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ABSTRACT

The degree of curvature of fiber inclusions in fiber-reinforced composites impacts the elastic properties of the composite, but
numerical studies of this effect are limited by the lack of efficient microstructure generators with fiber curvature control. We
propose an extension to the fused Sequential Addition and Migration algorithm (Int. J. Numer. Methods Eng., 125(22), €7573,
2024) to allow for the direct control of the average fiber curvature. To this end, we prescribe an averaged curvature parameter
for the entire microstructure, while also constraining local curvature for every fiber to a maximum value. While local curvature is
unambiguously defined, the choice of the averaged curvature parameter is not obvious. We introduce as a novel curvature measure
the deviation from straight curve (DSC), which computes as the trace of the local second-order fiber orientation tensor’s covariance
for a single fiber. Averaging this over all fibers leads to a scalar averaged curvature parameter. Using this parameter, we define
an optimization procedure for generating curved-fiber reinforced microstructures. We compare the microstructure generation
capabilities of the proposed extension with the prior algorithm without curvature control and find that the extended algorithm
is capable of realizing a significantly wider spectrum of curvatures. Finally, we study the influence of fiber curvature on elastic
properties, and find that for an example composite of glass-fiber reinforced polypropylene, increased fiber curvature leads to a
reduction of the Young’s modulus by as much as 10%.

1 | Introduction heterogeneous, random, and anisotropic. To leverage discontin-
uous fiber-reinforced composites for lightweight applications,
1.1 | State of the Art tools are needed to predict their mechanical properties while

accounting for the characteristics of the microstructure. To do
Discontinuous fiber-reinforced composites are central for so, experimental characterization of the mechanical properties
lightweight technologies due to their high specific stiffness, may be used. However, experiments are generally resource- and
design freedom, and mass-production capabilities [1-3]. time-intensive, and do not cover the entire range of possible fiber
Micro-CT imaging [4-8] reveals that the microstructure is arrangements. Thus, computational multiscale methods [9-11]
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based on homogenization theory [12, 13] complement the exper-
iments, requiring a representative geometrical description of the
microstructure.

Typically, such geometries are obtained from micro-CT imag-
ing or from synthetic microstructure generation. Whereas real
image data comes with a high expense for a single realization,
microstructure generation is an efficient approach to reconstruct
geometries for a wide span of descriptors, for example, the fiber
volume fraction or the fiber length distribution. To decrease
the boundary artifacts and the necessary cell size for represen-
tativity, periodic geometries are advantageous [14-16]. How-
ever, geometries extracted from real image data are non-periodic,
and a subsequent periodization is non-trivial. In contrast, sim-
ple strategies may be applied to account for the periodicity
as part of microstructure generation tools. These advantages
motivate the development of efficient microstructure genera-
tion tools to obtain representative geometries with periodic
descriptions [17, 18].

Microstructure generation tools for particle-reinforced compos-
ites are classically divided into two groups with respect to the
packing procedure. The sequential insertion algorithms arrange
the particles consecutively within the unit cell, and the location of
an inserted particle is fixed. In this category, the random sequen-
tial addition (RSA) [19, 20] is the most commonly used represen-
tative. Particle by particle, the unit cell is filled up to the desired
volume fraction under the condition that no overlap is detected.
For the special case of short fibers, each fiber is modeled as a
cylinder, and the fiber lengths, the fiber directions, and the fiber
midpoints are sampled from prescribed distribution functions.
Due to its prominence, many extensions of the RSA algorithm
are available [21-25]. Whereas the RSA algorithm is capable of
packing microstructures up to high fiber volume fractions for the
unidirectional orientation state, the fiber volume fraction is lim-
ited when considering more general fiber-orientation states and
moderate to high fiber-aspect ratios, that is, the ratios between
lengths and diameters. For almost planar fiber arrangements, the
sequential deposition algorithm [26, 27] permits the generation of
high fiber volume fractions, even for large fiber aspect ratios. The
algorithm simulates fibers dropping into the unit cell under the
influence of gravity and is capable of accounting for the flexibility
of the fibers.

The second category of microstructure generators comprises
collective rearrangement algorithms. These move all the parti-
cles at the same time, which is closer to typical manufacturing
processes and enables more flexibility to reach high fiber volume
fractions. For instance, the mechanical contraction method
(MCM) [28] models the fibers as spherocylinders, that is, cylin-
ders with half-caps at their ends, and first generates a packing
with low fiber volume fraction using the RSA. In a second step,
the dimensions of the cell, but not the fibers, are decreased. To
resolve the resulting overlaps, fibers are displaced and rotated
in a clever fashion. Whereas the MCM generates isotropic ori-
entation states, the sequential addition and migration (SAM)
algorithm [29] for short fibers with uniform length is applicable
to general orientation distributions. As the starting configura-
tion, fibers are sampled up to the desired fiber volume fraction,
accounting for the prescribed fiber orientation distribution. In
contrast to the MCM, the starting configuration includes fiber

overlap. Subsequently, an optimization procedure is used to find
a non-overlapping fiber configuration that fulfills additional
criteria, for example, the desired fiber orientation state. Further
publications extend the SAM algorithm to realize fiber length
distributions [30] and to account for coupled fiber length and ori-
entation distributions [31]. For the SAM algorithm with straight
fibers, the required edge length of the unit cell increases linearly
with the fiber length, and the cells are quite large for long fibers.
As the computational effort for the microstructure generation
and the computational homogenization is elevated for larger cell
sizes, such an algorithmic characteristic is extremely limiting.
Another shortcoming when applying the SAM algorithm to long
fibers concerns the arrangement of the fibers in almost aligned
bundle structures, which is not representative of real microstruc-
tures and may lead to distortions in the predicted mechanical
behavior. Last but not least, the SAM algorithm with straight
fibers does not account for bent fibers, even though the fiber cur-
vature may affect the mechanical behavior [32-35]. This effect
is particularly relevant for long fiber reinforced microstructures.

Fliegener et al. [36] as well as Abd El-Rahman and Tucker [37]
present approaches which are applicable to high fiber volume
fractions, large fiber aspect ratios, and account for the fiber bend-
ing. Starting with a fiber configuration with low fiber volume frac-
tion generated by the RSA algorithm, a full finite element analysis
is used to compress the microstructure in the out-of-plane direc-
tion until the desired fiber volume fraction is reached. Due to the
compression in the thickness direction, the orientation states are
mainly planar, which is typical for discontinuous fiber-reinforced
composites [1, 38-40]. However, the computational expense
to obtain a single realization is quite high as a result of the
full finite element approach, including a fine resolution of
the fibers.

The SAM algorithm for long fibers [33] represents a more efficient
optimization-based approach, modeling the fibers as polygonal
chains with cylindrical segments. Due to this modeling approach,
the objective function incorporates an additional term to ensure
the connectivity of adjacent segments. Unfortunately, the exten-
sion has the adverse effect that the realizable fiber volume
fraction is significantly lower than for the original formula-
tion. As an alternative strategy, the fused sequential addition and
migration (fSAM) method [41] does not interpret the connectivity
constraint as a condition which is only required for convergence
but as a condition which is mandatory for each iteration step.
Thus, the optimization is restricted to the curved, that is, non-flat,
configuration space of a connected fiber. As the iterates of a basic
gradient descent approach may leave the curved optimization
space, an adapted iteration rule is used. To do so, the iterates are
computed by moving along the geodesics, that is, the shortest
path between two points on the curved optimization space.
Such a procedure replaces the additional term in the objective
function as it ensures that each iterate is admissible in terms of
the connectivity constraint. As a result of its optimization-based
approach with an adapted iteration rule, the fSAM algorithm
features an improved convergence behavior, which enables the
application to complex microstructures with, for example, high
fiber volume fractions and large fiber aspect ratios. Additionally,
an extension of the fSAM algorithm [42] enables the generation
of microstructures for hybrid fiber-reinforced composites— for
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FIGURE1 | Single fiber with a high mean of the local curvature.

example, continuous-discontinuous fiber-reinforced compos-
ites [43]—or to account for areas with varying characteristics
within the microstructure, for example, the skin-core-skin
structure of discontinuous fiber-reinforced composites [44-46].

1.2 | Contributions

This work investigates the influence of different degrees of aver-
age fiber curvature on the elastic properties of fiber-reinforced
microstructures. To generate microstructures with a specific cur-
vature, a quantitative curvature parameter needs to be defined.
The mean of the local curvature, which would be a straight-
forward choice, is unsuitable. High local curvature values can
be realized by frequently alternating changes of fiber direction
along the fiber length. Thus, the mean of the local curvature can
be increased without changing the overall shape of the fiber, as
shown in Figure 1. However, for real fibers, we typically observe
smooth transitions in the fiber directions and significant changes
in the overall shape. Thus, the fiber zig-zagging shown in Figure 1
is not representative of physical fiber bending. To avoid this
pathological behavior, we introduce the deviation from straight
curve (DSC) as a novel curvature measure for fiber composites,
which computes as the trace of the local second-order fiber ori-
entation tensor’s covariance for a single fiber, and show that con-
straints on this parameter serve as constraints on the mean of
the local curvature. To avoid excessively high local curvature val-
ues, which would lead to real fibers breaking, we also restrict
the local curvature to a critical threshold. With the condition
of the local curvature constraint, prescribing the DSC leads to
fibers with physically meaningful fiber bending, especially with-
out zig-zagging or sharp bends.

In Section 3, we implement the global curvature objective and
local curvature constraint into the fused Sequential Addition
and Migration (fSAM) [41] algorithm for generating curved fiber
microstructures. The fSAM algorithm is already capable of gener-
ating periodic microstructures containing curved fibers; however,
the average curvature of the fibers cannot be controlled directly
and results indirectly from other parameters such as fiber vol-
ume fraction and length distribution. As the fSAM algorithm

discretizes fibers as chains of straight segments, the local curva-
ture cannot be computed exactly, and we find a suitable approx-
imation. Implementing the curvature objective and constraint
amounts to adding two additional terms to the objective function.
To minimize this novel objective function, we adapt the optimiza-
tion procedure from the non-curvature-controlled version of the
fSAM algorithm, requiring minimal changes.

Section 4 contains computational studies of the
curvature-controlled fSAM algorithm for glass-fiber reinforced
polypropylene. For realistic example values of the fiber aspect
ratio and volume fraction, we investigate the realizable limits
of curvature. At both high and low curvature values, we quan-
tify the error due to RVE size and voxel resolution. We also
discuss the effect of the segment length, which is a numerical
parameter arising from the discretization of the fibers as chains
of straight segments. Using the results from the numerical
parameter studies, we finally quantify the influence of fiber cur-
vature on the mechanical properties of the glass-fiber reinforced

polypropylene.

1.3 | Notation

In this manuscript, we employ direct tensor notation or
matrix-vector notation with orthonormal bases {e, ..., e,} with
n € N. Scalars are represented by non-bold letters, for example,
b. For the matrix-vector notation, we denote vectors with
non-cursive bold lowercase letters, for example, b, while bold
non-cursive uppercase letters, for example, B, represent matrices.
For the direct tensor notation, we use cursive bold lowercase let-
ters (e.g., b) for vectors, bold cursive uppercase letters (e.g., B) for
second-order tensors, and blackboard bold uppercase letters (e.g.,
B) for fourth-order tensors. A symmetric tensor of second order
defined in a three-dimensional vector space is represented with,

for example, B = diag(b,, b,, b;), in its diagonalized form. The

identity tensor of second order denotes I = (I),; = §;; with the
Kronecker delta 6;;, and we denote the identity matrix with 1,
where n is the dimension. We introduce the notation of the math-
ematical operations with respect to the direct tensor notation, but
use the same notation for the operations in matrix-vector notation
aswell. The transposed tensor of second order reads, for example,
BT, and the linear mapping of a tensor of first order by a tensor of
second order is represented by, for example, a = Cb. The linear
mappings with complete contraction, including higher-order

tensors, are expressed as, for example, a = B[C<3>] = BjuCju-
For the trace of a second-order tensor, we use, for example,
tr(B) = B;;, and for a fourth-order tensor, we define the trace
operator, for example, tr(B) = B;;;;. The scalar product is indi-
cated by, for example, A - B = tr(AB") and the Frobenius norm
is symbolized by, for example, || B|| = (B - B)'/?. For the dyadic
product, we use, for example, a ® b and abbreviate the /-times
repeated dyadic product with, for example, ¥*' =b® b--- ® b.
The expression S? denotes the unit sphere in R3. The cross
product of two vectors is expressed with, for example, a X b,
and we denote a skew-symmetric tensor of second order with

corresponding axial vector b by bX = (bx);; = ¢€;;b;, where € is

the permutation symbol.

ikj
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2 | Description and Discretization of Curved
Fibers

2.1 | Quantifying the Orientation and the
Curvature of a Single Fiber

We consider a fiber with length L and constant diameter D whose
centerline may be described by a twice continuously differen-
tiable curve

c:[0,L]— O (2.1)

within the periodic unit cell Q = [0, 0, ] x [0,Q,] x [0, Q;]. Such
a representation is illustrated in Figure 2.

We assume that the curve c¢ is parametrized by arc length s, that
is, the first derivative of the curve has unit length

'l =1, selo,L] (2.2)
According to Pappus’ theorem [47], the fiber volume fraction of a
fiber with circular cross-section equals the fiber volume fraction

of a straight cylinder, regardless of the curved shape of the fiber,
that is, the expression

7 LD?

== 2.3
40,0,0; @3

by
is valid. As a consequence, in case all fibers have equal diameter,
the fiber-volume fraction of a collection of non-overlapping fibers
is solely determined by the total fiber length.

The statistics of the fiber orientation state of fiber ensembles is
compactly described by the fiber orientation tensors of second
order A, and of fourth order A, [48, 49]. For a single fiber, these
tensors take the form

L

L
Af _ %/C’(S)@C’(S) ds and Af = %/(c/(s))g"* ds
0 0
2.4

Due to the normalization condition (2.2) satisfied by the vector
c’(s), the relations

A;I1=A, and tr(A;)=1 (255

v

> 61
€3

FIGURE2 | Twicecontinuously differentiable curve parametrized by
arc length.

hold. As the fiber orientation tensor of the second order is sym-
metric, the tensor may be diagonalized

Afﬁdiag(al,az,a3) (2.6)

by a rotation into the eigenbasis, where we use the ordering
convention
a;<a, < a 2.7)

for convenience. The eigenvalues are constrained by the
condition,
a;+ay+a;=1 (2.8)

a reformulation of Equation (2.5), and are non-negative
because the fiber orientation tensor is positive semi-definite
by Equation (2.4).

As a consequence of Equation (2.8), the fiber orientation tensor
of second order is completely determined by two eigenvalues,
for example, @, and a,. With the ordering convention (2.7), the
two-dimensional configuration space of the fiber orientation ten-
sor of second order may be visualized by the fiber orientation tri-
angle [50, 51], see Figure 3. The vertices mark the three extreme
fiber orientation states, namely the isotropic state (q; =1/3,i =
1,2, 3), the planar isotropic state (a; = a, = 1/2,a; = 0) and the
unidirectional state (a; = 1,a, = a; = 0).

Whereas short fibers are accurately modeled by straight cylin-
ders, longer fibers require taking the fiber curvature into account.
Classically, the curvature [52, 53] of a curve (2.1) parametrized by
arc length is defined via

k(s) = [l¢" (I, se€l0,L] (2.9)
With the goal of generating suitable fiber microstructures in
mind, we would like to prescribe a suitable statistical measure
of fiber curvature. However, this quest is not straightforward, for
a number of reasons. For a start, the fiber orientation and the
fiber curvature are not independent. Suppose, for instance, that
the fiber orientation state is unidirectional, that is, described by
the fiber orientation tensor

A=pQ®p (2.10)

for some unit vector p. Then, all fibers need to be straight and
point in direction +p, see Schneider [54, 3.2.2]. In particular, the
curvature ¢” = 0 needs to vanish for all fibers. The average cur-
vature

L

— 1

%=1 [l ds @11
0

serves as an educated guess for a curvature measure, but does not
turn out to be robust with respect to the discretization of the fibers
as polygonal chains, see Section 2.2.

As a convenient alternative for quantifying the fiber curvature,
we consider the deviation from straight curve (DSC). The latter
computes as the trace of the local second-order fiber orientation
tensor’s covariance for a single fiber
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FIGURE3 | Fiber orientation triangle with the corresponding values of the deviation from straight curve K, (2.18).

KfEtr

=

L
/(Af — (9 ® ()% ds (2.12)
0
which we may reformulate to

L
K, = %/uAf — )@ ds (213)
0

This measure comes with a number of favorable properties.

1. The DSC is non-negative and vanishes only for straight
fibers. More precisely, the bounds

0<K, < (2.14)

Wl

hold, and we have the characterization

K, =0 ifandonlyif c¢"(s)=0 forall se&][0,L]
(2.15)

2. The DSC serves as a lower bound to the average curvature
in the sense that the inequality

—\2
K, <2(L%,) (2.16)
holds.
3. The DSC admits the equivalent representation
K, =1-|A/| (2.17)

in terms of the second-order fiber orientation tensor (2.4).
Assuming that the fiber orientation tensor of second order
is given in its diagonalized form (2.6), the DSC may be com-
puted with two of the three eigenvalues, for example,

K=1-(d+a+a)=1-(@+a+(1-a,-a))
(2.18)

where the configuration space of the DSC is given by the
points on the fiber orientation triangle. The values of the
DSC are shown in Figure 3. We observe that the value 2/3
is only obtained in the case of an isotropic fiber orientation
state.

The first property (2.14) and (2.15) enables us to use the DSC as a
curvature measure, that is, to quantify the deviation of the curve
from being straight. The second property (2.16) relates the DSC
to more classical measures of curvature. In particular, a positive
value of the DSC enforces the average curvature to be positive,
as well. Last but not least, the expression (2.17) is convenient for
calculating the DSC in practice.

Establishing the validity of these statements is straightforward.
For the convenience of the reader, the derivations are included in
Appendix A.

2.2 | Discretization of the Curved Fibers

We discretize the twice continuously differentiable curve ¢
describing a curved fiber as a polygonal chain [33]. The polyg-
onal chain consists of n spherocylinders, that is, cylinders with
hemispheres at their ends, as segments, which have the uniform
segment length # = L/n and the diameter D. Following Lauff
et al. [41], we parametrize the polygonal chain with the starting
point x° in the normalized form

2 =Q ' x° with the matrix Q = diag(Q,.0,.0Q5) (2.19)

and the directions of the segments p* € S? (a=1, ...,n). The
normalized starting point & and the directions p“ are collected
in the coordinate vector

T
q= [(>‘<°)T )" (p")T] (2.20)
with the dimension

n,=3n+1) (2.21)
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to describe a polygonal chain in vector-valued form. As the direc-
tions need to be normalized, the admissible configuration space
of a curved fiber reads

R={qeR"| ®(q=0} (2.22)

with the n-dimensional vector-valued constraint function

T
®,@ = |ol@ - @)
with (D‘f(q):%(”p“”z—l), a=1,...n (223

The discretization as a polygonal chain and the parametrization
with the coordinate vector q are visualized in Figure 4.

Based on this discretization, the local curvature (2.9) at the con-
nection point of the ' and the (a + 1) segment may be approx-
imated by finite differences [33]

o _ P =plll

K'=s————, a=1,...,n-1 2.24
~ (2:24)

which we rewrite as

. A /2(1 — pa . pa+l)

k=2 = = 7 a=1,...,n-1 (2.25)

using the normalization condition of the directions. In terms
of the angle a® between the a'" and the (a + 1) segments, see
Figure 4b, the expression (2.25) may be reformulated

v/2(1 — cos a?)
K=+ g4=1,...,n—1 (2.26)
4
For the discretized curve, the fiber orientation tensors of second

order and fourth order are computed as
n
A, = %Zp“@p“ aswellas A, = %Zp@‘ (2.27)
=
and the DSC is computed with the formula
n
Ky = XA, =P ®pIF =1- 14, 229
a=

In Figure 5, single fibers discretized as polygonal chains with the
DSCs K, =0, K, =1/3 and K, =2/3 are shown. As the fiber
lengths exceed the selected cell size, the fibers wrap around the
periodic cell multiple times. In accordance with our previous
discussion, the selection of the DSC to be K ;=0 leads to straight
fibers, that is, no fiber curvature is realized, see Figure 5a. With
increasing DSC, we observe that the degree of curvature of the

€3

(a) Discretization as a polygonal chain

(b) Angle a*

FIGURE4 | Discretization of the twice continuously differentiable curve as a polygonal chain (a) and the angle a“ between the a" and the (a + 1)

segments (b).
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(@) K; =0

(b) Ky = 1
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FIGURES5 | Cells filled with single fibers and varying deviations from straight curve K.
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fibers is also increasing, see Figure 5b,c. For K =2 /3, the high-
estdegree of curvature is realized. As the DSC only takes the value
2/3 for the extreme case of an isotropic fiber orientation state, the
fiber is formed as a three-dimensional spiral.

3 | Generating Microstructures Filled With
Curved Fibers

3.1 | Description of Fiber-Reinforced
Composites With Long and Curved Fibers

We consider a periodic unit cell Q = [0,0,] x [0,Q,] x [0, Q5]
which should contain N curved fibers in a non-overlapping con-
figuration. The fibers have a uniform fiber diameter D and their
centerline is described by polygonal chains, see Section 2.2. For
the parametrization of the polygonal chain describing the i -fiber
(i=1,...,N), we use the coordinate vector q; (2.20). The fiber
lengths L, are described in terms of a fiber length distribution,
for example, the Dirac, the Weibull, or the log-normal distribu-
tion. A prescribed maximum segment length ¢ is used to select
the number of segments for each fiber, depending on the fiber
length L,

L L
n:[:], £=21 i=1,...N (3.1)
4

where the bracket [-] denotes the ceiling function, that is, the
smallest integer larger than the input real number. Due to the
non-penetrating fiber arrangement, the total fiber volume frac-
tion is computed as the sum of the fiber volume fraction of the
single fibers

— ”LtotalDz (3.2)
40,0,0;
where
N
Ltotal = ZLi (3~3)
i=1

denotes the total fiber length. The volume-weighted fiber orien-
tation tensors of the second order and the fourth order are com-
puted as

N N
A= LZL,. Al and A= LZL,A; (3.4)

total j=1 Ltotal i=1

where A; and Aif are the fiber orientation tensors (2.27) of the
i™-fiber.

The information on the fiber orientation state of fiber-reinforced
composites is typically obtained from micro-CT imaging
[8, 36, 45, 55-57] or from filling simulations [1, 58, 59]. Whereas
from micro-CT imaging, also the fiber orientation tensors of
higher orders may be extracted, filling simulations typically only
provide the fiber orientation tensor of second order A. However,
to estimate the effective elastic stiffness, fiber orientation tensors
of higher order are required as they include additional informa-
tion [60, 61]. Based on a given second-order fiber orientation

tensor, the required fiber orientation tensors of higher order may
be approximated by closures [39, 50, 62-65]

A = F(A). (3.5)

However, such approaches do not provide a fiber orientation
distribution, which is required to sample fiber directions, for
example, during the microstructure generation. Thus, alternative
approaches, for example, the exact (ACG) closure [66, 67] or the
maximum entropy closure [60, 68], first approximate the fiber ori-
entation distribution and subsequently compute the desired fiber
orientation tensors from the fiber orientation distribution. In this
manuscript, we use the exact closure to obtain an approximation
for the fiber orientation distribution as well as for the fiber orien-
tation tensor of fourth order.

Additionally, the volume-weighted DSC is introduced as

N

1 L, K’f (3.6)

E:

total j=1

where K} denotes the DSC (2.28) of the i™-fiber. Due to the
non-negativity of the lengths L; and the range of the parameter
K } (2.14), the volume-weighted DSC also satisfies the bounds

0<K< (3.7)

W

To prevent excessively high fiber bending, we require that the
approximated curvatures «; (2.26) between two adjacent seg-
ments do not exceed a predefined maximum curvature

k!'<kx, i=1,...,N, a=1,...,n-1 (3.8)

i

3.2 | Objective Function With Extended
Curvature Control

According to the core procedure of the fused sequential addition
and migration (fSAM) method [41, 42], we use an optimization
algorithm to find admissible fiber arrangements. Therefore, we
introduce a non-negative objective function F such that all fiber
configurations characterized by the roots of the objective function

F(f,....fy) =0 (3.9)

are admissible solutions of the optimization problem. The vector
f, is an alternative parametrization of the i"-fiber comprising the
midpoints x{ and direction p{ of all segments

f= )" ) @)

With a given coordinate vector q;, the midpoints of the segments
may be computed as

1

@) G

a-1
x(a)=QR+Y cpl+ 50t a=1..n (D)
b=1

The original objective function of the fSAM algorithm [41]
includes only a maximum angle constraint to prevent excessively
high kinks between adjacent segments. However, prescribing a
desired degree of fiber curvature is not possible. Thus, we aim
to extend the objective function by a term taking the desired
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volume-weighted DSC K into account. More precisely, we aim to
satisfy the non-overlap condition, the maximum curvature con-
straint (3.8), as well as the desired fiber orientation and curvature
states

!

A=A" and K=K (3.12)

where we distinguish between the desired states A or K and the
—r
currently realized states A" or K .

We start the discussion with the introduction of the objective
function [33, 41] of dimension (length)?

R N n n 2
F(f, ... .fy) = 1222(55#) + 22 N A - AR
2i,j=1a=1b:1 8
(3.13)

including a term for the non-overlap condition and the fiber
orientation tensor of fourth order. The non-overlap condition is
characterized by the quantity

Z. [
6=( D—- min d,[x%+s° = p? x’+s> L pt
Y < soshel-1,1] o\ T P X T8 P

= (D - [Ik1l). (3.14)

+

using the vector k;’b to denote the smallest periodic distance
between two segments and expressing the Macaulay bracket
with (h), = max(0, h). Whereas the term for the non-overlap
condition is considered until a non-penetrating arrangement is
found, the fiber orientation term is only active if the convergence
criterion

1A — ATl

Al = (3.15)

with the tolerance e, does not hold. The weight w, for the orien-
tation term [41] is selected as

e(n;¢,D) €(n ¢,.,D
wAES(f,«,D)nvew D) " ( - ) Gie

1

with the volume-specific moment of inertia of a spherocylin-
der [69]

B D? (¢;/D? (¢ /D? 3¢ /D 1
‘g(”p"’D)_z/3+t’,-/D 12 6 6 15
(3.17)

To account for the desired volume-weighted DSC K (3.6) and
the maximum curvature constraint (3.8), we extend the objective
function by two additional terms

F,

curvature (fl’ s

The third term accounts for the desired volume-weighted DSC K
with the empirical weight wy = 20 w . The maximum curvature
constraint is realized by the fourth term, where the mean segment
length is computed as

M=

L
Cmean = —22 with  n, =
n

mean N
s i

n, (3.19)

1
—

and we choose the weight to be w. = 1.5 £(¢;, D). Within the
objective function F_ e (3-18), the terms for the desired fiber
curvature parameter and the maximum angle constraint are
taken into account via the convergence criteria

K=Kl _
——— N

K

e
St R

K

and

n—1 (3.20)

LN, a=1,...,n
respectively. The convergence criterion for the maximum curva-
ture constraint is evaluated for all adjacent segments individually.
In case of a desired DSC K, the weights for the fiber orientation
term w, and for the maximum curvature constraint wg
need to be increased, and we select a factor of two for both
weights. Selecting the weights for the individual terms within the
objective function to ensure a stable convergence behavior of the
algorithm is critical. We selected the weights by trial and error,
investigating numerous different combinations of microstruc-
tural descriptors to ensure that the weighting factors work for a
wide range of desired microstructures. In fact, the algorithm is
quite sensitive with respect to the selection of the weighting fac-
tors, underlining the importance of an adequate choice.

For the optimization procedure of the fSAM algorithm [41], the
directional derivatives of the objective function with respect to
the coordinate vector f; are necessary. According to the extended
objective function F, e (3.18), the directional derivatives
compute as

N n ab

OF rvature (£1s - Exy) R Z S N
a - ij

ox; J=1b=1 kf’/b

n ab ab

aFcurvature (fl [ fN) ij

op;

>
|
M=
<%
<

*

ab
k!

. N
wp L’ (A —AN[(pH%]

L (R-T)A, pt
+wg - P

_w,Z f?nean(((’(a)Z —E2> a+1
K fz i +p,'
a-1)2 _ =2 a—1
() =%) o) Gy
3.3 | Optimization Procedure of the Fused

Sequential Addition and Migration Method

To solve the optimization problem

F(f,....fy) - élréirg (3.22)
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we use a gradient descent approach parametrized by the coordi-
nate vectors q,. The iterates are restricted to the curved, that is,
non-flat, configuration space R, (2.22). Thus, a basic descent gra-
dient approach may leave the admissible configuration space. To
ensure a motion on the optimization space, we apply an adapted
gradient descent approach [41, 42] moving along the geodesics,
that is, the shortest line between two points on the curved man-
ifold. Then, the iterates of the optimization problem are com-
puted as

Q! =expg (<7 Vo F(E, . 8)). k=01, (323)

with the stepsize 7, the gradient of the objective function
Vo F (fl‘ f’;,) with respect to the coordinate vector q; and
the exponential mapping expg(v). Detailed information on the
equations governing the geodesics of the considered polygonal
chain, as well as on the adapted gradient descent approach, see

Equation (3.23), is given in Appendix B.

To obtain the gradient of the objective function V, F (t’lC A ,f'j‘v)
with respect to the coordinate vector q;, we apply the chain
rule and follow the procedure introduced by Lauff et al. [41]:
As the objective function F(f, ...,fy) is defined in terms of
the midpoints and the directions collected in the coordinate
vectors f;, we first compute the directional derivatives with
respect to the midpoints and directions oF (f;, ...,fy)/0x¢ and
oF (f,,....fy)/0op?. Then, the directional derivatives for the
coordinate vectors q; are obtained by the relation [41]

oq, ,-
~on, OF(f1 .o fy)
Qe ox®
= R (f),....fy)
R,,i(fl,. Ay)
. 0 0 0
with R, (£, ....fy) =F(f1,...,fN)<d —+ Y 7 —+5 3 )
i b=a+1 0Xl. Xi

(3.24)

where Q denotes the normalization matrix for the starting
point (2.19) and ¢, the segment length. For the curved mani-
fold R, (2.22), the gradient is obtained by scaling the directional
derivatives by the inverse of the metric matrix [70]

oF (f, ....fy)

Vo F(f, .. o0

fy) =G (3.25)

where an explicit expression for the metric matrix G, is given in
Equation (B4).

For the stepsize of the iteration rule (3.23), we select 7, =
0.501 [54] for the directional derivatives 0 F (f’l‘ A ,fj‘v) /0x® and
a smaller stepsize of 7, = 0.3z, for the directional derivatives

ALGORITHM 1 | Single optimization step of the fSAM
algorithm, taken from Lauff et al. [41].

Input: Coordinate vector ¢¥, i=1,....N
1: Compute the coordinate vectors f,."
> Equations (3.10) and (3.11)
2 fori < 1to N do
3: | fora < 1ton;do

oOF (fF,....fF)
4 Compute the directional derivatives —
i
OF (ff,....f%)
and ——— > Equation (3.21)
op{
OF (£, .. %)
s. | Compute the directional derivative e
q;

> Equation (3.24)
6 | Compute the gradient v, F (ff,....fy )

> Equation (3.25)
7. | Compute the updated coordinate vector ¢+

> Equation (3.23)

3.4 | Pre-Optimization Step

The procedure of the fSAM algorithm [41] starts with the sam-
pling of straight fibers, which are described by a single seg-
ment [33]. More precisely, the fiber midpoints are distributed
uniformly within the unit cell, the fiber directions are sampled
from the approximated fiber orientation distribution, and the
fiber lengths follow the desired fiber length distribution. After the
sampling step, the fibers are segmented into n; segments follow-
ing Equation (3.1). Although the sampling of the fiber directions
accounts for the desired fiber orientation distribution, the real-
ized fiber orientation state may differ from the desired one as we
consider a finite number of fibers. To ensure an adequate fiber ori-
entation state before starting the main optimization procedure, a
pre-optimization step is executed, minimizing the objective func-
tion without considering the non-overlap condition.

For the extended objective function F, ., (3-18), the objective
function of the pre-optimization step is defined as

w
Forea (B - fy) = =5 N IA = AP

w— —_ —r\2
+on (K-K)

4 N n;-1
N We €1 oan ZZ (<(’<,a)2 B F2> )2
2 i=1 a=1 +

(3.26)
dropping the term for the non-overlap condition. However, in
our studies, it turned out that the pre-optimization step with
already segmented fibers leads to drastically increased run-
times for the main optimization procedure when prescribing
small volume-weighted DSCs. To improve the efficiency of the
algorithm, we use straight fibers with a single segment for the
pre-optimization step and subsequently conduct the decomposi-

aF(fl‘, ...,tj‘v)/apf.‘. Thus, translation is favored over rotation tion into n, segments. For this alternative approach, the objective

during the optimization procedure. The optimization procedure function reads

of the fSAM algorithm is summarized with the pseudo-code in W, ,

Algorithm 1. Foea(f1, .. fy) £ ry N ||A = A" (3.27)
9 0f 20
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Compared to the original formulation (3.26), two terms are miss-
ing. As the fibers are straight, the realized volume-weighted DSC
X equals zero, and we take the desired DSC K into consideration
once the main optimization starts. Furthermore, the maximum
curvature constraintis intrinsically ensured as the local curvature
of the fiber vanishes.

The decision to use straight fibers for the pre-optimization step
enables the microstructure generation for small DSCs, that is,
almost straight fibers. In addition, in our studies, it turned out
that the generation time for higher fiber curvatures is not influ-
enced significantly by this choice. With respect to the gener-
ated fibers within the final microstructure, the pre-optimization
step with straight fibers may lead to smaller mean values of
the local fiber curvature. However, at this point, generating
microstructures for a wide range of DSCs is only possible effi-
ciently when making the algorithmic choice of straight fibers in
the pre-optimization step.

4 | Computational Investigations

41 | Setup

The fSAM algorithm is written in Python with Cython exten-
sions and partly parallelized with OpenMP. The numerical stud-
ies were conducted on a desktop computer with an 8-core Intel i7
CPU and 64GB of RAM.

As the reference material system, we use an E-glass fiber rein-
forced polypropylene (PP) matrix with the elastic constants listed
in Table 1.

We consider the fiber diameter D = 10pum and the fiber length
L = 1000um, that s, a fiber aspect ratio of r, = 100. The compos-
ite has a fiber volume fraction of ¢» = 20%. For the fiber orienta-

tion tensor of second order, we prescribe A = diag(0.75,0.15,0.1)
and approximate the fiber orientation tensor of fourth order with
the ACG closure. Thus, the fiber orientation tensor of fourth order
is orthotropic [51, 61] and reads

0.6514 0.0584 0.0402 0 0 0
0.0584 0.0733 0.0182 0 0 0
0.0402 0.0182 0.0416 0 0 0
A= (4.1)
0 0 0 00182 0 0
0 0 0 0 00402 0O
| o 0 0 0 0  0.0584]

in Voigt’s notation. Furthermore, we choose the maximum cur-
vature k¥ = 0.021/um, that is, in case of the segment lengths £ =
40pm, 25um and 15um, the maximum angle a between adjacent

TABLE1 | Isotropic elastic moduli for the PP matrix and the E-glass
fibers [71-73].

segments is about 47°, 29°, and 17°, respectively. The maximum
segment length # and the desired volume-weighted DSC K are
selected in the individual studies.

As an algorithmic choice, we select a minimum distance between
the fibers of 20% of the fiber diameter, that is, 2.0um. Addition-
ally, we insist that the relative error of the fiber orientation tensor
needs to be below ¢, = 107*. The tolerances for the curvature
parameter K and the maximum curvature constraint are fixed
as eg = ez = 107>, For small maximum segment lengths, the
number of segments n may be extremely high. As for each opti-
mization step, linear equations of dimension 3(n + 1) need to
be solved; the original fSAM algorithm slows down [41]. Thus,
the fSAM algorithm includes a procedure where each fiber with
more than a prescribed maximum segment number 7 is divided
into separately moving subchains [41]. The coherence condition
between the subchains is taken into consideration by an addi-
tional term in the objective function. We use this procedure in
case that the maximum segment length ¢ = 15um is selected
and choose the maximum segment number to be n = 35. For
convergence, the distance between adjacent subchains needs to
be below 1073 D.

Based on the generated microstructures, we compute the effective
linear elastic moduli with an FFT-based computational homoge-
nization software [74, 75]. More precisely, we rely on a staggered
grid for the discretization [76] and apply a conjugate gradient
solver [77-79]. The iterative procedure stops provided the con-
vergence criterion [80] is below 107>. To obtain the effective elas-
ticity tensor, we use six linearly independent strain-load cases.
As the material law is isotropic and the desired fiber orientation
tensor of fourth order is orthotropic, see Equation (4.1), the effec-
tive elasticity tensor is orthotropic as well. As the material law is
isotropic and the desired fiber orientation tensor of fourth order
is orthotropic (see Equation 4.1), the effective elasticity tensor
is orthotropic, as well. However, due to the approximate realiza-
tion of the orthotropic fiber orientation tensor of fourth order, the
computed apparent stiffness is not completely orthotropic. Thus,
we approximate the effective orthotropic engineering constants
from the effective elasticity tensor [81, 82]. In addition, to assess
the error induced by the orthotropic approximation, we monitor
the approximation error

r r
IC" = C il

-100% 4.2
Il ’ “42)

ClTon =

where C" denotes the realized effective stiffness and Cl Ly its
orthotropic approximation.

4.2 | Resolution Study

To compute the effective elasticity tensor adequately, a suffi-
ciently fine resolution is necessary. However, with decreasing
mesh size, the computational effort of the computational homog-
enization increases, as well. Thus, we aim to use a resolution
that is fine enough to provide reliable results but still leads
to reasonable runtimes of the algorithm. For the resolution
study, we use the reference setup from Section 4.1 and gener-
ate cubic microstructures with cell dimensions Q; = 400um.
To investigate the necessary resolution for microstructures

E-glass fibers PP matrix

E =720 GPa E =1.25GPa

v=0.22 v=0.35
10 of 20

International Journal for Numerical Methods in Engineering, 2025

85U8017 SUOLUWIOD aA1Ie.D) 3{cedl|dde aupy Aq peusenob ake saie O ‘8sn JO Sa|nl 1oy Akeiq1TauIIUQ AB]IAA UO (SUOTPUOD-PUR-SLLBY WD AS 1M AeIq 1jBUlUO//SdNL) SUOTPUOD PUe SWS | 8l 38S " [6202/80/TT] U Aiqiauluo A8 |1m ‘8160jouyos 1 nd nisul leynsiie Aq #600. 8UWU/Z00T 0T/I0p/odAe i Ake.q | puljuo//sdny wouy pspeojumod ‘ST ‘G202 '2020260T



(a) K = 0.06

(b)K =0.15

FIGURE 6 | Microstructures with varying volume-weighted deviations from straight curve K.

(a)

(b)

FIGURE7 | Microstructures with volume-weighted deviation from straight curve K = 0.25 resolved with the voxel edge-lengths & = 4.00um (a)

and h = 1.25um (b).

with small and high degrees of curvature, we consider the
volume-weighted DSC K = 0.06 and K = 0.25. Microstructures
generated with these volume-weighted DSCs are shown in
Figure 6. The maximum segment length is selected as ¢ = 25um,
that is, the fibers of length L = 1000um are divided into 40
segments.

We study the voxel-edge lengths 27 = 1.0um, 1.25ym, 2.04m and
4.04m and show microstructures with the volume-weighted DSC
K =0.25 for the finest and the coarsest mesh size in Figure 7.
Compared to the fiber diameter of D = 10um, the selected reso-
lutions have 10, 8, 5, and 2.5 voxels per diameter from the finest
to the coarsest mesh size. As the effort for the computational
homogenization procedure is mainly driven by the total amount
of voxels, which is 400, that is, 64 - 10°, for the finest resolution
and 1 - 10° for the coarsest resolution, the runtime is significantly
smaller for the coarser resolution.

The results of the computations are listed in Table 2. First, we
assess the approximation quality of the orthotropic engineer-
ing constants from the computed elasticity tensor by computing

TABLE 2 | Approximated orthotropic engineering constants for the
voxel edge-lengths h =4.00um, h=2.00ym, h=125ym, and h=
1.00m.

=
=
s
s

E3 G23 G13 G12
— ym GPa GPa GPa GPa GPa GPa %

€rYorth

0.06 4.00 749 260 246 092 115 129 3.06
2,00 830 259 240 089 113 1.31 1.22
1.25 854 260 239 088 112 132 0.70
1.00 8.62 260 239 088 113 132 0.56
0.25 4.00 690 247 237 09 107 117 294
200 748 240 229 085 1.02 113 1.17
1.25 7.64 238 227 083 1.01 112 0.68
1.00 7.70 238 227 0.82 1.00 1.12 0.55

the approximation error err,;,. We observe that the approxima-
tion error is above 1% for the two voxel-edge lengths 2 = 4um
and 2um and decreases below 1% for the voxel-edge lengths
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h =1.25um and 1um. Thus, the results demonstrate that the
orthotropic approximation is justified. The necessary resolution
is chosen by comparing the mechanical properties of the coarser
mesh sizes with the results of the finest mesh size. Based on this
procedure, we select the coarsest mesh size whose elastic proper-
ties only differ with a relative difference below 1% from the finest
resolution as the necessary resolution. For the volume-weighted
DSC K = 0.06, the Young’s modulus E; reveals the highest rel-
ative underestimation with 13.11% for the coarsest resolution.
With decreasing voxel-edge length, the error reduces to 3.71% for
h =2um and 0.93% for h = 1.25um. Hence, for small degrees of
fiber curvature, the voxel-edge length 2 = 1.25um turns out to
be sufficient. With respect to the higher volume-weighted DSC
K = 0.25, the Young’s modulus E, is also most affected by the res-
olution. For the coarsest resolution, the relative underestimation
is 10.39%, dropping to 2.86% and 0.78% with refining mesh size.
As the voxel-edge length 4 = 1.25um results in relative errors
below 1% for both curvature parameters, we use this resolution
for the following investigations.

4.3 | RVE Study

In computational homogenization, we analyze the material
properties of a microstructure using unit cells. The concept
of representativity refers to the ability of specific unit cells to
accurately reflect the material’s effective properties, which are the
deterministic macroscopic properties that emerge as the volume
of the unit cell tends to infinity [14, 83, 84]. On finite-sized unit
cells, the computed apparent properties are random due to the
inherent randomness in the microstructure, that is, they vary for
different realizations. As the size of the unit cell increases, the
apparent properties converge to the effective properties almost
surely, reducing the randomness in the computed values. In

TABLE 3 | Number of voxels for varying cell dimensions Q;.

0, um 300 400 500
Voxel — 240° ~ 320° ~ 400% =
number 14 - 10° 33-10° 64 - 10°

this context, a representative volume element (RVE) is a unit cell
large enough such that its apparent properties closely match the
effective properties of the material. To reduce the effort of the
computational homogenization, the smallest RVE size should
be used. In the context of microstructure generation, periodic
geometries in combination with accurately realized descriptors,
for example, the fiber volume fraction and fiber orientation tensor
of fourth order, enable a reduction of the RVE size [30, 33, 41].

The representativity of a unit cell may be assessed by a statisti-
cal approach [14, 85], monitoring the random and the systematic
error. The random error, or dispersion, measures the variance of
multiple realizations on a fixed unit cell size. With increasing unit
cell size, the variance converges to zero, that is, the apparent prop-
erties converge to deterministic values. On the other hand, the
systematic error, or bias, quantifies the difference between the
mean value of the apparent properties for a fixed unit cell and
the effective properties. As the effective properties are typically
unknown quantities, we compare the mean apparent properties
for increasing cell sizes until convergence.

We use the setup from the previous Section 4.2 and study
the representativity of the unit cells with cell dimensions Q; =
300um, 400pm, 500u4m. We resolve the microstructures with the
voxel-edge length 42 = 1.25um, according to the results of the res-
olution study 4.2. Based on this resolution, the three unit cells
contain the voxel numbers listed in Table 3, that is, the largest
unit cell comprises about 4.6 times more voxels than the smallest
unit cell.

Asall three unit cells are rather small compared to the fiber length
L =1000um, the fibers are multiple times larger than the edge
lengths. Realizations with the three varying unit cell sizes are
shown in Figure 8 for the volume-weighted DSC K = 0.25.

‘We report on the mean and the standard deviation of the approx-
imated orthotropic engineering constants in Table 4, generating
ten realizations for each unit cell size. In all cases, we observe that
the orthotropic approximation error is below 1%, that s, the effec-
tive elastic material behavior may be considered as orthotropic.

€3
A
*e (a) Q; = 300 um (b) Q; = 400 um (c) Q; = 500 um
FIGURE 8 | Generated microstructures for three different cubic cell-sizes Q,.
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TABLE4 | Approximated orthotropic engineering constants for the cubic cell-sizes Q; = 300um, Q; = 400um, and Q; = 500um.

K (0} E, E, E; Gy Gy3 Gy, €T th
— pm GPa GPa GPa GPa GPa GPa %o
0.06 300 8.54 +£0.03 2.60 +0.01 2.39 +£0.01 0.88 +0.00 1.13 +0.00 1.32+0.01 0.65 + 0.09
400 8.53 +£0.01 2.60 +0.01 2.39 +0.00 0.88 + 0.00 1.13 +0.00 1.32 £0.00 0.69 + 0.05
500 8.52+0.01 2.60 + 0.00 2.39 +£0.00 0.88 +0.00 1.13 +0.00 1.32 £0.00 0.68 +0.04
0.25 300 7.66 + 0.03 2.38+0.01 2.27 +0.00 0.83 +0.00 1.01 +£0.01 1.12+0.01 0.62 +0.07
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FIGUREY9 | Runtimes for the microstructure generation (a) and the Young’s moduli (b) using the fSAM algorithm with or without the curvature
control.

With respect to the representativity error, it turns out that both
the random and the systematic error only concern the third sig-
nificant digit. Thus, even the smallest unit cell size may be con-
sidered representative for engineering purposes.

As the fiber lengths may exceed the edge-lengths, self-
intersection of a fiber needs to be considered when com-
puting the quantity 5;’/.”, see Equation (3.14), to characterize
the non-overlap condition. As a result, we exclude fiber
arrangements that are not admissible due to the resulting
self-intersection. An example is a straight fiber in, for example,
e,-direction which is longer than the edge-length in e, -direction.
Excluding self-intersection gets more challenging the smaller
the unit cell gets, and may affect the resulting microstructures
as well as the predicted mechanical behavior. In computational
practice, self-intersecting fibers only occur rarely, that is, for
individual fibers. Therefore, its influence on the effective stiff-
ness seems to be limited. However, excluding self-intersection
is vital for finding a non-intersecting configuration, that is,
without proper means, the algorithm would not converge on a
regular basis.

4.4 | On the Realized Fiber Curvatures
and Their Effect on the Mechanical Properties

In this section, we compare the realized fiber curvature of the
microstructures generated with the fSAM algorithm with or with-
out the introduced fiber curvature control. Additionally, we aim
to study the influence of the fiber curvature on the effective prop-
erties. Therefore, we first generate ten microstructures without
the fiber curvature control. We consider the setup described in
Section 4.2 with the cubic cell dimensions Q; = 400um, which is
sufficient for representativity, see Section 4.3. The individual run-
times to generate the ten microstructures as well as the realized
volume-weighted DSCs X are plotted in Figure 9, represented
by the blue dots. We observe a mean runtime of about 16 s. Fur-
thermore, the realized volume-weighted DSCs Er are in a close
range with a small mean value of 0.084. Thus, the fibers are rather
straight.

In addition, we aim to compare the results with the novel formu-
lation of the fSAM algorithm, including the fiber curvature con-
trol. Therefore, we consider the volume-weighted DSCs in the set
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K € {0.06,0.084,0.1,0.15,0.2,0.25} (4.3)

where we also account for the mean volume-weighted DSC of
the microstructures generated without fiber curvature control.
Microstructures generated with three different volume-weighted
DSCs are shown in Figure 6. For each value in Equation (4.3),
we generate ten realizations and plot the runtime in Figure 9. We
observe that the runtime has a convex shape with a minimum at
K = 0.1, where the mean runtime is 9.7 s. For the lower bound of
the volume-weighted DSC K = 0.06, the mean runtime is 42.6 s
and for the upper bound of the volume-weighted DSC K =0.25,
the mean runtime is even higher with 81.7 s. Still, all microstruc-
tures are generated in less than two minutes. Let us compare
the runtime at K = 0.084 with the runtime of the microstructure
generation without curvature control. Then, we observe that the
runtimes are within the same range, which underlines that the
additional term in the objective function retains the efficiency of
the algorithm.

We aim to discuss the reasons for the higher runtimes for very low
and extremely high DSCs. Generating microstructures with low
fiber curvature is more demanding, especially due to two reasons.
First, microstructure generation for long fiber reinforced compos-
ites with straight fibers is known to be a difficult task in general
due to the inflexibility of the fibers to fill small spaces. The sec-
ond reason concerns the opposing algorithmic fiber movement
induced by minimizing the non-overlap condition and the DSC
constraint, which disturbs the convergence behavior of the fSAM
algorithm. To be more precise, the non-overlap condition leads to
a change in fiber geometry towards more bent fibers, as they are
easier to pack without fiber-overlap, whereas the DSC constraint
aims to straighten the fibers. The increase in runtime for higher
DSCs is mainly caused by the local curvature constraint, which is
violated more often when a higher DSC is desired, increasing the
complexity of the root finding.

The plot in Figure 9 shows another advantage of the extension
for a fiber curvature control. Whereas the realizable degrees of
curvature are extremely limited when generating microstruc-
tures without curvature control, the novel formulation is capable
of generating microstructures with volume-weighted DSCs in a
wide range. Thus, it is possible to study the influence of the fiber
curvature on the effective elastic behavior, and we visualize the
computed Young’s moduli in Figure 9b. First, we notice that the
realizations without curvature control are close to the results for
the microstructure generation with fiber curvature control. Fur-
thermore, the results reveal a significant influence of the fiber
curvature on the Young’s moduli. To be more precise, the Young’s
moduli are decreasing with increasing fiber curvature, and the
highest relative difference is observed for the Young’s modulus
E,. Whereas the Young’s modulus E; is 8.53GPa on average
for the volume-weighted DSC K = 0.06, the modulus drops to
7.65 GPa for the volume-weighted DSC K =0.25, which is a rel-
ative decrease of 10.31%. Also, the Young’s moduli E, and E,
reveal a relative decrease of 8.46% and 5.02% between the small-
est and the highest fiber curvature. At first glance, it may appear
counterintuitive that increasing the curvature decreases the stiff-
ness in the transversal directions as well. When one imagines a
straight fiber becoming curved, this seems to increase the num-
ber of fibers in the transversal directions, which should lead to

an increase in stiffness in those directions. However, because
our microstructure generation algorithm controls the fiber ori-
entation tensor separately from the curvature, it compensates
for those effects by also re-orienting segments of other fibers,
thereby increasing curvature without increasing the number of
fibers in the transversal directions. Therefore, the only effect on
the transversal stiffness is due to the fibers in all directions being
more bent, that is, less stiff to loading along the fiber direction.
Thus, the effective properties in all directions are significantly
lower if the fiber curvature is more emphasized, and the study
reveals that the influence of the fiber curvature needs to be con-
sidered when generating representative volume elements for long
fiber reinforced composites. Comparing the results to the influ-
ence of other microstructural descriptors of fiber-reinforced com-
posites, the stiffness appears to be more sensitive to the fiber cur-
vature than to the mean fiber length in case of long fibers [33, 36],
but less sensitive than to the fiber orientation distribution or the
fiber volume fraction [54].

4.5 | Studyon the Maximum Segment Length
for Varying Degrees of Curvature

We investigate the influence of the maximum segment length
on both the runtime of the microstructure generation and the
effective elastic properties of the microstructures. According to
a previous study [41], considering rather small fiber curvature,
the maximum segment length has a significant influence on the
runtime but a negligible influence on the effective properties. In
this section, we aim to investigate whether this conclusion may
also be drawn for varying degrees of curvature.

Therefore, we extend the study from Section 4.4 and consider the
maximum segment lengths

¢ € {15um, 20um, 25um, 30um, 35um, 40um } (4.4)

The runtime for ten generated microstructures is plot-
ted in Figure 10. We consider the configurations with the
volume-weighted DSC Ke [0.15,0.25] first. For this range, we
observe a monotonic increase in the mean runtime for all maxi-
mum segment lengths. For example, for the maximum segment
length 7= 15um, we observe an increase in the mean runtime
from 150.8 s to 1047.4 s. Thus, the generation of microstructures
with a higher degree of curvature turns out to be more chal-
lenging. Additionally, the mean runtime is smaller for larger
maximum segment lengths, that is, when fewer segments are
considered. For the maximum segment length # = 40xm and the
volume-weighted DSC K= 0.25, the mean runtime is only 16.3s,
which 64 times smaller than for the maximum segment length
7= 15um. Due to the smaller segment number, less collision
checks are necessary. Additionally, the movement of the fibers
in each optimization step is computationally less expensive for a
coarser segmentation of the fibers [41].

For the lower range of the volume-weighted DSC K &
[0.06,0.15], we still observe a monotonic increase for the smallest
maximum segment length =15 um. However, the highest max-
imum segment length ¢ = 40um shows a monotonic decrease.
Fibers with small segments offer high flexibility to use empty
spaces even for small degrees of curvature. In contrast, it is
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FIGURE 10 | Comparison of the runtimes for the microstructure generation (a) and the Young’s moduli (b) in terms of different maximum segment
lengths 2

quite challenging to pack microstructures with the considered
combination of the fiber volume fraction, the fiber lengths,
and the fiber orientation distribution with large maximum seg-
ment lengths and small degrees of curvature. Considering the
smallest volume-weighted DSC K =0.06, it turns out that the
mean runtime for the maximum segment length # = 40um is
even higher than for the maximum segment length # = 15um.
With decreasing maximum segment lengths, we observe that the
mean runtimes fall below the runtime for the maximum segment
length # = 15um as more flexibility is induced.

Besides the effect on the runtimes of the microstructure gener-
ator, we aim to study the influence of the maximum segment
lengths on the effective elastic properties. Therefore, we report on
the Young’s modulus E; in Figure 10b. For the lower range of the
volume-weighted DSC K e [0.06, 0.20], we observe a close match
below 1% relative difference for all maximum segment lengths.
For the upper bound of the volume-weighted DSC K =0.25,
the results reveal a slightly larger deviation, which is still below
1.5%. Due to the elevated degree of fiber curvature, higher angles
between adjacent segments are formed, especially for larger max-
imum segment lengths. These increased angles may induce stress
peaks during the computational homogenization and thus may
lead to a reduction of the effective Young’s modulus. Hence, it is
emphasized that, for higher curvature values, the chosen maxi-
mum segment length (which acts as a discretization parameter)
must be carefully considered. If the segment length is too large,
it may lead to a distortion of the results, making it critical to
ensure that the segment length is small enough to avoid these
stress-induced reductions in elasticity.

Let us connect the discussion on the influence of the maxi-
mum segment length to the approximation of the local curva-
ture for a polygonal chain, see Equation (2.24). As the segment

length serves as the stepsize of the finite differences formulation,
the accuracy of the local curvature approximation significantly
depends on the selected segment length. In case of small segment
lengths, the curvature approximation is rather reliable, because
the directional changes are well captured. However, for large seg-
ment lengths, the approximation does not reflect the actual local
geometry anymore: The local discontinuities in the direction are
averaged over longer distances, leading to a significant underes-
timation of the local curvature. Especially for pronounced curva-
ture, this effect leads to a loss of geometrical detail as the sharp
angles between adjacent segments are smoothed out. Transferred
to the curvature constraint (3.8), the local curvature approxima-
tion leads to an increase of the admissible angles between adja-
cent segments for increasing segment lengths. Eventually, in case
of too large segment lengths, the actual local curvature is not
constrained to such a degree that stress peaks at the junction
between two segments are prevented. Thus, the aforementioned
stress peaks for high DSCs may be induced.

5 | Summary and Conclusion

This work presents an algorithm for generating curvature-
controlled microstructures of long fiber reinforced composites.
As this algorithm allows the control of average fiber curvature
as a separate parameter from the usually considered fiber vol-
ume fraction, aspect ratio, and orientation distribution, it allows
to investigate the relationship between curvature and composite
properties.

The algorithm is based on the fused Sequential Addition and
Migration (fSAM) algorithm for fiber-reinforced composite gen-
eration. Accordingly, we model the fibers as polygonal chains
consisting of spherocylinder segments, which are parametrized
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by relative orientations, such that they always remain con-
nected, with only the starting point of the chain being an abso-
lute position. As this parameter space is a curved manifold, we
describe how gradient calculations for the optimization process
take into account the manifold’s metric. Adding to this opti-
mization algorithm, we extended the objective function by the
volume-weighted deviation from straight curve (DSC), which we
compute as the trace of the local second-order fiber orientation
tensor’s covariance for each single fiber, and then averaging. This
particular choice of average curvature parameter leads to gradu-
ally curved fibers without zig-zagging or sharp bends. In addition,
we found that specifying the DSC imposes a lower bound on the
average local curvature, such that increasing the DSC increases
the curvature of the microstructure. With the novel DSC mea-
sure and its implementation within the framework of the fSAM
algorithm, we significantly improve the curvature control meth-
ods integrated in microstructure generation tools compared to
previous algorithms, for example, the SAM algorithms for long
fibers [33] or the fSAM algorithm [41], which only constrain the
maximum angle between adjacent segments, or the microstruc-
ture generation tool introduced by Fliegener et al. [36], which
includes no curvature control at all.

We applied the algorithm to an example material consisting of
a polypropylene matrix reinforced with glass fibers to study the
realizability of extreme values of the curvature parameter and its
influence on the stiffness of the composite. To briefly summarize:

« For the strongly textured fiber orientation distribution con-
sidered, the non-curvature-controlled fSAM algorithm tends
towards a small curvature, with a mean of the realized
volume-weighted DSCs K =0.084 and a low variance. By
comparison, DSCs from 0.064 to 0.25 are realizable with the
new algorithm.

« The new algorithm has comparable runtimes to the
non-curvature-controlled fSAM at similar curvature values.
Both high and low curvature microstructures are computa-
tionally expensive to realize, with mean runtimes up to eight
times longer than for medium-curvature microstructures.

+ Resolution studies show that for both high and low aver-
age curvatures, the resolution-induced stiffness error is of
the same order of magnitude, meaning that high-curvature
microstructures do not appear to require particularly fine
resolutions.

« The magnitude of the representativity error appears to be
similar at both extremes of fiber curvature. We found peri-
odic microstructures containing roughly 340 fibers to be
within 1% representativity error, that is, microstructures gen-
erated by our algorithm do not need to be particularly large
to deliver accurate results.

« The segment length, a numerical parameter arising from
the discretized fiber description, appears to have a negligible
effect on the effective mechanical properties for low curva-
tures, as for the non-curvature-controlled fSAM algorithm.
For higher curvatures, large segment lengths lead to under-
estimation of the stiffness, which we explain by sharp angles
between adjacent segments, which lead to stress concentra-
tion in the adjacent material. The segment length’s effect on

the runtime is considerable, with longer segments leading
to order-of-magnitude quicker calculations except for very
low curvature values. Careful consideration of the segment
length is therefore necessary when dealing with strongly
curved fibers.

« Finally, we quantified the effect of the curvature on the
stiffness, showing a monotonically decreasing stiffness with
increasing curvature. This effect was most pronounced for
the Young’s modulus in the preferred fiber alignment direc-
tion, which showed a difference between both extremes of
about 10%. With the stiffness being this sensitive to curva-
ture, we consider curvature control an important aspect of
fiber-reinforced microstructure generation.

To summarize, we extended the fSAM algorithm by adding cur-
vature control. This does not noticeably increase the numerical
expense, yet allows for control over an important microstructural
parameter, the average fiber curvature, which can significantly
affect the elastic properties of fiber composites.
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Appendix A
Properties of the DSC

A Simple Representation Formula for the DSC

We demonstrate the formula (2.17)
K, =1-A,]? (A1)

to hold. We modify Equation (2.13) to obtain

L
K= 1 [IA,2 =24, (C0©C©) 40 @G ds
0

L

= LA -24,- /c ©® ) ds+/||c<s)®c<s>||2 ds
\._..“,____/

ﬁ,_/ —’_J
L A,
=[lAg1P -2 A/ +1

=1- 4, A2)

Upper and Lower Bounds of the DSC

The purpose of this section is to establish the bounds (2.14)

0<K;< (A3)

wIiN

for the DSC. The lower bound is a direct consequence of the definition
(2.13). For the upper bound, we use the representation (2.17)

K‘f =1- ||Af||2 (A4)

We insert the fiber orientation tensor of second order in diagonal
form (2.6), and find that the DSC may be computed with two of the three
eigenvalues, for example,

K/=1—(af+a§+a§)=1—(af+a§+(1—a1—a2)2> (A5)

The possible values attained by the DSC are determined by the fiber ori-
entation triangle, as shown in Figure 3. It turns out that the DSC takes
values in the range

0<K, < (A6)

wIiN

where the parameter is zero only if the fiber is straight and has the value
2/3 only if the orientation state of the fiber is isotropic.

Vanishing DSC Implies a Straight Fiber

We would like to establish the validity of the characterization (2.15)
K, =0 ifandonlyif ¢”(s)=0 forall sel0,L] (A7)

As vanishing curvature implies that the fiber is straight, and hence the
vanishing of the DSC, we restrict to showing the converse statement.

So let us assume that the DSC K, vanishes. By definition (2.13) and
due to the assumed continuity of the second derivative ¢”, the pointwise
equation

A, =c'(5)®c(s) holdsforall se[0,L] (A8)

As the left-hand side does not depend on the arc length parameter s, dif-
ferentiating the latter equation yields

0=c"(5)®c'(s)+c'(5)®c"(s) forall se[0,L] (A9)
Computing the linear map of the vector ¢/(s) by the Equation (A9) yields

0=c'(s)-c'(s) " (s)+c'(s)-c"(s) ' (s) =c"(s) forall se]0,L]

=1 =0
(A10)

where we used the arc length condition (2.2) which implies that the vec-
tors ¢”(s) and ¢’(s) are orthogonal. In particular, the curvature (2.9) van-
ishes, which was to be shown.

Lower Bound for the Average Curvature

We intend to justify that the estimate (2.16)
—\2
K, <2(L%;) (A11)

holds. The latter is a direct consequence of the following
Poincaré-Wirtinger inequality

L _ L 2
/ IT(s) - T2 ds5L< / 1Tl ds> (A12)
0 0

valid for a continuously differentiable tensor-valued function T on the
interval [0, L] and where we denote by

T=-= / T(s) ds (A13)
L Jo

the averaged tensor.
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Assuming the validity of the inequality (A12) for the moment, we apply
this estimate to the tensor field

T(s)=c'(s)®c'(s), se[0,L] (A14)
corresponding to a parametrized fiber (2.1). We notice

T=A (A15)

L
/ IT(s)-T|* ds=LK, (A16)
0

T'(s)=c"(5)Q@c' (s)+c'(s)®c"(s), se[0,L] (A17)

To proceed, we compute the Frobenius norm of the derivative T’(s)
explicitly, and obtain

IT' I = 2dI" @Il @I + ('(s) - " (N =2 " (I (A18)

where we used the normalization condition (2.2) of a curve parametrized
by arc length and the subsequent orthogonality of the vectors ¢/(s) and
¢ (s). In particular, we might express the integral on the right-hand side
of the inequality (A12) in the form

L L
[ as=v2[ieon as=LViE,  a19)
0 0
Collecting these observations, the inequality (A12) becomes
— \2
K; <2(L%y) (A20)

that is, the desired estimate (A11).

Thus, it remains to establish the validity of the Poincaré-Wirtinger
inequality (A12)

L _ L 2
/ IT(s) T dsgL< / Il ds) (A21)
0 0

which is a bit non-standard due to the L?-norm on the left-hand side and
the W!-norm on the right-hand side.

First, we re-write the term T'(s) — T as an integral
= 1 /" 1 /"
T(s)-T=T(s)— —/ T(y) dy= —/ [T(s)-T(»] dy (A22)
L 0 L 0
In particular, the triangle inequality for integrals implies the estimate
p— 1 L
iT6-Ti < 2 [ -0 ay (A23)
0

We use the fundamental theorem of calculus to express the difference
T(s) — T(y) in the form

T(s)=T() = / T2 dz= / T'2) dz (A24)
y dz v
which implies the estimate
s L
IT0 -1l < [ [T@] dz< [T dz= 1Tl @
y 0

Inserting this finding into the inequality (A23) yields the bound

IT(s)=T| < IT' I, s€l0,L] (A26)

Squaring and integrating yields the bound
—_— L —_—
IT -T2, = / T -TI? ds< LTI, (A27)
0
that is, the desired inequality (A12) holds.

Appendix B
Adapted Gradient Descent Approach on the Curved Manifold

The goal of this appendix is to give background information on the
equations governing the geodesics of the considered polygonal chain,
and to derive the adapted gradient descent approach with respect to the
curved manifold (3.23).

The equations governing the geodesics are derived from the principle of
minimizing the kinetic energy functional on the manifold. This approach
may be interpreted as a constrained mechanical system, where no exter-
nal forces are acting on the system, and the motion is solely driven by
the system’s intrinsic kinetic energy [86, 87]. For the considered polygo-
nal chain defined on the manifold R; (2.22), the equations governing the
geodesics may be expressed in the form of a d’Alembert type constrained
mechanical system [41]

P(‘li)T G q4,=0
®,(q) =0 (B1)

including the null space matrix

13><3 03><3 e 03><3
0 P'(pH) --- 0 .

P@)=| > PO with P = [rp) st
05, 0, - P'(p})

(B2)
with the column vectors of the submatrices P*(p{)
r'(p)) =R p)) e, s'(P))=R*p)) e,

xXp')® X p?
with Ra(p;z) — (83 'P?)13><3 + (83 Xp;’))( + (e3 px) (e3 p:)

1+e;-p!
(B3)
and the constant symmetric positive-definite metric matrix G
A2 n N .
nQ f14:Q f,4,Q [, ¢ Q
Sfar s /2 f[z Ly - fy fiz 1,
G = . 3
f" Lpiz 13><3
sym fd.n 13><3
with fa=n,~—a+% and
fd,a=5(f1aD)+f‘.2(l’l[—a+%) (B4)

With the equations governing the geodesics (B1), we proceed to compute
the exponential map taking a given point q € R; on the manifold as well
as a tangent vector v € 7y R, and moving along the unique geodesic with
starting point q and starting direction v. An efficient numerical approach
to integrate the d’Alembert type constrained mechanical system to obtain
the exponential mapping is discussed in Lauff et al. [41]. Using the expo-

nential mapping, the iterates of the optimization problem read
@ =expy (-t Vo F(E, . fy)). k=01.. (B3
where 7 denotes the stepsize, Vq, F (f'l‘, . ,f’;\,) stands for the gradient of

the objective function with respect to the coordinate vector q; and expg(v)
refers to the exponential mapping.
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