ(θ)

∑

θ∈Θ
fθ(θ)fT |θ(T | θ) (4.48)

≈ 1∑
θ∈Θ∗ fθ(θ)

∑

θ∈Θ∗
fθ(θ)fTθ (Tθ). (4.49)

The prefactor normalizes the sum over unnormalized likelihood terms fθ(θ),
yielding an approximated but proper density.
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The absolute likelihood fθ(θ) = exp(`θ(θ)) might be too large for typical
numeric types. Instead, it can be computed by splitting it into a part f∆θ (θ)

which is relative to the assignment θ0 = arg minθ∈Θ∗ `θ(θ) with the smallest
likelihood in the retrieved log likelihood window

fθ(θ) = exp(`θ(θ)) = exp
(
`∆θ (θ) + `θ(θ0)

)
(4.50)

= exp
(
`∆θ (θ)

)
exp(`θ(θ0)). (4.51)

The common factor exp(`θ(θ0)) can be eliminated, leaving a numerically
manageable f∆θ (θ) = exp

(
`∆θ (θ)

)
. Less likely assignments θ /∈ Θ∗ are

neglected. While their total probabilitymassmight be significant, each individual
contribution to the marginal distribution is not.

One challenge is the efficient representation of the distribution fT of T ∈
SE(3) ' R3 × SO(3). While the translational part can be represented using a
3D normal distribution, the distribution of rotations is not as trivial. Amathemat-
ically sound solution could be a von Mises-Fisher matrix distribution [Dow72,
KM77], but the author failed to grasp the existing publications to a degree that
allowed him to derive trustworthy formulas for estimating its parameters.

Instead, three independent von Mises-Fisher distributions [MJ00] are used that
each model the directional distribution of each of the orthogonal axes using
the corresponding unit vectors ux,uy,uz on the unit sphere S2 ⊂ R3. Every
such distribution, for u be any of ux,uy,uz , has the density

p(u | µ, κ) =
κ

4π sinh(κ)
exp(κµTu). (4.52)

Its mean direction can be estimated from probability weighted samples ui via

µ̂ =
ū

‖ū‖ (4.53)

using the sample mean direction

ū =
1∑

i p(ui)

∑

i

p(ui)ui. (4.54)
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The concentration κ can be approximated [Sra11] from

κ̂0 =
R̄(3− R̄2)

1− R̄2
(4.55)

R̄ = ‖ū‖ (4.56)

following a couple of Newton steps

κ̂k+1 = κ̂k −
A3(κ̂k)− R̄

1−A3(κ̂k)2 − 2
κ̂k
A3(κ̂k)

. (4.57)

For the implementation and assuming u ∈ S2, it is worth noting that A3(κ̂k)

should be approximated using the Langevin function [MJ00]

A3(κ̂k) =
1

tanh κ̂k
− 1

κ̂k
. (4.58)

The fraction of modified Bessel functions, which is stated by Mardia and
Jupp [MJ00] for the general case, cannot be resolved well numerically.

4.4.5 Self-Assessment

While it is admitted that a statistically more rigid self-assessment should involve
statistical tests, e.g. of normality, in this work, concentrated normal and von
Mises-Fisher distributions, respectively, are assumed. This allows testing only
their concentration parameters. For the normal distribution that models the
3D translation, maximum thresholds on the standard deviations in x, y and
z direction are introduced:

σx < τσx , σy < τσy , σz < τσz . (4.59)

This makes it possible to be more flexible in the z direction which can be
difficult to estimate accurately.

Since the three directional distributions jointly observe the rotations around two
axes, e.g. p(ux | Θ∗) observes pitch and yaw, a common minimum threshold

160



4.5 Evaluation

across all rotational concentrations, κ, is used:

κx > τκ, κy > τκ, κz > τκ. (4.60)

As final requirement, at least one assignment needs to exceed a minimal size
and a likelihood threshold

∃ θ ∈ Θ∗ : |θ| > nmin ∧ `θ > `min(|θ|). (4.61)

Only if all inequalities are satisfied, one can assume that the ego pose has been
estimated with a sufficient accuracy and only then the localization result is
assumed unambiguous enough to be accepted.

4.5 Evaluation

The performance of the proposed approach can be evaluated using three different
settings. First, using an artificial simulation environment, PCG can be compared
with various other state-of-the-art approaches for data association. Second,
for the well-established task of point cloud registration, its performance on the
KITTI dataset [GLU12, GLS+13] can be evaluated. Finally, the parametric
detections proposed in Chapter 3 and maps created from them can be combined
for a highly accurate 6D localization in an HAD map.

On simulation results, PCG is parameterized using the nominal values of
simulated distributions. The hyperparameters used for real-world point cloud
registration and localization in HAD maps are tuned using the optimization idea
presented in Section 3.8. Details are described in Appendix F.

4.5.1 Simulation Results

Evaluating PCG against state-of-the-art frameworks for data association in a
setting with known data and noise distributions allows parameterizing all of
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them correctly and without possibly unfair or noisy hyperparameter tuning.
Additionally, it enables computing an F1 score to evaluate association quality.

As 3D model, the Stanford bunny [TL94], scaled to the unit cube, is used. This
allows sampling inlier points as well as two disjoint sets of outlier points. One
of them and the inliers are combined to make up the source points. The inliers
are copied and merged with the other outlier set to form the target point cloud.
The target points are transformed with a random transformation and zero-mean
additive noise is applied. As MAGSAC++ and TEASER++ assume bounded
noise, it is sampled from an isotropic truncated normal distribution [Bot17,
Bru22] with standard deviation σ that is capped such that every noise vector
has at most length 3σ. As example is depicted in Figure 4.7.

Under this setting, PCG can be compared against three state-of-the-art methods
for robust data association, CLIPPER [LFH21], MAGSAC++ [BMN19, BNI+20,
BNM22], and TEASER++ [YC19, YSC21], as well as two traditional maximum
compatible clique algorithms. The first one, calledMCC, uses the TIMs proposed
for TEASER++ combined with PMC [RGG+14] for clique retrieval. For the
second, called uPCG, the same probabilistically motivated graph as for PCG is
constructed. In contrast to PCG, uPCG ignores edge weights during retrieval but
selects the clique of maximum cardinality instead. While SC2-PCR [CSY+22]
and Go-ICP [YLJ13, YLC+16] were tried as well, the author was unable to
find parametrizations that yielded competitive results. It is assumed that both
are better suited for larger problems.

To compare the approaches, three metrics are used. Association quality can
be measured via F1 score. The accuracy of the estimated transformation is
evaluated via a combined error which adds translational in m and rotational
error in rad with a weight of 10:1 which puts typical errors in the same order
of magnitude. Finally, computational effort is compared in walltime measured
on an Intel i7-8565U CPU.

Two of the baseline methods offer self-assessment. As MAGSAC++ claims
to self-assess its performance, all results indicated as failure are discarded.
TEASER++ offers certification which takes significantly longer than the regis-
tration. Hence, the certified version is measured separately as TEASER++C. If
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Figure 4.7: Example of the data association problem on the Stanford bunny model [TL94]. Bold
points are sampled from the 3D model to yield unconnected outliers and connected
inliers, the latter of which are subject to noise. The goal is to identify the true matching
inliers without any given correspondences.

the certification failed, the output is discarded. PCG and uPCG reject unlikely
assignments by only retrieving cliques with positive total weight, i.e. correspon-
dence space log likelihood, as well as by detecting failures determined by a
negative residual space log likelihood. Additionally, the transformation errors
of all methods were discarded when two or fewer inliers were found.

While MAGSAC++ and TEASER++ yield both association inliers and a
transformation, uPCG, CLIPPER and MCC only retrieve inliers. Thus, an
Umeyama [Ume91] alignment is used with their inlier sets to determine a trans-
formation. For PCG the weighted Umeyama alignment proposed in Section 4.4.1
is used to exploit knowledge from correspondence space.

To parameterize PCG, detection probabilities pD are set according to the true
inlier/outlier ratios, TIM distributions f(∆δ) are calculated from separate,
statistically identical “training” sets and uninformed individual consistency,
i.e. fIC = 1, is assumed. The cdf threshold for PCG sparsification introduced
in Section 4.2.9 was set to τ cdfPC = 0.99999. All experiments were conducted
100 times.
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Unknown Correspondences

For unknown correspondences, i.e. no feature space or similar prior matching,
N = 40 points are sampled at increasing outlier rates. Truncated Gaussian noise
of magnitude σ = 0.002 is added as described above. The likelihood window
is chosen as `w = 2 and scaled linearly with the inlier set. While PCG, uPCG
and CLIPPER natively support fully unknown correspondences, all possible
correspondences are created as potential correspondences for MAGSAC++,
MCC and TEASER++.

Figure 4.8 shows that PCG is not only optimal in theory. It is the strongest
approach in F1 score even at high outlier rates and translates the assignments
in leading transformation errors.

While CLIPPER is fast, it cannot compete with either PCG or TEASER++.
TEASER++ can be seen as the strongest competitor for PCG with low solution
times at good results up to 80 % outliers. MAGSAC++ requires at least 1 million
iterations, listed as MAGSAC++1M, to match the results of other approaches.
In terms of computation times, it is not competitive at all.

Comparing MCC and uPCG shows that PCG’s statistical inlier selection al-
ready improves result quality significantly. At the same time, despite using
MECQ as single-threaded clique solver, it is faster than MCC which uses a
parallelized solver.

When focusing on certifiable or self-assessed success, all three approaches,
MAGSAC++ and TEASER++, but also PCG seem to fail utterly, leading to zero
F1 scores and catastrophic transformation errors. However, this can only truly
be said for MAGSAC++. In fact, TEASER++C successfully detects about 70 %

of its failures which occur at 90 % outlier rate, but its certification procedure
takes considerably longer than real-time applications can allow. Below, PCG’s
seeming failures are discussed in detail.

164



4.5 Evaluation

0

0.5

1

F
1
S
co

re
PCG uPCG CLIPPER MCC

TEASER++C TEASER++ MAGSAC++100k MAGSAC++1M

0.01

0.1

1

T
ra
n
sf
o
rm

a
ti
o
n
E
rr
o
r

50 60 70 80 90

0.1

1

10

Outlier Share (in %)

C
P
U

T
im

e
(i
n
s)

Figure 4.8: Simulation results for N = 40 unknown correspondences on the Stanford bunny
model [TL94]. F1 score, transformation error, and computation time are plotted over
an increasing amount of outliers. Note that the y axes for the latter two metrics are
scaled logarithmically.
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Outlier Rejection for Known Correspondences

When correspondences are known, but possibly contain outliers, e.g. using
feature descriptors, the correspondence graph is quadratically smaller. This
makes it possible to associate N = 500 correspondences at higher noise rates
of σ = 0.005. PCG’s likelihood window is chosen as `w = 100 and not scaled.

When comparing the plot in Figure 4.9, it becomes apparent that this problem
is easier for most approaches. Only in the most difficult setting, with only 5
correct correspondences, all approaches but PCG fail.

MAGSAC++’s early stopping makes it competitive, even in computation times,
for up to 90 % outliers. The best competitor to PCG is still TEASER++. However,
in this setting, TEASER++’s certification takes even longer. Additionally the
experiment showed that at 99 % outliers it rejected 42 % of cases without leading
to better results than the vastly faster uPCG. In summary, PCG’s performance is
superior across all level of outliers. Its only issue might be the runtime in few
cases, which could be traded against optimality as described in Section 4.2.9.

Failure Analysis

When looking at the transformation errors failure cases become apparent. At
first glance, this seems to contradict PCG’s probabilistic optimality claims.
Analyzing those cases shows that there are three possibilities why the true
assignment has not been retrieved.

First, due to thresholding when constructing the graph (cf . Section 4.2.9), the
true assignment might not be fully connected in the PCG and, hence, cannot
be retrieved. This can be mitigated by increasing τ cdfPC , primarily at the cost
of slower graph construction.

The second source of failures is the misalignment of correspondence space
and residual space likelihoods. This happens especially for very small inlier
sets. It can be mitigated by increasing the likelihood window `w for clique
retrieval, but negatively impacts retrieval times.

166



4.5 Evaluation

0

0.5

1

F
1
S
co

re
PCG uPCG CLIPPER MCC

TEASER++C TEASER++ MAGSAC++10k MAGSAC++100k

0.01

0.1

1

T
ra
n
sf
o
rm

a
ti
o
n
E
rr
o
r

50 70 80 90 95 98 99

0.01

0.1

1

10

100

Outlier Share (in %)

C
P
U

T
im

e
(i
n
s)

Figure 4.9: Simulation results for N = 500 given correspondences on the Stanford bunny
model [TL94]. F1 score, transformation error, and computation time are plotted over
an increasing share of wrong correspondences. Note that the y axes for the latter two
metrics are scaled logarithmically.
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Finally, the source of failures with the by far largest share are false assignments
which are not only better in correspondence space, but even have a larger log
likelihood in residual space. This is an artifact from the random experiment
generation. Due to very strong noise and especially for few inliers, there is a
significant probability that some other assignment fits better than the true one. It
has deliberately not been corrected since not every method uses residual space
likelihoods, hence, potentially giving the proposed PCG an unfair advantage.
However, if those cases were excluded, PCG would either reach a perfect F1

score or self-assess its failure as expected.

4.5.2 Point Cloud Registration

Since the artificial simulation environment could fail to replicate real-world
problems, in this section, data from the KITTI odometry benchmark [GLU12,
GLS+13] is used to perform point cloud registration between 555 pairs of lidar
scans. In recent years, this problem has been widely used as standard benchmark
for point cloud registration approaches.

As the registration can only be solved on raw lidar points if a pose prior is known,
which often is not the case, point cloud descriptors are used to pre-compute
correspondences between two lidar scans. While novel point cloud descriptors
are still being researched [HGU+21], for this benchmark, a well-established
combination of traditional FPFH [RBB09] and deeply learned FCGF [CPK19]
descriptors is used.

Previous state-of-the-art approaches [BLZ+21, CSY+22] have shown that
solutions can only be achieved in reasonable time when using a subset of
correspondences to estimate an initial pose that is then refined locally using an
iterative least squares approach [HW77, BE14]. Hence, for the task of point
cloud registration, this procedure has been adapted to be used with PCGs.

The individual consistency of correspondences is evaluated using the similarity
of FPFH and FCGF feature descriptors. While more complex probability
distributions are imaginable and could certainly improve performance, for
simplicity, a uniform distribution is fitted. It basically restricts the feature
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descriptors to the similarity region that maximizes inlier density relative to the
density of outliers. Since the feature points are unoriented objects, a purely
Euclidean distance difference (EDD) is used to measure pairwise consistency.

To compare approaches, the so-called registration recall (RR)whichmeasures the
share of successful registrations is the primary metric. For KITTI, a registration
is commonly considered successful when the rotation error (RE) is smaller than
5° and the translation error (TE) is smaller than 60 cm. Additionally, rotation
error, translation error, and computation time are reported by most approaches.

The evaluation is done using the framework provided by Bai et al. [BLZ+21]
and Chen et al. [CSY+22], respectively. This allows listing numbers of older
baselines as reported in [CSY+22]. More recent methods used comparable
setups. Hence, their numbers are from the respective papers [ZYZ+23, CSY+23].
Since the author of this thesis was unable to reproduce the results of Zhang
et al. [ZYZ+23] with the available source code, their numbers have been taken
from the paper which unfortunately does not report any timing information.

Table 4.4: Point cloud registration performance on the KITTI odometry benchmark. The reported
metrics are registration recall (RR), rotation error (RE), translation error (TE), and
computation time. Best numbers are marked bold, second best numbers are underlined.
The first section contains deep learning approaches while the second part lists conven-
tional methods.
†: As reported by Chen et al. [CSY+22]. ‡: No time reported, see text.

FPFH FCGF
RR RE TE RR RE TE Time

(in %) (in °) (in cm) (in%) (in °) (in cm) (in s)
DHVR [LKC+21]† - - - 99.10 0.29 19.80 0.83

PointDSC [BLZ+21]† 98.20 0.35 8.13 98.02 0.33 21.03 0.45
FGR [ZPK16]† 5.23 0.86 43.84 89.54 0.46 25.72 3.88

CG-SAC [QY20]† 74.23 0.73 14.02 83.24 0.56 22.96 0.73
SC2-PCR [CSY+22] 99.64 0.32 7.23 98.20 0.33 20.95 0.31

SC2-PCR++ [CSY+23] 99.64 0.32 7.19 98.56 0.32 20.61 0.86
MAC [ZYZ+23] 99.46 0.40 8.46 97.84 0.34 19.34 -‡

PCG (proposed) 99.82 0.29 6.68 99.28 0.38 18.90 0.04
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The results in Table 4.4 show that PCG represents a new state of the art for
point cloud registration on the KITTI benchmark, outperforming both deeply
learned and traditional approaches on almost every metric for result quality.
In terms of computation time, it is the only state-of-the-art approach that can
match lidar scans faster than they are produced at 10 Hz.

Additionally, in contrast to most previous methods, PCG can detect ambiguities
and failure cases when parameterized accordingly. For FPFH features, this
works well with a RR only slightly reduced to 98.74 %. Hence, next to leading
performance in best effort registration, PCG makes it possible to detect and
avoid all potentially catastrophic failure cases with barely degraded availability.

Unfortunately, using FCGF features, no parametrization could be found that
enables the detection of all failure cases at acceptable RR rates. This hints
towards a structural weakness of FCGF descriptors which, in some cases, simply
lead to an overwhelming number of false correspondences.

4.5.3 Localization for Autonomous Vehicles

In order to evaluate the proposed approach for localizing an autonomous vehicle
in a pre-built map, both suitable ground truth and metrics need to be defined.

Localization Ground Truth as Open Problem

Evaluating localization performance requires a reference system that is superior
to the system under test. Acquiring such ground truth for state-of-the-art
localization in all six degrees of freedom is challenging. Limited range or
indoor SLAM/odometry benchmarks use motion capture systems for highly
accurate 6D ground truth [BNG+16, SGD+18], optionally paired with laser
trackers for highly accurate positions [BNG+16]. Due to the necessary line
of sight to one or more stationary reference points, this is hardly feasible for
robotic vehicles. Here, pose measurements from an RTK-GNSS/INS unit are
commonly used [GLU12, GLS+13].
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Hence, using the OxTS RT3000 RTK-GNSS/INS unit available in the 2023
“Joy” sensor setup seems to be an obvious choice. Indeed, experiments by the
author showed that such a system is globally almost entirely driftless.

However, the limitation of using the OxTS RT3000 as reference becomes
obvious when considering the self-estimated accuracy, which is about 30 cm

on average and 10 cm at best in each direction despite a dynamic driving
warm-up before recording. Even worse, probably due to multipath effects,
in an urban environment its poses jump with the same order of magnitude
even during standstill.

A complementary alternative are solutions that provide a locally highly accurate
6D motion. One example is a state-of-the-art lidar odometry, like KISS-
ICP [VGM+23] introduced in the previous chapter. Compared in a local
coordinate frame over limited time, as illustrated in Figure 4.10, it is at least as
accurate as poses from an expensive GNSS reference system.

Comparing Figures 4.10b and 4.10c with Figure 4.10d shows that neither the
OxTS RT3000 RTK-GNSS/INS nor the state-of-the-art KISS-ICP framework
achieve the necessary superiority commonly required for ground truth systems.

Still, while being a pure odometry method that has global drift, for local 6D
motion as used for mapping, KISS-ICP seems to be superior to the OxTS
RT3000. This holds for localization with high accuracy in all six degrees of
freedom, but can also be evaluated using the Rendering Instance IoU (RIIoU)
metric proposed in Section 3.7, which measures the reprojection error of map
elements. To compare the quality of both possible references, maps were
created and evaluated from the same sensor data but using either GNSS or
KISS-ICP poses. The experiment showed that maps created using the GNSS
poses, with and without additional refinement using the localization proposed
in this chapter, have about 15 % lower RIIoU score compared to the same map
created using KISS-ICP poses.

Both qualitative and quantitative differences could also be explained by cali-
bration or synchronization problems between GNSS and lidar or camera rather
than a systematic superiority of KISS-ICP. This would however still suggest
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4 Verifiably Optimal Probabilistic Data Association and Localization

(a) Overview with crop location highlighted in red

(b) OxTS RT3000 RTK-
GNSS/INS poses

(c) KISS-ICP [VGM+23] lidar
odometry poses

(d) KISS-ICP poses with PCG
refinement (proposed)

Figure 4.10: Comparison of possible localization reference systems. The 6D poses of each system
/ method were used to create a map as described in Chapter 3.
Projecting traffic lights and signs from about 150m distance into the camera image
reveals slight, but visible differences. In particular the projections of the traffic lights
mapped using OxTS RT3000 poses, as depicted in Figure (b), lie almost entirely top
left of the true elements.

using KISS-ICP over GNSS poses as reference since it runs directly on lidar
data as does the localization method under test.

Unfortunately, the unsuitability of RTK-GNSS/INS systems as reference prevents
using poses in a global coordinate frame. Since a lidar odometry only outputs
relative poses in local coordinates, any comparison across drives is futile. As
solution, this work proposes a metric that only requires locally accurate poses.
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Localization Metrics as Solution

Despite the absence of a true global ground truth, the performance of a
localization algorithm can be evaluated using two metrics. The first one is
the map mean RIIoU (mRIIoU) w.r.t. a localization result T as explained
in Section 3.7.3. By rendering the same map into an image using different
localization methods, it compares the reprojection error using semantic instance
detections. However, since this metric evaluates each frame independently, it
is not robust against simulated or actual map changes. It would be fine with
a wrong localization result as long as the overlap between reprojected map
and semantic instances is high.

The reprojection could be limited to the unchanged parts of the map, but this
would require ground truth knowledge about the changes, which is only known
for simulated, but not for real changes. Instead, it is complemented with another
novel metric, the so-called delta pose error.

Pose Error

Only when the sensor data from the very same drive that was used for mapping
is also used for localization, an absolute pose can be assumed known and an
absolute pose error can be computed. The absolute pose error can be measured
in each coordinate ξ separately by comparing the pose at frame i estimated by
PCG, T̂i ∈ SE(3), with the (pseudo) ground truth pose, Ti ∈ SE(3):

eξi :=
∥∥∥T̂ ξi − T ξi

∥∥∥. (4.62)

Taking the average along a drive is referred to as average (absolute) pose error
(APE) and defined as

eξ :=
1

N

N∑

i=1

eξi . (4.63)
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Additionally, as upper bound, one can define the maximal pose error along a
drive, called maximum (absolute) pose error (MPE), which is defined as

+eξ := max
i∈[1,N ]

eξi . (4.64)

Delta Pose Error

Comparing absolute poses between drives, sometimes years apart, would require
a highly accurate, sensor agnostic, and long-term stable multi-drive mapping
framework. For this challenging combination of requirements, the author is
not aware of any readily available solutions. Instead, to evaluate localization
performance in a map created in a different drive, delta poses δ̂T ij ∈ SE(3)

can be computed between localization results T̂i and T̂j . The delta poses are
defined via the relation

T̂j = δ̂T ij ⊕ T̂i. (4.65)

These delta poses can then be compared with the respective delta poses from
the KISS-ICP odometry, δTij . Since the PCG localization has no knowledge
of the odometry, the odometry poses can serve as an independent reference. A
suitable delta pose can only be achieved if both poses, from which the delta
pose is computed, are correct.

The difference of estimated and odometry delta poses can then be used as
delta pose error (DPE) δeij . As a full SE(3) pose is difficult to interpret,
one or more meaningful parameters ξ, like translation or yaw angle, can be
considered independently

δeξij :=
∥∥∥δ̂T ξij − δT ξij

∥∥∥. (4.66)

Note that this difference is implemented in the respective parametrization space,
i.e. on 2D or 3D translation vectors, yaw angles or smallest 3D rotations.

Naively, one can compute it between two successive localization results, i.e.
j = i + 1, and average it over a drive with N measurement frames. This is
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referred to as average delta pose error (ADPE) and defined as

δe
ξ

:=
1

N − 1

N−1∑

i=1

δeξi,i+1. (4.67)

The probability that two 6D poses occur by chance, that are wrong in absolute
values but match with high accuracy relative to each other, is almost negligible.
Yet it has been observed for very few successive poses at overly optimistic
parametrizations.

While it was not observed for the parameters used for evaluation, it motivated a
second metric, called maximum delta pose error (MDPE). The MDPE measures
the maximum of all pose errors between pose pairs within a window of ±10

poses relative to a localization result:

+δeξ := max
i∈[1,N ]

max
j∈[i−10,i+10]\i

δeξij . (4.68)

Comparing both, the ADPE can be seen as locally accurate measure of typ-
ical deviations between two poses while the MDPE is an upper limit of two
localization errors.

Both error terms are interesting in four variants. For most driving tasks,
planar translational and yaw error, ADPExy/MDPExy and ADPEϕ/MDPEϕ,
respectively, are most relevant. Additionally, 3D translational and 3D rotational
error are reported, being referred to as ADPEt/MDPEt and ADPER/MDPER,
respectively.

Localization In Mapping Drives

To confirm the suitability of delta pose errors as metric, they can be compared
with absolute pose errors which are available if and only if the same drive is
used for both mapping and localization.

Tables 4.5 and 4.6 show that the delta pose errors are indeed a valid metric as
they approximate absolute errors, that are measured w.r.t. pseudo ground truth
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mapping poses, with high precision and with a tendency to overestimate them.
This justifies their use in the following, actually meaningful evaluations.

Table 4.5: Comparison of average (absolute) pose error (APE) and average delta pose error (ADPE)
on validation sequences using the 2023 sensor setup. Each adjacent pair of columns
compares APE (left number) with ADPE (right number). E.g. the first two data columns
compare APExy with ADPExy . Sequences along the same route are averaged, being
weighted according to their respective temporal length.

APE / ADPE
Sequence xy (in cm) ϕ (in °) t (in cm) R (in °)
Adenauer 01/02 1.7 2.0 0.017 0.018 8.2 8.0 0.20 0.17
Moltke Big 01/02 1.6 2.2 0.018 0.020 6.2 6.6 0.16 0.15
∅ 1.7 2.1 0.018 0.019 7.0 7.2 0.18 0.16
APE - ADPE -0.4 -0.002 -0.1 0.016

Table 4.6: Comparison of maximum (absolute) pose error (MPE) and maximum delta pose error
(MDPE) on validation sequences using the 2023 sensor setup. Each adjacent pair of
columns compares MPE (left number) with MDPE (right number). E.g. the first two
data columns compare MPExy with MDPExy . Sequences along the same route are
averaged, being weighted according to their respective temporal length.

MPE / MDPE
Sequence xy (in cm) ϕ (in °) t (in cm) R (in °)
Adenauer 01/02 24.2 36.2 0.24 0.56 178.0 209.7 1.78 2.07
Moltke Big 01/02 24.9 44.0 0.40 0.36 117.7 175.8 1.97 3.79
∅ 24.9 44.0 0.40 0.56 178.0 209.7 1.97 3.79
MPE - MDPE -3.0 -0.027 -10.4 -0.175

Localization in Up-to-date Maps

The most common task for localization approaches is to localize in a map that has
been created or updated recently enough that no major changes have occurred.
Now, in contrast to the previous experiment, the map has been created using
sensor data recorded during a different drive than the one used for localization.
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Table 4.7: Localization results in up-to-date maps. Reported are the average delta pose error
(ADPE) and maximum delta pose error (MDPE) as well as the availability (av.) of
localization results, indicated by the self-assessment of the approach, on validation
sequences using the 2023 sensor setup.

ADPE / MDPE Av.
Sequence xy (in cm) ϕ (in °) t (in cm) R (in °) (in %)
Adenauer 01/02 2.1 27.8 0.02 0.55 8.2 214.5 0.18 2.94 77.6
Moltke Big 01/02 2.2 31.9 0.02 0.40 7.0 213.0 0.16 4.67 85.6
∅ 2.2 31.9 0.02 0.55 7.5 214.5 0.17 4.67 81.8

The numbers in Table 4.7 show that for localization in up-to-date maps, PCG can
achieve exceptionally high accuracy on average. The error distribution is also
depicted in more detail in Figure 4.11. Regarding the MDPE as conservative
upper bound, the proposed approach can still always achieve lane-level accuracy.
This indicates that especially 2D translational and yaw errors are usable for
automated driving if any localization result is returned.

0 0.1 0.2 0.3
0

10

20

30

xy Delta Pose Error in m

D
en

si
ty

0 0.1 0.2 0.3
0

0.2

0.4

0.6

0.8

1

C
u
m
u
la
ti
v
e
D
en

si
ty

0 0.1 0.2 0.3
0

10

20

30

Yaw Angle Delta Pose Error in ◦

D
en

si
ty

0 0.1 0.2 0.3
0

0.2

0.4

0.6

0.8

1

C
u
m
u
la
ti
v
e
D
en

si
ty

Figure 4.11: Density histogram (blue) and cumulative density (orange) of 2D translational (left) and
yaw delta pose error (right) for localization in up-to-date maps, i.e. all four validation
sequences with the 2023 sensor setup.

While average translational errors in 3D and overall rotational error are usable
for any conceivable application, the comparatively large maximum errors show
that they suffer in places where height and pitch angle cannot be resolved well.
Using either a rear camera or additional features on the ground, like road borders
and markings, is expected to alleviate this issue to a level of negligibility.
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The average performance of the proposed method is significantly better than that
of any similar localization approach the author is aware of. This is particularly
noteworthy as PCGuses only a single frame ofmeasurements and does not involve
any filtering. The reported performance has been verified by various additional
experiments including using relative GNSS measurements instead of KISS-ICP
or computing ADPE over larger windows which all confirmed the findings.

One core design feature of the approach is a very conscious trade-off between
accuracy and availability. The ability to self-assess localization performance
makes it possible to rather avoid any output instead of producing a possibly
erroneous result. This increases the safety of the overall system since it can
knowingly extrapolate using e.g. wheel or lidar odometry. Hence, the while
the reported availability does not seem sufficient at first glance, it is an artifact
of actually enabling safer localization.

Moreover, it is to note that availability is not uniformly distributed. The plot
in Figure 4.12 shows that segments with few landmarks, mostly straight roads
with neither signage nor traffic lights, are most affected by outages. From an
automated driving point of view, it is on those very segments where highly
accurate localization is least important.

The results can be concluded with a short anecdote. Due to a slight deviation
between the routes of sequencesMoltke Big 01 and 02, there is a non-overlapping
part w.r.t. the respective other sequences, which is omitted when computing
metrics. However, this allows us to observe that the last estimated localization
result before the deviation is so accurate, especially in orientation, that using
dead reckoning via lidar odometry over more than 400 m leaves less than 40 cm

error when both routes merge again. From this perspective, localization with
PCG can be viewed as good contender even for highly available best effort
localization approaches.
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4 Verifiably Optimal Probabilistic Data Association and Localization

Localization in Outdated Maps

As examined in detail in Chapter 2, the real world changes over time, gradually
rendering maps outdated. By making use of man-made semantic landmarks, the
approach proposed in this thesis is designed and expected to be significantly
more robust than visual or fine-grained structural features that age in weeks or
months with e.g. changes in foliage or leaf coloration. However, even man-made
infrastructure undergoes changes eventually. This poses the question how well
localization performance is in aging maps.

For this, mapping drives from 2020 were used to create maps. Sequences from
2023 can then be used to localize therein. This allows testing the proposed
localization method with real-world changes accumulated over about three years.

Table 4.8: Localization results in outdated maps. Reported are the average delta pose error (ADPE)
and maximum delta pose error (MDPE) as well as the availability (av.) of localization
results, indicated by the self-assessment of the approach. Validation sequences with the
2023 sensor setup are used to localize in maps from 2020.

ADPE / MDPE Av.
Sequence xy (in cm) ϕ (in °) t (in cm) R (in °) (in %)
Adenauer 01/02 2.9 41.4 0.03 0.64 11.4 227.2 0.26 3.75 54.9
Moltke Big 01/02 2.9 56.6 0.03 0.62 9.5 224.7 0.21 2.69 66.6
∅ 2.9 56.6 0.03 0.64 10.3 227.2 0.23 3.75 61.2

The numbers in Table 4.8 show that average and maximum error increase
slightly, but are still excellent on average and able to achieve lane-level accuracy
even in the worst case. Not unexpectedly, availability has decreased compared
to up-to-date maps. While few changes are sufficient to render localization
unavailable in areas with sparse landmarks, also some intersections and places
with high landmark density have been reconstructed entirely.

Qualitative examples of successful localization despite changes are depicted in
Figures 4.13 and 4.14. An overview is provided in Figure 4.15.
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Timing Analysis

Besides accuracy and availability, real-time solutions are an important factor to
enable deployment in automated vehicles. To ensure a limited latency, PCG’s
solution retrieval has been abandoned after 100 ms as described in Section 4.2.9.
Figure 4.16 depicts the computation times of the approach measured on an
AMD EPYC 7702P 64-core processor as it is used in the measurement vehicle
at MRT. Note that the many cores may be deceptive. Due to the single-threaded
clique solver, they only accelerate the marginalization.
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Figure 4.16: Density histogram (blue) and cumulative density (orange) of computation times for
localization in up-to-date maps, i.e. all four validation sequences with the 2023 sensor
setup.

The timing histogram can be explained by three behaviors. In case of really
few or badly detected landmarks, PCG quits without result, leading to the first
peak close to zero. The major peak is due to normal operation, i.e. all solutions
within the likelihood window are retrieved in less than the time limit. Due to
marginalization, the overall latency may exceed the retrieval timeout of 100 ms.
This is also what explains the rather bold tail between 100 ms and 200 ms:
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PCG has been stopped early, but marginalization, especially solving the robust
non-linear optimization problems in ceres, still takes an additional 100 ms.

Storage Requirements

When large-scale maps are stored onboard automated vehicles or map updates
need to be transmitted wirelessly, the storage requirements of a localization
approach can become an interesting aspect that has already been discussed
in Section 4.1.3. To evaluate minimal storage requirements, the maps were
stored in binary form and compressed using a standard Lempel-Ziv-Markov
chain algorithm (LZMA) compression contained in the Linux xz tool. Results
are reported in Table 4.9.

Table 4.9: Storage requirements of the parametric maps used for localization.

Year Sequence Length Map Size Relative Size
(in km) (in KiB) (in KiB per km)

2020 Adenauer 01 5.13 97.3 19.0
2020 Moltke Big 01 4.95 129.5 26.2
2023 Adenauer 01 5.23 102.1 19.5
2023 Adenauer 02 5.22 101.4 19.4
2023 Moltke Big 01 4.87 128.4 26.4
2023 Moltke Big 02 4.97 131.5 26.5

∅ 22.7

Previous sections showed that parametric maps proposed in this work enable
excellent localization accuracy on par with conventional sensor-specific or even
deeply learned approaches. At the same time, with an average map size of
22.7 KiB per km, parametric maps are orders of magnitude more compact. This
offers state-of-the-art localization performance in large-scale onboard maps
as well as efficient wireless map updates.
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4.6 Limitations and Discussion

While PCG, the proposed approach for data association and localization, is able
to produce strong results, it is still important to point out its limitations.

First, probabilities in transformation invariant correspondence space are not
identical to those probabilities given a transformation, but merely highly corre-
lated. While this has been addressed by retrieving multiple solutions within a
sufficiently large and scalable probability window, it hinges on a non-degenerate
distribution of feature points. However, the author is not aware of any alternative
independent from transformations and is pessimistic that any such exists.

Another limitation is the scalability of the clique solver. While solution times
are sufficient for the presented problems, they become infeasible for significantly
large or denser ones. This is due to the goal of optimality which requires an
exhaustive search of either transformation or association space. Increasing
semantic resolution, e.g. more fine-grained traffic light or sign classes, or object
parameters, e.g. by including the orientation of traffic lights, would make the
association problem sparser and, hence, improve not only solution quality but
especially retrieval times.

In this thesis, only features with a spatially limited extent have been used for
data association and an extension to locally unlimited features, such as curbs or
solid road markings, might seem unclear. A possible solution has been proposed
for existing pairwise compatibility data association approaches in two previous
publications with the participation of the author [MPH+22a, MPH+22b]. It
discretizes line features but considers the effects of discretization, i.e. higher
uncertainty along than across the line.

Finally, with only one camera and only the proposed three classes of map
features, there is a significant trade-off between availability and localization
accuracy, especially when localizing in outdated maps. This can be improved in
three ways. First, more semantic classes, especially road markings, can increase
the amount of available features significantly. Using the same classes, a similar
effect can be achieved by making use of a rear camera, which is also expected to
lower errors in pitch angle and height significantly, or even all surround cameras
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proposed in the 2023 sensor setup. Finally, if neither is desired or feasible, the
mapping method proposed in Chapter 3 could be used to build a local map
across few a frames to collect features until a unique localization is possible.

4.7 Conclusion and Outlook

In this chapter, the coupled data association and localization problem has been
approached under very challenging preconditions, i.e. no prior pose or filtering,
ambiguity awareness, fully probabilistic modeling, real-time capability, and
global optimality. At the same time, relatively sparse and partially outdated land-
marks were supposed to be associated to noisy detections that may contain clutter.

The core idea that enables to solve data association despite these difficulties is
a novel probabilistic formulation of the problem in a transformation invariant
space. Combining existing ideas of individual and pairwise compatibility with
probabilistic formulations inspired by random finite set multi object tracking
allows probabilistically globally optimal data association to be formulated as
totally weighted maximum clique problem.

Modifying a state-of-the-art clique solver to support totally weighted cliques
with real-valued weights allows retrieving not only one best solution, but all
assignments in a probability window in real time. Using them to compute
a marginalized pose with uncertainties in position and orientation makes it
possible to achieve ambiguity-aware localization results from a single frame
of measurements. The only requirement is a very coarse initial position with
decameter accuracy to restrict the number of possibly observable landmarks.

A novel 2D probability distribution, called joint Euclidean angular distance
difference (JEADD), has been proposed to improve the association of oriented
objects. In simulation, it clearly outperforms affine Grassmannian distances,
the current state of the art.

For the association of unknown correspondences as well as for mere outlier
rejection, the proposed PCG is superior to existing data association approaches.
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4 Verifiably Optimal Probabilistic Data Association and Localization

On the KITTI dataset, PCG represents the new state of the art for point cloud
registration using both conventional and learned feature point descriptors.

While those benchmarks enable comparison with previous approaches on neutral
ground, PCG has actually been invented to safely and verifiably solve the coupled
data association and localization problem in sparse semantic HAD maps. With
an average planar translation error of about 2 cm and a yaw angle error of 0.02°,
localization in up-to-date maps is extremely precise and touches the boundaries
of available ground truth. As ambiguous associations are rejected and there
are not enough landmarks available everywhere, overall availability is at about
80 %. However, it is consistently high in or before intersections where highly
accurate localization is particularly important to use the map for interpreting
the complex static environments.

While availability decreases in outdated or artificially changed maps, the self-
assessment still allows achieving an almost unimpaired average localization
error. Even in the worst cases, the maximal error still enables lane-level accuracy.

In the next chapter, the data association results will be used to power the
continuous verification of HAD maps via a marginalization over assignments.
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5 Continuous Verification of HD Maps
using Ternary Evidences

With highly accurate detections and a suitable data association and localization
approach, finally, the actual verification can be tackled. When verifying an
HAD map, there are several goals to achieve simultaneously.

First, the map should be verified sufficiently far ahead of the automated vehicle
since this enables to react on a change, e.g. by adapting the driving behavior
or exit the automated mode. Assuming urban velocities of at most 70 km

h and
comfortable breaking deceleration of 3 m

s2
[BB15], a desired verification distance

of 50 m can be considered a conservative value. Implicitly, this goal induces
the requirement of fast computation times.

The second aspect is the level of detail. Verification and change detection
on the level of whole roads or road sections is too conservative. The more
details are contained in a map, the higher the probability that at least one
element along the route might have changed. Disabling all automated functions
which somehow rely on the map would not help scaling automated driving
or increase its acceptance. Instead, verification and change detection should
happen as fine-grained as possible, optimally on the level of individual map
elements. This allows the automated vehicle to adapt or degrade only those
very driving functions that rely on the changed detail, e.g. by choosing a lane
with verified borders and traffic rules.

Next, verification and change detection are not to be formulated as complemen-
tary possibilities. Many previous approaches specialize on detecting deviations
between map elements and measurements. While this is very relevant, it is
only half of the battle. Due to occlusions or limited sensor range, it might have
been impossible to detect a change from the vehicle’s point of view. Hence, the
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5 Ternary Evidential HD Map Verification

absence of changes must never be interpreted as verification. This lead to the
proposal of a ternary belief system [JKS18], which separates the belief masses
for change, verification, and the unknown and is adapted for this thesis.

Finally, the verification needs to work with extremely high reliability. While
falsely detected changes may lead to partially or temporarily unavailable maps,
a falsely verified map element might have catastrophic results. For instance,
falsely confirming a removed priority traffic sign at an intersection where the
vehicle now is required to yield can lead to a fatal accident with the automated
vehicle obviously being at fault.

Hence, the challenge is to verify individual physical map elements in real time
and at high range, but with exceptional reliability. This chapter will show how
the contributions of the previous two chapters can be used to achieve all these
goals. Detecting changes optimally will be no explicit goal, but is only necessary
as counterbalance for spurious verification evidence.

As a conceptual outlook, it is described how an appropriately designed map
framework, such as Lanelet2 [PPJ+18], allows the transfer of verification results
from the physical to more abstract layers. This makes it possible to verify not
only landmarks for localization, but also the particularly interesting semantic
map information, like traffic rules or traffic light to lane assignments, without
inferring those relationships online.

Contributions

The first contribution is to formulate verification of physical map elements
as marginalization over association hypotheses computed for localization.
Combined with the contributions from the previous two chapters, this enables
the verification of traffic lights and road signs with sufficient certainty at
distances that enable to trust the verified map elements for safe and comfortable
automated driving.

To actively detect the absence of map elements a fast lidar visibility check
via ray casting is proposed. For change detection, lidar visibility information
is fed into a random forest classifier.
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Non-complementary beliefs in changes and verification are reflected by adapting
a ternary evidence system. It allows the decoupling of both belief masses which
is necessary due to limited fields of view and occlusionswhere neither verification
can succeed nor changes can be detected. Combination and aggregation over
time are implemented using Dempster-Shafer evidence theory which allows the
system to output probabilistically meaningful results to other driving functions.

Evaluation shows that traffic lights and road signs can be verified with ex-
ceptional certainty at ranges significantly beyond 50 m. At the same time,
for more than 1000 simulated changes, not a single changed map element
was falsely verified.

Finally, using a relational bottom-upmap design, it is proposed how topropagate
verification results from physical map elements to abstract map content,
such as traffic rules.

Previous Publications

The evidential verification has first been explored in a student thesis [Fan21]
supervised by the author. In a workshop paper [PS22], the essential verification
concept was already published. With Lanelet2 [PPJ+18], a suitable map design
for the propagation of verification results from physical to abstract layers has
been published previously.

5.1 Related Work

As foundation, this chapter builds upon the theory of belief functions, also known
as evidence theory or Dempster-Shafer theory introduced by Dempster [Dem67]
and expanded by Shafer [Sha76].

Previous approaches that tackled outdated maps as well as their detection and
verification can be subdivided into pure change detection approaches, methods
that are capable of some kind of verification, and other works.
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For digital map providers, the detection of changes, map verification, and map
updates are ancient topics. Corresponding research in the field of photogram-
metry reaches back to the last millennium. Similarly, in indoor robotics where
semi-static objects are far more common, changing localization maps have been
tackled manifold. Due to the gap in sensors and resulting methods, related
work presented in this thesis only focuses on change detection in the context
of automated driving and ADAS.

It has been noted early on that any task which compares map and sensor
data is tightly coupled with the problem of localizing in the map [DJM+93].
Hence, most approaches simply assume a highly accurate localization although
achieving it is particularly challenging when the map is outdated. The method
proposed in this thesis is based on a localization approach that is particularly
tailored to deal with outdated maps. If the localization’s self-assessment fails,
any verification is omitted. This helps to avoid falsely verifying the map due
to a wrong localization result.

An alternative is to not assume a highly accurate localization. For instance, to
detect changes in highly ambiguous man-made environments such as highways,
the author of this thesis proposed a number of approaches to detect changes by
comparing periodicity invariant map features [PSH+20a, PSH+20b, PSH+21].
Ha et al. [HOL+23] predict a lane graph and image semantics that can be
compared with the map graph and rendered semantics using graph and semantic
similarity metrics, respectively. While image semantics crucially rely on pixel
accurate 6D localization, inference and comparison on a structural or topological
level is a robust yet promising idea.

5.1.1 Map Change Detection

Using GNSS traces of vehicles is sufficient to detect severe enough changes
that would render SD maps outdated [ZBI12b, ZBI12a, ZBI16]. Since at least
some traffic rules and intersection parameters can be inferred from floating car
data [RBP+17], so can their changes be detected [EME+20]. To detect changed
map elements in HD or HAD maps, like signs or land boundaries, however,
sensors that perceive the environment are necessary.

192



5.1 Related Work

Since some approaches refer to aggregated point clouds as HD maps, there are
respective change detection and update approaches [KCS+21, GCL24]. For this
thesis, such simple point clouds are not even remotely covered by the definition
of semantic HD maps (cf . Definition 2.1).

To detect changes in a semantic HD map, there are two main categories
of approaches. The first, here called passive change detection, is detecting
landmarks and comparing detections with the map. To distinguish changes from
occluded and consequently undetected map elements, this either requires to
incorporate detectability or collect sufficiently many data that it is no issue.

The second kind is to actively infer changes by comparing raw sensor data and
map content. While this typically requires a highly accurate localization, it
can directly include occlusion handling and use the potentially outdated map
element as input for e.g. deep learning methods. In addition, active change
detection can be designed to be orthogonal to the landmark detections which
in this work will be used to verify map elements. This will be important when
tracking change and verification beliefs independently. Hence, in this thesis, an
active change detection approach based on lidar ray casting is proposed.

Passive Change Detection

Processing floating car data with two particle filters for localization allows
Pannen et al. [PLB19] to detect map changes in the backend. Deriving metrics
based on the localization results and using them in a boosted classifier makes it
possible to determine howwell the mapmatches with road marking observations.
Combining the results of multiple drives improves change detection performance
significantly. The approach was later extended to detect topological changes
and create map updates [PLH+20].

Detecting changes ahead of the vehicle allows adapting driving behavior in
automated modes or exiting them if necessary. Early works focused on the
detection of special changes, e.g. newly constructed roundabouts [RB14, RB15].

Berrio et al. [BWS+22] recently published a map maintenance framework to
which the reader is referred for similar related work. Like the approach proposed
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in this work, they use a lidar ray casting to determine the detectability of map
features, but reduce visibility information to a mere BEV grid.

Active Change Detection

There are at least two ways to actively detect changes. The first, previously
used in robotics [UGB+13] or for point clouds [KCS+21], is using measurement
principles like lidar ray casting or depth estimation.

The second one are deep learning approaches that directly compare map con-
tent and raw sensor data. They range from deep metric learning [HKK20]
over Siamese networks [DPS20] to conventional networks with temporal fu-
sion [HJL+22]. Particularly worth mentioning is the work of Lambert and
Hays [LH21] who not only compared various approaches for change detection,
but also published the first publicly available dataset with raw sensor data and
sufficiently many changes to train DNNs.

Using such a deep learning approach as change detector is expected to easily
surpass the performance of the approach proposed in this thesis, which is
mostly seen as proof of concept. However, as the evaluation will show, using
physical measurement principles with a conventional classifier can still lead
to surprisingly strong results.

5.1.2 Map Verification

Map verification goes beyond the mere detection of changes since the absence
of changes does not necessarily allow to deduce a map’s verification. Verifying
SD maps ahead of the vehicle can be achieved by perceiving the road course,
e.g. using camera sensors [HGS+14b, HGS+14a].

Assuming a perfect localization, Raaijmakers [Raa17] proposed to match
detections with map elements in parameter space. Other approaches verify the
map in a grid-based representation, e.g. by comparing shape and semantics of
the map with sensor fusion output [BVR+20].
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Plachetka et al. [PSF+23] proposed three approaches, ranging from a conven-
tional comparison of detections and map elements to a deep learning framework
that has the map and virtual lidar scans as input to predict either change or
verification. In terms of properly evaluated performance, it can be considered
the state of the art for map verification. But, its use of virtual, i.e. subsequently
aggregated, lidar scans makes it debatable to directly transfer its results to
applications onboard a vehicle.

Already mentioned as idea by Raaijmakers [Raa17], coupling the localization
and verification problem has been proposed by Jo et al. [JKS18]. They model
the matching of detections and map elements in a ternary formulation using
Dempster-Shafer theory, elegantly incorporating detectability in theory. In
practice, they only model it with a coarse field of view. Unfortunately, Jo
et al. do not report any evaluation results that demonstrate more than the basic
viability of the approach. Still, their theoretical model is adapted for the ternary
evidential verification used in this thesis.

5.1.3 Other Works

There are a few other closely related works around the field of map verification.
One example is the fusion of multiple hypotheses for the road layout [DRS+15,
NSU+16, NSV+18], including knowledge from prior maps. Jomrich [Jom20]
comprehensively covered the issue of how to handle map updates andMaierhofer
et al. [MBA23] proposed a method for formal map verification and repairing.
For similar works, the reader is referred to the respective related work sections.

5.2 Ternary Evidential Verification

When maps are supposed to be verified or, on the contrary, changes should be
detected, it is crucial to understand that it is not a binary problem. Of course,
given global world knowledge, a map element can only either be changed or
verified. However, having only data from onboard sensors, occlusions and
limited sensor range may prevent both the recognition of map elements and
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the detection of changes. As proposed by Jo et al. [JKS18], this motivates a
ternary method that tracks the beliefs for verification and change independently
over time using evidence theory.

5.2.1 Concept

While the possibilities of change and verification are mutually exclusive, they
are not complementary, i.e. the sum of their beliefs might be less than one.
Additionally, their measurements are independent from each other and, hence,
might be conflicting. That means, for the very same frame of measurements, it
could happen that a map element can be verified but the change detector also
detects a change . As an information fusion concept that covers both incomplete
evidences and conflicting measurements, the evidence theory proposed by
Dempster and Shafer is commonly used.

In evidence theory, the mutually exclusive possibilities span the so-called frame
of discernment Ω. The set of each combination of possibilities as well as the
empty set ∅, formally called the power set 2Ω, can then be assigned a belief
using a mass function m. This work assumes mathematically well-behaving
basic belief assignments (BBAs), which fulfill the conditions

m(∅) = 0, (5.1)
∑

ω∈2Ω

m(ω) = 1. (5.2)

The set of possibilities is that a map element ` has changed or not and, hence,
could be verified

Ω =
{
ω`ch, ω

`
ver

}
. (5.3)

In addition, in evidence theory, there are two more formal possibilities, ∅ and
the trivial element Ω =

{
ω`ch, ω

`
ver

}
. While the first is usually not assigned

any belief mass, the latter captures the unknown or uncertainty in the decision
between the concrete possibilities ω`ch and ω`ver.
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In order to collect evidence for the possibility ω`ch, one can distinguish two
kinds of methods, here called active and passive. As discussed in related
work, many approaches for change detection use the absence of a suitable
detection as evidence for changes. This not only blends change detection and
verification, but also requires reasoning about the detectability of landmarks
in order to avoid false positives.

In contrast, active methods directly measure the absence of a landmark. This
can happen through physical measurement principles, like lidar ray casting or
visual depth estimation. But also training a change detector based on map and
sensor data can be considered an active method as it is expected to learn how
the absence of map elements manifests in sensor data.

In this work, a change detector is trained using lidar visibility information. First
the lidar ray casting and then the change detector are presented in the next two
sections. Evidence for ω`ver can be collected by marginalization over those
association hypotheses which include an assignment between any detection and
`. This is described in the section after. An overview is depicted in Figure 5.1.

Association &
Localization

Lidar Visibility
Check

Marginalization Random Forest
Classifier




Dempster's
Combination

Figure 5.1: Overview of the evidential map verification approach.
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5.2.2 Lidar Visibility via Ray Casting in Range Images

In order to actively collect evidence of changes, a lidar ray casting is performed.
It is inspired by previous approaches for change detection in robotics [UGB+13].

Most lidar ray casting solutions use an unordered 3D point cloud generated
from raw measurements and project it in a spherical coordinate system. This
is not only slow, but also makes it hard to distinguish no-return from missing
measurements since in the point cloud no-returns are omitted. At the same
time, modern lidars have irregular firing angles, e.g. due to slight variations
in rotation rate or due to dynamic firing pauses, which were introduced to
mitigate cross-sensor interference. Hence, when projected into a range image,
it is unclear whether a certain pixel had no return within measurement range
or was in fact never measured.

A customized processing chain for the Velodyne lidar sensor, jointly developed
by Sven Richter and the author of this thesis, stores the same point clouds
as ordered range images with spherical coordinates and equiangular columns
directly from raw measurements, so-called packets. This has two advantages.
First, it can encode no-returns and unmeasured pixels differently, preserving
this information. At the same time, it enables extremely fast 2D ray casting
in spherical coordinates.

Figure 5.2: Example crop of the ordered range image used to measure visibility by ray casting
corresponding to the upper camera image in Figure 5.6. The white exemplary mask
borders depict projections of unchanged (left) and changed (right) traffic lights into
the range image. The color of all other pixels encodes distance of corresponding lidar
returns. Black pixels contain no return.
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Using the pose TΘ∗ estimated in the localization step, each map element in
question is projected into the range image as depicted in Figure 5.2. The
parametric representations proposed in Chapter 3 can be used to derive a
minimum and maximum distance, dmin(`) and dmax(`), for any part of the
map element.

Range images with spherical coordinates make it trivial to compute a mask which
crops the relevant part of lidar measurements that could potentially hit the map
element, called L`. Each return has one of three possibilities: It can be closer
than dmin(`), hinting towards an occlusion of `, farther than dmax(`), hinting
towards `’s absence, or in between, implying a hit on `. Hence, for each map
element `, three return sets can be computed based on the masked lidar pointsL`:

L−` = {l ∈ L` : d(l) < dmin(`)} (5.4)
L+
` = {l ∈ L` : d(l) > dmax(`)} (5.5)
L0
` = {l ∈ L` : dmin(`) ≤ d(l) ≤ dmax(`)}. (5.6)

In general, no-returns can be caused by the absence of obstacles within sensing
range, but also by poorly reflecting objects. Due to the Velodyne Alpha Prime’s
strong performance even at low reflectivity, no-returns fully contribute to L+

` .

The whole visibility check takes only few microseconds per landmark. It relies
on the customized processing chain for Velodyne rawmessages which is however
significantly faster than the default processing chain. Hence, the additional
latency of the procedure can be considered in between negative and negligible.

5.2.3 Change Classifier

As described in the related work section, a number of works proposed a variety
of methods to detect map changes, ranging from simple classifiers to deep
learning methods. Since the development of an optimal change classifier
might fill a dissertation on its own, in this work, easily available methods in
OpenCV [Bra00], i.e. k nearest neighbors, boosted decision trees, random
forests, SVMs, and a naive Bayes classifier, were compared. Boosted trees and
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random forests turned out to perform equally best and the latter was chosen as
proof of concept change classifier for this thesis.

It is trained and evaluated using 11D feature vectors. Using the lidar visibility
test, the number and share of each of the three return classes, L−` , L0

` , and
L+
` , comprise six feature dimensions. In addition, the total number of lidar

returns, L`, and the respective shares of points on and through over their sum,
i.e. L0

`/L0
` + L+

` and L+
` /L0

` + L+
` , are used. The remaining two dimensions are

distance of the landmark to the sensor, d(`), and the size of the landmark’s
backprojection in pixels. Evaluating and refining the feature selection is an
open issue since the change detector merely serves as proof of concept. When
considering this, training a lean change detection DNN directly on camera and
range images might be more promising.

Using the simulated changes which will be described in Section 5.3.1 as ground
truth, the training sequences Ostring 01/02 and Moltke Small 01 can be used to
generate training data. This yields around 300k samples for poles, 416k samples
for traffic lights, and 129k samples for road signs.

Results on the validation sequences Adenauer 01/02 and Moltke Big 01/02
are reported in Table 5.1. While being merely intended as a proof-of-concept
classifier that can be used to demonstrate the concept of ternary evidential
verification, its performance actually turned out to be in the same ballpark as
state-of-the-art deep learning approaches [PSF+23].

Table 5.1: Performance of the random forest classifiers used to detect changes. All values are
averaged across the four validation sequences and stated in %.

Type Precision Recall F1 Score Accuracy
Poles 74.2 70.2 72.1 94.9
Traffic Lights 85.2 83.2 84.2 96.4
Traffic Signs 87.8 88.4 88.1 97.7
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The basic belief assignment (BBA) for the change detector, mCD, can be
formulated as

mCD(∅) = 0 (5.7)
mCD

(
ω`ch
)

= βc
CD(d(`)) p

(
ω`ch | TΘ∗

)
(5.8)

mCD

(
ω`ver

)
= 0 (5.9)

mCD

({
ω`ch, ω

`
ver

})
= 1−mCD(ω`ch). (5.10)

The prefactor βc
CD(d(`)) ∈ [0, 1] lowers the evidence mass linearly with

increasing distance. Its exact slope and operating range are class dependent
hyperparameters. The probability of a change, p

(
ω`ch | TΘ∗

)
, is simply the

binary classifier output.

5.2.4 Verification by Marginalized Association

The basic idea for the verification of a map element ` is that if a semantically
identical object is measured sufficiently close in parameter space, the map
element is identical w.r.t. Definition 2.2. Whether such a matching detection
exists can be determined using the data association and localization approach
proposed in Chapter 4.

It outputs multiple hypotheses θ ∈ Θ∗ each of which contains a probability for
` being detected and associated, which is equated with ` being unchanged. This
makes it possible to marginalize the probability of ` being unchanged over all
hypotheses, similar to the pose marginalization presented in Section 4.4.4. Since
not all, but only the best hypothesesΘ∗ are used, this leads to the approximation

p
(
ω`ver

)
≈ 1∑

θ∈Θ∗ fθ(θ)

∑

θ∈Θ∗
fθ(θ)1θ(D)(`). (5.11)

The indicator function 1θ(D)(`) denotes that landmark ` was associated by θ
with any detection d ∈ D. Assignments not contained in Θ∗ are assumed
negligible due to their insignificant probability mass.
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The BBA of this verification by marginalized association,mVMA, then reads

mVMA(∅) = 0 (5.12)
mVMA

(
ω`ch
)

= 0 (5.13)

mVMA

(
ω`ver

)
=

{
βc

VMA p
(
ω`ver

)
if p
(
ω`ver

)
> τ cVMA

0 else
(5.14)

mVMA

({
ω`ch, ω

`
ver

})
= 1−mVMA(ω`ver). (5.15)

Since this should rather underestimate than overestimate that ` is unchanged,
a threshold τ cVMA is used. The prefactor βVMA compensates false positive
associations by discounting the evidence mass.

5.2.5 Evidential Combination

Both BBAs can now be combined as well as aggregated over time, i.e. combined
with the BBA of the previous time frame, mi−1, using Dempster’s rule of
combination, denoted by ⊗

mi(ω) = mi
CD(ω)⊗mi

VMA(ω)⊗mi−1(ω), ω ∈ 2Ω. (5.16)

Initially, i.e. when a landmark comes in sensing range, all belief mass is assigned
to the trivial possibility

m0
({
ω`ch, ω

`
ver

})
= 1. (5.17)

Dempster’s rule of combination has the assumption that the sources of evidence
are independent. For the change detection and verification by association, this is
not obvious, since both rely on lidar measurements. However, due to the random
forest’s comprehensible nature, one can examine the importance of individual
features for classifying a landmark as changed. In fact, the points on it, L0

` , have
only little influence. The returns before the landmark, L−` , and especially the
rays through it, L+

` , however are significant for classification performance.
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This information is orthogonal to the distribution of lidar points on the landmark,
which is used to derive the parametric detections used for association. Since
this is the only evidence source that a landmark could be verified, it can be
argued that the evidence sources within each time frame are not totally, but
largely independent.

Regarding the aggregation over time, it is important to recall that each local-
ization and association result is derived independently using a single frame of
measurements. Also the change detection only uses sensor data from the current
time step. This makes the evidence sources as uncorrelated over time as possible
given inherent correlations in raw sensor data, e.g. due to similar points of view.

To evaluate the aggregated belief masses, in evidence theory, the probability
of a possibility ω can be conservatively underestimated by the so-called belief.
It can be computed by adding the belief mass allocated to all subsets of the
possibility in question

bel(ω) =
∑

ώ:ώ⊆ω
m(ώ) < p(ω). (5.18)

Since there are only two interesting possibilities, that a landmark has changed,
ωch, and that it could be verified, ωver, belief computation is trivial.

The belief of those two possibilities can now finally be output and used by
driving functions to estimate how reliable or outdated certain physical map
elements are. An outlook how to propagate these results to abstract layers
will be presented in Section 5.4.

5.3 Evaluation

To evaluate the proposed approach, ideally, one would need two sets of recorded
sequences months or years apart. In addition, the corresponding map would exist
in two versions with unchanged map elements having identical identifiers. This
would allow to measure true changes in the world and use them as ground truth.
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Unfortunately, the creation of a single ground truth map is estimated to take
multiple days if not weeks and, hence, was not considered an option. At the
same time, while the data association approach proposed in Chapter 4 would
be an excellent tool for the task, the accurate co-referencing of maps across
years and changes is still a research topic on its own.

Instead, one can take an automatically created map and simulate changes by
changing parameters of map elements. This not only serves as pseudo ground
truth, but also allows creating far more change examples than typically observed
across years on the same section.

5.3.1 Spatially Consistent Change Simulation

Changes of individual map elements, e.g. a single sign mounted on a pole,
happens occasionally. However, since all other unchanged map elements serve as
spatially consistent reference, such changes are easy to detect. The challenging
case are almost identical replacements of traffic light or sign constellations
at another position. In fact, even in the comparatively humble collection of
sequences, this was observed a couple of times. Hence, to make the approach
robust against those difficult changes, changes are simulated consistently for
small groups of map elements.

The basis for a change simulation is a map and parameters about the changes, i.e.
a change ratio, minimal and maximal translational magnitude, and a selection
radius to determine groups of landmarks. To simulate a change, an unchanged
map element is picked at random. All unchanged elements within the change
radius are then changed consistently.

The local transformation consists of a random rotation around the up axis as
well as a planar shift of random magnitude in specified limits. The minimal
magnitude ensures that changes fulfill Definition 2.2. To obtain somewhat
realistic changes that yield changed landmarks which are still close to the route,
rotations are limited in their axis and shifts are planar in a local scope. This
procedure is repeated until the desired change ratio is reached.
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While most simulated changes are realistic, some changes are easy to spot for
the human eye. For instance, a pole with signs in the middle of the ego lane
cannot be up-to-date anymore. For this, it is important to note that such common
knowledge is not used by the proposed method. Also, when comparing maps
from 2020 with sensor data from 2023, such seemingly strange changes can
indeed be observed e.g. when a lane has been moved to an area where poles, signs
or traffic lights have been placed previously. Hence, with the conscious focus on
difficult changes in mind, simulated changes are deemed sufficient for evaluation.

5.3.2 Quantitative Results

To obtain quantitative results, up-to-date maps from 2023 are used under the
assumption that between two drives on the same route no change has occurred.
As the mapping and verification sequences on the same route are mere hours
apart, this is almost certainly true.

Using the change simulation described above, at least 15 % of map elements of
each semantic class are changed. As examined in Chapter 2, this corresponds
to the typical change rate over one year. The group selection radius is 2 m

and shifts range from 1 m to 5 m.

To evaluate the approach, two metrics are of interest. The first is the range at
which a certain verification belief is reached. Verification at maximal sensing
ranges is desirable, but trusting a single measurement could lead to wrong
results. Hence, the second metric measures overly optimistic verification by
evaluating the verification belief bel(ωver) erroneously assigned to changed map
elements. In practice, belief is carefully aggregated over multiple measurements
and there is a trade-off between both metrics.

In Figure 5.3 the share of visible landmarks which have surpassed a certain
minimal verification belief is depicted over distance to the map element.
Visibility is approximated by more than 2 lidar returns on the landmark, i.e.∣∣L0
`

∣∣ > 2. Additionally, the shares in safe and comfortable breaking distance
are reported in Table 5.2.

205



5 Ternary Evidential HD Map Verification

0 15 50 100 150

0

.5

1

P
o
le

s

Share of Visible Map Elements

90.0 %

99.9 %

99.999 %

0 15 50 100 150

0

.5

1

T
ra

ffi
c

L
ig

h
ts

90.0 %

99.9 %

99.999 %

0 15 50 100 150

0

.5

1

Distance to Map Element in m

T
ra

ffi
c

S
ig

n
s

90.0 %

99.9 %

99.999 %

Figure 5.3: Share of visible map elements which have been verified with at least a certain belief,
encoded in different colors, depicted over distance from landmark to vehicle. The
higher the desired verification belief, the more frames are required and the closer the
landmark can only be verified.
Note that only map elements in 150m radius around the coarse vehicle’s position were
retrieved for potential association, posing an upper limit for verification.
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Table 5.2: Shares of visible landmarks which are verified with at least a a certain minimal
verification belief bel(ωver) at certain distances. The distances, 15m and 50m, are
safe and comfortable breaking distances in urban traffic, respectively. All numbers are
averaged over all four validation sequences using the 2023 sensor setup and reported in
%.

Minimal Poles Traffic Lights Traffic Signs
Belief 15m 50m 15m 50m 15m 50m

90.0 93.8 68.9 96.4 84.9 97.8 86.8
99.9 90.5 59.7 95.9 77.6 96.6 82.5
99.999 87.3 53.2 95.0 72.8 95.2 78.5

Poles can only be verified at rather close range, but have little semantic meaning
except for localization. A significant share of map elements which are relevant
for driving behavior, traffic lights and traffic signs, are verified with 99.999 %

certainty beyond the comfortable breaking distance of 50 m. Every second
visible traffic sign is already verified at this remarkable level in 100 m distance.

Unfortunately, the map used for evaluation does not contain any information
about the relevance of traffic lights and signs for the ego lane, i.e. those elements
that are actually interesting for driving behavior. However, qualitative results
show that such relevant elements are usually visible far in advance and, hence,
can be verified early.

Successful verification at large distances is desirable and necessary for com-
fortable driving by relying on map information. However, its opposite, falsely
confirming actually changed map elements, compromises safety and might
have catastrophic consequences. Hence, it is even more important to evaluate
falsely attributed verification belief.

For individual map elements over one or few time steps, there are wrong
associations that could potentially result in wrong verification belief. However,
they either vanish in the overall set of more likely association hypotheses, leading
to marginalized probabilities smaller than τ cVMA. Or the temporally consistent
evidence from change detection is overwhelming the temporally spurious
evidence from false associations. Hence, over all four sequences and more than
1000 simulated changes, the largest accumulated verification belief bel(ωver)

assigned to a changed map element was observed at 0.006 %. This number is in
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strong contrast with the minimal beliefs for verification assumed in Figure 5.3
and Table 5.2. As a result, it can be concluded that the proposed method for
map verification yields trustworthy results at more than sufficient ranges.

If the verification or change detection only needs to happen eventually, e.g. to
trigger a map update, the last known aggregated belief for each landmark can be
evaluated to classify their state. Table 5.3 shows classification metrics using
a belief threshold of 0.99, i.e. if the changed or verification belief is larger, a
landmark is detected as changed and verified, respectively. To include additional
map elements in an update, the verification step could be complemented with
the mapping approach proposed in Chapter 3. It could be used on board a
vehicle, then using a causal processing order, to track and estimate detections
not associated to any known map element.

In terms of computation time, one first needs to note that the code for map
verification has not been optimized or parallelized since a permanent deployment
in the software stack of MRT’s research vehicles is not expected for this part of
the thesis. Still, for all landmarks in 150 m radius, the verification step takes
around 10 ms, which is acceptable even for use in a real-time system.

Table 5.3: Performance of the proposed approach to only eventually classify the landmark state.
For this, the last known temporally aggregated belief for each landmark is evaluated with
a threshold of 0.99. If the verification/change belief is higher, a map element counts as
verified/changed. All numbers are reported in %.

Verification Change
Type Precision Recall F1 Score Precision Recall F1 Score
Poles 100.0 91.8 95.7 89.6 93.5 91.5
Traffic Lights 100.0 95.9 97.9 95.7 98.3 97.0
Traffic Signs 100.0 96.6 98.3 94.4 95.8 95.1
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5.3.3 Qualitative Results

Using maps from 2020 and sensor data from 2023 allows us to examine the
detection of real world changes over three years. While there is no ground truth
available, in Figures 5.4 to 5.6 qualitative examples are depicted.

Figures 5.4 and 5.5 shows that most changes can be resolved well. As can be
seen especially in the lower image of Figure 5.5, even in largely outdated maps,
the unchanged parts can be verified successfully.

In Figure 5.6, the two open issues of the method become apparent: Traffic lights
with changed orientation as well as signs or traffic lights with changed semantics
cannot be detected. Both are discussed in detail in Section 5.5.
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5.4 Verification Beyond the Physical Layer

5.4 Verification Beyond the Physical Layer

The proposed approach is the first to verify semantic map elements significantly
ahead of the vehicle using onboard sensors. However, by its principle, it is
limited to physically detectable map elements. It is certainly conceivable to
collect and assign evidence for abstract map elements, e.g. by detecting other
traffic participants which can be assigned lanes. But, not every abstract element
can be verified in this way and most such indirect evidence clues rely crucially
on map compliant behavior of others, which is highly questionable given the
desirable reliability of a verification system. Approaches which reliably infer
abstract elements, like lanes, without other traffic participants are still limited
to the close vicinity of the ego vehicle, hence, lacking the necessary range
to react on verification results.

As an alternative and readily available interim solution, this section describes
how an appropriately designed HADmap enables propagating evidence from the
physical to abstract layers. This is particularly important since the major benefit
of HAD maps lies not in physical features, but in abstract semantic information,
such as lane topology, traffic light assignments or traffic rules.

The idea builds upon two requirements. First, it is assumed that the abstract
elements are stored with a semantic relation to the physical element they emerged
from. For instance, a lane is defined by its lane borders which again are defined
of individual markings or curb stones. For traffic light assignments, each
lane is in a semantic relation with all individual traffic lights which act in
unison as well as the stop line(s) belonging to the traffic lights. An example
of such a map framework is Lanelet2 [PPJ+18], which was co-developed by
the author of this thesis.

The second assumption is a deterministic mapping process that only uses
information from physical map elements to infer abstract layers. A concrete
example is the framework developed by Poggenhans [Pog19]. Other approaches,
including manual annotations by humans and deep learning methods, are
conceivable as well as long as they only process physical map elements which
are contained in the map.

213



5 Ternary Evidential HD Map Verification

Naively, one could use all verified map elements to infer abstract elements
again. However, with limited sensor data, it might not be possible to resolve
all ambiguities for e.g. sign or traffic light to lane assignment.

Instead, it can be argued that unchanged physical elements always yield identical
abstract relationships between them. The idea of the argument is that abstract
map information, like traffic rules or traffic light to lane assignments, need to be
inferable unambiguously for a human driver given the physical map elements,
like markings or road signs. Hence, if at the time of map creation a certain
abstract information could be inferred, the same result would be produced by
running the deterministic mapping process again.

Even after years of research, the author of this thesis is not aware of any change
where unchanged physical elements lead to different abstract information, even
when independent map elements were added close by. Still, the idea might
best be viewed as conjecture that is to be confirmed using a large-scale map
dataset with long-term changes. It also raises the issue how to handle additional
map elements. Trivially, if no new map elements are detected, the verification
results can be propagated to abstract layers without restrictions. The difficult
question will be how to determine how newly added map elements interfere
with this procedure.

5.5 Limitations

While the performance of the proposed map verification method is sufficient
for the goals set for this thesis, currently, it still has three major limitations
that need to be discussed.

First, since the orientation of traffic lights is hardly visible from lidar point
clouds and not contained in the output of the DNN used for object detection,
it is not yet incorporated into the parametric representation. Hence, traffic
lights at similar positions and with compatible dimensions but with changed
orientation seem identical to the proposed method and lead to falsely verified
map elements. While Plachetka et al. [PSF+22, PSF+23] claim to extract traffic
light orientation from lidar, the author of this thesis doubts that their method
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will show sufficient performance when used on real lidar scans at high range,
i.e. low point density. Instead, using information from camera images seems
far more promising as ongoing work at the MRT shows.

The second issue is the very limited semantic resolution for both road signs
and traffic lights. For instance, if a traffic light with two lights is replaced
by one with three lights, this cannot be distinguished reliably in parameter
space. However, state-of-the-art traffic light datasets [FMK+18] contain such
information, arrows, and special symbols, which all could be used to train a
DNN with vastly more fine-grained output. Similarly, for road signs, there are
cases where the position and shape of a sign remained almost identical, but
the meaning of a sign was changed, e.g. with a different speed limit. Only if
those semantic differences are resolved in the classes of the DNN they can be
detected. For suitable, often country specific datasets, the reader is referred
to two surveys [LLC+19, JGB+20].

The last issue is that the change detector is mainly based on lidar visibility
information. If the absence of a map element cannot be measured in this way,
like for the traffic light (1) in Figure 5.6, spurious detections can accumulate
verification belief without any conflicting evidence. Using a change detector that
uses visual clues, as proposed by related works, can solve this issue. Even using
the largest IoU with any detection mask as feature for the change classifier could
do so, but comes at the cost of correlating both evidence sources significantly.

5.6 Conclusion

This chapter presented a method for verifying a semantic HAD map. The
intricacies of change detection and map verification were discussed, leading
to the adaptation of a ternary evidence framework.

To collect temporally uncorrelated evidence against changes, the globally
probabilistically optimal data association and localization approach proposed
in Chapter 4 is used. The evidence is gained by marginalization over the most
likely association hypotheses.
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For the detection of changes a random forest based on a lidar visibility check
is proposed. While being a traditional classifier, it is very fast and sufficiently
accurate to detect changes.

Combining both evidences over time makes it possible to master the challenge of
achieving high verification range without false verification results in simulation.
Poles, which are unimportant for driving behavior, are typically verified with
high certainty in about 50 m distance. Actually relevant traffic lights and road
signs are verified 64 m and 72 m ahead of the vehicle, respectively. At the same
time, false positive verification beliefs have not been accumulated for any of
the more than 1000 simulated changes.

In addition to the verification of physical map elements, a concept has been
drafted to propagate verification results from the physical to abstract map
layers. It makes use of a relational semantic HAD map framework and allows
reasoning about changes or verification of abstract semantic map information,
such as traffic rules, without requiring the still complex map perception and
inference onboard the vehicle.

To conclude, in contrast to the previous state of the art, the proposed method
offers sufficient range to allow an automated vehicle to safely react on changes
or enable comfortable driving by relying on verified map information. For the
first time, this makes it possible to dependably rely on map elements merely
based on sensor information collected and processed onboard the ego vehicle.

As an outlook, newly added map elements could be aggregated using the
mapping approach presented earlier, allowing a fusion of online perception
and verified map content. While this thesis is restricted to only three kinds of
physical map elements, extending the approach to road markings seems trivial
given a suitable DNN for detection.
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For the foreseeable future, automated vehicles will not be able to interpret the
often complex static environment with satisfactory reliability on board in real
time. This necessitates the use of semanticHDmapswhich act as powerful virtual
sensor that provides access to the static world far beyond on-board sensing and
processing capabilities, thus, enabling safe and comfortable automated driving.
Changes in the world, however, render maps outdated. When an automated
vehicle falsely relies on an outdated map, the consequences can be fatal.

6.1 Conclusion

To prevent this and enable trustworthy maps, the work at hand proposed a system
to continuously verify a semantic HD map in advance using only on-board
sensors. In order to verify relevant map elements sufficiently far ahead of the
vehicle, three major advancements were necessary.

The first advancement concerns the precise detection of map elements sufficiently
far in advance. To achieve this, semantic instance detections from a DNN
processing camera images are fused with lidar point clouds. This hybrid late
fusion approach enables detections at ranges of up to 180 m with a precision
close to human annotations.

The key innovation are parametric detections which are tailored to model each
semantic class of map elements specifically. They are detailed enough to enable
meaningful projections into camera or range images, which is necessary for
active change detection. At the same time, the limited number of parameters
can be estimated robustly even at large distances. Furthermore, the parametric
representations facilitate association over time even across grave appearance
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changes and, thus, allow creating an highly automated driving (HAD) map
fully automatically by mere robust averaging.

Unfortunately, the presented survey on map changes made it clear that accurate
detections are at most half the battle. The real core challenge is the coupled
localization and data association problem in partially outdated maps. To solve
it, a novel concept for probabilistically data association, called probabilistic
correspondence graph (PCG), has been proposed as second advancement.

With merely a coarse initial position and using only a single frame of measure-
ments it can achieve globally probabilistically optimal data association in real
time. Moreover, it can self-assess its performance and avoid false localization
in ambiguous environments like partially changed maps or periodic highway
sections. On both simulated data association problems and on the KITTI
benchmark [GLU12, GLS+13], it outperforms the previous state of the art.

With only a single frame of measurements PCG achieves about 2 cm and 0.02°
average error. Thus, it outperforms previous filtering and graph optimization
approaches that use similar HAD maps, but require multiple frames. When
compared to approaches that use sensor-specific localization layers, it achieves
similar accuracy. However, its parametric map is orders of magnitude more
compact. When localizing in three years old and therefore partially outdated
maps, localization availability is reduced, but accuracy is almost unimpaired
at about 3 cm and 0.03° average error.

Highly accurate detections and a powerful data association method enable a
ternary map verification approach as third major contribution. Using evidence
theory, it tracks belief masses of verification and change independently, which
makes it possible to distinguish changes and occlusions. By resolving verification
results to individual landmarks, verified parts of the map can still be used safely
even in the presence of changes that are irrelevant for the ego route.

Evidence for the verification of a landmark is marginalized over all association
hypotheses that assigned a detection to the map element in question. To measure
changes, an active approach based on ray casting in range images is proposed.
Both together enable the verification of traffic lights and signs with exceptional
certainty significantly beyond 50 m, which can be seen as comfortable breaking
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distance in the urban context. At the same time, none of more than 1000
simulated changes was falsely verified.

Conceptually, using Lanelet2 [PPJ+18] as map framework, this work described
how verification results can be transferred from the physical to abstract map
layers without the need to infer information on the abstract layer.

Currently, map providers outdo each other regarding “map freshness” as limiting
factor for the safe use of HAD maps. The work at hand offered an alternative
perspective on semantic HD maps and their verification. Using only on-board
sensors and processing, it enables the identification of up-to-date parts at a
comfortable breaking distance. Regardless of other drives or map updates, these
map elements can then be safely trusted.

6.2 Outlook

One limitation of the approach is the semantic resolution of traffic lights and
signs. More fine-grained semantic classes, e.g. the number of lights or the
exact type of traffic sign, have the potential to accelerate the data association
and possibly even improve its quality even further. But, more importantly,
they would remedy current semantic confusion errors visible in the qualitative
results of the map verification.

In this thesis, the fully automated mapping was only used to create an exemplary
HADmap. Its human-like quality also allows it to serve as pseudo ground truth to
train deep learning approaches that are currently hindered by the lack of suitable
ground truth. Learning to directly predict parametric representations could
improve detection range and quality even further. An alternative or possibly
complementary path to end-to-end deep learning is the proposed weakly and
self-supervised Rendering Instance IoU (RIIoU) metric.

When using maps as pseudo ground truth for deep learning approaches, outdated
map elements will erroneously induce false losses. In this regard, the approaches
proposed in the work at hand can be used in three ways. PCG’s self-assessment
can determine if localization quality is sufficient to correctly reproject the
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map into sensor data or to fuse both. The evidential map verification, ideally
performed acausally over all frames, can then tell which map elements are still
up-to-date. Finally, the proposed ray casting can be used to estimate detectability
given the respective sensor pose.

Lastly, map updates are often tackled in parallel with map change detection, but
were disregarded in this work. However, the fully automated mapping could be
used during runtime to track unassociated parametric detections. This would
not only enable map updates that can be shared with other vehicles or a server
backend. It could also provide a comprehensive view that combines verified
map content with newly detected elements.
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A Inferior Metrics

This appendix describes two self-supervised metrics that turned out not to work
as well as the proposed mRIIoU metric.

Silhouette Coefficient

The first is to see mapping as clustering of the parametric detections. While there
are many metrics to assess the outcome of clustering methods, the silhouette
coefficient [Rou87] offers a good performance at high robustness to edge
cases [AGM+13]. An implementation is available in Scikit-learn [PVG+11].

One can adapt its definition to a measurement di belonging to a map element
`k, denoted as di → `k, where |`k| denotes the total number of measurements
associated to `k. The silhouette coefficient sc(di) for each measurement di
can then be defined by

a(di) :=
1

|`k|
∑

dj→`k
dj 6=di

‖di − dj‖, (A.1)

b(di) := min
`l 6=`k

1

|`l|
∑

dj→`l
‖di − dj‖, (A.2)

sc(di) :=
b(di)− a(di)

max(a(di),b(di))
. (A.3)
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A Inferior Metrics

The metric for evaluating a map could then be the average silhouette coefficient
taken over all measurements.

p(M | Dti , i ∈ {1, . . . ,N}) ≈
∑

di∈D
sc(di) (A.4)

The problem is that the silhouette coefficient, as most clustering metrics, assumes
a uniform distribution of clusters, i.e. map elements. This is not true since
some traffic lights are closely together when mounted at the same pole while
some are far apart when being mounted at different poles. Consequently, the
silhouette coefficient was discarded as suitable metric.

Probabilistic Map Metric

The second idea is to view the map as outcome of a RFS estimation problem.
This view is inspired by (multi-hypothesis) filter-based SLAM [MVA+11,
DRD15, FGS+17]. One can model the assignment of detections with a joint
stochastic process combining the likelihoods of landmark existence, detections,
clutter, and spatial distribution of detections around landmarks.

The problem with this theoretically very appealing metric is to obtain initial
estimates for the necessary parameters to properly model clutter, detections and
their respective spatial distributions probabilistically. An iterative approach could
extract the parameters from an initial map, optimize the mapping parameters with
this metric, refine the metric parameters with an improved map etc. Eventually,
this approach was discarded as it bears the risk of a self-fulfilling prophecy,
i.e. converging to intrinsically consistent parameters that are inconsistent with
external evidence, and results were subjectively inferior to the RIIoU metric.
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B Sequences and Scenarios

Tables B.1 and B.2 list the sequences used for this work.

Table B.1: Sequences from 2020 with date, clock time at start, length in (non-standstill) seconds,
weather and road conditions.

Sequence Date Time Length Weather Road
Adenauer 01 2020-07-28 10.23 515.2 s overcast dry
Adenauer 02 2020-07-28 10.35 270.8 s overcast dry
Adenauer 04 2020-07-28 11.04 271.4 s overcast dry
Moltke Big 01 2020-07-27 13.40 598.4 s sunny dry
Moltke Big 02 2020-07-27 14.10 447.9 s sunny dry
Moltke Big 03 2020-07-27 14.46 441.6 s sunny with cloudy

intervals
dry

Moltke Big 04 2020-07-28 7.20 422.5 s sunny dry
Moltke Small 01 2020-07-27 11.54 405.8 s sunny dry
Moltke Small 02 2020-07-27 12.18 324.6 s sunny dry
Moltke Small 03 2020-07-27 12.27 272.8 s sunny dry
Moltke Small 04 2020-07-28 7.08 280.1 s sunny dry
Ostring 01 2020-07-24 15.51 636.0 s sunny with cloudy

intervals
dry

Ostring 02 2020-07-24 16.03 353.6 s sunny with cloudy
intervals

dry

Ostring 03 2020-07-27 15.13 376.9 s cloudy with sunny
intervals

dry

Ostring 04 2020-07-28 8.01 364.8 s sunny dry
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B Sequences and Scenarios

Table B.2: Sequences from 2023 with date, clock time at start, length in (non-standstill) seconds,
weather and road conditions.

Sequence Date Time Length Weather Road
Adenauer 01 2023-05-19 13.24 583.4 s cloudy with slightly

sunny intervals
dry

Adenauer 02 2023-05-19 13.37 544.4 s cloudy with slightly
sunny intervals

dry

Moltke Big 01 2023-05-19 14.52 836.0 s overcast dry
Moltke Big 02 2023-05-19 15.14 644.5 s overcast dry
Moltke Small 01 2023-05-19 15.40 529.4 s overcast dry
Moltke Small 02 2023-05-19 15.54 573.5 s overcast dry
Ostring 01 2023-05-19 13.53 581.8 s overcast dry
Ostring 02 2023-05-19 14.07 561.0 s overcast dry
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B Sequences and Scenarios

Table B.3 lists the scenarios from 2020, i.e. parts from the sequences listed in
Table B.1, that were used for hyperparameter optimization.

Table B.3: Scenarios from 2020 used for hyperparameter optimization with their length in (non-
standstill) seconds and a brief description.

Sequence Section Length Description
Ostring 01 Fire Brigade 10.0 s Intersection with challenging lighting

conditions and a sharp right turn.
Ostring 01 Gottesauer 10.0 s Passing by a complex intersection.
Ostring 01 Todeskreisel 30.0 s Complex multi-lane roundabout-like in-

tersection with a tram crossing.
Ostring 01 Intersection 10.0 s Complex multi-lane intersection.
Ostring 01 Ostring Street

Lights
10.0 s Straight two-lane road with very few

landmarks, and mostly poles
Ostring 01 Tulla South 10.0 s Small urban intersection that includes a

tram going along.
Ostring 01 Tulla Mid 10.0 s Small urban intersection that includes a

tram going along.
Ostring 01 Tulla North 20.0 s Typical urban intersection with tram

crossing.
Ostring 03 Rintheimer 20.0 s Multi-lane intersection with tram cross-

ing.
Ostring 03 Ostring Curve 20.0 s Curved two-lane road with few land-

marks.
Ostring 04 Rintheimer 20.0 s Multi-lane intersection with tram cross-

ing.
Ostring 04 Durlacher 25.0 s Single lane with challenging lighting

conditions.
Moltke
Small 01

Reinhold Frank 25.0 s Road with few landmarks, mostly poles.

Moltke
Small 01

Kaiser Wilhelm 20.0 s Complex multi-lane intersection.

continued on the next page
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B Sequences and Scenarios

Sequence Section Length Description
Moltke
Small 01

Mühlburger Tor 20.0 s Many traffic lights as trams cross the
road.

Moltke
Small 01

Schiller 20.0 s Two-lane road with few landmarks.

Moltke
Small 01

Aral / Kaiser 30.0 s Construction site reducing two lanes to
one.

Moltke
Small 01

Moltke West 20.0 s Road with few landmarks.

Moltke
Small 01

Moltke Mid 10.0 s Road with few landmarks.

Moltke
Small 01

Moltke East 30.0 s Typical intersection and a tram crossing.

Moltke
Small 04

Moltke West 20.0 s Road with few landmarks at challenging
lighting conditions.

Moltke
Small 04

Moltke Mid 15.0 s Road with few landmarks at challenging
lighting conditions.

Moltke
Small 04

Moltke East 40.0 s Typical intersection and a tram crossing.
Challenging lighting conditions.

Moltke
Small 04

Reinhold Frank 20.0 s Road with few landmarks, mostly poles.

Moltke
Small 04

Kaiser Wilhelm 20.0 s Complex multi-lane intersection at chal-
lenging lighting conditions.

Moltke
Small 04

Rathaus West 15.0 s Two-lane road with mainly traffic lights
and poles.

Moltke
Small 04

Kaiser 15.0 s Two-lane road with few landmarks,
mostly poles.
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B Sequences and Scenarios

Table B.4 lists the scenarios from 2023, i.e. parts from the sequences listed in
Table B.2, that were used for hyperparameter optimization.

Table B.4: Scenarios from 2023 used for hyperparameter optimization with their length in (non-
standstill) seconds and a brief description.

Sequence Section Length Description
Ostring 01 Start 15.0 s Straight two-lane road with few land-

marks.
Ostring 01 Rintheimer 20.0 s Multi-lane intersection with tram cross-

ing.
Ostring 01 Ostring Curve 20.0 s Curved two-lane road with few land-

marks.
Ostring 01 Small

Intersection
15.0 s Multi-lane intersection.

Ostring 01 Large
Intersection

25.0 s Complex multi-lane intersection.

Ostring 01 Ostring Street
Lights

20.0 s Straight two-lane road with very few
landmarks, and mostly poles.

Ostring 01 Fire Brigade 20.0 s Multi-lane intersection with a sharp right
turn.

Ostring 01 Todeskreisel 25.0 s Complex multi-lane roundabout-like in-
tersection with a tram crossing.

Ostring 01 Wolfartsweierer 10.0 s Road with few landmarks.
Ostring 01 Gottesauer 20.0 s Passing by a complex intersection.
Ostring 01 Durlacher 15.0 s Single lane in very wide road.
Ostring 01 Schlachthof 25.0 s Multi-lane intersection including a tram

crossing and a small construction site.
Ostring 01 Tulla South 25.0 s Two small urban intersections that in-

clude a tram going along.
Ostring 01 Tulla Mid 30.0 s Two medium urban intersections that in-

clude a tram going along.
Ostring 02 Rintheimer 20.0 s Multi-lane intersection with tram cross-

ing.
continued on the next page
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B Sequences and Scenarios

Sequence Section Length Description
Ostring 02 Gottesauer 25.0 s Passing by a complex intersection.
Ostring 02 Tulla South 30.0 s Small urban intersection that include a

tram going along.
Ostring 02 Tulla North 30.0 s Typical urban intersection with tram

crossing.
Moltke
Small 01

Erzberger 20.0 s Typical intersection including a tram
crossing.

Moltke
Small 01

Moltke East 25.0 s Intersection with a right turn.

Moltke
Small 01

Reinhold Frank 25.0 s Road with few landmarks, mostly poles.

Moltke
Small 01

Kaiser Wilhelm 25.0 s Complex multi-lane intersection.

Moltke
Small 01

Rathaus West 15.0 s Two-lane road with a tram crossing reg-
ulated by traffic lights.

Moltke
Small 01

Kaiser 20.0 s Two-lane road with few landmarks,
mostly poles.

Moltke
Small 01

Aral / Kaiser 15.0 s Two-lane road approaching a tram sta-
tion.

Moltke
Small 01

Moltke West 15.0 s Road with few landmarks.

Moltke
Small 01

Moltke Mid 20.0 s Road with a pedestrian crossing.
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C Additional Evaluation Results

C.1 Parametric Detection Precision
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C.1 Parametric Detection Precision
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D On the Binarization of
Correspondence Graphs

The connection between random graphs and sparse (probabilistic or binary)
correspondence graphs allows to reason about the expected behavior of in-
lier retrieval.

Formally, one can view a PCG filtered with threshold τ as Erdős-Rényi (ER)
random graph. Analogously, this holds for binary correspondence graphs with a
hard threshold on the TIM ∆: Eτ = {e ∈ E : ∆(e) < τ}.

An ER random graph G(n, p) is defined by n known vertices which are pairwise
connected with probability p. This allows to reason about the asymptotic
probability of retrieving the correct association as maximum clique. The
probably most interesting finding for ER random graphs is that the size of
a maximum clique is usually concentrated on one of two integers around
2 log 1

p
(n) [BE76, Mat76].

As is the given problem two random graphs, one inlier graph G(k,q) and one
outlier graph G(n− k,p), are combined, one can assess that for 2 log 1

q
(k)�

2 log 1
p
(n−k), at least the largest part of the correct association will be retrieved

with the largest clique. For the exact computation of expected retrieval metrics,
like precision and recall, though, the boundary between inlier and outlier
subgraphs is actually most interesting. Unfortunately, to the best of the author’s
knowledge, computing such retrieval metrics for random graphs is an open
problem – in particular when the graphs are inhomogeneous.

The inlier subgraph retrieval in such a combined random graph is also known
as (uncertain) planted clique problem. The author disagrees with [LMK22]
and argues that, given imperfect recall e.g. due to thresholding, the planted
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D Binarization of Correspondence Graphs

inlier clique should not be considered certain. However, it can be assumed
that in real cases the outlier connection probability is much lower than p = 1

2 ,
making the problem significantly easier [DGP11]. Unfortunately, the author
found no literature that is for general inhomogeneous ER graphs G(n, p, k, q)

and provides more than the probabilistic guarantees stated in [DGP11].
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E Analytical Derivation of the Squared
Euclidean Distance Difference

This appendix sketches how SEDDs could be derived analytically to show
how TIMs can work mathematically, in particular how inliers, outliers and
noise interact. For this, the data sets are assumed normally distributed with
zero-mean Gaussian noise.

Squared Euclidean distance difference are defined as

∆δ2
ijkl = ‖δxij‖22 − ‖δykl‖

2
2 (E.1)

= ‖xi − xj‖22 − ‖yk − yl‖
2
2. (E.2)

The sketch can be split in four parts. Appendix E.1 discusses that the resulting
distribution of squared distances within each data set is a gamma mixture
distribution. Appendix E.2 describes the distribution of differences between
correlated and uncorrelated gamma distributions. In Appendix E.3 observations
on correlation under Gaussian noise are stated. Finally, Appendix E.4 puts all
parts together to derive the distribution of SEDDs. In Appendix E.5 alternatives
which are closer to real problems, but lack analytical derivations, are discussed.

As none of the formulas from this appendix is used in the main part of this
thesis, this appendix has differences in notation that make it closer to related
works. It also allows to re-use notationally clearer symbols that have already
been used previously with different meanings.
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E Analytical Derivation of SEDD

E.1 Distribution of Squared Distances

The gamma distribution arises when squaring normally distributed random
variables. In this work, gamma distributions are preferred over χ2 distributions
as the latter are only valid for squares of standard normal distributions. Gamma
distributions are parameterized by shape α and scale β, leading to the following
probability density function (pdf)

fΓ (α,β)(x) =
xα−1e−

x
β

βαΓ (α)
. (E.3)

Gamma distributions are related to univariate zero mean normal distributions,
X ∼ N (0, σ2), via the χ2 distribution and scaling:

X

σ
∼ N (0, 1)⇒

(
X

σ

)2

∼ χ2
1

⇒ X2 ∼ σ2χ2
1 = Γ

(
1

2
, 2σ2

)
.

(E.4)

Using χ2 distributions as TIMs is briefly discussed in Appendix E.5. Non-zero
mean normal distributions lead to non-central χ2 distributions which are not
relevant for this work.

For the multivariate case, the generalized square of a random variable leads to a
quadratic form of X ∼ Nk(µ,Σ) depending on the weight matrix A

Q(X) = XTAX. (E.5)

Mathai and Provost [MP92, p. 29ff.] show that this quadratic form – in the
central case based on zero mean normal distributions – can be expressed as
linear combination of independent random variables that each follow a χ2

1

distribution. This linear combination is weighted with the eigenvalues λj of

306



E.2 Gamma Difference Distributions

Σ
1
2AΣ

1
2 , yielding

Q(X) = UT diag(λj)U =
∑

j

λjU
2
j =

∑

j

Vj (E.6)

where U2
j ∼ χ2

1 is the j-th component of the diagonalization of X, U =

PTΣ
1
2X . P is the corresponding matrix of eigenvectors of Σ 1

2AΣ
1
2 . By

scaling, the quadratic form can be transformed into a sum of independent gamma
random variables Vj ∼ Γ

(
1
2 , 2λj

)
.

For the unweighted quadratic form, i.e. A = I , this yields

Q(X) = XTX = ‖X‖22 =
∑

j

Vj (E.7)

with Vj ∼ Γ
(

1
2 , 2λj

)
where λj are the eigenvalues of Σ.

Finally, in the case of an uncorrelated underlying normal distribution with zero
mean, X ∼ Nk

(
0, diag

(
σ2
i

))
, this is Vj ∼ Γ

(
1
2 , 2σ

2
i

)
.

E.2 Gamma Difference Distributions

In general, i.e. for false / outlier correspondences, the difference of two i.i.d.
randomvariables froma gammadistribution follows a so-called gammadifference
distribution [Mat93, Kla15].

The difference of two i.i.d. random variables from a gamma distribution can be
shown to be a special case of the variance gamma (VG) distribution [Kla15].

For identical shape α, but possibly different scale parameters βi, the difference
of two independent gamma distributed random variablesXi ∼ Γ (α, βi) follows
so-called Bessel function distribution [McK32], also called Type II McKay
distribution [HA04], ∆X = X1 − X2 ∼ ∆Γ (α, β1, β2), with probability
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E Analytical Derivation of SEDD

density function (pdf)

f∆Γ (α,β1,β2)(x) =

√
1
β1

+ 1
β2
|x|α− 1

2 e
1
2

(
1
β1
− 1
β2

)
|x|

√
πΓ (α)(β1 + β2)

α

·Kα− 1
2

( |z|
2

(
1

β1
+

1

β2

)) (E.8)

for x 6= 0 [Mat93, HA04]. Here, Kα(·) is the modified Bessel function of
second kind.

The difference of gamma distributed random variables that differ in both shape
and scale is examined in [Mat93, Kla15], but not relevant for this work. The
interested reader might want to note the fact that the author was not able to
confirm the pdf stated in [Kla15], but found agreement between [Mat93] and
[HA04] for the special case of identical shape parameters.

The case for inlier correspondences is more complicated since this leads to
correlated variables that only differ by the additive noise (cf . Appendix E.3).
The lack of similar results for e.g. Nakagami distributions is in fact the reason
that only the derivation for exact distributions for squared EDDs is stated
in this thesis. As explained in Appendix E.4, they follow correlated gamma
distributions for which the difference is known.

Holm and Alouini [HA04] describe the case of two correlated gamma random
variables X1,2 with identical shape, but possibly different scale parameters is
considered. The resulting randomvariable∆X = X1−X2 additionally depends
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E.3 Correlation under Gaussian Noise

on the correlation coefficient ρ, leading to the notation∆Γ (α,β1,β2,ρ) with pdf

f∆Γ (α,β1,β2,ρ)
(x) =

|x|α− 1
2

Γ (α)
√
π
√
β1β2(1− ρ)

·
(

1

(β1 + β2)
2 − 4β1β2ρ

) 2α−1
4

· exp

(
x

2(1− ρ)

(
1

β2
− 1

β1

))

·Kα− 1
2


|x|

√
(β1 + β2)

2 − 4β1β2ρ

2β1β2(1− ρ)




(E.9)

for x 6= 0 [HA04].

E.3 Correlation under Gaussian Noise

One may assume both data sets that should be associated to be from a normal
distribution, i.e. x ∼ N (µX , ΣX). Hence, the difference of two points within
the same set is from a zero-mean normal distribution with doubled covariance,
i.e. δxij := xi − xj ∈∼ N (0, 2ΣX).

By the assumptions that regards one set as true and the other as noisy with
noise magnitude ΣN , one can then derive that

δy := δx+ ε, ε ∼ N (0, 2ΣN ). (E.10)

Now, when neglecting rotations, one can observe empirically that the correlation
coefficient asymptotically follows

ρ(δx, δy) ≈
√

ΣX
ΣX +ΣN

. (E.11)
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E Analytical Derivation of SEDD

Analogously, the correlation coefficient for the squared distances asymptot-
ically follows

ρ
(
‖δx‖22, ‖δy‖

2
2

)
≈ ΣX
ΣX +ΣN

. (E.12)

E.4 Distribution of Squared EDDs ∆δ2
ijkl

Now it can all be put together to show that under these assumptions the squared
distances follow a gamma mixture distribution and that the ∆δ2

ijkl follow either
a ∆Γ or a ∆Γ distribution.

With the knowledge established in Appendix E.1, one can now formulate the
distribution for ‖δxij‖22 which depends on the eigenvalues λXp of 2ΣX

‖δxij‖22 = ‖xi − xj‖22 ∼
∑

p

Γ

(
1

2
, 2λXp

)
. (E.13)

Similarly, for a transformationT = (R, t), the distances between noisy detections
follow a gamma mixture distribution ruled by the eigenvalues λYp of 2ΣY =

2R(ΣX + ΣN )RT

‖δykl‖22 = ‖yk − yl‖22 ∼
∑

p

Γ

(
1

2
, 2λYp

)
. (E.14)

If both (i,k) and (j,l) are true / inlier correspondences, this makes∆δ2
ijkl follow

a mixture of correlated gamma difference distributions

∆δ2
ijkl = ‖δxij‖22 − ‖δykl‖

2
2

∼
∑

p

∆Γ

(
1

2
, 2λXp , 2λ

Y
p , ρ

)
(E.15)
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E.5 Alternative Distributions

with ρ � 0 as derived in Equation (E.12).

In contrast, if either (i,k) or (j,l) is a false / outlier correspondence, they
exhibit uncorrelated distances that follow a mixture of independent gamma
difference distributions

∆δ2
ijkl = ‖δxij‖22 − ‖δykl‖

2
2

∼
∑

p

∆Γ

(
1

2
, 2λXp , 2λ

Y
p

)
.

(E.16)

E.5 Alternative Distributions

Due to exact results about differences of correlated distributions, only the
derivation for squared EDDs was sketched. Empirically, original, i.e. unsquared,
EDDs∆δ were found to provide better separability between inliers and outliers,
so an exact formulation of their cdf and pdf depending on ΣX and ΣN would
be desirable.

Normalization would allow to subtract correlated χ2 distributions whose dif-
ference has been found exactly [Fer19]. But, again, for real-world problems,
normalization was found to hurt separability for non-isotropic noise.

Ideally, one could imagine a transformation invariant distribution which (prov-
ably) optimally separates inliers and outliers, but also has its cdf and pdf exactly
known for both independent and correlated terms.

311





F Hyperparameter Optimization for
Data Association

This appendix describes how the hyperparameters of PCG for evaluation on
point cloud registration and data association in HAD maps are optimized.
The general idea, i.e. using SMAC [LEF+22] as state-of-the-art framework for
hyperparameter tuning, is presented in Section 3.8.

F.1 Point Cloud Registration

For point cloud registration, the hyperparameters comprise the scale of inlier
and outlier distributions, width of the similarity distribution, weight of cor-
respondences, inlier outlier ratio, number of sampled correspondences, and
the threshold for edges to exist in a PCG. To optimize them, three loss terms
are combined in one loss function

JPCR =

{
1− F1 + 5552 −RR ·B2 if teval > 0.3 s

2
(
1− F 1 + 5552 −RR ·B2

)
otherwise

. (F.1)

Using the multi-fidelity budget B ∈ [1, 555], i.e. the number of lidar scan
pairs used for the current evaluation, this puts the overall registration recall
(RR) as primary goal. Basically, the more lidar scan pairs are registered
successfully, the lower the loss. Mean correspondence inlier F1 score, F1,
acts as secondary goal that improves both translational and rotational error.
To penalize excessively slow parametrizations, the loss is doubled if the mean
evaluation time, teval, is larger than 0.3 s.
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F Hyperparameter Optimization for Data Association

Unfortunately, the optimization procedure comes with two restrictions. First,
since there is no training/test split, the optimization used the same data that is
used for evaluation. Additionally, to obtain deterministic results, the random
seed was kept fixed for both optimization and evaluation. While both restrictions
definitely exaggerate the performance on unseen data, details like losses and fixed
random seeds in open source code of other state-of-the-art approaches as well as
the evaluation of other approaches by the author hint that these restrictions are the
only possibility to obtain numbers even close to reported state-of-the-art results.

F.2 Data Association in HAD Maps

The result of the data association is used for two tasks at once, localization in
HAD maps and their verification. This motivates a joint loss function which
optimizes RIIoU, pose error, and the evidence of verification. Together, the
RIIoU of the map given the localization result and the pose error evaluate the
performance for the localization task.

By simulating changes, the localization can be made robust to work reliably even
in partially outdated maps. At the same time, the map verification performance
can be measured by comparing the evidence each landmark to be changed
or unchanged with ground truth. This motivates a loss for localization and
verification, JLV , with four components that makes it possible to optimize one
common hyperparameter set for both localization and map verification

JLV =
1

N

N∑

i=1

JmRIIoU,i + JDPE,i + Jev,i + Jtime,i. (F.2)
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F.2 Data Association in HAD Maps

The components are defined as by

JmRIIoU,i = 1−mRIIoU(R(M, ii, Ti),Mii) (F.3)

JDPE,i = βDPE

(
δexyi−1,i + βϕδe

ϕ
i−1,i

)2 (F.4)

Jev,i =
1

Mi

∑

`∈Mi

{
βnev mVMA if ` changed
mVMA if ` unchanged

(F.5)

Jtime,i = βtime teval,i. (F.6)

The prefactor βϕ = 10 brings yaw and 2D translational error in the same order of
magnitude. Scalars βDPE = 25 and βtime = 0.1 are chosen manually to balance
the loss terms. Using βnev = 100 punishes false verification significantly
higher than its opposite.

If localization is not successful due to self-assessment, JmRIIoU,i is computed
by dead reckoning using lidar odometry and Jev,i is assumed zero. This allows
to judge performance for applications where localization is complemented with
odometry, making a correctly estimated orientation more important than position
accuracy. JDPE,i gets assigned a default value which is very sensitive but crucial
since it trades localization accuracy against availability. If chosen larger, the
self-assessment is relaxed since avoiding localization is more expensive and
vice versa. Jtime,i is independent from the availability of localization.

The restriction of JDPE,i to planar coordinates is that these are most important
for automated driving and, in contrast to z position and pitch angle, less prone
to bad observability.
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Semantic HD maps enable safe and comfortable automated driving but 
must be up-to-date to be reliable. This work proposes a system for direct 
localization in HD planning maps and their continuous verification far 
ahead of the vehicle using only on-board sensors and processing.

First, it detects map elements with human-like accuracy in up to 180 m 
distance. A novel method for data association and localization, called 
Probabilistic Correspondence Graph, provides previously unprecedented 
guarantees: Globally probabilistically optimal data association in real time 
even with clutter, outdated map elements, and in highly ambiguous en-
vironments. In practice, it achieves an accuracy of about 2 cm and 0.02° 
even in outdated maps.

This enables the continuous verification whether the map ahead has 
changed or is still up-to-date, offering a new level of reliability for se-
mantic HD maps.
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