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Abstract

Robot motion generation remains a critical challenge, particularly in unstructured

and dynamic environments where ensuring safety and adaptability is essential for

robust performance. In this thesis, we introduce a geometric framework for motion

generation that systematically addresses kinematic and dynamical aspects as distinct

yet interrelated components. While the study of motion kinematics and dynamics

has been extensively investigated, our approach is distinguished by formulating both

within the geometry of Riemannian manifolds. This perspective enables a more intrinsic

representation of motion, leveraging the geometric properties of the underlying data

manifold to ensure consistency and adaptability in dynamic environments.

At the kinematic level, we introduce the concept of geodesic motion skills. Human

demonstrations are modeled as smooth trajectories on a Riemannian manifold, where

the intrinsic geometry defines optimal paths. By employing a variational autoencoder

to learn a latent representation of these motion manifolds, our approach synthesizes

full-pose end-effector trajectories through the computation of intrinsic shortest paths

namely geodesics. Moreover, by dynamically modulating the underlying metric, the

method inherently supports real-time obstacle avoidance. This framework is further

extended to the robot’s joint space, facilitating multiple-limb obstacle avoidance and

accommodating multiple-solution tasks.

At the dynamical level, we propose neural contractive dynamical systems (NCDS),

which integrate principles from contraction theory into neural network architectures.

In this formulation, system dynamics are modeled as time-invariant vector fields whose

stability is ensured through inherent contraction properties. An injective variant of

the variational autoencoder is utilized to handle high-dimensional demonstration data

while preserving these stability guarantees. By extending the approach to incorporate

the mathematical structure of Lie groups, our method accurately captures complex

orientation dynamics, further enhancing its applicability. Additionally, the integration

of Riemannian implicit distance functions allows for adaptive modulation of the dy-

namics, effectively blending the learned Riemannian geometry with obstacle avoidance

strategies to ensure safety around obstacles and regions of uncertainty.
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Abstract

In conclusion, this work demonstrates that geometric principles serve as a fundamen-

tal framework for advancing robot learning. By rigorously applying concepts from

differential geometry, this research has revealed the inherent structure underlying

human motion and has provided a systematic method for encoding complex movement

patterns. This approach has enabled the unification of diverse learning methodologies

into a coherent framework that more effectively captures the subtleties of motion. The

insights gained highlight the critical role of geometry in deepening our understanding

of robot behavior.
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Kurzfassung

Die Erzeugung von Roboterbewegungen bleibt eine wesentliche Herausforderung,

insbesondere in unstrukturierten und dynamischen Umgebungen, in denen die Ge-

währleistung von Sicherheit und Anpassungsfähigkeit für eine robuste Leistung un-

erlässlich ist. In dieser Dissertation führen wir ein geometrisches Framework für die

Bewegungserzeugung ein, das kinematische und dynamische Aspekte systematisch als

voneinander unterscheidbare, aber miteinander verknüpfte Komponenten betrachtet.

Obwohl die Untersuchung der Bewegungskinematik und -dynamik bereits umfassend

untersucht wurde, zeichnet sich unser Ansatz dadurch aus, dass beide basierend auf der

Geometrie von Riemannschen Mannigfaltigkeiten formuliert werden. Diese Perspektive

ermöglicht eine intrinsischere Darstellung von Bewegung, indem sie die geometrischen

Eigenschaften der zugrunde liegenden Datenmannigfaltigkeit nutzt, um Konsistenz

und Anpassungsfähigkeit in dynamischen Umgebungen sicherzustellen.

Auf kinematischer Ebene führen wir das Konzept der geodätischen Bewegungsfer-

tigkeiten ein. Menschliche Demonstrationen werden als glatte Trajektorien auf einer

Riemannschen Mannigfaltigkeit modelliert, wobei die intrinsische Geometrie optima-

le Pfade definiert. Durch den Einsatz eines variational Autoencoders zum Erlernen

einer latenten Darstellung dieser Bewegungsmannigfaltigkeiten synthetisiert unser

Ansatz vollständige Endeffektortrajektorien durch die Berechnung intrinsischer kür-

zester Wege den sogenannten Geodäten. Darüber hinaus unterstützt das Verfahren von

Natur aus Echtzeithindernisvermeidung durch dynamische Modulation der zugrunde

liegenden Metrik. Dieses Framework wird ferner auf den Gelenkraum des Roboters

erweitert, wodurch Ganzkörperhindernisvermeidung ermöglicht wird und Aufgaben

mit mehreren Lösungen berücksichtigt werden.

Auf dynamischer Ebene schlagen wir Neural Contractive Dynamical Systems (NCDS)

vor, die Prinzipien der Kontraktionstheorie in neuronale Netzwerkarchitekturen inte-

grieren. Dabei werden Systemdynamiken als zeitinvariante Vektorfelder modelliert,

deren Stabilität durch inhärente kontraktive Eigenschaften sichergestellt wird. Eine

injektive Variante des variational Autoencoders wird eingesetzt, um hochdimensionale

Demonstrationsdaten zu verarbeiten, wobei die Stabilitätsgarantien erhalten bleiben.
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Kurzfassung

Durch die Erweiterung des Ansatzes um die mathematische Struktur von Lie-Gruppen

erfasst unsere Methode komplexe Orientierungsdynamiken präzise und vergrößert

somit ihren Anwendungsbereich. Zusätzlich ermöglicht die Integration von Riemann-

schen impliziten Distanzfunktionen eine adaptive Modulation der Dynamik, wodurch

die erlernte Riemannsche Geometrie effektiv mit Hindernisvermeidungsstrategien

kombiniert wird, um Sicherheit in der Nähe von Hindernissen und in Unsicherheits-

bereichen zu gewährleisten.

Zusammenfassend demonstriert diese Arbeit, dass geometrische Prinzipien ein grund-

legendes Framework für die Weiterentwicklung des Roboterlernens darstellen. Durch

die rigorose Anwendung von Konzepten der Differentialgeometrie hat diese Forschung

die zugrunde liegende Struktur menschlicher Bewegung offengelegt und einen sys-

tematischen Ansatz zur Kodierung komplexer Bewegungsmuster präsentiert. Dieser

Ansatz ermöglicht die Vereinheitlichung unterschiedlicher Lernmethoden in einem

kohärenten Framework, das die Feinheiten der Bewegung effektiver erfasst. Die ge-

wonnenen Erkenntnisse unterstreichen die entscheidende Rolle der Geometrie für ein

besseres Verständnis robotischen Verhaltens.
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Notation

Throughout this thesis, the following notation and symbols will be used.

General notation

Scalars italic Roman and Greek lowercase letters 𝑥, 𝛼
Vectors bold Roman lowercase letters 𝒕
Matrices bold Roman uppercase letters 𝑹
State spaces bold calligraphic Roman uppercase letters 

In multidimensional sets of elements related to time series, the first index denotes time.

State Variables and Dynamics

𝒙 ∈ ℝ𝐷
state variable in the data space

𝒙̇ ∈ ℝ𝐷
temporal derivative of the state

𝒛 ∈ ℝ𝑑
latent variable in the reduced space

𝒛̇ ∈ ℝ𝑑
temporal derivative of the latent variable

𝝕 ∈ ℝ𝑘
conditioning variable (task-related context)

𝑹 ∈ SO(3) rotation matrix (special orthogonal group)

𝒓 ∈ 𝔰𝔬(3) skew-symmetric vector in the Lie algebra

𝒒 ∈ 3
quaternion on the 3-sphere
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Notation

Mathematical Constructs

𝑱 (𝒙) Jacobian matrix of the system

𝑱𝑓 (𝒙) regularized Jacobian ensuring contraction

𝑱𝜇(𝒙) Jacobian of the decoder

𝝀 eigenvalues of the Jacobian

𝝀̂ regularized eigenvalues

𝛿𝒙 virtual displacement vector

𝑮(𝒙) modulation matrix for obstacle avoidance

𝑬(𝒙) basis matrix for the local tangent space

𝑫(𝒙) diagonal scaling matrix

Riemannian Geometry and Manifolds

𝑴(𝒙) Riemannian metric / contraction metric

 ⊂ ℝ𝐷
Riemannian manifold in the data space

Ω ∶ ℝ𝑑 → ℝ𝐷
mapping function from latent to ambient space

𝑆(𝑥) ∶ ℝ𝑑 → ℝ distance field encoding obstacle geometry

∇𝑆(𝑥) gradient of the distance field, giving obstacle normals

𝑉 (𝑥) volume element induced by the metric

Neural Network and Loss Functions

𝜇(𝒛) ∶ ℝ𝑑 → ℝ𝐷
mean decoder function

𝜎(𝒛) ∶ ℝ𝑑 → ℝ𝐷
+ standard deviation decoder function

vel velocity reconstruction loss

Jac Jacobian regularization loss

ELBO evidence lower bound loss for variational autoencoders

𝑱𝜃(𝒙) neural network representation of the Jacobian
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Notation

Spaces and Lie Groups

 ⊂ ℝ𝑑
latent space of reduced representation

 ⊂ ℝ𝐷
ambient data space

SO(3) special orthogonal group of rotations

𝔰𝔬(3) Lie algebra of SO(3)
3

3-sphere

Obstacle Avoidance and Safety

𝑛(𝑥) normal vector of the obstacle surface

𝜌 ∈ ℝ+ reactivity factor for obstacle modulation

𝛽(𝑥) tangential modulation factor

𝛼 ∈ ℝ+ metric scaling factor for boundary alignment

Constants and Scalars

𝜏 contraction rate ensuring stability

𝜀 regularization term for negative-definiteness

𝐼 identity matrix

xiii





1 Introduction

Figure 1.1: This thesis explores two distinct approaches to learning motion from human demonstrations:

trajectory-based and dynamical system-based learning methods. These methods employ different

data representations to accurately reconstruct motion.

Robot learning has gained interest recently because of its potential to endow robots with

a repertoire of motion skills to operate autonomously or assist humans in repetitive,

precise, and risk-averse tasks. In this thesis, we develop a geometric framework based

on differential geometry, with a particular focus on Riemannian manifolds, to formulate

models for kinematic and dynamic motion generation. The core contribution lies in

the theoretical formulation, where the differential geometry provides a principled

approach to modeling and analyzing motion. By leveraging the geometric properties of

Riemannian manifolds, the framework enables a consistent treatment of both kinematic

and dynamic aspects of motion, ensuring stability and adaptability in varying contexts.

While the focus remains on the theoretical foundation, the proposed methods can be

applied to various goal-directed robotic manipulation tasks.

1.1 Riemannian Geometry for Trajectory-Based Robot Skills

Focusing on the first category, trajectory-based motion is further divided into two sub-

categories: classic motion planners and movement primitives. Classic motion planners

1



1 Introduction

generate obstacle-free continuous trajectories between start and goal configurations

using search or sampling-based algorithms (Elbanhawi et al., 2014, Mohanan et al.,

2018). Movement primitives, in contrast, are a modular abstraction of robot move-

ments, where a primitive represents an “atomic action” or an “elementary movement”,

which are often designed using robot learning techniques (Schaal et al., 2003). A rel-

evant distinction between these categories is that motion planners require a precise

description of the robot workspace to generate a continuous path to the goal, while

movement primitives rely on observed motion patterns to encapsulate the desired

trajectory without an explicit model of the environment. If an unseen obstacle shows

up in the robot workspace, motion planners often need to replan the entire trajectory

from scratch, while most movement primitives require to be retrained, unless they

are provided with via-point passing features.

In this thesis, we delve into the differential geometric underpinnings of motion genera-

tion by examining the trade-offs between traditional motion planning and movement

primitives. Our approach is learning-based and reactive, integrating human demon-

stration data to model skills – akin to movement primitives – while simultaneously

constructing a time-independent reference trajectory with built-in obstacle avoidance

capabilities comparable to motion planners. Central to our methodology is the utiliza-

tion of the rich geometric structure provided by Riemannian manifolds. By framing the

motion generation problem within the context of differential geometry, we leverage

the natural properties of smooth manifolds to capture the inherent variability and

efficiency of human motion. In this framework, trajectories are not arbitrary curves

but are defined as geodesics—paths that represent the most energy-efficient connection

between points, dictated by the underlying geometry of the manifold. This formulation

allows us to derive motion policies that naturally adapt to dynamic obstacles while

preserving the essential characteristics of the demonstrated motion patterns.

Unlike previous works (Havoutis et al., 2013, Li et al., 2018), where skill manifolds

are built from locally smooth manifold learning (Dollár et al., 2007), we leverage a

Riemannian formulation. Specifically, we develop a variational autoencoder (VAE)

that learns a Riemannian submanifold of ℝ3 × 3
from human demonstrations (Beik-

Mohammadi et al., 2021). We exploit geodesics (i.e. shortest paths) on this learned manifold
as the robot motion generation mechanism, from which full-pose end-effector trajectories
are generated. These geodesics reproduce motions starting from arbitrary initial points

on the manifold, and they can adapt to avoid unseen dynamic obstacles in the robot

environment by redefining the ambient metric. Our approach can learn manifolds

encoding multiple-solution tasks, from which novel (unobserved) robot motions may

2



1.1 Riemannian Geometry for Trajectory-Based Robot Skills

Figure 1.2: Left: From demonstrations we learn a variational autoencoder that spans a random Riemannian

manifold. Geodesics on this manifold are viewed as motion skills. Right: Based on demonstrations,

we learn a neural contractive dynamical system that guides the robot’s movement.

naturally arise when computing geodesics. To systematically evaluate our approach,

we propose the following hypothesis.

Hypothesis 1. Let  ⊂ ℝ𝑑 be a smooth manifold endowed with a Riemannian metric
𝑴 that captures the intrinsic geometry of a set of human demonstrations, each well-
approximated by a geodesic 𝛾 ∶ [0,1] → . We hypothesize that deriving time-

independent reference trajectories from these geodesics replicates the essential kinematic
features of the demonstrated motions. Furthermore, reshaping  using an ambient-
space-induced metric 𝑴 naturally encodes obstacle avoidance, ensuring that while the
reference trajectories preserve the demonstrated motion patterns, collision-free motion
emerges as a side product of the manifold’s geometry.

Furthermore, inspired by the need of avoiding obstacles at any location of the robot body,

we extended our geodesic motion skills concept to joint space skills (Beik-Mohammadi

et al., 2023). To do so, we develop a new VAE architecture that integrates the robot’s

forward kinematics to access task space information at any point on the robot body.

This new approach makes joint space skill adaptation possible, allowing the robot

to simultaneously avoid unseen and dynamic obstacles and handle multiple-solution

(a.k.a. multiple-mode) tasks in both task and joint spaces.

Hypothesis 2. Let  ⊂ ℝ𝑛 be a smooth Riemannian manifold representing skill
demonstrations in the robot’s joint space. Suppose the forward kinematics map 𝜅 ∶  →

ℝ𝑚 provides task-space information for each joint configuration. We hypothesize that

3



1 Introduction

reshaping  with an ambient-space-induced metric, in combination with geodesic-based
trajectory generation, enables real-time collision-free motion at any point on the robot’s
body while accommodating multi-solution tasks in both joint and task spaces.

We describe both methodologies with simple examples and extensively evaluate them

on real tasks using a 7-DoF robot manipulator. The experiments showcase how our

techniques allow a robot to learn and reconstruct motion skills of varying complexity. In

particular, we show how our methods enable obstacle avoidance at task and joint space

levels. Moreover, we provide experiments where the robot exploits multiple-solution

tasks to effectively generate hybrid solutions without model retraining. Furthermore,

we experimentally analyze how the latent space dimensionality impacts the quality

of the geodesic motion generator, and how the robot behaves when controlled by

geodesics crossing the manifold boundaries.

1.2 Contractive Dynamical Systems and Diffeomorphisms

Although geodesics can effectively reconstruct complex motion skills, they fail to con-

sider the temporal dynamics and timing involved in the demonstrations. This limitation

means that while the spatial aspects of the motion are captured, the crucial element of

how the motion evolves over time is not captured. To address this challenge, this thesis

then shifts focus to stable dynamical systems (shown as blocks with red connection path

in Fig. 1.1) (Khansari-Zadeh et al., 2011a, Khansari-Zadeh et al., 2014, Neumann et al.,

2015, Zhang et al., 2022b, Zhang et al., 2022a), introducing neural contractive dynamical
systems (NCDS) that ensure stability through contraction guarantees (Lohmiller et al.,

1998). Within the framework of differential geometry, we leverage the structure of

smooth manifolds and coordinate transformations through diffeomorphisms to transport

contraction properties from a latent space back to the original system, thereby enabling

stability guarantees to hold across geometric representations.

Consider the robot in Fig. 1.2–right, which is trained from demonstrations (black dots)

to execute a sinusoidal motion (orange). If the robot is pushed away (red perturbation)

from its planned trajectory, then it should still be guaranteed to reproduce a motion

similar to the demonstration pattern (blue). Manually designed robot movements could

achieve such stability guarantees, but even skilled engineers struggle to hand-code

highly dynamic motions (Billard et al., 2016). In contrast, learning robot dynamics

from demonstrations has shown to be an efficient and intuitive approach for encoding

highly dynamic motions into a robot’s repertoire (Schaal et al., 2003). Unfortunately,

4



1.2 Contractive Dynamical Systems and Diffeomorphisms

these learning-based approaches often struggle to ensure stability as they rely on the

machine learning model to extrapolate in a controlled manner. In particular, as also

shown in Fig. 1.3, it has proven surprisingly challenging to control the extrapolation

behavior of neural network models especially when using Neural ODEs or multilayer

perceptrons (MLPs) (Xu et al., 2021) which poses a significant obstacle to establishing

reliable stability guarantees.

Contractive Unconstrained MLP Neural ODE

Figure 1.3: Path integrals generated under the Neural Contractive Dynamical Systems (NCDS) setting, along

with baseline comparisons using Multilayer Perceptron (MLP) and Neural Ordinary Differential

Equation (NeuralODE) models.

Stability is commonly ensured through asymptotic or contraction guarantees. Asymp-

totic stability ensures that all motions converge to a fixed point (known as the system’s

attractor) (Khansari-Zadeh et al., 2011a, Khansari-Zadeh et al., 2014, Neumann et al.,

2015, Zhang et al., 2022b, Zhang et al., 2022a). This is suitable when the only require-

ment is that the robot eventually takes a certain configuration, e.g. its end-effector

is at a specific goal position. Many tasks, however, require the robot to dynamically

follow desired trajectories, e.g. in flexible manufacturing, human-robot interaction,

or in entertainment settings. In these cases, asymptotic stability is insufficient. A

stronger notion of stability is provided by contraction theory (Lohmiller et al., 1998),

which ensures that all the path integrals regardless of their initial state incrementally

converge over time. Unfortunately, the mathematical requirements of a contractive

system are difficult to ensure in popular neural network architectures.

Existing contractive learning methods focus on low-capacity models fitted under con-

traction constraints. Ravichandar et al. (2017) and Ravichandar et al. (2019) both use

Gaussian mixture models to encode the demonstrations and model the dynamical

system with Gaussian mixture regression (GMR), which is fitted under contraction
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constraints. Blocher et al. (2017) also use GMR to model the system dynamics but

instead include a stabilizing control input that guarantees a local contractive behavior.

Likewise, Sindhwani et al. (2018) model the dynamical system with a well-crafted

kernel, under which optimization remains convex w.r.t. contraction constraints. Note

that the above works impose the contraction constraints during optimization, which

complicates model training.

Developing high-capacity (deep) models is difficult as off-the-shelf neural network

architectures provide no stability guarantees. Instead, current approaches split the

task into two steps: first, learn a non-contractive dynamical system, and then estimate

a Riemannian metric, parametrized by a neural network, under which the system

becomes contractive (Tsukamoto et al., 2021d, Dawson et al., 2023). The approach,

thus, requires training two separate networks, which is impractical and comes with

additional challenges. For example, Sun et al. (2020) learns the metric by regularizing

towards a contractive system, such that stability can only be ensured near training

data. Alternatively, Tsukamoto et al. (2021a) develop a convex optimization problem

for learning the metric from sampled optimal metrics. Unfortunately, accessing such

optimal metrics is a difficult problem in itself.

In this thesis, we propose the neural contractive dynamical system (NCDS) which

is the first neural network architecture that is guaranteed to be contractive for all

parameter values (Beik-Mohammadi et al., 2024). The NCDS architecture is designed

to be contractive for all parameter values, capable of being trained using standard

neural network optimization techniques.

Hypothesis 3. Let 𝑓 ∶ ℝ𝑛 → ℝ𝑛 be a time-invariant vector field representing a
dynamical system, parameterized by 𝜃 ∈ Θ. Suppose the Jacobian 𝑱𝑓 (𝑥) meets the
necessary contraction condition (e.g., maintaining a strictly negative matrix measure) for
all 𝒙 ∈ ℝ𝑛 and 𝜃 ∈ Θ. We hypothesize that constructing 𝑓 as a neural network with
built-in Jacobian constraints ensures that the resulting dynamical system is contractive
for all parameter values.

High-dimensional dynamical systems arise naturally in many real-world scenarios,

where the state of a system is described by a large number of interdependent variables.

Learning and understanding the behavior of such systems is essential, yet it presents

significant challenges. In particular, ensuring desirable properties like contraction

which promotes stability and robustness is especially difficult in high-dimensional

settings due to the curse of dimensionality, which amplifies both computational and

analytical complexity.
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To address this, we propose a different route: instead of working directly in the high-

dimensional space, we learn a contractive dynamical system in a low-dimensional latent

space, where enforcing such properties is tractable. Then, we use an injective mapping

to pull back the dynamics back into the original space. This mapping ensures that the

contraction properties are preserved in the high-dimensional system. Furthermore, the

approach is extended to cover full-pose end-effector movements, including orientation

dynamics on the Lie groups (3
and (3)).

Hypothesis 4. Let 𝑔 ∶ ℝ𝑚 → ℝ𝑛 be an injective function mapping high-dimensional
demonstration data into the state space where 𝑓 operates. We hypothesize that combining
𝑓 with 𝑔 preserves the contraction property across both translational and orientation
dynamics, allowing the system to handle full-pose end-effector movements on the Lie
groups 3 and (3) while remaining stable and convergent.

1.3 Riemannian Manifolds for Safety Regions

Ensuring safe behavior is a fundamental requirement in autonomous systems, par-

ticularly in dynamic environments where unmodeled disturbances, sensor noise, and

unseen obstacles pose significant risks. A key strategy to address this is the definition

of safety regions – regions in the state space where the system is guaranteed to behave

reliably, either by avoiding hazards or maintaining desirable stability properties.

Traditionally, safety regions are defined through constraint-aware control schemes such

as Control Barrier Functions (CBFs) (Dawson et al., 2023). These methods, however,

often rely on hand-crafted models or conservative approximations, which may not

scale well to high-dimensional, data-driven settings.

In contrast, this thesis introduces a novel perspective rooted in the geometry of learned

latent spaces. Specifically, it turns out that the skill manifold – a low-dimensional

Riemannian manifold induced by a Variational Autoencoder (VAE) – encodes a measure

of local uncertainty through the geometry of its pullback metric. This structure can

be exploited to define safety regions.

We propose that the latent manifold, together with its associated pullback metric,

enables the construction of modulation matrices that reshape the dynamical system

locally. These modulations serve two purposes: they reshape the vector field in real

time to steer the trajectory around dynamic obstacles, and they deflect the vector field in

regions beyond the data support, effectively shrinking the region of confident operation
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to prevent unsafe behaviors. This results in uncertainty-aware, robust control without

sacrificing responsiveness.

This thesis demonstrates that the dynamical system generated by Neural Contraction

Dynamical Systems (NCDS) can be locally reshaped using these modulation matrices

while preserving contraction properties. These modulations are derived from Rieman-

nian metrics defined over the latent space of the VAE (Beik-Mohammadi et al., 2025).

Hypothesis 5. Consider a contractive dynamical system 𝑓 ∶ ℝ𝑛 → ℝ𝑛. Let  be a Rie-
mannian manifold embedded in a latent space, from which we derive modulation matrices
to locally reshape 𝑓 . We hypothesize that these localized reshaping operations preserve
the contractive property of 𝑓 while enabling real-time obstacle avoidance in dynamic
scenarios. Moreover, by leveraging the geometry of  to detect high-uncertainty regions,
selectively modulating the vector field outside the data support maintains robustness and
safety even in unobserved regions of the state space.

1.4 Contributions

Here, we briefly summarize the key contributions.

1.4.1 Geodesic Motion Skills

We introduce a novel LfD method called geodesic motion skills (Beik-Mohammadi et al.,

2021), which constructs a Riemannian manifold from human demonstrations
in the task space of the robot. This method computes geodesics to accurately recover

and synthesize motion skills (see Chapter 3).

• We develop a technique for on-the-fly obstacle avoidance by dynamically

reshaping the Riemannian manifold using an ambient space metric (see

Sec. 3.5.3).

• We propose a graph-based geodesic computation method for real-time motion
generation (see Sec. 3.5.4).
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1.4.2 Extension to Joint Space

We extend geodesic motion skills to learn Riemannian manifolds in the joint
space of the robot (Beik-Mohammadi et al., 2023), enabling multiple-limb obstacle
avoidance in real-time (see Chapter 4).

1.4.3 Neural Contractive Dynamical Systems (NCDS)

We propose the first design mechanism for contractive neural networks (Beik-

Mohammadi et al., 2024, Beik-Mohammadi et al., 2025), introducing neural contractive
dynamical systems (NCDS) to learn stable dynamical systems from demonstrations

(see Chapter 5).

• We develop an injective variant of VAEs to guarantee latent contractive
systems decode to contractive dynamics, addressing high-dimensional

settings (see Chapter 6).

• We extend NCDS to Lie groups such as (3) and 3
, to model complex

robotic motions (see Sec. 6.2.2).

• We further extend NCDS to handle conditional inputs, enabling multi-modal

data integration, including images (see Sec. 5.5).

1.4.4 Riemannian Implicit Distance Functions

We propose Riemannian implicit distance functions that exploit the intrinsic geometry

of both learned data manifolds and obstacle regions via ambient space metrics (Beik-

Mohammadi et al., 2025). This enables effective modulation of vector fields to achieve

obstacle avoidance and avoid uncertain regions in contractive dynamical systems (see

Sec. 5.4).
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2 Background and Related Work

This chapter is based on the paper Learning Riemannian Manifolds
for Geodesic Motion Skills, published in Robotics: Science and Systems
in 2021 (Beik-Mohammadi et al., 2021), Reactive motion generation on
learned Riemannian manifolds, published in International Journal on
Robotics Research (IJRR) in 2023 (Beik-Mohammadi et al., 2023), Neural
Contractive Dynamical Systems, published in International Conference on
Robot Learning (ICLR) in 2024 (Beik-Mohammadi et al., 2024), and the paper
Extended Neural Contractive Dynamical Systems: On Multiple Tasks
and Riemannian Safety Regions, submitted to International Journal on
Robotics Research in 2024 (Beik-Mohammadi et al., 2025).

Given the close alignment of this thesis with both trajectory-based techniques (Chap-

ters 3 and 4) and dynamical systems (Chapter 5) within the framework of Learning

from Demonstration (LfD), we discuss the relevant work in this chapter. Subsequently,

we delve into the foundational concepts and key elements essential for a deeper un-

derstanding of this thesis.

2.1 Riemannian Geometry

Riemannian geometry serves as a foundational concept throughout this thesis, enabling

the formulation of motion learning as a problem of understanding and leveraging the

intrinsic geometry of demonstrated skills. In the trajectory-based approach, Riemannian

manifolds provide a natural space in which geodesics – shortest paths under a learned

metric – capture smooth and adaptable motions. In the dynamics-based approach, Lie

groups offer a principled way to handle full-pose motions, particularly for orientation

dynamics. Before delving into the specifics of learning motion, this section provides

a thorough overview of Riemannian manifolds and Lie groups.
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2.1.1 Riemannian Manifolds

In differential geometry, Riemannian manifolds are referred to as curved 𝑑-dimensional

continuous and differentiable surfaces characterized by a Riemannian metric (Lee, 2018).

Riemannian 
Manifold

Tangent space 

Figure 2.1: An illustration of a Riemannian manifold with a tangent space, highlighting the local Euclidean

structure at a chosen point.

This metric is characterized by a family of smoothly varying positive-definite inner

products acting on the tangent spaces of the manifold, which locally resembles the

Euclidean space ℝ𝑑
. The manifold and an example of its tangent space are illustrated

in Fig. 2.1. In this thesis, we use the mapping function Ω to represent a manifold 
immersed in the ambient space  defined as,

 = Ω() with Ω ∶  →  , (2.1)

where  and  are open subsets of Euclidean spaces with dim < dim .

Geode is c

Start

End

Figure 2.2: An illustration of a Riemannian manifold with a geodesic curve, representing the shortest path

between two points.
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2.1 Riemannian Geometry

An important operation on Riemannian manifolds is the computation of the length

of a smooth curve 𝜁 ∶ [0, 1] → ,

𝜁 =

1

∫
0

‖𝜕𝑡Ω(𝜁 (𝑡))‖d𝑡. (2.2)

This length can be reformulated using the chain rule as,

𝜁 =

1

∫
0

√

𝜁̇ (𝑡)𝖳𝑴(𝜁 (𝑡))𝜁̇ (𝑡)d𝑡, (2.3)

where 𝑴 and 𝜁̇𝑡 = 𝜕𝑡𝜁 are the Riemannian metric and curve derivative, respectively.

Note that the Riemannian metric corresponds to,

𝑴(𝒛) = 𝑱Ω(𝒛)𝖳𝑱Ω(𝒛). (2.4)

Here, 𝑱Ω(𝒛) is the Jacobian of the mapping function Ω. This metric can be used

to measure local distances in . As illustrated in Fig. 2.2, the shortest path on the

manifold, also known as the geodesic 𝛾(𝑡), can be computed by minimizing the curve

length in (2.3).

The geodesic curve 𝛾(𝑡) can also be obtained by solving the following second-order

differential equation, known as the geodesic equation:

𝑑2𝛾 𝑖

𝑑𝑡2
+ Γ𝑖𝑗𝑘(𝛾(𝑡))

𝑑𝛾 𝑗

𝑑𝑡
𝑑𝛾𝑘

𝑑𝑡
= 0, (2.5)

where Γ𝑖𝑗𝑘 are the Christoffel symbols of the Riemannian metric. This system of

equations is generally nonlinear and difficult to solve analytically, especially in high-

dimensional learned manifolds, and therefore requires numerical methods such as

spline optimization or graph-based search (see Sec. 3.5)(Arvanitidis et al., 2018).

2.1.2 Lie Groups

Lie groups are mathematical structures that combine the properties of groups and

differentiable manifolds, allowing for the study of continuous symmetries. They are

used extensively in various fields, including physics, robotics, and computer vision, to

model continuous transformations such as rotations, translations, and scaling. A Lie

group is a Riemannian manifold equipped with a Lie group structure, where the group

13



2 Background and Related Work

operations—multiplication and inversion—are smooth maps. This smooth algebraic

structure, combined with the manifold’s geometry, makes Lie groups a powerful tool for

applying differential geometry to study continuous symmetries and transformations.

Lie algebra

Lie algebras are mathematical structures that are closely associated with Lie groups. A

Lie algebra provides a way to study the properties and behavior of a Lie group through

a linearization of the group near the identity element. Essentially, a Lie algebra captures

the infinitesimal behavior of a Lie group. To define a Lie algebra formally, consider

a Lie group 𝐺. The corresponding Lie algebra, denoted as 𝔤, is the tangent space at

the identity element of the group (e.g. the north pole of the hypersphere 3
). This

tangent space can be thought of as the set of all possible directions in which one can

move away from the identity element within the group.

Lie operators

The concept of Lie operators provides a mathematical framework for moving between a

Lie group and its associated Lie algebra. For example, for the special orthogonal group,

(3), which represents 3 dimensional rotations, and its corresponding Lie algebra,

𝔰𝔬(3), we use two key mappings: the logarithmic map (Log) and the exponential

map (Exp).

Exponential Map (Exp ∶ 𝔤 → 𝐺): For certain Lie groups such as (3), the

exponential map translates an element of the Lie algebra, represented as a skew-

symmetric matrix, into an element of the Lie group, e.g., a rotation matrix. However,

this correspondence does not universally apply to all Lie groups.

This mapping captures how infinitesimal rotations in the algebra are integrated into

finite rotations. The result is a smooth way of generating rotation matrices from their

algebraic representations.

Logarithmic Map (Log ∶ 𝐺 → 𝔤): Conversely, the logarithmic map recovers a Lie

algebra element from a group element in (3), typically yielding a skew-symmetric

matrix representation. This allows us to analyze rotations in terms of their infinitesimal

components. Both maps rely on the structure of the group and algebra, which involves

mathematical tools such as the trace of a matrix (to determine the rotation angle) and

the skew-symmetric matrix form (to represent rotation axes).
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2.2 Variational Auto-encoders (VAEs)

Later, we will define these operators explicitly for different Lie groups, illustrating how

our framework adapts to various geometric structures.

2.2 Variational Auto-encoders (VAEs)

In robot motion learning, dealing with high-dimensional demonstration data directly is

both computationally intensive and detrimental to effective learning and reconstruction.

To overcome this obstacle, we first convert this data into a compact, low-dimensional

representation that retains the essential features necessary for motion synthesis. This

transformation not only eases the computational burden but also provides a critical

foundation for calculating Riemannian manifolds. These manifolds are then used to

efficiently learn and generalize motion skills.

To achieve this, we employ generative modeling techniques that inherently facil-

itate the transition from high-dimensional observations to low-dimensional latent

representations.

VAEs are generative models (Kingma et al., 2014b) that learn and reconstruct data

by encapsulating their density into a lower-dimensional latent space . Specifically,

VAEs encode the training data density 𝑝(𝒙) in an ambient space  through a low-

dimensional latent variable 𝒛. For simplicity, we consider the generative process of

a Gaussian VAE defined as,

𝑝(𝒛) = 
(

𝒛|𝟎, 𝕀𝑑
)

, 𝒛 ∈ ; (2.6)

𝑝𝝓(𝒙|𝒛) = 
(

𝒙|𝜇𝝓(𝒛), 𝕀𝐷𝜎2
𝝓(𝒛)

)

, 𝒙 ∈  . (2.7)

where 𝜇𝝓 ∶  →  and 𝜎𝝓 ∶  → ℝ𝐷
+ are deep neural networks with parameters

𝝓 estimating the mean and the variance of the posterior distribution 𝑝𝝓(𝒙|𝒛), and 𝕀𝐷
and 𝕀𝑑 are identity matrices of size 𝐷 and 𝑑, respectively. Since the exact inference

of the generative process is in general intractable, a variational approximation of the

evidence (marginal likelihood) can be used,

𝐸𝐿𝐵𝑂(𝒙) = 𝔼𝑞𝝃 (𝒛|𝒙)
[

log(𝑝𝝓(𝒙|𝒛))
]

− KL
(

𝑞𝝃(𝒛|𝒙)||𝑝(𝒛)
)

, (2.8)

where 𝑞𝝃(𝒛|𝒙) =  (𝒙|𝜇𝝃(𝒙), 𝕀𝑑𝜎2
𝝃 (𝒙)) approximates the posterior distribution 𝑝(𝒛|𝒙)

by two deep neural networks 𝜇𝝃(𝒙) ∶  →  and 𝜎𝝃(𝒙)) ∶  → ℝ𝑑
+. The posterior

distribution 𝑝𝝃(𝒛|𝒙) is called inference or encoder distribution, while the generative
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Figure 2.3: In a Gaussian VAE, samples are generated by a random projection of the manifold jointly spanned

by 𝜇 and 𝜎.

distribution 𝑝𝝓(𝒙|𝒛) is known as the generator or decoder. In the next subsection, we

use a VAE to learn a skill-specific Riemannian manifold from human demonstrations.

2.2.1 Injective Flows

While geodesic motion generation operates purely on the latent manifold and does not

require the decoder to be injective, learning stable dynamical systems in latent space

introduces a stronger requirement. In particular, to transfer vector fields between the

latent and ambient spaces while preserving stability properties, the decoder must be

injective. This ensures that each point in the latent space corresponds to a unique point

in the ambient space, allowing the learned dynamics to be meaningfully and consistently

mapped back to the robot’s full state space. Injective flows provide a principled way

to construct such mappings, enabling the use of latent-space stability while ensuring

the resulting dynamics remain stable in the high-dimensional observation space. A

limitation of VAEs is that their marginal likelihood is intractable and we have to rely

on a bound. When dim() = dim(), we can apply the change-of-variables theorem to

evaluate the marginal likelihood exactly, giving rise to normalizing flows (Tabak et al.,

2013). This requires the decoder to be diffeomorphic, i.e. a smooth invertible function

with a smooth inverse. In order to extend this to the case where dim() > dim(),
Brehmer et al. (2020) proposed an injective flow, which implements a zero-padding

operation (see Sec.6.1 and Equation 6.1) on the latent variables alongside a diffeomorphic

decoder, such that the resulting function is injective. Later, in Sec. 6.1 , we formalize

how the injectivity of this mapping ensures the learnability of stable dynamical systems

within low-dimensional latent spaces.
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2.3 Learning Riemannian Manifolds with VAEs

2.3 Learning Riemannian Manifolds with VAEs

We here explain the link between VAEs and Riemannian geometry. It should be

mentioned that learning Riemannian manifolds with a VAE is independent of the

injectivity of the decoder. To begin, we define the VAE generative process of (2.7)

as a stochastic function,

𝑓𝝓(𝒛) = 𝜇𝝓(𝒛) + diag(𝜖)𝜎𝝓(𝒛), 𝜖 ∼  (𝟎, 𝕀𝐷), (2.9)

where 𝜇𝝓(𝒛) and 𝜎𝝓(𝒛) are decoder mean and variance neural networks, respectively.

Also, diag(⋅) is a diagonal matrix, and 𝕀𝐷 is a 𝐷 × 𝐷 identity matrix. The above

formulation is referred to as the reparameterization trick (Kingma et al., 2014b), which

can be interpreted as samples generated out of a random projection of a manifold

jointly spanned by 𝜇𝝓 and 𝜎𝝓 (Eklund et al., 2019).

Riemannian manifolds may arise from mapping functions between two spaces as

in (2.1). As a result, (2.9) may be seen as a stochastic version of the mapping function

of (2.1), which in turn defines a Riemannian manifold (Hauberg, 2019). We can now

write the stochastic form of the Riemannian metric of (2.4). To do so, we first recast

the stochastic function (2.9) as follows (Eklund et al., 2019),

𝑓𝝓(𝒛) =
(

𝕀𝐷, diag(𝜖)
)

(

𝜇𝝓(𝒛)
𝜎𝝓(𝒛)

)

= 𝑷 𝑠(𝒛), (2.10)

where 𝑷 is a random matrix, and 𝑠(𝒛) is the concatenation of 𝜇𝝓(𝒛) and 𝜎𝝓(𝒛). There-

fore, the VAE can be seen as a random projection of a deterministic manifold spanned

by 𝑠. Given that this stochastic mapping function is defined by a combination of

mean 𝜇𝝓(𝒛) and variance 𝜎𝝓(𝒛), the expected Riemannian metric is likewise based on

a mixture of both as follows,

𝑴(𝒛) = 𝑱𝜇𝝓 (𝒛)
𝖳𝑱𝜇𝝓 (𝒛) + 𝑱𝜎𝝓 (𝒛)

𝖳𝑱𝜎𝝓 (𝒛), (2.11)

where 𝑱𝜇𝝓 (𝒛) and 𝑱𝜎𝝓 (𝒛) are respectively the Jacobian of 𝜇𝝓(𝒛) and 𝜎𝝓(𝒛) evaluated at

𝒛 ∈ , with  being the VAE low-dimensional latent space. Note that we assume the

noise 𝜖 is sampled from a normal distribution with zero mean and unit covariance, thus

the contribution from the variance term vanishes in expectation. With access to this

metric, we can locally reshape the manifold by modifying the metric in targeted regions.

For example, we can increase the local metric volume in areas where obstacles are

present – effectively increasing the local curvature (i.e., the degree of metric distortion

that governs how geodesics bend). This adjustment makes paths through these regions
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less favorable. Next, we discuss how this adjusted curvature can be transformed into a

metric that aids in obstacle avoidance within the latent space.

2.4 Ambient Space Metric

In the previous sections, we described how a VAE can be used to learn a Riemannian

metric over a latent space by interpreting the decoder as a smooth mapping from the

latent to the ambient space. This metric captures the intrinsic geometric structure

of the demonstrations and allows for the computation of geodesics that reconstruct

motion patterns.

However, in practical applications such as robot motion generation, it is often necessary

to modify the learned metric to accommodate additional requirements, such as obstacle

avoidance. In such cases, the original metric – although well-suited to encode the main

patterns of the demonstrations – may not account for external constraints or safety

considerations. To address this, we introduce an ambient space metric that enables

us to reshape the latent geometry in a way that reflects these task-specific demands.

This means that we now require to reshape the manifold to take these obstacles into

account. To do so, we need to reshape the previously-learned metric so that the new

geodesics lead to obstacle-free robot motions.

A naïve approach would entail retraining the VAE model with new data, which is

time-consuming and data-intensive, and can only be executed offline. We propose to

reshape the learned metric by considering problem-specific ambient metrics. Note

that although the definition of curve length relies on the Euclidean metric of  , this is

not a strict requirement. Indeed, Arvanitidis et al. (2021) argued that there is value in

giving the ambient space a manually-defined Riemannian metric and including that

into the definition of curve length. The resulting metric can then be used to compute

the curve length as,

𝑐 =

1

∫
0

√

𝑐̇(𝑡)𝖳𝑱𝑓𝝓 (𝑐(𝑡))
𝖳𝑴 (𝑓𝝓(𝑐(𝑡)))𝑱𝑓𝝓 (𝑐(𝑡))𝑐̇(𝑡)d𝑡, (2.12)

where𝑴 is the ambient metric, which can now vary smoothly across  . The reshaped

Riemannian metric in  is then computed as follows,

𝑴̄(𝒛) = 𝑱𝜇𝝓 (𝒛)
𝖳𝑴 (𝜇𝝓(𝒛))𝑱𝜇𝝓 (𝒛) + 𝑱𝜎𝝓 (𝒛)

𝖳𝑴 (𝜇𝝓(𝒛))𝑱𝜎𝝓 (𝒛). (2.13)
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Given this metric, we can compute geodesics that are repelled from certain regions of

the ambient space  by increasing the value of the ambient metric𝑴 . We demonstrate

how this metric reshaping method is leveraged to generate obstacle-free robot motions

both in trajectory-based motion skills and dynamical systems.

2.5 Learning from Demonstration (LfD)

LfD is a robot programming technique that leverages human demonstrations, recorded

via kinesthetic teaching or teleoperation, to learn a model of a task (Ravichandar et al.,

2020). Examples of data used in LfD include end-effector positions and orientations,

joint configurations, linear or angular velocities, and accelerations. Unlike traditional

motion planning algorithms, which rely on predefined mathematical models and con-

straints to compute feasible paths, LfD directly derives task-relevant behaviors from

demonstration data.

We identify three core frameworks in robot motion learning, each characterized by

specific features such as obstacle avoidance. The first framework employs probabilistic

methods to exploit data variability and model uncertainty (Huang et al., 2019, Cali-

non, 2016, Paraschos et al., 2018). Their probabilistic formulation allows robots to

execute skills using diverse trajectories sampled from the skill model. The second

framework includes neural network approaches for enhancing generalization in robot

motion learning (Seker et al., 2019, Osa et al., 2019). All these methods fall under

the movement primitives (MPs) category, offering an alternative to traditional motion

planning (Elbanhawi et al., 2014) for robot motion generation. The last framework

focuses on motion dynamics learning, where demonstrations are considered solutions

to specific dynamical systems (Ijspeert et al., 2013, Manschitz et al., 2018). Additionally,

hybrid methods combining dynamical systems and neural networks (Bahl et al., 2020,

Rana et al., 2020a), or dynamical systems and probabilistic models (Ugur et al., 2020,

Khansari-Zadeh et al., 2011b), have also been proposed. Focusing on the first two cate-

gories (trajectory-based approaches), in Chapters 3 and 4, we propose a reactive motion

generation technique positioned between movement primitives and motion planning.

Like motion primitives, our approaches use human demonstrations to learn a model of

a skill, assuming that these demonstrations form a smooth surface characterized as a

Riemannian manifold. Simultaneously, akin to motion planners, our method derives

a time-independent reference trajectory generated from geodesic curves, which can

be locally deformed to avoid unseen obstacles.
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Our approach utilizes a neural network, specifically a variational autoencoder

(VAE) (Kingma et al., 2014b), to learn a Riemannian metric that incorporates the

network’s uncertainty. This metric facilitates generating motions resembling the

demonstrations through geodesics. The decoded geodesics then serve as reference

trajectories to reproduce motion trajectories similar to the demonstrations.

Sophisticated robot movements often involve full-pose end-effector trajectories, ne-

cessitating a framework capable of encoding such motion patterns. While many LfD

approaches overlook this challenge (Paraschos et al., 2018, Seker et al., 2019, Calinon,

2016, Huang et al., 2019), recent efforts address it using probabilistic models (Rozo

et al., 2021, Zeestraten, 2018).

Obstacle avoidance is another critical feature of reactive motion generation. Many

approaches rely on predefined obstacle information (Prescott et al., 1992, Aljalbout et al.,

2020), which proves ineffective in dynamic environments. Some techniques indirectly

address this through via-points (Paraschos et al., 2018, Seker et al., 2019, Huang et al.,

2019) without retraining the skill model. Other methods treat obstacles as costs in an

optimization framework to generate optimal, obstacle-free trajectories (Urain et al.,

2021, Ratliff et al., 2018).

Our method tackles obstacle avoidance through metric reshaping. We design obstacle-

aware ambient space metrics to reshape the learned Riemannian metric. The combi-

nation of these metrics generates trajectories that follow the demonstrations while

avoiding obstacles. Notably, the choice of demonstration ambient space influences

the metric design. For instance, joint space demonstrations allow incorporating in-

formation about distances from any robot point to obstacles, enabling multiple-limb

obstacle avoidance. Conversely, task space end-effector demonstrations restrict ob-

stacle avoidance to the robot’s end-effector level.

Our obstacle avoidance technique, introduced in Chapters 3 and 4, resembles

CHOMP (Ratliff et al., 2009), employing a simplified geometric representation of

the robot and obstacles to construct a uniform grid in the task space. This grid

identifies potential collisions, and the information is integrated into geodesic energy,

leading to optimal paths. Like CHOMP, this approach leverages a cost function

incorporating obstacles.

Moreover, human demonstrations often exhibit multiple solutions to a single motion

skill (Rozo et al., 2011, Seker et al., 2019), typically handled using hierarchical meth-

ods (Konidaris et al., 2012, Ewerton et al., 2015). As detailed in Chapters 3 and 4,

our approach encodes multiple-solution tasks on the learned Riemannian manifold,
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enabling replication of demonstrated skills and generating novel hybrid solutions.

These hybrid solutions emerge naturally from our geodesic motion generator on the

Riemannian manifold. In contrast, existing techniques generally restrict trajectories

to demonstrated patterns without supporting hybrid solutions.

Concerning the third category built on dynamical system representations, unlike pre-

vious approaches, dynamical systems explicitly consider the time aspect of motion,

making them well-suited for modeling time-evolving behaviors. For dynamical systems,

stability is a crucial property as it ensures predictable and consistent behavior over

time, which is essential for robust motion generation. Stability guarantee methods are

divided into two categories. The first involves systems demonstrating stability towards

a single attractor, referred to as asymptotic stability, where the system eventually

settles at a predetermined point, regardless of its initial state (Giesl et al., 2015). The

second includes contractive dynamical systems, which describe systems where initially

close states grow closer over time (Jouffroy et al., 2010, Tsukamoto et al., 2021e). This

characteristic ensures high stability, enabling accurate trajectory following.

While techniques like normalizing flows in the first category create motions resem-

bling a trajectory, they do not guarantee exact reconstruction, only reaching the fixed

point (Urain et al., 2020, Rana et al., 2020a, Zhang et al., 2022a). Next, we focus on

contraction theory principles and methods for learning these systems. Additionally, we

overview injective flows and modulation matrices relevant to the proposed approach

in this thesis.

2.6 Contraction in Dynamical Systems

Assume an autonomous dynamical system 𝒙̇𝑡 = 𝑓 (𝒙𝑡), where 𝒙𝑡 ∈ ℝ𝐷
is the state

variable, 𝑓 ∶ ℝ𝐷 → ℝ𝐷
is a𝐶1

function, and 𝒙̇𝑡 = d𝒙∕d𝑡 denotes temporal differentiation.

As depicted in Fig. 5.1, contraction stability guarantees that all solution trajectories

of a nonlinear system 𝑓 incrementally converge regardless of initial conditions 𝒙0,𝒙̇0,
and temporary perturbations (Lohmiller et al., 1998). The system stability can, thus, be

analyzed differentially, i.e. we can ask if two nearby trajectories converge to one another.

Specifically, contraction theory defines a measure of distance between neighboring

trajectories, known as the contraction metric, under which the distance decreases

exponentially over time (Jouffroy et al., 2010, Tsukamoto et al., 2021e).
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2 Background and Related Work

Formally, an autonomous dynamical system yields the differential relation 𝛿𝒙̇ =
𝑱 (𝒙)𝛿𝒙, where 𝑱 (𝒙) = 𝜕𝑓∕𝜕𝒙 is the system Jacobian and 𝛿𝒙 is a virtual displacement (i.e.,

an infinitesimal spatial displacement between the nearby trajectories at a fixed time).

Note that we have dropped the time index 𝑡 to limit notational clutter. The rate of

change of the corresponding infinitesimal squared distance 𝛿𝒙𝖳𝛿𝒙 is

d
d𝑡
(𝛿𝒙𝖳𝛿𝒙) = 2𝛿𝒙𝖳𝛿𝒙̇ = 2𝛿𝒙𝖳𝑱 (𝒙)𝛿𝒙. (2.14)

It follows that if the symmetric part of the Jacobian 𝑱 (𝒙) is negative definite, then

the infinitesimal squared distance 𝛿𝒙𝖳𝛿𝒙 between neighboring trajectories decreases

over time. This is formalized as follows.

Definition 2.1 (Contraction stability (Lohmiller et al., 1998)). An autonomous dynamical
system 𝒙̇ = 𝑓 (𝒙) exhibits a contractive behavior if its Jacobian 𝑱 (𝒙) = 𝜕𝑓∕𝜕𝒙 is uniformly
negative definite, or equivalently if its symmetric part is negative definite. This means
that there exists a constant 𝜏 > 0 such that 𝛿𝒙𝖳𝛿𝒙 converges to zero exponentially at rate
2𝜏 , i.e., ‖𝛿𝒙‖ ≤ 𝑒−𝜏𝑡‖𝛿𝒙0‖. This can be summarized as,

∃ 𝜏 > 0 s.t. ∀𝒙,
1
2

(

𝑱 (𝒙) + 𝑱 (𝒙)𝖳
)

≺ −𝜏𝕀 ≺ 0. (2.15)

The above analysis can be generalized to account for a more general notion of dis-

tance of the form 𝛿𝒙𝖳𝑴(𝒙)𝛿𝒙, where 𝑴(𝒙) is a positive-definite matrix known as

the Riemannian contraction metric (Tsukamoto et al., 2021e, Dawson et al., 2023). In

Chapter 5, we learn a dynamical system 𝑓 so that it is inherently contractive since its

Jacobian 𝑱 (𝒙) fulfills the condition given in (2.15). Consequently, it is not necessary to

separately learn a contraction metric as an identity matrix suffices.

2.7 Contraction-preserving Obstacle Avoidance via Matrix
Modulation

In this section, we review the matrix modulation technique for obstacle avoidance (Hu-

ber et al., 2019). Subsequently, in Sec. 6.3, we will explore how this method can be

extended using Riemannian manifold learning to navigate obstacles and avoid unsafe

regions. In a dynamic environment with obstacles, a learned contractive dynamical sys-

tem should effectively adapt to and avoid unseen obstacles, without interfering with the
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2.7 Contraction-preserving Obstacle Avoidance via Matrix Modulation

global contracting behavior of the system. This approach locally reshapes the learned

vector field in the proximity of obstacles, while preserving contraction properties.

Specifically, Huber et al. (2022) show how to construct a modulation matrix 𝑮 from

the obstacle’s location and geometry, such that the vector field 𝒙̇ = 𝑮(𝒙)𝑓𝜽(𝒙) is both

contractive and steers around the obstacle. Formally, given the modulation matrix

𝑮, we can reshape the vector field

̂̇𝒙 = 𝑮(𝒙)𝑓𝜽(𝒙), (2.16)

𝑮(𝒙) = 𝑬(𝒙)𝑫(𝒙)𝑬(𝒙)−1, (2.17)

where 𝑬(𝒙) and 𝑫(𝒙) are the basis and diagonal eigenvalue matrices computed as,

𝑬(𝒙) = [𝒏(𝒙) 𝐞1(𝒙)… 𝐞𝑑−1(𝒙)], (2.18)

𝑫(𝒙) = diag(𝜆𝑛(𝒙)𝜆𝜏 (𝒙),… , 𝜆𝜏 (𝒙)), (2.19)

where 𝒏(𝒙) = 𝒙−𝒙𝑟
‖𝒙−𝒙𝑟‖

is a reference direction computed w.r.t. a reference point 𝒙𝑟 on

the obstacle, and the tangent vectors 𝐞𝑖 form an orthonormal basis to the gradient of

the distance function Γ(𝒙) (see Huber et al. (2022) for its full derivation). Moreover, the

components of the matrix 𝑫 are defined as 𝜆𝑛(𝒙) = 1 −
(

1
Γ(𝒙)

)
1
𝜌
, 𝜆𝜏 (𝒙) = 1 +

(

1
Γ(𝒙)

)
1
𝜌
,

where 𝜌 ∈ ℝ+
is a reactivity factor. Note that the matrix 𝑫 modulates the dynamics

along the directions of the basis defined by the set of vectors 𝒏(𝒙) and 𝐞(𝒙). As stated

by Huber et al. (2022), the function Γ(⋅) monotonically increases w.r.t the distance

from the obstacle’s reference point 𝒙𝑟, and it is, at least, a 𝐶1
function. Importantly,

the modulated dynamical system ̂̇𝒙 = 𝑮(𝒙)𝑓𝜽(𝒙) still guarantees contractive stability,

which can be proved by following the same proof provided by Huber et al. (2019).
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3 Geodesic Motion Skills in Task Space

This chapter is based on the paper Learning Riemannian Manifolds
for Geodesic Motion Skills, published in Robotics: Science and Systems in
2021 (Beik-Mohammadi et al., 2021).

In this chapter, we describe how learning complex robot motion skills from demon-

strations can be treated from a Riemannian manifold perspective. Unlike previous

works (Havoutis et al., 2013, Li et al., 2018), where skill manifolds are built from locally

smooth manifold learning (Dollár et al., 2007), we leverage a Riemannian formulation.

We develop a model that has enough capacity to learn and synthesize the relevant

patterns of a motion while being flexible enough to adapt to new conditions (e.g. dy-

namic obstacles). An example is shown in Fig.1.1–left, where a Riemannian manifold

is learned from demonstrations of a circular motion. The geodesics on this manifold

naturally reproduce the shape of the skill, illustrating how the model captures the

underlying geometry of the task.

In this context, related approaches such as geometric control methods build on the

geometric properties of a system in the design of control laws. These methods are

particularly useful in situations where the dynamics of the system are complex and

difficult to model accurately (Bullo et al., 2004).

On a related note, our approach shares some conceptual aspects with optimal control

theory. Broadly speaking, optimal control aims at finding optimal control inputs that

minimize a specific cost functional (Kirk, 1970). The connection between inverse optimal

control and Riemannian manifold learning is that the learned Riemannian metric

can be understood as the cost function that the human demonstrator is optimizing.

More specifically, the optimal expert demonstrations of a motion are used to learn

a Riemannian metric that defines the optimal or shortest path (i.e., geodesics) that

minimizes the functional in (2.3). In comparison, our method differs conceptually

from the aforementioned control techniques, as it leverages geodesic on a learned

Riemannian manifold for robot motion generation. While all approaches aim to achieve

precise and efficient control or planning for mechanical systems, they do so through

25



3 Geodesic Motion Skills in Task Space

different perspectives. We next describe how we use VAEs to access a low-dimensional

learned manifold of the demonstrations to learn an ambient space Riemannian metric.

As mentioned previously, this metric is exploited to reconstruct robot motions in both

task space ℝ3 × 3
and joint space ℝ𝜂

(described in Chapter 4). In addition, we discuss

the design of the corresponding VAE for each ambient space as well as the formulation

of the corresponding Riemannian metric. In Section 3.5, we explain how we exploit

these learned metrics to generate robot motion trajectories using geodesics.

To begin, we focus on learning motion skills characterized by full-pose end-effector

trajectories, where each pose is represented in ℝ3 × 3
. Before exploiting the VAE to

compute the Riemannian metric, we must ensure its capability to properly learn and

reconstruct full-pose end-effector states, i.e. position 𝒙 ∈ ℝ3
and orientation 𝒒 ∈ 3

,

while accounting for specific properties of the data, such as quaternions antipodality.

To do so, we propose a VAE architecture that models the joint density of the robot

end-effector state. Our model retains the usual Gaussian prior 𝑝(𝒛) =  (𝒛|𝟎, 𝕀𝑑), but

modifies the generative distribution 𝑝𝝓,𝝍 (𝒙, 𝒒|𝒛). Specifically, we assume that position

and orientation are conditionally independent,

𝑝𝝓,𝝍 (𝒙, 𝒒|𝒛) = 𝑝𝝓(𝒙|𝒛)𝑝𝝍 (𝒒|𝒛), (3.1)

where the latent variable 𝒛 captures the correlation between position and quaternion

data. Next, we describe how each conditional distribution is parameterized and learned.

3.1 Position Encoding

To model the conditional distribution of end-effector positions 𝒙, we opt for simplicity

and choose this to be Gaussian,

𝑝𝝓(𝒙|𝒛) =  (𝒙|𝜇𝝓(𝒛), 𝕀3𝜎2
𝝓(𝒛)), (3.2)

where 𝜇𝝓 and 𝜎𝝓 are neural networks parametrized by 𝝓.

This is a somewhat simplistic model as the Gaussian model will assign probability mass

outside the workspace of the robot, i.e. physically infeasible robot states. With simplicity

in mind, we disregard this concern as we only optimize the associated likelihood, and

therefore never sample infeasible states. However, if we were to use the VAE as a

fully generative model, this likelihood should be replaced by a more elaborated model

that accounts for physical properties.
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3.2 Quaternion Encoding

On a robot motion trajectory, each position is paired with an orientation, and together

they define the full pose of the end-effector. There are several representations for

the end-effector orientation, for example, Euler angles, rotation matrices, and unit

quaternions. Euler angles and rotation matrices are widely used for their simplicity

and intuitiveness, however, the former suffer from gimbal lock (Hemingway et al.,

2018) which makes them an inadequate orientation parametrization, and the latter are

a redundant representation requiring a high number of parameters.

Unit quaternions, on the other hand, are a convenient way to represent orientations

since they are compact, not redundant, and prevent gimbal locks. Also, they provide

strong stability guarantees in closed-loop orientation control (Campa et al., 2008), and

they have been recently exploited in complicated robotic tasks learning (Rozo et al.,

2020), and for data-efficient robot control tuning (Jaquier et al., 2020) using Riemannian-

manifold formulations. We choose to represent orientations 𝒒 as a unit quaternion,

such that 𝒒 ∈ 3
with the additional antipodal identification that 𝒒 and −𝒒 correspond

to the same orientation. Formally, a unit quaternion 𝒒 lying on the surface of a 3-

sphere 3
can be represented using a 4-dimensional unit vector 𝒒 = [𝑞𝑤, 𝑞𝑥, 𝑞𝑦, 𝑞𝑧],

where the scalar 𝑞𝑤 and vector (𝑞𝑥, 𝑞𝑦, 𝑞𝑧) represent the real and imaginary parts of the

quaternion, respectively. To cope with antipodality, one could model 𝒒 as a point in a

projective space, but for simplicity we let 𝒒 live on the unit sphere 3
. We then choose

a generative distribution 𝑝𝝍 (𝒒|𝒛) such that 𝑝𝝍 (𝒒|𝒛) = 𝑝𝝍 (−𝒒|𝒛). In other words, the

quaternions 𝒒 and −𝒒 are considered to be antipodal: they lie on diametrically opposite

points on the 3-sphere while representing the same orientation.

To formulate a suitable distribution 𝑝𝝍 (𝒒|𝒛) over 3
, we leverage the von Mises-Fisher

(vMF) distribution, which is merely an isotropic Gaussian constrained to lie on the unit

sphere (Sra, 2018). This distribution is described by a mean direction 𝝁 with ‖𝝁‖ = 1,

and a concentration parameter 𝜅 ≥ 0. The vMF density function is defined as,

vMF(𝒒|𝝁, 𝜅) = 𝐶𝐷(𝜅) exp
(

𝜅𝝁𝖳𝒒
)

, ‖𝝁‖ = 1, (3.3)

where 𝐶𝐷 is the normalization constant

𝐶𝐷(𝜅) =
𝜅
𝐷
2 −1

(2𝜋)
𝐷
2 𝐼 𝐷

2 −1(𝜅)
, (3.4)
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with 𝐼 𝐷
2 −1(𝜅) being the modified Bessel function of the first kind. Like the Gaussian,

from which the distribution was constructed, the von Mises-Fisher distribution is

unimodal. To build a distribution that is antipodal symmetric, i.e. 𝑝𝝍 (𝒒|𝒛) = 𝑝𝝍 (−𝒒|𝒛),
we define a mixture of antipodal vMF distributions (Hauberg et al., 2016),

𝑝𝝍 (𝒒|𝒛) =
1
2
vMF(𝒒|𝝁𝝍 (𝒛), 𝜅𝝍 (𝒛)) +

1
2
vMF(𝒒| − 𝝁𝝍 (𝒛), 𝜅𝝍 (𝒛)), (3.5)

where 𝝁 and 𝜅 are parametrized as neural networks. This mixture model is conceptually

similar to a Bingham distribution (Sra, 2018), but is easier to implement numerically.

3.3 Variational Inference

To train the VAE, we maximize an adapted evidence lower bound (ELBO) (2.8), defined as

𝐸𝐿𝐵𝑂 = 𝛽1𝒙 + 𝛽2𝒒 − KL
(

𝑞𝝃(𝒛|𝒙)||𝑝(𝒛)
)

, (3.6)

𝒙 = 𝔼𝑞𝝃 (𝒛|𝒙)
[

log 𝑝𝝓(𝒙|𝒛)
]

, (3.7)

𝒒 = 𝔼𝑞𝝃 (𝒛|𝒙)
[

log 𝑝𝝍 (𝒒|𝒛)
]

, (3.8)

where 𝒙 ∈ ℝ3
and 𝒒 ∈ 3

represent the position and orientation of the end-effector,

respectively. The scaling factors 𝛽1 > 0 and 𝛽2 > 0 balance the log-likelihood of position

and orientation components. This approach is inspired by the 𝛽-VAE method (Higgins

et al., 2017), which, despite not yielding a valid lower bound on the ELBO objective

function, has been shown to produce high-quality results comparable to methods

that provide a valid lower bound, thus it is commonly used in practice. Due to the

quaternions antipodality, raw demonstration data may contain negative or positive

values for the same orientation. So, we avoid any pre-processing step of the data by

considering two vMF distributions that encode the same orientation at both sides of

the hypersphere. Practically, we double the training data, by including 𝒒𝑛 and −𝒒𝑛 for

all observations 𝒒𝑛. Note that as the Riemannian manifold is learned using task space

data, the model is kinematics agnostic, which means that the generated motion may be

used across different robots as long as the trajectory is reachable.
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3.4 Induced Riemannian Metric

Our generative process is parametrized by a set of neural networks. Specifically, 𝜇𝝓 and

𝜎𝝓 are position mean and variance neural networks parameterized by 𝝓, while 𝜇𝝍 and

𝜅𝝍 are neural networks parameterized by 𝝍 that represent the mean and concentration

of the quaternion distribution. It is important to note that we have used the same

notation for the parameter values of the mean and variance networks. However, in

practice, the parameters for these networks are not the same. Following Sec. 2.3, the

Jacobians of these functions govern the induced Riemannian metric as,

𝑴(𝒛) =𝑴𝒙
𝜇 (𝒛) +𝑴

𝒙
𝜎 (𝒛) +𝑴

𝒒
𝜇 (𝒛) +𝑴

𝒒
𝜅 (𝒛), (3.9)

with

𝑴𝒙
𝜇 (𝒛) = 𝑱𝜇𝝓 (𝒛)

𝖳𝑱𝜇𝝓 (𝒛), (3.10)

𝑴𝒙
𝜎 (𝒛) = 𝑱𝜎𝝓 (𝒛)

𝖳𝑱𝜎𝝓 (𝒛), (3.11)

𝑴𝒒
𝜇 (𝒛) = 𝑱𝜇𝝍 (𝒛)

𝖳𝑱𝜇𝝍 (𝒛), (3.12)

𝑴𝒒
𝜅 (𝒛) = 𝑱𝜅𝝍 (𝒛)

𝖳𝑱𝜅𝝍 (𝒛), (3.13)

where 𝑱𝜇𝝓 , 𝑱𝜎𝝓 , 𝑱𝜇𝝍 , 𝑱𝜅𝝍 are the Jacobians of the functions representing the position

mean and variance, as well as the quaternion mean and concentration, respectively.

In practice, we want this Riemannian metric 𝑴(𝒛) to take large values in regions with

little or no data, so that geodesics avoid passing through them. We achieve this by using

radial basis function (RBF) networks as our variance representation, whose kernels

reliably extrapolate over the whole space (Arvanitidis et al., 2018). Since one of the main

differences between Gaussian and von Mises-Fisher distributions is the representation

of the data dispersion, the RBF network should consider a reciprocal behavior when

estimating variance for positions. In summary, the data uncertainty is encoded by

the RBF networks representing 𝜎−1
𝝓 (𝒛) and 𝜅𝝍 (𝒛), which affect the Riemannian metric

through their corresponding Jacobians as in (3.9).

3.5 Geodesic Motion Skills

As explained previously, geodesics follow the trend of the data, and they are here

exploited to reconstruct motion skills that resemble human demonstrations. In this
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section, we describe geodesic computation in both settings, namely, where the VAE

is trained on task space trajectories. Moreover, we explain how new geodesic paths,

that avoid obstacles on the fly, can be obtained by metric reshaping. In particular, we

exploit ambient space metrics defined as a function of the obstacle’s configuration to

locally deform the original learned Riemannian metric.

Last but not least, our approach can encode multiple-solution skills, from which new

hybrid trajectories (not previously shown to the robot) can be synthesized. To elaborate,

a multiple-solution task requires the robot to combine multiple demonstrated solutions,

i.e. trajectories, in order to complete it. By being able to combine multiple solutions to

generate a mixed novel trajectory, the robot can find a novel solution to a task despite

that not a single demonstration provides a complete solution on its own. This can

be particularly useful in complex or dynamic environments where the robot needs to

be able to adapt and respond to changing conditions. We elaborate on each of these

features in the sequel.

3.5.1 Generating Motion

Robot motion generation techniques that leverage demonstrations aim to replicate

the demonstrated movement patterns with a high degree of accuracy, reliability, and

efficiency. This is achieved by exploiting the demonstrations as a source of information

about the range of (manifold of) possible movements that the robot should perform.

The robot uses this information to generate similar movements on its own.

One way to represent the observed movement patterns mathematically is through

the use of Riemannian manifolds. Riemannian manifolds allow us to describe data

sub-spaces (defined by the demonstrations) within a larger space and provide analytical

tools for calculating distances and angles within these sub-spaces. In the context of

robot motion generation, a Riemannian manifold can be used to characterize the region

of the state space covered by the demonstrations.

In this thesis, the Riemannian metrics that describe the structure of these manifolds are

highly influenced by the data uncertainty and they are used to find the path between

two points on the manifold, the so-called geodesic. In the context of Riemannian

manifolds, geodesics are the curves that minimize the distance between two points on

the manifold. It is important to keep in mind that the distance measurement is done on

the manifold, using the distance metric of the physical space where the robot moves.

This means that geodesics on a Riemannian manifold represent the most efficient paths
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through the space represented by the manifold. Given that Riemannian manifolds

represent the sub-space within which the demonstrations reside, it follows that the

geodesics are equivalent to the optimal motion trajectories.

Specifically, the Riemannian metrics (2.11) and (4.3) tell us that geodesics are penalized

for crossing through regions where the VAE predictive uncertainty grows. This implies

that if a set of demonstrations follows a circular motion pattern, geodesics starting

from arbitrary points on the learned manifold will also generate a circular motion

(see Fig. 1.2–left). This behavior is due to the way that the metric 𝑴 is defined: Our

Riemannian metric 𝑴 is characterized by low values where data uncertainty is low

(and vice-versa). Since the geodesics minimize the energy of the curve between two

points on , which is a function of 𝑴 , they tend to stay on the learned manifold and

avoid outside regions. This property follows the common characteristics of motion

generation techniques to reproduce motion learned from demonstrations and, makes us

suggest that geodesics form a natural motion generation mechanism. Note that when

using a Euclidean metric (i.e., an identity matrix), geodesics correspond to straight

lines. Such geodesics certainly neglect the data manifold geometry. Note that geodesics

do not typically follow a closed-form equation on these learned manifolds, as they

are governed by the nonlinear differential system described in (2.5), and numerical

approximations are required.

This can be done by direct minimization of curve length (Shao et al., 2018, Kalatzis et al.,

2020), A
∗

search (Chen et al., 2019), integration of the associated ODE (Arvanitidis et al.,

2019), or various heuristics (Chen et al., 2018a). In this thesis, we compute geodesics

on  by approximating them by cubic splines 𝑐 ≈ 𝜔𝜆(𝒛𝑐), with 𝒛𝑐 = {𝒛𝑐0 ,… , 𝒛𝑐𝐾 },

where 𝒛𝑐𝑘 ∈  is a vector defining a control point of the spline over the latent space

. Given 𝐾 control points, 𝐾 − 1 cubic polynomials 𝜔𝜆𝑖 with coefficients 𝜆𝑖,0, 𝜆𝑖,1, 𝜆𝑖,2,
𝜆𝑖,3 have to be estimated to minimize its Riemannian length,

𝜔𝜆(𝒛𝑐 ) =

1

∫
0

√

⟨𝜔̇𝜆(𝒛𝑐),𝑴(𝜔𝜆(𝒛𝑐))𝜔̇𝜆(𝒛𝑐)⟩d𝑡. (3.14)

The resulting geodesic 𝑐 computed in  is used to generate the robot motion by

decoding it through the VAE networks 𝜇𝝍 and 𝜇𝝍 or 𝜇𝜶 depending on the ambient

space setting. The obtained trajectory is then executed on the robot arm to reproduce

the required skill. In the task space setting, the decoded geodesics can be deployed on

the robot using a Cartesian impedance controller or inverse kinematics. In the joint
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Figure 3.1: Left: The variance measure, right: The magnification factor of the Riemannian manifold learned

from trajectories based on 𝖩 and 𝖢 English alphabet characters defined in ℝ2 × 2
. The semi-

transparent white points depict the encoded training set, and the yellow curve depicts the geodesic

in the latent space. The resulting manifold is composed of two similar clusters due to the antipodal

encoding of the quaternions, where each cluster represents one side of the hyper-sphere. The

yellow and red curves show the geodesics computed based on Riemannian and Euclidean metrics,

respectively.

space setting, the decoded geodesics can be employed directly on the robot as a joint

trajectory reference to be tracked by joint position or impedance controllers.

3.5.2 Geodesics in Task Space

In this section, we investigate the geodesic motion generation in task space. To illus-

trate the motion generation mechanism, we consider a simple experiment where the

demonstration data at each time point is confined to ℝ2 ×2
, i.e. only two-dimensional

positions and orientations are considered. We artificially create position data that

follows a 𝖩 shape and orientation data that follows a 𝖢 shape projected on the sphere

(see Fig. 3.2). We fit our VAE model to this dataset, and visualize the corresponding

latent space in Fig. 3.1, where the top panel shows the latent mean embeddings of the

training data with a background color corresponding to the predictive uncertainty. We

see low uncertainty near the data, and high otherwise. The bottom panel of Fig. 3.1

shows the same embedding but with a background color proportional to log
√

det𝑴 .

This quantity, known as the magnification factor (Bishop et al., 1997), generally takes

large values in regions where distances are large, implying that geodesics will try to

avoid such regions. In Fig. 3.1, we notice that the magnification factor is generally

low, except on the ‘boundary’ of the data manifold, i.e. in regions where the predic-

tive variance grows. Consequently, we observe that Riemannian geodesics (yellow
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curves in the figure) stay within the ‘boundary’ and hence resemble the training data

patterns. In contrast, Euclidean geodesics (red curves in the figure) fail to stay in the

data manifold. Our proposal is to use these geodesics on the learned manifolds as our

robot motion generation mechanism.

Figure 3.2: As an illustration, we consider synthetic data that belong to ℝ2 × 2
. The left panel depicts the

𝖩-shaped position data in ℝ2
and the right panel shows the 𝖢-shaped orientation data on 2

. The

yellow and red curves show the decoded geodesics depicted in Fig. 3.1, computed according to the

Riemannian and Euclidean metrics, respectively.

Note that both panels in Fig. 3.1 depict two distinct horseshoe-like clusters, which is a

result of the antipodality of the data in 2
. More precisely, the bimodal distribution of

the antipodal quaternion data is encapsulated by these two clusters in the latent space.

In practical settings, as long as the geodesic curve does not cross across clusters (both

start and goal points belong to the same cluster), the quaternion sign is unchanged.

We experimentally examine this in Section 3.6.

3.5.3 Obstacle Avoidance using Ambient Space Metrics

In the multiple-limb obstacle avoidance setting, rather than just using the end effector,

the entire body of the robot is taken into account. This technique takes advantage of

redundant solutions in joint space to find a robot configuration that avoids collisions.

This is useful in situations where the end effector may be safe from an obstacle, but

other parts of the robot’s body (such as its links) are in danger of colliding with the

obstacle. By providing multiple solutions in joint space during the demonstration phase,

the robot can choose a configuration that avoids the obstacle and continue with its

task. In cases where the demonstrations do not provide joint space solutions, a variety

of obstacle avoidance techniques can be used to move the robot away from obstacles.
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3 Geodesic Motion Skills in Task Space

There are a variety of methods to incorporate obstacle avoidance into robotic systems.

One commonly employed method is to utilize an off-the-shelf obstacle avoidance

technique as post-processing of the generated trajectory. This approach involves first

generating a trajectory, and then applying an obstacle avoidance technique to prevent

collisions with obstacles present in the environment. This method can be relatively

straightforward to implement and may effectively avoid obstacles. However, it can

also lead to deviation from the intended motion and may not accurately reflect the

demonstrations. It is worth noting that obstacle avoidance techniques that operate in

joint space are often computationally intensive. Furthermore, this method cannot be

applied in the latent space, as the obstacle avoidance technique must have knowledge

of geometry and be able to generate trajectories on the manifold.

The technique that will be outlined in the following section offers a capability for effi-

cient and effective obstacle avoidance for multiple limbs, without reliance on additional

obstacle avoidance techniques.

Here we explain how we can reshape the learned metric to avoid obstacles in the task

space setting, where only the robot end-effector is considered. Formally, we propose

to define the ambient metric of the end-effector position to be

𝑴𝒙
 (𝒙) =

(

1 + 𝜁 exp
(

−‖𝒙 − 𝒐‖2

2𝑟2

))

𝕀3, 𝒙 ∈ ℝ3, (3.15)

where 𝜁 > 0 scales the cost, 𝒐 ∈ ℝ3
and 𝑟 > 0 represent the position and radius

of the obstacle, respectively. The orientation metric is assumed to be the identity,

denoted by 𝑴 (or 𝑴). For example, if the orientation is represented by quaternions

𝒒 ∈ 3 ⊂ ℝ4
, then the corresponding metric on the tangent space 𝒒3

(which is

isomorphic to ℝ3
) is given by the 3 × 3 identity matrix 𝕀3. Therefore, the full metric

is defined as follows,

𝑴 =

(

𝑴 𝟎
𝟎 𝑴 or 𝑴

)

(3.16)

Under this new ambient metric, geodesics will generally avoid the obstacle, though

we emphasize this is only a soft constraint. This approach is similar in spirit to

CHOMP (Ratliff et al., 2009) except our formulation works along a low-dimensional

learned manifold, whose solution is then decoded to the task space of the robot.
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Under this ambient metric, the associated (reshaped) Riemannian metric of the latent

space  becomes,

𝑴(𝒛) =𝑴𝒙
𝜇 (𝒛) +𝑴

𝒙
𝜎 (𝒛) +𝑴

𝒒
𝜇 (𝒛) +𝑴

𝒒
𝜅 (𝒛), (3.17)

with 𝑴𝒙
𝜇 (𝒛) = 𝑱𝜇𝝓 (𝒛)

𝖳𝑴𝒙
 (𝜇𝝓(𝒛))𝑱𝜇𝝓 (𝒛),

𝑴𝒙
𝜎 (𝒛) = 𝑱𝜎𝝓 (𝒛)

𝖳𝑴𝒙
 (𝜇𝝓(𝒛))𝑱𝜎𝝓 (𝒛),

𝑴𝒒
𝜇 (𝒛) = 𝑱𝜇𝝍 (𝒛)

𝖳𝑴𝒒
 (𝜇𝝍 (𝒛))𝑱𝜇𝝍 (𝒛),

𝑴𝒒
𝜅 (𝒛) = 𝑱𝜅𝝍 (𝒛)

𝖳𝑴𝒒
 (𝜇𝝍 (𝒛))𝑱𝜅𝝍 (𝒛),

where 𝑴𝒙
 and 𝑴𝒒

 represent the position and orientation components of the obstacle-

avoidance metric 𝑴 , respectively. We emphasize that as the object changes position,

the VAE does not need to be re-trained as the change is only in the ambient metric.

As stated before, obstacles can be avoided only by the end-effector under this task

space setting.

In the multiple-limb obstacle avoidance setting, rather than just using the end effector,

the entire body of the robot is taken into account. This technique takes advantage of

redundant solutions in joint space to find a robot configuration that avoids collisions.

This is useful in situations where the end effector may be safe from an obstacle, but

other parts of the robot’s body (such as its links) are in danger of colliding with the

obstacle. By providing multiple solutions in joint space during the demonstration phase,

the robot can choose a configuration that avoids the obstacle and continue with its

task. In cases where the demonstrations do not provide joint space solutions, a variety

of obstacle avoidance techniques can be used to move the robot away from obstacles.

The technique that will be outlined in Sec. 4.3.1 offers a capability for efficient and

effective obstacle avoidance for multiple limbs, without reliance on additional obstacle

avoidance techniques.

3.5.4 Generating Geodesics on Discrete Manifolds

To generate robot motion, our approach requires computing geodesics, which can be

done in several ways (Peyré et al., 2010). While this can be computed by solving an

ordinary differential equation, this approach may not be suitable for real-time robotic

applications due to its computational cost, as highlighted in previous studies (Ar-

vanitidis et al., 2019). A commonly used alternative is to employ gradient descent to
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minimize the curve length (Noakes et al., 2022). While this approach is straightforward

and effective in some cases, it may not be optimal when operating in real-time. In

our experiments, we found that the gradient descent approach often gets trapped in

local minima, depending on a non-trivial initialization. As a consequence, multiple

restarts may be required, which increases computational cost. We, therefore, consider

an alternative discrete approach.

As we work with low-dimensional latent spaces, we here propose to simply discretizing

them on a regular grid and use a graph-based algorithm for computing shortest paths.

If this grid is sufficiently dense, this approach is globally optimal and computationally

inexpensive. However, this approach is only feasible in low-dimensional latent spaces

due to the curse of dimensionality. In particular, the memory requirements of the graph

grow exponentially with dimension, and the short path search grows with the graph

size. Our experiments are, however, concerned with low-dimensional latent spaces,

where these limitations are negligible.

In detail, we create a uniform grid over the latent space , and assign a weight to each

edge in the graph corresponding to the Riemannian distance between neighboring

nodes (see Fig. 3.4). Geodesics are then found using Dijkstra’s algorithm (Cormen et al.,

2009). This algorithm selects a set of graph nodes,

𝐺𝑐 =
{

𝒈0, 𝒈1,… , 𝒈𝑆−1, 𝒈𝑆
}

, 𝒈𝑠 ∈ ℝ𝐷,

where 𝒈0 and 𝒈𝑆 represent the start and the target of the geodesic in the graph, respec-

tively. To select these points, the shortest path on the graph is calculated by minimizing

the accumulated weight (cost) of each edge connecting two nodes, computed as in (2.3).

To ensure a smooth trajectory, we fit a cubic spline 𝜔𝜆 to the resulting set 𝐺𝑐 by mini-

mizing the mean square error. The spline computed in  is finally used to generate the

robot moves through the mean decoder networks: 𝜇𝜽 and 𝜇𝝍 . The resulting trajectory

can be executed on the robot arm to reproduce the required skill.

In order to verify the validity of the discrete geodesic approximation (graph-based) in

comparison to the continuous approximation (gradient-based), a toy example scenario

was devised for evaluating their respective accuracies. Three different experimen-

tal setups were compared, one using gradient descent and two using a graph-based

approach. In the graph-based setting, the manifold was discretized, and the Dijkstra

algorithm was used to find the shortest path. The discrete setups were also evaluated

using two different resolutions to assess the effect of the grid density on the accuracy
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Figure 3.3: Comparison of geodesics generated under continuous and discrete setups. The results demonstrate

that the geodesic computed using the 50 × 50 grid deviates unnecessarily from the data, likely due

to the grid’s relatively low resolution. In contrast, the geodesic generated using the 100 × 100 grid

achieves accuracy comparable to that of the (continuous) gradient descent method.

and efficiency. We employed the same pre-trained model from the toy example pre-

sented in Section 3.5.2. Figure 3.3 displays the resulting geodesics. As observed, all

methods were successful in approximating a geodesic that follows the trend of the data

in the latent space. However, the geodesic generated using the 50 × 50 grid, depicted

in yellow, exhibits an unnecessary deviation from the data, likely due to the relatively

low resolution of the grid. Moreover, the geodesics generated using the 100 × 100 grid

and gradient descent method exhibit a comparable level of accuracy.

Moreover, one issue with the graph-based approach is that dynamic obstacles imply

that geodesic distances between nodes may change dynamically. To avoid recomputing

all edge weights every time an obstacle moves we do as follows. Since the learned

manifold does not change, we can keep a decoded version of the latent graph in memory

(Fig. 3.4). This way we avoid querying the decoders at run-time. We can then find

points on the decoded graph that are near obstacles and rescale their weights to take

the ambient metric into account. Once the obstacle moves, we can reset the weights

of points that are now sufficiently far from the obstacle.

37



3 Geodesic Motion Skills in Task Space

Latent graph Decoded graph

Obstacle

Figure 3.4: Concept drawing. Left: The latent space is discretized to form a grid graph consisting of linearly

spaced nodes, with edge weights matching Riemannian distances. Right: To efficiently handle

obstacles, the graph is decoded, such that obstacles can easily be mapped to latent space.

3.5.5 Architecture

In this section, we describe the VAE architecture under ℝ3 × 3
setting. The VAE

architectures are implemented using PyTorch (Paszke et al., 2019a). This particular

VAE network is designed to reconstruct end-effector poses in ℝ3 × 3
. The overall

architecture is depicted in Figure 3.5 with the different components that are required

to correctly reproduce end-effector poses. In this architecture, both the decoder and

encoder networks have two hidden layers with 200 and 100 neuron units (depicted as

beige boxes) which output the mean and variance vectors (depicted as orange boxes).

Furthermore, as previously explained, the variance and concentration parameters for

position and quaternion data are estimated using RBF decoder networks with 500
kernels calculated by 𝑘-means over the training dataset (Arvanitidis et al., 2018) with

predefined bandwidth. In this particular setup, the VAE uses a 2-dimensional latent

space (depicted by the green box) to encode the 7-dimensional input vector (depicted

as blue boxes on the left). Moreover, the VAE reconstructs the encoded input back to

the ambient space (depicted as blue boxes on the right) using the decoder networks.

In this setting, the VAE is implemented using a single neural network as the decoder

mean for the position and orientation, while the variance and concentration networks

are implemented separately. As a result, the learned metric is defined as,

𝑴(𝒛) =𝑴𝒙,𝒒
𝜇 (𝒛) +𝑴𝒙

𝜎 (𝒛) +𝑴
𝒒
𝜅 (𝒛), (3.18)
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Figure 3.5: The VAE architecture under the task space setting. The blue, orange, green, and gray blocks

correspond to ambient spaces, functions with trainable parameters, latent variables, and functions

with fixed parameters. The arrows indicate the direction in which the data flows during the query.

with 𝑴𝒙,𝒒
𝜇 (𝒛) = 𝑱𝜇𝝓 (𝒛)

𝖳𝑴(𝒛)𝑱𝜇𝝓 (𝒛),

𝑴(𝒛) =
[

𝑴 (𝜇𝝓(𝒛)) 𝟎
𝟎 𝑴(𝜇𝝍 (𝒛))

]

,

𝑴𝒙
𝜎 (𝒛) = 𝑱𝜎𝝓 (𝒛)

𝖳𝑴 (𝜇𝒙𝝓(𝒛))𝑱𝜎𝝓 (𝒛),

𝑴𝒒
𝜅 (𝒛) = 𝑱𝜅𝝍 (𝒛)

𝖳𝑴(𝜇𝝍 (𝒛))𝑱𝜅𝝍 (𝒛).

where 𝑱𝜇𝝓 ∈ ℝ(𝐷+𝐷)×𝑑 is the Jacobian of the joint decoder mean network (position

and quaternion), and 𝑱𝜎𝝓 ∈ ℝ𝐷×𝑑
and 𝑱𝜅𝝍 ∈ ℝ𝐷×𝑑 are the Jacobians of the de-

coder variance and concentration RBF networks, respectively. Since the position and

quaternion share the same decoder mean network, the output vector is split into two

parts, accordingly. The quaternion part of the decoder mean is projected to the 3
to

then define the corresponding von Mises-Fisher distribution as in (3.3). The yellow

arrow in Fig. 3.5 shows the flow of the data from ambient space back to the latent

space in order to compute the pullback metric.

The ELBO parameters 𝛽1 and 𝛽2 in (3.6) are found experimentally to guarantee good

reconstruction of both position and quaternion data. It is worth pointing out that

we manually provided antipodal quaternions during training, which leads to better

latent space structures and reconstruction accuracy. The same architecture is used

for all the experiments.
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3.6 Experiments

The first set of experiments focuses on tasks where only the robot end-effector motion

is relevant for the task, therefore the demonstrations are recorded in ℝ3 × 3
.

3.6.1 Reach-to-grasp

The first set of experiments is based on a dataset collected while an operator performs

kinesthetic demonstrations of a grasping skill. The grasping motion includes a 90° ro-

tation when approaching the object for performing a side grasp (see Fig. 3.7). The

demonstration trajectories start from the same end-effector pose, and they reach the

same target position in the task space. To reproduce this grasping skill, we computed

a geodesic in  which is decoded to generate a continuous trajectory in  , which

closely reproduces the rotation pattern observed during demonstrations. Figure 3.7–left
depicts the magnification factor related to the learned manifold. The semi-transparent

white points correspond to the latent representation of the training set, and the yellow

and blue curves are geodesics between points assigned from the start and endpoints

of the demonstrations. The left panel in Fig. 3.7 shows geodesics in two different

scenarios: The yellow geodesics in the right cluster start from the same pose and end up

at different targets, while the blue geodesics in the left cluster start and end in different

random targets. The results show that the method can successfully generate geodesics

that respect the geometry of the manifold learned from the demonstration.

As expected, the magnification factor (Fig. 3.7–left) shows that the learned manifold

is composed of two similar clusters, similar to the illustrative example in Fig. 3.1. We

observed that this behavior emerged due to the antipodal encoding of the quaternions,

where each cluster represents one side of the hyper-sphere. To confirm this, we

generated a new geodesic, depicted in green in the right panel of Fig. 3.7, which is

designed to cross the boundaries of the cluster (start and end locations belong to

different clusters).

Figure 3.6 depicts the evolution of the quaternion components corresponding to the

decoded green geodesic. As this geodesic curve crosses the clusters, the sign of the end-

effector quaternion flips (highlighted by the black rectangle). It is worth emphasizing

that by staying on the manifold and avoiding these boundaries, no post-processing of

raw quaternion data is required during training or reconstruction. This can be easily

guaranteed by monitoring the energy along the curves, which indicates when geodesics

approach a high-energy region. For instance, the average energy of the blue and yellow
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Figure 3.6: The evolution of the individual quaternion components of the green geodesic as it passes through

high-energy regions.

Figure 3.7: Left: The yellow curves in the right cluster show geodesics starting from the same points and

ending up at random targets, and the blue curves in the left cluster connect random points on the

manifold. The background depicts the magnification factor derived from the learned manifold, and

the semi-transparent white points show the encoded training dataset. Right: The decoded geodesic

employed on the robot.

geodesics are 7.50 and 10.51, respectively, while that of the green geodesic is 2.49×109.
As a result, we can simply identify and avoid these geodesics.

Figure 3.7–right shows the reconstructed geodesic executed by the robot, where the

overlapping images display the time evolution of the skill. It is easy to observe that

the desired motion is successfully generated by our model. Note how the end-effector

orientation evolves on the decoded geodesic in the ambient space, showing that the

90° rotation is properly encoded and reproduced using our approach.
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Figure 3.8: Left: Red and yellow curves depict geodesics at two different time frames performing dynamic

obstacle avoidance with obstacles depicted as red and yellow circles. These geodesics also take

advantage of a different group of demonstrations to generate a hybrid solution. The background

depicts the magnification factor derived from the learned manifold with encoded demonstration

sets depicted as dot clusters in white, green, and blue. Right: The decoded geodesics performed on

the robot in different time steps.

3.6.2 Pouring

To evaluate our model on a more complicated scenario, we collected a dataset of pouring

task demonstrations. The task involves grasping 3 bottles from 3 different positions

and then pouring 3 cups placed at 3 different locations. The demonstrated trajectories

cross each other, therefore providing a multiple-solution setting. As a result, with 3 sets

of demonstrations, all 9 permutations for grasping any bottle from the table and then

pouring at any cup are feasible, despite only a small subset of them being demonstrated.

The first feature we want to test in this setting is the obstacle avoidance capabilities

via metric reshaping. To do so, we compute the ambient space metric in (3.15) based

on a spherical obstacle that partially blocks the low-energy regions that the geodesics

exploit to find a solution. This way the geodesics are forced to either use the low-

energy regions that the individual demonstrations provide or improvise and find a

hybrid novel path based on a subset of demonstrations. Figure 3.8–left shows the

geodesic performing obstacle avoidance around a moving obstacle while following the

geometry of the manifold. Two time instances of the obstacle are depicted as red and

yellow circles in the latent space for illustration purposes.
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Figure 3.9: Left: The geodesic shown as the yellow curve combines the blue, green, and white demonstration

groups to form a hybrid solution. This experiment uses three geodesics to pour all the cups using a

single bottle. Right: The decoded geodesics performed on the robot are depicted by superimposing

images from different time frames. The transparent robot arms depict the trace of the motion

trajectory, which begins with pouring the right cup, the middle, and lastly the left cup.

The red and yellow curves represent geodesics avoiding the red and yellow obstacles,

respectively. These curves correspond to one time frame of the adapted geodesic,

showing how our method can deal with dynamic obstacles. Fig. 3.8–right shows the

decoded geodesics performed on the robot, where transparent robot arms show the

temporal evolution of the skill. In order to correctly perform obstacle avoidance, the

parameter 𝒙 in ambient space metric in (3.15) represents the position of the bottle

when grasped and the obstacle radius 𝑟 is modified to account for the bottle. To do

so, we simplify the bottle geometry by approximating it using a sphere and add its

radius 𝑟
bot

to the radius of the obstacle as 𝑟 = 𝑟
obs

+ 𝑟
bot

, where 𝑟
obs

is the obstacle

radius. This prevents the bottle from colliding with the yellow and red spheres that

represent the obstacle.

Figure 3.9–left shows the ability to leverage multiple-solution tasks to generate novel

movements emerging as combinations of the observed demonstrations. Specifically, we

generate a combination of three geodesics that can be used to pour all the cups with

a single bottle. The geodesic (depicted as a yellow curve) starts from an initial point

(depicted in green) in the white demonstrations group at the top, grasps the bottle,

pours the first cup using the green demonstration group, then goes to the second cup

using the blue-demonstrations group, and finally pours the third cup using the white-

demonstration group again. Figure 3.9–right uses the same visualization technique to

show the decoded geodesics employed on the robot by superimposing images from
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different time frames. The task begins by pouring the right-side cup, then the center,

and lastly the left-side cup. As observed, our approach generates the geodesics that

properly switch among the demonstrated solutions to reproduce novel movements in

ambient space and successfully pour all the cups in the given order.

Summary and Outlook

While generating geodesics in task space allows for intuitive reasoning and supports

real-time obstacle avoidance at the end-effector level, it does not leverage the full

kinematic redundancy of the robot. As a result, obstacle avoidance remains limited to

the end-effector, which may be insufficient in cluttered or dynamic environments where

the entire body of the robot is at risk of collision. To overcome this limitation, we extend

our formulation to learn a Riemannian manifold in the joint space of the robot. This

extension enables more flexible motion generation across the full kinematic chain and

facilitates multiple-limb obstacle avoidance by accounting for the spatial configuration

of all links. However, this formulation introduces additional challenges. The latent

representation must capture the nonlinear structure of joint configurations, and learning

a Riemannian manifold in joint space becomes more complex. Furthermore, integrating

obstacle information requires processing through the forward kinematics of the robot,

which significantly increases both computational and representational complexity.

In the next chapter, we address these challenges by formulating geodesic motion skills

in joint space.
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4 Geodesic Motion Skills in Joint Space

This chapter is based on the paper Reactive motion generation on learned
Riemannian manifolds, published in International Journal on Robotics
Research (IJRR) in 2023 (Beik-Mohammadi et al., 2023)

To extend the applicability of geodesic motion skills beyond task space, we now turn

our attention to the robot’s configuration space. The joint space ℝ𝜂
, also known as

configuration space, is another space to represent robot motion trajectories.
1
. In this

space, each trajectory point is represented as the vector 𝜽 =
[

𝜃1, 𝜃2,… , 𝜃𝜂
]

∈ ℝ𝜂
,

where 𝜂 is the number of degrees of freedom of the robot. Learning motion skills

in this space is known to be challenging as it is less intuitive to provide joint-level

demonstrations. However, being able to learn and generate joint space movements

is relevant as some tasks may demand specific robot postures. Moreover, joint space

skills can be extended to provide whole-body obstacle avoidance. In this context, we

formulate a Riemannian robot motion learning approach to generate collision-free

joint space movements.

Previously, we computed a Riemannian metric in the latent space using the VAE

decoder trained on task space demonstrations. Similarly, a new VAE architecture can

be designed to compute a Riemannian metric from joint space demonstrations. We

use this metric to compute geodesics and generate robot movements that resemble

the demonstrations in joint space. This joint space approach also allows us to endow

the robot with whole-body obstacle avoidance capabilities. By using ambient metrics,

we can again reshape the learned metric to make the robot move away from obstacles

in an online fashion. The ambient metrics exclusively use task space information of

the obstacles and the robot body, in contrast to classical motion planning that often

works in the configuration space. Note that the data manifold learned using joint space

demonstrations is kinematics-dependent, meaning that the generated motion cannot

be directly transferred to other robots with different kinematics.

1
We did not model the robot joint space as a high-dimensional torus for simplicity. However, we showed that

our approach can easily encode data on Riemannian manifolds as in the task space case.
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4 Geodesic Motion Skills in Joint Space

4.1 Variational Inference

To train the joint space VAE, we maximize a modified version of the evidence lower

bound (ELBO) (2.8), defined as

𝐸𝐿𝐵𝑂 = 𝜽 − KL
(

𝑞𝜉(𝒛𝑖|𝜽𝑖)||𝑝(𝑧)
)

, (4.1)

with,

𝜽 = 𝔼𝑞𝜉 (𝒛𝑖|𝜽𝑖)
[

𝑝 (𝑓FK
(𝜽)|𝒛𝑖)

]

,

= 𝔼𝑞𝜉 (𝒛𝑖|𝜽𝑖)
[

log(𝑝Θ(𝜽|𝒛𝑖)) − log()
]

,

where 𝑝Θ(𝜽|𝒛𝑖) and 𝑝 (𝑓FK
(𝜽)|𝒛𝑖) are the estimated conditional densities in the joint

space Θ and task space  , respectively. Also,  is the volume measure defined as

 =
√

det(𝑱 𝖳
𝑓

FK

(𝜇𝛼(𝒛𝑖))𝑱𝑓
FK

(𝜇𝛼(𝒛𝑖)), (4.2)

where 𝑱𝑓
FK

is the Jacobian of the forward kinematics 𝑓
FK

given the joint configu-

ration estimated by the VAE decoder 𝜇𝛼 . Furthermore, the generative distribution

𝑝Θ(𝜽|𝒛𝑖) =  (𝜇𝛼(𝒛𝑖), 𝕀𝜂𝜎𝛼(𝒛𝑖)2) is parameterized by the VAE decoder mean 𝜇𝛼(𝒛𝑖)
and variance 𝜎𝛼(𝒛𝑖) networks. Note that the new ELBO formulation in (4.1) leverages

the change of variable theorem (Deisenroth et al., 2020) to transform probability den-

sities from joint to task space. As a result, the VAE is still trained using task space

information, while the given demonstration trajectories are defined in joint space.

This is motivated by the fact that most robot skills may still depend on task space

variables (e.g. the manipulated objects pose), despite the same skill is also required

to imitate particular robot postures.

As we are interested in whole-body obstacle avoidance, we can leverage the forward

kinematics model to access the Cartesian position of different points on the robot (e.g.,

joint locations). Therefore, we use a set of 𝐵 forward kinematic functions 𝑓 1∶𝐵
FK

(𝝁1∶𝜂
𝜶 ),

where 𝝁1∶𝑛
𝜶 is 𝑛 = 1,… , 𝜂 elements of the joint-values vector 𝜇𝛼(𝒛), and 𝐵 is the

number of considered points on the robot. Note that for certain points on the robot

structure, the forward kinematics only needs a subset of the joint values. For simplicity,

we consider 𝐵 to be equal to the number of robot joints plus the end-effector (i.e.
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4.2 Induced Riemannian Metric

𝐵 = 𝜂 + 1). Then, the full forward kinematic function 𝑓
FK

is defined as,

𝑓
FK
(𝝁𝜶) =

[

𝑓 1
FK
(𝝁1

𝜶),… , 𝑓𝐵
FK
(𝝁1∶𝜂

𝜶 ), 𝑓 𝑒𝑒
FK
(𝝁1∶𝜂

𝜶 )
]𝖳 ,

=
[

𝒑1,… ,𝒑𝐵 ,𝒑ee
, 𝒒

ee

]𝖳 ,

where given the joint value vector 𝝁1∶𝑛
𝜶 as input, all the functions compute the corre-

sponding position 𝒑𝑚 of the 𝑚-th point on the robot, except the last function 𝑓 𝑒𝑒
FK

which

also provides both the position 𝒑
ee

and the orientation 𝒒
ee

of the end-effector.

Furthermore, the volume measure  in (4.2) uses the Jacobian of the full forward

kinematics function, which is defined as,

𝑱𝑓
FK

(𝝁𝜶 ) =
[

𝑱𝒑𝟏 ,… ,𝑱𝒑𝐵 ,𝑱𝒑ee

,𝑱𝒒
ee

]𝖳 ,

where 𝑱𝒑𝑖 and 𝑱𝒒𝑖 are the linear and angular components of the corresponding Jacobians.

4.2 Induced Riemannian Metric

With the new integrated forward kinematic layer, we can calculate a pullback metric

that directly uses task space information. This adds an additional step in the formulation

of the Riemannian metric, which now requires the Jacobian of the forward kinematics

𝑱𝑓
FK

as well as the Jacobians of the VAE decoder 𝑱𝜇𝜶 and 𝑱𝜎𝜶 , computed from the mean

and variance decoder networks. Using these two Jacobians the metric can be defined as,

𝑴𝜽(𝒛) =𝑴𝜽
𝜇𝜶
(𝒛) +𝑴𝜽

𝜎𝜶
(𝒛) (4.3)

with,

𝑴𝜽
𝜇𝜶
(𝒛) =

(

𝑱𝑓
FK

(𝜇𝜶(𝒛))𝑱𝜇𝜶 (𝒛)
)𝖳 (𝑱𝑓

FK

(𝜇𝜶(𝒛))𝑱𝜇𝜶 (𝒛)
)

,

𝑴𝜽
𝜎𝜶
(𝒛) =

(

𝑱𝑓
FK

(𝜇𝜶(𝒛))𝑱𝜎𝜶 (𝒛)
)𝖳 (𝑱𝑓

FK

(𝜇𝜶(𝒛))𝑱𝜎𝜶 (𝒛)
)

.

Similarly to our Riemannian metric in task space, this new metric 𝑴𝜽(𝒛) takes large

values in regions with little or no data so that geodesics avoid passing through them.

Therefore, geodesic curves generated via (4.3) allow us to reproduce joint space robot

skills.
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4 Geodesic Motion Skills in Joint Space

Figure 4.1: Illustration of joint space motion generation via geodesics. Left: 𝖲-shaped joint space demon-

strations. Middle: the resulting variance measure. Right: The magnification factor of the learned

Riemannian manifold. The semi-transparent white points depict the encoded training set and the

blue curve represents the geodesic in the latent space. The resulting manifold is composed of two

similar clusters due to the two different inverse-kinematics solutions for the task. The blue and red

curves show the geodesics computed based on Riemannian and Euclidean metrics, respectively.

4.3 Geodesics in Joint Space

In this section, we investigate the geodesic computation for joint space movements.

We use a toy example where a 2-DOF robot arm follows an 𝖲-shaped trajectory in task

space using two different joint configurations (i.e., two different inverse-kinematics

solutions), as shown in Fig. 4.1–left. We observe two sets of demonstrations in joint

space that reproduce the same end-effector movements when applied to the robot. We

can also see in the middle and right panels of Fig. 4.1 the geodesics computed using the

Riemannian and Euclidean metrics, depicted as blue and red curves, respectively. The

background of the middle panel illustrates the predictive uncertainty over the latent

space , where we again see low uncertainty near the data, and high otherwise. For

completeness, the background in the right panel illustrates the magnification factor.

The latent mean embedding of the training data is depicted as semi-transparent white

points. Similar to the previous section, the geodesics generated using the Riemannian

metric stay within the ‘boundary’ near the training data. Furthermore, it is easy to note

that the learned manifold comprises two clusters, but unlike the previous task space

example, these clusters arise from the two different joint space solutions provided in

the training data. This indicates that the clusters in the learned manifold encapsulate

the provided solutions in the demonstrations. When the number of clusters grows,

the geodesic has a higher chance to travel among them to find a path with minimal

energy as the high-energy regions may become narrow. However, unnecessary frequent

switching among these clusters may often lead to jerky geodesics, therefore negatively
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4.3 Geodesics in Joint Space

impacting the geodesics quality, particularly in robots with a high degree of freedom

(e.g. DOF ≥ 7). Later in Sec. 4.5, we experimentally show that this issue can be

alleviated by increasing the latent space dimensionality.

4.3.1 Obstacle Avoidance

Avoiding obstacles at the robot link level while performing motion skills requires

considering the whole robot’s kinematic structure. Classical motion planning methods

model the geometry of the obstacles into the configuration space and later compute an

obstacle-free path via sampling methods (Elbanhawi et al., 2014). In contrast, we take

advantage of the forward kinematics layer (see Fig. 4.2), which provides us with task

space poses of any point on the robot body, to compute an obstacle-avoidance ambient

metric. Similar to the task space formulation presented previously, this ambient metric

is then exploited to reshape the learned metric and generate modified geodesic curves

that produce collision-free robot movements.

Specifically, we need to define a collection of points on the robot body 𝒑1,… ,𝒑𝐵 with

𝒑𝑏 ∈ ℝ3
. These points are then used to compute the ambient space metric for obstacle-

avoidance purposes. Therefore, a larger collection of points provides a more robust

obstacle-avoidance performance at the cost of higher computational complexity. Given

the set of points of interest, we compute an associated ambient metric following (3.15)

with 𝒙 = 𝒑𝑏. Similar to the task space setting, since the orientation of obstacles is not

considered, the corresponding ambient space metric is an identity matrix. Finally, we

form the whole ambient metric as 𝑴 = blockdiag(
[

𝑴𝒑1
 ,𝑴

𝒑2
 ,⋯ ,𝑴𝒑𝐵


]

), which is

then used to reshape the learned metric of (4.3) as,

𝑴(𝒛) =𝑴𝜽
𝜇 (𝒛) +𝑴

𝜽
𝜎 (𝒛), (4.4)

with,

𝑴𝜽
𝜇 (𝒛) =

(

𝑱𝑓
FK

(𝜇𝜶)𝑱𝜇𝜶 (𝒛)
)𝖳𝑴

(

𝑱𝑓
FK

(𝜇𝜶)𝑱𝜇𝜶 (𝒛)
)

,

𝑴𝜽
𝜎 (𝒛) =

(

𝑱𝑓
FK

(𝜇𝜶)𝑱𝜎𝜶 (𝒛)
)𝖳𝑴

(

𝑱𝑓
FK

(𝜇𝜶)𝑱𝜎𝜶 (𝒛)
)

.

4.3.2 Architecture

Here, we describe our VAE network that reconstructs joint space movements in ℝ7
.

The overall architecture is depicted in Figure 4.2 with different components. The input
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4 Geodesic Motion Skills in Joint Space

Figure 4.2: The VAE architecture under the joint space setting. The blue, orange, green, and gray blocks

correspond to ambient spaces, functions with trainable parameters, latent variables, and functions

with fixed parameters. The arrows indicate the direction in which the data flows during the query.

vector (depicted as the blue box on the left) is a joint-value vector representing a single

configuration of the robot arm on a trajectory. This vector is fed to the encoder network

with two hidden layers of 200 and 100 neuron units (depicted as beige boxes) which

are the mean and variance vectors for the latent variable (depicted as orange boxes).

Moreover, the variance RBF decoder network uses 500 kernels calculated by 𝑘-means

over the training with predefined bandwidth. Under the joint space setting, the VAE

uses a 3-dimensional latent space  to encode the input vectors 𝜽. As usual, the decoder

network reconstructs the encoded inputs back to the joint space.

However, in order to access the task space information, necessary for whole-body

obstacle avoidance, our architecture is integrated with a forward kinematics layer

(depicted as the gray box). Note that this layer is predefined based on the robot arm

kinematic model and does not change during training. We leverage this layer to

compute task space information regarding multiple points on the robot (and not just

the end-effector) given the input configuration vector 𝜽. To implement this component

we used the Python Kinematic and Dynamic Library PyKDL (Orocos, 2021).

It is worth noting that as this VAE architecture uses the forward kinematics layer

during training, singular kinematic configurations need special attention. The main

problem arises in the formulation of our ELBO in (4.1), which uses the volume measure

computed as a function of the determinant of the Jacobian of the forward kinematics

function. We can detect singularities when det(𝑱𝑓
FK

(𝜇𝛼(𝒛𝑖))) = 0, which may occur
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due to random initialization of the VAE. To circumvent this issue and guarantee that

the learning process is not disrupted, we simply add a small regularization term to

the kinematic Jacobian.

Finally, we evaluate the obstacle avoidance capabilities in different scenarios where the

obstacles partially or entirely obstruct the solutions in joint space. In these experiments,

the ambient metric of (4.4) is formulated by considering all the joints on the robot, in

addition to the end-effector. This ensures that the robot will avoid obstacles as long as

they obstruct the solution for one or more joints or the end-effector. In other words,

we do not consider points on the robot links lying between joints, since it was not

necessary in our experiments. However, extra points on the robot links can be easily

added to guarantee a more robust obstacle avoidance using the whole robot body.

4.4 Multiple-limb Obstacle Avoidance

Multiple-limb obstacle avoidance is a technique that aims to avoid obstacles by consid-

ering the entire robot body, rather than just the end-effector. This approach offers a

more comprehensive way of obstacle avoidance as compared to techniques that focus

exclusively on end-effector motion. To implement this method, we leverage redundant

solutions in joint space from demonstrations. Therefore, by operating in the joint

space, we can achieve redundancy at the joint level, which is essential for the success of

multiple-limb obstacle avoidance. When working under the task space setting, it is not

possible to achieve the redundancy in the joint level required for multiple-limb obstacle

avoidance. Thus, attempts to avoid obstacles using multiple limbs may be unsuccessful.

However, an off-the-shelf obstacle avoidance technique can be used to navigate the

robot away from obstacles and complete the task under the task space setting.

To evaluate this, we used the trained model from Sec. 3.6.1 to show how likely an

obstacle avoidance technique fails to provide an obstacle-free joint configuration. To

do so, we decoded a 150 × 150 equidistant latent grid to access their corresponding

input space states which represent the end-effector poses. Then, we used each pose to

compute 100 different joint configurations using inverse kinematics. The obstacle was

placed in a way that was close to the robot body but did not block any demonstration

in the task space, as depicted in Fig. 4.3. Therefore, this setting requires multiple-limb

obstacle avoidance in order to successfully perform the task. Each configuration was

scored 1.0 even if a single point on the robot collided with the obstacle, otherwise,

the score was 0.0.
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4 Geodesic Motion Skills in Joint Space

Figure 4.3: Left: The geodesic depicted as the blue curve avoids the obstacle by traveling through different

demonstrations. Right: The decoded geodesic employed on the robot arm. Images from different

time steps are superimposed to show the trace of the motion. The green sphere represents the

obstacle in the ambient space.

In Fig. 4.4, the background shows the sum of these scores for each latent state over

the latent grid, and the white points depict the encoded demonstrations in the latent

space. The results show that in the regions close to demonstrations, there is up to 90
percent chance to generate a joint configuration that leads to a collision.

4.5 Experiments

In this section, we focus on tasks where joint-level motion patterns are relevant, and

therefore the human teacher provides kinesthetic demonstrations in ℝ𝜂
, where 𝜂 is

the number of DOF of the robot. When learning Riemannian metrics in this setting,

we initially designed a 2-dimensional latent space for our VAE, which proved to be

insufficient to encode the demonstrated motion patterns. Specifically, we analyze the

capacity of the latent space to encode the skill manifold experimentally. To do so, we

investigated the switching behavior of geodesics in . In other words, overlap between

low-energy regions in , representing two or more different demonstration sets, may

lead to unnecessary and frequent switches between these solutions when computing

a geodesic. To put it differently, when computing a geodesic, switching between two

demonstration sets is unavoidable when the total energy of the geodesic switching
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Figure 4.4: The background illustrates the frequency of failures by an obstacle avoidance technique to provide

obstacle-free trajectories for the entire robot body. The white points depict the encoded demonstra-

tions. The results indicate that the robot configurations generated using inverse kinematics in the

regions close to the demonstrations are likely to result in collisions with some regions exceeding 90

collisions in 100 trials.

between them is less than the total energy without the switch. However, switching

behaviors may be avoided by having high-energy regions among demonstration clusters

in . Furthermore, specifically under the joint space setting, the frequent switching

in geodesics may lead to jittery motion in task space when applied to the robot. To

illustrate this issue, we designed a simple experiment in which a robotic arm follows

a circular pattern with its end-effector. The start and target configuration of the

geodesic is selected from the same demonstrated trajectory, and the objective is to

evaluate if the geodesic stays on the low-energy regions corresponding to the same

demonstrated trajectory.

Fig. 4.5–left shows a geodesic curve computed in the 2-dimensional latent space depicted

as the yellow curve. This geodesic exhibits unnecessary switches among different

solutions (i.e. circular white demonstrations). Therefore, when the decoded geodesic is

deployed on the robot, it results in jerky movements and undesirable back-and-forth

motions. To solve this issue, we evaluated the same experiment using a 3-dimensional

latent space. Figure 4.5–right shows the magnification factor of the metric learned

using the same training data but in a 3–dimensional latent space. This magnification

factor shows several torus-like clusters, representing separate demonstration groups

instead of collapsing them into a plane, as in the 2-dimensional case. Moreover, the
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Figure 4.5: Left: The geodesics calculated in 2–dimensional latent space, depicted as the yellow curve, reveal

several unnecessary transitions between different solutions when connecting two points in the

same demonstration. Right: Geodesics computed in 3–dimensional latent space, shown by the

yellow curve, shows that the geodesic does not switch between clusters.

Figure 4.6: Concept drawing. Left: The hollow tube represents the metric, with low-energy regions inside

surrounded by high-energy boundaries. The geodesic depicted as the blue curve travels through

the low-energy regions. Right: The hollow tube is partially blocked by a solid high-energy region

corresponding to the ambient space metric representing the obstacle. The geodesic depicted as the

blue curve successfully travels through the low-energy regions meanwhile avoiding the obstacle.

resulting geodesic (depicted as the yellow curve) does not switch among solutions,

which provides stable and smooth robot end-effector movements when decoded.

To provide further details on the learned manifold in the 3-dimensional latent space,

we create an illustration shown in Fig. 4.6, where the learned metric is shown as yellow

hollow tubes. Their inner part encodes low-energy regions which are surrounded by

high-energy boundaries. Figure 4.6 displays a horizontal cut to show the inner part

of the learned metric. To illustrate the obstacles, the right hollow tube is partially

54



4.5 Experiments

Figure 4.7: left: The magnification factor in 3–dimensional latent space contains hollow tubes representing

the learned Riemannian metric. These hollow tubes contain low-energy regions surrounded by

high-energy boundaries. Several geodesics are calculated and visualized in blue. The manifold’s

low-energy areas are rendered transparent. middle: The same magnification factor when an obstacle

is introduced in such a manner that all viable solutions in the ambient space are blocked. Due to the

fact that the obstacle introduces a high energy zone (in red) that goes through all of these hollow

tubes, none of the geodesics are feasible, therefore no geodesic is shown in this plot. right: The

same magnification factor when an obstacle is introduced in such a manner that partially obstructs

the solutions in the ambient space. Several geodesics (blue curves) were left outside of the obstacle

region on the left side of the panel.

blocked by the red sphere representing the ambient space metric in the latent space

, which is a solid high-energy region. Additionally, the figure depicts a geodesic

curve traveling successfully along both tubes, showcasing a collision-free trajectory

at the right-side plot.

4.5.1 Reach-to-grasp

Similar to the task space setting, we used the reach-to-grasp task to evaluate our

approach under the joint space setting. In this case, the demonstrations are quite similar

at the end-effector level but differ at the joint space, as we exploited the kinematic

robot redundancy to provide different joint trajectories. Figure 4.7–left shows the

magnification factor in a 3-dimensional latent space, where it can be seen that the

learned metric corresponds to several connected and separated hollow tubes. As

mentioned previously, these hollow tubes have low-energy inner regions surrounded

by high-energy boundaries, analogous to the learned metric in a 2-dimensional latent

space. As shown in the figure, the generated geodesics stay inside the tubes and avoid

crossing the boundaries.

Figure 4.8–left shows the robot executing the decoded geodesic by applying the joint

values directly on the robot using a joint position controller. We can observe that the
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Figure 4.8: Left: The decoded geodesic is employed on the robot arm when no obstacle is present in the

environment. Right: The decoded geodesic employed on the robot arm with an obstacle partially

obstructing the solutions. The obstacle is depicted as the green sphere.

decoded geodesic is able to generate the demonstrated grasp motion with 90° rotation

during the approaching part. Note that the start and end points of the geodesics are

extracted from the demonstrations.

Figure 4.7–middle displays the magnification factor where an obstacle is placed in such

a way that all possible solutions in joint space are blocked (e.g. obstacle placed on the

common target of all the demonstrations). Note that the obstacle introduces a high

energy zone (depicted in red) that passes through all of the hollow tubes representing

the learned manifold, therefore, none of the geodesics are feasible. The feasibility of the

geodesics is assessed by evaluating the total energy of the curve. If a geodesic passes

through an obstacle, its energy will suddenly increase, providing an indication of a

potential collision. Additionally, Fig. 4.7–right illustrates the same learned metric but

reshaped using a different ambient space metric. We can now see that the obstacle

partially obstructs the possible solutions, and therefore some few geodesics (depicted as

blue curves) are still able to successfully generate obstacle-free movements. Figure 4.8–

right shows the robot executing the decoded geodesic using a joint position controller

while avoiding the obstacle.

We designed another experiment to showcase how the multiple-solution capabilities

can be leveraged to generate collision-free movements. If the different demonstrated

joint space trajectories sufficiently overlap, the learned manifold will be characterized
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Figure 4.9: Left: The magnification factor in 3–dimensional latent space representing the learned Riemannian

metric. This metric contains low-energy regions surrounded by high-energy boundaries depicted as

red hollow tubes. The geodesic curve is depicted in black. The outline color of each tube (green, red,

or blue) indicates which demonstration group it belongs to. Right: The decoded geodesic employed

on the robot.

by several overlapping low-energy regions (i.e. hollow tubes), which geodesic curves

can travel through. As a result, if the obstacles partially block the learned manifold,

the geodesic may still travel among solutions to generate new movements out of

combinations of the provided demonstrations. To show this behavior, we used a

different demonstration dataset where we accounted for several overlapping solutions

starting from the same joint configuration. Figure 4.3–left shows the magnification

factor of the learned Riemannian metric in the 3–dimensional latent space. The learned

manifold and the ambient metric can be distinguished visually based on their energy

values. The ambient metric, which represents the obstacle regions (depicted in red),

encodes high-energy zones. The learned manifold (depicted in yellow) is characterized

by several entangled hollow tubes. The geodesic, shown as the blue curve, begins

from the common start configuration on the left and successfully navigates around the

obstacle to reach the target on the right side. Figure 4.3–right displays the decoded

geodesic deployed directly on the robot arm using a joint position controller. Note

how the robot arm avoids the obstacle by carefully maneuvering around it while

successfully performing the grasping skill.
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4.5.2 Pouring

To evaluate the method in a more complex scenario, we also performed the pouring task

under the joint space setting. Similar to the task space experiment, the demonstrations

also overlap in joint space. For this specific experiment, we mainly focus on evaluating

the multiple-solution trajectories.

Figure 4.9–left shows the magnification factor in 3-dimensional latent space show-

ing entangled hollow tubes, which represent the learned Riemannian metric. Each

hollow tube encodes low-energy regions surrounded by high-energy boundaries, the

latter outlined by green, red, and blue solid lines. Each color represents one group of

demonstrations. Since the magnification factor learned with the original dataset of 5
demonstrations per group (corresponding to the bottle’s initial position) is very hard

to visualize, we opt for simplicity and used a subset of 2 demonstrations per bottle.

As shown, the geodesic (depicted as the black curve) starts from a point in the second

demonstration group (green border) and switches to the first group (red border) to

reach the target located in the third group (blue boundary). Figure 4.9–right shows

that the decoded geodesic employed on the robot successfully performs the pouring

task. It is also evident the geodesic uses a multiple-solution strategy to reproduce a

new trajectory that was not explicitly demonstrated to the robot in the training phase.

Summary and Outlook

This chapter introduced a Riemannian perspective for motion generation, where human

demonstrations are modeled as geodesics on a learned manifold. This framework not

only enables smooth and adaptable motion reproduction but also supports real-time

obstacle avoidance through metric reshaping. Additionally, we demonstrated how this

approach naturally handles multiple-solution tasks, allowing for the generation of novel

trajectories not explicitly demonstrated during training. While this geometric strategy

provides a powerful mechanism for capturing the spatial characteristics of motion, it

does not encode temporal dynamics. Some tasks, however, require understanding how

motion evolves over time, which demands a representation of dynamic features. These

challenges motivate the transition to the next chapter, where we focus on learning

stable dynamical systems capable of encoding both spatial and temporal aspects of

robot motion.

58



5 Contractive Dynamics

This chapter is based on the paper Neural Contractive Dynamical Sys-
tems, published in International Conference on Robot Learning (ICLR) in
2024 (Beik-Mohammadi et al., 2024), and the paper Extended Neural Con-
tractive Dynamical Systems: On Multiple Tasks and Riemannian
Safety Regions, published in International Journal on Robotics Research in
2024 (Beik-Mohammadi et al., 2025).

Dynamical systems offer a powerful framework for modeling robot motion as time-

evolving trajectories. However, ensuring stability and robust behavior – specially under

perturbations and in dynamic environments – remains a fundamental challenge. Tradi-

tional learning-based dynamical systems often struggle to provide reliable guarantees

on long-term behavior, particularly when extrapolating beyond demonstration data.

To address this, we draw on principles from contraction theory, which provides strong

stability guarantees by ensuring that all trajectories of the system converge toward

one another over time. In this chapter, we introduce the Neural Contractive Dynamical

System (NCDS) method, a novel approach for learning stable vector fields with built-in

contraction properties. Our main goal is to design a flexible neural architecture that

is guaranteed to always output a contractive vector field.

5.1 Neural Contractive Dynamical Systems

From Definition 2.1, we seek a flexible neural network architecture, such that the

symmetric part of its Jacobian is negative definite. We consider the dynamical system

𝒙̇ = 𝑓 (𝒙), where 𝒙 ∈ ℝ𝐷
denotes the system’s state and 𝑓 ∶ ℝ𝐷 → ℝ𝐷

is a neural

network. Note that it is not trivial to impose a negative definiteness constraint on

a network’s Jacobian without compromising its expressiveness. To overcome this

challenge, we first design a neural network 𝑱𝑓 representing directly the Jacobian of our

final network. This produces matrix-valued negative definite outputs. The final neural

network, parametrizing 𝑓𝜽, will then be formed by integrating the Jacobian network.
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5 Contractive Dynamics

Specifically, we define the Jacobian as,

𝑱𝑓 (𝒙) = −(𝑱𝜽(𝒙)𝖳𝑱𝜽(𝒙) + 𝜀 𝕀𝐷), (5.1)

where 𝑱𝜽 ∶ ℝ𝐷 → ℝ𝐷×𝐷
is a neural network parameterized by 𝜽, 𝜀 ∈ ℝ+ is a small

positive constant, and 𝕀𝐷 is an identity matrix of size𝐷. Intuitively, 𝑱𝜽 can be interpreted

as the (approximate) square root of 𝑱𝑓 . Clearly, 𝑱𝑓 is negative definite as all eigenvalues

are bounded from above by −𝜀.

Next, we take inspiration from Lorraine et al. (2019) and integrate 𝑱𝑓 to produce a

function 𝑓 , which is implicitly parametrized by 𝜽, and has Jacobian 𝑱𝑓 . The fundamental

theorem of calculus for line integrals tells us that we can construct such a function

by a line integral,

Figure 5.1: The learned vector field (grey) and demonstrations (black). Yellow and green trajectories show path

integrals starting from demonstration starting points and random points, respectively.

𝒙̇ = 𝑓 (𝒙) = 𝒙̇0 +

1

∫
0

𝑱𝑓
(

𝑐
(

𝒙, 𝑡,𝒙0
))

𝑐̇(𝒙, 𝑡,𝒙0)d𝑡, (5.2)

with 𝑐(𝒙, 𝑡,𝒙0) = (1 − 𝑡)𝒙0 + 𝑡𝒙,
𝑐̇(𝒙, 𝑡,𝒙0) = 𝒙 − 𝒙0,

where 𝒙0 and 𝒙̇0 = 𝑓 (𝒙0) represent the initial conditions of the state variable and its

first-order time derivative, respectively. The input point 𝒙0 can be chosen arbitrarily
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5.1 Neural Contractive Dynamical Systems

(e.g. as the mean of the training data or it can be learned), while the corresponding

function value 𝒙̇0 has to be estimated along with the parameters 𝜽. Therefore, given

a set of demonstrations denoted as  = {𝒙𝑖, 𝒙̇𝑖}, our objective is to learn a set of

parameters 𝜽 along with the initial conditions 𝒙0 and 𝒙̇0, such that the integration

in (5.2) enables accurate reconstruction of the velocities 𝒙̇𝑖 given the state 𝒙𝑖. This is

achieved through the velocity reconstruction loss,


vel

= 1
𝑁

𝑁
∑

𝑖=1

‖

‖

‖

𝒙̇𝑖 − ̂̇𝒙𝑖
‖

‖

‖

2
, (5.3)

where 𝒙̇𝑖 denotes the demonstrated velocity, ̂̇𝒙𝑖 is the predicted velocity, and 𝑁 repre-

sents the number of data points. This process is shown in block 𝖡 of the architecture

in Fig. 6.1.

Note that the integral in (5.2) resembles the neural ordinary differential equations

(Chen et al., 2018c), with the subtle difference that it is a second-order equation as the

outcome pertains to the velocity at state 𝒙. We can, thus, view this system as a second-

order neural ordinary equation (Norcliffe et al., 2021) and solve it using off-the-shelf

numerical integrators. The resulting function 𝑓𝜽 will have a negative definite Jacobian

for any choice of 𝜽 and is consequently contractive by construction. In other words,

we can control the extrapolation behavior of the neural network that parameterizes

our dynamical system 𝑓 via the negative-definiteness of 𝑱𝑓 (𝒙).

We call this the neural contractive dynamical system (NCDS). This approach offers two

key benefits: (1) it allows the use of any smooth neural network 𝑱𝜽 as the base model,

and (2) training can be performed with ordinary unconstrained optimization, unlike

previous approaches. Figure 5.1 shows an example vector field learned by NCDS, which

is clearly highly flexible while still providing global contractive stability guarantees.

With the introduction of NCDS, we propose two ways to improve it by focusing on the

formulation of the Jacobian 𝑱𝑓 (𝒙), as it is the key element that influences the behavior

of the system. The formulation of the Jacobian in (5.1) is characterized by two main

components: the symmetric matrix 𝑱𝜽(𝒙)𝖳𝑱𝜽(𝒙), and the regularization term 𝜀 𝕀𝐷 . Each

of these components is crucial in determining the behavior of the model on the data

support, and more importantly, its ability to generalize outside of it.

The NCDS formulation is designed to effectively learn complex contractive dynamical

systems. In the following sections, we will investigate ways to refine it by applying

different regularization techniques and exploring alternative Jacobian formulations.
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5 Contractive Dynamics

5.2 Regularization

The primary objective of the regularization term 𝜀 is to ensure that the Jacobian

matrix 𝑱𝑓 associated with NCDS is not semi-definite, thus breaking the contraction

guarantees. Notice that the eigenvalues of the symmetric part of the Jacobian indicate

how the system contracts or expands along different eigenvectors. Moreover, the

Constant regularization State-independent

regularization

State-dependent

regularization

eigenvalue regularization

Figure 5.2: Comparison of 2D vector fields learned by using the following regularization approaches: (a)
constant regularization, (b) state-independent regularization (using basic optimization), (c) state-

dependent regularization (using a neural network), and (d) eigenvalue regularization. In the top
row, the gray background illustrates the learned vector fields, with colored trajectories (integral

curves) starting from the initial demonstration point and from the four corners of the figure. In the

second row, 100 integral curves are shown, each initiated from an equidistant grid that encompasses
the demonstration region. This region (shaded gray) is defined by the convex hull around the

demonstrations (black curves).

contraction rate of a system is determined by its eigenvalue closest to zero (i.e., the

largest eigenvalue as all eigenvalues are negative), representing the minimum rate of

convergence that the system exhibits along any direction. The regularization method,

here referred to as constant regularization, adds a small constant to the diagonal terms

of the Jacobian 𝑱 𝖳
𝜃 𝑱𝜃 . Therefore, the final learned eigenvalues are influenced by both

the neural network parameters and the applied regularization.

62



5.2 Regularization

Figure 5.3: The effect of eigenvalue differences and asymmetry of the Jacobian on the contraction behavior

of the vector field. Left: In a contractive dynamical system with a symmetric Jacobian, when the

eigenvalues are equal, the system contracts uniformly in all directions. Middle: In a contractive

dynamical system with a symmetric Jacobian, when the eigenvalues are different, the system

contracts more rapidly in the direction associated with the larger eigenvalue. Right: An example of

a contractive dynamical system with an asymmetric Jacobian.

Moreover, it indirectly determines the system’s contraction rate by providing an upper

bound on the eigenvalues. Note that when these eigenvalues are identical, the system

exhibits isotropic contraction, which results in integral curves that are strictly straight

as they converge directly to the fixed point, rather than following any curved trajectory

(see Fig. 5.3–left). Even under the former condition, the system remains contractive.

Interestingly, by increasing the disparity between the eigenvalues, the system converge

more rapidly along certain axes (Fig. 5.3–middle).

Formally, let 𝑱𝑓 denote the Jacobian matrix with eigenvalues 𝜆1, 𝜆2,… , 𝜆𝐷. We can

obtain different contractive behaviors as a function of 𝜆𝑖, as follows: (1) When 𝜆1 =
𝜆2 = … = 𝜆𝐷, the system contracts uniformly in all directions (see Fig. 5.3–left); (2)

When 𝜆𝑖 > 𝜆𝑗 , the system exhibits faster contraction along the direction associated

with the larger eigenvalue 𝜆𝑖, and slower contraction in the direction corresponding to

the smaller eigenvalue 𝜆𝑗 . As illustrated in Fig. 5.3–middle, this difference in contraction

rates leads to the characteristic curved trajectories of the path integrals, as the system

contracts more rapidly along the eigenvector of 𝜆𝑖 and more gradually along that of

𝜆𝑗 . We define the contraction ratio of the system as the absolute difference between

these eigenvalues, at any point 𝒙𝑖. Our goal is not to employ the contraction ratio

as a fundamental concept in contraction systems, but rather as a bias in the learning

process to promote stronger overall contraction. This contrasts with the conventional

contraction rate, which only characterizes the slowest contracting eigenvector and fails

to provide insight into the overall system’s contractive behavior.
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5 Contractive Dynamics

Table 5.1: The contraction rate and maximum contraction ratio computed over the equidistant grids.

Metrics Contraction rate Contraction ratio (max)
Constant reg. −0.010 1.393
State-independent reg. −𝟎.𝟎𝟏𝟐 𝟐.𝟒𝟖𝟗
State-dependent reg. −10−4 0.796
eigenvalue reg. −10−4 0.801

Given this analysis, we propose to better control the system’s contraction using the

contraction ratio and through regularization by considering the following three ap-

proaches: (1) state-independent regularization vector, (2) state-dependent regularization
vector, and (3) eigenvalue regularization. We now proceed to explain these different

regularization approaches for NCDS.

5.2.1 Regularization Vector

Here we treat 𝜀 ∈ ℝ𝐷
as a vector rather than a constant. Consequently, the Jacobian

is reformulated as follows,

𝑱𝑓 (𝒙) = −(𝑱𝜽(𝒙)𝖳𝑱𝜽(𝒙) + diag(𝜺)). (5.4)

We propose two distinct methods to learn the vector 𝜺. For a more comprehensive

comparison, we employed several metrics, the details of which are provided in Sec. 6.4.

State-independent: In this method, 𝜺 is assumed to be independent of the system’s

state 𝒙. The vector 𝜺 is learned by minimizing the following loss function,

𝜺 = −𝛽
𝐷
∑

𝑛=2

|

|

𝜀1 − 𝜀𝑛||
2 , (5.5)

where 𝛽 is a weight, and 𝜀1,… , 𝜀𝐷 are elements of the regularization vector 𝜺. Note

that, to ensure the strict positive definiteness of 𝜺, we do not optimize it directly.

Instead, we introduce an auxiliary vector 𝜺̂ with components 𝜀𝑖 = 𝜀̂2𝑖 + 10−10, 𝑖 =
1,… ,𝐷. By squaring 𝜀̂𝑖 and adding this very small constant, we guarantee that every

𝜀𝑖 remains strictly positive. Thus, the overall loss is defined as 
total

= 
vel

+ 𝜺.
Figure 5.2–b shows a contractive dynamical system employing this method. The path

integrals suggest that the system exhibits higher contraction when compared to the

naive constant regularization shown in Fig. 5.2–a. This is quantitatively supported

by the contraction measure statistics reported in Fig. 5.4, showing that the trajectories

converge approximately 276% faster towards the data support. The reported 276%
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Constant State
Independent

State
Dependent

eigenvalue
Regularization

0

200

400

600

800

1000

Figure 5.4: The distribution of the duration, in time steps, that each path integral remained within the demon-

stration region across four different regularization methods: Constant, State Independent, State
Dependent, and Eigenvalue Regularization. A higher count of time steps inside the region indicates

that trajectories likely converge faster and exhibit stronger contraction properties. Individual data

points are represented by black dots.

faster convergence is based on the number of time steps each integral curve spends

inside the demonstration region defined by the convex hull . This measure reflects

how quickly trajectories enter and remain within the data support in comparison to

vanilla NCDS. As shown in Table 5.1, this method achieves a higher contraction rate

and ratio compared to vanilla NCDS.

State-dependent: In this approach, the regularization vector 𝜺 = 𝑔(𝒙) is computed as a

function of the state 𝒙 using a neural network 𝑔𝜹(𝒙) ∶ ℝ𝐷 → ℝ𝐷
with parameters 𝜹. To

ensure that 𝜺 remains strictly positive, we reparameterize it as 𝜀𝑖 = 𝜀̂2𝑖 +10−10. Thus, the

neural network 𝑔𝜹 directly outputs the auxiliary vector 𝜀̂, ensuring that the computed

𝜺 is always positive. The parameters 𝜹 are learned via back propagation, which aims at

minimizing the loss introduced in (5.5). Figure 5.2–c shows a contractive dynamical

system using this state-dependent method, exhibiting faster trajectory convergence

compared to the naive constant regularization (Fig. 5.2–a). Figure 5.4 shows that

trajectories converge approximately 100% faster towards the data support. However, as

indicated in Table 5.1, this method exhibits a lower contraction rate and ratio compared

to vanilla NCDS. However, we noticed that the neural networks 𝑔𝜹 might produce very

small regularization vectors, potentially generating spurious attractors.
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5.2.2 Eigenvalue Regularization

Consider the Jacobian matrix 𝑱𝑓 associated with the dynamical system 𝑓 , whose eigen-

value decomposition is given by 𝑱𝑓 = 𝑽 𝚲𝑽 −1
, where 𝑽 is the matrix of eigenvectors

of 𝑱𝑓 , and 𝚲 is the diagonal matrix of eigenvalues, 𝚲 = diag(𝜆1, 𝜆2,… , 𝜆𝐷). To incor-

porate regularization directly on the eigenvalues, we can use the same loss as in (5.5),

with the difference that we manipulate the eigenvalues directly. For example, a simple

loss encouraging the deviation of eigenvalues from a chosen eigenvalue 𝜆
i
is,

𝜺 = −𝛽
𝐷
∑

𝑛=1

|

|

𝜆𝑖 − 𝜆𝑛||
2 , (5.6)

where 𝛽 is a weight, and the final loss includes both the velocity reconstruction loss

and the regularization loss. Note that the main limitation of this approach is its compu-

tational cost due to the need to backpropagate through the eigenvalue decomposition.

Figure 5.2–d illustrates the impact of this method on the system’s contraction, show-

ing relatively modest gains on the convergence of trajectories compared to the naive

constant regularization approach depicted in Fig. 5.2–a. This is evident from the con-

traction measure statistics reported in Fig. 5.4, showing that trajectories converge only

13% faster towards the data support.

In conclusion, as regularization techniques become more complex, predicting their

impact on the system’s ability to generalize beyond the training data becomes increas-

ingly challenging. The results in Fig. 5.2 suggest that the vector-value state-independent
method provides a better contractive behavior toward the demonstration region and

generalization outside of the data support. Also, the computational cost of this ap-

proach is lower than the alternatives as it does not rely on a neural network or an

eigen-decomposition operation. Furthermore, Table 5.1 reports a comparison of the

contraction rate and maximum contraction ratio, highlighting the superior performance

of the state-independent method. More details on the evaluation of these eigenvalue

metrics can be found in Sec. 6.4.3.

Notably, across every dataset and under the considered metrics, the state-independent

method consistently outperformed the others. In our experiments, trajectories con-

verged approximately 276% faster to the demonstration region, highlighting the im-

proved performance in convergence and generalization. Based on these findings, we

will henceforth adopt this regularization strategy as our default configuration for

further analyses.
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5.3 Asymmetry of the Jacobian

Next, we turn our attention to the other key component of (5.1), namely the symmetric

matrix 𝑱𝜽(𝒙)𝖳𝑱𝜽(𝒙). Our objective is to explore the effects of modifying the Jacobian

from its symmetric form to an asymmetric one, with a particular focus on understanding

how the introduction of a skew-symmetric component impacts the generalization

behavior of the contractive dynamical system.

5.3 Asymmetry of the Jacobian

The NCDS builds on a symmetric Jacobian, as formulated in (5.1). However, it is

important to note that for a dynamical system to be contractive, its Jacobian does

not need to be symmetric (Jaffe et al., 2024). As Jaffe et al. (2024) discuss, a simple

form of a contractive vector field with an asymmetric Jacobian can be expressed as the

following linear system: 𝒙̇ = 𝑨𝒙 with 𝑨 =
(

−1 4
0 −1

)

. The vector field produced

by this system is shown in Fig. 5.3–right.

Table 5.2: The contraction rate and maximum contraction ratio computed over the equidistant grids.

Metrics Contraction rate Contraction ratio (max)
Angle (Sym.) −𝟎.𝟎𝟑𝟒 𝟐.𝟒𝟖𝟗
Angle (Asym.) −0.006 0.362
Sine (Sym.) −𝟎.𝟎𝟒𝟐 𝟏.𝟒𝟓𝟕
Sine (Asym.) −0.003 0.439

Therefore, we can enhance the NCDS flexibility by reformulating the system’s Jacobian

to incorporate both a symmetric and a skew-symmetric component. It is important to

emphasize that adding the skew-symmetric component does not affect the negative

definiteness of the symmetric part of the resulting Jacobian. This can be achieved

by parameterizing the Jacobian using two separate neural networks: one generating

the symmetric Jacobian, denoted as 𝑱𝜽, and the other generating the skew-symmetric

Jacobian, denoted as 𝑱𝝓. The combined Jacobian is then

𝑱𝜽,𝝓(𝒙) = 𝑱𝜽(𝒙) + 𝑱𝝓(𝒙), (5.7)

where the skew-symmetric matrix 𝑱𝝓(𝒙) is given by,

𝑱𝝓(𝒙) =
⎡

⎢

⎢

⎣

0 −𝑱𝝓,0(𝒙) 𝑱𝝓,1(𝒙)
𝑱𝝓,0(𝒙) 0 −𝑱𝝓,2(𝒙)
−𝑱𝝓,1(𝒙) 𝑱𝝓,2(𝒙) 0

⎤

⎥

⎥

⎦

. (5.8)
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Figure 5.5: Comparison of 2D vector fields learned with different Jacobian formulations. Left: Vector field

obtained using the symmetric Jacobian formulation. Middle: Vector field obtained using the asym-

metric Jacobian formulation. The learned vector field (grey) and demonstrations (black). Yellow

and green trajectories show path integrals starting from demonstration starting points and random

points, respectively. Right: Vector field with asymmetric Jacobian learned using NCDS with sym-

metric Jacobian.

Here, 𝑱𝝓(𝒙) is parameterized by a neural network that outputs the three independent

components [𝑱𝝓,0(𝒙),𝑱𝝓,1(𝒙),𝑱𝝓,2(𝒙)] of the skew-symmetric matrix. Note that this

formulation is tailored for the three-dimensional case and does not readily generalize

to higher dimensions. While this reformulation can enhance the expressiveness and

flexibility of NCDS, it is essential to assess its impact on the generalization behavior

of the learned vector field. Specifically, Fig. 5.5–middle illustrates the behavior of

a learned contractive dynamical system with an asymmetric Jacobian, 𝑱𝜽,𝝓(𝒙), as

described in (5.7). This is compared to the learned contractive vector field shown in

Fig. 5.5–left, which has only a symmetric Jacobian, as described in (5.1). In these plots,

the arrows indicate path integrals that originate from one of the initial points in the

demonstrations. For the system with an asymmetric Jacobian (Fig. 5.5–middle), the

path integral diverges from the data support, effectively taking a shortcut. In contrast,

the path integral for the system with a symmetric Jacobian (Fig. 5.5–left) closely follows

the data trend and remains within the data region. The red rectangles emphasize an

area far from the data, requiring network generalization. In the asymmetric Jacobian

case (Fig. 5.5–middle), the system initially diverges the path integrals before redirecting

them back to the target. Conversely, the system with the symmetric Jacobian (Fig. 5.5–

left) guides the path integrals directly towards the data region without diverging first.

To further analyze the contraction and generalization behavior of NCDS under both

conditions, we computed multiple path integrals starting from an equidistant grid

around the demonstration trajectories.
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Figure 5.6: Comparison between asymmetric and symmetric Jacobians in learning contractive dynamical

systems. Left: Generalization behavior of a system with a symmetric Jacobian, visualized using path

integrals originating from a 10×10 equidistant grid. The yellow region represents the demonstration

area, with black curves denoting the demonstrations. Black dots indicate the initial points of the path

integrals, while blue curves illustrate the resulting trajectories. Middle: Generalization behavior of

a system with an asymmetric Jacobian. Pink curves represent the path integrals. Right: Comparison

of the number of frames each path integral spent within the demonstration region. A higher number

indicates a path integral more likely converged to the demonstrations, therefore, better contractive

behavior.

As shown in Fig. 5.6–left and 5.6–middle, the yellow region defines the area where

the demonstrations, depicted as black curves, reside. Figures 5.6–left and 5.6–middle
display all the path integrals generated by NCDS with symmetric and asymmetric

Jacobians, respectively. Figure 5.6–right shows the number of time steps spent inside

the demonstration region. As illustrated, the path integrals with symmetric Jacobians

spend more time within this region, i.e. the trajectories reached the data support faster,

suggesting a more effective contractive behavior. Additionally, as confirmed by the

results in Table 5.2, both the contraction ratio and contraction rate for the Angle and Sine
datasets exhibit improved contractive behavior, indicating that the learned dynamics

are more contractive under symmetric Jacobian. More details on the evaluation of these

eigenvalue metrics can be found in Sec. 6.4.4. Notice that all results in Fig. 5.5, Fig. 5.6

69



5 Contractive Dynamics

(and Fig. 6.12 in appendix) are obtained using the state-independent regularization
vector, with the only distinction being the symmetry properties of the Jacobian matrix.

Our formulation employs a local approximation paradigm where the network estimates

a distinct Jacobian at each point in state space, rather than assuming a “universal”

Jacobian for the entire space. This local tailoring proves experimentally sufficient

for approximating contractive vector fields, even when using a symmetric Jacobian.

Although a non-symmetric Jacobian may offer greater theoretical expressivity, our

empirical results suggest that the symmetric Jacobian exhibits superior generalization

properties, making it the preferred choice in practice. This is shown in Fig. 5.5–

right, where NCDS with a symmetric Jacobian successfully learns the dynamics of an

asymmetric system, shown in Fig. 5.3–right.

In conclusion, although a model with an asymmetric Jacobian could theoretically learn

a broader range of contractive dynamical systems, our preliminary results presented

in Fig. 5.5 and Fig. 5.6 did not show any significant improvement in reconstruction

accuracy or generalization performance. Moreover, empirical investigations presented

in the results sections, including both the LASA dataset (Sec. 5.6.1) and the robotic

and human motion results (Sec. 6.4.7), have not identified any dynamical systems

where the symmetric Jacobian approach failed to effectively capture and learn the

underlying dynamics.

In the next section, we will focus on how to equip NCDS with obstacle avoidance

capabilities using modulation matrices.

5.4 Obstacle Avoidance via Matrix Modulation

In this section, we review the matrix modulation technique employed by NCDS for

obstacle avoidance. Subsequently, in Sec. 6.3, we will explore how this method can be

extended using Riemannian manifold learning to navigate obstacles and avoid unsafe

regions. In a dynamic environment with obstacles, a learned contractive dynamical

system should effectively adapt to and avoid unseen obstacles, without interfering

with the global contracting behavior of the system. Vanilla NCDS is equipped with

a contraction-preserving obstacle avoidance technique that builds on the dynamic

modulation matrix𝑮 introduced by (Huber et al., 2022). This approach locally reshapes

the learned vector field in the proximity of obstacles, while preserving contraction

properties within the forward invariant safe set. A set  ⊆ ℝ𝐷
is forward invariant

for the dynamical system 𝒙̇ = 𝑓 (𝒙) if, for every initial condition 𝒙0 ∈  , the solution
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Figure 5.7: The obstacle locally reshapes the learned vector field using the modulation matrix. The gray contours

represent the learned vector field, black trajectories depict the demonstrations, and orange/green

trajectories are path integrals starting from both initial points of the demonstrations and plot

corners. Magenta and red circles indicate the initial points of the path integrals and the obstacle,

correspondingly.

satisfies 𝒙𝑡 ∈  for all 𝑡 ≥ 0. In our context,  is defined as the obstacle-free region,

i.e.,  ∩  = ∅, where  denotes the set of points occupied by obstacles.

Specifically, Huber et al. (2022) show how to construct a modulation matrix 𝑮 from

the obstacle’s location and geometry, such that the vector field 𝒙̇ = 𝑮(𝒙)𝑓𝜽(𝒙) is both

contractive and steers around the obstacle. Formally, given the modulation matrix

𝑮, we can reshape the vector field

̂̇𝒙 = 𝑮(𝒙)𝑓𝜽(𝒙), (5.9)

𝑮(𝒙) = 𝑬(𝒙)𝑫(𝒙)𝑬(𝒙)−1, (5.10)

where 𝑬(𝒙) and 𝑫(𝒙) are the basis and diagonal eigenvalue matrices computed as,

𝑬(𝒙) = [𝒏(𝒙) 𝐞1(𝒙)… 𝐞𝑑−1(𝒙)], (5.11)

𝑫(𝒙) = diag(𝜆𝑛(𝒙)𝜆𝜏 (𝒙),… , 𝜆𝜏 (𝒙)), (5.12)

where 𝒏(𝒙) = 𝒙−𝒙𝑟
‖𝒙−𝒙𝑟‖

is a reference direction computed w.r.t. a reference point 𝒙𝑟 on

the obstacle, and the tangent vectors 𝐞𝑖 form an orthonormal basis to the gradient of

the distance function Γ(𝒙) (see Huber et al. (2022) for its full derivation). Moreover, the
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components of the matrix 𝑫 are defined as 𝜆𝑛(𝒙) = 1 −
(

1
Γ(𝒙)

)
1
𝜌
, 𝜆𝜏 (𝒙) = 1 +

(

1
Γ(𝒙)

)
1
𝜌
,

where 𝜌 ∈ ℝ+
is a reactivity factor. Note that the matrix 𝑫 modulates the dynamics

along the directions of the basis defined by the set of vectors 𝒏(𝒙) and 𝐞(𝒙). As stated

by Huber et al. (2022), the function Γ(⋅) monotonically increases w.r.t the distance

from the obstacle’s reference point 𝒙𝑟, and it is, at least, a 𝐶1
function. Importantly,

the modulated dynamical system ̂̇𝒙 = 𝑮(𝒙)𝑓𝜽(𝒙) still guarantees contractive stability,

which can be proved by following the same proof provided by (Huber et al., 2019).

Figure 5.7 shows the application of a modulation matrix to navigate around an obstacle

in a toy example. The obstacle, depicted as a red circle, completely obstructs the

demonstrations. Notably, NCDS successfully generated safe trajectories by effectively

avoiding the obstacle and ultimately reaching the target.

Having completed our discussion on improving the Jacobian formulation in (5.1), we

now shift focus to investigating the ability of a single NCDS module to learn and

represent multiple contractive vector fields, each corresponding to a conditional value

such as trajectory targets or shapes.

5.5 Conditional NCDS

Although NCDS has the ability to generate contractive vector fields for executing

complex skills, it lacks the ability to handle multiple motion skills, which may be

achieved by conditioning on task-related variables such as target states. In this con-

text, other methods that leverage contraction stability often depend heavily on rigid

optimization processes, which limits their adaptability when confronted with varying

conditional values. These methods typically require either finding a new contraction

metric each time the condition changes—likely by considering new constraints for

optimization (Tsukamoto et al., 2021c)—or, in other cases, generating a contraction

metric for every condition when using Neural Contraction Metrics (NCMs) (Tsukamoto

et al., 2021b). Although Jaffe et al. (2024) introduced a contraction method that dynam-

ically adapts to a varying target, due to the extended linearization used to parametrize

the vector field, it does not consider other types of conditioning task variables, e.g.,

variations in trajectory shape or switching between multiple target points. Here, we

present the concept of conditional NCDS (CNCDS), which extends the NCDS with

the ability of learning multimodal tasks, which depend on context variables such as

variable targets, using a single NCDS module.
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Reproduce angle trajectory Reproduce line trajectory Reach point A Reach point B

Figure 5.8: CNCDS on 2D trajectories from the LASA handwriting dataset. Plots (a) and (b) show CNCDS

conditioned on the trajectory shape. Plots (c) and (d) display conditioning on the trajectory target,

where the conditional value is chosen to be 0 and 1, respectively.

The conditional variable can account for changes in the task conditions and further

expand the NCDS architecture to integrate perception systems such as a vision per-

ception backbone. To do so, first we introduce a new condition variable 𝝕 in the

formulation. This variable is concatenated to the state vector 𝒙 so that CNCDS retrieves

a velocity vector 𝒙̇ as a function of the state and the task condition. Therefore, we

can reformulate (5.1) as,

𝑱𝑓 ([𝒙,𝝕]) = −
(

𝑱𝜽([𝒙,𝝕])𝖳𝑱𝜽([𝒙,𝝕])+diag(𝜺)
)

. (5.13)

Figure 5.8 illustrates the vector field generated by a CNCDS trained under two distinct

conditional settings: In the first, referred to as shape conditioning, the conditional values

are 0.0 for angle motion and 1.0 for line motion. In the second setting, referred to as

target conditioning, the condition variable 𝝕 = [𝑥∗, 𝑦∗] represents the 2D coordinates

of the target.

Figure 5.8–a and Fig. 5.8–b display the vector fields resulting from conditioning on

the trajectory shape. Figure 5.8–a shows the vector field when the conditional vector

𝝕 leads the NCDS model to reconstruct motion characterized by the angle motion,

whereas panel Fig. 5.8–b displays the vector field for the line motion. Furthermore,

Fig. 5.8–c and Fig. 5.8–d show the vector fields conditioned on the trajectory target.

The reported proof-of-concept experiments confirm that conditional variables can be

effectively incorporated into our model, allowing a single trained CNCDS to generate

motions of different shapes based on varying conditioning inputs. In Sec. 6.4.8, we show

how a vision backbone can be used to design CNCDS for image-based applications. This

process is visualized in the block 𝖢 of the architecture in Fig. 6.1. Having introduced
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all the components of NCDS, we now turn our attention to evaluating this approach

in learning contractive vector fields across various experimental settings.

5.6 Experiments

In this section, we perform a preliminary evaluation of NCDS, focusing on learning

low-dimensional vector fields and examining the improvements introduced by regular-

ization. A more thorough and comprehensive testing of NCDS is conducted later in

Sec. 6.4, where we evaluate its performance on various synthetic and real-world tasks.

5.6.1 Learning Contractive Vector Fields

There are currently no established benchmarks for contraction-stable robot motion

learning, so we focus on the LASA dataset (Lemme et al., 2015), often used to bench-

mark asymptotic stability. This consists of 26 different two-dimensional hand-written

trajectories, which the system is tasked to follow. To evaluate our method, we have

selected 5 different letter shapes from this dataset. To ensure consistency and com-

parability, we preprocess all trajectories to stop at the same target state. Additionally,

we omit the initial few points of each demonstration, to ensure that the only state

exhibiting zero velocity is the target state.

We first evaluate NCDS on two-dimensional trajectories for ease of visualization. Here

data are sufficiently low-dimensional that we do not consider a latent structure. The

Jacobian network was implemented as a neural network with two hidden layers, each

containing 500 nodes. The network’s output was reshaped into a square matrix format.

For integration, we used the efficient odeint function from the torchdiffeq Python

package (Chen, 2018), which supports various numerical integration methods. In

our experiments, we employed the widely used Runge-Kutta and dopri5 methods for

solving ordinary differential equations.

Figure 5.9 shows the learned vector fields (gray contours) for 5 different trajectory

shapes chosen according to their difficulty from the LASA dataset, covering a wide

range of demonstration patterns (black curves) and dynamics. The top row shows the

behavior of the learned dynamics for Vanilla NCDS, while the bottom row depicts the

dynamics learned with state-independent vector regularization (which showed the

strongest contraction behavior as reported in Fig. 5.4). We observe that both NCDS

approaches effectively capture and replicate the underlying dynamics. This is observed

74



5.6 Experiments

Figure 5.9: Visualization of the LASA-2D dataset: Gray contours represent the learned vector field, black

trajectories depict demonstrations, and orange/green trajectories illustrate path integrals starting

from the initial points of the demonstrations and plot corners. The magenta circles indicate the

initial points of the path integrals.

in the orange path integrals, starting from the initial points of the demonstrations,

showing that both approaches can reproduce the demonstrated trajectories accurately.

Table 5.3: Average time steps spent outside the data region for 100 path integrals, each consisting of 1000
points, originating from an equidistant grid (lower is better). The datasets and NCDS models correspond to

those displayed in Fig. 5.9.

Dataset Angle Multimodels Line SharpC Sine

Constant Regularization 516 436 445 490 439
State-independent Regularization Vector 135 105 255 209 176

We compute additional path integrals starting from outside the data support (green

curves) to assess the generalization capability of both NCDS approaches beyond the

observed demonstrations. Table 5.3 lists the average number of time steps that 100
path integrals, each consisting of 1000 points and originating from an equidistant grid,

spent outside the data region for the examples shown in Fig. 5.9. Low values indicate

that the trajectories converge quicker toward the demonstration region, reflecting

improved contractive behavior. These results suggest that state-independent vector

regularization enhance the contractive behavior (see also Fig. 5.4). This is evidence

that the contractive construction is a viable approach to controlling the extrapolation

properties of the neural network.
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5.6.2 Ablation Studies

In this section, we perform ablation studies to analyze the impact of various components

of our NCDS framework. By systematically altering or removing key elements, we

aim to highlight the significance of the contraction constraint, the choice of network

architecture, and the effect of different activation functions.

Unconstrained dynamical system

To illustrate the influence of having a negative definite Jacobian in NCDS, we contrast

our NCDS against an identical system, except that we remove the negative-definiteness

constraint on the Jacobian 𝑱𝜽. Figure 5.11 shows the path integrals generated by

both contractive (Fig. 5.11-a) and unconstrained (Fig. 5.11-b) dynamical systems. As

anticipated, the dynamics generated by the unconstrained system lack stable behavior.

However, the vector field aligns with the data trends in the data support regions.

Furthermore, we performed similar experiments with two different baseline approaches:

an MLP and a Neural Ordinary Differential Equation (NeuralODE) network, to highlight

the effect of the contraction constraint on the behavior of the dynamical system. The

MLP baseline uses a neural network with 2 hidden layers each with 100 neurons

with Tanh activation function. The NeuralODE baseline is implemented based on the

code provided by Poli et al. (2021), with 2 hidden layers each with 100 neurons. The

model is then integrated into a NeuralODE framework configured with the adjoint
sensitivity method and the dopri5 solver for both the forward and adjoint passes. It

is worth mentioning that these baselines directly reproduce the velocity according

to 𝒙̇ = 𝑓 (𝒙). Both networks are trained for 1000 epochs with the ADAM (Kingma

et al., 2014a). Figure 5.11-c and 5.11-d show that both models effectively capture the

observed dynamics (vector field); however, as anticipated, contraction stability is only

achieved by NCDS.

Activation function

The choice of activation function certainly affects the generalization in the dynamical

system in areas outside the data support. To show this phenomena, we ablate a few

common activation functions. For this experiment, we employ a feedforward neural

network with two hidden layers, each of 100 units. As shown in Fig. 5.12, both the Tanh
and Softplus activation functions give superior performance, coupled with satisfactory
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𝜀 = 10−4 𝜀 = 10−2 𝜀 = 10−1 𝜀 = 10

Figure 5.10: Path integrals generated by NCDS trained using different regularization term 𝜀.

Contractive Unconstrained MLP Neural ODE

Figure 5.11: Path integrals generated under the Neural Contractive Dynamical Systems (NCDS) setting, along

with baseline comparisons using Multilayer Perceptron (MLP) and Neural Ordinary Differential

Equation (NeuralODE) models.

generalization capabilities. This indicates that the contour of the vector field aligns

with the overall demonstration behavior outside of the data support. Conversely, the

Sigmoid activation function yields commendable generalization beyond the confines

of the data support, but it fails to reach and stop at its target.

Zero contraction ratio vector fields:

In our formulation, the regularization loss terms serve as soft constraints that guide

the learning process without imposing a rigid structure on the solution. For example,

when the ground-truth vector field (see Fig. 5.13, left panel) exhibits straight-line

trajectories converging to the origin, the network prioritizes an accurate reconstruction

of such demonstrated behavior. This is achieved without enforcing a large disparity

in the regularization vector components or the eigenvalues spread. To illustrate this
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Tanh Softplus Sigmoid

Figure 5.12: Path integrals generated by NCDS trained using different activation functions.

0.050

0.445

0.840

1.235

1.629

Figure 5.13: Learned vector field with zero contraction ratio. Left: The contraction ratio, scaled by 1000,

highlights minimal eigenvalue differences. Right: Orange integral curves closely follow the

training demonstrations (black), with gray contours outlining the learned vector field.

phenomenon, Fig. 5.13 shows a comparative analysis. In the right panel, the black

trajectories represent the training demonstrations, while the orange trajectories are the

integral curves generated by the model. The results indicate that the model effectively

captures the linear behavior of the ground-truth vector field. Additionally, the scaled

contraction ratio (i.e., ×1000) demonstrates that the differences between the eigenvalues

are effectively negligible.

In conclusion, the results above show that NCDS can learn stable vector fields that

generalize reliably beyond the data-support regions and avoid obstacles while preserv-

ing contraction; however, scalability to high-dimensional observations and orientation

states remains a challenge because enforcing contraction and safety requires expensive

Jacobian/metric regularization that scales with dimension. The next chapter addresses
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this by learning contractive dynamics in a low-dimensional latent space and using

an injective decoder so that contraction is preserved when mapping back to the data

space. We then extend the formulation to orientation dynamics on Lie groups and

introduce Riemannian safety regions that enable efficient obstacle avoidance directly

in the latent space.
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This chapter is based on the paper Neural Contractive Dynamical Sys-
tems, published in International Conference on Robot Learning (ICLR) in
2024 (Beik-Mohammadi et al., 2024), and the paper Extended Neural Con-
tractive Dynamical Systems: On Multiple Tasks and Riemannian
Safety Regions, published in International Journal on Robotics Research in
2024 (Beik-Mohammadi et al., 2025).

Learning highly nonlinear contractive dynamical systems in high-dimensional spaces

is difficult. These systems may exhibit complex trajectories with intricate interdepen-

dencies among the system variables, making it challenging to capture the underlying

dynamics while ensuring a contractive behavior. In the proof-of-concept examples

previously discussed, we showed that NCDS works very well for low-dimensional prob-

lems, but when only limited data is available, the approach becomes brittle in higher

dimensions. A common approach in such cases is to first reduce the data dimensionality,

and work as before in the resulting low-dimensional latent space (Chen et al., 2018b,

Hung et al., 2022, Beik-Mohammadi et al., 2021). The main challenge is that even if the

latent dynamics are contractive, the associated high-dimensional dynamics need not

be. This we solve next. To begin with, we review the necessary background concepts.

6.1 Latent NCDS

To obtain a low-dimensional representation of the demonstration data, the NCDS

leverages Variational Autoencoders (VAEs) to encode high-dimensional vector fields

into a low-dimensional latent space. Therefore, we will review the background on

VAEs. However, while most functionalities of NCDS can be effectively transferred to the

latent space, obstacle avoidance remains an exception. Therefore, this specific task still

needs to be performed in the original high-dimensional space, where the computational

complexity can negatively impact the system performance. To overcome this, Sec. 6.3

introduces an approach that equips NCDS with an alternative modulation formulation,
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enabling the transfer of this computationally-intensive obstacle avoidance process to

the latent space, thus improving overall efficiency. We will later demonstrate that

this is achieved by leveraging VAEs and their ability to learn Riemannian manifolds,

which represent the underlying geometrical structure of the data in the latent space

through pullback metrics.

As briefly discussed above, we want to reduce the data dimensionality with a VAE, but

we further require that any latent contractive dynamical system remains contractive

after it has been decoded into the data space. To do so, we leverage the fact that

contraction is invariant under coordinate changes (Manchester et al., 2017, Kozachkov

et al., 2023). This means that the transformation between the latent and data spaces

may be generally achieved through a diffeomorphic mapping.

Theorem 6.1 (Contraction invariance under diffeomorphisms (Manchester et al., 2017)).
Given a contractive dynamical system 𝒙̇ = 𝑓 (𝒙) and a diffeomorphism 𝜓 applied on
the state 𝒙 ∈ ℝ𝐷, the transformed system preserves contraction under the change of
coordinates 𝒚 = 𝜓(𝒙). Equivalently, contraction is also guaranteed under a differential
coordinate change 𝛿𝒚 =

𝜕𝜓
𝜕𝒙
𝛿𝒙.

Following Theorem 6.1, we learn a VAE with a smooth injective decoder 𝜇 ∶  →  .

Letting  = 𝜇() denote the image of 𝜇, then 𝜇 is a diffeomorphism between  and

, such that Theorem 6.1 applies. Geometrically, 𝜇 spans a 𝑑-dimensional submanifold

of  on which the dynamical system operates.

Here we leverage the zero-padding architecture from Brehmer et al. (2020) for the

decoder. Formally, an injective flow 𝜇 ∶  →  learns an injective mapping between

a low-dimensional latent space  and a higher-dimensional data space  . Injectivity

of the flow ensures that there are no singular points or self-intersections in the flow,

which may compromise the stability of the system dynamics in the data space. The

injective decoder 𝜇 is composed of a zero-padding operation on the latent variables

followed by a series of 𝐾 invertible transformations 𝜄𝑘. This means that,

𝜇 = 𝜄𝐾◦⋯◦𝜄1◦Pad, (6.1)

where Pad(𝒛) =
[

𝑧1 ⋯ 𝑧𝑑 0⋯ 0
]𝖳

represents a 𝐷-dimensional vector 𝒛 with additional

𝐷 − 𝑑 zeros, and ◦ denotes function decomposition. We emphasize that this decoder

is an injective mapping between  and 𝜇() ⊂  , such that a decoded contractive

dynamical system remains contractive.
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6.1 Latent NCDS

Specifically, we propose to learn a latent data representation using a VAE,

where the decoder mean 𝜇𝝃 follows the architecture in (6.1). Empirically, we

have found that training stabilizes when the variational encoder takes the form

𝑞𝝃(𝒛|𝒙) =  (𝒛 | 𝜇∼1
𝝃 (𝒙), 𝕀𝑑𝜎2

𝝃 (𝒙)), where 𝜇∼1
𝝃 is the approximate inverse of 𝜇𝝃 given by,

𝜇∼1
𝝃 = Unpad ◦ 𝜄−11 ◦⋯◦𝜄−1𝐾 , (6.2)

where Unpad ∶ ℝ𝐷 → ℝ𝑑
removes the last 𝐷− 𝑑 dimensions of its input as an

approximation to the inverse of the zero-padding operation. We emphasize that an

exact inverse is not required to evaluate a lower bound of the model evidence. This

process is visualized in block 𝖠 of the architecture in Fig. 6.1.

It is important to note that the state 𝒙 solely encodes the positional information of

the system, disregarding the velocity 𝒙̇. In order to decode the latent velocity 𝒛̇ into

the data space velocity 𝒙̇, we exploit the Jacobian matrix associated with the decoder

mean function 𝜇𝝃 , computed as 𝑱𝜇𝝃 (𝒛) = 𝜕𝜇𝝃∕𝜕𝒛. This enables the decoding process

formulated as below,

𝒙̇ = 𝑱𝜇𝝃 (𝒛)𝒛̇. (6.3)

The above tools let us learn a contractive dynamical system on the latent space ,

where the contraction is guaranteed by employing the NCDS architecture (Sec. 5.1).

Then, the latent velocities 𝒛̇ given by such a contractive dynamical system can be

mapped to the data space  using (6.3). For training, the latent velocities are simply

estimated by a numerical differentiation w.r.t the latent state 𝒛. Assuming the initial

robot configuration 𝒙0 is in  (i.e., 𝒙0 = 𝑓 (𝒛0)), the subsequent motion follows a

contractive system along the manifold. If the initial configuration 𝒙0 is not in , the

encoder is used to approximate a projection onto , producing 𝒛0 = 𝜇∼1(𝒙0).

Although the transition from 𝒙0 to 𝜇(𝒛0) may not exhibit contractive behavior, this

phase is of finite duration; once the state is on , the contractive dynamics ensure

global stability on the decoder’s manifold, leading to convergence of the overall system.

This behavior can be observed in high-dimensional data, where initial deviations may

occur. However, the contractive dynamics on the manifold guarantee stability, as

explained in the example given in Sec. 6.4.2.
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6.2 Learning Position and Orientation Dynamics

So far, we have focused on Euclidean robot states, but in practice, the end-effector

motion also involves rotations, which do not have an Euclidean structure. We first

review the group structure of rotation matrices and then extend NCDS to handle

non-Euclidean data using Theorem 6.1.

6.2.1 Orientation Parameterization

Three-dimensional spatial orientations can be represented in several ways, including

Euler angles, unit quaternions, and rotation matrices (Shuster, 1993). We focus on

the latter approaches.

Rotation matrices (3)

The set of rotation matrices forms a Lie group, known as the special orthogonal group
(3) =

{

𝑹 ∈ ℝ3×3
|

|

𝑹𝖳𝑹 = 𝕀, det(𝑹) = 1
}

. Every Lie group is associated with its

Lie algebra, which represents the tangent space at its origin (see Fig. 6.2–left). This

Euclidean tangent space allows us to operate with elements of the group via their

projections on the Lie algebra (Solà et al., 2018). In the context of (3), its Lie algebra

𝔰𝔬(3) is the set of all 3 × 3 skew-symmetric matrices [𝒓]×. This skew-symmetric matrix

exhibits three degrees of freedom, which can be reparameterized as a 3-dimensional

vector 𝒓 = [𝑟𝑥, 𝑟𝑦, 𝑟𝑧] ∈ ℝ3
.

First  cover

Figure 6.2: Left: Aspects of the Lie group (3). Right: An illustration of the function 𝑏(𝒙) in two dimensions.
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6 Latent Contractive Dynamics

We can map back and forth between the Lie group (3) and its associated Lie algebra

𝔰𝔬(3) using the logarithmic and exponential maps, denoted Log ∶ (3) → 𝔰𝔬(3) and

Exp ∶ 𝔰𝔬(3) → (3), which are defined as follows,

Exp([𝒓]×) = 𝕀 + sin(𝜁 )
𝜁

[𝒓]× +
1 − cos(𝜁 )

𝜁2
[𝒓]2×,

Log(𝑹) = 𝜁𝑹 −𝑹𝖳

2 sin(𝜁 )
,

where 𝜁 = arccos
(

Tr(𝑹)−1
2

)

. Moreover, 𝑹 represents the rotation matrix, and [𝒓]×
denotes the skew-symmetric matrix associated with the coefficient vector 𝒓. Due to

wrapping (i.e., 360◦ rotation corresponds to 0◦), the exponential map is surjective. This

implies that the inverse, i.e. Log, is multivalued, which complicates matters. However,

for vectors 𝒓 ∈ 𝔰𝔬(3), both Exp and Log are diffeomorphic if ‖𝒓‖ < 𝜋 (Falorsi et al.,

2019, Urain et al., 2022). This 𝜋-ball 𝜋 is known as the first cover of the Lie algebra

and corresponds to the part where no wrapping occurs.

Quaternions 3

Quaternions offer an alternative representation of rotations in 3D space and can also

be endowed with a Lie group structure, leading to the unit quaternion group 3 =
{

𝒒 ∈ 3 ⊂ ℝ4
|

|

‖𝒒‖ = 1
}

. Like rotation matrices, the unit quaternion group 3
is

associated with a Lie algebra 𝔰𝔲(2), which represents the tangent space at its origin

and corresponds to the set of pure imaginary quaternions, which can be represented

as 3D vectors.

A quaternion 𝒒 ∈ 3
is typically expressed as 𝒒 = 𝑞0 + 𝑞𝑥𝒊+ 𝑞𝑦𝒋 + 𝑞𝑧𝒌, where 𝑞0 is the

scalar part and (𝑞𝑥, 𝑞𝑦, 𝑞𝑧) represents the vector part. The exponential and logarithmic

maps, denoted as Exp ∶ 𝔰𝔲(2) → 3
and Log ∶ 3 → 𝔰𝔲(2), provide a way to

transition between the Lie group and its algebra. These maps are defined as follows,

Exp(𝒗) = cos
(

‖𝒗‖
2

)

+ sin
(

‖𝒗‖
2

)

𝒗
‖𝒗‖

,

Log(𝒒) = 2 arccos(𝑞0)
(𝑞𝑥, 𝑞𝑦, 𝑞𝑧)

√

𝑞2𝑥 + 𝑞2𝑦 + 𝑞2𝑧
,

where 𝒗 ∈ ℝ3
is a vector representing an element in the Lie algebra 𝔰𝔲(2), and 𝒒

is a unit quaternion in 3
.
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6.2 Learning Position and Orientation Dynamics

Similar to rotation matrices, the exponential map for quaternions is surjective. Quater-

nions, which reside on the hypersphere 3
, have special properties when restricted to

a half-sphere. In this domain, the exponential and logarithmic maps are diffeomorphic,

ensuring a one-to-one correspondence between the quaternion group and its Lie algebra.

6.2.2 NCDS on Lie Groups

Consider the situation where the system state represents its orientation, i.e. 𝒙 ∈ (3)
or alternatively 𝒙 ∈ 3

, whose first-order dynamics we seek to model with a latent

NCDS. From a generative point of view, we first construct a decoder 𝜇 ∶  → 𝔰𝔬(3)
(or 𝜇 ∶  → 𝔰𝔲(2) for quaternions) with outputs in the corresponding Lie algebra. We

can then apply the exponential map to generate either a rotation matrix 𝑹 ∈ (3) or

a quaternion 𝒒 ∈ 3
, such that the complete decoder becomes Exp ◦𝜇 in both cases.

Unfortunately, even if 𝜇 is injective, we cannot ensure that Exp ◦𝜇 is also injective (since

Exp is surjective in both cases), which then breaks the stability guarantees of NCDS.

Here we leverage the result that Exp is a diffeomorphism as long as we restrict ourselves

to the first cover of 𝔰𝔬(3) or 𝔰𝔲(2), depending on whether we are using rotation

matrices or quaternions. Specifically, if we choose a decoder architecture such that

𝜇 ∶  → 𝜋 is injective and has outputs on the first cover, then Exp ◦𝜇 is injective, and

stability is ensured for both (3) and 3
. To ensure that a decoder neural network

has outputs over the 𝜋-balls, we introduce a simple layer. Let 𝜇 ∶ ℝ𝑑 → ℝ𝐷
be an

injective neural network, where injectivity is only considered over the image of 𝑓 . If

we add a TanH-layer, then the output of the resulting network is the [−1, 1]𝐷 box, i.e.

tanh(ℎ(𝒛)) ∶ ℝ𝑑 → [−1, 1]𝐷. We can further introduce the function,

𝑏(𝒙) =

{

‖𝒙‖∞
‖𝒙‖2

𝒙 𝒙 ≠ 𝟎
𝒙 𝒙 = 𝟎

, (6.4)

which smoothly (and invertibly) deforms the [−1, 1]𝐷 box into the unit ball (see Fig. 6.2–

right). Then, the function,

ℎ(𝒛) = 𝜋𝑏(tanh(𝜇(𝒛))),

is injective and has the signature ℎ ∶ ℝ𝑑 → 𝜋(𝐷).

During training, the observed rotation matrices can be mapped directly into the first

cover of 𝔰𝔬(3) using the logarithmic map, while quaternions can be mapped into the first

cover of 𝔰𝔲(2). When the system state consists of both orientations and positions, we
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6 Latent Contractive Dynamics

simply decode to higher-dimensional variables and apply exponential and logarithmic

maps on the appropriate dimensions for both rotation matrices (3) and quaternions

3
. Figure 6.1 illustrates the architecture using rotation matrices for convenience,

but this is simply a design choice, as the orientation data in the preprocessing and

postprocessing stages on the far left and far right of the architecture plot can easily

be adapted to represent quaternions.

Algorithm 1: Task-Space Training Using (3)

Input: Data: 𝜏𝑛 =
{

𝒙𝑛,𝑡,𝑹𝑛,𝑡
}𝑁
𝑛=1 , 𝑡 ∈ [1, 𝑇𝑛]

Output: Learned contractive dynamics parameters 𝜽.

1 foreach trajectory 𝑛 do
2 foreach time step 𝑡 do
3 𝒓𝑛,𝑡 = Log(𝑹𝑛,𝑡) ⊳ Extract skew-sym coeffs

4 𝒑𝑛,𝑡 = [𝒙𝑛,𝑡, 𝒓𝑛,𝑡] ⊳ Form new state vector

5 end
6 end
7 𝝃∗ = argmin𝝃 ELBO

(𝒑𝑛,𝑡) ⊳ Train the VAE

8 foreach trajectory 𝑛 do
9 foreach time step 𝑡 do

10 𝒛𝑛,𝑡 = 𝜇𝝃∗ (𝒑𝑛,𝑡) ⊳ Encode poses

11 𝒛̇𝑛,𝑡 =
𝒛𝑛,𝑡+1−𝒛𝑛,𝑡

Δ𝑡
⊳ Compute latent velocities

12 end
13 end
14 𝜽∗ = argmin𝜽 Jac

(𝒑𝑛,𝑡) ⊳ Train Jacobian network

The steps for training the VAE and Jacobian network are outlined in Algorithm 1.

Furthermore, the steps for employing NCDS to control a robot are detailed in

Algorithm 2. As the algorithms show, the training of the latent NCDS is not fully

end-to-end. In the latter case, we first train the VAE (end-to-end), and then train

the latent NCDS using the encoded data.
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6.3 Riemannian Safety Regions and Latent Obstacle Avoidance

Algorithm 2: Robot Control Scheme

Input: Data: [𝒙𝑡,𝑹𝑡] ⊳ Current state of the robot

Output: 𝒙̇𝑡 ⊳ Velocity of the end-effector

1 foreach time step 𝑡 do
2 𝒓𝑡 = Log(𝑹𝑡) ⊳ Extract skew-sym coeffs

3 𝒑𝑡 = [𝒙𝑡, 𝒓𝑡] ⊳ Form new state vector

4 𝒛𝑡 = 𝜇𝝃(𝒑𝑡) ⊳ Compute the latent state

5 ̂̇𝒛𝑡 = 𝑓 (𝒛𝑡) ⊳ Compute the latent velocity

6 𝑱𝜇𝝃 (𝒛𝑡) =
𝜕𝜇𝝃
𝜕𝒛𝑡

⊳ Compute the Jacobian of the decoder

7 𝒙̇𝑡 = 𝑱𝜇𝝃 (𝒛𝑡) ̂̇𝒛𝑡 ⊳ Compute input space velocity

8 end

6.3 Riemannian Safety Regions and Latent Obstacle
Avoidance

Section 2.3 described a Riemannian metric (2.13) in the VAE latent space. Under this

metric, shortest paths stay within the data support while avoiding obstacles. Building

on the approach for learning Riemannian manifolds from data, we now introduce a

modulation matrix that ensures our latent NCDS vector field also stays within the data

support while avoiding obstacles. Similar to classical robotics, where the configuration

space provides a representation distinct from the task space for obstacle avoidance,

our approach constructs a low-dimensional representation of the task space on which

we perform obstacle avoidance by pulling back information from the ambient (robot’s

end-effector) task space. We notice that the volume of the pullback Riemannian metric

in (2.13) increases when moving away from the data manifold and when approaching

an obstacle. If we change the NCDS vector field to avoid “high volume” areas, our goal

will be achieved. We accomplish this via a Riemannian modulation matrix 𝑮(𝒛) that

reshapes the vector field 𝑓 , resulting in an obstacle-free vector field 𝑓 ,

𝑓 (𝒛) = 𝑮(𝒛)𝑓 (𝒛). (6.5)

To design this modulation matrix, we follow the recipe of Huber et al. (2022), described

in Sec. 2.7, and let 𝑮(𝒛) = 𝑬(𝒛)𝑫(𝒛)𝑬(𝒛)−1.

First, the matrix 𝑫 is designed to guarantee impenetrability and to ensure the local
effect of the modulation matrix. We use the formulation of Huber et al. (2022), which is

given in (5.12). Specifically, we ensure that 𝜆𝑛(𝒛) ∶ ℝ𝑑 → [0.0, 1.0] decreases towards
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6 Latent Contractive Dynamics

0.0 and 𝜆𝜏 (𝒛) ∶ ℝ𝑑 → [1.0, 2.0] increases towards 2.0 when the distance to the obstacle

decreases. Based on these requirements, matrix 𝑫 can be designed according to the

following sigmoid function,

Ξ(𝜌, 𝜈, 𝜆𝑖𝑛𝑖𝑡, 𝜆𝑒𝑛𝑑 , 𝑘) = 𝜆𝑖𝑛𝑖𝑡+ (6.6)

𝜆𝑒𝑛𝑑 − 𝜆𝑖𝑛𝑖𝑡

1 + exp
(

−𝑘
[

(𝒙) − (𝜌+𝜈)
2

]),with (6.7)

𝜆𝑛(𝒙) = Ξ(𝜌 = 1, 𝜈 = 10, 𝜆𝑖𝑛𝑖𝑡 = 0, 𝜆𝑒𝑛𝑑 = 1, 𝑘 = 2),

𝜆𝜏 (𝒙) = Ξ(𝜌 = 1, 𝜈 = 10, 𝜆𝑖𝑛𝑖𝑡 = 2, 𝜆𝑒𝑛𝑑 = 1, 𝑘 = 2).

The parameters are defined as follows: 𝜌 specifies the distance at which the obstacle

becomes impenetrable, while 𝜈 indicates the distance from which the modulation is

inactive. The initial and final values of the sigmoid function Ξ(...) are given by 𝜆𝑖𝑛𝑖𝑡
and 𝜆𝑒𝑛𝑑 , respectively. For example, in Fig. 6.3, 𝜆𝑖𝑛𝑖𝑡 and 𝜆𝑒𝑛𝑑 (shown in blue) are the

initial and target values for 𝜆𝜏 . This means that 𝜆𝜏 takes the value of 𝜆𝑖𝑛𝑖𝑡 when inside

the obstacle and similarly it takes the values of 𝜆𝑒𝑛𝑑 when outside of the obstacle.

The same applies for 𝜆𝑛, depicted in orange. Lastly, 𝑘 controls the smoothness of

the transition between these values. The specific values for these parameters are

provided in Koptev (2023) to configure the matrix 𝑫 for correct modulation activation.

In this specific setup, the modulation activates 𝜈 units away from the obstacle surface

and progressively intensifies until it reaches 𝜌 unit from the surface, at which point

the surface becomes impenetrable. These values can be adjusted to suit different

configurations or experimental conditions. Figure 6.3 illustrates how the elements of

matrix 𝑫 behave as a function of the distance from the obstacle. Note that the values

of 𝜆𝑛(𝒙) begin to decrease towards 0.0, while 𝜆𝑡(𝒙) values start increasing towards

2.0 as the distance drops below 𝜈 units.

Second, the basis matrix 𝑬, which determines the modulation directions, is defined by

stacking the obstacle normal 𝒏 (i.e. a vector orthogonal to the tangent plane of the

obstacle surface, pointing outward) and an orthogonal basis vectors 𝒆 that defines a

hyperplane tangential to the surface of the obstacle. To allow for obstacles with complex

shapes, we compute the normal through a distance field 𝔖 that determines the distance

from any point to the obstacle (Koptev, 2023). The normal vector can then be chosen as,

𝒏(𝒛) = ∇𝔖(𝒛) s.t. 𝒆(𝒛) ⟂ 𝒏(𝒛), (6.8)
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Figure 6.3: The behavior of the elements of the matrix 𝑫 in response to distance from obstacle.

where ∇𝔖(𝒛) is the gradient of the distance field at 𝒛. To incorporate the Riemannian

metric, we rescale the distance field by the inverse Riemannian volume,

𝔖
scaled

(𝒛) =
𝛼

(𝒛)
𝔖(𝒛), with (𝒛) =

√

| det(𝑴(𝒛))|,

where 𝛼 is a scaling factor.
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Figure 6.4: Illustration of the computation of the obstacle avoidance distance field for designing Riemannian

safety regions. From left: (1) Obstacle representation (circle), (2) Metric volume around obstacle, (3)

Metric inversion to compute distance map and problem with initial boundary misalignment (white

vs. red circle for real vs. approximated boundary), (4) Rescaling with 𝛼 to correct the boundary.

Figure 6.4 illustrates the computation of the distance field. To compute the weight 𝛼,

we discretize the data manifold with an equidistant mesh grid in the latent space ,

followed by the computation of the corresponding metric volumes (𝒛) for each point

on the mesh grid. Later, the maximum and the minimum volumes, max and min, are

used to normalize all volumes (𝒛) as follows,

(𝒛) =
(𝒛) − min

max − min
.
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Afterward, 𝛼 is experimentally chosen to align with the specified distance range defined

by 𝜌 and 𝜈 in (6.7). This ensures that the scalar field is scaled appropriately, such that:

𝔖(𝒛) <𝜌, 𝒛 ∈ obstacle region,

𝔖(𝒛) >𝜈, 𝒛 ∉ obstacle region.

The complete process from obstacle to distance field involves several key steps, as

illustrated in Fig. 6.4. The obstacle is presented here as a circle for simplicity (leftmost

panel), but it can be represented using more complex shapes, such as meshes, depending

on the application. A Gaussian-like function is then applied to reshape the manifold,

serving as the ambient metric centered on the obstacle (second panel). This metric

models the obstacle’s influence on the surrounding space. The metric is inverted to

construct a distance map, as shown in the third panel. However, the computed obstacle

boundary (red circle) does not align with the real boundary (white circle) due to the

nature of the Gaussian function, which skews distance measurements. Finally, in the

fourth panel, the distance field is rescaled using the parameter 𝛼. This parameter adjusts

the Gaussian’s influence, ensuring the computed boundary aligns with the real obstacle

boundary, regardless of the obstacle’s shape.

Convex obstacle without

tangential vector field

Concave obstacle without

tangential vector field

Concave obstacle with left

tangential vector field

Concave obstacle with

right tangential vector field

Figure 6.5: Modulated contractive dynamical systems using a pullback metric derived from the decoder’s

Jacobian.

As Koptev (2023) discuss, the modulation in (5.10) can generate spurious attractors

around concave regions of the obstacle’s surface (Fig.6.5–b). Koptev (2023) suggests

using a secondary tangential vector field that activates only when the velocity is zero
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to avoid this issue. Specifically,

𝑓 = 𝑮(𝒛) ⋅ 𝑓 (𝒛) + 𝛽(𝒙)𝑮(𝒛) ⋅ 𝑔(𝒛), 𝛽∈[0,1] (6.9)

where 𝛽 increases as the velocity generated by the main modulation approaches zero.

This tangential vector field is computed using the tangent vector on the surface of

the obstacle. When multiple tangent vector fields are available, it is crucial to select

the one that produces the most optimal modulated vector field. For example, in a

two-dimensional space (as illustrated in Fig. 6.5–c and d), two distinct tangent vector

fields can be identified. The criteria for choosing the appropriate tangent vector field

are highly problem-dependent. For instance, when the criterion is to follow the shortest

path to the target, one can compute the geodesic path and then select the tangential

direction that most closely aligns with it. Next, we will evaluate the performance of

latent NCDS across various experimental settings.

6.4 Experiments

To evaluate the efficiency of latent NCDS, we consider several synthetic and real tasks.

Comparatively, we show that NCDS is the only method to scale gracefully to higher-

dimensional problems, due to the latent structure. Through ablation studies in Sec. 5.6.2,

we further analyze the effect of various activation functions, regularization techniques,

and network architectures on the NCDS performance. We further demonstrate the

ability to build dynamic systems on the Lie group of rotations and to avoid obstacles

while ensuring stability. None of the baseline methods has such capabilities.

Datasets.

In Section 5.6, we conducted preliminary experiments on the 2D LASA dataset. To fur-

ther complicate this easy task, we aim at learning NCDS on 2, or 4 stacked trajectories,

resulting in 4 (LASA-4D), or 8-dimensional (LASA-8D) data, respectively. Secondly,

we consider a dataset consisting of 5 trajectories collected via kinesthetic teaching on

a 7-DoF Franka-Emika Panda robot. These trajectories form a V-shape path on the

desk surface, with the orientation of the end-effector smoothly changing to follow

the direction of motion. To evaluate the model’s performance in a more challenging

setting, we use the KIT Whole-Body Human Motion Database (Mandery et al., 2016).

We provide further details on how these datasets are used in the relevant sections.

93



6 Latent Contractive Dynamics

Metrics

We use dynamic time warping distance (DTWD) as the established quantitative mea-

sure of reproduction accuracy w.r.t. a demonstrated trajectory, assuming equal initial

conditions (Ravichandar et al., 2017, Sindhwani et al., 2018),

DTWD(𝜏𝑥, 𝜏𝑥′ ) =
∑

𝑗∈𝑙(𝜏𝑥′ )
min
𝑖∈𝑙(𝜏𝑥)

(

𝑑(𝜏𝑥𝑖 , 𝜏𝑥′𝑗 )
)

+

∑

𝑖∈𝑙(𝜏𝑥)
min
𝑗∈𝑙(𝜏𝑥′ )

(

𝑑(𝜏𝑥𝑖 , 𝜏𝑥′𝑗 )
)

,

where 𝜏𝑥 and 𝜏𝑥′ are two trajectories (e.g. a path integral and a demonstration trajectory),

𝑑 is a distance function (e.g. Euclidean distance), and 𝑙(𝜏) is the length of trajectory 𝜏 . To

quantitatively assess the contraction properties of different vector fields, we introduce

a metric based on integral curves. Specifically, we consider 𝑁 integral curves, each

initiated from points on an equidistant grid in the state space. We rollout the trajectory

over a period of 𝑇 time steps. We define a demonstration region by computing the convex

hull  around a set of demonstration data. In practice, we utilize the computational

geometry libraries such as shapely1
to handle these operations. The convex hull  is

computed as a polygon using shapely.geometry.Polygon. Point membership is then

efficiently determined using standard point-in-polygon algorithms (e.g., ray-casting).

The hyperparameters determining this convex hull shape, such as the margin size

extending beyond the data, are chosen experimentally to best capture the region of

interest. For each integral curve 𝐱𝑖(𝑡), where 𝑖 = 1,… , 𝑁 and 𝑡 = 1,… , 𝑇 , we compute

the number of time steps 𝑛𝑖 for which the trajectory resides within :

𝑛𝑖 =
𝑇
∑

𝑡=1
𝔟
(

𝐱𝑖(𝑡) ∈ 
)

, (6.10)

where 𝔟(⋅) is the indicator function, returning 1 if its argument is true and 0 otherwise.

Intuitively, the more time steps a trajectory spends within , the faster it converges

toward it, indicating a higher contractive behavior towards the demonstrations region.

Additionally, we introduce quantitative metrics to directly evaluate the system’s con-

traction properties. Specifically, we compute the contraction ratio as the maximum

1
Shapely: Python package. Last checked: February 2025.
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absolute difference between the eigenvalues Δ𝜆 = 𝜆max − 𝜆min. Note that the the con-

traction ratio and rate reflect the overall contraction properties of the system, rather

than its convergence toward the data support region.

Baseline methods

Our work is the first contractive neural network architecture, so we cannot compare

NCDS directly to methods with identical goals. Indeed, we report in Table 6.1 the main

papers in the contraction literature, showing that a lack of consensus exists regarding

the method or baseline for comparison, in the context of learning contractive dynamical

systems. However, we compare our method to ELCD, recently introduced by Jaffe et

Table 6.1: The present state-of-the-art literature pertaining to the learning of contractive dynamical systems.

Paper Title Abbr. Compared Against Year
Safe Control with Learned Certificates:

A Survey of Neural Lyapunov, Barrier,

and Contraction Methods (Dawson et

al., 2023)

2022

Learning Contraction Policies from Of-

fline Data (Rezazadeh et al., 2022)

MPC (ILQR), RL (CQL) 2022

Neural Contraction Metrics for Robust

Estimation and Control: A Convex Op-

timization Approach (Tsukamoto et al.,

2021b)

NCM CV-STEM, LQR 2021

Learning Stabilizable Nonlinear Dynam-

ics with Contraction-Based Regulariza-

tion (Singh et al., 2021)

CCM-R 2021

Learning Certified Control Using Con-

traction Metric (Sun et al., 2020)

C3M SoS (Sum-of-Squares

programming), MPC, RL

(PPO)

2020

Learning Position and Orientation Dy-

namics from Demonstrations via Con-

traction Analysis (Ravichandar et al.,

2019)

CDSP SEDS, CLF-DM, Tau-SEDS,

NIVF

2019

Learning Stable Dynamical Systems Us-

ing Contraction Theory (Blocher et al.,

2017)

C-GMR SEDS 2017

Learning Contracting Vector Fields for

Stable Imitation Learning (Sindhwani et

al., 2018)

CVF DMP, SEDS, CLF-DM 2017

Learning Partially Contracting Dy-

namical Systems from Demonstrations

(Ravichandar et al., 2017)

CDSP

(position

only)

DMP, CLF-DM 2017
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al., 2024, which leverages normalizing flows for learning contraction. Instead, we

compare to existing methods that provide asymptotic stability guarantees. In particular,

Euclideanizing flow (Rana et al., 2020b), Imitation flow (Urain et al., 2020) and SEDS
(Khansari-Zadeh et al., 2011a). For Imitation flow, we use a network of 5 layers, where

each was constructed using CouplingLayer, RandomPermutation, and LULinear

techniques, as recommended by (Urain et al., 2020) for managing high-dimensional

data. We train for 1000 epochs, with a learning rate of 10−3. For Euclidenizing flow,

we used a coupling network with random Fourier features, using 10 coupling layers

of 200 hidden units, and a length scale of 0.45 for the random Fourier features. This

is trained for 1000 epochs, with a learning rate of 10−4. Lastly, for SEDS, we use a

Gaussian mixture model of 5 components that are trained for 1000 epochs with an MSE

objective. In all cases, hyperparameters were found experimentally and the best results

have been selected to be compared against. For ELCD, we used the public codebase
1
.

We followed their suggested parameter set, using 2 flow steps and a hidden dimension

of 16. The model was trained for 100 epochs with a learning rate of 10−3.

Table 6.2: Average dynamic time warping distances (DTWD) between different approaches. NCDS shows

competitive performance in low-dimensional spaces and outperforms others in higher dimensions.

Dataset LASA-2D LASA-4D LASA-8D 7 DoF Robot
Euclideanizing Flow 0.72 ± 0.12 3.23 ± 0.34 10.22 ± 0.40 5.11 ± 0.30
Imitation Flow 0.80 ± 0.24 0.79 ± 0.22 4.69 ± 0.52 2.63 ± 0.37
SEDS 1.60 ± 0.44 3.08 ± 0.20 4.85 ± 1.64 2.69 ± 0.18
NCDS 1.37 ± 0.40 0.98 ± 0.15 2.28 ± 0.24 1.18 ± 0.16

Table 6.3: Average execution time (in milliseconds) of a single NCDS integration step for learning the vector

field in different spaces.

Input Dim 2D 3D 8D 44D
Input Space (Without VAE) 1.23 ms - 40.9 ms -

Latent Space (With VAE) - 10.6 ms 20.2 ms 121.0 ms

1
ELCD codebase: GitHub Repository. Last checked: February 2025.

96

https://github.com/seanjaffe1/Extended-Linearized-Contracting-Dynamics


6.4 Experiments

Figure 6.6: Average distance between random nearby trajectories over time for LASA-2D. Only NCDS mono-

tonically decreases, i.e. it is the only contractive method.

Figure 6.7: Path integrals generated using different methods on LASA-8D. Black curves are training data, while

yellow are the learned path integrals. To construct the 8D dataset, we have concatenated 4 different

2D datasets.

6.4.1 Comparative Study on the LASA Dataset

Table 6.2 shows average DTWD distances among five generated path integrals and

five demonstration trajectories for both NCDS and baseline methods. For the two-

dimensional problem, both Euclideanizing flow and Imitation flow outperform NCDS

and SEDS, though all methods perform quite well. To investigate stability, Fig. 6.6

displays the average distance over time among five path integrals starting from random

nearby initial points for different methods. We observe that only for NCDS does

this distance decrease monotonically, which indicates that it is the only contractive

method. To test how these approaches scale to higher-dimensional settings, we consider

the LASA-4D and LASA-8D datasets, where we train NCDS with a two-dimensional

latent representation. From Table 6.2, it is evident that the baseline methods quickly

deteriorate as the data dimension increases, and only NCDS gracefully scales to higher

dimensional data. This is also evident from Fig. 6.7, which shows the training data and

reconstructed trajectories of different LASA-8D dimensions with different methods.

These results clearly show the value of having a low-dimensional latent structure.

97



6 Latent Contractive Dynamics

Figure 6.8: Comparison of vector fields generated by NCDS and ELCD (Jaffe et al., 2024). The left, middle,

and right columns depict the integral curves produced by ELCD, vanilla NCDS, and NCDS with

state-independent regularization, respectively. A total of 100 integral curves, each consisting of

1000 points, are generated on an equidistant grid around the demonstration data and evaluated on

two LASA datasets: Angle and Sine.

Next, we compare our method to ELCD (Jaffe et al., 2024) using two different LASA

datasets. Figure 6.8 illustrates 100 integral curves, each generated on an equidistant

grid with 1000 time steps. The results indicate that all methods successfully recover

the demonstration while maintaining contractivity. However, ELCD shows unnec-

essary deviations outside the data support. Instead of smoothly contracting toward

the demonstrations region, some trajectories take detours, making extra turns or os-

cillations before eventually converging.

Figure 6.9-top quantifies how many of the 1000 points in each integral curve remain

inside the demonstration region. A higher value means that the trajectory stays within

the data support for more time steps, indicating stronger contraction. The table in

Fig. 6.9-bottom presents the average number of points spent within the demonstration

region across all integral curves.

The results show that NCDS with state-independent regularization keeps trajectories

more focused on the demonstrations region. Particularly when using the Angle dataset,

ELCD exhibits stronger contraction than vanilla NCDS, as shown in Fig. 6.9-bottom.

However, as illustrated in Fig. 6.8, ELCD also introduces more unnecessary motion

98



6.4 Experiments
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Method Angle Sine
ELCD 809 82

Vanilla NCDS 484 561

Independent Reg. 862 824

Figure 6.9: Comparison of contractivity across methods. The top and middle plots show the number of trajectory

points inside the demonstration region for models trained on Angle and Sine datasets, respectively,

where higher values indicate stronger contraction. The bottom table presents the average number

of points per integral curve within the demonstration region.

patterns outside the demonstration region. Moreover, Fig. 6.9-middle shows the results

for the Sine dataset, where ELCD, despite our efforts to enhance its performance, does

not perform as well. This trend is further supported by Fig. 6.9-bottom.

Comparative study on the robot dataset

To further compare our method, we consider a robotic setting where we evaluate all

the methods on a real dataset of joint-space trajectories collected on a 7-DoF robot. The

last column of Table 6.2 shows that only NCDS scales gracefully to high-dimensional
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joint-space data, and outperforms the baseline methods. The supplementary material

includes a video showcasing the simulation environment in which the robot executes a

drawing task, depicting V-shape trajectories on the table surface.

Dimensionality and execution time

Table 6.3 compares 5 different experimental setups. Both the Variational Autoencoder

(VAE) and Jacobian network 𝑱𝜽, were implemented using PyTorch (Paszke et al., 2019b).

The VAE employs an injective generator based on -flows (Brehmer et al., 2020), using

rational-quadratic neural spline flows with three coupling layers. The experiments

were conducted on a system with an Intel
®

Xeon
®

Processor E3-1505M v6 (8M Cache,

3.00 GHz), 32 GB of RAM, and an NVIDIA Quadro M2200 GPU.

Table 6.3 reports the average execution time when dimensionality reduction is not used

and the dynamical system is learned directly in the input space. As the results show,

increasing the dimensionality of the input space from 2 to 8 entails a remarkable 40-fold

increase in execution time for a single integration step. This empirical relationship

reaffirms the inherent computational intensity tied to Jacobian-based computations.

This table also shows that our VAE distinctly mitigates the computational burden.

In comparison, the considerable advantages of integrating the contractive dynamical

system with the VAE into the full pipeline become evident as it leads to a significant

halving of the execution time in the 8D scenario. We further find that increasing the

dimensionality from 8 to 44 results in a sixfold increase in running time. The results

indicate that our current system may not achieve real-time operation. However, the

supplementary video from our real-world robot experiments demonstrates that the

system’s rapid query response time is sufficiently fast to control the robot arm, devoid

of any operational concerns.

6.4.2 Generalization Outside the Decoder’s Manifold

In our framework, although the latent and ambient spaces share the same overall

dimensionality due to the padding operation, the encoder projects data into a lower-

dimensional representation by discarding certain dimensions (via unpadding). These

discarded (or extra) dimensions, while not directly used in the final projection, retain

information that is indicative of whether a point lies on the decoder’s manifold. We

define the decoder’s manifold as the set of latent points for which the extra dimensions

are exactly zero. Formally, let 𝒛 = [𝒛𝑚,𝒛𝑒] be the latent vector, where 𝒛𝑚 represents
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Figure 6.10: Generalization under deviation from the decoder’s manifold using the 8D LASA dataset. Red

circles indicate initial positions, the orange dashed line shows the transition vector to the manifold

(green circle), and the blue curve represents the integral curve.

the dimensions used for the final projection and 𝒛𝑒 the extra dimensions, then a point

is considered on the decoder’s manifold if ∥ 𝒛𝑒 ∥= 0.

Conversely, any nonzero values in 𝒛𝑒 indicate that the corresponding state lies outside

the decoder’s manifold. Although deviations from the decoder’s manifold are generally

minimal, in certain real-robot scenarios measurement noise or ambient perturbations

can occasionally cause the latent representation to stray from the decoder’s manifold.

In these cases, our approach incorporates a transition phase to correct the deviation.

Specifically, if a latent point is identified as being off the manifold, we compute a

transition vector that incrementally steers the point back toward the manifold. This

is achieved by integrating along a path in latent space until the condition ∥𝒛𝑒 ∥≃ 0 is

effectively reached, thereby ensuring compatibility with the decoder’s assumptions.

This corrective mechanism is not invoked routinely but serves as an important safeguard

to enhance system robustness in the rare instances when deviations occur.

Figure 6.10 illustrates this procedure using the 8D LASA dataset. In the figure, red

markers denote the initial latent positions that deviate from the demonstration’s starting

point. The orange dashed line represents the transition vector that guides the point

toward the manifold, and the green marker indicates the latent point after successful

projection onto the manifold. The blue curve depicts the integrated path taken during

the transition phase.

By quantifying the deviation from the manifold e.g., via the Euclidean norm ∥ 𝒛𝑒 ∥,

we can effectively measure and correct the discrepancy between the actual latent

representation and the ideal manifold state.
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Figure 6.11: Comparison of 2D vector fields learned by using the following regularization approaches: (a)
constant regularization, (b) state-independent regularization (using basic optimization), (c) state-

dependent regularization (using a neural network), and (d) eigenvalue regularization. The top row
displays a map of the maximum eigenvalue, while the bottom row shows the absolute difference

between eigenvalues (i.e., the contraction ratio).

6.4.3 Eigenvalue Metric Maps of Regularization Methods

To better assess the impact of each regularization method, Fig. 6.11 presents heatmaps

depicting the distribution of various eigenvalue metrics within a selected square region

around the demonstration data. The results for state-independent regularization show

that this method exhibits larger negative values across the spectrum, indicating overall

stronger contraction. Specifically, within the selected region, the contraction rate

reaches −0.15, the highest among all methods. Additionally, as shown in the figure,

this method achieves the largest contraction ratio, suggesting a more directionally

dependent contractive behavior.

6.4.4 Eigenvalue Metric Maps of Symmetric vs. Asymmetric
Jacobian

Figure 6.12 shows different eigenvalue metric heatmaps of the learned contractive

dynamics. The top row shows that symmetric Jacobian approach results in increased

contraction along the “dominant” eigenvector. In the middle row, we observe that

even the “non-dominant” eigenvector has stronger contraction under this method.
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Finally, the bottom row shows a higher overall contraction ratio, indicating a more

pronounced pull toward a specific eigenvector.

More precisely, in the Angle dataset, the average minimum eigenvalue is −0.266 com-

pared to −0.046 for the asymmetric case, while the average maximum eigenvalue

remains more negative (−0.034 vs. −0.006). The maximum contraction ratio, rep-

resenting the difference between these eigenvalues, is significantly higher for the

symmetric model (2.489 vs. 0.362), confirming its more robust contractive behavior.

Extreme values further support this trend, with the minimum eigenvalue reaching

−2.589 for the symmetric case, compared to only −0.388 for the asymmetric model.

Similarly, in the Sine dataset, the symmetric model maintains a average minimum

eigenvalue of −0.381 versus −0.063 in the asymmetric case, with a more negative

average maximum eigenvalue (−0.042 vs. −0.003). The maximum contraction ratio is

also notably higher (1.457 vs. 0.439), reinforcing the role of symmetry in promoting

directional contraction. The extreme minimum eigenvalue reaches −1.489 in the

symmetric formulation, whereas it remains at −0.439 for the asymmetric model.

6.4.5 Learning Robot Motion Skills

To demonstrate the application of NCDS to robotics, we conducted several experiments

on a 7-DoF Franka-Emika robotic manipulator, where an operator kinesthetically

teaches the robot drawing tasks. Both the Variational Autoencoder (VAE) and the

Jacobian network 𝑱𝜽, were implemented using the PyTorch framework (Paszke et al.,

2019b). For the VAE, we used an injective generator based on -flows (Brehmer et al.,

2020), specifically employing rational-quadratic neural spline flows with three coupling

layers. In each coupling transform, half of the input values underwent element-wise

transformation through a monotonic rational-quadratic spline. These splines were

parameterized by a residual network with two residual blocks, each containing a

hidden layer of 30 nodes. We used Tanh activations throughout the network, without

batch normalization or dropout. The rational-quadratic splines used ten bins, evenly

spaced over the range (−10, 10). To learn these skills, we employ the same architecture

described in Sec. 5.6.1. The learned dynamics are executed using a Cartesian impedance

controller. First, we demonstrate 7 sinusoidal trajectories while keeping the end-effector

orientation constant, such that the robot end-effector dynamics only evolve in ℝ3
.
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Figure 6.12: Eigenvalue metric heatmaps of the learned contractive dynamics shown in Fig. 5.6. The top
and middle rows display the minimum and maximum eigenvalues computed at each point on

the equidistant grid, respectively. The bottom row shows the contraction ratio, defined as the

absolute difference between these eigenvalues. The first and third columns correspond to the

results obtained with a symmetric Jacobian for the Angle and Sine datasets, respectively, while

second and forth columns show the corresponding results for an asymmetric Jacobian.

Figure 6.13: Robot experiments. The left two panels show robot experiments with orange and red paths

illustrating unperturbed and perturbed motion. The first panel shows a learned vector field in

ℝ3
with a constant orientation. In the second panel, the vector field expands to ℝ3 × (3),

aligning the end-effector’s orientation with the motion direction. Superimposed robot images

depict frames of executed motion. The third panel shows the robot successfully avoiding the

obstacle (orange cylinder) using the modulation technique utilized in the Vanilla NCDS. The right

panel illustrates the contours of the latent vector field in the background, with the green and

yellow curves representing the path integrals, while the black dots indicate the demonstrations in

latent space.
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As Fig. 6.13-left shows, the robot was able to successfully reproduce the demonstrated

dynamics by following the learned vector field encoded by NCDS. Importantly, we

also tested the extrapolation capabilities of our approach by introducing physical

perturbations to the robot end-effector, under which the robot satisfactorily adapted

and completed the task (see the supplementary video).

The second experiment tests NCDS ability to learn orientation dynamics evolving in

ℝ3 × (3), i.e. full-pose end-effector movements. We collect several V-shape trajec-

tories on a table surface on which the robot end-effector always faces the direction of

the movement, as shown in the second panel from the left in Fig. 6.13. However, the

orientation trajectories of the robot experiments tend to show relatively simple dynam-

ics. To evaluate the performance of this setup on a more complex dataset, we generate

a synthetic LASA dataset in ℝ3 × (3). To introduce complexity within (3), we

project the LASA datasets onto a 3-sphere, thus generating synthetic quaternion data.

Although we consider orientation in (3) here, it is worth noting that NCDS can also

handle quaternions directly. Next, we transform these into rotation matrices on (3),
and apply the Log map to project onto the Lie algebra. To construct the position data

in ℝ3
, we embed the 2D LASA dataset in ℝ3

by concatenating with a zero. Together,

this produces a state vector 𝒙 in ℝ6
. To increase the level of complexity, we employ

two distinct LASA letter shapes for the position and orientation dimensions.

Figure 6.13-right, depicts the 2D latent dynamical system, where the black dots represent

the demonstrations. Moreover, the yellow path integrals start at the initial point of the

demonstrations, while the green path integrals start at random points around the data

support. This shows that NCDS can learn complex nonlinear contractive dynamical

systems in ℝ3 × (3).

6.4.6 Obstacle Avoidance in Vanilla NCDS

Unlike baselines methods, our Vanilla NCDS framework also provides dynamic

collision-free motions. To demonstrate this in practice, we experiment with a real

robot, where we block motion demonstrations with an object. Here, the modulation

matrix is computed based on the formulation in (5.10). The third panel of Fig. 6.13

shows the obstacle avoidance in action as the robot’s end-effector navigates around

the orange cylinder. This demonstrates how the dynamic modulation matrix approach

leads to obstacle-free trajectories while guaranteeing contraction.
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Figure 6.14: Left: Generated Human Motion with NCDS trained in joint space ℝ44
: The upper row depicts

the progressive evolution of the demonstration motion from left to right. Meanwhile, the middle

and bottom rows illustrate the motions generated by NCDS when the initial point is respectively

distant from and coincident with the initial point of the demonstration. Right: Generated Human

Motion with NCDS trained on full human motion space ℝ44 ×ℝ3 ×(3): The upper row depicts

the progressive evolution of the demonstration motion from left to right. Meanwhile, the middle

and bottom rows illustrate the motions generated by NCDS when the initial point is respectively

distant from and coincident with the initial point of the demonstration.

6.4.7 Learning Human Motion

To assess the model’s performance in a more complex environment, we consider the

KIT Whole-Body Human Motion Database (Mandery et al., 2016). This captures subject-

specific motions, which are standardized based on the subject’s height and weight using

a reference kinematics and dynamics model known as the master motor map (MMM).

First, we focus on learning the motion in the 44-dimensional joint space of the human

avatar. We chose the motion that corresponds to a human performing a tennis forehand

skill. The architecture is the same as in Sec. 5.6.1 except that the Jacobian network

was implemented as a neural network with two hidden layers, each containing 50
nodes. For this specific skill, we use a single demonstration to learn the skill, showing

that NCDS is able to learn and generalize very complex skills with very few data.

The results are shown in Fig. 6.14–left, where the motion progresses from left to right

over time. The top row displays the demonstrated motion, the middle row shows the

motion generated by a path integral starting from one of the demonstration’s initial

points, and the bottom row displays the motion generated by a path integral starting

far from the demonstration’s initial points. These results demonstrate that NCDS is
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Figure 6.15: Left: Latent path integrals with NCDS trained in joint space ℝ44
. Right: Latent path integrals

with NCDS trained on full human motion space: ℝ44 ×ℝ3 × (3). The background depicts the

contours of the latent vector field, green and yellow curves depict the path integrals, and black

dots represent demonstration in latent space.

able to learn high-dimensional dynamics. Figure 6.15–left illustrates the path integrals

generated by NCDS on a 2D latent space.

The previous human motion experiment focused on reconstructing motions in the

human joint space alone, thereby failing to model the global position and orientation

of the human, which may be insufficient for some particular human motions. The KIT

motion database also includes the base link pose of the human avatar, located at the

hip. We have chosen a leg kick action to emphasize the importance of learning the

base-link pose. Without incorporating the base-link pose and only focusing on joint

motion, the movement appears unnatural, making the human avatar look as if it is

floating or disconnected from the ground. Learning the base-link pose, which anchors

the motion at the hip, helps maintain realistic contact with the ground, resulting in a

more grounded and natural-looking movement. The architecture remained the same

as in the joint-space experiment, except that the Jacobian network was implemented

as a neural network with two hidden layers of 200 nodes each. For this skill, we used

two demonstrations to learn the motion. Here each point of the motion trajectory is

defined in a 44-dimensional joint space ℝ44
, along with the position and orientation of

the base link ℝ3 × (3), leading to a 50-dimensional input space ℝ44 ×ℝ3 × (3).

Figure 6.15–right shows the latent path integrals generated by NCDS, while Fig. 6.14–

right shows the corresponding motion. The upper row of the latter plot depicts the
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6 Latent Contractive Dynamics

Grasping right object Grasping middle object Grasping left object

Dropping right object Dropping middle object Dropping left object

Figure 6.16: Grasping and dropping actions learned by the CNCDS for a soft object in three positions, condi-

tioned on image input. The CNCDS is trained using cross-entropy loss, velocity reconstruction,

and regularization with ResNet18 image embeddings.

progressive evolution of the demonstration motion from left to right. Meanwhile, the

middle and bottom rows illustrate the motions generated by NCDS when the initial point

is respectively distant from and coincident with the initial point of the demonstration.

Interestingly, we experimentally found that even this complex skill can be effectively

learned using only a 2-dimensional latent space. This may be task-dependent, as some

tasks might require a higher-dimensional latent space to be accurately encoded (Beik-

Mohammadi et al., 2023). We have not observed this necessity in our experiments.

6.4.8 Vision-based Grasp-and-drop with CNCDS

The Conditional Neural Dynamical System (CNCDS) can learn multiple skills using a

single network, which we demonstrate using a vision perception system. We place a

soft object in three distinct positions on a table, and a camera captures an image of the
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Figure 6.17: Obstacle avoidance via a Riemannian pullback metric. Left: The robot performs a grasping task

without obstacle avoidance. Middle: The robot navigates around the obstacle by avoiding both the

obstacle and the unsafe regions of the manifold. Right: The latent modulated vector field is locally

reshaped around the obstacle and in areas outside the data support.

scene for each condition. We use a pre-trained ResNet18 model to generate a 1000-

dimensional feature vector, which is then passed through a fully connected network

to produce a 3-dimensional embedding vector that serves as the conditioning input.

During training, only the ResNet18 model is kept frozen, while the fully connected

network and the NCDS are trained end-to-end. The training optimizes a combined

loss function comprising cross-entropy loss 
CE

, velocity reconstruction loss 
vel

, and

regularization loss 𝜀, as defined in the NCDS framework. The cross-entropy loss

is given by 
CE

= −
∑

𝑖 𝑦𝑖 log(𝑦̂𝑖), where 𝑦𝑖 represents the true label, and 𝑦̂𝑖 is the

predicted probability for class 𝑖. The fully connected layer consists of a single layer

with 1000 nodes. The Jacobian network consists of a single hidden layer with 100
nodes, using a ReLU activation function. The VAE encoder/decoder is designed with

two layers, containing 200 and 100 nodes, respectively.

Two separate CNCDS models are trained: one for grasping the object and another for

dropping it, each functioning as an independent CNCDS conditioned on the initial

image of the object on the table. For both the grasping and dropping skills, we collected

7 demonstrations, each containing 500 datapoints that capture the full trajectory of

the motion. Additionally, for each object location relevant to the task, we gathered

50 initial snapshot images that represent the initial state of the object on the table.

To build the complete dataset, each data point in the motion trajectories was paired

with each of the initial snapshot images. The first three panels in Fig. 6.16 show the

grasping actions from each initial position, while the second three panels show the

corresponding dropping actions. By conditioning on visual information, the CNCDS

framework effectively adapts to varying initial object positions, successfully learning

and reproducing the desired skills.
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6.5 Riemannian Safety Regions

In this section, we employ the pullback metric derived from the decoder’s Jacobian to

formulate the modulation of a contractive dynamical system. Specifically, the robot

uses modulation to navigate around obstacles and avoid uncertain regions far from

the demonstrations, under the assumption that out-of-support data regions are unsafe.

As explained in Sec. 6.3, we use a Riemannian pullback metric computed via (2.13), to

formulate the modulation matrix in (6.9). Specifically, we define the ambient metric

𝑴 for the end-effector position as in (3.17). Note that we use a Gaussian-like function

to represent the obstacle here; however, more detailed representations, such as meshes

constructed from point clouds, can also be employed. We demonstrate this approach by

applying the dynamics learned from the grasping skill experiment reported in Sec. 6.4.8,

where vector field modulation is incorporated based on the Riemannian formulation

introduced in Sec. 6.3.

In Fig. 6.17, the left panel illustrates the robot performing a skill by grasping an object

from the table without considering obstacle avoidance or designated safety regions.

The middle panel displays the same action, this time with obstacle avoidance and safety

region constraints enabled. The right panel represents the associated latent space,

where darker areas represent unsafe zones. The dark oval-shaped region represents

the Riemannian manifold derived from skill demonstrations, marking the boundary of

safety regions within the latent space. The dark circular region inside represents the

latent representation of the obstacle, obtained by pulling back the ambient metric into

the latent space. These experiments highlight the potential of Riemannian modulation

in enabling safe and adaptive robot behavior.

Summary and Outlook

By integrating geometry-aware constraints, the robot not only avoids obstacles but

also respects learned safety regions, showcasing a promising direction for motion

generation in uncertain environments. However, despite these encouraging results,

important questions remain. In the next chapter, we discuss the current limitations of

the presented methods, particularly their reliance on latent representations and the

challenges of generalizing to out-of-distribution scenarios. We also identify several

open challenges and outline potential avenues for extending the framework to more

complex, real-world settings.
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This chapter provides a high-level reflection on the broader limitations, insights, and

future directions stemming from the research presented in this thesis. While the indi-

vidual contributions have introduced novel tools and demonstrated their applicability

across a range of robot learning problems, the goal here is to take a step back and

assess the overarching themes and implications.

The thesis builds upon two foundational pillars: Riemannian geometry and contraction

theory. By leveraging these concepts, the thesis offers a unified geometric perspective

that brings together trajectory-based learning via geodesics and dynamical system-

based learning through contraction theory, highlighting their complementary roles in

enabling reactive and stable robot motion from demonstrations. However, this geomet-

ric formulation also introduces challenges. In particular, solving geodesic equations in

high-dimensional, learned manifolds is computationally demanding and rarely ana-

lytically tractable. Similarly, while contraction-based dynamical systems offer strong

theoretical guarantees, ensuring their scalability and interpretability in real-world

scenarios remains nontrivial.

These insights reveal a core tension: while geometry provides structure, it also imposes

constraints. Understanding and managing this trade-off is key to future progress. The

remainder of this chapter discusses specific limitations tied to each component of the

framework, and proposes directions that may help bridge the gap between theoretical

elegance and practical deployment.

7.1 Geodesic Motion Skills

In this thesis, we first presented a novel learning-from-demonstration (LfD) framework

that learns Riemannian manifolds from human demonstrations. These manifolds enable

geodesic curves to be computed and utilized as motion generators for robot tasks.

Specifically, the geodesics are computed as shortest paths on the learned manifold,

leveraging the pullback Riemannian metric obtained through variational autoencoders
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(VAEs). This approach facilitates motion planning between arbitrary points on the

manifold, providing a versatile tool for robot motion generation in both task and

joint spaces.

The geodesics synthesized using our method successfully recover and generate robot

movements analogous to the provided demonstrations. To enhance real-time applica-

bility, we developed a graph-based geodesic computation technique built on Dijkstra’s

algorithm. By discretizing the manifold into a graph representation, this approach sig-

nificantly reduces computational overhead compared to direct numerical optimization

methods for geodesic computation.

Additionally, we introduced a reshaping mechanism for the Riemannian metric using

ambient metrics, enabling robots to avoid static and dynamic obstacles on the fly. The

reshaped metric creates a potential field around obstacles, effectively pushing geodesics

away from unsafe regions. Coupled with a forward kinematics layer, this allowed for

multiple-limb obstacle avoidance and reactive motion capabilities.

We now turn our attention to the limitations of this approach and outline promising

directions for future exploration.

Obstacle avoidance: Our obstacle avoidance strategy employed a “soft constraint”

approach through ambient metrics, which theoretically might allow geodesics to cross

obstacles under certain conditions. Although this behavior was not observed in our

experiments, future work could integrate a “hard constraint” by removing nodes near

obstacles in the graph representation. This method would guarantee obstacle-free paths

while maintaining computational efficiency. Additionally, extending this framework

to handle complex obstacle geometries, represented as point clouds, requires further

research to maintain real-time performance.

Manifold generalization: When geodesics are forced to leave the learned mani-

fold due to high-energy boundaries or obstacles, undesirable and inaccurate motions

may occur. This issue arises from the VAE’s latent space representation, where data

outside the training distribution may be misrepresented. Future work could explore

learning bijective mappings between old demonstrations and new task conditions or

incorporating out-of-distribution detection mechanisms to improve robustness.

Latent space dimensionality and topology: The choice of latent space dimension-

ality directly impacts geodesic computation. For joint space tasks, higher-dimensional

latent spaces are often required to capture the complexity of motion. This increases com-

putational demands, particularly for calculating the Riemannian metric. Investigating
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alternative latent space topologies, such as hyperspherical or hyperbolic spaces, could

improve representational efficiency. Theoretical analysis of the latent space’s curvature

and its implications for geodesic smoothness is an important avenue for future research.

Integration of perceptual data: Our current framework encodes task- and joint-

space trajectories without incorporating external sensory data. Expanding the latent

space to include high-dimensional perceptual inputs, such as images, would enable

richer motion representations. This requires addressing challenges in disentangled

latent representations and efficient geodesic computation in high-dimensional spaces.

Techniques like sparse Gaussian processes or neural approximation of geodesics could

offer viable solutions.

Scalability to high-DOF Robots: As robots with higher degrees of freedom (DOF)

are considered, computational efficiency becomes critical. Exploring gradient-based

geodesic computation methods with parallelization or leveraging advances in graph

neural networks for manifold representations could significantly enhance scalability.

7.2 Neural Contractive Dynamical Systems

While geodesics can effectively reconstruct complex motion skills, they fail to account

for the temporal dynamics and timing of demonstrations, focusing solely on spatial

aspects. To address this limitation, in the second part of the thesis, we introduce Neural

Contractive Dynamical Systems (NCDS), which emphasize stability by leveraging

contraction guarantees. By focusing on contraction, NCDS ensures robust and stable

learning-based approaches for encoding dynamic motions, overcoming the challenges

of uncontrolled extrapolation inherent in neural network models.

We employed state-independent and state-dependent regularization strategies to fine-

tune contraction properties. Eigenvalue-based regularization methods ensured that

the Jacobian’s largest eigenvalue remained within the contraction bound, enhancing

robustness and stability. These techniques provided better control over the system’s

generalization behavior, particularly in high-dimensional spaces.

To simplify the framework, we explored the effect of adding asymmetric components

to the Jacobian matrix. Our results showed no significant performance gains from

these additions, affirming that symmetric Jacobians are sufficient to locally approximate

non-symmetric systems. This finding eliminates unnecessary complexity in the design.
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By introducing conditional variables, the CNCDS framework adapted to multiple motion

skills. The conditional variables influence the contraction metric, allowing a single

NCDS module to handle diverse tasks. For example, target states were encoded as

conditions, enabling the system to generalize across different goal configurations.

Inspired by modulation matrix techniques, we introduced Riemannian safety regions

in the latent space. This approach reshapes the vector field near unsafe areas, ensuring

contractive stability while guiding trajectories around obstacles. The modulation matrix

enforces a local change in the contraction metric, dynamically altering the system’s

behavior in unsafe regions.

We now focus on the specific limitations of the proposed Neural Contractive Dynamical

Systems (NCDS) framework and highlight potential directions for its refinement and

future development.

Numerical integration sensitivity: Adaptive step sizing is essential for accurate

numerical integration, particularly when computing trajectories in the latent space.

However, this increases computational demands. Developing more efficient integration

schemes, such as implicit integration methods, could address this limitation.

Computational overhead: Calculating the Jacobian of the decoder at each step for

ambient velocity and Riemannian metric computations imposes significant overhead.

Future research could explore methods to approximate these quantities, such as using

precomputed Jacobians or neural network surrogates.

Reactivity to conditional variables: The CNCDS framework’s ability to adapt to

changes in conditional variables during skill execution remains limited. Investigating

real-time reactivity mechanisms, such as incorporating time-dependent conditional

variables or dynamic reweighting strategies, could enhance adaptability.

High-dimensional scaling: Scaling to high-dimensional latent spaces necessitates

advancements in geodesic computation and uncertainty estimation. Techniques such as

Riemannian variational autoencoders or neural ordinary differential equations (ODEs)

could offer promising solutions.

7.3 Conclusion

The contributions of this thesis have advanced the state-of-the-art in motion generation

through geodesic motion skills and Neural Contractive Dynamical Systems (NCDS).
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7.3 Conclusion

These frameworks provide robust, adaptable, and theoretically sound solutions for

robot motion generation in dynamic and complex environments. While challenges

such as computational efficiency, scalability, and integration with sensory data re-

main, the proposed methodologies lay a strong foundation for future advancements

in robot motion planning and control. Further exploration of latent space geometry,

contraction properties, and high-dimensional scaling will drive the development of

more sophisticated robotic systems.
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