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Peeling Close to the Orientability Threshold
Spatial Coupling in Hashing-Based Data Structures
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In multiple-choice data structures each element x in a set S of m keys is associated with a random set
e(x) € [n] of buckets with capacity £ > 1 by hash functions. This setting is captured by the hypergraph
H = ([n],{e(x) | x € S}). Accommodating each key in an associated bucket amounts to finding an ¢-
orientation of H assigning to each hyperedge an incident vertex such that each vertex is assigned at most ¢
hyperedges. If each subhypergraph of H has minimum degree at most ¢, then an £-orientation can be found
greedily and H is called ¢-peelable. Peelability has a central role in invertible Bloom lookup tables and can
speed up the construction of retrieval data structures, perfect hash functions, and cuckoo hash tables.

Many hypergraphs exhibit sharp density thresholds with respect to f-orientability and £-peelability, i.e.,
as the density ¢ = 7 grows past a critical value, the probability of these properties drops from almost 1 to
almost 0. In fully random k-uniform hypergraphs the thresholds cj , for £-orientability significantly exceed
the thresholds for ¢-peelability. In this article, for every k > 2 and ¢ > 1 with (k, #) # (2,1) and every z > 0,
we construct a new family of random k-uniform hypergraphs with i.i.d. random hyperedges such that both the
{-peelability and the ¢-orientability thresholds approach cj , as z — co. In particular, we achieve 1-peelability
at densities arbitrarily close to 1, extending the reach of greedy algorithms.

Our construction is simple: The n vertices are linearly ordered and each hyperedge selects its k elements
uniformly at random from a random range of ;5 consecutive vertices. We thus exploit the phenomenon of
threshold saturation via spatial coupling discovered in the context of low-density parity-check codes. Once the
connection to data structures is in plain sight, a framework by Kudekar, Richardson and Urbanke does the
heavy lifting in our proof.

We demonstrate the usefulness of our construction using our hypergraphs as a drop-in replacement in a
retrieval data structure by Botelho et al. This reduces memory usage from =~ 1.23m bits to ~ 1.12m bits (for
input size m). Using k > 3 attains, at small sacrifices in running time, further improvements to memory usage.
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1 Introduction

Various data structures relying on the “power of multiple choices” [56] feature a set of n buckets,
indexed by [n] = {1, ..., n}, each of capacity ¢ > 1, and a set of m keys, each associated with k > 2
random buckets via hash functions. Take cuckoo hashing for instance. The task is to place each key
into one of the k buckets associated with it such that no bucket is overloaded. This can be modeled
by a hypergraph H = (V, E) with vertex set V = [n] representing buckets and m hyperedges of
size k representing keys. A placement of keys corresponds to an f-orientation of H [26], which
is a function o : E — V with o(e) € eforalle € E and |o™!(v)| < ¢ for all v € V. If each key x
is assigned its buckets e(x) = {h1(x), h2(x), ..., hx (x)} € [n] by k independent and fully random
hash functions, then the corresponding fully random k-uniform hypergraph is denoted by H,’f’m (the
issue of repeated incidences h;(x) = hj(x) or repeated hyperedges e(x) = e(y) is irrelevant for our
purposes).

For a family (Hpc)cersonen of random hypergraphs we say that c¢* is a threshold for a property
Pif ¢* = sup{c € Ry | limyc Pr[Hy, € P] = 1}. The thresholds cj , for ¢-orientability of
(H,’f’cn)ceRg,neN are known! for all k > 2 and ¢ > 1, see [11, 15, 25-27, 30, 58]. They determine the
limit cj ,/¢ of the memory efficiency (used space cn over allocated space ¢n) that can be reliably
achieved by cuckoo hash tables.

Some applications, however, rely on the stronger hypergraph property of £-peelability, which
means that all subhypergraphs” of H have minimum degree at most ¢. This often enables greedy,
linear time construction algorithms. To place all keys in a cuckoo hash table, repeatedly look for a
bucket that is associated with at most £ unplaced keys and place those keys in that bucket. The
price to pay is typically reduced memory efficiency, since, at least when fully random hypergraphs
are concerned, £-peelability thresholds c;, fall short of £-orientability thresholds cj , as shown in
Table 1. For a derivation of peelability thfesholds, see [14, 37, 57, 59] and [51, Chapter 18].

The main contribution of this article is to propose a new kind of distribution for hyperedges, or
equivalently, a new way to set up hash functions, that result in k-uniform hypergraphs with an
{-peelability threshold close to the £-orientability threshold cj , of (H,’f,cn)ceRg,neN:

THEOREM 1. Letk > 2 and ¢ > 1 withk + { > 4. For each n and ¢ < c}, there is a distribution
D,]i’ﬁ on k-subsets of [n] such that the random hypergraph I:“,’f,’f,, with vertex set [n] and m = |cn|
hyperedges independently sampled according to Dﬁf is £-peelable with probability 1 — o(1).

Before presenting our construction in Section 1.3, we explain the value of peelability in data
structures and coding theory. In the latter field, the idea underlying our construction is known
as “spatial coupling” and a suitable toolset for analyzing corresponding thresholds already exists.
Sections 2 to 5 are devoted to proving our theorems, Section 6 presents experiments demonstrating
the practical value of our approach.

1.1 Data Structures Benefitting from Peelability

In the following, S is always a set of m = cn objects from some universe U and [n] a set of buckets.
Each x € S is associated with several buckets e(x) :={h;(x), ..., hx(x)} C [n] via a constant®
number k > 2 of hash functions Ay, ..., iy : U — [n] (which we assume require a negligible amount
of space to store). This gives rise to a hypergraph H = ([n],{e(x) | x € S}). We review data
structures benefitting from ¢-peelability of H (mostly for ¢ = 1).

'They are also known to be sharp (cf. [28]), meaning ¢* = inf{c € Ry | Pr[H, € P] — 0} also holds.
%A subhypergraph of H = (V, E) is a hypergraph H' = (V/,E’) with V' C Vand E' CEN 2V’
3Some constructions allow k = k(x) to depend on the key [47, 62].
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Table 1. (Normalized) £-Orientability and ¢-Peelability Thresholds (c; ,/¢. c]f[/t’) of Fully Random
k-Uniform Hypergraphs, Rounded to Four Decimals

t/k 2 3 4 5 6

1 (0.5000,0.0000) (0.9179, 0.8185) (0.9768,0.7723) (0.9924, 0.7018) (0.9974, 0.6371)
2 (0.8970,0.8377) (0.9882,0.7764) (0.9982, 0.6668) (0.9997, 0.5789) (1.0000, 0.5108)
3 (0.9592,0.8582) (0.9973,0.7248) (0.9998, 0.6036) (1.0000, 0.5152) (1.0000, 0.4496)
4 (0.9804,0.8499) (0.9993,0.6867) (1.0000,0.5624) (1.0000, 0.4755) (1.0000, 0.4123)
5 (0.9896,0.8365) (0.9998,0.6579) (1.0000, 0.5331) (1.0000, 0.4479) (1.0000, 0.3867)
6 (0.9941,0.8229) (0.9999,0.6353) (1.0000, 0.5108) (1.0000, 0.4272) (1.0000, 0.3677)

The former quickly approach 1 as k or ¢ increases, the latter do not.

Cuckoo Hash Table [21, 52, 58]. A cuckoo table implements a set or dictionary data structure
with key set S. Each x € S (and, possibly, associated data) should be stored in exactly one
bucket o(x), and each bucket can hold up to ¢ objects. To allow for constant-time lookups,
we demand o(x) € e(x), which asks for an f-orientation of H. If H is ¢-peelable, a greedy
construction in linear time is possible.

Otherwise, linear time constructions of #-orientations are only known for the fully random

hypergraph H,]f’m with ¢ < ci, in the following cases. For graphs (i.e., k = 2) and ¢ > 2,
linear time algorithms are described in [11, 25]. For £ = 1 and k > 3, consider [38, 39]. It is
empirically plausible that random walk insertion can maintain an f-orientation in a dynamic
setting with expected constant time per update for any k and #; a partial answer is given in
[29].

Invertible Bloom Lookup Table (IBLT) [33]. Among other things, IBLTs can be used to con-
struct error correcting codes [55] and solve the set reconciliation and straggler identification
problem [23]. The data structure is inspired by Bloom Filters [4] and Bloomier Filters [12].
In IBLTs, each bucket v € [n] stores P . N(v) %> the bit-wise xor of (the bit representations
of) the objects N(v) :={x € S | v € e(x)} incident to v, as well as the degree [N (v)|. Note that
this data structure is easy to maintain when insertions or deletions modify S, even through
phases with |S| > n. Here, a LISTENTRIES operation can be supported that recovers S if H is
1-peelable and that fails otherwise.

Retrieval [16, 18, 20, 31, 60]. An r-bit retrieval data structure Dy (also called static function)
is constructed from a function f : § — {0,1}". The only operation “eval” must satisfy
eval(Dy,x) = f(x) for all x € S. The interesting setting is when Dy may only occupy O(rm)
bits. Note that naively storing f as a set of pairs requires m - (r + log |U|) bits. To save space,
we exploit that the output of eval(Dy,y) for y € U \ S may yield an arbitrary element of
{0,1}" and that membership queries “x € §?” need not be supported.

The idea is to find and store values by, by, ..., b, € {0,1}" that satisfy the linear equations
@I.Ee(x) b; = f(x) for x € S (with @ denoting bit-wise XOR). When found, the sequence
(b1, ..., by) is sufficient to answer eval-queries and takes up rn = rm/c bits as desired.

The existence of a solution (by, ..., b,) is guaranteed if the incidence matrix of H has rank
m. Actually solving the linear system may take quadratic or cubic time. If H is 1-peelable,
however, then the matrix is in row echelon form up to row and column exchanges and a
solution can be found in linear time.*

4The matrix being in “triangular form” motivates our use of the symbol “c®” for peeling thresholds.
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Retrieval data structures are used in space efficient implementations of filters and perfect
hash functions as follows:

< XOR-Filters [12, 16, 34, 68]. A filter for S with false positive rate ¢ > 0 is a randomized
data structure supporting a member operation with member(x) = 1 for x € S and
Pr[member(y) = 1] < efory ¢ S. The best known example is the Bloom filter [4, 10, 49].
The following more space efficient alternative was appropriately dubbed “xor-filter”
We first select a random “fingerprint” function f : U — {0, 1}". Like all hash func-
tions, we may assume that f can be stored in O(1) space. However, we also store its
restriction fs : S — {0,1}" to S explicitly in a retrieval data structure Dy, and de-
fine member(x) :=1[eval(Dg,x) = f(x)]. For x € S we obtain member(x) = 1 by
construction. For x ¢ S, the independence of Dy, from x and f(x) guarantees that
Pr[member(x) =1] =27" ==¢.

< Perfect Hashing [2, 7-9, 31, 50]. A perfect hash function for a key set S is an injective
function p : S — [n] with n not much larger than m = |S| such that p is efficient to store
and evaluate. A standard construction considers H = Hy ,, with ¢ = 2 < ¢}, ~ 0.977
and a l-orientation o : E — V of H (which exists With High Probability (whp)).
Then p(x) :=o(e(x)) is injective. Since o(e(x)) € e(x) = {h1(x), ..., ha(x)} there is f :
S — {1,2,3,4} such that o(e(x)) = hp(x)(x) for x € S. Thus we only need to store
f with a (two-bit) retrieval data structure (as well as hy, ..., hs) to be able to evaluate

P(x) = hp(x)(x).

1.2 Connection to Coding Theory

Our proof of Theorem 1 imports methods from coding theory. To explain the connection to this
field, we briefly introduce the Binary Erasure Channel (BEC) and point out the relationship to
our notions on hypergraphs. This reveals how closely the task of constructing good codes aligns
with the task of constructing good Hashing-Based Data Structures (HBDS).

1.2.1 The BEC and Low-Density Parity-Check (LDPC) Codes. The BEC is a simple but
important setting. We recommend [61, Chapter 3] for an excellent introduction to this subject. When
a sequence (x1, ..., X)) € {0,1}™ is sent over the BEC, the receiver sees a sequence (yi, ..., Ym) €
{0,1,?}™ where for each i € [m] independently, the ith bit is erased (y; = ?) with probability
¢ € [0,1] and unchanged (y; = x;) with probability 1 — . For reliable communication over such
channels, redundancy is introduced. In linear codes, several parity conditions are each specified by
a set P C [m] and dictate that €, p x; is zero. The set of admissible messages (codewords) then
forms a linear subspace of {0, 1}™.

To relate this to hypergraphs, let V be the set of all parity conditions and let E* = {ey, ...,e,}
where v € ¢; if x; is involved in parity condition v. The incidence graph of H* = (V,E") is known
as the Tanner graph [65]. In LDPC codes the Tanner graph is sparse.

During transmission, bits corresponding to some set E C E* are erased, and we consider
H = (V,E). When decoding, we seek an assignment xgec : E — {0, 1} such that for v € V we have
P .cr sy Xdec(€) = ¢, Where ¢, is the parity of the successfully transmitted bits involved in parity
condition . The existence of a solution is guaranteed by construction, namely x4e.(e;) = x; for
e; € E. Uniqueness of the solution and thus success of the ideal maximum a posteriori probability
decoder requires the kernel of the incidence matrix of H to be trivial—a property that implies
1-orientability. Success of the linear time belief propagation decoder requires 1-peelability of H. This
decoder repeatedly identifies a parity condition, where all but one of the involved bits are known,
and then decodes the unknown bit.
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1.2.2  Good Codes vs. Good Data Structures. The goals in HBDs are sufficiently similar to those
in LDPC decoding to render the techniques from LDpc codes useful in HBDs.

Hyperedge Size. The (average) hyperedge size k is, in HBDS, related to (average) query time and
(average) number of cache faults per query. In LDPC codes, k is the (average) number of parity
conditions relating to each message bit and contributes to overall encoding and decoding
time. Thus, small k is good.

Density. In HBDS, a high edge density ¢ = |E|/|V| means accommodating many objects in little
space (high load), while in LDPC codes it means recovering many erased bits from little
redundancy (high rate). Thus, large c is good.

Peelability. As discussed, peelability is useful in both worlds, enabling greedy construction of
data structures and greedy decoding of messages, respectively. To the author’s knowledge,
¢-peelability for £ > 1 plays no role in coding theory, but the tools we import can handle this
more general case nonetheless.

An aspect with imperfect alignment is the role of randomness. Data structures must handle arbitrary
key sets and the role of hash functions is, in part, to make them behave like random keys. Unless the
hash function is itself a complex data structure, it is unreasonable to assume that this produces any
useful correlation. Therefore, the hypergraphs we deal with have independent random hyperedges
(at best).

An 1ppc code on the other hand is given by a fixed hypergraph H*. Randomness is frequently
involved in its construction, but we are in principle free to design H™, for instance, we might give
all vertices the same degree. Since H arises from a random ¢-fraction of the hyperedges of H”, this
gives us control (proportional to €) on H as well. In this sense the hypergraphs relevant for HBDs
are a special case of those relevant for Lppc codes.

1.3 New Results

In what we call “spatially coupled hypergraphs,” the vertices are linearly ordered and each hyperedge
selects its k elements uniformly at random from a random range of consecutive vertices.” Concretely:

Definition 1 (Spatially Coupled Hypergraph). Fork € N, z,c € R} andn € N,let F, = F(n,k,c,2)
be the random k-uniform hypergraph with vertex set V = [n]o = {0,...,n — 1} and edge set E of

size m = |cn%; |. Each edge e € E is independently obtained as e = {l_f:;’ nJ |ie [k]} where

Y€ [%, z+ %) and o4, ..., 0 € [—%, %] are chosen uniformly at random.
WecalyeY:= [%, z+ %) the position of e € E and @ € X = [0,z +1) the position of v € V.
In Figure 1 we sketch aspects of the construction. It is possible (but rare) that incidences repeat

within a hyperedge and that the same hyperedge appears several times in F,,. Note that the hyper-

edge density is |E|/|V| = ¢ %7 and only approaches c for large z. The main technical contribution

of this article is the following Theorem.
THEOREM 2. Letk,f € N, withk > 2 and k + £ > 4. Then we have:
(i) Ve < cgp:Vz € RY : Pr[F, is f-peelable] =1
(ii) Yc > cp,: 32" € R* : Vz > 2" : Pr[F, ist-orientable] =o.
Let us distil the main takeaways from these claims, including Theorem 1.

5In the precursor to this work [19] we partitioned the set of vertices into z + k — 1 linearly ordered segments (for z € N).
Each hyperedge selects a random range of k consecutive segments and one random vertex from each of these segment.
While this old construction has similar empirical properties as the updated proposal, the discreteness in the construction
leads to (slightly) inferior thresholds and does not seem to admit an elegant analysis.
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: //// .Y=[%,z+%)
e={l%3n] |ie[k]}
u—l—LLLu—A—-cy{—,-—I—LLuJ—Ly//ﬂ—l—u—l—l—u—l—l—u—uJ V= [n]o
: e S X =[0,z+1)
0 1 2 z z+1

Fig. 1. In the construction from DefinitionT, the vertex set V = [n], is arranged linearly along the “coupling
dimension” X = [0, z+1). Thus, each vertex has a position x € X. Each hyperedge e is independently obtained
as follows. First, pick a random position y uniformly from Y = [%,z + %) Then pick the k incidences of e
independently and uniformly at random from the vertices with positions in [y — % Y+ %]

CoROLLARY 3. Let k,f € N withk > 2 andk + ¢ > 4. For z € R* consider the family
(F(n, k,c, Z))ceRg,neN- Letﬁf{)z be its threshold for £-peelability andfk*)t,’z its threshold for £-orientability.
Then we have:

(i) YzeR": 5, > ci,.
(ii) limsup,_,., fk’[,’z < Chpe
(iii) Let fif, =lime fif,  and f, =limz oo f, . Then fi5, = f, = ¢k,

Proor oF COoROLLARY 3. Claims (i) and (ii) are immediate consequences of the claims from
Theorem 2. Since ka“ < f;,, we conclude (iii). O
PrOOF OF THEOREM 1. Let ¢ = ¢;, — ¢ for some ¢ > 0. We define ﬁ,’f”f,, :=F(n,k, c%l, z=20]¢).
Note that this hypergraph is of the desired form with n vertices and | cn] i.i.d. hyperedges.® Observe

that c%l = czg/;/:l =c(1+¢/(2)) < ck,—¢/2 < f,, — €/2 using Corollary 3 (i) and the trivial

bound ¢ , < ¢. Therefore, ﬁ,’i’fn is £-peelable with probability 1 — o(1) by definition of %, . O

Our construction is in the spirit of a technique from coding theory, see Section 1.5. Note that
constructions similar to ours can already be found in [36] and [32], however, the goals of these
papers are very different. Relative to these results, we can offer: (1) A generalizationto ¢ > 1. (2) A
more elegant construction using the updated tools from [42] (continuous’ coupling dimension). (3)
A framing with data structures in mind and a demonstration of practical benefits for data structures.

1.4 Comparison with Previous Constructions of Peelable Hypergraphs

The applications in Section 1.1 require hypergraph families with i.i.d. random hyperedges, preferably
with small average hyperedge size k and large ¢-peelability threshold. In Figure 2, we compare
previous constructions to our own with respect to these criteria in the most relevant case of £ = 1.

The thresholds c,ﬁ , of the fully random families (H,’f’m)ceRg,nEN for k > 3 (¢) [57] are decreasing
in k and thus mostly k = 3 is of interest. The thresholds of a non-uniform construction (=) [47],
well-known in coding theory, approach 1 for k — co. However, the maximum hyperedge size is
exponential in the average hyperedge size k, which is problematic for some applications. Further
tradeoffs (s) were examined by Rink [62], for example, a hyperedge size of 3 for ~ 89% of the

®We remark that the “diagonal” family (ﬁ,’f}'ﬁn)an is mostly of theoretical interest. We do not claim that our choice of
z = 2¢/¢ is particularly practical. The fact that the hyperedge density affects the underlying parameter z is also inconvenient
when constructing dynamic data structures.

"In [36] the coupling dimension is discrete. In our terms, this means that the set of admissible positions of a hyperedge is
Yyn (ﬁZ) for some constant w € N. Our construction arises for w — co.
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1-peelability threshold

T /
Q | | |
0.9****f*”’-; ”””” k3 (Hlf

)ceRo‘:neN fork e N

.cn

|
(;.. | | non-uniform families from [47]
08F-¥---a -

n
| s | Co T T T e non-uniform families from [62]
| | Lo | (F,If,’fn)c,,, from Theorem 1
0.7F-4+-—--d4 - - @ - - - -t - —— -
| | | n | |
l l l ¢ l
k
3 4 5 6 7

Fig. 2. Tradeoffs between hyperedge size and 1-peelability threshold. Concretely, a dot at (k,c®) € R?
indicates a family (Hc,n)ceR(‘;,neN of random hypergraphs where H. , has n vertices, | cn] random independent

hyperedges, expected hyperedge size k. The value c* is the 1-peelability threshold of the family.

vertex survival probability

0 - X

0 1 2 3 4 5 6 7 8
Fig. 3. The “layers” of a hypergraph sampled according to Definition 1 with parameters k =3,¢ =0.85,z =7
and m = 108. It happens to be peelable in 48 rounds, that are assigned shades of gray in a round-robin fashion.
For each round r € {0, ..., 48} and each position x € X = [0, 8], the picture shows the fraction of vertices close
to x that “survive” r rounds of the parallel peeling process, a value related to ¢ (x) € [0, 1] (see Section 2).

hyperedges and a size of 21 for the rest in an otherwise fully random construction yields an average
hyperedge size of ~ 5.03 and a threshold value of = 0.92. For k > 3, the threshold of the family
(ﬁr]f,’gn)cE[O,czl),nEN proposed in Theorem 1 (#) is the 1-orientability threshold ¢, ; of (H,’f’m)ceR;,neN.

1.5 The Technique of Spatial Coupling
The hypergraph F, arises by “spatial coupling” of H* . along the “coupling dimension” X = [0, z+1),

n,cn
which roughly means that F,, inherits its local structure from H’,f’cn (cf. Facts 12 and 13) but its
global structure reflects X. Consider the parallel peeling process on F, that deletes in each of its
rounds all vertices of degree at most ¢ (and incident hyperedges). Vertices with a position close to
the borders 0 or z + 1 tend to be deleted early on, while many vertices in the denser, central parts
remain. But gradually, deletions at the border “expose” vertices further on the inside and the whole
hypergraph “erodes” from the outside in. The effect is shown in Figure 3. This does not happen in
the more symmetric construction when X is glued into a circle, i.e., if for all ¢ € [0, 1) the positions
¢ and z + ¢ are identified.

The authors of [41, 44] liken the phenomenon to water that is super-cooled to below 0°C in a
smooth container. It will not freeze unless a nucleus for crystallization is introduced. Once this is
done, all water crystallizes quickly, starting from that nucleus. In this sense, the introduction of a
nucleus raises the threshold for crystallization.
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In our construction, the borders play the role of such a nucleus and raise the peeling threshold
to the orientability threshold. Similarly, in coding theory the threshold for decoding with a greedy
(belief propagation) decoder is raised to the threshold for decoding with the ideal (maximum a
posteriori probability) decoder. This effect is known as threshold saturation.

We leave a summary of the field to the experts [42, 44]. Put briefly, the phenomenon was
discovered in the form of convolutional codes [24], then rigorously explained, first in a special case
[43], then more generally [44], later accounting for continuous coupling dimensions (and even
multiple dimensions) [42], a form we will exploit in this article.

1.6 Outline

The proof is organized as follows. In Section 2 we idealize the peeling process by switching to a
tree-like distributional limit of our hypergraphs, and capture the essential behavior of the process
in terms of an operator P acting on functions ¢ : R — [0, 1]. In Section 3 we analyze the effect of
iterated application of P to functions using the rich toolbox from [42]. This is the main ingredient
to proving part (i) of Theorem 2 in Section 4. The comparatively simple part (ii) is independent of
these considerations and is proved in Section 5.

Finally, in Section 6 we demonstrate how using our hypergraphs can improve the performance
of practical retrieval data structures.

2 The Peeling Process and ldealized Peeling Operators

This section examines how the probabilities for vertices of F,, to “survive” r € N rounds of peeling
change from one round to the next. In the classical setting, this could be described by a function,
mapping the old survival probability to the new one [57]. In our case, however, there are distinct
survival probabilities g(x) depending on the position x of the vertex. Thus we need a corresponding
operator P that acts on such functions g.

We almost always suppress k, £, ¢, z in notation outside of definitions. Big-O notation refers to
n — oo while k, ¢, ¢, z are constant.

Consider the parallel peeling process peel(F, £) on F, = F(n, k, ¢, z). In each round of peel(F,),
all vertices of degree at most ¢ are determined and then deleted simultaneously. Deleting a ver-
tex implicitly deletes all incident hyperedges. We also define the r-round rooted peeling process
peel, . (Fy,£) for any vertexv € Vand r € N.Inround 1 < r’ <r — 1 of peel, . (F,), only vertices
with distance r — r’ from v are considered for deletion. Moreover, in round r, the root vertex v is
only deleted if it has degree at most £ — 1, not if it has degree ¢.

For any vertex position x € X = [0,z + 1) and r € N we let q(r) (x) = q(') (x,n,k, t,c,z) be the
probability that the vertex v = | Z5n] survives peel, ,(Fy,), i.e., is not deleted. It is convenient to
define ¢ (x) = 1 for all x € X, i.e., every vertex survives the “0-round peeling process” To get an
intuition for how ¢") (x) evolves with r, consider Figure 3. Even though ¢(") is discrete in x by
definition, we will later see that it has a continuous limit for n — 0.

Whether a vertex v at position x survives peel,, is a function of its r-neighborhood F,(x,r), i.e.,
the subhypergraph of F, that can be reached from v by traversing at most r hyperedges.

It is natural to consider the distributional limit of F,,(x, r) to get a grip on ¢") (x). In the spirit of
the objective method [1], we identify a (possibly infinite) random tree T, that captures the local
characteristics of F,,(x, r) for n — oo. In the following Po(A) refers to the Poisson distribution with
mean A € R*.

Definition 2 (Limiting Tree). Letk € N, ¢,z e R*, X =[0,z+ 1),Y = [%,z + %) and x € X. The
random (possibly infinite) hypertree T, = T (k, ¢, z) is distributed as follows.
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Peeling Close to the Orientability Threshold 33:9

T, has a root vertex root(T,) at position x, which for Yy :=[x — % X+ %] NY has d, ~ Po(ck|Yy|)
child hyperedges with positions uniformly distributed in Y,.® Each child hyperedge at position
y is incident to k — 1 (fresh) child vertices of its own, each with a uniformly random position
x' ely- % y+ %] The sub-hypertree at such a child vertex at position x” is distributed recursively
(and independently of its sibling-subtrees) according to T,.

For x € X and r € N, let F,(x,r) and T, (r) denote the r-neighborhoods of vertex v = | J7n] in
F, and root(Ty) in T, respectively. In the following, H is an arbitrary fixed rooted hypergraph and
equality of hypergraphs indicates a root-preserving isomorphism.

LEmMMA 4. Vx € X,r e NJH : lim Pr[F,(x,r) = H] =Pr[T,(r) = H].
n—oo

SKETCH OF PROOF. We construct for fixed r, x and H a random coupling’ between F,(x, r) and
T, (r) such that the symmetric difference between the events {F,(x,r) = H} and {T,(r) = H} has
probability o(1). We do so inductively, by following a sequence of events. The ith event expresses,
firstly, that F,,(x, r) and T, (r) agree with H concerning the first i rounds of a breadth-first search
traversal and, secondly, that corresponding active vertices in F,,(x, r) and Ty (r) have positions with
distance O(1/n).

For the first step, consider the root v of F,(x,r). By construction, any hyperedge containing
v must have a position y € [x — %, x + %] For x € [0,1) or x € [z, z + 1) the potential positions
are further restricted by the upper and lower bounds on hyperedge positions, i.e., we have y €
Yei=[x— % x+ %] N Y. In order for a random hyperedge e to contain v, two things have to work
out:

(1) The position of e must fall within Y. The probability for this is |Yy|/|Y| = |Yx|/z.
(2) At least one of the k incidences of e must turn out to be to v. The probability for this is
1-(1- 2k,

With cn % hyperedges in total, we obtain a binomial distribution deg(v) ~ Bin (cnﬁ, |Yy]/z(1 -
(1- %l)k)) This distribution converges, for n — oo, to Po(ck|Yx|), which is the distribution of
deg(root(Ty)). The positions of the neighbors of v are uniformly distributed in the discrete set
|Ye| N (%Z), the positions of the neighbors of root(7y) uniformly in the interval |Yy|. It should
now be easy to see how a coupling between F,(x, 1) and T, (1) could look like.

There are three complications when continuing the argument: (i) The discrepancies between
vertex positions of F,, (x, r) and T, (1) need to be kept in check. (ii) F,,(x, r) may contain cycles.'® (iii)
There are slight dependencies between vertex degrees in F,(x, r). It should be intuitively plausible
that these problems vanish in the limit. We refer to [45] for a full argument showing a similar
convergence and to [40] for the related technique of Poissonization. O

We now consider the idealized peeling processes (peel;oo((1,) - (Tx))xex- Their survival probabilities
are easier to analyze than those of peel, . (Fy).

8In other words: The positions of the child hyperedges are a Poisson point field on Y, with intensity ck. By |I| for an
interval I = [a,b] we mean b — a.

Note also that the position is now a property of a vertex, not an identifying feature. Possibly (though with probability 0) the
tree T, may contain several vertices with the same position.

There is no relation to the term spatial coupling. We refer to the standard technique where several random variables are
realized on the same probability space.

1This can actually already occur for r = 1.
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33:10 S. Walzer

LEMMA 5. Letr € Ny be constant and q(Tr) (x) = q<Tr) (x,k, ¢, c, z) be the probability that root(Ty)
survives peely,oi (1, (Tx, £) for x € X. Then forx € X

iww=ole [ ([

1 1
x=3.Xx+5]NY

k-1
(r)(x )dx) dy, t’).

1
2

where Q(A,€) =1—- 3, /}—,1 =Pr[Po(A) > ], the latter term slightly abusing notation.

Proor. Letx € X and v = root(Ty). Assume y € [x— % + %] NY is the type of some hyperedge e
incident to 0. Hyperedge e survives r rounds of peel,, ., (Ty) if and only if all of its incident vertices
survive these r rounds. Since v itself may only be deleted in round r + 1, the relevant vertices are
the k — 1 child vertices wy, ..., w1 with positions uniformly distributed in [y — 3,y + 3]. Let W
be the subtree rooted at w; for 1 < i < k. Consider the peeling process peel,, ,(W;). Assume the
process deletes w; in round r, meaning w; has degree at most £ — 1 at the start of round r. Then
w; has degree at most £ at the start of round r in peel, (%), meaning peel,,.;(Tx) deletes e in
round r. Conversely, if none of peel,, (W), ..., peel,, . (Wi_1) delete their root vertex within r
rounds, then wy, ..., wy_; have degree at least £ + 1 after round r of peel,,,;(T;) and e survives
round r of peeIU ++1(Tx). Since the position of each w; is independent and uniformly distributed in

+ =), the probability for e to survive is = (") (x")dx')*~1. Since the positions of
y- y 2 p y Py= -1 qr p

the hyperedges incident to v are a Poisson point ﬁeld on [x 3.x + 2] N'Y with intensity ck, the
number of incident hyperedges surviving round r of peel,,.;(Ty) has Poisson distribution with
mean A := Ax—%,x+%]ﬂY ckpydy.

The claim now follows by observing that v survives r + 1 rounds of peel, ., (T) if it is incident
to at least £ hyperedges surviving r rounds. The probability for this is Q(4, £). O

For convenience, we define the operator P = P(k, £, ¢, z), which maps any (measurable'!) g :
X — [0,1] toPq : X — [0, 1] with

+1 k-1
(Pq)(x)=Q(ck / ( / ’ q(x’)dx’) dy, l’).
y-

1

[x-2x+i]nY :

Together Lemmas 4 and 5 imply that P can be used to approximate survival probabilities.
COROLLARY 6. Letr € Ny be constant. Then for all x € X

P'q” (x) E P’ (0 g ()

To obtain upper bounds on survival probabilities, we may remove the awkward restriction “NY” in
the definition of P. We define P = P(k, ¢, c) as mapping any ¢q : R — [0,1] to Pq : R — [0, 1] with

) x+1 y+1 k-1
(Pq><x>=Q(ck L[ aonar) a ()
x—3 y—

1
2 2

Lem 5 Lem 4

g7 (x) £ 0(1).

Note that P does not depend on z or n. To simplify notation, we assume that the old operator P
also acts on functions q : R — [0, 1], ignoring g(x) for x ¢ X, and producing Pg : R — [0, 1]
with Pg(x) = 0 for x ¢ X. We also extend ¢'*) to be 1[x € X] : R — [0, 1], i.e., the characteristic
function on X, essentially introducing vertices at positions x ¢ X which are, however, already
deleted with probability 1 before the first round begins. Note that while ¢(” (x) and q(Tr) (x) are by

1 All functions that play a role in our analysis are measurable. We refrain from pointing this out from now on.
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Peeling Close to the Orientability Threshold 33:11

definition non-increasing in r, this is not the case for (P"q(®))(x). For instance, P"¢'®) has support
(=7r,z + 1 +r), which grows with r.!? The following lemma lists a few easily verified properties of
P. All inequalities between functions should be interpreted point-wise.

LEmMmA 7.
(i) Yg:R — [0,1] : Pq < Pgq.
(ii) P and P are monotonic, i.e,¥q,q' : R — [0,1] : g < ¢ = Pq < Pq’ APq < Pq'.
(iii) P and P are continuous, i.e., pointwise convergence of (q;)ien to q* implies pointwise convergence
of (Pq)icx and (Pq;)icy to Pq* and Pq*, respectively.

3 Analysis of Iterated Peeling
The goal of this section is to prove the following proposition.

ProrosiTiON 8.

(i) Forc <cf, and anyz € R*, we have (P"qo)(x) by 0 forallx € X.

(ii) Forc > cj, and large z, we have (P"q)(x) = q*(x) forallx € X and some q* # 0.

The intuition is that for ¢ > cf , the peeling process gets stuck, while for ¢ < ¢, all vertices
are eventually peeled. Conveniently, iterations such as the one given by P and P were extensively

studied in a stunning paper by Kudekar et al. [42]. For some initial function f(®) : R — [0, 1] and
non-decreasing functions hy, hy : [0,1] — [0, 1] they study the sequence of functions

97 W =h(fP00)(@) V() =he((g" @ w)(x) (1)

where w is an averaging kernel, i.e., an even non-negative function with integral 1 and ® is the
convolution operator. To apply the theory to our case, we use:

hp(w) =Q(cku ) hy(v) :=o"! w(x):]l[|x|s%]

With these substitutions the iteration (1) satisfies P f " = f (r+1) 1fwe force the functions g(’ ). reN,
to be zero outside of Y = [, z+ %) by replacing (1) with ¢ (1) := min{1[y € Y], hg((f(r) ®w)(y))}
we get the system with two-sided termination. In this case Pf(") = f+1) The system with one-sided
termination is defined similarly with Y = [%, 0).

We remark that nothing in the following depends on the choice of ."?

3.1 Unleashing Heavy Machinery from Coding Theory

We plan to delegate the proof of Proposition 8 to theorems from [42]. For this, we need to examine
the potential ¢(u,v) = ¢(hf, hg, u,v) given as:

u 0
¢(u,0) =‘/0 hg_l(u')du' +/0 h;l(v’)do' —uv for0<u<hy(1),0<0<hp(1).
A visualization is given in Figure 4. Consider the equation

(u,0) = (hy(0), hy(u)). (2)

Clearly it has the trivial solution (u,v) = (0,0). By monotonicity of hy and hr, any two solutions
(u1,01) and (uyp, v2) are component-wise ordered. We write (u1,01) < (up,v2) for uy < uy A vy < v,.

12t is still possible to interpret P"q(®) (x) as survival probabilities in more symmetric, extended versions Ty of the tree Ty,
but we will not pursue this.

3There is a corresponding flexibility in Definition 1. Instead of a hyperedge at position y choosing its incident vertices
uniformly at random from [y — % y+ %] incidences can be chosen according to an almost arbitrary bounded density
function that is symmetric around y. For details consider [42, Definition 2].
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33:12 S. Walzer

1 (uz,02)
hy(u)
hg(v)
(u1,01)
$uo)=0+Q-0O
V
u
0 1

Fig. 4. A plot of the curves u = (u, hy(u)) and v > (hy(v),0) for u,0 € [0,1] withk =3, ¢ =2 and ¢ = ¢ ,.
The three crossing points of the curves are the solutions (0,0), (u1,v1) and (uz,v2) to Equation (2). The
potential ¢(u, v) can be visualized as the sum of three areas as shown. The significance of the threshold cf ,
is that the two areas enclosed by the two curves have exactly the same size, or put differently, ¢(uz, v2) = 0.

LEMMA 9.

(i) Every local minimum (u,v) of ¢ is a solution to Equation (2).

(ii) IfEquation (2) has at least one non-trivial solution, then the smallest non-trivial solution (u;,v1)
has potential ¢(uq,0v1) > 0.

(iii) Equation (2) has at most two non-trivial solutions.

(iv) Forc = c , there is a non-trivial solution (uz,v) of Equation (2) with ¢(uz,v2) = 0. In this case,
(0,0) and (uy, v3) are the only minima of .

(v) Forc < cj, we have ¢(u,0) > 0 for (u,v) # (0,0).

(vi) Forc > ci , Equation (2) has two non-trivial solutions (uy,v1) < (uz,v2). They satisfy ¢ (uz, v2) <

¢(0, 0) =0< ¢(u1,01).

PRrOOF.

(i) The partial derivatives of ¢ are V¢ (u,0) = (hg’l(u) -, h};l(v) — u). Therefore, the only
candidates for local minima of ¢ are the solutions to Equation (2) (it is easy to check that,
except for (u,v) = (0,0), there are no local minima at the borders).

(if) Assume (uy,07) is the smallest non-trivial solution to Equation (2). Considering Figure 4, we
see that |¢(uy, v1)]| is the area enclosed by h¢(u) and hg_1 (u) foru € [0, u;]. To see that the sign
of ¢ (uy,01) is positive, observe that for small values of u we have hr(u) = Q(cku, £) = o(ub)
while A" (u) = Q(u'/* 1)) and thus hs(e) < hy'(e) for e € (0,uy). This uses £ > 1,k > 2
and (k,£) # (2,1).

(iii) By expanding hy and h, and substituting & = ckoF~1 we get for v # 0:

(1,0) = (hy(v), b () = v = Q(cko* "L, 0) & £ = Q50! & W = ck.

To show that the right-most equation has at most two solutions it suffices to show that

W has at most one local extremum. If ¢ is such an extremum, we get

S EgE = 0= QGO - EHk-1DQE D (0 =0
= Q&0 -Ek-DQEN=0= Y &= (k=D& (E-1!=0

it
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= i = (k= 1D(£ - 1)

i>0

Since the left hand side is increasing in & for £ > 0 while the right hand side is constant,
there is exactly one solution ¢ as claimed.

(iv) Recall that ¢ occurs in the definition of h¢ and note that ¢ is monotonically decreasing in c.
It is easy to see that ¢ is nowhere negative for small values of ¢, and negative for some (u, v)
if ¢ is large. For continuity reasons and because ¢ (u,v) > 0 for u,v € [0, ¢] with € = ¢(c)
small enough (using similar arguments as in (ii)), there must be some intermediate value c
where ¢ (uz,v2) = 0 for a local minimum (uz, v2) # (0, 0) of ¢. By (i), (uz, v2) is a solution of
Equation (2). By (ii) there must be a smaller solution (u1,v1) with ¢(u1,01) > 0. Now by (i),
and (iii), there cannot be minima of ¢ in addition to (0,0) and (uy, v2). The only thing left to
show is ¢ = cf ;.

We rewrite the potential at (ug, v3), using Equation (2)

U vy
O (uz,vp) = / hg_l(u)du + / h}l(v)dv — Upvy
0 0

= (uzvz - ‘/OUZ hg(o)dv) + (uzog - ‘/Ouz hf(u)du) — Ug02
= 03h4(02) — Hy(v2) — Hy (hg(02)),

where H; and Hy are antiderivatives of hg and hy,ie.
¢
Hy(v) = / hg(v)do = %vk Hp(u) = / he(uw)du =u - # Z QO(cku,i).
i=1

The fact that f()}L Q(x, £)dx = A= X!_, O(A, i) can be seen by induction on £. We now examine
the implications of ¢(uz, v3) = 0.
In the following calculation let &:= ckvé"1 which implies Q(¢, £) = v,.

0 = ¢(us,02) = v2hy(v3) — Hy(v2) — Hy(hy(v2)) = Uz - UI; - Uz_ lk Z (ckv )
=1

= 0=, — &y /k - §+ZQ(§z>—§Q(§f) Q&0 fk - f+ZQ(§l)

i=1

- 4 i
= 0(E0/k=EQED - 1) + Z Qi) =—e* Z fj—, +>) (1 —et Z %)

i=1 j=0 i=1

=1 /it i =1 45
=f—e¢t (L'l+(f—j)§fj')=t’—e_§( 3 +Zf§,—j)
J! J! =

= (£-1)! Jj!

t é_,]
=f—t’e‘5; e
£Q(&0)
Q& t+1)

The last equation characterizes the threshold c , for £-orientability of random k-uniform
hypergraphs, see for instance [26]. Thus ¢ = cj , follows.

=kt =
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(v) We now make the dependence of ¢.(u,v) on c explicit. For monotonicity reasons we have
Pc(u,v) > ¢pe (u,v) whenever ¢ < ¢’ and v # 0. Since ¢; , is positive except for its two roots
at (0,0) and (us,v,), for ¢ < ci¢ the potential ¢ is positive except at (0,0).

(vi) Since ¢; , has a non-trivial root, ¢ attains negative values for monotonicity reasons. By (i),
the potential attains its (negative) minimum at a non-trivial solution to Equation (2), and by
(ii) it attains a positive value at the smallest non-trivial solution. Thus, the claim follows. O

We are now ready to prove Proposition 8 by recruiting help from [42].

Proor oF ProposITION 8. First note that we have qy > Pq by definition, which implies P"q, >
P"*1gy by monotonicity of P and induction on r. Thus, P"qq is pointwise bounded and decreasing
and must converge to a limit g*. As P is continuous (see Lemma 7) we have Pq* = ¢*.

(i) Let 1 : R — {1} be the 1-function. First note that for any x € X we have, using properties
from Lemma 7 and monotonicity of hy and hy

(P"qo) (x) < (P"1)(x) = (hy o hy)" (1) = max{u € [0,1] | hy(hy(u)) =u}. ®)

So if the only solution of h¢(hy(u)) = u is u = 0, then we get P"qo(x) % 0 from this alone.
Otherwise, by Lemma 9 (iii), there are one or two non-trivial solutions, the larger one we
denote by (uz,v).

We now apply [42, Thm. 10]'. It requires ¢ (u, v) > 0 for 0 # (u,v) € [0, uz] X [0, v;], which
we have shown in Lemma 9 (v). The theorem asserts pointwise convergence of ) to zero for
any £ : R — [0, u,] in the case of one-sided termination. Clearly this implies convergence

to zero in the case of two-sided termination as well, i.e., P’f(o) %o. Choosing f(o) =1 -uy
we get

(3)
lim (P"go) = lim P” lim P°qo < lim P"f(© =o.
r—oo r—o0 §—00 r—oo

(if) Using Lemma 9 (vi) and (iii), we know there are exactly three solutions (0,0) < (uy,v;) <
(uz,v2) to Equation (2) and the signs of their potentials are zero, positive and negative,
respectively. This is sufficient to apply [42, Thm. 14].1° The theorem asserts the existence of a
solution ¢* : X — [0,uz] of Pq* = ¢* with q*(%l) = uy — ¢ for any ¢ > 0, assuming z = z(¢)
is large enough. By monotonicity of P we have lim,_,o, P"qq > lim, o P"q* = q". O

4 Peelability of F, below c; ,
We now connect the behavior of system (1) to the survival probabilities ¢®) (x) we were originally
interested in. For ¢ < ¢}, and any z € N, they can be made smaller than any § > 0in R =
R(8,k, ¢, z, c) rounds.

Lemma 10. Ifc < ¢k, thenVzeR",§ >0: IR NeN:Vn> N, x eX:q(R)(x) < 4.

ProoF. Let z € R* and § > 0 be arbitrary constants. At first, Proposition 8 (i) implies only

pointwise convergence P"¢q(®) (x) 2% 0 for all x € X. However, since X is compact, since P"g(% is
continuous for r > 0 and since the all-zero limit is obviously continuous, basic calculus!® implies

148trictly speaking, the theorem requires functions hy and hy with hy(0) = hg(0) = 0and kg (1) = hy(1) = 1. As the
authors of [42] point out themselves, this is purely to simplify notation. We can apply the theorem to our hy : [0,us] —
[0,02] and Ay : [0,02] — [0, up ] with hp(0) = hy(0) =0and hr(uz) = vz, hg(v2) = up after rescaling the axes so (uz, v2)
becomes (1, 1). We will not do so explicitly.

15See previous footnote.

16Sometimes referred to as Dini’s Theorem after Ulisse Dini (1848-1918).
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uniform convergence, i.e., there is a constant R such that PRq(?) (x) < §/2 for all x € X. Therefore
for x € X:
q(R) (x) Cor 6

In the last step, we have simply choosen N € N large enough. O

(PRGO)(x) + 0(1) < 8/2 +0(1) < 6.

Lemma 4 only allows us to track ¢® via PRqq for a constant number of rounds R. Therefore, we
need to accompany Lemma 10 with the following combinatorial argument that shows that if all
but a d-fraction of the vertices are peeled, then with high probability (whp; meaning probability
1 —0(1)) the rest is peeled as well. Arguments such as these are standard, many similar ones can
be found for instance in [26, 27, 37, 46, 48, 53, 57].

LEmMA 11. Let ¢ € [0, ¢]. There exists § = 8(k, £,z) > 0 such that, whp, any subhypergraph of
F, = F(n,k, c,z) induced by at most 5n vertices has minimum degree at most £.

Proor. In the course of the proof, we will implicitly encounter positive upper bounds on &
in terms of k, £ and z. Any é > 0 small enough to respect these bounds is suitable. We consider
the bad events W, that some small set V' C [n], of size s induces t hyperedges for 1 < s < n,
@ < t < |E|. If none of these events occur, then all such V’ induce less than (¢ + 1)|V’|/k
hyperedges and therefore induce hypergraphs with average degree less than ¢ + 1, so a vertex of
degree at most ¢ exists in each of them.

We will show Pr[U U, Ws:] = O(1/n) using a first moment argument. It is convenient to
assume that hyperedges are k-tuples, possibly with repetition. First note that F,, then contains
three copies of the same hyperedge with probability at most ('g) (%1)_2]‘ =0(n~%**3 =0(n™),
so we restrict our attention to F,, with at most two copies of the same hyperedge. Given s and
t there are ( ) ways to choose V. Since there are s ways to form k-tuples from vertices of V"’

and each hyperedge occurs at most twice, there are at most ( tk) multisets of hyperedges that
V’ could induce. The probability that any given k-tuple occurs as a hyperedge is either zero if

((Z+1))k)czn < (Z+1) ¢

the k vertices are too far apart or at most 1 — (1 — . Similarly, it occurs as

a duplicate hyperedge with probability at most ((z”) £)2. Since the presence of hyperedges is

negatively correlated, we may obtain an upper bound on the probability of the event that a set of
hyperedges are all simultaneously present by taking the product of the events for the presence of
the individual hyperedges. Thus, using constants C,C’,C” € R* (that may depend on k, £ and z)
where precise values do not matter, we get

i) () was§ § muas§ $ ()( il

s=1 t=(¢+1)s/k s=1 t=(r+1)s/k s=1 t=(¢+1)s/k

on [E] en\’(2e(z + 1)kesk)! < on 1E|
DD I el =l IED VDY
s=1 t=(¢+1)s/k s=1 t=(t+1)s/k
S (k=D er)-R 1 rs1
— (Cus) 1) (¢+1 //s [z1

(e o

To get rid of the summation over ¢, we assumed (s/n)*™! < 67! < zc" in the last step we used
k >2,¢ > 1,and (k,£) # (2,1). Elementary arguments show that in the resulting bound, the

contribution of summands for s € {1, ..., 2k} is of order O(l) the contribution of the summands
with s € {2k + 1,...,0(logn)} is of order O( Og") (using > < 105") and the contribution of the

<

)[(Hl)s/k]

ACM Transactions on Algorithms, Vol. 21, No. 3, Article 33. Publication date: July 2025.



33:16 S. Walzer

remaining terms with s > 3log, n is of order O(27°&:") = O(%) (using C”2 < C"6§ < %) This
gives Pr[,, Ws,] = O(n™"), which proves the claim. O

We are now ready to prove the first half of Theorem 2.

PrROOF OF THEOREM 2 (1). Let ¢ < ¢, and z € R*. We need to show that F,, is £-peelable whp.

First, let 6 = §(k, £, z) be the constant from Lemma 11 and R = R(§/2) as well as N the corre-
sponding constants from Lemma 10.

Assuming n > N we have ¢®) (x) < §/2 for all x € X, meaning any vertex o from F, is not
deleted within R rounds of peel, z(F,) with probability at most §/2. Since peel(F,) deletes in R
rounds at least the vertices that any peel, g (Fy) for v € V deletes in R rounds, the expected number
of vertices not deleted by peel(F,) within R rounds is at most dn/2.

Now standard arguments using Azuma’s inequality (see, e.g., [54, Thm. 13.7]) suffice to conclude
that whp at most dn vertices are not deleted by peel(F,) within R rounds.

By Lemma 11, whp, neither the remaining dn vertices, nor any subset induces a hypergraph of
minimum degree at least £ + 1. Therefore peel(F,) deletes all vertices whp. o

*

k.t

To show that Fy is not £-peelable whp for ¢ > ¢ ,
Our proof relies on local weak convergence theory, a subject we danced around in Section 2. There
are three ingredients.

Ingredient 1: Identical weak limits. For a finite graph G, let G(o) be the random rooted graph
obtained by designating a root at random. For a rooted (possibly infinite) graph T, let T(r) be the
r-neighborhood of the root.

5 Non-Orientability of F,, above c

we argue that F,, is even not £-orientable whp.'”

Definition 3 (Random Weak Limit [46]).'® Let (G,)nen be a sequence of (fixed) graphs and T a
random (possibly infinite) rooted graph. We say that (G,),en has random weak limit T if G,,(o)(r)
converges in distribution to T(r) as n — oo, for all r € N.

For example, for c € R*, k € Nandn € N, let H, = H,’f’cn be the fully random k-uniform
hypergraph. Let GE be the incidence graph of H,,. In particular, GZ is bipartite with cn vertices of
degree k that correspond to hyperedges in H, and n vertices (of varying degrees) that correspond
to vertices in H,. Moreover, consider the random (possibly infinite) tree T+ generated as follows.
The root vertex is on level zero. A vertex v at an even level is given a random number X, ~ Po(c)
of children on the next level. A vertex at an odd level is given k — 1 children on the next level. Let
further T4 be the random tree with a root connected to the roots of k independently sampled
copies of Tt Lastly, let T be the random tree obtained by taking a copy of Tt With probability
ﬁc and a copy of T.qge With probability 1.

The following claim is standard’.

17 Alternatively, one could try to base a proof on Proposition 8 (ii), possibly by going through similar motions as [57, Lemma
4]. If successful, this might give a detailed characterization of the (£ + 1)-core of F,, — the largest subhypergraph of F,, with
minimum degree ¢ + 1. Presumably, the (£ + 1)-core contains roughly a g* (x)-fraction of the vertices with position roughly
at x € X. We leave this aside. Our approach has the upside of establishing a connection between orientability thresholds
and peelability thresholds.

18The name random weak limit comes from [46]. The notion is also known as Benjamini-Schramm limit [3]. Aldous and
Steele [1] call it the standard construction.

19T cannot find a crystal clear reference for this, but [45, 46]consider it to be standard with reference to [40]. Since the
language differs significantly, I consider [45] itself to be a better reference, since an arguably more complicated case is
treated in detail. The simpler case of Erdés-Renyi random graphs is handled in [6, Thm 3.23].
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Fact 12. Almost surely, the sequence (G), ciy has random weak limit 7.2

Now, let also z € R* and let F,, = F(n, k, ¢, z) be the random hypergraph from Definition 1.
We define F, to be a “borderless” Vers1on of F, where the vertices i and i + %5 for allie [Z5]o
are merged, “glueing” the right-most %5 vertices of F, on top of the left- most 7 vertices of Fy,.
Moreover, let 55 be the incidence graph of F,.

Techniques from [45] suffice to prove that we get the same random weak limit.

Fact 13. Almost surely, the sequence (55 )nen has random weak limit T.2!

Ingredient 2: Lelarge’s Theorem [46]. To clarify its role in our proof, we restate a remarkable
theorem due to Lelarge [46] in weaker form.

THEOREM 14 THEOREM 14 (Lelarge [46, Theorem 4.1]). Let (G, = (Ap, B, En))nen be a sequence
of bipartite graphs with |E,| = O(|Ayl). Let further M(G,) be the maximum size of a set E' C E,
with degg, (a) < 1 fora € A, and degg, (b) < ¢ forb € B,,. If (Gy)nen has random weak limit T* and

T* satisfies certain natural properties.’, then lim M(Gn)

n—co |Anl

exists and depends only on T*.

A graph G in the theorem should be interpreted as the incidence graph of a hypergraph H with
vertex set B and hyperedge set A. Then M(G) is the size of a largest set A’ C A such that the
subhypergraph (B, A”) of H is f-orientable. In other words, M(G) is the size of the largest partial
t-orientation of H.

Ingredient 3: Orientability-Gap above the threshold. Assume ¢ = ¢; , + ¢ for ¢ > 0. By definition,
it is not the case that H,, is £-orientable whp. More strongly however, it is known [26, 46] that
there exists a constant § = §(¢) > 0 such that the largest partial f-orientation of H,, has size

(1 = 8)cn + o(n) whp. In the terms of Theorem 14, this means lim M(GH)/|cn| = 1 — § almost
n—oo

surely. We now put all three ingredients together.

PrOOF OF THEOREM 2 (11). Letc = ¢}

+ e and § = 5(¢) as above. We pick z > z* := %.

k.t
Since (GH),en and (G )nen almost surely share the random weak limit T by Facts 12 and
13, we conclude from Theorem 14 that the orientability gap carries over from H, to Fn, ie.,

hm M (GF )/m =1~ 6 almost surely, where m = 227 is the number of hyperedges in F,, and Fy.

In particular, the size of the largest partial ¢-orientation of Fpis (1—-8)m + o(n) whp. Switching
from F, back to F, splits " vertices and can increase the size of a largest partial £-orientation by
at most Z% to(1-6+ ﬁ)m +o(n) < (1- ‘—zs)m + o(n) whp. Thus F, is not £-orientable whp. O

6 Experiments

To compare our new construction to other families of peelable hypergraphs, we used them to
construct 1-bit retrieval data structures as explained in Section 1.1. The following peeling-based
variations have been implemented.

BPZ [9]. H is a fully random 3-uniform hypergraph with a hyperedge density below the 1-
peelability threshold 3, ~ 0.818. Construction via peeling and eval-operations are very fast,
but there is a sizeable overhead of 23%.

21t is easy to get confused here because we implicitly “cast” the sequence (GH ),y of random variables on graphs into
a sequence of graphs. To reiterate: Having a certain random weak limit is a property of a sequence of graphs (not of
distributions). The claim is that when sampling a sequence of graphs by independently sampling each element G of the
sequence as explained above, then the sequence of graphs will have the property almost surely, i.e., with probability 1.
2INote that the limit T does not depend on z.

22The limit T* must be a bipartite unimodular Galton-Watson tree, see [46] for an explanation. It is clear that T* = T has
the required properties.
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Table 2. Overheads and Average Running Times per Key of Various Practical Retrieval Data

Structures

Approach Parameters Overhead Construct [us/key] Eval [ns]
BPZ (¢ = 0.81) 23.46% 0.40 32
uss (D = 12, ¢ = 0.90) 11.12% 0.88 55
mss (D = 150, ¢ = 0.99) 1.06% 0.97 64
LMss (D = 800, ¢ = 0.997) 0.56% 1.05 69
couPLED (k =3,z =120, ¢ =0.91) 11.42% 0.27 33
coUPLED (k =4, z =120, ¢ = 0.96) 5.04% 0.30 35
coUPLED (k =7,z = 120, ¢ = 0.98) 3.00% 0.37 40
Gov (k =3, ¢ =0.91, C = 10,000) 10.24% 1.74 40
cov (k =4, ¢ =0.97, C =10,000) 3.44% 2.78 37
2-BLOCK (£ = 16, ¢ = 0.9995, C = 20,000) 0.14% 5.03 37
1-BLOCK (L = 64, ¢ = 0.96, C = 10,000) 5.43% 0.14 36

LMSS [47]. The hyperedges are distributed such that H is the 1-peelable hypergraph from
[47] already mentioned in Section 1.4. To our knowledge, these hypergraphs have not been
considered in the context of retrieval.

COUPLED (This Work). The hyperedges are distributed such that H = F(n, k, ¢, z). Recall that
the hyperedge density ¢ = 7 is slightly smaller than the chosen parameter c.

Constructions of retrieval data structures not relying on peeling exist [18, 20, 31, 60, 68] and we
have implemented three of them. To avoid high construction times for solving non-peelable linear
systems they use the standard trick of splitting the input into chunks of small expected size C using
an additional hash function. cov [31] is similar to BPz in that it uses fully random 3- or 4-uniform
hypergraphs, but Gov allows for densities up to c;, or ¢ ;. While being more complicated, at least
“2-BLock” from [18] undercuts the achievable overhead of the peeling-based approaches and at
least “1-BLock” from [20] offers better construction time due to being particularly cache-efficient.
Results are reported in Table 2. The used C++ code has been made available [66] and a detailed
discussion is found in the author’s thesis [67, Chap. 12].

Experiments were run on a Microsoft Surface Pro 6 with an Intel Core i5-8250U Processor with a
maximum single-core frequency of 3.40GHz. In all cases, the data set S contains m = 107 random
64 bit integers.?® The function f : S — {0, 1} is the parity of the integer.?* Hash functions are based
on xxhash [13] (we thereby depart from the full randomness assumption implicit in our theoretical
analysis). Query times are averages obtained by performing eval for all elements of the data set
once. The reported numbers are averages over 10 executions. Reported overheads are 1 — N/m
where N > n is the total number of bits used by the data structure, including varying amounts of
metadata.

The main takeaway is that our new construction can beat the main other peeling-based ap-
proach BPZ in terms of overhead while offering similar running times. It seems likely that these
improvements carry over to other data structures relying on peeling as well (see Section 1.1), for
instance the space requirement of a construction of minimum perfect hash functions also suggested

2When using the first m = 107 URLs from the eu-2015-host dataset gathered by [5] with ~80 bytes per key, we get similar
results, except that running times are uniformly increased due to the higher cost for evaluating hash functions on these
large keys.

24Note that the number and type of operation performed by construct and eval is completely independent of f. Thus f does
not affect our measurements.
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Fig. 5. Approximate hyperedge densities ¢ such that F(n,3,¢%,z) is 1-peelable with probablllty =, for
different choices of z. The three plot lines correspond, from bottom to top, ton =10*, n = 10%, and n = 106.

n [9] drops from =~ 2.44 bits per key to ~ 2.18 bits per key (see [67, Theorem A3]). With Lmss it is
possible to achieve smaller overheads at the expense of higher running times. Note also that the
largest hyperedge size D + 4 of LMss is exponential in the average hyperedge size. Therefore, the
worst-case running time of eval is much larger than the reported average running time of eval.

On Choosing z. Our theoretical considerations treat z as a constant and offer no guidance in how
z = z(n) should be chosen in practice. But consider the following heuristic argument, suggesting
that z = ©(n'/?) may maximize the achievable hyperedge density c="=cH.

For finite z and n, two things keep us from achieving ¢ = ¢ Fzrstly, vertices with positions
x € [0,1] U [z,z + 1] at the borders have on average half the expected degree compared to other
vertices. This leads to an overhead of ¢; = ¢ — ¢ = 1/z. Secondly, we need to choose ¢ = ck1 - &
slightly smaller than ¢, ;. To see why, imagine the peeling process working linearly through the
coupling dimension X. What happens around x € X should mostly depend on the expected ©(n/z)
hyperedges with positions close to x. The standard deviation of their number is @(\/%). If the local
density is correspondingly increased by Q(\/n_/z/ (n/2)) = Q(\/z/_n), this should not lead to the
local density exceeding c,’;l (otherwise we might get stuck), which calls for ¢; = c;';l —-c> Q(\/z/_n).

Balancing ¢; and ¢; yields our recommendation of z = ©(n'/?).

Supporting experiments are found in Figure 5. There we estimate, for n € {10%,10°,10°} and
various z the value ¢(n, z) for which F(n,3,é(n, z) <~ 2t 7) is 1-peelable with probability exactly 1/2.
To do so, we construct 500 hypergraphs with distribution F(n,3,1,z). Let the hyperedge set be
E ={ey,...,em }. We then determine the values

m* = max {H = ([n],{e1,....en}) is 1-peelable}.

m’'e[m]

This can be done by a customized peeling process on H that, whenever no vertex of degree 1 exists,
deletes the hyperedge with highest index. Then m* + 1 is the highest index of a hyperedge that was
deleted using the special rule. The median of the values ”‘T over the 500 runs is our approximation
of é(n, z). The z values maximizing ¢(10% z), ¢(10%, z), and ¢(10°, z) differ by roughly the factor
10'/3 ~ 2.15 as predicted by the argument above. The choice of z = 120 for m = 107 used in Table 2
is extrapolated from these observations.
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Note that the results reveal that our construction does not downscale particularly well. For
n = 10° the achieved densities are still more than 3% below the optimum of ¢} , achieved for

n— 00.25

7 Conclusion

We have constructed families of k-uniform random hypergraphs with i.i.d. random hyperedges and
an ¢-peelability threshold that approaches (for z — o) the f-orientability threshold c; , of fully
random k-uniform hypergraphs.

We conjecture that this is best possible, i.e., no family of k-uniform random hypergraphs with
iid. random hyperedges has an f-peelability threshold exceeding cj ,. In fact, even achieving
{-orientability beyond cj , seems unlikely.

We demonstrated the usefulness of our construction for HBDS using the example of retrieval data
structures. The applicability of peelable hypergraphs is much wider, however, and whether using
our construction yields significant improvements needs to be explored case by case. For instance,
the stronger locality of the hyperedges might turn out to be advantageous in some settings while
the higher number of rounds required by the (parallel) peeling process might be a problem in others.

We exploited the phenomenon of “threshold saturation via spatial coupling” that was discovered
in coding theory and our proof borrows the powerful methods that were developed in that area. We
are very pleased to so effortlessly obtain improvements in HBDS and are curious to see whether
this connection might be fruitful in other ways as well.
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