PHYSICAL REVIEW ACCELERATORS AND BEAMS 28, 082801 (2025)

Detuning properties of rf phase modulation in an electron storage ring

A. Mochihashi®,” S. Maier®, E. Blomley®, M. Schuh®, E. Huttel, T. Boltz®,"
B. Kehrer, and A.-S. Miiller

Karlsruhe Institute of Technology, Hermann-von-Helmholtz-Platz 1,
76344 Eggenstein-Leopoldshafen, Germany

D. Teytelman
Dimtel, Inc., 2059 Camden Avenue, San Jose, California 95124, USA

® (Received 1 December 2021; revised 25 January 2025; accepted 20 June 2025; published 11 August 2025)

In electron storage rings, it is possible to increase the bunch length by applying phase modulation to the
radio-frequency accelerating field by choosing appropriate parameters for the modulation. Such a bunch
lengthening effect improves beam parameters such as beam lifetime, which can help us achieve better beam
stability. It is well known that the modulation frequency around the double synchrotron frequency is
effective in lengthening the bunch. The dependence of bunch lengthening on modulation frequency, the so-
called detuning property, has a peak around the double synchrotron frequency with a frequency width that
depends on the modulation amplitude. Nonlinear effects due to phase modulation lead to a peak frequency
shift in a negative direction from the double synchrotron frequency, accompanied by an asymmetric peak
shape. Beam current also affects the properties of the detuning condition of such bunch lengthening. We
investigated the detuning property using a theoretical model and systematic measurements at the electron
storage ring Karlsruhe Research Accelerator, and we verified the qualitative agreement between the
experiments and the theoretical model. The macroparticle simulations have confirmed the agreement.
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I. INTRODUCTION

In high-energy electron storage rings dedicated to high-
energy physics and synchrotron radiation experiments, it is
essential to prepare stable beams for long term, precise
measurements and experiments. The beam lifetime is one
of the parameters that characterizes the beam stability and
quality. It corresponds to the loss rate of the particles in the
stored beam per unit of time. To compensate for beam loss,
an operational scheme called top-up operation has now
been widely applied to electron storage ring facilities. In
this scheme, an additional electron beam is repeatedly
injected from the injection accelerator into the storage ring
to keep the electron beam current constant. However, the
beam lifetime is still significant in the top-up operation
because the lifetime determines the repetition rate of the
beam injection, which relates to accelerator operational
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issues such as radiation protection, energy consumption,
and operational stability.

There are several processes by which the electrons in the
beam are lost, and one of the dominant processes originates
from a scattering process between electrons in the same
electron bunch. In the process, a pair of electrons is
scattered transversely via the betatron oscillation, and a
part of the transverse momentum is converted to the
longitudinal momentum. As a result, the scattered electrons
are lost if the modified longitudinal momentum is beyond
the momentum acceptance of the accelerator. This beam-
loss process and the beam lifetime accordingly are called
the Touschek effect and lifetime [1]. The Touschek effect
can be relaxed by reducing the electron density in the bunch
because the beam loss comes from the scattering between
electrons in the same bunch.

Elongating the longitudinal electron bunch distribution
can mitigate the scattering process and serve as a counter-
measure against the Touschek effect. In the Photon Factory
electron storage ring at the High Energy Accelerator
Research Organization (KEK), they experimented with
bunch lengthening by applying a phase modulation to
the radio-frequency (rf) accelerating voltage at double
synchrotron frequency and observed an improvement in
the beam lifetime [2,3]. In this previous study, they also
discussed the beam dynamics under phase modulation
using a theoretical model and simulations based on
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macroparticle tracking. The experimental results and sim-
ulations have shown that the longitudinal distribution of the
electrons tends to exhibit the quadrupole oscillation mode
accompanied by bunch lengthening. In Fig. 7 of Ref. [3],
the authors discussed the frequency-detuning character of
equilibrium oscillation amplitudes of electrons, including
the nonlinear effect, using a theoretical model. In the
Brazilian synchrotron light source, they experimented with
suppressing the longitudinal coupled-bunch instability
through rf phase modulation [4]. This previous study dis-
cussed the beam dynamics based on Hamiltonian formalism
and the existence of two or three stable fixed points in the
longitudinal phase space due to rf phase modulation. They
also showed the change in the rf bucket structure for the phase
modulation frequency, which implies a detuning property of
bunch lengthening for the modulation frequency.

At the 2.5 GeV electron storage ring KARA (Karlsruhe
Research Accelerator) [5] in Karlsruhe Institute of
Technology (KIT), we have introduced the function of rf
phase modulation into the low-level rf (LLRF) system of
KARA, allowing us to change both the frequency and
amplitude of the rf phase modulation quite easily. Because
the maximum beam energy from the injection accelerator in
KARA is 500 MeV, we ramp the beam energy up to 2.5 GeV
with the storage ring during regular accelerator operation
after the injection. Therefore, it is essential for KARA to
improve the beam lifetime so that the experiments with the
synchrotron radiation take place with enough beam stability.
To introduce the rf phase modulation scheme into KARA
accelerator operation, we have searched for the optimum
modulation conditions to elongate the longitudinal bunch
length by focusing on the modulation frequency and ampli-
tude. In the search process, we have discussed the detuning
conditions of bunch lengthening by scanning the modulation
frequency around the double synchrotron frequency (2f).
The frequency-detuning characteristics of the bunch elon-
gation have shown a peak structure around the double
synchrotron frequency. To formulate the detuning properties,
we have discussed a theoretical model that shows the
dependence of the bunch length on the modulation fre-
quency. The model indicates that the detuning curve should
have a peak around the double synchrotron frequency, with a
frequency shift in the negative direction accompanied by an
asymmetric peak shape that corresponds to the experimental
and simulation results.

In the following part, we discuss the theoretical model,
which describes the detuning character of the bunch length
on the phase modulation parameters in Sec. II. In Sec. III, we
discuss the bunch length measurement using the streak
camera and the phase modulation under several different
conditions. In Sec. IV, we discuss the simulation results for
the longitudinal beam dynamics based on the macroparticle
model under phase modulation. Finally, we summarize our
discussionin Sec. V. In this paper, unless otherwise specified,
the bunch length refers to the root mean square values.

II. THEORETICAL MODEL

In Ref. [2], they discuss the motion of the electron under
the influence of rf phase modulation with a modulation
frequency that is double the synchrotron oscillation fre-
quency. In this section, we also discuss the motion of the
electron in the same manner as [2], but by adding a detuning
condition to the modulation frequency [3]. We formulate the
equation of motion in the case where the modulation
frequency is slightly different from double the synchrotron
oscillation frequency, and we derive the dependence of the
electron’s amplitude and the bunch length on the detuning
condition. First, we discuss the electron’s motion by solving
its equation in the longitudinal direction using a linear
approximation. In this approximation, the electron is affected
by a linear restoring force that depends on time due to phase
modulation. Next, we extend the discussion to a nonlinear
approximation, in which the electron is affected by a non-
linear restoring force due to the large amplitude of the
synchrotron oscillation. From these discussions, we derive a
formula showing the dependence of bunch elongation on the
difference in frequency between the double synchrotron
frequency and the modulation frequency.

The equation of motion of the electron for the longi-
tudinal direction can be written as [2]

dt

== —a.s, 1

T Qe ()
ds eV .cos(¢py—wt+¢,) —U
dt ToE,

L YT R )

Here 7 and 6 correspond to the time and relative energy
difference between the electron and the synchronous
particle under equilibrium conditions in the longitudinal
phase space. a, is the momentum compaction factor, e is
the unit charge, V. is the amplitude of the rf acceleration
voltage, ¢, is the synchronous phase of the electron beam,
o is the angular frequency of the rf accelerating field, U, is
the energy loss of the electron due to synchrotron radiation,
Ty is the revolution period of the electron, and E is the
electron beam energy. The second term on the right side of
Eq. (2) corresponds to the radiation-damping term with the

factor y,,
__L (dU 3)
T, \dE)

Here U is the synchrotron radiation loss and E is the beam
energy. The phase ¢,, represents the phase modulation
term, and we now assume ¢,, has the following modulation
characteristics [2,3]:

D = o cOs [(20)5 + Aa))t]’ “4)

where w; is the synchrotron angular frequency and given as
2 a.eV wsingg

W5 = = 5= Qo is the modulation amplitude, and Aw
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corresponds to the angular detuning frequency of the phase
modulation from 2w,. If we assume that the modulation
amplitude ¢,,, is small, we can apply the following
approximation for the cosine part in Eq. (2) [2]

cos (¢ + ¢ — w7) =
cos g — @, Sin hg + (sinpy + P, cos po)wz.  (5)

This means that we treat the modulation amplitude ¢,
and the amplitude of the synchrotron oscillation 7z as the
infinitesimal values of the first order. By applying the linear
approximation, we obtain the equation of motion for the
electron performing synchrotron oscillation with phase
modulation [2]:

d d
d_t; + 2y€d—: + @?(1 + ecos(w, + Aw)t)t

w2
= ;S(pmo cos [(2w, + Aw)1], (6)

where € = ¢,,o cot ¢py. The left side of Eq. (6) shows the
harmonic oscillator with phase modulation and resistance
proportional to the time derivative of the synchrotron
oscillation amplitude. The right side shows the driving
force to the harmonic oscillator with a driving frequency of
2w, + Aw, which is far from the resonant frequency w, of
the harmonic oscillator and has less effect on the electron’s
motion. Therefore, we ignore the driving term in Eq. (6)
and obtain the following equation [2]:
d? d
—; + Zye—T + (1 + ecos(2ws + Aw)t)z = 0.  (7)
dt dt
To solve Eq. (7), we assume the following solution for z:
7 = a(t) sinwyt + b(t) cos wt, ®)
with the following restriction [6]:
a(t) sinw,t + b(t) cos wst = 0. )

By substituting Eqs. (8) and (9) into Eq. (7), we obtain the
following equation:

a(tr) coswgt — b(t) sinwgt 4 2y.(a(t) coswgt — b(t) sinw,t)
+ ew, cos (2wt + Awt)(a(t) sinwgt + b(t) coswgt) = 0.
(10)

From Egs. (9) and (10), the time derivative of a(z) and b(¢)
can be derived. If we only consider the change in the
amplitude functions a(7) and b(¢) with slow variation
compared to the synchrotron oscillation period, we obtain
the following equations for a(z) and b(z):

a(t) =al(r) <—y€ + % sin sz>

W€

—b(1) 1 cos Awt, (11)

b(r) = — a(:)¥c0s Awt
W€ |

The amplitude functions a(¢) and b(¢) are proportional
to exp(—y.t) due to the radiation damping. If we write
a(t) and b(r) as a(r) = a,(t)exp(—y.t) and b(t) =
by (t) exp(—y.t), we can express Eqgs. (11) and (12) as

a (1) sin Awt — cos Awt \ [ a;(1)
: =a . , (13)
b(1) —cos Awt —sin Awt ) \ b(1)
where a = “’f. To discuss the motion of the electron, we

introduce the value &(t) = a?(t) + b3(t) and consider
the behavior of &(7) under two different conditions, namely,
the far resonance condition, where Aw has a large
value, and the near resonance condition, where Aw is
nearly zero.

Under the far resonance condition, the electron does not
continuously receive energy from the external force, and
the electron’s oscillation amplitude changes over time
without diverging. The time period for the change is given
by Aw, and the value (£2), which is the average value of

27

(1) over the time %, is written as

@ =@ opxa(i+ (L)) v

where &, is the parameter related to the natural bunch
length. The bunch length under phase modulation 6,y is
written as

a \2
Omod X O, 1 + (A_a)) N (15)

where o, is the natural bunch length. The derivation
from Eq. (13) to (15) is summarized in Appendix A.
From Eq. (15), the detuning frequency Aw, where
the bunch length o,, is equal to po.(p>1) is
given as

R (16)

P /p2 1
Especially, when the bunch lengthening factor p is equal to
/2, the detuning frequency width Af 3 Where the bunch
length is larger than /26, is given by

a
Af ==

’
T

(17

where Af 5 has the dimension of Hz.
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Under the near resonance condition, the electron con-
tinuously receives energy from the external force, and the
oscillation amplitude of the electron increases over time. In
this case, the value &(¢) is written as

_&

SORE:

<F+(t)e% + F_(z)e%), (18)

where

F (1) = [1 ﬂ:a(l +§—Z)) tr,
S O

The derivation from Eq. (13) to (18) is summarized in
Appendix A. This means that the oscillation amplitude of
the electron increases monotonically, and the bunch length
diverges under the near resonance condition with the linear
approximation.

To consider the motion of the electron under phase
modulation precisely, we introduce nonlinear approxima-
tion by expanding the cosine part of the equation of
motion shown in Eq. (2) up to the third-order terms,
namely [3],

cos(¢po + ¢, — @7) R COS Py — ¢, Sinhy
. 1 .
- (5indho+ 05 )07+ 5 (¢ sindhy—cosghy) (@)
1
—gsin(ﬁo(wr)S. (20)
We obtain the following equation of motion for the
nonlinear approximation with the cosine part and the

approximations, which are the same as in the linear
approximation:

ﬁ+2 ﬁ
a2 " e

1
+ Q2 <1 + € cos (2Qs + Aw + ngw2E2(t)> t>T =0,

2D

where
E(t) = \/a?(t) + b?(1), (22)
Q= w? <1 - %szz(l‘)>, (23)

e = #mzo:z(t)cot ¢0. (24)
gwT=

The derivation of Eq. (21) is summarized in Appendix B.
If we assume that the change in the amplitude function E(z)
can be ignored within the time scale of the synchrotron
oscillation period, analogous to the derivation with the
linear approximation, we can derive the detuning property
from Eq. (21) as

2\~ o ?
V&S >~50\/1+ (Aw+éQSw252(t)> ; (25)

where o = QT‘/ Equation (25) shows the negative detuning
character, which depends on the oscillation amplitude.
Negative detuning occurs when the beam is modulated
and the oscillation amplitude does not diverge due to the
negative detuning process. Although the detuning fre-
quency is adjusted to diverge /(&%) in Eq. (25), namely
Aw = — 1 Q.w*E%(1), such a condition leads to additional
negative detuning due to an increase in Z(¢). Thus, the
spontaneous detuning process results in a fixed bunch
length that elongates without diverging.

Now, we approximate the oscillation amplitude |Z(7)]
that is given by the modulated bunch length o¢,,,q4 under
phase modulation as V26,04 As the same as Eq. (15), we
write Eq. (25) with the modulated and natural bunch length
Omod and o, namely

o 2
am o1+ . @6
Tmod 0 <Aw+igs(w0mod)2> ( )

As discussed in the linear approximation, the detuning
frequencies of positive and negative sides Aw, , where the
modulated bunch length 6,,,4 increases to p times the
natural bunch length o, are given as

1
 —kwy(wpo ). (27

k/pr—1 4

where « is the nonlinear correction factor

k=1/1 —%(a)paf)2. (28)

With the nonlinear approximation, the detuning frequency
width Af s, in which the modulated bunch length is larger

Aa)p’i = i

than \/56,, is given as

o
Ma=— (29)
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where k 5 = /1 — % (wo,)*. This shows that the detuning

frequency width becomes large compared to the linear
approximation. The second term on the right side of
Eq. (27) shows the characteristic of negative frequency
detuning. The negative frequency shift 5f 5 in the case of

p = /2 is given as

1
of 5= —Ekﬁa)s(am,)z. (30)

To compare the linear and nonlinear approximations, we
approximate the correction factor « as

1
a1 g(a)par)z. 31

With this approximation, the detuning frequencies in
Eq. (27) are written as

A B a 1 5 a
Dp+ *—ﬁ 1 (wpo,)* | o, — m
1

+ 35 (@por)t, (32)

a

Aw, =-— pZ_I_Z(a)pGT>2<wS+2 2_1>
1

+ D (wpo,)*. (33)

Equations (32) and (33) show that the detuning curve
from the linear approximation shifts in the negative
frequency direction, and the frequency shift differs between
the positive and negative sides. Accordingly, the detuning
curve from the nonlinear approximation has a negative
detuning character and an asymmetric form around the
peak frequency.

As a measure, we estimate the frequency width of the
detuning curve in the KARA case. Now, we assume that the
total accelerating voltage V., the radiation loss per turn U,
and the synchrotron angular frequency w, are 1.36 MV,
622.4 keV, and 2z x 34.3 kHz, which are the values we
have evaluated from the experiment mentioned in Sec. III.
Regarding the phase modulation amplitude, 10.25 degrees
was one of the modulation amplitude values in the experi-
ments. As mentioned in Sec. III, we activated phase
modulation at one of the two rf stations. In this case, the
parameter ¢,,, in the model must be half of the set
experimental value. That is, ¢, must correspond to
%x 10.25 = 5.13 degrees. From these parameters, we
evaluate the frequency width Af 5 =0.74 kHz from
Eq. (29). Concerning the negative frequency shift due to
nonlinearity, we evaluate the negative detuning frequency
of ;5 = —0.38 kHz from Eq. (30).

The Eq. (26) also shows the relationship between the
modulated bunch length and the frequency detuning,
namely, the detuning character. We write the phases occu-
pied by the natural bunch length ¢, and by the modulated
bunch length 6,4 as y, = wo, and Y, = @O q. For
simplicity, assuming that the phase occupied by the modu-
lated bunch length is small enough to approximate as
1 — (¥3=)2 » 1, Eq. (26) can be written as the following

cubic equation for w2 _:

Aw
(W2 ) + <8 P W%) Whoa )

Aw Aw
+38 p (2 P wz)wgmd (34)

RERE

For a value of 6,04 = 100 ps, the value 1 — (¥2)? is about
0.97, which shows the validity of the approximation used in
Eq. (34). The values of wfnod, which are the solutions to the
cubic Eq. (34) that have positive values, are related to the
bunch length. Figure 1 shows the numerical results of

the modulated bunch length 6,,,q = ¥ for two different

modulation amplitude cases, namely 1 x 10.25 = 5.13 and
%x 16.42 = 8.21 degrees by assuming the same KARA
operation parameters as in the discussion about the fre-
quency width and the negative detuning frequency. As can
be seen in the figure, the detuning curves separate into two
parts, indicating the negative detuning character with an
asymmetric form due to nonlinearity. The results also show
that the bunch length does not diverge as the detuning
frequency approaches zero due to the nonlinear nature of the

160 . : .
—~ 120 8.21 degrees
NS
3
~
=]
o]
g
= 807
J /
1 5.13 degrees
40 1 L 1 1 1
-3 -2 -1 0 1 2 3
Detuning frequency (kHz)
FIG. 1. Numerical results correspond to the physical solutions

of Eq. (34) for two modulation amplitudes: 5.13 and 8.21
degrees. These results correspond to the frequency-detuning
characteristics of bunch lengthening due to phase modulation.
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100 ; .

40 L 1 L 1
0 2 4 6 8 10

Modulation amplitude (degree)

FIG. 2. Dependence of the positive solution of Eq. (35) on the
phase modulation amplitude. This corresponds to elongated
bunch lengths, which can be achieved with the given phase
modulation amplitudes.

detuning curve. As a special case, we obtain the following
cubic equation for w2 ; in the case of Aw =0, whose
solution gives the typical dependence of bunch lengthening
on modulation amplitude:

Whoa )® —Vi(Wioa )* — €z = 0. (35)

The solution to Eq. (35) that has a positive value gives the
bunch length that can be achieved with phase modulation.
Figure 2 shows the dependence of the length of the elongated
bunch 6,0q =*%=¢ on the phase modulation amplitude
derived from Eq. (35). The results show an elongated bunch
length of 67.8 ps for a phase modulation amplitude of 5.13
degrees at Aw = 0, whereas the natural bunch length is
47.5 ps. However, as seen in Fig. 1, the bunch length can
exceed the values shown in Fig. 2 because the detuning curve
significantly tilts toward the negative frequency direction.

III. EXPERIMENT

The experiment was carried out at the Karlsruhe
Research Accelerator (KARA) electron storage ring.
Table I summarizes the main machine parameters of
KARA for the normal user operation mode at 2.5 GeV.
In the experiment, we operated the KARA storage ring with
the same bunch-filling pattern as the regular users’ oper-
ations, which had serial three-bunch trains and a gap with
empty rf buckets. The total number of filled rf buckets is
typically 99, and the gap following the bunch trains has 85
empty rf buckets. To carry out the rf phase modulation at
KARA, we have introduced the modulation function into
our low-level rf (LLRF) system (Dimtel, LLRF9/500 [7]).
Each rf station in the KARA storage ring has one klystron,
whose maximum output power is 250 kW. Because one rf

TABLE I. Main parameters of KARA storage ring.

Parameter Symbol Value Unit

Beam energy Ey 0.5-2.5 GeV

rf frequency St 499.7 MHz

Harmonic number h 184

Total accelerating voltage V. 1.6 MV
(maximum)

Momentum compaction factor

(designed at 2.5 GeV) a 0.00867

Radiation loss per turn U, 622.4 keV

Natural energy spread 7 9.08x107*

Beam current (typical) I, 150 mA

Number of rf sections 2

Number of cavities per rf section 2

station has two rf accelerating cavities, one klystron drives
two rf cavities in KARA. Each rf station has its own
LLRF system to control two rf stations independently.
From one master oscillator, whose signal frequency is
around 499.7 MHz, each LLRF system in each rf station
receives the master clock signal and drives the rf station.
Because the LLRF system has the function of phase
modulation, we can perform phase modulation for each
rf station independently. In the experiments discussed in the
following part, we performed phase modulation at only one
rf station, which is the same condition as in the simulation
discussed in Sec. IV. To perform the phase modulation, we
remotely set and measure the modulation frequency and
amplitude using the LLRF system. The LLRF system has a
function for measuring the modulation pattern of the
forward power to the cavities. By analyzing the modulation
pattern, we measured the modulation amplitude and fre-
quency. The phase modulation amplitude values we applied
in the experiments were 10.25 4+ 0.37, 13.45 + 0.56, and
16.42 £ 1.36 degrees, with the errors in the modulation
phase arising from reproducibility. As discussed in Sec. IV,
the simulation results agree with the experiments and show
slightly smaller modulation phase amplitudes than the
values obtained from the forward power measurement.
This suggests the possibility that the modulation amplitude
in the rf cavity is smaller than that in the forward power.
The technical details for the method of phase modulation
by the LLRF system are discussed in [8].

To observe the longitudinal motion of the beam, we use a
visible light streak camera (VSC, Hamamatsu, C5680-21S)
at the visible light diagnostic beamline (VLD) [9] at
KARA. In the VLD, we can use the synchrotron radiation
(SR) beam that comes from a 5-degree port of one of the
bending magnets at KARA. In the front-end part of the
beamline, we use one mirror chamber to filter out the high-
energy component of the SR beam and to extract the beam
from the ultralow vacuum environment to the atmosphere.
Therefore, we can use the visible light component of the
SR beam at the VLD in the atmospheric environment.
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The streak camera measurement needs to achieve excellent
temporal resolution, with a typical time scale of several to
10 ps. To do so, we use a focusing mirror system to avoid
aberration and deliver the spot image into the input slit of
the VSC. The VSC has two sweeping units: a fast sweeping
unit (synchro scan unit) and a slow sweeping unit (blanking
amplifier unit). By the fast sweeping unit, the VSC can
observe the pulse profile of the SR beam, which corre-
sponds to the electron bunch profile in the storage ring,
with synchronization between the sweep timing of the VSC
and the revolution timing of the electron beam. From this,
the electron bunch length can be measured. By the slow
sweeping unit, the VSC can also observe the temporal
change in the longitudinal bunch profile, whose time scale
is typically longer than the revolution period. Because these
two sweeping units function simultaneously, we can
precisely observe both the bunch length and the global
longitudinal motion of the beam.

A. Modulation frequency and amplitude

We have measured the bunch lengthening while chang-
ing the modulation frequency and amplitude of the phase
modulation. Figures 3(a)-3(c) show the streak camera
images measured with a modulation amplitude of 10.25
degrees and a beam current of 88 mA. Figure 3(a) shows
the streak camera image for the modulation frequency
that causes the maximum bunch lengthening. Figures 3(b)
and 3(c) show the images with —1 and 41 kHz detuning
from the modulation frequency in Fig. 3(a). The modula-
tion frequency change of 1 kHz from the maximum
elongation condition in Fig. 3(a) clearly reduces the effect
of bunch lengthening. As seen in these figures, the electron
bunch length oscillates over time and the oscillation period
is almost the same as half the synchrotron oscillation
period (~15 ps).

By changing the modulation frequency and amplitude
systematically, we analyzed the detuning curve of the
bunch length [10]. Figure 4 shows the detuning curves
of the bunch length with modulation amplitudes of (10.25,
13.45, 16.42) degrees and a beam current of 88 mA. To
improve the statistics, we took 100 image data at each
modulation frequency condition, and all of the data points
in Fig. 4 show the statistical errors; however, the statistical
error values are smaller than the marks in this figure.
From the detuning curves, we evaluated the peak frequency
width and compared it with the theoretical value. The peak
width values of each detuning curve, defined as the
frequency region where the bunch length is larger than
V26, are (0.55, 1.37, 1.89) kHz for (10.25, 13.45,
16.42) degrees modulation amplitudes. According to the
theory, when considering that the phase modulation was
activated at one of the two rf stations, the estimated peak
width values for each modulation amplitude are (0.79, 1.04,
1.27) kHz. These values are comparable with the exper-
imental results.

@ o

Maximum bunch lengthening
10.25 degrees, 88.2 mA

100

200 |

Time (ps)

300

400
0 60 120 180
Time (us)
(b)
0 -1 kHz detune
10.25 degrees, 88.5 mA
100
"
& | s
o 200 f
=
F
300
400
0 60 120 180
Time (us)
© ) e
+1 kHz detune
10.25 degrees, 87.8 mA
100
@
& B
o 200
=
—~
300
400
0 60 120 180
Time (us)
FIG. 3. Experimental results of the streak camera measure-

ment, which show the change in the longitudinal beam profile.
(a) shows the result at the maximum bunch lengthening con-
dition with a modulation frequency of 67.0 kHz. (b), (c) show the
streak camera results at modulation frequencies of 66.0 and
68.0 kHz, which correspond to the frequency conditions of —1
and +1 kHz from the maximum bunch lengthening condition.
The beam current and the modulation amplitude are 88 mA and
10.25 degrees.
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FIG. 4. Experimental result of the detuning curve for the bunch
lengthening under phase modulation with different sets of
modulation amplitudes: 10.25 (blue circles), 13.45 (green
squares), and 16.42 degrees (red triangles). These measurements
were conducted with a beam current of 90 mA. The horizontal
axis corresponds to the modulation frequency, which is close to
twice the synchrotron frequency [10].

As shown in Fig. 4, the peak frequency shifts in the
negative direction with larger modulation amplitudes. The
peak frequency values are (66.93, 66.72, 66.55) kHz for
the modulation amplitudes of (10.25, 13.45, 16.42) degrees,
respectively. This negative shift aligns with the theoretical
consideration in which negative frequency detuning, depend-
ing on the phase-modulated bunch length, is discussed.

To discuss the negative detuning character with the
measured detuning curve in depth, we measured the
synchrotron oscillation frequency f, in parallel with
the bunch length measurement by measuring the longi-
tudinal frequency spectrum using the bunch-by-bunch
feedback system [11]. The result of the measured synchro-
tron frequency was (32.6 + 0.54) kHz, where the meas-
urement error is due to the uncertainties in the frequency
readout. This meant that the detuning curves in Fig. 4,
even though in the most prominent negative detuning
case with 16.42 degrees of modulation, did not show the
negative detuning character discussed in Sec. II. However,
we found that the readout value of the bunch-by-bunch
feedback system had a systematic error by comparing the
measured synchrotron frequency with a phase tracking
method [12,13], which allows us to measure the synchro-
tron frequency precisely. Therefore, we conducted another
measurement to evaluate the systematic difference in the
synchrotron frequency between with and without phase
tracking. Figure 5 shows a typical longitudinal spectrum
measured with the bunch-by-bunch feedback system with
and without phase tracking. The beam spectrum has a broad
peak, which we analyzed as the synchrotron oscillation
spectrum and is indicated by the blue ellipse in the figure,
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FIG. 5. Longitudinal beam spectrum with and without phase

tracking (red and blue curves). The broad peak (indicated by the
blue ellipse) appears independently of phase tracking. The sharp
peak (indicated by the red arrow) on the red curve appears only
when phase tracking is on and has a higher frequency than the
broad peak.

and a sharp peak indicated by the arrow in the figure that
always appears in a higher frequency region than the
broad peak when phase tracking is on. We analyzed the
difference in frequency between the broad and sharp peaks
and treated it as a systematic error in the measurement
of the synchrotron frequency. We repeated the measure-
ment with several different rf accelerating voltages and
beam current conditions while keeping a multibunch and
2.5 GeV condition. From the measurement, the systematic
error of the measured synchrotron frequency was evaluated
to be (+1.73 £ 0.36) kHz. From the estimation, the double
synchrotron frequency, including the systematic error, was
evaluated as (68.6 + 1.8) kHz. The detuning curve of
16.42 degrees in Fig. 4 peaks around 66.6 kHz, indicating
negative detuning from the double synchrotron oscillation
period, considering the error. As discussed in Sec. I, the
negative detuning frequencies, assuming the phase-modu-
lated bunch length lengthens to /2 times the natural bunch
length and the maximum bunch length with a modulation
amplitude of 16.42 degrees in Fig. 4, are estimated to be
around —0.4 and —0.9 kHz, which are smaller than the
readout error value of the synchrotron frequency in this
experiment. The largest modulation phase amplitude case
in this experiment indicates only the observable negative
frequency detuning.

According to the theoretical model, the achievable
bunch length with phase modulation can be evaluated
by solving Eq. (35). For modulation amplitudes of
1% (10.25,13.45,16.42) degrees, the solutions to Eq. (35)
are the bunch lengths of (67.8, 72.7, 76.8) ps, respectively,
whereas the peak values in the measured frequency-
detuning curves in Fig. 4 are (72.6, 89.4, 102.3) ps for
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the same modulation amplitudes. As discussed in Sec. II,
the solution to Eq. (35) tends to underestimate the bunch
length due to the tilt of the detuning curve in Fig. 1. In this
case, the underestimation is approximately 30%.

B. Beam current dependence

To study the beam loading effect on bunch lengthening
with phase modulation, we observed the bunch length and
the detuning curves while changing the beam current.
Figure 6 shows three detuning curves with different beam
currents while keeping the modulation amplitude at the
same value (10.25 degrees). As shown in the figure, bunch
lengthening due to phase modulation tends to be slightly
more effective under higher beam current conditions.
According to the theoretical model in Egs. (7) and (22),
the factors ¢ and ¢/, which show the magnitude of phase
modulation, depend on the synchronous phase and increase
when the rf accelerating voltage decreases. The LLRF
system regulates the klystron power to stabilize the rf
accelerating voltage by compensating for the beam loading
effect. However, due to the partial filling pattern at KARA,
a transient beam loading effect that occurs during the
passage of bunch trains cannot be perfectly compensated. A
slight change in the accelerating voltage occurs under
different beam current conditions due to the transient beam
loading effect, which causes the dependence of the phase
modulation effect on the beam current.

Another possible reason for the current dependence of
the bunch length is a potential well distortion [14] due to
short-range wakefields. In the KARA case, the bunch
lengthening due to potential well distortion is negligible
in the bunch current range shown in Fig. 6. The difference
in the maximum elongated bunch length between 90 and

90 .
® 90 mA
B = 110 mA
80 A, A 130 mA
£ "2 R
< 70+
% sy 0
5 [ | oA
< L .,
S 60 A
g " o .
m A PY Y
e A
50| ® 1
2200 besa a 40
n n n
)
40 : . .
63 65 67 69 71

Modulation frequency (kHz)

FIG. 6. Experimental results of the detuning curve for the
bunch lengthening under phase modulation with the same
modulation amplitude (10.25 degrees) and different beam current
conditions: 90 mA (blue circles), 110 mA (green squares), and
130 mA (red triangles).

110 mA is shown as around 10 ps. In the bunch length in
the detuning frequency regions where the modulation
frequency is far from the peak frequency or the double
synchrotron frequency, there is less systematic dependence
on the bunch length with the beam current. This indicates
that there is less systematic difference in the less modulated
bunch length within the beam current range shown
in Fig. 6.

C. Beam lifetime

One of the benefits of rf phase modulation is an
improvement in beam lifetime. By changing the modula-
tion frequency, we observed another detuning curve
regarding the measured beam lifetime. Figure 7 shows
the detuning curve for the beam lifetime and the bunch
length with modulation amplitudes of 10.25 and
16.42 degrees under the same beam current condition of
107 mA. For the 10.25-degree modulation amplitude, the
bunch length maximized around the 66 kHz modulation
frequency, and the beam lifetime reached approximately
35 h at that frequency. This increase in beam lifetime is
16% higher than the beam lifetime without phase modu-
lation (30 h).

On the other hand, the bunch length showed maximum
lengthening at the 65 kHz modulation frequency for the
16.42-degree modulation amplitude. However, the beam
lifetime did not increase beyond the 10.25-degree case.
Additionally, the beam lifetime showed less dependency on
the modulation frequency and less correlation with the
bunch lengthening. This implies that the Touschek scatter-
ing effect does not determine the beam lifetime due to the
elongation of the bunch length but is determined by other
beam loss processes, such as the beam loss due to scattering
processes between the electron beam and residual gas
molecules in the vacuum chambers of the accelerator.
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FIG. 7. Measured beam lifetime and bunch length with the
modulation amplitudes of (a) 10.25 degrees and (b) 16.42 degrees
at the same beam current of 107 mA.
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The slight difference in modulation frequency is visible
at the maximum bunch length condition when comparing
the bunch lengthening between the 110 mA case in Figs. 6
and 7(a). The bunch length reaches its maximum value at
66.8 kHz in Fig. 6 and around 66 kHz in Fig. 7(a). It should
be noted that the measurements in Fig. 7 took place as
another experiment, separately from the measurements
in Fig. 6.

However, as shown in Fig. 7, we confirmed experimen-
tally that the beam lifetime was improved by rf phase
modulation.

IV. SIMULATION

We have performed numerical simulations based on
macroparticle tracking to investigate beam dynamics under
phase modulation with frequency detuning. The method
used is based on [2]. We have calculated the equations of
motion for the longitudinal direction stated in Eqs. (1) and
(2) numerically while considering the beam loading effect,
which arises from the beam-induced voltage in each rf
accelerating cavity in the KARA storage ring, taking
into account the filling time for each cavity. In the
simulation, we have treated the rf accelerating voltage

V.= |VC] as the vector sum of the generator Voltage V

and the beam-induced voltage Vb, namely, VL. = Vg + Vb.
ng has a direct effect on phase modulation, and both V: and
V), have changed due to the phase modulation accordingly.
To calculate the generator voltage \75 and the beam-induced

voltage V:,, we have used the measured values of the shunt
impedance, the unloaded quality factor, and the input
coupling value for each cavity, which were measured at
their installation into the KARA storage ring. In our
simulation, we have used the definition of the shunt
impedance R; as follows:

Ry =", (36)

where P, is the input power to the cavity. In the simulation,
we have used individual shunt impedance values for each
cavity: 6.64, 7.04, 7.00, and 6.04 MQ, respectively.

To consider the beam loading effect, we have treated
both the phase advance and the amplitude of the beam-
induced voltage V;, between adjacent bunches in multi-
bunch-filling conditions using the same method as in [2].
Because of the characteristics of the beam loading effect,

initially, 17,, inside each cavity can change with the beam
revolution step. Therefore, we have performed enough
revolution steps in the simulation to achieve a quasistable

condition in which ‘71, and ‘7C can oscillate slightly but do
not change drastically. Typically, we have performed the
revolution step over a period of up to 3 times the radiation-
damping time. To get a realistic solution for the motion of

the electron, we have introduced the radiation excitation
into Egs. (1) and (2) as a random walk of the energy spread,
which has a Gaussian distribution with a standard deviation
o, as [2]

2
2= 4y.1,( 22, 37
Oy Ve 0<E0 ( )

where o is the natural energy spread and is 9.08 x 10~* in
the KARA 2.5 GeV case.

We evaluated the relevant parameters from the experi-
mental data to conduct the simulation, which we can directly
compare to the experimental results. Especially, the values of
the momentum compaction factor and the rf accelerating
voltage significantly impact the simulation results because
these parameters primarily affect the longitudinal beam
dynamics. The momentum compaction factor was evaluated
using the measured synchrotron oscillation frequency and
the bunch length mentioned in Sec. III. The momentum
compaction factor a, is written as

65 -1
oo, (EO) . (38)

We evaluated the momentum compaction value with the
measured synchrotron oscillation frequency and the mea-
sured bunch length when the phase modulation was off.
Considering the uncertainty of the synchrotron oscillation
frequency, the momentum compaction factor was evaluated
as a, = 1.126 x 1072 £2.95 x 1074,

Concerning the rf accelerating voltage, it is possible that
the value differs from the scalar sum of the two accelerating
voltage values at the two rf stations due to the phases at
each rf station. The total rf accelerating voltage seen by the
beam, V., is written as

1 2nhE 2 2
e 0,W E,

and the error AV, arising from the uncertainty in the
measured synchrotron oscillation frequency Aw; is

(eV.)? — U3 Aa)
e’v. Wy

AV, = (40)

From these two equations, the total rf accelerating voltage
seen by the beam was evaluated as V. = 1.362 + 0.028 MV.
In the following discussion, we used these values as the
momentum compaction factor and the rf accelerating voltage
to reproduce the experiment in the simulation. To compare the
simulation results with the experiment, we applied the same
bunch-filling pattern in the simulation as in the experiment
mentioned in Sec. IIL

We conducted the simulation with 10,000 macroparticles
to observe snapshots of the longitudinal phase space
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distribution. We also conducted the tracking simulation by
scanning phase modulation parameters such as modulation
frequency and amplitude. In such scanning simulations, we
reduced the number of macroparticles to 2000 to save
calculation time. We confirmed that the results do not
significantly change with different numbers of macro-
particle settings.

In the simulation, we considered three tuning parameters
of rf phase modulation: modulation frequency, modulation
amplitude, and beam current. Regarding the modulation
amplitude, we found that the simulation results enhance
the lengthening effect under the same phase modulation
amplitudes measured by the cavity’s forward power in the
experiments. In the simulations, we applied (7.91, 11.78,
14.80) degrees as the phase modulation amplitudes, instead
of (10.25, 13.45, 16.42) degrees in the experiments. This
adjustment of the amplitude values is made to ensure
consistency between the simulation and the experiment. In
the following, we discuss the dependence of bunch length-
ening on these parameters.

A. Modulation frequency and amplitude

Figure 8 shows the simulation results of longitudinal
phase space snapshots in the case of active rf phase
modulation, where the modulation amplitude is 7.91 degrees
and the modulation frequency is adjusted to maximize the
bunch length condition of 2f, — 1200 Hz. The total beam
current is set at 90 mA in the simulation. The time difference
between these two snapshots in Fig. 8 is a quarter of one
synchrotron oscillation period. These results show that both
the bunch length and the energy spread change with phase

%107

7.91 degrees
2 f5-1200 Hz
90 mA

[39]
i

Relative energy
(=]

=25
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FIG. 8. Simulation result of the longitudinal phase space

distribution when the rf phase modulation is active with a total
beam current of 90 mA. The modulation frequency and amplitude
are setto 2f; — 1200 Hz and 7.91 degrees, respectively. The blue
and red dots correspond to snapshots of the electron distribution
with a time difference of a quarter of one synchrotron oscillation
period.

modulation. Two spiral arms emerge from the beam core,
indicating nonlinear effects.

Figure 9(a) is a color map showing the change in the
longitudinal electron distribution in one bunch for a typical
time scale of the synchrotron oscillation period when
the modulation frequency is set to maximize the bunch
lengthening shown in Fig. 8. We can see that the simulated
electron beam behaves similarly to the experimental result
in Fig. 3(a), where the modulation frequency is adjusted to
maximize the bunch lengthening. Figures 9(b) and 9(c)
show the color maps when the modulation frequency is
shifted to 1 kHz in both negative and positive directions
from the maximum bunch length condition. These simu-
lation results also indicate a similarity to the experimental
results shown in Figs. 3(b) and 3(c).

By scanning the modulation frequency, we have summa-
rized the dependence of bunch lengthening on the detuning
frequency under different modulation amplitude conditions.
Figure 10 shows three frequency-detuning curves of bunch
lengthening with modulation amplitudes of (7.91, 11.78,
14.80) degrees. To analyze the bunch length in Fig. 10, we
have evaluated the time-averaged bunch length because it
oscillates with time, as seen in Figs. 9(a)-9(c).

We evaluated the frequency width of the detuning curve,
where the bunch length is larger than v/26,. The simulation
results in Fig. 10 show the frequency widths of (0.78, 2.20,
3.01) kHz for the modulation amplitudes of (7.91, 11.78,
14.80) degrees, which are comparable to the experimental
results: (0.55, 1.37, 1.89) kHz with modulation amplitudes
of (10.25, 13.45, 16.42) degrees. On the other hand, the
frequency width from the nonlinear approximation in
Eq. (29) is estimated to be Af 5 = (0.61,0.91,1.15) kHz

for %x (7.91,11.78, 14.80) degrees, which are smaller
than the simulation results. The difference between the
simulation and the theoretical model tends to be more
pronounced in cases with larger amplitudes. This suggests
that the approximations treated in the theoretical model cause
the discrepancy. Regarding the negative frequency detuning,
the peak detuning frequencies for each modulation amplitude
condition in Fig. 10 are (—1.2,—-1.6,-2.2) kHz for (7.91,
11.78, 14.80) degrees, respectively. The theoretical model,
on the other hand, estimates the detuning frequency as
(—0.43,-0.67,—0.87) kHz for the same three amplitude
conditions by using the maximum bunch lengths for each
modulation amplitude condition in Fig. 10 to evaluate the
negative detuning frequency. The theoretical model also
estimates negative detuning frequencies to be smaller than
the simulation results.

The maximum bunch length is (71.45, 89.73, 102.34) ps
for the modulation amplitudes of (7.91, 11.78, 14.80) degrees
in Fig. 10, while the theoretical model from Eq. (35)
evaluates the achievable bunch length as (63.6, 70.21,
74.6) ps for the same modulation amplitude settings.
As discussed in Sec. II, these results underestimate the
simulation results; however, the difference between the
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FIG. 9. Simulation results of the change in the longitudinal
electron distribution in one bunch when the modulation frequency
is set to maximize the bunch lengthening [2f; — 1200 Hz; (a)], and
for —1 and +1 kHz detuning from condition (a) [(b), (c)]. The
90 mA total beam current is set in the simulation, and all the other
machine parameters are the same as in Fig. 8. The vertical scale
measures the bunch length. The positive direction on the vertical
axis corresponds to the head of the bunch. The blue and yellow
colors indicate low and high electron density in the charge
distribution, respectively.
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FIG. 10. Simulation results of the detuning curve for the
modulation amplitude of 7.91 (blue circles), 11.78 (green
squares), and 14.80 degrees (red triangles) at a total beam current
of 90 mA. The horizontal axis corresponds to the frequency
difference between 2f, and the modulation frequency.

theoretical estimation and the simulation results is approx-
imately 30%.

B. Beam current

In the simulation, we have considered the beam loading
effect that occurs inside the rf cavities. Therefore, the
bunch lengthening depends on the beam current. Figure 11
shows the detuning curves for three different beam current
conditions, each with the same modulation amplitude
of 791 degrees. As shown in the figure, the bunch
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FIG. 11. Simulation results of the detuning curve for three

different total beam current conditions with the same modulation
amplitude of 7.91 degrees. Blue circles, green squares, and red
triangles correspond to 90, 110, and 130 mA conditions,
respectively.
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lengthening increases under high-beam current conditions
due to phase modulation. This beam current dependence
agrees with the experimental results in Fig. 6. According to
Eq. (7), the driving term from the phase modulation is
proportional to the parameter e, which includes cot¢,. As
discussed in Sec. III B, a transient beam loading effect
occurs when bunch trains pass through, causing a slight
change in the accelerating voltage. This change reduces the
over-voltage factor, which leads to an increase in the phase
modulation amplitude parameter, € in Eq. (7). However, the
beam current dependence is not significant, despite the
difference in beam current, because the bunch currents for
each multibunch-filling condition are not widely different.

V. SUMMARY

In high-energy electron storage rings dedicated to high-
energy physics and synchrotron radiation experiments, it is
essential to prepare stable beams for the experiments. One
way to stabilize the beam and improve its quality is to
enhance the beam lifetime by lengthening the electron bunch.
In this paper, we discussed the beam dynamics of rf phase
modulation, by which the bunch length can change consid-
erably. One of the critical parameters for lengthening the
bunch efficiently is the modulation frequency. The modula-
tion frequency should be close to twice the synchrotron
oscillation frequency, 2 f . To discuss the detuning properties
of bunch lengthening, we have considered a theoretical
model that treats the frequency difference between the
modulation frequency and 2 f . The theoretical model shows
that, with linear approximation, the oscillation amplitude of
electrons diverges when the detuning frequency is zero.
However, with a nonlinear approximation, the oscillation
amplitude does not diverge, even when the detuning fre-
quency is zero, because the resonance frequency sponta-
neously shifts in a negative direction due to the nonlinear
effect. Consequently, the bunch length elongates but does not
diverge resonantly under phase modulation. The analytical
form of the detuning curve shows that the width of the
detuning curve depends on the modulation amplitude and the
synchronous phase. The peak frequency of the detuning
curve shifts in the negative frequency direction with the
asymmetric peak form due to nonlinear effects. With the
theoretical model, we discussed the elongated bunch length
with phase modulation and derived an equation whose
solution provides the achievable bunch length with phase
modulation.

To consider these theoretical results and discussions
experimentally, we have introduced the phase modulation
function into our low-level rf system and conducted experi-
ments at the KARA storage ring with 2.5 GeV electron
beams. In the data analyses, we have introduced the detuning
curve to discuss the dependence of bunch lengthening on the
modulation frequency, which can be directly compared with
the theoretical model by analyzing the width of the detuning
curve. The experimental results showed that the frequency

width widens at greater phase modulation amplitudes, which
corresponds to the theoretical model. The theoretical model
also shows the negative detuning character due to non-
linearity, which was not prominently observed in the experi-
ments because of the experimental uncertainty in the
synchrotron frequency. However, despite the uncertainty,
we have verified the negative detuning characteristic in the
experiments. In the experiment, we observed that the bunch
lengthening effect increased with a larger phase modulation
amplitude. Theoretical evaluations showed the same ten-
dency and agreed with the experimental results, with
approximately 30% despite the simplification.

To consider the beam dynamics of phase modulation in
depth, we performed a simulation based on the macro-
particle tracking method. By considering the equation of
motion for the longitudinal motion of electrons, including
the effects of rf phase modulation and beam loading inside
the rf accelerating cavities, we calculated the behavior of
the electron distribution in longitudinal phase space. From
the results, we derived the detuning property of bunch
lengthening using the detuning curves and verified the
agreement of the detuning curve width with the exper-
imental results. The simulation results showed a negative
detuning characteristic, which corresponded to the exper-
imental results. The results of bunch elongation from the
simulation agreed with the theoretical evaluations with
simplification. The experiments and the simulation results
showed that the beam loading effect occurring in the rf
accelerating cavity impacts bunch lengthening due to phase
modulation. However, the effect was not remarkable in the
case of the KARA storage ring.

One of the benefits of rf phase modulation is an
improvement in beam lifetime because the Touschek life-
time depends on the electron density in a bunch. We
observed the beam lifetime with two different phase
modulation amplitudes under the same beam current
conditions. At the 10.25-degree condition, the beam life-
time peaked while scanning the modulation frequency
where the bunch length also had the peak value. At the
16.42-degree condition, the beam lifetime also improved up
to the value that the 10.25-degree condition reached and did
not show any peak characteristics, although the detuning
curve of the bunch length showed a peak. This implies that
the Touschek lifetime improved due to bunch elongation
with rf phase modulation, and the beam lifetime is
determined by other beam loss processes, such as scattering
between the electron beam and the residual gas molecules,
and there are fewer benefits to increasing the modulation
amplitude more than 16.42 degrees in this case.

APPENDIX A: DERIVATION OF DETUNING
CHARACTER

To solve Eq. (13), we assume the following forms as the
solutions a(¢) and b, (t) by introducing two functions C(¢)
and D(r)
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a)(t) = C(r)e wacs 20", (AD)

by (t) = D(t)esacos A, (A2)
Because of Eq. (13), C(¢) and D(¢) are the solutions of
the following equations

C(1) = —acos Awters 2 D(r), (A3)

D(t) = —acos Awte 280 C(¢), (A4)
In a special case where @ = 0, the functions C(z) and
D(r) are constants. This means that a,(z) and b(¢)
are also constants; accordingly, they are the solutions
without phase modulation. In the following, we assume
that a # 0.
From Egs. (A3) and (A4), we get the following equations

C(t) + (Awtan Awt + 2asin Awt)C(1)

= a’cos’AwrC(1), (A5)
D(t) + (Aw tan Awt — 2a sin Awt)D(t)
= a’cos’AwtD(1). (A6)

The right-side term in Eqs. (A5) and (A6) proportional
to o’ can be ignored because we assume a small rf
phase modulation amplitude. Solving for C(¢) and D(¢)
we get

C(1) = Cycos Awtersostor, (A7)

D(1) = Dy cos Awte 2505 8o, (A8)
where C, and D, are constants.

There is no solution in closed form for the open
integral [ cos @e=**?d0. To obtain an analytical form,
we expand the exponential part around zero and derive the

(% cos Awt)* polynomial. This means that we consider the

behavior of the system where the value of % is less than
one. This situation occurs when the detuning frequency
Aw is larger than 2a, i.e., the far resonance condition. The
situation also occurs when Aw has a small value with small
a, i.e., the near resonance condition. Taking up to the first-
order term, we obtain

. 2
C(1) ~ G, (cos Awt + A—acoszAa)t> . (A9
w

. 2
D(1) ~ D, (cos Awt — A—“cos2Awt> . (Al0)
w

The solutions for C(#) and D(t) are

sinAwt  a [sin2Awt
) = —_— | — 1
() CO( Aw +Aa) ( 2Aw * ))

+C. (A11)
sinAwt a [sin2Awt
D(t) =D - —
() 0( Aw Aw ( 2Aw + t))
D, (12

where C; and D; are constants. To avoid the solution
a,(t) = by(t) = 0 at the complete detuning condition with
Aw — o0, C; and D; should not be zero.

First, we discuss the behavior of the system under the far
resonance condition. With the solutions of C(¢) and D(¢),
we can express the solutions of a;(¢) and b(f) from
Egs. (A1) and (A2) using the expansion of the exponential
part ¢*35¢40" ] + & cos Awt and with dropping o
terms

1
a (1) =%a (Cy sin Awt — Ca cos Awt)

a
+C0A_a)t+C1’ (A]3)

1
by (1) =Xa (D sin Awt + Djacos Awt)

“py- L 4D, (A14)
Aw

To consider the frequency-detuning character, we introduce

the oscillation amplitude &(#) without the radiation-damp-

ing term

&(t) = ai(r) + bi(1). (A15)

The motion of the electron in Eq. (8) is written with &(7) as

7 = e 7E(¢) sin (wyt + 0), (A16)
a, (1)
a2 (1)+b3(1)
the amplitude function £(¢), and the radiation-damping
term is separated from &(7) in Eq. (A16).
We consider the averaged &(¢) over the time period 2%

Aw
Aw [+
=50 [ e
)

where cosf = . The phase modulation affects

T 2n
_Aa)

27 Jy,

2
Ao Tlo

[ai (1) 4 bi(n)]dr, (A17)

where ¢ is the time when we observe the beam’s motion.
From these integrals, we get
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(ai) = Cl+ 55— (C5+a*CY)

2A0?
2

4n° o Aw Aw\?2
C%( 143t 3t
+3A4(+°2+0<2n>>
1
+ 2aCOC1 ( 5 + Aa)t())

2a

~Aa? (C3cos Awty + CyC sin Awty),

(A18)

(b1) = D7+

a2 DotaDi)

4r? a2 2 A Aw
1
—ZaD()Dl (A—a)2+Awt0>

2a .
—I—W(D% cos Awty+ DyD,sinAwty). (A19)
From the equation of motion (13) with ¢ = QA’”Z, where n is
an integer, gives us Cy = —aD; and Dy = —aC;. From
these relations, we get CoC; = DyD;. Therefore, (£?) is

given as
(%) = (a}) +(at)
1
:C%+D%+—2A 5[CG +D§ +a*(Ci + D7)
2a

v (C%—D3)cos Aty

472 a?

Awt Awty\ 2
C2+D) (143243 0 .
MYV <( ot °)< LRy (2;;

(A20)

In the case where the modulation frequency is completely
detuned, namely Aw — +o0o, the oscillation amplitude
must correspond to the equilibrium status where the phase
modulation does not affect the beam. This requires

lim (&%) = &,

Aw—+o0

(A21)

where &, is the parameter related to the natural bunch
length. From this condition, we get C + D? = £5. Because
of the symmetry of a(t) and b(t), C2 and D? should be
identical and are given as C? = D? = %58. From the values
of C1 and Df, C§ and Dj are given as Cj = D§ = 1a’&.
Therefore, (£2) is written as

a \2
-0 ()
47> (a \4 Awt, Awiy\ 2
*T(@) (1+3 o +3( o ) ))

(A22)

The terms in Eq. (A22), which depend on ¢j, represent
amplitude growth over time and affect the oscillation
amplitude. However, these terms can be neglected in the
current approximation because of the factor with the order
of a*. With this approximation, the averaged square

amplitude (£?) is expressed as

et (L))

which corresponds to Eq. (14).

Next, we discuss the behavior of the system under the
near resonance condition. Equations (A11) and (A12) can
be rewritten as

in Awt in 2Awt
C(t):C()t(Sm ® +a<sm ® +1>>

(A23)

Awt Aw 2Awt
+ Cy, (A24)
D(t) = Dyt sin Awt a (sin2Awt L1
T Awr Aw \ 201
+ D;. (A25)

When Awt goes close to zero, C(¢#) and D(r) are
written as

C(r) = CO<1 Z—>t+ C. (A26)

2
D(1) = D0<1 —A—Z>I+D1. (A27)

With Egs. (A26) and (A27), the value & (1) = ai(t) +
b3(t) is given as

=2 (Funedss res).  waw)
where
2 2
Fo (1) = [1 j:a(l +A—Z)>r} ,
2a\ |2
F ()= [1 + a(l —A—w> t} , (A29)

which correspond to Eqs. (18) and (19).

Next, we clarify the relationship between the parameter
&y and the natural bunch length. Equations (1) and (2),
which are the equations of motion of the electron for
the longitudinal direction, do not include the term for
radiation excitation. Consequently, the solution to these
Eq. (A16) is a harmonic oscillation whose amplitude
damps exponentially with the radiation-damping time.
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If we consider radiation excitation, we can write the
solution of electron’s motion in the form of the longitudinal
invariant of motion:

7(t) = a.\/ Wy sin (o, + 0),

where W, is the invariant that takes longitudinal radiation
damping and excitation into account and is written as

(A30)

_ 2Cy72 § ﬂgf‘:v)
s 2 ds
s $ 7565
55 n
==, (A31)
32¢/3mc

where y is the Lorentz factor of the electron, J, is the
longitudinal damping partition number, 7 is the reduced
Planck constant, m is the rest mass of the electron, ¢ is the
speed of light, and p(s) is the curvature of the beam orbit at
the position s in the storage ring. The natural bunch length
o, 1s given by

2o [, 1,
=Y -~ W, A32
o: 27[A 7=(1) dt 2aLWS (A32)
Consequently, z(¢) in Eq. (A30) is written as
(1) = V20, sin (w,t + 6). (A33)

Comparison between Egs. (A16) and (A33) gives the
relation between the parameter (£(7),&,) and the bunch
length (6,04, 0;). From Eq. (A23), we obtain

a \2
Omod ~ O, 1 + A_ R

which corresponds to Eq. (15).

(A34)

APPENDIX B: NONLINEAR APPROXIMATION

In case the electron’s amplitude is large, we expand the
cosine part in Eq. (2) for ¢,, and wz until the third-order
terms. Namely,

— —a’w?la(t)(a*(t) — 3b°(1)) sin 3wt + b(1)(3a*(t) — b*(1)) cos 3w,1],

cos( + o — )~ (1= 303 ) cos
1
+ <g¢3n - ¢m) sin g

1
+ (sin bo + ¢, cOS Py — 5(/),2,1 sin qﬁo) ot

[

+ 5 (¢ sin gy — cos ¢y) (w7)?

— —sin ¢y (wr)?. B1)

AN =

By assuming ¢,, is small, we ignore the ¢2, and 3, terms
in Eq. (B1). Then the cosine in Eq. (2) is given as

cos(¢pg + ¢,, — wT) & cos Py — P, sin ¢
+ (sin g + ¢,, cos ¢y)wt
2 sin by — cos o) (0e)?
(B2)

1
—¢ sin ¢y (w7)?.

The equation of motion with this cosine is written as

d*t dr
a7 + 27’ea + @7 (1 + ¢, cos )z
1 1
+ Ea)f(a)d)m — wcotghy)r> — ga)za)gﬂﬁ
2
_Y, (B3)
a) m

For the same reason as in Eq. (6), we can drop the right
side of Eq. (B3). The equation of motion is then

d21+2 dr
Ve di

i + @2 (1 + ¢, cos ¢yt

1 1
+ Ea)?w(gbm — cotehy)r? — gwng'ﬁ
= 0.

(B4)

Now, we assume the solution given in Eq. (8) and apply
it to the 72 and 7> terms in Eq. (B4). The result is

d? d 1
L 2y€—j + w? <1 - ngEz(t) + b COt¢O>T

= —iwfa)((ﬁm — coteh) B E2(t) + a(t)b(t) sin 2wt — % (a*(t) — b?(1)) cos 2wyt

(BS)
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where 2(t) = \/a*(t) + b*(t) is the oscillation amplitude
of the electron. There are no terms on the right side in
Eq. (B5) that include cos wt and sin w,t. Therefore, we can
ignore these terms because they have less effects on the
motion of the electron. The equation of motion can be
written as

d’t dr |
yr + 2)/6% + w? (1 - ngnz(t) + b cot¢0>r =0.
(B6)
By introducing the following values
2 2 1 e
Qi =w;i|1 —g@E (1) ), (B7)
the equation of motion is written as
d*t dr P cot g
— 42—+ Q1+ )t =0. B8
ae " Teg " s( +1—§w2.€2(t) ‘ ®%)

d*z dr

1
— + 2y, — + Q2 (1 + € cos <2Qs + Aw + ggsszz(I)> t>r =0,

dr? dt

which corresponds to Eq. (21).
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