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Abstract

‘We propose a new, port-Hamiltonian formulation for the highly nonlinear dynamics of pla-
nar geometrically exact beams, which are amenable to arbitrary large deformations and ro-
tations. A structure-preserving spatial and temporal discretization procedure - using mixed
finite elements and second-order time-stepping methods - is proposed. It is observed that
the present approach is objective, locking-free and provides an exact discrete representation
of the energy and angular momentum balance. By comparing the approach to a classical
displacement-based scheme from the literature it is shown that the port-Hamiltonian for-
mulation paves new ways for the design of energy-momentum schemes in computational
mechanics. Numerical examples underline the applicability to flexible multibody systems
and beneficial numerical performance.

Keywords Planar Simo-Reissner beam - Port-Hamiltonian systems - Flexible multibody
systems - Structure-preserving discretization - Mixed finite elements - Locking

1 Introduction

Highly flexible slender structures, such as beams, strings, rods, or shells, are ubiquitous
in complex natural and technical systems. Typically, they function as sub-modules within
larger flexible multibody systems, which may also include rigid components or joints [1, 2].
The dynamic behavior of such systems can be highly complex due to nonlinear geometry
and intricate material properties. Accurately simulating these systems is crucial, particularly
for long-term behavior, where numerical dissipation or energetic inconsistencies can lead to
unphysical results.

A central approach to describing large deformations in thin, highly flexible structures is
the use of geometrically exact beam (GEB) models, also known as Simo-Reissner beams
[3, 4] or special Cosserat rods [5]. These highly popular models [6—12] accurately capture
large displacements and rotations without relying on linear approximations and remain a
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highly active research topic [13—16]. For a comprehensive overview on beam modeling, see
[17].

The port-Hamiltonian (PH) framework has proven to be a powerful method for modeling
and controlling dynamical systems [18, 19]. By ensuring energetic consistency and enabling
modular interconnections, the PH framework allows interactions between different physical
domains — such as mechanics, electronics, and thermodynamics — to be unified within a
single formalism. This approach has been successfully applied to infinite-dimensional dy-
namical systems [20-22] and various structural elements such as strings [23-25], plates
[26, 27], and beams [28-31]. In the context of finite strain elasticity, velocity-stress formula-
tions have been developed in [32, 33]. In [34] the application to a floating frame formulation
is discussed. Starting from a discrete Lagrangian description, the PH approach is exploited
in [35] for energy-shaping control.

Furthermore, structure-preserving discretization methods are crucial for the successful
application of the PH framework in flexible multibody simulations. These methods en-
sure that the underlying energy balance equation is maintained at the discrete level, pre-
venting numerical dissipation and energy inconsistencies. In particular, the spatial dis-
cretization of PH systems is commonly handled using the mixed finite element methods
[24, 34, 36-38]. Similarly, time discretization plays a crucial role in capturing the evolu-
tion of system dynamics while preserving energetic consistency. Energy-preserving time
discretization schemes, such as midpoint type methods, discrete-gradient approaches or
projection-based schemes ensure that energy flows within the system are correctly simu-
lated, which is particularly vital for long-term stability and control applications.

Schemes capable of preserving both energy and momentum are commonly termed EM
schemes. Being a popular tool for the simulation of mechanical systems, notable works
dealing with geometrically exact beams are for example [12, 39, 40].

1.1 Research gap

Despite the extensive research on both GEB models and the PH framework, there has been
no prior work integrating these two approaches. This is surprising given that the PH frame-
work is particularly well-suited for flexible multibody systems, where GEB formulations are
often used. The combination of these two methodologies could provide a powerful tool for
accurate and energy-consistent simulations of such systems.

Another critical challenge in the numerical simulation of slender mechanical structures is
the phenomenon of transverse shear locking. This numerical stiffening effect arises during
discretization, leading to unrealistically small deformations. While popular solutions such
as selectively reduced integration [39] and mixed finite elements exist, shear locking has
received little attention in the PH context. The only reference we are aware of is [41], which
discusses mixed finite elements for Mindlin plates but does not address GEBs.

Additionally, existing geometrically nonlinear PH beam formulations [29, 30] rely on
Lie group representations for rotations, which, while mathematically elegant, require a deep
understanding of differential geometry. This limits accessibility for engineers and practition-
ers unfamiliar with these advanced mathematical concepts. A coordinate-based formulation
would be more approachable and widely applicable in engineering practice.

1.2 Contributions
To bridge these gaps, our work contributes to the field in the following key areas:
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C1) We propose a novel, infinite-dimensional PH formulation for planar GEBs, which nat-
urally accommodates large deformations and rotations while ensuring intrinsic energy
consistency. This formulation allows for seamless interconnection with other PH sys-
tems.

C2) We analyze the structure-preserving spatial and temporal discretization using mixed
finite elements and second-order time-stepping methods. Our approach yields a new
energy-momentum (EM) scheme and thus ensures exact discrete representations of the
energy and angular momentum balance, enhancing long-term simulation accuracy.

C3) We demonstrate that the mixed finite element approach, naturally induced by the PH
framework, mitigates shear locking for planar GEBs.

In our previous work, we applied an analogous PH-based approach to geometrically exact
strings [24] and incorporated energy-consistent dissipation models [25]. Therein, the spe-
cific PH framework [42-45] has been proven useful also in the finite-dimensional setting.
Here, we adopt this formulation for planar beams, addressing the specific challenges asso-
ciated with their nonlinear geometry and deformation behavior.

1.3 Assumptions

We exclusively consider planar problems here to avoid additional challenges related to the
parametrization of spatial rotations. For simplicity, we also assume the cross-section as well
as material parameters of the beam to be constant along its centerline. Although the kine-
matical description is entirely nonlinear in this work, thus allowing large rotations and dis-
placements, it is sensible to locally assume small deformations. To this end, we restrict
ourselves to a linear St. Venant-Kirchhoff type stress-strain relation at some point through-
out the discretization procedure. Nevertheless, nonlinear constitutive laws may be included
in a straightforward manner, effecting only the necessary time discretization. Analogously
to the previous works [24, 25] one could exemplarily use discrete gradients to obtain EM
schemes in that case.

1.4 Notation

Vector-valued functions are denoted using bold faces, e.g. a,b € R2. Scalars assume italic
fonts, e.g. ¢, d € R. Moreover, we write a = Zi:l a,e,, where e, denotes a unit vector of a
Euclidean inertial frame in R2. The scalar product of two vector-valued quantities is denoted
by means of the dot product, e.g. a-b=a'b = a,b, + ab,. We define the result of a cross-
product of two vectors from R? as ¢ =a x b = a; b, — a,b,. For simplicity we introduce a
representation using a constant, skew-symmetric matrix S € R?*? such that

axb=a'Sb=(STa)-b, where S::|:_O1 (1):| (€))

Partial derivatives of sufficiently smooth vector functions are denoted by d;n(s,t) =
an(s,t)/ds. Second partial derivatives are written as, e.g., d?n(s, ) = 3*n(s,t)/ds* or

aftn(s, t) = 8’n(s, t)/dsdt. For the inner product over a one-dimensional domain param-
eterized by an arc-length coordinate s, we denote

(a,b)o ::/a-bds, (c,d)q ::/cdds, 2)
Q Q
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Fig.1 Geometrically exact beam kinematics

always taking into account the dimension of the respective quantities. Identity matrices are
denoted by I and matrices full of zeros by 0, their dimension being clear from the context.
The square [J represents a placeholder and will be used for instance in differential operator
matrices.

1.5 Outline

The remainder of this work is structured as follows: In Sect. 2 we introduce the initial
boundary value problem (IBVP) connected to planar GEB dynamics. Section 3 starts by
reformulating this IBVP as an infinite-dimensional PH system and analyzes underlying con-
servation principles. In Sect. 4, the structure-preserving discretization in space and time is
demonstrated, also showing that discrete versions of the conservation properties can be ob-
tained. We also show that the newly devised EM scheme distinguishes itself from previously
developed EM schemes. Section 5 contains numerical results for example problems. A con-
clusion is given in Sect. 6. Derivations and details, which are not crucial for the bulk part of
the work, are comprised in Appendices A.1-A.5.

2 Problem description

Consider a one-dimensional material beam configuration = [0, L], with length L € R,
such that the motion of each material point on the centerline (also referred to as backbone
or line of centroids) is described via the position vector r(s, t) € €, C R?. Here, the inde-
pendent quantities are the material (arc-length) coordinate s € €2, which parameterizes the
centerline of the stress-free and straight initial configuration Qy = {r(s,0) = se;|s € Q},
and time ¢ € [0, T] C R, see Fig. 1. Allowing a geometrically exact description of the kine-
matics, every cross-section remains planar during motion and its orientation is described by
means of an angle ¢ : Q2 x [0, T] — R, which parameterizes a local rotation matrix

__|cosp(s,t) —sing(s, 1)
Alpls, 1)) = |:sin<p(s,t) cosgo(s,t)} @)

from SO (2), the special orthogonal group in two dimensions. Hence, it holds that AT = A~
and det A = 1. In the following, the explicit dependency on the spatial and temporal domains
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is omitted and only mentioned where deemed necessary. It can be easily verified that the
relationships

A =3,0STA, %A =0¢STA 4)

hold, where the skew-symmetric matrix S has been introduced in (1). To quantify the strain
in the beam we use two material strain measures. The first one is given by

T _aTa. |1
r_[rz]_A ar M ®)

where 9,1 is the spatial tangent vector to the deformed centerline of the beam. Consequently,
I'| can be linked to a dilation and I'; to the transverse shear strain. Additionally, we consider
the curvature measure

Kk =059, (6)

which can be interpreted as the rate of change of orientation when moving along the beam.
Note that for the straight initial configuration, relations (5) and (6) induce I'(s, 0) = 0 and
k(s,0) =0, for all s € Q. Moreover, the rotation matrix can be expressed in terms of unit
directors {da}izl, where d; is normal to each cross section and d, transverse to it, such
that A = [d;, d;]. Now, the physical nature of the strain quantities can be underlined since
I'=d;-0,;r— 1 and I', = d, - d,r. We further remark that one may also write d, = Ae,,
a e {l1,2}.
The kinetic energy of the beam is defined as the functional

1 1
T, ¢ :/ (—,OAarl‘- or+ —p1(3f¢)2> ds, @
o \2 2

where the mass density per unit length is denoted as pA € R~ and the rotational inertia per
unit length is pI € R-(. Additionally, the constitutive behavior is assumed to be governed
by an elastic potential that enters the total potential energy

V(r,go):/ W(I', k) ds. 8)
Q

Therein, W denotes the strain energy density function. The material stress resultants are
defined as partial derivatives of the strain energy density, i.e.

N=orW and M=9,W. ©)

Their spatial counterparts can be determined by n = AN for the spatial internal force vector
and m = M for the spatial internal moment. Note that N contains both the normal and shear
force while M denotes the material bending moment.

Remark 2.1 For a linear-elastic material model, one can assume a St. Venant-Kirchhoff type
quadratic potential W(I', k) = %I‘TDtSF + %EIKZ with

EA 0
D‘Sz[o kGA]' (10)

Therein, the cross-sectional area A, the elastic modulus E, the shear modulus G and
shear stiffness correction factor k appear. Correspondingly, (9) gives rise to N = DI' and
M=EI«k.
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Using Hamilton’s principle one can derive the following partial differential equations
(PDEs), which can be recognized as local balance equations for angular and linear momen-
tum [4, 5], i.e.

pAdr(s, 1) = d;(AN)(s, 1) + (s, 1),
an
p13t2<p(s, t)=0;M(s,t)+ osr(s,t) X (AN)(s,t) +m(s, 1),

where external distributed forces n and torques 7 have been introduced.
The nonlinear initial boundary value problem (IBVP) at hand is completed by possibly
mixed boundary conditions on 92 = {0, L} = 90Q2p U 9, e.g.

r(s =0,t) =rp(t), n(s =L,t) =ny(), 12)
(s =0,1) = gp(1), m(s =L,t) =mx(t),

where dQ2p at s = 0 denotes the Dirichlet boundary, d2y refers to the Neumann boundary
at s = L and (O)p,n indicates a prescribed quantity on the respective boundary. Lastly,
appropriate initial values

r(s,0) =ro(s) on £,
(13)
@(s,0) =@o(s) on €,

with prescribed data (), are required.

Eventually, the IBVP looks for solutions (r*, ¢*) of the PDEs (11) along with the consti-
tutive closure relations (9) such that (12) and (13) are satisfied.

3 Port-Hamiltonian formulation

We propose a PH formulation for planar geometrically exact beam dynamics and subse-
quently develop a structure-preserving spatial and temporal discretization approach. In a
first step, this involves a reformulation of the above IBVP as outlined in the following.

3.1 Reformulation as infinite-dimensional port-Hamiltonian system

To rewrite the above IBVP (11) for geometrically exact beams as an infinite-dimensional
PH system [20], we introduce an extended set of variables. Besides the state variables from
the Lagrangian formulation, also the strains (I, k) and velocities

v:=,r, =0, (14)
are introduced as independent variables. Thus, the state is now given by

x=(r,p,v,0,I, k). (15)

The total energy, also referred to as Hamiltonian functional, of the beam is given by
1 1 2
Hx) = | Hx)ds = (EpAv v+ 3Pl + W, K))ds, (16)
Q Q
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being the sum of kinetic energy (7) and the internal potential energy' (8). Additionally, we
have introduced the Hamiltonian density per unit length H in equation (16). We moreover
require evolution equations for the strains, which can be deduced from their definitions (5)
and (6) as well as (4), such that

3, T =wATSo,r+ ATa,v,
17)
0,k = 0;w.

Now, it is possible to formulate the IBVP from the previous Section equivalently in terms of
the extended state (15) as a set of PDEs

ur=v, (18a)
0=, (18b)
pAdv=0d;(AN) 4+, (18¢c)
pld,w=93,M + d,r"'SAN +m, (18d)
3T =wATSdr+ AT d,v, (18e)
0k = 0s. (18f)

along with the constitutive closure relations (9) and appropriate initial and boundary condi-
tions, conforming with (12) and (13).

To highlight the PH structure of the above PDEs and to show that the problem at hand
is an infinite-dimensional PH system [20, 24, 42, 44], we make use of a matrix operator
notation such that

1 r
1 ®
pAI v
ol Y o |
I r
1 K
(19)
I 0 0 0
1 0 00
—I 35 (A (p)) v I Of|[m
-1 asr' SA(p)O 9,0 o |Tlo 1 [m]
Alp)To,0 OA(p)TSd,r N 00
8,0 M 00

where zero-entries have been omitted to improve readability. The above equation can be
written in the compact form

£0,x = J(X)z(X) + Bu, (20)

which is a specific description of a PH system going back to Mehrmann and co-workers
[42, 44], see also related works such as [24, 32, 34] for other infinite-dimensional mechani-
cal systems. One major benefit of this specific formulation is that it may integrate constraints
leading to partial differential-algebraic systems. In the PH state differential equation (20),

INote that the potential of external loads is not included in (16). Instead, external distributed forces and
torques essentially take the role of inputs acting on the system.
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£ is a symmetric and constant coefficient matrix, B is referred to as control or input ma-
trix operator, which is also constant. The distributed control input u = (n, m) contains the
external distributed forces and torques per unit length. We have moreover introduced the
so-called co-state function z being dependent on the state x given by (15). The differential
structure matrix operator J is formally skew-adjoint (see also the upcoming Sect. 3.2 and
particularly Remark 3.1), and state-dependent. The state-dependency here reflects the geo-
metric nonlinearity of the problem at hand. Corresponding to the distributed control input,
power-conjugated and collocated output quantities are defined through

—BTzx) =Y
y=B z(x)—[w]. 21
It is known that (20) enjoys a PH structure, if and only if

ETz(x) = 8 H(X), (22)

where 8y H represent the variational derivative of the Hamiltonian functional. In the present
case, the Hamiltonian density H does not depend on derivatives of the state. Accordingly,
one obtains

H(x) = 0xH(x) = (0,0, pAV, plw, or W, 9, W), (23)
such that (22) holds true in view of the constitutive laws (9).
3.2 Energy balance and passivity

The formal skew-adjointness of 7 is crucial for the energy balance, which in general takes
into account the power transmitted into the system across its boundary. To see this, we
consider

IH = (8H, %)q = (€2, %), = (2. £8,X)g = (2, T2)q + (2, Bu)g, (24)

where we have subsequently inserted (22) and (20). After a straightforward calculation, the
first term on the right-hand side of the last equation yields

(Zs JZ)Q = (V, 83“)9 + (nv 8SV)Q + (C(), aSM)Q + (Mr asw)ﬂ

(25)
+ (0,1, @Sn)q + (n, @S,1)g .
Integration by parts implies the following relationships
(v, 0m)g =— (M, 0;V)g + [V -nlyq,
(26)

((1), aSM)Q = (M! asa))ﬂ + [a)M]dQ .

Inserting from (26) into (25) and canceling out the last two terms in (25) due to the skew-
symmetry of S yields

(z, Tt)g =[v-n]yo + [0 M]yq . 27
Moreover, the second term on the right-hand side of (24) can be recast in the form

(z.Bu)g = (u,87z), = (u,y)q, (28)
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where definition (21) of the output y has been taken into account. Thus, (24) can eventually
be written as

OH=I[vV-n]yo+[oM]yg + (u,y)q . (29)

The last equation complies with the balance law for energy. In particular, the boundary terms
on the right-hand side account for the power transmitted across the boundary of the system.
Depending on the specific boundary conditions, (29) can be recast in the form

OH=us-ys+,Y)gq, (30)

where (uy,Yys) is the boundary input-output pair. For example, in the case of the mixed
boundary conditions (12), one has

vp(?) —n(0, 1)

_ | wn(@® _ | —m(0,1)
uy; = n(f) andy,; = vL.t) |’ 31)

mn(t) w(L,1)

Note that the balance law for energy (30) automatically ensures conservation of energy for
closed systems (i.e. for u = 0, uy = 0) and demonstrates the property of passivity. This
property lies at the core of PH systems and can be exploited for advanced control design.
Later, when it comes to the numerical discretization, we aim to preserve the PH structure to
retain this property in simulations.

Remark 3.1 The property of formal skew-adjointness is basically an extension of skew-
symmetry for matrices to differential matrix operators. Loosely speaking, this means that
the computation of (z, Jz), may only yield boundary terms after integration by parts, see
(27). This property can be briefly written as J = —7*. For more details, see e.g. [41] or
Ch. 4in [19].

Remark 3.2 The underlying mathematical notion is that of a Stokes-Dirac structure, which
defines so-called flow and effort variables on respective dual spaces. This Stokes-Dirac struc-
ture is modulated by the state, which can be seen from the state-dependency of the structure
matrix operator 7 (x). For more detailed explanations on this topic, the interested reader is
referred to Ch. 4 in [19], or related works like [26, 34] or [41].

Remark 3.3 Dissipative material behavior can be easily incorporated into the formulation,
as e.g. already demonstrated in [25]. Eventually, the PH differential equations are modified
such that

Edx=(J(x) = R(X)) z(x) + Bu, (32)

where R = R* is a self-adjoint, positive semi-definite dissipation matrix operator containing
dissipative terms. The PH system remains passive and moreover exhibits dissipation, i.e.

O H = (5xH(X), 0X) g = (2, T(X)2) g — (Z, R2)g + (W, ¥)q
<u -y + (U, y)g

(33)

since (z, Rz)g > 0 for all z.
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3.3 Weak formulation

The weak form of the IBVP can be derived in a straightforward manner from the differ-
ential form. Accordingly, pre-multiplying (19) on both sides by appropriate test functions
(Wr, Wy, Wy, W, Wr, W,), integrating over the spatial domain 2 and applying integration by
parts yields

(W, dr —Vv)o=0,  (34a)

(wg, dp — w)Q: 0, (34b)

(Wy, pA V) + (35 (Wy), AN)g — [Wy - IN]goy — (Wy, D=0, (34c)

(War P18 @) + (B (wa), Mg — (wo. B SAN) = [wy myligy — (Wo, Mg=0,  (34d)
wr, 3T — (wr, wATS 8Xr)9 - (wr, ATasv)Qz 0, (34e)

(W, 0k — dy) =0, (34f)

for all sufficiently smooth test functions. To obtain (34c) and (34d) vanishing test functions

on the Dirichlet boundary have been taken into account. Note that the constitutive relations
(9) will be required in a weak sense as well. Correspondingly, we write

(WwN, N—=09rW)o =0, (34g)
(wy, M — 9, W)g =0, (34h)

introducing additional test functions wy and wy,.

Remark 3.4 The weak form (34a)—(34h) is valid if the Dirichlet boundary conditions are
considered in the space of admissible test functions. However, if the Dirichlet boundary
conditions are to be enforced in a weak sense, the weak form must be slightly modified, e.g.
by introducing additional Lagrange multipliers and accounting for the prescribed boundary
values. In general, enforcing non-homogeneous mixed boundary conditions for PH systems
requires additional care, see, for example, [23, 46—48].

Remark 3.5 The inclusion of the constitutive laws in the weak form (34a)—(34h) may appear
unconventional at first. However, this will be handy later on in the structure-preserving dis-
cretization procedure. Additionally, this highlights the close connection of the present weak
form with a 8-field Hu-Washizu-like variational principle 6 Syw (r, ¢, v, », T', x,N, M) =0.
To this end, choose the test functions as

Wy = pAdv, w, = pléw, wy = 4T, w, =8¢,
(35)
wr =N, w, =8M, wn =4I, wy = Ok.

Furthermore, instead of the rate form of the strain-displacement relationships in (34e) and

(34f), the variational principle yields the strain-displacement relationships (5) and (6). For
the details, see Appendix A.1.
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3.4 Balance of total angular momentum

The total angular momentum of the planar beam relative to the origin of the coordinate
frame is defined by

J :/ (r"SpAv+ plw) ds. (36)
Q

Assuming a pure Neumann problem (i.e. no Dirichlet boundary conditions), the following
choice of admissible test functions

w,=S"pAv, w,=S'r, and w,=1, 37)

can be made in the weak form (34a)—(34h). Accordingly, inserting these functions into (34a),
(34c¢) and (34d) and subsequently adding the resulting equations yields

(STpAvV, 9,x), + (STr, pAd,v), + (1, pldiw)g = (38)

(STpAv.v)o — (8,(8"r), AN), +[STr-ny] o+ (STr. D),

+ (13 aerSAN)Q + [mN]BQN + (17 m)ﬂ .

While the first term on the right-hand side of the last equation vanishes due to the skew-
symmetry of matrix S, it can be shown that the second and fifth term cancel each other.
Moreover, the left-hand side can be identified as the temporal derivative of the total angular
momentum (36). Thus, we arrive at the balance equation

0,0 = / (k78B4 7m) ds + [ S+ ma (39)
Q

This demonstrates that the time rate of change of the total angular momentum is equal to
the angular momentum exerted on the system by distributed input forces and torques as well
as Neumann boundary conditions. In the special case of closed systems, the total angular
momentum is preserved.

Remark 3.6 Note that the balance equation for the total energy can also be proven by em-
ploying a similar approach. In particular, choosing wy = v, w, = w, wyr = Nand w, = M in
weak form (34a)—(34h), subsequently adding the equations resulting from (34c)-(34f), and
taking into account (34g) and (34h) with wy = o, and w,, = 9k, one arrives at relation
(30).

4 Numerical discretization

The numerical discretization of the PH system is based on the structure-preserving mixed fi-
nite element method and energy-consistent time-stepping schemes. Crucial properties of the
infinite-dimensional PH system can be carried over to the discrete setting. The methodology
is summarized in the following sections.
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Fig.2 Degrees of freedom of I’S R
one finite element e
\&X .
ZE
. w5
e
r¢, re, .2/
e a
Vi, K€
e
P1»
.
] Qg

4.1 Structure-preserving spatial discretization

The PH system for the geometrically exact beam dynamics (19) is readily available for spa-
tial discretization via its weak form (34a)-(34h). Specifically, we employ a mixed finite
element approach, similar to [24, 25] and divide the beam domain into 7. finite elements,
i.e. Q=U), Q¢ Since we make use of 2-node finite elements (see Fig. 2), the total amount
of nodes is n, = n. + 1. Displacement and velocity quantities (r, ¢, v, ) are approximated
with C%-continuous, piecewise linear Lagrangian shape functions, while strain and stress
type quantities (I, k, N, M) use piecewise constant discontinuous approximations. We de-
note by

VW HY(S:RY), W'Cc HY(S:R), G'cL*(;R?Y), K'cL*(R), (40)

finite-dimensional subspaces of the Sobolev spaces of square-integrable C°-continuous
functions and of the spaces of square-integrable, piecewise constant functions. Choosing
a specific basis within the Bubnov-Galerkin method, the approximation is expressed as

(s, 1) = ®,(s)B(r) € V", Vi(s, 1) = By (s)¥(1) € VI,
@"(s,1) = ®1(5)P(1) € W', @"(s, 1) = @ (s)@(t) € W",
[h(s, 1) = Wo(s)[ (1) € G, N'(s, 1) = Wy (s)N(1) € ", @b
KM(s, 1) =W ()& (1) e KN, M"(s, 1) =W, (s)M(r) € K",

where (0" denotes an approximation of the field quantity [J and the nodal-unknown vector
[J contains entries from all finite elements and the respective nodes. Moreover, for the ap-
proximation of the corresponding test function w consider the same basis as for (", In
this context, the above ansatz matrices contain the linear Lagrangian shape functions or the
piecewise constant functions, e.g.

PG50 = B0F0) = Nim (0, (422)
i=1
(5,0 = WT (0 = 3 N0, (42b)

i=1

for more details see Appendix A.2. The basis functions are depicted in Fig. 3. We follow
common finite element procedures, see e.g. [49, 50], which also includes an assembly of the
global system matrices and vectors accounting for the respective nodal indices and degrees
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1 T N
Ni N,
I A I :
—1 Q 1
Fig.3 Ansatz functions and reference element
of freedom, such that e.g. 5™ =r¢ are the same degree of freedom. The degrees of free-

dom of one finite element are depicted in Fig. 2. Additionally, we perform all computations
on element level and consider the isoparametric concept to transform all calculations to a
standard reference element with & € Q= [—1, 1], see Fig. 3.

Eventually, the finite-dimensional version of the state (15) contains the degrees of free-
dom of all finite elements and is given by

XK=& 0,9,6,1,8). 43)

Inserting the ansatz (41) into (16) gives rise to the approximated Hamiltonian. Note that
we henceforth assume linear-elastic constitutive relations (see Remark 2.1) for the ease of
notation. The discrete Hamiltonian reads

A A IAT N 1 AT ~
HEX) ==V pAM,V + Ew pIM,@ +

> "Dk, (44)

AT A
r D, T +

N —
N —

where the system matrices can be found in Appendix A.3. The corresponding discrete sys-
tem dynamics are obtained by approximating the weak form (34a)—(34h) with the ansatz
spaces (40). The discrete system dynamics are given by

=0, (45a)
=0, (45b)
(wvh, pAa,vh)Q + (as (wyh, A(goh)Nh)Q - [wvh SN (wvh, i) =0, (45c)
(uh, ,Olafa)h)n + (0, wh), Mh)Q — (uh, (‘dsrh)TSA((ph)Nh)Q - [w,*; mNLQN — (wh. @) =0, (45d)
=0, (45f)
=0, (45g)

)
)
)
)
(wrh, atrh)Q . (wrh, whA«ph)Tsa\.rh)Q - (wrh, A(goh)TBXVh) —0, (45¢)
)
)
) =0. (45h)

With the chosen basis functions from (41) it is possible to transform the above variational
formulation into a finite-dimensional PH system in terms of differential equations, assuming
the arbitrariness of the test functions. We arrive at the discrete PH system governed by
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M, £
M, [
pAMz a v _
pIM, ar | & |~ (46)
C2 r
C 4
M, 0
M, 0
-M; —G2(9) v [Ua 0] }
P N B; B N .
-M] ViE.§) G || @ +[Bs Bo] g ()
G@" V@ 9T N
G/ M
along with the algebraic constraints for the stress resultants
CN=D,I, and CM=D&, 47)

emerging from (45g) and (45h). For the detailed definitions of the system matrices see Ap-
pendix A.3. For the implementation details concerning the input vectors and matrices, which
deal with both distributed and boundary inputs, we refer to Appendix A.4. Note that the sys-
tem output ¥ contains both angular and translational velocities in the domain and at the

boundary, i.e.
N B1. .
y=[ﬁ]=[%}um, (48)
Yo Q

see also the definition in the continuous setting (31). Analogously to the infinite-dimensional
version (20), we can recast the semi-discrete set of equations in the spirit of a PH framework
as in [42—44] given by

E-L%— J®i®) + Ba,
dr (49)
y=BTi%),

where the output equation has been appended. Analogously to (20), E is a symmetric co-
efficient matrix and J(X) = —J(X)T denotes a skew-symmetric and state-dependent struc-
ture matrix, reflecting the geometric nonlinearity of the problem at hand. As in the infinite-
dimensional case, the system (49) is PH if and only if

E'7(®X) = VAR) (50)

holds true. In view of the discrete Hamiltonian (44) this can be verified by using the discrete
constitutive relations (47).

Note that the input term Bu contains both distributed and boundary input terms, i.e.
distributed forces and torques as well as boundary quantities emanating from the Neumann
boundary conditions. Moreover,  is the discretized co-state function. As already shown in
the infinite-dimensional setting, one core property of the PH formulation is that it satisfies a
formalized energy balance, see (30). This property is inherited by the semi-discrete system
(49) such that

iA_ AATiA_AAT iA_AAT NG (S AV ATa
dtH_VH(X) th_Z(X) Ed[x_z(x) JXzx)+Bu)=u'y, (&2
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where the skew-symmetry of the structure-matrix has been taken into account. This relation
highlights the passivity of the finite-dimensional system and energy-conservation is obtained
for closed system. The semi-discrete PH system (49) is the basis for the structure-preserving
time discretization in the next section.

4.2 Structure-preserving time discretization

We aim at a structure-preserving time discretization of the semi-discrete PH system (49)
with the equivalent variational formulation (45a)-(45h). To this end, we apply an implicit
one-step scheme which is based on the implicit mid-point rule. Let X, ~ X(#,) at time in-
stance ¢, and consider an equidistant time-grid such that [0, T] = Uﬁ:’zo[tn, ty+1] with N time
steps of constant size h =t,,,| — t,,.

The time-stepping scheme we propose, given the PH system (49), can now be written in
the form

E(R1—%) = hJRus12)Zr12 + h By, 50
N — B (52)
Yot12 = Zy11/2,
forn=0,...,N — 1, where X,,i» = %(f(,hq +X,), While we assume that @,,,,,, is the

evaluation of the (possibly discontinuous) input function at f,, />, this must not be neces-
sarily the case. It could also be the evaluation at some other point within the time interval of
interest or an average value. Additionally, the time-discrete co-state vector Z,1 is defined
through

E'Z, 1= Vﬁ(ﬁnﬂ/z), (53)

which can be inverted, since E is square and non-singular. Correspondingly, the discrete-
time output ¥,/ is an approximation for y(z,1,2). For at most quadratic Hamiltonians,
like here (44), the midpoint-evaluated gradient satisfies the directionality property?

VHEs12) " Rost — i) = HRup) — HK,). (54)

The structure-preserving scheme is energy-consistent and second-order accurate. It ensures
an exact energy balance in discrete time, i.e. making use of directionality property (54) we
obtain

Hypr — Ho = (Zu112) E (Rps1 — X,) = (Zns12) ' h (JRug1/2)Zns1/2 + Blyy12) 55)

=h (ﬁn+l/2)T§'n+l/2,

where we have used the skew-symmetry of J. This relation is a time-discrete counterpart of
(51). This proves that the present time-stepping scheme exhibits passivity and losslessness
(which includes energy-conservation in the case of vanishing inputs).

Remark 4.1 Note that analogously to [24, 25] discrete gradients may be employed in the case
of nonlinear materials to obtain energy-consistency in that case. The application of discrete
gradients ensures the directionality condition (54) to be true for all Hamiltonians.

2This property can be directly extended for more general Hamiltonians by means of discrete gradients [24,
45,51, 52].
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The time-stepping scheme governed by (52) and (53) corresponds to an approximation
of the weak form (45a)—(45h) after choosing the above-mentioned basis functions. A direct
discretization of this weak form in an equivalent manner yields

(W', on =1 —hvpyn), =0, (562)
(wg, @nyy — ¢ — 1), =0, (56b)
(W pAWE, = VD) g+ (B W™ AR N, o),
—h[w" - s 2]yq =B (W Bag12) =0, (56¢)
(wey, P @y — o)) + (s (wi) AMy ).
— (wh, (@b, ) TSA@L N ),
—h [we (mN)n+12]50,, — 1 (Wes Tls12) g =0, (56d)

(th’ rn+1 rh) (th’ ha’lr:+1/2A(‘Pn+1/2)Tsasr2+1/2)

— (wr", hA((le/z) IVini1n)g =0, (56¢)
(wi Kty — Ky = hdsyy ), =0, (56f)
(WN ’Nn+1/2 lern+1/2)Q 0, (56g)
(whss My p — EI"n+1/2) =0. (56h)

The weak representation (56a)—(56h) also facilitates the following derivations.
4.3 Discrete balance of total angular momentum

Here, we show that the proposed discretization approach inherits the balance of angular
momentum (39) in a discrete sense. To this end, one proceeds in very similar way to the
continuous case, see Sect. 3.4. The discrete total angular momentum is defined as

Jh= / () TSpAV: + plwh) ds (57)
Q
forn =0, ..., N. Itis then stated that the identity

‘]nh+l Iy = / ((r:ﬂ/z)TSPA(V:H -+ (r2+1 - rZ)TSPAVEH/z

(58)
+ ,()I(ce)}:+l - a)Z)) ds
holds true. Now, from all admissible test functions we set
w = STpAVZH/z, w = STrSH/z, and w" =1, (59)

and add up the discrete-time weak forms (56a), (56c) and (56d). Eventually, the right-hand
side of (58) can be identified in the result, such that

J;H Jrl;:/ ((r:+1/2)TSﬁn+l/2+mﬂ+1/2) ds
§ (60)

+ (@12 TSN g2 + (mN)n+1/2]mN
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remains. Correspondingly, only terms induced by Neumann boundary conditions as well as
distributed input forces and torques remain in the discrete balance of angular momentum.
This shows that the proposed time-discretization scheme inherits the balance of angular
momentum from the continuous setting and the total angular momentum is conserved for
closed systems.

Remark 4.2 Note that the discrete-time balance equation for the total energy (55) can be
proven alternatively by employing a similar approach with appropriate discrete-time test
functions.

4.4 Comparison with the usual approach to the design of EM methods

The present PH approach to the design of EM schemes can be distinguished from previously
proposed EM methods, which typically impose the strain-displacement relationships (5)
and (6) at the end of each time step. In particular, the present approach relies on the time
discretization of the rate form of the strain-displacement relationship (17), which is further
analyzed in Sect. 4.4.1. This crucial difference is illustrated in Sect. 4.4.2 by comparing the
present formulation with the classical work by Stander and Stein [39]. Lastly, we deduce
a purely displacement-based version of the PH scheme making use of an internal history
variable in Sect. 4.4.3. In what follows, we can focus on the temporal discretization while
leaving the spatial discretization apart for the sake of conciseness.

4.4.1 Strain-displacement relationships in the time-discrete setting

Second-order EM schemes are commonly based on the application of the mid-point rule
to the kinematic displacement-velocity equations. That is, in the present case of the planar
beam?®

L1 — I = hvn+l/2, (61a)
Pn+1 — Pn = ha)n+l/2y (61b)

which conforms with (56a) and (56b), respectively. Our PH approach relies on the discretiza-
tion of the rate form of the strain-displacement relationship (17). Accordingly, application
of the mid-point rule yields

Toi1 — Ty = houi1pA(@ns12) 'S 05Tt 2 + HA(@ur1/2) ' Va1 2, (62a)
Kny1 — Kn = h0s@pq1/2, (62b)

which complies with (56e) and (56f), respectively. Substituting (61b) into (62b) yields
Kn+1 — Kp = a5'§0r14rl - 3s§0n, (63)

which implies k1 = ds¢,+1, since «, = dy, is given for consistent initial conditions.
However, a similar result is not obtained from (62a) due to the nonlinearity of the strain-
displacement relation (5), i.e. I = A (@) d,r — e,. Instead, (62a) can be recast in the form

Top1 =T, + AQA(@ut12) ' SOTup12 + A(@urifp) | (AD), (64)

3The energy-consistent time discretization proposed in [40] for the present planar beam model is an excep-

tional case which relies on a modification of (61b) leading to 2 tan w =hoyy1)2.
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where use has been made of (61a)—(61b) along with the notation
Ap:=@,1 —¢@, and Ar:=r,;; —r,. (65)

Thus (64) serves as update formula for the determination of I, ;. Note that this is in sharp
contrast to evaluating the strain-displacement relation (5) at #,,1;.

4.4.2 Link to the classical EM scheme by Stander & Stein

To link the present PH EM scheme to the classical EM scheme by Stander & Stein [39], we
first provide a modification of (64) which enforces the fulfillment of the strain-displacement
relation (5) at #,.;. This is, as stated above, a typical feature of common EM methods.
Accordingly, we consider the modified mid-point rule

To1 — T = hZo(AQ)0ns12 A (@s12) 'S 05T + hZ1(AQ)A(@ns1/2) T s Vag1 /2, (66)

where

JAY)

Ag sin 5
Z(Ag) :=cos - and Z,(Agp):= i 67)

2

have been introduced. Since both Z; — 1 and Z, — 1 for A¢ — 0, the consistency of
the mid-point rule is not affected. Moreover, since Z; and Z, merely cause a second-order
perturbation of the mid-point rule, the accuracy of the integration rule is not affected. This
modification eventually yields an endpoint satisfaction of the kinematic relation such that
T.1 = A(@uq1) " 9,141 — ;. For the detailed derivations, see Appendix A.5.

We continue with the weak form that lies at the heart of [39]. Specifically, the weak form
can be cast in the frame of the principle of virtual work leading to

G + G =G, (68)
where
G :/Q(ar-pAa,er(sgapIa,w) ds, (69a)
Gt = /Q (6T -N + 8« M) ds, (69b)
G = /Q (8t -0+ 8gim) ds + [8r -y + 8@ mnlygy - (69¢)

Accordingly, G®" contains the contribution of the inertia terms to the virtual work, G™
represents the virtual work due to deformations and G**' accounts for the virtual work of
external loads. The mid-point type temporal discretization in [39] can now be written as

dyn int __ Xt
Gmyp + thp = thnp, (70)
where
Gup 2/ (Or - pA (Vor1 — Vu) +8¢pl (Wni1 — wyp)) ds, (71a)
Q
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Gim"; = / (8T ag * Nu1/2 + 95(89) M,y 41)2) ds, (710
Q

Gop = /s; (8r - Myp1y2 + 8@ MMur1/2) ds + [81 - (N nr1/2 + 89 (mN)nJrl/z]BQN . (7o)

The two changes compared to the standard mid-point rule concern (i) the introduction of
average stress-resultants in (71b), and (ii) the definition of 6T, in (71b). Since in [39]
St. Venant-Kirchhoff type material is considered (cf. Remark 2.1 in the present work), the
average stress-resultants take the form

Not1p=DsTpq1p and  M,p10 = Elkyyq)2, (72)

where

1
L= 3 (A@us) 05T + Al T0sr,) — e and  Kkni12 = 0,@us1)2. (73)

The definition of 6T, can be motivated by the specific form of (66) along with (61a)—(61b),
such that

8T ug 1= 89 Zo(AP) A(@nt1/2) 'S 8sTur1yo + Z1(AQ)A(@ny172) T3, (81). (74)

Inserting (74) into (71b), we obtain

Gimn; =/ <5<P22(A</’)3s1‘n+1/2 -STA(@ur1/2)Nut1)2
@ (75)

+ 05(0r) - Z1(A@) A(@ur1/2)Nut1y2 + 05 (5<P)Mn+1/2> ds.

It is now a straightforward exercise to show that (75) leads to the element internal force
vector in equation (17) of [39] associated with a 2-node element based on linear Lagrangian
shape functions.

To summarize, the displacement-based EM scheme devised in [39] is based on the fields
(r, ¢) and (v, w) and a mid-point type temporal discretization leading to (61a)—(61b) along
with (70). The only modifications made in [39] to the standard mid-point rule are contained
in (75), resulting in a specific EM scheme. Concerning the spatial discretization in [39], the
well-established 2-node element is applied which relies on reduced one-point quadrature
to alleviate transverse shear locking. Inspired by the investigations in this section, we next
reduce our newly devised PH-EM scheme to displacement-based form in order to underline
the main differences between our approach and that by Stander & Stein [39].

4.4.3 Irreducible PH-EM scheme

The present PH approach to the planar beam formulation leads in a natural way to a mixed
formulation that facilitates the straightforward construction of a new EM scheme. In this
section, we show that the mixed formulation can be reduced to a displacement-based for-
mulation closely related to the one considered in Sect. 4.4.2. In analogy to (61a)—(61b), we
consider the standard midpoint rule for d,r = v and 9,¢ = w. Note that this essentially co-
incides with the weak counterparts (56a) and (56b). Furthermore, (56¢) and (56d) can be
recast in a form similar to (70) leading to

G+ hGint = hGo (76)

mp?
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where

Gint = / (803,Tus1/2 - ST A(Pur1/2)Nys1/2 + 35(5T) - A(@us1/2)Nog1 2 -
Q

+05(89)M,11)2) ds.

Again, the formulas in (72) are used to calculate the algorithmic stress-resultants. However,
instead of (73), the weak form (56a)—(56h) gives rise to

1
Loiip= 7 Ty +Thp)

) (78a)
=T, + 3 (A¢A(¢n+1/2)TS 0sTny12 + A(‘Pn+1/2)T3s(Al')) ,
Knt1/2 = 0s@ny1/2, (78b)

see also (64). Comparison of (78a)—(78b) with (73) reveals that a crucial difference between
the two EM schemes under consideration lies in the calculation of T’ >. Note that in the
displacement-based formulation the calculation of I',,/, in (78a) requires to retrieve I',.
Accordingly, I', can be regarded as history variable for the calculation of the algorithmic
stress-resultants. We further stress that the present EM scheme does not necessitate the in-
troduction of the highly-nonlinear correction terms Z;(A¢) and Z,(Ag) featuring in (75).

5 Numerical results & discussion

In the following, the newly proposed approach is applied to some numerical examples. Since
this involves the solution of the implicit set of equations (52) and (53), Newton’s method
is used in every time step. The spatial integrals are approximated by means of a full two-
point Gaussian quadrature rule. The Dirichlet boundary conditions for the displacements
and velocities are incorporated directly into the ansatz functions, see Remark 3.4. The com-
putations have been performed using the finite element code moofeKIT, see [53], which
can also be used for verification.

The first example is used to verify the discrete conservation properties. The second ap-
plication demonstrates the ability to perform quasi-static simulations as well and shows that
the PH approach mitigates numerical locking effects. The last example illustrates the usage
of the proposed approach for interconnected flexible multibody systems.

5.1 Flying spaghetti

The first example is concerned with the free motion of a tumbling beam. The so-called
flying spaghetti problem was originally proposed by [54] and analyzed in multiple works,
e.g. [55, 56]. The main objective here is to validate the time-discrete conservation principles
of the proposed method. Initially positioned in an inclined configuration (see depiction in
Table 1), the beam is released and allowed to move freely in space. The beam is subject to
pure Neumann boundary conditions: A free end at s = 0 and a nodal force and torque at s =
L, which is applied for a short period of time, i.e. n(s = L,t) =ng and m(s = L, t) =my
with
8e; fort <2.5, —80 fortr<2.5,

no = = 79
10 forr>25. "ZV0 fores25. 7
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Table 1 Initial configuration, input loads and parameters for flying spaghetti problem

X2

h T ne L pA  pl EA=GA EI

01 15 10 10 1 10 10,000 100

At t = 2.5, the system is closed as both boundary inputs become zero and the beam con-
tinues with a free flight. Although the original parameters from [54] violate some physical
plausibility relations (e.g. EA/EI # pA/pl), we use them here for the sake of comparabil-
ity to many other works in the literature, see Table 1.

Firstly, we can verify that the motion is in good agreement with [54, Fig. 4], see snapshots
in Fig. 4. Secondly, we can observe the conservation of energy and angular momentum in
Figs. 5 and 6, respectively. The accuracy is of the order of machine precision. This verifies

Nl

100
0
=50
—100
| |
6 18

Fig.4 Configuration of the beam at different time instances for t < 7.5, after each 5 time increments

W

o
M

X2
N
T

0 2 4 6 8 10 12 14 1
X1

400 f

300 - ARy 3

200 | —T !

100 [ _7:{ 5
1 | <

00 5 10 15 =

Iy

Fig.5 Energetic evolution (left) and increments of total energy (right)
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_.—100}
P\

—200 -

1 1 10714
0 5 , 10 15 0 5 ; 10 15

Fig.6 Angular momentum evolution (left) and increments (right)

our previous findings that as soon as the system is closed both quantities are preserved. Note
that also during the loading phase, consistent discrete-time balance equations have been
obtained, see (55) and (60).

5.2 Quasi-static roll up

In this example, the ability of the proposed formulation to circumvent shear locking is
demonstrated using a widespread benchmark problem, see e.g. [16, 57-59]. Moreover, it
is shown that the proposed formulation is amenable to quasi-static simulations.

An initially straight cantilever beam, which is clamped at s = 0 such that we enforce the
Dirichlet boundary conditions

r(s=0,1)=0, v(s=0,0)=0, ¢=0,1)=0, wE=01)=0, (80)

is rolled up by applying a quasi-static torque at the free end at s = L, see depiction in Table 2.
A reference solution shows that for a torque of monyp = 2 E1/L, the beam is rolled up to a
complete circular arc with constant curvature. For the simulation parameters we have chosen
the same values as in [57], see Table 2.

Simulations for this benchmark problem yield incorrect outcomes when the numerical
approximation procedure suffers from locking effects [57], since the stiffness is greatly over-
estimated, resulting in the beam failing to form a complete ring. As this behavior is absent
even with the coarse spatial discretization that we have chosen here, it can be concluded
that shear locking does not occur in our PH beam model, see Fig. 7 (left). Contrarily, the
final configuration obtained with the classical beam formulation by [39] - see also Sect. 4.4 -
and a full two point Gaussian quadrature exhibits locking, see dashed line. This formulation
requires a reduced integration with only one integration point to alleviate the problem.

Since our PH formulation is intrinsically dynamical, we refrain from introducing a static
formulation and instead achieve a quasi-static simulation approach by neglecting inertial
terms, such that p = 0. In this context, velocity-type quantities can then be regarded as
coordinate increments. Moreover, time ¢ € [0, 1] now corresponds to a loading factor which
is increased in each step such that

m()(t) =t Mrollup- (81)

Table 2 Initial configuration, input torque and parameters for roll up example

X2 h T ne L pA=pl EA=GA EI

001 1 8 10 O 10,000 500
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M
8 300
3,
200
N27
=
00 1h i
of —
| O | | | | |
10 2 -1 0 1 2

Fig. 7 Configuration of the beam at different load levels ¢ € {0, 0.2, 0.2, 0.6, 0.8, 1} obtained with our for-
mulation and comparison with fully integrated classical formulation [39] (see dashed line) (left) and with
different coarser discretization levels, 4 € {0.02, 0.1, 0.2} (right)

For ¢t = 1, the final state is obtained, yielding a complete roll up of the cantilever beam.
Due to the incrementing nature of our solution procedure, where approximation errors are
induced in each pseudo-time step, a path-dependency becomes present. The approximate
solution converges to the analytical solution when choosing sufficiently many pseudo-time
steps, highlighting that the present approach is free from the numerical shear locking effect.
See e.g. Fig. 7 for different configurations throughout the simulation. It can be verified that
the beam has a homogeneous internal moment at each step. At the end of the simulation the
end moment of m oy = 1007 is exactly reached.

5.3 Closed loop flexible multibody system

Lastly, the well-known four-bar mechanism as a benchmark problem for flexible multibody
systems, see e.g. [60-62], is analyzed. The compliant mechanism consists of three flexible
beam elements with quadratic cross section and material parameters of steel, see Table 3
for details corresponding to [60]. The beams are interconnected by revolute joints, start
from being at rest in an initial configuration as depicted in Table 3. The system is subject
to gravity acting in negative x,-direction, which is easily incorporated into the proposed
PH formulation by setting the distributed input forces to the appropriate constant value, i.e.
n =g. Beam 1 and 3 are connected to the ground via revolute support joints.

We start our analysis by examining the evolution of the position of the center point P of
the middle beam, initially located at rp(r = 0) = (2.75, 1.5), over time. Here, we distinguish
between two different scenarios: The first scenario deals with the chosen material parameters

Table 3 Initial configuration and parameters for multibody example

h T ne L p

l 0.02 10 (10,6,6) (~5,1.5,4/2} 2710
g

A I E voog

0.052 0.05%/12 2.1-10'1 03 —9.81pAe,
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— stiff
—soft
Fig. 8 Position of P over time
10
1 1
y 8
0 - 0 6 -
(N Q
= ] £
4 -
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0 1 2 3 0 1 2 3
X1 X1

Fig.9 Snapshots of the multibody system, ¢ € {0, 2, 4, 6, 8, 10} (left: stiff scenario, right: soft scenario)

as for steel (see Table 3, labeled as “stiff””). For the second scenario we have reduced the
elastic modulus of the middle beam to E = 2.1 - 108 (labeled as “soft”), which also required
a smaller time step size of A = 0.005. The results depicted in Fig. 8 show that the flexible
mechanism undergoes a periodic swing motion with a period of approximately 4.7 when
choosing the stiff material for all beams. Snapshots for the motion are shown in Fig. 9.
Additionally, convergence studies were performed to investigate the approximation ac-
curacy for the position of point P at + = 1 with respect to both temporal and spatial dis-
cretization in the stiff scenario. The results in Fig. 10 show that the relative error

_ ket =1 — Feerpt = D

82
||rref,P(t: 1)” ( )

obtained with our approach decreases with order two with increasing temporal resolution,
which is in line with the expected behavior for the midpoint-type discretization. For the
reference overkill solution, we have chosen 4 = 0.005. The classical method [39] yields
very similar results.

Next, the spatial discretization error is investigated by varying the number of elements
n. with reference length L°, for all beams, see Fig. 10 (right). The results show that the
error decreases with order two with increasing spatial resolution. For the reference overkill
solution, we have chosen n. = 96 for beam 2 and n. = 160 for beams 1 and 3.

Lastly, we observed an increased robustness of our mixed EM approach in the PH frame-
work (labelled “PH-EM”) compared to the classical scheme [39] (labelled “cl-EM”), re-
sulting in a notably reduced amount of Newton iterations per time step, see Fig. 11. The
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mean number of necessary Newton iterations for the classical scheme is 6.464 compared to
a number of 4.594 for our mixed approach PH-EM and 6.348 for its irreducible implemen-
tation (labelled “PH-EMi”, see Sect. 4.4.3). This comparison has been performed with a less
strict convergence criterion for the norm of the residual, i.e. ||Re|| < 107>. For smaller tol-
erances, cl-EM and PH-EMi do not converge anymore whereas PH-EM converged down to
[|IRe|| < 107!, For these investigations we have computed the tangent matrix for Newton’s
method using a central differences numerical approach.

6 Conclusion & outlook

In this work, we introduced a novel port-Hamiltonian (PH) formulation for planar geomet-
rically exact beams, providing a structure-preserving approach to modeling their highly
nonlinear dynamics. By leveraging mixed finite elements and second-order time-stepping
methods, we ensured an exact discrete representation of energy and angular momentum bal-
ance, addressing a key challenge in the accurate and long-term simulation of flexible multi-
body systems. The continuous and discretized models are intrinsically passive, highlighting
the potential of the PH framework for complex flexible multibody system simulations and
advanced control design. We have also shown that the newly devised PH-EM scheme dis-
tinguishes itself from previously developed EM schemes. The distinguishing feature of the
present PH-EM scheme has been highlighted by reducing the mixed PH-based formulation
to an irreducible displacement-based version which shows that the implementation of the
new EM scheme relies on the use of history variables. Furthermore, our numerical results
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have demonstrated that the proposed formulation naturally mitigates shear locking, mak-
ing it a robust and efficient choice for modeling large deformations and rotations in slender
structures. Simulations validated the beneficial performance of the PH-based approach, with
the energy-consistent discretization ensuring an exact energy balance in discrete time. The
formulation accurately captures the nonlinear dynamics of planar geometrically exact beams
while maintaining energy consistency and passivity, making it a promising tool for simulat-
ing and controlling flexible multibody systems.

Future research directions might explore the beneficial PH properties with respect to the
energy-consistent interconnection in a multibody context. Moreover an extension of the PH
modeling approach and the related design of an EM scheme to three-dimensional beam
problems and other geometrically nonlinear mechanical systems can follow a similar proce-
dure as in the present work. Lastly, also coupling with other fields, e.g. with electrical fields
[63] or advanced dissipative terms [25, 64], may be included.

Appendix
A.1 Relation to a Hu-Washizu type variational formulation

The PH formulation dealt with in Sect. 3.1 can be linked to a mixed Hu-Washizu type
extension of Hamilton’s principle. To this end, we introduce the 8-field variational func-
tional

Suw(r, ¢, v, 0, T, k,N, M)
T 1 -,
= EpAV-V—}— Epla) + (Or—vV) - pAVv+ (0,0 —w)plw | dsdt
0 Q
T (83)
—/ /(W(F,K)+N-g1(l“,<ﬂ, 0st) + Mg (i, d5¢0)) ds dt
0 Q

T
- / Vext(rs ‘P) dt'
0

Therein, N and M act as Lagrange multipliers enforcing the kinematic constraints defining
the strains in (5) and (6) such that

gi(T,0,0r)=A(p) dr—e, —T =0, 82(k, 95¢) = 050 —k =0, (84)

and V. is the potential of external dead loads

Vex (T, ) = — / (m-r+np) ds — [y - r+myelyg, - (85)
Q

It can be shown by a straightforward calculation that the stationary condition §Sgyw = 0 of
functional (83) yields

—(8r, pAdV)g — (35(81), AN) g + [r - NNy + (61, M)o=0, (86a)
— (89 pI8,@)g = (8,(60). M)q + (80, B,rTSAN) _+ [Spmnlaay +(Gp.Mo=0.  (86b)

(pASV, dr —v)q=0, (86¢)
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(pIdw, 3¢ —w)g=0,  (86d)
(T.N—3rW)o=0,  (86e)

Sk, M — 3 W)g=0,  (86f)

(aN,r —A((p)Tasr—i-e])Q:O, (86g)
M.k — d9)g=0,  (86h)

for all ¢ € [0, T']. Apart from (86e) and (86f), which need to be replaced with weak forms of
(17), these identities formally coincide with the weak form (34a)—(34h) of the PH formula-
tion.

A.2 Implementation details for the basis functions and ansatz matrices

In Sect. 4.1 the displacements and velocities (r, ¢, v, w) are approximated in the following
fashion:

(s, 1) = Z Ni(s)ei (1) (87)
i=1
(1)
(1) R
=[Ni(s) M) - Npy@]| . [ = @160,
O (1)
Vs, =3 N (88)
i=1
vi(t)
C[Nis) 0 Ny(s) O .- Ny(s) O va(?)
L0 Ni(s) 0 No(s) --- 0 Ny, (5) :
Vi, (1)
= ®,(s)V(1),

cf. (41). The nodal basis functions N;(s) are defined as piecewise linear functions on the
interval [0, L], see Fig. 3. For the element-based degrees of freedom (I, ) the ansatz is
analogous but with piecewise constant basis functions N;(s), see Fig. 3. Since the compu-
tations are performed on element level in a reference element, these ansatz matrices have
reference-element-related counterparts given by

oV =[NE) M),

q,@(g):[ﬁl@) 0 e 0 } (89)
2 0 Ni(§) 0 Ny (§)
as well as

v =1 and \I:§e>(s):[(l) (1)] (90)
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A.3 System matrices for the finite-dimensional PH system

The approximation matrices arising in the spatial discretization procedure in Sect. 4.1 are
given by

Ma:/ @ ®,ds, Ca:/ VW, ds,
Q Q

o1
Dzzf ¥ DV, ds, D, :/ U EIW,ds
Q Q
for o € {1, 2}, as well as
G, :/ 3@ W, ds, G2(¢):/ 3@, A(p" W, ds,
Q Q (92)

V&, ¢) = / @/ (8,r") "SA ("), ds.
Q

A.4 Implementation details for the boundary terms

In the finite-dimensional PH system (49), which arises after spatial discretization, the bound-
ary terms require additional attention. The boundary terms are given by

Ba()=[B, Bg] [l‘l‘;((?)} : 93)

where for uy we consider a boundary input vector for pure Neumann boundaries similar to
the one in (31). The corresponding matrix is given by

0 0 I 0
0 0 0 0
B‘ 0 . n X
By=| "y B,, | WiBu=|: i€ R2Cre x4,
0 0 00
0 0 0 I
94)
1 0
0
BB = . . c R(ne+1)><2.
0 0
0 1
Moreover in (93), the distributed input matrix and control input vector are given by
0 0
0 0
_ M2 0 ~ _ ﬁn,Q(t)
Bo = 0 M, | uq(t) = |:ﬁm,Q([) 95)
0 0
0 0
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containing the mass matrices M; and M, defined in (91). In the last equation, the discrete
distributed input vector contains the nodal evaluations of the distributed control inputs (i.e.
distributed forces and torques) such that

n(s=0,1) m(s=0,1)
n(s = As,1t) m(s = As,t)
ﬁn,Q(t) = s and ﬁmQ(t) = 5 (96)
n(s =neAs,t) m(s =n.As,t)
ns=1L,t) m(s=1L,t)

where As is the length of one finite element in the undeformed reference configuration such
that n.As = L, the undeformed length of the beam. The collocated, and power-conjugated
output corresponding to (93) can be deduced as

Vi
B,V Vg
~ | Yo _B(;I—A,\_ Bg—m(;) _(:)1
y_ |:$]Qi| - I:Bg Z(X)— Mzi\’ - &)nn ) (97)
Mo M,V
M, ®

where the first 4 entries correspond to Neumann boundary inputs and the last 2 entries
represent the distributed output depending on the nodal velocities.

A.5 Proof of the result in Sect. 4.4.2

Here, it is demonstrated that the modified midpoint discretization (66) yields a fulfillment
of the kinematic relation (5) in the time endpoint ¢, ;. Making use of (61a)—(61b), (66) can
be written as

T — T = A9Zy(AQ)A(@u11/2) S 8sTuriyn + Z1(AQ)A(@nr1/2) T 05 (AT), (98)
To prove that (98) does indeed yield the desired result, we make use of the identities
Ag 1
cos TA(wnﬂ/z) =3 (Ap+Apy) = Auiap, (99a)
A
2tan S5 Ao = At — A, (99b)
where we write shortly A, := A(¢,) and A, 41 := A(@,+1). The validity of (99a) and (99b)

can be shown by using basic relations for the sine and cosine functions. Starting with the
sum-to-product identities

+y X—=y
cos

cosx—i—cosy:Zcosx 7 (100a)
sinx — siny =2cos * 2 sin 2 (100b)
2 2
together with cosa = cos(—a) and sina = — sin(—a), the validity of (99a) can be checked

on a component basis. For example, the (1, 1) component of (99a) coincides with (100a) by
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setting x = ¢, and y = ¢,;1. The remaining component equations can be checked similarly.
The second identity (99b) can be recast in the form

ST(A +A A¢
n+1)—cos (An+1 A,) (101)

Again, the validity of the last equation can be checked on a component basis. For example,
the (1, 2) component of (101) can be written as

—siny al (cosx—i—cosy):cosy_x (—siny +sinx), (102)
where, as before, x = ¢, and y = ¢, has been set. Substituting (100a) and (100b) into the
last equation confirms that (102) is identically satisfied. The remaining component equations

of (99b) can be checked analogously. Now, (98) can be rewritten as

Aw

sin A(/) T
Ly =T =Ap——~ A 2 A(@nt1/2) S Tup1/o +cos — > A(@ny12) 05 (Ar)
=2
sin2¢ .
= Zcos : A28 0Tns1p+ A, 05 (AT)
Z

= (A —A;) dTagp + A,L]/zBS(Ar)
= AIHasrnH - A,Tasl‘n.

Here, in a first step (99a) has been used twice and in a second step (99b) has been applied.
The last equation can be obtained by a direct calculation. Thus, provided that I',, = AI osr, —
e, is given, we obtain the desired result I, | = ALI 05Ty — €.
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