BREATHER SOLUTIONS TO NONLINEAR MAXWELL EQUATIONS
WITH RETARDED MATERIAL LAWS

SEBASTIAN OHREM!

ABSTRACT. We consider Maxwell’s equations for Kerr-type optical materials, which are mag-
netically inactive and have a nonlinear response to electric fields. This response consists of a
linear plus a cubic term, which are both inhomogeneous with bounded coefficients. The cubic
term is temporally retarded while the linear term has instantaneous and retarded contribu-
tions. For slab waveguides we show existence of breathers, which are time-periodic, real-valued
solutions that are localized in the direction perpendicular to the waveguide, and moreover they
are traveling along one direction of the waveguide. We find these breathers using a variational
method which relies on the assumption that an effective operator related to the linear part of
Maxwell’s equations has a spectral gap about 0. We also give examples of material coefficients,
including nonperiodic materials, where such a spectral gap is present.

1. INTRODUCTION AND MAIN RESULTS

We consider Maxwell’s equations
. V-D=0, V x E = —Bq,
(1) V-B =0, V xH=D,

in R? without changes and currents. For the underlying material, we assume the constitutive
relations

(2) B = ,U,()H, D= €0E + €0P(E)

where p9, €g > 0 denote vacuum permeability and permittivity. So the material is magnetically
inactive and electrically active, with an electric displacement field D that depends nonlinearly
on the electric field E through the polarization P(E). We consider Kerr optical materials
modelled by P(E) consisting of a linear plus a cubic term of E: the quadratic term is zero for
silica glasses, and higher-order terms are omitted (cf. [1]). More precisely, we assume that the
polarization is given either by

(3.1) PE)(z,y,z1t)= /000 gz, 7)E(x,y,2,t — 7)dT + h(x) /000 v(T)E(z,y, 2, t — 7)*dr
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2 BREATHER SOLUTIONS TO NONLINEAR MAXWELL EQUATIONS

where we abbreviate E? := |E|*E, or by
3

(3.2) P@MLygj%:AmeﬂE@yﬂj—Tﬂf+M@(AmMﬂE@yxj—ﬂd0.

Note that the material coefficients g, h, v depend only on one spatial direction x, which we call
a slab material. Taking the curl of Faraday’s law V x E = —B,, one obtains from (1), (2) the
second order Maxwell’s equation

(4) V x V x E + eud(E +P(E)) = 0.

There are many results on breathers for nonlinear wave-type equations like in the literature.
Monochromatic breathers, which are given by E(z,y, 2,t) = Rel[€(x,y, 2)e™!] with frequency
w > 0 and profile £: R?* — C?, reduce (4) to the elliptic problem

(5) VXV><g—f-(Xl([L’,y,Z)+X3($,y,2)’5|2)g:0

with appropriate functions xi, x3 derived from by neglecting higher order harmonics, i.e.,
terms proportional to e**“! in P(E). Alternatively, higher order harmonics vanish if the non-
linear part of the polarization is given by the time-average

T
m@mxa%aw:hmw@y/LMa%aﬂF&Emwxxx
0

where T = %’r Saturated nonlinearities
VXV xE+x(zy,2[E)E =0,

which are asymptotically linear as || — oo, are also of interest. These were considered in a
series of papers [27-33| by Stuart and Zhou. The authors considered transverse electric (TE)
or transverse magnetic (TM) polarized waves in cylindrically symmetric waveguides, which
reduce to a one-dimensional scalar equation that can, e.g., be treated variationally. More
general nonlinearities y, including also power nonlinearities were investigated in |2, |4, 5, |14]
for cylindrically or spherically symmetric solutions. The restriction to symmetric solutions can
be overcome using a Helmholtz decomposition to deal with the kernel of the curl-curl-operator.
This was investigated by Mederski et al. in a series of papers [19422|. Mandel combined
the dual variational method with Helmholtz decomposition in [17], and considered spatially
nonlocal nonlinearities in [18]. In [8, 9] Dohnal and Romani obtained breathers by bifurcation
from a simple eigenvalue of the linear problem. We refer to the survey paper [3| for further
results on monochromatic Maxwell equations.

We move to the topic of polychromatic breathers, which have multiple (usually infinitely many)
supported frequencies and are given by

E(x,y,2,t) = Z En(z,y, 2)e.

keZ

Let us first discuss the instantaneous nonlinearity Pyi,(F) = h(z,y, 2)E3. Here, the authors of
|10] considered breathers at an interface between two dielectrics and showed that these can be
approximated on large but finite time scales by solutions of an amplitude equation, the nonlinear
Schrodinger equation. Existence of true time-periodic solutions was shown in |7, 15| by Reichel
et al. for materials where the linear or nonlinear part of the polarization consists of Dirac
measures in space and using variational methods or bifurcation theory, respectively. In [23]
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we considered bounded material coefficients with spatially localized nonlinear interaction, and
obtained breathers variationally for instantaneous as well as some time-averaged polarizations.

Regarding the retarded polarizations and , breathers were found in our recent paper
[24] using variational methods. The main difference between [24] and this paper is a central
property of the effective linear operator (see (15])). We consider hyperbolic operators with a
spectral gap about 0 while [24] dealt with the elliptic case.

We solve the second-order Maxwell problem using the polychromatic ansatz

0

1
(6) E(mayazat) :U)(.T,t—EZ) 1
0

of a TE-polarized wave traveling with speed ¢ in z-direction. The ansatz is divergence-free,
so the curl-curl operator simplifies to V x V x E = —AE. Normalizing the speed of light in
vacuum to ¢y == (eouo)’% = 1 and inserting into , we obtain

1
(7) —8§w — gﬁfw + 83(10 + P(w)) =0

where the scalar polarization P(w) is given by

(8.1) P(w)(z,t) = /000 g(x, T)w(x,t —7)dT + h(x) /000 v(Hw(z,t —7)*dr

or
3

(82)  Pw)@.t) = /OOO g(z, TYw(a, t — 7)dr + h(z) (/OOO V(e t — 1) dT) |

corresponding to (3.1) and (3.2), respectively. To include instantaneous linear material re-
sponses, we assume a decomposition

(9) g9(z,7) = go()do(7) + g1(z, 7)
with Jy being the Dirac measure at 0 and gg, g1 bounded. On the other hand, we assume that
the nonlinear material response has no instantaneous contribution.

We show existence of breather solutions which solve Maxwell’s equations pointwise and are
infinitely differentiable in time. The precise definition is given next.

Definition 1.1. We call E,D,B,H: R?> x R — R3 breather solutions to Mazwell’s equations
with polarization (3.1) [or (3.2)] with time-period T > 0 traveling with speed ¢ in z-direction if
each field F € {E,D, B, H} satisfies

F(z,y,2,t +T) =F(x,y,2,t) = F(x,y, 2 + cr,t + 7)
and if for all domains of the form Q =R X [y1, ya] X [21, 20] X [t1,1s] it has the regularity

OO € L*(Q;R?) N L™ (Q; R?)

forn € Ny and m € {0,..., m(F)} where m(E) =2, m(D) =0,m(B) =m((H) = 1. Moreover,
we require , , and (3.1) [or (3.2))] to hold pointwise almost everywhere.

Next we give two examples of material parameters gg, g1, h, v for which we can show existence
of breather solutions. In the first example, we consider a spatially periodic linear material
response, i.e., go and g; are periodic in z.
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Theorem 1.2. Let ¢ € (0,00),0 € (0,1)\ {3}, 7, X > 0. Further let g}, kP h'*° € L*(R; R)
such that gi*", hP°" are X -periodic, hP® is positive almost everywhere, h'°c > 0 and h'°¢(z) — 0

as |z| = oo. We set w = —QT” and define potentials go, g1, h,v by
) = 1 e z e (0,0X)+ XZ
= 9. X)) = — —1 1662X2 ) ,
gO( ) gO(x’ ’ ) c? { (1T92)2X27 YIS (9‘(7‘<) ‘(Z7

g1z, 1) = g () cos(wt) |cos(wt)|Ljo,7)(t),
h(x) = hP* (x) + h'°°(x),
I/(t) = dist(t, TZ)]I[O’T}(t)

for x,t € R. Then for polarization (3.1) as well as polarization (3.2)), there exist infinitely
many distinct breather solutions with period T and speed c in the sense of Definition [I.1]

In the second example, we consider a linear material response that is spatially periodic on each
halfspace, and a localized nonlinear response.

Theorem 1.3. Let ¢ € (0,00),07,0" € (0,1) and T, X, X" > 0. Further let g{" h'* €
L>®(R; R) such that ¢ is X~ -periodic on (—o0,0) and X*—pemodzc on (0,00), hl°° is almost
everywhere positive and h'°*(z) — 0 as |z] — co. Set w = 2 and define go, g1, h, v by

go(z; 07, X7), =<0,
9ol) = { o(z: 07, XT), x>0,
gi(z,t) = gi" () cos(wt)|cos(wt) [Ljo,7)(1),
h(z) = B (z),
V( ) = dlSt(t, TZ)I].[QT] (t)

for z,t € R, where go(x;0,X) is given by Theorem 1.3  Then for (3.1) as well as (3.2)
there exist infinitely many distinct breather solutions with period T and speed ¢ in the sense of

Definition [1.1]

Let us prepare the main theorem. Recall (7)), which using (8.1), (8.2), and (9)) we rewrite as
(10) (=02 + (1 — & + 90(2)) 0} Jw + 8 (g1 * w + Pyr(w)) = 0

where * denotes convolution in time and Pyp, is the nonlinear part of the scalar polarization.
We consider velocities ¢ that are so large that the potential

1
(11) V() =1- St go(z)
is positive, hence the linear operator —92 + V' (x)0? is hyperbolic. It is convenient to divide this
operator by V(z) and instead consider L + 8?7 with weighted Sturm-Liouville operator

(12) L = UBK

In this form, the spectrum of L + 0? restricted to time-periodic functions is easier to compute

since L acts only on x, and therefore we simply have o(L + 8?) = o(L) + o(9?).

Let us fix the period 7' > 0 of the breather and consider as time-domain the set T := R/r.
On it, 97 has discrete spectrum o(97) = {—w?k?: k € Z} with w = 2 denoting the base
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frequency. Our analysis strongly uses the assumption that L has a spectral gap about w?k?

for each k € Zygqq. The restriction to odd frequencies means we consider functions that are %—
antiperiodic in time. It is helpful since for k = 0 we always have 0 € o(L), %—antisymmetry is
compatible with , it still yields a variational problem, and it allows us to invert the operator
L + 0? after restricting to %—antiperiodic functions in time. The operator L having countably
many specific spectral gaps requires a careful choice of the potential gg. In Theorems and
this is satisfied, and moreover the size of the spectral gaps grows linearly in |k|.

Remark 1.4. In |13, Appendix C| you can find further examples of potentials gy for which the
results of Theorems [I.2] and [I.3| remain valid. As an example, in Theorem [1.2] one can consider

272
1 212 € (0,0X) + XZ,
o) = -1+ i T
C m, x € (9X7X)+XZ,

for m,n € Nygq and 6 € (0,1), where instead of 6 # % we require gy # const. Similar results
hold for a periodic arrangement of three or more step potentials.

Lastly, let us fix some notation for the torus T. It is equipped with the Haar measure dt
normalized such that [[.1dt = 1. We denote the standard orthonormal basis on T by ey(t) =
el*t Accordingly, the Fourier coefficients of a function ¢: T — C are given by @ = Frlp] =
Jp ver dt, and the inverse is p(t) = F ' [@u](t) = 34z Pren(t). If o depends on space and time,
¢ will always denote its temporal Fourier transform. Moreover, given a function f on R, we
define its periodization by Per[f|(t) =T, ., f(t+kT) fort € T. Note that f+grp = Per[f]*r¢p
holds for T-periodic functions ¢.

With this, we present our main existence result on breather solutions to Maxwell’s equations
and (2)) with polarization (3.1]) or (3.2).

Theorem 1.5. Let T > 0 be the period of the breather, w = 2% be its frequency and ¢ € (0,00)
be its speed. Assume that for constants a > 1, % <fB<2,7<1,0<d<d we have:

(A1) h € L*(R; (0, 00)).
(A2) v € LY(R;R) and its periodization N := Per[v] is even. Denoting its Fourier support

restricted to odd frequencies by R = {k: € Zioda: Nk =+ 0}, we have R # () and ’/\Afk{ <
|k|™ for all k € R.

(A3) go € L>®(R;R) satisfies ess inf gy > cig — 1 and s locally of bounded variation.
(A4) For the spectrum of the operator L: H*(R) — L*(R) defined in (12) we have:
o (WK% —§|k|",w?k? + d|k|”) C p(L) holds for all k € R.
o The point spectrum o,(L) satisfies Z/\E%(L) AF=¢ < 0o for all e > 0.
(A5) a+v—2> 0.
(A6) g1 € L (R; L} (R;R)) and its periodization G(z) := Per[g,(x; - )] is even in t and satisfies
|Gr(2)| < wa) forallz € R, k € R.
(A7) If the polarization is (3.2), assume that ‘N’kl 2> |k|™® holds for all k € R and for some

s € R. In addition, similar to|(A4) and |(A6) we then require that there exist constants
¥<1,0<d<9d with

4 d

(w?k® = O[k[", Wk + 3K[") C p(L),  |G(2)] < SR

V(x)
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for all k € Zoaa \ R. (note that o +5 — 2 > [ is not required)

Further let one of the two following assumptions on the spatial geometry of go, g1, h hold.

(A8a) h(z) — 0 as |z| — oco. In addition there exist R* € R, X* > 0 such that gy is periodic

on [R*,00) with period X+ >0, and also on (—oo, R™| with period X~ .

(A8b) h = hl°® + hP°T where h'°¢(z) > 0 satisfies h'°°(x) — 0 as |z| — oo, and kP, gy, g1 are

periodic in x with common period.

Then there exists a nonzero breather solution E, B, D, H to Mazwell’s equations with period T
and speed ¢ in the sense of Definition[1.1].

If moreover the set SR is infinite, there exists infinitely many distinct breather solutions.

Remark 1.6. Let us comment on Theorem [I.5] and its assumptions.

e The constitutive relations and (3.2)) are translation invariant in time. That is, if
E,D, B, H solve the Maxwell system and (2), then for 7 € R the shifted functions
E(-,- —7),D(-,- —=7),B(+,- —7),H(-, - — 7) also are solutions. In Theorem [1.7]
for #R = oo we state existence of infinitely many distinct solution. By this, we mean
infinitely many solutions that are not shifts of one another.

For , it is also possible to treat a negative potential h in front of the nonlinearity.
More precisely, Theorem remains valid when h is replaced by —h, and we discuss
changes to the proof in Remark However, with our method it is not possible to
treat nonlinear potentials h that change sign, or those that vanish on a set of nonzero
measure.

The evenness assumption in |(A2)[ and |(A6)| is needed for the variational structure,
since the linear part of the variational problem, cf. , is nonsymmetric without this
assumption. Evenness is equivalent to time reversal symmetry of the time-periodic
Maxwell equations.

The growth assumptions on the Fourier coefficients A in together with
and ensure that the variational problem can be treated using semilinear methods.
For example, we show that the nonlinear terms are well-defined and finite on the form
domain of the linear operator.

Assumption lets us control the linear operator also along frequencies k € Zyqq \ R-
It is not needed for since there the nonlinearity contains a convolution with v, which
projects onto the frequencies 8. The lower bound |k|™* on the Fourier coefficients N
gives us control over the inverse of this convolution operator.

The geometry assumptions [(A8a)| and [(A8b)| are used to overcome noncompactness
issues for the variational functional: The decay of h in ensures complete con-
tinuity of the nonlinearity, whereas the periodic structure in allows us to use
concentration-compactness arguments.

Under the assumption on the point spectrum in is trivially satisfied since
the differential operator L is periodic, and therefore by Floquet-Bloch theory (cf. [12])
the spectrum o (L) consists of pure essential spectrum.
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Outline of the paper. In Section 2| we formally convert the Maxwell problem into an Euler-
Lagrange equation and investigate the appearing symmetric linear operator £. Section [3| deals
with embeddings of the form domain H of the operator L, i.e., the natural domain of the bilinear
form associated to £. We show boundedness as well as local compactness of H < L*(R x T).
This allows us choose H as domain of the Lagrangian functional. In Section 4| we consider the
dual problem to the Euler-Lagrange equation, and solve it using the mountain pass method.
We also discuss multiplicity of solutions claimed in Theorem Next, in Section |b| we discuss
regularity of solutions of the Euler-Lagrange equation as well as the Maxwell system, proving
Theorem [I.5] Lastly, Appendix [A] contains the proofs of Theorems and as well as some
auxiliary results. Throughout these sections, we always assume that and one of
|(A8a)| or [(A8Db)| are fulfilled.

2. VARIATIONAL FORMULATION

We begin by transforming the scalar Maxwell problem into a variational problem for an
auxiliary variable u. We follow [24] for the formal derivation.

First we consider the polarization (8.1)). We denote by * the convolution on the time-domain
T and use

1
Viz) =1~ 2 + go(), G(x) = Per[g:(z, - )], N = Per[v]
to rephrase as
(13) (=02 + V(2)0))w + 9;G(x) * w + h(x)FN * w® = 0.

Observe that V' is bounded, strictly positive, and locally of bounded variation due to[(A3]] The
nonlinearity 02N * w? is supported only on frequencies k£ € R, so it is reasonable to assume
that w is also supported only on such frequencies. We denote the projection onto frequencies
k € R by Pg, i.e., Prlp] = F LrenFrl¢]]- On these frequencies, the operators —92, Nk are

invertible as Fourier multipliers with nonzero symbol, which allows us to rewrite as

(14) (—OPN%) T (=02 + V(2)8? + 92G(x)%)w — h(x) Py[w?] = 0.
We abbreviate to Lw — hPx[w?®] = 0 by introducing the linear operator
(15) L= (—8,?]\/’*)71 (=02 + V(2)0} + 0;G(z)*).

Note that 92, N'x, and —9? + V (2)9? + 9?G(x)* mutually commute since they act on time as
Fourier multipliers. Since N, G(x) are even in time, the convolution operators N, G(x)* are
symmetric and hence £ is symmetric.

Let us now consider polarization ({8.2)), where (10) reads
(16) (=02 + V(2)0})w + 0;G(x) * w + h(x)0F (N * w)® = 0.
We substitute v := N * w in and apply Py to see that u solves
(=07) (=02 + V(2)0; + 0;G(2)*) (N#)"'u — h(x) Pa[u’] = 0,
whereas by projecting with Id — Py onto (L6) we obtain
(=02 + V(2)0} + 0;G(z)x) (Id — Pr)w = —h(z)0;} (Id — Pr)[u’)].
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The first of the two equations is again

(17) Lu — h(x)Pyr[u’] =0,

and the second together with Pyw] = (N*)'u allows us to reconstruct the wave profile w via
w = Pylw] + (Id — Py)[w]

(18) -1 2 2 2 -1 2 3
= (Nx)"u+ (—8:0 + V(x)0; + 0; Q(x)*) [—h(z)0; (Id — Py)[u’]].

In particular, for both choices of the polarization we have to solve the problem . Then, we
have w = u for polarization (8.1)) whereas w is given by for polarization (8.2).

We now study the form domain H of £. For this, we use a functional calculus for the Sturm-
Liouville operator L on a weighted L2-space. We introduce both before defining H in Defini-

tion 2.41

Definition 2.1. We define the V-weighted space L (R;C) = L*(R; C; Vdz). Uniform bound-
edness and positivity of V show L% (R; C) = L*(R; C) with equivalent norms.

Theorem 2.2 (cf. [13, Theorem 3.6]). Let W(x;\) = (U (x;)), Ua(z;\))T be the fundamental
system of solutions of Ly = Ap on R with initial data (V,0,V)|,_, = Id. Then there exists a
measure j defined on the bounded Borel subsets of R that maps to positive semidefinite R?*?
matrices such that

T: L} (R;C) — L*(p), /f (x; ) Vde
18 an 1sometric isomorphism with inverse
Tll(w) = [ g0 d )

Here we use the Einstein summation convention. A definition of the Hilbert space L*(u) con-
sisting of equivalence classes of C*-valued measurable functions can be found in [11, Definition
XII.5.8]. Its norm is given by HgHig(H) = J& 9:G; dpij(X). We note that the integral defining T
exists for compactly supported f, and T is defined by approximation for general f. The same
holds for T—!.

Let us point out some basic properties of the transform T'. A proof is given in Appendix [A]

Lemma 2.3. Let f € L*(R;C). Then the following hold:
(a) f € H*(R;C) if and only if NT[f](\) € L*(u), and we have
Lf = TUTIF)OV)]
(b) f € HY(R;C) if and only if VAT[f](\) € L*(1), and we have

/ P da = / LA dusy (V)

(c) Moreover, the support of  satisfies
2
supp(u) = | J supp(p) = o(L)

ij=1
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Now we rigorously define the bilinear form b, associated to the operator £ of and its
domain H. In the following, we identify the bilinear form b,: H x H — R with the weak
formulation of the operator £ via Llu][¢] = be[u, @] for u, € H, i.e., we consider L: H — H’
where H' is the dual space.

Definition 2.4. We define the form domain H by
H={ue L*(RxT;R): @ =0 for k € Z\ R, (u,u), <o}

M e

keR

where

Tiltg] (N) Ty[0k] (A) dpaiz (A).

w

Nezxt, we define the operators L, Lo, L1: H — H by L= Lo+ L1 and

Zéwmfwwmmmmm»

keR

gk

) pi(x) dz

kem
foru,p € H. We call a function u weak solution to if ueH and

EwwkiéTM@ﬁwM%ﬂZO

holds for all ¢ € H. We show below in Lemma[2.7] and Proposition[3.9 that the above integrals
and sums are finite and that embedding H — L*(R x T) and the maps Lo, L1: H — H' are
bounded.

We continue by investigating the operator £, its domain H, and their properties. The following
estimate on the symbol |\ — w?k?| will be useful.

Remark 2.5. For k € R and A\ € o(L) we have

olk[”
w?k? + §|k|"
The first estimate follows directly from For the second estimate, we fix £ and consider
LS I € o(L) C [0,w?k* —d|k|"|U[w?k? +6]k|", 00) := I. We estimate the quotient from
below by its minimum value on I, which is attained at A = w?k* + 0]k|”.

A=’k = 6lk"  and A — WK > A.

We have the following density result for H.

Lemma 2.6. The set D :={u € HNCX (R x T;R): 4 = 0 for almost all k € R} is dense in
H.

Proof. Note for u € H that

> n(x)er(t) > u inH

kER
k<K
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as K — oo. Moreover, for fixed k, using Remark we have
A — w?k?
W22\,
which combined with Lemma shows that 4, € H*(R;C) and that the norms [|i||, and

|t (x)ex(t)]],, are equivalent. As C°(R;C) C H'(R;C) is dense, the result follows by approx-
imating 4y, for all |k| < K. O

Lastly, we show that £ is invertible and indefinite. Both properties are essential for the dual
variational method which we use to solve (7).

Lemma 2.7. L, Ly, L1 are symmetric, Ly is an isometric isomorphism and ||Lq]| < 1. By the
Neumann series, L is an isomorphism.

Proof. From the definitions of H and L, it follows that L, is an isometric isomorphism, and it
is clearly symmetric. By the potential G(x) is even in time, so its Fourier coefficients are
real-valued and hence £, is symmetric. It remains to show the bound on £;. For this, recall
that by Lemma [2.3] ﬁ the spectral measure y is supported on o(L). Using Remark we have

wm_zféw T (VTR g () = 3 ——

root /R W2k? keR LL’2|]€|2 W‘Nk‘

Next, using assumption the Cauchy-Schwarz inequality and the above we find

1 Gk X d R R
Cifullg]] < — || k]| g2 ) 12wl 2 < Zﬁ”ukHL%”QOk”L%,

keR w?|k[? 7|Nk‘

d A~ 2 > d N 2
< — || _— —lu ,
- (Z w2|/€’2_7‘j\/}c‘ H kHLg/> (Z w2|k|2_7|./\fk} ||‘Pk:||L%/> H ||H||<P||H

keRr keR

|
S|

showing [|£]| < ¢ < 1. O

Lemma 2.8. L is an indefinite bilinear form.

Proof. Clearly, the spectrum (L) of the Sturm-Liouville operator L contains 0 and is not

bounded from above. Fix k € R. By |(A4)|and Lemma [2.3 we find a function g € L?(u) \ {0}
that is supported on [w?k? + §|k|”, N] for some N > 0. The function

u(@,t) = T [gl(x)ex(t) + T~ [g]()e—x(t)-

satisfies

A — w?k?
Loful) =2 | 2 (500 ds (),
which is nonzero with sign(Lo[u][u]) = sign(N}). Since Hu||${ = |Lo[u][u]], Lemma shows
that £[u][u] is nonzero with sign(L[u][u]) = sign(Lo[u][u]) = sign(N).

If above we instead choose g supported on [0, w?k? — §|k|"], then by the same argument we find
u satisfying sign(Llu][u]) = — sign(Ny). O
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3. EMBEDDINGS

We investigate the embeddings H — LP(R x T), and discuss their boundedness in Proposi-
tion as well as a concentration-compactness result in Proposition [3.5] We use some ideas
and results from [13].

Let us fix some notation. Recall that the potential gy (and therefore also V') is X "-periodic
on [R*,00) as well as X ~-periodic on (—oo, R™]: In case this is part of the assumption,
and in go is periodic so we may choose R* arbitrarily and X* = X~. We denote by
V* the X*-periodic extension of V|ig+ o) to R and similarly by V'~ the X ~-periodic extension
of V|(—e,r-] to R. To improve readability, in the following we use the £ symbol. Statements
involving such double symbols should be read always using the top, or always using the bottom
symbol. We define the periodic Sturm-Liouville operators
L* = ———— 02
Vi( )"
According to Floquet-Bloch theory (cf. [25]), for the spectra of L*: H?(R) — L*(R) we have

— U I*
neN

where I are compact intervals with min [ 2% 50, called spectral bands. We assume that

they are enumerated in the standard way for Floquet-Block theory: IT are increasing, i.e.,
min I;5; > max ¥, and the boundary points {min ¥ max/F:n € N} consist precisely of

those A € R where L*f = \f admits nonzero Xi—perlodlc or X*. antiperiodic solutions.

The operators L™ are useful in the study of L together with information on its point spectrum.
For example, 0(L) = 0,(L) U 0ess(L) = 0,(L) Uo(LT) Uo(L™) holds (cf. [13, Lemma B.1]).
Information on L allows us to better understand H and characterize its embeddings. We begin
with the following sufficient condition for boundedness of the LP-embeddings.

Lemma 3.1. Let p € (2,00], s == p% with

2
C = Z|k2Nk °

D dist(wk? L)+ Y dist(wL L) T+ > \w%? | < o

keR neN neN A€op(L

Then the embedding H — LP(R x T) is continuous.

Proof. We consider the isometry

2123
E:H — LZ[R x T;R), u — ZT‘I[ AW T[ak](A)} (2)ex(t)
ken w kN
and the family of operators
A — wh?|E

to: L2(R x T;R) — LT9(R x T;R), u ZT*I[ AT T[ak](x)] (x)ex(t)
keRr Wk N
where 6 varies over [0,1]. Then (o = Id: L*(R x T;R) — L*(R x T;R) is bounded, and
boundedness of ¢; follows from C' < oo as in |13, Lemma 3.26]. For this, we note that the
enumeration of the spectral bands IF used in [13] coincides with ours.
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By interpolation, each ¢4 is bounded. Setting 6 = %, it follows that
wE =1d: H — LT3 (R x T;R) = LP(R x T; R)
is bounded. U

We are now ready to state our central embedding result, where we use information on the
spectrum of L given in assumption , in particular the existence and size of the spectral
gaps about w?k? for k € R as well as estimates on the point spectrum, to verify the condition
in Lemma

Proposition 3.2. Let p € [2,p*) with p* = min {;Tﬁp m} Then the embedding H —

LP(R x T) is continuous and locally compact.

In the above quotients we set 3 = oo for b < 0. Note that p* > 4 holds by assumption .

Proof. We only consider p > 2 and begin by showing continuity of the embedding. First we
show that the sum corresponding to the point spectrum

(19) SN > |k = AT

keR Aeop(L)

with s := -£5 is finite. Recall that {/\A/'k| < k|7 due to assumption |(A2)l We use the estimate

n n r+1 r+1
n —m
[ — ro__ r—+1 r+1
g kwr/k_—r—kl Srn" 4+ m
m
=m

on integer sums with » € R\ {—1} and m,n € N with m < n. To keep notation simple, below
we assume that we are in the generic case r # —1. For r = —1 we can use » ,_ k™' <. nf
instead, which leads to the same results provided ¢ is chosen sufficiently small.

We use separate estimates for in the three cases w?k? < A, w?k? ~ A, and w?k? > A\
First, we calculate

DD RUCIEERI RIS Sl DRI

kent ken
RIS Aeow () w2k2€<lA
2
1+ 2 a)s
< 5 (o
Aeop(L)

Second, we have

DD TR AT = 30 3 R

Aeoy(L) ken Aeop(L) kR
w2k2>2)\ w2k2>2)\

SRS

Aeop(L)
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For the third and last sum we use |w?k?* — \| = (w|k| + \/X)‘w]k] — \/X’ > v/ dwn where n =

U|k:| - %\/X‘J Observe that each n € Ny is attained as a value for at most four k. By |(A4)

we also have |w?k? — \| > d]k|”, which we use instead when n = 0. Therefore

Z Z |k‘|(2*a)s‘w2k2—)\|78: Z ) B Z ‘wzkz_/\rs

Aeep(L) %/\gf;%lzz<2>\ reop(D) %A§Z§l§<2>\
5 Z A(2;a)s (5)\_725 + Z )\—;n—s)
A€op(L) n=1
By all the above sums are finite provided
-1 -2 -1
(20) rnin{s,OéS2 ,(a—i_z )S,<a 5 )S}>ﬁ.

Using 21 > (a—21)s > (a+72—2)57 a direct calculation shows that holds for p < p*.

For the remaining sums appearing in the constant C' of Lemma we first estimate
(21) 3 dist(wk?IE) T <Y Wik - A
neN AeS*
with §* := {9IF: n € N} \ {0}. By the proof of [13| Theorem 3.27| the spectral bands I*
grow quadratically, so that ), «: A"27° < oo for all € > 0. We can therefore estimate the

right-hand side of as we did for the point spectrum, except 3 is replaced by % in . As
we required 3 > % in Theorem , this generates no additional requirements.

Finally, local compactness of the embedding follows by a frequency cutoff approximation argu-
ment as in the proof of |13, Theorem 3.27]. O

For considerations of regularity, we use an improved embedding result introduced next, showing
that low order temporal derivatives of a function u € H still lie in L*(R x T).

Definition 3.3. AWe define the fractional temporal derivative |0y’ f of a function f: T — C
for s € R (with fo =0 if s < 0) as the Fourier multiplier with symbol |wk|*, i.e., by |0,°f =
F|wk| fi].
Remark 3.4. As in the proof of Proposition we see that

|0:|°: H — LP(R x T;R)

28 45

31 m} Assumption

is bounded and locally compact for p € [2, p¥) with pf = min {
implies p* > 4 for sufficiently small & > 0.

We now prove a variant of the concentration-compactness principle of Lions.
Proposition 3.5. Let p € [2,p*) where p* is given by Proposition r>0,w: R —[0,00)

be a bounded and measurable weight function, and (u,) be a bounded sequence in H with

(22) sup/ [ |P w(z)d(z, 1) =22 0.
z€R J[z—rz+r]xT
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Then u, ~=% 0 in LL(R x T) = LYR x T;w(z)d(x,t)) for all g € (2,p*).

Proof. Part 1: By Hoélder’s inequality it suffices to give the proof for p = 2 and one ¢ € (2, p*),
which we choose later. Inspired by [16], we consider an auxiliary Hilbert space H defined by

H={ue ’(RxT;R): iy =0for k € Z\ R, ||ul|y < oo},

luly = S Jhj / 2+ V()R d.
keR R

The H-norm is local in x which will allow us to get additional information on the desired
embedding by considering H — H — L9 (R x T).

Using assumption Lemma and the estimate |\ — w?k?| > |k|” + Mk|"™ (see Re-
mark we find

lull3, 2 > 1K™ /R|A — WK T [ (A) Tl (A) dpri; (M)

keR

2 ST (4 )Tl 0N iy )

=D k[ / iy )* + V(@) k2 g de = [JulF,
ken R
so that H — H is bounded.

Part 2: We now consider the embedding H < L?(R x T). For this, let I C R be an interval of
length 2r. On I, let p,(z) = \/%eingx and define the spatial Fourier transform F[¢] of ¢: I — C
by

F,l¢] = /I o(x)on(x)dz  for neZ

Fix some s > 8 and define ¢ > 2 > ¢’ by i =1- é = % + % We calculate
_1ys (at+~y—4)s s
Lk aty—4/ 2 ]{32 2 — ) I — 2 k‘2 -3
[T WD T oIS
keR nez
(atv—4)s _ Bs
SO KT RS YR <o,
keR keR

where we used a+v7—2 > 3 > % From this, for u € H we obtain

2 2 L2
HUHLgU IxT) N HuHLq(Ix’H‘) N HFn[Uk]qu’(me)
(

1 2 2
< ka+7—4 2 k2 EFnA
< e ey rl],

SO RS (0?4 ) [Pl da

keR nez

< SR / 2+ V(@R de.
keR I

H (|k|a+v—4(n2 i kz))—%

£5(ZxR)
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We now choose intervals [; == [(2j — 1)r, (2j + 1)r], and define the norm

oz = | (g em),
J er(Z)

Then, using the above for I = I; and summing over j we obtain
[ull g, S Nlullg < llully

By Hoélder interpolation we have

0 1-0
||Un||ePequ@ < ||Un||z2L?U||Un||eooL$U

with - = g1t = o 8 for all € [0,1]. Now fix 6 € (0,1) to be the unique solution to
Po = qo, and let (u,) be a bounded sequence in H satisfying with p = 2, i.e., |Junlljooze — 0
as n — oo. This shows
0 1-6
||un||LZ,9(IR><’]I‘) = HunHéPeLZ? N HunHHHunHéwﬂ — 0

as n — oo, completing the proof. O

4. THE DUAL PROBLEM

We solve (17) variationally with the dual variational method. Using that h is positive and
(A1)

bounded by | we formally substitute v == hiu3 in and multiply with hi£~! to obtain
the dual problem

Lu—hPp[u?] =0 <= Lh v — hiPyxlv] =0 <= v3 — hiL 'hiPyv] =0
where v3 denotes the real cube root of the real-valued function v. We abbreviate the weighted
inverse operator by E;l = hjﬁ_lhiPm, and thus consider the problem
(23) vi — L' =0.
Having solved (23), we can formally recover a solution u of by setting
w=h"Tvs = L7 hi Pyv).
Remark 4.1. As stated in Remark we can also consider for negative h, for which the
dual problem is given by
Lu—hPx[u’] =0 < (—L)u— (—h)Pr[t’] =0 <= v3 — (=h)i(=L) "' (=h)i Pylv] =0

with v = (—h)%u3. The properties of £ that we use below (symmetry, invertibility, indefinite-

ness) are also satisfied by —£. Therefore our results on and can be transferred to the
negative case by the substitution (h, L) ~ (—h, —L).

Next we properly define the operator E,:l.

Definition 4.2. Let .: H — L*(R x T;R) be the bounded embedding of Proposition and
be its adjoint. Then, using that L: H — H' is invertible according to Lemma[2.7, we define the
h-weighted inverse by

Ly =hiL7Whi: L3 (R x T;R) — L*(R x T;R)
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Next, we call a function v a solution to ifv e L%(R x T;R) is a critical point of the energy
functional

4
3

J: LR x T;R) —» R, J(v) ::/ 3

|v|% - lﬁ_lv ~vd(z,t)
RxT 4 2 " n
or equivalently if vs — L,'v=01in L*R x T;R).

Remark 4.3. In Definition note that Pyxe = ¢ holds by definition of H, hence we can omit
Py in the definition of ﬁgl. By Proposition the map [,gl is locally compact.

In Theorem we show that there exists a nonzero solution to the dual problem . More
precisely, we show that there exists a ground state as defined below.

Definition 4.4. We call the energy level
Cgs = inf J(v)
veLY3(RXT;R)\{0}
J'(v)=0

the ground state energy level, and any nonzero critical point v of J with J(v) = ¢y is called a
ground state.

Remark 4.5. The substitution v = h%u?’, which gives a one-to-one correspondence between
solutions u of and solutions v to (23], also links the ground states of the two problems.
Indeed, if u is a solution of (L7)), which is the Euler-Lagrange equation of

J(u) = / 1Lu-u— thu*d(z,t),
RxT

we have

et
=
=

I
=

/R Thu4 d(z,t) = %/ |U|% d(z,t) = J(v) — 3J'(v)[v] = J(v).

RxT

To show existence of ground states, we first use the mountain pass method to obtain a Palais-
Smale sequence for J.

Definition 4.6. We call a sequence (v,) in L3(R x T;R) a Palais-Smale sequence for .J at
level ¢ € R if J(v,) = ¢ in R and J'(v,) — 0 in H' as n — oc.

Proposition 4.7. There ezists v € L3(R x T;R) \ {0} with J(v) < 0. For such v we define
the mountain pass enerqy level by

Cmp = Cmp(U) = iIlf sup J(fy(t))
veC([0,1];L3 (RxT;R)) t€[0,1]

Then ¢ynp > 0 and there exists a Palais-Smale sequence for J at level cpp.

Proof. We first show that there exists v € L3 (R x T;R) with Jeor £ntv-vd(z,t) > 0. Assume
for a contradiction that

/ Ltv-vd(z,t) = / LY hiv - hivd(z, t) <0
RxT

RxT
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for all v € L3(R x T;R). As h vanishes almost nowhere, A1 L3 (R x T) C L3(R x T) is dense.
By approximation it follows that

/ L7 vd(z,t) <0
RxT

holds for all v € Lg(R x T;R). Next, let ¢ lie in the dense subset D C H of Lemma Then
vi= Ly € L®(R x T) is compactly supported, and we have

/ L7V v vd(,t) = L[p)[p] < 0.
RxT
Using density of D C H we conclude that £ is negative semidefinite, contradicting Lemma [2.8]

So our assumption was false, and therefore we find v € L3 (R x T;R) with Jar £ v-vd(z,t) >
0. This implies J(sv) < 0 for sufficiently large s.

3
quao<r<( >2md@eLaRxT)mmnmg:rﬂmm
3

3
2l

T@) > 2rd — le | > 0

A~ w

and therefore also ¢y, > %r% - % Hﬁgl Hr2 > (. By the mountain pass theorem (cf. Theorem 6.1,
Theorem 3.4, and Remark 3.5 in [26, Chapter II|) there exists a Palais-Smale sequence (v,,) for
J at level cpp,. O

Remark 4.8. Any Palais-Smale sequence for J is bounded. Indeed, if (v,) is a Palais-Smale
sequence at level ¢, then

1

Sl

)

2¢ +0(1) +o([Jvnlla) = 2J(vn) — J'(vn)[vn] =

ok Lol

shows that (v,) is bounded and moreover that anH% — (4c)% as n — 00.

Next we show an existence result for the dual problem.

Theorem 4.9. There exists a ground state of (23).

The proof of Theorem [4.9| differs depending on the choice of assumption: [(A8a)|or |[(A8b)l The
case is simpler since J satisfies the Palais-Smale condition, and the proof is carried out

in Proposition [4.10] Case is investigated in Lemma for purely periodic coefficients
9o, g1, h using the concentration-compactness principle Proposition [3.5] and in Proposition [4.12]

for the general case using energy comparison arguments.

Proposition 4.10. Assume[[A1J{(A6) and[(A8a)l Then there exists a ground state of ([23).

Proof. Let (v,) be the Palais-Smale sequence from Proposition By Remark up to
a subsequence which we again label by v, there exists v € L%(R x T;R) with v, — v in
L3(R x T).
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By Proposition the embedding ¢: H — L*(R x T;R) is locally compact. Then hiy is
compact since h decays to 0 at oo by assumption |(A8a), and in particular L’,;l is compact
and thus £, 'v, — £, 'v in L*. Using

1
J'(v,) = vi — L; v, — 0in L*
1
we see that v converges to £, 'v in L*, which implies v,, — (£;'v)? in Ls.

Since also v, — v, we have v = (£; ') and v, — v in L3, so vi — £;'v = 0 in L* By
continuity of J we have J(v,) = J(v), i.e., J(V) = tmp-

Thus far, we have shown existence of a nonzero critical point of J, and thus ¢, # co. Now let
(vn) be a sequence of critical points of J with J(v,) — ¢g. Then the above arguments shows

.4 .
v, — v in L3 up to a subsequence, and hence v is a ground state. U

Lemma 4.11. Assume |(A1)H(A6) and|(ASb) with h'°¢ = 0. Then there exists a ground state

of (23).

Proof. Part 1: Denote the common period of h = AP, gg, g1 by X, so V is also X-periodic by
its definition (LI)). Let us investigate the shift 7 in z by X, ie., 7[f](z) = f(z — X). With
the spectral transform 7" and fundamental solution ¥ given in Theorem we calculate for
compactly supported f € L?(R;C)

Tirf)() = / f( — X)W(a; A) de = / F@)(x + X N) dx = MOV)T[f(V)
where the matrix M (\) € R**? is given by
MM\)W(x; ) = V(x4 X;N).

for all z € R, and it exists since W(-;\) solves an X-periodic differential equation. As 7 is an
isometric isomorphism on L% (R;C), multiplication with M()) is an isometric isomorphism of
L*(p). For u € H we have

N — w2k2|3
||7'u”3_[ = Z —————| T[rig](N)
Pl w2k2 N, L2()
\ — w223 ?
=D |MON)| == | Tlad(N)
Lem w k Nk; LQ(M)
)\ . w2k2 % ? 9
= TW Tltg)(N) = lull3;
kem||! W k L2(p)

i.e., 7 is an isometric isomorphism of H. A similar calculation shows Lo[ru|[Tu] = Lo[u|[u], and
Li[ru)[Tu] = Lq]u][u] follows directly from periodicity of G. Thus we have L]rul[Tu] = Llu][u].
Let us define 7 on H' by 7|y = ((7‘|H)71)/, which is an isometric isomorphism of H'. Then by
the above, 7L = L1, 7L = L7 7 and 7£;' = £;'7 hold.
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Part 2: Let (v,) be the Palais-Smale sequence given by Proposition We apply Proposi-
tion ﬁ withr=X,p=q=4, w=h and u, = LY hiv, = h’iﬁ,:lvn to obtain a sequence
of points x,, € R with

. . BT -1
h;n_?ogpnun||Lfl([mn—X,mn+X]><T) - hin_}songﬁh U”HL‘*([JJH—X,JJH-I—X}X'H‘) > 0.

since

N

[nll s cry = HﬁﬁlvnHM(Rxm = HU3I|L4(M> +o(1) = (dewp)t >0

by Remark [4.8]
kn

W.l.o.g. we may assume x,, = k, X for some k, € Z. Then, v, := 7% v,, satisfies

HEEIU”HL4([mn—X,mn+X]><’]I‘) = HT_kn'C;lTan”HL‘*([mn—X,mn—i-X]x’]I‘) = HﬁfZI@”HLd‘([—X,X]X’]I‘)'

Now choose a subsequence, again denoted by ¥, such that @, — v in L3(R x T) and
lei!

By local compactness of £, (see Proposition we have £, 0, — £;'v in L} (R x T) and
thus v # 0. In addition,

[ (o - etm)edimn = [ (ol - gu)r edGet) = ) = ol
RxT RxT

6”HL4([7X,X]><'J1‘) —s5>0

4 1
as n — oo for ¢ € L3(R x T). This shows &7 — £, v in L{ (R x T;R) and thus ¢, — (£; 'v)?
in L2 (R x T;R). Therefore v = (£, 'v)? holds, that is, v is a critical point of J. In particular,

we have cgg # 00.

Part 3: Now let (v,) be a sequence of critical points of J with J(v,) — ¢4 Arguing as in
part 2, up to a subsequence and shifts z, = k, X € R we have 9,, :== 7%"v,, — v, where v is a
nonzero critical point of J. For the energy level of v we calculate
() = J(v) = 2@l = Loll} < lmint o)1 = liminf J(5,) — 2J(6,)[5,] = cu
2 4 3 n—oo 4 3 n—00 2
Since also J(v) > ¢4 by definition of the ground state energy, we see that v is a ground state. [

Proposition 4.12. Assume [(A1J{(A6) and[(A8b). Then there exists a ground state of (23).

Proof. Part 1: We consider the periodic functional
row) = [ 3ol = ik vdy
RxT
on Lg(R x T) which has a ground state vP** due to Lemma We denote its energy by
cber i= JP(uPT). Recall that 0 < hP®" < hP*' + hl°¢ = h holds by assumption [(A8b)| Setting

1
per\ — .
v = (hT) 10PT we estimate

4 1
J(sv) = / iﬁ]v!g — =s’L; v vd(x,t)
RxT 4 2

3 er l = 1
= / Ss8 (h‘;l )3 \vper]g — =82 L, P - 0P d (7, 1)
RxT 4 2

S Jper<SUper)
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3
for any s > 0. For the particular value sy := (2)2 we calculate

2
Jper(so,uper) — 1_’;(Jper)/<,uper)[,uper] = 0.

In particular, we can estimate the mountain pass energy via

Cmp = Cmp(S0v) < max J(sv) < max JP(s0P) = JPU(vP) = B
s€[0,s0] s€[0,s0] &

Part 2: Let us first consider the case ¢y, = cbs". From the above (in)equality we conclude that
vP" = 0 holds almost everywhere on {h # hP*"}. In particular, we have v = v, and from

1
(,Uper)g o E}:plervper =0
we see that £, %, vP" also vanishes on {h # hP*"}. Therefore
1 1
()7 = L' = (*7)F = Lype =0,

and v = vP*" is a ground state of both J and JP°".

Part 3: Let us now consider the case ¢y, < che Let v, be a Palais-Smale sequence for J

with J(v,) = ¢mp. Then up to a subsequence v, — v € L3(R x T) by Remark E In order
to show v # 0, let us assume for a contradiction that v = 0 so that £, 'v, — 0 in Li_ by
Proposition As in the proof of Lemma there exists a subsequence, again denoted
by vy, such that suitable shifts 9, = 770, weakly converge to some 0 # o € L%(R x T; R).
From v3 = £;'v, +0o(1) — 0 in L{_ we conclude |k,| — oo. For compactly supported

loc
¢ € L3(R x T;R) we calculate
|(T7) () [T 0] = ' (va) [T ]

/R T(L,jl — Ljpper ) Uy, - 7 Fnpd(r, t)‘

/ ((h% — (WP LT N R 4 (RPN (R — (hper)i))vn R d(x, t)'
RxT

ﬂ

< e e

S lolly () 7o

TR

1 er 1 er i _ "~
é+H(h4 _(hp )4)UHH4H(hp )4 k ©
3

)

4
3

ol

<l
3

el 0
as n — oo since h°¢ is localized by [(A8b)l Thus we have

/[R T@éSO — Lipectn - 9 d(w,t) = (J*) (Ta) ] = (I (va) [T ] = 0.

. 1~ 1o~ - 1 3 - 4 -1 1 -
Using thlcrvn — Ehplcrv in Lt . the above shows 7, — (,Chplcrv)3 in L? . so that 03 — thlcrv =0.

locy loc?
As ¥ is a nonzero solution to the periodic problem, we have

>~ =

G < JPH(D) = JP(0) = 2(J77) (0)[0]

(41
Wk Wik

= liminf J(v,) — 2J"(v,)[vn] = €mp,
n—oo

ol ol

1
< liminf - |3,
< limin 4||v I

n—oo

a contradiction.
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So we have shown v, — v # 0. By testing with compactly supported ¢ as above, we see that
v solves v3 — L,'v=0and J(v) <liminf, ., J(v,) = tmp holds. So we have found a critical
point v with J(v) < ¢y < B

Part 4: By parts 2 or 3 we have ¢y < ¢&". We then choose v, to be a Palais-Smale sequence

with J(v,) — ¢g. Repeating the arguments of parts 2 or 3 we obtain a nonzero critical point
v of J satisfying J(v) < ¢g. By definition of the ground state energy, v is a ground state. O

Lastly, we discuss a multiplicity result for solutions.

Proposition 4.13. Assume in addition that the set R is infinite. Then there exist infinitely
many solutions of that are not spatiotemporal shifts of each other.

Proof. For fixed m € Nyqq, we seek %—antiperiodic in time solutions to , or equivalently
functions with frequency support on SR N mZyqq. These solutions are precisely critical points of
J restricted to the space of %—antiperiodic functions.

For infinitely many m we have 8 N mZyqq # 0, and for these m as in Theorem we obtain
existence of a nonzero %—periodic solution v, to . Each v,, has a minimal temporal period
T,, > 0 which is a divisor of % From 0 < T, < % we see that there exist infinitely many distinct
minimal periods, and the corresponding solutions v, clearly are not shifts of one another. [J

5. REGULARITY

In this section, we discuss differentiability and integrability properties of a solution v to (23)) as
well as for corresponding solutions u to (17)), w to and E, D, B, H to Maxwell’s equations.

Lemma 5.1. Let v € Lg(R x T;R) be a solution to (23). Then u = h=avs lies in H and is a
weak solution to with 0/0™u € L2 N L=®(R x T;R) for | € Ny and m € {0,1,2}.

Proof. Part 1: As v solves (23)), the function u satisfies
u = h*iﬁglv = LN Ry = L7V h?,
so that u = £~ 1/hiv € H. Then for ¢ € H we have
0= Llu— £ Whfe] = Llulle ~ [ hued(a.o)
RxT
i.e., u is a weak solution to ((17).

Part 2: According to Remark [3.4] we fix € > 0 such that |9;|": H — L*(R x T;R) is bounded,
therefore |9;°u € L*(R x T;R) holds. From the fractional Leibniz rule (cf. [6]) we obtain

|0:|°[u3] € L%(]R x T;R) with norm |||(9t\5[u3]|]% < (lull, + |||(9t\5u||4)3. Thus

107w = 0,)° L7 hu® = L7 B0, [u®] € H

holds, and from the embedding |8t\25u € L* follows. TIterating the above argument, we get
|0;]™ € H for all n € Ny. Recall that H is supported on frequencies k& € 2R and that 0 &€ R.
Therefore |0;|°: H — H is bounded for all s < 0, and the above shows |0;|°u € H for all s € R.
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Part 3: From boundedness of the embedding H < L? (see Proposition it follows that
|0|*u € L? for all s € R. We next calculate

2
1 2542 ~ 112 2842~ 112
Mol < (Dpo 1ol | <3 i Skl £ b

keR keR keRr kenr

Using Lemma [2.3| and Remark 2.5 and assumption [(A2)| we further estimate

SOk il S 3wk / (14 NV T o] dey (V)

keR keR
<) R 7/\)\ w? | T[] T[] dpasj ()
keR
< 3 koo / AR T ] sy ()
poeret r| w2k2N ’ N
23+6 254+6—y—a 2
= [loa™5 ], < o0
H

for any s € R. In particular, we have dlu € L? N L™ for all | € Ny.

Part J: For regularity of spatial derivatives, from ([14)) we obtain the identity
(24) O*u = V(2)0 u + 02G x u + hO*N * Py[u®].

Observe that the right-hand side of is infinitely differentiable in time with values in
L?>N L™ since u,u® are and the convolution operators G, N'x, Py are regularity preserving
(see Lemma [5.2] below), so the same holds for 9?u. O

Lemma 5.2. Let M be a Fourier multiplier with symbol My of at most polynomial growth, i.e.,
‘Mk‘ < |k|" for some r >0 and all k € Z. Further let p € [1,00] and f: T — C be a function

with 9P f € LP(T;C) for all n € Ny and fo = 0. Then 97 Mf € LP(T;C) for all n € Ny.

Proof. The symbol (iwk) ="M, is square-summable and therefore

m(t) == Z (iwk) "M Myer(t)

keZ\{0}

converges in L?(T;C). The claim follows from this and

ora £, = |0

n+[r+1]m* fH

n+fr+ﬂ fH 0

After having shown regularity of the solution w to (17]), we now consider the profile w of the
electric field. For polarization (8.1 there is nothing to do since w = u. So let us discuss
polarization (8.2)) where w is defined by (18).

Lemma 5.3. Let v € Li(R x T;R) be a solution to [@23). We define u = h=1vs as in
Lemmal5.1, and w by (18). Then 0l07w € L*N L=(R x T;R) for all | € Ny and m € {0, 1,2}.
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Proof. Part 1: By Lemmas and we already know that the functions
Ol Prw = (N*)"'0lu and O (1d — Py)[u?]
lie in L? N L™ for any | € Ny. Hence it remains to show
OL(1d — Pp)w = (=02 + V(2)0? + 82G(x)%) ' [~h(2)d*(1d — Py)[u*)] € L* N L™,

and in particular that —9% + V(2)0? 4+ 0?G(x)x is invertible on suitable spaces of functions f
satisfying Prf = 0.

Part 2: Taking the Fourier series in time decomposes the linear operator —9%+V (x)9? +92G (z)*

into the sequence of operators (Ly)kez, .\ With

= —? — WKV (x) — wk3Gh(x)
which we split into main part Ly, and perturbation Lj; via
Ly = =0 — w’k*V (z), Ly = —w?E*Gi(x).
First, for ¢ € H*(R;C) using Lemma and Remark we calculate

/R|Lk,090|2 %dx = /R()‘ - w2k2)2Ti[90]Wdﬂij()‘>
(GIk])? %
> [ (1 s P
> k2 / (1 + W) T[T ] dpsy (V)

o 1 |7
= (\Vgo" +Ip) Va(a),
R

and it follows that Lyo: H*(R;C) — L*(R;C) is invertible with ||Zi 5| < [kI*77. For Ly,
using [(AT)| and Remark 2.5 we estimate

/ |Lk,1so|2%dxs<w2k2>2< s ) el vate = (d7)" [ T )
< (awr)’ /R (%) Tl T3] dias () = = / Liopl? o

Since d < 4, the Neumann series shows that L, = Ly + Lg1: H*(R;C) — L*(R;C; +dx) is
invertible Wlth

P o~ I 127
ST Tanig] = 14

s oll < 2.

Part 3: We define the inverse of the linear operator by
(02 + V@3 +0G(x)) o= Y LM ad(@)en(t)
k€Zoad\R
for ¢ such that the series on the right-hand side converges in L2 Let us abbreviate

f = =h(x)0(1d — Py)[w’],
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which lies in L? N L> by Lemma and boundedness of h, and recall
Oh(1d — Pa)w = (=02 + V(2)0} + 02G(x)%) " f= > Li'[ful(@)ex(t).
kJEZOdd\g\‘
We show that this term lies in L? N L. First we estimate

TR D S 175 A [P S 175

k€Zoaa\R k€Zoaa\R

$ Y ek |

kEZOdd\m

2

H?2

- 2
kl fH < 0.
2

A, -

Next for L*° we have
2

N ~ 12
Joitia - roull < {3 [zt ) s 3wl

k€Zoaa\R k€Zoaa\R
2 B 2 12
2|7 -17¢ 2[3— ; [3—4]
s Y ok kak‘mg S Jwkf?P fk2:H6t 1|, < oe.
k€Zoaa\R k€Zoga\R

Combined, we have shown that dlw = 9! Prw + 0L(1 — Px)w lies in L* N L.

Part 4: Using we see
D2w = V(2)0fw + 0;G x w + hoju®.

where the right-hand side (and therefore 92w) is infinitely time-differentiable by the above and
Lemma 5.2 O

We are now ready to prove the main theorem.

Proof of Theorem[1.5 Let v € Lg(R x T;R) be a nonzero solution to , which exists by
Theorem . Then u = h~ivs is the corresponding solution of . Define w = u for
polarization (3.1), or define w by for polarization (3.2). Then 9;07w € L* N L>(R x T;R)
for | € Ny and m € {0,1,2} by Lemma or Lemma 5.3 and w solves ([10).

We define 9; " on T as the Fourier multiplier with symbol ﬁ Then, recalling the ansatz @
and Maxwell’s equations , we obtain the following formula for the corresponding solutions
E, D, B, H of Maxwell’s equations:

1 0
E(z,y,z,t) =w(z,t ——2)- | 1],
c
0
%w(x,t — %z)
B(z,y,2,t) = —0;'VXE=— 0 ,
Wo(z,t —12)

1

H(.T,y,Zﬂf) = —B<$,y,2,t),
Ho

D($7y7 Z7t) = EO(E] + P(E))
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where we have set W := d; 'w. From the regularity of w it follows that
OE € H*NnW>*(Q;R?),  0B,0He H' nW'(;R?), 9D € L*N L®(R?)

for I € Ny and domains of the form Q = R X [y, ya] X [29, 22] X [t1,t2]. Note that D may not be
differentiable in space because the material coefficients gg, g1, h of P were not assumed to be
smooth. 0

APPENDIX A.

Here we give a proof of Lemma on fundamental properties of the transform 7' given by
Theorem We also prove Theorems and [L.3]

Proof of Lemmal[2.3, (a): First let f € H*(R;C) be compactly supported. Then

T[Lf](N) = /RLf(x)\If(w;)\) Vdr = /Rf(x)L\If(x; A Vdx = /Rf(x))\\ll(x; A) Vdz = AT[f](AN).

Reversely, let T'[f] be compactly supported. Then

T[] = [

[ AN (32) s (3) = [ DAL 53) iy (3) = Lf

R

lies in L% (R; C). By approximation, we obtain the result for general f.

(b): If f € H*(R;C), using (a) and that 7T is an isometry we have

/R P da = / Lf-FVde— / TUAT[(N)] - FVde = / ATLFVT ) dyis (V).

R
For general f, one can argue by approximation.

(c): First let A\g € C \ supp(p). Then /\%\O is a bounded symbol on supp(u), thus

(L2 =T ;= TLI)]

is bounded, i.e., A\g € p(L) holds.

Now let Ay € supp(u), i.e., A9 € supp(pu;;) for some 4, j € {1,2}. By definition we have
|11 (Be(Ao)) > 0

for all ¢ > 0, with |u;;| denoting the total variation of p;;. Split B:.(\g) = ET U E~ with
ET N E~ = ( into positive and negative part according to the measure ;. Then we have

0 < [psg|(Bo(h0)) = g (B) = g (™) < \J (B ) gy (B*) + (B gy (E-)
since pu(E*) are positive semidefinite matrices. This implies
pii(B=(No)) = pii(E™) + pig(E7) > 0, 135 (Be(Xo)) = ps(E™) + pj(E™) > 0

since p;, jtj; are a nonnegative measures, that is, Ao € supp(ui;) N supp(;;)-
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We denote by d; the i-th unit vector, and consider the function f := T [1p_(1,d;]. Then since

L= 2)f e 1O = 20) L5002,

= <e
”fHL%/ Hles(Ao)

|L2(Mu‘)
for arbitrary € > 0, L — A\ has no bounded inverse, i.e., A\g € o(L) holds. O

Proof of Theorems|[I.9 and[I.5 For both theorems, we check that the assumptions of Theo-

rem [L1.7] are satisfied. First hold by definition, and the same is true for in
Theorem and for in Theorem Next we calculate the Fourier coefficients

fha k=0
T 40 )

Ny = / T dist(t, TZ)e " dt = / dist(t, TZ)e “* dt = { 0, k # 0 even,
’ ’ —5hs, Kk odd,

and see that holds with o = 2. The spectrum of the operator L is investigated in [13]
Appendix C]. There, it is shown that L has a spectral gap about w?k?® for each k € Zyqgq,
that the size of the gap grows linearly in |k|, and moreover that the point spectrum grows
quadratically, i.e., |(A4) holds with v = 1, g = % and some 0 > 0. Next |(Ab)| holds since
oz—|—7—2=1>%:ﬁ.
We calculate

5 0, k even,

T
Gr(z) = g7 (z / cos(wt)|cos(wt)|e “r dt = o Y
(5) = (2) [ cost) st I o o,

and find ‘Qk(m)’ < k%w%WV(x) Since in |[(A6)| we require d < ¢, this only shows [(A6)| for

sufficiently large k. Similarly, holds with s = 2 but only for sufficiently large k.

~—~

This restriction to large frequencies is not an issue: Because R = {k € Zoad Nk =+ O} = Ziodd

is infinite, by Proposition [£.13] and its proof there exist infinitely many distinct breathers that
are supported only on large frequencies. 0
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