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End-to-End Learning of Probabilistic Constellation
Shaping Through Importance Sampling
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Abstract—Probabilistic constellation shaping enables easy rate
adaption and has been proven to reduce the gap to Shan-
non capacity. Constellation point probabilities are optimized to
maximize either the mutual information or the bit-wise mutual
information. The optimization problem is however challeng-
ing even for simple channel models. While autoencoder-based
machine learning has been applied successfully to solve this
problem, it requires manual computation of additional terms
for the gradient which is an error-prone task. In this work, we
present novel loss functions for autoencoder-based learning of
probabilistic constellation shaping for coded modulation systems
using automatic differentiation and importance sampling. We
show analytically that our proposed approach also uses exact
gradients of the constellation point probabilities for the opti-
mization. In simulations, our results closely match the results
from (Aref and Chagnon, 2022) for the additive white Gaussian
noise channel and a simplified model of the intensity-modulation
direct-detection channel.

Index Terms—Autoencoder-based machine learning, prob-
abilistic constellation shaping, importance sampling, coded
modulation, automatic differentiation.

I. INTRODUCTION

ROBABILISTIC constellation shaping (PCS) is a can-

didate for improving the performance of fiber-optic
communication systems [2], [3], [4], [S]. PCS allows to finely
adapt the information rate and has also been demonstrated
to have an improved tolerance to fiber nonlinearities [4], [6],
[71, [8]. The constellation point probabilities can be optimized
for maximizing either the mutual information (MI) or the bit-
wise mutual information (BMI). End-to-end (E2E) machine
learning using autoencoders has been successfully applied
to this challenging optimization problem [1], [9], [10], [11].
E2E approaches usually use gradient ascent methods for the
optimization by leveraging powerful automatic differentiation
tools such as autodiff [12]. It was shown in [1] that the
gradients of MI or BMI in terms of the constellation point
probabilities calculated using automatic differentiation can be
incorrect. Additional terms must be manually added to the
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gradients calculated by automatic differentiation to ensure
correct gradient-based optimization. The method was shown
to work well for the additive white Gaussian noise (AWGN)
channel [1] and also for the nonlinear optical fiber channel
[13].

While the method from [1] has been proven to work well
even on nonlinear channels, there is room for improvement
on two fronts. In the case of strong shaping, depending
on the type of distribution approximation, using constant
composition distribution matching [14, Sec. 2.5] for sampling
a short symbol sequence may result in the low probability
constellation points not being sampled. This can negatively
impact learning for those points. The second more important
aspect is the need to manually compute additional terms for
the gradient which is an error-prone task. In this letter we
address both these issues by proposing new cost functions for
maximizing either the MI or the BMI. The cost functions allow
the use of relatively short symbol sequences and the gradients
of the cost functions in terms of surrogates of the constellation
point probabilities can be calculated correctly using automatic
differentiation alone.

II. PROBABILISTIC SHAPING BY LEARNING WEIGHTS

In Fig. 1, we show the block diagram of our proposed
autoencoder. Let Cy = {cy,¢2,...,cy} denote the set of
constellation points with corresponding probabilities Py, =
{p1, p2,--.,pu}- We define a related set of “sampling” prob-
abilities Qy = {q1,92,...,9m} With g, > 0. We now define
weights Wy, = {wi,wa,...,wy} as w,, = pn/qm. If symbol
metric decoding is used at the receiver, the achievable infor-
mation rate (AIR) is lower bounded by [15, Eq. 34],

M M
I(X’ Y) 2 - Z dmWm logz(Qm) - Z dmWm 10g2(wm)
m=1 m=1
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where y is the continuous channel output, pyyx is the chan-
nel law, ¢, are the normalized constellation points and
QOxy is the posterior probability (output) of our autoencoder
receiver. The Approximation, Sampler, Normalization,
Channel Model and Demapper blocks can differ based on
the optimization target. For a channel with an average power
constraint on the inputs, the normalization is given by,

Cm = Cml \/ Znﬁle DPmlcml?. When Qyyy is not derived from the
channel law pyx, (1) gives us a lower bound on the AIR, which
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Fig. 1. Block diagram of the proposed end-to-end learning system. The arrow directions mark the order of operations. Operations marked with
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are executed

once per batch while those marked with — are executed once per epoch. Dashed line indicates the optimization update of Wy, based on MI or BMI per

batch.

is achievable by a maximum-likelihood decoder for the aux-
iliary channel Qyx. Given Py and an input symbol sequence
of length N, we use a distribution approximation based on
the variational distance minimization [14, Sec. 2.5.2] to find
¢m such that g,,N > 1. From a sequence x = [xq, x2,..., X,]
sampled with probabilities Qj and corresponding channel
outputs y = [y1,¥2,.-.,¥nl, (1) can be numerically estimated

as
M
1 |Bonl
=t 430 3w log, (Tm)
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where B, = {n : x, = &,}. Then g,, = |B,,|/N where |- | is the

cardinality of the set. Evaluating (2) for the distribution Py,
from a sequence sampled according to the distribution Q) is
an instance of importance sampling.

Algorithm 1 Weight Learning Method for MI Maximization
Require: Cy, Py
for epoch =1 to E do
Quy «—Approximate(Py,)
WM = PM / QM
for batch =1 to B do
7?M =Wy - Qu y
Cy «Normalize(Cyy, Pyr)
Draw x from Cy according to Qy
Compute (2) from x and channel outputs y
Compute gradients
Update W)y, using gradient ascent
end for
Py =Wy - Qu
end for
return Py,

Our goal is to maximize (2) by finding optimal values of p,,.
We carry out the optimization with nested loops, summarized
in Alg. 1. In the beginning of the outer loop, we calculate
the approximation Qj from Py using variational distance
minimization [14, Sec. 2.5.2] and initialize the weights W),.
In the inner loop, we calculate Py from Wy, based on the
fixed Q,;. We use Py, for normalizing the constellation points,
evaluate (2) and update W), using gradient ascent. Gradients

of (2) with respect to the weights w,, required for the gradient
ascent can be calculated using automatic differentiation. In
the end of the outer loop, we calculate Py, from Q, and the
updated W)y,. As it is common in machine learning, we will
refer to the outer loop as an epoch and the inner loop as a
batch. We denote the batch size with B and the total number
of epochs with E.

To see that the above procedure indirectly makes use of
the exact gradients of (2) in terms of the constellation point
probabilities P, we take partial derivatives of (2) with respect
to w,, to have
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Considering that g, = IBul/N, Wi = Pm/qm and using
of |Owy, = gudf/0pm, we can show that
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The terms in (4) are the same as those in [1, (3)]. Note that
w,, does not affect the statistics of the batches, therefore we
can optimize with the true gradient computed directly using
automatic differentiation, which allows for straightforward
implementation. This is in contrast to [1], where additional
gradient terms must be computed and added to the gradient
computed via automatic differentiation.

Under bit-metric decoding, the AIR is given by the BMI.
We can optimize for the BMI similarly using
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where K = log,(M) and Qpyy is the posterior probability that
the kth bit bﬁ € {0, 1} of the nth symbol x, was transmitted
given the received symbol y,, assuming that bit labels of length
K are mapped to each symbol.

A related algorithm was proposed in [11, Sec. II], where
the inner expectation is computed explicitly, eliminating the
need for a trainable sampling mechanism by using samples
drawn independently of the constellation point probabilities.
The algorithm in [11, Sec. II] always samples constellation
points according to a fixed distribution, e.g., the uniform dis-
tribution, regardless of the learned constellation probabilities.
However, such a training is only suitable for channels where
the noise and impairments are independent of the constellation
points. For generic channels like optical nonlinear channels,
the noise statistics depends on the sequence of transmitted
symbols, hence it becomes important to sample the transmit
symbols from the learned constellation. Our proposed Alg. 1
adapts trainable sampling by drawing symbols from a fixed
distribution Q,, during each epoch and updating weights Wy,
to infer the symbol probabilities P,. Unlike [11], however,
Qs is updated at the end of each epoch based on Py, to keep
always, Py =~ Qy during the whole training process.

III. SIMULATION RESULTS AND CONCLUSION

We apply our proposed method to optimize the constellation
point probabilities of a 256-QAM constellation for the AWGN
channel under an average power constraint and an 8-PAM con-
stellation for a simplified model of the intensity-modulation
direct-detection (IM/DD) channel.

A. AWGN Channel

For AWGN channels, the family of Maxwell-Boltzmann
(MB) distributions is very close to the optimum distribu-
tion [9], [16], [17]. We employ Gaussian demappers exactly
matched to the channels. This allows us to eliminate all factors
other than the learning method. For other more complex
channels, neural-network based demappers can be employed.
We learn using the COCOB optimizer [18] for 200 epochs
with 20 batches per epoch and a batch size of 2'°. We fix
the constellation points Cyp to the conventional 256-QAM
constellation with Gray bit-labeling and initialize their prob-
abilities Py to a strongly shaped MB distribution. As with
other gradient-based methods, our optimization algorithm is
susceptible to getting trapped in local minima. Therefore,
when the optimal distribution is unknown for a given channel,
it is crucial to initiate the optimization from multiple random
distributions to increase the likelihood of finding the global
optimum. We validate the optimized probabilities using MI
and BMI estimates via 2D Gauss-Hermite quadrature [19].

Fig. 2 shows the MI gap to Shannon capacity (log,(1 +
E/Ny)), while Fig. 3 shows the BMI gap. Initial Maxwell-
Boltzmann (MB) distributions perform well at low E/N, but
diverge from optimized MB distributions at higher E;/N,. The
proposed weight learning method closely matches both the
gradient addition approach from [1] and optimized MB results.
Across all Eg/Ny, MI differences between methods remain
below 0.01 bits/symbol—on the order of numerical accuracy
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Fig. 2. Gap of MI to Shannon capacity for uniform and PCS 256-QAM. The
symbol probabilities have been optimized to maximize MI for the AWGN
channel under the average power constraint.
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Fig. 3. Gap of BMI to Shannon capacity for uniform and PCS 256-QAM. The
symbol probabilities have been optimized to maximize BMI for the AWGN
channel under the average power constraint.

for sample based estimation. At low SNRs, PCS-shaped 256-
QAM constellations assign very low probabilities to outer
points, requiring longer training and careful hyperparameter
tuning for convergence. While (2) and (5) are related, their
optimal distributions may differ. PCS substantially reduces
the BMI gap, whereas MI gains over the uniform baseline
are more modest. As E;/Ny decreases, the BMI gap saturates
around 1072, while the MI gap from our method increases
slightly. These discrepancies are minor but could be further
reduced by tuning learning parameters such as B and E in
Alg. 1.

A study of the proposed method under a peak power
constraint on the AWGN channel showed excellent agreement
with the Blahut-Arimoto algorithm in both mutual information
and constellation point probabilities. These results are omitted
due to space constraints, but the corresponding code and all
results from this work are available at [20].

B. IM/DD Channel

For the IM/DD channel, we use the following simplified
model:
y= |x+n1|2+n2, (6)

where n; ~ N(0,0%) and n, ~ N(0,03). The term n,
approximates the inter-symbol interference (ISI) seen in a
practical IM/DD system and n, accounts for the detection and
electrical amplification noise. Unlike the AWGN channel, the
optimal demapper for the IM/DD channel (6) does not have a
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Fig. 5. Contour map of the BMI gap between PCS and uniform 8-PAM for
the IM/DD channel over the noise parameters o and 0.

closed-form expression. The characteristic function ¢yx(f) of
the channel law pyx can however be written in closed form

as:
1 ix*t o3t
prx(t) = exp(1 o~ ) ™
o2\ J1-2jo3t ~ A

where j = V1. The density pyix(y) for a given y and x can be
computed numerically from the inverse Fourier transform of
the characteristic function (7). As with the AWGN channel,
using demappers matched exactly to the channel isolates the
learning method as the sole factor in our comparisons.

The constellation Cyy = {vc : ¢ =01+1i,i=0,1,...,M}
with Gray bit-labeling is initialized with uniform probabilities.
Fig. 4 shows the optimized BMI alongside the BMI for a uni-
form distribution, for two fixed values of 0| and varying o.
The proposed weight learning method performs comparably
to the gradient addition method. A larger gain from PCS is
observed when o} is high, corresponding to stronger ISI. Fig. 5
presents a contour plot of the BMI gain of PCS over uniform 8-
PAM across o1 and o, values. Black isolines indicate constant
BMI gap levels, highlighting the impact of o versus 0. The
irregular isoline shapes reflect the nonlinear characteristics of
the IM/DD channel.

IV. CONCLUSION

In this work, we propose cost functions with a corre-
sponding weight learning method that allows for efficient
optimization of either MI or BMI using standard automatic
differentiation coupled with gradient ascent. We show analyt-
ically that our new approach also uses exact gradients of the
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constellation point probabilities for the optimization as in [1].
The simulation results of the proposed weight learning method
closely match the results from the method in [1] for the AWGN
channel and a simplified model of the optical IM/DD channel.
The proposed cost functions are easier to implement as they
do not require the manual computation of additional gradient
terms and are also applicable to other channel models.
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