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Abstract. Parts manufactured using the additive Material Extrusion (MEX) process comprise a 
small-scale mesostructure of beads and voids. In this work, a numerical model is created with the 
goal of predicting the formation of this mesostructure. Therefore, the Smoothed Particle 
Hydrodynamics (SPH) framework PYSPH is extended with a thermal model and used to simulate 
the extrusion of multiple beads. The SPH method is well suited to model the complex evolution of 
free surfaces. While the implemented conductive heat transport model agrees well with a thermal 
Finite Element model, the heat losses at the surface due to radiation and convection are 
significantly overestimated. An extrusion of multiple layers of beads shows that the inability of 
the used SPH-scheme to capture the fluid’s incompressibility and high viscosity prevents it from 
accurately predicting the formation of the mesostructure. 
Introduction 
Material Extrusion (MEX) is a family of very common additive manufacturing processes used by 
industry and hobbyists alike. The material, usually a thermoplastic polymer melt, is extruded 
through a nozzle and deposited on a build plate in beads that solidify as the material rapidly cools. 
A part is formed of multiple layers each consisting of such beads. Like other additive processes, it 
allows for great design freedom with no part-specific tooling required [1]. During manufacturing 
a typical mesostructure is formed as the distinct beads do not fully merge into a monolithic part 
but leave voids in between them. The final part’s performance is highly dependent on the specific 
mesostructure, the strength of the formed interfaces, and thermal history. These however are 
strongly influenced by the printing parameters and conditions [2]. Therefore, experimental 
characterization would require many experiments to cover the wide array of specific 
configurations possible. Such experiments must be carefully designed to ensure consistency and 
comparability [3]. An accurate prediction of the formation of the mesostructure and thermal history 
using numeric methods can thus reduce the necessary effort significantly. 

The mesh-free Smoothed Particle Hydrodynamics Method (SPH) independently developed by 
Lucy [4] and Gingold and Monaghan [5] is especially promising to simulate the process as it 
intrinsically allows to track the evolution of arbitrarily complex free surfaces and emerging 
contacts without expensive remeshing or elaborate contact models. The method has previously 
been used alongside the Finite Volume Method (FVM) to study the MEX process. However, 
existing models are not used to predict the formation of a three-dimensional mesostructure while 
considering the thermal behavior of the extrudate. The models using the FVM can predict the 
deposition of a single or a few beads [6–8]. Serdeczny et al. [9] developed a model to predict 
mesostructures, but it is isothermal and previously deposited beads are treated as a boundary 
condition and cannot be deformed later. Some SPH-models focus on the movement of fibers within 
the fluid but are restricted to two dimensions [10–12], while others do not include a thermal model 
[13,14]. 
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The goal of this work is to model the MEX process using the extendable open-source SPH-
framework PYSPH [15]. As published, the software does not include the ability to solve for 
temperatures and is therefore extended with a simple thermal model. The implementation of which 
is compared to a Finite Element (FE) model. The extrusion of multiple beads is then simulated 
considering the temperature evolution of the polymer melt. This work is based on the first author’s 
master thesis [16] which contains the source code to reproduce the results presented in its 
Appendix. 
Thermal Model 
Temperature Equation. To simplify the implementation of the thermal model, only conductive heat 
transfer and heat exchange with the environment through convection are considered. Convection 
and radiation are modeled as heat sources. Other heat sources such as the change in kinetic energy 
or phase changes are neglected. Furthermore, the specific heat capacity 𝑐𝑐 and the thermal 
conductivity 𝜅𝜅 are assumed to be constant, and the flow is assumed to be incompressible. 

According to Cleary and Monaghan [17] the heat conduction equation without sources and 
sinks (Eq. 1): 

d𝑇𝑇
d𝑡𝑡

= 𝜅𝜅
𝜌𝜌𝜌𝜌
Δ𝑇𝑇 (1) 

can be approximated with the SPH method using the Laplacian of Brookshaw [18] as (Eq. 2): 
d𝑇𝑇𝑎𝑎
d𝑡𝑡

= ∑ 𝑚𝑚𝑏𝑏
𝑐𝑐𝑎𝑎𝜌𝜌𝑎𝑎𝜌𝜌𝑏𝑏

4𝜅𝜅𝑎𝑎𝜅𝜅𝑏𝑏
(𝜅𝜅𝑎𝑎+𝜅𝜅𝑏𝑏)

(𝑇𝑇𝑎𝑎 − 𝑇𝑇𝑏𝑏) 𝒙𝒙𝑎𝑎𝑎𝑎
|𝒙𝒙𝑎𝑎𝑎𝑎|2 ∇𝑊𝑊𝑎𝑎𝑎𝑎𝑏𝑏 . (2) 

𝑇𝑇 denotes the Temperature and 𝜌𝜌 the density. Any variables belonging to the central SPH-
particle are denoted with the index (⋅)𝑎𝑎 while variables with the index (⋅)𝑏𝑏 belong to a neighboring 
particle. 𝑚𝑚 is the particle mass, 𝒙𝒙𝑖𝑖𝑖𝑖 the spatial vector between two particles with number 𝑖𝑖 and 𝑗𝑗. 
𝑊𝑊𝑖𝑖𝑖𝑖 is the value of the Kernel function for 𝒙𝒙𝑖𝑖𝑖𝑖. Heat sources can then be added to the right-hand 
side of the equation. 

According to the Stefan-Boltzmann law, the heat exchange with the environment due to 
radiation for an object is (Eq. 3): 

𝑃𝑃r = 𝐴𝐴𝐴𝐴𝐴𝐴(𝑇𝑇A4 − 𝑇𝑇4) (3) 

with the emissivity 𝜀𝜀, the Stefan-Boltzmann constant 𝜎𝜎, the ambient Temperature 𝑇𝑇A and the 
surface Area 𝐴𝐴. The heat exchange due to convection can be described using Newton’s law of 
cooling (Eq. 4) as: 

𝑃𝑃c = ℎc𝐴𝐴(𝑇𝑇A − 𝑇𝑇), (4) 

where ℎ𝑐𝑐 is the convective heat transfer coefficient. Adding these sources to the right side of Eq. 
2 yields the heat equation (Eq. 5) to solve: 

d𝑇𝑇𝑎𝑎
d𝑡𝑡

= ∑ 𝑚𝑚𝑏𝑏
𝑐𝑐𝑝𝑝,𝑎𝑎𝜌𝜌𝑎𝑎𝜌𝜌𝑏𝑏

4𝜅𝜅𝑎𝑎𝜅𝜅𝑏𝑏
(𝜅𝜅𝑎𝑎+𝜅𝜅𝑏𝑏)

(𝑇𝑇𝑎𝑎 − 𝑇𝑇𝑏𝑏) 𝒙𝒙𝑎𝑎𝑎𝑎
|𝒙𝒙𝑎𝑎𝑎𝑎|2 ∇𝑊𝑊𝑎𝑎𝑎𝑎𝑏𝑏 + 𝐴𝐴𝑎𝑎𝜀𝜀𝜀𝜀

𝑚𝑚𝑎𝑎𝑐𝑐
(𝑇𝑇𝐴𝐴4 − 𝑇𝑇𝑎𝑎4) + 𝐴𝐴𝑎𝑎ℎc

𝑚𝑚𝑎𝑎𝑐𝑐
(𝑇𝑇𝐴𝐴 − 𝑇𝑇𝑎𝑎). (5) 

Surface Detection and Approximation. SPH-particles generally do not have a surface. To allow 
for a simple approximation of the heat losses at the surface, it is assumed that a particle can at most 
represent the surface (Eq. 6): 

𝐴𝐴max = 6𝑉𝑉
2
3 (6) 
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of a cube with the same volume 𝑉𝑉 as that particle represents. The surface area 𝐴𝐴 represented by a 
given particle is calculated using the inverse of the renormalization-matrix 𝑩𝑩a (Eq. 7) introduced 
by Randles and Libersky [19] 

𝐵𝐵𝑎𝑎−1 = ∑ (𝑥𝑥𝑏𝑏𝑏𝑏 ⊗ ∇𝑊𝑊𝑎𝑎𝑎𝑎)𝑏𝑏 𝑉𝑉𝑏𝑏 (7) 

as proposed by Doring [20]. The smallest eigenvalue 𝜆𝜆 is close to one for particles inside the fluid 
domain and zero for particles without any neighbors within the radius of the kernel function. 
Hence, it is a simple indicator of whether a particle is part of the free surface and how much surface 
area it represents. Marrone et al. [21] found that 0.75 is an adequate cut-off value over which the 
particle should not be considered part of the free surface. 

The described surface detection is applied to a square beam. Figure 1 shows a cross section of 
the beam where the particles are colored according to 𝜆𝜆. As expected, 𝜆𝜆 is close to 1 for particles 
further than two layers inside the beam and still higher than the cutoff-value of 0.75 for particles 
covered by only one layer of particles. The particles forming the surface are consistently assigned 
values smaller than the cutoff with the particles at the edges being assigned the smallest values. 

 
Figure 1 – Application of the surface detection on a square beam. 

For simplicity, a linear relation between 𝜆𝜆 and the surface area of the particle is assumed. The 
surface area of a particle which is assigned 𝜆𝜆 < 0.75 can therefore be calculated as (Eq. 8): 

𝐴𝐴𝑎𝑎 = �1 − 4
3
𝜆𝜆𝑎𝑎�𝐴𝐴max. (8) 

The approximation is shown in Figure 2 together with value pairs of particles taken from the 
square beam example above. The exemplary values correspond to the particles marked in Figure 
1 with the addition of a particle sitting at the vertex of the beam. A particle situated at the surface 
but not at the edge of the beam should represent a sixth of 𝐴𝐴max. A particle at the edge should 
represent a third of 𝐴𝐴max and one at the vertex should represent a half of 𝐴𝐴max. The approximation 
used does ensure that particles without neighbors represent the maximum possible surface area 
while particles inside the fluid represent none. However, in this example, the surface area of the 
particles sampled from the square beam is severely overestimated. 
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Figure 2 – Assumed relative free surface of particles compared to the used approximation. 
Validation of the Thermal Model. To validate the thermal model, a test case is compared to a 

solution from the commercial finite element solver ABAQUS using DC3D8-elements. The test case 
consists of a square Aluminum beam with 0.02 m long sides and a length of 𝑧𝑧max = 0.2 m to 
which an initial inhomogeneous temperature distribution along its z-axis (Eq. 9): 

𝑇𝑇(𝑧𝑧) = (2500(𝑧𝑧 − 0.05)2 + 150) °C (9) 

is applied. The resulting temperature distribution is compared after 50 seconds. 
The two models show good agreement if only conductive heat transfer is considered as shown 

in Figure 3. However, the results differ significantly when heat transfer at an ambient temperature 
of 𝑇𝑇A = 20 °C is considered, as shown by the dashed lines. The convective heat transfer coefficient 
was set to ℎc = 100 W

m2K
  and the emissivity to 𝜀𝜀 = 1. While the final temperature distribution has 

a similar shape in both models, the newly implemented thermal model significantly overestimates 
the heat losses to the environment. The overestimation of the free surface contributes to the error 
significantly. Additionally, the implementation assumes the temperature of any particle at the 
surface to be the surface temperature. This assumption adds to the error, as the particle temperature 
represents the temperature within the continuum. 

 
Figure 3 – Final temperature distribution in the FE and SPH models along the centerline of the 

beam with and without heat transfer through radiation and convection. 
Model of the Material Extrusion Process 
The domain of the numerical model contains only a build plate and a particle inlet representing the 
machine’s nozzle. The build plate consists of three layers of ghost particles for which the 
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conservation equations do not need to be solved. During the simulation, particles flow into the 
domain from the inlet. 

Through a slight modification, the inlet can be moved according to a user-defined function. The 
material parameters of the polylactic acid (PLA) melt are taken from the material database of the 
software AUTODESK MOLDFLOW 2021 [22]. The emissivity is set to 𝜀𝜀 = 0.98 and the convective 
heat transfer coefficient to ℎc = 100 W

mK
. The velocity of the nozzle and the particles flowing into 

the domain are both set to 𝑣𝑣 = 60 mm
s

. 
PYSPH offers various schemes that set the equations to be solved, the kernel function as well 

as the type of integration. Running the model for the deposition of a single bead using various 
available explicit schemes shows the Entropically Damped Artificial Compressibility (EDAC) 
scheme is best suited for the case. A promising implicit scheme could not be used due to instability. 
The remaining explicit schemes compared unfavorably to the EDAC scheme when extruding in a 
single bead. The comparison of the available schemes is discussed in more detail in the original 
thesis [16]. The EDAC scheme is based on the work of Clausen [23] and was later adapted and 
implemented in PySPH by Ramachandran and Puri [24]. In contrast to many other schemes, the 
pressure 𝑝𝑝 is not determined by a state equation but by the EDAC-equation (Eq. 10): 

𝑝̇𝑝 = −𝜌𝜌𝑐𝑐s2∇ ⋅ 𝒗𝒗 + 𝜈𝜈EDAC∇2𝑝𝑝, (10) 

where 𝒗𝒗 is the fluid velocity, 𝑐𝑐s is an artificial speed of sound usually set to a multiple of the 
maximum fluid velocity and 𝜈𝜈EDAC is an artificial viscosity diffusing the pressure [24]. 

Results and Discussion 
Due to stability constraints, the artificial speed of sound that should ensure the assumed 
incompressibility of the fluid is set to 𝑐𝑐s = 6 m

s
. Similarly, the model is unstable for the high 

viscosities typical for the melt. The viscosity is therefore set to 𝜂𝜂 = 0.1 Pa s. Furthermore, the 
nozzle is set to a height equal to its diameter, as lower heights will again lead to instability. Figure 
4 shows a cross-section of the deposition of a single bead. The particles are colored according to 
the density with the fluid’s rest density set to white. It is clearly visible that the assumed 
compressibility is not fulfilled, as the density varies significantly within the bead. The bead also 
varies in thickness while the width is almost constant except for the start point on the left where it 
is more severely deformed. The particles are also further spread out in this area. The adjacent 
region immediately to the right by contrast shows visibly smaller particle distances and higher 
density. 

 
Figure 4 – Deposition of a single bead as a cross section from the side in (a) and in a top-down 

view in (b). The particles are colored according to density. 
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Figure 5 shows the deposition of three layers each consisting of three parallel short beads. While 
the bead remains reasonably well-defined when extruding only a single short bead, the low 
viscosity causes the beads to lose their shape under gravity after only a short amount of time as 
shown in Figure 5 (a) where only the first layer is deposited completely. After the extrusion of 
another two layers in Figure 5 (b), the structure is severely deformed under its own weight. As 
within a single bead, the fluid density varies greatly throughout the domain. The second and third 
layer lose their shape quicker than the first as they are deposited onto an already deformed surface 
that sits lower compared to the nozzle. As the fluid flows to the sides, large areas of low density 
form. 

 
Figure 5 – Deposition of nine beads after depositing the first (a) and the third layer (b). The 

particles are colored according to the density 𝜌𝜌. 
The cross section of nine deposited beads normal to the direction of extrusion in Figure 6 

confirms that the particles are too tightly packed in some regions and too loosely in others. Overall, 
the beads can barely be distinguished as the low viscosity allows the fluid to rapidly flow to the 
sides. The lower two layers appear to be squished by the fluid above leading to regions of very 
high density forming. Furthermore, the particles partly retain the order with which they are 
extruded and form distinct slats in which their vertical distances are far too small, but their 
horizontal distances are too large. These slats seem to remain intact as the space between them 
greatly increases. This is a numerical artifact of the method previously described in literature [25]. 

 
Figure 6 – Cross section normal to the extrusion direction through nine deposited beads. The 

particles are colored according to the density 𝜌𝜌. 
The described arrangement of the particles leads to issues with the surface detection algorithm. 

Figure 7 again shows the cross section normal to the extrusion direction with the particles colored 
according to their 𝜆𝜆 value used to determine the amount of free surface they represent. While the 
implemented method can identify surface particles correctly in regions of even particle spacing, 
there are regions of clearly misidentified particles where the aforementioned slats have large gaps 
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between them. These gaps widen significantly as the top as the low-viscosity-material flows to the 
side due to gravity. In areas where this artifact is less pronounced, e. g. the bead currently being 
deposited on the upper left, the detection of the surface particles seems to work correctly. The 
overall accuracy of the surface detection cannot be easily quantified for this more complex case, 
but the results from the test case in the previous section do strongly suggest that the surface area 
will per particle is again significantly overestimated. 

 
Figure 7 – Cross section normal to the extrusion direction through nine deposited beads. The 

particles are colored according to the indicator of surface area 𝜆𝜆 with the red particles not being 
part of the free surface. 

The temperature field mostly agrees with expectations, as shown in Figure 8. The first layer 
rapidly cools from the extrusion temperature set to a typical 𝑇𝑇Ex = 220 °C due to the conductive 
heat loss to the steel build plate with a fixed temperature of 𝑇𝑇BP = 55 °C. The second and third 
layer cool slower as the conduction within the fluid is low. The effect of the heat losses at the 
surface are therefore more pronounced in the upper layers. 

 
Figure 8 – Cross section through the extrusion of nine beads with the particles colored 

according to their temperature 𝑇𝑇. 

While the misidentified surface particles undoubtedly lead to some additional cooling within 
the structure, the effect is somewhat mitigated due to the particles being labeled mostly correct 
when the material is exiting the nozzle and is therefore the hottest. The regions of misidentified 
surface particles are therefore not clearly visible in Figure 9 showing the same cross section as 
Figure 7 but with the particles colored according to their temperature. This is despite a relatively 
high convective heat transfer coefficient ℎc = 100 W

m2K
 and emissivity 𝜀𝜀 = 0.98. 
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Figure 9 – Cross section normal to the extrusion direction through nine deposited beads. The 

particles are colored according to their temperature 𝑇𝑇. 
Conclusion 
A model of the deposition of single as well as multiple beads onto the build plate is presented and 
examined. The PYSPH framework is extended by a thermal model allowing to model not only 
conductive heat exchange but also heat losses due to radiation and convection at the surface. While 
the conductive flow of heat agrees very well with a FE model, the heat losses at the surface are 
significantly overestimated, mostly due to an inaccuracy of the surface detection algorithm. An 
improvement of this algorithm would therefore directly improve the prediction of the thermal 
history of the bead. 

Since the chosen EDAC-scheme cannot achieve the assumed incompressibility and high 
viscosity, the overall goal of accurately predicting the formation of a typical mesostructure is not 
achieved. Instead, the deposited structure is deformed severely. Furthermore, the formation of 
undesired slats within the extrudate is observed. These issues must be overcome to make useful 
deductions from the model. Other SPH formulations might be able to more accurately capture the 
behavior of the polymer melt. None of the other schemes built into the software seem to be able to 
capture the process more adequately. To address this in future work, another solver should be 
chosen, or a new scheme should be added to PYSPH. 

Furthermore, it is desirable to increase the accuracy of the inflow boundary condition by 
incorporating the real movement of the nozzle that currently moves with a constant speed. The 
Python-package PYGCODEDECODE [26] allows to simulate the firmware’s interpretation and 
realization of the G-code and will therefore be used in future work. 
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