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Coherent Diffraction Imaging (CDI) is an experimental technique to image isolated structures by
recording the scattered light. The sample density can be recovered from the scattered field through a
Fourier Transform operation. However, the phase of the field is lost during the measurement and has to
be algorithmically retrieved. Here we present SPRING, an analysis framework tailored to X-ray Free
Electron Laser (XFEL) single-shot single-particle diffraction data that implements the Memetic Phase
Retrieval method to mitigate the shortcomings of conventional algorithms. We benchmark the
approach on data acquired in two experimental campaigns at SwissFEL and European XFEL. Results
reveal unprecedented stability and resilience of the algorithm’s behavior on the input parameters, and
the capability of identifying the solution in conditions hardly treatable with conventional methods. A
user-friendly implementation of SPRING is released as open-source software, aiming at being a
reference tool for the CDI community at XFEL and synchrotron facilities.

The advent of Free-Electron Lasers (FELs)'” represented a game-
changer for the study of matter and its interaction with light. Short-
wavelength FELs are capable of producing extremely bright pulses of
coherent and monochromatic light, ranging from the extreme ultraviolet
(XUV) spectrum to hard X-rays. A unique feature of those pulses is their
time duration, often on the order of a few tens of femtoseconds and
nowadays approaching the attosecond time scale® . Such exceptionally
short pulses, in combination with their high brightness, unlocked
unprecedented opportunities for time-resolved investigations of ultra-
fast processes of molecules'' and even electrons'*™", as well as structural
studies on especially fragile systems'>'*. Several experimental techni-
ques can be exploited at XFEL (XUV and X-ray FEL) facilities, gaining
immense benefits from the properties of their light pulses. This is

particularly true for imaging methods, which intrinsically require a large
amount of photons.

Imaging techniques aim at retrieving structural properties of the
sample, and, specifically, the spatial distribution of their electron density, to
which photons are sensitive in this energy range. Due to the intensity of the
light and the high photon energy direct imaging methods like microscopy
are hardly viable due to the lack of suitable optics. For this reason, imaging at
XFELs is performed in an indirect manner, by recording the coherent light
scattered off the sample and then retrieving its spatial distribution by
sophisticated data analysis approaches. This lensless experimental scheme is
called Coherent Diffraction Imaging (CDI)"~*.

While various approaches can be linked to the definition of CD]J,
like Bragg-CDI” or Ptychography™, the most common technique employed
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at XFELs is Single Particle CDI (SP-CDI) in the small-angle scattering
regime”*”"**. Here, the light scattered by an isolated sample is acquired by a
detector, which is placed sufficiently far from the interaction region to satisfy
the far-field condition”. The diffraction signal is collected for a scattering
angle up to a few degrees, such that the portion of the Ewald’s sphere defined
by the corresponding momentum transfer accessible by the detector can be
well approximated with a flat surface. Under Born’s approximation, the field
scattered at small angles is then proportional to the Fourier Transform (FT)
of the sample’s electronic density projected along the axis of the XFEL beam.

Despite the straightforward mathematical relationship, which in prin-
ciple enables the restoration of the sample’s 2D projection by an inverse FT
operation on the scattered field, the latter cannot be fully accessed by photon
detectors. Detectors are, in fact, two-dimensional arrays of photon counters.
The acquired signal is then only sensitive to the intensity of the diffracted field,
while its phase is completely lost in the measurement process™>".

The field’s phases are however retrievable if the sample is confined
in space and “small enough”, ie., if the so-called oversampling condition
is met'®". In such a case, it can be mathematically shown that the infor-
mation contained in the field’s intensity alone is sufficiently redundant to
also carry information on its phases™. This possibility is exploited by phase
retrieval algorithms™** to successfully retrieve the lost phases and, con-
sequently, the corresponding image of the sample’s electronic density.

The core idea behind phase retrieval algorithms was originally con-
ceived in the 1980 by Fienup” and then further developed in the following
years”. These algorithms are based on the iterative application of two
constraints. Given a starting guess for the sample’s electronic density, they
go back and forth from the Fourier representation to the real representation
of the spatial density. In the reciprocal space, the signal’s amplitudes are
replaced by those experimentally measured by the detector. In the real space,
the oversampling condition is enforced by constraining the limited spatial
extension of the electronic density. With proceeding iterations, the simi-
larity between the FT amplitude of the retrieved density and the experi-
mental data is optimized.

A known issue of phase retrieval algorithms is their tendency to stag-
nate in local optima and/or being unstable”. On top of that, XFEL dif-
fraction data present additional challenges. First, the central scattering
region is not recorded, due to a hole in the detector to avoid damages from
the FEL transmitted beam. Second, the brightness of the patterns, i.e. the
total number of photons recorded by the detector, fluctuates on a shot-by-
shot basis, with little or no possibility to be tuned. Third, samples often have
unpredictable shapes, giving little or no a-priori information to facilitate the
reconstruction process. As a result, the identification of the correct recon-
struction by phase retrieval algorithms is not ensured, it is possible only in a
restricted range of conditions and it requires a significant case-by-case
tuning of the algorithm parameters by an experienced person.

These issues and limitations are well known by the CDI community,
and a significant effort has been invested into developing more reliable
algorithmic methods. The use of several phase retrieval processes with
different starting conditions on the same diffraction data has proved to be
particularly effective. On the one hand, the ensemble of final reconstruction
outcomes can be compared and statistically analyzed to identify those
reconstruction procedures that reached the correct solution and exclude the
failed attempts™***. On the other hand, the simultaneous execution of
several reconstruction processes with different starting conditions allows for
more sophisticated optimization strategies based on the sharing of infor-
mation between the ensemble of ongoing reconstructions™ ™.

Recently, we developed a sophisticated approach to the phase retrieval
problem in CDI that conceptually belongs to this ensemble-based class. The
method is called Memetic Phase Retrieval (MPR)"***. It is based on a natural
computing scheme and it had been originally designed to deal with Electron
Diffraction Imaging data*™. In this work, we present the SPRING fra-
mework, which implements an improved version of the MPR method tai-
lored on the specific features of single-particle single-shot experiments at
FELs. Together with this publication, we release its software implementation
as an open-source Python3 module, named spring, conceived to exploit the

full capability of multi-CPU and multi-GPU computing systems. The pre-
release of the SPRING software is currently being used by different research
groups recently involved in the analysis of CDI experiments. The spring
module, its documentation and code can be accessed at https://share.phys.
ethz.ch/~nux/software/spring/main/docs/.

This article is a comprehensive report of SPRING, its implementation of
the MPR method and its performance on experimental XFEL diffraction data.
After a brief introduction to the phase retrieval problem in section “The phase
problem and conventional approaches”, section “Memetic phase retrieval” is
dedicated to an intuitive description of the method. In the following section
“Dealing with experimental data” we challenge the algorithm on experimental
data. Its performance is compared with conventional approaches, and its
behavior, capabilities and limitations on images at the limits of the capabilities
of standard phase retrieval algorithms are probed. The experimental diffrac-
tion patterns used as a benchmark have been acquired with the two main CDI
detector types of today’s XFEL imaging instruments: the pnCCD detector* of
the SQS instrument at the European XFEL"" and the Jungfrau detector™>
installed at the Maloja endstation of SwissFEL™. Further details of the SPRING
implementation are reported and discussed in Appendices IV B and IV M,
aided by an extensive use of pseudo-code.

The quality and reliability of the imaging results, the superior perfor-
mance and the highly optimized and handy software implementation, make
SPRING a strong candidate for becoming a reference analysis tool, fulfilling
the currently high demand for a reliable and easy-to-use analysis software
tailored on single-particle single-shot CDI data at XFELs.

Results

The phase problem and conventional approaches

The phase problem arises when a function p(¥) has to be retrieved, but only
its Fourier modulus M(4) = |7 [p]()| is known. In single-shot CDI
experiments, under the assumptions of small-angle and far-field scattering,
and validity of Born’s approximation, the recorded diffraction intensities
1(4) acquired by a detector correspond to M?(g), while p(¥) is the electronic
density of the sample under study™ projected along the beam direction. The
phases of the scattered field, lost in the measurement process, have to be
retrieved by solving a two-dimensional phase retrieval problem.

The phase problem is known to have a unique solution if the density p
that produces the scattering signal is limited in space, i.e. it is of limited size
and surrounded by an environment of known scattering density (usually
vacuum, with value 0). This condition is enforced by a so-called support
function S(¥), which assumes values equal to 1 only where the scattering
density is known to have non-zero values, or 0 otherwise'**. The spatial
extension of the support function and, thus, of the object’s density, has to be
sufficiently restricted to satisfy the so-called oversampling condition™. If
such a condition is met, it can be mathematically demonstrated that the
phase retrieval problem has a unique solution™ (up to some straightforward
ambiguities, see ref. 18), i.e. there exists only one density p fully “contained”
in the support function and whose Fourier amplitude corresponds to the
measured diffraction data.

Iterative phase retrieval algorithms™™* cyclically apply the support
constraint and the amplitude constraint to a starting density p. The support
constraint is enforced by suppressing the density values in real-space that are
located outside the support function. The amplitude constraint is enforced
by replacing the Fourier modulus with the experimentally recorded
one, M(g).

The error E[p] of a density p is defined as the difference between the
Fourier amplitude of the density |7 [p]| and the experimental data
M. The scope of a reconstruction process is to minimize the error
E (see section “The phase problem as an optimization problem” for a more
formal description).

The simplest phase retrieval algorithm is the Error Reduction
(ER)™, which takes its name from its characteristics of always reducing
the error value iteration after iteration. This feature makes the ER
algorithm very stable, but also prone to stagnation in local minima of the
error function E.
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To circumvent this limitation, more advanced iterative phase retrieval
algorithms have been conceived””, like the Hybrid Input-Output (HIO)”
and the Relaxed Averaged Alternating Reflections (RAAR)*, which make a
more sophisticated use of the support and amplitude constraints. The great
advantage of those algorithms is that they suffer less from stagnation in local
optima, thus being more ergodic, i.e. they can better explore the parameter
space. However, they are often unstable, meaning that they fail to stably
converge towards an optimum of the error function. From now on, we will
refer to those iterative algorithms as IAs.

As a trade-off, a common approach is to alternate a number  of ergodic
IAs and a number Jgr of ER algorithm™. This means that a sequence of
algorithms is used, and can be formalized as:

p' < SEQUENCE(p) (1)

At the beginning of the reconstruction process, when the density guess p is far
from the solution, a high number of IAs iterations J is set to better explore the
space. This number is reduced during the reconstruction down to j = 0 when
the reconstruction is supposed to be close to the solution, to reduce
instabilities and let the process converge to an optimum via the ER algorithm.
The support function S(X) defines the “shape” of the sample density, and
it is necessary to ensure the existence of a unique solution. In
most experiments, and in particular single-shot single-particle CDI, the spatial
extension of the sample is not known a-priori, which in turn means that the
support S cannot be correctly defined before the reconstruction process.
This aspect was an open problem until the Shrink-wrap (SW)
algorithm'’, which improves the shape of the support function S along with
the reconstruction process of the density p. This operation is performed by
first smoothing the density with a gaussian kernel of standard deviation o,
and then defining the new support function §' as those coordinates where the
values of the smoothed density p, are greater than a fraction 7 of the max-
imum value of p,. It is possible to indicate the SW algorithm as a function
UppateSupporT. The UppaTESUPPORT function calculates a new support
function S/ for the input density p, and depends on the parameters o and 7:

§' <= UPDATESUPPORT(p) )

The execution of the SW algorithm for updating the support function is
typically alternated with the execution of an algorithm sequence in Eq. (1)"".

As a reconstruction process involves not only the sample density p, but
also its support S, it is convenient to indicate a reconstruction as R, with its
spatial density R > p and its support R > S. Typically, a number P>> 1 of
reconstruction processes are executed with different random initializations,
forming a set of reconstructions { R }.

Algorithm 1.
1: {Rp } < INITIALIZE
2:forg=1,...,Gdo
3: {RP} < Improve {R?}
4: end for
5: pour < Best {RF > p}

A full phase retrieval procedure is summarized in Alg. 1. The INITI-
ALIZE function takes care of randomly initializing a set of P reconstructions
{RP}, each with its density R” > p and support R? > S. Then, the recon-
structions are improved G times by the function IMprOVE, defined in Alg. 2. It
internally executes a sequence of iterative algorithms (see Eq. (1)) and the
support update function (see Eq. (2)) on all the P reconstructions in the set
{RP}. At the end of the process, the best results in {R” } are kept as final
reconstruction output.

Algorithm 2.
1: function Improve({ R" })
2. forp=1,...,Pdo
3: RP > p <« SequENCE (RF & p)

4 R S <« UppateSuprort (R? 1> p)
5: end for

6: return {RP }

7: end function

The Memetic Phase Retrieval (MPR) approach® implemented in
SPRING reshapes this typical workflow to make a more efficient use of the
information provided by the several reconstruction processes, as discussed
in the next section.

Memetic phase retrieval

The structure of the Memetic Phase Retrieval (MPR) is inspired by Memetic
Algorithms, which merge together local optimization methods with Genetic
Algorithms™. In fact, MPR alternates the execution of conventional iterative
phase retrieval algorithms with additional operations, presented in this
section, to better minimize the error of the CDI reconstruction. The overall
workflow of the MPR approach implemented in SPRING retains its original
main structure®. It is reported in Alg. 3 and accompanied by a qualitative
but intuitive sketch in Fig. 1. The MPR method is based on the simultaneous
execution of P reconstructions, identified by the set {RR”}, on which the
action of conventional iterative phase retrieval algorithms is intertwined
with operations inherited from Genetic Algorithms.

Algorithm 3. The MPR main structure
1: {RP} <« Inrmiavize
2:forg=1,...,Gdo
3 {RE,} < Crossover ({R?})
4. {RP} < Improve ({R?})
5 {R..} < Imerove ({RE,,})
6. {RP} « Seecr ({R?}, {R2..})
7: end for
8: Pour < AVERAGE ({RF > p})

The first step of the algorithm (leftmost side of Fig. 1) consists of the
creation of a set of initial guesses for the density. This operation is performed
by the INITIALIZE function (line 1 of Algorithm 3), which takes care of
filling with starting random values the density matrices R? > p and the
respective support matrices R? 1> S for each reconstruction R?, similarly to
the standard approach in Algorithm 1. The set {Rp } will be referred to as a
population, borrowing the terminology from Evolutionary Algorithms
(EAs). This initialization step is not strictly connected to the MPR method,
and its implementation, discussed in section “Initialization of the starting
densities”, has been specifically designed for SPRING.

After the initialization step, the main body of the algorithm is
composed by the loop at line 2 of Algorithm 3. We will refer to each iteration
of such a loop as generation, again borrowing the term from EAs. For
each generation, the core functions CROSSOVER, IMPROVE and SELECT are called.

The Crossover routine creates a new population of P reconstructions
}Rﬁew} by combining the information provided by the current population

RP}, as sketched in Fig. 1. Each new reconstruction R%,,, is obtained by
mixing the density and support values of four different reconstructions in
the original population { R” }. Details on the crossover implementation in
SPRING are given in section “Crossover”. How information is mixed with
the crossover operation has been significantly improved over the original
MPR method®, to better deal with intrinsic correlation in the diffraction
data (see the tiling operation in section “Crossover”) and with the missing
intensities in the center (see section Missing intensities at low scattering
angles).

The ImprovE function is analogue to the one defined for the conven-
tional approach in Alg. 2 and improves the density estimates via iterative
algorithms and the support functions via the Shrink-wrap algorithm. Here,
the operation is performed on the original population {RP } as well as on
the new population {’Rﬁew}. SPRING implements an enhanced version of
iterative algorithms that allows for a mitigation of high-resolution artifacts
produced by missing data in the gaps between the scattering detector tiles
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Fig. 1 | Scheme of the MPR method implemented into SPRING. On the left of the
figure, a population of reconstructions of size P is initialized. For each generation g of
the algorithm, three operations are performed. First, a new population of the same
size is created by combining density values from individuals of the original popu-
lation via the crossover operator. In the following self-improvement step the recon-
structions of both populations are locally optimized by alternating sequences of
iterative phase retrieval algorithms, to update the density values, and the Shrink-
wrap algorithm, to update the corresponding support functions. At the end of each

generation, reconstructions of the two populations are compared for each index p,
and only those that reached the lowest error value survive to the next generation.
With the proceeding generations g, the population of reconstructions converges
towards a single solution. The convergence can be identified by observing the
average reconstruction for each generation, shown in the bottom. The average
density at the final generation g = G is kept as reconstruction result of the whole
imaging process.

(see section “Constraining intensities at large scattering angles”) and a more
refined execution flow of iterative phase retrieval algorithms with respect to
the original MPR implementation. Additional information on this step,
known as self-improvement in the context of Memetic Algorithms (and
indicated as such in Fig. 1), is given in section “The self-improvement”.

The Serect procedure, whose details are discussed in section “The
selection step”, compares each individual of the original population, R?,
with the corresponding reconstruction in the new one R%, right after the
self-improvement step. Only those reconstructions that performed “better”
than their counterpart (i.e. reached a lower error value) survive to the next
generation while others are discarded, as schematically reported in Fig. 1.

The crossover, self-improvement and selection operations are repeated for
a given number of generations G, during which the population of recon-
structions converges towards the solution. The progress of the process can be
monitored by calculating the average of the reconstructions in the population
at each generation g, reported on the lower side of Fig. 1. The average
reconstruction is a valuable indicator of the performance of the retrieval
process, because it presents only the spatial features of the sample that are
common to most of the retrieved densities in the population. For the same
reason, the average density calculated at the last generation is kept as the final
output of the MPR algorithm, i.e. the solution to the imaging problem.

The detailed description and discussion on how the three operations
CROSSOVER, IMPROVE and SELECT are implemented in SPRING, along with
details on how the starting population is initialized, are deferred to section
“Memetic operators”. The following part of the manuscript focuses on
characterizing and understanding the behavior of SPRING on experimental
data acquired at XFEL facilities, and comparing its output and performance
with those provided by a conventional use of iterative phase retrieval
algorithms.

Dealing with experimental data

The data treated in this work were generated from two CDI experiments
conducted at SwissFEL*” and European XFEL®. Sample diffraction patterns,
produced by single XFEL pulses, and corresponding CDI reconstructions
performed with SPRING are reported in Fig. 2. Technical details on the
datasets are given below, while further information on the data selection is
provided in Supplementary section 1.

Dataset A - Pure argon and mixed argon/xenon nanoclusters pro-
duced by a pulsed cluster source equipped with an Even-Lavie valve™ are
imaged at 700 eV and 1keV photon energy, equivalent to 1.77 nm and
1.24 nm wavelength, respectively. The XFEL delivered single pulses of 50 fs
duration and 2.5 m] total energy, focused on a sub-3 ym spot. The experi-
ment was performed at the Maloja endstation of SwissFEL*’. The beamline
is equipped with a 4 Mpixel Jungfrau detector optimized for soft x-ray
photon detection’™”. The detector pixels, with physical size of
75 pm x 75 ym, are organized in separated tiles of 256 x 512 pixel and
arranged for the detection of light up to 13.5° scattering angle. An example of
a scattering pattern belonging to this dataset is shown in Fig. 2a.

Dataset B - Nanoparticles produced from an aerosolised aqueous
solution of calcium chloride and sodium chloride mixture are dried
and injected into the experimental chamber in form of aerosol, and
are imaged at around 1.1 keV photon energy, equivalent to 1.13 nm
wavelength. A constant output atomiser (model 3076, TSI Inc., MI,
USA) was used to create a stream of polydisperse aerosol focused to
the interaction region using an aerodynamic lens. The experiment
was performed at the Small Quantum Systems (SQS) instrument of
the European XFEL** using the Nano-sized Quantum Systems
(NQS) end station. Typically, the XFEL was providing soft X-ray
pulses with pulse energies of up to 5 mJ and the beam was focused to
a diameter of about 5um in the interaction region. The scattering
light is recorded by a 1 Mpixel pnCCD detector’. The detector is
composed of two modules of 512x1024 pixel, with size
75 um x 75 ym each, resulting in a total linear dimension of 76.8 mm.
Its placement allows the scattered light to be recorded up to 6. 3° at
the edge of the detector. An example of a scattering pattern taken
from this dataset is shown in Fig. 2d.

The phase retrieval problem is known to be particularly challenging
and there are different aspects in which the standard use of iterative phase
retrieval algorithms present some shortcomings and limitations’*°.
Among those, the following are of particular relevance when dealing with
experimental data:

* The convergence of a reconstruction to the correct solution is not
ensured. It is furthermore challenging to identify a correct recon-
struction in an automatized manner.

59,60
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Fig. 2 | Examples of experimental diffraction patterns. In (a), a diffraction pattern extracted from dataset A. The corresponding reconstruction, performed with SPRING, is
reported in (b) for the amplitude, and (c) for the phases. In (d), an example extracted from dataset B is shown, with reconstructed amplitude and phase reported in (e), (f).

Fig. 3 | Behavior of a typical reconstruction pro- a) b)
cedure with SPRING on a diffraction pattern 100

extracted from Dataset A. In (a), the value of dif- \L

ferent performance indicators are reported as a 0.08 7

function of the MPR generations. Their character- 5

istics allow the identification of three distinct stages 0074 \/_//\

of the reconstruction process, I, IT and III, high- 0.06 4 — ::2: 2: t:: :\‘j:trage

lighted by the gray dashed lines. A direct insight into s Mean error

the population of reconstructions at generations 5, 0.05 -

20, 40 and 100 is given in (b). The first row reports 804 60 _
the average reconstruction, indicated as p™¢, while g <
the second row shows the reconstruction with the E% 604 Oversampling [ 40 g’
lowest error p*, The third row is the reconstruction § - Replacement 20 g
at the 50" percentile of the errors distribution, while © 101 &

the last row corresponds to the reconstruction with
the highest error p"**. Please refer to the main text
for details.

T
0 10 20 30 40
# Generations

T T
50 60 70 80

T 1 -0
90 100

 The algorithm’s performance is dependent on the settings and the
initialization of the densities. Among those, the ones that define
the starting support size and how the support is upgraded during the
process are of particular relevance for single-shot XFEL data, where
thousands of samples of unknown size and shape are imaged with
different brightness and noise.

o Scattering information is missing in some regions of the detector, in
particular in the central part due to the presence of a hole to avoid
damage from the transmitted XFEL beam (see the patterns in Fig. 2).
This makes algorithms particularly unstable, it renders reconstructions
more prone to artifacts for increasing sample size and it limits in
practice the field of view of the CDI method.

After a general description of SPRING’s behavior in a typical recon-
struction procedure, the following subsections challenge the SPRING fra-
mework on these aspects and compare its performance to conventional
approaches.

Monitoring the reconstruction process

This section is dedicated to an overall description of a typical reconstruction
process with SPRING, summarized in Fig. 3. The behavior of these indi-
cators as a function of the algorithm generations for a typical phase retrieval
routine are shown in Fig. 3a. Figure 3b reports, instead, insights into the
population of reconstructions at the different steps. The reconstruction has
been performed by using the HIO algorithm in the self-improvement step of
MPR (see section “The self-improvement”), with a starting number of
iterations J = 20 (see section “Changing values over generations”) and a
starting support size X" = 60 pixel (see section “Initialization of the starting

densities”). The other parameters are kept to their default value indicated in
Table 1.

The upper side of Fig. 3a reports the error value. For a given recon-
struction R, its value is calculated as it follows:

2
5,8 (1F[Re s Ropl ) - My) G
38y M;

~

E[R] =

where Eij is the mask function, whose value is Eij = 1 where the intensity
values of Mj;are known, and E; = 0 otherwise. The operation R > § - R > p
operation is the element-wise multiplication between the support matrix
R©>S; and the density matrix R > p;;. The result of this operation is a
density perfectly compatible with the support constraint, i.e., with zero values
outside the support function (see also section “The phase problem as an
optimization problem” for further discussion).

Equation (3) calculates the difference between the retrieved Fourier
amplitude and the experimental one, M;; =  /T;;. It is worth noting that this
value is normalized with the L’ norm of the experimental modulus M;;. On
the one hand, this does not influence the reconstruction process, as this
normalization factor is a constant value for a given diffraction pattern. On
the other hand, this normalization allows to obtain error values that can be
interpreted as relative deviations and that have similar order of magnitude
(often between 10" and 10™2) across different experimental patterns.

Different error values are reported in Fig. 3a. The red line represents the
error of the best reconstruction R, i.e. the one with the lowest error value.
The region indicated in light green covers the region between the best
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reconstruction and the worst one, i.e., the one with highest error value. The
line marked in dark green is, instead, the mean value of the error across the
whole population. A further error value is reported in blue, corresponding to
that of the average reconstruction. The average reconstruction R*8 is
computed as it follows:

P
4
Ravg > _ Zp:oR > Pij
= r @
P
\/p:ORPDS,J
P

RYE > Sj =

where the operation \/f:=0 indicates thelogical OR operation. In practice, the
support function R*® > S of the average reconstruction is given by the
union of all supports of the population of reconstructions { R” }.

The lower plot in Fig. 3a reports two additional quantities. One is
termed oversampling, and gives information about the size of the support
function of the best reconstruction. It is calculated via the formula:

NZ
Oj=—_* 5
d ZinbeSt > Sij ( )

which expresses the ratio between the total number of entries in the matrix
(of shape N, x Np,) and the actual extension of the support function. For
example, O, = 60 means that the extension of the support function is a 60" of
the overall matrix. Higher values of O, correspond to smaller supports, and
vice versa.

The last quantity shown in Fig. 3a is the replacement factor, and gives
indications about the effectiveness of the selection step (see section “The
selection step”). For each generation, the selection operation compares each
individual of the original population of candidate solutions {R” } with the
corresponding one in the new population { R?,, }, with the latter replacing
the former if it reached a lower error value. The replacement factor reports
how many new reconstructions have performed better than the corre-
sponding ones in the old population and replaced them. A value of 0 %
means that no replacement happened, i.e. the new reconstructions { R2,,, }
performed systematically worse than the parents {R” }. Instead, a value of
100% implies that all the new reconstructions performed better and replaced
the original ones.

From the behavior of the aforementioned performance indicators it is
convenient to identify three different stages, highlighted as I, Il and IIT in the
upper part of Fig. 3a.

Stage |: Shape identification. In this first part of the reconstruction
procedure (up to generation 15 in the example reported in 3a) the
algorithm tries to identify the correct spatial extension of the sample.
Typically, the starting support function is larger than the final correct
one, and its size is reduced via the action of the SW algorithm, as indicated
by the increasing value of the oversampling ratio reported as a yellow line
in Fig. 3a. The shrinking of the support is strictly correlated to an increase
in the reconstructions errors, highlighted by the red and green lines in
Fig. 3a. This behavior highlights well how the size of the support function
influences the error value, and clarifies why a comparison of the error
values is only meaningful between reconstructions with the same support
size (see section “The modified Shrink-wrap”). In this phase, when the
correct sample shape is not yet identified, the error of the average
reconstruction (blue line in Fig. 3a) is close to 1 and constant, as the
average is calculated on widely differing spatial distributions. This aspect
is directly visible in the first column of Fig. 3b, which reports a snapshot of
the reconstructions at generation 5. There, the best reconstruction
(second row) is already outlining a density distribution resembling the
correct one, while the rest of the population still have very differing
shapes. As a consequence, the average reconstruction in the first row has
no clear features. In this first stage, the replacement factor (orange line in
Fig. 3a) drops from a high starting value of around 50%. At the beginning,

the reconstructions are so far away from the solution that the two
populations {R”} and {R2,} are substantially equivalent, carrying to
equal probability of surviving to the next generation. As the support is
shrinking it becomes less likely that R”_ = replaces Rf. The condition
where the replacement factor is below 50 % but significantly above 0%

indicates that the genetic operators are effective.

Stage II: Shape definition. This second phase of the reconstruction pro-
cess (from generation 15 to generation 35 in Fig. 3a) is characterized by the
convergence of the population towards the correct sample shape. While the
support function is still shrinking (see the oversampling behavior in Fig. 3a)
and, consequently, the error values of the reconstructions are still growing
(see the error of the best) similarly to Stage I, there are clear signatures of a
different behavior. First, the mean error is getting closer to the error of the
best and the overall error distribution (light green area in Fig. 3a) is
shrinking. This is accompanied by a rapid increase in the replacement factor.
However, the clearest signature that identifies this stage comes from the error
of the average (blue line in Fig. 3a), characterized by a sudden drop. These are
signs that the algorithm has identified the correct sample shape and this
information is quickly propagating across the population via the crossover
and selection operators. It is possible to directly recognize this dynamics in
the second column of Fig. 3b, which reports the status of the population at
generation number 20. Here, most of the reconstructions are resembling the
correct sample shape (second and third row) and, as a consequence, the same
happens to the average reconstruction (first row).

Stage lll: Density refinement. Once the sample shape (ie. the support
function) has been identified, the algorithm focuses on the correct retrieval of
the density values (from generation 35 in the example reported in Fig. 3a).
Here, the oversampling is still slowly rising, thanks to both a further
refinement of the support function and the decrease of the o parameter of the
SW algorithm over the generations. However, in this phase, the reduction of
the support size is correlated to a slow decrease of the error value (differently
from the previous stages I and II) both for the individual reconstructions and
for the average. This behavior is due to both the action of the crossover and
selection operations that promote the reconstructions with lower error, as
well as the decreasing number of IAs iterations (HIO) and the corresponding
increase of ER iterations (which naturally tends to reach lower errors). The
dynamics of the reconstructions population is recognizable in Fig. 3b, which
gives an overview on the reconstructions at generation 40 (third column)
and 100 (last generation, fourth column), corresponding to the beginning
and the end of Stage III, respectively.

Comparison with the conventional approach

The convergence properties of standard algorithms, i.e., their ability to
identify the solution, have a relevant dependence on the input parameters.
Those that involve the support function, like its initial size and the threshold
value 7 for the SW algorithm, are often problematic and strongly influence
the convergence to a solution.

This aspect is often a problem when dealing with experimental data
because, even within the same dataset, samples typically have different sizes
and diffraction patterns are characterized by different brightness (which, in
turn, implies a different amount of noise). Human input is frequently
required to adjust these parameters almost on an shot-to-shot basis.

Figure 4 reports a comparison between the outcome of a conventional
use of iterative algorithms (IAs) and the MPR method implemented in
SPRING. In this section we refer to the conventional approach with the term
IPR. The conventional IPR approach is obtained by “switching oft” the
crossover and selection operations of the MPR framework. In this way, each
reconstruction is completely independent and only undergoes the alter-
nated execution of iterative algorithms and the support update with the
standard SW algorithm". The population size is set P = 128 for MPR, while
it is doubled to P = 256 for the conventional IPR to make the comparison
more fair in terms of computational cost and time to solution. In fact, MPR
executes standard IAs on two sets of reconstructions, the original { R” } and
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Fig. 4 | Comparison between the conventional use of iterative algorithms, here
indicated as IPR, and the SPRING implementation of the MPR method. The
diffraction data belongs to Dataset A. In (a), the average reconstruction at the end of
the retrieval process is shown for both IPR and MPR, as a function of the threshold
value 7 for the support update via the Shrink-wrap algorithm and the size of the
starting support function ™. Individual reconstructions are inspected in detail for
the cases (7, Z"™) = (0.025, 100) and (0.04, 130) in sub-figures (b, c), respectively. The
plots in (b, ¢) report the oversampling degree (on the x axis, inversely proportional to
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the retrieved support size) and the error value (y axis) for all 256 individual
reconstructions obtained with the IPR method. The inset graph shows a zoom of the
main plot in the region around the IPR reconstructions with the lowest error value.
In addition, the red dot indicates the error and oversampling value for the best
reconstruction in the MPR population. On the right side of the plots in b) and c), six
different reconstructions are shown. The best of the MPR population is compared
with the best of the IPR population (marked as A) and other four reconstructions (B
to E) in the vicinity of A.

thenew { R, } created by the crossover operation, doubling in practice the
number of optimized reconstructions. The initial number of iterations of
IAs is set to 80, alternated with 20 iterations of Error Reduction algorithm.

Both IPR and MPR are tested against different values of the initial
support size ™ (expressed in pixels, see section “Summary of the para-
meters and further considerations”) and the SW algorithm threshold 7° for
its update. The retrieved densities reported in Fig. 4a are calculated by
averaging the densities of the whole population { R” }. While the average is a
meaningful reconstruction output for MPR, this is not the case for the IPR,
for which only a fraction of the reconstruction processes actually converge to
the right solution. Therefore, a visual evaluation of the IPR average is a
qualitative indicator on how many reconstructions in the population have
reached convergence. Figure 4a shows how MPR can reliably retrieve the
sample density across most of the parameters range, with incorrect recon-
structions only appearing for higher 7 values (0.035 and 0.045) and =™ = 70
(i.e., a starting support size 30% lower than the actual maximum extension
of the sample of around 100 pixel). This example well underlines the resi-
lience of MPR with diverse parameter settings.

While no convergence is reached for the conventional IPR at the lowest
threshold value 7 = 0.02, the correct sample shape can be glimpsed at 7 =
0.025 for ™ = 100. The IPR convergence improves for higher threshold
values, up to an optimum between 7 = 0.03 and 7= 0.035 for Sinit— 100, and
7=0.035 to 7= 0.04 for ¥ = 130. IPR doesn’t appear to reach a significant
amount of converged reconstructions for the smallest starting support size
"t =70 at any T value.

Figure 4b is a detailed inspection of the individual IPR outcomes for the
parameter combinations (7, Z™) = (0.025, 100), i.e. the earliest occurrence of
sub-optimal values where IPR reaches the correct solution for some indi-
vidual reconstructions. Here, the final error of the reconstructions obtained
with the IPR method (see Eq. (3)) is reported against the oversampling
degree given by the reconstructed support function (see Eq. (5)). Each blue

point corresponds to a different reconstruction R¥ in the population of size
P = 256. The overall distribution of the points clearly shows the strong
correlation between the size of the reconstructed support and the error
value. The inset plot is a zoom of the low-error region. Some points are
marked with letters A-E, and the corresponding retrieved densities are
reported on the right side. The reconstruction marked as “A” correspond to
the one with the lowest error, while the others are chosen in its neighbor-
hood. Additionally, the best result in the MPR population is reported as a red
dot in the inset graph, with the corresponding density shown on the right
side of the sub-figure. A first important consideration concerns the best IPR
reconstruction “A”. Despite having reached the lowest error, the corre-
sponding density is clearly far off from the correct solution. This is caused by
a larger retrieved support (i.e., lower oversampling value), and highlights
why, in MPR, reconstruction errors are only compared by constraining the
same oversampling value for the whole reconstruction population. See
section “The modified Shrink-wrap” for further details and considerations.
Furthermore, it appears that the best density is the one marked as “C”,
unsurprisingly the closest to the best MPR density (red dot) but only the fifth
in terms of error ranking. This well underlines why, in general, identifying
reconstructions that have reached convergence in an automatized manner is
extremely challenging. Reconstruction “C” and the best of MPR have very
similar oversampling degree (i.e., their error can be compared) and the error
of the MPR best is lower. This is an indication that, once that the correct
oversampling value is identified, MPR can reach a deeper minimum of the
error landscape. The statistical evaluation of the final outcomes as function
of the oversampling degree and the error value presented in Fig. 4b is
provided to give an intuitive understanding. A less intuitive but more refined
metric for the identification of the converged reconstructions is proposed
and discussed in ref. 39.

A similar consideration applies to Fig. 4c, where the same overview is
reported instead for 7 and ™ in the optimal configuration for the
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conventional IPR method, corresponding to 0.04 and 130. The higher
number of converged reconstructions for the conventional IPR method is
evident by visually inspecting the the densities reported on the right side of
Fig. 4c. Differently from Fig. 4b, the best IPR reconstruction here corre-
sponds to the one with the lowest error value (“A”), as the correct over-
sampling value has been identified. All of the other reconstructions right
above “A” in the inset graph, i.e., those with lower error values and similar
oversampling, have reached a proper convergence. Still, some outliers with
low error but too low oversampling appear, as exemplified by the recon-
struction “D”. Again, the best MPR reconstruction, reported as a red dot in
the plot, has a lower error value than “A”, meaning that a better optimization
is done by MPR when the correct support is retrieved. Despite the optimal 7
and =™ for the standard IPR have been used, still only around 10 % of the
256 reconstructions have reached a neighborhood of the correct solution to
the phase problem, and their automatized identification remains challen-
ging. Further tests on the stability of SPRING with different algorithm
parameters are given in Supplementary section 2.

In both of the reconstruction attempts investigated in Fig. 4b, ¢ the error
of the best MPR density is lower than the one of the best reconstruction for IPR.
This property is analyzed in more details in Fig. 5. Here, six full reconstruction
procedures, each involving a population of size P = 128 reconstructions for
MPR and size P = 256 for IPR, have been performed. In SPRING, densities are
initialized by filling the real-space matrix with a number of spherical density
profiles, randomly defined in size and position, as described in section "Initi-
alization of the starting densities". In this test, a different seed of the random
number generator has been set for each attempt to create different, statistically
independent, sets of starting conditions for each reconstruction attempt.

The algorithms parameters have been optimized to ensure the con-
vergence of the conventional IPR method, corresponding to an initial
support size ™ = 130, a threshold value for the support update = = 0.035
and an initial number of IAs iterations equal to 80 (alternated with 20
iterations of ER algorithm, see also section “Summary of the parameters and
further considerations”).

Figure 5a reports the error value and oversampling reached by the best
reconstruction in the population {’R" } for each of the six reconstruction
attempts. Blue dots indicate the values for the conventional IPR, while red
dots correspond to the MPR outcomes. The independent MPR results
appear to be systematically better than the ones of the conventional IPR, i.e.,
the best MPR reconstruction systematically reaches a lower error than the
best IPR reconstruction.

The six best densities from the independent reconstruction processes are
visually reported in Fig. 5b for the conventional IPR and in Fig. 5¢ for the
SPRING implementation of MPR. It can be observed that the higher values of
the IPR errors are connected with a higher variability in the reconstructed
densities in Fig. 5b. The MPR results in Fig. 5¢ are, instead, much more similar
despite being statistically independent reconstructions. This observation is a
further sign that the MPR method is capable of reaching a spatial density
closer to the global optimum than the conventional IPR approach.

The tests presented in Figs. 4 and 5 are not exhaustive and cannot be
considered a thorough evaluation of the performances of the two approa-
ches, the conventional IPR and the SPRING implementation of MPR.
Smaller samples with higher oversampling degree, or brighter diffraction
patterns, or different number of IAs iterations may shrink or widen the
performance gap between the two methods. On the other hand, no fine-
tuning of the MPR parameters have been performed for this test, and all
parameters not explicitly mentioned in this section have been kept to their
default value (see section “Summary of the parameters and further con-
siderations”). We encourage the reader to perform further, more specific,
tests by directly using the open-source spring Python package.

Imaging extended samples

The large spatial extension of the sample, corresponding to particularly low
oversampling values O, (see Eq. (5)) renders the phase retrieval problem
more challenging as the number of unknowns to be retrieved (i.e. the pixel
values contained in the support function) is higher. This is particularly true
when scattering signal is missing in the center of the pattern (as visible in
Fig. 2), which is an unavoidable feature of XFEL data.

The lack of data in the center, corresponding to low momentum
transfer, causes the arising of loosely constrained modes®, i.e., density fluc-
tuations in the reconstructions at low resolution. Those fluctuations have a
larger and larger impact on the reconstruction quality with increasing
sample size, up to the point where, for particularly low oversampling
degrees, the reconstruction attempts are unsuccessful. The SPRING
implementation of MPR includes a particular strategy to deal with these
loosely constrained modes, whose details are given in section “Missing
intensities at low scattering angles”.

Among those modes, the Gaussian mode is typically the most pro-
minent (see ref. 61), and its strongest effect is the uncertainty that it intro-
duces in the overall density normalization. Thus, it becomes more
challenging to correctly retrieve for samples with larger spatial extension
and the success of a reconstruction depends more strongly on the initial
density normalization. This fact limits in practice the field of view of the CDI
technique. Here we show how the MPR method is resilient to different
normalization values for the starting densities.

SPRING creates starting guesses by filling the space with randomly
distributed spheres. The density profile of the spheres can be tuned with a
parameter ™, which acts similarly to the gamma value in image processing:
the closer y™ to 0, the flatter the density profiles. The starting densities are then
normalized by comparing their L* norm in Fourier space with the experi-
mental data, calculated only where intensities are experimentally recorded.
Different values for y™ thus have a strong influence on the initial normal-
ization of the densities. See section “Initialization of the starting densities” for a
detailed description of the densities initialization implemented in SPRING.

The implications of different values of Y™ on the final outcome of the
SPRING reconstructions are reported in Fig. 6. A cutout taken from the
middle of the diffraction pattern treated in this example is shown in Fig. 6a.

npj Computational Materials | (2025)11:265


www.nature.com/npjcompumats

https://doi.org/10.1038/s41524-025-01661-y

Article

a) ) c)

b)
z 60 4 \ yinit=0_2 —_ yinit=0_8
£ —_— ylmt =0.5  eeeen yinit =1
2404 1%
> W\
= LA
%] O
g 20+ S
)
(=)
£ 30
Q
1S
a
E 20 A = Mean density sum
o Oversampling
0 20 40 60 80 100
# Generations
Fig. 6 | Effects of the gamma value of the starting guesses y™ on the phase

retrieval outcome. This test is performed on a diffraction image from Dataset B. In
(), a cutout of the diffraction data is reported. Missing intensities are now present
also in those regions where the detector’s pixels reached saturation. In (b), the sum of
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the reconstructed density and the oversampling are reported as a function of the
generation for different values of """, The reconstruction outcomes are compared in
(c), where the full reconstructed densities are shown in the first row and two closeups

p
of different regions are reported in the second and third rows.

This pattern shows strong scattering, with photons recorded up to the edge
of the image. Due to the limited dynamic range of the pnCCD detector, there
is a saturated region towards the center. The dependence of the initial
densities normalization on the y™ value can be recognized in the initial
value (generation number 0) of the mean density sum reported as a red line
in Fig. 6b. This initial value ranges from 18 for the lowest value y™*=0.2 to 70
for the highest value y™ = 1.

The outcomes of the reconstruction procedures are reported in Fig. 6c.
High-resolution details are coherently reconstructed among the three cases,
as highlighted by the enlarged details in the second and third row. However,
the overall reconstructions at the first row reveal differences in the low-
resolution brightness profile. While these differences are barely perceivable
for Y™ equal to 0.5, 0.8 and 1, they are clearly visible in the case of y"™* = 0.2.
This is confirmed by observing the behavior of the mean density sum (red
line in Fig. 6b), whose final value settles around 10 % lower than the other
three cases.

In addition to the intrinsic uncertainty on the density profile that
derives from the presence of loosely constrained modes, the lower value for
9" = 0.2 could be partially explained as being due to the algorithm strug-
gling during the shape identification stage (see section “Monitoring the
reconstruction process”). This behavior can be discerned by monitoring the
value of the oversampling parameter along the reconstruction process,
reported as a yellow curve in Fig. 6b. For the higher values of y™ the correct
shape is quickly identified and, as a consequence, the oversampling value
reaches its final value of 35 within the first 20 generations. In the lowest
gamma value case (solid line) the convergence towards the correct shape
requires around 60 generations. The long-lasting larger support for y™ = 0.2
implies the presence of additional and stronger minima of the error function
that the algorithm had to overcome during the retrieval (see Fig. 9). In
addition, the algorithm had less “time” to optimize the reconstruction once
that the correct shape is finally identified. This slow convergence is mostly
caused by a threshold value 7=0.03 of the SW algorithm (see Table 1) set too
low for the case of ™ = 0.2. However, the capability to converge in all the
reported cases, with strongly different density normalizations, by using
the same set of algorithm’s parameters (and especially those concerning the
support update) is a further proof of the resilience of SPRING.

A further demanding task for imaging algorithms is dealing with
low-brightness diffraction data. In such cases, iterative algorithms
tend to become unstable, especially when dealing with large samples,
and the extraction of high-resolution features of the sample becomes
particularly challenging. In Supplementary section 3.1 SPRING is

tested and compared with conventional methods on this kind of
diffraction data.

Complex-valued density

The refractive index of materials in the X-ray regime, and in particular its
real part, can be fairly approximated to 1%. The deviations from 1 are often
expressed in terms of § = n — 1 where § S 1072

However, the situation changes when the sample is composed of
different materials with substantially different § values at the probing
photon energy. In this case, different phase shifts are induced in the light
depending on the position in the sample, creating a phase contrast in the
scattered field'®”. This phase contrast affects not only the phases of the
far field, but reshapes also the intensity distribution. CDI is, thus,
inherently sensitive to phase contrast in the sample. There are particular
wavelengths where the small § approximation does not hold, namely at
photon energies in the vicinity of the core-excitation energies of atoms
(a resonant condition)".

In this regime, the § coefficient for a specific element has a sharp
fluctuation, thus increasing its phase contrast with other non-resonant
materials in the sample. This is the case for mixed xenon-argon clusters
imaged at 700eV, close to the 3d electronic resonance of xenon. An example
of a diffraction pattern acquired in these conditions is reported in Fig. 7a. In
this close-up view of the central part of the pattern it is already possible to
recognize non-centrosymmetric features, which are a sign of different phase
shifts induced in the field by the sample. Those phase shifts are then
reconstructed in real space as complex-valued densities.

When small phase shifts (< ) are expected in the reconstructed data,
the positivity of the real part of the density is constrained along with the
support function (see section “Real-space constraints”). This is achieved in
SPRING by setting the y parameter to 0.5 (see Table 1). Furthermore, it is
convenient to initialize the densities as real-valued distributions. This is
achieved by setting the SPRING parameter ¢™ = 0 (see section “Initi-
alization of the starting densities”).

Instead, when relevant phase shifts are expected in the reconstruction,
the phase retrieval problem becomes more challenging. First of all, the
positivity constraint of the real part of the reconstruction cannot be
enforced”. This means that the y SPRING’s parameter has to be set to 0.
Furthermore, fully real-valued starting densities, initialized in SPRING by
setting ¢™" = 0, are sub-optimal starting conditions.

Figure 7 reports the outcome of three MPR reconstructions with ¢
0 (completely positive real-valued initialization), ¢™ = 0.25 (real-space

init __
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Fig. 7 | Effects of different phase values assigned to a)
the starting guesses on the reconstruction out-
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starting phases range from — Zto ) and ¢™" = 0.5 (real-space starting phases
range from — g to ’5’). In all three reconstructions, unconstrained modes are
controlled by setting C, = 0.3 (see section “Missing intensities at low scat-
tering angles”).

The amount of phase shift in the reconstruction as function of the
generations is tracked by the complexity indicator T' (see Eq. (20)), with
values 0 < I'< 1. The value I' = 0 indicates a completely real-valued density.
Its behavior as function of the generations is reported in Fig. 7b. See section
“Dealing with missing intensities” for further details and discussion.

Considering the mean value of the complexity in the population (green
line), its initial value can be directly correlated to the range of the starting
phases ¢, with higher values of the latter corresponding to greater values of
the former. However, after an initial rise in the complexity value for all the
three cases during the first generations of the algorithm, its value quickly
drops and settles during the shape definition stage at around 0.045, con-
sistently for the three different settings of ¢™. The same consistency can be
observed for the complexity value calculated on the average reconstruction
(blue line in Fig. 7b). Here, however, the complexity indicator stays close to 0
aslong as the shape definition stage is reached, as widely differing densities in
the population, despite being potentially strongly complex-valued, cancel
out their phase deviations in the averaging operation.

This consistency is directly reflected into the three reconstruction
outcomes shown in Fig. 7c. The overall density distribution and the
respective phase values are fully matching. This is also true for the high
resolution details highlighted by the zoomed-in cutouts of the reconstruc-
tions shown in the second and third row. It is worth mentioning that, for this
diffraction pattern, the conventional IPR method couldn’t reach proper
convergence, as discussed in Supplementary Fig. 5.

Thus, in most use-cases, starting densities can be initialized as com-
pletely real-valued (¢™" = 0), as different values of ¢™" don’t carry significant
improvements on the final reconstruction outcome. This is a further
demonstration of the stability of the MPR approach, which is capable of
converging to the same solution with the same algorithm settings, but
starting from very different, theoretically sub-optimal, conditions.

Discussion
We have presented an algorithmic framework to deal with the phase
retrieval problem in single-particle single-shot Coherent Diffraction Ima-
ging, called SPRING. SPRING implements the Memetic Phase Retrieval
(MPR)* method, which combines the widespread iterative phase retrieval
algorithms with operations inherited from Genetic Algorithms tailored for
XUV and X-ray Free-Electron Laser (XFEL) diffraction data.

The performance of SPRING has been investigated and compared with
standard methods on data acquired in different experimental contexts with

the two most common types of scattering detectors at XFELs. For diffraction
patterns acquired in optimal conditions, the quality of the imaging result is
consistent for a wide range of algorithm settings, virtually removing the
case-by-case tuning required by conventional approaches. Furthermore, its
limits are tested for situations that are typically challenging or untreatable
for standard data analysis workflows, including large sample sizes, large
regions of missing scattering intensities and starting conditions significantly
far from the ideal ones. Overall, we show how SPRING is remarkably robust
against variations of the settings, consistent in terms of quality of the ima-
ging result, and flexible with respect to the type and characteristics of the
diffraction data.

Those features are a game-changer for single-particle experiments at
XFEL facilities, where the acquisition conditions, like the brightness of the
diffraction data and the sample size, are often sub-optimal, not completely
under control and vary on a shot-to-shot basis. In fact, the low sensitivity of
SPRING to the algorithm parameters makes it possible to reconstruct large
fractions of a typical dataset with the same algorithm settings. This is a
pivotal aspect for CDI at XFELs, where analyzable diffraction images are
typically recorded during an experiment at a rate from one to a few patterns
per second (depending on the hitrate, the repetition rate of the XFEL and the
frame-rate of the detector), leaving hundreds of thousands of bright patterns
to be analyzed at the end of the campaign.

While the core structure of SPRING is established, further develop-
ments and enhanced performances of the approach are expected in the
future. Among the foreseen improvements, the main ones involve the
implementation of additional and more performant iterative phase retrieval
algorithms and more sophisticated strategies to deal with noisy and missing
diffraction data. Furthermore, the MPR algorithm is fully compatible with
an extension to three-dimensional diffraction datasets*: its implementation
in SPRING and the corresponding performance will be investigated in detail
in future works.

A Python module, called spring, is released as open-source software in
the context of this publication. The spring package implements a highly
optimized version of the algorithm, as well as additional helper functions to
aid scientists in dealing with the preparation of experimental data and the
imaging results.

Currently, CDI experiments at XFELs are successfully accomplished
mainly with the involvement of highly experienced research groups, due to
the technical challenges to address in the experiment as well as due to the
intricate and complex procedures required for data analysis and imaging.
Thanks to its enhanced reliability and the ease of use of its software
implementation, SPRING will play a main role in easing the data analysis
process and making imaging experiments at XFELs more accessible to a
wider, less specialized and more applied scientific community.
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Methods

The phase problem as an optimization problem

Starting from any spatial density p(¥), a new density p4(¥) that is fully
contained in the support function S(x, y) can be created by the following
operator Pg:

ps=Psp=S-p (6)

where - indicates the element-wise matrix multiplication, and the dependence
on the coordinates x and y has been omitted for the sake of brevity.

Similarly, it is possible to produce a density p,s, whose Fourier modulus
is equal to the square root of the experimental data, by applying the fol-
lowing operator P, to any given density p:

pu=Pyp=F" {M-@] @)
lpl

where F ! is the inverse FT operation, M is the square root of the experimental
intensities I, and p = F[p]. The two operators in Eq. (6) and Eq. (7) can be
easily demonstrated to be projectors,as Py, = P,; and Pi* = Pg,and theyare
usually addressed as modulus projector and support projector'®***.

The solution to the phase problem can be written in terms of P,;and Ps
as the density function py, that satisfies both constraints (i.e. Pppso1 = Psol
and Pgpg) = psor)- It is convenient to define the error function:

Egulpl =Il M — F[Pgp] | ®)

where || - || denotes the L* norm. Eq. (8) indicates how far a density p,
projected on the support function, is from the experimental Fourier
amplitudes M. In theory, the solution to the phase problem pg, has error
Es pmlpsoil = 0. In practice, due to intrinsic noise in the experimental data, the
error Ein Eq. (8) cannot reach 0, and the solution p,,, has to be defined as the
one that minimizes the error, i.e.:

Psol = {P : Eg mlp] = mpin ES‘M} 9)

Equation (9) expresses the phase retrieval problem as an optimization pro-
blem. Phase retrieval algorithms are, thus, optimization algorithms, which aim
at minimizing the optimization target, i.e. the error value, defined in Eq. (8).

The conceptually simplest phase retrieval algorithm, Error Reduction
(ER)", acts by applying in an alternate manner the two projection operators
inEq. (6) and Eq. (7). A single iteration of the ER algorithm that constrains a
given support function S and experimental moduli M can be thus defined as
ER = PpPs. Its action on a density p gives as a result a new den-
sity p' = Py Pgp.

The ER algorithm can be demonstrated to be a steepest-descent method
for the error E because the error value is always reduced with iterations, i.e.,
E[ER"'p]<E[ER)p]. This renders the ER algorithm particularly stable,
because it is guaranteed to converge to an optimum of the error value. It has
however the drawback of getting stuck in local minima.

Memetic operators

This section describes in a detailed way the SPRING implementation of the
different operations performed by the MPR approach (see the overview in
Fig. 1). The core of MPR* is built around three operators inherited from
Memetic algorithms™. The crossover, responsible for the creation of a new
population of candidate solutions from the existing one, is discussed in
section “Crossover”. The self-improvement, where conventional iterative
phase retrieval algorithms are executed for each reconstruction in the
population, is presented in section “The self-improvement”. The Selection,
where only the reconstructions with the lowest error value are selected to
survive to the next algorithm generation, is described in section “The
selection step”. Details on the initialization of the starting reconstructions is
given in section “Initialization of the starting densities”. An overview of the
parameters that can be tuned in MPR is given in section “Summary of the
parameters and further considerations”, followed by further considerations
and implementation details on less central but still relevant operations
implemented in the method.

In the next sections the following formalism is used. A reconstruction is
indicated as R, which comprises the complex-valued matrix R > p;; con-
taining the density values and the boolean-valued matrix R t> S;; that defines
the corresponding support function. The Fourier Transformation (FT) of
the density matrix is indicated as R > p;;. The density p and the support S
have dimension N, x N, equal to the size of the matrix containing the
experimentally measured intensities I;; and the corresponding experimental
modulus M; =  /T;.

A population of P reconstructions is reported as { R” }, withp=1,...,
P. The density values of the reconstruction with index p in the population is
thus indicated as R¥ > p,..

Algorithm 4. The crossover routine
1: function Crossover({R” })
{RE,,} < Corv({RF})

»

3: forp=1,...,Pdo

> Initialize the new population of reconstructions { R%,,, } asa copy of
the old one.
> Loop on the single individuals of the new population

4 R*, R, R¢ < RANDOMCHOICE (R} > Extract three random individuals from the parent population

5: R, RY, RE « ResHrrr ({R“, RY, RC}}, RP) > Transform the three extracted parents such that they overlap in real
space with the reconstruction R?

6: C™ & CROSSOVERMAP (¥ 5 Fmaxs Cp) > Create the binary crossover map C™

7: for all 4, j do > Loop over the matrix coordinates i, j

8 if Ci}mp = 1 then

9: Rhee®pij < R > p; +C, X (’Rb >p; — R > [)i]) > Combine the densities of reconstructions R°, RY and R°

where Ci;n P =1

10: end If

11: Rhey > S < R*>S;; OR <Rb >S; AND R°>S; AND R? > S;; J> Combine the supports of reconstructions R, R, R¢ and R? with
logical operators

12: end for

13:  end for

14:  return {R2, }

15: end Function

> The newly created population is returned as output of the CROSSOVER
function

npj Computational Materials | (2025)11:265

11


www.nature.com/npjcompumats

https://doi.org/10.1038/s41524-025-01661-y

Article

Crossover

The crossover operation is a central step of an evolutionary algorithm. It is
responsible for creating a new population from the pre-existing one,
enabling the exploration of the parameters space. In the crossover step,
reported in Algorithm 4, a new population of reconstructions { R, } is
formed by combining individuals in the original population {RR”}.

The new density values RE,, > p;; are filled by following the crossover
scheme employed in Differential Evolutlonary algorithms®. Some values of
the new density matrix RE,, > p; are directly copied from the corre-
sponding element in the parent population R? 1> p;;- The others are instead
created by combining three randomly-chosen individuals in the original
population {Rp}. This operation is performed by the routine RAN-
DOMCHOICE at line 4, which returns three randomly-selected recon-
structions from the parent population, R®, R?, R¢. The three extracted
individuals are different from each other and from R”. The values of the
matrix of Rnew > p;; are set as a combination of the three “parent” densities
R* v py, R > P> RC > p;; following the formula at line 9 of Algorithm 4.

There are two important preparatory steps for the actual mixing of the
density values. The first one is accomplished by the function RESHIFT at line
5, which deals with the ambiguities intrinsic of the phase retrieval problem. In
fact, there exists a set of transformations of a density p that only affect the
phases of its Fourier representation, arg(p). These transformations are:

* Spatial translation: p(X) — p(¥ + AX)
 Complex conjugation and coordinates inversion: p(X) — p*(—Xx)
+ Addition of a global phase factor: p(¥) — €¢p(X)

And any combination of those. These transformations have no effect on
the modulus in Fourier representation, which is the only accessible experi-
mental information on the sample. The direct implication is that a density p
and all its transformations listed above are equivalent candidate solutions to
the phase retrieval problem. These ambiguities must be resolved before any
mathematical operation that involves multiple densities, like the crossover
mixing (line 9 in Algorithm 4) and the calculation of the average density.

The operation is performed by the routine RESHIFT at line 5 of
Algorithm 4. It requires a set of reconstructions to be transformed, in this
case {R“, RY, RC}, and a reference reconstruction, in this case R?. The
function then applies a combination of the transformations listed above to
the input densities and supports such that they are as similar as possible to
the reference density. This operation can be done efficiently by making use

The self-improvement

Algorithm 5. The self-improvement routine
1: function Improve({ R” },{ R:,,, })

2: best < Z RbeStDS
ol <> URPDS

W

4: ‘xeval & ‘xbest + (1 g)a
nation of
5 forallR € {RF}U{RE, } do
6 repeat R — 2
7: R > p < SEQUENCE(R > p, R > S, M)
8 R > S < UppATESUPPORT(R 1> p, 0, T)
9: end repeat
10: R > p < SEQUENCE(R > p, R > S, M)
11: R >S < UpDATESUPPORTSIZE(R > p, 0, %)
12: R > p < SEQUENCE(R > p, R > S, M)
13: RS < UpDATESUPPORTSIZE(R b p, 0, o'

R > p < EVALSEQUENCE(R > p, R &> S, M)
15: R > E < GETERROR(R > p, R > S, M)
16: R > S < UppaTESUPPORT(R 1> p, 0, T)

17:  end for

18: return {R7}{R2 }

19: end function

> Calculate the area «

> Update the support to match a size equal to «

of cross-correlation functions, as detailed in section 2.2.7 of ref. 18, and as
further discussed in section “Aligning the reconstructions”.

A second preparatory step, accomplished by the CrossOVERMAP
function at line 6 of Algorithm 4, is to define which elements in the matrix
RA\ > pjj i€, the Fourier representation of the density matrix RE,, > p;,
are modified by the mixing operation. As exemplified in Fig. 8, the Fourier
domain is divided into rectangular tiles of size ¢, and t,. The values of £,
and t, are randomly chosen in the range [f,,i,, fnay]» and given as para-
meters to the function CRossOvERMaP. The value of . ;  is typically on the
order of a few pixels (e.g. t,;, = 4), while f_,. can assume values corre-
sponding to a relatively large fraction of the linear dimension N,, of the
total matrix, for example ¢, = - The tiles domain is then randomly
shifted and rotated, as visible in Fig. 8. Afterwards, tiles are elected as
“crossover regions” with a probability C,, given as a parameter. The
output of the CrRossOVERMaP function is then a binary matrix C™ of size
N, x Ny, whose values are set to 1 only at those coordinates i, j belonging to
tiles that have been selected for the crossover operation. The tiling of
Fourier domain enables mixing of the information during the crossover
operation without destroying the local correlations existing in the FT of
the density. These correlations derive from the limited spatial extension of
the sample and are a consequence of the oversampling method. For fur-
ther information, please refer to refs. 18,65.

It is finally possible to calculate the new values for the new density
RE, D P;j- The operation is performed at line 9 only for those coordinates i, j
where the crossover map Cj; " = 1. The mathematical operation depends on
a parameter C,,, typical of Differential Evolution, called “crossover weight™.

Additionally, a new population of support functions has to be created.
The mixing operation is performed here for all the entries in the new
support matrix Rb,, > S, without any tiling operation, by mixing the
support information of the three selected densities, ie. R* > Sy, Rl > S;i
and R > S;;. As long as the support matrix is a binary function, the m1x1ng
operation at line 11 of Algorithm 4 is performed via binary operator. In
practical terms, the new support function is inherited from R*, with the
addition of those regions included in the support function of all the other
parents RV RE and RP.

Once the new densities and supports are created for all reconstructions
in the new population {R%,, }, the real-space representation of the new
densities R?, > p is calculated via an inverse FT of R?,, > p and the new
population is returned as output.

b=t of the reconstruction with the lowest error in {Rp }

> Calculate the area o™ of the union of all the supports in {R” }

> Calculate the area o™ for the error evaluation of the reconstruction as a linear combi-
best

and o, with a coefficient dependent of the current generation g

> For all the reconstructions in the two populations

> Improve the density with a sequence of IAs
> Shrink the support function via the Shrink-wrap algorithm

best

> Update the support to match a size equal to a***

> Improve the density using only the Error Reduction algorithm
> Calculate the reconstruction error

> Shrink the support function via the Shrink-wrap algorithm

> Return the populations of optimized reconstructions
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Fig. 8 | Example of a crossover map. The domain is divided into tiles of random
height and width. A random shift in space, as well as a random rotation, are then
applied to the tiles. Tiles are then elected for the crossover operation with a prob-
ability C,. Coordinates of the matrix that belongs to the elected tiles are then sub-
jected to the crossover mixing.

This step, commonly defined as self-improvement in the context of memetic
algorithms™, is responsible for the local optimization of the candidate
solutions. In the framework of phase retrieval, this local optimization is
accomplished by iterative phase retrieval algorithms (IAs)” in order to
improve the densities R >p and the Shrink-wrap algorithm (SW)" as
regards their respective support functions R > S. The structure of the self-
improvement step is reported in Algorithm 5. The alternation of [As and SW
is repeated R times.

For the first R — 2 repetitions (see line 6), the densities are improved via
IAs through the function SEQUENCE, and the support functions are updated
via the SW method through the function UppaTeSuppoRT. For the last two
repetitions, at line 11 and line 13, the update of the support is instead
performed by the function UpDATESUPPORTAREA in place of the standard
UppATESUPPORT. The UpDATESUPPORTAREA function ensures that the new
support function has a total area (i.e. number of coordinates where its value
is 1) corresponding to the input value a.

The first call of UppaTESUPPORTAREA (line 11) updates all the supports
to a target area o™, ie. the area of the support corresponding to the best
reconstruction (i.e. the one with the lowest error value), calculated at line 2 of
Alg. 5. The role of this function call is to push away from stagnation those
reconstructions that are stuck in a local minimum where the support area is
significantly larger than the target.

The second call of UppATESUPPORTAREA (line 13) sets the support area to
a value . The quantity a* is calculated as a linear combination of o
and of the area of the union of all supports a™ (see line 3). The coefficient of
the linear combination £ depends on the current algorithm generation g = 1,
..., G, tuning ™" closer to " at the beginning of the reconstruction and
closer to o**' towards the last generations (see line 4). This second call
ensures that all the reconstructions in the two populations have the same
support area before the execution of the last algorithms sequence EvALSE-
QUENCE (line 14, where only the Error Reduction algorithm is executed) and
the following error evaluation (line 15). The importance of this aspect and its
central role in the MPR method is described in the following section “The
modified Shrink-wrap”.

Once that the error value is calculated via the GeTERrOR function,
which calculates the quantity introduced in Eq. (3), the support of the
reconstructions are upgraded via the UppaTeSuppoRT call (standard Shrink-
wrap algorithm) and the two improved populations {Rp } and {Rﬁew} are
returned.

The modified Shrink-wrap

The functions UppATESUPPORTSIZE in Algorithm 5 indicate a modified ver-
sion of the Shrink-wrap algorithm for the update of the support function.
This algorithm inherits the first step from the Shrink-wrap, i.e. it performs a
gaussian smoothing, with standard deviation o given as parameter, on the
input density R > p. The standard Shrink-wrap then calculates the new
support by thresholding the smoothed density p, at a value 7 x max[p,].

Conversely, this modified version ensures that the overall extension of
the support, i.e. the number of coordinates where the density is allowed to be
non-zero, equals to the quantity . The threshold 7 is then automatically
computed within the UpDATESUPPORTSIZE based on the value « and the values
of the smoothed density p,.

This peculiar way of upgrading the support matrix ensures that each
density R > p is then optimized by using a support constraint R > S with
equivalent “strength”. This aspect is of fundamental importance for the
following SELECTION step (see line 6 of Algorithm 3), where reconstructions
in {R?} and {R”, } are compared based on their error value, as discussed
in the following section.

The selection step

Algorithm 6. The selection step
1: function Select({R?}, {RZ,.})
2: forp=1,...,Pdo>Loop over all indexes p in the reconstructions
populations of size P
3: ifRP,, > E <R > E then > For each index p, the error of the
reconstruction in the parent popu-
lation R* and in the new popula-
tion RE,, are compared
4: RF < RP, > Ifthe error of the reconstruction belonging to
the new population is lower than the one of the
parent population, replace the parent indivi-
dual with the new one
5 end if
6: end for
7:  return {R?}
8: end function

The implementation of the SELECT function at line 6 of Algorithm 3 is
reported in Algorithm 6. It has the important role of comparing the
performance of the reconstructions in {R’} and {R%, } and
upgrading the current population {R” } accordingly. This operation is
based on the evaluation of the error value, calculated at line 15 of Alg. 5,
for each reconstruction R in the two populations. For each index p, the
error values of the reconstruction in the original population R and in
the new one R?, are compared (line 3 of Alg. 6). The reconstruction
R’ is then replaced by R2,, if the error of the latter RE, & has a
lower value, otherwise RE, is discarded. The upgraded population
{RP} is then returned by the function and a new generation of the
MPR algorithm starts.

Despite its conceptual simplicity, the selection step has a peculiar
aspect deriving from the nature of the phase retrieval problem, and has
to be carefully handled as discussed in the following. The evaluation of
the error involves the use of the two constraints required to ensure the
existence of an unique solution to the phase problem, which are
enforced by the two projector operators, Py, and Ps, introduced by
Eq. (7) and Eq. (6), respectively.

The action of the two projections on a generic density p is gra-
phically represented in Fig. 9a, along with the error value E which can
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Fig. 9 | Effect of different support sizes on the a)
evaluation of the error value. In (a), graphical M
representation of the action of the two projectors, Py,
and Pg, on a generic density p. The error value,
indicated as a dashed gray line, is the distance
between the two projections. For further discussion
about the interpretation of the phase retrieval pro-
blem in terms of sets, please refer to refs. 18,30,35. In
(b) supports with decreasing sizes, from A to D,
correspond to decreasing volumes of the sets $* to S”

PM P
E(p,5AM) y
‘,‘: PsA 14

E(p,SPM)
=
n (a). The dependency of the error value E on dif- -
ferent support sizes is also shown in (a), with larger S E Pgsp p V
supports yielding smaller error values for the same
density p. SC SE C
a)

¢ =0

¢, €[-1.0m,1.0n] ¢, E€[-0.5m,0.51]

Fig. 10 | Examples of densities initialization. Densities are randomly initialized by
filling a square area of the complex-valued matrix of spherical profiles with random
sizes and positions. In (a), for each row, four different densities are initialized with

0°

120° 60°

increasing values for the phases ¢,"*. In (b), different gamma values are applied to
the densities. The phase of the complex-valued matrix are encoded following the
color scheme shown in (c).

be interpreted as the distance between the two projections. Finding the
solution to the phase problem can be also interpreted in an intuitive
manner as the density p for which the distance between the projections
on the two sets is the smallest.

The P, operator acts equivalently for all reconstructions, because the
set M is the same for all the densities (the experimental pattern I;; is known
a-priori and does not change during the reconstruction procedure). The
situation is substantially different for the case of the Pg operator, which
projects a given density p onto the set S. Each reconstruction in a population
has its own support function which differs from the others. As a con-
sequence, the projection operator Pg acts differently for each reconstruc-
tion R.

This feature poses a problem when evaluating the error value of the
reconstruction, which can be interpreted as a distance between the two sets

as depicted in Fig. 9. In principle, each of the supports shown in Fig. 9b is
enough to define a unique solution to the phase problem. However, a looser
support function corresponds to a set S in Fig. 9a with higher volume. Thus,
reconstructions evaluated on a larger support function inherently have a

smaller error value, as the distance between the sets M and S reduces. It is in
general incorrect to compare the errors of two reconstructions with different
support functions.

However, the comparability between the reconstructions can be
restored by enforcing all the reconstructions {R”} and {RE,,} to
have a set S with equal volume, i.e. their support functions R” > S to be
composed by the same number of pixels. This fundamental step is
achieved by the UppateSupporTSIZE function described in section IV E,
executed right before the last sequence of iterative algorithms

EvALSEQUENCE in the IMPROVE routine (at line 14 of Alg. 5) and the
error evaluation (line 15 of Alg. 5).

Initialization of the starting densities

The initialization of the starting guesses at the beginning of the recon-
struction process, so far indicated by the InrTiaLIZE function, plays a crucial
role. On the one hand, it is desirable to create starting guesses as close as
possible to the solution of the phase problem. On the other hand, the
process has to be sufficiently randomized to enable a reasonably
wide exploration of the parameters space. Despite that the initialization
itself does not conceptually belong to the MPR method, the way in which
densities are initialized may affect the final outcome of the
reconstruction, and its description is useful to understand and evaluate the
tests conducted on experimental data presented in section “Dealing with
experimental data”.

The initialization step employed here is based on filling a region of
the real space with a number of spherical densities. The real space
region is a square of size Z™ x ™ pixels. This area is then filled by
summing up a number N™ of densities of projected spheres with dif-
ferent radii Ri™*. To each sphere, a global phase value ¢"* can be
assigned.

An example of this procedure is shown in Fig. 10a, where four
densities are stochastically initialized. In the first row, all the densities
are real-valued, i.e. they all have a fixed global phase, in this case
¢t = 0 (see color map in Fig. 10c). Here, densities are initialized in a
square of edge ™ = 100 pixel. The number of spherical profiles is
randomly chosen in the range N't € [2, 8]. Their diameter is extracted
inthe range D' € [20, 60] pixel. The second and third rows of Fig. 10a
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show, instead, the same initialization but with different ranges for the
spheres phases, which are ¢ € [-Z,7] and ¢ €[, 7]
respectively.

The densities shown in Fig. 10a correspond to the optical depth of
spherical particles. These profiles can additionally be tuned by applying
an exponentiation operation to the modulus of the overall density with
exponent y™, i.e. |p|”"". All the densities in Fig. 10a are produced with
9™ = 1. Figure 10b shows instead the effect of different values for the
initialization exponent ™, i.e., 1.5,0.7 and 0.2, applied to the densities
of the second row in Fig. 10a. The effect of y™ is equivalent to the
gamma value in image processing, where contrast can be increased (y™"
> 1) or decreased (y™ < 1).

The last step performed in the initialization step concerns the
normalization of the density. The Parseval’s theorem states that the
Fourier transform operation preserves the L* norm. Thus, the L* norm
of the density p is fixed by the knowledge of the diffract%on patternI. In
numerical terms, it means that 3, [p,[> = >, [FT p] il = 2yl Soif
the full diffraction image I is known, the normalization is auto-
matically constrained by the application of the modulus projector Py,
in Eq. (7).

However, one unavoidable limiting factor of real experimental
data is that the inner part of the diffraction image is not recorded, due
to the presence of a beam stopper or a hole in the detector to prevent
from damages created by the highly intense transmitted light beam.
This feature represents the main obstacle when attempting CDI on
experimental data, as the phase retrieval algorithms have to also
retrieve the missing intensities where the data is not available'®. This
aspect is discussed in detail in section “Dealing with experi-
mental data”.

To aid phase retrieval algorithms in their optimization task, it is con-
venient attempt a normalization of the starting densities that is as close as
possible to the correct one. Known values in the scattering image can be
identified by a mask matrix &, with &;; = 1 where the scattering values I;j are
known, and Eij = 0 otherwise. Each density p is then multiplied by a nor-
malization factor:

V= — 2 (10)

In practical terms, the full L norm is inferred by comparing the partial L*
norms calculated only on the known pixels in the scattering data,
where E; = 1.

Summary of the parameters and further considerations
The parameters and terms introduced so far are summarized in Table 1.
This overview allows to further discuss some aspects that were only briefly
mentioned in the previous section and require more discussion.

Changing values over generations

As the MPR generations progress it is useful to modify some parameters that
affect the update of the support function and the execution of iterative
algorithms. This is particularly true for the number of iterations of iterative
algorithms (HIO and RAAR). In fact, a large number of iterations of
these iterative algorithms (IAs) allows better exploration of the parameters
space, suffering less stagnation issues compared to the ER algorithm. Their
drawback is, however, that they often fail to keep the solution once they are

Table 1 | Glossary of the most important parameters and keywords of the SPRING framework

Name Type Allowed values Default Description

Global (see section “Memetic phase retrieval”)

P int >4 128 Population size

G int >1 100 Number of generations

N, int = = Linear dimension of the diffraction data

Initialization (see section “Initialization of the starting densities”)

sinit int - -

Initial linear dimension of the support function

Nt int >1 5

Amount of spherical profiles that fills the initial support

it rand (float) [>0, <5 [0.2-5" 0.9.5"  Range of diameters for the spherical profiles
it rand (float) [> — 7, <77] [0, 0] Range of phase values for the spherical profiles
ymt float >0 1 Gamma value applied to the modulus of the initial density
Crossover
Co float 0<-<1 0.6 Crossover probability (see section “Crossover”)
Cw float 0<-<2 0.4 Differential weight (see section “Crossover”)
C, float 0<-<1 0 Crossover averaging (see section “Missing intensities at low scattering angles”)
Support update
T,Tena  float 0<-<1 -2z Threshold for the support update via the shrink-wrap algorithm
0,0enq float >0 2,05 Smoothing amount for the support update via the shrink-wrap algorithm
Iterative algorithms
R int >2 3 Number of repetitions of the main algorithms sequence (see section “The self-improvement”)
X float 0<-<1 0.5 Fraction of the complex plane allowed for density values (see section “Real-space constraints”)
] int >0 40 Starting number of iterations of IA (HIO or RAAR) (see section “Changing values over generations”)
B float 0<-<1 0.9 Beta parameter for HIO or RAAR algorithms
JER int >0 40 Starting number of iterations of Error Reduction (see section “Changing values over generations”)
Jeval int >0 40 Number of iterations of Error Reduction for the evaluation sequence (see section “The algorithms

sequence”)
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close by”. A common practice is then to reduce their number of iterations
over the reconstruction process. For these reasons, their number of itera-
tions J is set at the beginning, and it is linearly reduced to je,q over the
generations. By default, jeng = 0 for HIO and RAAR.

A similar consideration applies to the update of the support function
via the Shrink-wrap algorithm". There, both the threshold 7 and the
smoothing about ¢ can be reduced along the reconstruction process to
improve the quality of the reconstruction result. In this framework, the
starting values of 7 and ¢ are then linearly changed as function of the
generations to the final values 7o,q and g,,q. By default, these values are set to
Tend = 37 and Geng = 0.5 pX.

The algorithms sequence

Iterative algorithms are executed as a SEQUENCE, introduced in Eq. (1), which
is repeated a number R of times for each reconstruction R at each gen-
erationg=1,..., G, and alternated with the routine UppaTESUPPORT at each
repetition (see Algorithm 5). While, in principle, several different combi-
nations of algorithms can be used, the structure of the algorithms sequence is
kept as simple as possible in this work. As highlighted in section “The self-
improvement”, two algorithms sequences are used:

Main sequence. It is indicated as SEQUENCE, and it is composed of some
iterations of the HIO or RAAR algorithm (with the given value of the
B parameter), followed by some iterations of the Error Reduction
algorithm. The starting number of IAs iterations is set by the parameter
J and the starting number of ER iterations is set by jgr (see Table 1).
Their number is linearly modified as the generations progress. Their
final value is 0 for IAs and j + jgg for the ER algorithm, i.e. only the Error
Reduction algorithm is executed towards the end of the reconstruction
procedure.

Evaluation sequence. The evaluation sequence is designed to steer the
current reconstruction towards the closest local minimum of the error
function, immediately preceding the error evaluation. For this reason, in
the current implementation of MPR, it is composed only of a number of
iterations Jeyy of the Error Reduction algorithm that is kept constant
during the reconstruction process.

Real-space constraints

In addition to the support function, a further constraint can be added in
real space. In literature, this constraint is indicated often as positivity
constraint. When applied, it restricts the real part of the density values
pij to be non negative™. In general, the values p;; are allowed to cover the
complete complex set, ie., their phases arg(p;) € [-m, 7], while
arg(p;) € [—2.,7] if positivity is constrained. Within MPR, the posi-
tivity constraint is generalized by the parameter y, such that phases are,
in general, constrained to the set [—y 77, y 77]. The default value s y = 0.5,
which is equivalent to the application of the typical positivity constraint.
In the examples shown in this manuscript, y is set to its default value if
not explicitly indicated.

Aligning the reconstructions

The ResHIFT operation, discussed in section “Crossover”, is necessary to
minimize the intrinsic ambiguities of the phase retrieval problem before
performing operations that combine different densities, like the crossover or
the averaging. A generic density p can be transformed to match a reference
densityp™ by calculating the cross correlation function between the two, i.e.
p*xp’. The coordinates of max [|p x p™f|] (or, to be more precise, the
coordinates relative to the center of the autocorrelation matrix) indicate the
spatial shift that has to be applied to p to spatially overlap with p™. The global
phase that has to be added to p is, instead, the phase of this maximum value.
The ambiguity of complex conjugation and inversion, i.e. p(X) — p*(—X),is
resolved by performing the same operations on the transformed version
p*(—X). Then, the one that gives the highest maximum value for the
autocorrelation is kept.

This operation turns out to be safe and stable when the population of
reconstructions is already converging towards a solution, while it may
present some issues at the beginning of the reconstruction process. This is
particularly true for large samples, where the relative amount of information
lost in the central hole of the detector is relevant and renders the recon-
struction process challenging. In fact, the dominant information that
determines the outcome of the cross-correlation operation is the most
intense one in Fourier space. Due to the isolated nature of the samples
(necessary to satisfy the oversampling condition) the brightest region in the
Fourier domain is the one at the center, corresponding to low momentum
transfer, where experimental data is usually missing. The misestimate of
these values by phase retrieval algorithms may result in misalignment of the
reconstructions, and further amplifications of the corresponding artifacts
(see also section “Dealing with missing intensities”).

To mitigate this issue, the coordinates of the intensity matrix at which
the experimental values are unknown are excluded from the calculation of
the cross-correlation function. In particular, the cross-correlation between p

ref +

and p™ is calculated via the convolution theorem as follows:

pxp™ = F[E- Flpl- Flp]] (11)
where By called mask, has values 1 where the intensities are known and 0
otherwise.

Dealing with missing intensities

The unavoidable feature of CDI diffraction patterns at FELs is the lack of
information in some regions of the reciprocal space. Those regions can be
categorized into three types:

1. Regions in-between the detector modules. CDI detectors are
constructed as an assembly of tiles, with some space between them
to leave room for electronics. Those areas can be identified in the dark
stripes of the patterns shown in Fig. 2.

2. Central region of the scattering image. A center hole allows the
unscattered beam to pass through the detector without damaging it.
This appears in the diffraction patterns as a large area of unknown
intensities at the center of the detector with circular (Fig. 2a) or rec-
tangular (Fig. 2d) shape.

3. Saturated pixels. Detector pixels are capable of recording radiation up
to a maximum threshold value. Above this value, the pixel sensors no
longer respond in a linear manner to the incoming radiation. Thus,
those pixels have to be excluded from the retrieval procedure, as they do
not carry correct information. Due to the decreasing scattering
intensity with increasing momentum transfer, which is an intrinsic
feature of diffraction images from isolated particles, saturated pixels are
typically close to the detector center, further reducing the information
recorded at low momentum transfer.

While 1) and 2) are predetermined by design, 3) varies on a shot-to-
shot basis. Some strategies are implemented in MPR to deal with these
issues.

With regards to point 1), iterative algorithms typically over-estimate
the scattering signal in those regions, causing the appearance of artifacts in
the reconstruction. A strategy to extract an upper bound for the missing
intensities from the known ones has been developed. This is accompanied
by the introduction of a modified version of the modulus projector Py, that
constrains this upper bound during the execution of iterative algorithms.
This method greatly improves the quality of reconstructions belonging to
Dataset B (Fig. 2d). It is used in all of the tests that involve this dataset. It is
worth underlining that this strategy is not strictly connected to the use of the
MPR algorithm and can be directly implemented into standard imaging
workflows. The implementation details and technical aspects of this strategy
are reported in the following section “Constraining intensities at large
scattering angles”.

The way in which MPR deals with the missing intensities in the central
region of the detector corresponding to low momentum transfer, deriving
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Fig. 11 | Effects of missing intensities in the detector’s gap on the reconstructions.
In (c), a cutout of the experimental data, taken from Dataset B, is shown. The gray
region identifies the missing values due to the detector’s geometry, while the green
one highlights the intensities missing due to pixels saturation. In (a), the recon-
struction is performed without constraints on the missing values shown in (c).
The reconstruction shows strong artifacts in the form of vertical lines in the
reconstructed scattering density. Those artifacts come from the overestimation of

the intensities in the detector’s gap. This is highlighted in (d), where the amplitude of
the Fourier Transform of (a) is shown. Subfigure (b) shows the reconstruction
performed by placing an upper bound to the missing intensities in the gap, as
described in the main text, where the strong artifacts are now missing. The respective
Fourier Transform in (e) shows how, in this case, the overall amplitude of the
intensities in the detector’s gap are now fitting the overall intensity behavior.

from points 2) and 3), is instead strictly connected to the crossover operation.
This topic is discussed in the following section.

Constraining intensities at large scattering angles

The problem of missing intensities due to the detector’s tiles arrangement is
particularly impacting the case of Dataset B (see Fig. 2d), where the data has
been acquired via the pnCCD detector of the SQS beamline at European
XFEL®. The detector is composed of two modules, upper and lower, which
can be independently moved. This arrangement is such that, in the hor-
izontal direction, there is a region of unknown values at all § magnitudes,
highlighted in gray color in Fig. 11c. Such a large, spatially correlated, region
of unknown values in Fourier space is challenging for reconstruction
algorithms, which often tend to misestimate those values during the
reconstruction process. This is well exemplified by the reconstruction
shown in Fig. 11a, where strong artifacts in the form of vertical lines arise
from an overestimation of the reconstructed intensities in the horizontal gap
(see Fig. 11d).

A workaround to this problem, implemented in MPR, is to set upper
bounds for those intensity values, based on the generic behavior of the
scattering pattern. Those upper bounds can be calculated by considering
the behavior of the scattering intensity as function of the distance from the
detector’s center. The scattering intensity I(§) can be rewritten in terms of
polar coordinates of the momentum transfer § = (g, ¢), i.e, I(g, ¢). For a
given magnitude of the momentum transfer g (corresponding to a fixed
scattering angle, i.e., to a fixed distance from the detector’s center), the
average scattering intensity p(q) can be calculated as:

Jy' d¢1(a, 9)2(a, 9)

o d98(q, 9)
where 2(g, ¢) is the mask function described in section “Initialization of the
starting densities”, which assumes a value of E(g, ¢) = 0 where pixels are
unknown, or (g, ¢) = 1 otherwise. The function (I(q, ¢)), is commonly
addressed as the radial profile of the scattering. Still, Eq. (12V§ does not take
into account the fluctuations of the values that happen along the integration
circumference. It is then necessary to take into account those fluctuations by
calculating the standard deviation of the average intensity at a given mag-
nitude of the momentum transfer, i.e.:

@) = (1.9)), = (12)

0@ = \/(P(@.9), - (1a.9); (13)

The upper bound for the intensities U(g), which is assumed then to be
dependent only on the magnitude of g, is defined as:

U(q) = u(q) + 1 01(q) (14)
where 7 > 0 is a constant value. In practical terms, the upper bound for the
missing intensity is set to be the average value of the known intensities at that
scattering angle increased by # times their standard deviation. The exact
value for the parameter # is a free parameter. In the context of this paper, this
value is kept to 7 = L.5.

The upper bounds in Eq. (14) work upon the assumption that the
missing intensities follow the same statistics as the known ones. This is a fair
assumption when, for a given momentum g, the amount of known inten-
sities is substantially larger than the unknown ones. As the gap between the
detector’s modules is fixed, while the length of the circumference where the
integration is calculated increases with g, this condition is certainly met far
away from the image center. Conversely, for low g values close to the center,
the relative amount of unknown intensities increases, up to the point where
a statistical extrapolation from the known intensities becomes inadequate.
In the context of this paper, the upper bound in Eq. (14) is only used for
those scattering angles where the relative amount of unknown intensities is
within 20% of the total. A further consideration is necessary for regions
where the detector is saturated. First, the upper bound is not applied here.
Second, if at a given magnitude of the momentum g more than 5% of the
pixels are saturated, then the upper bound Uy is not applied.

Once the upper bound is defined based on Eq. (14) with the subsequent
considerations, the next discussion point is to define how this upper bound
is enforced during the reconstruction process. Such an operation is per-
formed by a modification of the intensity projector, introduced in Eq. (7) ina
simplified form. In fact, the projector P, replaces the current estimate of the
Fourier amplitudes |p;| with the experimental ones, M; = \/T;j only where
those values are known, i.e., where B> 0. The action of P,;, which creates a
new density p", can then be defined as:

Py if 5. —
ew _ ) M =1
y

(15)

P otherwise

The enforcement of the upper bounds for the unknown intensity
values can be done via a modification of the intensity projector Py, which
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now acts as:
Py e =
M; 5 if & =1
Pij P
. Ul-j ﬁ if g;= 0
P = and Ujis valid (16)
and |/3ij| > U
Pij otherwise

where Uj; is the matrix that numerically encodes the upper bounds for each
pixel coordinate calculated via Eq. (14).

The improvements in terms of reconstruction quality derived from the
use of the upper bounds for the unknown experimental data in the detector’s
gap are clearly observable in the reconstruction shown in Fig. 11b (to be
compared to the unconstrained version in Fig. 11a). The corresponding
Fourier intensities are shown in Fig. 1le, where signs deriving from a
misestimate of the unknown values are no longer visible (to be compared
with the unconstrained result in Fig. 11d).

It is worth noting that the presented method to mitigate this type of
artifact is not strictly dependent on the MPR approach, and can be directly
transferred to any imaging routine that makes use of standard iterative
algorithms for phase retrieval.

The constraint of upper bounds for missing data results in a clear
improvement in the reconstruction quality for diffraction patterns that
belong to Dataset B. In regards to Dataset A (see Fig. 2a), the arrangement of
the detector modules is such that, away from the central part, most of the
intensities are recorded at all scattering directions. In this arrangement,
the gap between the detector’s components is not a main issue in terms of
the quality of the reconstructions, which are naturally less prone to such
artifacts.

Still, in both datasets, information at low momentum transfer g, i.e.
close to the detector’s center, is missing due to the presence of a hole or notch
in the detector’s modules (to allow for the transmission of the main FEL
beam in order to avoid damage) and/or due to saturation of the detector’s
pixels (see the green region in Fig. 11c). How the MPR algorithm deals with
this aspect is discussed in the next section.

Missing intensities at low scattering angles

In general, the lack of diffraction data in the central part of the detector is a
strong limiting factor for CDL In fact, the central region of the detector
corresponds to low momentum transfer (i.e. low scattering angles), which
encode the low resolution information on the sample, and in particular:

1. The overall shape of the sample. It is harder to retrieve the correct
support function, pivotal for a successful reconstruction and for the
correct identification of the structural properties of the sample.

2. The density profile at large length scales. This prevents iterative algo-
rithms from correctly identifying the amplitude of the scattering
density in real space.

This missing data has to be retrieved by iterative algorithms using the
known intensities. This is theoretically possible because incorrectly retrieved
intensities in the unknown central region of the detector cause an increase in
density values outside the support function in real space (i.e., they are
incompatible with the support constraint).

However, there are some specific intensity distributions in the central
part that are still highly compatible with the support constraint. Those are
known as “weakly constrained modes™" and can be added to a density p**,
i.e, a solution to a specific phase retrieval problem, without significantly
changing its error value. The possibility of constraining those modes
becomes weaker and weaker with (i) larger samples (as the support function
is wider and the problem less constrained) and (ii) larger region of missing
intensities (as their effect on the density outside the support function is
lower). For further details on the weakly constrained modes please refer
to ref. 61.

During a reconstruction process, those unconstrained modes tend to
arise, especially due to the action of more ergodic algorithms like HIO and
RAAR. The crossover operation implemented in MPR (see section
“Crossover”) aims to augment the explorative power of standard IAs. As a
side effect, the crossover operation further amplifies those unwanted modes.

Within the MPR method implemented in SPRING, the occurrence of
unconstrained modes due to missing data in the central part of the detector
can be mitigated by injecting information from the average reconstruction
into the crossover operation. The average reconstructed intensities, calcu-
lated over the population {RR”}, can be extracted in different ways. One
possibility is to employ the amplitude of the Fourier Transform of the
average reconstruction p™%, i.e.:

RP
>, DP} | W)
;

rave av _
M;*® =|Flp g]ij| = |f{ P

The second possibility is to instead directly calculate the average of the
retrieved Fourier moduli, i.e.

e _ S F[R )

vy _ (18)
i P

It can be easily verified that M, © < M ;Vg , where the equal relationship only
holds when all the densities p have the same phase values in Fourier space.
Due to the strongly differing phase values in particular in the first stages of
the reconstruction process, M; ® defined in Eq. (17) tends to be an
underestimate of the correct Fourier moduli. On the other hand, M ¥ tends
to give an overestimate of the moduli, due to the strictly positive nature of
the quantity | 7 [p } |. These qualitative considerations lead us to the use of
the average between the quantities in Eq. (17) and Eq. (18) as an estimate for
the missing Fourier moduli.

The information gained via Eq. (17) and Eq. (18) is then propagated
into the population of reconstructions via the crossover operator (section
“Crossover”). There, the density values of three different parent recon-
structions, R%, R? and R°, are combined in reciprocal space following the
operation described at line 9 of Alg. 4. The parent reconstruction R* is then
replaced with a modified reconstruction R”. The densities in Fourier
representation R* > pand R” > p have the same phase values. The modulus
of R > p is instead defined as:

i+ M

=a M ij
|R>M:C——7—%0—gym%%| 19)

The reconstruction R* is then used in place of R“ as a parent density for the
crossover. In practical terms, Eq. (19) sets the amplitude of R” > p as a linear
combination of the average moduli and the amplitude of the original
reconstruction R? > p, depending on the parameter C,. When C, = 1,
Rbp, j is obtained by completely replacing the moduli of R* > p;; with the
average ones. When C, = 0, R" > p;; is just a replica of the original den-
sity R > p;;.

The behavior of SPRING for a spatially large sample, a particle
agglomerate, is shown in Fig. 12 for three different values of the C, para-
meter. Figure 12b is divided into three columns, corresponding to C, =0, C,
=0.2 and C, = 0.5. For each case, the average reconstruction is reported
along with three representative individuals, similarly to what is reported in
Fig. 3. Here, the color scale encodes the phase component of the complex-
valued reconstructed densities, following the color scheme in Fig. 10. In the
individual reconstructions, large-scale fluctuations of the density phases are
recognizable, which come from the introduction of the unconstrained
modes (apart from the Gaussian one, see ref. 61).

It is possible to inspect the behavior of these unconstrained modes by
tracking two quantities. First, the unconstrained modes affect the overall
sum of the reconstructed density, i.e. |3 ;p;|. This value corresponds to the
central peak of the Fourier Transform and is theoretically encoded at the
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Fig. 12 | Effects of the presence of unconstrained modes on the reconstructions,
performed on a diffraction image taken from Dataset B. In (a), different perfor-
mance indicators are reported as function of the algorithm’s generations. Solid lines
report the value of the indicators for the standard crossover operation described in
section “Crossover”, which corresponds to C, = 0. Dashed and dotted lines describe
instead the values for C, = 0.2 and C, = 0.5, respectively. The relative standard
deviation (gray line) and the replacement factor (orange line) are expressed in %,
with the scale reported on the right axis of the respective plots. In (b), insights into

the status of population of reconstructions at the last generation of the algorithm
(100) are reported for the three different values of C,. In the first row, the average
reconstruction is shown, indicated as p**%. The second row shows the reconstructions
with the lowest error, p**'. The third row reports the density in the middle of the
errors distribution, p". The last row depicts the density p*** with the highest error.
For each density, a cut-out of the modulus of its Fourier transform is also reported in
logarithmic color scale, to highlight how the missing data in the central part of the
detector affects the reconstructions.

center of the diffraction pattern, i.e. |Zijpij| = /1(0, 0). As the central part
of the pattern is missing, this value is not fixed and tends to fluctuate during
the reconstruction process. It is well highlighted by tracking the mean value
of the densities sum in the population of reconstructions, shown as a solid
red line in Fig. 12a for the case C, =0 (no average information is injected into
the crossover). The behavior shows that the density sum quickly drops in the
first 15 generations, during the shape identification phase, undershooting its
final value (at generation 100) by around 20%. In the following shape
definition stage, the density sum quickly recovers, now overshooting by
around 10% the final value, which is slowly reached during the density
refinement step. It is worth looking also at the behavior of the standard
deviation of the density sum (expressed in % relative to the mean value),
represented as a gray solid line in the same plot of Fig. 12a, which slowly
decreases towards a final value of around 9%. Thus, the width of the sums
distribution within the population at the final generation 100 is around the
20 % of its value.

A second way of tracking the presence and the strength of uncon-
strained modes in the population is to define a complexity indicator that
estimates the fluctuations of the phase values in real space. For a density p,
the quantity I' can be defined as:

_ |Zijpzjl
ziﬂpg'

The value of I can assume values between 0 and 1. A value of I' = 0 implies
that all the entries of the matrix p;; have a constant phase value, i.e. there is no
phase contrast in the reconstruction. As the refractive index of materials in
the X-ray region of the electromagnetic spectrum is typically very close to 1,
no (or very small) phase shifts are expected (there are conditions where this
approximation is not valid, as discussed in section II G). Instead, the higher
the value of I, the stronger are the density phases fluctuations in real space.
The behavior of the complexity indicator I" for the case C, = 0 is revealed in
Fig. 12a as a green solid line, which reports the mean value within the
population of reconstructions. The value of I' quickly raises from 0 (as

r=1

(20)

densities are initialized as fully real-valued, see Table 1 and section
“Initialization of the starting densities”) up to 0.04 and then stabilizes right
above 0.02 in the first two stages of the reconstruction. During the following
shape refinement stage, its value starts to increase again in an apparently
divergent behavior, reaching its maximum value in the last generations.

The high values of I within the populations are a direct implication of
the fluctuations in the density values visible in the first column of Fig. 12b,
especially in rows 2-4, where three individual reconstructions of the
population { R} are shown. Those fluctuations, whose shape and strength
widely differ among the single individuals, can be related to the variations of
the reconstructed missing intensities in the central part of the diffraction
pattern, shown on the right side. First of all, the distribution of the recon-
structed intensities varies strongly among the reconstructions. Second, they
present strong asymmetries with respect to the center of the diffraction
image, which is the sign of a remarkable deviation from a real-valued density
distribution in real space.

The impact of different values of the C, > 0,i.e. C,=0.2and C, = 0.5, on
the reconstruction process are also reported in Fig. 12a. For what concerns
the mean value of the density sum (red line in 12a) the large fluctuations of
the value described before in the case of C, = 0 are increasingly dampened
for C,=0.2 (dashed red line) and C, = 0.5 (dotted red line). In particular, the
sum value quickly stabilizes within the first 15 generations for C, = 0.5, with
only slight adjustments towards its final value over the remaining iterations.
The stronger “constraint” on the missing intensities is also directly visible in
the relative standard deviation within the reconstructions populations of the
sum values (gray line in 12a), which drops much quicker with the pro-
ceeding of the iterations, reaching a final value below 5 % in the case of C, =
0.2 and close to 0 % for C, = 0.5. It is worth noting here that, despite the
substantially different behavior of the sum, the final value reached at gen-
eration 100 is almost identical for the three cases.

Similar considerations apply for the complexity indicator, reported as a
green line in Fig. 12a. Its average value within the population is increasingly
lower for higher values of C,. This feature is directly visible by observing the
individual reconstructions in Fig. 12b. In particular, the large-scale
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fluctuations of the phase values in real space (and the corresponding
asymmetry in the central cutout of the Fourier amplitudes) are weaker, but
still recognizable, for C, = 0.2 (see third and fourth columns of Fig. 12b). It is
instead hard to spot differences, both in real space and in Fourier ampli-
tudes, in the case of C, = 0.5.

Despite the large fluctuations observed for C, = 0 (and still present in
C, = 0.2) the final average density presents very similar features in all the
three cases (first row of 12b), both in terms of phase fluctuations in real space
and in terms of retrieved missing amplitudes in Fourier space. This obser-
vation hints towards the fact that, even in the case of C, = 0, despite the
prominent arising of the unconstrained modes in the individual recon-
structions, those modes are randomly distributed and tend to cancel out in
the averaging operation.

However, the use of the average Fourier modulus via the C, parameter
unveils its importance by comparing the replacement factor of the crossover
operation (see section “Monitoring the reconstruction process”), shown as
orange line in Fig. 12a. During the density refining stage (and in particular
from generation 50), the replacement indicator is systematically higher for
higher values of C,, meaning that the crossover operator is more effective in
feeding the population with new reconstructions that perform better than
the previous generation. The direct implication is that the error of the
average reconstruction is lower, as reported by the upper plot in Fig. 12a, i.e.
the error value is better optimized.

Computational cost and performance

The parallel execution of several individual reconstructions is a key ingre-
dient of the MPR approach and it comes at a computational cost. In this
section we briefly discuss this aspect and give a reference for the time to
solution that a user may expect. The presented timing tests, summarized by
Fig. 13, are performed with the MPR implementation provided by the spring
python module, which can exploit multiple CPU cores as well as multiple
Graphical Processing Units (GPUs) in a shared-memory environment. The
part of the software executed on the GPU is written in CUDA" program-
ming language®, which is designed only for GPUs produced by NVIDIA".

Among the three operations cyclically performed by MPR, the com-
putational cost of the crossover and selection is, at a first approximation,
negligible compared to the computational effort required in the self-
improvement. There, in fact, thousands of FT have to be executed for each
reconstruction in the populations {R” } and {R2, }.

In theory, the time to solution of a full reconstruction process with
MPR is linearly dependent on the number of iterations of iterative phase
retrieval algorithms (j and jgg), the size of the population P and the number
of generations G (see Table 1). It is furthermore higher than linearly
dependent on the number of entries in the matrix containing the diffraction
data, N, which is at least N log(N7), thanks to the properties of the Fast
Fourier Transform employed for the FT calculation®.

Timing and scaling tests for different combinations of number of CPU
threads and GPUs are reported in Fig. 13. These tests are performed on a
server equipped with two AMD Epyc™ 7302 CPUs with 16 cores each, for a
total of 32 physical computing cores. The system is accelerated by four

NVIDIA GeForce RTX™ 3090 high-end consumer-level GPUs. The values
of the MPR parameters that influence the time to solution have been set to
their default values (see Table 1), i.e., J = Jgg = 40, P = 128, G = 100 and
N, = 512.

Figure 13 areports the timing and scaling performance with a single
GPU in use and increasing number of CPU threads. We decided to use 4
threads as a starting value, as this is typically the minimum number of
CPU cores provided nowadays even on a lower-end consumer-level
computer accelerated by a GPU. As most of the calculations are off-
loaded to the GPU, a strong improvement in performance should not be
expected with the increasing number of CPU cores in use. Still, NVIDIA
GPUs can handle communications with CPU threads in parallel, over-
lapping communication and computation up to some degree. In this
specific hardware configuration, an appreciable gain in performance is
visible for up to 8 CPU threads. Figure 13b shows, instead, the timing and
scaling of a single reconstruction process for increasing number of
GPUs, from 1 to 4. The number of CPU threads per GPU is kept constant
and equal to 8.

The tests reported in Fig. 13 are only a rough estimate of the perfor-
mance that can be expected for a given hardware configuration. They are
anyway enough to conclude that, depending on the number and perfor-
mance of the available GPUs, the time to solution can vary from a few to
some minutes. The use of GPU accelerators designed for data centers, as well
as the development expected in the upcoming years in terms of GPU per-
formance, boosted by Artificial Intelligence, will allow a sub-minute time to
solution for this MPR configuration.

Relevant speedups in the time to solution can be furthermore
obtained by tuning the binning and rescaling of the experimental data. All
the tests in this manuscript have been performed by rescaling the data via
binning operation to a size of 512 x 512 (i.e., N, = 512), which ensures a
sufficient degree of oversampling to handle any practically tractable dif-
fraction pattern. Still, in many cases, the sample is sufficiently small to
rescale the diffraction data to N, = 256, thus providing at least a four-fold
speedup in the time to solution of MPR, reaching the sub-minute
time scale.

Data availability

The raw data recorded for the experiment at the European XFEL are
available at https://doi.org/10.22003/XFEL.EU-DATA-004396-00. Dif-
fraction patterns treated in this work can be found in the SPRING software
repository at https://gitlab.ethz.ch/nux/spring.

Code availability

The spring module is released as open source software at https://gitlab.ethz.
ch/nux/spring. The documentation is available at https://share.phys.ethz.
ch/~nux/software/spring/main/docs/. A version of the code and its doc-
umentation is archived at https://doi.org/10.5905/ethz-1007-832.
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