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Kurzfassung

Wir leben in einer vernetzten Gesellschaft. Wir verabreden uns per Nachricht-
endienst, Besprechungen finden standortübergreifend in der virtuellen Welt statt,
das Abendessen wird per Knopfdruck über das Mobiltelefon bestellt und der
abendliche Blockbuster wird gestreamt – um nur wenige Beispiele aus dem Alltag
zu nennen. Das Internet verbindet Menschen weltweit und längst fordern neue
Technologien wie intelligente Städte (sogenannte “Smart Cities”), das Internet der
Dinge, kommunizierende Fahrzeugflotten oder das Trainieren von Modellen der
künstlichen Intelligenz (KI) in der “Wolke” (engl. Cloud) immer höhere Daten-
raten mit exponentiellem Wachstum. Technisch ermöglicht wird dieser enorme
Datenaustausch durch optische Glasfasernetze, welche das Rückgrat der Telekom-
munikationsinfrastruktur bilden. In solchen Netzen werden (digitale) Daten
auf einem Prozessor zunächst in ein elektrisches Signal umgewandelt und an-
schließend auf einen optischen Träger moduliert. Das optische Signal propagiert
durch die Glasfaser und profitiert hierbei von geringen Verlusten innerhalb eines
breiten Frequenzbereiches. Am Empfänger wird das optische Signal in einem
Photodetektor zurück in ein elektrisches Signal konvertiert, bevor es digitalisiert
wird und in einem Prozessor verarbeitet werden kann.

Die Synchronisierung des Prozessortakts des Empfängers mit dem Sendetakt ist
eine essenzielle Voraussetzung für die zuverlässige und fehlerfreie Dekodierung
des Empfangssignals. Während die Übertragung des Taktes über eine separate
Datenleitung für sehr kurze Distanzen von weniger als etwa einem Kilometer
möglich ist, ist dies für größere Distanzen nicht praktikabel. In solchen Fällen
wird die Taktinformation aus dem Empfangssignal extrahiert und der Empfänger-
takt entsprechend synchronisiert. Ein geläufiges Verfahren, um Oszillatoren zu
synchronisieren, ist mittels einer rückgekoppelten Regelschleife. Hierbei wird aus
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Kurzfassung

dem Empfangssignal ein Fehlersignal abgeleitet, welches anschließend den Os-
zillator in den korrekten Arbeitspunkt korrigiert. Diese Regelkreise ermöglichen
eine frequenz- und phasenstabile Synchronisation des Empfängertaktes und finden
daher Anwendung in optischen Punkt-zu-Punkt-Langstreckennetzen. Regelkreis-
basierte Synchronisationsverfahren weisen jedoch eine limitierte Bandbreite auf,
sodass hochfrequente Taktfluktuationen (engl. Jitter) unzureichend kompen-
siert werden und eine schnelle Synchronisation von Datenblöcken in der Burst-
Übertragung erschwert wird. Eine alternative Architektur stellt die vorwärts-
gerichtete Taktsynchronisation dar. Hierbei findet ein Zeitschätzer Anwendung,
welcher den Zeitversatz des Sende- und Empfangstaktes unmittelbar schätzt und
folglich das Empfangssignal ohne Regelung korrigieren kann. Da kein rückgekop-
pelter Regelkreis erforderlich ist, weist diese Methode signifikant bessere Eigen-
schaften zur Kompensation von hochfrequentem Jitter und zur Synchronisation
von Burst-Signalen auf. Darüber hinaus lässt sich die vorwärtsgerichtete Tak-
tsynchronisation voll-digital in modernen CMOS-Schaltungen implementieren,
was die Notwendigkeit analoger Schaltungen zur Oszillatorkontrolle überflüssig
macht und somit die Sendeempfänger-Komplexität (engl. Transceiver) reduziert.
Im Rahmen einer voll-digitalen Synchronisation erfolgt die Korrektur der Os-
zillatorphase nicht mehr physisch, sondern durch die zeitliche Verzögerung der
Abtastpunkte des Signals in einem digitalen Verzögerungselement, welches aus
einem temporären Speicher und einer digitalen Verzögerungsleitung besteht. Die
Herausforderung einer solchen digitalen Realisierung besteht in dem Verlust von
Symbolen beim Überlaufen des temporären Speichers, was die Anwendung in
praktischen Systemen derzeit noch limitiert.

Die vorliegendeDissertation untersucht die voll-digitale Implementierung der vor-
wärtsgerichteten Taktsynchronisation in ihrer Anwendung in modernen optischen
Kommunikationssystemen. In diesem Rahmen wurde zunächst ein neuartiger
Zeitschätzalgorithmus entwickelt, welcher auf dem Algorithmus von Barton und
Al-Jalili basiert. Darüber hinaus wurde ein Verfahren entwickelt, welches den
Informationsverlust beim Überlaufen des temporären Speichers durch Übertakten
des Prozessors vermeidet und somit die praktische Umsetzung der voll-digitalen
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Taktsynchronisation in modernen Transceivern ermöglicht. Während die digi-
tale Taktsynchronisation in Signalverarbeitungsprozessoren kohärenter Systeme
in den vergangenen zwei Jahrzehnten eine ausgereifte Technologie darstellt, re-
sultieren ausmodernen optischen Kommunikationssystemen neue Anforderungen
und Herausforderungen. Gegenstand dieser Dissertation ist die Untersuchung der
vorwärtsgerichteten Taktsynchronisation inmodernen optischenKommunikation-
ssystemen.

Infolge steigender Datenraten in Kurzstreckenübertragungen zwischen und inner-
halb von Rechenzentren, getrieben durch KI-Applikationen, stellt die chromatis-
che Dispersion einen limitierenden Faktor in der Übertragungsperformance von
Systemen mit Direktempfang dar. Die vorliegende Arbeit untersucht erstmalig
den Effekt der chromatischen Dispersion auf die Taktsynchronisation und präsen-
tiert zwei neuartige Algorithmen, welche eine hohe Robustheit gegenüber der
chromatischen Dispersion aufweisen.

Im weiteren Verlauf der vorliegenden Arbeit wird die nanosekunden-schnelle
Synchronisation vonDatenblöcken in derBurst-Übertragung in passiven optischen
Netzen demonstriert. Die voll-digitale vorwärtsgerichtete Taktsynchronisation
erlaubt somit die Substitution herkömmlicher analoger Schaltungen zur Takt- und
Datenrückgewinnung und ermöglicht eine platzsparende und energieeffizientere
Umsetzung.

Im Bereich der abhörsicheren Datenübertragung stellt die kontinuierlich-variable
Quantenverschlüsselung (engl. continuous-variable quantum key distribution,
CV-QKD) einen vielversprechendenAnsatz gegenüber der herkömmlichen diskret-
variablen Quantenverschlüsselung dar. In solchen Systemen liegt die Leistung der
optischen Signale in der Größenordnung des Quantenrauschens, was die Taktsyn-
chronisation erschwert. Um dieser Herausforderung zu begegnen, werden in der
Regel zusätzliche “Hilfssignale” wie Pilottöne eingesetzt, um die Taktsynchro-
nisation zu gewährleisten. In dieser Arbeit wurde die Taktsynchronisation ohne
den Einsatz von Pilottönen untersucht und demonstriert, welches die Komplexität
zukünftiger CV-QKD-Systeme reduzieren kann.
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Der kontinuierlich steigende Bedarf an immer höheren Datenraten erfordert die
Untersuchung von optischen Übertragungssystemen mit einem Raummultiplex
(engl. Space-Division Multiplexing, SDM) zur parallelen Übertragung großer
Datenströme. In diesem Kontext werden derzeit Systeme mit gekoppelten Sig-
nalwegen, beispielsweise Glasfasern mit mehreren Wellenleitermoden oder dicht-
gepackten Faserkernen, erforscht. Für SDM-Systeme mit gekoppelten Kanälen
wird ein Algorithmus vorgestellt, der erstmals robust gegenüber räumlicher Dis-
persion ist. Diese Entwicklung ist von wesentlicher Bedeutung für die Kom-
merzialisierung von SDM-Systemen mit gekoppelten Kanälen.
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Preface

We live in a connected world. Dates are arranged via text messengers, meetings
take place across offices in the virtual world, dinner is ordered by just a click on
the smartphone and the movie in the evening is streamed – to name just a few
examples from everyday life. The Internet is connecting people across the globe
and new technologies such as smart cities, the Internet of things, communicating
vehicle fleets, and the training of artificial intelligence (AI) models in the cloud
are driving demand for ever higher data rates at exponential growth rates. This
enormous data traffic is facilitated by optical fiber networks, which form the
backbone of the telecommunications infrastructure. In such networks, (digital)
data on a processor is first converted into an electrical signal and afterwards
modulated onto an optical carrier. The optical signal propagates through the
optical fiber and thereby benefits from low losses within a broad frequency range.
At the receiver, the optical signal is converted back into an electrical signal using
a photodetector before it is digitized and can be further processed in a processor.

Synchronizing the processor clock of the receiver with the transmitter clock is an
essential prerequisite for reliable and error-free decoding of the received signal.
While it is possible to transmit the clock over a dedicated communication channel
for very short distances of about less than one kilometer, this is not practical
for longer distances. In such cases, the clock information is extracted from the
received signal and the receiver clock is synchronized accordingly. A common
method for synchronizing oscillators is by using a feedback control loop. Here,
an error signal is derived from the received signal, which then corrects the os-
cillator to the correct operating point. Such control loops enable frequency and
phase-stable synchronization of the receiver clock and are thus widely used in
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optical point-to-point long-haul links. However, control loop-based synchroniza-
tion methods exhibit a limited bandwidth, resulting in insufficient compensation
of high-frequency clock fluctuations (jitter) and rendering rapid synchronization
of data blocks in burst-mode transmission difficult. An alternative architecture is
represented by feedforward clock synchronization. Here, a timing estimator is ap-
plied, which directly estimates the sampling offset of the transmitter and receiver
clock and can therefore correct the receive signal without the need for a control
loop. Since no feedback control loop is required, this method has significantly
better capabilities for compensating high-frequency jitter and for synchronizing
burst-mode signals. In addition, feedforward clock synchronization can be im-
plemented fully-digital in modern complementary metal-oxide semiconductor
(CMOS) circuits, eliminating the need for analog circuits for oscillator control
and thus reducing the transceiver complexity. In a fully-digital synchronization,
the oscillator phase is no longer corrected physically, but by the temporal delay
of the sampling points in a digital delay element, which consists of a buffer and a
digital delay line. The challenge of such a digital realization is the loss of symbols
when the buffer overflows, which currently still limits its application in practical
systems.

This doctoral thesis investigates the all-digital implementation of feedforward
clock synchronization and its application in modern optical communication sys-
tems. In this context, a novel timing estimation algorithm based on the algorithm
of Barton and Al-Jalili was developed. In addition, a process was developed
which avoids the loss of information when the buffer overflows by overclocking
the processor and thus enables the practical implementation of fully-digital clock
synchronization in modern transceivers. While digital clock synchronization in
coherent system signal processors has become a mature technology over the past
two decades, modern optical communication systems pose new requirements and
challenges. The subject of this dissertation is the investigation of feedforward
clock synchronization in modern optical communication systems.

As a result of increasing data rates in short-distance transmissions between and
within data centers, driven by AI applications, chromatic dispersion is a limiting
factor in the transmission performance of systems with direct reception. This
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thesis studies for the first time the effect of chromatic dispersion on clock syn-
chronization and presents two novel algorithms that are particularly robust against
chromatic dispersion.

Furthermore, this thesis demonstrates the nanosecond-fast synchronization of data
blocks in burst-mode transmission in passive optical networks. The fully-digital
feedforward clock synchronization thus allows the substitution of conventional
analog circuits for clock and data recovery and enables a compact and energy-
efficient realization.

In the field of secure data transmission, continuous-variable quantum key distribu-
tion (CV-QKD) presents a promising approach to conventional discrete-variable
quantum key distribution. In such systems, the power of the optical signals is in
the order of the shot noise, thus complicating clock synchronization. To overcome
this challenge, additional “auxiliary signals”, e.g., pilot tones, are usually used
to ensure proper clock synchronization. In this work, clock synchronization was
investigated and demonstrated without the use of pilot tones, which can reduce
the complexity of future CV-QKD-systems.

The continuously increasing demand for ever higher data rates requires the inves-
tigation of optical transmission systems with space-division multiplexing (SDM)
for the parallel transmission of large data streams. In this context, systems with
coupled channels, such as optical fibers withmultiple waveguidemodes or densely
packed fiber cores, are currently being explored. For SDM systems with coupled
channels, an algorithm is presented that is robust to spatial dispersion for the first
time. This development is of major importance towards the commercialization of
SDM systems with coupled channels.
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Achievements of the Present Work

In this thesis, the non-data-aided (NDA), digital feedforward (FF) clock recovery
is investigated for its application in modern optical communication systems. For
this purpose, the algorithms and synchronization architecture are first investigated
through simulation and hardware implementation on a field-programmable gate ar-
ray (FPGA). Due to the advantages of FF clock recovery in terms of high-frequency
jitter compensation and fast timing acquisition, its application in different types
of systems is investigated. A concise overview of the major achievements is given
in the following list:

Comprehensive performance benchmark of feedback (FB) and FF clock re-
covery algorithms and architectures: The performance of various timing esti-
mators (TEs) (used for FF) and timing error detectors (TEDs) (used for FB) is
studied in detail for different algorithm and system parameters. The results con-
firm the finding from [1] stating that the various algorithms perform identically
due to mathematical equivalence. Furthermore, the bandwidth of FB and FF
clock recovery architectures is discussed, which demonstrates the suitability of
FF architectures for high-frequency jitter and large clock frequency offset (CFO)
compensation.

First demonstration of an all-digital clock recoverywith free-running receiver
oscillator that allows, both, lower and higher frequencies than the transmitter
clock frequency: Amajor limitation of fully digital clock recoveries is the elastic
buffer (EB) overflow at a receiver clock frequency less than the transmitter clock
frequency. Current literature simply avoids this problem by setting the receiver
clock frequency slightly higher than the transmitter clock frequency [2]. In
this thesis, an EB method is reported for the first time, which allows to use a
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receiver clock frequency lower and higher than the transmitter clock frequency.
The functionality of the novel EB method is implemented together with the
remaining clock recovery components on an FPGA and demonstrated in an optical
transmission experiment. This enables the shared use of a free-running clock
without phase-locked loop (PLL) synchronization for the transmitter and receiver
in modern transceivers.

First time analysis of the impact of chromatic dispersion (CD) on the digital
clock recovery in intensity modulation and direct detection (IM/DD) systems
and development of two novel CD-tolerant algorithms: CD is increasingly
becoming a limiting factor in high baud-rate systems that use direct detection.
In this thesis, the effect of CD on clock recovery in direct detection systems is
investigated analytically and in simulation for the first time. Afterwards, two novel
CD-tolerant TEs were developed. The CD penalty was confirmed in experiments
and the TEs were validated. The progress made in this area presents an important
contribution for future high baud-rate direct-detection systems, which are strongly
distorted by CD.

Comprehensive analysis of digital FF clock recovery in passive optical net-
works (PONs) enabling nanosecond-fast synchronization: With the standard-
ization of the 50-Gbit/s PON, bandwidth limitations, device nonlinearities, and
CDpresent increasing difficulties in the error-free decoding of the received signals.
To compensate for such channel effects, 50G-PONs combine an analog-to-digital
converter (ADC) with a receiver digital signal processing (DSP). This allows the
replacement of analog clock and data recovery (CDR) by digital clock recovery
and adaptive equalization. For this purpose, digital FF clock recovery is inves-
tigated in this thesis, as it allows fast synchronization of burst-mode signals and
the use of low-cost oscillators in the optical network unit (ONU). Successful syn-
chronization within 36.57 ns of two ONUs at 112Gbit/s data rate in upstream is
demonstrated. This paves the way for fast-synchronizing FF clock recoveries in
future high-speed PONs with data rates beyond 100Gbit/s.
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Comprehensive analysis of NDA clock recovery in CV-QKD systems: The
challenge in coherent DSP for CV-QKD systems lies in the extremely low signal-
to-noise ratio (SNR) of the received signal. This complicates the synchronization
of the sampling clock phase and the local oscillator phase. For this reason,
auxiliary signals, e.g., pilot tones, are often transmitted alongside the actual
quantum signal. The generation, transmission, reception, and processing of such
pilot tones increase the overall system complexity. In the course of this thesis,
NDA clock recovery using the modified Barton & Al-Jalili TE is investigated.
The presented results demonstrate successful clock recovery for long averaging
lengths of the TE, which in turn reduce the clock recovery bandwidth. Provided
that highly stable oscillators are used, this work proves that NDA clock recovery
can replace conventional pilot tone-based clock recovery, thereby reducing the
system complexity.

First time demonstration of a digital NDA joint clock recovery tolerant to
polarization-and-spatial-mode dispersion: Clock recovery failure in SDM sys-
tems with coupled channels is a well-known issue that has not yet been solved.
For the first time a joint clock recovery that is tolerant to polarization-and-spatial-
mode dispersion is proposed. Successful clock synchronization for a 90-GBd
16-level quadrature amplitude modulation (16-QAM) signal resulting in a total
data rate of 2.92 Tbit/s over a 150-km randomly-coupled 4-core fiber (RC-4CF)
has been experimentally demonstrated.

xv





1 Introduction

Clock recovery is a fundamental building block in communication systems and
refers to the process of synchronizing the sampling clock at the receiver in, both,
phase and frequency, with the clock used to generate the data at the transmitter.
This is essential to compensate for a sampling offset between the transmitter and
receiver clocks and thus sampling the received waveform at the ideal sampling
points that minimize intersymbol interference (ISI) and consequently bit errors.
The clock recovery is typically located at the beginning of the receiver DSP
chain. In coherent systems, the clock recovery is usually performed after CD
compensation and before the adaptive equalizer and carrier recovery [3]. In
IM/DD systems, the clock recovery is located directly at the beginning of the DSP
chain (or after the digital resampling if needed) and before the adaptive equalizer.
For this reason, a loss of synchronization affects most DSP modules and leads to a
total failure of the transceiver, whichwill require a reacquisition of all control loops
in the system including the NDA equalizer [4]. Therefore, the synchronization of
the receiver clock must operate in a reliable and stable manner. Depending on the
communication system, this results in different clock recovery requirements, e.g.,
the choice of the modulation format, SNR (see clock recovery for CV-QKD), jitter
tracking and synchronization speed (see clock recovery for PON) as well as signal
distortions caused by, e.g., CD (see CD-tolerant clock recovery), polarization-and-
spatial-mode dispersion (see joint clock recovery for SDM), etc. Fig. 1.1 shows a
simplified system overview of an optical communication system that incorporates
a receiver DSP.

The clock recovery can be implemented either in a FB architecture based on a
PLL, in a FF architecture, or in a combination of both approaches. Under the
prerequisite that relatively stable oscillators are used (e.g., ±20 parts-per-million
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Transmitter (Tx)

Tx
DSP DAC E/O

Front-End

÷P

Tx VCO

Receiver (Rx)

O/E
Front-End ADC Rx

DSP

÷P

Optional Physical
Clock Sync.

Rx VCO

Optical
Channel

Fig. 1.1: System overview of an optical communication system including the transmitter and receiver
voltage-controlled oscillators (VCOs). The sampling clock is downmixed by a factor P for the signal
processor, which processes the samples P -fold in parallel.

(ppm) for ZR/ZR+ standardized transceivers [5, 6]) and data transmission is con-
tinuous, FB structures result in stable phase tracking and are therefore commonly
used in optical communications, e.g., in long-haul point-to-point systems [7]. But
also in short-reach systems they are frequently deployed because of their low com-
plexity [8, 9]. However, due to their lower clock recovery bandwidth compared
to FF synchronization, FB loops suffer by a relatively long acquisition time and
therefore might not meet the stringent requirements for fast synchronization in
burst-switched systems, such as PONs [10, 11] and data centers [12], or systems
that are affected by link outages, e.g., free-space optical communications under
atmospheric turbulence [13, 14] or optical camera communications [C6]. Further-
more, the bandwidth limitation results in worse compensation of high-frequency
jitter. In scenarios where a fast and robust synchronization is required, FF schemes
can be beneficial due to their instantaneous timing estimation and their improved
high-frequency jitter performance especially when using low-cost oscillators that
feature wider linewidths and lower frequency adjustment accuracies [C2, 15]. On
the basis of these advantages, the application of FF clock recovery in various
areas of modern optical communication systems is studied in this dissertation.
The different fields of application are briefly explained below. Fig. 1.2 gives an
overview of the thesis outline with the clock recovery building blocks (Chapter 2)
and the hardware implementation of all-digital FF clock recovery (Chapter 3)
depicted as the foundation and the areas of application visualized as pillars.
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1 Introduction

Short-reach optical links
Optical links with distances of less than a few tens of kilometers preferably
use IM/DD, as this type of transmission requires less energy and is more cost-
effective than coherent transceivers. However, these transceiver types also come
with some disadvantages. For example, CD is a nonlinear channel effect with
regard to the received optical power, which scales quadratically with the symbol
rate assuming a constant fiber length. With currently targeted symbol rates of
112GBd or even 224GBd in Ethernet links, CD thus becomes a limiting factor
in signal quality. Current research is primarily investigating the compensation of
this nonlinear effect using sophisticated nonlinear equalizers andmachine learning
(ML) methods. However, the impact of CD on clock recovery in IM/DD systems
has not yet been investigated. Chapter 4 analyzes the effect on clock recovery for
the first time and demonstrates two novel CD-tolerant clock recovery algorithms
for IM/DD systems.

Passive optical networks (PONs)
PONs are point-to-multipoint optical networks and the preferred network architec-
ture in optical access due to their low cost. They connect an optical line terminal
(OLT) located in the central office via a single fiber to a purely passive splitter,
from which the respective fibers lead to the individual ONUs. In order to reduce
the costs in such networks (especially on the part of the ONU), such networks also
utilize IM/DD. Since the feeder fiber from the OLT to the passive splitter is shared
by all network users, such a network requires time-allocated transmission slots for
each ONU. For this reason, PONs employ time-division multiplexing (TDM) in
the downstream and time-division multiple access (TDMA) in the upstream. This
makes fast synchronization to the signal bursts in upstream essential. Conven-
tional PON systems use an analog PLL-based synchronization, also referred to as
CDR (see section 2.2.1), which derives the timing information from a preamble.
As a result of modern applications and services in a smart city, the number of
network users will increase from currently 64 users to up to 256 users. In order
to guarantee the same latency for 256 users as for 64 users, the burst duration
must be shortened. Therefore, efficient preamble design is mandatory to ensure
a high net data throughput at the same time [J1]. Chapter 5 analyzes the use
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of digital NDA FF clock recovery to ensure fast clock synchronization for future
PONs without the need of a preamble.

Continuous-variable quantum key distribution (CV-QKD)
Quantum key distribution (QKD) is a type of secure communication, which ex-
ploits quantum mechanics to implement a secure cryptographic protocol. Here,
conventional communication via the Internet is encrypted using a tap-proof quan-
tum channel to exchange an encryption key between to parties. The concept of the
secure quantum communication is based on the no-cloning theorem from quantum
physics, which states that it is impossible to copy an independent and identical
quantum state. As a consequence, an evesdropper cannot intercept, copy, and
resend the transmitted quantum states to the intended recipient without changing
their quantum states and thus revealing its presence. The first protocol of this
kind, the BB84 protocol introduced by Brennett and Brassard in 1984, encodes
the key information on discrete physical quantities, for example the polarization
of a photon [16]. For this reason, this method is also classified as a discrete-
variable quantum key distribution (DV-QKD). A disadvantage of this method is
the necessity of complex single-photon detectors, which often have to be cooled in
cryogenic conditions to minimize noise. This poses difficulties for the integration
and scaling of the technology in existing telecommunication systems. An alter-
native method is CV-QKD, proposed by Grosshans and Gragnier in 2002 [17].
Here, the key information is modulated on the amplitude and phase of a coherent
light source, which are continuous physical quantities. These quantum states are
generatedwith the optical power of the signal equal or less than the quantum noise.
This method is similar in many ways to modern coherent optical communications
and allows the re-use of the technological advances through highly integrated,
commercially available transceivers with sophisticated DSP. A major problem in
the coherent DSP of CV-QKD systems is the clock and carrier phase synchro-
nization at extremely low SNR of down to −20 dB and below. Auxiliary signals,
so-called pilot tones, are therefore often used to enable synchronization. These
pilot tones increase the system complexity, which is why pilot tone-free CV-QKD
systems are currently an active field of research [18]. Chapter 6 analyzes the
requirements for NDA digital clock recovery at extremely low SNR.
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Space-division multiplexing (SDM) optical systems
To cope with the increasing demand for ever higher data rates in telecommu-
nication networks, various multiplexing techniques are used. In conventional
coherent fiber-optic systems the amplitude and phase of a coherent light source
are modulated as well as both polarizations (polarization multiplexing). Further-
more, different data streams are modulated at a number of different wavelengths
(wavelength-division multiplexing (WDM)) in order to exploit the low losses of
a broad frequency range of the optical fiber efficiently. The spatial dimension is
another physical dimension that can be used to further scale the total data rate.
In recent years, SDM has been a field of research that has attracted particular in-
terest. Here, several independent data streams are modulated onto several spatial
paths of special optical fibers such as multi-mode fibers (MMFs) or multi-core
fibers (MCFs). The coupling of spatially multiplexed signals and their propaga-
tion through the fiber with different group velocities is referred to as spatial-mode
dispersion. Spatial-mode dispersion is a common issue in coupled SDM systems
which leads to a failure of the clock recovery. In Chapter 7, a novel joint clock
recovery algorithm that is tolerant to polarization-and-spatial-mode dispersion is
presented.
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Hardware Implementation of All-Digital Clock Recovery Chapter 3

Fundamentals of NDA Digital Clock Recovery Chapter 2

CD-Tolerant
Clock Recovery

for IM/DD
Chapter 4

Fast
Clock Recovery

for PONs
Chapter 5

NDA
Clock Recovery
for CV-QKD
Chapter 6

Joint
Clock Recovery

for SDM
Chapter 7

NDA Digital Feedforward Clock Recovery
for Modern Optical Communication Systems

Fig. 1.2: Overview of the thesis structure.
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2 Fundamentals of Digital
Non-Data-Aided Clock Recovery

This chapter summarizes the theoretical and technical background of digital clock
recovery with a particular focus on the FF implementation. The necessity of clock
recovery is the consequence of the frequency and phase instability of electrical
oscillators. For this reason, the voltage-controlled oscillator (VCO) jitter and
jitter specifications in communication systems is explained in the first section.
Afterwards, the different clock recovery architectures are discussed in the second
section and then the necessary building blocks of digital FF and FB clock recovery
are explained in the third section. In the last section, a performance benchmark
between FB and FF clock recovery is performed to demonstrate the advantages of
the FF implementation, which serves as a foundation for the following chapters.

2.1 Imperfection of Electrical Oscillators

In an asynchronous communication system, the transmitter and receiver feature
their own clocks, which are not synchronized to each other via a physical con-
nection. Even if identical oscillator types are used at the transmitter and receiver,
these do not oscillate at the same frequency and phase after start-up and therefore
lead to jitter in the communication system. While a stable on-board crystal quartz
oscillator at a few GHz and a PLL can be used to stabilize the frequency of the
VCO that is fed to the high-frequency signal converters and signal processor, a
certain amount of phase noise remains, which is the main source of jitter in the
communication system and is commonly referred to as VCO jitter [4].
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2 Fundamentals of Digital Non-Data-Aided Clock Recovery

The VCO can be described as a sinusoidal oscillation around the center frequency
f0 and normalized amplitude, which is affected by amplitude noise an(t) and
phase noise φn(t) [19, 20, J4, C7]. The VCO can hence be modeled as

V (t) = (1 + an(t)) sin(2πf0t + φn(t)) . (2.1)

The amplitude noise an can usually be neglected, since electrical oscillators utilize
a control circuit for precise amplitude stabilization and therefore an(t) ≪ 1 [21].
Phase noise mainly originates from thermal and flicker noise of the oscillator
device [22, 23]. To understanding the effect of phase noise on the VCO oscillation
in a simplified example [4, 19, 20, 22, 23], the VCO’s phase noise φn(t) can
be assumed to be a single sinusoidal phase modulation with amplitude amod

normalized to the VCO amplitude and modulation frequency fmod as

φn(t) = amod sin (2πfmodt) . (2.2)

Hence, the VCO voltage can be described as

V (t) = sin (2πf0t + φn(t))

= sin (2πf0t) cos(φn(t)) + cos (2πf0t) sin(φn(t)) ,
(2.3)

since sin(x + y) = sin(x) cos(y) + cos(x) sin(y). Considering that the phase
modulation amplitude is small, the cosine and sine involving the phasemodulation
can be simplified using cos(φn(t)) ≈ 1 and sin(φn(t)) ≈ φn(t), respectively.
Afterwards, applying the trigonometric identities, the VCO voltage results in

V (t) ≈ sin (2πf0t) + amod cos (2πf0t) sin (2πfmodt)

≈ sin (2πf0t) +
amod

2
[sin (2π(fmod − f0)t) + sin (2π(fmod + f0)t)] .

(2.4)
It can be seen that the phase noisemodulation generates two new tones at a distance
of ±fmod to the oscillator frequency f0. The carrier-to-modulation ratio L(∆f),
i.e., the ratio of the side-tone power and carrier power at a certain frequency offset
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2.1 Imperfection of Electrical Oscillators

∆f from the carrier and within a bandwidth of 1Hz, is specified in dBc/Hz [4].
In this example, the carrier-to-modulation ratio LdB in decibel is

LdB(∆f = ∣fmod∣)

= 10 log10

⎛
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⎜
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∣
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⎠

= 10 log10 (
a2mod

2
) .

(2.5)
Rearranging eq. (2.5), the root-mean-square (RMS) phase modulation amplitude
(or VCO jitter J) in unit radians RMS can be expressed as

J(∆f) =

√

10
LdB(∆f)

10 (2.6)

and the absolute jitter in picoseconds RMS follows by normalizing to 2πf0 as

J(∆f) =
1

2πf0

√

10
LdB(∆f)

10 × 1012 . (2.7)

In practical systems, phase noise is not a single-frequency modulation but rather
involves a modulation of many frequencies around the carrier, leading to a general
broadening of the oscillator’s spectral line. Within the linewidth of the oscillator
carrier f3dB, which is defined as the full-width at half-maximum power, the
spectrum of the real-world oscillator decreases by ∼1/f3 (−30 dBc/Hz per decade).
Beyond the linewidth, the carrier spectrum decreases by ∼1/f2 (−20 dBc/Hz per
decade) until the spectrum finally disappears below the noise floor [19, 20, J4,
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2 Fundamentals of Digital Non-Data-Aided Clock Recovery

C7, 22, 23]. The 1/f2 region is typically modeled by a Lorentzian function, that
is defined as

LLorentzian(∆f) =
(
f3dB

2
)
2

∆f2 + (
f3dB

2
)
2
. (2.8)

Fig. 2.1 visualizes the single-sideband carrier-to-modulation ratio of an oscillator
containing the 1/f3 (red curve) and 1/f2 (orange curve) regions as well as the
Lorentzian function (dashed blue curve), which overlaps well with the 1/f2

curve. The highpass behavior of a clock recovery with a 3-dB bandwidth of about
1MHz is sketched in green. As a result of the highpass behavior, high-frequency
jitter of the oscillator is not compensated. For this reason, a high clock recovery
bandwidth is preferable, which, however, entails increased self-noise (also referred
to as detector jitter) of the clock recovery (see section 2.4) [4].
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Fig. 2.1: VCO phase noise spectrum which decreases with 1/f3 and 1/f2 for offset frequencies
smaller and larger than the linewidth, respectively. The Lorentzian function is simulated for a 200-
MHz linewidth and approaches the 1/f2 decay for frequencies larger than the linewidth. The clock
recovery highpass response is transparent for high-frequency jitter.

To calculate the total jitter within a frequency range between f1 and f2, eq. (2.7)
is used with the carrier-to-modulation ratio integrated over the frequency range
[4, 6], i.e.,

Jf1,f2(∆f) =
1

2πf0

¿
Á
Á
Á
ÁÀ

f2

∫

∆f=f1

10
LdB(∆f)

10 d∆f × 1012 . (2.9)
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2.1 Imperfection of Electrical Oscillators

As an example using Fig. 2.1, the total jitter from 10MHz to 100MHz of a
50-GHz oscillator with noise floor at −90 dBc/Hz will result in 0.96 ps jitter. In
relation to the oscillator period of 20 ps, the jitter already accounts for 5% of the
oscillator period.

2.1.1 Jitter Specifications

As shown in Fig. 2.1, clock recovery compensates only for a part of the VCO
jitter. Furthermore, depending on the clock recovery design, it also adds self-
noise jitter. If the recovered clock is used to transmit another signal, it can lead to
a jitter building up in the network. For this reason, the recovered receiver clock
must meet stringent specifications after clock recovery that typically include low
jitter in order to be used in a commercial system. These specifications are defined
in telecommunication standards, e.g., the Synchronous Digital Hierarchy (SDH)
[24, 25], the Optical Transport Network (OTN) [26], or Ethernet (IEEE 802.3). In
such standards, a distinction is made between different sources and system levels
of jitter generation and transfer, which are explained below.

Jitter generation
The jitter that is generated at a system output while no jitter is present at the
system input.

Jitter transfer
The jitter transfer quantifies the extent to which input jitter is propagated through
a system to its output. Here, the input jitter represents the cumulative jitter passed
on from all preceding stages. If the jitter transfer of a system is too high, the
output jitter can accumulate across multiple systems, potentially exceeding the
jitter tolerance and resulting in transmission errors.

Output jitter
Output jitter comprises both the internally generated jitter (jitter generation)
and the jitter propagated through the system (jitter transfer). Accordingly, the
resulting jitter spectrummust complywith the requirements defined by the relevant
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2 Fundamentals of Digital Non-Data-Aided Clock Recovery

communication standard. For instance, Fig. 2.2 illustrates the phase noise mask
specified in the Ethernet-based OpenZR+ Multi-Source Agreement, commonly
applied in point-to-point coherent transmission systems spanning distances greater
than 500 km [6]. The output jitter must remain below this defined phase noise
mask.

Jitter tolerance
Jitter tolerance refers to a system’s ability to withstand jitter present at its input
without compromising performance. It is typically evaluated by superimposing
a sinusoidal jitter onto the incoming communication signal. Although real-world
jitter is not purely sinusoidal, this approach enables a systematic sweep across
different jitter frequencies to verify compliance with system specifications. In the
context of this thesis, a CFO between transmitter and receiver is introduced to
assess system performance across various jitter frequencies, under the assumption
that the measurement equipment’s intrinsic jitter is negligible.
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Fig. 2.2: Transmitter clock phase noise mask for an oscillator center-frequency of 469.83MHz as
specified in the OpenZR+ multi-source agreement [6].

2.2 Clock Recovery Architectures

Clock recovery architectures can be classified according to their circuit archi-
tecture, while each architecture has its own advantages and disadvantages. The
synchronization of the receive clock can be accomplished in an analog, digital, or
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hybrid analog-and-digital circuit architecture, whereby each of these implemen-
tation types can in turn have a feedback (FB) structure, feedforward (FF) structure,
or a combination of both structures. The following chapter gives an overview of
the different architectures and explains their advantages and disadvantages. This
leads from the analog and hybrid architectures to an all-digital implementation,
which was examined for modern optical communication systems in the course of
this thesis.

2.2.1 All-Analog Clock Recovery

fully analog clock recovery architectures, also referred to as CDR, are the preferred
synchronization circuits in short-distance optical transmission links, where low
transceiver costs and low power consumption require simple receiver circuits
without a receiver DSP. In general, this is the case for IM/DD systems [27], e.g.,
in intra-datacenter (DC) connections or PONs. CDR circuits can be realized
in various ways (an overview is given in [28–30]), of which analog PLL-based
techniques with a charge pump (CP), as depicted in Fig. 2.3, are commonly used
in multi-gigabit fiber-optic links. Here, the optical signal is first converted into
an electrical signal using a photodiode and, if necessary, amplified using a radio
frequency (RF) amplifier, usually a transimpedance amplifier (TIA). Optionally,
an analog equalizer circuit can follow. Next is the CDR circuit. First, an error
signal is generated in a phase detector (PD), which is proportional to the sampling
error between the received analog signal and the recovered clock. This error
signal then tunes the electrical current in a CP, which is lowpass filtered in a
loop filter (LF), and finally adjusts the voltage at the VCO such that the sampling
error is reduced. The recovered and phase-locked clock is then used to accurately
sample the received signal in the PD [28–30]. The sampling is often accomplished
utilizing a D-flip-flop, which also serves as a decision circuit [29]. The retimed
signal is thus available in a digital format and can be forwarded to a deserializer
for further processing. Note that with a PLL-based analog CDR, no low-GHz
reference clock is needed to stabilize the VCO in the start phase, since the PLL
can inherently lock the clock to the receive signal in frequency and phase [29, 30].
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Drawbacks of analog PLL-based CDR are the relatively large footprint as large
LF capacitors are utilized and the low power efficiency in contrast to a digital
CMOS-based implementation [29, 30]. Furthermore, analog CDR is difficult to
implement in a deep-submicron technology while still providing the necessary
performance required for high-speed communications [4, 30]. For these reasons,
digital CDR for short-reach optical links currently represents a vivid field of
research [11, 30].

IM/DD
ASIC

Tuning
Port

VCO

O/E
Front-End

Phase
Detector

Retimed
Data

Deserializer

CP

LF

Rx Optical
Signal

Fig. 2.3: Clock recovery architecture of a charge pump PLL-based CDR circuit.

2.2.2 Hybrid Analog-and-Digital Clock Recovery

With increasing data rates, transmission distances, and higher-order modulation
formats, distortions of the signal also become more pronounced, e.g., caused
by CD, which makes reliable convergence of CDR circuits impossible. Mod-
ern receivers designed for high data rates and longer reach, for example for
datacenter interconnects (DCIs), ultra-high-speed PONs, or coherent long-reach
transmission, employ one or multiple ADCs in conjunction with a receiver DSP
to compensate for the channel effects. The use of a DSP hence also allows parts
of the PLL-based clock recovery to be implemented in digital domain and thus
benefit from a space and energy-efficient implementation [4].
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Fig. 2.4: Analog-and-digital clock recovery architecture.

Fig. 2.4 shows the receiver clock architecture for an IM/DD system with a single
ADC and an analog-and-digital clock recovery scheme. In the case of coherent
detection, multiple ADCs are driven by the clock and the digitized signals all enter
the receiver DSP [4]. The VCO is typically operated at a very high frequency
that is in the order of the sampling rate of the signal converters. For a sampling
rate of 64GSa/s, the VCO oscillates for example at 16 GHz [4]. Since, due to
temperature and CMOS process variations, the high-GHz VCO starts with a large
frequency offset in comparison to the desired oscillation frequency, which can
be up to ±10%, a very stable external low-GHz (e.g., 2GHz) reference crystal
oscillator is used [4]. The high-GHz clock is down-mixed by a factor Pref to the
approximate frequency of the stable crystal oscillator. Afterwards, the frequency
and phase of the VCO is stabilized to the 2GHz reference in a PLL consisting
of a PD and LF. The VCO is then stable in the order of tens of ppm accuracy
and facilitates the subsequent fine-tuning to the transmitter clock by means of an
analog-and-digital FB clock recovery.

The received signal is sampled and quantized after the analog front-end in an
ADC, which is timed by the VCO. As the digital circuits in the receiver DSP can
only operate at a processing clock of 500MHz to 1GHz, the ADC parallelizes the
output samples. With a sampling rate of 64GSa/s and a DSP clock of 500MHz,
this corresponds to a parallelization of 128 samples per clock cycle. The digitized
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and parallelized sequence of samples then enters the receiver DSP in which the
samples can be used to determine a timing error proportional to the sampling offset
in a TED. Afterwards, the error signal is filtered in a digital LF and converted into
a voltage utilizing a slow digital-to-analog converter (DAC), which in turn drives
the VCO to converge to the transmitter clock. Since the temporal dynamic of the
clock drift is less than the sampling rate of the signal converter, the low-speed
DAC can be operated at a lower sampling rate, about the order of magnitude of
the DSP clock, and therefore simplifies the application-specific integrated circuit
(ASIC) design and reduces costs. Note that other algorithms can also precede the
clock recovery in the DSP chain or can be implemented in a nested clock recovery
and equalization structure in order to increase the tolerance of the TED to certain
channel effects [15, 31–35].

2.2.3 All-Digital Clock Recovery

The use of a receiver DSP raises the question of whether the entire clock recovery
can be implemented digitally and possibly operate the VCO in a free-running
mode apart from the reference clock locking. This eliminates the need for one of
the two VCO tuning ports and a low-speed DAC including its power supply, which
is expected to result in further savings in energy consumption and reduced space
on the chip. In addition to a fully digital PLL-based FB architecture, the all-digital
implementation also offers the option of a FF clock recovery architecture. Both
architectures are illustrated in Fig. 2.5.

An FB clock recovery utilizing a digital PLL is shown in Fig. 2.5(a). Here, the
timing correction is accomplished by an EB and an interpolator which correct
the integer sampling delay m and fractional sampling delay µ, respectively. The
EB is a buffer that compensates for a CFO between the transmitter and receiver
clock or absorbs large ranges of clock phase drift due to the non-existent physical
adaptation of the receiver VCO to the transmitter VCO. The fractional and integer
sampling offsets are provided by a numerical-controlled oscillator (NCO) instead
of a VCO. The retimed signal then continues to the following DSP blocks and
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(a) Digital Feedback Clock Recovery
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(b) Digital Feedforward Clock Recovery
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Fig. 2.5: All-digital FB (a) and FF (b) clock recovery architectures.
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also enters the FB loop for the TED and LF, which are identical to the analog-
and-digital clock recovery. The LF, usually a proportional-integral (PI) filter, and
NCO form a second-order PLL, which recursively derives a timing estimate.

In FF schemes, the signal is split into two paths, as depicted in Fig. 2.5(b). In
the first path, a TE directly estimates the sampling phase offset from the signal.
Afterwards, the estimated phase is unwrapped at phase jumps of 2π. To apply
this sampling phase to the associated samples, the signal is delayed in the second
path in a buffer and is then corrected in the EB and interpolator. The advantage
of FF architectures lies in the immediate timing estimation, which makes a PLL
obsolete, thus saving the acquisition time of the feedback control and enabling a
higher clock recovery bandwidth. Furthermore, there is no need for a complex
PLL design. Due to the higher bandwidth of the FF clock recovery, high-frequency
jitter can be compensated more efficiently which increases the jitter tolerance of
the transceiver and reduces the jitter transfer in a concatenated network [15]. As
a drawback of FF architectures, the hardware complexity of the TEs is often
mentioned [31]. This statement usually refers to the most popular TE proposed
by Oerder and Meyr [36], which requires an oversampling >2 and for practical
reasons is usually implemented at fourfold oversampling, while typical TEDs
are often implemented at only twofold oversampling. However, as shown in
section 2.3.1, there exist also TEs that require the same oversampling as TEDs.
A combination of a slow analog-and-digital FB adjustment to physically align the
VCO and a digital FF clock recovery to compensate for residual high-frequency
jitter is demonstrated in [15].

2.3 Digital Clock Recovery Components

The following chapter explains the respective functional blocks of the digital
clock recovery in more detail. To this end, section 2.3.1 first explains the key
elements of the clock recoveries, namely the TED and TE. The elements for
timing correction, i.e., the interpolator and the EB, are thereafter explained in
sections 2.3.2 and section 2.3.3. Finally, a brief chapter on the LF design and
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latencies in FB paths as well as the resulting choice of PI coefficients follows in
section 2.3.4.

2.3.1 Timing Error Acquisition

This subsection explains the underlying mathematical concepts of digital and
NDA timing error acquisition using a TED and a TE. Afterwards, the modified
version of the algorithm by Barton and Al-Jalili is explained – an algorithm which
was developed as part of the thesis. Finally, the last subchapter gives an overview
of commonly used TEDs and TEs.

2.3.1.1 Discrete-Time Random Sequence

At the transmitter, a sequence am1 with m ∈ Z, comprising data symbols from a
predefined alphabet am ∈ A, is generated. For the sake of simplicity and without
loss of generality, a real-valued sequence is considered in the following. The
elements of the sequence are i.i.d. random realizations every symbol period Tsym

of a zero-mean, cyclostationary random process a with realizations

a(t) =
∞

∑
m=−∞

amδ(t −mTsym) . (2.10)

The autocorrelation function Ra(k0) for a symbol delay k0 and mean value E{⋅}
is defined as

Ra(k0) = E{a
∗
mam+k0

} = σ2
aδ(k0) , (2.11)

1 Note the analogy to the time-continuous case, where x(t) describes, both, the value of the
function at a single point in time t and the whole function of time t. Since discrete-time systems
always map series to series, no misunderstandings are to be expected.
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with the variance σ2
a and the Dirac function δ(k0). The discrete-time Fourier

transform (DTFT) of the autocorrelation function yields the power spectral density
(PSD) Sa(f) as

Sa(f) =
∞

∑
k0=−∞

Ra(k0) e
j 2πfk0Tsym = σ2

a . (2.12)

The result shows, that the a random symbol sequence a(t) has in average a flat
power spectrum. It follows that the amplitude of the Fourier transform of the
random sequence is also constant over the frequency, while the phase has an
uniform distribution [37]. Finally, the Dirac comb in eq. (2.10) is periodic in
frequency-domain (FD) with the symbol rate fsym = 1/Tsym (see appendix B),
i.e.,

F

⎧⎪⎪
⎨
⎪⎪⎩

∞

∑
m=−∞

δ(t −mTsym)

⎫⎪⎪
⎬
⎪⎪⎭

= fsym
∞

∑
m=−∞

δ (f −mfsym) , (2.13)

and therefore, also the DTFT of the symbol sequence is periodic with symbol rate.
Fig. 2.6(a) visualizes the DTFT of the symbol sequence, where the information
content is repeating at integer multiples of the symbol rate. In the following, the
signal from eq. (2.10) is sampled with sampling frequency fsa > fsym, i.e., an
oversampling ratio of ηos = fsa/fsym, and is denoted as sk. For convenience,
an integer oversampling ratio greater or equal two is assumed. The periodicity
of the N -point discrete Fourier transform (DFT) ˜

¯
sn of the samples sk and with

frequency bin index n can then be expressed as

˜
¯
sn = ˜¯

sn+ m
ηos

N (2.14)

form ∈ {1, . . . , ηos−1} andn ∈ {0, . . . ,N/ηos−1}. For simplicity, clock recovery
algorithms are often implemented at twofold oversampling. Implementations
at fractional oversampling were not considered in this thesis and hence integer
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oversampling is assumed in this thesis as well. For twofold oversampling, i.e.,
ηos = 2, the spectral periodicity is

˜
¯
sn = ˜¯

sn+N
2
. (2.15)

Consequently, the product of a signal component ˜
¯
sn and the complex conjugate of

its periodic repetition ˜
¯
sn+N/2 is a real value, whose expected value is proportional

to the variance σ2
a

˜
¯
sn˜¯

s∗
n+N

2
= ˜
¯
sn˜¯

s∗n = ∣˜
¯
sn∣

2

E{˜
¯
sn˜¯

s∗
n+N

2
} = E{˜

¯
sn˜¯

s∗n} =
σ2
a

2
.

(2.16)

If the analog or digital pulse-shaped sequence still contains parts of the second (or
higher) Nyquist zone, see Fig. 2.6(b), the periodicity of the information content is
still preserved. This property is utilized by NDA clock recovery algorithms and
is explained in the following subsections.

(a)

(b)

... ...Lowpass/
Pulse-Shaping

Filter

Neg. 2nd
Nyq. Zone

Neg. 1st
Nyq. Zone

1st
Nyq. Zone

2nd
Nyq. Zone

− 3
2 fsym − 1

2 fsym
1
2 fsym

3
2 fsym

f

DTFT of Sequence/Filter

... ...

−fsa − 1
2 fsa

1
2 fsa

fsa

f

DTFT of Signal

Fig. 2.6: (a) Discrete-time Fourier transform (DTFT) of a random sequence repeating at multiple
integers of the symbol rate fsym = 1/Tsym. (b) The lowpass-filtered signal contains spectral
components of the first and second Nyquist zone. Due to sampling at a higher rate, the frequency
components repeat at multiples of the sampling rate fsa = 1/Tsa.
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2.3.1.2 Group Delay Estimation

A digital signal xk,τ=0 = x(kTsa) at sampling instance k and without any time
delay τ is considered. A version of the signal shifted in time by τ is expressed as
xk,τ = x(Tsa(k + ηosτ))

1, where τ is normalized to the symbol period Tsym. A
negative and positive time delay corresponds to a too early and too late sampling,
respectively. The time delay is composed of the group delays of the various analog
components in the communication channel, e.g., analog filters, amplifiers, cables,
optical fibers, etc., as well as the asynchronous sampling between the transmitter
and receiver clock and can generally vary in time, e.g., due to the clock phase walk
of the oscillators. For simplicity, a time delay τ constant over time is assumed
in the analytical discussion. A time delay τ in time domain (TD) corresponds to
a linear phase shift in FD [38]. Consequently, the N -point DFT of the sequence
xk,τ can be decomposed into the DFT of the signal at ideal sampling point ˜

¯
xn,τ=0

and a linear phase as

∞

∑
k=−∞

xk,τ e
− j 2πk n

N = ˜
¯
xn,τ = ˜¯

xn,τ=0 e
j 2π n

N ηosτ . (2.17)

The purpose of the digital clock recovery circuit is to estimate the sampling phase
offset τ and delay the signal in time to compensate for this delay. In the following,
the total time delay τ is attributed to a noise-free linear time-invariant (LTI)
channel

¯
h(t), i.e., the group delay of the channel has to be estimated. As the

timing phase estimation is implemented in digital domain, the digital impulse
response

¯
hk of the channel is considered. The frequency response of the channel

using anN -point DFT is defined as ˜
¯
hn and can be decomposed in magnitude and

unwrapped phase as
˜
¯
hn = ∣

˜
¯
hn∣ e

jφn , (2.18)

1 Mathematically, a delay is usually defined as δ(t − τ) and finally the group delay τ corresponds
to the negative derivative of the spectral phase as in eq. (A.28). In the field of clock recovery, the
notation δ(t+ τ) is commonly used and, thus, the negative sign when estimating the group delay
can be omitted.
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for n ∈ {N/2, . . . ,N/2− 1}, where n = 0 refers to the zero-frequency. According
to the definition of the group delay of a system in eq. (A.28) in appendix A.2.3.1,
the group delay at the n-th frequency bin can be obtained for a given frequency
interval 1 <∆f < N as

τg,n(∆f) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2π

N
∆f
(φn−∆f

2
− φn+∆f

2
) ∆f even, − N−∆f

2
≤ n < N−∆f

2

1
2π

N
∆f
(φn−∆f−1

2
− φn+∆f−1

2
) ∆f odd, − N−∆f+1

2
≤ n ≤ N−∆f−1

2

undefined otherwise .
(2.19)

In the following, a frequency interval with even ∆f is considered. By averaging
over the frequency-dependent group delay, the frequency-averaged group delay
τg(∆f) is obtained as

τg(∆f) =
1

N −∆f

(N−∆f)/2−1

∑
n=−(N−∆f)/2

τg,n(∆f)

=
1

2π

N

(N −∆f)∆f

(N−∆f)/2−1

∑
n=−(N−∆f)/2

φn−∆f
2
− φn+∆f

2
.

(2.20)

Assuming that the frequency-depended group delay is only slightly nonlinear
over the frequency range under consideration, a large interval ∆f provides a
sufficient estimation of the group delay. For the special case of ∆f = N/2, the
frequency-averaged group delay results in

τg (∆f =
N

2
) =

1

2π

4

N

N/4−1

∑
n=−N/4

φn−N
4
− φn+N

4

=
1

2π

4

N

N/2−1

∑
n=0

φn − φn+N
2
.

(2.21)
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Note the re-indexing of n ∈ {0, . . . ,N − 1} in eq. (2.22). Since averaging the
absolute phase can lead to incorrect mean values when phase jumps at ±π occur,
averaging in the complex plane is preferred, i.e.,

1

N

N−1

∑
n=0

φn =
1

N

N−1

∑
n=0

arg {ejφn}

= arg

⎧⎪⎪
⎨
⎪⎪⎩

N−1

∏
n=0

(ejφn)

1
N

⎫⎪⎪
⎬
⎪⎪⎭

.

(2.22)

Using eq. (2.22) and the definition of the channel from eq. (2.18), the frequency-
averaged group delay from eq. (2.21) can also be expressed as

τg =
1

π
arg

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

N/2−1

∏
n=0

⎛

⎝
e
j(φn−φn+N

2
)⎞

⎠

2
N
⎫⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎭

=
1

π
arg

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∏
n=0

(˜
¯
hn

˜
¯
h∗n+N

2
)

2
N
⎫⎪⎪
⎬
⎪⎪⎭

.

(2.23)

This equation provides an accurate estimate of the linear phase portion of an
arbitrary nonlinear phase over the frequency. However, it comes with two disad-
vantages. First, the geometric mean determines the exact mean phase, but does
not take into account the amplitudes of the complex values, i.e., the phase of
signal components with low signal power in the stopband are equally accounted
for as the phase of signal components in the passband. This can lead to estimation
errors, particularly for signal components below the noise floor. Furthermore, the
product expansion consists of a large number of complex-valued multiplications,
which result in a high computational effort.

A sufficient approximation of the geometric mean for weak phase nonlinearities
in the passband is the arithmetic mean, i.e.,

arg

⎧⎪⎪
⎨
⎪⎪⎩

N−1

∏
n=0

(ejφn)

1
N

⎫⎪⎪
⎬
⎪⎪⎭

≈ arg

⎧⎪⎪
⎨
⎪⎪⎩

1

N

N−1

∑
n=0

ejφn

⎫⎪⎪
⎬
⎪⎪⎭

. (2.24)
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This has the advantage that the phases of weak signal components are weighted
less strongly and complex-valued multiplications are replaced by complex-valued
additions. Using this approximation, eq. (2.23) yields

τg ≈
1

π
arg

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∑
n=0

˜
¯
hn

˜
¯
h∗n+N

2

⎫⎪⎪
⎬
⎪⎪⎭

. (2.25)

Note that here the group delay is related to the sampling period, while the timing
estimate for the clock recovery is normalized to the symbol period. Furthermore,
it is emphasized that the sum in eq. (2.25) corresponds to the spectral correlation
of the filter, which is commonly referred to as clock tone.

Example: 3rd-order Bessel lowpass filter
In the following example, a channel with lowpass characteristic is considered,
which can be modeled as a 3rd-order Bessel lowpass filter that is defined as

˜
¯
h(f) =

15

15 − 24π2f2 + j(30πf − 8π3f3)
, (2.26)

where the 3-dB bandwidth is defined at the angular frequency ω = 2πf = 1.756

[39]. Fig. 2.7 shows the simulated filter characteristics of a 3rd-order Bessel
lowpass filter with a 3-dB bandwidth of 50GHz and a sampling rate of 500GHz.
In Fig. 2.7(a), the PSD is shown with the 3-dB limit. In Fig. 2.7(b), the unwrapped
phase is obtained as arg{˜

¯
h(f)} (see eq. (A.27)). From this, the group delay in

Fig. 2.7(c) is computed according to eq. (2.19) for ∆f = 2 (blue curve) and the
mean group delay according to eq. (2.20) using the geometricmean from eq. (2.22)
(red curve) and the arithmetic mean from eq. (2.24) (orange curve). The geometric
mean averages the group delay over all frequencies and therefore corresponds to
the true mean group delay. The arithmetic mean additionally weights the spectral
phase differences according to the amplitudes of the frequency response. For
this reason, the arithmetic mean approximates the group delay in the passband,
which is relevant for the sampling offset of the signal. Based on the two mean
group delays obtained, the linear phase portion of the Bessel filter is plotted
in Fig. 2.7(b). Using the geometric mean gives the linear phase portion of the
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2 Fundamentals of Digital Non-Data-Aided Clock Recovery

system over all frequencies. This also includes weak signal components, which
in practice are strongly affected by noise and distort the phase estimation. The
arithmetic mean, on the other hand, approximates the linear phase in the passband
and thus reduces distortions caused by out-of-band frequency components. Note
that the arithmetic mean only provides reliable phase estimates as long as the
frequency-dependent spectral phase in the passband is weakly nonlinear, which
is true for a Bessel filter. Furthermore, if a large frequency interval ∆f = N/2 is
used, the determined geometric and arithmetic group delay is incorrect for strong
nonlinear phases. In this case, only a slight nonlinear phase can be tolerated in
the observation window.

2.3.1.3 Modified Barton & Al-Jalili Algorithm

To obtain an understanding of the TE, the received signal is considered as a
function of the transmitted signal and the communication channel. A real-valued1

upsampled random symbol sequence s(t) (see section 2.3.1.1) is digitally and/or
analog pulse-shaped at the transmitter with impulse response p(t). It then passes
through a linear channel with real-valued impulse response c(t). At the receiver-
side, zero-mean additive white Gaussian noise (AWGN) n(t) is added before the
signal is filtered by a receive filter g(t), hence, emulating bandwidth limitations of
the receiver. For convenience, the transmitter lowpass p(t) and receiver lowpass
g(t) have symmetric and real-valued impulse responses and therefore also feature
real-valued Fourier transforms with zero spectral phase. Any time delay caused
by the transmitter and receiver architecture (circuit group delays or DAC and
ADC sampling offset) and the channel is modeled by an overall group delay τ

normalized to the symbol period as δ(t + τTsym). The received signal x(t) is
then described as

x(t) = s(t) ∗ p(t) ∗ c(t) ∗ g(t) ∗ δ(t + τTsym) + n(t) ∗ g(t) , (2.27)

1 For simplicity, we consider a real-valued signal. However, the considerations are also valid for a
complex-valued upsampled symbol sequence

¯
s(t).
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Fig. 2.7: 3rd-order Bessel lowpass filter for a sampling rate of 500GHz and a 3-dB bandwidth of
50GHz. (a) Spectrum in decibel. (b) Nonlinear spectral phase of the Bessel filter with the linear
spectral phase portion obtained from the frequency-averaged group delay (GD) shown in (c).
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where ∗ is the convolution operator. To simplify, h(t) = p(t) ∗ c(t) ∗ g(t) is
abbreviated. After sampling with sampling interval Tsa, the received samples
are obtained as xk = x(kTsa). In the following, twofold oversampling ηos = 2

is assumed, i.e., the spectrum of the sampled receive signal contains two copies
of Sa(f), as shown in Fig. 2.6(b). Taking the DFT over a block of N received
samples yields the FD representation as

˜
¯
xn = ˜¯

snh̃n e
j 4π n

N τ
+˜
¯
nng̃n (2.28)

with the ensemble average denoted as ⟨⋅⟩ given by

⟨˜
¯
xn⟩ = ⟨˜¯

sn⟩ h̃n e
j 4π n

N τ . (2.29)

The TE according to Barton and Al-Jalili [40] exploits the periodicity of the
cyclostationary random sequence from eq. (2.15) to cancel the random phase
of the sequence ˜

¯
s by subtracting the phase of the ensemble average of the two

frequency components for a frequency separation of ∆f = N/2 as

1

2π
(arg {⟨˜

¯
xn⟩} − arg{⟨˜¯

xn+N
2
⟩})

=
1

2π

⎛

⎝
arg {⟨˜

¯
sn⟩ h̃n e

j 4π n
N τ
} − arg{⟨˜

¯
sn⟩ h̃n+N

2
ej 4π

n−N
2

N τ
}
⎞

⎠

=
1

2π
(arg {⟨˜

¯
sn⟩} + 4π

n

N
τ − arg {⟨˜

¯
sn⟩} − 4π

n

N
τ + 2πτ)

=
1

2π
(2πτ)

= τ ,

(2.30)

where the identity arg{
¯
c1
¯
c2} = arg{

¯
c1} + arg{

¯
c2} with a phase ambiguity of

2π is used. Considering not the ensemble averages and instead the frequency
components obtained for the calculation of a single DFT, the estimated sampling
offset τ̂ is obtained as

τ̂BAJ =
1

2π
(arg {˜

¯
xn} − arg {˜¯

xn+N
2
}) . (2.31)
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In the course of this thesis, the modified BAJ algorithm (mod-BAJ) was applied
and analyzed for the first time in the literature [C1, C2, 41]. Here, the phase
difference in the complex plane is averaged over the frequency for ∆f = N/2

to effectively suppress noise, i.e., the frequency components of the left sideband
˜
¯
xn are multiplied by the complex conjugate frequency components of the right
sideband ˜

¯
xn+N/2 (see eq. (2.25)). The TE therefore results in

τ̂mod-BAJ =
1

2π
arg

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∑
n=0

˜
¯
xn˜¯

x∗
n+N

2

⎫⎪⎪
⎬
⎪⎪⎭

. (2.32)

Again, by examining the ensemble average from eq. (2.29) and using eq. (2.16),
it can be shown that this algorithm provides the sampling offset as

1
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(2.33)

Fig. 2.8 illustrates the magnitude and phase of the multiplication of the left
sideband with the complex conjugate right sideband and how a constant spectral
phase proportional to the sampling offset can be obtained. Since the BAJ andmod-
BAJ algorithms directly provide a timing estimate τ̂ , they can be implemented in
a FF clock recovery architecture.

The computational complexity of the mod-BAJ algorithm can be reduced by
omitting the calculation of the argument and considering only the imaginary part
of the autocorrelation. This yields a sine as a function of the sampling offset,
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Fig. 2.8:Visualization of the magnitude (left column) and the spectral phase (right column) of the left
sideband (top row), right sideband (middle row), and the product of the left sideband with the complex
conjugate right sideband (bottom row). The red and blue areas mark identical spectral components of
the first and second Nyquist zone of the random symbol sequence. The linear phase caused by a time
delay is shown in green.

since exp(j 2πτ) = cos(2πτ) + j sin(2πτ), which can be used as an error signal
ε̂ in a PLL to derive the timing phase. The resulting algorithm is proposed by
Godard [42] with the estimated error signal ε̂ as

ε̂Godard =
1

2π
I

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∑
n=0

˜
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x∗
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⎬
⎪⎪⎭

. (2.34)
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2.3.1.4 Overview of Common Clock Recovery Algorithms

In the course of the thesis, further TE and TED algorithms were investigated,
which will be briefly outlined in this subchapter. In general, most clock recovery
algorithms exploit the cyclostationarity of the signal to obtain the sampling phase
offset and hence are mathematically equivalent [1].

The FD algorithms presented in the previous subsection can also be implemented
in TD, hence, saving the complexity to implement a fast Fourier transform (FFT).
The well-studied Gardner algorithm [43] evaluates the signal xk by comparing
adjacent samples around a center sample x2k+1 at twofold oversampling. The
averaged difference of the adjacent samples is proportional to the deviation from
the ideal sampling point to the center sampling point. Therefore, the difference
is weighted by the center sample and then averaged over a block of N samples to
derive an estimated error signal ε̂ as

ε̂Gardner =
N/2−1

∑
k=0

x2k+1 (x2k − x2k+2) . (2.35)

The square-timing-recovery algorithm by Oerder andMeyr [36] (OEM) calculates
a timing estimate τ̂ fromN samples at an oversampling ratio larger than two. For
practical reasons, four samples per symbol is often chosen, as in this work. In
a way similar to the mod-BAJ algorithm, the autocorrelation of the spectrum
is attained by computing the squared signal in TD. The squaring leads to the
full spectral correlation for all frequency separations and therefore results in a
broadening of the spectrum, which necessitates the higher oversampling to avoid
aliasing. The frequency component of the spectral correlation ∆f = N/2 then
appears at the symbol rate fsym in FD. The phase of the resulting tone at fsym,

31



2 Fundamentals of Digital Non-Data-Aided Clock Recovery

i.e., at the frequency bin with the index n = N/4 for fourfold oversampling, can
be determined from the argument of the corresponding Fourier coefficient as

τ̂OEM =
1

2π
arg
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(2.36)

To apply the OEM scheme at twofold oversampling, Zhu et al. [44] extended
the algorithm by shifting the symbol-rate frequency component to baseband and
limiting the bandwidth by a lowpass filter h of length Ntap prior to the squaring
operation

τ̂Zhu =
1

2π
arg
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⎨
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⎞

⎠
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⎬
⎪⎪⎪⎭

. (2.37)

In the course of this work, h is a simple 4-tap moving average (MA) lowpass filter.
It should be emphasized that all algorithms are also applicable to higher-order
modulation formats and to complex-valued signals in coherent optical transmission
systems. Furthermore, the algorithms are not restricted to non-return-to-zero
(NRZ) signals, but can also be used for digitally pulse-shaped waveforms as long
as the signal spectrum extends into the second Nyquist zone. Moreover, the
algorithms are not limited to 2 Sa/Sym, or 4 Sa/Sym for the OEM algorithm, but
can also be adapted to fractional oversampling ratios, provided that the position
of the clock tone is taken into account and aliasing is avoided [35].

Table 2.1 provides an overview of the various NDA clock recovery algorithms
presented and, for the sake of completeness, also lists other popular decision-
directed (DD) algorithms, i.e., algorithms that include symbols after decisioning.
The symbol decided from a sample xk is denoted by x̂k. Note, that if the center
sampling point x2k+1 of the Gardner algorithm is obtained after the hard-decision
circuit, providing a symbol x̂2k+1, the TED corresponds to the DD early-late
detector [45, 46].
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Table 2.1: Overview of timing error detector (TED) and timing estimator (TE) algorithms. In the
column “features”, the oversampling ratio required for the algorithms is mentioned as well as other
properties of the algorithms. FB: feedback, FF: feedforward, DD: decision-directed, NDA: non-data
aided, TD: time domain, FD: frequency domain.

Algorithm Features Equation

Early-late Detector [45, 46] TED, DD, TD, 2 Sa/Sym ε̂ =
N/2−1

∑
k=0

x̂2k+1 (x2k − x2k+2)

Müller & Müller [47] TED, DD, TD, 1 Sa/Sym ε̂ =
N−1

∑
k=0

x̂kxk+1 − x̂k+1xk

Zero-crossing Detector [48] TED, DD, TD, 2 Sa/Sym ε̂ =
N/2−1

∑
k=0

(x̂2k − x̂2k+2)x2k+1

Gardner [43] TED, NDA, TD, 2 Sa/Sym ε̂ =
N/2−1

∑
k=0

x2k+1 (x2k − x2k+2)

Oerder & Meyr [36] TE, NDA, TD, >2 Sa/Sym τ̂ = 1
2π arg{

N−1

∑
k=0

x2
k e− jπ k

2 }

Zhu [44] TE, NDA, TD, >1 Sa/Sym τ̂ = 1
2π arg

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

N−1

∑
k=0

⎛
⎜
⎝

Ntap−1

∑
m=0

xk−m e− jπ k−m
2 hm

⎞
⎟
⎠

2⎫⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎭

Godard [42] TED, NDA, FD, >1 Sa/Sym ε̂ = 1
2πI

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∑
n=0

˜
¯
xn˜

¯
x∗
n+N

2

⎫⎪⎪
⎬
⎪⎪⎭

BAJ [40] TED, NDA, FD, >1 Sa/Sym τ̂ = 1
2π (arg {˜¯

xn} − arg{˜¯
x
n+N

2
})

Modified BAJ [C1, C2, 41] TE, NDA, FD, >1 Sa/Sym τ̂ = 1
2π arg

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∑
n=0

˜
¯
xn˜

¯
x∗
n+N

2

⎫⎪⎪
⎬
⎪⎪⎭

2.3.1.5 Timing Estimation Post-Processing

The timing estimation provides a sampling offset τ̂ defined in the interval
[−0.5,0.5). To compensate for the estimated group delay, the signal has to
be delayed by the inverted timing estimate. Afterwards, since the sampling offset
is normalized to the symbol period, the inverted timing estimate is normalized to
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the sampling period. For twofold oversampling, this requires a multiplication by
a factor of two. Finally, in order to track a clock phase walk beyond a sampling
period (also referred to as unit interval), the estimated timing phase is unwrapped.
The result serves as the delay normalized to the sampling interval to be corrected
in the EB and interpolator. The EB is a type of first-in first-out (FIFO) register
to delay the signal by an integer sampling period delay m, while the interpolator
interpolates the signal for a fractional delay µ defined in [0,1). Hence, the integer
delay m ∈ Z and fractional delay µ are obtained as

m = ⌊unwrap{−2τ̂}⌋

µ =mod1 {unwrap{−2τ̂}} ,
(2.38)

where mod1{⋅} is the modulo-1 operation. In the following two subsections, the
interpolator and EB modules are explained.

2.3.2 Interpolation

The term interpolation in the context of clock recovery is not to be mistaken with
the classic terminology of interpolation and decimation in DSP. Interpolation in
sampling adjustment, more precisely also named “digital phase shifting” [49],
“sampling-rate conversion” [49], or “digital delay element” [50], includes, in
addition to the classic interpolation, also the upsampling before the filtering
and subsequent downsampling back to the processing rate. Furthermore, it also
addresses the additional noise or interpolation error. This chapter introduces the
objective of digital interpolation. Afterwards, a practical implementation method
of an interpolation filter such as the Lagrange interpolator, which is suited for
hardware-efficient implementation in high-speed transceivers, is presented.

2.3.2.1 Ideal Interpolation

We consider a sampled signal sequence with samples xk = x(kTsa) at sampling
instance k ∈ Z. Provided that the Nyquist sampling theorem is fulfilled, i.e., the
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single-sided signal bandwidth B is equal or less than half the sampling rate fsa,
the sampled signal xk contains the same information as the analog signal x(t)
before the ADC and any arbitrary sampling point of the analog signal can be
digitally obtained using an ideal interpolator [51, 52].

By upsampling the signal and subsequent lowpass-filtering using an ideal inter-
polator, the sampling rate can be increased arbitrarily. The ideal interpolator is
a lowpass with rectangular-shaped amplitude in FD and cut-off frequency at the
Nyquist frequency. This allows to remove the spectral images of the upsampled
signal as explained in the appendix B. The sampling phase offset can then be
selected according to the temporal phase difference between the transmitter and
receiver clock and the sampling rate of the signal can be reduced back to the initial
sampling rate without any penalty caused by aliasing [49, 53]. Assuming identical
upsampling and downsampling factors for a digital delay element, the above steps
can be combined into a single µ-dependent filter [49, 51, 53] with the frequency
response ˜

¯
h(f, µ)

˜
¯
h(f, µ) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Tsa e
j 2πfµTsa ∣f ∣ < B

0 else .
(2.39)

The frequency response is a brick-wall lowpass filter with constant gain and a
linear phase term due to the time delay µ. From this, the filter’s impulse response
hk(µ) results as a sinc function

hk(µ) = sinc(
π

Tsa
(kTsa + µTsa)) , k ∈ Z , (2.40)

where k is the filter coefficient index and µ ∈ [0,1) is the fractional timing delay
normalized to the sampling period, i.e., the inverse deviation of the estimated
ideal from the actual sampling time. Fig. 2.9 shows an outtake of the infinitely
broad ideal interpolator impulse response for µ =0 and µ =0.3.

The ideal interpolator is a non-causal filter with infinite length and, hence, it
cannot be realized by a practical filter [54, 55]. The objective of practical filter
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Fig. 2.9: Outtake of the infinitely broad impulse response of a sinc interpolator. The blue curve
represents a continuous-time sinc as reference for the discrete filter coefficients shown in red.

design is therefore to approximate these properties in the best possible way in
order to avoid an approximation error that can be considered as additional noise,
which impairs the interpolation quality [55]. Such an approximation error occurs
when not all spectral images are suppressed and result in aliasing, a non-constant
gain in the passband distorts the amplitude of the signal, or a nonlinear spectral
phase distorts the signal.

Although the amplitude error for an infinite impulse response (IIR) filter can be
chosen to be arbitrarily small due to its infinite-long memory, such filters have
a nonlinear spectral phase, so that a phase error cannot be avoided [51]. While
a single IIR filter allows a hardware-efficient implementation due to its recursive
structure [51], for a present fractional sampling offset µ, all past samples for all
possible delays µmust be computed and stored, which represents an exceptionally
high computational effort [54]. For this reason, finite impulse response (FIR)
filters are the preferred choice for interpolation [54].

An FIR filter can be designed with a linear phase and the amplitude error can be
chosen as small as necessary at the expense of the filter’s length. Approximating
the ideal interpolator by truncating the sinc functionwithNtap filter taps generates
large ripples near the transition band due to the Gibbs phenomenon [55]. A more
suitable approach is the minimum-mean-squared error (MMSE) FIR filter, which
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approximates the ideal interpolator by minimizing the mean-squared error of
the frequency response. An important constraint in the optimization and design
of interpolator filters is to ensure that the interpolated curve matches the input
samples, i.e.,

hk(µ = 0) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1 k = 0

0 else
hk(µ = 1) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1 k = −1

0 else
, (2.41)

where k ∈ {−(Ntap−1)/2, . . . , (Ntap−1)/2} andNtap is an odd number to grant
a linear-phase FIR filter [51, 53] (see Fig. 2.9). More details about the MMSE
FIR filter design are provided in [53, 56]. Since the filter taps differ for various
µ, all Ntap coefficients need to be pre-computed and stored as look-up table
(LUT) for a number of NL distinct time delays, i.e., for various µl = l/NL with
l ∈ {0,1, . . . ,NL − 1}. The NL filters are then arranged in a parallel filterbank.
According to the sampling offset µ, only the corresponding subfilter needs to
be computed. Doing so, a filterbank with Ntap × NL coefficients needs to be
implemented. This leads to an increased memory consumption for storing the
coefficients and a timing discretization error. Since Ntap and NL tend to become
large to achieve a low approximation error, the total filter structure becomes
inappropriate fast [53].

2.3.2.2 Polynomial Interpolation

The question arises if there is an alternative method to the MMSE FIR filter to
lower the hardware requirements. The polynomial interpolation approximates the
ideal FIR coefficients by polynomials in µ and offers a possibility for a hardware
efficient implementation suitable for high-speed applications. Although the con-
straint of using polynomials results in a worse filter approximation compared to
an MMSE filter, the polynomial approach shows a better performance in terms of
minimizing the timing discretization error. Furthermore, polynomial-based filters
are easy to describe, are extensively studied in literature, and show despite all good
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filter characteristics [57]. The MMSE FIR filter coefficients are approximated by
a polynomial in the measurand µ as

hk(µ) =
M(k)

∑
m=0

ck,mµm , (2.42)

where hk(µ) are the filter coefficients in dependence of the timing delay µ,M(k)
is the polynomial degree which can vary for any k, and ck,m are the polynomial
coefficients. For the sake of simplicity, the polynomial degree is assumed to be
same for all filter coefficients, i.e., M(k) = M . The polynomial coefficients
are again obtained by minimizing the quadratic error with respect to the ideal
interpolator under the constrains stated in eq. (2.41). Describing the filter by its
z-transform (see appendix A.2.2) and inserting the polynomial ansatz yields

h̃(z, µ) =
(Ntap−1)/2

∑
k=−(Ntap−1)/2

hk(µ)z
−k

=

(Ntap−1)/2

∑
k=−(Ntap−1)/2

⎡
⎢
⎢
⎢
⎢
⎣

M

∑
m=0

ck,mµm

⎤
⎥
⎥
⎥
⎥
⎦

z−k .

(2.43)

By interchanging the summations, the z-transform can be expressed as

h̃(z, µ) =
M

∑
m=0

µm

⎡
⎢
⎢
⎢
⎢
⎢
⎣

(Ntap−1)/2

∑
k=−(Ntap−1)/2

ck,mz−k
⎤
⎥
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
:=h̃m(z)

. (2.44)

As shown in the appendixA.2.3.1, h̃m(z) represents an FIR filter with coefficients
ck,m, which are independent of µ. All M + 1 filters weighted by µ in a pipeline
structure represents the so-called Farrow filter, named after C. W. Farrow, who
first introduced the architecture in 1988 [50] (see Fig. 2.10). By choosingM to be
small, muchmore hardware efficient filters can be realized compared to theMMSE
filter. Therefore, already for small values M ≤3 very good performance and low
signal degradation can be observed [53, 57]. Another advantage compared to FIR
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filters in a filterbank is, that the coefficients of the polynomial-based filters are
computed “online” and thus no additional memory to store the coefficient values
for distinct delays µl is required [54]. Due to this, NL µ-dependent filters in a
filterbank can be replaced by M ≪ NL filters in a Farrow structure.

xn+(Ntap−1)/2

......

z−1 z−1 z−1...

...+ +
h̃M (z)

z−1 z−1 z−1...

...+ +
h̃M−1(z)

z−1 z−1 z−1...

...+ +
h̃M−2(z)

z−1 z−1 z−1...

...+ +
h̃0(z)

+

+

+

µ

......

yn

Fig. 2.10: Farrow filter structure of the polynomial-based interpolator.
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2.3.2.3 Lagrange Interpolation

Any classical polynomial interpolation can be described in terms of its Lagrange
coefficients [57]. Since the Lagrange interpolation uses a more complex base
consisting of real polynomials lk instead of the monomials µm used in eq. (2.42),
the polynomials can be weighted directly with the signal x [58] (note that the
monomials are used to approximate the MMSE filter, which is then applied to the
signal x). The general, continuous-time expression for a Lagrange interpolation
[53, 58] of a continuous-time function y(t) from it’s base points xk is

y(t) =
⌊Ntap/2⌋

∑
k=⌊−Ntap/2⌋+1

lk(t)xk , (2.45)

where ⌊⋅⌋ rounds to the next lower integer and the Lagrange coefficients are defined
as

lk(t) =
⌊Ntap/2⌋

∏
i=⌊−Ntap/2⌋+1

i≠k

t − i

k − i
. (2.46)

The base points xk do not have to be equidistantly-spaced sampled, nor must the
number of points Ntap be an even number. It is obvious that lk(i) = δk−i applies
[58] and, therefore, the interpolated points y(t = i) match with the base points
xk, which fulfills the condition in eq. (2.41). As shown in the following section,
Ntap is assumed to be an even number and only a single interpolant around the
center interval 0 ≤ t < 1 is computed [51]. With only one interpolated value in the
center interval (see subsection 2.3.2.4), the time t corresponds to the fractional
time offset µ, i.e., t = µ [53]. Eq. (2.45) can then be rewritten with yn being the
interpolated value at the filter output as

yn(µ) =
⌊Ntap/2⌋

∑
k=⌊−Ntap/2⌋+1

lk(µ)xn+k . (2.47)

In addition, we describe a non-causal interpolation as we consider that a set of
samples xn+k with k ∈ {⌊−Ntap/2⌋ + 1, . . . , ⌊Ntap/2⌋} is computing a centered
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n-th sample yn with delayµ, as this is commonly done in the field of interpolation.
This way it is simpler to illustrate the symmetry property of the filter and it is
more intuitive to describe an interpolant in the center with index n. Next, the
Lagrange coefficients are expressed as polynomials in µ [53] as

lk(µ) =
Ntap−1

∑
m=0

ck,mµm , (2.48)

with coefficients ck,m. In [51], a formula to directly calculate the Lagrange
coefficients lk and hence also the factors ck,m is provided as

lk(µ) =
(−1)k+Ntap/2

(
Ntap

2
− 1 + k)! (

Ntap

2
− k)!(µ − k)

×

Ntap

∏
i=1

(µ +
Ntap

2
− i) , Ntap even

lk(µ) =
(−1)k+(Ntap−1)/2

(
Ntap−1

2
+ k)! (

Ntap−1

2
− k)!(µ − k)

×

Ntap−1

∏
i=0

(µ +
Ntap − 1

2
− i) , Ntap odd .

(2.49)

Analog to the polynomial interpolation, eq. (2.48) can be inserted in eq. (2.47)
and the summations interchanged, which results in

yn(µ) =
⌊Ntap/2⌋

∑
k=⌊−Ntap/2⌋+1

⎡
⎢
⎢
⎢
⎢
⎣

Ntap−1

∑
m=0

ck,mµm

⎤
⎥
⎥
⎥
⎥
⎦

xn+k

=

Ntap−1

∑
m=0

µm

⎡
⎢
⎢
⎢
⎢
⎢
⎣

⌊Ntap/2⌋

∑
k=⌊−Ntap/2⌋+1

ck,mxn+k

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

(2.50)

Again the expression in the square brackets represents an FIR filter, whereas the
whole equation can be computed as the output of a Farrow structure. Although
the Lagrange interpolation seems very similar to the classical polynomial inter-
polation, it has some important differences. For the classical polynomial-based
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filters, a polynomial represents a single filter tap hk (see eq. (2.42)), whereas for
the Lagrange interpolator, a polynomial describes the entire range of µ covered by
theNtap filter taps. The Lagrange coefficients are determined by the input signal
and can therefore be easily calculated, whereas the coefficients of the classical
polynomial interpolators are a result of optimization techniques. Furthermore, the
degree of the Lagrange interpolator is always Ntap − 1, whereas M can be freely
chosen for the polynomial-based filters [53]. Due to the simple computation of
the Lagrange coefficients and good filter characteristics, the Lagrange interpolator
is commonly applied in digital communications.

2.3.2.4 Lagrange Interpolator - Filter Design

The interpolator is part of the overall communication system and thus its design
depends on a variety of factors. The approximation error of the interpolator and
the quantization error caused by a limited bit resolution of the coefficients can be
interpreted as an additional noise source which affects the SNR of the signal and
therefore the bit error ratio (BER) as well. Furthermore, the signal bandwidth at a
given processing rate is decisive for the amount of aliasing [55]. In the following,
the criteria for the design of a Lagrange interpolator are discussed. For this
purpose, the impulse and frequency responses of the Lagrange interpolator are
analyzed and simulated, which provide adequate insights into the characteristics
of the filter.

In contrast to a conventional FIR filter, which has Ntap base points and provides
a single output value, the Lagrange interpolator in its general form in eq. (2.45)
uses Ntap base points to provide Ntap − 1 interpolators for the intervals between
the input samples. Since the Lagrange coefficients lk(t) are different polynomials
in t (or here µ), the associated impulse response of the interpolator is piecewise
polynomial and can be interpreted as Ntap − 1 separate impulse responses, each
corresponding to the Ntap − 1 different interpolation intervals between the Ntap

base points [51, 57]. Essentially, an interpolator upsamples and subsequently
filters its input and can be represented by its subfilters. To compare the Lagrange
interpolator with such a filtering process and to visualize the impulse responses
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within the interpolation intervals, an upsampling factor U↑ is introduced. This
allows to formulate the time delay in eq. (2.45) as µ = n/U↑. As an example, a
Lagrange interpolator with degree two and Ntap =3 is considered. Thus, three
base points span two interpolation intervals. Using eq. (2.45), each filter output
per interval with index n can be computed by

yn =
1

∑
k=−1

lk (
n

U↑
)xk , (2.51)

where n can lie within the different intervals

−U↑ < n ≤ 0

0 < n ≤ U↑ .
(2.52)

Comparing eq. (2.51) with the convolution operation of a conventional FIR filter
h, eq. (2.51) can be expressed as

yn =
1

∑
k=−1

hn−kU↑xk . (2.53)

Comparing eq. (2.51) and eq. (2.53) and using eq. (2.49) for odd Ntap to obtain
the Lagrange coefficient, the different impulse responses per interval are [51]

hn+U↑ = l−1 (
n

U↑
) =

1

2

n2

U2
↑

−
1

2

n

U↑

hn = l0
⎛

⎝

n2

U2
↑

⎞

⎠
= −

n2

U2
↑

+ 1

hn−U↑ = l1 (
n

U↑
) =

1

2

n2

U2
↑

+
1

2

n2

U2
↑

.

(2.54)

Fig. 2.11 shows the concatenated piecewise impulse responses for the two inter-
polation intervals of the Lagrange interpolator with an upsampling factor U↑ = 5.
Choosing a higher upsampling factor will yield a smoother impulse response.
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Fig. 2.11: Impulse responses h for the interpolation intervals −U↑ < n ≤ 0 (left) and 0 < n ≤ U↑
(right) of the degree-two Lagrange interpolator and an upsampling factor of U↑ = 5.

It is apparent that both impulse responses are not symmetrical to the y-axis, i.e.,
hk ≠ h−k, because the interpolation intervals do not lie symmetrically in the
middle of all base points. Therefore, the filter has no linear spectral phase. This
is true for any Lagrange interpolator with an odd number of base points [51]. It
remains to be investigated, how the impulse responses for evenNtap look like. As
before, eq. (2.51) to eq. (2.54) can be formulated for a Lagrange filter with degree
three and Ntap = 4 as

yn =
2

∑
k=−1

lk (
n

U↑
)xk

=
2

∑
k=−1

hn−kU↑xk

(2.55)

with the xk samples spanning the interpolation intervals

−U↑ < n ≤ 0

0 < n ≤ U↑

U↑ < n ≤ 2U↑ .

(2.56)
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Since now four base points span three intervals, four piecewise polynomial impulse
responses result:

hn+U↑ = l−1 (
n

U↑
) = −

1

6

n3

U3
↑

+
1

2

n2

U2
↑

−
1

3

n

U↑

hn = l0 (
n

U↑
) =

1

2

n3

U3
↑

−
n2

U2
↑

−
1

2

n

U↑
+ 1

hn−U↑ = l1 (
n

U↑
) = −

1

2

n3

U3
↑

+
1

2

n2

U2
↑

+
n

U↑

hn−2U↑ = l2 (
n

U↑
) =

1

6

n3

U3
↑

−
1

6

n

U↑
.

(2.57)

Fig. 2.12 depicts the three impulse responses for the interpolant within the three
intervals for a degree-three Langrange interpolator. Again it can be seen that
the impulse responses of the interval −U↑ < n ≤ 0 and interval U↑ < n ≤ 2U↑
exhibit a nonlinear spectral phase. However, the center interval for 0 < n ≤ U↑
is symmetrical to the y-axis and thus has a linear phase. It can be concluded
that a linear-phase Lagrange interpolator can be realized by calculating only the
interpolant in the center interval. This is in analogy to the conventional FIR filter,
where only one output value is computed with Ntap filter taps and agrees with
the statement for 0 ≤ µ = n/U↑ < 1 in eq. (2.47).

Next, the properties related to the order of the Lagrange filter are investigated.
The most accurate approximation of the ideal lowpass and, hence, good filter
properties come at the price of an increased hardware complexity, since more
base points need to be processed. In the following, the frequency response of
the linear-phase Lagrange interpolator will be analyzed with respect to the signal
oversampling. Given the impulse responses by eq. (2.49), the frequency response
is obtained as the Fourier transform of the impulse response. Fig. 2.13 shows the
impulse response and corresponding frequency response of the interpolators with
degrees Ntap − 1 ∈ {3,5,7,9}.

The impulse responses for higher-degree polynomials is broader and approaches
more closely a sinc function. The broader impulse response contains more zeros,
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Fig. 2.12: Impulse responses h for the three interpolation intervals of the degree-three Lagrange
interpolator with an upsampling factor of U↑ = 5.
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Fig. 2.13: Impulse response (left) and frequency response (right) for odd-degree Lagrange interpolators
with Ntap − 1 ∈ {3,5,7,9}. Smooth curves are obtained for tenfold oversampling and a 211-point
FFT.
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which increases the attenuation in the spectrum around multiples of the sampling
frequency. These are the positions coincident with the spectral images of the
upsampled signal (see appendix B). A broader attenuation band thus minimizes
aliasing. Furthermore, a wider passband around zero frequency can be recognized
for higher degrees. While for a degree-three Lagrange interpolator the −40-dB
bandwidth at the first multiple of the sampling rate is about 0.41×fsa, for the
interpolators of degrees five, seven, and nine it is already 0.52×fsa, 0.59×fsa,
and 0.64×fsa, respectively. The attenuation of the first side lobe at sampling rate is
−29, −31, −32, and −33dB for a degree of three, five, seven, and nine, respectively
. It can be clearly seen that for larger Ntap the filter quality improves, but pays
the price of an increased computational complexity. Beside the interpolator
frequency response, the amount of aliasing when downsampling is depending on
the signal bandwidth and oversampling ratio. A symbol rate DSP is preferred
in low-power transceivers for short-distance transmission links while in longer-
distance coherent links an oversampled DSP sampling rate may be used. For this
reason, the aliasing for different polynomial degrees and oversampling ratios of
1 Sa/Sym and 2 Sa/Sym is investigated. The latter is chosen, since many clock
recovery algorithms are investigated at twofold oversampling for convenience.
Fig. 2.14 and Fig. 2.15 illustrate the signal spectrum of an oversampled receive
signal without noise and root-raised cosine (RRC) pulse shape with 0.1 roll-off1,
the interpolator frequency response magnitude, and the amount of aliasing by
multiplying the signal images with the filters frequency response.

For 1 Sa/Sym, the baseband signal spectrum and its spectral images are overlap-
ping. While for an raised cosine (RC) pulse shape the neighboring spectra result in
a flat spectrum, for the RRC there is a bulge in the spectrum in the overlap region
due to constructive interference of the frequency components, which results in
ISI. As the signal spectrum is (almost) flat over all frequencies, the amount of
aliasing is large. For the left edge of the first spectral image at sample rate, even

1 For convenience, a low roll-off RRC pulse shape is assumed, as it would be used in coherent
transmission. Although, in IM/DD systems no digital pulse shaping is applied, the NRZ signal’s
sinc-shaped spectrum will result in a more rectangular spectrum due to bandwidth limitations
and, hence, the signal spectra with images will look similar to the ones shown here.
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Fig. 2.14: Visualization of aliasing for degree three, five, seven, and nine Lagrange interpolators at
1 Sa/Sym and for an RRC pulse shape with 0.1 roll-off. The amount of aliasing when downsampling
is indicated by the yellow-shaded area which arises due to the multiplication of the signal with its
images and the interpolator filter frequency response.

for higher polynomial degrees, the signal portion leading to aliasing does not fall
below −10 dB, resulting in strong additional noise of the interpolation signal.

On the other hand, the twofold oversampled signal in Fig. 2.15 shows a reduced
normalized bandwidth and hence less aliasing. Whereas the amount of aliasing
decreases rapidly towards higher-degree Lagrange polynomials, almost falling
bellow −60 dB for a degree of nine, a simple Lagrange interpolator of degree three
already features aliasing lobes with less than −30 dB. Since this is considerably
low and will only require 4×4=16 filter coefficients, it is commonly used in
practical communication systems. Since some coefficients are trivial operations
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Fig. 2.15: Visualization of aliasing for degree three, five, seven, and nine Lagrange interpolators at
2 Sa/Sym and for an RRC pulse shape with 0.1 roll-off. The amount of aliasing when downsampling
is indicated by the yellow-shaded area which arises due to the multiplication of the signal with its
images and the interpolator filter frequency response.

like 0, +1, or −1, only 10 non-trivial coefficients have to be implemented in
hardware. The filter architecture for a degree three Lagrange interpolator with
filter coefficients shown in eq. (2.57) in a Farrow filter structure (see eq. (2.50))
is depicted in Fig. 2.16.

2.3.3 Elastic Buffer

For oscillators that have a clock phase drift comprising several unit intervals or
for a CFO between transmitter and receiver oscillators, an EB is required that can
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Fig. 2.16: Degree-three Lagrange interpolator in a Farrow filter structure.
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adjust integer unit interval delays. Fig. 2.17 shows the samples before and after
clock recovery for a constant CFO where the receiver clock runs either slower or
faster than the transmitter clock. In this case, the sampling phase of the too fast
and too slow receiver clock increases (µ = +0.3 per time instance) and decreases
(µ = −0.3 per time instance) linearly with time, respectively. For a too fast clock
there are more samples available than necessary. Due to this, if m increases, one
sample has to be skipped. The analog case applies to a too slow receiver oscillator,
where less samples are available than required. When m decreases, one sample
has to be used twice for sampling offset correction.

An EB is used to select the correct samples for the subsequent interpolator. The
EB is a FIFO register in which the number of parallel read and write samples
(parallelization factor P ) as well as the read and write clock can differ. Fig. 2.18
shows an EB for a serial input and output data stream and for a parallel input
and output data stream with parallelization P =3. In this example, the read
and write clock is identical. The correct samples for interpolation can thus be
controlled simply by the read address, which is incremented/decremented bymk.
Since the sampling phase difference of the transmitter and receiver clock changes
only slowly compared to the DSP clock rate, it is sufficient to correct a sampling
offset for all P parallel samples per clock cycle, which significantly simplifies
the EB implementation. As an example, a large clock instability of ±20 ppm for
a 140-GBd transceiver [5, 6], which samples at 150GSa/s and features a 1GHz
ASIC-DSP clock rate, corresponds to a rate of ±6MHz of which m changes,
which is still very low in relation to the DSP clock rate.

A hardware design constraint is the finite memory depth of the EB. This is
no concern for systems with FB clock recovery, where the receiver oscillator
frequency locks to the transmitter oscillator frequency and thus the CFO is zero.
In this case, the EB memory depth must be chosen such that a certain clock phase
walk due to remaining phase noise is covered over a few unit intervals. However,
for free-running oscillators, a CFO leads to a constantly accumulating sampling
phase offset. At some point, this leads to the read address reaching the end of
the EB. A receiver clock that is too fast will lead to a buffer underflow. In this
case, the EB and the entire DSP must pause for one clock cycle and reset the EB
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Fig. 2.17: Illustration of the time offset correction for a too fast (a) and too slow (b) receiver clock.
The analog waveform (gray) is sampled with sampling period Tsa and results to xk,τ shown in blue.
µ is the fractional sampling offset corrected by the interpolator and m is the integer delay corrected
by the EB. The corrected samples xk,τ=0 are shown in red.
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(a) Serial Elastic Buffer

(b) Parallel Elastic Buffer
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Fig. 2.18: General overview of an EB with (a) serial sample in- and output as well as (b) parallel
sample in- and output.

read address to the initial value. A receiver clock that is too slow will lead to a
buffer overflow. In this case, the EB has to drop some samples and reset the EB
read address to the initial value in order to “catch up” with the transmitter clock.
As this leads to information being lost, it is important to prevent this scenario.
One option would be to profit from the advantages of FB clock control and FF
clock recovery by implementing both architectures [15]. Another option for an
all-digital implementation is to operate the receiver clock slightly faster than the
transmitter clock [2]. However, this solution requires two separate clock circuits
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in a transceiver design since the transmitter and receiver clock frequencies are
different, which in turn leads to increased analog complexity. Chapter 3 of this
thesis presents a novel EB control method that allows the use of free-running
oscillators while assuring synchronization when the receiver clock is too slow or
too fast without any loss of samples.

2.3.4 Phase-Locked Loop

In order to emulate the clock recovery’s capability to track a CFO, the entire clock
recovery architecture has to be implemented. That includes the digital PLL design
for the case of an FB synchronization. Fig. 2.19(a) shows the basic structure of a
digital PLL. Here, the phase detector comprises the timing corrector and TED (see
Fig. 2.5 for comparison). The error value is forwarded to the LF, which is often
a proportional-integral control, as shown in Fig. 2.19(a) below. The proportional
arm multiplies the error signal by cp, while the integral arm multiplies by ci and
additionally accumulates past values. The integral arm ensures a constant control
loop output for ε̂ → 0, while the proportional arm accelerates the convergence
of the loop for large error signals in the initial phase t =0. Choosing the correct
values for cp and ci determines the control loop bandwidth and hence convergence
time as well as its stability. For an ideal control loop without a FB loop delay,
i.e.,DL =0, the loop coefficients can be derived from the loop bandwidthBL that
is normalized to the sample rate, the damping factor ζL, the TED sensitivity cd,
which is the derivative of the s-curve at τ − τ̂ =0 (see Fig. 2.19(b)), and the natural
frequency ωn [59] as

ωn =
8BLζL
1 + 4ζ2L

(2.58)

as
ci =

ω2
n

cd

cp =
2ζL
√

cd
ci

.
(2.59)
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(a) Basic PLL Architecture

(b) Determination of cd
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Fig. 2.19: (a) Basic PLL architecture with detailed view of the loop filter. (b) Exemplary s-curve with
derivation at zero-crossing to derive cd.

However, in a practical hardware implementation, the loop stability in a FB scheme
suffers from an inner-loop delay DL, introduced by pipelining, filtering, or other
inner-loop mechanisms, which can become very large in optical systems [60, 61].
This makes the PLL a higher-order control loop. To remain stable, BL must
be reduced or ζL increased, which in turn reduces the PLL acquisition time – an
important factor in burst-switched systems. The optimumparameters can be found
using numerical optimization. In this thesis, a closed-form description of the PLL
parameters is used, in which only the dominant poles in the Laplace domain are
used to approximate a higher-order system to a 2nd-order loop [62]. This provides
the advantage that the PLL parameters can be calculated analytically instead of
performing extensive optimizations. To analytically derive the loop coefficients
for a higher-order control loop, the dominant-pole method, which approximates
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the higher-order control loop by only choosing its dominant pole in the Laplace
domain [62], is used. Here, the auxiliary variables R and θ

R = e−ωnζL

θ = ωn

√

1 − ζ2L

(2.60)

are introduced to derive B and C

B = RDL+1 cos(θ(DL + 1)) − 2R
DL cos(θDL) +R

DL−1 cos(θ(DL − 1))

C = RDL+1 sin(θ(DL + 1)) − 2R
DL sin(θDL) +R

DL−1 sin(θ(DL − 1)) .
(2.61)

Using this, the loop coefficients ci and cp normalized to cd can be computed as

cp = −

C
R sin(θ)

cd

ci =

1−R cos(θ)
R sin(θ)

C −B

cd
.

(2.62)

The PLL implemented in this thesis features a PI LF with a bandwidth of BL =

0.005 and a damping factor of ζL =0.707 [59]. Fig. 2.20 shows the step responses
of the FF and FB clock recovery schemes for a constant sampling phase offset
of 0.5 and −0.5 of an NRZ signal at twofold oversampling using the simulation
setup shown in Fig. 2.22. The instantaneous timing estimation is directly evident
for the FF architecture. The sampling offset of 0.5 and −0.5 is estimated with
128 symbols and 2048 symbols, respectively. Due to the higher averaging at
2048 symbols, the estimation is less noisy over time. For the FB case, only a block
length of 128 symbols is chosen, since the temporal response for a block length of
2048 symbols is similar, but requires more time to converge. The sampling offset
of 0.5 and −0.5 is simulated for a loop delay ofDL =70 andDL =20 clock cycles
(256 samples per clock cycle), respectively. For both sampling offsets, the timing
estimation is shown for the case without additional delay, with delay and keeping
the true 2nd-order PLL parameters, as well as the optimized loop parameters
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according to the dominant-pole method. In this example, the additional lowpass
characteristic of the LF becomes apparent, which is particularly suitable for
continuous-transmission communication systems with low high-frequency jitter.
In burst-switched systems, however, the PLL must repeatedly converge to new
bursts of signals. In addition, the control loop instability caused by FB delays
must be taken into account. While this is not yet noticeable for a delay of 20
clock cycles, the loop becomes less stable for 70 cycles delay and using the
conventional PLL parameters. Optimizing the PLL parameters improves the
stability, but at the expense of an increased acquisition time. Here, it takes about
800 timing estimates, i.e., 800×256 = 204,800 samples, until the loop converges,
corresponding to 1.024 µs acquisition time assuming a 100-GBd system.

100 200
−1

−0.5

0

0.5

1

256 Samples

4096 Samples

Number of Timing Estimates

Es
tim

at
ed

Cl
oc
k
Ph

as
e
τ̂

mod-BAJ Algorithm (FF)

200 400 600 800 1,000
−1

−0.5

0

0.5

1

DL = 70

DL = 20

Number of Timing Estimates

Es
tim

at
ed

Cl
oc
k
Ph

as
e
τ̂

Gardner Algorithm (FB), N = 256

No Delay, 2nd-order PLL
Delay, 2nd-order PLL
Delay, Dominant-Pole

Fig. 2.20: Step responses for FF and FB schemes for a simulated 50-GBd signal with an SNR of 15 dB
and f3dB =35GHz. For FF, the mod-BAJ algorithm is compared for a block length of 128 symbols
and 2048 symbols. For FB, the Gardner algorithm is compared for an inner-loop delay of DL = 70
andDL = 20 and PLL design parameters BL = 0.005 and ζL = 0.707.
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2.4 Digital Clock Recovery Performance
Benchmark

In the following section, the advantages and disadvantages of the digital FF
and FB clock recovery architectures will be discussed on the basis of simulated
performance evaluations. To this end, the performance metric for determining the
self-noise jitter of TEDs and TEs is first introduced and explained. Afterwards,
the jitter for various system parameters of a 50-GBd IM/DD system is shown.
A final subsection is dedicated to the performance for a transmitter and receiver
CFO.

2.4.1 Jitter Metric for Clock Recovery Algorithms

In addition to the VCO jitter, discussed in section 2.1, the TED and TE algorithms
also exhibit a degree of uncertainty in the timing estimation, known as self-noise
jitter [63]. When investigating novel clock recovery algorithms, the literature
often only refers to a (self-noise) jitter and assume ideal physical properties of
the oscillators, i.e., no jitter generation and transfer of the preceding systems. In
this thesis, the self-noise jitter is also used to evaluate the algorithms. When
comparing the performance of TEDs and TEs, it is important to consider the
different algorithm architectures. While the TE in FF schemes has a linear
relationship between the clock phase estimate τ̂ and the actual clock phase offset τ ,
the TED in FB schemes provides an error estimate ε̂ related to the remaining clock
phase offset τ − τ̂ , usually as a sine function. In the latter case, the timing error
over the sampling phase offset is therefore also referred to as s-curve. Fig. 2.21
shows a selection of simulated linear curves and s-curves for various SNRs for
the mod-BAJ (top row) and the Godard (bottom row) scheme, respectively.

A frequently applied metric when benchmarking clock recovery algorithms is the
tracking jitter J [1, 35], which is described as the variance var(τ−τ̂) = std2(τ−τ̂)
(or mean-squared error) in decibel. It describes the statistical distribution to what
extent a certain clock offset can be compensated. For a PLL, this describes the
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Fig. 2.21: Simulated timing estimates τ̂ (mod-BAJ algorithm, upper row) and normalized timing error
values ε̂ (Godard algorithm, lower row) for an actual clock phase τ and clock phase offset τ − τ̂ .
Each column corresponds to an electrical SNR of 30 dB, 14 dB, and 6 dB normalized to the symbol
rate. For each computation of the timing error ε̂ or timing estimate τ̂ , a random two-level pulse
amplitude modulation (PAM2) waveform with a constant sampling offset τ and with N samples is
simulated. Simulation parameters: PAM2 modulation,N = 256 samples, 3-dB component bandwidth
f3dB = 35GHz, 25,000 constant timing offset realizations.

steady-state error, i.e., the difference between the desired value τ and the actual
value τ̂ of a converged control system at t → ∞ and ε̂ → 0. Hence, the jitter can
be understood as the horizontal width of the s-curve in the zero-crossing

JFB = 20 log10 (std(τ − τ̂)) ∣ε̂=0 . (2.63)

However, this approach cannot be applied to FF architectures, as these do not
employ a control loop. In this case, a clock phase τ̂ is directly estimated from
the input signal with sampling offset τ . Since the jitter is defined as difference of
the both values, it would correspond to the vertical deviation of the clock phase
estimation to the actual clock phase in the linear curve. To avoid the unwrapping
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at τ = ±0.5 and considering that the deviation is same for all τ , the jitter for TEs
in the vertical zero-crossing is defined as

JFF = 20 log10 (std(τ − τ̂)) ∣τ=0 . (2.64)

In order to later examine the bandwidth limitations of the respective architectures
for a CFO, the entire PLL is implemented for the FB architecture. The control loop
then converges to the estimated sampling phase τ̂ . In this case, the simulated clock
phase offset τ of the signal is simply compared to the derived/estimated clock phase
τ̂ for the FB/FF system and the jitter can be computed as J = 20 log10 (std(τ̂ − τ))
for any τ . To avoid an uncertainty of the jitter when the estimated clock phase τ̂
is wrapped at τ = ±0.5, the clock phase is unwrapped before calculation.

2.4.2 Clock Recovery Performance Evaluation

The presented FB and FF clock recovery algorithms are investigated for different
system and algorithm parameters. For this purpose, a 50-GBd systemwith IM/DD
is simulated, which is impaired by CD and AWGN, as displayed in Fig. 2.22. At
the transmitter, a sequence of PAM2 or four-level pulse amplitude modulation
(PAM4) symbols is generated and each symbol is repeated by eight to model NRZ
pulses in the pulse shape block. Bandwidth limitations of a DAC and other analog
components at the transmitter are taken into account by applying a 5th-order
Bessel lowpass filter with a 3-dB bandwidth of f3dB. This signal is offset by a
minimum necessary bias to obtain a positive optical power, i.e., modeling the ideal
case of a modulator with infinite extinction ratio (ER). The optical field amplitude
is obtained by computing the square-root. To simulate the fiber-optic channel of
length L, the resulting signal is impaired by CD for a certain CD coefficientDCD.
At the receiver side, the signal is detected by a photodiode, which is modeled as
square-law detector, and AWGN is added to set a certain electrical SNR that is
normalized to the symbol rate. The resulting signal is once again filtered by a
Bessel lowpass and downsampled to either 2 Sa/Sym or 4 Sa/Sym for the OEM
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method. Finally, a sampling offset τ is added before the clock recovery is applied
to the signal.
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Fig. 2.22: Simulated IM/DD link for clock recovery algorithm evaluation. At the transmitter, a
PAM2/PAM4, NRZ, signal is generated and impaired by CD in the fiber. At the receiver, after square-
law detection, AWGN is added and a lowpass filter applied to emulate bandwidth limitations. After
downsampling to 2 Sa/Sym or 4 Sa/Sym, a sampling offset is added to the sequence, which is then fed
to the clock recovery module.

For the parameter sweeps shown in Fig. 2.23, a constant fractional sampling offset
τ ∈ (−0.5,0.5] normalized to the symbol period is added for 14,000 different
values of τ in order to obtain the linear curve/s-curve as depicted in Fig. 2.21
and to compute the jitter. Unless stated otherwise, L =0 km (no CD), f3dB =
35GHz, a block length of MB = N/2 =128 symbols, and an SNR of 15 dB were
chosen as default parameters. First, the jitter for PAM2 and PAM4 modulation
is investigated. As can be seen in Fig. 2.23(a), the performance degrades with
increasing noise but does not differ between the modulation formats, although
higher-order modulation formats require a higher SNR for achieving the same
BER. This is because PAM2 and PAM4 have the same total signal power and
hence the choice of themodulation format does not affect the generated clock tone.
For this reason, the following simulations continue with a PAM2 modulation.
Furthermore, note that all algorithms perform the same, since they all rely on
the cyclostationarity of the signal [1]. Next, it is investigated to what extent the
block length MB can improve the SNR sensitivity. For this purpose, a block
length of 128 symbols (dashed line) and 2048 symbols (solid line) is compared in
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2 Fundamentals of Digital Non-Data-Aided Clock Recovery

Fig. 2.23(b). It can be noticed that the averaging effect due to the correlation in the
FD improves the performance with increasing block length. For a block length of
2048 symbols, clock recovery can be guaranteed down to an SNR of 0 dB. Note,
that in case of narrow-bandwidth pulse shaping, e.g., for a RRC filter with small
roll-off factor, the overlap of the left and right spectral sidebands is limited to only
a few frequency bins around half the symbol rate. This will reduce the averaging
effect of the linear phase in FD and hence results in more noisy clock phase
estimations. In this case, clock recovery suitable for low roll-off signals or faster-
than-Nyquist (FTN) signals will help, as presented in chapter 4. Furthermore,
it should be emphasized that additional averaging of the timing estimate, e.g.,
by averaging the complex-valued correlation terms before computing the angle
(mod-BAJ, Zhu, OEM) or imaginary part (Godard) or by lowpass filtering due to
the PLL LF, can further decrease the noise impairment. This allows retaining low
jitter at extremely low SNRs of down to −20 dB. However, large block lengths and
additional lowpass filtering come at the cost of increased computational effort,
e.g., larger FFT sizes and reduced tracking speed of the random clock phase
walk (see chapter 6)[C3]. To investigate the influence of the block length MB

further, the SNR is now kept constant at 15 dB, whileMB is swept in Fig. 2.23(c).
Although the jitter decreases for increasing block lengths, the trade-off between
performance and complexity must be considered in practical algorithm design.
Finally, the influence of bandwidth limitation is examined in Fig. 2.23(d), since
this is an important system parameter in, e.g., high-speed PONs, in which 25G-
components are commonly reused. In general, it can be seen that for bandwidths
above half the symbol rate, the clock recovery works well, while below half the
symbol rate the jitter increases rapidly. The reason for this behavior is that the
cyclostationary spectrum no longer extends into the second Nyquist zone. Hence,
25G-components do not affect the timing synchronization performance in 50-GBd
PONs. In case of extremely bandwidth-limited systems, algorithms designed for
FTN systems can be used (see chapter 4) [32, 64].

62



2.4 Digital Clock Recovery Performance Benchmark

(a)

(b)

(c) (d)

0 10 20 30 40

−50

−40

−30

−20 128 Symbols
f3dB = 35GHz

SNR [dB]

J
F
B
an
d
J
F
F
[d
B]

PAM2 Modulation

0 10 20 30 40

−50

−40

−30

−20 128 Symbols
f3dB = 35GHz

SNR [dB]

J
F
B
an
d
J
F
F
[d
B]

PAM4 Modulation

0 10 20 30 40

−50

−40

−30

−20 128 Symbols

2048 Symbols

f3dB = 35GHz

SNR [dB]

J
F
B
[d
B]

Timing Error Detectors

0 10 20 30 40

−50

−40

−30

−20 128 Symbols

2048 Symbols

f3dB = 35GHz

SNR [dB]

J
F
F
[d
B]

Timing Estimators

4 6 8 10 12

−20

−30

−40

−50
f3dB = 35GHz
SNR= 15 dB

log2(MB)

J
F
B
an
d
J
F
F
[d
B]

Godard Gardner mod-BAJ Zhu OEM

0.4 0.6 0.8 1

−40

−30

−20

128 Symbols
SNR= 15 dB

Component Bandwidth Norm. to Symbol Rate

J
F
B
an
d
J
F
F
[d
B]

Fig. 2.23: Comparison of the simulated algorithm jitter performance for various parameter sweeps.
Default parameters are PAM2 modulation, fiber length L = 0 km, Bessel lowpass 3-dB bandwidth
f3dB = 35GHz, block length MB = 128 symbols, SNR= 15 dB. (a) SNR sweep for PAM2 (left
figure) and PAM4 (right figure). (b) SNR sweep for 128 symbols and 2048 symbols for FB algorithms
(left figure) and FF algorithms (right figure). (c) Block length sweep for a constant SNR of 15 dB (see
eye diagram as inset). (d) Jitter over component bandwidth normalized to the symbol rate.
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2.4.3 Impact of Clock Frequency Offset on Clock
Recovery

To emulate a CFO, a linearly increasing clock phase τ is added to a PAM2
sequence with a length of 221 samples at twofold oversampling. For the sake
of clarity and because of the identical performance for FF and FB algorithms,
only the mod-BAJ algorithm for FF schemes and the Gardner algorithm for FB
schemes are simulated. To investigate the bandwidth limitation of the entire clock
recovery structure, the jitter metric as defined in subsection 2.4.1 is used. Fig. 2.24
depicts the jitter over CFO in ppm for the mod-BAJ algorithm and the Gardner
algorithm implemented using the dominant-pole variant. Fig. 2.24(a) shows that
FF algorithms can track high-frequency clock jitter up to thousands of ppm and
are only limited in the temporal resolution given by the block processing. For a
block length of 2048 symbols, the phase estimation update rate is 50GHz/2048≈
24MHz, which in turn corresponds to 106×24MHz/100GHz=240 ppm. This
would correspond to a single timing estimate for each clock phase drift from zero
to one. Due to this, the CFO has to be less than 240 ppm to still be sufficiently
resolved in time. This explains the abrupt increase of the jitter above 200 ppm,
while for shorter block lengths, frequency offsets larger than 1000 ppm can still
be tracked. In addition to this limitation, the FB schemes are limited by the
lowpass characteristic of the control loop, which is essentially determined by the
inner-loop delay. Though for large block lengths the timing estimate has less
jitter, the temporal resolution decreases and the time needed to converge to the
optimum clock phase increases, thus limiting the tolerance for high-frequency
jitter. Fig. 2.24(b) illustrates some examples for the clock phase tracking. In 1
and 2 , the limited temporal resolution of the FF algorithms can be seen. Note
that for simplicity, no interpolation between the timing estimates is implemented,
i.e., the estimate is repeated for all samples of a block. An overlap of the
processing blocks could increase the temporal resolution, allowing higher CFOs
to be resolved. This can be easily realized for FF schemes in real-time systems by
buffering the signal before the timing estimation, while a parallel FB is difficult to
realize in FB schemes. In 3 , the PLL converges to the optimum sampling point
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within 1µs forDL =20. However, if the inner-loop delay is increased toDL =70
in 4 , the PLL reacts too slowly and can no longer follow the phase drift.
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Fig. 2.24: Jitter performance for a signal impaired by CFO. (a) Jitter for a CFO sweep using the
mod-BAJ algorithm (FF) and Gardner algorithm (FB). (b) Exemplary clock phase tracking for FF and
FB schemes.
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3 Elastic Buffer Design for
All-Digital Clock Recovery

A linearly increasing sampling phase offset, resulting from free-running receiver
oscillators, poses a significant challenge to the practical realization of all-digital
clock recovery architectures. This chapter introduces a novel EB concept designed
to prevent buffer overflows, thereby enabling robust all-digital clock recovery. The
content of this chapter has been published as preprint on arXiv in 2025 [P1]. The
material has been adapted to align with the format and structure of this thesis.

[Beginning of paper [P1]]

Elastic Buffer Design for Real-Time All-Digital Clock Recovery
Enabling Free-Running Receiver Clock with Negative and

Positive Clock Frequency Offsets

P. Matalla, J. Dittmer, M. S. Mahmud, C. Koos, and S. Randel

Published on arXiv (2025)
Eprint: arXiv: 2507.13748 (eess.SP)

3.1 Introduction

Clock recovery is a fundamental component in communication systems, enabling
synchronization of the receiver’s sampling clock with the transmitter’s in both
frequency and phase. In systems without DSP, this is achieved using an analog
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PLL that tunes the receiver VCO. Modern high-speed optical transceivers that
employ a DSP, however, often generate the VCO control signal digitally. A TED
and LF derive a digital control signal from the sampled received signal, which is
then converted into a voltage using a low-speed DAC to control the VCO [4, 15].
Replacing the analog control path with a fully digital implementation eliminates
the need for analog control circuits and the DAC and thus fully exploits the advan-
tages of modern CMOS technology, e.g., enhanced power efficiency and reduced
chip area [30]. An all-digital implementation is a prerequisite for a FF clock
recovery architecture [J2, C1, C2]. In such architectures, the estimated sampling
phase τ̂ is digitally corrected via a digital delay element. To do so, τ̂ is decom-
posed into an integer sampling period delay m and a fractional sampling period
delay µ. Afterwards, an EB, which is a type of FIFO register with variable read
address as well as read/write clocks and bus widths that may differ, compensates
for the integer delay by selecting the appropriate samples. These samples are then
interpolated according to µ, typically using a Lagrange interpolator. The overall
FF clock recovery using the Zhu algorithm [44] for timing phase estimation is
illustrated in Fig. 3.1.

A key limitation of all-digital clock recovery architectures arises in the presence of
CFOs. In such cases, the EB must continuously compensate for the accumulating
phase drift between the transmitter and receiver clocks. If the receiver clock
is faster than the transmitter clock, the EB will be empty at some point (buffer
underflow). This can be mitigated by temporarily pausing the DSP to allow the
buffer to refill. Conversely, if the receiver clock is slower, the EB eventually
overflows, requiring to drop some samples which results in irreversible data loss.
To prevent such scenarios, hybrid clock recovery architectures are commonly
employed. These combine a FF path for high-frequency jitter compensation
with a FB loop that physically tunes the VCO [15]. One all-digital approach
proposed in [2] suggests operating the receiver clock marginally faster than the
transmitter clock to avoid an EB overflow. However, thismethod presents practical
challenges. It requires either separate VCOs for the transmitter and receiver
paths of a transceiver or a shared clock that is slightly up-converted to generate
the receiver clock using a PLL. Achieving the necessary small frequency offset
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(within a standardized tolerance of about ± 20 ppm, e.g., for a 400ZR standard
[5]) requires PLLs with near-unity multiplication factors, which in turn require
impractically high divider and multiplier values.

This paper presents an EB design that is capable of handling receiver CFOs
lower and higher than the transmitter clock frequency, which facilitates the use
of free-running oscillators in transceivers with all-digital clock recovery. The
proposed EB is implemented on an FPGA for a real-time 30-Gbit/s on-off-keying
(OOK) optical transmission, demonstrating robust, error-free operation across
CFOs ranging from − 400 to + 400 ppm.
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3.2 Elastic Buffer Concept

A buffer overflow occurs when the receiver samples too slowly. While increasing
the receiver sampling rate can prevent this, it is typically avoided due to the
reasons mentioned earlier. Digital resampling faces similar limitations: despite
efficient polyphase filterbank implementations, the high up- and downsampling
ratio quickly leads to large hardware designs in parallel implementation. In this
work, we propose to overclock the EB without altering the sampling rate, i.e.,
reading the samples faster from the EB than new samples are written. Again,
a PLL to generate a faster read clock is not suitable due to the conversion ratio
constraints and leads to crossing clock domains in hardware. Instead, in FPGA
or ASIC implementations with parallel processing, overclocking is achieved by
choosing a read bus width larger than the write bus width. This allows more
samples to be read per cycle, with the read address incremented accordingly to
prevent duplicate reads. As a result, buffer underflows occur regularly even under
negative CFOs, but buffer overflows are effectively eliminated.

Fig. 3.2 illustrates the EB concept with an input of 3 parallel samples and an
output of 4 parallel samples after a Lagrange interpolator. In each clock cycle,
input samples arewritten into the register from the left, while the interpolator reads
the required samples from the right. The gray-shaded output samples indicate the
additional samples required by the interpolator memory. Since one additional
sample is generated per cycle, the read address increments by one each cycle
(blue arrows). In case of a phase wrap of the fractional delay, the integer delay
has to adjust the address by ±1. For negative CFOs, the integer delay decreases,
requiring one sample to be repeated (indicated by a redm-shift). Hence, the read
address remains unchanged during that cycle (third register). If the read address
reaches the buffer end (fourth register), the EB is reset in the next cycle and the
subsequent DSP is paused to avoid double processing. This is signaled by setting
the active-low enable signal en_o high. A key question is how much negative
CFO this method can tolerate. Assuming a fractional sampling offset is sampled
in the interval [0,1) with only two estimates over time, a phase wrap takes place
every second cycle, i.e., a sample must be repeated. However, since the read
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3 Elastic Buffer Design for All-Digital Clock Recovery

address still advances by one each cycle, even this worst-case scenario avoids
buffer overflow. The green-shaded area indicates the samples used for timing
estimation. Consequently, the timing offset compensation may incur a maximum
latency of one clock cycle, depending on the data read address. However, this
offset corresponds to extreme clock jitter or CFO and is negligible in practical
scenarios.
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3.3 FPGA Implementation

To validate the proposed EB concept, we implement the entire FF clock recovery
architecture on an AMDVirtex UltraScale+ XCVU9P FPGA. The hardware mod-
ules, including bus widths and port names are depicted in Fig. 3.1, with bus widths
formatted as “number of samples × bit width per sample”. The system processes
256 parallel input samples per cycle with nominally 2 samples per symbol over-
sampling. Unless noted otherwise, all data is represented as signed integers. First,
the input samples are split into two paths. In the lower path, the sampling phase
normalized to the sampling period is estimated using the Zhu algorithm [C1, C2,
44] with a block size of 256 samples (one clock cycle), followed by an MA over
16 cycles for smoothing the timing estimate (as described in [J2]). This produces
one sampling offset in the interval [−1,1) for a block of 256 samples every cycle,
which is then unwrapped in the subsequent module. The phase unwrapping mod-
ule computes the phase steps, applies a phase unwrap using an edge detector, and
accumulates the result over time. The resulting accumulated phase dly_o has a
16-bit resolution, with the 6 least-significant bits (LSBs) (unsigned) representing
the fractional component. The integer delaym and fractional delay µ can be eas-
ily obtained by splitting the phase into the most-significant bit (MSB) and LSB,
respectively. To align the data path with the estimated sampling offset, the upper
path used for sample correction is delayed to match the latency of the estimation
path. The EB is configured for 256 parallel input samples and 258 output samples
after the Lagrange interpolator (to maintain an even output width). Accounting
for the Lagrange interpolator memory, a total of 256+2+3=261 samples are
read per cycle from the EB. The EB outputs, along with the appropriately delayed
fractional sampling offset, are then processed by a third-order Lagrange interpo-
lator to generate 258 timing-corrected samples. An external reset signal is used to
initialize the MA filter, phase accumulator, and EB address in case of undefined
states during FPGA startup. Note, that the entire clock recovery system operates
within only a single FPGA clock domain.
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3.4 Real-Time Experiment

The real-time clock recovery is validated in an IM/DD optical back-to-back sys-
tem with 30-Gbit/s OOK as depicted in Fig. 3.3. The transmitter and receiver
processing units each consists of a Keysight USPA platform equipped with an
AMD FPGA. The transmitter generates a 30Gbit/s NRZ signal, which modu-
lates a 1540-nm distributed-feedback (DFB) laser using a 34-dB 3-dB-bandwidth
electro-absorption modulator (EAM) (Optilab LT-40-E-M). The optical power is
attenuated to −1 dBm to fully utilize the ADC dynamic range after detection by
a 27-GHz 3-dB bandwidth photodiode (Optilab PR-40G-M). The ADC samples
the signal at 60GSa/s, resulting in nominally twofold oversampling as required
by the clock recovery. The clock recovery is performed in real-time on the FPGA
and afterwards 218 received symbols, along with the fractional sampling offset,
EB address, and en_o signal, are written into a memory for analysis.

To assess performance under various CFOs, the receiver clock is detuned by
manually changing the external oscillator frequency. Fig. 3.4 illustrates the timing
behavior for CFOs of +20 ppm and −200 ppm. As expected, a higher CFO results
in more +1 address corrections and thus less closely spaced en_o signals.

Fig. 3.5 presents the signal-to-noise-and-distortion ratio (SNDR) (without any
equalizer) and BER derived from the recorded data as a function of CFO. As
the timing estimate update rate is 60GHz/256 and the 16-tap MA filter has a
3-dB bandwidth of about 1/32-th and the first spectral null at about 1/16-th of
the update rate, the 3-dB clock recovery bandwidth results to 7.32MHz and a
failure to track the CFO is expected at 14.65MHz. These values align well with
the observed clock recovery failure in Fig. 3.5. The SNDR at 0 ppm is 1.5 dB
higher than at adjacent CFOs. This CFO-related effect arises from a dynamic
common-mode voltage control of the ADC, which alters the signal amplitude for
different sampling offsets due to the changing sample statistics. Advanced ADC
designs in transceivers can mitigate this behavior.

[End of paper [P1]. The paper’s conclusion is added to chapter 8.]
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Fig. 3.3: Optical back-to-back transmission setup. (a) Schematic overview of the experimental setup.
(b) Picture of the real-time setup.
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4 Chromatic Dispersion Tolerant
Clock Recovery for IM/DD
Systems

This chapter reports on the impact of CDon the oversampled digital clock recovery
in IM/DD systems and proposes two novel TEs that are tolerant to CD. The chapter
is taken from the Early Access Preprint [J3] and is accepted for publication at the
Journal of Lightwave Technology. The material from the publication has been
adapted to comply with the layout and the structure of this thesis.

[Beginning of paper [J3]]

Impact of Chromatic Dispersion on Oversampled Digital Clock
Recovery in Direct-Detection Systems: Analysis and Solutions

P. Matalla, C. Koos, and S. Randel

Journal of Lightwave Technology, Early Access (2025)
DOI: https://doi.org/10.1109/JLT.2025.3600353

Cloud-based services such as the training of AI/ML models in large-scale data
centers as well as smart city applications such as the Internet of things (IoT),
connected driverless vehicles, etc., are key drivers for ever higher data rates, espe-
cially in short-range fiber-optic links. Such optical transceivers employ IM/DD to
reduce the costs and power consumption and, therefore, CD is a nonlinear channel
effect with respect to the received signal. With net data rates currently going up
to 100Gbit/s for PONs and 400Gbit/s for Ethernet connections, CD is a main
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limitation in transmission performance at such high data rates. To reconstruct
the signal impaired by CD, research has mainly discussed nonlinear equalizers
and ML models, while, to the best of the authors knowledge, no research has
been conducted on the influence of CD on NDA, digital clock recovery in direct-
detection systems. In this work, we investigate analytically and in simulation
the effect of CD on oversampled digital clock recovery and find that for some
dispersion values, clock recovery fails entirely. Based on our findings, we present
two dispersion-tolerant clock recovery algorithms that work for NRZ and digital
pulse-shaped signals as well as FTN signals. Finally, we validate our findings
and algorithms in a 34-GBd PAM4 transmission experiment for NRZ and RRC
pulse-shaped signals and different accumulated dispersion values.

4.1 Introduction

Modern applications such as AI models trained and processed in the cloud, virtual
reality, smart city applications, e.g., IoT, automated and connected driving, and
many more, require dense and widespread communication networks that transmit
high data rates with high reliability and low latency [J1, 66–68]. Such applications
are a key driver for ever higher data rates, especially over short distances less
than few tens of kilometers. For such distances, optical fiber links based on
IM/DD are the preferred choice due to their lower energy consumption and lower
cost compared to coherent transceivers. The fields of application of IM/DD
transceivers range from PONs to DCIs and intra-DC optical links. All of these
systems share a common challenge – as the data rate increases, CD becomes an
increasingly limiting factor of the transmission performance, since the quadratic
phase distortion of the optical field spectrum leads to a nonlinear channel effect
when detecting the optical power.

In intra-DC and DCI, current research is considering 800GE (Gigabit Ethernet)
and 1.6TE (Terabit Ethernet) as the next-generation standard, while discussion
on 3.2TE has already started [66–68]. Such high data rates are achieved by
WDM, whereby it is more lucrative to achieve the highest possible data rate
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per wavelength, e.g., 16×200G or 8×400G for 3.2TE. To provide an aggregated
net data rate of 200Gbit/s per wavelength up to fiber distances of 10 to 20 km
in O-band, higher-order modulation formats, e.g., PAM4 up to eight-level pulse
amplitude modulation (PAM8), are under consideration [69–71]. Despite the low
dispersion in O-band, dispersion is a main limitation in transmission performance
at such high symbol rates. The situation is similar for PONs, which are point-
to-multipoint optical networks with passive optical splitters, used, for example,
for broadband connectivity in cities [J1] and 6G fronthaul [72] and leverage the
technological advances in the Ethernet market. For the recently standardized
50G-PON, PAM2 modulation at 50GBd is considered. With fiber lengths of up
to 20 or even 40km, CD is already a limiting factor here, which is why DSP
equipped with adaptive equalizers is employed. The introduction of a DSP also
allows conventional analog CDR circuits to be migrated to the digital domain.
For the 50G-PON standard, a dispersion range from −127 to 77 ps/nm is defined
in O-band [73]. Current research is investigating the next potential IM/DD PON
with a line rate of 100 to 125Gbit/s using either 50 to 62.5GBd PAM4 or 100 to
125GBd PAM2. Depending on the choice of wavelength, a dispersion tolerance
from −120 to 80 ps/nm is required [74].

Previous research has mainly focused on system aspects and feasibility studies
for IM/DD systems at such high data rates. A major focus here was the signal
attenuation in the spectral dips caused by CD in direct-detection links and on
counteracting this with sophisticated nonlinear equalizers and ML methods [75,
C8]. The effect of CD on the digital clock recovery is investigated in several
works for coherent transmission [33, 76]. However, to the best of the authors’
knowledge, no research has been done on the effect of CD on the clock recovery
in direct-detection systems.

This work is structured in two parts. In the first part, we analyze and simulate the
effect of CD on oversampled digital clock recovery in direct-detection systems.
We holistically investigate the effect for signals with NRZ pulses as well as signals
with RRC pulse shaping. Building on the findings from the first part, we then
propose two CD-tolerant clock recovery algorithms that work for NRZ or high
roll-off signals as well as for low roll-off or extremely bandwidth-limited signals
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such as FTN signals. Finally, we confirm our analysis and the viability of the
proposed clock recovery algorithms in a 34-GBd PAM4 transmission experiment
over accumulated dispersion values of up to 600ps/nm.

4.2 Impact of Chromatic Dispersion on Digital
Clock Recovery

4.2.1 Signal Propagation through Chromatic Dispersive
Channel

To understand the effect of CD on the clock recovery for direct reception at the
receiver end, we first consider the influence of CD on the received intensity-
modulated signal. In [77, 78], the received optical power impaired by CD is
analytically derived. We consider a zero-mean, real-valued transmit signal stx(t)
in TD, which is normalized to the mean optical power P0 andmin{stx(t)} ≥ −1.
The transmitted optical power can then be described as Ptx(t) = P0(1 + stx(t)).
Considering chirp-free modulation and neglecting any noise, we can assume
a constant optical phase and express the transmitted complex amplitude with
respect to optical center frequency as the square-root of the optical power, i.e.,

Etx(t) =
√

P0 (1 + stx(t)) (4.1)

with the ER in decibels given as

ERdB = 10 log10 (
1 +max(stx(t))

1 +min(stx(t))
) . (4.2)

The square-root can be expressed as a power series resulting in

Etx(t) =
√
P0

⎛

⎝
1 +

∞

∑
n=1

αns
n
tx(t)

⎞

⎠
, (4.3)
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with coefficients

αn =
(−1)n−1(2n)!

4n(n!)2(2n − 1)
for n ∈ N+. (4.4)

As the optical signal propagates through a dispersive medium, it experiences CD.
The optical channel

¯
h̃cd(f) can be described by an allpass filter with quadratic

spectral phase in FD as

¯
h̃cd(f) = exp( j

π

ϑ
λ2f2LDcd) = exp (j ζ(f)) , (4.5)

where Dcd is the CD coefficient, f the equivalent baseband frequency of the
signal, λ the center wavelength, L the fiber length, ϑ the speed of light, the
tilde indicates being in the Fourier domain, and the underline denotes a complex
value/signal. For notational convenience, we abbreviate the argument by ζ(f) =

πλ2f2LDcd/ϑ. Since the real and imaginary parts of the channel frequency
response are both even real functions, the real and imaginary parts of the impulse
response

¯
hcd(t) = F

−1 {
¯
h̃cd(f)} can be expressed as

R{
¯
hcd(t)} = F

−1
{R{

¯
h̃cd(f)}} = F

−1
{cos (ζ(f))}

I{
¯
hcd(t)} = F

−1
{I{

¯
h̃cd(f)}} = F

−1
{sin (ζ(f))} .

(4.6)

The received optical power then results as the absolute square of the received
optical field as

Prx(t) = (Etx(t) ∗R{
¯
hcd(t)})

2
+ (Etx(t) ∗ I{

¯
hcd(t)})

2
, (4.7)

where ∗ denotes the convolution operation. Since the Fourier transform of the
constant term corresponds to the Dirac impulse δ(f) and using eq. (4.6), the
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convolution of the direct-current term with the real and imaginary part of the CD
impulse response results to one and zero, respectively, i.e.,

F{1 ∗R{
¯
hcd(t)}} = δ(f) cos (ζ(f)) = 1

F{1 ∗ I{
¯
hcd(t)}} = δ(f) sin (ζ(f)) = 0 .

(4.8)

The received electrical signal x(t) ∝ Prx(t) results in [78]

x(t) ∝1 + stx(t) ∗R{
¯
hcd(t)} + ϵ(t) (4.9)

with
ϵ(t) =2

∞

∑
n=2

αns
n
tx(t) ∗R{¯

hcd(t)}

+

⎡
⎢
⎢
⎢
⎢
⎣

⎛

⎝

∞

∑
n=1

αns
n
tx(t) ∗R{¯

hcd(t)}
⎞

⎠

2

+
⎛

⎝

∞

∑
m=1

αmsmtx(t) ∗ I{¯
hcd(t)}

⎞

⎠

2 ⎤
⎥
⎥
⎥
⎥
⎦

.

(4.10)

The first term in eq. (4.9) is a constant direct-current offset, while the second
term is referred to as power fading (PF). Considering the Fourier transform of the
received signal

¯
x̃(f)

¯
x̃(f) ∝ δ(f) +

¯
s̃tx(f)h̃pf(f) +

¯
ϵ̃(f) (4.11)

with the frequency response

h̃pf(f) =R{
¯
h̃cd(f)} = cos (ζ(f)) , (4.12)

we find that the power fading effect shapes the spectrum of the received signal
and imposes nulls at frequencies fm

fm = ±

√
(1 + 2m)ϑ

2λ2LDcd
for m ∈ N0 . (4.13)
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Note, that the impact of the power fading depends on the spectral extent of the
signal stx(t) and the accumulated dispersionLDcd. ϵ(t) comprises the nonlinear
interference terms, which include the power fading of the signal’s power series
and signal-signal beat interferences.

The simulation setup used to investigate the effect of CD is shown in Fig. 2.22.
Here, we simulate a 112-GBd PAM4 signal with NRZ pulse shape at 8-fold
oversampling. Afterwards, we apply a 5th-order Bessel lowpass filter with a 3-dB
bandwidth of 78GHz (70% of symbol rate) to account for bandwidth limitations.
For practical transceivers, the component bandwidth can be significantly lower
which is examined in section 4.4. CD is added to the waveform and the signal
detection is modeled as square-law operation.

Fig. 4.1(a) shows the transmit and receive spectrum for 212 symbols, 24 ps/nm
accumulated CD, and averaged over 100 signal realizations to obtain a smooth
averaged spectrum. For a small ER of the modulator of 0.1 dB, the power fading
effect is dominating and the spectral dips in accordance to eq. (4.13) are clearly
visible. For a more realistic ER of 10 dB, the nonlinear interference is emphasized
in the power fading dips and tones at multiples of the symbol rate are generated.
Fig. 4.1(b) shows the amplitude ratio function in decibel between the transmitted

¯
s̃tx(f) and received

¯
x̃(f) signal, where

¯
s̃tx(f) and

¯
x̃(f) are the transmit signal

after the Bessel lowpass and receive signal after photodetection, respectively, and
the power fading function. The amplitude ratio function agrees well with the
power fading function. For higher ER, the nonlinear interference increasingly
distorts the signal amplitude. In the spectral dips arising from the NRZ pulse at
112GHz and 224GHz, the distortion due to nonlinear interference dominates as
less signal power is present. Similarly, Fig. 4.1(c) compares the phase difference
between the transmit and receive signals arg{

¯
s̃tx(f)

¯
x̃∗(f)}with the phase of the

power fading function. In case of dominating power fading (left plot), the negative
sign of the power fading frequency response h̃pf(f) causes a π-phase shift. In
addition, the nonlinear ISI will cause a phase distortion around the spectral nulls,
as indicated for the case with a 10 dB ER (right plot).
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Fig. 4.1: Simulated effect of CD on the received 112-GBd PAM4 NRZ signal in a direct-detection
link with zero sampling offset τ = 0. (a) Transmit (blue) and receive (orange) signal spectrum for
an accumulated dispersion of LDcd = 24 ps/nm. Amplitude ratio function in decibel (b) and phase
difference (c) between the transmit and receive signal (blue) and power fading function (red).
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Fig. 4.2: (a) Phase of cosine product arg{cos(ζn) cos(ζn−N/2)} (red) and signal phase
arg{

¯
x̃n

¯
x̃∗
n+N/2} relevant for the timing estimation (blue) over the frequency bins n for an ER

of 0.1 and 10 dB. The received signal is simulated without noise and is distorted by 24 ps/nm accu-
mulated CD and a 256-point FFT is computed. (b) Left and right sideband of a 10% RRC-shaped
spectrum indicated by the blue- and red-shaded areas and power fading function in decibel. (c) Clock
tone power penalty over accumulated dispersion and RRC roll-off factors.

4.2.2 Effect of Chromatic Dispersion on Clock
Recovery

To investigate the effect of CD on the clock recovery analytically, we consider
a mathematical channel model in FD, where n = {1, . . . ,N} is the frequency
bin index of an N -point FFT. The zero-frequency is therefore assigned to n = 1.
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For convenience, we consider a clock recovery, which is implemented at twofold
oversampling. A twofold upsampled symbol sequence

¯
s̃n (sample rate upconver-

sion by inserting zeros in between the symbols) is interpolated by a multiplication
of the frequency response p̃n of a pulse shaping filter. The optical channel is
modeled as dispersive medium with a linear response h̃pf,n and nonlinear inter-
ference term

¯
ϵ̃n (see eq. (4.9)). Finally, the channel adds AWGN

¯
ñn. At the

receiver side, another lowpass filter g̃n is emulating bandwidth limitations and
hence suppresses out-of-band noise. The lowpass filters p̃n, g̃n ≥ 0 are assumed
to be real-valued and non-negative in FD since any nonlinear spectral phase can
be pre-compensated in the DSP. Lastly, we consider a sampling offset τ between
the transmit and receive clocks which is normalized to the symbol period and can
be assumed to be constant within a block of N samples. The n-th element

¯
x̃n of

the N -point FFT of the received signal can then be expressed as

¯
x̃n = (

¯
s̃np̃nh̃pf,n +

¯
ϵ̃n +

¯
ñn) g̃n e

j 4π n
N τ . (4.14)

Most common NDA clock recoveries compute the spectral autocorrelation to
generate a so-called clock tone at symbol rate, whose phase is proportional to
the sampling offset [1], e.g., the algorithms proposed in [J2, 40, 42–44, 79, 80].
The spectral autocorrelation at symbol rate Rx̃x̃ = 2/N ∑

N/2−1
n=0 ¯

x̃n
¯
x̃∗
n+N

2

can be
expressed as

Rx̃x̃ =
2

N

N/2−1

∑
n=0

(
¯
s̃np̃nh̃pf,n +

¯
ϵ̃n +

¯
ñn)

× (
¯
s̃∗
n+N

2
p̃n+N

2
h̃pf,n+N

2
+
¯
ϵ̃∗
n+N

2
+
¯
ñ∗
n+N

2
)

× g̃ng̃n+N
2
ej 2πτ .

(4.15)

Note that the linear spectral phase of
¯
x̃n+N/2, which is caused by the sampling

offset, is exp(j 4π(n−N/2)/Nτ), since the frequency range fromN/2 toN − 1
represents the left sideband at negative baseband frequencies. For convenience,
we substitute the pulse shape product and receiver-side lowpass product as a real-
valued variable ρ̃n = p̃np̃n+N/2 and γ̃n = g̃ng̃n+N/2, respectively. Furthermore,
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we summarize all noise and nonlinear terms including the nonlinear interference

¯
ϵ̃n by

¯
χ̃n. The spectral correlation can then be written as

Rx̃x̃ =
2

N
ej 2πτ

N/2−1

∑
n=0

∣
¯
s̃n∣

2γ̃nρ̃n h̃pf,nh̃pf,n+N
2
+
¯
χ̃n . (4.16)

Due to the cyclostationarity of the transmit symbol sequence, the Fourier transform
of the random sequence ˜

¯
sn is periodic with symbol rateN/2, and thus the product

¯
s̃n
¯
s̃∗n+N/2 = ¯

s̃n
¯
s̃∗n = ∣¯

s̃n∣
2 results in a real value. The phase of the clock tone then

gives an estimation of the sampling offset τ̂ as

τ̂ =
1

2π
arg {Rx̃x̃}

=
1

2π
arg

⎧⎪⎪
⎨
⎪⎪⎩

2

N
ej 2πτ

N/2−1

∑
n=0

∣
¯
s̃n∣

2γ̃nρ̃n cos (ζn) cos (ζn−N
2
) +

¯
χ̃n

⎫⎪⎪
⎬
⎪⎪⎭

,
(4.17)

where ζn = ζ(f = (n − 1)fsa/N) and fsa is the sampling rate. For the case of no
CD, i.e., h̃pf,n =1 and

¯
χ̃n =0, the phase of the clock tone is only proportional to

the sampling offset τ . However, in the presence of CD, the timing estimation is
impaired by the power fading and the nonlinear interference contained in

¯
χ̃n.

To investigate the effect of CD in simulation, we simulate a 112-GBd IM/DD
system, which is impaired by CD and AWGN, as displayed in Fig. 2.22. At
the transmitter, a sequence of PAM4 symbols is generated. Afterwards, each
symbol is repeated by eight to model NRZ pulses with a rise time of zero or
the symbol sequence is upsampled by inserting zeros between the symbols and
interpolated using an RRC pulse-shaping filter. Bandwidth limitations of a DAC
and other analog components at the transmitter are taken into account by applying
a 5th-order Bessel lowpass filter with a 3-dB bandwidth of 78GHz. To model
a non-negative optical power, a bias is added and the optical field amplitude is
obtained by the square-root of the optical power. To simulate the fiber-optic
channel of length L, the resulting signal is impaired by CD for a certain CD
coefficient Dcd. At the receiver side, the signal is detected by a photodiode,
which is modeled as square-law detector and AWGN is added to set a certain
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electrical SNR that is normalized to the symbol rate. The resulting signal is
once again filtered by a Bessel lowpass and downsampled to 2Sa/Sym. Finally, a
sampling offset τ is added before the clock recovery.

The influence of CD on the clock recovery performance can be observed through
three effects. The first effect is depicted in Fig. 4.2(a), which shows the phase
of the cosine product arg{cos(ζn) cos(ζn−N/2)}, which can be either 0 or π, in
orange and the phase of arg{˜

¯
xn˜¯

x∗n+N/2} for each frequency bin n in blue. To
see the effect of CD, we add no AWGN and neglect the influence of the sampling
offset on the FD phase for the moment by setting τ = 0. The FFT size isN =256
(128 symbols) and the accumulated dispersion is 18 ps/nm at 112GBd. Since
τ = 0, the phase difference should be zero for each frequency bin. However,
there is a phase shift of π for the frequency bins where the product of cos(ζn)
and cos(ζn+N/2) have opposite sign. Furthermore, the nonlinear interference in
˜
¯
χ
n
distorts the phase which becomes especially relevant in the dips of the power

fading function h̃pf(f). The weighted sum over the cosine product in eq. (4.17)
then has either positive or negative sign. A negative sign leads to a π-phase shift,
which results in a false estimation of the sampling offset by half a symbol period
and therefore the closed eye is interpreted as the ideal sampling point. However,
this constant sampling offset can be compensated manually or by an adaptive
equalizer.

The second effect occurs for certain dispersions, where the weighted sum of the
cosine product approaches zero. In this case, the left term of the sum in eq. (4.17)
vanishes and the nonlinear interference

¯
χ̃n dominates the phase estimation and

leads to a inconsistent clock phase estimation. This effect can be seen for the
modified version of the algorithm by Barton and Al-Jalili [40] (see eq. (4.21)) at
11 ps/nm in Fig. 4.3(b).

The third effect occurs for narrow-band lowpass responses p̃ and g̃, i.e., for strong
bandwidth limitations (FTN signals) or low RRC roll-off signals, and is visualized
in Fig. 4.2(b) by showing the overlapping left and right sidebands of a 10% roll-off
RRC frequency response (blue and red area) and the power fading function (blue
and red curve) in decibel at 112GBd and 18ps/nm accumulated dispersion. The
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term proportional to the cosine product in eq. (4.17) disappears if the nulls of the
cosines fall within the narrow region of the overlapping sidebands. In Fig. 4.2(c),
we compute the clock tone power penalty (CTPP) in decibel by comparing the
clock tone resulting from the RRC frequency response with the one impaired by
CD as

CTPP = 10 log10

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

N/2−1

∑
n=0

ρ̃n cos (ζn) cos (ζn−N
2
)

N/2−1

∑
n=0

ρ̃n

⎫⎪⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎪⎭

. (4.18)

For a roll-off of 1, the clock tone power penalty is about 3.8 dB for an accumulated
dispersion larger than 5 ps/nm, while for low roll-offs the periodic extinction of
the clock tone can be observed for dispersion values, where the power fading dips
fall around half the symbol rate, i.e., where ∣fm∣ = fsym/2 is valid for eq. (4.13).
Hence, eq. (4.13) can be solved for fsym/2 and the affected accumulated dispersion
values can be found as

LDcd =
2(1 + 2m)ϑ

f2
symλ

2
. (4.19)

The three effects repeat periodically as the accumulated CD increases, since the
function h̃pf(f) is periodic as well. It shall be noted that the effects occur for
TEDs used in FB control loops and TEs used in FF clock recovery architectures.
Furthermore, this effect can be observed regardless of whether the timing is
estimated in time or frequency domain.

4.3 Chromatic Dispersion Tolerant Clock
Recovery for Non-Return-to-Zero Signals

As a consequence of CD on the clock recovery for data communication, the
sample period offset at twofold oversampling now results in sampling at the signal
transitions, leading to strong additional ISI. This effect can either be compensated
by a constant half-symbol-period sampling offset using an adaptive equalizer after
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the clock recovery or by manual addition of a π-phase shift for the affected fiber
lengths. However, both approaches will still suffer by the clock recovery failure
due to a vanishing clock tone if the summed cosine product is close to zero
(second effect). For this reason, we propose a modification that makes the FD
clock recovery algorithm robust to CD in direct-detection systems.

The starting point of our consideration is the algorithm of Barton and Al-Jalili
(BAJ) [40], where a timing estimate is computed from two frequency components
at bin n and n +N/2 as

τ̂BAJ =
1

2π
arg{˜

¯
xn˜¯

x∗
n+N

2
} . (4.20)

In [J2, C1, 41], the BAJ algorithm is modified by averaging the product ˜
¯
xn˜¯

x∗n+N/2
over the frequency axis to reduce the phase estimation inaccuracy caused by
random noise, resulting in the autocorrelation (see eq. (4.17))

τ̂mod-BAJ =
1

2π
arg

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∑
n=0

˜
¯
xn˜¯

x∗
n+N

2

⎫⎪⎪
⎬
⎪⎪⎭

. (4.21)

Clock recovery in FD offers the major advantage that we can easily compensate
for the cosine terms. In order to mitigate the effect of CD, we first correct the
Fourier transform ˜

¯
x for the phase rotation of the cosine product

˜
¯
y
n
= ˜
¯
xn sgn{cos (ζn)} (4.22)

and then apply the TE as

τ̂CD-BAJ =
1

2π
arg

⎧⎪⎪
⎨
⎪⎪⎩

N/2−1

∑
n=0

˜
¯
y
n
˜
¯
y∗
n+N

2

⎫⎪⎪
⎬
⎪⎪⎭

. (4.23)

Doing so, the power fading function will always be positive and the spectral
correlation will add up constructively, hence, it avoids the π-phase shift (first
effect) and theweighted cosine to approach zero (second effect). Thismodification
requires the information of the total accumulated dispersion of the fiber link, for
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example from the CD estimation performed in the link configuration. From
this, h̃pf,n can be pre-computed as a reference model. Note that small CD
measurement inaccuracies may lead to frequency components in ˜

¯
y
n
which have

an incorrect sign-correction. However, this effect ismitigated due to the correlation
averaging over N/2 frequency bins. Furthermore, it should be emphasized that
this modification only marginally increases the computational effort compared
to the mod-BAJ, as only the sign of the Fourier transform has to be adjusted.
Fig. 4.3 shows the simulation results for a 112-GBd PAM4 signal with NRZ pulse
shape and 78GHz 6-dB bandwidth (one Bessel filter on, both, the transmitter
and receiver side) for various accumulated CD values. A common performance
metric to evaluate clock recovery algorithms is the jitter, defined as the variance of
the deviation of the estimated clock phase from the actual clock phase in decibels
as 20 log10(std(τ̂ − τ)). However, if the accumulated CD leads to a π-phase
shift, it is possible that a timing estimate with low uncertainty is obtained, which
however leads to a high jitter since τ̂ − τ is large. For this reason, we visualize
the performance in Fig. 4.3(a) by plotting the timing estimate error τ̂ − τ over the
accumulated CD and keep τ = 0 in simulation. Since the π-phase shift leads to
phase jumps due to phase wrapping, we plot the absolute value of the estimation
error for a simpler overview. To recognize the effect of the CD, we add no
AWGN to the signal for now. For each CD value, we simulate 100 waveforms
and calculate the timing estimate for a block length of N =256 samples. We plot
the mean estimation error (dark blue curve) and the ±σ confidence interval of the
estimation error as the light blue area around it. Furthermore, we indicate the
areas in which the cosine product including the pulse shape leads to a change of
the sign in gray. For the mod-BAJ algorithm with 0.1 dB ER, the phase jumps
can be clearly noticed. Around those phase jumps, the cosine product is close
to zero and the timing estimate is distorted by the nonlinear interference, which
leads to an increase of the standard deviation. This effect is emphasized for an
ER of 10 dB. With our proposed CD-BAJ algorithm, this can be counteracted so
that no phase jumps occur and the standard deviation is low. Only a constant
estimation error linearly depending on the accumulated CD cannot be corrected,
but can easily be compensated for by an consecutive adaptive equalizer. Fig. 4.3(b)
shows the timing estimate over 50,000 simulated sampling offsets for different CD
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values and an SNR of 20 dB for the mod-BAJ and the CD-tolerant algorithm. The
colored symbols mark the position in Fig. 4.3(a).
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Fig. 4.3: Clock recovery performance for a 112-GBd PAM4 signal with NRZ pulse shape and 78-GHz
6-dB bandwidth limitation. (a) Absolute mean error of the timing estimate (dark blue line) with
its ±σ confidence interval indicated by the light blue area around it computed from 100 waveforms
over accumulated CD and no AWGN. (b) Exemplary linear curves of the timing estimate over 50,000
simulated sampling offsets using the mod-BAJ and the CD-tolerant BAJ algorithm for 20 dB SNR.
The inset symbols mark the position in subfigure (a).
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4.4 Chromatic Dispersion Tolerant Clock
Recovery for Low-Roll-Off and
Faster-Than-Nyquist Signals

The presented CD-tolerant BAJ algorithm only compensates for the phase rota-
tion caused by the cosine and the clock tone extinction caused by counter-phase
cosine products. However, in case of low-roll-off signals or extreme bandwidth
limitations, this modification does not compensate for the power fading of the
overlapping areas of the signal sidebands. In such a case, clock recovery initially
designed for FTN signals, i.e., for signals whose 3-dB bandwidth are significantly
lower than half the symbol rate, may be beneficial. In order to broaden the spec-
trum of such signals, thus allowing to recover a clock tone, a nonlinear operation
is commonly used, for example the magnitude squared in TD, which is also re-
ferred to as 4-th power method [32, 81, 82]. Similar to the algorithm in [32], the
squaring in TD zk = ∣xk ∣

2 = xkx
∗
k can also be described as a convolution in FD as

¯
z̃n =

N−1

∑
m=0

˜
¯
xm˜

¯
x∗m−n . (4.24)

Note that the complex conjugate TD signal is considered and thus the algorithm
can also be applied to complex-valuedmodulation formats. Although PAMsignals
are real-valued, the complex conjugation in the FD must be considered in order
to obtain the power correlation. At this point, we would like to highlight that
under severe bandwidth limitations (e.g., FTN signaling), the ADC is capable of
capturing the full signal spectrum even with baud-rate sampling, hence, enabling
significant power savings. Following the initial sampling, digital resampling can
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be employed to facilitate oversampled digital clock recovery. Accordingly, the
4-th power version of the mod-BAJ algorithm results in

τ̂mod-4P-BAJ =
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2π
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(4.25)

Finally, we include the power fading correction from eq. (4.22) to obtain the
CD-tolerant version of the 4th-power BAJ TE as

τ̂CD-4P-BAJ =
1

2π
arg

⎧⎪⎪
⎨
⎪⎪⎩

−

N/2−1

∑
n=0

⎡
⎢
⎢
⎢
⎢
⎣

N−1

∑
m=0

˜
¯
y
m
˜
¯
y∗
m−n

⎤
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎣

N−1

∑
m=0

˜
¯
y
m
˜
¯
y∗
m+N

2 −n

⎤
⎥
⎥
⎥
⎥
⎦

∗⎫⎪⎪
⎬
⎪⎪⎭

. (4.26)

In analogy to the CD-BAJ in Fig. 4.3(a), Fig. 4.4(a) shows the absolute mean
estimation error including the error’s ±σ confidence interval over the accumulated
CD for the CD-BAJ, mod-4P-BAJ, and the CD-tolerant version CD-4P-BAJ for a
112-GBd PAM4 signal with a 2%RRC roll-off. For the CD-BAJ, we calculate the
spectral correlation only for the non-zero frequency components, which is given
by the RRC roll-off. For a roll-off of 0.02, the spectral correlation is calculated
for only 3 frequency components [J2]. Due to the more narrow signal bandwidth,
the sign changes of the cosine product are correspondingly less frequent and are
again indicated by the gray area. Around these positions, the narrow overlap of
the signal spectrum is canceled out by the power fading, which is why the CD-
BAJ produces incorrect timing estimates with high standard deviation. While the
mod-4P-BAJ works for extremely bandwidth-limited signals, the power fading
in particular leads to an incorrect and highly uncertain timing estimate over the
entire range of all accumulated CD values. By first compensating the sign of
the power fading again, the CD-4P-BAJ algorithm becomes much more robust
against CD. The improved robustness of the CD-4P-BAJ comes at the price of
increased computational effort compared to the CD-BAJ. The question therefore
arises when it performs better (except for the case when clock tone extinction
occurs at around 20, 60, and 100ps/nm). For this purpose, we simulated the
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jitter and swept the RRC roll-off and the Bessel filter bandwidth for the CD-
BAJ and CD-4P-BAJ in Fig. 4.4(b) for a constant accumulated CD of 0 ps/nm
and 30ps/nm and an SNR of 20 dB. When comparing the jitter between 0 and
30ps/nm, a penalty due to the nonlinear interference terms can be observed. The
CD-4P-BAJ outperforms the CD-BAJ for roll-off less than 0.06 while the CD-
4P-BAJ performance rapidly degrades for roll-offs larger than about 0.08, due to
aliasing caused by the squaring in TD. Sweeping the 6-dB bandwidth at a 0.02
roll-off reveals the superior performance of the 4-th power method compared to
the mod-BAJ algorithm. The penalty caused by nonlinear interferences can be
reduced by additional averaging over consecutive timing estimate realizations by
buffering and averaging the complex values before calculating the angle [C3].
With an MA over 8 clock tones, the jitter can be significantly reduced, here shown
by the dashed lines. The CD-4P-BAJ then performs better for roll-offs smaller
than 0.05.
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Fig. 4.4: Clock recovery performance for a 112-GBd PAM4 signal with 2% roll-off RRC pulse shape
and 78-GHz 6-dB bandwidth limitation. (a) Absolute mean timing estimate error (dark blue line) with
its ±σ confidence interval indicated by the light blue area around it computed from 100 waveforms
over accumulated CD and without AWGN. (b) Jitter over RRC roll-off and component bandwidth
normalized to the symbol rate computed from 50,000 waveforms with 20 dB SNR as well as 0 ps/nm
and 30 ps/nm accumulated CD. The dashed lines show the jitter when an 8-tap MA filter is applied to
the clock tone.
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4.5 Experimental Validation

In this section, we experimentally validate our model for the effect of CD on clock
recovery and our proposed algorithms. For this purpose, we set up an IM/DD
system as depicted in Fig. 4.5. At the transmitter and receiver sides, we use the
Keysight USPA FPGA platform, equipped with a DAC and an ADC (formerly
Micram DAC3 and ADC3), respectively. We generate a 34-GBd PAM4 signal
(limited by available hardware) using the FPGA with either an NRZ or an RRC
pulse shape with 0.1 roll-off. The DAC has a nominal 6-dB bandwidth of 28GHz
and is sampling at 68GSa/s, thus, NRZ pulses are generated by simply repeating
each symbol twice. The amplified analog signal is then used to modulate the light
emitted by an external-cavity laser (ECL) at 1550nm utilizing a Mach-Zehnder
modulator (MZM)with a 3-dBbandwidth of 25GHz and anERof 22 dBaccording
to the datasheet. To realize various values of accumulated dispersion, we use a
combination of 10.56 km-long fiber spools combined with a wavelength-selective
switch (WSS), which allows fine-tuning within ±100ps/nm. The fiber spools have
an estimated CD coefficient of 16.3 ps/nm/km, i.e., a single spool, a concatenation
of two spools, and a concatenation of three spools features a total accumulated
dispersion of 172ps/nm, 344ps/nm, and 516ps/nm, respectively. Therefore, the
dispersion can be set in a range from −100 to 616 ps/nm. The optical power at the
output of the WSS is 3.6 dBm before the fiber spools. Finally, a variable optical
attenuator (VOA) allows to set a constant received optical power of −2dBm for
10.56 km and 21.12 km fiber distance and −4.5 dBm for 31.68 km. At the receiver
side, a 27-GHz 3-dB bandwidth optical detector (Optilab PR-40G-M) consisting
of a photodiode and a TIA is used to convert the optical signal into a voltage.
Finally, the ADC with nominal 3-dB bandwidth of about 37GHz is sampling the
received signal at 68GSa/s, which is is stored in the receiver FPGA for offline
processing.

Since the group delay of the channel varies with different dispersion settings
applied at the WSS during the experiment, the corresponding constant sampling
phase estimation also differs for each dispersion value. Therefore, we evaluate
the timing estimates separately for selected characteristic dispersion levels. To
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Fig. 4.5: Experimental IM/DD setup to investigate the impact of accumulated dispersion on the clock
recovery. The amount of accumulated dispersion is set by using different fiber spools together with a
WSS.

this end, the simulated timing estimates as a function of accumulated CD for
the mod-BAJ and the CD-BAJ for 34GBd NRZ signals considering a 25-GHz
3-dB bandwidth Bessel lowpass filter are shown in Fig. 4.6(a). Similarly, we
compare the CD-BAJ and CD-4P-BAJ for RRC-shaped signals with 10% roll-off
in Fig. 4.7(a). We then select certain characteristic accumulated dispersion values
(indicated by the orange symbols in Fig. 4.6(a) and Fig. 4.7(a)) and show the timing
estimates over time obtained from the experimental waveforms in Fig. 4.6(b) and
Fig. 4.7(b). In offline processing, we split the received waveforms from the
experiment into blocks of N =256 samples. Afterwards, the timing estimate is
computed for each of these blocks using the clock recovery algorithms described
above. Due to the strong bandwidth limitation, it is sufficient to consider only a
part of the frequency components in the summation of the correlation (eq. (4.21)
and eq. (4.23)) [35] for the NRZ signal. For this reason, we use only the center
N/4 frequency components in the summation over n in order to reduce the
number of frequency components outside the signal spectrum, which primarily
contain noise and nonlinear interference terms, and to reduce the computational
complexity. We compare the timing estimation for four dispersion values by
means of conventional clock recovery using the mod-BAJ and using the proposed
CD-tolerant BAJ algorithm in Fig. 4.6(b) for the NRZ signal. The experimental
results are in very good agreement with our theoretical considerations and the
simulation in Fig. 4.6(a). For 195ps/nm, indicated by a circle, the π-phase shift
can be recognized at low estimation deviation. For about 308 ps/nm, indicated
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by a diamond, the sum over the cosine products is approaching zero, leading to
a cancellation of the clock tone and, therefore, nonlinear interference terms are
more pronounced. The conventional clock recovery fails, while the proposed
CD-tolerant algorithm still provides a timing estimate with low deviation. At
403ps/nm is a region with no π-phase shift, where both algorithms provide
identical estimations. Finally, at 500 ps/nm the clock tone extinction starts again,
but the CD-tolerant BAJ continues to perform well.

Next, we consider the experimental clock recovery performance for an RRC-
shaped signal with 0.1 roll-off to observe the third effect mentioned in sec-
tion 4.2.2. Since the signal spectrum is now more narrow, it is sufficient to
sum only over the non-zero frequency components, i.e., where γ̃nρ̃n > 0, for the
CD-BAJ algorithm. In this case, we sum over 12 out of 128 frequency components
per sideband. As aliasing starts to decrease the performance of the 4-th power
method, only the middleN/4 bins in the outer sum over index n in eq. (4.26) are
evaluated. Since fewer bins are used, the influence of noise on the estimate is more
significant. For this reason, an additional 8-tap MA of the spectral correlation is
used. As the frequency range of the overlapping RRC-shaped sidebands is small
for such a signal, a π-phase shift is less frequent, but a clock tone extinction due
to spectral dips caused by power fading is possible. For a 34-GBd signal, this
can be observed in simulation in Fig. 4.7(a) at around 200ps/nm by an increased
uncertainty of the timing estimate. This observation is also confirmed in the ex-
periment when considering the timing estimate for 195 ps/nm using the CD-BAJ
and the CD-4P-BAJ. The proposed CD-BAJ shows a high standard deviation due
to the few/no frequency bins over which it can average, while the CD-4P-BAJ
exhibits a significantly lower standard deviation and is therefore tolerant to, both,
the π-phase shift and the clock tone extinction due to the spectral nulls falling
in the overlap region. At 322ps/nm there are enough frequency bins available
for the CD-BAJ to estimate the timing with low uncertainty. However, the CD-
4P-BAJ shows a higher uncertainty caused by aliasing, showing the price to pay
when using this algorithm. This effect is also reflected in Fig. 4.7(b), where the
CD-4P-BAJ shows more than 10 dB worse jitter compared to the CD-BAJ at a
roll-off of 0.1. Accordingly, the CD-4P-BAJ is only advantageous in the case of
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Fig. 4.6: Timing estimation results for 34-GBd PAM4 NRZ signals. (a) Simulated timing estimate
as a function of accumulated CD obtained using the mod-BAJ (blue) and CD-BAJ (red) algorithms.
Characteristic dispersion values are indicated by yellow markers. (b) Timing estimates obtained by
offline processing of recorded waveforms from the experiment for the four characteristic dispersion
values indicated in (a). For a block size of N = 256 samples, N/4 frequency bins per sideband are
evaluated for the mod-BAJ (red line) and CD-BAJ algorithm (blue line), respectively.
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strong bandwidth limitation, either caused by a narrowing of the signal spectrum
when the spectral dips fall directly on the edges of the signal spectrum, or in the
case of extremely low roll-off factors or FTN signals.
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Fig. 4.7: Timing estimation results for 34-GBd PAM4 signals exhibiting a RRC pulse shape with
0.1 roll-off. (a) Simulated timing estimate as a function of accumulated CD obtained using the
CD-BAJ (blue) and CD-4P-BAJ (red) algorithms. Characteristic dispersion values are indicated by
yellow markers. (b) Timing estimates obtained by offline processing of recorded waveforms from the
experiment for the two characteristic dispersion values indicated in (a). For a block size of N = 256
samples and 8-tap MA of the spectral correlation, 12 frequency bins per sideband are evaluated for the
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respectively.

[End of paper [J3]. The paper’s conclusion is added to chapter 8.]
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5 Nanosecond Clock
Synchronization for Passive
Optical Networks

This chapter discusses the advantages of a fully digital FF clock recovery in future
high-speed PONs equipped with a DSP. Parts of the results of this chapter were
presented at the Optical Fiber Communication Conference (OFC) in 2024 [C4].
The material from the publication has been adapted to comply with the layout and
the structure of this thesis.

5.1 Introduction

As discussed in chapter 2, the clock recovery can be implemented either in a
FB architecture based on a PLL, in a FF architecture, or in a combination of
both approaches. Under the prerequisite that relatively stable oscillators are used
(±20 ppm for 400G-ZR standardized transceivers [5, 6]) and data transmission is
continuous, FB structures result in stable phase tracking and are therefore com-
monly used in optical communications, e.g., in long-haul point-to-point systems
[7]. But also in short-reach systems they are frequently deployed because of their
low complexity [8, 9]. However, due to their relatively long acquisition time, such
control loops might not meet the stringent requirements for fast synchronization
in burst-switched systems, such as PONs [10, 11] and data centers [12] or systems
that are affected by link outages, e.g., free-space optical communications under
atmospheric turbulence [13, 83] or optical camera communications [C6]. In this
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case, FF schemes can be beneficial due to their instantaneous timing estima-
tion and their improved high-frequency jitter performance especially when using
low-cost oscillators that feature wider linewidths and lower frequency adjustment
accuracies [C2, 15].

In PONs, the timing estimate is typically derived from a preamble [73, 84]. In
[85], the authors showed that a NDA FF algorithm allows to shorten or even
avoid the preamble. A prominent example of such an algorithm is the square-
timing-recovery algorithm proposed by Oerder and Meyr [36]. However, since
this algorithm requires an oversampling factor larger than two, it is considered
too computationally complex in comparison to FB algorithms, which are often
implemented at twofold oversampling. As shown in chapter 2, there exist also
FF algorithms, which require only an oversampling ratio sufficient to resolve the
signal’s bandwidth. Due to their fast synchronization (see section 2.3.4) and their
ability to compensate high-frequency jitter, i.e., large CFOs, (see section 2.4.3),
digital FF clock recovery can potentially replace analog CDR and offer fast syn-
chronization in burst-switched systems.

In this work, a nanosecond-scale synchronization in high-speed IM/DD PONs is
presented. The synchronization within 36.57 ns at the OLT side of two ONUs
in burst-mode upstream is demonstrated. To do so, 56-GBd NRZ, PAM2 and
PAM4 signals are modulated and transmitted in C-band at about 1540 nm over
2.2 km single-mode fiber (SMF) with an estimated CD coefficient of DCD ≈

10.5 ps/nm/km. Furthermore, we experimentally evaluate the synchronization
performance for various CFOs.

5.2 PONs Featuring Free-Running Oscillators
with All-Digital Clock Recovery

With the standardization of the high-speed 50G-PON, an ADC and DSP is in-
troduced to PONs [86]. This allows the replacement of analog CDR by digital
clock recovery and adaptive equalization. It can be implemented either in a FB
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architecture, in a FF architecture, or in a combination of both approaches. In this
thesis, a future high-speed PON which employs digital and NDA clock recovery
with free-running oscillators at the OLT and ONU is envisioned. This allows
bulky LF capacitors of analog CDR circuits to be avoided and enables a higher
tolerance to channel effects (see chapter 4), noise, temperature, and voltage vari-
ations through a purely-digital implementation. Furthermore, a deep-submicron
CMOS technology facilitates scalability [30].

The envisioned PON system is depicted in Fig. 5.1. At the OLT, a highly-stable,
free-running clock with low jitter generation is used. In order to synchronize all
ONU clocks to the same OLT clock, the ONUs utilize the downstream signal
addressed to all ONUs for digital, NDA clock synchronization. The ability of a
FF architecture to compensate for high-frequency jitter allows the use of low-cost
oscillators at theONU (see chapter 2). This leads to improved compliancewith the
specified jitter requirements of the PON standards and thus to a low jitter transfer
to the ONU. The all-digital clock recovery at the ONU side compensates for any
frequency and phase offset between the transmitter and receiver clock in the digital
domain (see chapter 3). This allows clock synchronization to be implemented
fully digital and benefits from the tremendous progress in integration and power
reduction of CMOS circuits and thus potential size, power, and cost savings in
ONUs. The digitally-synchronized clock can then also be used to process the
upstream signal. In burst-mode upstream, a FF clock recovery at the OLT again
ensures low jitter transfer and the high clock recovery bandwidth enables for a
nanosecond-scale synchronization of the constant time delay for each received
burst, as the fiber distance for each ONU to the OLT may differ. Using an NDA
algorithm allows to track the clock phase during the whole duration of a burst and
not only during the preamble. Note, that the algorithms discussed in this work
can be used for any higher-order modulation format and can be also applied to
complex-valued signals in coherent PONs. This flexibility is a further advantage
of digital clock recovery implementations over conventional analog CDR, which
are designed especially for OOK. In coherent PONs, the preamble length increases
as it is required for polarization and frequency estimation as well [85]. At the
same time, the total burst duration may shorten, as future PONs may serve up to
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256 network users, e.g., for new types of applications in smart cities [J1]. Due
to that, efficient preamble design is crucial and NDA clock recovery may help to
shorten or even avoid the preamble for the clock synchronization [85].
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Fig. 5.1: Envisioned PON employing fully digital NDA clock recovery which allows the use of free-
running oscillators. FE: front-end.

5.3 Experimental Performance Evaluation for
PON Upstream

Fig. 5.2(a) illustrates the setup for a 56-GBd burst-mode transmission of a loud
and silent burst. In the ONU, a DFB laser at 1540 nm is modulated by an EAM,
which is driven from an arbitrary waveform generator (AWG) with a 28GHz 6-dB
bandwidth running at 56GSa/s (Keysight USPA real-time prototyping platform).
The digital signal is a 56GBd, NRZ, PAM2 and PAM4 sequence at theONU-1 and
ONU-2, respectively. A symbol rate of 56GBd is chosen due to limitations in the
available hardware. The available memory of the AWG allows generating bursts
with a length of 4.5812µs (128,272 symbols), followed by a pause of 4.7812µs.
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The signal of ONU-1 is transmitted over a 2.2-km SMF and is combined with
the signal from ONU-2 in an optical coupler. A VOA then sets the received
optical power in front of the OLT. The receiver first amplifies the signal using a
semiconductor optical amplifier (SOA) followed by a 3-nm-wide bandpass filter.
Afterwards, the optical signal is detected by a 40-GHz positive intrinsinc negative
(PIN) photodiode followed by an electrical amplifier and captured by a 33-GHz
real-time oscilloscope sampling at 80GSa/s. The received signal spectrum is
shown as inset in Fig. 5.2(a), where the strong attenuation beyond 33GHz is
caused by the bandwidth limitation of the oscilloscope. Finally, offline DSP is
applied to resample the signal to twofold or fourfold oversampling, as required for
the clock recovery algorithms presented in section 2.3.1. Unless otherwise stated,
all clock recovery algorithms have a block size of 128 symbols. To reduce the
impact of noise in the FF methods, an additional 16-tap MA filter is added prior
to computing the angle. For the PLL, the parameters BL =0.005, ζL =0.707, and
DL =20 are used. After clock recovery, a 21-tap linear FF equalizer [87] is applied
and hard-decision and BER testing is performed. Fig. 5.2(b) shows the receiver
sensitivity after DSP using the Zhu algorithm (see eq. (2.37)) for clock recovery
and for continuous transmission of a single ONU in optical back-to-back (Btb) as
well as over 2.2 km (LDCD ≈23.1 ps/nm) and 10.56 km (LDCD ≈110.88 ps/nm)
fiber in C-band (DCD ≈10.5 ps/nm/km). For 10.56 km, a 64-tap MA is used
to improve the timing estimation since it seemed to be around a tipping point
where a π-phase shift occurs, as mentioned in chapter 4. Moreover, a 51-tap FF
equalizer is utilized to compensate the increased channel memory caused by CD.
For PAM2, in Btb and over 2.2 km, the 10−2 forward error correction (FEC) limit
[88] is obtained at −22 dBm and for 10.56 km at around −16 dBm received optical
power. For PAM4, the 2 × 10−2 FEC limit [89] is obtained at around −13 dBm
received optical power. Here, the nonlinear gain saturation caused by the SOA is
the main limiting factor towards high optical powers and may be reduced by using
sophisticated nonlinear equalizers or neural networks [C8]. Further improvement
of the dynamic range can be achieved by more sensitive optical receivers, e.g.,
using avalanche photodiodes instead of PIN photodiodes as well as adding a TIA
after photodetection.
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Fig. 5.2: (a) Experimental setup for PON burst-mode upstream with received signal spectrum for
−15 dBm received optical power and 2.2 km and 10.56 km fiber lengths. (b) Receiver sensitivity for
PAM2 and PAM4 modulation using the Zhu TE.

In order to analyze the potential for compensating high-frequency jitter, the trans-
mitter clock frequency for a single ONU in continuous transmission mode over
2.2 km fiber and PAM2 modulation is detuned. The received optical power is set
to−15 dBm. To calculate the BERwithout the convergence time of the PLL-based
clock recovery and adaptive equalizer, only the last 5 × 105 symbols are evalu-
ated, hence, limiting the minimum observable BER to 2 × 10−6. The results are
depicted in Fig. 5.3 using box plots generated out of 30 measured waveforms, to
also account for PLL instability. Given the clock recovery parameters, an update
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rate of 56GHz/128=437.5MHz of the timing estimate and the error signal re-
sults. For the FF algorithms, the approximated 3-dB bandwidth of theMA filter is
437.5MHz/(2×16)≈13.7MHz, which corresponds to 244 ppm, and the first spec-
tral dip lies at around 437.5MHz/16≈27.3MHz, which corresponds to 488 ppm.
The result becomes apparent in Fig. 5.3, where the BER gradually degrades for a
CFO between 244 ppm and 488 ppm. For the FB algorithms, the approximated in-
herent 3-dB bandwidth of the PLL results to 437.5MHz×0.005≈2.2MHz, which
corresponds to around 39 ppm. However, this bandwidth can only be achieved for
an inner-loop delay of DL =1, as explained in section 2.3.4. Since DL =20, the
total loop bandwidth is reduced, which also matches with the observation. For
the Godard algorithm, the PLL tends to become unstable more frequently, even
though both, the Godard and Gardner algorithms, are implemented similarly and
behave identically in simulations. This highlights the necessity of precise PLL
design for FB clock recovery. It is evident that FF schemes can accommodate
significantly larger CFOs, resulting in a substantially higher jitter tolerance, in
contrast to FB schemes.

In Fig. 5.4, the clock recovery performance for the time-domain Zhu and Gardner
algorithms using twoONUs in burst-mode transmission at a received optical power
of −5 dBm is evaluated. The FB control loop is implemented with BL =0.05
to allow a faster convergence and a FB delay of DL =1. In the first row of
Fig. 5.4, the block length is set to MB =128 symbols and the CFO is set to
1 ppm. It can clearly be seen, that the Zhu algorithm delivers an instantaneous
timing estimation, while the Gardner algorithm oscillates towards the correct
clock phase at the beginning of the bursts. Considering the settling time of the
16-tap MA filter, the total synchronization speed of the Zhu algorithm results to
8.93 ps×256×16=36.57 ns. An even further reduction of the synchronization
time can be achieved by using overlapping blocks of samples. When increasing
to MB =2048 (second row of Fig. 5.4), the synchronization time is reduced by
a factor of eight which can be seen by the more smoothed transitions of the
estimated clock phase for the FF algorithm. For the Gardner algorithm, the
PLL becomes unstable and cannot follow the clock phase anymore. Finally, the
clock phase offset is set to 20 ppm. The algorithm block length is changed to
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Fig. 5.3: BER performance for an algorithm block length of 128 symbols for various CFO measured
out of 30 waveforms after transmission over 2.2 km fiber and at a received optical power of −15 dBm.
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MB =128 symbols and the FB delay is set to a more realistic value of DL =50,
requiring a reduced loop bandwidth of BL =0.005 to achieve stable operation
(third row of Fig. 5.4). While the FF synchronization can still track the fast clock
drift, the FB scheme cannot follow the phase drift anymore.
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Fig. 5.4: Received burst-mode signal (blue) at twofold oversampling and estimated sampling offset
(red) over time for the Zhu and Gardner algorithm for various CFO and inner-loop delays DL.
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6 Non-Data-Aided Clock Recovery
for Continuous-Variable
Quantum Key Distribution

This chapter investigates the use of digital NDA clock recovery at extreme-low
SNR, e.g., for CV-QKD systems. Since NDA clock recovery algorithms often fail
under such difficult conditions, auxiliary pilot tones are sent alongside the actual
QKD signal, which increases the system complexity. The content of this chapter
was presented at the European Conference on Optical Communications (ECOC)
in 2023 [C3]. The material from the publication has been adapted to comply with
the layout and the structure of this thesis.

[Beginning of paper [C3]]

Pilot-Free Digital Clock Synchronization for
Continuous-Variable Quantum Key Distribution

P. Matalla, M. S. Mahmud, C. Koos, and S. Randel

European Conference on Optical Communications (2023)
DOI: https://doi.org/10.1049/icp.2023.2552

6.1 Introduction

Fundamentally secure communication networks are essential for protecting our
economy and society from cyber threats. During the past years a number of QKD
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systems have been successfully demonstrated and first commercial products are
deployed by government agencies and authorities. In the longer term, a quantum
communication infrastructure could enable additional functionalities alongside
QKD, such as digital signatures, authentication, and secret sharing schemes like
e-voting [90]. QKD was first demonstrated with single photons and information
is encoded, e.g., into their polarization or phase, and the secret key is established
upon detection of individual photons. This so-called DV-QKD requires, however,
dedicated hardware components such as single-photon detectors. Recently, an
alternative approach, referred to as CV-QKD has attracted significant attention
in the research community, since it allows to reuse components like inphase
and quadrature modulators (IQMs) and balanced photodiodes (BPDs) originally
developed for the telecommunications market [91].

In contrast to classical telecommunication links, CV-QKD links are operated in
the vacuum noise limit at an SNR of −10 dB or below, with a noise bandwidth
matching the symbol rate. This makes it necessary to revisit the DSP algorithms
for coherent optical receivers. In systems adding the local oscillator (LO) at the
receiver, the carrier frequency and phase recovery as well as the polarization
de-rotation can be solved by adding pilot tones or symbols [92]. Moreover, the
symbol clock frequency and phase needs to be recovered at the receiver side,
which can be achieved by adding additional pilots [93].

In this paper, we demonstrate through numerical simulations and by evaluating
measured waveforms that it is possible to recover the symbol timing from a 1-GBd
quadrature phase-shift keying (QPSK) signal detected with a heterodyne coherent
receiver even close to the receiver noise floor while the CFO is as large as 10 ppm.
We obtain this in an optimized FF clock recovery structure with a TE based on
the modified BAJ algorithm [C1, C2, 40].
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6.2 Pilot-Free Digital Timing Synchronization

Asdiscussed in section 2.3.1.2, a time delay τ of a received signalx(t) corresponds
to a linear phase shift exp(j 2πfτ) in FD. The algorithm investigated in this work
exploits the spectral redundancy of a QPSK signal with RRC spectral shape
with roll-off factor ρ in order to estimate the timing phase. To do so, the N -
point FFT ˜

¯
xn of the sampled receive signal is computed. Afterwards, a clock

tone is generated by calculating the spectral correlation of the left and right
sideband. The phase of the clock tone is then proportional to the clock phase
offset. Accordingly, the timing estimation τ̂ is obtained according to eq. (2.32).
To reduce the computational complexity it is sufficient to compute only the non-
negative frequency components that contribute to the correlation. Hence, the
summation limits in eq. (2.32) can be adapted resulting in

τ̂mod-BAJ =
1

2π
arg

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

N/4+⌊ρN/4⌋

∑
n=N/4−⌊ρN/4⌋

˜
¯
xn˜¯

x∗
n+N

2

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

. (6.1)

Due to the correlation of the two sidebands, random noise is effectively suppressed
while the clock tone is preserved. This effect is particularly useful in systems with
extremely-low SNR, such as in CV-QKD or spread spectrum signals [C9]. To
investigate the performance of the synchronization for low SNR, a simulation of
the entire FF clock recovery architecture is implemented. Besides the TE accord-
ing to eq. (6.1), this also includes the buffering of the signal, the interpolation as
well as additional averaging. Fig. 6.1 shows the complete processing chain used
for the balanced heterodyne detection in this work.

For the FF architecture, the signal is split into two paths. The first is used
to estimate the clock phase, while in the second the signal is buffered for the
duration of the estimation and then delayed by an integer multiple m of the
sampling period in an EB and additionally by a fractional sampling period µ by
a 5-th-order Lagrange interpolator. The TE path starts with a buffer as well.
This allows an overlapping of the N -sample-long blocks, such that the temporal
resolution of the timing estimation is increased. In this work, an overlap of
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Fig. 6.1: Full DSP chain with FF clock synchronization.

50% is used. Next, the TE algorithm is applied. The oversampling ratio of the
signal must be chosen such that no aliasing occurs. Here, an oversampling of
two is chosen. In addition to optimizing the FFT size, the autocorrelation is
smoothed by an MA filter of lengthNtap in the complex plane to make the timing
estimation less susceptible to noise. The timing phase is unwrapped over several
unit intervals and linearly interpolated according to the resolution of the signal
sequence. Finally, a position calculator determines the integer and fractional delay
as mentioned earlier. More detailed explanations of the hardware implementation
on FPGAs and comparisons between different FF architectures are provided in
[C1, C2]. For the simulation, a random QPSK symbol sequence is generated,
which is oversampled twice and pulse-shaped to an RRC spectrum. After adding
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AWGN, a constant sampling frequency offset is applied followed by a receive filter
matched to the RRC transmit filter. The performance metric is the mean-squared
error (MSE) of the timing estimate τ̂ from the set sampling offset τ calculated in
decibels.

Fig. 6.2(a) shows the simulation results for an SNR of −20 dB and a CFO of
0.5 ppm. For such a case, effective noise suppression is mandatory. To ensure that
the clock tone extends over several frequency bins over which the correlation is
formed, a high roll-off factor of ρ =1 is chosen. The FFT size as well as the MA
filter length determine the noise reduction, but limit the synchronization band-
width [C2]. It can be seen that the timing synchronization becomes better with
larger FFT size and averaging. If the averaging is too large, the synchronization
can no longer follow the CFO and the performance degrades. Fig. 6.2(a), right,
shows the best performance for N =8192 and Ntap =128 and demonstrates how
the timing estimate follows the actual timing phase. Fig. 6.2(b) shows a scenario
with a roll-off of 0.7, as it is used in the experiment. A higher SNR of −15 dB is
simulated with a higher CFO of 1 ppm. The higher SNR allows the use of smaller
FFT sizes and less averaging. At the same time this results in a synchronization at
higher CFOs and it can successfully follow an offset of 1 ppm usingN =4096 and
Ntap =256. Regarding the implementation complexity, the MA filter is simply
an accumulating FIFO register and thus can be implemented without significant
resources. The latency caused by the large FFT size and the averaging can be
easily adjusted by the buffer in FF architectures, a feature which would not easily
be possible in a FB architecture.
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(a) SNR = −20 dB, ρ = 1, CFO= 0.5 ppm

(b) SNR = −15 dB, ρ = 0.7, CFO= 1 ppm
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Fig. 6.2: Simulated MSE between the estimated and actual sampling offset for an FFT size N and
averaging length Ntap. In (a), a 20 dB SNR, ρ = 1, and a CFO of 0.5 ppm is used. In (b), a 15 dB
SNR, ρ = 0.7, and a CFO of 1 ppm is used.

6.3 Experimental Validation

Fig. 6.3 shows the experimental setup to validate the timing synchronization.
Two pseudo-random binary sequences (PRBSs) of order 15 and with a bit rate
of 1Gbit/s are generated in real-time in the transmitter-side AMD ZCU208 RF-
System-on-a-Chip (SoC) running at a sampling clock of 3932.16MHz. After-
wards, the two bit streams are mapped to QPSK symbols and are pulse-shaped.
The signal is amplified and the spectral images are suppressed by a lowpass filter
(LPF) before they are fed into an IQM, which modulates the optical carrier gen-
erated by an ECL at a frequency of 193.489 THz with optical power of 12 dBm.
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The optical signal is then attenuated using a VOA and transmitted over 19.4 km
of standard SMF. At the receiver-side, a free-running LO at 193.488 THz with
13 dBm optical power is mixed with the signal for heterodyne coherent reception
in a BPD. To optimally drive the ADC of a receiver-side RF-SoC, an RF am-
plifier with 22 dB gain is used. The ADC is clocked by an external synthesizer
to set a defined CFO of either 10 kHz, 20 kHz, or 40 kHz. After the ADC, the
sampled signal is written into a block random-access memory (RAM) and read
out for offline processing following the DSP chain shown in Fig. 6.1. Fig. 6.4(a)
reveals that the CV-QKD signal operates close to the receiver noise floor. The
receiver noise floor is determined by switching off the modulation at the trans-
mitter. Accordingly, the noise floor includes the electrical noise together with
the photodiode noise for a continuous-wave laser. As shown in Fig. 6.4(b), it is
possible to detect and follow different CFO despite the low SNR. For all CFOs,
N =1024 and 64-fold averaging is applied.

[End of paper [C3]. The paper’s conclusion is added to chapter 8.]
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7 Joint Non-Data-Aided Clock
Recovery for Space-Division
Multiplexed Optical
Transmission Systems

This chapter reports on a novel clock recovery algorithm that is robust against
spatial-and-polarization-mode dispersion by exploiting the spatial diversity of the
received signals in SDMsystems. The chapter has been published in the Journal of
Lightwave Technology [J2]. Thematerial from the publication has been adapted to
comply with the layout and the structure of this thesis. Associated supplementary
information can be found in appendix C.1.

[Beginning of paper [J2]]

Joint Non-Data-Aided Clock Recovery for Space-Division
Multiplexed Optical Transmission Systems

P. Matalla, J. Krimmer, L. Schmitz, D. Fang, C. Koos, and S. Randel

Journal of Lightwave Technology, Volume 43, Issue 13, pages 6128-6138 (2025)
DOI: https://doi.org/10.1109/JLT.2025.3546721

In recent years, SDM has been proposed as a technique to cope with the increasing
demand for higher per-fiber capacity in optical networks by modulating multiple
independent signals onto multiple spatial paths. This can be accomplished by
using specialized fibers that carry multiple signals in a number of fiber cores, fiber
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modes, or a combination of both types. In suchfibers, strong spatial coupling of the
signals requires for a joint DSP at the receiver. While research has mainly focused
on system performance and multiple-input multiple-output (MIMO) equalizers, a
reliable joint clock recovery tolerant to spatial-and-polarization-mode dispersion
is an active field of research with recent progress. In this paper, we present a novel
digital NDA joint clock recovery that is tolerant to polarization-and-spatial-mode
dispersion. The joint clock recovery is implemented in a FF architecture, which
allows simple implementation. We provide a detailed analysis of the algorithm
complexity for hardware implementation. In simulations, we show low clock
phase jitter for fiber lengths up to 10,000 km. Finally, we demonstrate clock
recovery for a 90-GBd 16-QAM signal over a 150-km randomly-coupled 4-core
fiber (RC-4CF) resulting in a total data rate of 2.88Tbit/s per wavelength and
analyze equalizer convergence using a dedicated joint clock recovery.

7.1 Introduction

SDM has become a thriving area of research as it allows to increase the per-
fiber information capacity by transmitting independent data signals on multiple
spatial paths [94]. In addition, spatial diversity might offer the potential to
lower the energy consumption per bit by using shared hardware. Furthermore,
coupled SDM systems benefit from greater tolerance to nonlinearities, the reuse
of existingmanufacturing, cabling, and installation technologies, and fewer spatial
channel outages caused by faulty connectors [95, 96]. On the other hand, coupled
SDM systems require a MIMO-DSP which leads to an increased computational
complexity [97]. Spatial diversity can be obtained by utilizingMCFs, MMFs, or a
combination of both [95, 96]. In MCFs, multiple fiber cores are arranged inside a
single fiber cladding. Down to a certain limit of the core pitch where supermodes
start to occur, dense packing of the fiber cores leads to strong coupling of the
signals [98]. In MMFs, independent signals can be modulated onto the individual
spatial modes. Here, modal crosstalk caused, e.g., by fiber imperfections and
bends, is leading to a coupling of the signals as well. In both cases, MIMO-DSP
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at the receiver is indispensable to compensate for the coupled channel impulse
response matrix. To leverage the advantages of SDM transceivers, the parallel
signals can use a shared oscillator as a clock. In this case, the number of oscillators
required is reduced and a joint clock recovery can leverage spatial diversity.

So far, research has mainly focused on system performance and MIMO equaliza-
tion tomitigate themultidimensional channel impulse response [94, 99]. However,
in these experiments, the transmitter and receiver often shared a common clock for
best performance, avoiding the need for clock recovery at the receiver [100–102].
The clock recovery is necessary to either physically synchronize the receiver clock
to the transmitter clock in a control loop or to generate a control signal in case of a
free-running receiver clock [2]. This can be achieved by using a joint implemen-
tation of an adaptive equalizer with a clock recovery [103, 104]. However, this
approach has yet not been studied in the context of MIMO-equalizers with large
dimensions. Furthermore, we show in this work, that a dedicated clock recovery
improves the equalizer convergence, which features a significantly increased num-
ber of coefficients in SDM systems. While the differential group delay (DGD) in
single-core single-mode fibers is still manageably small, it can span multiple tens
or hundreds of samples due to spatial-and-polarization-mode dispersion in SDM
fibers and, so far, a viable joint clock recovery for coupled SDM channels is still
lacking [76, 105].

In our previous work, we demonstrated a joint clock recovery suitable for SDM
optical transmission systems with coupled channels [C5]. Independently, a simi-
lar algorithm has been demonstrated in [106]. Both algorithms rely on the spectral
correlation of all received signals, hence, employing the spatial diversity of the
signals. In this extended paper, we expand on our research and explain the un-
derlying mathematical concept, provide more detailed simulation results, and a
complexity analysis. In addition, we investigate theMIMO-equalizer convergence
for the three cases of a synchronized transmitter and receiver over a side-channel
and non-synchronized transmitter and receiver using only an equalizer-based syn-
chronization as well as dedicated joint clock recovery synchronization. Finally, we
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have optimized our SDM transmission and demonstrate successful clock synchro-
nization in a 90-GBd 16-QAM transmission experiment over a 150km randomly-
coupled 4-core fiber (RC-4CF) [107] resulting in a total data rate of 2.88Tbit/s
on a single wavelength.

7.2 Non-Data-Aided Joint Clock Recovery

The essential DSP building blocks of our envisioned SDM-receiver are depicted
in Fig. 7.1. First, the D complex-valued, received signals

¯
r(d)(t) are digitized.

Here, D = 8 is the number of all coupled spatial degrees of freedom including
the polarization and d ∈ {1,2, . . . ,D}. In addition, we define the number of
uncoupled channels as K, in order to describe uncoupled MCFs, where only the
polarizations are coupled, i.e., D =2. For instance, a coupled 4-core fiber has
D =8 and K =1, while an uncoupled 4-core fiber has D =2 and K =4. After
resampling, a coarse frequency offset compensation is applied as described in
[100]. The coarse frequency recovery is applied before the CD compensation,
as we use heterodyne detection in our experiment and hence downconvert the
signal to the baseband. For intradyne detection, the frequency recovery can
also be performed after NDA clock recovery and MIMO equalization as done
in common coherent receivers [108]. Afterwards, the quadratic spectral phase
caused by CD needs to be removed before the clock recovery. Each signal

¯
x
(d)
k

at sampling instance k is then fed into a digital FF joint TE to compute a timing
estimate τ̂ ∈ [−0.5,0.5) normalized to the symbol period of a sampling offset τ .
The phase is then unwrapped and divided into an integer sampling offset m and
fractional sampling offset µ ∈ [0,1) to correct the timing of the delayed signal

¯
x
(d)
k in a FIFO register used as EB and a Lagrange interpolator, respectively [C1,

15]. In case of a free-running receiver clock, the EB can under- or overflow and
hence a control signal to pause or skip samples is required as explained in [2]
and in section 2.3.3. This underlines the necessity of a dedicated clock recovery
in asynchronous communication systems. Finally, the signal is fed into a MIMO
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Fig. 7.1:MIMO DSP building blocks as used in this work for heterodyne detection comprising a joint
FF clock recovery.

equalizer. The presented approach does not require a nested architecture of clock
recovery and equalization in a FB loop, which simplifies the implementation.

7.2.1 MIMO Channel Model

The following considerations occur in Fourier domain and the DFT of a block of
N samples is denoted by a tilde. We assume, without loss of generality, a signal
that is twofold oversampled, i.e., the signal is sampled at a rate of 2 samples per
symbol. The n-th frequency component of the received-signal vector ˜

¯
xn(τ) ∈ CD

after propagation through a coupled optical channel can be expressed in terms
of the upsampled (sample rate upconversion by inserting zeros in between the
symbols) transmit-symbol-sequence vector ˜

¯
sn ∈ CD and a lowpass filter g̃n ≥ 0

applied to the real- and imaginary part of all D signals that comprises the digital
pulse shaping as well as bandwidth limitations of the transmitter and is assumed
to be real-valued and non-negative in FD since any nonlinear spectral phase can be
compensated in the transmitter DSP. Furthermore, the received signal depends on
the baseband MIMO-channel frequency response ˜

¯
Hn(τ) ∈ CD, and an additive
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circularly-symmetric complex-valued Gaussian noise vector ˜
¯
nn with distribution

CN(0, σ2
noiseI

D×1) as

˜
¯
xn(τ) = g̃n ˜¯

Hn(τ)˜¯
sn + ˜¯

nn . (7.1)

The overall sampling offset τ at the receiver is normalized to the symbol period
and comprises a mode-averaged group delay of the channel τg, which we assume
to be constant over time, and the time-varying sampling offset τtx/rx between the
clocks at the transmitter and receiver side

τ(t) = τtx/rx(t) + τg . (7.2)

As we assume a slow drift of the clock phases relative to the DFT size, τ can
be considered to be constant over time. The objective of the clock recovery is
to estimate the transmitter-receiver sampling offset in order to synchronize the
sampling phase of the receiver clock to the phase of the transmitter clock. Since
˜
¯
s is the DFT of a twofold oversampled (by inserting zeros) symbol sequence that
consists of i.i.d. random realizations every symbol period from a zero-mean,
cyclostationary random process, the Fourier transform ˜

¯
s is periodic with symbol

rateN/2, i.e., ˜
¯
sn = ˜¯

sn+N/2 for any n ∈ {0,1, . . . ,N/2− 1}. Hence, the ensemble
average ⟨⋅⟩ of the product of a frequency component at frequency bin n and the
N/2-separated conjugate transpose component is equal to the variance σ2

s of the
random process

⟨˜
¯
sn˜¯
s†
n+N/2

⟩ = ⟨˜
¯
sn˜¯
s†n⟩ = σ

2
s I

D×D . (7.3)

For the sake of simplicity, we neglect any mode-dependent loss (MDL) for now.
Using a principal-mode decomposition [109, 110], we factorize the channelmatrix
as

˜
¯
Hn(τ) = ˜

¯
U˜

¯
Dn(τ)˜¯

V
†
. (7.4)
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In general, the matrices at channel output ˜
¯
U and channel input ˜

¯
V express unitary

coordinate transformation matrices independent of frequency and ˜
¯
D is a diagonal

matrix that describes the propagation delays τd of each signal

˜
¯
Dn(τ) = e

− j 4π n
N Λ (7.5)

with
Λ = diag [τ1, . . . , τD] . (7.6)

The overall sampling offset can be obtained by calculating the trace of the matrix
Λ as

1

D
tr(Λ) = τtx/rx + τg . (7.7)

Since we assume a frequency-independent group delay for now, Λ is indepen-
dent of frequency. When the spatial channels are uncoupled, the transformation
matrices are diagonal matrices and the clock recovery can be applied to all sig-
nals individually. In case of coupled signal propagation, modal dispersion (MD)
prevents the correct estimation of the clock phase [76, 105]. Using the matrix
decomposition, the transformation matrices map the transmit and receive signals
to the principal modes of the channel which propagate with characteristic group
delays [109–111]. Since the principal modes at the fiber input and output can be
different, the unitary matrices ˜

¯
U and ˜

¯
V are not identical, see [109]. By consid-

ering the delays in the diagonal matrix ˜
¯
Dn, the sampling offset can be precisely

determined.

7.2.2 Joint Timing Estimation Algorithm

In order to apply our channel model from the previous subsection, we consider
no residual frequency offset and CD to be fully compensated in the preceding
DSP modules (see Fig. 7.1. Our proposed novel joint timing estimation scheme is
based on the algorithm by Barton & Al-Jalili [C3, 40], where the phase difference
of two frequency components separated by symbol rate is compared to estimate
the linear phase that is caused by a time delay in TD. To do so, a total of D

131



7 Joint NDA Clock Recovery for SDM Optical Transmission Systems

N -point FFTs ˜
¯
x(τ) of the received signals are computed. The FFTs are split

along the frequency axis into a left and right sideband ˜
¯
xn(τ) and ˜¯

xn+N/2(τ)with
n ∈ {0, . . . ,N/2 − 1}, respectively. Afterwards, we consider a single frequency
pair with N/2 frequency separation, which results in a matrix ˜

¯
Mn ∈ CD×D as

˜
¯
Mn(τ) = ˜¯

xn(τ)˜¯
x†
n+N

2

(τ) . (7.8)

Due to the frequency separation equal to the symbol rate, the matrix ˜
¯
M corre-

sponds to a clock tone at the symbol rate. Considering the ensemble average of
˜
¯
Mn and inserting the channel model from eq. (7.1) yields

⟨ ˜
¯
Mn(τ)⟩ = ⟨(g̃n ˜¯

Hn(τ)˜¯
sn + ˜¯

nn)(g̃n+N
2
˜
¯
s†
n+N

2

˜
¯
H

†
n+N

2
(τ) + ˜

¯
n†
n+N

2

)⟩

= σ2
s g̃ng̃n+N

2

˜
¯
Hn(τ)˜¯

H
†
n+N

2
(τ) ,

(7.9)

where the product of the zero-inserted transmit symbol sequence ⟨̃
¯
sn˜¯
s†
n+N

2

⟩ sim-
plifies to the variance σ2

s and the noise-times-noise and noise-times-signal terms
vanish since they are uncorrelated. Inserting the channel’s decomposition from
eq. (7.4) and eq. (7.5) and defining γ̃n = g̃ng̃n+N/2 results in

⟨ ˜
¯
Mn(τ)⟩ = σ

2
s γ̃n ˜¯

U˜
¯
Dn(τ)˜¯

V
† ˜
¯
V˜

¯
D

†
n+N

2
(τ)˜

¯
U

†

= σ2
s γ̃n ˜¯

U e− j 4π
n
N Λ e j 4π

n+N
2

N Λ ˜
¯
U

†

= σ2
s γ̃n ˜¯

U e j 2πΛ ˜
¯
U

†
.

(7.10)

Note that the phase of this expression is frequency-independent. As in the case of
polarization mode dispersion (PMD) [41], the determinant removes the influence
of the unitary matrix ˜

¯
U, since det(˜

¯
U˜

¯
U

†
) = 1. The determinant of an diagonal

matrix is the product of the diagonal elements. Using eq. (7.7), this results in

det(⟨ ˜
¯
Mn(τ)⟩) = σ

2D
s γ̃D

n e j 2π tr(Λ)

= σ2D
s γ̃D

n e j 2πDτ .

(7.11)

132



7.2 Non-Data-Aided Joint Clock Recovery

The phase of the determinant is now only proportional to the overall mode-
averaged group delay including a constant sampling offset between the transmitter
and receiver clock. By computing the argument, i.e., the phase from the interval
−π to π of the complex-valued clock tone, the full equation to obtain τ is

τ =
1

2πD
arg{det(⟨ ˜

¯
Mn(τ)⟩)} . (7.12)

In the practical implementation, the ensemble average is approximated as an
average over the frequency. Since we are interested in the phase of ˜

¯
Mn, an

averaging over the phase would correspond to the geometric mean

⟨ ˜
¯
Mn(τ)⟩ =

⎛
⎜
⎝

N/2−1

∏
n=0

˜
¯
xn(τ)˜¯

x†
n+N

2

(τ)
⎞
⎟
⎠

2
N

. (7.13)

However, the geometric mean involves many multiplications resulting in a high
computational load. To reduce the computational complexity, we approximate
the geometric mean using the arithmetic mean. The geometric mean is in good
approximation to the arithmetic mean as long as the group delays Λ vary only
slightly over the frequency. Averaging over all N/2 frequency bins, we can
approximate eq. (7.13) using eq. (7.10) as

⟨ ˜
¯
Mn(τ)⟩ ≈

2

N

N/2−1

∑
n=0

˜
¯
xn(τ)˜¯

x†
n+N

2

(τ)

=
2

N

N/2−1

∑
n=0

˜
¯
Mn(τ)

≈ σ2
s
˜
¯
U e j 2πΛ ˜

¯
U

† 2

N

N/2−1

∑
n=0

γ̃n .

(7.14)

We see that the amplitude of the clock tone is affected by the overlapping pulse
shape γ̃n. As indicated in Fig. 7.2, only the non-zero overlapping areas of the side-
bands, which depend on the spectral roll-off of the RRC, contribute to the spectral
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correlation. Hence, only these areas are computed to reduce the computational
complexity. The estimation of the sampling offset τ is then

τ̂ =
1

2πD
arg

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

det

⎛
⎜
⎜
⎜
⎝

N/2−1

∑
n=0
γ̃n>0

˜
¯
xn(τ)˜¯

x†
n+N

2

(τ)

⎞
⎟
⎟
⎟
⎠

⎫⎪⎪⎪⎪⎪⎪
⎬
⎪⎪⎪⎪⎪⎪⎭

. (7.15)

Note that due to the computation of the argument, the factor 2/N can be omit-
ted. In the case of extreme bandwidth limitations or Nyquist signals (roll-off of
approximately 0), modifications similar to those applied to FTN signals are nec-
essary [32, 81, 82]. The modification of the proposed algorithm for such signals
is subject of future research activities.

To further reduce the effect of noise on the timing estimate, the spectral correlation
˜
¯
M = ∑n

˜
¯
Mn can be averaged over multiple FFT blocks before calculating the

determinant. Taking into account the positions of the overlapping areas of the
sidebands, the algorithm can also be adapted for fractional oversampling, provided
that the signal spectrum can still be resolved [35]. Furthermore, the algorithm
is independent of the modulation format. Lastly, note that for one-dimensional
signals with D =1, e.g., for pulse amplitude modulation, the determinant has the
trivial solution det(x) = x and hence the proposed algorithm simplifies to the
algorithms presented in [C1, C3].

7.2.3 Effect of Frequency-Dependent Group Delays

In order to explain the TE approach, we initially neglected any residual CD,
MDL, and a frequency-dependence of the group delays in Λ for the sake of
simplicity. In general, however, for a modulated signal with a bandwidth that is
not small compared to the coherence bandwidth 1/σg of the channel, the group
delays become frequency-dependent (in [109] also referred to as higher-order
MD). This leads to a frequency-dependent group delay τ

(d)
g,n of the d-th principal

mode and consequently Λn [109, 112]. Fig. 7.3(a) shows the simulated group
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Fig. 7.2:The figure shows the spectralmagnitude of the d-th spatial signal, highlighting the overlapping
spectral components in the pulse shaping roll-off regions that are contributing to the FD correlation.
Below, the multiplication of all left and right sideband components in a butterfly structure and at
frequency bin n resulting in the matrix ˜

¯
Mn is visualized.

delays ∆Λn = Λn − Λn+N/2 for all frequency bins from 1 to N/2 and each
principal mode of a 4-core fiber with a fiber length of 100km. We simulated the
waveplate model without MDL using 500 segments and a DGD of 1 ps/

√
km for

PMD and a spatial group delay standard deviation σg,km of 10 ps/
√
km [107].

The sampling offset between transmitter and receiver clock is set to zero τtx/rx = 0
and no mode-averaged group delay is considered, i.e., τg,n = 1/D tr(Λn) = 0.
Fig. 7.3(a) shows how the respective group delays vary around their mean value
with frequency, while the mode-averaged group delay (shown as black dashed
line) remains frequency-independent. Due to this property, the geometric mean
in eq. (7.13) can be used for averaging over the frequencies. However, the more
hardware-efficient arithmetic mean in eq. (7.14) produces a good approximation
only for a minor frequency dependency. To ensure that the arithmetic mean
delivers a low estimation error, we can adjust the summation limits in eq. (7.15)
to ensure that we are within the coherence bandwidth. This condition is fulfilled
for signals with a very low spectral roll-off. For signals with a larger spectral
roll-off, the frequency range for averaging must be reduced as the fiber length
increases. As a result, the noise suppression deteriorates due to fewer available
frequency bins given a fixed FFT size. However, in this case, an averaging of the
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Fig. 7.3: Simulated group delay∆Λn = Λn −Λn+N/2 for a 100 km RC-4CF. The waveplate model
is emulated by simulating 500 segments with a DGD of 1 ps/

√

km for PMD and a spatial group
delay standard deviation σGD,km of 10 ps/

√

km. Using a 213-point FFT, subfigure (a) shows the
respective group delays (lines in color) and the mode-averaged group delay (black dashed line) for
each frequency bin within 100 GHz, while (b) shows a zoom-in of 1 GHz around the frequency at
n = N/4, that corresponds to 50 GHz for a 100-GBd signal.

correlation matrix ˜
¯
M over several FFT blocks can be applied. For a 100-km-long

MCF, the total group delay standard deviation results to σg =
√
Lσg,km = 0.1 ns.

The group delay variance of each principal mode, i.e., the elements of∆Λn, have
an averaged variance that is approximately σ2

τ
(d)
g

≈ σ2
g/D [109]. This leads to a

coherence bandwidth of the group delays of
√
D/σg =28.3GHz. We consider a

bandwidth around N/4 (half the symbol rate, where the roll-off regions overlap,
i.e., γ̃n > 0) that is much smaller than the coherence bandwidth. We find that
about 3.5% of the coherence bandwidth (1 GHz) gives a good trade-off between
the estimation error of the arithmetic mean and the available number of bins to
average over. For a 213-point FFT, 41 frequency bins are available. The hardware
complexity can be reduced by not implementing the full FFT, but only the relevant
frequency components, as explained in section 7.2.4. Fig. 7.3(b) shows a zoom-in
of the group delays ∆Λn within this bandwidth. It can be seen that ∆Λn is
only slightly frequency dependent, hence, providing a good approximation of the
geometric mean.
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7.2.4 Hardware Complexity Analysis

We analyze the proposed TE complexity for implementation in hardware, e.g., the
realization using FPGAs orASICs. We consider the necessity for three real-valued
multiplications and three real-valued additions for a complex multiplication and
two real-valued additions for a complex addition. Furthermore, we distinguish for
a real-valued multiplication between the product of two variable values and the
product between a variable and a constant factor, as this can be implemented by
a binary shift-add algorithm without the need for dedicated multiplication cells
[113]. For the sake of simplicity, we consider signed values (MSB indicates the
sign) with a constant bit width of Nbit throughout all computations. Therefore,
for a multiplication with a constant factor, (Nbit − 1)/2 binary shifts and αc =

(Nbit − 1)/2 − 1 additions have to be implemented in average for Nbit ≥3. For
a multiplication with an unknown factor, all possible Nbit − 1 binary shifts must
be implemented as well as the entire adder tree, which results in βc = Nbit − 2

additions.

The complexity C of the TE is mainly attributed to the KD FFTs, the complex
correlation of the sidebands, the averaging of the correlation, as well as the com-
putation of the determinant. The block size N of the FFT determines, both, the
frequency resolution and the noise power per frequency component. For a single
N -point split-radix FFT [114, 115], the amount of real-valued operations scale
with O(N log2(N)). In our case, we use a large FFT size because a very low
frequency resolution is needed, e.g, when using small pulse shaping roll-off fac-
tors (eq. (7.15)) or to maintain approximate frequency independence (eq. (7.14)).
However, due to the RRC roll-off and the condition of weak frequency depen-
dence, only a very small number of frequency components are used from this
large FFT. It is therefore not necessary to implement the entire FFT. Furthermore,
a large FFT size of, e.g., 213, is not necessary for the averaging of noise given
a sufficient SNR. For a hardware-efficient implementation, we therefore suggest
computing only the necessary frequency components in the range of the pulse
shape overlap γ̃n > 0. This allows a sufficiently fine choice of frequency resolu-
tion, e.g., fsa/213, but with a smaller averaging length that is in the range of the
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number of parallel samples per clock cycle, e.g., N =256. Taking into account
the DFT symmetry (see Radix-2 FFT [116]), a frequency pair ˜

¯
xn and ˜

¯
xn+N/2 can

be computed from a block of N TD samples
¯
xk with k ∈ {0,1, . . . ,N − 1} as

˜
¯
xn =

N−1

∑
k=0 ¯

xk e
− j 2πk n

N = ˜
¯
xn,e + ˜¯

xn,o

˜
¯
xn+N

2
=

N−1

∑
k=0 ¯

xk e
− j 2πk( n

N +
1
2
)
= ˜
¯
xn,e − ˜¯

xn,o ,

(7.16)

where ˜
¯
xn,e and ˜

¯
xn,o are the even and odd frequency bins of ˜

¯
xn, respectively.

Dividing the incoming TD samples
¯
xk into even

¯
xk,e and odd

¯
xk,o samples in a

decimation in time (DIT) unit, the even and odd frequency components can be
calculated by

˜
¯
xn,e =

N/2−1

∑
k=0 ¯

xk,e e
− j 4πk n

N

˜
¯
xn,o = e

− j 2π n
N

N/2−1

∑
k=0 ¯

xk,o e
− j 4πk n

N .

(7.17)

The overall block diagram for computing the frequency components as well as
the required number of complex operations is shown in Fig. 7.4(a). As known
from the Radix-2 FFT, we can divide the calculation of the frequency components
from N samples into two summations over N/2 samples. These summations
each contain four trivial multiplications {−1,1,− j, j}, so that the total number of
complex multiplications is only N − 8. The required real-valued multiplications
Cfc,× for the so-called twiddle factors and real-valued additionsCfc,+ for only one
frequency component pair ˜

¯
xn and ˜

¯
xn+N/2 account for

Cfc,× = 3N − 21

Cfc,+ = 5N − 21 .
(7.18)

However, the twiddle factors can be pre-computed and stored in LUTs, and hence,
a real-valued multiplication can be realized by using αc additions only. The
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complexity of ν frequency pairs for a total of KD signals can be expressed only
in terms of real-valued additions as

Cfc =KDν ((3αc + 5)N − 21(αc + 1)) . (7.19)

The complexity to compute the frequency components is irrespective of whether
the channels are coupled or not and scales linearly with the signal countKD. The
total complexity scales as O(KDNν).

(a)

(b)

DIT¯
xk

with
k from0
toN − 1

N/2−1

∑
k=0

(⋅) e− j 4πk n
N

N/2−1

∑
k=0

(⋅) e− j 4πk n
N

¯
xk,e

¯
xk,o

e−j2π
n
N

+

+

˜
¯
xn,e

˜
¯
xn,o

−

˜
¯
x
n+N

2

˜
¯
xn

N − 8 mult.
N − 2 add.

1 mult. 2 add.

z−1 z−1 z−1
˜
¯
Mt

˜
¯
Mt−1 ...

˜
¯
Mt−Ntap

−

+ +
2 add.

Fig. 7.4: Hardware architecture for computing the frequency pairs ˜
¯
xn and ˜

¯
xn+N/2 (a) and MA filter

(b). The required complex-valued operations are depicted in blue.

The number of complex multiplications and additions of the sidebands depend on
the number of frequency pairs ν and account forD2ν andD2(ν − 1) operations,
respectively. If the spatial channels are not coupled, each pair of polarizations
can be processed separately in K 2×2 matrices ˜

¯
M. Hence, the total number of

real-valued multiplications and additions is

Ccorr,× =KD23ν

Ccorr,+ =KD2
(5ν − 2) .

(7.20)
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As this involves a multiplication of two variable values, the total number of
real-valued additions for the correlation results in

Ccorr =KD2
(3βcν + 5ν − 2) . (7.21)

The complexity of the correlation scales quadratically with the number of coupled
channels and linearly with the number of frequency pairs as O(KD2ν).

The spectral correlation matrix ˜
¯
Mt at time instance t is written into a FIFO

register and the matrix elements are averaged over consecutive matrices. Using
a MA with simplified architecture as shown in Fig. 7.4(b), only two complex
additions are required for each of the D2 matrix elements. If the register length
is a power of two, the division by the number of filter taps Ntap is a simple bit
truncation. Hence, the total amount of real-valued additions is

Cavg =KD24 (7.22)

and the complexity scales with O(KD2) only.

Finally, the complexity of computing the determinant of a complex matrix is
analyzed. The Laplace expansion provides a straightforward implementation for
calculating the determinant. However, the complexity scales with O(D!), which
makes a hardware implementation even for small matrix dimensions unfeasible
[117]. A more common and efficient way to compute the determinant for D >3
is by using the QR factorization. Here, the complex matrix ˜

¯
M is decomposed

into the product of an orthonormal matrix
¯
Q and an upper triangular matrix

¯
R

as ˜
¯
M =

¯
Q

¯
R. Both matrices can be obtained using the Gram-Schmidt procedure.

Because the classical Gram-Schmidt method often produces a matrix
¯
Q that is

not orthonormal, the modified Gram-Schmidt algorithm is used to counteract
this issue [118, 119]. Since det( ˜

¯
M) = det(

¯
Q)det(

¯
R) = ±1∏

D
i=1¯

ri,i, the
computation of the determinant mainly consists of the QR factorization and the

140



7.2 Non-Data-Aided Joint Clock Recovery

multiplication of the diagonal complex elements of the matrix
¯
R. As derived in

the Appendix C.1, the computation of the determinant for KD signals involves

Cdet =K[(5 + 3βc) (D
3
+D2)

+ (2 + 3βc)D − 3βc − 3]
(7.23)

real-valued additions. Compared to the Laplace expansion, the complexity is now
reduced and scales with O(KD3). Finally, the total timing estimation requires
C = Cfc + Cavg + Ccorr + Cdet real-valued additions. For only a few coupled
channels, the complexity is mainly determined by the frequency components.
As the number of coupled channels increases, efficient implementation of the
determinant becomes more crucial.

Fig. 7.5 shows the number of real-valued additions C per signal required for the
clock recovery of KD ∈ {2,8,14,64} signals, e.g., for coupled and uncoupled
single-core, 4-core, 7-core, and 32-core fibers. We assume an overall bit width
of 6 bit for all calculation steps and neglect bit growth, the computation of ν =10
frequency pairs using a block size of N =256 samples, and an averaging of 8
consecutive correlation matrices. For a coupled 4-core and 32-core fiber, the
joint timing estimation requires 9.3% and 336.7% more operations compared
to K clock recovery implementations for individual dual-polarization channels,
respectively. However, the algorithm complexity of a joint clock recovery is still
low compared to MIMO-equalizers [120]. Finally, we want to emphasize that
the use of appropriate FFT sizes also allows joint implementation with FD CD
compensation and equalization. Further reduction in FFT complexity could be
achieved by splitting a large FFT over several clock cycles such that only a fraction
of the total FFT needs to be implemented for each clock cycle [C1].
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Fig. 7.5: Number of real-valued additions per signal forKD ∈ {2,8,14,64} signals. The blue/green
bars show the complexity for uncoupled spatial channels, i.e., K clock recoveries for each dual-
polarization signal (D = 2) and the red/yellow bars show the complexity for a joint clock recovery
employing coupled spatial channels (K = 1). The number of operations are computed for a clock
recovery with a bit width of 6 bit, 10 frequency pairs, a block size of 256 samples, and averaging of 8
consecutive matrices.

7.3 Performance Simulation

To verify our concept in simulations, we generate a 100-GBd QPSK sequence,
that is twofold oversampled and interpolated using an RRCfilter with 0.01 roll-off.
Afterwards, we numerically approximate the MCF-channel using the waveplate
model [105, 121, 122] with 500 segments and a PMD DGD of 1 ps/

√
km and an

overall spatial channel group delay variance normalized to the square-root fiber
length of 10 ps/

√
km [107]. At the receiver side, AWGN is added to set a certain

SNR with a noise bandwidth matching the symbol rate. The resulting signal is
filtered using a receive filter matched to the pulse-shaping filter. Finally, the clock
recovery algorithm [40] is applied either to each received channel individually or
jointly to all received signals using the procedure described in the section before.
Fig. 7.6 shows the simulation results for a received SNR of 10dB and a 213-point
FFT of which we compute 11 frequency components per sideband for the timing
estimation. Fig. 7.6(a) shows the timing estimate τ̂ as a function of the simulated
clock phase τ obtained for 30,000 signal realizations with constant timing offset
τ and a single realization of a 3,000 km long 4-core fiber (D =8, K =1). Here,
the left and right figure shows the timing estimates without averaging of the
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correlation matrix ˜
¯
M and with a MA of eight consecutive matrices, respectively.

It is obvious that the averaging improves the suppression of the random noise,
leading to an improvement of jitter from −32dB to −49dB. The jitter is defined
as the variance of the deviation of the estimated clock phase from the actual clock
phase in decibels as 20 log10 (std(τ̂ − τ)), where std(⋅) computes the standard
deviation. Furthermore, we notice a D-fold phase ambiguity as expected from
eq. (7.12). Together with the noise, this phase ambiguity can result in errors
when unwrapping the phase. However, due to a sufficient large block size N , the
averaging over frequency bins, and optional moving averaging of the correlation
matrix ˜

¯
M, the effect of noise can be effectively reduced.

Each block of N samples at sample rate fsa will result to one timing estimate.
To further increase the temporal resolution, the sample blocks can overlap by
No samples. Finally, the MA filter will limit the 3-dB bandwidth of the timing
estimation to about 1/Ntap of half the estimation rate. The 3-dB bandwidth of
the TE f3dB, i.e., the maximal frequency of the jitter that can be tracked by the
TE, can be expressed as

f3dB ≈
fsa

N −No

1

2Ntap
. (7.24)

Even with a large 213-point FFT, a CFO of 5 ppm at 200GSa/s can be resolved
by a sufficient number of 106/213/5 ≈ 24 timing estimations. Considering a
practical implementation of single frequency pairs from a block of 256 samples,
an overlap of 128 samples, and an averaging of 8 consecutive correlation matrices,
the maximum traceable jitter at twofold oversampling results to about 100MHz,
which corresponds to 500 ppm at 200GSa/s. Note that a FF implementation of
clock recovery does not require a loop filter in a FB configuration, which will also
feature a lowpass characteristic. This makes the proposed clock recovery archi-
tecture applicable for long-haul transmission, where jitter caused by equalization
enhanced phase noise may be a limiting factor [123–125].

Next, we set a constant zero sampling offset τ =0 and evaluate the timing jitter
from 0km to 10,000 km. We simulate 1,000 signal realizations for a single MCF
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channel realization per fiber length from which we compute the jitter. Again, we
compute 11 sideband components of a 213-point FFT and apply an 8-tap MA
of the correlation matrix. In Fig. 7.6(b), the jitter using a joint clock recovery
and a clock recovery applied to each core individually is shown after a simulated
MCF transmission with four cores. In addition, we plot as a comparison the joint
clock recovery performance for a higher core count of 19 randomly-coupled cores,
whichwe also simulatedwith a spatial channel group delay variance of 10 ps/

√
km

for a fair comparison to the 4-core fiber and as this was a value experimentally
confirmed in [126]. Since the clock recovery for each core after propagating
through a 4-core fiber is strongly impaired byMD, the timing estimates are heavily
distorted and lie within the gray-shaded area in Fig. 7.6(b). In contrast to the per-
core clock recovery, the joint timing estimation offers low-jitter performance up to
a transmission distance of 10,000 km. For the joint clock recovery, we observe a
4-dB and 10-dB degradation for the 4-core and 19-core fiber. The reason for this
is a worse approximation of eq. (7.14) with increasing group delay variance. The
19-core fiber exhibits a better jitter for short fiber distances, since the sampling
offset is averaged over a larger matrix. The dashed lines represent a minimum
requirement for the jitter in order to prevent distorted timing estimates due to
D-phase ambiguity. They are calculated by assuming an uniform distribution of
the timing estimates within the estimation range of 1/D resulting in

Jmax = 10 log10 (
1

12D2
) . (7.25)
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Fig. 7.6: Clock recovery simulation results for a 1% roll-off QPSK signal with an electrical SNR of
10 dB after propagation through a randomly-coupled multi-core fiber (MCF). (a) Simulated timing
estimates τ̂ over set sampling offset τ . The timing estimates are obtained for 30,000 constant timing
offset realizations τ in a 3,000 km long 4-core fiber (D = 8). The left and right figure shows the timing
estimates without averaging of the correlation matrix and with an averaging of eight consecutive
matrices, respectively. (b) Timing jitter evaluated for 1,000 realizations over fiber length. Using
a joint clock recovery with averaging of over eight correlation matrices, the jitter over all 1,000
realizations for a 4-core and 19-core fiber is shown. The jitter for the per-core clock recovery after a
4-core fiber lies within the gray area.

7.4 Experimental Validation

Wevalidate the joint clock recovery algorithm in an SDM transmission experiment
with balanced heterodyne detection, as depicted in Fig. 7.7. A dual-polarization
RRC-shaped 90-GBd 16-QAM signal with 0.01 roll-off factor and sequence
length of 230,400 i.i.d. symbols, corresponding to 2.56µs, is generated with a 45-
GHz and 120-GSa/s AWG (AWG, Keysight M8194A) followed by 50-GHz driver
amplifiers (SHF807). Using a 35-GHz dual-polarization inphase and quadrature
modulator (DP-IQM), the signal is then modulated onto an optical carrier at
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7 Joint NDA Clock Recovery for SDM Optical Transmission Systems

1550nm generated by an ECL with a nominal linewidth of 100kHz. The optical
signal is amplified by an erbium-doped fiber amplifier (EDFA) and out-of-band
amplified spontaneous emission (ASE) noise is suppressed by a 1 nm optical
bandpass. Spatial multiplexing is emulated by decorrelating four copies of the
signal by delays of 0 ns, 50 ns, 0.5µs, and 1µs (delays determined by fibers
available in the lab), respectively, before launching them into the MCF fan-in
with an optical signal power of 10 dBm per core. The MCF link consists of
three concatenated 50-km-long, single-mode RC-4CF [107] spools, i.e., spanning
a total transmission distance of 150km. The overall group delay spread caused by
MD is specified as 10 to 12 ps/

√
km. Including the fan-in and fan-out losses, the

total loss per spool is around 9dB. Therefore, to ensure sufficient optical receive
signal power at the photodiodes, the optical signal is amplified to 10 dBm per core
after 100 km using four EDFAs. This results in an optical signal power of about
1 dBm per core before the dual-polarization optical hybrids (DP-OHs). At the
receiver, a second ECL is used as LO, which is detuned by 48GHz for balanced
heterodyne detection. The LO is amplified before it is split and launched into
the four DP-OHs with a power of 17 dBm per receiver. Since we use heterodyne
detection, only one quadrature of each signal is detected, and hence, only eight
BPDs and synchronized oscilloscope channels are required. Here, we utilize four
100GHz BPDs (Fraunhofer HHI) and four 90GHz BPDs (Finisar BPDV4120R).
Finally, 737,280 symbols of each received signal are captured by two synchronized
4-channel 100-GHz oscilloscopes (Keysight UXR1004A) and DSP is carried out
offline.

The receiver DSP chain is depicted in Fig. 7.1(a). First, all signals are sampled
by ADCs. Afterwards, the signal is downconverted to baseband and resampled
to two samples per symbol. Next, the carrier-frequency offset is estimated from
a single polarization and applied to all received signals [100]. After FD CD
compensation using the overlap-and-save algorithm [127], our proposed clock
recovery follows. The joint clock recovery selects 41 frequency components from
each sideband from a 213-point FFT. In the experiment, we further employ an
overlap of N/2 samples for each FFT and average the matrix ˜

¯
M over 16 consec-

utive estimates [C3]. Afterwards, we use an 8×8 MIMO-equalizer with 150 filter
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7 Joint NDA Clock Recovery for SDM Optical Transmission Systems

taps whose coefficients are obtained using the least mean square (LMS) algorithm
with integrated phase recovery switching from data-aided to decision-directed
mode [99] after 40,000 computed output symbols. To achieve fast convergence
in the initialization phase and improved convergence later, the stochastic gradient
descent step size is switched from µeq,1 = 5×10

−5 to a step size µeq,2 after 20,000
computed output symbols. After the MIMO-equalizer, we use a real-valued 2×2
post-equalizer for each received polarization to remove residual transmitter im-
pairments. Lastly, we evaluate the BER and the SNDR over the final 5 × 105

symbols.

To prove the proper operation of our approach, we use the AWG and oscilloscopes
with and without external synchronization through a side channel. Fig. 7.8(a)
shows successful timing estimation for both cases over 8µs. We can observe
a frequency offset of about 880 kHz between the transmitter and receiver, that
corresponds to around 4.9 ppm at twofold oversampling. Without dedicated clock
recovery, the MIMO-equalizer would have to continuously track and compensate
this sampling phase walk. This becomes apparent in Fig. 7.8(b), where the
equalizer convergence is examined. The figure shows the temporal evolution of the
LMS error, which is smoothed over time and averaged for allD =8 signals. Here,
the equalizer is operated in data-aided mode only. For the case of a synchronized
transmitter and receiver, the equalizer must mainly compensate for a constant
sampling offset with weak phase fluctuations (see orange line in Fig. 7.8(a)),
which is why it still converges reliably for a low step size of µeq,2 = 5 × 10−6.
In the scenario where transmitter and receiver are not synchronized and no clock
recovery is used (see blue curves in Fig. 7.8(a)), the equalizer must also track and
compensate for a CFO. In this case, the FB control loop of the equalizer must have
the necessary bandwidth and stability. Note, that the step size µeq corresponds to
the integral coefficient in a PLL design. For a low step size of µeq,2 = 5 × 10

−6,
the LMS error increases in the second training phase since the equalizer cannot
follow the clock phase drift fast enough. For this reason, µeq,2 has to be set to
a larger value to follow the 4.9 ppm clock phase drift. In this case, the equalizer
performs comparably to the case of a synchronized transmitter and receiver. In the
realistic scenario, with no synchronization but with dedicated clock recovery, the
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7.4 Experimental Validation

LMS error is about 1 dB lower. In this case, the equalizer only has to compensate
for a constant sampling offset, but no clock phase fluctuations, i.e., it has to track
reduced channel dynamics. This allows for a small step size parameter µeq,2 and
enables a better convergence as well as an improved stability of the equalizer.
It should be emphasized that the equalizer convergence significantly affects the
performance when switching to decision-directed mode, as this causes a worse
LMS error the more errors are made during decisioning.

The transmission performance in terms of the SNDR and BER for all 8 signals
and no synchronization between transmitter and receiver is shown in Fig. 7.8(c).
The results shown in gray (µeq,2 = 5 × 10

−5) and blue (µeq,2 = 5 × 10
−6) are for

the case without and with dedicated clock recovery, respectively. The results with
joint clock recovery are for the decision-directed mode, while for the equalizer-
based clock recovery the data-aided mode was applied, as too many errors in
the hard-decision caused the equalizer to diverge. For the SNDR, we observe an
improvement of 1 dB if our proposed joint clock recovery is used. We demonstrate
successful transmission assuming a pre-FEC BER limit of 2.41×10−2, which can
in principle be achieved, e.g., using a soft-decision low-density parity-check code
(LDPC) code with 20% overhead [128, 129].

[End of paper [J2]. The paper’s conclusion is added to chapter 8.]
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receive signals over the number of computed output symbols. (c) SNDR and BER for all eight receive
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8 Summary and Outlook

In the following, the results achieved are briefly summarized and an outlook on
pending research questions is given. The conclusion and outlook of the respective
chapters are listed below and are mostly obtained from the publications cited.

Hardware implementation of all-digital clock recovery
[obtained from [P1]]
An EB design that enables all-digital clock recovery with a free-running receiver
oscillator, supporting, both, positive and negative CFOs is reported for the first
time. The clock recovery is implemented on an FPGA, demonstrating error-
free data transmission for CFOs up to ±400 ppm. This method eliminates the
need for analog VCO control and a low-speed DAC, offering an important step
toward fully-digital, power-efficient clock recovery in modern DSP-based optical
transceivers.

Short-reach optical links
[obtained from [J3]]
This work analytically examines the influence of CD on clock recovery in direct-
detection systems. Power fading is identified as the dominant impairment, causing
π-phase errors at specific dispersion values. Additionally, the clock tone may
cancel out when the weighted cosine product approaches zero or when spectral
narrowing due to power fading occurs. These effects are consistently observed
in simulation and experiment. To mitigate them, CD-tolerant clock recovery
algorithms for NRZ and RRC/FTN signals are proposed, which compensate phase
distortions in the FD. Reliable clock recovery under severe CD is critical for the
convergence of adaptive equalizers. This work therefore makes an important
contribution to improving the robustness of future high-speed direct-detection
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systems equipped with DSP. Future research may consider low-power baud-rate
clock recovery and the investigation of the additional influence ofmodulator chirp.
The presented 4th-power method can be implemented in a more robust way for
high roll-offs as described in [32]. In future work, the findings and algorithms of
this work can be used to perform high-speed transmission experiments with FTN
signals beyond 200GBd.

Passive optical networks (PONs)
The introduction of DSP from 50G-PONs enables the implementation of a digital
clock recovery and hence might replace analog CDR. The restriction on high-
frequency jitter and CFOs tolerance relies primarily on the algorithm architecture
rather than the individual algorithms themselves. Using an FF clock recovery
enables efficient compensation of high-frequency jitter and potentially allows the
use of the fully-digital recovered free-running, low-cost clock in the ONU for
upstream transmission. It is demonstrated, that synchronization speeds are inher-
ently constrained to the order of microseconds due to FB delays. On the other
hand, FF structures allow for ultra-fast synchronization within tens of nanosec-
onds. In the course of the thesis, synchronization for a burst-mode signal with a
symbol rate of 56-GBd within 36.57 ns using FF clock recovery is demonstrated.
This makes them a potential candidate for digital clock recovery in future high-
speed PONs, where low-cost oscillators with high-frequency jitter are utilized
and fast synchronization in upstream is required. It remains to demonstrate the
envisioned OLT-ONU-OLT transmission with a free-running oscillator and fully-
digital clock recovery. In that context, the jitter generation, transfer, and tolerance
can be studied in more detail.

Continuous-variable quantum key distribution (CV-QKD)
[obtained from [C3]] and modified
Apilot-free digital FF clock synchronization scheme based on themodified timing
estimation algorithm of Barton and Al-Jalili is demonstrated in simulation and in
experiment for application in CV-QKD. In this context, operation near the receiver
noise floor is possible even at practical CFOs as high as 10 ppm. This paves the
way towards simplified CV-QKD systems, which can operate without auxiliary
signals and pilot tones and reuse mature optical transceivers and DSP from the
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telecommunications market. In the presented proof-of-concept experiment of this
thesis, the optical signal was manually attenuated to a level close to the total noise
floor. Future work may involve verifying the FF clock recovery in a practical CV-
QKD system with proper noise calibration to shot noise units and by specifying
the achieved key rates. Furthermore, the large block size of the clock recovery
will result in high hardware requirements for a real-time implementation, e.g., on
an FPGA [C1, C2]. Further research has to be undertaken on low-complexity
NDA clock recovery and their implementation feasibility on FPGAs.

Space-division multiplexing (SDM) optical systems
[obtained from [J2]]
We have presented a novel joint clock recovery algorithm that is tolerant to spatial-
and-polarization-mode dispersion by computing the joint group delays of the prin-
cipal modes in FD from the spectral correlation matrix. In simulations, the algo-
rithm performs well for randomly-coupled fibers with lengths of up to 10,000 km.
Furthermore, we analyzed the hardware complexity for FPGA or ASIC imple-
mentation. Compared to uncoupled-channel dual-polarization signals, computing
the determinant of large correlation matrices becomes more crucial. Finally, we
experimentally demonstrated joint clock recovery in a 90-GBd 16-QAM trans-
mission over 150km RC-4CF resulting in a total data rate of 2.88Tbit/s. Using
a dedicated clock recovery relieves the equalizer and improves equalizer con-
vergence and stability, which results in an SNDR improvement by more than
1 dB in decision-directed mode. More in-depth research regarding the effect of
a frequency-dependent mode-averaged group delay and the influence of MDL as
well as optimizations for improved inphase and quadrature imbalance tolerance
is proposed for future research. The dispersion-tolerant clock recovery algorithm
presented in this work enables robust and hardware-efficient DSP in future SDM
systems and is an important step towards the practical use of SDM systems.
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A Discrete-Time Signals and
Systems

DSP considers quantized signals in time and amplitude, so-called digital signals,
which are processed in digital circuits or systems. In this appendix the mathemat-
ical principles and basic hardware structures of discrete-time signals and systems,
that are relevant for this thesis, are provided. For the sake of simplicity, the TD
signals are considered to be real-valued.

A.1 Discrete-Time Signals

A signal is the variation of an observed quantity over one or many independent
variables that contains information relevant to the observer [38]. The signal can be
of physical or non-physical nature. In communication engineering, information is
conveyed from a transmitter to a receiver by transmitting signals through a system.
The physical transmission medium is a continuous-time system, through which a
continuous-time signal x(t) is propagated. A DAC converts a digital signal into
a time-continuous waveform, whereas an ADC in turn digitizes an analog signal.
Signal values in between the equidistant sampling points are lost.

There exist two mathematical representations of discrete-time signals [38]. The
first describes the discrete signal as a series

xk = x(kTsa), k ∈ Z , (A.1)
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where kTsa are the sampling instances obtained after each sampling period Tsa.
The reciprocal fsa = 1/Tsa defines the sampling frequency. In the second rep-
resentation, the discrete-time signal is expressed by a multiplication of the time-
continuous signal with a pulse series as

x∗ = x(t)
∞

∑
k=−∞

δ(t − kTsa) , (A.2)

where the asterisk depicts the time-discretized signal. The choice between the
respective representations depends on the specific application context. The first
form is commonly employed in summation-based operations, such as FIRfiltering.
In contrast, the second representation, which utilizes a pulse train (or Dirac comb),
is particularlywell suited for Fourier analysis due to its advantageousmathematical
properties, especially its behavior under the Fourier transform, where it leads to a
periodic spectrum that facilitates analytical treatment.

In many signal processing applications, examining the spectrum of a sampled
signal is essential. For a sampled signal xk, the DTFT and inverse DTFT are
defined by

˜
¯
x(f) =

∞

∑
k=−∞

xk e
− j 2πfkTsa

xk =
1

2π
∫

π

−π
˜
¯
x(f) ej 2πfkTsa d f ,

(A.3)

with the frequency f normalized to the sampling frequency or commonly also re-
ferred as normalized angular frequencyΩ = 2πf/fsa [46]. The resulting spectrum
is continuous in f and periodic with 2π. In practical digital systems, however, the
spectrum can only be evaluated at discrete frequency points, known as frequency
bins. By sampling the spectrum within the interval [−π,π) at N equidistant
points, specifically at the frequencies Ωn = 2πn/N for n ∈ {0, . . . ,N − 1}, a
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discrete formulation of the DFT is obtained. The DFT is defined for a sampled
signal of finite length xk with k ∈ {0, . . . ,N − 1} as

˜
¯
xn =

N−1

∑
k=0

xk e
− j 2πk n

N

xk =
1

N

N−1

∑
n=0

˜
¯
xn e

j 2πk n
N .

(A.4)

Sampling the DTFT in FD corresponds to a periodic extension of the finite-length
signal xk in TD. Because the TD signal of the inverse DFT is periodic, it can also
be represented as a discrete-time Fourier series [46].

A.2 Discrete-Time Systems

In signal processing, the term system or filter refers to a unit which responds to a
stimulus at the input with a reaction at the output. Since in the scope of this thesis
only discrete-time signals are considered, the total input sequence can be referred
to as xk, whereas the output sequence is yk1. Thus, the behavior of the system
can be mathematically described by the discrete-time operator equation [38]

yk = S{xk} . (A.5)

The operatorS maps an input series to an output series and is not tomisunderstand
with the case, where a single entry sample is mapped to a single exit sample.
On the basis of the operator equation many properties, such as linearity, time-
invariance, causality, dynamics, and stability can be analyzed. In the following,
the LTI system is explained. Afterwards, the z-transform is introduced to describe
a system with differential equations. This provides the necessary mathematical

1 Note the analogy to the time-continuous case, where x(t) describes, both, the value of the
function at a single point in time t and the whole function of time t. Since discrete-time systems
always map series to series, no misunderstandings are to be expected.
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framework to analyze the phase behavior of discrete filters with finite impulse
response.

A.2.1 Linear Time-Invariant Systems

LTI systems are of special interest in DSP since they have a simple mathematical
representation that facilitates their analysis. First, the properties of the system are
defined according to [38].

Definition 1. Linearity
A discrete-time system S is called linear if for two arbitrary input signals x(1)k

and x(2)k and two arbitrary constants c1, c2 ∈ R or C

S {c1x
(1)
k + c2x

(2)
k } = c1S {x

(1)
k } + c2S {x

(2)
k } (A.6)

is valid.

Definition 2. Time-invariance
A discrete-time system S is called time-invariant if a delay of the input signal
xk−k0 results in a delayed output yk−k0 .

The impulse response is now introduced as the response of a system to a discrete-
time Dirac impulse stimulus

hk = S{δk} . (A.7)

Based on the properties of the Dirac impulse, a single sample at time instance k0
of the input series can be represented as a convolution with the Dirac impulse as

xk0 =
∞

∑
k=−∞

xkδk−k0 (A.8)

and the whole input sequence can be formulated as convolution sum

xk =
∞

∑
m=−∞

xmδk−m . (A.9)
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Inserting this form of the input series into the operational equation of the LTI
system from eq. (A.5) and using the definition of linearity and the definition of
the impulse response results in

yk = S{xk}

= S

⎧⎪⎪
⎨
⎪⎪⎩

∞

∑
m=−∞

xmδk−m

⎫⎪⎪
⎬
⎪⎪⎭

eq. (A.6)
=

∞

∑
m=−∞

xmS{δk−m}

eq. (A.7)
=

∞

∑
m=−∞

xmhk−m

= xk ∗ hk ,

(A.10)

where ∗ is the convolution operator. Due to the commutativity of the convolution
the above expression can be rewritten as

xk ∗ hk =
∞

∑
m=−∞

xk−mhm . (A.11)

Eq. (A.11) shows that a discrete-time LTI system can be completely characterized
by its impulse response. Depending on the length of the impulse response a system
can be distinguished. A system with finite impulse response (FIR) is referred to
as FIR filter, whereas an infinite impulse response (IIR) is referred to as IIR filter.

A.2.2 Z-Transform

The relationship of time-continuous signals in a technical system is usually de-
scribed by linear differential equations with constant coefficients. A similar
approach is also used in the z-transform to describe discrete-time systems. This
chapter is dedicated to a definition and qualitative explanation of the z-transform
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as it will be required in the course of the thesis. A detailed mathematical anal-
ysis of the Laplace and z-transform goes beyond the scope of this work and the
interested reader is referred to literature, e.g., [38, 46].

An LTI system is fully characterized by its impulse response hk. Because hk can
be interpreted as a signal, the Fourier transform can be applied to obtain further
information about the system behavior. Since for a limited class of functions
the Fourier integral does not exist, the Fourier transform is extended by a term
e−κt with κ ∈ R to ensure the convergence of the Fourier integral for large κ.
This transformation is referred to as Laplace transform and is applied to time-
continuous systems. If this approach is used on the sampled signal of eq. (A.2),
the discrete-time equivalent of the Laplace transform, the so-called z-transform,
is obtained. The z-transform ˜

¯
x(
¯
z) = Z{xk} of a signal sequence xk and its

counterpart, the inverse z-transform, are defined as

˜
¯
x(
¯
z) =

∞

∑
k=−∞

xk
¯
z−k

xk =
1

j 2π
∮
C
˜
¯
x(
¯
z)
¯
zk−1 d

¯
z .

(A.12)

The inverse z-transform is defined as a contour integral over a closed circular and
counterclockwise-oriented path C, which encircles the origin and lies entirely
within the region of convergence of ˜

¯
x(
¯
z) [38, 46].

For a causal time shift of the series by k0 ∈ N+ samples, i.e., yk = xk−k0 , the
z-transform of yk results in

˜
¯
y(
¯
z) =

∞

∑
k=−∞

xk−k0¯
z−n

=
¯
z−k0

∞

∑
k=−∞

xk−k0¯
z−(k−k0)

=
¯
z−k0 ˜

¯
x(
¯
z) .

(A.13)
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It is obvious that a time shift k0 of the sequence corresponds to a multiplication
of

¯
z−k0 in z-domain. Lastly, a convolution in TD corresponds to a multiplication

in z-domain, i.e.,

Z{xk ∗ yk} =
∞

∑
k=−∞

(xk ∗ yk)
¯
z−k

=
∞

∑
k=−∞

∞

∑
m=−∞

xmyk−m
¯
z−k

=
∞

∑
m=−∞

xm
¯
z−m

∞

∑
k=−∞

yk−m
¯
z−(k−m)

= ˜
¯
x(
¯
z)˜
¯
y(
¯
z) .

(A.14)

A.2.3 FIR Filters

As already mentioned some interesting properties of discrete-time systems can
be shown with the help of the z-transform. The following considerations are
restricted to the class of the FIR filters, since these are commonly used in DSP
and in this thesis exclusively. When considering discrete-time LTI systems, the
system can generally be represented by a linear difference equation [38, 46] using
time-independent coefficients a and b as

n2

∑
ν=n1

aνyk−ν =
m2

∑
µ=m1

bµxk−µ . (A.15)

With eq. (A.13) the z-transform of the difference equation is

n2

∑
ν=n1

aν
¯
z−ν ˜

¯
y(
¯
z) =

m2

∑
µ=m1

bµ
¯
z−µ˜

¯
x(
¯
z) . (A.16)

According to eq. (A.14), the z-transform of a system’s output can be expressed as

˜
¯
y(
¯
z) = ˜

¯
x(
¯
z)˜
¯
h(
¯
z) . (A.17)
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Comparing eq. (A.17) with eq. (A.16), the system function of the filter can be
described as

˜
¯
h(
¯
z) =

˜
¯
y(
¯
z)

˜
¯
x(
¯
z)
=
∑

m2
µ=m1

bµ
¯
z−µ

∑
n2
ν=n1

aν
¯
z−ν

. (A.18)

Following some assumptions explained in more detail in [38], the summation
limits can be simplified to

˜
¯
h(
¯
z) =

∑
M
µ=0 bµ¯

zM−µ

∑
M
ν=0 aν¯

zM−ν
. (A.19)

Hence, the system function ˜
¯
h(
¯
z) is described as a rational function ˜

¯
h(
¯
z) =

¯
P (

¯
z)/

¯
Q(

¯
z) with the polynomial functions

¯
P (

¯
z) and

¯
Q(

¯
z).

Definition 3. Stability of LTI systems
A discrete-time, causal LTI system S is stable, if all poles of the denominator
polynomial

¯
Q(

¯
z) lie within the unit circle, i.e., ∣

¯
z∞,ν ∣ < 1 applies for each pole

¯
z∞,ν with index ν.

For an FIR filter, the system output at a point in time is independent of past and
future system outputs, i.e., n1 = n2. Hence, eq. (A.15) simplifies to

an1yk−n1 =
m2

∑
µ=m1

bµxk−µ (A.20)

with z-transform
an1¯

z−n1 ˜
¯
y(
¯
z) =

m2

∑
µ=m1

bµ
¯
z−µ˜

¯
x(
¯
z) . (A.21)

Therefore, the system function from eq. (A.18) simplifies to

˜
¯
h(
¯
z) =

˜
¯
y(
¯
z)

˜
¯
x(
¯
z)
=
∑

m2
µ=m1

bµ
¯
z−µ

an1¯
z−n1

. (A.22)

This expression can be further simplified by the fact that always the current output
sample is computed, i.e., n1 = n2 = 0. Furthermore, the coefficient bµ can be
divided by a0 resulting in a new coefficient hµ. Since ˜

¯
h(
¯
z) is a time-invariant
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system, the summation limits can be shifted in time bym1, such thatM =m2−m1,
and hence

˜
¯
h(
¯
z) =

M

∑
µ=0

hµ
¯
z−µ . (A.23)

As shown in eq. (A.13) the multiplication by
¯
z−1 corresponds to a time delay of

one sampling period and hµ are the filter coefficients. Alternatively, eq. (A.23)
would be obtained by directly z-transforming the impulse response of the filter.
In addition, the filter structure can be constructed by convolving the input signal
with the system impulse response, also referred to as multiply-and-add (MAC)
operation

yk =
M

∑
µ=0

xk−µhµ . (A.24)

The graphical structure of the filter is shown in Fig. A.1. In the graphical represen-
tation, the z-variable is shown without underline, as this is the usual presentation.
The unit delay elements of the FIR filter structure can be realized by D-flip-flops,

z−1 z−1 z−1...

...+ +

h0 h1 hM

xk

yk

Fig. A.1: The FIR filter of orderM comprisesM unit delays as well asM + 1 filter coefficients. The
weighted input samples x are accumulated and form the output signal y.

which hold the signal value for the duration of one clock cycle. A serial arrange-
ment of unit delays is called a register, which is suitable for implementing a time
delay or temporary memory. The values stored in the register are multiplied by
the filter coefficients hµ and are then accumulated.
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A.2.3.1 Linear-Phase FIR Filters

It can be easily shown, that the system function ˜
¯
h(
¯
z) for

¯
z = exp(j 2πfTsa)

corresponds to the DTFT

˜
¯
h(f) =

∞

∑
k=−∞

hk e
− j 2πfkTsa

=
∞

∑
k=−∞

hk (e
j 2πfTsa)

−k

= ˜
¯
h (

¯
z = ej 2πfTsa) .

(A.25)

The frequency response of a filter can therefore be determined through the
DTFT/DFT or the z-transform. In general, the frequency response is complex-
valued, i.e., it consists of a magnitude and phase

˜
¯
h (

¯
z = ej 2πfTsa) = ∣˜

¯
h (

¯
z = ej 2πfTsa)∣ eφ(f) (A.26)

with
φ(f) = arg{˜

¯
h (

¯
z = ej 2πfTsa)} . (A.27)

The amplitude response ∣˜
¯
h∣ describes the amplitude ratio of the input and output

signal at a given frequency, whereas the phase response quantifies the phase shift
introduced between the input and output signals at that frequency. The derivative
of the spectral phase of a system with respect to the frequency denotes the group
delay τg(f) and describes the delay of a signal component in a differentially small
frequency range df [38].

τg(f) = −
1

2π

d

df
φ(f) (A.28)

A spectral phase rotation causes a distortion of the output signal. Accordingly,
a frequency-independent phase response of zero is desirable. However, such a
phase response cannot be realized with a causal system [38]. A compromise is
given by a linear phase response, which does not produce any phase distortion,
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A.2 Discrete-Time Systems

but only a time shift due to the constant group delay. Given a real-valued hµ

with µ ∈ {0, ...,M} and even numberM , the filter has linear phase if the impulse
response is symmetric around the central M/2 + 1-th coefficient, i.e., it has an
odd number M + 1 of filter coefficients [38].
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B Multi-Rate System

The field of multi-rate signal processing addresses concepts, algorithms, and
system architectures that involve a change of the sampling rate at one or multiple
points of the signal flow path. Reducing the sampling rate eases the demands on
the computational effort, as less sample points have to be processed. Increasing
the sampling rate can be beneficial to avoid aliasing if nonlinear functions broaden
the spectrum of the signal. The following chapter first analyses the periodicity of
a discrete-time signal in FD and derives the sampling theorem therefrom. Based
on this, the basic operations of a multi-rate system, namely downsampling and
upsampling, are explained.

B.1 Sampling Theorem

A time-continuous signal x(t) is bandlimited within a bandwidth 2B if

x̃(f) = 0 for ∣f ∣ ≥ B . (B.1)

The Fourier transform of the bandlimited, equidistantly sampled signal from
eq. (A.2) is then

˜
¯
x∗(f) = ˜¯

x(f) ∗ F

⎧⎪⎪
⎨
⎪⎪⎩

∞

∑
k=−∞

δ(t − kTsa)

⎫⎪⎪
⎬
⎪⎪⎭

. (B.2)

The multiplication of the time-continuous signal x(t) with the pulse train corre-
sponds to a convolution in FD. The Fourier transform of the pulse train can be
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simply obtained by rearranging the expressionwith help of the Poisson summation
formula (a)

F

⎧⎪⎪
⎨
⎪⎪⎩

∞

∑
k=−∞

δ(t − kTsa)

⎫⎪⎪
⎬
⎪⎪⎭

= F

⎧⎪⎪
⎨
⎪⎪⎩

fsa
∞

∑
k=−∞

ej 2πkfsat
⎫⎪⎪
⎬
⎪⎪⎭

(a)
= fsa

∞

∑
k=−∞

F {ej 2πkfsat}

= fsa
∞

∑
k=−∞

δ (f − kfsa) .

(B.3)

Inserting this expression into eq. (B.2) gives

˜
¯
x∗(f) = ˜¯

x(f) ∗ fsa
∞

∑
k=−∞

δ (f − kfsa)

= fsa

∞

∫
−∞

˜
¯
x(ν)

∞

∑
k=−∞

δ (f − ν − kfsa)dν

= fsa
∞

∑
k=−∞

˜
¯
x (f − kfsa) .

(B.4)

The Fourier transform of a pulse series in the TD corresponds to a pulse series
in the FD. The convolution of the bandlimited, time-continuous signal spectrum
˜
¯
x(f) with the pulse series results in a periodic repetition of the spectrum in
intervals fsa. The DFT would correspond to a periodic, sampled spectrum. The
spectral overlap of ˜

¯
x(f) introduces a signal distortion, which is referred to as

aliasing. To avoid aliasing, the highest frequency of the signal fmax has to be less
than half the sampling rate [38]

fmax < B ≤
fsa
2

. (B.5)

This condition is also referred to the sampling theorem and has to be fulfilled
if a definite reconstruction of the information contained by the sampled, analog
signal is desired. The following sections show basic operations to ensure this
requirement for a sample rate conversion.
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B.2 Sampling Rate Down- & Upconversion

Sample rate decimation is the reduction of the sampling rate by an integer factor
U↓ by retaining every U↓-th sample while discarding the remaining samples. The
process consists of two elements, the anti-aliasing lowpass filter followed by the
sample rate downconversion. Downsampling of the discrete-time sequence xk

by a factor U↓ decreases the sampling rate and corresponds to a convolution of
eq. (B.4) by a second Dirac comb with a comb line spacing of f ′sa = fsa/U↓.
Considering eq. (B.4) the Fourier transform of the downsampled sequence ym
results in [53, 130]

˜
¯
y
∗
(f) = ˜

¯
x(f) ∗ fsa

∞

∑
k=−∞

δ (f − kfsa) ∗ f
′
sa

∞

∑
k=−∞

δ (f − kf ′sa)

= ˜
¯
x(f) ∗ fsa

∞

∑
k=−∞

δ (f − kfsa) ∗
fsa
U↓

∞

∑
k=−∞

δ (f − k
fsa
U↓
)

=
fsa
U↓

∞

∑
m=−∞

˜
¯
x(f −m

fsa
U↓
) .

(B.6)

The signal spectra x̃(f) are now centered around the resulting sampling fre-
quency f ′sa = fsa/U↓. To avoid an overlapping of the spectra, an anti-aliasing
lowpass filter with a cut-off frequency fc ≤ fsa/(2U↓) has to be applied before
the downsampling.

Increasing the sampling rate by an integer factor U↑ is similar to the case of
a downconversion. The discrete signal is upsampled by inserting U↑ − 1 zeros
between the samples. Afterwards, an interpolation lowpass has to be applied. The
upsampling operation increases the sampling rate by inserting zeros in between
the sample points, which corresponds to a convolution of eq. (B.4) by a second

171



B Multi-Rate System

Dirac comb with a comb line spacing of f ′sa = U↑fsa. Eq. (B.4) can be formulated
for the upsampled sequence ym as [53, 130]

˜
¯
y
∗
(f) = ˜

¯
x(f) ∗ fsa

∞

∑
k=−∞

δ (f − kfsa) ∗ f
′
sa

∞

∑
k=−∞

δ (f − kf ′sa)

= ˜
¯
x(f) ∗ fsa

∞

∑
k=−∞

δ (f − kfsa) ∗U↑fsa
∞

∑
k=−∞

δ (f − kU↑fsa)

= fsa
∞

∑
m=−∞

˜
¯
x (f −mfsa) .

(B.7)

Despite increasing the sampling rate to f ′sa, the spectral replica still repeat peri-
odically with fsa. Due to this, the spectral images that are not multiples of the
new sampling rate are redundant and alias into the first Nyquist zone. A lowpass
filtering with a cut-off frequency greater than the signal bandwidth but less then
fsa −B and an amplification of U↑ in the passband has to be applied. This filter is
commonly referred to as interpolation filter, since it fills up the amplitude of the
zero-inserted samples.
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C Joint Non-Data-Aided Clock
Recovery for Space-Division
Multiplexed Optical
Transmission Systems

This chapter has been published as Appendix of [J2]. The material from the
publication has been adapted to comply with the layout and the structure of this
thesis.

C.1 Determinant Complexity Using the
Modified Gram-Schmidt Factorization

The modified Gram-Schmidt factorization is a common way to implement the QR
factorization on hardware [118, 119]. By QR factorizing the matrix ˜

¯
M =

¯
Q

¯
R into

an orthonormal matrix
¯
Q and an upper triangular matrix

¯
R, the calculation of the

determinant can be simplified, since det( ˜
¯
M) = det(

¯
Q)det(

¯
R) = ±1∏

D
i=1¯

ri,i.
Algorithm 1 shows the procedure to find

¯
Q and

¯
R with the required number of

complex operations given as comments.
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Algorithmus 1 : Gram-Schmidt Factorization
˜
¯
M: D ×D Spectral correlation matrix

¯
Q = ˜

¯
M

¯
R = I
// D times

for i = 1 to D do

¯
ri,i = sqrt(

¯
q†
∶,i¯
q
∶,i
) // D squares, D − 1 additions

¯
q
∶,i
=
¯
q
∶,i
/
¯
ri,i // D divisions

// D − i times

for j = i + 1 to D do

¯
ri,j =

¯
q†
∶,j¯
q
∶,i

// D multiplications, D − 1 additions

¯
q
∶,j
=
¯
q∗
∶,j
−
¯
ri,j

¯
q
∶,i

// D multiplications, D subtractions

end
end

With ∑D
k=1 k = D(D + 1)/2 we find the number of complex multiplications and

additions required for the QR factorization to be

Cdet,comp.× =
D

∑
k=1

2D + 2D(D − k)

=D3
+D2

Cdet,comp.+ =
D

∑
k=1

D − 1 + (D − k)(2D − 1)

=D3
−
1

2
D2
−
1

2
D .

(C.1)

After QR factorization, the determinant is mainly given by the product of the
diagonal elements in

¯
R, which involvesD−1 additional complex multiplications.

This gives
Cdet,× = 3D

3
+ 3D2

+ 3D − 3

Cdet,+ = 5D
3
+ 5D2

+ 2D − 3
(C.2)
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real-valuedmultiplications and additions and finally leads to eq. (7.23) considering
the multiplications realized using the shift-add algorithm.
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Glossary

List of Abbreviations

ADC Analog-to-digital converter
AI Artificial intelligence
ASE Amplified spontaneous emission
ASIC Application-specific integrated circuit
AWG Arbitrary waveform generater
AWGN Additive white Gaussian noise
Btb Back-to-back
BER Bit-error ratio
BPD Balanced photodetector
CD Chromatic dispersion
CDR Clock and data recovery
CFO Clock frequency offset
CMOS Complementary metal-oxide semiconductor
CP Charge pump
CSNR Constellation signal-to-noise ratio
CSNDR Constellation signal-to-noise-and-distortion ratio
CV-QKD Continuous-variable quantum key distribution
DAC Digital-to-analog converter
DC Datacenter
DCI Datacenter interconnect
DD Decision-directed
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Glossary

DFB Distributed-feedback
DFT Discrete Fourier transform
DGD Differential group delay
DIT Decimation in time
DP-IQM Dual-polarization inphase and quadrature modulator
DP-OH Dual-polarization optical hybrid
DSP Digital signal processing
DTFT Discrete-time Fourier transform
DV-QKD Discrete-variable quantum key distribution
EAM Electro-absorption modulator
EB Elastic buffer
ECL External-cavity laser
EDFA Erbium-doped fiber amplifier
ER Extinction ratio
FB Feedback
FD Frequency domain
FEC Forward error correction
FF Feedforward
FFT Fast Fourier Transform
FIFO First-in first-out
FIR Finite impulse response
FPGA Field-programmable gate array
FTN Faster-than-Nyquist
IIR Infinite impulse response
IM/DD Intensity modulation and direct detection
IoT Internet of things
IQM Inphase and quadrature modulator
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Glossary

ISI Intersymbol interference
LDPC Low-density parity-check code
LF Loop filter
LMS Least-mean-square
LO Local oscillator
LPF Lowpass filter
LSB Least-significant bit
LTI Linear time-invariant
LUT Look-up table
MA Moving average
MAC Multiply-and-add
MCF Multi-core fiber
MD Modal dispersion
MDL Mode-dependent loss
MIMO Multiple-input multiple-output
ML Machine learning
MMF Multi-mode fiber
MSB Most-significant bit
MSE Mean-squared error
MMSE Minimum-mean-squared error
MZM Mach-Zehnder modulator
NDA non-data-aided
NCO Numerical-controlled oscillator
NRZ Non-return-to-zero
OOK On-off keying
ONU Optical network unit
OLT Optical line terminal
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Glossary

PAM2 Two-level pulse amplitude modulation
PAM4 Four-level pulse amplitude modulation
PAM8 Eight-level pulse amplitude modulation
PD Phase detector
PF Power fading
PI Proportional-integral
PIN Positive intrinsic negative
PLL Phase-locked loop
PMD Polarization mode dispersion
PON Passive optical network
ppm Parts-per-million
PRBS Pseudo-random binary sequence
PSD Power spectral density
QKD Quantum key distribution
16-QAM 16-level quadrature amplitude modulation
RAM Random-access memory
RC Raised-cosine
RC-4CF Randomly-coupled 4-core fiber
RC-MCF Randomly-coupled multi-core fiber
RF Radio frequency
RMS Root-mean-square
RRC Root-raised-cosine
Rx Receiver
SDM Spatial-division multiplexing
SMF Single-mode fiber
SNDR Signal-to-noise-and-distortion ratio
SNR Signal-to-noise ratio
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Glossary

SOA Semiconductor optical amplifier
SoC System-on-a-chip
TD Time domain
TDM Time-division multiplexing
TDMA Time-division multiple access (TDMA)
TE Timing estimator
TED Timing error detector
TIA Transimpedance amplifier
VCO Voltage-controlled oscillator
VOA Variable optical attenuator
WDM Wavelength-division multiplexing
WSS Wavelength-selective switch

List of Mathematical Symbols

Uppercase Latin Symbols

J Jitter (VCO or detector)
B Single-sided signal bandwidth
BL Control loop bandwidth
C Complexity specified in number of real-valued additions
D,K Number of coupled/uncoupled channels

˜
¯
D Propagation matrix
Dcd Chromatic dispersion coefficient
DL Feedback delay in a control loop
Etx Transmitted optical field
I Identity matrix
L Fiber length
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Glossary

˜
¯
M Spectral correlation matrix
M Polynomial degree
MB Number of symbols
N Number of elements (FFT or algorithm)
Nbit Bit width
NL Number of discrete time delays
No Number of samples that overlap for timing acquisition
Ntap Number of filter taps

P Number of parallel samples processed in DSP/
Downconversion factor from VCO frequency to lower frequency

P0 Mean optical power
Ptx, Prx Transmitted/received optical power
Ra Autocorrelation function of a random process a
Sa PSD of the autocorrelation function of a random process a
Tsa Sampling period
Tsym Symbol period

U↑, U↓ Integer up-/downsampling factor

˜
¯
U, ˜

¯
V Unitary coordinate transformation matrices

V (t) VCO voltage

Lowercase Latin Symbols

a Zero-mean, cyclostationary random process

a(t), am Continuous-/discrete-time symbol
amod Sinusoidal phase modulation amplitude
an Noise amplitude
a, b In appendix: coefficients
c Constant coefficients
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Glossary

cd Loop filter timing error detector sensitivity
ci, cp Loop filter integral/proportional coefficient

f Frequency
f0 Center frequency
f3dB 3-dB bandwidth
fc Cutoff frequency
flo Local oscillator frequency
fm Frequency nulls caused by power fading
fmax Maximum frequency
fmod Sinusoidal phase modulation frequency
fsa Sampling rate
fsym Symbol rate

∆f Frequency difference
h, c, p, g System responses
hcd Chromatic dispersion response
hpf Power fading function

k Discrete-time element index
k0 Discrete-time delay
l Lagrange interpolator coefficients
m Integer sampling delay
n Additive white Gaussian noise
n In subscript: frequency bin index

r(d)(t) d-th time-continuous, received signal
s Upsampled symbol sequence
stx Electrical transmit signal
x, y, z Signals
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Greek Symbols

α Power series coefficient
αc Number of additions per variable-fixed-value multiplication
βc Number of additions per variable-variable-value multiplication
ε Timing error
ϵ Nonlinear interference terms
ζL Control loop damping factor
ηos Oversampling ratio
ϑ Speed of light
λ Wavelength
Λ Channel group delay matrix
µ Fractional sampling delay
µeq Equalizer step size

ν Number of frequency pairs
ρ Roll-off factor
σ Standard deviation
τ Overall sampling offset
τ̂ Estimated overall sampling offset
τg Group delay

τtx,rx(t) Sampling phase offset between transmitter and receiver clock

φ Spectral phase
φn Phase noise
ρ, γ, ξ, ζ Auxiliary variables/signals
ω,Ω Angular frequency/Normalized angular frequency
ωn Control loop natural frequency
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Glossary

Signal Annotation and Accents

xk Real value in time domain

¯
xk Complex value in time domain
˜
¯
xn Complex value in frequency domain
x Average of x

⟨x⟩ Ensemble average of x
x̂ Symbol decision of x
x Vector
X Matrix

Mathematical Symbols

CN Complex-valued normal distribution
e Euler’s number, 2.71828⋯
E{⋅} Expected value

F{⋅} Fourier transform

I{⋅} Imaginary part
j Imaginary unit
L,LdB Carrier-to-modulation ratio within a bandwidth of 1Hz
N Normal distribution
O(⋅) Big-O notation

R{⋅} Real part

S{⋅} Time-discrete system operator

Mathematical Functions

δ(⋅) Dirac delta function

arg{⋅} Phase from the interval −π to π of a complex value
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Glossary

cos(⋅) Cosine function

det(⋅) Determinant of a matrix

exp(⋅) Natural exponential function

logx(⋅) Logarithm with base x

max(⋅) Maximum element of a vector

min(⋅) Minimum element of a vector

mod1{⋅} Modulo-1 operation

sgn(⋅) Sign function

sin(⋅) Sine function

sinc(⋅) Normalized sinc function sinc(x) = sin(πx)/(πx)

std(⋅) Standard deviation

tr(⋅) Trace of a matrix

unwrap{⋅} Function to unwrap jumps between consecutive samples

var(⋅) Variance

⌊⋅⌋ Round to next lower integer
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