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 A B S T R A C T

Owing to their ability to combine various driving forces and their numerically efficient handling of migrating 
interfaces, multiphase-field models are widely employed in the multiphysics-based modeling and simulation 
of multiphase systems in materials science. Chemo-mechanically coupled phenomena, such as stress-driven 
diffusion and diffusion-induced stresses, are of high interest in various fields including battery materials 
research and metals. This work discusses the impact of the chemo-mechanical coupling approach on equilib-
rium states, phase evolution, and component diffusion. To this end, a fully coupled multiphase-field model 
is derived that accounts for balance equations on singular surfaces and the Hadamard jump conditions. 
Consequently, mechanical compatibility and chemical equilibrium are ensured in both bulk and interface 
regions. Furthermore, a scheme is presented that facilitates a direct comparison of the chemo-mechanically 
fully coupled model with a one-sided and a weakly coupled model. The proposed scheme enables a comparison 
with sharp interface calculations that are derived from the generalized Gibbs-Thomson equation. Additionally, 
this scheme is employed as a benchmark to validate the proposed model. Moreover, it is demonstrated that 
only a model that employs a full chemo-mechanical coupling is capable of capturing stress-driven diffusion as 
well as diffusion-induced stress.
1. Introduction

A comprehensive understanding of microstructural mechanisms in 
materials and the corresponding microstructure mechanics is essential 
for the effective control of these mechanisms. An underlying objective 
in computational materials science is to optimize material properties 
while reducing costs and improving sustainability. The coupled model-
ing of multi-physical processes is an ongoing task in materials science. 
Stress-assisted diffusion and diffusion-induced stresses are two phenom-
ena that require chemo-mechanical coupling. These phenomena play 
an important role in a variety of disciplines, including but not limited 
to the study of battery materials [1,2], the modeling of hydrogen 
embrittlement [3], and research in the field of steel production [4].

Based on seminal works [5–7], the phase-field method has become 
a widely used technique for modeling microstructure evolution. In 
order to circumvent the computational expense associated with inter-
face tracking, interfaces are described by smooth transition zones of 
finite width. Consequently, interfaces do not generate mathematical 
discontinuities, instead, phases are associated with order parameters 
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that vary smoothly, cf., e.g., [8–10]. The terminology phase is employed 
in the thermodynamic sense. However, its usage is further expanded 
to differentiate between distinct grains in polycrystalline materials. 
The position of the interfaces is implicitly given by the field of order 
parameters. The combination of various driving forces to model multi-
physical problems is a straightforward process. Thus, the phase-field 
model has emerged as a powerful tool in various applications across 
materials sciences, e.g., [11–13]. Recent research employs the phase-
field method, e.g., to investigate battery materials [14–16], solid state 
dewetting [17,18], transformation in steels [19,20], additive manufac-
turing [21,22], and fracture [23–25]. One of the original applications 
of phase-field methods was solidification, cf., e.g., [26], a field that 
remains a subject of active research [27,28]. For such applications, 
the incorporation of concentration fields into phase-field formulations 
is necessitated. An approach is given by Wheeler, Boettinger, and 
McFadden (WBM), where a single concentration field 𝑐 is considered 
for each species [29]. Thus, for each phase 𝛼, equal concentrations are 
assumed in the interface, i.e., 𝑐𝛼 = 𝑐 ∀𝛼. Alternatively, equal diffusion 
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potentials can be assumed in the interface 𝜇𝛼 = 𝜇 ∀𝛼, as proposed in 
the Kim-Kim-Suzuki (KKS) model [30] or similarly by Tiaden et al. 
[31]. These formulations are based on the Helmholtz free energy 
density. Similarly, Plapp [32] and Choudhury and Nestler [33] pro-
posed a formulation based on the grand chemical potential (GCP) 
density. While, the WBM models intrinsically couple the concentra-
tion field to the interface width, the KKS and GCP models decouple 
the concentration and the interface width, avoiding excess energy 
within the diffuse interface region. A number of approaches have been 
put forth to incorporate mechanical driving forces into phase-field 
methods. The diffuse interface region is the subject of differing assump-
tions regarding mechanical fields, akin to the introduction of chemical 
fields. The Voigt-Taylor (VT) approximation, cf., e.g., [34] assumes 
equal strains, while the Reuss-Sachs (RS) approximation, cf., e.g., [34] 
assumes equal stresses in the diffuse interface region. The Khachatu-
ryan (KHA) assumption [35] employs interpolation of the eigenstrains 
and the stiffness tensors. Furthermore, the interpolation scheme in-
troduced by Steinbach and Apel [36] (SA) is equal to RS with equal 
stresses in the interface and interpolated elastic strains, resulting in an 
interpolated compliance tensor. This model was applied to the study of 
pearlitic transformation [37]. Studies have shown [38–40], that the uti-
lization of VT, RS, KHA, and SA interpolation schemes results in excess 
energy contributions within the diffuse interface area. Consequently, 
sharp interface (SI) solutions are not reproducible, thereby fostering 
the development of alternate model formulations that are consistent 
with SI theory, cf., e.g., [41]. Durga et al. [39,42] suggested a model 
that ensures both mechanical equilibrium and kinematic compatibility. 
Applications include, e.g., the growth of intermetallic compounds in-
cluding elasto-plastic effects [43]. Similarly, Mosler et al. [40] proposed 
a homogenization method based on partial rank-one relaxation, which 
was later included in a numerical convergence study [44]. Schneider 
et al. [38,45,46] introduced a homogenization scheme consistent with 
SI jump conditions. This is applied, e.g., to simulate martensitic phase 
transformation [47], the growth of Widmanstätten ferrite [48], and 
the autocatalytic growth of bainite [49]. Moreover, it was recently 
combined with crack propagation models [50] and adapted to two 
phase flow [51].

The work at hand focuses on the coupling of stress and concentra-
tion fields in so-called chemo-mechanically coupled phase-field models. 
In order to develop a comprehensive understanding of the chemo-
mechanical phase-field methods, it is imperative to differentiate be-
tween the various approaches to coupling. The coupling approach 
provides a concept for understanding the nature or degree of inter-
action between different fields. In the field of thermo-mechanics, a 
detailed discussion on coupling is provided by Prahs et al. [52,53]. 
Larché and Cahn [54,55] established a theoretical foundation for the 
study of chemo-mechanical coupling effects by conducting an in-depth 
analysis of the thermochemical equilibrium of solids under stress, 
cf. [56]. Svendsen et al. [57] proposed a general framework for the 
formulation of chemo-mechanical phase-field models in the context of 
continuum thermodynamics and mixture theory. In the present work, 
coupling approaches are distinguished as follows:

• A chemo-mechanically fully coupled (CMFC) model is charac-
terized by a mutually dependent balance of linear momentum 
and diffusion equation. In this case, the stress depends on the 
concentration field and mechanical contributions are considered 
in the diffusion equation. The evolution of phases is governed by 
mechanical and chemical driving forces.

• In contrast, employing a chemo-mechanically weakly coupled 
(CMWC) model, no mechanical contributions are considered in 
the diffusion equation and the linear momentum balance does not 
depend on the concentration field. However, the concentration 
and stress fields are coupled through the evolution of phases, 
which is driven by both mechanical and chemical forces.
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• Furthermore, a chemo-mechanically one-sided coupled (CMOC) 
model is taken into consideration, where the linear momentum 
balance depends on the concentration, while no coupling con-
tributions are accounted for in the diffusion equation. Phase 
evolution is driven by mechanical and chemical forces.

While the majority of literature on chemo-mechanical phase-field meth-
ods does not provide a precise discussion or comparison of the impact 
of coupling approaches, the importance of coupling is widely acknowl-
edged. Nevertheless, a comprehensive scheme for comparison remains 
to be developed. CMWC models are widely employed, e.g. [4,48,58,59]. 
Possible limitations of the GCP model due to its need for explicitly 
invertible expressions between the diffusion potential and the phase-
specific concentrations are discussed, cf., e.g., by Simon et al. [59]. The 
challenges associated with phase-field methods become particularly 
evident in the context of coupling due to the necessity of formulating 
and resolving balance equations within the diffuse interface framework 
to recover SI solutions. Several works employ CMFC models. For in-
stance Steinbach and Apel [36,37] address a CMFC model employing 
an SA interpolation scheme. However, the impact of excess energy 
in the diffuse interface is not discussed. Kamachali et al. [60,61] 
acknowledge the significance of chemo-mechanical coupling and in-
corporate concentration-dependent stiffness tensors into their model. 
However, balance equations on singular surfaces are not accounted for. 
Furthermore, their analytical solution for the concentration field does 
not consider all mechanical contributions, making it unsuitable for val-
idating the model with simultaneous phase transformation, diffusion, 
and mechanical equilibrium calculations. Similarly, Böttger et al. [56] 
highlight that chemo-mechanical coupling effects cannot be neglected 
in the context of rafting in Ni-based superalloys. However, balance 
equations on singular surfaces have not been taken into consideration. 
Chatterjee et al. [62,63] propose a CMFC model based on a partial 
rank-one homogenization scheme. This model ensures mechanical com-
patibility and chemical equilibrium in the diffuse interface region. 
However, comparison to analytical solutions is only provided for the 
case of constant and zero eigenstrains, where concentration-dependent 
elastic fields are not present. Consequently, the presented examples are 
insufficient to discuss the impact of the chemo-mechanical coupling ap-
proach and it remains unclear which effects can be attributed to the full 
coupling. Furthermore, several works address concentration-dependent 
mechanical energy densities within a Cahn-Hillard type framework [5]. 
Within this framework, the concentration field functions as the order 
parameter, thereby inherently coupling phase transformation and diffu-
sion [64–66]. For instance, Shanthraj et al. [64] propose an algorithmic 
formulation of CMFC models based on the diffusion potential 𝜇 as an 
independent variable. However, their investigation does not include a 
comparison of coupling approaches in the diffuse interface context. It 
should be noted that Cahn-Hillard type models are not included in the 
comparison presented in this work and, as such, are beyond the scope 
of this study. A comparison in the field of spinodal decomposition is 
discussed, e.g., in [67].

The objective of the work at hand is to elucidate how simu-
lated microstructures, e.g., phase transformation, component concen-
trations, and mechanical equilibrium, are affected by the choice of 
the chemo-mechanical coupling strategy. In this regard, a scheme is 
developed, that facilitates the concise comparison of the impact of 
chemo-mechanical coupling approaches. That scheme can be utilized as 
a benchmark for model validation, as demonstrated on a novel CMFC 
phase-field model.

A novel multiphase-field method for two components that is chemo-
mechanically fully coupled is derived based on SI balance equations 
and jump conditions ensuring mechanical compatibility and chemical 
equilibrium. The comparison scheme, that is developed within this 
work, highlights the impact of chemo-mechanical coupling approaches 
on phase transformation, diffusion, and mechanical equilibrium cal-
culations. The single inclusion benchmark setup, which was proposed 
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Table 1
Frequently used abbreviations.
 CMWC Chemo-mechanically weakly coupled  
 CMOC Chemo-mechanically one-sided coupled 
 CMFC Chemo-mechanically fully coupled  
 PFS Phase-field simulation  
 SI Sharp interface  

for CMWC phase-field models in a previous work [68], is extended 
to consider CMFC phase-field models with concentration-dependent 
eigenstrains. The proposed extended benchmark is suitable to com-
pare the coupling approaches analytically in order to distinguish the 
impact of weak, one-sided, and full coupling. Analytical SI solutions 
are derived based on the generalized Gibbs-Thomson equation and 
used for comparison of the impact of coupling approaches. This setup 
enables the precise distinction between effects originating from weak, 
one-sided, and full coupling. Moreover, this setup can be employed 
for validation of chemo-mechanically coupled phase-field models. Ad-
ditionally, an illustrative quasi one-dimensional example focusing on 
transformation kinetics is presented. Furthermore, an illustrative poly-
crystalline example in two and three dimensions is presented which 
highlights the mechanical contributions to the diffusion equation in-
herent in the CMFC model in contrasting juxtaposition to the CMOC 
and CMWC models. It is shown, that only a CMFC model is capable of 
capturing stress-induced diffusion and diffusion-induced stress through 
the incorporation of concentration-dependent strains. In conclusion, 
criteria for an appropriate coupling approach are presented.

This work is organized as follows. The CMFC model is derived 
in Section 2. In Section 3.1, the coupling approaches are discussed 
theoretically and in Section 3.2, analytical solutions for the compar-
ison scheme and benchmark setup are delineated. In Section 4, the 
coupling approaches are compared using the presented scheme, which 
is then used as a benchmark to validate the proposed model. Further-
more, illustrative examples evaluating phase transformation kinetics 
and component diffusion are presented. Finally, this work is concluded 
in Section 5 with some closing remarks.

In the work at hand, a direct tensor notation is used. Thus, scalars, 
vectors, 2nd-order, and 4th-order tensors are written as 𝑎, 𝒂, 𝑨, and A
respectively. A linear mapping of a vector by a tensor of 2nd order reads 
𝑨𝒃, while a mapping of a tensor of 2nd-order by a tensor of 4th order 
is written as A[𝑩]. Scalar products are written as 𝒂 ⋅ 𝒃, 𝑨 ⋅ 𝑩, and A ⋅ B 
and compositions as 𝑨𝑩 and AB. A dyadic product operator is denoted 
by ⊗. The material time derivative of a field 𝑎 is denoted by 𝑎̇. The 
gradient of a scalar is expressed with the Nabla operator as ∇𝑎. The 
jump of a quantity 𝜓 with corresponding limits 𝜓+ and 𝜓− on each 
side of a material singular surface is written as [𝜓] = 𝜓+ − 𝜓−. In the 
phase-field context, it is defined analogously as [𝜓] 𝛼𝛽 = 𝜓𝛼 − 𝜓𝛽 . The 
most frequently used abbreviations are summarized in Table  1.

2. Model formulation

In this section, a chemo-mechanically fully coupled multiphase-
field model for two components is derived in detail. Within the diffuse 
interface region, balance equations and the Hadamard jump conditions 
are accounted for.

2.1. Chemo-mechanically fully coupled multiphase-field model accounting 
for jump conditions

The modeling and simulation of isothermal chemo-mechanical trans-
formation processes is achieved by employing a two-component
multiphase-field model. The free energy functional of Ginzburg–Landau 
type [6] is expressed as 

 [𝝓, 𝑐, 𝒖] = 𝑓intf (𝝓,∇𝝓) + 𝑓chem(𝝓, 𝑐) + 𝑓el(𝝓, 𝑐, grad (𝒖)) d𝑣 (1)
∫
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and comprises an interfacial 𝑓intf , a chemical 𝑓chem, and a mechanical 
free energy density 𝑓mech. Each phase 𝛼 is associated with a continuous 
order parameter 𝜙𝛼 . All order parameters are accounted for by an 𝑁-
tuple 𝝓 = {𝜙1,… , 𝜙𝑁}. An order parameter assumes the value of 1 
within its assigned region and the value of 0 outside of it. Between 
phases the order parameters vary continuously in the range of [0,1], 
i.e., in the diffuse interface region at least two phases coexist. The order 
parameters are constrained by 
𝑁
∑

𝛼=1
𝜙𝛼 = 1 , (2)

cf., e.g., [69]. The gradients of the 𝑁 order parameters ∇𝜙𝛼 are written 
as ∇𝝓 = {∇𝜙1,… ,∇𝜙𝑁}. A two-component system, with components 𝐴
and 𝐵 is described by the corresponding molar fractions 𝑐A and 𝑐B, 
which sum up to one, i.e., 𝑐A + 𝑐B = 1. Consequently, the formula-
tion reduces to one independent concentration variable 𝑐, with 𝑐A = 𝑐 
and 𝑐B = 1 − 𝑐. The concentration 𝑐 is defined by interpolation of the 
phase-specific concentrations 𝑐𝛼 , i.e., 

𝑐 =
𝑁
∑

𝛼=1
𝜙𝛼𝑐

𝛼 . (3)

Herein, one independent phase-specific concentration variable 𝑐𝛼 is 
considered with 𝑐𝛼A = 𝑐𝛼 and 𝑐𝛼B = 1 − 𝑐𝛼 . The interface energy den-
sity 𝑓intf  is additively composed of a multi-obstacle potential energy 
density 

𝑓pot (𝝓) =
16
𝜖𝜋2

𝑁
∑

𝛽=2

𝛽−1
∑

𝛼=1
𝛾𝛼𝛽𝜙𝛼𝜙𝛽 , (4)

cf., e.g., [69] and a gradient energy density 

𝑓grad(∇𝝓) = −𝜖
𝑁
∑

𝛽=2

𝛽−1
∑

𝛼=1
𝛾𝛼𝛽∇𝜙𝛼 ⋅ ∇𝜙𝛽 , (5)

as proposed in [70], i.e., 𝑓intf = 𝑓pot + 𝑓grad. Herein, 𝛾𝛼𝛽 refers to the in-
terfacial energy between phases 𝛼 and 𝛽 and is assumed to be isotropic. 
The parameter 𝜖 is related to the width of the interface in equilib-
rium 𝑙eq through 𝑙eq = 𝜖𝜋2∕4. The multi-obstacle potential is set to ∞
if 𝝓 is not within the Gibbs simplex  = {𝝓 ∶

∑𝑁
𝛼=1 𝜙𝛼 = 1, 𝜙𝛼 ≥ 0}. By 

interpolation of the phase-specific chemical free energy densities 𝑓 𝛼chem
the chemical free energy density 𝑓chem is obtained as 

𝑓chem(𝝓, 𝑐) =
𝑁
∑

𝛼=1
𝜙𝛼𝑓

𝛼
chem(𝑐

𝛼(𝝓, 𝑐)) . (6)

Analogously, the elastic free energy density 𝑓el is given by 

𝑓el(𝝓, 𝑐, grad (𝒖)) =
𝑁
∑

𝛼=1
𝜙𝛼𝑓

𝛼
el(𝑐

𝛼(𝝓, 𝑐), 𝜺𝛼(𝝓, grad (𝒖))) . (7)

Emphasis is placed on the fact that the elastic energy density 𝑓el
is modeled not only dependent on the order parameters 𝝓 and the 
displacement vector 𝒖 but also on the concentration 𝑐. In this work, 
a small strain framework is considered, i.e., 

𝜺̄ = sym(grad (𝒖)) , (8)

where sym(⋅) = ((⋅) + (⋅)𝖳)∕2 denotes the symmetric part of a tensor.
The evolution equation of the corresponding order parameter is 

computed as the superposition of pairwise interactions of 𝑁̃ locally 
present phases as 

𝜙̇𝛼 = −1
𝜖

𝑁̃
∑

𝛽=1,𝛽≠𝛼
𝑀𝛼𝛽

(

1
𝑁̃

(

𝛿𝑓intf
𝛿𝜙𝛼

−
𝛿𝑓intf
𝛿𝜙𝛽

)

+ 𝐵𝛼𝛽𝛥
𝛼𝛽
bulk

)

, (9)

cf., e.g., [10]. Hoffrogge et al. [71] found that the choice of the bulk 
driving force prefactor as 𝐵𝛼𝛽 = 4(𝜙𝛼 + 𝜙𝛽 )∕𝜋

√

𝜙𝛼𝜙𝛽 yields the most 
accurate representation of triple junction movements in comparison 
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with analytical solutions. In Eq. (9), the mobility of an 𝛼𝛽-interface is 
denoted by 𝑀𝛼𝛽 . Moreover, the variational derivative 
𝛿
𝛿𝜙𝛼

= 𝜕
𝜕𝜙𝛼

− div
(

𝜕
𝜕∇𝜙𝛼

)

, (10)

as given in [72, Eq. (13.63)], is employed. It is applied to Eqs. (4)–(5) to 
derive the interfacial driving force. The bulk driving force 𝛥𝛼𝛽bulk is addi-
tively composed of a chemical driving force
𝛥𝛼𝛽chem =

(

𝛿∕𝛿𝜙𝛼 − 𝛿∕𝛿𝜙𝛽
)

𝑓chem and a mechanical driving force
𝛥𝛼𝛽mech =

(

𝛿∕𝛿𝜙𝛼 − 𝛿∕𝛿𝜙𝛽
)

𝑓el, given by 𝛥𝛼𝛽bulk = 𝛥𝛼𝛽chem + 𝛥𝛼𝛽mech. The deriva-
tives of the mechanical energy densities Eq. (7) with respect to the 
gradient of the order parameters ∇𝜙𝛼 are disregarded, as done in [45], 
and thus 

𝛥𝛼𝛽bulk =
(

𝛿
𝛿𝜙𝛼

− 𝛿
𝛿𝜙𝛽

)

(

𝑓chem + 𝑓el
)

=
(

𝜕
𝜕𝜙𝛼

− 𝜕
𝜕𝜙𝛽

)

(

𝑓chem + 𝑓el
)

(11)

is considered. The derivative of the bulk energy densities with respect 
to the order parameter 𝜙𝛼 yields

𝜕(𝑓chem + 𝑓el)
𝜕𝜙𝛼

= 𝜕
𝜕𝜙𝛼

𝑁̃
∑

𝛾=1
𝜙𝛾

(

𝑓 𝛾chem + 𝑓 𝛾el
)

(12)

= 𝑓 𝛼chem + 𝑓 𝛼el +
𝑁̃
∑

𝛾=1
𝜙𝛾

(

𝜕𝑓 𝛾chem
𝜕𝜙𝛼

+
𝜕𝑓 𝛾el
𝜕𝜙𝛼

)

(13)

= 𝑓 𝛼chem + 𝑓 𝛼el +
𝑁̃
∑

𝛾=1
𝜙𝛾

(

𝜕𝑓 𝛾chem
𝜕𝑐𝛾

+
𝜕𝑓 𝛾el
𝜕𝑐𝛾

)

𝜕𝑐𝛾

𝜕𝜙𝛼
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

∶=1

+
𝑁̃
∑

𝛾=1
𝜙𝛾
𝜕𝑓 𝛾el
𝜕𝜺𝛾

⋅
𝜕𝜺𝛾
𝜕𝜙𝛼

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∶=2

. (14)

In order to simplify the term 1 the diffusion potential 𝜇𝛼 is defined as 

𝜇𝛼 ∶=
𝜕𝑓 𝛼bulk
𝜕𝑐𝛼

=
𝜕𝑓 𝛼chem + 𝑓 𝛼el

𝜕𝑐𝛼
. (15)

It may be decomposed into two distinct potentials: the chemical diffu-
sion potential 𝜇𝛼chem and the mechanical diffusion potential 𝜇𝛼el reading 

𝜇𝛼chem =
𝜕𝑓 𝛼chem
𝜕𝑐𝛼

and 𝜇𝛼el =
𝜕𝑓 𝛼el
𝜕𝑐𝛼

. (16)

Moreover, the chemo-mechanical diffusion potentials are assumed equal
in the interface 

𝜇 = 𝜇𝛼 = 𝜇𝛼chem + 𝜇𝛼el ∀𝛼 ∈ [1, 𝑁] , (17)

as, e.g., in [56,73,74]. As an approximation, molar volumes 𝑉m with 
units m3 mol−1 are considered phase-independent, i.e., 

𝑉m = 𝑉 𝛼
m ∀𝛼 ∈ [1, 𝑁] (18)

is assumed, as often done in the phase-field community, cf., e.g., [75,
76].

Remark.  In a two-component system, analogous to the concentration, 
each component A and B is associated with an individual chemo-
mechanical potential 𝜇̂A and 𝜇̂B. The number of independent chemo-
mechanical potentials is reduced to one, and a chemo-mechanical 
potential difference 𝜇 = 𝜇̂A − 𝜇̂B is considered, referred to as the diffu-
sion potential, cf., e.g., [75, Eq. (9)], [76, p. 5]. Moreover, the diffusion 
potential 𝜇 with units Jm−3 is associated with the molar diffusion 
potential 𝜇̃ with units Jmol−1 through 𝜇 = 𝜇̃∕𝑉m.

Furthermore, it is considered that 𝑐 and 𝝓 are both governing 
variables and, thus, independent, i.e., 𝜕𝑐∕𝜕𝜙 = 0. Consequently, with 
𝛼

4 
Eq. (3) and 𝜕𝑐∕𝜕𝜙𝛼 =
∑𝑁̃
𝛾=1 𝜕(𝜙𝛾𝑐

𝛾 )∕𝜕𝜙𝛼 = 0, it follows 

−𝑐𝛼 =
𝑁̃
∑

𝛾=1
𝜙𝛾

𝜕𝑐𝛾

𝜕𝜙𝛼
, (19)

cf., e.g., [48], [77, p. 32]. In conclusion, by substituting Eqs. (16)–(19) 
it follows

1 ∶=
𝑁̃
∑

𝛾=1
𝜙𝛾

(

𝜕𝑓 𝛾el
𝜕𝑐𝛾

+
𝜕𝑓 𝛾chem
𝜕𝑐𝛾

)

𝜕𝑐𝛾

𝜕𝜙𝛼

=
𝑁̃
∑

𝛾=1
𝜙𝛾

(

𝜇𝛾el + 𝜇
𝛾
chem

) 𝜕𝑐𝛾

𝜕𝜙𝛼

= − 𝑐𝛼𝜇 . (20)

In the subsequent steps, the term 2, defined in Eq. (14), is simplified. 
In this work, a jump condition approach, cf., e.g., [39,40,45] is em-
ployed. The displacement gradient is defined as 𝑯̄ = grad (𝒖), with 𝒖
denoting the displacement field. In the diffuse interface context, the 
jump condition is given by 

[𝑯] 𝛼𝛽 = 𝒂𝛼𝛽 ⊗ 𝒏𝛼𝛽 with [𝑯] 𝛼𝛽 = 𝑯𝛼 −𝑯𝛽 , (21)

cf., e.g., [78, Eq. (7)]. Here, 𝒂𝛼𝛽 denotes the unknown jump vector and 
the normal vector 𝒏𝛼𝛽 is defined as 𝒏𝛼𝛽 = (∇𝜙𝛼 − ∇𝜙𝛽 )∕|∇𝜙𝛼 − ∇𝜙𝛽 |, cf., 
e.g., [9]. The displacement gradient 𝑯̄ is given by an interpolation of 
the phase-specific displacement gradients, i.e., 𝑯̄ =

∑𝑁̃
𝛼=1 𝜙𝛼𝑯

𝛼 . Thus, 
accounting for Eq. (21), the phase-specific displacement gradients 𝑯𝛼

can be expressed in terms of the interpolated displacement gradient and 
the jumps of the phase-specific displacement gradients as 

𝑯𝛽 = 𝑯̄ −
𝑁̃
∑

𝛾=1,𝛾≠𝛽
𝜙𝛾 [𝑯] 𝛾𝛽 and 𝑯𝛽 = 𝑯̄ +

𝑁̃
∑

𝛾=1,𝛾≠𝛽
𝜙𝛾 [𝑯] 𝛽𝛾 . (22)

Moreover, Eq. (22) is reformulated in terms of the strain with
𝜺̄ =

∑𝑁̃
𝛼=1 𝜙𝛼𝜺

𝛼 as 

𝜺𝛾 = 𝜺̄ +
𝑁̃
∑

𝛿=1,𝛿≠𝛾
𝜙𝛿 [𝜺] 𝛾𝛿 , (23)

cf., e.g., [78, Eq. (11)]. Thus, the derivation of the phase-specific strains 
with respect to the order parameters is given by 

𝜕𝜺𝛾
𝜕𝜙𝛼

=
𝑁̃
∑

𝛿=1,𝛿≠𝛾

𝜕𝜙𝛿
𝜕𝜙𝛼

[𝜺] 𝛾𝛿 = [𝜺] 𝛾𝛼 ∀𝛾 ≠ 𝛼 . (24)

The infinitesimal phase-specific strain 𝜺𝛼 is additively composed of 
an elastic part 𝜺𝛼el, concentration-independent eigenstrains 𝜺̃𝛼0, and
concentration-dependent eigenstrains 𝜺̃𝛼c , i.e., 𝜺𝛼 = 𝜺𝛼el + 𝜺̃𝛼0 + 𝜺̃𝛼c . Thus, 
the elastic strain is given by 

𝜺𝛼el(𝝓, 𝑐, grad (𝒖)) = 𝜺𝛼(𝝓, grad (𝒖)) − 𝜺̃𝛼0 − 𝜺̃𝛼c (𝑐
𝛼(𝝓, 𝑐)) . (25)

This work focuses on comparing the impact of chemo-mechanical cou-
pling approaches. In order to accentuate the observed effects, no ad-
ditional influences such as dissipative behavior are superimposed. The 
reader is referred to [78–80] for the extension of the jump condition 
approach to include crystal plasticity, which is not considered in the 
work at hand. The phase-specific elastic energy densities 𝑓 𝛼el are defined 
as 

𝑓 𝛼el =
1
2 (𝜺

𝛼 − 𝜺̃𝛼0 − 𝜺̃𝛼c ) ⋅
(

C𝛼[𝜺𝛼 − 𝜺̃𝛼0 − 𝜺̃𝛼c ]
)

, (26)

where C𝛼 defines the phase-specific stiffness tensor, which can be 
dependent on the concentration 𝑐𝛼 . Consequently, the derivative of 𝑓 𝛼el
with respect to 𝜺𝛼 yields the phase-specific stress via Hooke’s law, 
reading 
𝜕𝑓 𝛼el = C𝛼[𝜺𝛼 − 𝜺̃𝛼 − 𝜺̃𝛼] = 𝝈𝛼 . (27)

𝜕𝜺𝛼 0 c
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Herein, the phase-specific Cauchy stress tensor is denoted by 𝝈𝛼 . By 
substituting Eq. (24) and (27), term 2 in Eq. (14) can be simplified as

2 ∶=
𝑁̃
∑

𝛾=1
𝜙𝛾
𝜕𝑓 𝛾el
𝜕𝜺𝛾

⋅
𝜕𝜺𝛾
𝜕𝜙𝛼

=
𝑁̃
∑

𝛾=1,𝛾≠𝛼
𝜙𝛾𝝈𝛾 ⋅ [𝜺] 𝛾𝛼 . (28)

Finally, substituting Eq. (20) and (28) in Eq. (14) the bulk driving 
force 𝛥𝛼𝛽bulk defined in Eq. (11) reads

𝛥𝛼𝛽bulk = [𝑓el] 𝛼𝛽 + [𝑓chem] 𝛼𝛽 − 𝜇 [𝑐] 𝛼𝛽

+
𝑁̃
∑

𝛾=1,𝛾≠𝛼
𝜙𝛾𝝈𝛾 ⋅ [𝜺] 𝛾𝛼 −

𝑁̃
∑

𝛾=1,𝛾≠𝛽
𝜙𝛾𝝈𝛾 ⋅ [𝜺] 𝛾𝛽

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
3

. (29)

The minimization of Eq. (1), with respect to the displacement 𝒖 yields 
the quasi-static balance of linear momentum without body forces 
div (𝝈̄) = 𝟎 , (30)

with the definition of the interpolated Cauchy stress 𝝈̄ as 

𝝈̄ =
𝑁
∑

𝛼=1
𝜙𝛼𝝈𝛼 , (31)

cf., e.g., [78, Eq. (14)]. As described in detail in [78, A.2], with 
[𝜺] 𝛼𝛽 = − [𝜺] 𝛽𝛼 , the term 3 is simplified as

3 ∶=
𝑁̃
∑

𝛾=1,𝛾≠𝛼
𝜙𝛾𝝈𝛾 ⋅ [𝜺] 𝛾𝛼 −

𝑁̃
∑

𝛾=1,𝛾≠𝛽
𝜙𝛾𝝈𝛾 ⋅ [𝜺] 𝛾𝛽 (32)

=
(

𝜙𝛼𝝈𝛼 + 𝜙𝛽𝝈𝛽
)

⋅ [𝜺] 𝛽𝛼 +
𝑁̃
∑

𝛾=1,𝛾≠𝛼,𝛾≠𝛽
𝜙𝛾𝝈𝛾 ⋅ [𝜺] 𝛽𝛼 (33)

=
𝑁̃
∑

𝛾=1
𝜙𝛾𝝈𝛾 ⋅ [𝜺] 𝛽𝛼 (34)

= 𝝈̄ ⋅ [𝜺] 𝛽𝛼 . (35)

Herein, the symmetry of the stress tensor 𝝈̄ = 𝝈̄𝖳 given by the balance of 
angular momentum is considered. Finally, the bulk driving force reads
𝛥𝛼𝛽bulk = [𝑓el] 𝛼𝛽 + [𝑓chem] 𝛼𝛽 − 𝜇 [𝑐] 𝛼𝛽 − 𝝈̄ ⋅ [𝜺] 𝛼𝛽 . (36)

This work employs a chemo-mechanically fully coupled model 
in which the elastic energy density depends on the concentration, 
cf. Eqs. (7), and (25)–(26). This dependence is due in particular to the 
elastic stiffness, which can be modeled, e.g., by 
C𝛼(𝑐𝛼) = (1 + 𝜅𝛼(𝑐𝛼 − 𝑐𝛼ref ))C

𝛼
ref , (37)

cf., e.g., [61, Eq. (4)]. Herein, 𝜅𝛼 denotes an isotropic coupling factor 
and C𝛼ref  denotes the stiffness tensor corresponding to the reference 
concentration 𝑐𝛼ref . The dependence of elastic energy on concentration 
is also due to the eigenstrains 𝜺̃𝛼c . A common model for these is given 
by 
𝜺̃𝛼c = (𝑐𝛼 − 𝑐𝛼ref )𝜺̃

𝛼
ref , (38)

cf., e.g., [81, Eq. (1.7)]. Herein, 𝜺̃𝛼ref  denotes a reference strain tensor 
and 𝑐𝛼ref  a reference concentration. According to Vegard’s law [82], the 
lattice parameter of an alloy is a linear function of the concentrations 
of its constituent elements. Consequently, as the composition of the 
alloy changes, the lattice parameters change accordingly. Thus, the 
concentration-dependent eigenstrains are modeled linearly with respect 
to the concentration.

The evolution of concentration is given using Fick’s law of diffusion, 
cf., e.g., [83, Sect. 5.1], as 
̇̄𝑐 = −div 𝒋 . (39)
( ) m

5 
Here, the component flux vector is denoted by 𝒋 and defined as 
𝒋 = −𝑀̄∇𝜇. The diffusion potential 𝜇 is given in Eq. (17). In the 
multiphase context, the chemical mobility 𝑀̄ is given by interpolation 
of the phase-specific chemical mobilities 𝑀𝛼 reading 

𝑀̄ =
𝑁
∑

𝛼=1
𝜙𝛼𝑀

𝛼 =
𝑁
∑

𝛼=1
𝜙𝛼𝐷

𝛼
(

𝜕𝜇𝛼

𝜕𝑐𝛼

)−1
. (40)

cf., e.g., [84, Eq. (22)]. The diffusivity within a phase 𝛼 is denoted 
by 𝐷𝛼 . Accounting for Eq. (16) and (17), the evolution equation of 
concentration reads 

̇̄𝑐 = div

( 𝑁
∑

𝛼=1

(

𝜙𝛼𝐷
𝛼
( 𝜕𝜇𝛼chem

𝜕𝑐𝛼
+
𝜕𝜇𝛼el
𝜕𝑐𝛼

)−1)

∇𝜇

)

. (41)

It is significant to note that the component flux is driven by the gradient 
of a chemo-mechanical diffusion potential. Accordingly, in combination 
with Eq. (7) it is apparent, that the model is chemo-mechanically fully 
coupled. It is highlighted, that in contrast to the GCP models [33,59], 
explicit expressions for 𝑐𝛼 in terms of the diffusion potential 𝜇 are not 
required.

2.2. Remarks on the local problem

At each point, the local problem must be solved for the phase-
specific concentrations 𝑐𝛼 , the jump vectors 𝒂𝛼𝛽 and the diffusion 
potential 𝜇. The jump conditions are enforced with respect to a single 
reference phase R. Thus, the number of unknown jump vectors is 
reduced to 𝑁̃ − 1, cf., e.g., [45, Sect. 3.2], i.e., 𝒂R𝛼 has to be solved 
with R ≠ 𝛼. The reader is referred to Appendices  A and C for more 
details on the choice of the reference phase. The resulting system of 
equations comprises a total of 2𝑁̃ equations, reading

𝑟𝑐 ∶=
𝑁
∑

𝛼=1
𝜙𝛼𝑐

𝛼 − 𝑐
!
= 0 (1 equation) (42)

𝒓R𝛼𝝈 ∶= [𝝈] R𝛼𝒏R𝛼
!
= 𝟎 ∀ 𝛼 ∈ [1, 𝑁̃], 𝛼 ≠ R (𝑁̃ − 1 equations) (43)

𝑟𝛼𝜇 ∶= 𝜇𝛼chem + 𝜇𝛼el − 𝜇
!
= 0 ∀ 𝛼 ∈ [1, 𝑁̃] (𝑁̃ equations) . (44)

The first residual equation, cf. Eq. (42), can be readily derived from 
the sum condition for the phase-specific concentrations, cf. Eq. (3). The 
balance of linear momentum on a singular surface serves as the second 
residual equation in Eq. (43). The third residuum, cf. Eq. (44), rep-
resents the equilibrium condition for the chemo-mechanical diffusion 
potential as introduced in Eq. (17).

The 2𝑁̃ unknowns {𝑐𝛼 ,𝒂R𝛼 , 𝜇}, which are the solution to the system 
of equations comprising the residuals 𝑟𝛾𝜇 , 𝒓R𝛾𝜎 , and 𝑟𝑐 , can be determined 
through the implementation of a Newton procedure. In this regard, the 
system 
⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕𝑟𝛾𝜇
𝜕𝑐𝛼

𝜕𝑟𝛾𝜇
𝜕𝒂R𝛼

𝜕𝑟𝛾𝜇
𝜕𝜇

𝛥𝑐𝛼 𝑟𝛾𝜇

𝜕𝒓R𝛾𝜎
𝜕𝑐𝛼

𝜕𝒓R𝛾𝜎
𝜕𝒂R𝛼

𝜕𝒓R𝛾𝜎
𝜕𝜇

𝛥𝒂R𝛼 = − 𝒓R𝛾𝜎
𝜕𝑟𝑐
𝜕𝑐𝛼

𝜕𝑟𝑐
𝜕𝒂R𝛼

𝜕𝑟𝑐
𝜕𝜇

𝛥𝜇 𝑟𝑐

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶ 𝐽

⏟⏞⏟⏞⏟
=∶ 𝛥𝑥

⏟⏟⏟
=∶ 𝑅

(45)

ust be solved. The matrix in purple constitutes the Jacobian 𝐽 and 
he residuals (green) are written as 𝑅. The unknowns 𝛥𝑥 in blue are 
olved. A detailed derivation of the system is given in Appendix  A. Its 
mplementation is further discussed in Appendix  B.

. Theoretical comparison and analytics

Within this section, a theoretical comparison of different chemo-
echanical coupling approaches is provided. A schematic comparison 
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Table 2
Comparison of the phase-specific mechanical free energy density, Hooke’s law, and the interface assumption for the diffusional potential for the 
three coupling approaches. In a CMWC model, no concentration-dependent elastic energies are considered, and thus, the mechanical diffusion 
potential vanishes, i.e., 𝜇𝛼el = 0. In a CMOC model, concentration-dependent elastic energies are considered within Hooke’s law, but although the 
mechanical diffusion potential does not vanish, i.e., 𝜇𝛼el ≠ 0, it is neglected in the evolution equations. In a CMFC model, concentration-dependent 
elastic energies are considered, and the diffusion potential comprises a chemical and an elastic contribution. 
 Mechanical energy density Hooke’s law Diffusion potential 
 CMWC 𝑓 𝛼el = 𝑓 𝛼el(𝜺

𝛼 (𝝓, grad (𝒖))) 𝝈𝛼 = C𝛼 [𝜺̄𝛼 − 𝜺̃𝛼0] 𝜇 = 𝜇𝛼chem  
 CMOC 𝑓 𝛼el = 𝑓 𝛼el(𝜺

𝛼 (𝝓, grad (𝒖)), 𝑐𝛼 (𝝓, 𝑐)) 𝝈𝛼 = C𝛼 [𝜺𝛼 − 𝜺̃𝛼0 − 𝜺̃𝛼c ] 𝜇 = 𝜇𝛼chem  
 CMFC 𝑓 𝛼el = 𝑓 𝛼el(𝜺

𝛼 (𝝓, grad (𝒖)), 𝑐𝛼 (𝝓, 𝑐)) 𝝈𝛼 = C𝛼 [𝜺𝛼 − 𝜺̃𝛼0 − 𝜺̃𝛼c ] 𝜇 = 𝜇𝛼chem + 𝜇𝛼el  
Fig. 1. Schematic depiction of equilibrium conditions for different coupling approaches in terms of the bulk free energy density without curvature contribution. The evaluation 
of the corresponding tangent construction yields the equilibrium concentrations 𝑐𝛼∕𝛽eq  highlighted with dots. The slope of the tangents corresponds to the diffusion potential in 
equilibrium 𝜇eq. The distance between two tangents is defined by the rhs 𝛥 in Eq. (46). The equilibrium of a solely chemical system (a) is characterized by a common tangent 
construction. The CMWC and CMOC models are depicted in (b) and (c), respectively. Here, the chemical diffusion potential constitutes the equilibrium diffusion potential. A CMFC 
model is represented in (d), where a chemo-mechanical diffusion potential is considered.
is carried out using a two-phase system with one independent compo-
nent. Furthermore, a comparison scheme based on analytical sharp in-
terface solutions is provided for such a system. Additionally, the scheme 
can be employed as a benchmark to validate the interaction of chem-
ical, mechanical, and capillary driving forces in chemo-mechanically 
coupled phase-field methods.

3.1. Coupling approaches in chemo-mechanics

An interfacial equilibrium condition in the SI context is derived from 
the generalized Gibbs-Thomson equation [85,86]. The equilibrium con-
dition for a chemo-mechanical system without curvature contribution 
reads 
[𝑓chem] 𝛼𝛽 − 𝜇eq [𝑐] 𝛼𝛽 + [𝑓el] 𝛼𝛽 = 𝝈̄ ⋅ [𝜺] 𝛼𝛽 =∶ 𝛥 , (46)

cf., e.g., [68]. The right-hand side (rhs) is abbreviated as 𝛥 for the 
following discussion. A comparison of different coupling approaches is 
made on basis of this equation. The equilibrium diffusion potential 𝜇eq, 
the elastic energy densities 𝑓 𝛼el, and, consequently, the stress 𝝈̄ and 
strains 𝜺𝛼 , are dependent on the coupling approach.

The three coupling approaches – CMWC, CMOC, and CMFC – are 
distinguished by the diffusion potential 𝜇 and the dependencies of the 
mechanical energy density 𝑓 𝛼el. If the elastic energy densities 𝑓 𝛼el depend 
explicitly on the concentration field 𝑐, the stress field 𝝈̄, and thus the 
solution of mechanical equilibrium, cf. Eq. (30), are concentration-
dependent. Moreover, the diffusion potential dictates whether mechan-
ical contributions are taken into account in the diffusion equation 
6 
Eq. (41). Additionally, it impacts the bulk driving force 𝛥𝛼𝛽bulk in Eq. (11). 
For a better understanding, the mechanical energy density, Hooke’s 
law, and the diffusion potential are compared in Table  2. Furthermore, 
the bulk energy densities 𝑓bulk are displayed in Fig.  1 for a solely chem-
ical system (a) and the three coupling approaches (b)–(d), highlighting 
the equilibrium state through the corresponding tangent construction. 
Equilibrium concentrations 𝑐𝛼∕𝛽eq  are marked with dots and determined 
by the points of contact between tangent and free energy densities. 
Within each scenario, the distance between the tangents equals the 
rhs 𝛥 in Eq. (46).

• In Fig.  1(a), a solely chemical system is displayed. In this case, the 
bulk energy densities are given by the chemical free energy densi-
ties 𝑓 𝛼chem and the elastic energy density vanishes. In equilibrium, 
the phase concentrations are determined with the well-known 
common tangent construction, cf., e.g., [87].

• In a CMWC model, the mechanical free energy does not depend 
on the concentration, i.e., eigenstrains and elastic constants are 
independent of the concentration, and, as a result, Hooke’s law re-
mains unaffected by concentration. In Fig.  1(b), an elastic energy 
density is present in the phase 𝛽. However, it is independent of the 
concentration, and thus the parabola representing the bulk energy 
density 𝑓 𝛽bulk is vertically shifted by a constant offset without a 
change in its slope. The mechanical diffusion potential 𝜇𝛽el is zero, 
and the diffusion potential is given by the chemical diffusion po-
tential, i.e., 𝜇 = 𝜇𝛼chem = 𝜇𝛽chem. The equilibrium is characterized by 
parallel tangents. The distance between the two tangents equals 
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Table 3
The coefficients used for the parabolic approximation of the chemical free energies are 
fitted at 𝑇 = 970K with the Thermo-Calc [88] TCFE7 Calphad database.
 Coefficient Unit Austenite – 𝛼 Ferrite – 𝛽
 𝐴 Jmol−1 176697.702 7822591.4  
 𝐵 Jmol−1 19087.7328 20004.055  
 𝐶 Jmol−1 −39957.5051 −40276.6728 

the rhs 𝛥 in Eq. (46). Even for the CMWC model, the equilibrium 
state (e.g., the equilibrium concentration) is shifted due to addi-
tion of the elastic energy to the total energy, as predicted by the 
generalized Gibbs-Thomson equation cf., e.g., [85,86].

• In a CMOC model, a concentration-dependent mechanical en-
ergy density is considered, and thus, Hooke’s law depends on 
the concentration. The equilibrium of such a model is visual-
ized in Fig.  1(c) with 𝑓 𝛽el = 𝑓 (𝑐𝛽 ) and 𝑓 𝛼el = 0 for illustrative pur-
poses. Consequently, the slope of the total bulk energy density 
of phase 𝛽 is impacted and 𝜇𝛽el ≠ 0. However, the mechanical 
diffusion potential is neglected, despite the fact that it is not 
zero. Hence, 𝜇 = 𝜇𝛼chem = 𝜇𝛽chem is considered. The equilibrium con-
centrations 𝑐𝛼 and 𝑐𝛽 can be determined by the construction of 
parallel tangents to the chemical energy densities 𝑓 𝛼chem and 𝑓 𝛽chem, 
not to the chemo-mechanical energy density. The rhs 𝛥 in Eq. (46) 
has to equal the distance between the tangent to 𝑓 𝛼chem and the 
tangent to 𝑓 𝛽chem, which is shifted to intersect with the chemo-
mechanical energy density 𝑓 𝛽chem + 𝑓 𝛽el exactly at the equilibrium 
concentration 𝑐𝛽 . It is clear to see, that the equilibrium diffusion 
potential 𝜇eq, symbolized by the blue tangents, does not coincide 
with the chemo-mechanical diffusion potential, symbolized by 
the tangent to the chemo-mechanical free energy density in red. 
This discrepancy highlights the inconsistency of considering a 
concentration-dependent elastic energy density while neglecting 
the mechanical diffusion potential. In comparison to the previous 
example, a slight shift in equilibrium concentrations appears. 
This is due to the concentration-dependency of the stress, which 
impacts the rhs 𝛥 in Eq. (46), shifting the equilibrium concentra-
tions. It is emphasized that the CMOC model is not consistent with 
respect to the chemo-mechanical diffusion potential. It is included 
nevertheless to highlight the impact of coupling approaches.

• In a CMFC model, concentration-dependent eigenstrains (or elas-
tic constants) are considered and coupled into the diffusion equa-
tion through a chemo-mechanical diffusion potential. Such a 
scenario is considered in Fig.  1(d). The equilibrium concentra-
tions 𝑐𝛼 and 𝑐𝛽 are determined analogously to the CMWC scenario 
in Fig.  1(b) by the construction of parallel tangents to the bulk 
energy density. In this case, the full chemo-mechanical energy 
density is considered. The slope of the tangents is given by 
the chemo-mechanical diffusion potential in equilibrium, i.e., 
𝜇 = 𝜇𝛼chem + 𝜇𝛼el = 𝜇𝛽chem + 𝜇𝛽el. Again, the distance between the par-
allel tangents equals the rhs 𝛥 in Eq. (46), which depends on the 
concentration.

3.2. Analytics

With the following SI solution, a scheme is provided to compare 
the CMFC, CMOC, and CMWC model. This facilitates a comprehensive 
examination of the impact of chemo-mechanical coupling contributions 
on equilibrium concentrations and phase fractions when varying the 
input parameters. In addition to comparing analytical SI solutions for 
the CMFC, CMOC, and CMWC models, the scheme can be used as a 
benchmark for validating CMFC model implementations by comparing 
phase-field simulation (PFS) results with SI solutions. The primary 
objective of the comparison scheme is to examine the interplay among 
chemical, capillary, and mechanical driving forces in equilibrium.
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The benchmark problems presented in a previous work [68], which 
employ a two-phase inclusion problem, are utilized and extended. As 
delineated in the setup III described therein, chemical, mechanical, 
and capillary driving forces are validated with the use of analytical 
solutions. The equilibrium conditions, which need to be solved for the 
equilibrium concentrations 𝑐𝛼 and 𝑐𝛽 read
𝑔1(𝑐𝛼 , 𝑐𝛽 ) ∶= [𝑓chem] 𝛼𝛽 − 𝜇𝛼chem [𝑐]

𝛼𝛽

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝛥𝛼𝛽chem

+ [𝑓el] 𝛼𝛽 − 𝜇𝛼el [𝑐]
𝛼𝛽 − 𝝈̄ ⋅ [𝜺] 𝛼𝛽

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝛥𝛼𝛽mech

+ 2𝜅̄𝛾𝛼𝛽
⏟⏟⏟
=∶𝛥𝛼𝛽cap

= 0 (47)

𝑔2(𝑐𝛼 , 𝑐𝛽 ) ∶=

{

𝜇𝛼chem + 𝜇𝛼el = 𝜇𝛽chem + 𝜇𝛽el (CMFC)
𝜇𝛼chem = 𝜇𝛽chem and 𝜇𝛼el = 𝜇𝛽el = 0 (CMWC and CMOC) ,

(48)

as reported in [68, Eqs. (46)–(47)]. The averaged stress is calculated as 
𝝈̄ = (𝝈𝛼 + 𝝈𝛽 )∕2, as derived in the SI context, cf., e.g., [41]. In addition 
to the chemical 𝛥𝛼𝛽chem and mechanical driving forces 𝛥𝛼𝛽mech considered 
in the theoretical comparison in Eq. (46), a capillary driving force 𝛥𝛼𝛽cap
is incorporated accounting for curved interfaces. In contrast to the 
benchmarks for CMWC models outlined in [68], where the equilibrium 
conditions are formulated in terms of the diffusion potential 𝜇, this 
work proposes an alternative formulation of the equilibrium equations 
in Eqs. (47)–(48) in terms of the phase-specific concentrations 𝑐𝛼 . This 
approach enables a more flexible exploration of different assumptions 
regarding the diffusion potential. Using the CMFC model, the second 
equilibrium condition in Eq. (48)1 corresponds to the equilibrium con-
dition of the diffusional potential described in Eq. (17). Using CMWC 
or CMOC model, the mechanical diffusion potential 𝜇𝛼el is either zero or 
neglected as elucidated in the previous paragraph, cf. Eq. (48)2.

For evaluation of the scheme, it is necessary to substitute analytical 
expressions for each driving force. The chemical driving force 𝛥𝛼𝛽chem
can be, e.g., formulated based on the parabolic approximations of the 
chemical free energy densities 𝑓 𝛼chem, as elucidated below. The mechan-
ical 𝛥𝛼𝛽mech and capillary driving forces 𝛥

𝛼𝛽
cap are substituted subsequently 

to defining an appropriate boundary value problem (BVP), as demon-
strated in Section 4.2. Subsequently, PFS results can be compared with 
the SI solution as a benchmark for varying set of parameters. The reader 
is referred to [68] for a more detailed description of the procedure and 
to Section 4.2 for the application of the benchmark.

4. Results and discussion

In the following, the presented comparison scheme is employed 
in order to investigate the impact of the chemo-mechanical coupling 
approach on equilibrium conditions. Moreover, the CMFC phase-field 
model is validated. This section also provides illustrative examples to 
elucidate the impact of the coupling approach on phase transformation 
kinetics and the diffusion equation. Finally, the presented results are 
discussed.

4.1. Assumptions

For each phase, the chemical energy density is fitted using a Cal-
phad database. For the formulation of the benchmarks and the sim-
ulation examples, the Gibbs energies 𝐺𝛼(𝑐𝛼) with units Jmol−1 are 
approximated using parabolic functions and related to the chemical 
(or Helmholtz) free energy densities 𝑓 𝛼chem with units Jm−3 through the 
molar Volume 𝑉m, i.e., 

𝑓 𝛼 (𝑐𝛼) =
𝐺𝛼(𝑐𝛼)

= 1 (

𝐴𝛼(𝑐𝛼)2 + 𝐵𝛼𝑐𝛼 + 𝐶𝛼
)

. (49)
chem 𝑉m 𝑉m
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Table 4
Material parameters.
 Description Symbol Unit Austenite – 𝛼 Ferrite – 𝛽  
 Young’s modulus 𝐸 GPa 146 146 [89]  
 Poisson’s ratio 𝜈 – 0.33 0.33 [89]  
 Diffusivity 𝐷 m2 s−1 3.34 × 10−13 5.57 × 10−11 [37]  
 Molar volume 𝑉m m3 mol−1 7 × 10−6 7 × 10−6 [90]  
 Interfacial energy 𝛾𝛼𝛽 Jm−2 0.49 [90]  
 Mobility 𝑀𝛼𝛽 m4 J−1 s−1 1 × 10−11 this work 
Fig. 2. An inclusion with eigenstrains is embedded within an infinite two-dimensional plate, with both areas exhibiting identical elastic properties (a). A finite section of that 
plate is considered, analogously to [68, Fig. 3] as simulation domain (b). Dirichlet boundary conditions are applied to the boundary of the finite section according to analytical 
solutions, cf., e.g., [93,94]. The analytical solutions are given in Appendix  D with respect to the polar coordinate system at the center of the domain.
Herein, Eq. (18) is considered. An example workflow to fit the coef-
ficients 𝐴𝛼 , 𝐵𝛼 , and 𝐶𝛼 with units Jmol−1 from a Calphad database is 
given, e.g., in [91]. Furthermore, alternative approximation functions 
are reported therein.

With Eq. (49) the chemical diffusion potential is derived as 

𝜇𝛼chem =
𝜕𝑓 𝛼chem
𝜕𝑐𝛼

= 2𝐴𝛼𝑐𝛼 + 𝐵𝛼
𝑉m

. (50)

In the following examples, the stiffnesses C𝛼 are considered constant 
and the dependence of the elastic energy densities on the concentration 
is realized through concentration-dependent eigenstrains as defined in 
Eq. (38). With Eqs. (16)2, (26), and (38), the mechanical diffusion 
potential reads 

𝜇𝛼el =
𝜕𝑓 𝛼el
𝜕𝑐𝛼

= −𝜺̃𝛼ref ⋅ 𝝈
𝛼 . (51)

The following calculations and simulations are based on an Fe-C 
alloy, wherein an austenitic phase 𝛼 and a ferritic phase 𝛽 are taken into 
consideration. The coefficients of the parabolic chemical free energy 
approximation, cf. Eq. (49), are fitted with the use of the TCFE7
Calphad database in the Thermo-Calc Software [88] for a tempera-
ture 𝑇 = 970K. As input for a least square method, the Gibbs energy 
of each phase is computed separately in the vicinity of the respective 
equilibrium concentrations 𝑐𝛼eq = 4.4382 at.-% and 𝑐𝛽eq = 0.101655 at.-
%. The fitted coefficients are summarized in Table  3. Any additional 
material parameter used for the simulation is reported in Table  4. 
All phase-field simulations, including the chemo-mechanical coupling, 
were performed using the Pace3D in-house simulation software [92].

4.2. Comparison scheme and benchmark

4.2.1. Objective and description
In this first example, the SI solution presented in Section 3.2 is 

employed. The results are evaluated to compare the impact of cou-
pling approaches on equilibrium phase-fractions and concentrations. 
Additionally, the model derived in Section 2 is validated.

In the initial step, a BVP is defined in order to substitute the 
driving forces in Eqs. (47)–(48). To derive the mechanical driving 
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force 𝛥𝛼𝛽mech for the equilibrium conditions, an inclusion problem based 
on Eshelby’s inclusion problem [95–97] is employed. The analytical 
solution to the mechanical BVP is adopted from [93, Eqs. (16)–(17)]. 
They are reported in Appendix  D for the sake completeness. In [94] 
equivalent formulations in terms of Airy stress functions can be found. 
Analogously to the approach presented in [68], a finite section of 
the infinite plate for which the solution is formulated is used. The 
boundary conditions are visualized in Fig.  2. The eigenstrain within the 
inclusion is modeled with a constant isotropic contribution independent 
of the concentration 𝜺̃𝛼0 and an isotropic but concentration-dependent 
contribution 𝜺̃𝛼c , i.e., 

𝜺̃𝛼0 = 𝜀̃𝛼0𝑰 and 𝜺̃𝛼c = (𝑐𝛼 − 𝑐𝛼ref )𝜀̃
𝛼
ref𝑰 . (52)

Herein, 𝑰 denotes the second-order identity tensor. The chemical equi-
librium concentration is taken as reference, i.e., 𝑐𝛼ref = 4.4382 at.-%. 
Within the surrounding matrix the eigenstrains are zero, i.e., 𝜺̃𝛽 (𝑐𝛽 ) = 𝟎 
is considered and, thus, 𝜇𝛽el = 0. The derivation of the mechanical 
driving force is given in Appendix  E in more detail. The derivation 
of the capillary driving force 𝛥𝛼𝛽cap, which is based on geometrical 
considerations and the lever rule, is given in more detail in [68]. The 
curvature 𝜅 of the circular inclusion is given in [68, Eqs. (41)–(42)]. 
The chemical driving force is derived by substituting Eq. (49). The final 
equilibrium conditions for all three coupling approaches are reported 
in Appendix  E. The equilibrium conditions, cf. Eq. (E.7)–(E.12), are 
solved for the concentrations 𝑐𝛼eq, 𝑐𝛽eq in equilibrium. For the following 
comparison with PFS results, the equilibrium phase fraction 𝜉𝛼eq is 
computed by substituting the concentrations obtained by SI solutions 
into the lever rule 

𝜉𝛼eq =
|𝑐tot − 𝑐

𝛽
eq|

|𝑐𝛼eq − 𝑐
𝛽
eq|

, (53)

cf., e.g., [98]. The average carbon content 𝑐tot remains constant through-
out the simulation by enforcing zero concentration flux on all bound-
aries.

4.2.2. Results
A study is conducted by separately increasing the total carbon con-

centration 𝑐 , the interfacial energy 𝛾 , the reference eigenstrain 𝜀̃𝛼 , 
tot 𝛼𝛽 ref
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Fig. 3. The equilibrium phase fractions 𝜉𝛼eq of the inclusion are compared for the three coupling approaches with variation of the total concentration 𝑐tot (a), the interfacial 
energy 𝛾𝛼𝛽 (b), the reference strain factor 𝜀̃𝛼ref for concentration-dependent eigenstrains (c), and the concentration-independent eigenstrain 𝜀𝛼0 (d). The derived SI solutions using 
the CMFC, CMOC, and CMWC model are represented by solid, dotted, and dashed lines, respectively. PFS results obtained with CMFC model are represented by circular marks.

Fig. 4. Comparison of stress fields 𝜎̄11, 𝜎̄22, and 𝜎̄12 for 𝑐tot = 1.2 at.-%, 𝜀̃𝛼0 = 0.5%, 𝜀̃𝛼ref = 0.2069, and 𝛾𝛼𝛽 = 0.49 Jm−2. The SI solutions are visualized in (a) and the PFS results 
in (b) as indicated by the superscripts. Contour lines are set to fixed values for each stress component. Both results are compared in (c) along a horizontal line indicated in each 
plot. Apart from the diffuse interface region, the solutions align.
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and the concentration-independent eigenstrain contribution 𝜀̃𝛼0. The 
results are visualized in Fig.  3. The SI solutions are depicted using solid, 
dotted, and dashed lines in gray for the CMFC, CMOC, and CMWC 
model, respectively. PFS are conducted until equilibrium is reached. 
The phase fraction of PFS results is calculated with 𝜉𝛼 = ∫ 𝜙𝛼 d𝑣∕(∫ d𝑣)
Each PFS result is marked with a circular mark. Two primary ob-
servations can be derived from this study. Firstly, a comparison of 
the analytically derived SI solutions can be used to assess the differ-
ences between the various coupling theories. Secondly, this scheme 
is used as a benchmark to validate the proposed CMFC phase-field 
model. Regarding the first observation, the analytically derived SI 
solutions are compared. A significant influence of the applied coupling 
on the analytical solution is observed. As visible in Fig.  3(a), when 
increasing the average carbon concentration 𝑐tot the equilibrium size 
of the austenitic inclusion 𝛼 increases. Additionally, the discrepancy 
between the CMFC, CMOC, and CMWC results increases, as the impact 
of concentration-dependent driving forces increases. In Fig.  3(b), the ef-
fect of increased interfacial energy 𝛾𝛼𝛽 is visualized. With increased 𝛾𝛼𝛽
the equilibrium size of the inclusion decreases. Since 𝛾𝛼𝛽 is not coupled 
to the concentration in any way, the offset of the results predicted 
by CMFC model to the results predicted by CMWC and CMOC model 
is constant. In Fig.  3(c), the reference eigenstrain 𝜀̃𝛼ref  is varied. With 
increasing 𝜀̃𝛼ref , the inclusion size increases for the CMFC model. Since 
no concentration-dependent eigenstrain is considered in the CMWC 
model, there is no impact and the predicted equilibrium phase fraction 
of the inclusion is fixed. Interestingly, when evaluating the CMOC 
approach, the inclusion size decreases with increasing 𝜀̃𝛼ref . In this case, 
the mechanical diffusion potential 𝜇el is neglected, while the stress 
depends on the concentration. In Fig.  3(d), the constant concentration-
independent eigenstrain is varied. Again, the difference between CMFC, 
CMOC, and CMWC is clearly visible. An increase in 𝜀̃𝛼0 leads to a non-
linear decrease in the inclusion phase-fraction employing a CMWC or 
CMOC model. With the CMFC model, first an increase is observed 
followed by a decrease as soon as the concentration-independent eigen-
strain becomes more dominant. It has to be emphasized, that a change 
in the mechanical driving force, has an impact on CMFC results as well 
as on CMOC and CMWC results. In regard to the second observation, 
the PFS results obtained using a CMFC model are validated against SI 
solutions. A very good agreement of the PFS results and the SI solution 
is clearly visible in all four studies. Furthermore, the analytically 
derived stress fields are compared with the ones obtained with PFS 
to facilitate additional validation. In Fig.  4, the stress fields 𝜎̄11, 𝜎̄22, 
and 𝜎̄12 are visualized. The SI solution (Fig.  4(a)) is compared with the 
PFS results (Fig.  4(b)) for 𝑐tot = 1.2 at.-%, 𝜀̃𝛼0 = 0.5%, 𝜀̃𝛼ref = 0.2069, and 
𝛾𝛼𝛽 = 0.49 Jm−2. Convincing agreement of the stress fields obtained by 
PFS and SI considerations is achieved. Apart from the diffuse interface 
region, the solutions align, cf. Fig.  4(c).

4.3. Kinetic example

4.3.1. Objective and description
The following example is provided to elucidate the impact of the 

chemo-mechanical coupling approach on transformation kinetics. In 
this regard, a quasi one-dimensional domain is created with two phases 
austenite 𝛼 and ferrite 𝛽, cf. Fig.  5(a). Initially, the austenite phase 
fraction 𝜉𝛼 is 2% and the carbon content 𝑐𝛼 is set to the equilibrium con-
centration. The carbon concentration in ferrite 𝑐𝛽 is adjusted such that 
the average carbon content 𝑐tot is 3.0 at.-%. Zero-flux boundary condi-
tions are employed for the concentration field. The diffusivities 𝐷𝛼 are 
obtained from DICTRA and the mobility 𝑀𝛼𝛽 is calibrated by comparing 
the solely chemical simulation (CHEM) to DICTRA results. A timestep 
of 𝛥𝑡 = 10 ns is chosen. The left and right boundaries are subjected to 
a stress boundary condition with 𝝈 = 𝜎0𝒆x ⊗ 𝒆x and 𝜎0 = 100MPa. 
The displacement is fixed in the 𝑦-direction. In the CMOC and CMFC 
simulations, concentration-dependent eigenstrains with 𝜺̃𝛼ref = 0.2096𝑰 
and 𝑐𝛼 = 0, and 𝜺̃𝛽 = 𝟎 are considered, cf. Eq. (38).
ref ref
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4.3.2. Results
In Fig.  5(b), the evolution of the austenite phase fraction 𝜉𝛼 is 

depicted for the chemical simulation (CHEM), all coupling approaches 
(CMWC, CMOC, CMFC), and the DICTRA simulation. CHEM and CMWC 
exhibit equivalent transformation kinetics. In comparison with the 
other coupling approaches, in a CMFC simulation, the austenite reaches 
its equilibrium phase fraction faster. Moreover, the equilibrium phase 
fraction is higher. Conversely, a CMOC simulation predicts a reduced 
growth rate and a smaller equilibrium phase fraction. For reasons of 
clarity, only the carbon profiles along the 𝑥-axis obtained by the CMWC 
and CMFC approaches are compared in Fig.  5(c). In this example, 
the carbon profile obtained with a CMWC approach is equivalent to 
the solely chemical case CHEM. This comparison also shows that a 
CMFC model leads to faster growth of the austenitic phase. As demon-
strated in this example, the transformation kinetics are impacted by the 
chemo-mechanical coupling approach.

4.4. Diffusion example

4.4.1. Objective and description
Within this third example, no phase-evolution is investigated. In-

stead, a diffusion problem is considered in two (2D) and three dimen-
sions (3D) to highlight the different interplay of component fluxes and 
stresses for different coupling approaches.

A domain with multiple austenitic grains is considered. These 
grains are identical except for their orientation. Each grain is sub-
ject to a random rotation described by a rotation tensor 𝑸𝛼 . With 
the CMOC and CMFC model, a concentration-dependent eigenstrain 
𝜺̃𝛼c = 𝑸𝛼 ⋆

(

𝜺̃ref (𝑐𝛼 − 𝑐ref )
) is considered with an anisotropic reference 

strain 𝜺̃ref = 0.1
(

𝒆x ⊗ 𝒆x + 1∕2𝒆y ⊗ 𝒆y
) and 𝑐ref = 0 in 2D and

𝜺̃ref = 0.2069(𝒆x ⊗ 𝒆x + 2∕3𝒆y ⊗ 𝒆y + 1∕3𝒆z ⊗ 𝒆z) and 𝑐ref = 2.44 at.-% 
in 3D. The coordinate origin is in the bottom (front) left corner 
of the domain in 2D (and 3D). The rotation is described using the 
Rayleigh product, cf., e.g., [99, Sect. 1.2.4]. For the 2D simulation, 
the initial concentration field 𝑐 is artificially created with an area of 
elevated carbon concentration and an area with comparatively lower 
concentration of carbon, cf. Fig.  6 (first row). For the 3D simulation, 
the initial concentration field is homogeneous, i.e., 𝑐(𝒙, 𝑡 = 0) = 𝑐tot . 
As a result of the chosen boundary conditions for the component 
flux 𝒋, the average carbon content in domain is constant throughout 
all following simulations in 2D and 3D, i.e., 𝑐tot ≡ 3.44 at.-%. In the 
2D case, the component flux 𝒋 is considered periodic on the top and 
bottom boundary, as is the displacement 𝒖. On the left and right 
boundary the component flux 𝒋 is set to zero and a zero stress vector is 
assumed. In the 3D case, periodic boundary conditions are enforced on 
all boundaries for the component flux 𝒋 and the displacement field 𝒖.

4.4.2. Results
In Fig.  6, the results of the study in 2D are presented at times 

𝑡0 < 𝑡1 < 𝑡2. At time 𝑡2 the system is in equilibrium. Employing the 
CMWC, cf. Fig.  6(a), and the CMOC model, cf. Fig.  6(b), the carbon 
diffuses equally resulting in a homogeneous distribution of carbon in 
equilibrium. In the CMWC case, the stresses are independent of the 
concentration, thus the stress is zero in the entire domain 𝜎̄vM ≡ 0. 
The CMOC model, takes concentration-dependent eigenstrains into con-
sideration, thus a heterogeneous stress field is observed. Using the 
CMFC model Fig.  6(c), the diffusion fluxes of carbon are heterogeneous 
resulting in a heterogeneously distributed carbon in equilibrium. The 
predicted stress field is heterogeneous as well. In Fig.  7, the results of 
the study in 3D are displayed. The CMWC model Fig.  7(a) does not 
consider concentration-dependent eigenstrains and no diffusion flux is 
induced. Thus, in equilibrium a homogeneous concentration field 𝑐 is 
observed accompanied by the absence of stresses. The CMOC model 
Fig.  7(b), which incorporates concentration-dependent eigenstrains but 
no coupling contributions in the diffusion equation, results in an inho-
mogeneous stress distribution that does not lead to diffusion fluxes. The 
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Fig. 5. Comparison of transformation kinetics. A domain with an initially small region of austenite 𝛼 and a large region of ferrite 𝛽 is subjected to a boundary stress 𝝈 = 𝜎0𝒆x⊗ 𝒆x
(a). The austenite region is initialized with its equilibrium carbon content, while the ferrite region is initialized so that the average carbon content in the entire domain is 
𝑐tot = 3.0 at.-%. The chemical simulation without mechanical loading (CHEM) is calibrated with DICTRA. The 𝛼𝛽-interface moves to the right and approaches the equilibrium phase 
fraction 𝜉𝛼 (b). The carbon profiles obtained from a solely chemical simulation matches the DICTRA prediction well (c). In both (b) and (c), the impact of the chemo-mechanical 
coupling approach is clearly visible.
Fig. 6. Diffusion example in 2D. A concentration field 𝑐 is created featuring a carbon-rich and a carbon-depleted area (first row). This artificially constructed field is then utilized 
as an input for a detailed analysis of the diffusion behavior predicted by the three coupling approaches. According to the CMWC model (a), diffusion fluxes are homogeneous, 
and carbon diffuses evenly. This results in an equilibrium state in which a homogeneous distribution of carbon is observed. Since no concentration-dependent eigenstrains are 
considered, the von Mises stress 𝜎̄vM vanishes. Similarly, according to the CMOC model (b), the carbon diffuses evenly. Additionally, concentration-dependent eigenstrains are 
considered, resulting in a heterogeneous von Mises stress field 𝜎̄vM. Utilizing the CMFC model (c), diffusion fluxes are heterogeneous and the carbon does not diffuse evenly. In 
equilibrium, the carbon is distributed heterogeneously which is due to the heterogeneous stress field 𝜎̄vM.
CMFC model Fig.  7(c) considers concentration-dependent eigenstrains 
and incorporates coupling contributions into the diffusion equation. In 
addition to the inhomogeneous stress distribution, diffusion fluxes are 
induced and the initially homogeneous carbon distribution becomes 
inhomogeneous in equilibrium. For a discussion of numerical aspects, 
the reader is referred to Appendix  F.

4.5. Discussion

The proposed benchmark allows the validation of the implemen-
tation of a chemo-mechanically fully coupled phase-field model by 
validating the interplay of chemical, capillary, and mechanical driving 
forces. Moreover, it is demonstrated with the use of analytical SI 
solutions that the selected coupling approach has a strong impact on 
equilibrium concentrations and phase-fractions. It is important to note, 
11 
that a one-sided coupling described in the CMOC model can result in 
stronger deviations from the CMFC results compared to those observed 
with the CMWC model. In some cases, an opposing behavior of CMOC 
and CMFC model is revealed. This observation can be attributed to 
the neglect of coupling contributions in the CMOC model. As predicted 
by the generalized Gibbs-Thomson equation, it is highlighted, that the 
incorporation of mechanical driving forces yields a shift in equilibrium 
compositions regardless of the selected coupling approach.

Furthermore, it is demonstrated, that the chemo-mechanical cou-
pling approach impacts phase transformation kinetics. Different growth 
rates are observed for the different coupling approaches.

As shown in the case of 2D and 3D diffusion examples, only with 
a CMFC model it is possible to account for stress-driven diffusion and 
diffusion-induced stresses. This is due to the component fluxes which 
depend on the gradient of the chemo-mechanical diffusion potential, 
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Fig. 7. Diffusion example in 3D. The initial carbon distribution is homogeneous (first row). With the CMWC model (a) no diffusion flux is induced and a zero von Mises stress 𝜎̄vM
is predicted. The same initial configuration, employing the CMOC model (b), yields an inhomogeneous stress distribution 𝜎̄vM that does not induce diffusion fluxes. The CMFC 
model (c) predicts both an inhomogeneous stress field 𝜎̄vM and a non-zero carbon flux, such that the initially homogeneous carbon distribution becomes inhomogeneous.
which depends on the stress, cf. Eqs. (41) and (51). One may choose 
a CMOC model for the purpose of chemo-mechanical simulations, 
if the calculation of composition-dependent stresses are of primary 
interest. However, it is imperative to acknowledge, that the resulting 
equilibrium concentrations are inconsistent with the chemo-mechanical 
diffusion potential. Notwithstanding its potential limitations, the CMOC 
approach is included herein for illustrative purposes.

5. Conclusion

In summary, the central objectives of the work at hand are, first, 
to derive a chemo-mechanically fully coupled multiphase-field model; 
second, to provide a scheme that facilitates comparison of coupling 
approaches and validation of phase-field methods; and third, to exam-
ine the impact of the selected chemo-mechanical coupling approach 
in multiphase-field methods on the evolution of microstructures, the 
final equilibrium state, and the component diffusion. In this regard, the 
following conclusions are derived:

The proposed chemo-mechanically fully coupled multiphase-field 
model accounts for balance equations on singular surfaces and
Hadamard jump conditions in the diffuse interface region. As a con-
sequence, analytical sharp interface solutions are reproduced. The 
model formulation allows to account for the dependence of mechan-
ical energy densities on the composition in terms of concentration-
dependent eigenstrains or elastic constants. The simulation results 
presented in this work assume a constant stiffness tensor and account 
for concentration-dependent eigenstrains.

The proposed comparison scheme facilitates the evaluation and 
comparison of different chemo-mechanical coupling approaches based 
on analytical sharp interface solutions. Furthermore, it can be employed 
as a benchmark, to validate chemo-mechanically coupled phase-field 
methods. In this regard, phase-field simulation results are compared 
with analytical sharp interface solutions. The simplicity of the formu-
lation enables straightforward modifications such as different boundary 
value problems.
12 
The following key findings have emerged from the present in-
vestigation: The chemo-mechanical coupling approach has a strong 
influence on the evolution of microstructures, phase transformation 
kinetics, the final equilibrium state, and the component diffusion. A 
chemo-mechanically weakly coupled phase-field model (CMWC) is not 
appropriate to account for stress-driven component fluxes or diffusion-
induced stresses. However, a weak coupling through the bulk driving 
forces results in a shift in equilibrium concentration as predicted by 
the generalized Gibbs-Thomson equation. The utilization of a chemo-
mechanically one-sided coupled phase-field model (CMOC) facilitates 
the computation of diffusion-induced stresses. However, its formu-
lation is inconsistent with the chemo-mechanical diffusion potential 
since the mechanical diffusion potential is neglected. In order to ac-
count for concentration-dependent mechanical energy densities, and 
thus diffusion-induced stresses, as well as stress-driven diffusion, it is 
necessary to employ a chemo-mechanically fully coupled phase-field 
model (CMFC). Only with the CMFC model chemo-mechanical coupling 
contributions are accounted for in the diffusion equation and during 
stress calculation.
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ppendix A. Detailed derivation of the local problem

In this section, the local problem, cf. Eq. (45), is derived in detail. 
urthermore, remarks on the system size are provided to support 
mplementation.
The Jacobian defined in Eq. (45) is of size (𝑁̃ + (𝑁̃ − 1)𝐷 + 1)×

𝑁̃ + (𝑁̃ − 1)𝐷 + 1), with dimension 𝐷. The size of the equation system 
nd its constituents is given in Box  I. Within each grid point, the 
hases are rearranged according to their phase fraction, in descend-
ng order. In this manner, the phase with the largest phase fraction, 
hase 1, is selected as reference phase. A more detailed discussion on 
he reference phase is given in Appendix  C. In detail, the system of 
quations defining the local problem reads
𝜕𝑟1𝜇
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(A.2)

In the following derivations, the assumptions presented in Section 
.1 are employed, i.e., in particular Eqs. (49)–(51) are considered. After 
ome rearrangement and substitution of the strains, strain jumps, and 
onsideration of the symmetries of the stiffness tensor and of the stress, 
.e., C𝛼 = (C𝛼)𝖳𝖧 = (C𝛼)𝖳𝖫 = (C𝛼)𝖳𝖱  and 𝝈𝛼 = (𝝈𝛼)𝖳, the second residual 
n Eq. (43) is reformulated as

1𝛼
𝝈 =

(

𝜕𝑓1el
𝜕𝜺1

−
𝜕𝑓 𝛼el
𝜕𝜺𝛼

)

𝒏1𝛼

=

(

(

C1 − C𝛼
)

⎡

⎢

⎢

⎣

𝜺̄ +
𝑁̃
∑

𝛾=2
𝜙𝛾 (𝒂1𝛾 ⊗ 𝒏1𝛾 )

⎤

⎥

⎥

⎦

+ C𝛼
[

(𝒂1𝛼 ⊗ 𝒏1𝛼) + 𝜺̃𝛼0 + 𝜺̃𝛼c
]

− C1
[

𝜺̃10 + 𝜺̃1c
]

)

𝒏1𝛼 . (A.3)

he equal diffusion potential condition, which constitutes the third 
esidual equation, cf. Eq. (44), is reformulated. Substituting
qs. (50)–(51) and rearranging with the use of the definition of the 

trains yields E
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𝜇𝛼 =
𝜕𝑓 𝛼el
𝜕𝑐𝛼

+
𝜕𝑓 𝛼chem
𝜕𝑐𝛼

− 𝜇

= − 𝜺̃𝛼ref ⋅

(

C𝛼
[

𝜺̄ +
𝑁̃
∑

𝛾=2
𝜙𝛾

(

𝒂1𝛾 ⊗ 𝒏1𝛾
)

−
(

1 − 𝛿1𝛼
) (

𝒂1𝛼 ⊗ 𝒏1𝛼
)

− 𝜺̃𝛼0 − 𝜺̃𝛼c

])

+ 1
𝑉m

(2𝐴𝛼𝑐𝛼 + 𝐵𝛼) − 𝜇 . (A.4)

erein, 𝛿1𝛼 = 1 if 𝛼 = 1 and 0 otherwise.
For solving the system of equations, the partial derivatives of the 

esiduals with respect to the unknowns have to be derived for the 
alculation of the Jacobian, cf. Eq. (45). The derivatives of the first 
esidual equation, which is rearranged in Eq. (42), read
𝜕𝑟𝑐
𝜕𝑐𝛼

= 𝜙𝛼 ∀ 𝛼 ∈ [1, 𝑁̃] (A.5)
𝜕𝑟𝑐
𝜕𝒂1𝛼

= 𝟎 ∀ 𝛼 ∈ [2, 𝑁̃] (A.6)

𝜕𝑟𝑐
𝜕𝜇

= 0 . (A.7)

he derivatives of the second residual equation in Eq. (A.3) read
𝜕𝒓1𝛾𝝈
𝜕𝑐𝛼

= −
(

C1
[

𝜺̃1ref
])

𝒏1𝛾 ∀ 𝛾 ∈ [2, 𝑁̃], 𝛼 = 1 (A.8)

𝜕𝒓1𝛾𝝈
𝜕𝑐𝛼

= 𝛿𝛼𝛾
(

C𝛼
[

𝜺̃𝛼ref
])

𝒏1𝛾 ∀ 𝛼, 𝛾 ∈ [2, 𝑁̃] (A.9)

𝜕𝒓1𝛾𝝈
𝜕𝒂1𝛼

=
(

𝜙𝛼 [𝐶𝑖𝑗𝑘𝑙] 1𝛾 + 𝛿𝛼𝛾𝐶
𝛾
𝑖𝑗𝑘𝑙

)

𝑛1𝛾𝑗 𝑛
1𝛼
𝑙 𝒆𝑖 ⊗ 𝒆𝑘 ∀ 𝛼, 𝛾 ∈ [2, 𝑁̃] (A.10)

𝜕𝒓1𝛾𝝈
𝜕𝜇

= 𝟎 ∀ 𝛾 ∈ [2, 𝑁̃] . (A.11)

erein, 𝛿𝛼𝛾 = 1 for 𝛼 = 𝛾 and 0 otherwise. The derivatives of the third 
esidual equation in Eq. (A.4) read
𝜕𝑟𝛾𝜇
𝜕𝑐𝛼

= 𝛿𝛼𝛾
(

𝜺̃𝛼ref ⋅
(

C𝛼
[

𝜺̃𝛼ref
])

+ 2𝐴𝛼
𝑉m

)

∀ 𝛼, 𝛾 ∈ [1, 𝑁̃] (A.12)

𝜕𝑟𝛾𝜇
𝜕𝒂1𝛼

= −(𝜙𝛼 − 𝛿𝛼𝛾 )
(

C𝛾
[

𝜺̃𝛾ref
])

𝒏1𝛼 ∀ 𝛾 ∈ [1, 𝑁̃], 𝛼 ∈ [2, 𝑁̃] (A.13)

𝜕𝑟𝛾𝜇
𝜕𝜇

= −1 ∀ 𝛾 ∈ [1, 𝑁̃] . (A.14)

ppendix B. Implementation structure

This section provides an overview of the structure of the solver and 
he local problem. In this regard, flowcharts visualizing the structure 
re presented.
The proposed CMFC model is implemented in a modular manner. 

he structure of the solver is visualized in Fig.  B.8. First, the evolution 
quation of the order parameters, cf. Eq. (9), and the evolution equation 
f the concentration, cf. Eq. (41), are solved explicitly. Second, the 
alance of linear momentum, cf. Eq. (30), is solved iteratively for the 
isplacement. Upon identifying a displacement vector that solves the 
alance equation, the timestep is updated. In the event that the endtime 
as not yet been reached, the driving forces and fluxes are updated, and 
he subsequent solver iteration commences.
Within each iteration step, the local problem, defined in

𝛼
qs. (42)–(44), is solved for the phase-specific concentrations 𝑐 , the 
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Fig. B.8. Structure of the solver. Firstly, evolution equations of order parameters and concentrations are solved. Secondly, the balance of linear momentum is solved iteratively 
for the displacement, while solving for the phase-specific concentration 𝑐𝛼 , strain jump vectors 𝒂1𝛼 , and the diffusion potential 𝜇. Subsequently, the driving forces and fluxes are 
updated.
Fig. B.9. Structure of the implementation for solving the local problem. The local problem is solved employing a Newton routine.
strain jump vectors 𝒂1𝛼 , and the diffusion potential 𝜇. This is achieved 
through the use of a Newton routine. The structure of the local problem 
is visualized in Fig.  B.9.

Appendix C. Remarks on the jump condition approach

The jump condition approach, as outlined by Schneider et al. [45] 
necessitates the selection of a reference phase, in regard to which the 
jump conditions are solved. In the following, the choice of the reference 
phase is discussed in detail.

In multiphase regions, i.e., regions with more than two phases, 
judicious selection of the reference phase is imperative. In this regard, 
a two-dimensional domain with a quadruple point, cf. Fig.  C.10(a), is 
subjected to a periodic boundary condition that fulfills a macroscopic 
strain 𝜺̄ = 0.005𝒆x ⊗ 𝒆x, a similar validation setup is presented in [46]. 
The domain contains four phases with 𝐸𝛼 = 𝐸𝛽∕4 = 𝐸𝛾∕2 = 𝐸𝛿∕3 =
50GPa. In Fig.  C.10, the impact of the choice of reference phase is 
further investigated. A sharp interface solution (referred to as SI) is 
produced with a sharp transition between order parameters. Three 
approaches are compared to this SI solution: In the first approach (RH), 
the phase with the highest phase fraction is identified and selected 
as the reference phase in each point in the diffuse interface area. For 
the second approach (RL), the phase with the lowest phase fraction is 
identified and selected as reference phase. In the third approach, each 
14 
phase is chosen as reference phase iteratively, with subsequent averag-
ing of the solutions, i.e., averaging of the resulting jump vectors 𝒂R𝛼 . 
The resulting von Mises stress 𝜎̄vM Fig.  C.10(b) and the elastic energy 
density 𝑓el Fig.  C.10(c) are compared along two diagonal paths across 
the quadruple point. The 𝑥-axes are colored to match the path’s colors. 
The stress peaks of the SI solution are not reproduced by the diffuse 
interface approaches. However, the jump condition approach ensures a 
good agreement outside the diffuse interface area. The match is slightly 
worse, when the phase with the smallest phase fraction is chosen 
as reference. Moreover, numerical instabilities appear. The averaged 
approach is computationally more expensive and yields similar results 
to the approach, where the phase with the largest phase fraction is 
chosen as reference. Thus, the latter approach is chosen within this 
work. As argued in [46], the good match in the bulk region shows 
that the mechanical driving forces can be well reproduced even in a 
multiphase region.

Appendix D. Analytical solution to inclusion problem

The comparison scheme, which is employed in Section 4.2, utilizes 
a sharp interface mechanical boundary value problem, for which an-
alytical solutions are required. Based on Eshelby’s inclusion solution, 
cf. [95–97] a BVP is formulated and its analytical solutions are used 
for the benchmark in the work at hand. For the sake of completeness, 
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Fig. C.10. Validation of jump conditions in a quadruple point. A domain containing four phases with different elastic moduli (a) is subjected to a periodic boundary condition 
that fulfills a macroscopic strain. The resulting von Mises stress 𝜎̄vM (b) and the elastic energy density 𝑓el (c) are plotted along two diagonal paths across the quadruple point as 
indicated by arrows in (a). A sharp interface (SI) solution is compared to solutions with different choice of reference phases: phase with highest volume fraction (RH), with the 
lowest volume fraction (RL), and an averaged solution, where each of the four phases is chosen as reference iteratively and the resulting solutions are averaged.
the stress 𝝈, strain 𝜺, and displacement fields 𝒖 of the inclusion problem 
are reported below.

The analytical solutions to this two-dimensional BVP have been 
reported, e.g., by Li et al. [93] in terms of Eshelby tensors and equiva-
lently by Fischer et al. [94] in terms of Airy stress functions. The super-
script I refers to the solution fields inside of the inclusion and the super-
script O to the solution fields outside of the inclusion. The radius of the 
circular inclusion is denoted by 𝑎. Isotropic inelastic strains 𝜺̃𝛼 = 𝜀̃𝛼𝑰 , 
as defined in Eq. (52), are considered with 𝜀̃𝛼 = 𝜀̃𝛼0 + (𝑐𝛼 − 𝑐𝛼ref )𝜀̃ref . In 
what follows, the solution fields are expressed in a polar coordinate 
system with its origin in the center of the inclusion, as visualized in 
Fig.  2. The displacement fields read

𝒖I = − 𝜀̃𝛼

2(𝜈 − 1) 𝑟𝒆r (D.1)

𝒖O = − 𝜀̃𝛼

2(𝜈 − 1)
𝑎2

𝑟
𝒆r . (D.2)

A parametrization along the boundary of a quadratic domain yields 
the Dirichlet boundary conditions employing 𝒖O. Furthermore, for the 
formulation of the mechanical driving force 𝛥𝛼𝛽mech it is necessary to 
derive the stress and strain fields. The resulting stress fields read

𝝈I = 𝐸𝜀̃𝛼

2(𝜈2 − 1)
(

𝒆r ⊗ 𝒆r + 𝒆𝜃 ⊗ 𝒆𝜃
)

(D.3)

𝝈O = 𝐸𝜀̃𝛼

2(𝜈2 − 1)
𝑎2

𝑟2
(

𝒆r ⊗ 𝒆r − 𝒆𝜃 ⊗ 𝒆𝜃
)

. (D.4)

The elastic strain fields are derived with the assumption of an isotropic 
stiffness with 

𝜺el =
1 + 𝜈
𝐸

(

𝝈 − 𝜈
1 + 𝜈 tr(𝝈)𝑰

)

, (D.5)

cf., e.g., [100, Eq. (4.1.18)] and assuming plane strain conditions arise 
as

𝜺Iel =
(1 − 2𝜈)𝜀̃𝛼
2(𝜈 − 1)

(

𝒆r ⊗ 𝒆r + 𝒆𝜃 ⊗ 𝒆𝜃
)

(D.6)

𝜺Oel =
𝜀̃𝛼

2(𝜈 − 1)
𝑎2

𝑟2
(

𝒆r ⊗ 𝒆r − 𝒆𝜃 ⊗ 𝒆𝜃
)

. (D.7)

Appendix E. Equilibrium conditions for the described BVP

In this section, the driving forces used in Section 4.2 are reported 
in detail. In this single inclusion setup, the phase 𝛼 is considered in the 
inclusion, while the phase 𝛽 is present in the surrounding matrix.
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The chemical driving force is derived by substituting Eq. (49) in 
Eq. (47) and reads
𝛥𝛼𝛽chem = [𝑓chem] 𝛼𝛽 − 𝜇𝛼chem [𝑐]

𝛼𝛽

=

(

𝐴𝛼(𝑐𝛼)2 + 𝐵𝛼𝑐𝛼 + 𝐶𝛼
)

−
(

𝐴𝛽 (𝑐𝛽 )2 + 𝐵𝛽𝑐𝛽 + 𝐶𝛽
)

𝑉m

−
(

2𝐴𝛼𝑐𝛼 + 𝐵𝛼
𝑉m

)

(

𝑐𝛼 − 𝑐𝛽
)

. (E.1)

It is the same for all coupling approaches. The capillary driving force is 
derived by substituting an expression for the curvature of the interface 
between inclusion 𝛼 and matrix 𝛽 in terms of the concentrations 𝑐𝛼
and 𝑐𝛽 . As delineated in [68], the mean curvature can be expressed 
as 

𝜅̄ (𝑐𝛼 , 𝑐𝛽 ) =
1

2𝑎(𝑐𝛼 , 𝑐𝛽 )
= 1
2

(

|𝑐tot − 𝑐𝛽 |
|𝑐𝛼 − 𝑐𝛽 |

𝐴tot
𝜋

)− 1
2
. (E.2)

Herein, 𝑎 denotes the radius of the circular inclusion. In conclusion, the 
capillary driving force in Eq. (47) for all coupling approaches reads 

𝛥𝛼𝛽cap = 2𝛾𝛼𝛽 𝜅̄ = 𝛾𝛼𝛽

(

|𝑐tot − 𝑐𝛽 |𝐴tot

|𝑐𝛼 − 𝑐𝛽 |𝜋

)− 1
2
. (E.3)

The mechanical driving force 𝛥𝛼𝛽mech at the corresponding sharp 
interface between phase 𝛼 and 𝛽 as defined in Eq. (47) for the CMFC 
model is given by
𝛥𝛼𝛽mech = [𝑓el] 𝛼𝛽 − 𝝈̄ ⋅ [𝜺] 𝛼𝛽 − 𝜇𝛼el [𝑐]

𝛼𝛽

= 1
2

(

𝜺𝛼el ⋅ 𝝈
𝛼 − 𝜺𝛽el ⋅ 𝝈

𝛽
)

− 1
2
(

𝝈𝛼 + 𝝈𝛽
)

⋅
(

𝜺𝛼el + 𝜀̃
𝛼𝑰 − 𝜺𝛽el − 𝜀̃

𝛽𝑰)
)

+ [𝑐] 𝛼𝛽 𝜀̃𝛼ref tr(𝝈
𝛼) (E.4)

=
−𝐸(𝜀̃𝛼)2 + 2𝜀̃𝛼ref𝐸𝜀̃

𝛼(𝑐𝛼 − 𝑐𝛽 )

2(𝜈2 − 1)
. (E.5)

Herein, the mean stress is computed as 𝝈̄ = (𝝈𝛼 + 𝝈𝛽 )∕2, as defined in 
the sharp interface context [41, p. 32] and the analytical solutions as 
given in Appendix  D are substituted. Using the CMWC or CMOC model, 
the mechanical diffusion potential 𝜇𝛼el vanishes or is neglected, thus 
with these models the mechanical driving force reduces to 

𝛥𝛼𝛽mech = [𝑓el] 𝛼𝛽 − 𝝈̄ ⋅ [𝜺] 𝛼𝛽 =
−𝐸(𝜀̃𝛼)2

2(𝜈2 − 1)
. (E.6)

Furthermore, with a CMWC model, no concentration dependent eigen-
strains are considered. In this case, 𝜀̃𝛼 = 𝜀̃𝛼 is assumed. In conclusion, 
0
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Table F.5
Details on a numerical investigation of a CMFC 2D diffusion example. An increase in mesh density with decreasing spacial 
discretization causes an increase in CPU time which is approximately inversely proportional to (𝛥𝑥)2. While the average 
number of global Newton iterations increases the proportion of cells in the interface decreases. 
 Spacial discretization 𝛥𝑥 2.50 nm 2.00 nm 1.67 nm  
 Total number of cells 6400 10000 14400  
 Ratio 𝑡CPU∕(𝛥𝑥)−2 3473.78 s nm2 3616.40 s nm2 3714.71 s nm2 
 Proportion of cells in interface 29.36% 24.08% 20.23%  
 Average number of global Newton iterations 1.340 1.403 1.799  
Fig. F.11. Numerical investigation of a CMFC 2D diffusion example. In (a), the CPU times 𝑡CPU are plotted against the simulation time 𝑡SIM for different spatial discretizations 𝛥𝑥, 
i.e., different total numbers of grid points. The increase in CPU time due to the increased number of grid points is approximately inversely proportional to (𝛥𝑥)2. In (b), the local 
Newton steps needed in the CMFC model are plotted for time 𝑡1.
the equilibrium conditions for a CMFC model read

𝑔CMFC
1 (𝑐𝛼 , 𝑐𝛽 ) ∶=

(

𝐴𝛼(𝑐𝛼)2 + 𝐵𝛼𝑐𝛼 + 𝐶𝛼
)

−
(

𝐴𝛽 (𝑐𝛽 )2 + 𝐵𝛽𝑐𝛽 + 𝐶𝛽
)

𝑉m

−

⎛

⎜

⎜

⎜

⎝

2𝐴𝛼𝑐𝛼 + 𝐵𝛼
𝑉m

+
𝜀̃𝛼ref𝐸

(

𝜀𝛼0 + 𝜀̃
𝛼
ref (𝑐

𝛼 − 𝑐𝛼ref )
)

1 − 𝜈2

⎞

⎟

⎟

⎟

⎠

(𝑐𝛼 − 𝑐𝛽 )

−
𝐸
(

𝜀𝛼0 + 𝜀̃
𝛼
ref (𝑐

𝛼 − 𝑐𝛼ref )
)2

2(𝜈2 − 1)

+ 𝛾𝛼𝛽

(

|𝑐tot − 𝑐𝛽 |𝐴tot

|𝑐𝛼 − 𝑐𝛽 |𝜋

)−1∕2
= 0 (E.7)

𝑔CMFC
2 (𝑐𝛼 , 𝑐𝛽 ) ∶= 2𝐴𝛼𝑐𝛼 + 𝐵𝛼

𝑉m
+ 𝜀̃𝛼ref𝐸

𝜀𝛼0 + 𝜀̃
𝛼
ref (𝑐

𝛼 − 𝑐𝛼ref )

1 − 𝜈2

− 2𝐴𝛽𝑐𝛽 + 𝐵𝛽
𝑉m

= 0 . (E.8)

The equilibrium conditions for a CMOC model read

𝑔CMOC
1 (𝑐𝛼 , 𝑐𝛽 ) ∶=

(

𝐴𝛼(𝑐𝛼)2 + 𝐵𝛼𝑐𝛼 + 𝐶𝛼
)

−
(

𝐴𝛽 (𝑐𝛽 )2 + 𝐵𝛽𝑐𝛽 + 𝐶𝛽
)

𝑉m

−
(

2𝐴𝛼𝑐𝛼 + 𝐵𝛼
𝑉m

)

(𝑐𝛼 − 𝑐𝛽 ) −
𝐸
(

𝜀𝛼0 + 𝜀̃
𝛼
ref (𝑐

𝛼 − 𝑐𝛼ref )
)2

2(𝜈2 − 1)

+ 𝛾𝛼𝛽

(

|𝑐tot − 𝑐𝛽 |𝐴tot

|𝑐𝛼 − 𝑐𝛽 |𝜋

)−1∕2
= 0 (E.9)

𝑔CMOC
2 (𝑐𝛼 , 𝑐𝛽 ) ∶= 2𝐴𝛼𝑐𝛼 + 𝐵𝛼

𝑉m
− 2𝐴𝛽𝑐𝛽 + 𝐵𝛽

𝑉m
= 0 . (E.10)

And finally, the equilibrium conditions for a CMWC model read

𝑔CMWC
1 (𝑐𝛼 , 𝑐𝛽 ) ∶=

(

𝐴𝛼(𝑐𝛼)2 + 𝐵𝛼𝑐𝛼 + 𝐶𝛼
)

−
(

𝐴𝛽 (𝑐𝛽 )2 + 𝐵𝛽𝑐𝛽 + 𝐶𝛽
)

𝑉m

−
(

2𝐴𝛼𝑐𝛼 + 𝐵𝛼
𝑉m

)

(𝑐𝛼 − 𝑐𝛽 ) −
𝐸(𝜀𝛼0)

2

2(𝜈2 − 1)

+ 𝛾𝛼𝛽

(

|𝑐tot − 𝑐𝛽 |𝐴tot

|𝑐𝛼 − 𝑐𝛽 |𝜋

)−1∕2
= 0 (E.11)

𝑔CMWC
2 (𝑐𝛼 , 𝑐𝛽 ) ∶= 2𝐴𝛼𝑐𝛼 + 𝐵𝛼

𝑉m
− 2𝐴𝛽𝑐𝛽 + 𝐵𝛽

𝑉m
= 0 . (E.12)
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Appendix F. Numerical investigation

In this section, the 2D diffusion example presented in Section 4.4 
is investigated regarding numerical aspects. The CPU times 𝑡CPU are 
compared for different spatial discretizations 𝛥𝑥, i.e., different total 
numbers of grid points.

In Fig.  F.11(a), the CPU time 𝑡CPU is plotted against the simulation 
time 𝑡SIM. With the CMFC model, the number of necessitated global 
Newton iterations increases with increased number of grid points, but 
the proportion of cells in the interface decreases due to the constant 
number of grid points in the interface, cf. Table  F.5. The thickness of 
the interface is eight times the spacial discretization which is com-
mon in phase-field methods, cf., e.g., [101]. In consequence, the CPU 
time 𝑡CPU is approximately inversely proportional to (𝛥𝑥)2. For time 𝑡1, 
the local Newton steps needed to solve Eq. (45) in the CMFC model 
are plotted in Fig.  F.11(b). Accounting for a constant stiffness tensor 
and Eq. (38) and Eq. (51), the local system Eq. (45) becomes linear. 
Consequently, the corresponding Jacobian is constant with respect to 
the unknowns, cf. Eqs. (A.5)–(A.14). As a result, the local system can 
be solved in the first iteration step as reflected in Fig.  F.11(b).

Data availability

Data will be made available on request.
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