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1 Introduction

The reliable theoretical description of particle production processes through high-energy
collisions is an essential element of the Large Hadron Collider (LHC) physics program, which
aims at probing the Standard Model (SM) of particle physics at the shortest distance scales.
Providing these descriptions requires the development of techniques to calculate multi-loop
amplitudes, as well as those to organize the cancellation of infrared (IR) singularities which
appear at intermediate stages of the computation. With the large and ever-increasing dataset
from the LHC allowing us to probe ever more complicated processes, these techniques
should be broadly applicable — i.e. they should be able to accommodate processes with
a large number of final state particles, including jets — as well as amenable to efficient
implementation in a numerical code.



In this paper, we focus on the problem of IR singularities. While efficient, process-
independent treatments of IR singularities at next-to-leading order (NLO) in QCD were
developed many years ago [2-5], no fully general solution to this problem is available at
next-to-next-to-leading order (NNLO) in spite of the significant progress achieved in the past
twenty years. Indeed, during that time several NNLO subtraction and slicing schemes were
proposed [1, 6-33], and applied to study many interesting processes at lepton and hadron
colliders (see e.g. refs. [34-58] for a selection of phenomenological papers employing different
theoretical methods). However, none solve the problem as comprehensively as at NLO. To
illustrate this point, we emphasize that, as of today, none of the fully-local NNLO subtraction
schemes has been used to demonstrate the cancellation of IR singularities and provide formulas
for the finite remainders for processes with an arbitrary number of jets at a hadron collider.

In view of this, many of the NNLO subtraction schemes are being actively developed
and refined. In ref. [28], the local analytic sector subtraction scheme [25, 26] was used
to demonstrate the cancellation of IR poles for an arbitrary final state produced in ete™
collisions. Similarly, important recent advances have been made in the context of antenna
subtractions [27, 30-33, 59], which streamline the computation of antenna functions as well
as broaden their applicability to include sub-leading color effects. Improved treatments
of power corrections have been proposed for both the gr slicing [60-64] and N-jettiness
slicing [62, 65-69] methods. There has also been work towards extending local subtraction
methods [70-73] and slicing methods [74-86] to N3LO.

One of the main obstacles in constructing a generalized NNLO subtraction scheme is
the proliferation of terms required at different stages of the calculation and the need to
combine multiple contributions to obtain the physically-transparent structure of the final
result. In the recent paper [1], we employed the so-called nested soft-collinear subtraction
scheme [17] to show how this problem can be overcome. The key element in the construction
described in ref. [1] is the iterative nature of IR subtraction terms that emerges at the level
of color-correlated matrix elements. Using this feature as a guiding principle allows us to
treat the problem in an almost process-independent way, and significantly simplifies the
intermediate steps required to demonstrate the cancellation of IR poles. As a result, it became
possible to show the cancellation of these poles for the process ¢ —+ X + N, g, where the
number of final-state gluons IV, is a parameter, and to produce relatively compact formulas
for the finite remainder of the integrated subtraction terms.

Although the results reported in ref. [1] are very general, we did take advantage of the
symmetries of the final state and the simple structure of the collinear limits between final-state
gluons and incoming partons. Hence, to generalize the calculation of ref. [1] to an arbitrary
process, we need to do two things: first, consider less symmetric final states and, second,
account for flavor-changing initial-state collinear emissions. The goal of this paper is to address
the first issue and we do this by considering a process where an initial gg state produces
an arbitrary number of gluons and a quark. Furthermore, we also consider corrections in
which an additional quark-antiquark pair is radiated, and extract the contributions to the
integrated subtraction terms that depend on the number of light quark flavors ns. We show
that the general approach presented in ref. [1] can be applied to such processes with small
modifications which mostly concern the interconnection of final-state collinear splittings as
these may be affected by the choice of unresolved partons in different ways. We find that,



if the subtraction terms described by these collinear limits are combined before integration,
they lead to universal, physically-transparent structures. In fact, these features can already
be seen at NLO, providing a guide as to how to solve this problem at NNLO.

In general, we find that the method introduced in ref. [1] is sufficiently robust to provide
the description of more complex final and initial states. Indeed, as we will see, the soft part
is unchanged, while the collinear part can be treated leg-by-leg. Hence, in spite of the fact
that we still work with a particular partonic process, we believe that the present paper is an
important step towards providing integrated NNLO subtraction terms and finite remainders
for generic multi-jet processes at hadron and lepton colliders.

The remainder of the paper is organized as follows. In section 2, we introduce the process
of interest and the notation. In section 3, we present the treatment of NLO QCD corrections,
and discuss our approach to the issues mentioned above. In section 4, we consider the
NNLO corrections, and show that the relevant soft and collinear limits can be manipulated
to identify contributions with a well-defined number of resolved partons. We discuss the
simplification of these contributions in section 5. Once this is done, we demonstrate the
cancellation of IR singularities in section 6, and present the finite remainder in section 7.
We conclude in section 8. We collect many of the constants, functions, and operators used
throughout the paper in appendix A.

2 The leading order process

We are interested in understanding higher-order QCD corrections to the inclusive production
of N jets at a hadron collider in association with a color-neutral system X, pp — X + N jets.
This process receives contributions from many partonic channels. In this paper, we will
focus on the following one

Ao: ag+b;— X+ Nygg+gq, (2.1)

where Ny = N — 1, and a and b label initial state partons with momenta p,;. We write
the cross section for process Ag as

25 A6 = —Fg" MmUgtN,: {ah]
TILo < N > (2.2)

(Pﬁn - Pln) |MO(Pﬁn7 Pin)|2 O(Pﬁn) )

and we note that, in order to obtain its contribution to the hadronic process, we need to
convolute the partonic cross section with parton distribution functions (PDF) f, and f,. In
eq. (2.2), My is the matrix element of the process in eq. (2.1), d® is the Lorentz-invariant
phase space for the final-state particles, and O is an IR-safe observable which ensures that the
final state contains at least IV resolved jets. The total momenta of the initial- and final-state
particles are denoted as P, and Pgy, respectively, and the delta function in eq. (2.2) enforces
energy-momentum conservation. Summation over spins and colors of final-state partons,
and averaging over spins and colors of initial-state partons are assumed in eq. (2.2). The
corresponding spin and color averaging factors are described by the factor Nyy.



Furthermore, {g}n, and {¢q}1 in eq. (2.2) denote lists of N, final-state gluons, and of
a single final-state quark, respectively. This notation is redundant for the process that
we consider, but we introduce it with an eye on future generalizations. The factor 1/N,!
corresponds to the symmetry factor arising from having NN, indistinguishable gluons in the
final state. It is convenient to absorb this symmetry factor and omit the initial-state partons
and lists of final-state partons by defining

1
Al
Fin = WFEK/{[{Q}NW {ah]. (2.3)
!
Then, the differential cross section for the process Ay reads
250p 670 = (Fiap) » (2.4)

and we will use this notation in what follows.

3 NLO QCD corrections

Having fixed the notation, we continue by discussing the NLO QCD corrections to the
partonic process Ap in eq. (2.1). As usual, one has to compute virtual corrections to .4y and
account for real-emission contributions that are comprised of processes where the number
of final-state partons is increased by one. For the complete calculation, many real-emission
processes need to be considered. However, since we would like to discuss the cancellation
of IR singularities in higher-order corrections to Ap, we can omit contributions that do
not lead to this process when soft or collinear limits are taken. There are also processes
which lead to A under collinear limits but which are convoluted with different PDFs; we
do not consider such processes either.

With this clarification, it is easy to convince oneself that the following three processes
should be considered

Av: ag+bg = X+ (Ng+1)g+q,
Ay ag+by— X+ (Ng—1)g+q+d7, ¢ #q, (3.1)
Az ag+bg— X+ (Ng—1)g+q+4qq.

However, further simplifications are possible. Indeed, in order to provide a singular contri-
bution to the process Ay, each of the three processes A 23 should “lose” a parton in such
a way that one gets both the initial and the final state of Ag. There are several ways in
which this can happen in the process A1, but in processes Ay and A3 this can only occur if a
quark-antiquark pair, ¢'q’ or qq, respectively, is clustered into a gluon. Since these collinear
limits are identical for processes Ay and A3, we do not need to consider the latter since we
can retrieve all the required information from the former.

We begin with the discussion of process A; in eq. (3.1), and write the corresponding
differential cross section as

2000 = ( Gy P lad - (ah] ) (32)

(Ng+1



Following ref. [1], we introduce partitions of unity A® and split the cross section into a
sum of terms such that in each term only one of the partons can lead to a singular limit
once it becomes unresolved. We find
~ A1 A 99
2w 407" =2, ¢y Fimltodvg e dahl) (33)

7

The index 7 in the above formula runs over all final-state partons, and a possible choice of
partitions A®) is described in appendix B of ref. [1].

The potentially-unresolved parton i can be either a (anti)quark or a gluon. Accounting for
the symmetry properties of Fin, we rename the final state momenta and call the unresolved
parton m. There are Ny + 1 ways to choose an unresolved gluon and a single choice for
an unresolved quark. Hence, we can write

2545 Aot = (A™ i [m]) | (3.4)

where
A A A
Fgt [(m] = Fy\plmg] + FYy(mg] (3.5)

and the functions Fp); are defined as

1

A

Fiyilmg] =~ Final{g}n, - {ah|my]

7 . (3.6)
A b

Fiyilmg] = WFEM[{Q}NgHWq] .

We note that in the last F1yr function the quark list has disappeared, and that the symmetry

factors that multiply various functions Fyy; are defined by the number of resolved gluons.
Following the discussion in ref. [1], we extract soft and collinear divergences that affect

the real emission contribution, and obtain

250 d67" = (S [m]) + > (SuCimA™ F [m]) + (ORT o AM F [m]) . (3.7)
1EH

We denote the list of N final-state resolved partons contained in a given Fiy as Hg, and

the list that combines H; and the initial-state particles as H = {a,b} U H¢. The soft and
collinear subtraction operators in eq. (3.7) read

Sn=1-S5n, Cim=1-Cm, OWo=3 5ulimw™. (3.8)
1€EH

The partition functions w™ are defined in ref. [1], and allow us to treat one collinear singularity
at a time. We note that, in eq. (3.7), the soft-limit operator Sy, is only needed when m is a
gluon. Hence, to apply eq. (3.7) for generic processes, we have to set the soft operator to
zero when the unresolved parton is a quark or an antiquark, i.e.,

S;=S5;=0. (3.9)



Upon integrating over the phase space of the soft gluon, the first term on the right-hand

side of eq. (3.7) can be written as!

(SmFR [m]) = (SmFYyi[mg]) = [os](Is(€) - F3) - (3.10)

where Ig is the soft operator introduced in ref. [1] and defined explicitly in eq. (A.38).

Collinear limits require more attention. As stated above, we are interested in those limits
that lead to singularities proportional to the matrix element of A, and we isolate such limits
using the projection operator Ppy,. Terms that involve the soft operator Sy, are unaffected
by P4,, but some non-vanishing collinear limits are removed, e.g. the limit where the final
state quark m, becomes collinear to the initial state gluon a4; thus

Py (CamA™ FAL[my]) = 0. (3.11)

This procedure allows us to select a subset of limits of the NLO matrix element that do
not change the Born level configuration and whose combination is free of 1/e singularities.
This subset of limits does not remove all the singularities of the hard N(N)LO matrix element;
in particular, those singularities whose limits include a different Born-level matrix element to
that of Ag are not subtracted. We do this because our main aim is to study the structure of
final-state collinear limits in the presence of quarks rather than provide complete formulas
for the physical real correction to the cross section.

With these preliminary remarks out of the way, we can analyze collinear singularities
related to the initial-state radiation. The only unresolved parton that can develop a collinear
singularity with the incoming gluon a, and still contribute to Ay is the final-state gluon m,.
Then, following the steps detailed in ref. [1], we obtain

P (SenCam A Fi [m]) = (SunCam A FA fmy])

[avs]

(3.12)
= 5 (Do FiAD) + (P © FiAD)

where we have used the fact that Cun AM™ = 1, and introduced a particular notation for
the left convolution

! Fiul? - Pas py; He]
PE @ Fia = /0 Az P (z) AL . (3.13)
Definitions of the generalized initial-state anomalous dimensions I'y 7, arising from the soft-
collinear limits and of the (azimuthal averaged) collinear splitting functions Pi%n are reported
in egs. (A.17) and (A.18), respectively. The computation of the soft-subtracted collinear
limit for the initial-state parton b, is analogous. We find

_ «
Pan(BaCimd ™ ER ) = [0, R + (R o PEN] . ()
where the right convolution is defined as

en ! en Fi\ilpa, 2 - pos He
FLu ® Pgg :/O dz P53 () Ll . L (3.15)

'We use dimensional regularization with d = 4 — 2e throughout the paper.



We continue with the discussion of the final-state collinear limits, which correspond
to i € My in eq. (3.7). We note that, in this case, CinA™ = E;/(F; + Ey) = Zim, Where
E; n are energies of the corresponding partons. The appearance of such factors makes the
relation between the integrated collinear limits and conventional splitting functions and
anomalous dimensions less transparent. This is a new complication with respect to the
calculation of ref. [1].

To address it, we will consider the two contributions to the function Ff{‘l [m] in eq. (3.5) sep-
arately. We start with Ff‘l\}[ [my], and compute the hard-collinear limits for final-state partons

_ Qg
> (SuCind™ Flylmg]) = L 5™ (0 g A (3.16)
1E€EHs 1E€EHs

where we have used the fact that clustering a collinear gluon with any parton does not
change that parton’s flavor. The generalized final-state anomalous dimension I'; y,_,,, can
be found in eq. (A.19). We note that these quantities generalize the final-state anomalous
dimensions 73,212 _ f,g(Li) defined in eq. (A.20) and used in ref. [1], and that the quantity
I'; g—4g appeared in this reference where it was denoted by I'; ;. Additionally, ,yngl N g(Li)
carries a subscript z = z; n to indicate that it is obtained from an integral of a particular
splitting function weighted by a factor z;m. We drop this subscript in the definition of
I f,— i fa to lighten the notation.

We emphasize that the generalized final-state anomalous dimensions differ from the
conventional collinear anomalous dimensions that arise from integrals of the collinear splitting
functions without additional factors z;,. To see how conventional collinear anomalous
dimensions emerge, we need to consider the other contribution to the function Ff?l [m], where
a quark is potentially-unresolved. Since in Ff‘l\h [mgy] the only resolved final-state partons are
gluons, the unresolved quark m, has to be clustered with one of them. The clustered parton
is a quark, so that the number of resolved gluons decreases by one and the number of resolved
quarks increases by one. Working out the symmetry factors, we obtain

S (CnA™ FA )y = 120 S r, A (317)

. € .
i€EH¢ 'Ler’q

where, on the right-hand side, H¢, denotes the list of resolved final-state quarks. In the
current case, this notation is redundant as this list consists of a single parton, but we note
that eq. (3.17) holds independently of the number of final-state quarks.

Combining egs. (3.16) and (3.17), we obtain

> <§m0¢mA(m)Fﬁ41 [m]) = [a:]<{ > Tigogg+ D Fi,q] Fﬂ4h91> ) (3.18)

1EHs 1€Hs 4 1€Hs 4

where we define
Fl}q = Fi,q—mg + Fi,q—mq . (3~19>

We emphasize that the quantity I'; ; in eq. (3.19) is directly related to the conventional
quark anomalous dimension, since the weight factors z; n disappear when combining the



two splittings. To show this, we make use of the fact that I' is proportional to v?2(L;)
(cf. eq. (A.19)) and write?

! 2P, (2) + 2P, (2 1 o—2¢Li
g )+ i =~ [, o0 5 PEREIME y opm O
' Pyy(2) 1 — 2k (3.20)
/0 2= 8) g — oy TOr

= 7%72(]—>qg(L1) =%+ 2T2L1 + O(E) )
where v, = %Cp is the quark anomalous dimension, L; = log(Emax/F;), and we have used
the relation between splitting functions Pyy(1 — 2) = Py(z) to remove the factors of z
from the integrand.

Performing a similar calculation for ¢* — gg splitting, we observe that the quantity
Ligsgg = %C’A + 2CAL; + O(e), i.e. to leading order in €, gives exactly the Cx term of the
gluon anomalous dimension, but the n¢ term is missing. This is easily remedied by considering
the process with an additional ¢'q’ pair, which we referred to as As. Its cross section reads

2o iyl = gy Fllod o o (b 7)) (321)

We can analyze this contribution following what we did for the process A;. Since we are
interested in contributions that contain singularities proportional to the matrix element
for the process Ag, only some collinear limits of As need to be considered. In fact, the
only way to arrive at Ay starting from A is to cluster ¢’ and ¢ into a gluon. For this to
happen, either ¢’ or ¢’ should be designated as potentially-unresolved, and then the only
collinear limit we need to consider is ¢’ || ¢. Making use of the projection operator Py,
to select the relevant terms, we write

Pao [25a 46%%] = (Crm,, A Fiii[mg]) + (Cyrmy, A™ Fiyimg ]) (3.22)

where Fyi2[m,] and Fyi2[mg] are defined analogously to eq. (3.6), but using the list of
partons in process Ay instead of A;. The two terms on the right-hand side of eq. (3.22)
give identical contributions since the splitting ¢ — ¢'¢’ is symmetric under the swapping
¢’ + ¢. Furthermore, this splitting does not depend on the quark flavor. Thus, we obtain
the contribution of ny — 1 quark species from the process As, and add the contribution from
the As process, where ¢’ = ¢q. This is equivalent to taking one term in the right-hand side of
eq. (3.22), computing its contribution, and multiplying the result by a factor of 2n¢, obtaining

RN Q
> Py [28a do3"] = o] S (20 Ty gsag FAD) - (3.23)

n=2,3 =

The anomalous dimension I'; 4,44 is given in eq. (A.19). Note that we have “distributed” the
clustered gluon over the list of gluons in Ff}\(}[ using its symmetry under gluon permutations.

2In the following equation, S, is analogous to Sw but refers specifically to the variable z, i.e. lim,_,;.



Combining the contributions from egs. (3.18) and (3.23), we find

Z <§mszA( F'A1 >—‘r Z 'PAO 2Sap dUR ]

iE'Hf n=2,3
3.24
. (3.24)
Y Tig+ > Tig|Fi
€Mt g 1€H ¢
where, by analogy with eq. (3.19), we introduced
Lig=Tigogg +2ntTigqq- (3.25)

We note that, at 0(60), I'; 4 corresponds to I'; y = v4 + 2T§L¢ + O(e), where v, is the gluon
anomalous dimension. To see this, one can repeat the manipulations performed in eq. (3.20)
for I'; g—q4q, using the fact that Py, is symmetric under z <+ (1 — z). As a result, the z factor
in the integrand can be replaced by a factor 1/2 (see the discussion in section 5.1 in ref. [1]).

We can now use eq. (3.24) to extend the definition of the hard-collinear operator I¢,
introduced in ref. [1], to

;e
Io(e) =Y -1, (3.26)
: €
1EH
Therefore, the whole hard-collinear contribution can be written as

Pay D (SuCinAMF m]) + > Py [250r 67"

i€H n=2,3

(3.27)
— lodl(Io(9) - Fp) + 2 [P o R + (g o PE] .

99

The real-radiation contribution to the NLO cross section is obtained by combining the
above expression with the soft contribution given in eq. (3.10), and the fully-regulated Onr,0
term in eq. (3.7).

To complete the computation, we need to account for the virtual corrections and perform
the collinear renormalization of parton distribution functions. We use the operator Iy,
introduced in ref. [1], and defined in eq. (A.36), to write the virtual corrections as

2500 d6° = [as)(Iv (€) - 1AL + (Fiisn) - (3.28)

The function FIjL\‘/Oﬁn in the above equation is analogous to Fiy in eq. (2.2), but with [Mg|?
replaced by 2 Re[<./\/l§m
The collinear renormalization contributions relevant for Ay, which come from the PDF

/\/lo>], where ME™ is the finite part of the one-loop virtual amplitude.

redefinition, read

254, A6 = 0‘27(r€) [<P<0 ® Fp) + (Fhy ® P >] : (3.29)

where the Altarelli-Parisi splitting functions P{i%) are defined in eq. (A.13).



Using these results, we can finally write the NLO corrections to the process Ag. We
combine egs. (3.7), (3.10), (3.27), (3.28), and (3.29), and find an expression that does not
contain € poles

3
2541 {d&\f}o + > Padopn + d&ff‘é)f] = Pu (O A™ F" [m]) + (FA2a) (3.30)
n=1 .

0
+ lasl(IF - Fia) + [as] [(Poy® © FiAY) + (Fi © Pag©)] -
Here, L(FO) is the (9(60) coefficient in the expansion of the IR-finite operator
It(e) = Iv(e) + Is(e) + Ic(e) (3.31)

defined analogously to ref. [1]. Its expression is reported in eq. (A.45). Finally, for the
boosted contribution, we used the relation ag(p)/2m = é[ag), with ¢ = I'(1 —€)/e“"®, and the
following relation between generalized splitting functions and Altarelli-Parisi splitting kernels

Pi;z’n(z’ E.) + 56135%) (2) = GPSBLO(Z, E,) + O(e2> , (3.32)

valid for all & and 8. The explicit expressions of functions PSBLO are reported in the ancillary

file FinalResult.m provided with this paper, see table 1.

Before concluding the NLO analysis, we briefly discuss the treatment of the singularities
in A; that do not lead to the partonic process Ay. Considering the function F{‘I\}[ [mg] for
the sake of example, and taking the collinear limit my || a4, we derive

(fy ® o) @ (CamA™ FAYm ) = 2, 0 1) @ (PE™ @ P [{g} v, +1]) - (3.33)

€

This singularity is cancelled by the collinear PDF renormalization in the Born process
qq = X 4+ (Ng +1) g. We emphasize that the use of the projection operator Py, allows us to
discard such singularities, and focus on the main goal of this paper, which is an understanding
of intertwined final-state collinear limits.

4 NNLO QCD corrections: general framework

In this section, we study the NNLO QCD corrections to the process A in eq. (2.1). Similarly
to the NLO case, we discard all singular contributions that lead to partonic processes which
differ from Ay. To compute the NNLO QCD corrections to Ag, we have to account for
the two-loop virtual corrections to it, the one-loop corrections to processes A; and As, and
three double-real emission processes

Ay ag+by = X+ (Ng+2)g+q,
As: ag+by— X +Nyg+q+4q, (4.1)
As: ag+b,— X+ (Nyg—2)g+q+4¢7 +4"7",

where we consider both the cases ¢’ # ¢ and ¢’ = ¢, and the same for ¢”. In order to cancel
the 1/e poles at NNLO, we write

6380 = 63+ Pa, |7y +nrdasd +dofis +dofy™ +nedagty +nfdogly | +do7 . (4.2)

,10,



We note that the only singular limits of the process A5 that will project onto the process
Ap are those in which ¢ and ¢’ are either simultaneously soft, or are clustered together
in the collinear regime (see the corresponding discussion after eq. (3.22)). In either case,
they produce a factor of ng, which we write explicitly in eq. (4.2). Similarly, the process Ag
produces a factor n? when both ¢’ and ¢’ as well as ¢” and ¢’ become collinear. There is
also an interference term arising from process Aj; if ¢ = ¢/, which does not appear with a
factor of ng. This contribution is only singular in the triple-collinear limit and hence only
produces simple poles in €. No other singular limits need to be considered as these would
result in processes different from Ag. In particular, we omit the discussion of IR divergences
from flavor singlet configurations.

To compute the double-real contributions to eq. (4.2), we need to analyze quantities
of the following type

Fvllat vy Adt v, A ngs - -
Ng! x Ng! x Ng! x ...

254 670 = < d > ne {4,506}, (4.3)
where integer numbers Ny, Ny, Ng, etc., indicate lengths of the relevant lists; they depend on
the process A, under consideration. The first step consists of employing damping factors to
choose the potentially-unresolved partons in Fyy. Following ref. [1], we will refer to such
partons as m and n, and to the relevant damping factor as A(™) 3 Writing the right-hand
side in eq. (4.3) as the sum of different contributions, each depending on a specific pair (mn)
of potentially unresolved partons, we obtain

25y dopp = > (AMOuFiyi[mn)),  ne{4,56}. (4.4)

(mn)

In the above equation, the sum runs over all unordered (mn) pairs, except in the case of a ¢;g;
pair, where we consider both the pair (¢;q;) and (g;q;). The function Oy, will be specified
shortly. For each A, labels m and n may refer to partons of different types, and one has
to account for all the possible (mn) pairings compatible with A4,,. In particular, for process
Ay, (mn) can be a pair of gluons (gg) or a quark-gluon pair (g;g); for As, (mn) can be a
(anti)quark-gluon pair (¢;g) or (¢;g), or a quark-antiquark pair of the same (g;g;) or different
flavor (¢;g;); and for Ag, (mn) must be a fermion-fermion pair (g;q;), (¢iq;), and (¢;q;).

For concreteness, we explicitly write the function FI:“M" [m, n] required for the process
Ay in eq. (4.4). The expression reads

28ab d‘%éﬁ = (A O, (FI:41\4/1[ [my, ng] + Fﬁ\?{ [mg, ng])) - (4.5)

We note that symmetry factors depend on the list of resolved final-state partons; they are
included in the definition of Ff}\z [m, n]

1

A

FLI\?L[[m97nQ] = N |FI€I(\]/I[{Q}N97 {Q}l‘mmng]v
g-

1

A
FYnilmg, ngl = m

F}fﬁ/{[{g}Nngﬂmqvng} .

3The construction of damping factors is discussed in detail in appendix B of ref. [1].
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There are important differences in the singular limits of the Fiyr functions that appear
in eq. (4.4), depending on which partons are resolved and which are unresolved. If the
unresolved partons (mn) are either two gluons or a ¢;g; pair, then the double-soft limit
is singular, whereas if they are qg, qg, q;qr etc., it is not. We will refer to the former
combination as DS and the latter as DS, so that

DS = {(99), (¢:@%), (Giq:)} , (4.7)

and
DS = {(Qi(jj)? (Qiqk)v (le(jk)a (Qig)v (Cjig)a with 7& ]} . (48)

Then, if (mn) € DS, we introduce an energy ordering by identifying O, with the Heaviside
function Opy = O(En — Ey), where Ey , are the energies of partons m,n. Note that the
presence of the energy ordering is the reason why we need to consider both (¢;¢;) and (g;q;)
pairs. If, on the other hand, (mn) € DS, we do not introduce the energy ordering and
take ©mn = 1. Thus, the proper reading of eq. (4.5) requires associating On, with the
energy-ordering Heaviside function in the first term in brackets and with 1 in the second
term. Furthermore, we extend the convention of eq. (3.9) so that Sy, = 0 for (mn) € DS.

Another important difference between various unresolved partons concerns single-soft
singular limits, which only exist if at least one parton in the list (mn) is a gluon. To retain
generality of the calculations, we keep the convention in eq. (3.9) that the single-soft operator
makes an expression vanish if it is applied to a quark or an antiquark. Moreover, if the
unresolved partons are a quark and a gluon, we always label them as (mgng), see eq. (4.6).

Finally, since we are interested in unresolved contributions that lead to the process
Ap, we need to account for different collinear limits depending on the list of unresolved
partons. For example, in case of the ¢;g; final state, we exclude cases where ¢; and §; are
collinear to different hard partons and only allow limits where they are collinear to each
other, as discussed after eq. (4.2). In addition, we note that (sequential) double-collinear
limits may not be invariant under the exchange m <+ n for a generic unresolved final state
(mn). This possibility was pointed out in ref. [1], although there (for the gg unresolved final
state) these limits did in fact commute.

In spite of the differences between the various cases, the computational strategy is
always the same and follows closely the discussion in ref. [1]. In particular, as explained in
ref. [1], when computing the different contributions to the cross section in eq. (4.2), it is
beneficial to combine terms that have equal number of resolved partons. In the double-virtual
contribution, the number of resolved partons is the same as in the Born process, i.e. N,
in the real-virtual contribution this number can be N + 1 or N, and in the double-real
contribution it can be N + 2, N 4+ 1 or N.

We proceed with the discussion of the double-real contributions, starting from eq. (4.4),
and aiming at identifying the singular limits that result in a well-defined number of resolved

partons. We begin by regularizing the double-soft and single-soft divergences, writing

2Sab d&ﬁﬁ = Z [(SmnA(m“) @mnFﬁAM” [m,n]) + (?mnSnA(m“) @mnFﬁAM” [m, n])
(mn) (4.9)
+ (SmnSnA™ Oy Fii [m, n])|
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with n € {4,5,6}, and where Sy, = 1 — Syn. The above formula applies to all unresolved
partons (mn) and all processes A,, due to the definitions of the double-soft operator Sy, and
the single-soft operator Sy, explained above. The second and the third term on the right-hand
side of eq. (4.9) still contain collinear divergences that must be regularized. The latter requires
particular care since the single- and triple-collinear limits overlap. To overcome this, the
nested soft-collinear scheme employs phase-space partitions and sectors [13, 14, 17]. However,
these procedures lead to repeated computations of similar integrals, which result in an
unwieldy number of counterterms and obscures physical structures. Therefore, it is convenient
to recombine the various limits from the different sectors, and to do so prior to evaluating the
effect of each limit on the Fy)\; quantities and integrating over the unresolved phase space.

The steps required to do so are somewhat tedious and are outlined in section 4 of ref. [1].
Extending them to make them applicable to a generic unresolved final state, we write eq. (4.9)
as the sum of three contributions,

2sapdofiy = > [Sin[(mn)re+ 34 [(mn)]lrr + S5 [(mn)]re ], n€{4,5,6}.  (4.10)

(mn)

The three terms on the right-hand side of the above equation correspond to the double-real
fully-resolved, single-unresolved, and double-unresolved contributions, respectively. The
fully-resolved term reads

E?ﬁ[(mn)]RR = <§mu§u§21A(m") G)man‘M” [m,n]), (4.11)

where the collinear regularization operator € is defined in eq. (D.5) of ref. [1]. The double-

unresolved and single-unresolved contributions in eq. (4.10) have slightly different expressions

depending on whether (mn) € DS or (mn) € DS. For this reason, we present them separately.
Beginning with the double-unresolved terms, if (mn) € DS, we write?

Shi[(mn) € DSJrr
= (SunOmn 3t M, 0]+ > (SinCim A ™ (SO Fy i [, 1] )
1€EH
_ 1 _
+Z<Sn<SmCimA(m")@anﬁ41\’/}[m7n]>>+§ 3 (8uSuCinCimA™ i [myn])  (4.12)
1EH 1,JEH
Nm\ln(e) el (m) —€ An
+ZT<SmCZ-mA 07 (1—=20mnSn) Conn F 32 [m,1] )
1E€EH
_"_[as]221+265m(€) <2Enwx
n

+E'S{}’reSt [(mn) € DS]RR ,

—2e —2e
) {—<Is(6)Fffll\(/)[>+(2E}n;X€émNC(E)ZT?<FI:41\(/)I>}
i€H

where the terms collectively denoted as S ™[(mn) € DSJgg in the above equation can be
found in egs. (A.49)-(A.57); they contain single 1/¢ poles at most. The quantities Ny, and

4With nested angular brackets we indicate that the operations appearing within the innermost brackets
have to be performed first, and then we integrate over the corresponding unresolved degrees of freedom. This
result is then acted upon by the outer operator.
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Nc(€) are defined in eq. (A.7), the quantities dm(€) in eq. (A.22), and o;; = 1;;/(1—1n;;), where
nij = (1 —cosb;;)/2. If (mn) € DS, the double-unresolved contribution can be written as

Shpl(mn) € DSJrr

=Y {CimA™ (S, Fiyi [m,n])) + = Z (840(CjnCim 4 CimCin) A™ FAAr[m,n])  (4.13)

1€EH sz’H
+ Z Naajn(€)(Cim0 Alm )<S CmnFLM m,n])) + ZA”’reSt[(mn) € DSIRR -
i€H

Again, terms denoted as Eéﬁ’reSt[(

mn) € DS|gg in the above equation have at most 1/e poles;
they can be found in egs. (A.59)—(A.63). We emphasize once more that the derivation of the
above formulas, as well as the notation that we employ, follows the discussion in ref. [1] with
minor modifications which account for the more general nature of the final state (mn).

Moving on to single-unresolved terms, if (mn) € DS, we write
5t [(mn) € DSJgr

= <Ol(\1n;}o (m )<S @mnFﬁ‘lﬁ [m,n])) + Z NLO (-5 Gmn)cznA(mn)Ffﬁ[m nj)

i€H
1
+ 5(Ofito A™ (1 — 20mnSh) Crn it [m, n]))
+ Z <OI(\?I?IO) w?ﬁim [(nim/Q)_E - 1] (]l - Sn@mn)cz‘nA(mn)FIf‘Mn [m7 Il]> (4-14>
1€H
- Z < 1\?14“&) nn:ﬁ:ZA( )[ Nunjjn (€)o7 — 1J((1 — 2®mnsn)0mnFﬁ4ﬂ[m» “]>>
zE’H
N (4,[mn]) mini
Ne ,|mn 1,0 __—e —2¢ v v n
+ Z o) 7i,g—>mn<ONLO Wgntl1 Ui[mn](E[mn]/M) *(ri'rf + g" )A([m"])Ff‘M W[mu])
1€H
Ns(b’d) 22,r (4[mn]) | mini _—e —2¢ A ([mn]) AR
+ Z [axs] B) 7J_,g~>mn<ONLO “aln Zifmn) (En) /1)~ A Fyyilmn])
1€H

whereas if (mn) € DS, the expression reads
S5t (mn) € DSJrn
= (ON1io A™ (SuFii[m,n])) + (ORto A™ (SaCon Fi m, n]))
+ 3 (OGS wit™ [Nugja(€) o — 1A (8, Crun Fiij [m, ] )

1€EH

+ 3 {[O8oCim + O SaCin| A™ ki m, u]) (4.15)
1€EH

+ 3 (OGS Wl (i /2) 7 — 1] Cim + OGS Wi (i /2) ™ — 1] 5l
1€EH

x Alm) A m, n]> .
In eqgs. (4.14) and (4.15), we have used the notation

Ol(élgf()) - gzézxa NLO - Z ONLO :1: ’ (4'16)
i€EH
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me,ng  meng  mi,ng
mfn > %im > “i|jn
, evaluated in the limits m || n, 7 || m, and 7 || n, respectively.

The anomalous dimensions 22 g—mn and 'yiQ gr _mn are defined in eq. (A.25), and the vector

where w® are NLO partition functions. The functions w originate from the

me,ng

NNLO partition functions w

r# is described in appendix E of ref. [1].

Although we do not discuss the derivation of the above formulas for the double-unresolved
and single-unresolved cases, we believe it is useful to present them to emphasize their proximity
to similar formulas presented in ref. [1] for the (gg) unresolved final state. It is this similarity
and the appearance of universal structures that will be key for deriving formulas for integrated
NNLO subtraction terms for processes with an arbitrary number of jets at hadron colliders,
a problem that we would like to investigate in the future.

We continue with the discussion of the real-virtual and double-virtual corrections in
eq. (4.2), starting from the former. They are analyzed in the same way as the real-emission

contribution at NLO, see section 3. A generic real-virtual contribution reads

R FR g, {atn,. {@ ngs - -]
25a 40 RV—< Nyl x N x Ngl x ... > n€{1,2,3}, (4.17)
where Fry is defined similarly to Fry in eq. (2.2). We use damping factors AM™ and write
25y oy = 3 (AW Fiy[m]) (4.18)
m

where each Ff{‘\}l [m] function depends on a particular potentially-unresolved parton m. We
extract soft and collinear singularities following steps discussed in the NLO calculation,
and obtain
25ap d&é{} = Z {Eéﬁ [m]RV + Zéﬁ [m]RV} ) n e {17 2, 3} ) (419)
m
where
Ap An
250 mlrv = <01(\1n1?oA(m)FRv [m]),
An < An 4.20
Ehp Imlry = (S P Im) + 3 (SuCinA™ Fily m]) (420
1EH
We reiterate that, if parton m is a quark or an antiquark, we drop the corresponding soft
limit Sy, from eq. (4.20) and replace Sy, with the identity operator.
Finally, we consider the double-virtual corrections. Their IR singularities are universal [87—
89], and the corrections to the Born process Ay are simply given by

2505 d8NY = (F{N) = St v - (4.21)

The function Fyy is defined in a way that is similar to Fry in eq. (2.2). The explicit
expression for eq. (4.21) can be found in eq. (4.86) in ref. [1].

At this point, we can combine the single-unresolved and double-unresolved terms in
egs. (4.19) and (4.21), originating from the real-virtual and double-virtual corrections, with
the corresponding single-unresolved and double-unresolved contributions from the double-real
corrections in eq. (4.10). Together, they should provide a physically-transparent description
of d(}f\?&LO in eq. (4.2). In the remaining sections of this paper, we discuss how all these
different contributions can be combined and simplified, demonstrate the cancellation of the
infrared poles, and derive compact results for finite remainders.
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5 Simplifications of the double-unresolved contributions

The formulas presented in the previous section express the contributions to the NNLO
corrections in terms of soft and collinear operators acting on the functions Fyyr, after
the limits from different partitions and sectors have been combined. The action of these
operators on the Fpy; quantities leads to universal structures (eikonal functions, collinear
splitting functions) and reduced matrix elements that do not depend on the momenta of
the unresolved partons. Integrating these universal functions, we obtain 1/e poles that have
to disappear when double-virtual, real-virtual, and double-real contributions as well as the
PDF renormalization are combined. In this section, we simplify the formulas obtained in
the previous sections, focusing on the double-unresolved contributions, which contain the
strongest singularities. This preliminary work will enable us to dramatically simplify the
demonstration of the cancellation of singularities, which we discuss in section 6.

In our analysis below, we follow ref. [1], where pure gluonic final states were considered.
The terms involving virtual contributions and/or soft limits require only minor modifications,
and we describe these in section 5.1. However, as already seen in section 3, the situation is
more complex when considering the collinear limits of final states consisting of quarks and
gluons, because certain combinations of such limits have to work in unison to produce such
physical quantities as splitting functions and collinear anomalous dimensions. We discuss
this in section 5.2. Understanding how this happens at NNLO is an important step required
to extend the analysis of ref. [1] to generic partonic processes.

5.1 Simplifying virtual and soft corrections

In this section, we discuss the soft and virtual contributions. As stated above, these are very
similar to those discussed in ref. [1]. There, the treatment of the singular triple-color correlated
terms ~ fabCTiaijT,g was performed using generic representations of the color charges, and
thus can be applied verbatim to the present case. We therefore focus on contributions
containing products of the color-charge operators T'; - T'j or {T; - T';, T}, - T;}. These appear
in the double-virtual corrections, in the soft and collinear limits of the real-virtual corrections,
as well as in the double-soft limit and a combination of the single-soft and hard-collinear
limits in the double-real terms.

The expressions for the double-virtual and the soft limit of the real-virtual contributions
can be borrowed from eqs. (4.86, 4.102) in ref. [1] with obvious replacements of Fyy and
Fyv functions. This is possible because only an unresolved gluon contributes to the soft
limit in the real-virtual case and because the double-virtual contributions are described by
universal formulas that only depend on the momenta of hard partons, their color charges,
and their collinear anomalous dimensions. The double-soft limit can again be borrowed
from ref. [1], but we have to supplement that result with the double-soft contribution from
the unresolved ¢'¢’ pair, which was calculated for the nested subtraction scheme in ref. [90].
These additional contributions are proportional to n¢, so it is easy to identify and track
them. The full result reads

(SmnOrmn (Fixi[mg, ng] + ne i [mg, ng]))
= [as]2< B@(e) + (fﬁcl (e) + %02(6) + Bocs(e) — gnfTR 04(6)) 78(26)] 'Fﬁ41\%> (5.1)
+ [045]2 Z < [(SE;TQ)U + nf(Sg;,Tz)ij] (Ti ’ Tj) : Ffl\(/)l> )
(29)
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where we have introduced the shorthand notation

A A A
Finilm, ng)] = Fialmg, ng] + Fyyimg, ng] (5.2)

to denote the ¢’q final state. The constant factors c¢123 in eq. (5.1) have already been
presented in ref. [1] and are reported in eq. (A.9). The new coefficient

1 12
ca(€) = 1B + (5 _3 log 2 — 121og? 2> €, (5.3)

6 18 3
has been extracted from ref. [90]. Finally, the last line of eq. (5.1) contains finite remainders
arising from the double soft configurations, which are extracted from ref. [90]. The explicit
expression of (Sg;TQ)ij and (Stf]i;,TQ)ij are given in the ancillary file FinalResult.m provided
with this paper (cf. table 1). Furthermore, fy in eq. (5.1) stands for the leading-order QCD
B-function. In contrast, in ref. [1], Sy was always assumed to be evaluated with ny = 0 since
only final states with gluons were accounted for in that reference.

Color-correlated terms in the double-unresolved contributions also arise when soft-limit
operators or virtual corrections appear together with the collinear operators. The second
term on the right-hand side of Z“Sﬁ [m]ry in eq. (4.20) is the first example of the latter;
we will refer to it as the hard-collinear limit of the real-virtual contribution. Similarly to
the NLO case, we are only interested in contributions that are relevant for cancelling IR
divergences proportional to the matrix element squared for Agp; this restricts the number
of collinear limits that we have to consider. Indeed, for the initial-state collinear limits,
we only need to account for the splitting a;, — my g* and b, — my ¢*. For the final-state
collinear limits, we need to consider the g* — mgyiy, ¢* — myi, and ¢* — mgi, splittings,
as well as the branching ¢g* — mgy iz and g* — mgi,. The latter splittings are relevant for
the process As, which we will collectively indicate as

A A A
Frv[mgan] = Fy [mg] + Fry [mg ] - (5.4)
In full analogy with ref. [1], we write

PAO Z <§m01mA(m> (Fﬁ‘{} [mg] +Ff§\} [mq} —|—an1"{4\? [m(q,q,>]) >
1€H

1
= [o)? [<Ic(€)fv(€)'Fﬁ4ﬁ>+6<7’gg§n®[fv(€)'Fﬁ4ﬁ]+ [Tv(e)- Fry) ®P§§“>]
]‘ en en
o] [ (Tol0) Fil g+ ¢ (PA O F u+ FY 0 SPE™)| (5.5)

€
2F(1—6)@

eVE ¢

1
A A A
(el Fik) +  (PE e Fily g o)

> he(€)(|Calo(2€)+2(Cr—Ca) Ion (20| - F{A,)

Cahe(€)(Pay e @ F{ + iy @ P e,

where he(¢) is reported in eq. (A.10), and P12 are the one-loop splitting functions defined
in eq. (A.31). The collinear operator Ic(2¢) is the generalization of the operator I¢ to the
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real-virtual case. It is defined as follows

~ 'L (e)
To(2e) = > —Bf” 5.6
C( ) ’LEZ,H % ’ ( )
where I‘lH}Z represents the generalized initial- and final-state one-loop anomalous dimension,
given in egs. (A.30), (A.33) and (A.35). We note that if previously-introduced quantities are
written with the subscript ng, such as fc,nf in eq. (5.5), only the n¢-dependent final-state
contributions should be retained in the corresponding functions.

The last contribution that we need to discuss arises from the action of one single-soft
and one hard-collinear operator on the double-real cross section (see the second and third
terms on the right-hand side of eq. (4.12), and the first term on the right-hand side of
eq. (4.13)). We find

Py Y [<Sm0imA(m)<Sn (@man‘ﬁ [mg, 1] + FA4[my, ng] + neFis [m(q,g,),ng])>
1€H

- {Sa(SmCin A ™ Oy FiAL [y, ng]>>}

— [ou?|(Is(0)el0) - Fil) + (P& @ [1s(0)- Fel) + 50 Fiil 0 ™| (6.7

2
Qs en en
+ 0 Cano (P © iy + Fy o PW)
Qg 2 4
+ | 62] hC(€)< [CA (I((J )(6) + E : Ui,q—mq) + (2CF — Cy) Z Ui,g—ﬂzq’)
1€Hs 4 1€H g

ng

+2(Ce - I, (0] - Frl).

where
L 2L max r?(1—e 4
Oiq—gq = 26[ ‘ m Lig—gq — Fz(,q)—mq ’ (5.8)
I I'2(1—¢) 4 .
Tig—qqg = 2Nf % {6’ Homax T(1—2¢) ,9—4q ~ F’E,H)‘WQ:| :

As was pointed out in ref. [1], one has to be careful with the order of soft and collinear
operators when computing the hard-collinear limits of the double-real contributions. At the
same time, the fact that in the present study we allow for more complex unresolved final
states does not impact the computation significantly. The remaining double-unresolved terms
in eq. (4.12) and eq. (4.13) that we have yet to analyze and which contribute to O(e~2)
involve two collinear limits; we discuss them in the following section.

5.2 Soft-regulated double-collinear contributions

In this section, we discuss the double-unresolved terms that originate from collinear limits.
Specifically, we consider the double-collinear limits present in the fourth and fifth terms
on the right-hand side of eq. (4.12), and in the second and third terms on the right-hand
side of eq. (4.13).
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We begin with the terms that do not involve the Cy, limit. We write
Ybc = ZDC + EDC , (59)

where Y%, contains limits where the unresolved partons (mn) become collinear to two
different partons, while in % be they become collinear to the same parton. 5 The expressions
for these two terms read

S = Pay 3 (SuSnCinCind™ (S i mg, ng] + Fibmg, g

(i7)

+ ne FA M g ] + meFYR Mgy ] + RS Mgy nigram)]) )

EtcC = P, 27:{ é<§n§mcin0imA(mn) (Fﬂéll\?{ [mg’ “g] + ”fFIftl\?[ [m(q“ né’)]>> (5.10)

1€

+ Pao Z;L %<§n(cincim + CimCin) A™ (Ff‘ﬁ [mg, 9] + neFYN M grgr)s 1)

i€
+neFyyg (mga), nq])> .

where (ij) stands for i,j € H, with i # j. In eq. (5.10), the function Ff‘l\?{[m(q/q/),n(qugu)]
is defined as

A A A
FLI\?[ [m(q/q/),n(q//qu)] = FLI\?[ [m(q/q/), nq//] + FLI\?I [m(q/q/), nq//] . (5.11)

We start with the discussion of X4¢.. Tts calculation follows ref. [1], and the final
expression is equivalent to the product of two NLO-like expressions, since the two collinear
limits Ci and Cj, (with i # j) are completely decoupled from each other. Combining the
expressions that we obtain from the double-collinear limits of each Fi; function contributing
to Yde ¢ to reconstruct the quark and gluon anomalous dimensions, defined in egs. (3.19)
and (3.25), respectively, we obtain

Qs 2 1 en en
z:DC = [ 62] [2 Z <Fi,firj,fj ’ FI%I\(/)[> + <pg FAO ® Pg >
(45)

(5.12)
n A A n
+Z ge ,fz"FLI\(/)I)>+Z<(Fi7fi'FLI\(/)I)®P§§ > .
i€H i€H
i#a 1#£b

We note that the first term contains a factorized contribution of the anomalous dimensions of
partons ¢ and j. To identify the universal operator I and its square, we need to supplement
eq. (5.12) with ¢ = j double-collinear terms coming from X!

Although the analysis of XI5, is largely analogous to what was done in ref. [1], it is
useful to remind the reader that collinear limits for partons emitted off the same line are
intertwined. However, in order to write 5 in terms of two factorized anomalous dimensions
or two splitting functions convoluted in exactly the same way as in the perturbative solution
of the Altarelli-Parisi equation, it is useful to disentangle them.

5The notation “dc” and “tc” refers to their origin in double-collinear and triple-collinear partitions.
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We start with the initial-state radiation. In this case, only the terms in the first line on
the right-hand side of {55 in eq. (5.10) give a nonzero contribution, since the remaining terms
would involve an initial-state flavor change, and are thus projected out by Pj,,. Therefore,
the computation of the double-collinear limit in the case ¢ = a or i = b follows the procedure
described in ref. [1], except that here we also consider the case where the initial-state parton
is a gluon. As an example, we consider the function FS{Z [mg,ng] in X¥,. Computing the
collinear limit explicitly for ¢ = a, we obtain

11— — ag)?
5 (SmSnCanCanA™ Fijj[mg, ng]) = [2:]2 (02, FAD + 2(PE™ © (Dag - FAY))

(5.13)
+([PE G PEY @ %) + (Gog © )]

We note that the first term on the right-hand side of eq. (5.13) combines with the first

term on the right-hand side of eq. (5.12) and contributes to the construction of Ig. The

second contribution in eq. (5.13) combines with the first term in the second line of eq. (5.12),

leading to the operator I¢ convoluted with Pg™. Next, the term involving [nggn ® nggn],

where the @ convolution is defined as

f1(21, E) ® fao(22, E) = /dzldz2 f1(21, E) fa(22, 21E) (2 — z122) (5.14)

is also expected, as it must combine with the contribution []5552) ® 159(2)] arising from the
PDF renormalization. Finally, the function G4 in eq. (5.13) is similar to the function G;
introduced in ref. [1]. Here, we define it so that it can also be applied for an initial-state
quark. We then write

Gaa(z, Ez) = (Fi,cx — Fz.i7a>P§zn(Z,Ei) s with Fz-i,a = (515)

Fi7a ‘ Ei—zE;’

where (i,a) € {(a,g), (b,q)}. The function in the above equation incorporates the modifi-
cations required by the non-trivial dependence of the double-collinear phase space of two
unresolved partons on their energies.

A similar calculation has to be performed for the final-state splittings but it is slightly
more intricate because, in addition to the phase-space factors that appear in the collinear
limits (discussed above), applying those limits to the damping factors A™) Jeads to energy
fractions of final-state unresolved partons, and one needs to keep track of them to see
simplified structures appearing in the final result. Although this complication was already
present in the calculation reported in ref. [1], it becomes more involved in the current case,
as there are now different types of partons in the final state. To illustrate this, we consider
the double-collinear limit

(SnSnCinCin AT i Jmyn]), Qe H. (5.16)

The action of the first collinear operator clusters partons i and m into a parton [im], while
the second operator combines [im] and n to produce parton [imn]. We find

95 Pimnim] (1) Primi(2m)

CinCim A™ Fab 1 lm,n] =
mlim LM[ | ] pzmpm EmEnE[Zm]E[’Lmn}

E .., [imn],.. ], (5.17)
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where Ejy = E; + B and Ejjqy = Ei + En + E, are the energies of the clustered partons
[im] and [imn], respectively, and we have used

E; _ Eum
Eljm)

E;

inCimA™) = =
) CinCim ZnZm E[imn]

Zm = , (5.18)
in addition to the collinear limits described by the splitting functions Py and Plga)jim]-

The expression in eq. (5.17) needs to be integrated over the collinear phase space of the
unresolved partons m,n, and the resolved parton 4, keeping the sum of the three energies
fixed. We would like to write the result as the product of the splittings I'; o s defined in
eq. (A.19), which will allow us to combine these expressions with those in eq. (5.12). This
does not happen automatically, because the integration over the variable 2, which describes
the internal splitting, introduces an additional factor z, ¢ into the integral over the external
splitting variable z,. Writing this additional factor as

272 =14 (7% - 1), (5.19)

n n

and integrating over z,, we can obtain the desired product of generalized anomalous dimensions
from the first term on the right-hand side in the above equation, and a new contribution
from the second which has a stronger e-suppression. Generalizing the discussion in ref. [1],
we write the double-collinear soft-subtracted limit as

(SnSnCinCim A Fb [ i, Jm,n])

Al | (5.20)
= [Oés]2< {F[imn],[im]—)im L [imn), imn)— [im]n T+ Glimn] ]{Ez;[[,:i]_:ﬁm}n ] Fyl..., [imn],.. -]> :
where
T 2 imn\ 2 T2(1—¢)]?
f(2),[im]—im o [tmn] 22
G[im"] f(z),[imn]%[im}n_ l:( i ) F(1—26):| [Vf(z),[im}aim([/[imn})
Tfim
M —2eLinn | |42 _~22
+0imi ¢ ¢ [ ]] [’yf(z),[imn]ﬁ[im}n(L[im“}) ’Yf(z),[imn]ﬁ[im]n(L[im“]):|’
(5.21)

Definitions relevant for the two equations above are collected in appendix A.3.1. Note that
we introduced two different functions f(z) and f(z) to describe the weights that appear in
the integrands over energy fractions of the external and internal collinear splittings. Since
these weights arise from the collinear limits of A(™" factors, they are always equal to the
relevant energy fraction z, cf. eq. (5.18). However, as we pointed out several times, we benefit
from combining various collinear limits before integrating over energy fractions since in some
cases the weights may disappear. Because of this, we find it convenient to introduce two
different weights f(z), f(z) in the definition of G4, in eq. (5.21). Additionally, we note that
in the case where the collinear limits in eq. (5.20) are taken in the order Cj,C}, instead of
CinCim, eq. (5.20) remains valid as long as we exchange m < n.

To account for suitable combinations of the collinear limits, we introduce the shorthand

notation
2o (5.22)

g . 2,9—99
GilZanpy = Gilzlaspy + 206 Gi |Z0°%,
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to describe the gluon splittings. Furthermore, using the properties of the generalized quark
anomalous dimensions, we write

Ly (5.23)

,q— q— _
G ‘z a—py — G }Zgz%qﬁg'y +G ‘Zgz—;qﬁqy - Gl z,a—v

where the second equality follows from eq. (3.20).

Each contribution to ¥ in eq. (5.10) can be described using eq. (5.13) for initial-state
radiation and eq. (5.20) for final-state radiation. All these terms can then be combined with
eq. (5.12) to obtain the final result for the double-collinear contribution. It reads

a2
Ypc = [ 2] <{IC + = |: Z I q—)gq zg i,q) + Z 2ng¢ Fi7g—>q§(ri,q _ Fi,g)
1€Hs 4 i€Hy g
+ Z (GilZg-gg + 2 G; ’g,gaqq) + Z (Gilf g=q9 + Gilg-qq ) - FiAl\(/)I>
i€Htg 1€H: ¢
2
+ B [(Pgr e g © i + Fly o PG PE) (5.24)
+ [as]2<G ®FAO FAO ® aQ >
9¢2 \99 M T £im qq
2
108 (o & [10(e) - Fel]) + (L) Pl @ PE) + (PEP & Ry o P

Finally, we consider those double-collinear terms that involve the operator Ciy, i.e. the
limit where the two unresolved partons m and n become collinear to each other, forming a
clustered parton [mn], which then goes collinear to a hard parton i € H. Such contributions
are found in the fifth term on the right-hand side of eq. (4.12), and the third term on the
right-hand side of eq. (4.13). Their computation closely follows the discussion in ref. [1]. For
this reason, we limit ourselves to reporting the final expressions. They read

»)
m|n
=Pu Y. m||n < Clm 07 [( — 20 Sy A )Cmn(Ff‘ﬁ[mg,ng]+Fﬁ4ﬁ[m(q/,n¢)])}>
1€EH
(4) (4)
[os]? 4 I, 206 Uigsaq | |
= LN (320 (100 - Y ~gom - 3 ) R ) (529
1€H: 4 1€H g
[04 ]2 n A A en
+ G N D(12(0) [P © Fiag + iy © PidE]),
and
22 = Pay S Nyl € AMS, Crun (F7AL Mg, 1g] + ne A [m )
m|n Ao m||n CimO i mn (LM (Mg, Mgl T LTV [Mg'g) s Mg
1EH
NS
2nf i 1
_ [ N(bd <[ 6g—>qq i %Hi,g%q(i:| -Fﬁ41\%> (5.26)

o] (b,d) 22 Fz(fz)%gq 1 Ao
+ . Ngo» Z Yq (Li)T"‘%Hi,q—mq “Fyn ) -
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In the above equations, we have used

22 22 22
Vg (Li) = Vz,g%gg(Li) + 2ny V2,993 )
with v#2(0) = v7%(L; =0),  (5.27)

22 22 22 — 22
Yq (Ll) = 7z,q—>qg(Li) + Vz,q—g99 = 71,q—>qg(L’i) )

and
T2 I'2(1—e¢)
-2 Ll 4 -2 Lmax
Hiqgq = Eq [e ‘ Fz(,q)—mq —e I'(1 - 2e) i7q—>gq] ) 6 28)
T2 I'2(1—e) '
726[/7; 4 —2€eLmax
Higsqq = 2n4 Tq [6 Fz(,g)%qé - € I'(1-—2€) i’g_)qq} )

We have now analyzed all the double-unresolved terms in eq. (4.12) and eq. (4.13) which
produce singularities of 0(6_2) or stronger, and have written the corresponding expressions
in terms of the virtual, soft, and collinear operators Iy g c. In the following section, we will
employ these results to discuss the cancellation of infrared singularities.

6 Cancellation of poles

In this section, we use the results obtained in the previous section to demonstrate the
cancellation of infrared singularities in the NNLO QCD corrections to the process Ag. We
have pointed out in ref. [1] that this task is simplified significantly if one combines virtual,
soft, and collinear operators Iy, Is and I¢ into a single color-correlated quantity It from
eq. (3.31), which is e-finite. Indeed, identifying this operator in the NNLO contribution to
cross sections allowed us to cancel the poles through 1/€2 “by eye”. Furthermore, we observed
that combining the highest-order singularities into the It operator in two subsequent orders
of QCD perturbation theory lead to an iterative structure consistent with the exponentiation

Ao ~ (el Fyy) (6.1)

This, together with the fact that we were able to identify the It operator for the more
complex process that we consider in this paper (cf. section 3), suggests that it would be

NNLO ysing the I% and It

beneficial to discuss the cancellation of 1/€ poles by rewriting do
operators, as far as possible. We discuss this in the following sections, beginning with the

single-unresolved contributions, and then turning to the double-unresolved ones.

6.1 Single-unresolved terms

In this section, we discuss the cancellation of singularities for the single-unresolved contribution,
and highlight the need to identify the proper combinations of quark collinear splittings
to simplify the calculation. The relevant expressions can be found in eqs. (4.14), (4.15),
and (4.20). We begin by considering contributions which are proportional to the operator
01(\1?07 and first study those terms which do not involve collinear operators, namely the
real-virtual corrections (see 2“846‘ [m]ry in eq. (4.20)) and the soft limit of the double-real ones

(see the first terms in eqs. (4.14) and (4.15)). As before, the unresolved parton in the former
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contribution can be either a quark or a gluon, while the pair of unresolved partons in the
latter contribution can be either (mgng) or (mgng). Their sum evaluates to

(OG0 A™ [ Ft ] + Fitmg] + Su (OmaFeki[mg, ng] + Frki[mg,ny))])

= [0 (0N o A™ [Iy + Is(Ew)] - Fiiilmg]) (6.2)
+ [0 {OR o A™ [y + Is(Bmax)] - Fyaglmg]) + (O A™ (Fatt g [mg] + Fyt gulmgl))

where Ff{l\}ﬁn [m] is defined analogously to Fiy fn. We note that the Iy and I operators in
eq. (6.2) act on the (N + 1) hard partons of functions Fyii[m,] and FY3}[m,]. Additionally,
the energy dependencies of the two Ig operators appearing on the right-hand side of the
above equation are different. This is due to the presence of the energy-ordering function
Omn in the case of the two-gluon unresolved final state, and its absence in the case of the
quark-gluon one. We note that Ig(Fn) and Ig(Epax) are defined in eq. (A.38), where in
Is(Ey) the substitution Epax — Ey is applied.

In order to combine the terms in eq. (6.2) into I operators, we require collinear operators
Ic. These will arise from the second and the third term in eq. (4.14) if (mn) € DS, and
from the second and the fourth term in eq. (4.15) if (mn) € DS. Such terms originate from
different configurations of unresolved partons, but when combined they produce anomalous
dimensions that appear in the collinear operator I for a process Ay with an additional jet.

To show this, we first write the required contribution for the sum of the gg and ¢'¢
unresolved final states, i.e., for (mn) € DS. The result, which can be easily obtained by
generalizing eq. (5.3) in ref. [1], reads

1
Py, <O§‘;’o [ 3 (1~ SuOmn) CinA™ 1 L AM (1 zsnemn)cm] FAmy,n,]
i€EH

mn

1 n n
= ~[oJ(OToA™ (P © Fifilmg] + Fii{mg] © P™))

25 T oo T,
N [Oés]<01(\1"i)oﬁ(“‘) (IC(Em) _y 2ligoa g Wl) 'Fflﬁ[mgo'

. € . €
iHtr,q i€Htr,q

We note that the collinear operator Ic(FEy) in the above formula includes the contribution of
the parton m and, similarly to Is(Ey,) discussed above, is computed with the replacement
FEroax — En.

For (mn) € DS, we find

Pay - {{[O80Cim + OoSaCin] AP Fil g, gl ) + [0 {OGA™ (o Fii ma]))
1€EH

+ (ns OR o CimA™ FiAim gz, ng] + 1 O Cin A™ FiAG[m( g, ] >}

1 e1n e1n
= —las] (0o A™ [PE™ @ Fijilmg] + Fijilmg) © PE™] ) + [os) <0§"BOA<m> (6.4)
2ne I G T';
[ o (Bw) - Pty + (3 2Tt 4 57 D) ][,

1€H: g 1€H: ¢
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Upon comparing eqs. (6.3) and (6.4), it becomes apparent that in their sum, the anomalous
dimensions that do not combine into an I¢ operator cancel. Furthermore, the two collinear
operators that appear carry the appropriate energy dependence needed to reconstruct I (Epax)
and It(Ey).

The remaining 1/e divergences that reside in the generalized splitting functions Pgg"
and P in egs. (6.3) and (6.4) are removed by Onpo-dependent terms that arise when
PDF renormalization is applied to the finite remainder of the NLO cross section. Combining
the two, we arrive at an e-finite expression

[as](ORLOA™ [Fr(Bn) - Fiaimg] + It (Bunax) - Fiji[mg] o
+ Py @ B m] + Ftm] © Pyt + Fi g [mg] + Fif g lme] ) -

In the above equation, Ff{ll [m] is defined in eq. (3.5), and the generalized collinear splitting
functions P%LO and PgILO have already appeared in the discussion of the NLO corrections.

The remaining single-unresolved terms can easily be identified as being e-finite. For
example, the fourth and fifth term of eq. (4.14), which are acted on by the subtraction operator
ngg, contain a hard-collinear limit that produces a 1/€ pole, but also a prefactor of O(e).
The same argument applies to the third, fifth, and sixth terms of eq. (4.15), while the final
two lines of eq. (4.14) are manifestly e-finite. The manipulations required to bring such terms
to their final form are therefore minimal. The complete expression for the single-unresolved
contribution to d&f\?&Lo can be found in eq. (7.3).

6.2 Double-boosted contribution

Having discussed the treatment of singularities arising in the single-unresolved contributions,
we now turn to those terms in which two partons are unresolved. We find it convenient to
organize them according to the number of initial-state partons which are boosted, and we
begin with the double-boosted terms. These arise when soft-subtracted collinear operators
act on both incoming partons, leading to double convolutions of generalized splitting functions
with FS‘}[. The relevant term appears as the last entry in eq. (5.24). Further terms of this
type arise from the collinear renormalization of parton distribution functions. Combining
such contributions, we find
ydb [as]z {<fpgen Q Ao ® fpgen> + 52<p(0) ® Ao ® p(0)>
DU = ~ 2 99 LM qq e\ g9 LM qq

A

+ 2 (P © Fijzy @ PE™) + e (i © Fiat © PD))| (6.6)
= [0 (Pyy® @ Fiy @ Py%) + O(e),
where ¢ = I'(1 —€)/e“"E. To derive the above result, we used the relation between Pg%n, ]50((%),
and P(E%O, which we already presented in eq. (3.32) in the context of NLO corrections.

6.3 Single-boosted contributions

We continue with the analysis of the single-boosted contributions. It is straightforward
to identify terms proportional to a boost, convoluted with the operators Iy, Ig, and Ig
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in egs. (5.5), (5.7), and (5.25), respectively, and to combine these into a boost acting on
the IR-finite operator I1. Similarly, terms proportional to the finite remainder of the one-
loop amplitude Fﬁ‘\l}iﬁn in eq. (5.5) can be combined with terms originating from the PDF
renormalization to obtain an IR-finite result, as happens at NLO. We note that this renders
finite all contributions with color correlations.

We therefore concentrate on the remaining terms proportional to FI:41\(/’I that cannot be
absorbed in I, and consider those that exhibit O(e~3) and O(e~?) singularities. We combine
the relevant terms from egs. (5.5), (5.7), (5.24), and (5.25), with terms coming from the
renormalizations of the PDFs.® For simplicity, we report below the contribution associated
with the boost of the initial-state parton a4, which reads

sb,a [aS]Q en en A
2DU,O(5*2) = 9¢3 <|:CAhC(6) (Pé;%)’g - ’P;;J’g ) +€ Ggg} ® FL]\(/)[>
as)? . ~ P
+ L[N0 P s — 2ep0 PR - 0P © Fil)

(6.7)
+ < [[ngﬁn @ PE"] + 28 [P @ P + & [Pl @ P

an([P & i) + 22 [P SR+ 2P © )] 0 Rl ).

To discuss the 1/e-divergences in eq. (6.7), we need to expand various quantities that
appear there in powers of e. Using the definitions of P&”:Q’ge“ and Pl in eqs. (A.18)

and (A.31), respectively, we obtain

Cahe(e) (PL#™ (2, B) — PLLE™ (2, B) ) = 2T2elog(2) P () + O(¢) , .
€ Goalz, E) = —2T%elog(2) PV (2) + O<62) . .

This equation, which is valid for both a = ¢ and g, implies that, in spite of its appearance,
the first line in eq. (6.7) is only O(e™!).

To show that the second line in eq. (6.7) is at most 0(6*1), it is sufficient to use the
expansions

Y20) =B+ 0(), E=1+0(2), NED=140(), (6.9)
and also (cf. eq. (A.18))

k),gen r
png)g — _p;? +0(), k=24, (6.10)

which holds for all indices (/). Turning to the last two lines in eq. (6.7), we can use
egs. (6.9) and (6.10) to write

[PET @ PEM] + 26 [P) @ PN + 2 [2Y) © PO
= [P @ P — 2P & PY] + [PL) © PY] + O(e) (6.11)
=0(e),

SWe point out that contributions proportional to one-loop splitting functions that appear in the PDF
renormalization only affect the single 1/e pole, therefore we do not discuss them in this section.
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for any flavour-pair a8 and 9. Note that the last step in eq. (6.11) follows from the fact
that PO is energy-independent, which implies that the ® and ® convolutions are identical
(cf. eq. (5.14)). We have therefore demonstrated that the single-boosted term in eq. (6.7)
has at most poles of (9(6_1), and we will return to the remaining poles of this order at
the end of this section. Moreover, these simple poles do not contain color correlations; all
singularities multiplying products of color charges have already been combined into I, as
discussed at the beginning of this section.

The contribution with the boost applied to the initial-state parton b, can be obtained
from eq. (6.7) by replacing ¢ <> g in the indices of the initial-state splitting functions, and by
removing the final line. This second action is required because, as mentioned earlier, we do
not consider flavor-singlet configurations in this paper. Since the relations in egs. (6.8), (6.10),
and (6.11) are applicable for all values of the indices « and 3, the above discussion can
be repeated verbatim to demonstrate the cancellation of the poles through O(e~2) for this
piece too.

6.4 Unboosted terms

Finally, we consider the unboosted terms. Many of these originate from virtual corrections
and/or a soft gluon emission, and such contributions include color-correlated matrix elements
squared with quadratic T; - T';, triple TZ-“T]’?TE and quartic {T; - T';, T - T} products of
color charges.

We first comment on the triple-color correlators. In ref. [1], we have shown that they
originate from three distinct sources: i) the soft limit of the real-virtual contributions [91], ii)
commutators of the soft Is and virtual Iy operators, and iii) double-virtual corrections [87,
88, 92]. All divergent triple-color correlated contributions cancel when terms from the three
sources are combined. Since the calculations in ref. [1] employed generic representation of color
charges, they can be applied verbatim to the discussion of such contributions in the NNLO
corrections to Ag; hence, we do not discuss them further. The remaining color-correlated
terms arise from various virtual corrections and/or soft limits, and are captured in the
operators Is and Iy in egs. (5.1), (5.5), and (5.7).” The terms proportional to the finite
remainder of the one-loop amplitude Ff\l}iﬁn can easily be combined into the finite operator
It. We focus on the remaining terms proportional to FS\%, and combine these with the
collinear operators in egs. (5.24), (5.25), and (5.26) to reconstruct, as far as possible, the
IR finite operator IT. Again, we discard the terms that lead only to O(e~!) poles for the
time being, and write the unboosted contribution as a sum of two terms

b, b,
Z%]%,O(e*Q) =Xpy + Zpy - (6.12)

The first term on the right-hand side of eq. (6.12) contains It as well as left-over Ig and Iy
operators (i.e., all color-correlated contributions), while the second term contains left-over

"We also need to include the double-virtual contribution and the soft limit of the real-virtual correction,
the latter of which we borrow from ref. [1].
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terms arising from collinear limits, and hence no color-correlated matrix elements are present
there. The expression for the first term reads

TS — )2 B(I( N+ K1 46,14 }Ff}\%>
o2 [(e-1) e 26) +ea(e) s 26 ~Is(20)]-FEl)

2¢? 1EH
A 2
01(26) _ 16(2(6))_5€K+BOC3(6)—3nfTRC4(€)

(2B (~1st0+ CE )y 03 1) (6
.\

—22+265(e)} (Is(20)-F£3),

where 0(e) = d4(€) + 2ng dq(€) (cf. egs. (A.22) and (A.23)), and the remaining coefficients
are collected in appendix A.1. The first line of eq. (6.13) is manifestly finite, with the first
term having the expected form for the exponentiation given in eq. (6.1). In the second line,
we can use the expansions of é and cg, as well as the relation

Is(e) — Is(e) = O(e). (6.14)

to demonstrate that only 0(6_1) poles are present, and that these are proportional to the
residues of the double poles of Ig and Iy (i.e., sums over Casimir operators), and hence
are not color-correlated. In the third line, the combination of Ig(e), Is(2¢), and the sum
over the Casimirs cancels both the 1/€2 and the 1/e poles, leaving a finite result. Finally,
it is simple to check that the terms in brackets in the final two lines are O(e), and this
produces a color-uncorrelated simple pole when multiplied by the operator Ig(2¢). We
therefore conclude that the expression in eq. (6.13) has only O(e™!) singularities, with all
color-correlated terms being e-finite.

We now move on to the unboosted component arising from collinear limits. It reads

st = B nea( 10 -Teteo] )+ B ez

Ao\ |, Lo @0 (4)
—Bolo(26)] - FiAY )+ 5 XH: — Z(Li) g, T R flq+Hi’fﬁfiq} (6.15)
1EHE

1
+hc(€)Xi f.—i-*[Gi f +CfiGi

i
Jilg z,fi—fig

: B
{;fi—%q +CfiFi,fi—>fiq(Fi,fi _F@fz‘)} }FLl\(/)[> )

where the H-functions are defined in eq. (5.28). Moreover, f; labels the flavour of parton
i € Hg, while f; labels the “complementary flavor” of f;. Therefore, if parton i is a gluon, we
have f; = g and f; = ¢, while if parton i is a quark, then f; = ¢ and f; = g. In eq. (6.15),
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cy, and A&y, are defined as

{27'Lf, f’L:g7
Cfy =

L, f”L =4q,
Fz(‘4)—> q leL—> (6'16)
X = (2CF = C)0ig-qq + 415 (Cr — CA)( e T o qq>, fi=9,
Ui T
CAGi 90> fi=gq.

Furthermore, the o-functions are defined in eq. (5.8), &9 and he(€) in egs. (A.7), and (A.10),
respectively, the G-functions in egs. (5.21), (5.22) and (5.23), and the H-functions in eq. (5.28).

Eq. (6.15) has two important features. The first one is that it is given by the sum of
contributions over external final-state partons, which suggests a straightforward generalization
for even more complex processes than considered here. The second is that the contributions
from each leg can be written using the universal quantities cy, and X; ;. As we will show
below, these features allow for a simple discussion of the cancellation of 1/e poles, at least
through 0(6_2), which is quite remarkable given the complexity of the process considered.

The cancellation of the 1/¢® pole takes place in a straightforward way. The only term of
order 0(6_3) is the first on the right-hand side of eq. (6.15), since both collinear operators
are O(e!) (cf. eq. (A.41)), while all the remaining quantities are O(e”). However, Igl) and
fc are related by the equation

1§(6) = Io(26) + O(), (6.17)

which immediately ensures the cancellation of the 1/€3 pole.

We move to the 1/¢ pole, distinguishing the case of initial-state radiation from that of
final-state radiation. We begin with the former, which is contained in the first and second
terms on the right-hand side of eq. (6.15), since the rest of the formula pertains to final-state
radiation. The objects describing the contribution of the a and b legs in the operators Ig A)
and I correspond to the generalized initial-state anomalous dimensions I‘E f4) and FZH;C,
defined in eqgs. (A.17) and (A.30), respectively. Since we have

r4 L
nfi  Z0h O(e), ie{ab}, (6.18)
2e 2e

and he(€) = 1+ O(€?), and since the same relation holds if we replace FlL with T';, ( €) in
the second term on the right-hand side of eq. (6.15), we can conclude that the 1 / €° poles
in this equation vanish for ¢ € {a,b}.

Next, we consider the final-state radiation, that is, ¢ € H¢, where the second and third
lines in eq. (6.15) also contribute. The cancellation mechanism for the final-state gluon and
quark legs is entirely analogous. In this case, the cancellation of the 1/¢2 pole does not occur
immediately by inspection, but still follows from elementary algebraic manipulations. To
see this, it is sufficient to expand the anomalous dimensions in eq. (5.27) and eq. (A.20)
in powers of €, obtaining
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Furthermore, a similar expansion for the one-loop anomalous dimension contained in F%I}Z
b

(cf. eqgs. (A.33)—(A.34)) reads

2
(L) = € cos(me) 5 D)1 Z ,71L m) (6.20)

C, v
where C, = 2Cp — Cy if x = (9 — ¢q) and C, = Cy otherwise. We then observe that only
the coefficients with m = 0,1 contribute to the cancellation of the poles. For instance, in
the case of the quark leg, we can use the expansions

F(k):,_yik,(o)(Li>+6( 2 (L) — ke Ly O(L i))+0(62)’

i,T

(6.21)
Pl = 00 + e (100 — 4L V(L) + O(¢).
and noticing that 7, 26,0 )( L) = 7}}’(0) (L;) = ~; + 2T?L;, obtain
(4) 1L
I ¥ Ca
hc(e)CA( 2 26 ) = S O@) - O] + 0, (6.22)

where L; = log(2F;/p). Similarly, we expand the remaining objects on the right-hand side
of eq. (6.15), and we find

Ca 22,(1 24,(1
Xi,q 2 |:7z q(ﬁ)gq 7z,q(ﬁ\)gq 2Llf)/z q(~>27q:| + O( )

i o 1
fne = TH 5N (@) = 423 (L)) + 00, (6.23)

Hi7fz‘—>fiq = Cr [72 q(—>2]q 72#17(—%11} + 0(6) )

G;

while all remaining quantities can be approximated as 72k’(0) Thus eq. (6.15) reduces to
a simple expression involving coeflicients %%’“’(m), 7§2’(m) and 7 L(m) with m = 0,1, which
vanishes at 0(6_2). We observe that the same argument can be repeated for the gluon leg.

Before concluding this section, we briefly discuss the simple poles present in the single-
boosted and unboosted double-unresolved contributions, which have been omitted from the
preceding discussions. Similar to the all-gluon case in ref. [1], their cancellation is difficult to
trace by eye, but is entirely straightforward to achieve using computer algebra. We stress
that our ability to absorb the many 1/e poles into finite structures, such as Iy, simplifies
the analysis of the simple poles dramatically, since it reduces the bulk of it to a discussion
of independent pole cancellations for each of the external legs.

To cancel the simple poles, we require the integrated triple-collinear subtraction terms,
which we take from ref. [93]. However, we need to slightly modify the results of this reference
for two reasons. The first is to take into account the damping factors, which in ref. [1] were
simplified by the symmetry of the final state. The second is that the calculation in ref. [93]
assumed that all potentially-unresolved final-state partons are energy-ordered, whereas we
impose this ordering only for final states that admit a singular double-soft limit, and do not
require it for e.g. (mgng). The changes are relatively minor, as they affect only the strongly-
ordered collinear limits. We include updated expressions for the integrated triple-collinear
subtraction terms in the ancillary file UsefulFunctions.m (see the last four rows of table 2).
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Upon making these changes and including all sources of simple poles, we are able to
confirm the cancellation of all poles, and hence obtain a finite remainder which we present
in the following section.

7 Finite remainder of the NNNLO contribution to the cross section

NNLO in eq. (4.2) which is free of

The goal of this section is to present the expression for dé
infrared singularities and, therefore, can be computed numerlcally. The main motivations for
showing such a result are its compactness and iterative structure, as well as its proximity
to the all-gluon case presented in ref. [1]. These features, together with the rather general
nature of the discussion in the preceding sections, give us confidence that a similar expression
for arbitrary processes at hadron colliders can be derived in the near future.

To present the result, we split donnr,0 into fully-resolved, single-unresolved, and double-

unresolved contributions, and write

2505 A65 %10 = 25ap[d07% + d630 + do7y0] - (7.1)
The first term on the right-hand side of (7.1) is the finite, fully-regulated contribution. It
corresponds to

6
2505 dops = > > Puy,Sin [ (mn)]rr (7.2)

n=4 (mn)

where the quantity E?ﬁ[(mn)]RR is defined in eq. (4.11).
The second term on the right-hand side of eq. (7.1) is the finite remainder of the
single-unresolved contribution. We write is as the sum of four contributions

4 .
L d6é48 = Z’PAOZSE{(U‘AO ) (7'3>
=1
where
1 a ana Ta A
Ssv g = [os] (Of 0 wifn™ log (757 ) A™ [BY) @ Fg [m]) (7.4)
b Mo A i 7,04
+ [as]( O/ wpn™ log ( ;)Aoﬂ) [Fim] @ PT) = > [a (OB wii
1€EH
x log (”’2‘“) A (5 + 2T Ly Bw)) F{aiImg] + (7 + 2T L) Fii[mg]|)
fin,(2 1, ing i A
Sev @l = - ;{ o < O8N0 i’ log (4(1_'“%)) A [’YgFLﬁ[mg] (7.5)
+ (G + 2L T2 Fiim]] ).
fin,(3 [Oé i i,ni v v A
5o Lo = 5 2, (ONQ win(rirt + g ) A Fy , ) (7.6)
1€
+ Z i 7 (ONES Wi A™ Frji[mg])
1€EH
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fin,(4 %,
Set 4, = (087 A™ (Bt gulmg] + Fit o [mg))) (7.7)
+ [as(O%T A™ I (Ew) - F{img] + 1Y (Buax) - Ffimg]])
+ (054 AM [PNLO @ fi [m]]) + [0, (04 AM™ [Fg [m] @ PNLOT)

The definitions of quantities that appear in the above formulas can be found in egs. (4.14)
and (4.15), as well as in section 6.1. Here, we note that the objects fyfg and 'yf; are given in
eq. (A.27), and their expressions are reported in the ancillary file FinalResult.m provided
with this paper, see table 1. The quantity Iéo) is the O(e”) expansion coefficient of the
IR-finite operator It(e); it can be found in eq. (A.45). The splitting functions PO are
defined in eq. (A.13), while the splitting functions PYLO are reported in FinalResult.m,
see table 1. Finally, we remind the reader that the argument Ey in L;(Ey) and I%O)(Em)
indicates that FE.,,x must be replaced with Ey,.

The third term on the right-hand side of eq. (7.1) corresponds to the finite remainder of
the double-unresolved contribution. It is convenient to write it as the sum of the following

quantities
~Ao _ 1~Ap0,db ~Ap,sb,a ~Ag,sb,b ~Ag,el
dopy = dépyT +dopy “ +dopyT T +dony s (7.8)
~Ap,db . . . ~Ao,sb,a ~Ao,sb,b .
where dopy; contains all the double-boosted contributions, dopy; and dopyy contain

all the contributions that are single-boosted on leg a and leg b, respectively, and d&é%’el

contains all the elastic contributions with the kinematics of the Born process. We present
each contribution separately, using several functions that we collect in FinalResult.m.
The double-boosted contribution is described by the very simple expression (see eq. (6.6))

ADU 2 /HNLO A NLO

2845 A6 40 an = (o] <73gg ® Fy1 © Pog ). (7.9)

Expressions for the single-boosted contributions, related to the emissions off the incoming
partons a and b, are slightly more complex. We write them as

~Ao,sb,a 0 al[n,fin
250 AT = [ae? [(PR© @ [1§) - Fyag]) + (Ply @ (Wl Bg])

(7.10)
+ (PO @ FAD) | + [o](PN© © Filg) »
and
2oas 0B =l ([0 ) @ P ) + O Fil OB

+ (FL @ PR0) ] + [ (P © Put©).

The partition-dependent operators Wii”n’ﬁn, with ¢ = a,b, are given below in eq. (7.15).
Furthermore, P?Y and the NNLO splitting functions POCNOIC\ILO are also reported in the ancillary
file FinalResult.m (cf. table 1).

Finally, the elastic contribution reads
2Sab d6,l?l([){el = [aS]2< [Igcn + Itf}rrll + I]ﬁiqulc] ’ FI:41\(/)[>
106 D ([Irr L pog W 4 6O WPINER 5L OWO . B )
i€H
fi fi A
+ [O‘S]2 Z < [(Sg;TQ)ij + nf( q;,TQ)ij] (Tl ’ Tj) ’ FLI\(/)[>
(44)

0) A A A
+ [as]<1é) I ) + <FLV02’ﬁn> + (I ) -

(7.12)
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Functions collected in the ancillary file FinalResult.m

Function Interval of 1,7 Ref. Name in the ancillary file
Integrals in spin-correlations
7;2%9 / Eq. (A.27) yYgPerp
L”gr / Eq. (A.27) YgPerpR
50 / Eq. (7.12) dzero
5+ / Eq. (7.12) 8Perpzero
Splitting functions
Eqgs. (7. 9)-

PNLO (2 E;) i €{a,b} & ((77 ?1’)(7 %) PxxNLO [z ,En]
PV (2, E;) i€ {a,b} Egs. (7.10), (7.11) PxxW[z,En]
PNNLO (2 ) i€ {a,b} Egs. (7.10), (7.11) PxxNNLO [z, En]

FElastic functions
VY a9 (Li) i € Heyg Eq. (7.12) YWgTOgg [En]
VY ga(Li) i € Hyyg Eq. (7.12) YWqTOqg [En]
DR (Ey) i € {a,b} Eq. (7.14) DgISR[En]
DR (Ey) i € {a,b} Eq. (7.14) DqISR[En]
DISR(E) i € Hiyg Eq. (7.14) DgFSR [En]
DISR(Ey) i € Heg Eq. (7.14) DQFSR [En]
Double-soft finite remainders

(S?;TQ)ij i,jEH, i+ Eq. (7.12) SggT2fin(i, j]
(S?;TQ)ij i,jEH, i#] Eq. (7.12) SqqbT2fin[i,j]

Table 1. List of functions collected in the ancillary file FinalResult.m. The first column provides the
names of the functions; the second specifies the index range i, j; the third indicates the equation where
they appear; the fourth provides their names in FinalResult.m. For brevity, in the second block of
the table, P, and P, are encoded in P;;. To extract the gg or qg splittings, call Pgg. .. [z,En] or
Pqq...[z,En].

In the first line of eq. (7.12), we have the combination of quartic and double color-correlated

contributions in I a triple color-correlated component I, and a color-uncorrelated part

tri»
Ifin . The first of these is particularly simple, and reads

_ 2
iy § ACOAENT g AOREA I}”Hé”—2I§1)+72T—4I(V‘”+21§°)1og2

1
2

(-1) m?
+1 4Lmaxlog2—610g22—? +Cy

Ci(1975 17¢ 2, )
I (108 7 3" log2 (7.13)

2
0 (-n) (7 131 23 (1) (-1} _ 331 (-1
+ (1 +2 LISV (3—36 el | T (1842 Lo I )—5713 ,
where K is defined in eq. (A.8), and Ién), j:gn), I\(/n), Ién) are the coefficients of the n-th power
in the e-expansion of the corresponding operators (cf. appendix A.4). We note that eq. (7.13)
generalizes eq. (1.8) in ref. [1], which was computed for the process ¢q¢ — X + N, g with
ng = 0, to the more general case of the Ay process in eq. (2.1), where terms proportional
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to n¢ have also been included. The definition of the operator Itﬁrrl‘, which contains triple
color-correlated components, remains identical to the one in eq. (1.9) of ref. [1]. It contains
the most complicated functions appearing in the final result, namely classical and generalized
polylogarithms (GPLs) up to weight three, whose arguments can be algebraic functions of
the kinematic variables. The operator Il collects color-uncorrelated contributions. We
write it as the sum of two terms, one that only depends on the color charges of each external
parton, and another, named Dy, (E;), whose functional form depends on the type of parton

and whether it is in the initial or the final state. We write

on? 131 22 935 9607 11
rfin _ Tz{ ( _ Zlog >L2 +————1log
e =2 T7) Ca 813 max~ 75 B35 73
i€H
1433 1172 19974 2172 (143 72
—8(3— log2— - — = |log?®2
+(108 “ % >°g 1440 32 +<36 3 Og} 714
23 8 85 746 4 on? 67 '
Tal [ 22 = Zlog2 — 2 P02+ (25— 2 ) 1og2
tneiR (9 3Og> max t g3 gy 73108 +( 3 27) 08
47
— L log22
18 + ]}+2sz
i€EH

where the functions Dy, are reported in the ancillary file FinalResult.m, see table 1.%
The function If% in eq. (7.14) is a generalization of a similar quantity in ref. [1] (see
eq. (I.12) therein).

In the second line of eq. (7.12), we have 6y, = 1 if i € H; and 0y, = 0 otherwise.

The quantities 8, §-(©) and fyZVJi o f,g AT reported in FinalResult.m, while the partition-

dependent operators WZ”n fin Wlm ”n’ﬁn, ﬁ) are defined as”
3
fin _ dQ Pkl i i
Z||n Cim |:10g<77im/2) - w;.nlnl‘lz:| (Tk . Tl) ,
3)
yymiin fin /dQ [ ( Nim ) Pkl wmi,ni] T..T 715
k-47). .
Z 1 —Nim/ Pkm Pim mn ( ) ( )

(kl)

; A0 i Ng M
(z) — / m me,ne p, v nv k,/,t l,V T . T
Wr klze:,” o men (TZ r; + g ) (nk . nm)(nl ] nm) ( k l) 3

where a light-like vector n!' is defined through the equation p!' = E;n!', and (kl) means
k,l € H, with k # [. The term in the third line of eq. (7.12) refers to the finite remainder
of the double-soft integrated subtraction term (cf. eq. (5.1)), and it can be extracted from

ref. [90]. The explicit expressions of (Sgg TQ) and (Sqq 72).;, which are functions of 7;;, are

Z 57

given in FinalResult.m, see table 1. Finally, F;\‘/OQ fin

finite remainders of the one-loop squared and two-loop virtual amplitudes, respectively.

and Fvv,ﬁn are the process-dependent

81n table 1, we label these functions as Df and DFSR if they refer to initial-state radiation or final-state
radiation, respectively.

9We note that the cancellation of poles, discussed in the previous two sections, occurs independently of the
exact expressions of the partition functions, provided they obey certain defining conditions, specified in e.g.
ref. [1].
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8 Conclusions

In this paper we discussed the calculation of the integrated NNLO QCD subtraction terms for
the process gg — X+ N4 g+¢q, where the number of hard gluons Ny is a parameter and X is an
arbitrary colorless final state. We worked in the context of the nested soft-collinear subtraction
scheme [17] and followed closely a similar study of the all-gluon final state reported in ref. [1].

We have found that the approach described in ref. [1] is sufficiently robust, and can be
applied to a complex final state that contains both quarks and gluons. In doing so, we have
seen that physical quantities such as collinear anomalous dimensions arise when different
singular configurations are properly combined before the subtraction terms are integrated
over the unresolved phase space — a feature that is important for making computations
not only more feasible but also physically transparent. Finally, since i) soft limits at NNLO
depend only on the color charges of hard partons, ii) the collinear singularities factorize on
the external parton legs and iii) an improved understanding of the interplay of the different
collinear limits has been achieved in this paper, we believe that it should be straightforward
to extend these results to processes with an arbitrary number of jets at a hadron collider.
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A Collection of relevant constant, functions and operators

In this appendix, we collect and define quantities that are used in the main text of this
paper. We supplement the material presented here with an ancillary file, UsefulFunctions.m,
which contains the e-series expansions of the functions listed in table 2. To simplify various

formulas, we use the following notation

log"(1 — z)

5—1—
z zZ, 11—~

~ 2F;
Li = log < > )

)

+ (A.1)

2F,
Liax = log < maX) .
I

Do(z) = [

E
Li =log (= )

)

Functions collected in the ancillary file UsefulFunctions.m

Function Interval of 1 Ref. Name in the ancillary file
Integrals in spin-correlations
dg(€) / Eq. (A.22) dglel
dq(€) / Eq. (A.22) 8q €]
i
65 (€) / Eq. (A.22) dgPerp [£]
i
o5 (€) / Eq. (A.22) dqPerp [€]
Tree-level splitting functions
W)z, E)) i € {a,b} Eq. (A.15) Pxy[z,k,En]
P(k)’gen( ,Ei) i €{a,b} Eq. (A.18) PxyGEN[z,k,En]
One-loop splitting functions
Pg(;)(z) i €{a,b} / PAPggOnel [z]
If’q(;)gs(z) i €{a,b} / PAPqqOneLns [z]
1L -
Ppyi(2) i €{a,b} Eq. (A.28) PxyOneLISR[z]
Pg};(z) 1€ Hs Eq. (A.34) PxyOneLFSR [z]
Py (2, Ey) i € {a,b} Eq. (A.28) PxyOneL[z,En]
1L,gen . .
Py (2, Ei) i €{a,b} Eq. (A.31) PxyOneLGEN [z,En]

Table 2. List of functions collected in the ancillary file UsefulFunctions.m. The first column
provides the names of the functions; the second specifies the index range i; the third indicates the

equation where they appear; the fourth provides their names in UsefulFunctions.m. For brevity,
Pag> Pag, Pgq, and Pyq are encoded in P,,. To extract a specific configuration — e.g., the fifth row
— call Pqqlz,k,En], Pqglz,k,En], etc. This convention applies to all splittings in the second and
third blocks of the table. For final-state anomalous dimensions, replace wTOxy with qTOqg, qTOgq,
gT0qq, or gT0gg to find the corresponding functions in UsefulFunctions.m. The last four functions
refer to triple-collinear contributions; for further details, see the two paragraphs below eq. (6.23).

(continues. . .).
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Functions collected in the ancillary file UsefulFunctions.m

Function Interval of 1 Ref. Name in the ancillary file
Tree-level anomalous dimensions
" i€ {a,b} Eq. (A.17) T'gISR[k,En]
i) i € {a,b} Eq. (A.17) T'qISR[k,En]
yzl,fu_my(Li) i€ Hs Eq. (A.20) YwTOxy [n,k,En]
Fz(,k;)]—my i € Hy Eq. (A.19) I'wTOxy [k,En]
) i€ Hy Eq. (A.21) T'gFSR [k, En]
i) i€ My Eq. (A.21) TqFSR[k,En]
One-loop anomalous dimensions
ri. i € {a,b} Eq. (A.30) ['OneLgISR[En]
rit i € {a,b} Eq. (A.30) ['OneLqISR[En]
veutL , (Ls) i€ Hs Eq. (A.34) YOneLwTOxy [En]
A i€ Hs Eq. (A.33) ['OneLwTOxy [En]
ri i€ Hs Eq. (A.35) I'OneLgFSR [En]
rit i€ Hs Eq. (A.35) ['OneLqgFSR [En]
Triple-collinear splitting functions
TC;SR(Z, E;) i €{a,b} / TCgISR[z,En]
TCER (2, E;) i € {a,b} / TCqISR[z,En]
TCHR(E)) i€ Hey / TCgFSR [En]
TCHR(E;) i € Hig / TCQFSR [En]

Table 2. List of functions collected in the ancillary file UsefulFunctions.m. The first column
provides the names of the functions; the second specifies the index range ¢; the third indicates the
equation where they appear; the fourth provides their names in UsefulFunctions.m. For brevity,
Paqs Pag, Pgq, and Py, are encoded in P,,,. To extract a specific configuration — e.g., the fifth row —
call Pqqlz,k,En], Pqglz,k,En], etc. This convention applies to all splittings in the second and third
blocks of the table. For final-state anomalous dimensions, replace wTOxy with qTOqg, qT0gq, gT0qq,
or gT0gg to find the corresponding functions in UsefulFunctions.m. The last four functions refer to
triple-collinear contributions; for further details, see the two paragraphs below eq. (6.23).

A.1 Useful constants

This section generalizes appendix A.1 of ref. [1] where many useful constants have been
defined. We denote the color-charge operators with T';. Squares of these operators are the
Casimir operators of the corresponding representations of the QCD gauge group SU(3), i.e.

772 = Mol T2 = Cp = N, (A.2)
g tq¢g—“YF— 2Nc 3 g — YA = Ve, .
where N, is the number of colors. Quark and gluon anomalous dimensions read
3 11 2
Vg = 50}_“7 Yg = E OA - gTRnfa (A3)
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where Tg = 1/2, and n; is the number of massless quark flavors.
The strong coupling is renormalized in the MS scheme. The relation between the bare
and renormalized coupling constants reads

_ as(p) Bo ( as (e >)2 B B 5
gsb gsSEIU' [ o0 € o ) %¢ +O(as) ’ (A4>
where S, = (47) e“®, and
11 17
Bo ECA - gTRnf, B 7CA - *CATRTLf CFTRnf . (A5)

We note that, at leading order, the gluon anomalous dimension and the coefficient of the QCD
B-function coincide, v, = (Bp. Furthermore, it is convenient to define the following quantity

sl = ) A.
T (4.6)
related to the coupling constant.
In the main body of this paper, we have used e-dependent constants
[(1—¢e)T(1+ 2e) 2
NG&D = =1
‘ T(1+e) +36+O( )
I'(1+42¢)I'(1 — 2¢) 1
_ 92 _ L 20 2 2 3
Naja(€) =2 TG or( g LT Xlos2 g (w2 + 410g?2) + O(*), (A7)

L(1—e)l(1—2¢) 2I%(1—¢)

N,(e) = — =1 3
<€) (1 — 3¢) Ti-20 " 0(<).
(1 + 26)3(1 — 2¢) 1
sc T = 39T(1 T 21 — o) +2elog2+ ge (7 + 6log )—i—(’)(e),

which originate from the definition of certain angular integrals.
Singular parts of double-virtual amplitudes, written in ref. [87], require the following
quantities

2
1
K:<67—7T>CA_0TRnf’

18 6 9

e~ ET(1 — 2¢) w2 4 T, 4 4
= —r =14 — - O , A8
c e +re HaGe+0() (A.8)
. I'l—¢ 2, 3
CG_W_1+E€ +O<€)

To parametrize integrated double-soft contributions, we have introduced

232 217 137 11¢3
cl(e):1+<”— 62+<—1g2—221g2+ 2<>e3,

6 9 27 9
2
™
=14 ¢
ca(€) +3e (A.9)
c3(€) = 4log2 + 8elog? 2,
13 125 35
= —— — — —log2 —12log” 2
ca(€) 5 +(18 3 log og? )
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AU 2

Oim— 0 92 M%€
S 2P (2) X | )
Pi Di* Pm Dlim]

2 2
2 2e
Oim— 0. Is,pH0 1
— b, Pf[im]f@',i(z) X - ®
Di * Pm Z | Z Plim)

Figure 1. Graphical representation of the convention adopted for collinear factorization. The top
figure describes the final-state splitting process [im]* — i(z) + m(2), where z = 1 — Ey/E};), and
z =1 — z. The bottom figure corresponds to the initial-state splitting process i — [im]* + m, with
z=1— Eyn/E;. We note that in the case of FSR, the action of C;, on A™) produces an extra factor
of z, which does not occur in ISR.

FSR: CjmAM™

ISR: Cjp AM™

We emphasize that the above expressions are eract and do not contain higher powers of
€. To describe soft and collinear limits of the real-virtual contributions, it is convenient
to define the following quantities

Ap(e) = 3(1+6e) (1 —e¢) :1_l2€2+0(63),

e
he(e) = T30 =1+0(&).

A.2 Tree-level, one-loop and Altarelli-Parisi splitting functions

Consider the final-state splitting process [im|* — i(z) + m(1 — z), where ¢ and m are two
partons with flavors f; and fu, respectively. The variable z =1 — Ey,,/ FE};m) represents the
energy fraction carried by parton ¢ in the collinear splitting, while parton m takes the energy
fraction 1 — z. As for [im], it is the clustered “mother” parton. We denote the spin-averaged
final-state splitting functions as Py, r,(2) (cf. figure 1, above). These functions read

Pyq(2) = Cr 11t22 —e(1- Z)] )
u e
Pyy(z) = Cp 1+<1z ) —ez] = P(1—-2),
L (A.11)
Pyq(2) =Tr 1—22§1_EZ)] )
Pyylz) = 2Ca | 12— + 1% +2(1- z)] .

Next, we consider the initial-state splitting process i — [im]* 4+ m, where i is now the
incoming parton, [im] is the parton that enters the hard scattering, and m is an outgoing
parton. The variable z corresponds to z = 1 — Eyy/E;. In this case, we denote the initial-state
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splitting function, averaged over initial-state color and polarizations, as P[im]m(z) (cf. figure 1,
below). These functions are related to the splittings in eq. (A.11) by the following relations

Pu(2) = —+Fi1/5) = Pu),
Pri(z) = [2(1 — }zpqg 1/2) = Py(2). (A12)
Prai(2) = [2(1 o ] (1/2) = Puy(2),

Pogi(2) = gg(l/z)

We observe that the notation just described for initial- and final-state splittings, and
illustrated in figure 1, applies to all tree-level and one-loop splittings used in this article.
Therefore, it must be applied to all functions defined in the remainder of this appendix, as
well as those collected in FinalResult.m (cf. table 1) and UsefulFunctions.m (cf. table 2).

Finally, we report the conventional leading-order Altarelli-Parisi splitting functions that
we use throughout the paper. They read [94]

P (z) = Cp -2770(2) —(1+2)+ 26(1 - z)] ,
P ) =T | (1= 2" + 27 (A.13)
POG) = Hﬂz»ﬂ |

H(0
Pg(g)(z) =20,

Do(z)+ 2(1 - 2) + % —2} + Bod(1—2).

We also require the one-loop Altarelli-Parisi splitting functions; they can be found in section 4.3
of ref. [94]. They are also given in the ancillary file UsefulFunctions.m, see table 2. We
point out that, for the gq splitting, we need the non-singlet splitting function from which the
analog of the interference contribution of identical quarks has been subtracted.

A.3 Generalized splitting functions and anomalous dimensions
A.3.1 Tree-level

Phase-space remnants and damping factors introduce additional factors to integrands over
splitting functions that we require. For this reason, it is convenient to define generalized
splitting functions and their integrals.

For the initial-state splitting where parton m becomes collinear to an initial-state parton
a of flavor f,, the following integral appears

1
Bk /0 dz (1 2)7kPy 1 i(2) F(2). (A.14)

The initial-state splitting functions P,g; are given in eq. (A.12), and the function F(z)
typically contains the relevant matrix element squared. Such integrals may contain infrared
divergences which need to be extracted. To facilitate this, we define a new splitting function

(k) 5 ke o loehele
Pf[am]fa(z,Ea):Sz[(l—z) Pf[am}fa,i(z)}—Qaf[am}fa:rf[m]Tau—z). (A.15)
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Here, S, =1 — S, where S, subtracts the soft singularity at z = 1. The relevant powers of
phase-space factors (1 — z)~¢ are k = 2 at NLO, and k = 4 at NNLO. Explicit expressions
for the functions Pg%) in eq. (A.15) are provided in the ancillary file UsefulFunctions.m,
see table 2. We note that we omit the superscript for k£ = 2 when writing the generalized
splitting functions and their integrals to simplify the notation. Furthermore, we point out
that functions Pélfg) (z,E,) in eq. (A.15) are, in fact, energy-independent if o« # S.

For the manipulations described in the main body of the paper, it is convenient to rewrite
the generalized splitting functions as follows

k

2B, \ (L= )12 k) ; (0)
_ a EN=T 1_ ,gen E A1l
K u) 1“(1—25)} Pos (2:Ea) = T4 005 0(1 = 2) + Pg® (2, Ea),  (A16)
with
2B, \"2€ T2(1 — €)]2 | — o—keLa
i =] (%) | o+ oz i Al
oo 0 ) Ta—2e [T | (A.17)
en 2Ea —2¢ FQ 1 — € g IN fin
Pag (2 Bu) = [( p ) p(f_%ﬂ PO ) +ePE™E)] . (As)

Here, pc(!%) are the Altarelli-Parisi splitting functions given in eq. (A.13), while Pé%)’ﬁn(z)
corresponds to the e-expansion of —7752(2, E, = 0) starting with O(¢). Explicit expressions
for quantities that appear in eqs. (A.17) and (A.18) are provided in UsefulFunctions.m,
see table 2.

We continue with the discussion of the final-state splittings. Then, if the final-state
parton m becomes collinear to the final-state parton ¢ of flavour f;, the generalized final-state

anomalous dimension reads

—2€e T2 L
(k) _ [ 2B T =2 o ,

where

o _
7;(12),f[im]*>fifm (LZ) = — /0 dz S, [z—ne(l - z)—kEg(z) Pf[im]fi(z)} (A 20)

1 _ —k‘GLl‘
2
+ 25f[im]fi Tf[im]

The splitting functions P,s can be found in eq. (A.11), while the explicit expressions for the
quantities defined in egs. (A.19) and (A.20) are provided in UsefulFunctions.m, see table 2.
Finally, we define “physical” combinations of quark and gluon collinear anomalous

dimensions

k k k k k k
Fz(,q) = Fl(',q)%qg + Fl(',q)%gq ) Fg,g) = Fl(',g)%gg + 2ny Fl(,g)%qti’ (A.21)

which appear in the operators I¢ and It.
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A.3.2 Spin-correlations

To describe the spin-correlated contributions arising from sectors 6®) and 6@, we require
the following integrals

5m(6) — 2 max

(b ) ppde 2Fmax dE
/ ) 7 dz (21— 2) > [Pyw(2) + e PR

1+4e
max E[mn} 1 *5

Ne(b,d) E;4n€ax /2Emax d E[mn]

2 max E[l—’:}le 1_5

(A.22)
O (€) =

dz [z(1 — Z)r?epglm('z) )

where { = Eyax/Ejmy, m can be either a quark or a gluon, and the transversal splitting
functions are defined as follows

Pi(z) =4Ca(1—€)2(1—2),  Py"(2) =2Ca 2(1 — 2)(1 — 2¢)

. 1—2e¢ (A.23)
P;;I(z) = —4Tr 2(1 — 2), P;(‘Z’ (2) = —2TR 2(1 — 2) T

The e-expansions of the d-integrals in eq. (A.22) are reported in UsefulFunctions.m, see
table 2. Note that we combine the gluon and quark components as

d(€) = 0g(€) + 2ns d4(e), 5t (e) = 5;(6) + 2n¢ 5;(6) . (A.24)

Additionally, we find it convenient to introduce the following notation for the integrals

422 (z
7L,g—>mn - / dz ] ) L,g—mn = / dz 1 — )’ (A.25)

where (mn) = (gg) or (¢q). “Physical” combinations of anomalous dimensions are defined
as follows:

22 22 22 22,r 22, 221
Vg = Vig—gg T 2V g7 5 Yig = Vlgogg T 2ng | 9—qq (A.26)

In the ¢ = 0 limit, they read
2 1
i, = _g(CA —2n¢TR), ’YiZgr = _g(CA —2n¢TR), (A.27)
and are reported in FinalResult.m, see table 1.

A.3.3 One-loop

Similar to the discussion of the generalized tree-level splitting functions and anomalous
dimensions in section A.3.1, we need to define generalized splitting functions for the one-loop
case. For the initial state splitting, when a parton m becomes collinear to an initial-state
parton a with flavor f,, we define

(k),1L _q ke
Pf[am fa( Ea) - Sz |:(1 ) Pf[am fa/i ( )i|
1 — e~ (2+k)eLa (A.28)

2
+ 25f[am]faCATf[am] A meot(me)d(l — z).
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The splitting functions P;EJ can be obtained from refs. [95-97], and they are collected in

UsefulFunctions.m, see table 2. In analogy with eq. (A.16), we find it convenient to rewrite

(k:)7

the splitting function P, as follows

e [ (2B, \ ¥ T2(1-)1" L )AL (k).1Lgen
C’a:|:< u) F(12€)} Pop' (2:Ea) =Taa 0apd(1=2)+ P, (z,Eq),  (A.29)

where C, = 2Cr — Cy if af = gq, and C, = Cx otherwise. Furthermore, we define

k)AL _ 2E“> o E)r o 1—e”®Hhela cos(me)
FCL,O{ — |:< M ( E) IYOA+2TO[ (2+k) ﬂ-Sin('ﬂ'E) 9 (A30)
on 2Ea —2€ F2 € . n
o= () fisag] RSt a) G

In eq. (A.31), P(k) th ﬁn(z) corresponds to the e-expansion of

2
2*7 WM (2, B, =0), (A.32)
starting from O(e). Note that, although the above definitions are provided for any value of
k, we set k = 2 in the real-virtual contributions. The explicit expression of the functions in
egs. (A.28), (A.30), (A.31), with k = 2, are provided in UsefulFunctions.m, see table 2
If the unresolved final-state parton m goes collinear to a final-state parton, say ¢ of flavor
fi, the generalized final-state anomalous dimensions read

—2¢ 2 k o
(k),1L 2B\ T2(1 —¢) | e cos(me) srs1)an o
L w2 Fifm = l( 7 ) T(1 - 2¢) G VoSt (Li) (A.33)

where C; = 2Cp — Cj for the g — qq splitting, and C, = Cj otherwise. The one-loop

anomalous dimensions ~y ((k)+f1) H; Fif that appear in eq. (A.33) are defined as

n(k+1),1L . — _ne —(kt1)e 1L
7g(Z):f[imﬁfifm(Li) b dz S ['Z (1-2) (k+1) 9(2) Pf[im]fi(z):|

@b (A.34)

2["‘“1 2+k) € Sin(ﬂ'e)g(l) '

The quantities defined in egs. (A.33) and (A.34), with n = 3 and k = 2, are provided
in UsefulFunctions.m, together with the one-loop final-state splitting functions Paug (see
table 2). We note that, similar to the expressions in eq. (A.21), we define the one-loop
case as follows

lelL FlL + FlL

1L 1L
1,q—qg 1,q—9q "’ Pi =1I;

i,9—99 + 2an

(A.35)

1,944 *
A.4 Definitions and relevant properties of I-operators

In ref. [1], we have introduced virtual, soft, and collinear operators, and we employ similar
operators in this paper as well. The virtual operator is defined as

Iv(e) =Ti(e) + Ti(e), (A.36)
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where [87]

- 1 VSlng 2 ‘ ; .. sin T2 (3
Ti(e)=-3 4 2(6) T; T, (2“> gmhae e () = 214 1 (A.37)
o T Pi P ¢

In eq. (A.37), ~; are the anomalous dimensions that can be found in (A.3), the sum goes
over the unordered pairs of external particles 4, j with i # j, and \;; are constants which are
equal to 1 if both ¢ and j are incoming or outgoing, and to 0 otherwise. The soft operators
which appear in the double-real and in the real-virtual corrections read

(2B max /1)~ 2 —e
18(6) - 6— ang Kl] (T T )
B/ ) (A.38)
= max/ M) — 9%
Is(2¢) = T anf K (T;-Ty),
(45)
where 7;; = (1 — cosb;;)/2, and
r?(1 -
KU: ( )777,1]+6F(17171_671_77ij)7
(1 — 2¢) (A.39)
%..fw 1+3EF(1—}— 14+61—¢€1—n;) ‘
1) T F(l —46) 77@] 241 €, €, €, MNij) -
A useful relation between Is and Ig is
I5(2€) = Ig(2€) + O(e) . (A.40)

The Laurent expansions of Iy(e), Is(e), and Ig(2€) can be found in appendix A.5 of ref. [1].
The collinear operators which appear in the double-real and in the real-virtual corrections
read, respectively,

(k) Y = Tij
B0=y T g -y T (A1)
i c(k/2) ien %€

where generalized initial- and final-state anomalous dimensions are given in egs. (A.17)
and (A.19) for Iék), and in egs. (A.30) and (A.33) for Ic. We note that the following
relations hold

Io(20) = Io(20) + O(&),  1§() = Io(26) + O() . (A.42)
Finally, the e-finite operator It is defined as follows
It(e) = Iv(e) + Is(e) + Ic(e) . (A.43)

Its expansion in powers of € reads

=S e, (A.44)
n=0
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where the n = 0,1 coefficients are given by
1 1 27;
hA == (T;-T) [ <2Lmax+ lognz‘j) lognij — 5 Lij Lz‘j+i§
(i) 2 2 T

+Lig(1— m])+ )\”} Jrz T2 {ZL?MX
1€EH

7 (QLz%m ©_ 2 (1)) O, (A.45)

6 T?

i

(1) L3 3 2 i

Iy :Z(Ti'Tj) E(Lij"i'log 77ij)+2Lmax10g77¢j 9 - AijLij
(i)

1 . .
+ <Lmax - 5 log(l _771']')> 1Og2 Ui +2Lmax L12(1 _nij) —Lis (nlj)

2

. j ™

_L13(1—n2])+2;:2( zg :|+ZT2{_3L§naX+3LmaX_3<3 (A46)
1€EH

1

2 ™\15
P (oo}

To write the above equations, we have used

~ 2 ~ 0 4 ~ ~
+ KM? — 7T6) A2 0 _of 220 +%22,(2)} % + [3L§+4L§Li +4L;L?
7

Oy, = é’Hf =1-—0y,, (A.47)

0 otherwise,

{1 if i € My

together with the expansion coefficients of the collinear anomalous dimensions 22(L;),
defined as

Zf" 2L, i=g4. (A.48)

We note that in eqgs. (A.45) and (A.46), the dependence of the coefficients 752’(@ on the
logarithms L; is not shown explicitly.

A.5 Double-unresolved contributions

In this section, we define the double-unresolved terms in eqs. (4.12) and (4.13) which were
left unspecified in the main body of the paper. These contributions are at most of (’)(6*1).
We start from eq. (4.12), which refers to the (mn) € DS case (cf. eq. (4.7)). We write!”

5
L ﬁl’l, }
SAsT (mn) € DSJRg = 5[4, + Zonlan + 25014, + S Tme )14 (A.49)
=1

19The numbering scheme for contributions to Lpy|a, and 5% |4, is kept consistent with the definitions
introduced in ref. [1].

,45,



with

srde 1 Z < (Min/2) ™ = 1]S(m, 1) CinCim A™ F [m,n]>, (A.50)
zE’H
S 4, = (SpnSaQAM O FhA m n)) | (A.51)
(8) Ne(b’d) < 2 22
EDU|An = Z [QS]T<S[mn]Ci[mn](E[mn]//i)i Eo'i_[nem] [’YJ_,gﬁmn(TfT;/ =+ guy)
i€H
A 0 | AMEAL L [[mn]]) (A.52)
n (1 — 26)\? _
Spo = —[ (Fg(l_ﬁb - 1} > (SaCinCimA™ Oy Fyyi[m, n]) | (A.53)
(i7)
Efli)r{j(mun = Z < (Mim/2)” 1]6im5m<§ncin wmi’“iA(m“)@manl\z [m, n]>> ) (A.54)
i€EH
N (1 — 2¢ .
2o, = {Fg(l_ei - 1} <S(m,n) [chncim + > (1in/2) CinCm]
(i) ieM
x A FAR [ ] ), (A.55)
n, 2Emax _46 n
S| 4 = [as)? 2% 6 (€) ( ) opiniin . pAny (A.56)
H icH
SO~ a2at( (Bm) S o B A.5T
DU 1A, = [as]” 0g; (€) . W Fg) - (A.57)
i€EH

The terms in egs. (A.50)-(A.52) are O(e!), whereas the terms in egs. (A.53)—(A.57) are
e-finite. In egs. (A.50) and (A.55), the operator S(m,n) is defined as

(A.58)

S(mn) Sn(1 = SmOum) + SnSuOum if (mn) = (g9),
mn) =
]l, lf (mn) = (Qz(jz) .

In eq. (A.51), the operator € is the triple-collinear operator defined in eq. (D.6) of ref. [1]. The
triple-collinear splittings are reported in UsefulFunctions m, see table 2. In eq. (A.52), wi
used 0;; = 1;j/(1—n;;), the anomalous dimensions v% "g—mn and ’y? gr . mn defined in eq. (A. 25)
and the vector ¥ specified in appendix E of ref. [1]. The quantities &y (€) and 63 () appearing
in egs. (A.56)—(A.57) are defined in eq. (A.22), while the two partition-dependent operators
Wm”n i and W are defined in eq. (7.15).

For the double-unresolved terms appearing in eq. (4.13), which refers to (mn) € DS
case, we write

S [(mn) € DSJrr = Si55 4, + Shola, + Y Sh L4 - (A.59)
1=1,3
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where

1 _
Z156 4, =5 S (12(in/2) ™ = 1]Sa(CimCin + CinCim) A™ Fyi [m, n]) (A.60)
ieH
S0, =(SaAM A [m, n]), (A.61)
fin,(1 (1 — 2¢) 2 _ .
2B == [ (B=g) ~ 1] S ECouCins ™ Fiim.s). A2)

(i9)
n I'1—2 — e
Eflijlj<3)|¢4n = {Fg(l_g - 1} <Sn |:2 Z Canz'm + Z(nz’n/2) (Cz'ncz’m
(i7) =

+ cimcm)} A FAn [y, 11]> . (A.63)

The terms in eqs. (A.60)—(A.61) are O(e™1), and those in eqs. (A.62)—(A.63) are e-finite.
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