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Quantum simulation, the study of strongly correlated quantum matter using synthetic quantum systems, has
been the most successful application of quantum computers to date. It often requires determining observables
with high precision, for example when studying critical phenomena near quantum phase transitions. Thus, read-
out errors must be carefully characterized and mitigated in data postprocessing, using scalable and noise-model
agnostic protocols. We present a readout error-mitigation protocol that uses only single-qubit Pauli measurements
and avoids experimentally challenging randomized measurements. The proposed approach captures a very
broad class of correlated noise models and is scalable to large qubit systems. It is based on a complete and
efficient characterization of few-qubit correlated positive operator-valued measures, using overlapping detector
tomography. To assess the effectiveness of the protocol, observables are extracted from simulations involving up
to 100 qubits employing readout errors obtained from experiments with superconducting qubits.
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I. INTRODUCTION

A significant challenge in scaling up quantum devices to
regimes where they can demonstrate a quantum advantage is
their sensitivity to noise [1]. Various error mitigation proto-
cols for near-term quantum hardware have been developed to
extend the reach of non-fault-tolerant devices [2-5]. Although
the value of these short-term solutions has recently been sub-
ject to debate [6], there are arguments suggesting that they
will remain crucial for reaching practical quantum advantage
[7]. What is more, the mitigation of readout errors takes a dis-
tinct and important role in many applications, as these errors
persist even when fault tolerance is implemented. As quantum
hardware scales up, unintended readout correlations between
qubits become a mounting issue that has only recently been
discussed [8-11]. In superconducting qubits, readout correla-
tions have been observed in multiplexed dispersive readout
between pairs of qubits [12]. Early efforts to reduce such
readout correlations focused on fine-tuning quantum control
[13] or mitigating them postmeasurement with specialized
hardware [14].

We have identified four properties which are desirable in
practical near-term readout error-mitigation protocols:

(A) scalability to large qubit numbers,

(B) robustness against correlated and coherent errors,
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(C) access to relevant observables,

(D) practicality of experimental implementation.
Among the most studied readout errors are classical errors,
which amount to a statistical redistribution of measurement
outcomes. These errors are commonly modeled using a con-
fusion matrix [15,16] or addressed by unfolding [17]. The
methods used to mitigate these types of errors have the ad-
vantage of being extremely simple to implement and typically
account for the largest part of readout errors observed in ex-
periments. These error-mitigation methods can also be made
scalable [8], which makes them satisfy properties (A), (C),
and (D), but fail to address coherent errors. Randomized
measurement strategies, such as classical shadows [18], are
of particular interest because many nonclassical errors are
transformed to classical ones under randomization. Classical
shadows have been made resistant to noise by the introduc-
tion of robust shadow tomography [19] and related methods
[20-22]. These techniques satisfy properties (A)—(C), but are
arguably difficult to implement due to the need for random-
ized global Clifford measurements. Recent efforts have been
made to alleviate some of the difficulties of randomized mea-
surements [23,24], but they often require entangling gates,
such as CNOT gates, to be effective. Other methods that avoid
randomized measurement have been proposed [25], but are
not scalable, satisfying only properties (B)—(D). Correlated
readout errors have been avoided entirely with compres-
sion readout [26,27], which involves only measurements of
a single ancilla qubit, but requires relatively complicated
compression circuits, satisfying properties (A)—(C). To the au-
thors’ knowledge, there is no readout error-mitigation method
that satisfies properties (A)—(D) simultaneously.

In this work, we extend the readout error mitigated state
tomography (REMST) protocol introduced in Ref. [25] to
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be scalable while maintaining desirable properties with only
small caveats to (B) and (C). The REMST protocol is
based on the calibration of the measurement device using
detector tomography [28] and the integration of the recon-
structed positive operator-valued measure (POVM) directly
into a likelihood-based state estimator. Here, we develop a
scheme that uses this protocol for the readout error-mitigated
extraction of few-body observables that is scalable if readout-
induced correlations are limited to small subsystems of qubits.
Under this assumption, we can create a tiling of the whole
qubit system with at most n.., qubits in each tile. The tiling
for a qubit device can be constructed efficiently by perform-
ing detector overlapping tomography [8,29] and extracting
readout correlation coefficients [8,30] for all pairs of qubits.
Using the correlation coefficients, one can create correlated
noise clusters using a heuristic-free hierarchical clustering
algorithm.

To demonstrate the utility and necessity of the protocol,
we consider different realizations of readout error mitiga-
tion without randomized measurements and compare how
well they perform in relevant tasks, such as reconstructing
few-body reduced density matrices and extracting arbitrary
two-point observables. Comparisons are made by numerically
simulating measurements from noisy POVMs for system sizes
between 16 and 100 qubits. To demonstrate the robustness of
our scheme, we consider both artificial POVMSs with corre-
lated noise and noisy POVMs extracted from superconducting
qubits by performing detector tomography. We find that our
protocol performs well across all scenarios tested. When no
knowledge of the prepared state is available, our protocol
outperforms other alternatives by up to an order of magnitude
in mean-squared errors of arbitrary two-point observables.

Our protocol will yield crucial advantages in quantum sim-
ulation experiments [31] where precise extraction of few-body
observables is necessary but may be limited by readout errors.
For example, preparing ground states for studying quantum
phases of matter using variational quantum circuits requires
measuring the expectation value of the system Hamiltonian
which, for quantum spin models or Hubbard models, typically
consists of sums of low-weight operators. In addition, for
quantum simulations of the critical behavior around phase
transitions [32-34], two-point correlators need to be pre-
cisely measured to extract critical exponents. When studying
nonequilibrium quantum dynamics, the accurate determina-
tion of two-point correlators is key for determining the rate
of information spreading and probing Lieb-Robinson bounds
[35,36]. Furthermore, the tools and approach presented can be
used separately for characterization of the readout correlation
structure, which can be used to optimize experimental readout
parameters [37]. Thus, we expect our scalable readout error-
mitigation scheme to be of wide use to quantum simulation
experiments, opening up new opportunities for studying quan-
tum many-body phenomena.

II. PRELIMINARIES

A. Generalized quantum measurements

A generalized quantum measurement, also called a posi-
tive operator-valued measure (POVM), is a set of Hermitian

matrices M = {M;} that satisfies the following properties:

M;>0, M{=M; and Y M;=1. (1)

Each POVM element M; is associated with an outcome i from
a measurement process. The Born rule provides the proba-
bilities for the different possible outcomes when measuring
quantum state p:

Tr(pM;) = (M;) = pi. 2

This provides an operational interpretation of the expectation
value of POVM elements as a probability distribution. Thus,
the three properties in Eq. (1) are equivalent to positivity,
realness, and normalization of the probability distribution,
respectively.

The benefit of working with POVMs rather than just pro-
jective measurements is that it allows us to capture the process
of noise at readout, both classical noise, which manifests itself
as a redistribution of the eigenvalues of the POVM elements,
and coherent errors, which occur in the off-diagonal elements.

B. Readout error mitigated state tomography

In Ref. [25], a readout error-mitigation protocol was in-
troduced that allows correction of beyond-classical readout
errors in quantum state reconstruction. This work is a direct
continuation and will provide a scalable protocol. The basic
outline of the approach is as follows: Quantum detector to-
mography is used as a calibration step, where the effective
POVM M implemented by the measurement device is recon-
structed [38]. The reconstructed POVM is then integrated into
the likelihood function

L(p) o< I;Tr(pM;)", 3)

where n; is the number of occurrences of outcome i. Using
a Bayesian mean estimator [39] or a maximum likelihood
estimator [40], a most probable state can be found that is
guaranteed to be physical.

C. Correlation coefficients and traced-out POVMs

To account for correlated readout errors, it is essential to
have a precise method to assess how the readout of one qubit
affects the readout of another. To do this, one can check how
separable a POVM is between two subsystems. In contrast
to computing reduced quantum states, extracting a traced-out
POVM from a larger POVM lacks a unique definition and
necessitates knowing the quantum state being measured. To
create an unambiguous notion of a reduced POVM we follow
Ref. [8]. Consider a bipartite quantum system, A and B, with
POVM M*P = (M}, where is and ig label the outcome in
subsystems A and B, respectively. To derive the POVM that
acts on the subsystem A, we define the traced-out POVM
MA#8 conditioned on subsystem B being prepared in state
B as

M =" " Trg[M]} (1 ® pp))- (4)
ig
By specifying the state of subsystem B, the relative occurrence
of the different possible reduced POVM elements on subsys-
tem A is fixed, and therefore unambiguous.
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As initially outlined in Refs. [8,30], correlation coefficients
can be formulated using traced-out two-qubit POVMs. These
coefficients are defined as the maximum distance between
two reduced POVMs, obtained by preparing the traced-out
subsystem in different pure states. Following to the two-
qubit “worst-case” definition from Ref. [8], the correlation
coefficient obtained from the computational basis POVM is
explicitly given by

oo = sup M — M|
PB,0B

" 5)
where it suffices to consider the O element of the reduced
POVM of subsystem A, as it fully specifies the one-qubit
POVM due to the normalization condition My + M, = 1. This
coefficient quantifies how strongly the readout of subsystem
B impacts the readout of subsystem A. Since this definition
of the correlation coefficient is not symmetric, we define a
symmetric version
CA-B T CB=A

CAoB =" (6)

which we will refer to as the correlation coefficient from
now on. Certain limitations of the correlation coefficients are
addressed in Appendix A.

D. Overlapping detector tomography and perfect hash families

Our protocol requires the extraction of all pairwise correla-
tion coefficients between qubits. To achieve this efficiently for
large-scale qubit systems while minimizing the experimental
cost, we employ overlapping detector tomography [8]. Vari-
ous forms of overlapping tomography have been introduced
[29,41,42], each grounded in the principles of covering arrays
or perfect hash families (PHF). For simplicity, this discussion
will focus on the variant using PHFs proposed by Ref. [29], as
it offers the greatest flexibility within our framework. For our
purposes, a hash family can be denoted as @y ;. , = {¢>f'” N
which is a set of N hash functions ¢ that assign to k possible
input values one of v possible output values [43,44]. For a
hash family to be perfect, it requires that for any arbitrary sub-
set of + < v input values {x, x», ..., x;}, there exists a hash
function ¢; € ®p ., such that {¢;(x)), pi(x2), ..., ¢i(x;)} has
t unique output values. We refer to these as #-local PHFs. In
other terms, a 7-local PHF contains hash functions that ensure
that for any collection of ¢ input values, there exists at least
one hash function that assigns distinct output values to each of
the ¢ inputs. For the rest of this work, we will consider PHFs
that have v = . In this work, it is only necessary to use a PHF
with t = 2, which can be generated analytically [29],

¢>f"2(x) = ith digit of the binary expansion of (x — 1), (7)

where x denotes the input value.

In overlapping detector tomography, the PHFs are used to
guarantee that all possible two-qubit POVMs can be recon-
structed, which means that, for all possible two-qubit pairs,
an informationally complete set of calibration states needs to
be measured between them. Specifically, a minimal informa-
tionally complete set of calibration states for a single qubit
comprises four calibration states, {1, ¥, V3, ¥4}, and for
two qubits, all 16 combinations of two single-qubit calibra-
tion states are necessary. As an example of how PHFs are

used to generate a complete set of calibration states for all
qubits, consider the 2-local PHF described in Eq. (7). In this
context, the input values x are the indices of each qubit, x €
{1,2,3, ..., nqubiis}- For each hash function ¢>f’2, each qubit is
assigned one of two possible output values 0 or 1. An informa-
tionally complete set of calibration states is prepared between
the qubits that were assigned 0 and 1. Specifically, all possible
unique combinations of the single-qubit calibration states are
prepared between the two groups, with no repeated calibra-
tion state, that is, for qubits with label (0,1) the calibration
states {(¥1, ¥2), (Y1, ¥3), (W1, ¥a), (W2, Y1), - .., (W4, ¥3)}
are prepared and measured, where all cases with equal cali-
bration states prepared on each qubit group are removed. Once
this is done for all hash functions, four final calibration states
are measured with all qubits prepared in ¥, ¥, V3, and Y,
respectively. This procedure is straightforwardly generalized
to a z-local PHF, which ensures that any 7-qubit POVM can
be reconstructed. If the calibration states are replaced by
single-qubit basis measurements {X, Y, Z}, one recovers the
overlapping tomography prescription in Ref. [29].

The total number of measurements required to reconstruct
any t-qubit POVM from a k-qubit system is proportional to the
number of hash functions in the PHF. The expected number
of hash functions scales as ¢“) log k [29], that is, exponential
in the subsystem size but logarithmic in the total size of the
system, making overlapping detector tomography scalable.

There exist situations where larger ¢-local PHF are useful
and we do use a PHF with ¢+ = 3 for fairer comparisons later.
Creating an optimal PHF is a hard problem, and few analytical
methods are available to generate them [43,44]. We provide
some PHFs generated by a density algorithm for different k
and ¢ in Ref. [45]. An example of the ®¢ ;5.3 PHF is presented
in Appendix B. Although the proposed measurement strategy
may not be resource optimal, it offers significant adaptability.
Additional optimizations could be achieved through the use of
covering arrays [41,46]

III. METHOD

This section introduces our main result, a protocol specif-
ically devised to address correlated readout errors in any
arbitrary two-qubit observable, with the potential to extend
to higher-order observables in certain subsystems. As dis-
cussed in Sec. I, high-precision measurements of low-order
observables in the presence of correlated readout errors are
crucial for many applications in quantum simulation. The cor-
related quantum readout error-mitigation (QREM) protocol
is depicted in Fig. 1. The protocol can be broadly split into
two separate parts, readout correlation characterization and
noise-cluster-based REMST. The first part is used to sample
efficiently extract the correlated structure of the qubit readout
which enables construction of correlated noise clusters. The
obtained correlated noise structure is used to extract error
mitigated observables in the subsequent part.

A. Noise-cluster characterization

In general, readout correlations may exist among all qubits
in any quantum system, rendering any complete characteriza-
tion nonscalable. Therefore, in order to efficiently characterize
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(a) Characterization of correlated noise structure
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(b) Reconstruct observables using connected noise clusters

(A) = Tr(Apa)
(B) = Tr(Bpp)
(C) = Tr(Cpo)
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FIG. 1. Schematic overview of the correlated readout error-mitigation protocol. (a) The correlated noise is efficiently characterized for
the relevant qubit system. A perfect hash family is generated in such a way that all possible two-qubit reduced POVMs can be reconstructed
by utilizing parallel measurements. Every hash function assigns one of two distinct labels to each qubit, indicating which calibration state
is assigned to each group. Each group label receives an informationally complete set of calibration states between them which is repeatedly
measured. Overlapping detector tomography can then be performed where every possible two-qubit POVM is reconstructed. For each two-qubit
POVM, the symmetric correlation coefficients are calculated [see Eq. (5)]. These coefficients are represented with bidirectional arrows. The
dotted bidirectional arrow indicates weaker correlation coefficients. By employing a hierarchical clustering algorithm, the dominant readout
noise clusters within the system can be identified. (b) Reconstructing observables with mitigated readout errors. Each requested observable is
matched with readout noise clusters to form connected noise clusters, which must be fully characterized. On these connected noise clusters,
readout error-mitigated state tomography is carried out to reconstruct the error-mitigated states for each connected cluster. The observables are

then computed from the readout error-mitigated states.

the noise in the entire system, assumptions about the corre-
lation structure have to be made. Fortunately, the extent of
correlation in contemporary systems is typically limited, and
readout correlations occur only within smaller groups, such
as for superconducting qubits that share the same readout
microwave line. Therefore, a maximum number of qubits that
can be correlated n.,; can be set.

To find which qubits should be grouped together into
noise clusters, we rely on two-qubit correlation coefficients,
which are computed from two-qubit POVMs [see Eq. (5)].
Reconstructing all possible two-qubit POVMs would require
an exhaustive amount of measurements if done naively by
measuring all two-qubit POVMs one after another. It can be
done significantly more efficiently by employing overlapping
detector tomography and perfect hash families to measure all
qubits in parallel (see Sec. II D).

A 2-local PHF is generated to ensure that each set of
two qubits is measured with an informationally complete
set of calibration states. Higher k’s can be used to create
a “measure first, ask questions later” approach, where the
initial calibration measurement can be reused in noise cluster
characterization later. In the representation in Fig. 1(a), there
are 16 qubits, for which four hash functions are sufficient. In
each sheet all the qubits of the same colors received the same

measurement instructions such that between the two groups
there exists an informationally complete set of measurements.
Once all four sheets are measured, one can reconstruct all
possible two-qubit POVMs. With the two-qubit POVMs the
correlation coefficients can be computed as described in
Eq. (9).

The correlation coefficients form a fully connected graph,
facilitating the use of clustering algorithms to identify groups
of qubits with the strongest readout correlations. Hierarchi-
cal clustering techniques consistently identified qubit clusters
across different noise models and experimentally extracted
POVMs. These methods provide the benefit of eliminating
the need for heuristic parameters, which often differ signifi-
cantly between different experimental setups or noise models.
Although further manual cluster tuning is possible with extra
insight into the noise sources, it is not essential for the proto-
col to function effectively. For more details on the clustering
algorithm, see Appendix C.

B. Reconstructing readout error-mitigated observables

The identified noise clusters are used to perform readout
error mitigation [cf. Fig. 1(b)]. For a given two-qubit observ-
able to be measured, all noise clusters containing those qubits
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are grouped to form a connected noise cluster. The readout
error-mitigated state is reconstructed using the REMST proto-
col [25] on the entire connected noise cluster. In Appendix D
we show that, in the case of a general prepared state, state
reconstruction on connected noise clusters is required if both
correlated and coherent readout errors are to be mitigated. The
reconstruction of the noisy POVMs can be carried out on each
noise cluster individually.

The observables initially requested are calculated using
the readout error-mitigated states received from the REMST
protocol. The connected noise clusters can be reused to com-
pute further higher-order observables, even if not originally
requested. For details on the implementation, see Appendix E.

C. Extraction of experimental POVMs

To extract realistic POVMSs to test the protocol, detector
tomography was performed on a chip with four individual
transmon (Xmon) qubits. Each qubit is dispersively coupled
to a separate readout resonator. The qubit control and the
resonator readout is done with frequency division multiplex-
ing [47,48]. The chip is measured in a dilution cryostat
below 15 mK. For more information on the device used, see
Ref. [49]. Some of the qubits have larger readout correlations
as a result of the smaller frequency spacing of the resonators,
leading to potential crosstalk.

IV. RESULTS

To demonstrate that all the desired properties stated in the
Introduction are satisfied by the protocol, measurements were
simulated on up to 100 qubits. These simulations were based
on readout noise extracted from a superconducting qubit sys-
tem. The properties examined were as follows:

(A) scalability to large qubit numbers,

(B) robustness against correlated and coherent errors,

(C) access to relevant observables.

The property (D) is satisfied by construction as only single-
qubit Pauli measurements were used. To make the sampling
and noise simulation numerically feasible, we used tensor
products of four-qubit states as test states for the QREM
protocols and applied noise channels that potentially overlap
multiple four-qubit states. This should not be viewed as a
limitation of the protocol because the results and protocol
complexity would not change if general 16- and 100-qubit
states were prepared (see Appendix D for more details).

The protocol is tested by reconstructing two-qubit ob-
servables. The target states are tensor products of four-qubit
Haar-random states, p = @™ p;, Where nchunks = Nqubits/4-
The Haar-random pure states p; are generated by drawing a
random unitary matrix U; from the unitary group U (2*) and
applying it to the all-zero state py = |0000)(0000], resulting
in p; = ipoU;. The considered observables are products of
Pauli operators O = A ® B, where A, B € {X,Y,Z}. In Ap-
pendix F2 we include a simulation with mixed target states.

Multiple layers of averaging were performed to achieve
representative performance estimates. Specifically, each sim-
ulation involved numerical measurement samples from N, =
10 randomly chosen target states. For each state, N, random
pairs of qubits were selected, and for each selected pair, all

two-qubit Pauli observables were reconstructed. As figures of
merit, the mean-squared error (MSE) and state reconstruc-
tion infidelity were used. The mean-square error is computed
between the reconstructed observables O = Tr(0p) and their
ideal values (O) from the Haar-random target states,

1< .
MSE = 5 § (0) — 00, ®)
i=1

where the sum is performed over nine possible two-qubit
Pauli observables. Unless stated otherwise, the MSE is also
averaged over the N, random target states and N, pairs of
qubits, which is denoted as the averaged MSE. State recon-
struction infidelity is computed between the reconstructed
error-mitigated state p and the target state p, defined as
2
Infidelity =1 —F(p,p)=1— [Tr( ﬁﬁﬁ)} .9
Since only pure target states p are used, infidelity
simplifies to

Infidelity = 1 — Tr(pp). (10)

As for the MSE, infidelity is averaged over N; random states
and N, random pairs unless otherwise stated.

To evaluate the statistical robustness of the protocol, each
simulation was repeated 10 times and averaged. The standard
deviations of these repetitions are shown as error bars in each
plot. For all simulations, the maximal size of the noise cluster
was set to neorr = 3.

A. 16-qubit example with experimental noise

To simplify our analysis, we initially focus on a 16-qubit
system to test the performance of the protocol. Five different
implementations of the protocol are compared in scenarios
where some are expected to perform optimally and where
no advantage is anticipated. The protocols considered are as
follows:

(i) No QREM: No readout error mitigation is applied.

(i1) Factorized QREM: The REMST protocol in which
each qubit is treated individually. The reconstructed noisy
POVMs are tensor products of single-qubit POVMs.

(iii) Two-qubit QREM: The REMST protocol is applied to
the two qubits that are part of the observable. The correlated
readout errors are only mitigated for the two qubits participat-
ing in the observable.

(iv) Classical correlated QREM: The correlated QREM
protocol is applied where only classical errors are corrected.
The reconstructed noisy POVMs are produced using the full
correlated QREM protocol, but discarding all off-diagonal
terms in the POVMs.

(v) Correlated QREM: The complete correlated QREM
protocol is applied.

Additional details on the different protocols can be found in
Appendix E4.

All protocols were evaluated for Ny = 10 random realiza-
tions of the 16 qubits extracting correlators between N, = 20
random pairs of qubits. The readout noise was sampled at
random from a large set of experimentally extracted POVMs
(see Sec. IIIC). In Fig. 2 the MSE is plotted as an average

022601-5



ADRIAN SKASBERG AASEN et al.

PHYSICAL REVIEW A 112, 022601 (2025)

3x1073

EmE No QREM
I Factorized QREM
2% 103 Emm Two-point QREM
B Classical correlated QREM
w B Correlated QREM
0
=
(V)
g 10-31
2
=3
6x107*
4x107*

FIG. 2. Comparing different scalable readout error-mitigation
protocols. Averaged mean-squared error of two-qubit Pauli ob-
servables is plotted for five different protocols. The averages are
performed over N, = 20 randomly chosen pairs for N; = 10 random
realizations of the 16-qubit states. The error bars are one standard
deviation from 10 repeated simulations of the entire protocol with
the same readout noise, random states, and pairs chosen.

over all states, pairs, and observables. For a fair comparison,
each protocol received the same measurements in both noise
calibration, when applicable, and readout error-mitigated state
reconstruction. A 3-local PHF was utilized for calibration,
resulting in a total of 9 x 10 calibration measurements per-
formed. For each requested observable, ~10° measurements
were performed. The correlated QREM protocol performed
the best overall, indicating that both beyond-classical read-
out errors and correlated readout errors were present in the

experimentally extracted POVMs. To better understand how
the protocols work, specific pairs of qubits are examined in
Fig. 3, where both state reconstruction infidelity and MSE
are averaged only over randomly chosen target states. The
[0, 1] pair featured correlated noise only between the qubits
constituting the observable. Therefore, the factorized QREM
protocol performed worse than the two-point and correlated
QREM protocols, which worked equally well. The classical
correlated QREM protocol performs slightly worse, which is
expected, as small amounts of nonclassical errors are present
in the experimental POVMSs. For the pair [4, 8], there was
no correlated readout noise between the two qubits appearing
in the observable, but significant correlated readout noise be-
tween the adjacent qubits, specifically for (4, 5) and (8, 9, 10).
It is therefore expected that the two-point QREM protocol
does not perform too well while both correlated QREM pro-
tocols perform well. For the two remaining cases, [6, 11] and
[7, 13], we observe similar performance between all QREM
protocols, indicating that there were no significant correlated
readout errors.

B. Strong artificial noise

In order to illustrate the applicability of the protocol to
correlated and beyond-classical noise sources [property (B)],
two artificial noise models were examined in a 16-qubit sim-
ulation: One characterized by significant correlated errors
and the other by pronounced coherent errors. Both MSE and
state reconstruction infidelity were averaged over N; = 10
randomly chosen target states and N, = 20 random pairs. The
number of calibration measurements and state reconstruction
measurements is the same as in Sec. IV A.

Infidelity

I No QREM

I Factorized QREM

I Two-point QREM

I Classical correlated QREM
Il Correlated QREM

10—3.

Average MSE

10—4.

[0, 1]

[4, 8] [6, 11]
Qubit pair labels

@9 © ©

& 4

[7,13]

FIG. 3. Average readout error-mitigated observables for selected two-qubit pairs. In a 16-qubit simulation, state infidelity and average
mean-squared error are evaluated across five distinct implementations of the scalable QREM protocol. The measurement setup is the same as
for Fig. 2. In the bottom right the experimental n-qubit POVMs applied are visualized by orange squiggly lines, indicating potential correlated
readout errors. The specific qubit pairs plotted are indicated by black bidirectional arrows.
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I Two-point QREM
I Correlated QREM
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FIG. 4. Comparing protocol performance for increasing corre-
lated noise strength. Readout error-mitigated infidelity and averaged
mean-squared error for all two-qubit Pauli observables are plotted for
the two-point QREM and the correlated QREM protocol. The error
bars are the standard deviation from 10 repetitions of the simulation
with identical initial conditions.

1. Strong correlated noise

Correlated noise can be generated by applying a noisy
entangling gate between two qubits. The iSWAP gate is the
native entangling gate for superconducting qubits and gen-
erates symmetric correlation between the two qubits, unlike
the CNOT gate, which is directional. The simulated correlated
noise is modeled as a probabilistic iISAWP channel

EM;) = (1 — k)M; + kUiswapMiUyfyps (11)

which can be understood as preserving the quantum state with
probability k, while with probability 1 — k an iSWAP gate is
applied to the state, correlating the qubits. In the simulation,
only neighboring pairs of qubits were correlated, i.e., pair
{(0, 1), (2, 3), ..., (14, 15)}. For each pair of qubits, the noise
strength k was randomly drawn from a uniform distribution
around a mean value k € [kpean — 0.1, kean + 0.1].

In Fig. 4 correlated QREM is compared to no QREM and
two-point QREM for different mean noise strengths Kmean-
The two-point QREM protocol has weaker assumptions than
the factorized QREM protocol, and is a stronger candidate
to compare to the correlated QREM protocol. The two-point
QREM protocol accounts for correlations between the qubits
in the two-point observable, but not other qubits.

With increasing noise strength, both the two-point pro-
tocol and the no-mitigation protocol performed significantly
worse than the correlated QREM protocol. In particular, the
two-point QREM protocol yielded marginally poorer results

compared to when the no-mitigation protocol. This can be
attributed to the fact that most random pairs of qubits involved
qubits that belonged to distinct noise clusters. By overlooking
correlated noise, the effective environment for these qubits
exhibits non-Markovian behavior, causing a foundational as-
sumption of the two-point protocol to break down, rendering
it ineffective. When the mean noise strength is at kpe,n = 0.8,
the averaged MSE and the infidelity decrease for the corre-
lated QREM protocol. This is likely because the reconstructed
POVM is very close to being a swapping of the two qubits,
which is a simpler error to mitigate than a more equal mixture
of swapped and not swapped measurements. We note that the
correlation coefficients generated by this model with kpean =
0.4 are comparable to the highest correlation coefficients ob-
served in state-of-the-art superconducting qubit systems [8]
(see Fig. 7 in Appendix C for more details).

2. Strong coherent noise

Coherent errors can occur when unitary gates are applied
incorrectly. As an example for superconducting qubits, single-
qubit unitary rotations are applied by sending a resonant
driving pulse for a specified time ¢. Inaccuracies in how long
this pulse is applied cause either underrotation or overrotation
of the qubit. A combination of correlated qubit readout and
coherent errors can be modeled by single-qubit overrotations
and neighboring two-qubit X X interactions [19]. Such a noise
model can be formulated as a n-qubit channel with noise
strength 6:

where
i0 ; &
Rn(e): exp(_izg’k)XJ ®X ), whenn > 1 (13)
) exp(-%x)’ whenn =1

The 16-qubit correlation structure was reused from the ex-
ample in Fig. 2 (inset to the bottom right). For each noise
cluster, the channel in Eq. (12) was applied with the same
noise strength 6 for all clusters. Although this noise model
creates a four-qubit noise cluster, we continue to limit the
maximum size of the cluster to n.,, = 3. This means that
the correlated QREM protocol will not be able to capture all
correlations in the system.

In Fig. 5 both correlation-conscious versions of the proto-
col are compared to no QREM. Classical correlated QREM
only considered a statistical redistribution of the outcomes
within the same cluster and ignored any off-diagonal entries in
the POVM reconstruction, which is equivalent to using a con-
fusion matrix to mitigate readout errors [15]. Both classical
correlated and no QREM performed similar across the board,
while correlated QREM achieved about an order of magnitude
better results. There is a clear trend for the correlated QREM
protocol upwards, which is due to the four-qubit correlated
noise that is not captured with the maximum cluster size
Neorr = 3. Given that this noise model is strong and unrealistic
and is not anticipated in any plausible experiments, the per-
formance of the protocol is considered satisfactory, as it still
surpasses all other alternatives. The readout errors associated
with a noise strength 6 = 0.314 are similar to the coherent
errors observed between the qubit pair [0, 1] shown in Fig. 3,
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FIG. 5. Comparing protocol performance for increasing coherent
noise. Readout error-mitigated infidelity and averaged mean-squared
error for all two-qubit Pauli observables are plotted for the classical
correlated QREM and the correlated QREM protocol. The error bars
are the standard deviation from 10 repetitions of the simulation with
identical initial conditions.

when comparing classical correlated QREM to correlated
QREM.

For this simulation a different hierarchical clustering
method was used than for all the other simulations due to
an artifact in how the correlation coefficients are computed.
This is discussed in detail in Appendix C 1. In Appendix F 1
a simulation is shown with the same clustering method as the
other simulations.

C. 100-qubit readout error mitigation with experimental noise

To demonstrate scalability [property (A)], Ny = 10 random
100-qubit simulations were performed with readout noise
sampled from experimentally extracted POVMs. The cali-
bration step used a total of 11.2 x 10° measurements, and
~5 x 10* measurements were performed for each requested
observable. The correlated QREM protocol is compared to
the two-point QREM protocol and no QREM. Figure 6 shows
N, = 100 randomly selected pairs of qubits sorted by increas-
ing two-point QREM averaged MSE. The correlated QREM
model consistently shows performance that is on par with
or superior to the two-point model across the data set. A
more distinct separation between the three methods appears
in the more correlated pairs on the right side, highlighting
the respective utility of the three protocols as no mitiga-
tion, partial mitigation, and full mitigation. For a system of
this size, perfect clustering is unattainable, as detailed in

No QREM -
10-2 Two-point QREM
Correlated QREM
w = =
wn
=
(0]
()}
o©
g 103
kS

0 20 40 60 80 100
Sorted correlator number

FIG. 6. 100-qubit example with POVMs extracted from super-
conducting qubits. The correlated QREM protocol is compared to the
two-point QREM protocol. Random pairs are selected and the mean-
squared error is computed over all two-qubit Pauli observables for
each pair. The pairs are sorted by increasing MSE for the two-point
QREM protocol. The error bars are the standard deviation from 10
repetitions of the simulation with identical initial conditions.

Appendix C, leading to potential inaccuracies in identifying
the appropriate noise cluster for some observables. Nonethe-
less, the correlated protocol consistently matches or exceeds
the performance of other protocols. In Appendix F we include
two additional 100-qubit simulations, one with mixed target
states and the other with single-qubit observables included in
the average MSE.

V. CONCLUSION AND OUTLOOK

We have presented a scalable readout error-mitigation
protocol that takes into account the correlated readout struc-
ture. Correlated readout errors are efficiently characterized by
combining overlapping detector tomography and hierarchi-
cal clustering to group the most correlated qubits into noise
clusters. For a desired few-body observable, the involved
noise clusters are combined to a connected noise cluster, on
which the REMST protocol [25] is executed to reconstruct
observables with mitigated readout errors. We demonstrate the
effectiveness and generality of our protocol by comparing it
with previously proposed QREM protocols. Simulations of
up to 100 qubits were performed with both experimentally
obtained readout noise and simulated correlated readout noise.
In every scenario tested, the correlated QREM protocol shows
a performance that is, at worst, on par with all competing
protocols, but in most cases it substantially exceeds them in
terms of reduction of the mean-squared errors of the averaged
observables.

Although the protocol’s sample complexity is logarithmic
in the number of qubits, it is not guaranteed to be optimal due
to challenges in identifying minimal measurement strategies.
Finding a better parallel measurement scheme would allow for
more efficient characterization of correlated readout, and also
a more practical “measure first, ask questions later”” approach,
potentially by using covering arrays [46]. The correlation co-
efficients perform well as an indicator for correlated readout,
but have certain drawbacks. When the strength of correlations
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within the system is large, it can assign correlation coefficients
to uncorrelated qubits that are of the same order of magnitude
as other weakly correlated qubits. These incorrect correla-
tion coefficients can cause weakly correlated qubits to be
incorrectly assigned to other groups. Although these incorrect
assignments lower the average performance of the correlated
QREM protocol, it still shows a significant improvement over
other candidates. Finding better approaches to quantify the
correlated readout would improve the correlated QREM pro-
tocol and is a potential future direction.

Looking forward, we will further explore the application
of this protocol to large-scale experimental setups. Notably,
in tasks such as evaluating correlation propagation in large
quantum spin systems, we expect our protocol to yield a preci-
sion gain leading to new insights on nonequilibrium quantum
dynamics.
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APPENDIX A: LIMITATION OF THE CORRELATION
COEFFICIENTS

Although the correlation coefficients provide a useful
proxy for readout-induced correlations, they are not a strict
correlation measure. They can and do assign nontrivial corre-
lation coefficients to uncorrelated qubits. The origin of these
unphysical correlations lies in the definition of the correlation
coefficients. As emphasized in Sec. IIC, defining a reduced
POVM from a larger subsystem in the presence of correlated
readout is a complex task. The starting point for the corre-
lation coefficients are two-qubit POVMs which are directly
reconstructed from measurements. One is therefore implicitly
tracing out all the other qubits in the system. Recalling the
definition of traced-out POVMs from Eq. (4), constructing
reduced POVMs directly assumes the reference state as the
maximally mixed state pg = 1/2Y~2. This is because the
calibration states on the traced subsystem are an equal mix-
ture of all possible symmetric and informationally complete

TABLE I. Perfect hash family &5 6 3. This perfect hash family
was used to generate all samples used for the QDT step in Secs. IV A
and IV B. It was generated by using the density algorithm presented
in Ref. [44]

k
N1l 23 456 7289 10 11 12 13 14 15 16
1jor201201220 1 2 0 1 2 0
210122101022 1 0 1 2 0 1
310122012101 2 0 0 2 1 1
410122012012 0 2 1 0 2 0
5s5{0o1 21020212 1 0 1 0 1 2
6|01 210202140 2 1 2 1 0 1
710122102101 2 0 0 0 0 O
8§01 2210221450 0 1 2 1 2 0
910121022001 2 2 0 1 1 O
wjo r 22101201 2 1 1 2 2 2
1m0 120200011 0 0 2 1 1 0
2fo 012111200 1 1 2 2 1 1
B3(0 012102221 1 1 2 2 2 0
410 0 00111222 2 2 2 2 0 0
I5(o 0 00O0O0O0O0OO0OO0O01 1 1 1 1 2 2 2

calibration states [see Eq. (E3)], leading to reduced POVM,

I
M) = 555 2 Tra (ML), (A)
iB

where N is total number of qubits in the system, and the
reference state label is omitted on the reduced POVM.

This choice ignores the potential correlations that occur
between the A and B subsystems. Therefore, if there were
substantial correlations between these subsystems, the resid-
ual discrepancy would be attributed to the correlation between
two qubits in subsystem A. This becomes apparent if there
are groups of strongly correlated qubits and other groups of
weakly correlated qubits which are mutually uncorrelated.
The correlation coefficients between a qubit from the weakly
correlated group and a qubit from the strongly correlated
group can be larger than the correlation coefficients between
two weakly correlated qubits. In effect, this causes an unphys-
ical correlation to be assigned to pairs of qubits which may not
share any correlation.

APPENDIX B: PERFECT HASH FAMILIES

The PHF @5 16,3 used for the 16-qubit simulations is pre-
sented in Table 1. In Ref. [45] we provide a set of other PHF,
specifically @36 16,4, P37,100,3, and Pg7 50,4

APPENDIX C: HIERARCHICAL CLUSTERING
ALGORITHM AND LIMITATIONS

In this work, we used hierarchical agglomerative clustering
algorithms to group correlated qubits. We will only give a
brief and qualitative description of the clustering algorithm
(for more details see Ref. [50]). In simple terms, a hier-
archical agglomerative clustering algorithm uses the mutual
distance between all data points to procedurally combine the
data points with the smallest pairwise distance into clusters.
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FIG. 7. Examples of automatic and manual dendrogram tun-
ing. Distance refers to d*>. Top: Dendrogram from Sec. IV A.
No tuning was performed and the automatic threshold y =1 —
1//hcaiv Was used. The largest cluster was iteratively split into
{(14), (15), (4, 5), (12, 13)}. Bottom: Dendrogram from Sec. [IVB 1
with k = 0.4. Manual threshold was set due to clear separation of
correlation structure. The characteristic value of the correlation co-
efficients for this noise model are comparable with the worst qubit
correlations observed in Ref. [8] (IBM Cusco d? ~ 0.7 and Rigetti
Aspen-M-3 d? ~ 0.6.).

This process continues until a singular cluster is achieved
that includes all data points. For our purposes the data points
are the qubits and the mutual distances are derived from the
symmetric correlation coefficients (see Sec. IIC), and are
defined as

dy =1 (C1)

This gives a distance where d = 1 means completely un-
correlated and d = 0 means maximally correlated. To limit
how large the clusters can grow, a threshold value y can be
chosen such that no clusters with intracluster distance larger
than y will be grouped together. The threshold value is upper
bounded by 1 and should be set at least below the expected
statistical fluctuations y < 1 — 1/,/ncqiip, Where ngqip is the
number of measurements used for each calibration state. If
the readout noise is large, one may in addition manually tune
this threshold if there are obvious separations of correlator
scale. Examples of tuned and untuned dendrograms are shown
in Fig. 7. A dendrogram is a visual representation of the
clustering process. Read from the bottom upward, each qubit
starts in their own node, indicated by each qubit index having
its own branch. Moving upward, the nodes are joined by hor-

— Ciej-

izontal lines at their characteristic intercluster distance. The
threshold value indicated at what distance between clusters
the clustering stops, and the noise clusters can be read off by
following each branch downward. In Fig. 7 each noise cluster
is given a distinct color. If noise clusters exceed the maximum
size nqrr after applying the threshold, as shown in the top plot,
they are iteratively split by following dendrogram branches
downward to the first intersection point, dividing the cluster
into two smaller ones. This does not affect the threshold for
other clusters.

The numerical implementation used the scipy hierarchy
package with the “complete” linkage method [51]. The “com-
plete” linkage method groups together clusters by minimizing
the largest distance between any of the qubits in the new
joined cluster. In Sec. IV B 2, the “average” linkage was used
instead due to a limitation of the correlation coefficients. The
average linkage method instead groups together qubits based
on the lowest average intercluster distances. We also found
very good error-mitigation performance using the “ward”
method which generally produced dendrograms where it was
easier to visually see the separation of correlation scale when
correlations were large. However, we advise against its use, as
the Ward method is only guaranteed to work with Euclidean
distances [50], while the distance described in Eq. (C1) is
non-Euclidean.

Limitation on the coherent error model

The coherent error model used in Sec. IV B 2 used the “av-
erage” linkage method, as opposed to the “complete” linkage
method used for all other simulations. This choice stems from
the way the noise model creates correlations among qubits
within three- and four-qubit noise clusters. To demonstrate
this problem, we will specifically analyze the case of three
qubits.

The error unitary for a three-qubit system reads as

R; (9) — efi(X®X®le+Ilz®X®X )0/2

2 (0 .o (0
= cos 3 1g + sin 3 X1, X

0 6
—icos <§) sin <5>(X RQIXRL+1L,RIX ®X),
(C2)

where a matrix exponential expansion was performed. The
second term, which correlates the first and third qubits, is
suppressed by a factor sin’ ( %), which, at small 8, makes the
correlation coefficients for these two qubits small, while the
correlation between the first and second and the second and
third remain large. This causes issues using the “complete”
linkage method, which optimizes the smallest largest distance
between all qubits in the clusters that should be joined. There-
fore, if two qubits have very weak correlations, they are very
unlikely to be combined into a noise cluster, even though
they are very correlated to a mutual qubit. This, combined
with the drawbacks of the correlation coefficients discussed
in Appendix A, makes it very unlikely that all three qubits are
clustered together. A solution to this was to change the linkage
method to “average” which instead optimizes for the smallest

average distance between qubits.

022601-10



MITIGATION OF CORRELATED READOUT ERRORS ...

PHYSICAL REVIEW A 112, 022601 (2025)

APPENDIX D: NECESSITY OF CONNECTED
NOISE CLUSTERS

This appendix demonstrates that the correlated QREM pro-
tocol, outlined in Sec. 11, is the minimal procedure required to
mitigate both correlated and coherent readout errors. To begin
with, it is convenient to introduce a practical representation
for the readout error-mitigated quantum states. When it is
necessary to denote the subsystem to which operators belong,
superscripts with capital letters are used.

1. Representing the readout error-mitigated state

A density matrix can be represented as a linear combi-
nation of any complete basis of Hermitian operators. An in-
formationally complete POVM forms such a basis. Using the
index sum notation, the density matrix can be decomposed as

p = Cl'M,‘, (Dl)

where c¢; is some complex coefficient. An expression for c;
can be found by using the probability of receiving outcome i
from a measurement,

pi =Trt(M;p) = Tr(M;M;)c; = Tijcy, (D2)

where we have defined the overlap matrix T;; = Tr(M;M;).
Solving Eq. (D2) for ¢ and inserting it into Eq. (D1) one finds
a linear inversion representation of the density matrix

p = piT~")iiM;.

This representation is convenient as it directly relates the
quantum state to the measurement operators and the measure-
ment outcomes p; = n;/N, where n; is the recorded number
outcome i, and N is the total number of measurements.

If N measurements were performed by a noisy measure-
ment device M, a linear inversion estimator for the prepared
state would be

(D3)

p = LTy, (D4)
N
Therefore, if the noisy POVM M is known, Eq. (D4) is an
estimator of the readout error-mitigated state. In the limit
of infinite measurements, linear inversion aligns with both
the maximum likelihood estimator and the Bayesian mean
estimator, which are used in our protocols. Therefore, in the
remainder of this section, we assume n;/N — p; = Tr(pM,).

2. Minimality of correlated QREM protocol

The necessity of the correlated QREM protocol can be
phrased as an observation.

Observation D 1. If no assumptions about the prepared
state can be made, then readout error mitigation must be
performed on the connected noise cluster.

This observation states that an error-mitigated state can gen-
erally not be reduced beyond the connected noise clusters of
an observable without losing accuracy. We will show this by
considering a simplified three-qubit case illustrated in Fig. 8.
The noisy correlated readout is described by two error chan-
nels & and &, which operate on a one-qubit and two-qubit
Hilbert space, respectively, and the prepared state is a general

pABC MA ® MBC

mm e e e - -

o A F——Ha A :
[ 1
0 = ——+ HA!
|:(€2 !
0= 1 A

FIG. 8. Example quantum circuit with a prepared general three-
qubit sate between correlated qubit readout.

three-qubit state. The process can be written as follows:
1000) — pABC = U/]000)(000|U '
—& ® E(p"F).

We want to show that if a state is sampled by a noisy
POVM M = {M* ® MBC} (described by & and &), we will
not obtain the correct readout error-mitigated state pB if we
do not first reconstruct the full state p“BC, which spans the
full connected noise cluster. We do this by comparing the
reconstruction of Trc(p*BC) to a reconstruction of p“B that
is aware of the measurement outcomes on the C subsystem.

It is useful to define a reduced measurement operator which
retains the information about the outcome on the traced-out
subsystem as

(D5)

Trg (M{}®) = M}®, (D6)

ij
which is the measurement operator for outcome i on subsys-
tem A conditioned on outcome j occurring on subsystem B.
These conditioned measurement operators occur naturally
when the C subsystem is traced out from the fully recon-
structed state on ABC from Fig. 8. To see this consider the
full pABC,

ABC ABC (-ABC ! A BC
P = Dijk (T )ijkmnoMm ® M”U ’ (D7)
and then trace out the subsystem C,
ABC ABC (-ABC—1 C
TrC(IO b ) = pijl]? (T i )ijkm,lgM$ ® TrC (Mrl?a )
ABC (-ABC—1 A BIC
= pijk (T )ijkmnoMm ® M"O‘ : (DS)

If one instead starts directly with the conditioned measure-
ment operators M = {M* ® MBI}, which primarily operates
in the AB subsystem while keeping track of the outcomes that
occurred in the environment, one has

AB|C _

0 = (0

M2 @ MBS (DY)

ijkmno

The only difference between Egs. (D8) and (D9) is the inverse
overlap matrix, which in general

TN, = Toas (17 @ ML) (41 © M21))

ijkmno m no

#TABC | = Trape (M ® MEC) (M ® MEC))

ijkmno
(D10)
because, for general matrices Q and R
Trag(QR) # Tra[Trg(Q)Trg(R)]. (D11)
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FIG. 9. Example quantum circuit with a product state between
correlated qubit readout.

Since the matrices are not equal, their inverse cannot be equal.
Therefore, one cannot recover the reduced error-mitigated
state if one does not consider the full state between the two
error clusters.

Observation D 1 can be understood as a worst-case state
reconstruction requirement to get any error-mitigated observ-
able. That is, if the largest cluster size allowed is n¢o qubits,
then the largest state that might need to be reconstructed for a
two-qubit observables is a 2n.q-qubit state.

3. Product state assumption

Significant simplifications are possible if some structure is
known about the prepared state. In particular, if the prepared
state is a product between noise clusters, readout error mitiga-
tion can be performed on the noise clusters separately, which
means that no connected noise clusters are necessary.

To show this, we need the following property of the overlap
matrix.

Proposition D 1. If a POVM is a product of two smaller
POVMs, M = {M* ® M®}, then

-1 —1 -1
(TAB )ijmn = (TA )im(TB )jn'

Proof. The overlap matrix for a product POVM can be
written out explicitly,

Tn, = Te(MP © MP) (v @ M)

(D12)

ijmn
ApsA By /B

=Tr(MM,)Tr(M;M,))

=TTh. (D13)
From this one can then directly conclude that
—1 ~1

T (T%),(TP7) = i (D14)
|

Consider the simplified three-qubit example in Fig. 9. It is
known that the prepared state is a product state between the
noise clusters. We want to show that reconstructing the states
for each noise cluster individually, p* ® pBC, is equivalent to
reconstructing the whole p*BC.

The two readout error-mitigated states can be written as
follows:

P =pt(TA ), M

m?

pBC =plj$kC(TBC—1) MA

Jjkno " no*

(D15)

Using Eq. (D12), we can combine the two

A BC A BC (mABC—1 A BC
PR P =p; Dk (T )ijkmnoMm ® M’w . (D16)
Since the prepared state is a product state of subsystems A and

BC, pipBc = pii€. Thus, p* ® pB¢ = p"BC.

APPENDIX E: DETAILS ON THE PROTOCOL

In this appendix, we provide implementation details on
various parts of the protocol, including measurement simu-
lations and POVM reconstruction. In addition, a pseudocode
representation of the correlated QREM protocol in Fig. 1 is
provided.

1. Simulating measurements

The process of simulating the measurements draws in-
spiration from the way measurements are performed on
superconducting qubit chips. The native measurement is the
computational basis measurement. In order to achieve an in-
formationally complete (IC) measurement for a single qubit,
the qubit must be rotated into the x basis and y basis, as well
as left undisturbed. This process effectively corresponds to the
computational measurements performed along the x, y, and
z axes, respectively. The natural way to simulate readout noise
is to have it act only in the computational basis readout, and
not include rotation gate errors. This closely resembles super-
conducting qubits, as individual qubit gates can be executed
with greater precision than reading out the computational
basis. Simulating measurements in this way simplifies the
mitigation step, as performing detector tomography on the
computational basis is sufficient. The mitigated IC POVM is
created by applying ideal rotations to the mitigated compu-
tational basis POVM. Note that this does not mean that only
classical errors are simulated, each basis is characterized and
simulated with coherent errors.

Due to noncommutativity of unitary operators, the appli-
cation of noise channels such as the one in Sec. IVB2 to
the computational basis does not yield the same IC POVM
as applying the noise channel directly to an IC POVM such as
the Pauli-6 POVM.

2. State reconstruction

Within the REMST protocol, quantum state tomography
(QST) is essential to mitigate coherent errors. In the corre-
lated QREM protocol, QST is performed for every connected
noise cluster. The states are reconstructed using an iterative
maximum-likelihood algorithm [40]. The likelihood function
used for the connected noise clusters is defined as

L(p) o« I;Tr(pM{)", (ED)

where n; is the observed number of outcomes i and MC is the
reconstructed connected noise-cluster POVM.

The primary limitation affecting the protocol’s numerical
runtime is quantum state reconstruction. The maximum state
size that can be potentially reconstructed is a 2n-qubit
state, whereas the largest POVM involves only .o qubits.
Consequently, reconstructing the POVM is much quicker
than reconstructing the state. Thus, to determine an adequate
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TABLE 1II. Recorded runtimes for connected cluster recon-
structions for various numbers of qubits in the cluster. These
measurements were conducted on a laptop with 10 cores, using
iterative MLE [40].

TABLE III. Shortened list of the 60 calibration states generated
from the first hash function in ®;s 63 PHF, focusing on the initial
four qubits. The notation |i) is an abbreviation for the calibration
state ;).

Number of qubits Approximate runtime Qubit index 1 2 3 4
3 ls Hash value 0 1 2 0
. AT 1 n 0) 0) i
6 15 min 2 12) |0) 0) 12)
7 30 min 3 13) |0) 10) 13)
3 14h 4 10) 1) 0) |0)
5 1) 1) 0) 1)
6 12) 1) 0) 2)
maximum cluster size, the runtimes of QST were examined. 7 13) 1) |0) 13)
Table II displays the numerical runtimes for state reconstruc- 8 10) 12) 10) 10)
tion in three to eight qubits. These runtimes were recorded 0 I 12) 10) I
: 10 12) 12) 0) 12)

on a 10-core laptop with a 2.5-GHz clock frequency. It can ) ] i ]
be concluded that setting no; = 3 results in satisfactory run- : : : : ;
times suitable for the benchmarking performed in this study. 57 13) 12) 13) 13)
In the existing implementation, choosing .y = 4 is possible, 58 10) 13) 13) 10)
albeit challenging. Substantial literature on more refined state 59 1) 13) 13) I
reconstruction approaches (see, e.g., Refs. [52,53]) suggests 60 12) 3) 13) 12)

these could considerably accelerate reconstruction times com-
pared to the current setup; however, they probably would not
permit much larger cluster sizes.

3. Detector tomography

In this work we follow the prescription given by Ref. [38].
Detector tomography for a n-qubit system is performed by
preparing and measuring an informationally complete set of
calibration states, o5, M times and solving the set of equations

i — Tr(pM;) (E2)
M - IOS 1)

where mg; is the number of times outcome i was observed
when measuring calibration state p,. The calibration states
are all possible combinations of tensor products of the single-
qubit calibration states {|y;) (wi|}?=1. Explicitly, we use pure
states pointing to the corners of a tetrahedron in the Bloch
sphere,

[¥1) = 10),

I¢>—L|0)+\/§I1)
2 =5 31
2

[V3) = ﬁlo) +\/ge s,

1 2
1Y) = ﬁlo) +\/ge ). (E3)

The four calibration states form a set of symmetric and infor-
mationally complete rank-1 projectors for a single qubit.

In order to have a fair comparison between all protocols,
we have opted to use 3-local PHF to generate the calibration
states. Using a 3-local PHF guarantees that any three-qubit
POVM can be reconstructed, which is the largest used
for the results presented in this work. As an example of
how the calibration states are generated, Table III shows
the calibration states written explicitly for the first four

qubits using the first hash function of the 3-local PHF in
Table I. Each hash function assigns one of three possible
values to each qubit. An informationally complete set of
calibration states is prepared between the three groups of
qubits, where each qubit with label (0, 1,2) is assigned
{(wlv wls ’»”2), (Wl’ le w3)7 (le 1/,2s WI)’ ] (¢39 I//3’ WZ)}
The cases where all qubits receive the same calibration states
are removed from each hash function and measured at the end.

4. Details on the other protocols

In Sec. IV, alongside the correlated QREM protocol, three
alternative protocols were examined. We provide further de-
tails on how each of these protocols diverges from the full
correlated QREM protocol.

a. Factorized OREM

The facotrized QREM protocol only mitigated individual
qubit readout errors. From the detector tomography mea-
surements shared between all protocols, the noisy POVM is
reconstructed for each qubit. For a requested two-qubit ob-
servable, the POVM for the two qubits entering the observable
are tensored together and used as the reconstructed noisy
POVM in the REMST protocol [25].

b. Two-point QOREM

The two-point QREM protocol is a naive implementation
of the REMST protocol [25]. For a given two-qubit observ-
able, the two qubits entering the observable are isolated, and
the noisy POVMs are reconstructed for the two-qubit system.
In this way correlated readout between the two qubits is cap-
tured, but no other correlations the two qubits may have are
mitigated. A drawback with using this method is that effects
from other correlated qubits are incorrectly assumed to be
due to correlations between the two qubits, which can cause
the REMST protocol to perform worse than performing no
QREM (see, for example, the right side of Fig. 6).
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¢. Classical correlated QREM

The classical correlated QREM protocol operates exactly
like the correlated QREM protocol; the only difference is
that once the noise-cluster POVMSs are reconstructed, the off-
diagonal elements in the computational basis are set to zero.
In this way, only statistical distributions of the different out-
comes are captured, which is equivalent to using a confusion
matrix [15].

5. Pseudocode for the correlated QREM protocol

A pseudocode representation of the two primary compo-
nents of the correlated QREM protocol is presented. Noise
characterization is detailed in Algorithm 1, while observable
reconstruction is described in Algorithm 2.

ALGORITHM 1. Correlated noise structure characterization.

Input:

®: 2-local perfect hash family

{1, ¥, ¥3, Y4 }: Single-qubit calibration states
Output:

s: List of noise clusters

M: List of reconstructed noise-cluster POVMs

1: for each hash function ¢ in ® do

2 for each qubit k do

3: Assign label ¢ (k) to qubit k

4 end for

5 Assign calibration state {(V, ¥2), (Y1, ¥2), ..., (¥4, ¥3)}
to qubits with label (1, 2)

6 Measure calibration states

7: end for

8: for each calibration state v, do

9 Measure state v, on all qubits

10: end for

11: Create list o of all possible qubit pairs

12: for each pair i in o do

13:  Reconstruct POVM M;

14:  Compute correlation coefficient ¢; using M;

15: end for

16: s < hierarchical clustering using ¢

17: for each noise cluster j in s do

18:  Measure informationally complete set of calibration states
on noise cluster j

19: M, <« reconstruct POVM on noise cluster j

20: end for

APPENDIX F: ADDITIONAL RESULTS
1. Coherent error model

Figure 10 illustrates another simulation from Sec. IV B 2,
using the “complete” method for the hierarchical clustering
linkage map. This method optimizes the clustering obtained
based on the minimal “largest distance” between the nodes
that should be joined. As expected, the correlated QREM
protocol performs significantly worse than when the “aver-
age” linkage map is used, which optimized joined nodes with
the smallest average distance. This comes from the fact that
only two-qubit correlated errors are correctly captured and

ALGORITHM 2. Reconstructing readout error-mitigated
observables.

Input:

O: List of requested observables

s: List of noise clusters

M: List of reconstructed noise-cluster POVMs
Output:

OREM: List of readout error-mitigated observables
p®EM: 1 ist of readout error-mitigated states

1: for each observable O; in O do

2 Find connected noise cluster C; from s

3 Create connected noise-cluster POVM MiC using M and C;
4: pBM o Perform REMST [25] on C; using MC

50 OFM  Tr(pREMQ,)

6: end for

three- and four-qubit correlations are missed. This issue is
discussed in more detail in Appendix C 1.

2. 100 qubits with mixed target states

Previous simulations have used random pure states as tar-
get states. Although most experiments focus on generating
pure states, circuit errors can result in output states being
mixed even before noisy measurements are performed. To
confirm that our protocol also works well for mixed states,
we reran the simulations from Sec. IV C using mixed target
states, with the findings depicted in Fig. 11. The target states

10—1.

Infidelity
—
<

=

o
ulu
L

10—2.

10—3.

Average MSE

10—4.

0.628
Noise strength 6

0.0 0.314

mmm No QREM
I Classical correlated QREM
I Correlated QREM

FIG. 10. The coherent noise example from Sec. IIC with the
“complete” linkage method. Everything else is identical to Fig. 5.
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0 20 40 60 80 100
Sorted correlator number

FIG. 11. 100-qubit example with mixed target states. Everything
else is identical to Fig. 6.

are generated from Haar-random pure states by applying a
depolarizing channel. For each four-qubit pure state, the chan-
nel is applied with a strength p uniformly selected from the
range [0.03, 0.07], leading to states with an average purity
of approximately 0.9. The four-qubit depolarizing channel is
given by

ya
74
The overall performance for all readout error-mitigation meth-
ods considered is slightly better than with the pure target
states in Fig. 6, but qualitatively the same. This is expected
since pure states are harder to estimate than mixed states [54],
resulting in a higher overall state reconstruction accuracy for
mixed states.

E(P)=(1—-pp+ ;1. (F1)

No QREM -
Two-point QREM -

-
9
N

Correlated QREM

Average MSE
=
9

10744

Sorted correlator number

FIG. 12. 100-qubit example with the identity operator included
in the list of Pauli operators. Everything else is identical to Fig. 6.

3. 100-qubit simulation including single-qubit observables

Throughout the simulations presented in Sec. IV, the MSE
was computed for all two-qubit Pauli observables and aver-
aged to give representative protocol performance. In Fig. 12
the 100-quibt example is recomputed with the identity op-
erator included in the list of Pauli observables. The effect
of including the identity operator is that the single-qubit ob-
servables are also averaged in the MSE. A slight decrease
in the performance of the no QREM protocol can be seen,
while both the two-point and correlated QREM protocols im-
prove significantly on average, indicating that both protocols
are also well suited to capture all lower-order observables.
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