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Abstract

Autonomous mobile robots are increasingly employed to automate intralogistics operations. This work addresses the multi-robot multibay unit
load pre-marshalling problem, wherein robots optimize warehouse processes during peak times by proactively reshuffling inventory based on
anticipated demand during idle periods. The problem involves reshuffling a warehouse according to priority classes using multiple robots, ne-
cessitating coordinated tour planning between reshuffling moves while respecting dependencies. A stage-based constraint programming model is
introduced that determines reshuffling moves and plans robot tours while considering dependencies between moves. Our objective is to minimize
the makespan for the minimum number of moves. The results demonstrate the limitations of the constraint programming model and offer valuable

insights for future heuristic approaches.
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1. Introduction

Block stacking storage systems involve arranging unit loads
(e.g. pallets) on the floor and possibly stacking them vertically.
A shared storage strategy can be used to increase the storage
density. However, a shared storage strategy can cause blockages
in the system. A unit load is deemed blocking if a unit load of
a lower priority class hinders access to a unit load of a higher
priority class. Priority classes can be assigned based on factors
like the expected retrieval time. To clear blockages, robots can
perform pre-marshalling operations in idle times to prepare the
warehouse for future demand. This ensures unit loads can be
retrieved from the warehouse without the need for reshuffling
during peak times, improving operational efficiency, reducing
delays, and optimizing resource utilization.

[1] introduce this problem as the unit load pre-marshalling
problem (UPMP) for a single bay, optimizing for the minimal
number of reshuffling moves. [2] extend the approach of [1] to
warehouses with multiple bays as the multibay unit load pre-
marshalling problem (MUPMP). The authors propose a simi-
lar two-stage approach in both works. First, the authors fix the
access direction and access point for each storage slot in the
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warehouse. Access points are situated in the aisle space in front
of the bays. Storage slots accessed from the same access point
are referred to as a virtual lane. Afterward, a tree-search proce-
dure searches primarily for the minimal number of reshuffling
moves. As tie-breaking criteria, the tree-search selects the move
with the shortest loaded move time. We distinguish between the
loaded and unloaded move time: The loaded travel time con-
siders the travel time between the pick-up and drop-off access
point of the same move, the unloaded move time describes the
travel time between the drop-off access point move and pick-up
access point of the next move.

[3] build upon the approach of [2] by introducing a sequen-
tial method that assigns reshuffling moves—determined by a
tree-search heuristic—to robots based on move dependencies,
using a mixed-integer programming formulation. A dependency
arises when two moves involve the same virtual lane, as only
one robot can access a virtual lane at a time. Consequently,
pick-up and drop-off operations must be carefully scheduled to
prevent conflicts.

However, the sequential assignment in [3] does not account
for whether the moves identified by the tree-search heuristic are
well-suited for efficient robot scheduling with the goal of mini-
mizing makespan. In some cases, slightly longer loaded moves
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might be strategically preferable to reduce dependencies and
improve overall efficiency. Additionally, selecting the shortest
loaded moves at every step does not necessarily lead to the op-
timal solution, as a slightly longer move might better align with
subsequent tasks and minimize idle time.

To address these limitations, our proposed approach inte-
grates reshuffling move search and robot tour planning into a
single, stage-based constraint programming model. Unlike the
sequential approach, our approach jointly optimizes both as-
pects to ensure that move selection also considers its impact on
makespan.

Our approach first applies access direction fixing, adapted
from [1], to define virtual lanes within the warehouse. Then,
using constraint programming, we simultaneously determine
reshuffling moves and schedule robot tours while respecting
move dependencies. The primary objective is to minimize the
number of reshuffling moves, based on the assumption that
pick-up and drop-off handling times account for a significant
portion of total operational time. As a secondary objective, we
minimize the makespan of the entire pre-marshalling operation,
ensuring efficient execution in multi-robot settings.

Our main contributions with this paper are:

e We present a constraint programming approach for the
multi-robot multibay unit load pre-marshalling problem
(MR-MUPMP).

e We demonstrate the limitations of this approach when
used as a standalone solution.

e We derive insights for future heuristic approaches.

The outline of this paper is as follows. Section 2 introduces
the optimization problem. Section 3 provides an overview of re-
lated work. Section 4 describes the proposed solution approach.
Section 5 evaluates the approach in computational experiments.
Section 6 concludes the findings and points out further research
directions.

2. Problem

The multi-robot multibay unit load pre-marshalling problem
(MR-MUPMP) involves sorting unit loads in a block-stacking
warehouse using multiple robots across multiple bays until all
blockages are cleared. During the pre-marshalling, no unit load
enters or leaves the warehouse. A unit load is deemed blocking
if it hinders access to a unit load with a higher priority class. Pri-
ority classes can for example be assigned based on the expected
retrieval time. The warehouse consists of a set of interconnected
bays as shown in Figure 1. Each bay can be accessed from up
to four access directions. Each bay has a grid of storage slots.
A storage slot can be identified by its column (x-axis), row (y-
axis), and tier (z-axis). Unit loads are placed inside a bay in
a shared storage policy. No empty gaps inside the bay are al-
lowed. Each unit load has a priority class assigned. The storage
slots can be accessed from access points in the aisle in front of
each bay. The pre-marshalling process is operated by robots. A
robot can only access the outermost unit load in a bay, and a

Fig. 1. Representation of the multibay block stacking warehouse [2].

robot can only carry a single unit load at a time. Moreover, only
one robot can access an access point for a pick-up or drop-off
process at a time. Each reshuffling move comprises: a loaded
move, an unloaded move, pick-up/drop-off handling, and wait-
ing time. The loaded move time is the time required to travel the
distance between the pick-up access point and the drop-off ac-
cess point; the unloaded move time is the time required to travel
to the next move’s pick-up access point; the handling time is the
time it takes for the pick-up or drop-off process; and the waiting
time is the time a robot has to wait for another robot to finish a
process to respect dependencies between moves.

3. Related work

The pre-marshalling of unit loads is closely related to the
container pre-marshalling problem (CPMP). Most studies min-
imize reshuffling moves using integer programming [4] or con-
straint programming [5, 6]. [6] find constraint programming su-
perior in runtime over integer programming. While move count
is the primary objective, makespan and travel time are often
overlooked. [7] introduce an integer programming model mini-
mizing crane travel time. [8] extend the CP5 model [6], propos-
ing the MCT model for CPMP with a travel time objective,
which outperforms state-of-the-art integer programming in run-
time and solution quality. They also study CPMP under lim-
ited operation time. However, CPMP remains limited to single-
crane, single-block settings, as container yards typically operate
with one crane per block. The operation of more than one crane
inside a block is studied in the remarshalling problem. For the
remarshalling problem different problem variants exist.

The intra-block remarshalling problem is explored in [9], fo-
cusing on relocating containers without blockages while con-
sidering crane interdependencies. Both adopt a two-phase sim-
ulated annealing approach for target configuration and crane
scheduling. A two-crane variation is studied in [10], where one
loads vessels and the other moves containers from trucks. Their
two-stage algorithm heuristically selects target stacks and op-
timizes movement order. [11] integrates preparatory and main
jobs using a look-ahead scheduling approach, prioritizing im-
pactful moves and adapting to real-time conditions.
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4. Solving the MR-MUPMP
4.1. Step 1: Access direction fixing

Before reshuffling the warehouse, we define a fixed access
direction for each storage slot. This procedure splits the bays
into virtual lanes. A virtual lane includes all storage slots that
are accessed from the same access point. A mixed integer model
selects the access direction for each storage location so that
there are initially as few blocking loads as possible. A virtual
lane representation of the bay results from this step. Please re-
fer to [1] and [2] for an in-depth explanation. Figure 2 shows
the result of this step with four potential access directions. On
the left, colors indicate the selected access direction for each
storage slot of the bay. The right side shows the virtual lane
representation of the same bay. The virtual lane representation
serves as input for the model in Subsection 4.2. This step can
be neglected if only a single access direction is allowed.

Access
Sequence

’ N
S1 S4 S7 S8 S3 S5 S9 S2
Postition 3 1 2 4 4 3
North S1 S4 S7 S8 S3 S5 S9 S2
‘ Position 4 1 5 - 5 1 2 1 2
West - East 7
Lane: \ u 2 3 i« 5 16 17 8
South Y ‘_Y_' Y LY—}
@ Access point Access

Direction: North East South West

Fig. 2. Virtual lane representation. [2]

4.2. Step 2: Constraint Programming Model

To solve the MR-MUPMP, we extend a constraint program-
ming approach proposed by [6] for solving the pre-marshalling
problem while minimizing the number of reshuffling moves.
First, we construct a constraint programming model that allows
a limited number of reshuffling moves, starting from a lower
bound. We use the lower bound proposed by [1]. If no solu-
tion is found after a complete search, an additional reshuffling
move until a solution is identified. The authors introduce multi-
ple model versions. We opt for CP5 as it proved to be the most
efficient. We extend the CP5 by [6] to the MR-MUPMP-CP:

Each stack of containers in the original model equates to a
virtual lane and each tier equates to a position in the access se-
quence of the virtual lane. To ensure comparability, the variable
names used are matched to the original model. Let p denote
the lowest priority class and = {1, ..., p} be the set of priority
classes. Let m, be the number of unit loads with the priority
class p € P. Let 5 denote the number of virtual lanes and 7 rep-
resent the number of positions in each virtual lane s. Accord-
ingly, S = {1, ..., 5} is the set of virtual lanes and 7 = {1, ..., 7}
is the set of positions for virtual lane s € S. A slot is defined
by s € Sand r € 7. Let d, ¢ be the time to travel between
virtual lane s € S and s’ € S. Let d" be the handling time

to perform a pick-up or drop-off process. Let k be the permis-
sible number of moves in the model. K is the set of stages,
defined as K = {1,...,k}. Stage O signifies the initial layout.
K° =10, 1,..., k} is the set of stages, including the initial layout.
The parameter f;, defines the initial layout. f;, is set to the pri-
ority class of the unit load positioned in virtual lane s € S and
position ¢ € 7. Let 7 be the number of robots and R = {1, ..., 7}
be the set of robots. The parameter lg’l is 1, if robot r € R is
initially placed in virtual lane s € S, else 0. The variables are

introduced in Table 1.

Table 1. Variable Sets

Variable Description

xfy, p, if a unit load with priority p is placed in slot (s,7) dur-
ing stage k, else 0.
VseS, Ve T, VkeK°
1, if there is a unit load in slot (s,f) during stage k, else
0.
VseS,VteT,, VkeK°
y/;:f If a unit load is moved to slot (s,7) by robot r during stage
k, else 0.
VseS,VteT,,Vke K,Vre R
z];:,r 1, if a unit load is removed from slot (s,f) by robot r
during stage k, else 0.
VseS,VieT,Yke K,VYreR
1, if there is a blocking unit load in slot (s,f) during stage
k, else 0.
VseS,VieT,VkeK
oo 1, if robot » moves a unit load in stage k, else 0.
Vke K,VreR
hfj,’ 1, if robot r is in slot (s,?) at the start of stage k, else 0.
' VseS,Vte T, Vke KO, VreR
gﬁ,’ 1, if robot r is in slot (s,7) at the end of stage k, else 0.
Vs e S, Vke KO VreR
Ve Start time of the pick-up process in virtual lane s by
robot r during stage k.
Vs e S, Vke KO VreR
ukr End time of the drop-off process in virtual lane s by
robot r during stage k.
Vs e S, Vke KO VreR

51(

s,t

ber Waiting time by robot r during stage k.
Yk e KO, Vre R
Upnax End time of the last drop-off performed.
¥ 1, if robot r in stage k and robot r in stage k' remove a

unit load from the same virtual lane s, else 0.

Vs e S, Vke K,k €k, .k, Yr,r eR:r#7r

1, if robot 7 in stage k and robot r’ in stage k" move a
unit load to the same virtual lane s, else 0.

Vse S, Vke K,Vk elk,...k},Nr,r eR:r+ 7
r]];’kl”"/ 1, if robot r in stage k moves a unit load to virtual lane
s and robot 7’ in stage k' removes a unit load from the
virtual lane s, else 0.

Vs €S, Vke K.Yk €k, ..k},Yr,rr eR:r# 71

1, if robot r in stage k removes a unit load to virtual lane
s and robot 7’ in stage £’ moves a unit load to the virtual
lane s, else 0.

Vs e S, Vke K.Yk € lk,...k},Yr,rr eR:r# 71

ﬁlz,k',r,r'

kK rr’
gLk
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MR-MUPMP-CP

min - Upmax

Subject to:
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(4.3)
4.4)

4.5)
(4.6)
4.7)
(4.8)
4.9)

(4.10)

(4.11)

(4.12)
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(4.14)

(4.15)

(4.16)
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(4.18)
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(4.21)
(4.22)

(4.23)

(4.24)

(4.25)
(4.26)
(4.27)

(4.28)
(4.29)
(4.30)

(4.31)

(4.32)

(4.33)

k& rr’ kor k'
[N - Z (Zs,t 'Zs,t )

€T

Vs € S,k € K, VK €k, kLY €R:r# 7 (4.34)
B = 3 O A

1€Ts
Vs €S, Vk e K VK € k.. kL Yrr eR:r#v 4.35)
=y s A)

teTy
Vs € S,Vk e K, YK €k, R} Vrr € Rir# 1 (4.36)
= 3 (A7)

€Ty
Vs € S,Vk e K, VK €k, K} Vr K € Rir 1 4.37)
KT GRT 4 gty < VKT s € SVIGK € KV € R (4.38)
BT A+ d"y < dk Vs € VKK € KV r € R (4.39)
K < K € SVGK € K Y € R (4.40)
R Ry 2 dty < i s € S,V K € KV € R (441)

The objective function (4.1) minimizes the makespan. Con-
straints (4.2) assign the initial layout to the virtual lanes of the
warehouse. Constraints (4.3) ensure that the number of unit
loads per priority class stays consistent for each stage. The
number of moves per stage is restricted to one by Constraints
(4.4). Constraints (4.5) and (4.6) link the variables x%, and &% .
%, is 0if x%, is 0, else 6%, is 1. Unit loads that are not moved are
fixed to their position by Constraints (4.7) and (4.8). Constraints
(4.9) impose that a unit load can only be moved to a slot that
was empty in the previous stage. Constraints (4.10) prevent the
unit loads from being moved in two consecutive stages because
the two moves could have been performed in one move. This
rule is also called transitive move avoidance [12]. Constraints
(4.11) sets the number of unity loads removed from the virtual
lanes to 1 for each stage. Constrains (4.12) make sure that if a
unit load is in a slot. It has been there in the previous stage or
was moved there in the current stage. (4.13) impose that a unit
load can be removed from a certain slot in a stage k only if the
respective slot was occupied and the slot in front (s, ¢ + 1) was
empty during the previous stage. Constraints (4.14) impose that
a unit load can only be moved to a slot (s,7) that was empty
during the previous stage. It also requires that the slot behind
(s,t — 1) was occupied. Constraints (4.15) do the same for the
first stage. Constraints (4.16) impose that when a unit load is
moved to a certain virtual lane, no unit load can be removed
from that virtual lane in the next stage. Constraints (4.17) to
(4.21) determine unit loads as blocking. Constraints (4.17) ex-
press that a unit load that is in front of another unit load with a
higher priority class is a blocking unit load. Constraints (4.18)
require that if there is a blocking unit load on slot (s, f) and slot
(s,t + 1) is occupied, there is also a blocking unit load on slot
(s,t + 1). Constraints (4.19) impose that empty slots can not be
blocking. Constraints (4.20) define that the first position of a
virtual lane is never blocking because access is always granted.
Constraints (4.21) determine that if there is no blocking unit
load in slot (s, f) and there is no higher priority unit load in the
slot in front of it, then there is no blocking unit load in slot
(s,t+ 1). Constraints (4.22) impose that the number of blocking
unit loads at each stage cannot be greater than the number of
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following stages. Constraints (4.23) enforce that the same robot
must perform the pick-up and drop-off of the same move. Con-
straints (4.24) sets ¢°" to 1 if a move is performed in stage k
by robot r. Constraints (4.25) define the initial start position of
each robot in the first stage. Constraints (4.26) impose the start
position of a robot to be the same position as in the previous
stage if the robot was not used in the previous stage. Constraints
(4.27) define that each robot has to be at a defined access point
at the start of each stage. Constraints (4.28) define the initial
end position of each robot in the first stage. Constraints (4.29)
impose the end position of a robot to be the same position as
in the previous stage if the robot was not used in the previous
stage. Constraints (4.30) define that each robot has to be at a
defined access point at the end of each stage. Constraints (4.31)
set the start time of the pick-up process and Constraints (4.32)
set the end time of the drop-off process. Constraints (4.33) set
Umax to the latest drop-off end time in the model. Constraints
(4.34) to (4.37) track the dependencies between moves. Con-
straints (4.38) to (4.41) enforce dependencies between moves
when two robots access the same virtual lane. Start-start depen-
dencies ensure that a later move’s pick-up starts no earlier than
the prior move’s pick-up plus handling time ¢". End-end depen-
dencies require a later drop-off to finish no earlier than the prior
drop-off plus d". End-start dependencies ensure a later move’s
drop-off starts only after the prior move’s pick-up ends. Start-
end dependencies enforce that a later move’s pick-up ends no
earlier than the prior move’s drop-off start plus 2d".

5. Experiments

All experiments were executed on the Linux-HPC-Cluster
(LiDO3) at TU Dortmund on an Intel Xeon E5-4640v4 node
with 256 GB RAM. We use Google OR-Tools to implement the
network flow model for the access direction fixing and the MR-
MUPMP-CP model. The OR-Tools CP-SAT solver solves both
models. The maximum overall runtime for the model building
and solving time per instance time is limited to 47 hours.

Parameters. In sum, we conducted 240 experiments. The in-
stances were taken from the dataset of [13]. We select ten in-
stances with the seeds zero to nine for each of the following
layout configurations: one-tier; bay layout (b) sizes of 2x2 and
3x3; warehouse layout (wh) sizes of 2x2 and 3x3; fill percent-
ages (f %) of 60 %, 80 %, and 90 %; and ten priority classes. A
4x4 bay layout describes bays with four rows and four columns
- 16 slots for the one-tier case. A 2x2 warehouse layout de-
notes a warehouse that consists of 4 bays that are arranged in a
quadratic pattern. We refer to a combination of a 4x4 bay lay-
out and a 2x2 warehouse layout as 4x4_2x2. A fill percentage
of 80 % indicates that 80 % of the slots per bay are filled with
unit loads. Further, we consider two access directions (north
and south) and 2 or 3 robots (r). The robots travel at a constant
speed of one distance unit per second and operate with a han-
dling time of 30 seconds per pick-up/ drop-off.

Solved instances. The Table 2 shows the number of solved in-
stances (sol.), the number of instances solved with proven op-

timality (opt.), and the number of reshuffling moves for each
instance configuration. The solvability decreases as the number
of reshuffling moves increases. This is attributed to the rapid
growth of the model size with increasing reshuffling moves.
Consequently, optimal solutions can typically be proven only
for instances with fewer moves. The maximum number of
moves for which a proven optimal solution was found is 12.

Solver and build time. Table 3 shows a significant increase
in both mean solver and build times as the number of robots
increases, indicating a substantial rise in solution complexity.
Notably, the mean time to find the first solution is consider-
ably higher for three robots compared to two. The model build
time is another indicator of the increasing solution effort. For a
5x5_2x2 layout and 80 % fill percentage, the mean build time is
275 s for two robots and 435 s for three robots.

Objective over solver time. The mean solver time of the best
solution in Table 3 shows that improvements are still found af-
ter hours. However, Figure 3 shows that the most significant
improvement in the objective function occurs relatively quickly
after the first solution is identified.

550
Seed
500 -
450 -
400 -
350 -

300 A

Makespan [s]

250 -

200 A

W oO~NOOUSA WN KO

150 1

T T
10! 10?2 103 104
Solver Time [s]

Fig. 3. Objective function value over solver time for each seed of a configuration
with 4x4_2x2 layout, 80 % fill percentage, and two robots.

6. Conclusion

In this work, we presented a two-stage approach to solve the
multi-robot unit load pre-marshalling problem. The first stage
decomposes the warehouse in virtual lanes. The second stage
employs a novel constraint programming model to integrate the
search for reshuffling moves with tour planning. Our experi-
ments revealed that this integrated approach is computation-
ally challenging. However, the model can improve relatively
quickly after the first solution. Therefore, this approach could
be valuable for assessing the quality of heuristic solutions.

Future work should investigate approaches to reduce the so-
lution space without reducing the solution quality. Additionally,
the impact of access direction fixing on solution quality war-
rants further study. Adapting this approach to related warehouse
problems, such as the buffer reshuffling and retrieval problem
[14], should also be considered.
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