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ABSTRACT

This study explores the potential of different load-specific phase-field-
based structural optimization for generating new, innovative lightweight
periodic lattice structures. Initially, a three-dimensional cross-lattice struc-
ture with a volume fraction of 75% is volume-reduced to 35% by removing
material from less stressed regions under various shear load scenarios.
This process leads to a topological modification of the original structures.
Subsequently, a phase-field-based shape optimization is applied to the
structures, maintaining the volume fraction of 35%. This shape optimization
aims to enhance the mechanical properties of the structures further. The
investigation demonstrates that this shape optimization leads to a signifi-
cant performance improvement of the structures. Comparison of the newly
generated structures with established reference structures, such as the
primitive and gyroid structures, highlights the potential and advantages
of phase-field-based structural optimization. Notably, in the case of three-
dimensional shear loading, the optimization process results in a structure
with the highest shear modulus among those studied.
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1. Introduction

Especially in the current era of lightweight design and resource conservation, structural optimization
and the use of cellular structures are playing an increasingly significant and important role (Ashby
2005, Tung, Wang, and Chen 2020). Structural optimization is distinguished from shape and topology
optimization, among other classifications (Tang and Chang 2001). While shape optimization does
not allow changes to the initial topology, such as adding holes, topology optimization permits such
modifications.

Over time, various methods have been developed in the scientific community. A well-known
optimization approach is the Evolutionary Structural Optimization (ESO) method, in which mate-
rial is progressively removed from the structure. An extension of this method is Bi-directional
Evolutionary Structural Optimization (BESO), which allows for both the removal and addition of
material, enabling a more flexible and efhicient optimization pro cess (Dong et al. 2020, Ghabraie
et al. 2010, Teimouri, Mahbod, and Asgari 2021, Zhao 2014). For instance, the BESO method was
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used by Dong et al. (2020) to create hybrid structures composed of solid and lattice materials specif-
ically designed for the additive manufacturing process. In Teimouri, Mahbod, and Asgari (2021),
hybrid solid-lattice structures, consisting of various rod-based lattice frames connected to topology-
optimized solid structures, were developed.

A promising, yet not widely explored, approach for structural optimization is the use of interface-
based methods, such as the Phase Field Method (PFM). One advantage of this method is that it allows
for the consideration of complex geometries without requiring geometry-specific discretization, such
as body-fitted meshes. Owing to its physical surface kinetics, which are based on thermodynamic
disequilibrium, the method results in a continuous change of the structural boundary towards a more
energetically favourable state. Applications of the PFM include alloy solidification (Nestler, Garcke,
and Stinner 2005) and grain growth (Moelans, Blanpain, and Wollants 2008, Steinbach 2009). It is
also possible to determine the effective stiffness of stochastic foams using the PEM (Reder et al. 2023),
which is employed in the following sections.

The promising possibilities of phase-field-based structural optimization, which are based on
Allen-Cahn (Allen and Cahn 1979) approaches, have been demonstrated in various studies, such
as those by Wallin and Ristinmaa (2013), Auricchio et al. (2020) and Xie et al. (2023), for optimizing
different material properties. These approaches primarily focus on two-dimensional structures, with
only a few studies considering three-dimensional structures (Auricchio et al. 2020). Furthermore, it
has been demonstrated that complex porous structures can be shape-optimized using the phase field
method. In Wallat et al. (2023), Triply Periodic Minimal Surfaces (TPMSs) were shape-optimized
under specific loading conditions. In the subsequent experimental validation (Wallat et al. 2024),
correlation between the experimental and simulation-based data was established.

In the case of targeted topology optimization using interface-based methods, adding holes is nec-
essary to create new interfaces for structural optimization (Wang et al. 2024). For example, Xia, Shi,
and Xia (2019) used the Bi-directional Evolutionary Structural Optimization (BESO) approach to
remove material from the interior of the structure for level-set based topology optimization. This
material removal is based on setting thresholds, such as defining the percentage to be removed in each
iteration. The optimization process was demonstrated using 2D examples. Gao, Song, and Mao (2020)
combined the BESO approach with the phase-field-based Allen-Cahn approach for structural topol-
ogy optimization of 2D structures. A recent study (Wang et al. 2024) also introduced holes into the
initial structure for targeted topology modification of a 2D structure before subsequent optimization
using the phase-field-based approach.

The novelty of the present authors’ approach lies in performing a load-specific topology modifi-
cation followed by shape optimization on a simple three-dimensional cross-lattice structure to create
a new shear-load-specific lightweight structure with periodicity in all spatial directions.

In the first part of this study, a load-specific topology modification of the cross-lattice structure
is achieved through targeted volume reduction, removing material from less stressed areas. The
volume fraction of the lattice structure is reduced from 75% to approximately 35% while main-
taining the periodicity of the structure. Subsequently, the structure is optimized for specific loads
using a modified phase-field method based on the Allen-Cahn approach, ensuring volume preserva-
tion (Nestler et al. 2008). This results in novel periodic lightweight unit structures designed for the
corresponding load configurations. It is shown that even minimal volume redistribution can lead to
improvements in mechanical properties. In particular, phase-field-based shape optimization compu-
tationally predicts novel structure variants with an increase in the effective normalized shear modulus
(G-modulus) of the structurally optimized units. This adjustment is especially important, as the focus
of the investigated load cases is on shear loads.

Shear stress is a critical factor that significantly influences the longevity of materials and the reli-
ability of applications across various fields. In the construction industry, the analysis of shear forces
is essential; for instance, the impact of shear on reinforced concrete beams has been studied by Xue
et al. (2023). In medicine, the examination of shear stress and its effects is crucial, as highlighted
by Brindley et al. (2011), Yeatts and Fisher (2011) and Pires et al. (2022), and it is also an important



Figure 1. A periodic cross-lattice structure with a volume fraction of p = 75% serves as the initial structure for the optimization
process.

consideration in tissue engineering (Pires et al. 2022, Yeatts and Fisher 2011). Pires ef al. (2022) anal-
ysed the Wall Shear Stress (WSS) of various TPMS structures, specifically focusing on applications in
the fi eld of tissue engineering.

In the second part of the study, the newly created load-specific structures are compared with two
triply periodic minimal surfaces (TPMS structures), the sheet-based gyroid and primitive structures,
as well as with a lattice structure specifically designed for hydrostatic load conditions.

The findings of this study indicate that the integrated application of the load-specifically modified
topology and phase-field-based shape optimization represents a promising strategy for developing
highly efficient and high-performance lightweight lattice structures. These structures can be opti-
mized further for various load orientations, and designed and tailored for specific applications where
mechanical efficiency and material conservation are critical.

2. Methodology and implementation

In the following, a periodic cross-lattice structure with a volume fraction of approximately 75%,
shown in Figure 1, is structure-optimized for load-specific shear cases.

Regarding the topology adjustment, the volume of the shear-loaded structures is first reduced to
a volume fraction of approximately 35% through a process called hole nucleation (see Section 2.1).
Subsequently, the volume-reduced and topology-modified structure is shape-optimized while main-
taining its volume fraction.

The goal of this optimization is to achieve load-specific periodic cell structures while simultane-
ously increasing the shear modulus G for each load case. Both the hole nucleation process and the
subsequent shape optimization are treated as a two-phase phase-field problem with a solid phase
(¢s) and a porous phase (¢}), to which a zero stiffness is assigned. The porous phase represents the
stress-free surrounding structure.

In the following, the hole nucleation process will be discussed first, followed by the phase-field-
based optimization approach. This section will also provide a detailed explanation of the effective
material properties and the boundary conditions used.

2.1. Hole nucleation

The first step of the optimization procedure is achieved by topology modification using a ‘hole nucle-
ation’ mechanism. For the stress-specific volume reduction, material is removed from regions where



the von Mises stress, ayn := +/3/2 || dev(o) ||, of the loaded initial lattice structure falls below a cer-
tain percentage value pnyc of its maximum value. The corresponding nucleation criterion at a point x
reads

OvM (x) < Pnuc mSX(O-VM) (1)

with max(oym) being the maximum value of the von Mises stress in the domain Q and pyy the
threshold ratio to start nucleation. The von Mises stress field oym(x) is determined by linear elastic
simulations to mechanical equilibrium under the given loading conditions. To this end, the initial
structure is discretized using a Cartesian grid and the stationary momentum balance (5) is solved.
Details may be found in Section 2.2, where the same simulation approach for the elasticity is embed-
ded in the shape optimization process. Thus, in cells of the computational grid where the von Mises
stress is below the threshold value ppuc max(oym), the porous phase is assigned by setting the phase-
field values ¢, = 1 and ¢s= 0. This leads to a decrease in the solid volume V, which is implicitly
determined by the choice of the threshold value ppyc. Since this volume reduction is stress-specific,
an individual value of pn,c needs to be chosen for each load case to reach a specific target volume
fraction ¢; = V;/V. Subsequently, a target value of 35%, and thus a porosity of 65%, is chosen. The
threshold ppy is iteratively determined by solving for the condition ¢s(pnuc) — 0.35 = 0 by using
the method of nested intervals. Alternatively, the value of ppyc could be incrementally increased
until the desired volume fraction is reached, yielding a similar approach to evolutionary structural
optimization, which would lead to a more robust optimization process. However, since the topology
adjustment step is succeeded by a shape optimization, the accuracy of the first step is less important,
and thus the computationally cheaper approach with nested intervals is employed.

After the original lattice structures are stress-specifically topology-optimized, phase-field-based
shape optimization is performed under volume preservation. This consistent volume fraction of the
structures allows for better comparison of the optimized structures.

2.2. Phase-field based optimization approach

For the structural optimization, a modified phase-field approach is utilized. The approach used here is
based on the Allen-Cahn method (Allen and Cahn 1979), which incorporates a volume preservation
constraint for the considered phases (Nestler et al. 2008). The evolution of the phase field is derived
from the minimization of a Ginzburg-Landau free energy density functional, which depends on the
phase-field tuple and the corresponding gradients (Garcke, Nestler, and Stoth 1999).

Generally, the free energy functional F (¢, V¢p) = Fint(¢h, V@) + Foulk(p, . ..) is divided into
an interfacial contribution Fin(¢p, V¢p) (Daubner et al. 2023) and a bulk region contribution
Fouk (@, . . .) (Daubner et al. 2023, Equation (1)).

As described in the following, Fyy arises from the mechanical strain energy and is therefore
expressed as follows:

Fouk = Fel(gp,u) = /Qfe:l(¢: u) dV = Via(g, ). ()

The interfacial contribution is expressed as

Fnelpr) = /Q Forad( VD) + foor() AV 3)

comprising a gradient energy density for.d and a potential energy fyot. The volume preservation is
ensured by the Lagrange multiplier 1,0 (cf Nestler et al. 2008). Combining both contributions in
Equations (2) and (3), an additional positive contribution Fy,)(¢) is incorporated, which ensures the



volume preservation (see Nestler et al. 2008); the energy functional for the subsequent analysis is
given by

F(p,uw) = Finr(p, VP) + Fa(d, u) + Fvol()- (4)

The optimization is achieved using the phase-field evolution equation yielded by the volume pre-
serving Allen-Cahn approach with an obstacle potential. From variational derivation, the stationary
momentum balance and the Allen-Cahn equation are obtained, reading

V. (0)=0, (5)
ops M 16y oh(gs)
ot = ? |:2V€(A¢s - ”VQbs”V . n) - ﬁ(l - 2¢s) — Avol + a¢s fel:| > (6)

with the stress o = h(¢s)Csl€] and strain energy density f, = %(CS [€] - €. Here, € determines the
width of the diffuse interface and y the surface tension. Additionally, M is a mobility coefficient.
Furthermore, the curvature-minimizing dynamics of the Allen-Cahn equation are eliminated by
the term || V||V - n with n:= Vs /|| V|| (Schoof et al. 2018, Sun and Beckermann 2007). As
a result, the interface terms proportional to y only cause relaxation toward the phase-field equi-
librium profile while maintaining the actual geometry, which corresponds to the isosurface where
¢s = 0.5. Therefore, within the context of this work, the surface tension y does not represent a
physical parameter.

For the optimization problem, a two-phase problem is addressed. This involves distinguishing
between a solid phase (¢5) and a porous phase (¢p), which exhibits no stiffness. An average stress &
is used, which should fulfil the following condition in addition to periodicity:

= /Q o (o uldy)) dV. )

The approach involves generating the average stress by selecting the average strain via displace-
ment boundary conditions in an iterative procedure, so that the elastic energy contribution Fetrain
is selected as the driving force. For a given strain €™ at iteration step n, the elastic equilibrium is
solved and then updated to the next iteration step (n 4 1) according to

et — g 4 Tl () - (6 _L / o (s, u" D) dV) (®)
QJo

with the fourth-order averaged stiffness tensor C = [ Cs¢s dV. The initial strain €@ = (C(¢y)) "o
is used.

To account for the new dependencies, the displacement field is decomposed into # and € - x. This
introduces an additional dependency of the functional on € with respect to ¢, i.e. Fa (s, u(eps), €(h)).
Consequently, the free energy functional is given by

F(ps) = Fin(ps) + Far(¢sr (), €(¢5)) + Fuol )
with the elastic free energy

Fa(ps i(gs), €(¢s)) = /Q %C(%)[E (@(gs)) + (5] - [€((gs)) + &(5)] AV, (10)

since the shape optimization is conducted under volume preservation, allowing for a more accurate
comparison between the initial and optimized structures.



2.3. Simulation software

For structure generation, for the process of volume reduction through nucleation, as well as for the
subsequent shape optimization, the in-house simulation software ‘Parallel Algorithms for Crystal
Evolution in 3D’ (Pace3D) is used (Hotzer et al. 2018). This framework enables structural-mechanical
simulations for given load scenarios, where the geometry interface is varied to minimize the stored
elastic energy. Additionally, the software includes various functions that enable, for example, the
verification and output of the current volume.

2.4. Simulation setup and material properties

The cross-lattice structure to be optimized is considered in a three-dimensional domain Q with
200 cells in each spatial direction. The parameters used in the conducted optimization follow the
use of € = 0.015L, which corresponds to an interface width of approximately 0.0375L, consider-
ing the edge length L = 1 m of the domain. This allows for a resolution of the diffuse interface
with seven cells. Furthermore, the parameters chosen are y = 0.02kg s72, the mobility parameter
M = 1.0m? skg™! and the timestep size At = 1.75 x 10™%s.

The simulation is conducted within the linear elastic range. Additionally, isotropic materials are
assumed in the simulation process following the constitutive equation

o = dev(o) + sph(o) = 2Gdev(e) + 3K sph(e) (11)

with sph(-) := 1/3 trace(-)1 and dev(-) := () — sph(-) being the spherical and deviatoric part of a
second-order tensor. Furthermore, G and K denote the shear and bulk moduli, respectively, which
are sufficient to determine the stiffness tensor Cin the isotropic case, cf. e.g. Reder et al. (2023,
Equation (9)).

3. Results and discussion

The initial cross-lattice structure, with a volume fraction of 75%, is subjected to volume reduction
under specific shear load criteria. Material is removed from the less-loaded regions, so that the result-
ing structure achieves a volume fraction of approximately 35%. Since the structures are subjected
to pure shear loading, the aim of the present work is to maximize the effective shear modulus of
structures under the given load conditions. After that, a shape optimization of the topology-modified
structure takes place.

3.1. Structure optimization under shear loading scenarios

3.1.1. Considered loading scenarios
The cross-lattice structure is subjected to three cases of unidirectional and multidirectional shear
loads, defined by the stress tensors in Equation (12), and volume reduction is performed according

to the loading scenarios. A stress of ¢ = —7 is applied in each respective loading direction.
0 —o 0 0 -0 -0 0 -0 -0
Ocasel = | —0O 0 0|, Oasea=|—0 0 0 |, Ocases=|—0 0 —o |. (12)
0 0 0 - 0 0 - —o O

For volume reduction, material is removed from the cross-lattice structure at less stressed areas
according to the three considered loading criteria. The resulting structures are depicted from various
perspectives in Figure 2.

The volume reduction step leads to periodic and symmetrical structures for the three considered
load cases. It is evident that the volume is reduced according to the loading orientation. As can be
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Figure 2. Volume-reduced and topologically modified cross-structure under different shear loading criteria (xyz- and xz-views). (a)
Case 1: Unidirectional shear loading in the x-direction. (b) Case 2: Multidirectional shear loading in the x- and y-directions. (c) Case
3: Multidirectional shear loading in the x-, y- and z-directions. (d) Case 1: Unidirectional shear loading in the x-direction. (e) Case 2:
Multidirectional shear loading in the x- and y-directions and (f) Case 3: Multidirectional shear loading in the x-, y- and z-directions.

Table 1. Volume fraction of the porous structures and their corresponding surface areas.

Modified structure type Volume fraction Surface area
Unidirectional 0.36 2.77
Bidirectional 0.36 3.54
Tridirectional 0.36 3.70

seen from the topology-modified structure under the shear loading conditions of case 1, a more pro-
nounced anisotropic geometry is present and remains at a later stage. In contrast, the muldirectional
shear loading case 3 results in a curved lattice structure that bears certain similarities to triply peri-
odic minimal surfaces. The structure in case 2 can be identified as an intermediate structure between
case 1 and case 3.

These observations highlight the strong dependence of the geometry of the porous structures on
the specific loading orientation. In unidirectional loading applications as case 1, where the load is
applied in a single direction, the structures tend to develop anisotropic material behaviour. This
occurs because material is primarily removed from areas not exposed to the main loading direction,
leading to an uneven distribution of porosity. In contrast, three-dimensional loading as in case 3,
where the load is applied simultaneously in multiple directions, results in a more uniform and sym-
metric pore structure. These structures often resemble triply periodic minimal surfaces structures,
known for their beneficial mechanical properties and even material distribution.

Loading case 2, representing a combination of unidirectional and multidirectional loading,
results in an intermediate structure. This structure exhibits characteristics of both the unidirectional
and three-dimensional loading cases, providing insights into the transitional mechanisms between
different loading scenarios.

All structures have a volume fraction of 36%. The corresponding initial surface areas of the
structures are computationally determined and listed in Table 1.

The modified structure type ‘unidirectional’ represents the unidirectionally load-modified struc-
ture, which is shown in Figure 2(a). Similarly, ‘bidirectional’ corresponds to the bidirectionally



Table 2. Behaviour of the normalized effective shear modulusG of load-modified cross-lattice structures under
different loading conditions, and the average of all three cases.

Shear type
Modified structure type Unidirectional Bidirectional Tridirectional Average
Unidirectional 0.19 0.0098 0.0085 0.069
Bidirectional 0.05 0.06 0.07 0.06
Tridirectional 0.1 0.13 0.22 0.15

load-modified structure (see Figure 2(b)), and ‘tridirectional’ describes the modified structure sub-
jected to loading in all directions (see Figure 2(c)). This labelling will be consistently maintained
throughout the following sections.

While the volume fraction of the three structures remains constant, there is a significant differ-
ence in the surface area. The resulting porous structure from the unidirectional loading case has the
smallest surface area. In contrast, the structure subjected to shear loading from all directions shows
an approximately 33% larger surface area. The value of the surface area determined for case 2 lies
between the other two cases.

Following Reder et al. (2023), the subsequent results are given in normalized manner. Thereby, the
effective shear modulus is subsequently normalized by its Voigt bound, which represents an upper
limit for the effective stiffness in composite materials (Voigt 1889). It is given by the arithmetic mean
of the shear moduli of the involved phases with respect to the corresponding volume fraction, and
thus, since the pore has zero stiffness, by Gy = Gscs. Herein, the shear modulus of the solid is Gy =
5480 MPa and the solid volume fraction ¢; = 0.35. Therefore, the normalized effective shear modulus
is G = G*/(Gics), with G* being the effective shear modulus.

Table 2 lists the normalized effective shear modulus G of the structures for the respective loading
cases and their average, Gay. Thereby, the modified structure types of the specific loading cases are
subjected to all three loads (Uni-, bi- and tri-directional) to investigate the influence of the modifi-
cation regarding one load case on the effective stiffness for other load cases. The adjusted structures
for case 1 and case 3 exhibit the highest G of 0.19 [—] (case 1, unidirectional) and 0.22 [—] (case 3,
tridirectional) for their respective loading conditions compared to the other structures.

The orientation of the volume in response to the specific loading scenario is most clearly demon-
strated by case 1. For the adjusted loading case, the normalized effective shear modulus G is 0.19 [—]
(case 1, unidirectional), whereas it is significantly lower for the multidirectional loading cases, with
values of 0.0098 [—] (case 1, bidirectional) and 0.0085 [—] (case 1, tridirectional). Interestingly, the
structure modified for the two-dimensional shear loading case exhibits a higher modulus for the
three-dimensional case of G = 0.07 than for the optimized two-dimensional shear loading case of
G = 0.06. Among the structures analysed, the structure modified for case 2 exhibits the smallest
deviations in the normalized effective shear modulus G across the various load cases considered.
This suggests that this structure demonstrates the best isotropic behaviour, as it provides the most
uniform mechanical response under different loading scenarios.

The structure from case 3 with shear moduli of G = 0.1,0.13,0.22 shows the best performance
over all three loading scenarios. It still has a relatively high shear modulus for the loads for which it
was not modified, and a normalized effective shear modulus approximately twice as high in case 3,
it was not modified for and an approximately double as high normalized effective shear modulus in
case 3. This observation is confirmed by the average value (Gay) across all three loading cases. Overall,
the structure modified for case 3 shows the highest mean value. Although the shear modulus for case
1 is relatively high in the modified loading direction, the values in the other loading directions are
significantly lower, which explains the correspondingly lower average value.

In the following subsection, the topologically adapted structures will be optimized for the respec-
tive modified loading directions.



Figure 3. Shape optimization of topologically modified cross-structure under different shear loading criteria (xyz-view). (a) Case 1:
Unidirectional shear loading in the x-direction. (b) Case 2: Multidirectional shear loading in the x- and y-directions and (c) Case 3:
Multidirectional shear loading in the x-, y- and z-directions.
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Figure 4. Volume redistribution through the shape optimization process of the optimized structure for case 1.

3.1.2. Shape optimization

The previously topology-altered structures are now shape-optimized under specific shear loading
conditions. The shape optimization process is terminated once the change in the objective function
after each simulation step is reduced to less than the fifth decimal place after the decimal point.

The phase-field-based shape optimization process aims to optimize the structures further accord-
ing to the respective loading directions. During this process, the volumes of the structure keep
constant while redistributing the volume. Volume is removed from less-loaded regions and added
to more heavily loaded areas. Nevertheless, the structure’s periodicity is maintained. In Figure 3, the
shape-optimized cell structures are shown in their shape-optimized state.

Since the volume redistribution is not fully recognizable in Figure 3, the volume fraction along the
x-axis of the respective structures is presented in more detail in the following Figures 4, 5 and 6.
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Figure 5. Volume redistribution through the shape optimization process of the optimized structure for case 2.
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Figure 6. Volume redistribution through the shape optimization process of the optimized structure for case 3.

This detailed representation allows for a more precise analysis of the volume distribution within
the structures, which has corresponding impacts on the mechanical properties of the structures.

The red dashed lines in Figures 4, 5 and 6 represent the initial topology-adjusted structure, while
the subsequent shape-optimized structure is indicated by solid black lines. The difference in volume



Table 3. Volume fraction of the shape optimized porous structures, as well as
their corresponding surface areas.

Shape modified structure type Volume fraction Surface area
Unidirectional 0.36 3.01
Bidirectional 0.36 433
Tridirectional 0.36 3.96

Table 4. Behaviour of the norm Ilzgﬁqahceoagﬂodulus fthe load- al er %rnd subsequently shape-optimized cross-

lattice structdres Under vanous foa itions and the average o alT three case

Shear type
Shape modified structure type Unidirectional Bidirectional Tridirectional Average
Case 1 (unidirectional) 0.22 0.008 0.007 0.078
Case 2 (bidirectional) 0.07 0.22 0.09 0.126
Case 3 (tridirectional) 0.1 0.14 0.26 0.17

redistribution is illustrated by the bar chart. It is evident that, for the structure-optimized one-
dimensional shear loading case (case 1), the volume redistribution due to the optimization process is
minimal, whereas the most significant redistribution is observed in case 2. This also explains why the
largest percentage change in surface area of about 22% from the initial 3.54 (see Table 1) to 4.33 (see
Table 3), is observed in this case. This table also reveals that the shape-optimized structure for case 2
has the largest surface among the three structures considered.

Upon revisiting the normalized G-modulus from Table 2 for the topologically altered structures,
itis evident that the topologically altered structure in case 3 exhibits a higher normalized G-modulus
for the loading scenario in case 2 than the structure specifically optimized for this loading case. The
subsequent shape optimization process enabled all structures to be brought into a more energetically
favourable state. Consequently, after the shape optimization process, all three structures represent
the most favourable design for their respective optimized loading conditions. The corresponding G-
modulus for each of the shape-optimized structures and their corresponding loading conditions can
be found in Table 4.

Although the volume redistribution is partly relatively minor, an increase in the shear modulus
G was achieved compared to the topologically altered structure for the respective optimized loading
case.

In the structure-optimized unidirectional loading scenario (case 1), the volume redistribution
leads to an increase in the G-modulus, from 0.19 [—] (see Table 2; case 1, unidirectional) to 0.22 [—]
(see Table 4; case 1, unidirectional), representing an approximate 15% increase in the direction of
optimization. However, this also results in a decrease in the effective shear modulus for multidirec-
tional loading orientations. In contrast, for the other two structures, the volume redistribution results
in an enhancement of the shear modulus across all considered shear loading scenarios compared to
the load-specific topologically altered baseline structure.

The highest increase was observed in case 2, where the volume redistribution leads to an increase
in the shear modulus of more than 200%.

In the structure-optimized unidirectional loading scenario (case 1), the volume redistribution
leads, on one hand, to an increase in the G-modulus, but on the other hand, also results in a decrease
in the effective shear modulus for multidirectional loading orientations. In contrast, for the other
two structures, the volume redistribution results in an enhancement of the shear modulus across
all considered shear loading scenarios compared to the load-specific topologically altered baseline
structure.

The highest increase was observed in case 2, where the volume redistribution leads to an increase
in the shear modulus of more than 200%.



Figure 7. Comparison structures with a volume fraction of about 35%. (a) Primitive structure. (b) Gyroid structure and (c) Loading
case: hydrostatic loading scenario.

In case 3, shape optimization achieved an additional increase in the modulus of approximately 18%
in the direction of the applied load. As can be seen from the average value, the shape-optimized struc-
ture for loading case 3 still demonstrates the overall most beneficial behaviour across the considered
load cases.

From these observations, it can be concluded that topology modification is a promising tool for
developing new, load-specific foundational structures. The subsequent shape optimization process
serves, depending on the efficiency of the previously determined topology, either for fine-tuning in the
specific loading case or for further optimization of the structure. In addition, in the cases considered,
shape optimization results in an increase in the surface area, although the surface area is not part of
the optimization process.

Besides the optimized lattice structures for pure shear loading cases, it is also important to analyse
comparative structures for the previously considered loading scenarios. This allows for a compre-
hensive assessment of the performance and efficiency of the load-specific, newly generated lattice
structures through the relatively unexplored phase-field-based s tructural o ptimization for lattice
structures.

3.2. Comparative structures

For comparison of the newly generated periodic structures, which were specifically optimized for
various shear loading conditions, two Triply Periodic Minimal Surfaces (TPMS) are selected: the
sheet-based ‘gyroid’ (see Figure 7(a)) and the sheet-based ‘primitive’ structure (see Figure 7(b)). This
selection is based on the observed similarity of the optimized structure with the minimal surfaces
case 3. Additionally, a structure derived from the topology-changed cross-lattice structure, but opti-
mized for the hydrostatic loading case (see Figure 7(c)), is included in the analysis. This structure also
exhibits similarities to triply periodic minimal surface structures. The finding that optimization under
uniform loading conditions results in TPMS-like structures is supported by the results of Takezawa
et al. (2018). In this study, a hollow tetrahedral cell structure is optimized with respect to its isotropic
effective stiffness, further confirming the similarity of the resulting structure to TPMS structures.

All three structures have a volume fraction of about 35%, similar to the previously generated struc-
tures. However, the surface areas of these three structures are higher than those of the structures
specifically optimized for shear loading cases, as can be seen from Table 5, with the gyroid structure
having the largest surface area of 6.16.

The normalized effective G -moduli o f t he c omparison s tructures f or t he u nidirectional and
multidirectional shear loading cases applied to the cross-lattice structure are listed in Table 6.

In the mechanical analysis of the shear modulus G of the comparative structures, it is observed that
the primitive structure exhibits the highest values under both, unidirectional and multidirectional
shear loads compared to the other two examined structures. However, when comparing the primitive



Table 5. Volume fractions of the porous comparison structures, as well as their respective surface areas.

Comparison structure Volume fraction Surface area
Primitive 0.34 4.60
Gyroid 0.34 6.16
Hydrostatic 0.34 442

Table 6.Normalized effective shear modulus G of comparison structures and the average of all three cases.

Shear type
Comparison structure Unidirectional Bidirectional Tridirectional Average
Primitive 0.22 0.22 0.21 0.21
Gyroid 0.17 0.17 0.17 0.17
Hydrostatic 0.15 0.15 0.15 0.15

structure with the newly generated structures, it becomes evident that the G-moduli for the newly
generated structures in load cases 1 and 2 are in a similar range. This indicates that the new structures
perform comparably to the primitive structure in these load cases and the mechanical properties
compete well with already established structures.

Notably, the newly generated and shape-optimized structure for the three-dimensional loading
scenario (case 3) can exhibit an effective G-modulus that is up to 23% higher. This shows that the
targeted optimization for a specific loading case can achieve the desired stiffness. However, it must
be noted that the shear modulus for other loading cases of the modifi ed structure in case 3 is nearly
halved. Nevertheless, if only the specified loading case is of relevance, this load-specific optimization
may still prove advantageous.

When examining the other comparative structures, the gyroid and hydrostatically modified struc-
tures have no detected significant fluctuations in the G-moduli across the different loading cases.
Although the structure-optimized case 3 also features a uniformly periodic arrangement, the effec-
tive G-modulus has nearly halved between the optimized loading case (case 3) and the non-optimized
loading cases.

To sum up, the phase-field-based 1 oad-specific op timization en ables th e ge neration an d opti-
mization of new structures. The superior performance of this newly generated structure under
multidimensional loading conditions underscores the potential of phase-field-based optimization for
developing more efficient structures with improved mechanical performance. While the initial load-
specific topology modification creates the base structure, the subsequent shape optimization process
refines the structure.

This highlights the potential of the structural optimization process using phase-field-based
optimization and demonstrates the capability of computationally developing new, load-specifically
designed structures. In particular, it underscores the ability of phase-field-based o ptimization to
create structures tailored to specific loading requirements.

4. Conclusion

In the first part of this study, a three-dimensional lattice cross-structure with a volume fraction of

about 75% is both topology-modified and shape-optimized for various shear loading cases. Initially,

material is removed from the less-stressed areas of the original structure under unidirectional and

multidirectional shear loads, resulting in a new, periodic, and topologically altered structure with

a volume fraction of approximately 35%. Analysis of the shear modulus for the diff erent loading
directions reveals that the shear modulus is not optimally aligned for some structures. The subse-
quent phase-field-based shape optimization process leads to a stress-specific volume redistribution,

resulting in an increased shear modulus for each structure tailored to its respective loading case.



In the second part of the study, two well-established triply periodic minimal surface structures
from the scientific literature, namely the sheet-based gyroid and the primitive structure, and in addi-
tion a hydrostatically topology-altered lattice cross-structure, are used as comparative structures.
It is observed that the primitive structure exhibits the highest shear modulus the one-dimensional
and two-dimensional shear loading cases. In contrast, the shape- and topology-optimized structure
achieves the highest shear modulus under three-dimensional shear loading conditions.

These results highlight that the combination of phase-field-based topology and shape optimization
represents a promising approach for creating new mechanical periodic structures tailored to specific
loading conditions.

The study effectively d emonstrates t he a pproach, c oncept and p otential for g enerating stress-
specific periodic porous structures using a phase-field-based structural optimization process.

Since the computational costs for shape optimization are high owing to the numerous iterations,
which is not the case for topology modification owing to the single-step process, future work will also
focus on improving computational efficiency and optimization. One way to reduce these costs is by
optimizing the mechanical solver. Additionally, another research field is to extend these methods to
consider e.g. manufacturing restrictions, multiphase materials or dynamic lead influences. Further-
more, the framework will be applied to other structural types and different mechanical requirements,
aiming to develop new lightweight structures for industrial applications.
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