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ABSTRACT

Neural Ordinary Differential Equations (ODEs) represent a significant advancement at the intersection of machine learning and

dynamical systems, offering a continuous-time analog to discrete neural networks. Despite their promise, deploying neural ODEs
in practical applications often encounters the challenge of stiffness, a condition where rapid variations in some components of the
solution demand prohibitively small time steps for explicit solvers. This work addresses the stiffness issue when employing neural

ODE:s for model order reduction by introducing a suitable reparametrization in time. The considered map is data-driven, and it

is induced by the adaptive time-stepping of an implicit solver on a reference solution. We show that the map produces a non-stiff

system that can be cheaply solved with an explicit time integration scheme. The original, stiff, time dynamic is recovered by means

of a map learnt by a neural network that connects the state space to the time reparametrization. We validate our method through

extensive experiments, demonstrating improvements in efficiency for the neural ODE inference while maintaining robustness and
accuracy when compared to an implicit solver applied to the stiff system with the original right-hand side.

MSC2020 Classification: 65199, 68T07

1 | Introduction

In computational science and engineering, the complexity
and scale of numerical simulations have grown exponentially,
driven by advances in hardware and algorithms. High-fidelity
models—also called Full Order Models (FOMs)—can now cap-
ture intricate details of physical phenomena across diverse
domains such as fluid dynamics, structural analysis, climate
modeling, and materials science. However, the increasing com-
plexity of these models often comes at a significant computa-
tional cost, rendering them impractical for many applications
that require repeated model evaluations over a large number of
parameter values. Indeed, the computational cost is driven up by
the curse of dimensionality [1].

Reduced-Order Models (ROMs) have emerged as a powerful solu-
tion to this challenge, offering a balance between accuracy and
computational efficiency. By compressing the essential features
of FOMs into a more manageable form, usually called latent
space, ROMs enable the efficient simulation and analysis of com-
plex systems, especially those requiring real-time analysis [2],
inverse problems [3-6], uncertainty quantification [7-9], shape
optimization [10] or optimal control [11-13].

The field of ROMs has seen substantial growth, providing prac-
titioners with a wide range of techniques to choose from. Each
method comes with its own set of advantages and drawbacks,
and the optimal choice of a ROM often depends on the spe-
cific requirements of the application. Indeed, the term ROMs
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refers to multiple approaches, which are rather different from one
another.

One of the most well-established paradigms for model order
reduction is proper orthogonal decomposition (POD) [14, 15],
that is, a linear projection technique that provides a high com-
pression rate and, for instance, achieves a particularly high level
of accuracy in the case of diffusion processes.

If the governing equations of the high-fidelity model are explicitly
employed in the ROM, they are called intrusive [16-20]. Usu-
ally, a greedy algorithm or POD is employed to project the FOM
onto a lower-dimensional space. However, for nonlinear models,
additional techniques like the (discrete) empirical interpolation
method are required to handle the complexities, which can lead
to an unfavorable tradeoff between accuracy and computational
efficiency [21-23]. Moreover, in [24] it has been shown that for
transport-dominated problems, a large latent dimension must be
used to achieve reasonable accuracy when using POD, thus lim-
iting their practical use.

In recent years, data-driven methods based on machine learn-
ing and deep learning have gained large traction due to advances
in GPU-based hardware and developments in algorithms and
software supporting the artificial intelligence ecosystem. This
paradigm is based on the availability of a large quantity of
high-fidelity data that can be used to train the model. This
approach proves effective if the large amount of resources
employed in the offline phase (generation of the solutions and
training of the model) is repaid by a large enough number of
(cheap) evaluations of the trained model (online phase). These
models are called non-intrusive since only knowledge of the data
is needed to build them [25, 26]. We also refer to these kinds
of ROMs as surrogate models, given their ability to approximate
the behavior of the original FOM from the data. The field is
ever-growing, with a large number of techniques being developed
and published. To the best of our knowledge, the most relevant
examples of data-driven approaches are the following. Closure
models are a hybrid between POD and data-driven approaches
where a nonlinear term (a neural network) is added to the lin-
ear ROM (usually POD-Galerkin) to account for the effect of the
unresolved dynamics [27]. In [28 -32], densely connected or con-
volutional autoencoders have been used to extract the full latent
variables. Other techniques have been proposed to enhance the
accuracy. For instance, graph neural networks (GNNs) tackle the
problem of complicated geometries discretized with unstructured
meshes, offering a more natural representation of variables using
a graph [33, 34]. Fourier neural operators are a very successful
approach that instead exploits the frequency space to enrich the
layers of the model [35-37]. Depending on the considered model,
time evolution may be treated just as any parameter of the system
or explicitly learned, examples are DeepONets [31, 38], dynamic
mode decomposition [39, 40], sparse identification of reduced
latent dynamics (SINDy) [41, 42], RNNs [43], LSTMs [32, 44] or
Gaussian processes [45].

Another time evolution approach of particular interest is based
on neural ODEs [46-49]. The core concept of this method is
straightforward: it involves learning the right-hand side of a
dynamical system with a dense neural network, which can be
viewed as the continuous limit of a residual neural network. This

approach offers numerous advantages, including a more natural
representation of continuous-time data and enhanced parame-
ter and memory efficiency. The primary challenge with neural
ODE:s is that they are, in effect, ODEs that must be solved. This
often leads to issues with stiffness, complicating their solution
and potentially affecting their stability and accuracy. Stiffness
is the condition where there are rapid changes in some com-
ponents of the solution while other components change slowly.
This phenomenon creates numerical challenges when solving the
equations, as explicit numerical methods might become ineffi-
cient or unstable [50]. Thus, the necessity of employing implicit
solvers significantly drives up the cost.

In the present work, we tackle the problem of building a ROM of
a stiff system. In this case, the main bottleneck is not represented
by the large number of variables of the system but by the stiff-
ness of the system. Indeed, there are multiple types of stiffness,
which are usually connected to features of the system, such as the
presence of multiple time scales, the spectrum of the Jacobian of
the system, or numerical instability, that make building a ROM a
challenging task. In this case, employing fixed-time time-steppers
is unfeasible since the rapidly varying scales require unreason-
ably small steps. On the other hand, treating time like an input
of a dense neural network also proves to be problematic since
neural networks are known to perform badly on high frequency
[51]. Still, in literature, there can be found several examples of
stiff problems solved with machine learning. A possible solu-
tion was first proposed in [52], where the authors employ the
quasi-steady-state assumption (QSSA) to reduce the stiffness of
the ODE systems and show that a physics-informed neural net-
work (PINN) can then be successfully applied to the converted
non-/mild-stiff systems. This is particularly interesting since the
system can be solved with an explicit method. In [53], the authors
show that computing a stabilized gradient and suitable scaling of
the network outputs enables learning stiff neural ODEs. In [54],
PINNSs are used with extreme learning machine to solve stiff prob-
lems. In [55], stiff quantitative systems pharmacology models are
accelerated with echo state networks. In [56], an autoencoder is
used to produce a ROM of a chemical kinetic model for the sim-
ulation of a combustion system. Recently, in [57] DeepONets are
used to learn the discretized solution of challenging stiff chemical
kinetics.

Our strategy is to employ a neural ODE-based non-stiff surrogate
for stiff dynamics. Namely, we aim to employ a neural ODE to
learn a time-reparametrized stiff system, where the time map is
suitably built to reduce the stiffness of the problem. The insight
is to exploit the advantages of the neural ODEs we previously
described while keeping the (online) cost of solving the ODE
under control by using an explicit solver. Indeed, our main con-
tribution is to employ the time reparametrization induced by the
time-stepping of an implicit solver as a way to reduce the stiffness
of the system. An advantage of this procedure is that it is purely
data-driven, meaning that it is possible to avoid manually deriv-
ing explicit algebraic expressions for the QSS species as was done
in [52]. On the other hand, a drawback of our approach is that it is
only worthwhile for ROMs: the expensive phase of gathering data
for building the time mapping must be offset by a cheap online
phase. Our technique can also be interpreted as a way to embed
adaptive (implicit) time-stepping directly into the neural ODE.
Thus, we can avoid backpropagation through the implicit solver,
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which incurs a cubic cost with respect to the number of neu-
ral network parameters [53], thereby greatly reducing the com-
putational cost of training the neural ODE. Our reparametriza-
tion strategy is also connected with [58-60], where the authors
leverage spatial mappings for adaptive mesh refining to improve
computational efficiency and to enhance the representation of
nonlinear dynamics in complex systems. Moreover, recent work
[61] has demonstrated that a structure-preserving NODE with
linear/nonlinear splitting can achieve long-term stability on stiff
problems comparable to implicit methods. Once the non-stiff sys-
tem is solved, the solution is mapped back to the stiff dynamics
using a map learnt with a neural network. The neural network is
trained once with the neural ODE and shows good generalization
properties to parameters outside the training dataset. Particular
care is taken in the definition of the map so that it has no depen-
dence on time. Hence, the model maintains good generalization
in time for periodic systems since there is only explicit depen-
dence on the state space.

Our technique is designed especially for problems where stiff-
ness can be traced back to the case of large eigenvalues with a
negative real part. Indeed, another largely studied type of stiff-
ness is high-frequency stiffness, which corresponds to the case
of reasonably large eigenvalues but very high frequency [62]. In
these cases, the system features a fast and a slow solution, where
the fast solution must be solved accurately to track the slow one.
While reparametrization approaches have been proposed [63],
they have significant limitations since they need to resolve the
fast frequency [64, 65]. Thus, this kind of stiffness remains a chal-
lenge for our approach and an area of ongoing research. Indeed,
other authors have explored structure-preserving machine learn-
ing techniques, such as fast-slow neural networks, to bypass
the direct resolution of fast transients in singularly perturbed
systems [66].

We demonstrate the accuracy and speed of the proposed ROM
on a set of five test problems, where explicit solvers usually fail,
widely used in literature to benchmark stiff ODE solvers [67]. The
results are compared with a state-of-the-art Runge-Kutta implicit
solver of the Radau II A kind of the fifth order [50] applied to the
stiff system with the original right-hand side.

The remainder of the paper is organized as follows. First, in
Section 2 we introduce the mathematical settings and notation
for the problems of interest. In particular, in Section 2.4 we review
the neural ODEs approach, which is the foundation of this work.
In Section 3 we introduce our methodology, discussing also the
implementation details. In Section 4 we present a comprehensive
set of numerical results. Finally, in Section 5 we draw some con-
clusions, discussing the strengths and limitations of the proposed
approach.

2 | Problem Formulation

In this section, we first present the construction of ROMs in
algebraic terms for approximating a parametric dynamical sys-
tem. Then, we provide a concise overview of fundamental deep
learning concepts and formulate the data-driven model order
reduction problem within the framework of neural ODEs.

2.1 | Parametric Systems of Ordinary
Differential Equations

We consider the following parameterized, finite-dimensional
dynamical system, described by a set of first-order ODE:

1€ (0,T]

{ua; w) = f,u; ), W

u(0; u) = uy(p)

where u is a vector containing all the parameters of the system,
which belongs to a compact set ' ¢ RN+, u : [0,T] xI" — R
is the parameterized solution, f : [0,T] X RV« x ' — R™ is the
right-hand side function (encoding the dynamical system), t €
[0,T] is the time variable, u, : I' - R™: is the initial condition,
and u is the total derivative with respect to time ¢. Without loss
of generality, we are considering that the initial time for the sys-
tem is zero; indeed, there always exists a translation in time that
brings us to this case.

This formulation encompasses not only ODEs but also prob-
lems stemming from the semi-discrete formulation of systems
of partial differential equations (PDEs) through suitable meth-
ods (e.g., finite elements [68], spectral elements [69], discontinu-
ous Galerkin [70, 71], etc.). In these cases, one may observe an
increase in the computational cost of the simulation since the
dimension of the state space N, is usually large. Indeed, these
methods usually rely on a fine mesh to discretize the spatial
derivatives.

The meaning of the parameter u € T" is broad; indeed, it may
represent physical properties (e.g.,; material properties), initial
conditions, or geometrical properties (e.g.,: the shape of the
domain). In this work, we focus on cases where y models physical
properties.

2.2 | Solving Ordinary Differential Equations

There is a wide literature of methods to solve ODEs [50]. In this
work, we concentrate on the well-known Runge-Kutta methods.
Letr e Ns.t.r>1, let bja;;,(,j=1,...,r) be real numbers and
let ¢; be defined as

i-1
¢ = Za"f’ Vi=1,..r
Jj=1

Then, fixed a timestep At >0 and setting ™ = nAt, we call
the r-stage Runge-Kutta method the following discretization of
Equation (1)

,
k, = f<z<"> + ¢, Anu™ + AtZa,-jkj), i=1,..,r

=1

.
uth =y 4 Atzbiki @)

i=1

VneNs.t ™ <T.Here,u"V ~ u@™ + Ar). If a;; = 0fori < j,
each stage of Equation (2) depends only on the previous ones,
thus the method is explicit. If a;; = 0 for i < j and at least one
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a; = 0, the method is called diagonally implicit. In all the other
cases, it is called implicit.

Of particular interest are embedded Runge-Kutta methods,
which automatically adjust the step size Ar to achieve a pre-
scribed tolerance of the local error. The embedded method
exploits a second set of scalars b7,i = 1,...,r to compute another
approximation of the solution of lower order u*. Namely, we want
to satisfy the component-wise inequality

(n+1) (n+1)
|(un )i_(u*n ),| Séi’

8, = atol + rtol max(|@”V),[, |@™),), i=1,..,N,

where atol and rtol are user-defined (positive) absolute and
relative tolerances, respectively. Then, the error is estimated as

N, (n+1)) . — (y*(n+1)Y. 2
coq L Z((u )i — (u ),)
N, o;

1
and it is compared to one to find the next step size, namely
At"D = A" min(10, max(0.1, e~/@*D))

where ¢ is usually chosen to be the order of the method, and 10
and 0.1 are the maximum and minimum change factors, respec-
tively. The value of these factors can be tuned depending on the
problem. If the normalized error is larger than one, the timestep
is rejected and is computed again with the updated At.

Explicit Runge-Kutta methods are generally unsuitable for the
solution of stiff equations because their region of absolute stabil-
ity is small [50]. Indeed, in the present work, we will employ three
different Runge-Kutta methods depending on the application.
Namely, we use an implicit Runge-Kutta of the Radau II A kind
of the fifth order [72] for solving the stiff problems, and we use a
Runge-Kutta of the fourth order (in the adaptive and fixed step
size variants) for non-stiff problems. We employ the following
table for the Radau IT A method

2_Ve| 1 _ e 31 _160ve _ 2 V6
5 10 45 360 225 1800 225 75
2, V6|31 1ove 1 Ve _ 2 W6
5 10 | 225 1800 45 360 225 75
4 e 4, 6 1
1 9 36 9 + 36 9
4_Vo 4 Ve !
9 36 9 36 9

Due to the super-convergence of the Radau IT A method (classical

order p = 2r — 1) it is not possible to have an embedded method
of order p — 1 without extra cost. By taking a linear combina-
tion of A7 f(x,,u,) and the internal stage values k; it is however
possible to get an approximation of order r, we refer the inter-
ested reader to [72] for details. The following tableau is used
for explicit Runge-Kutta of the fourth-order [73], also called the
Dormand-Prince method or RK45

1/5 1/5

3/10|  3/40 9/40

4/5 | 44745 —56/15 32/9

8/9 | 19372/6561 —25360/2187 64448/6561 —212/729

1 9017/3168 —355/33  46732/5247 49/176 —5103/18656

1 35/384 0 500/1113 125/192 —2187/6784 11/84
35/384 0 500/1113  125/192  —2187/6784  11/84 0
5179/57600 0 7571716695 393/640 —92097/339200 187/2100 1/40
2.3 | Data-Driven Model Order Reduction

In this section, we discuss the concepts and notation that stand
at the basis of data-driven model order reduction. We introduce
the manifold of solutions of Equation (1)

M= {u(t;p) |t €[0,T],u €T} c RN (3)

which is a collection of the values of the solutions for each param-
eter u € I' and time 7 € [0, T']. We suppose that it is possible to
find a discretized approximation u(t*; ) for some times 1" €
[0, T] up to arbitrary accuracy by integrating (1) with a suitable
method. By solving the problem for N, different choices of u we
create a discretized manifold

M= {u®; y?) |y €T, 1<j <N, 1
€1[0,T], 1 <n < N} 4

which is a finite set of vectors that approximate the solution at
a certain discretized point in time #* and for a certain choice of
parameter u/). Let us stress that the time discretization {0 < #; <
< <ty < T} may change depending on the value of u¥, and
need not be uniform. Indeed, it often happens that ) changes
the dynamics of the system, and thus a different time discretiza-
tion is generated by the adaptive procedure. For the sake of
simplicity, we omit the explicit dependence on u") of the time
discretization.

In practice, one might also obtain data from knowing the exact
analytical solution of the problem for some specific values of u
and 7 or from real-world measurements. Data-driven ROMs aim
to leverage the information contained in the discretized solu-
tion manifold M to obtain in a fast and reliable way the solu-
tion u(t™; ) for u¥) or ™ not in the discrete manifold used
for training the model. Figure 1 shows a graphical representa-
tion of the solution manifold for the Van der Pol oscillator (cf.
Section 4.1). The motivation behind ROMs is that classical time
integration methods may become prohibitively expensive either
due to the size of N, or due to stiffness (cf. Section 3).

2.4 | Neural Odes

The model that we choose to use to build the ROM is neu-
ral ODEs [46]. Neural ODEs have emerged as powerful tools to
model continuous-time dynamics using a differential equation.
This approach provides several key benefits. Firstly, neural ODEs

4 0f 22

International Journal for Numerical Methods in Engineering, 2025

95LB01 7 SUOLULLOD BAII1D) 3[cedl|dde 8Ly Aq peusenob a.1e sajofe YO 9sN JO SaInJ 10} AR1q1T 8UIIUO A1 UO (SUONIPUOD-pUB-SWB)LI0O" A8 | 1M ARe.q1|BuUO//ScY) SUORIPUOD pue SWd 1 8L} 38S *[5202/80/G2] U0 AReiqiauliuo A8|im ‘iojouyde 1 nj Imiisul eynssie Aq 0900. 3WU/Z00T 0T/I0p/wod As|im Akeiq i puljuo//sdny wouy papeojumod ‘ZT ‘520z ‘L0Z0.60T



B —————

S e
e

—

15

3.0

2.5

2.0

15

1.0

0.5

0.0

2.0

FIGURE1l | Example of discrete solution manifold M for the Van der Pol oscillator.

offer superior flexibility in modeling time-series data, as they
can naturally handle irregularly sampled data and varying time
steps. Secondly, they ensure smooth trajectories and better inte-
gration with physical laws and other domains where the under-
lying processes are continuous in nature. Furthermore, neural
ODEs can lead to more efficient training and inference, as they
require fewer parameters and can leverage advanced numeri-
cal solvers for differential equations. Neural ODEs are also more
memory efficient compared to traditional recurrent neural net-
works, especially for long time-series data, because they avoid
the need to store intermediate states of the network during
backpropagation.

More precisely, a neural ODE is a dense fully connected feedfor-
ward (FNN) neural network NN [74, 75], with parameters 6,
that evolves the dynamics as

u(t; p) = NN (t,u(t); p) ©)

that is, the FNN is employed to approximate the right-hand side
f of the dynamical system (1), thus it takes as inputs the time
t, the current state u, and the parameters u. In other words,
this technique aims to predict u by using NN to learnthe f of
Equation (1). One of the main drawbacks of this approach is that
it is necessary to numerically integrate the system in the online
phase. Given the recurrent nature of the architecture, adjoint
solvers have been developed to enhance the memory efficiency
during the training phase [46]; their cost, however, remains much
larger when compared to FNN.

When used as an architecture for ROMs, the neural ODE is
often paired with another neural network to reduce the dimen-
sion of the system from N, to a small latent state space. This
is usually achieved by means of autoencoders [28-32] or other
reduction techniques [49]. However, if N, is small, the advan-
tages of using a small latent space representation may not be
counterbalanced by the increased cost of evaluating the neu-
ral network. In this work, we propose a solution to this lat-
ter problem by introducing an appropriate change of vari-
ables that significantly reduces the stiffness of the problem.
Indeed, we will show that our method makes it possible to
use explicit solvers to integrate neural ODEs representing stiff
systems.

We report in Figure 2 a representation of the neural ODE. The hat
symbol * represents a suitable normalization of the data, see the
next section for details. For the sake of simplicity, we will indicate
in the captions the reference solution (the one that is comprised
in the dataset) with the subscript “ref”, and the components of u
as predicted by the neural ODE with u;.

2.4.1 | Training a Neural ODE

There are two main approaches to train a neural ODE. The first
one is the classic supervised approach. Assuming that the value
of £, u(t™; u¥); ) is known for each sample in the dis-
crete manifold M, then it is possible to compute the MSE loss
and minimize it through a gradient-based optimizer. However,
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FIGURE 2 | Architecture of the Neural ODE for model order reduction.

this kind of data is not always available. Instead, the second
approach—the one originally proposed for the training of neural
ODEs—minimizes the error with respect to the time-series data
u(t™; u) for a fixed j. Namely, by using a differentiable ODE
solver, we minimize the loss

Ntruin
1 . .
— (N). Dy — ©0). ,,()
£©) = Ntramz, u(@™; g9 = (u(@®; p?)
j=1
£N)
+ NN(r,u(r;Mf’),u(f);e)dr) ©)
(0)
! P
where |- ||, indicates the discrete p-norm, the elements

u(@; u) and u(@™; ) belong to the solution manifold
M, NN is the approximation of f made by a suitably trained
neural network and the integral is usually computed with an
explicit integration method like forward Euler or an explicit
Runge-Kutta method.

The advantage of the supervised approach is that it is less com-
putationally demanding since it does not need to compute the
gradient through the ODE solver using automatic differentia-
tion. On the other hand, in the supervised framework, the loss
is not always indicative of the accuracy of the predictions on the
time-series data u(t™; u), n = 0, ..., N. For this reason, we always
employ as validation loss Equation (6).

Implementation details for Equation (6) are important when it is
employed to train the neural network. We resample the discrete
time-series to match the output of the time integrator, namely a
Runge-Kutta method of the fourth order with a fixed timestep.
To minimize the interpolation errors, we use a reference solu-
tion with a very fine time discretization. A uniform resampling
allows for an efficient use of the partial results of the ODE solver
for all times smaller than the final one. Moreover, the initial and
final integration times are not (#®, #™) but are batched by uni-
form extraction between [0, 7] so that each time integration in the
dataset is done with the same number of timesteps: this proce-
dure enables vectorization of the computations, greatly reducing
the computational cost. This optimization was originally intro-
duced in torchdiffeq [46]. The number of timesteps used is

called the unroll length and is a hyperparameter that plays a key
role in the optimization procedure. Finally, as commonly done in
supervised learning, the computations are split into mini-batches
to increase stochasticity. If not otherwise stated, when using
Equation (6) for validation or testing, we employ as a time integra-
tor an embedded Runge-Kutta method of order four with adaptive
time-stepping. However, computations are significantly cheaper
since we can turn off automatic differentiation.

In our experiments, we employ a two-phase training. First, a stan-
dard supervised approach is used to “initialize” the neural net-
work since it is cheap and enables a fast reduction of the loss.
The derivative data is estimated with a filtering approach from
the trajectory data (cf. Section 4). Then, we switch to the differ-
entiable ODE solver approach to fine-tune the ROM. Our exper-
iments show that in this case, it is beneficial to use an increas-
ingly larger unroll length to ensure the robustness and accu-
racy of the model. The two-phase training is not strictly needed,
but we have found it significantly reduces the time and effort
required for hyperparameter tuning compared to using only the
trajectory data. Further details will be given in Section 4 for
each test case. Employing a two-phase training approach not
only reduces the computational cost but also increases the qual-
ity of the final model. Indeed, from our experiments, we have
observed that with the supervised learning approach, the neural
network is able to learn sharper gradients that may lead to unsta-
ble states. On the other hand, learning through the ODE solver
produces stable results that might follow less precisely the refer-
ence solution. Figure 3 shows an example of two (underfitting)
models. In Figure 4, we show the training and validation loss for
amodel trained in sequence with the supervised and ODE solver
approaches.

Another important point of discussion is the explicit dependence
on time ¢ of the N' V. In practice, we do not use ¢ as input to the
neural network N’ A'. However, this does not necessarily limit us
to autonomous systems of ODEs. Indeed, it is possible to use an
input layer with memory, like an LSTM, to add temporal depen-
dence. This approach is usually preferred to employing ¢ as input
to the neural network since it improves generalization properties
in time.
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FIGURE3 | Comparison of the supervised and ODE solver approaches for training the neural ODE from the same randomly initialized model for

the Van der Pol oscillator (cf. Section 4.1). Blue and orange are the predictions of the model, and black is the reference solution. The supervised training

is globally less accurate and stable, but better captures sharp gradients.
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FIGURE 4 | Example ofthebehavior of the loss, the validation loss, and the learning rate during the training of the ROM with the two-step approach:

first the supervised approach and then the ODE solver approach.

To accelerate the training, it is key to apply suitable normaliza-
tions to the input u, the output f, and the time-series data u. The
exact expressions for the normalizations depend on the test case
considered and are detailed in Section 4. In some special cases, for
example, if u is high-dimensional, further treatment of u may be
needed to accelerate the training. The insight behind the choice
of the normalization is that we aim to have data that has a magni-
tude close to one, does not have outliers, and has either a uniform
distribution or a normal distribution with a standard deviation of
magnitude close to one. In our experiments, strictly monotone
normalizations achieved better results. We designed the normal-
izations by manual inspection of the histograms of the data.

3 | Addressing the Stiffness Issue

While many techniques have been developed to build ROMs of
large systems stemming from semi-discretized PDEs, not many
solutions are available for stiff ODEs. Indeed, it is a challenge
to learn their complex dynamics, which often feature large gra-
dients and widely different time scales. More rigorously, a com-
monly used formula to define the stiffness .S index of a problem is

R

5= 2Ru’min)

(7

where 4, are the eigenvalues of the Jacobian of the system and R
indicates the real part. However, it is known that this definition
is not always helpful. For instance, it does not apply to the clas-
sic Robertson chemical kinetics problem since it has two zero
eigenvalues [76]. A more pragmatic definition is given by Harier:
“Stiff equations are problems for which explicit methods do not
work” [50]. That is, explicit numerical time integrators such as
the embedded Runge-Kutta method of the fourth order require
timesteps so small that implicit methods become cheaper. Stiff-
ness is a particularly important issue when working with neural
ODEs. Indeed, it is a well-known fact that neural ODE training
may fail due to stiffness. For instance, [53] shows issues of this
kind and proposes techniques to improve the training. However,
it is still necessary to use a costly implicit solver in the online
phase, since the learnt dynamics is stiff.

Hence, to use the neural ODE as a ROM, we aim to reduce the
stiffness of the system, allowing for the use of (cheap) explicit
methods. To this end, we propose to change the dynamics of the
problem by considering the change of variable in time induced by
the adaptive time-stepping of the implicit solver used to solve the
FOM. We remark that this change of variable is particularly effec-
tive in the case of stiffness characterized by a large .S. However,
in cases where stiffness is characterized by the presence of an
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oscillating fast solution, reparametrization techniques show sev-
eral limitations [64, 65]. Our approach is not an exception, and
this is an area for further improvement.

We suppose the existence of a change of variable 7, =1 (1)
that makes the system less stiff. Namely, instead of learning
Equation (1), we learn the following system

1, €(0,1]

{u‘x(zx;m = [y, u,; p), ®

u (05 ) = ugo(H)
where, u(t; ) = u(t(t,); p) and thus f is

dug(t; ) _ duG(y); p) dr
dr, dr  dt

s s

[t usp) =
= f(ttg w.u; Wit p)

We aim to build the time mapping ¢, = 7,(¢) in a data-driven man-
ner, in particular we suppose that

") = 5

that is, the Af chosen at the n-th step by the implicit time stepper
is proportional to the derivative of the function that we employ as
a change of variable in time. We remark that 7, is strictly increas-
ing and thus invertible, with inverse t = #(¢;,). We guess this
change of variables induces less stiff dynamics since the adaptive
time-stepping spreads the sharp peaks and quickly adapts to the
large timescales. The insight behind this approach is that using
an implicit solver to train the neural ODE on Equation (1) has a
cubic cost [53], instead, this change of variable allows the training
via an explicit method, which is significantly cheaper. In other
words, the adaptive time-stepping is embedded into the neural
ODE, avoiding the backpropagation step through the implicit
solver. While the proposed approach is closely related to classical
embedded methods, it significantly reduces the cost of training a
neural ODE.

While it could be possible to learn #(z; u) and #(t; u) by simple
regression methods (such as monotonicity-preserving interpola-
tion), this approach has two significant drawbacks for our use
case: (i) it becomes unfeasible to use Equation (6) to train the
neural ODE; (ii) these interpolation schemes do not generalize
well for > T and quickly become expensive as the dimension of
u increases.

Thus, in this framework, we have two neural networks. The
first, N’V is used to approximate f _, which only requires point-
wise estimates of these values. Further details for the train-
ing are given in Section 3.1. The second ingredient needed to
accommodate for the time reparametrization is a way to com-
pute #(¢,; ) in the online phase, to map the solution back to the
original dynamics. Our experiments show that learning directly
the map 7 = #(r;; ) is a hard task for a neural network, prob-
ably due to the presence of abrupt changes in the function.
Instead, we found that learning #(u,(7; u)) is a stable approach
that produces more accurate results. We note that, provided ¢ =
1(t;; p) is continuously differentiable (or just absolutely continu-
ous, if we only require the derivative almost everywhere), it can

always be represented —and hence learned via the neural ODE
approximation—as

tS tS
ttgp) = /@ i(r; pydr = /g) NN, (z,u,(r; p), pydr
tY IS

by the fundamental theorem of calculus. In this case, u,(z; u)
is just an extra input used to accelerate the training. However,
to improve the generalization properties and keep the system
autonomous, we prefer to remove the explicit dependence on 7,.
This is possible only if the trajectories of the ODE are an injec-
tive immersion in R or if the “velocity” #(z,; u) is uniquely well
defined at every point of the trajectory. Since it is non-trivial to
prove that this second property holds, we have only empirically
tested the hypothesis by analyzing the data. Indeed, in practice,
this approach works even if the trajectories satisfy the previous
properties almost everywhere. Hence, in all our test cases, the
time mapping is computed with the following path integral

u,(t)
NN, (ug; p)du
0)
)

1t ) ~
uA(tﬂ.
where the values of u, are the ones obtained by solving
Equation (8) by time integration of the neural ODE N N'. Our
experiments (see Section 4) demonstrate that the method gen-
eralizes well to parameters u not present in the training set.
The evaluation of the time dynamics is cheap since it can be
done in one batch using vectorization. Indeed, in the first step,
we compute u(t,; p), then, we carry out the cumulative inte-
gration of i(u,(t,; u)) with Simpson’s rule. In our experiments,
this step requires only a few milliseconds and its cost is neg-
ligible with respect to the cost of the integration of the neural
ODE. The main advantage of this approach is that it is cheap
compared to autoencoders, especially for small problems since
the only overhead is the computation of ¢ = #(t,; u). However, it
is also possible to combine the autoencoder with the described
methodology: first, the autoencoder extracts a latent state rep-
resentation, then, we could apply the time reparametriza-
tion in the latent space, reducing the stiffness of the latent
dynamics.

Unlike traditional non-constant time-stepping, our data-driven
time reparametrization fundamentally alters the underlying time
dynamics by introducing a new, normalized time variable 7 based
on the adaptive time-stepping behavior of the original system.
While the results are in practice similar, this technique enables
to predict the adaptive time-stepping for a new model parame-
ter u in a much cheaper way, without the necessity of evaluating
the Jacobian or solving a linear system, like it is requested in an
implicit ODE solver.

3.1 | Implementation Details

Applying this methodology to the training with the differen-
tiable ODE solver does not require any change. Indeed, the values
of the time-series u,(n/N; p) = u(*?; p) are known, they only
have a different time discretization, that we know pointwise.
The main difference concerns the supervised learning approach.
As explained before, this step allows us to “initialize” the neu-
ral network in a cheap way and requires us to estimate both
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FIGURES5 | Time reparametrization workflow. Starting from the stiff ODE system (in gray), we compute the discrete solution and obtain the discrete

manifold M using an implicit method. We normalize the solution, compute the time reparametrization 7 (r), and estimate f; (in blue). Finally, we are
able to train a non-stiff model that can be solved using an explicit method (in orange).

u,(t,; p) = f,(t,,u; p)and i, in order to train two neural network
NN and N N,, respectively. The approximation of the deriva-
tive is done using a Savitzky-Golay filter with low order (two or
three) and small window size (< 10). Figure 5 shows a scheme
of the workflow. To accelerate the training also the values of the
time derivative are normalized, in particular, we have found a log-
arithmic normalization to work particularly well.

The optimizer we employ is AdamW [77] with batch size 32 and
a learning rate scheduler that geometrically reduces errors on
plateaus of a factor of one-half with patience twenty epochs. The
training lasts for a maximum of 400 epochs. The best model is
chosen using early stopping based on the validation loss. The acti-
vation functions, the depth and width of the neural network, the
initial learning rate, and the seed are hyperparameters that we
optimize by means of random search on a problem-by-problem
basis. In particular, the activation function is chosen among
Gaussian error linear unit (GELU) [78], SiLU [79], Hard Swish
[80], Leaky ReLU and ReLU, the depth between three and ten, the
width between five and 100 and the initial learning rate between
2-10% and 107

We employ a very similar approach to fine-tune the differen-
tiable solver. The main difference is that the maximum number
of epochs considered is 2000. The unroll length and the timestep
size are tuned for each problem. As a rule of thumb, we employ
increasingly larger unroll lengths with smaller and smaller learn-
ing rates. Namely, we start with covering about 5% of the time
domain, and it increases up to 50%.

The neural network N W, approximating #(u(r;; p)) is also
trained in a two-step process. First, it is trained in a supervised
manner. Similar to what we do in the other supervised step,
we employ as validation loss the accuracy of the predictions on
the validation time-series when employing the ODE solver to

integrate both N'V,, which approximates #(u,(7,; p)), and N' N,
which approximates f(¢,, u,; p). Then, it is fine-tuned using as
a target the time . This is achieved by automatic differentiation
through Simpson’s integration rule. Namely, the loss is

1 Nirain u»s.(r,(‘N))
(N) /

t —_

N, train ; uj(tﬂ.O))

where 1@, ™) are sample times, and u"’ are sample parameters
used to build the discrete manifold M and the integral is com-
puted cumulatively on the discretization induced by the explicit
Runge-Kutta method applied to the trained N'A. The time inte-
gration interval (#©, ™)) and the sequence of states u (r; u"’)
needed for the integration can be picked either from the solution
manifold or the values obtained by applying the trained N’ to
the training dataset. We tested p = 1, 2,4, the best results were
achieved with p = 1.

L) = NN, (uy(z; u9), u; 0)dz

p

Finally, to achieve the best performances in the online phase
(inference time), the model is optimized using the features
of modern deep learning libraries, such as oneDNN graph
fusion [81].

4 | Numerical Results

Our methodology is tested in five numerical experiments fea-
turing stiff problems widely used in the literature to benchmark
implicit ODE integrators [50, 67]. We do not consider dynamical
systems derived from semi-discrete PDEs since it would require
the use of autoencoders to extract the latent dynamics. Indeed,
we aim to assess the behavior of our method as a stand-alone
improvement to neural ODEs. Introducing other variables in the
test cases, such as the error of the autoencoders, may be detri-
mental to this task. We are confident that, given the wide range of
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test cases presented, our methodology could be extended to larger
state spaces or semi-discrete PDEs without problems. Indeed,
being able to outperform classical ODE solvers on small problems
without the need to use a simplified latent space representation
is a more difficult task.

Computations were carried out on a laptop with an AMD Ryzen
7 PRO 7840U. For the sake of reproducibility, we rely on the
standard (CPU) implementations found in SciPy [82] of the
Runge-Kutta methods for solving the original stiff system with
the original right-hand side. Indeed, the evaluation of the original
right-hand side is much cheaper than the evaluation of a neu-
ral ODE that approximates it. All the test cases feature systems
that cost orders of magnitude more to solve with explicit solvers
than with implicit ones. Moreover, to ensure a fair and rigorous
comparison with the neural network, we executed both methods
on a CPU. While leveraging a GPU would likely enable the neu-
ral network to significantly outperform the full-order method,
our goal was to maintain a balanced evaluation framework. We
remark that all the presented metrics, tables, and figures refer
to the evaluation of NN and N WV, on atesting dataset, that is
with values of the parameter u that are unseen by the neural
network.

Before proceeding with the presentation of the test cases, let us
introduce some metrics of interest that we will use to assess the
performance of the ROMs.

« time: elapsed CPU time in seconds to solve the system up to
the final time T'.

« #fev: number of evaluations of the right-hand side (either f

or NN).

« # jev: number of evaluations of the Jacobian of f (used for
the implicit solver).

« # lu: number of LU decompositions (used for the implicit
solver)

+ MSE, : mean squared error of N N in the t, reparametriza-
tion.

« MSE: mean squared error in the ¢ parametrization.
« L?: relative integral error computed with Simpson’s rule.

* dpeq: average distance of the peaks (any sample whose two
direct neighbors have a smaller amplitude) between the ref-
erence solution and the low fidelity solution (used for peri-
odic solutions).

Finally, we indicate with tol the tolerance of the solver. If not
otherwise specified, it is intended that we set both the absolute
(atol) and relative (rtol) tolerances of the embedded solver to
this value.

4.1 | Test Case 1: Van Der Pol Oscillator

The van der Pol oscillator is a second-order differential equation
that exhibits limit cycle behavior, which makes it a valuable
model for studying phenomena such as electrical circuits, cardiac
rhythms, and neuronal firing patterns. The problem is governed

by a parameter ; > 0 and we consider its following formulation
in the time interval ¢ € [0, 3.5u]

i = Uy,
iy = pu(l— uf)uz —uy, (9)
u(0) = (2,0)

This test case aims to assess the capabilities of our method on an
autonomous periodic system. Indeed, the Van der Pol oscillator
has two periodic solutions: a non-trivial periodic solution and an
unstable zero solution. The parameter y > 0 determines the sig-
nificance of the nonlinear component of the equation. When u
is large, the system becomes stiff. We set I' = [10%,10*] and con-
sider the training dataset composed by a logarithmic discretiza-
tion I"with N, = 51 points. The validation dataset is the interval
midpoints of discretized I'. The reference solutions are computed
using the Radau method, with absolute and relative tolerances set
to 10712,

The data for the supervised training is smoothed with a
Savitzky-Golay filter of window seven and order two. Data is ran-
domly subsampled to have about one thousand points for each
period of the time-series. Fine-tuning is done by increasing the
size of the unroll length starting from 20 up to 80 (exact values
are a hyperparameter to be tuned) and time-stepping At = 1/40.
The starting learning rate is reduced by a couple of orders of mag-
nitude with respect to the supervised step.

Data is normalized using the following functions: parameter
normalization: fi = log,, u; state normalization: & = (u,/2,u,/n);
dynamics normalization: f = ( f1/5. f5/10)/ u; time normaliza-
tion: 7' = T'/u. The model is tested for N:fs‘ = 4 values of y €
[10%9%,10%%°] spaced logarithmically (these values are chosen
so that they are not present in the training nor the validation
dataset). Moreover, we are also testing for time beyond what is
present in the training and validation datasets, namely, we are
integrating until a final time T = 5. Figure 6 shows the results
of applying the change of dynamics to this problem. On the left,
the plot of the problem with the new dynamics shows smaller
gradients. On the right, after the change of variable, we recover
with good accuracy the original dynamics of the Van der Pol oscil-
lator. In Table 1 we show a comparison of the computational
cost. The number of right-hand side evaluations is one order
of magnitude smaller for the explicit solver of the neural ODE
w.r.t. the implicit solver of the FOM. This proves that the change
of variables has significantly reduced the stiffness of the problem.
Another interesting feature of our approach is that the ROM error
is almost independent from u, on the other hand, the implicit
solver exhibits a correlation between the two, suggesting that for
larger values of 4 computational gains may be larger. In this case,
the L? error is computed only with respect to the first compo-
nent of u. Indeed, since u, features sharp peaks, small variations
in their position make the integral error large and not represen-
tative of the accuracy of the solution. For this reason, we have
introduced the d,, metric, which tries to measure the accuracy
of the ROM in this regard. We stress that for this test case, the
ROM is performing well also for unknown times, maintaining an
accurate prediction of the period of the system. From the metrics
in Table 1, it is also possible to notice that the main bottleneck in
terms of accuracy for the ROM is the time mapping. Indeed, the
model is very accurate in the ¢, parametrization.
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FIGURE 6 | Test case 1: Van der Pol oscillator. On the left, in colors, the neural ODE predictions in 7. On the right, in colors, the prediction is

mapped to the original time 7. In black is the reference solution. The vertical dotted line represents the final time in the training dataset.

In this case, we employ a fixed time-stepping in the online phase.
This is a feasible approach only because the dynamics in the 7,
parameterization exhibit similar behavior across all considered
values of u.

4.2 | TestCase 2: OREGO Problem

The OREGO problem consists of the following stiff system of 3
nonlinear ODEs defined in the time interval 7 € [0, 1000]

iy = py(uy — wyuy +uy — ﬂau%),
iy = i(—uz —uyly + u3), (10)
iy = py(uy — u3),

u(0) = (1,2,3)

Similar to the previous test case, the problem is an autonomous
system that features a periodic solution. However, the problem
originates from the description of a chemical reaction, thus it is
key for the concentration u to stay positive. Moreover, the val-
ues of u span six orders of magnitude. The considered parameter
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TABLE1 | Testcase 1: Van der Pol.

u Solver tol time [s] # fev #jev #1u MSE, L? dpeax
10201 ROM 1/40 0.033 1000 0 0 4.13e-3 0.03520 0.662
Radau 1072 0.046 2470 110 516 —_ 0.01447 0.811
10715 0.041 2342 105 482 — 0.37252 14.59
10%¢7 ROM 1/40 0.033 1000 0 0 2.39e-3 0.02262 2.665
Radau 1072 0.056 3316 133 688 — 0.00870 2.075
1015 0.046 2591 118 576 — 0.53100 181.5
10333 ROM 1/40 0.033 1000 0 0 5.94e-3 0.03098 19.27
Radau 1072 0.072 3850 154 806 —_ 0.00742 8.083
1071 0.052 2992 137 684 — 0.29987 655.2
10%%° ROM 1/40 0.033 1000 0 0 7.23e-3 0.04768 191.0
Radau 1072 0.078 4418 156 938 — 0.04377 210.9
10713 0.058 3337 148 768 —_ 0.17724 2822
Note: Comparison of computational cost and accuracy for the Radau solver and the neural ODE-based ROM on the test dataset. Refer to Section 4 for the definition of the
metrics.
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FIGURE7 | Testcase2: OREGO. On the left, in colors, the neural ODE predictions in #,. On the right, in colors, the prediction is mapped to the
original time 7. In black is the reference solution. The state scale is logarithmic.

space is I" =[50, 100] x [0.002, 0.02] x [107%,10~*], which con-
tains the value u = (77.27,0.161,8.375 - 10~>) usually employed
in literature for this test case. The training dataset is built by sub-
sampling a discretization of I with a uniform grid of 6, 19, and
21 points in each direction, respectively. The validation dataset
is based on a discretization of I" in the midpoints of the train-
ing discretization. Reference solutions are computed with a toler-
ance of 1071°. We apply the following normalizations: parameter

normalization: ft = (u,/77.27, 4,/0.161,log,, p5/5); state nor-
malization @ = log,, u; dynamics normalization: f = f. We test
the performance of the ROM for eight parameters

ust e {52.5,97.5) x {0.025,0.175} x {107>97%,107+523}
Figure 7 shows that the ROM is able to accurately follow the ref-

erence solution and track its period. A quantitative comparison
with the Radau solver is reported in Table 2. We remark that a
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TABLE 2 | Testcase2: OREGO.

u Solver tol time [s]

#fev #jev #1u MSE, L? d

s peak

(52.5,0.025,10797%) ROM 2-107* 0.037 1130 0 0 1.20e-3 1.19e-2 1.668
Radau 1073 0.065 3777 167 656 — 1.31e-5 3.032

10718 0.059 3213 165 664 — 0.4691 6.092

(97.5,0.025,10797%) ROM 2-107 0.034 1046 0 0 4.52e-3 7.75e-2 5.041
Radau 1073 0.067 3445 159 600 — 2.12e-5 4.632

1071 0.054 2815 141 556 — 0.0099 6.574

(52.5,0.175,107397%) ROM 2-107 0.065 1970 0 0 2.64e-3 5.67e-2 1.810
Radau 1073 0.111 6590 310 1100 — 8.47e-5 1.115

1071 0.095 5342 277 1068 — 0.0079 1.432

(97.5,0.175,107597%) ROM 2-107* 0.057 1694 0 0 1.41e-3 3.08e-2 1.134
Radau 10°3 0.074 4649 212 744 — 1.43e-5 0.467

10719 0.068 3654 197 712 — 0.0163 3.831

(52.5,0.025,107+52%) ROM 2-107 0.048 1454 0 0 3.45e-3 5.14e-2 5.976
Radau 1073 0.063 3895 183 666 — 3.73e-5 2.885

1071 0.033 1814 92 364 — 3.8838 464.3

(97.5,0.025,107+52%) ROM 2-107* 0.049 1466 0 0 1.85e-3 6.27e-2 2.355
Radau 1073 0.062 3809 172 658 — 8.83e-5 7.598

10719 0.037 2021 100 392 — 2.6084 257.8

(97.5,0.175,107+52%) ROM 2-107* 0.088 2690 0 0 2.17e-3 1.17e-2 1.366
Radau 1073 0.117 7148 319 1202 — 1.33e-5 1.100

10713 0.098 5433 292 1054 — 0.0039 1.888

(52.5,0.175,107+52) ROM 2-107* 0.059 1770 0 0 2.57e-3 2.28e-2 1.920
Radau 1073 0.077 4781 217 814 — 2.35e-5 1.102

10713 0.066 3635 196 712 — 0.0101 0.992

Note: Comparison of computational cost and accuracy for the Radau solver and the neural ODE-based ROM on the test dataset. Refer to Section 4 for the definition of the

metrics. In bold, the error occurs when the solution is not positive.

tolerance of 1072 for the Radau solver did not produce a positive
solution for all the problems in the test dataset. When this hap-
pens, the error is reported in bold in the table. The number of
right-hand side evaluations of the explicit solver is less than half
the one of the implicit one, showing that our method has made
the system non-stiff. Also, the computational cost is consistently
smaller than the one needed by the Radau solver, however, the
latter has better accuracy. On the other hand, the distance of the
peaks is comparable, proving that the ROM accurately captures
the period of the system. In Figure 8 we present a comparison of
the stiffness ratio for the original system and the one with simpli-
fied dynamics. On average, the time reparametrization reduces
the stiffness by a couple of orders of magnitude, showing the
effectiveness of our technique.

4.2.1 | Parametric Initial Conditions

To prove that the parameter u is not limited to parametrizing the
physical properties of the system, in this section we deal with the
following variation of Equation (10)

iy = 77.27(uy — uyuy + uy — 8.375 - 1075u?),
iy = 77.27"Y(—uy — uyuy + uy),

iy = 0.161(u; — u3),

(€3Y)

u(0) = (Hy, Has H3)

where u parameterizes the initial condition u,,. The training sam-
ples for the u are in

I' ={(1,2,3),(5,10,15), (10, 20, 30)}

the normalization of the state space and the right-hand size
are the same as before. The parameter u is not normalized.
The problem is tested on u**s* € {(2.5,5,7.5),(7.5,15,22.5)}. The
results are reported in Figure 9. Our model is able to capture the
period of the system and the different number of peaks present in
the considered time window. The L?-error is 0.0408 and 0.0256 in
the first and second case, respectively.

4.3 | Test Case 3: ROBER Problem

The ROBER problem is a stiff system of 3 nonlinear ODEs defined
as follows:

Uy = =ty + ppliyls,

iy = piylly = ppliglly = p3li3, (12)
iy = ;43u§,

u(0) = (1,0,0)

The system describes the kinetics of an autocatalytic chemical
reaction and is considered one of the most popular benchmarks
for stiff solvers. When used in this context, the time integra-
tion window used is usually large, namely ¢ € [0, 10'!], and the
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FIGURES8 | Comparison of the stiffness ratio S of OREGO system in the original and simplified dynamics.
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FIGURE9 | Testcase 2: OREGO, parametric initial conditions. On the left, in colors, the neural ODE predictions in 7,. On the right, in colors, the
prediction is mapped to the original time 7. In black is the reference solution. The state scale is logarithmic.

parameters are p = [0.04,10%,3 - 107]. Indeed, codes might fail if
u, accidentally becomes negative, since it then tends to —oo, caus-
ing overflow. This feature makes the ROBER problem ideal for
testing the ability of our ROM to be accurate across different time
scales.

We set I'=[0.005,0.05] x [103,10°] x {3-107} and consider
training dataset composed by a logarithmic discretization I" with
16 uniform points and 31 logarithmically spaced points in the first
two directions, respectively. The validation dataset is the inter-
val midpoints of the discretized I'. The reference solutions are
computed using the Radau method, with absolute and relative
tolerances set to rtol= 1012, atol= 10",

Data is normalized using the following functions:
(—log,q my.10g 1, /4,108, 415 /7);  state normalization
(uy, up /10%=)/2 3. ): dynamics normalization: f = f. The
model is tested for four values of the parameters

S ™
Il

1t e {0.006,0.49} x {1039% 1075}

Figure 10 shows that the ROM is able to accurately follow the
reference solution across the different time scales. A quantita-
tive comparison with the Radau solver is reported in Table 3.
We remark that a tolerance of rtol= 10", atol= 10" for the
Radau solver is among the smallest pair of tolerances that pro-
duce a positive solution for all the problems in the test dataset.
The number of right-hand side evaluations of the explicit solver

is almost one order of magnitude smaller than the implicit one,
showing that our method has made the system non-stiff. More-
over, the computational cost is consistently smaller than the one
needed by the Radau solver. However, the latter achieves a far
smaller error. We highlight that the ROM sometimes fails to reach
the correct final time, namely, the map to ¢ sometimes stops at
a time much smaller than 10'!. Nevertheless, the ROM still cap-
tures the interesting part of the reaction, having issues only when
the solution reaches a plateau. Similarly, we observe that the
model is not accurate for < 1073 as it fails to follow the inflec-
tion point at ~ 107* (cf. the right column of Figure 10). We show
that these problems can be mitigated by reducing the tolerance of
the RK45 solver to tol= 2 - 107>, as shown in Figure 11.

4.4 | TestCase 4: E5Problem

The ES5 problem consists of the following stiff system of 4 nonlin-
ear ODEs:

-

Uy = —pyly + ppliylis,
Uy = Hylly = HyHaliylis,
Uy = pyliy = Holiyly — i3 figlipUis + pslly, (13)

Uy = pyliyUiy — pi3lly,
u(0) = (1.76 - 1073, 0, 0, 0)

The problem describes a chemical pyrolysis where u represents
the concentration of the reactants. The largely different rates of
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FIGURE 10 | Testcase 3: ROBER. On the left, in colors, the neural ODE predictions in ¢,. On the right, in colors, the prediction is mapped to the

original time 7. In black is the reference solution.

reaction that occur in the same system are the cause of stiffness.
As a test problem, it is usually integrated in a large time win-
dow, namely, we choose the interval ¢ € [0, 10*!]. This means the
problem features widely different scales in time and space. The
problem is particularly challenging. Indeed, the formulation (13)
is affected by the cancellation of digits and it is recommended
to use the relation u; = u, — 1, to compute f(t,u). Moreover, it
has been shown that a very small tolerance on the absolute scalar

error must be used to obtain a reliable reference solution. Indeed,
they are computed using the Radau method, with absolute and
relative tolerances set to atol= 10"%*, rtol= 10"1.

We set I'=[5-10719,5.107°]1 x [107,10%] x {1.13 - 103} x {10°}
which contains the parameter p = (7.89-107%,1.1-107,1.13 -
103, 10°), which is the usual choice for the benchmark. The train-

ing dataset is built by a discretization I" with 11 logarithmically
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TABLE 3 | Testcase 3: ROBER.

u Solver rtol (atol) time [s] # fev #jev #1u MSE, MSE
(0.006,10%9%5 3. 107) ROM 2-107* 0.008 230 0 0 1.21e-5 2.40e-4
Radau 1074(1077) 0.019 927 44 210 — 6.72e-6
1073(107%) 0.051 3055 132 798 — 9.58el1
(0.006,10*°7>,3 . 107) ROM 2.107* 0.009 272 0 0 1.19e-3 1.11e-3
Radau 1074(1077) 0.021 1100 52 240 — 5.74e-6
1073(107%) 0.016 790 53 194 — 2.65e-5
(0.049,10%9%5 3. 107) ROM 2-107* 0.007 206 0 0 4.34e-4 4.97e-5
Radau 1074(1077) 0.021 1081 46 256 — 4.49¢-6
1073(107%) 0.030 1787 73 406 — 1.9626
(0.049,10*°75,3 - 107) ROM 2-107* 0.009 260 0 0 4.46e-4 9.80e-4
Radau 1074(1077) 0.024 1121 55 248 — 3.35e-6
1073(107%) 0.014 795 50 198 — 1.50e-5
Note: Comparison of computational cost and accuracy for the Radau solver and the neural ODE-based ROM on the test dataset. Refer to Section 4 for the definition of the
metrics.
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FIGURE11 | Test case 3: ROBER. The prediction of the model with an integration tolerance of tol= 2 - 107> mapped to the original time 7. The

smaller tolerance results in more accurate predictions, see Figure 10.

spaced points in the first two directions. The validation dataset is
the interval midpoints of the discretized I'. Data is normalized
using the following functions: ji = log,, y; state normalization
it = log,,u/10; dynamics normalization:

if|fil <2,

otherwise

7=4"
sgn(f)(og(|f;] = 1) +2)

The insight behind this normalization is simple: the data features
very long tails due to the presence of large gradients. Thus, we
apply a logarithmic transformation to these large values. Suitable
constants are added to ensure continuity with the linear part of
the transformation.

The model is tested for four values of the parameters
”test c {5 . 10—94975, 5. 10—9.025} X {107.025’ 1074975}
X {1.13-10%} x {10°}

Figure 12 shows that the ROM is able to accurately follow the
reference solution across the different time and space scales. A

quantitative comparison with the Radau solver is reported in
Table 4. We remark that a tolerance of rtol= 1075, atol= 1072°
for the Radau solver is among the smallest pair of tolerances that
produce a positive and stable solution for all the problems in the
test dataset. The number of right-hand side evaluations of the
explicit solver is more than one order of magnitude smaller than
the implicit one, showing that our method has indeed made the
system non-stiff. The work precision tradeoff is particularly favor-
able for our ROM. Indeed, it has comparable accuracy at a much
lower computational cost. The main limitation of our model is
that it sometimes fails to reach the correct final time, namely, the
map to t sometimes stops at a time much smaller than 10'!. How-
ever, the ROM still captures the interesting part of the reaction,
having issues only when the concentration plummets to values
close to zero (< 1072).

4.5 | TestCase 5: POLLU Problem

To show the effectiveness of the proposed method on large state
spaces, we test our methodology on the POLLU problem: as a
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TABLE4 | Testcase4: E5.

u Solver rtol (atol) time [s] # fev #jev #1u MSE, MSE
(5-1072975, 107925, 1.13e3, 10°) ROM 2-107* 0.013 308 0 0 4.12e-2 5.06e-3
Radau 1076(1072%) 0.064 4119 93 416 — 8.36e-4
(5-1079025 107025 1.13e3, 10°) ROM 2.107% 0.015 344 0 0 4.97e-2 4.00e-3
Radau 1076(1072%) 0.065 4156 102 426 — 1.84e-2
(5-107975,10797°, 1.13e3, 10%) ROM 2-1074 0.013 302 0 0 1.56e-2 4.80e-3
Radau 107%(107%%) 0.063 4003 103 430 — 9.87e-4
(51072925 10797 1.13e3,10°) ROM 2-107* 0.011 260 0 0 6.48e-2 5.53e-3
Radau 107%(107%%) 0.068 4055 112 438 — 1.88e-2

Note: Comparison of computational cost and accuracy for the Radau solver and the neural ODE-based ROM on the test dataset. Refer to Section 4 for the definition of the

metrics.

stiff system of 20 non-linear ODEs. The system is the chemical
reaction part of the air pollution model developed at the Dutch
National Institute of Public Health and Environmental Protec-
tion. The problem features 25 reactions (u € R?®) and 20 react-
ing compounds (u € R?°). Namely, we have that the system is
defined by

e R T O N R T ST A OPR ey
—ry—r3—ry—rptrytry
—risHr gty
—ry=r—ry—Iatrs
—r3+2rytrg+r, sty
—Te =Ty =Ty =Ty try+ 2y
—ry=rs—rgtin
ry+rs+re+r;

—r; =Ty
—rptrotrg
Sflusp) =
—rg—ryptrgtry
Tq
—rntryp
—ri3trp
Iig
—Tig ot e
— T
0

Ty Ty T gty s

— Ity

where the reactions r are connected to u and u(® by rates reported
in Table 5. The initial condition is

u, =(0,0.2,0,0.04,0,0,0.1,0.3,0.01, 0,0,
0,0,0,0,0,0.007,0,0,0)

It is usually considered that the time interval ¢ € [0, 60] is repre-
sentative of the behavior of the reactants sufficiently. The refer-
ence solution is obtained by using a tolerance of 10~1°. Full details
about the model can be found in [83]. The parameter space I is
built by changing the three components of u that most impact
the system. Namely, a preliminary sensibility analysis has shown
that the components 4, 6, and 14 of u are the most relevant, that

is, they produced the largest variation in the solution u when per-
turbed. Hence, we define the parameter space as

1
P XU X [

i¢{4,6,14} i€{4,6,14}

where p© is the reference parameter value used for the system,
reported in Table 5. The intervals are discretized with 16 uni-
form points in each coordinate direction. The validation dataset
is made by the midpoints of the training datasets.

The model is tested for two parameters p''®, 4@ which
are equal to u© apart from the three most relevant compo-
nents, namely /4}6“(1) = 0.525/450), yfeSt(z) = 1.975;450) ,i=4,6,14.
Results are shown in Figure 13. The ROM is able to follow the
reference solution across all the reactions. A quantitative com-
parison with the Radau solver is reported in Table 6. The num-
ber of right-hand side evaluations of the explicit solver is similar
to the implicit one. On the other hand, each evaluation of the
right-hand side, each evaluation of the Jacobian, and each LU
decomposition is more costly than in the previous test cases since
N, is larger. However, the cost of evaluating the neural network
is similar to the previous test cases since the dimensions of the
networks are comparable. Indeed, the cost of the ROM is still
smaller than the cost of the Radau solver while keeping compara-
ble accuracy. These results are of particular significance because
they prove that as the state space gets larger, our methodology
becomes more cost-effective.

5 | Conclusions

In this work, we have developed a novel methodology to tackle
some kinds of stiffness in neural ODEs. The approach hinges
on a suitable time reparametrization of the system that signifi-
cantly reduces the stiffness, making it possible to efficiently apply
explicit solvers to the neural ODEs. The construction of the time
reparametrization is general and completely data-driven, making
it ideal for an application to ROMs.

By leveraging the intrinsic capabilities of neural ODEs to han-
dle continuous-time data, we capture the dynamics of stiff sys-
tems effectively. The accuracy, robustness, and efficiency of the
methodology were tested in five famous benchmark test cases
from the literature. Namely, when applied to periodic systems,
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TABLES5 | Reference reaction rates for the POLLU model that define u©®.

Reaction r u® Reaction r u® Reaction u®
1 MUy 0.350e0 10 HigUqUy 0.900e4 19 Hiolqg 0.444e12
2 Uy, 0.266€2 11 Hi1Uq3 0.220e-1 20 HooUq7Ug 0.124¢4
3 HzlUsly 0.120e5 12 HiUpoUy 0.120e5 21 HoplUpg 0.210el
4 oty 0.860e-3 13 fysliys 0.188el 22 Ytz 0.578¢l
5 Hsly 0.820e-3 14 Myl Ug 0.163e5 23 HozliqUy 0.474e-1
6 HelUslig 0.150e5 15 Hyslis 0.480e7 24 Hoallyglly 0.178e4
7 T 0.130e-3 16 Uyl 0.350e-3 25 Iysiing 0.312el
8 Hstioi 0.240e5 17 e 0.175€-1
9 Hotty i 0.165€5 18 Hygliy 0.100€9
Test case 5.1, p = ptest)
1 T T T T - ”\ 1
R Uy U3 Uy i i i
1 T T T f T T / T | o4 :
14 -——“ E -ﬁ E 1
lg iy Us g Uy \ [16} S =| 07
0 - T T T T T T T 1 T o4 .
1 k k k q 1
U1y (% U3 g s QJ CL
/ T T T T T T T T - | o4 .
———] A E E 1
Uy U] U U1 U129) g U7 g 19 Uz
0 -4 — T T T T T T T T T 0 T T T f T 1 T T T
1 0 1 0 1 0 1 0 1 0 50 0 50 0 50 0 50 0 50
ts ts ts ts ts t t t
Test case 5.2, p = p'est?)
i -\ - | 1 ' -'\
Uy i i3 Uy Us i i U3 N Us|
T T T T f T T T 1 T () T T T 1 T T T 1 T
14 -ﬁ E 7 -ﬁ 5 1 -\ E -\
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FIGURE 13 | Testcase5: POLLU. On the left, the neural ODE predictions in #,. On the right, the prediction is mapped to the original time 7. In blue

the neural ODE prediction of i, in black the reference solution.
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TABLE 6 | Testcase5: POLLU.

u Solver tol time [s] #fev #jev #lu MSE, MSE
1 =0.525u", i =4,6,14 ROM 107 0.006 194 0 0 6.8%-4 9.80e-4
Radau 1074 0.011 182 10 50 —  3.81e3

1073 0.011 149 10 40 — 0.2077
p=1.9754", i =4,6,14 ROM 107*  0.007 212 0 0 1.16e-3 1.69e-3
Radau 107 0.017 268 14 70 — 9.03e-4
1073 0.014 203 12 54 —  4.63e3

Note: Comparison of computational cost and accuracy for the Radau solver and the neural ODE-based ROM on the test dataset. Refer to Section 4 for the definition of the

metrics.

the model generalizes to data well beyond the time training inter-
val. We attribute this characteristic primarily to the autonomous
nature of the neural ODE and the time reparametrization model.
When applied to chemical equations, our model always main-
tained the positivity of the concentration, even when applied
to problems suffering from numerical instability. Moreover, the
work/precision tradeoff of our models often proved comparable
or favorable when confronted with a state-of-the-art Runge-Kutta
implicit solver of the Radau IT A kind. In a few cases where this
was not observed, our model provided a computationally cheaper
alternative for approximate solutions while preserving concen-
tration positivity, which is not possible with the Radau solver for
small tolerances.

In conclusion, our work highlights the promising potential of
neural ODEs in creating efficient and accurate ROMs for stiff
ODEs. Stiffness characterized by reasonably large eigenvalues but
very high frequency remains a challenge for our approach, and it
is an active topic of research. Future research is directed toward
improving the accuracy of the time mapping that, as of right now,
stands as the major accuracy bottleneck of the ROM. We also
aim to test this framework to handle the semi-discrete formula-
tion of PDEs, and other higher-dimensional systems. Moreover,
techniques like model distillation, network pruning, and better
hyperparameter tuning could further reduce the computational
cost of our approach.
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