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Abstract
In this article, we consider the stability of the 2D magnetohydrodynamics
equations close to a combination of Couette flow and a constant magnetic
field. We consider the ideal conductor limit for the case when viscosity v is
larger than resistivity «, v > x > 0. For this regime, we establish a bound on
the Sobolev stability threshold. Furthermore, for x < 12 this system exhibits

instability, which leads to norm inflation of size vk ~3.
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1. Introduction
The equations of magnetohydrodynamics (MHDs)

O+ (V-V)V+ VI = vAV + (B-V)B,

8B+ (V-V)B=kAB+(B-V)V,
V.V=V.B=0,

(t,x,y) ERT x Tx R =: ),

ey

model the evolution of a magnetic field B : 2 — R? interacting with the velocity V : Q — R? of
a conducting fluid. The MHD equations are a common model used in astrophysics, planetary
magnetism and controlled nuclear fusion [Dav16]. The quantities v, x > 0 correspond to fluid
viscosity and magnetic resistivity. The pressure II : 2 — R ensures that the velocity remains
divergence-free. A fundamental problem of fluid dynamics and plasma physics is the stability
and long-time behavior of solutions to equation (1) and in particular stability of specific solu-
tions. We consider the combination of an affine shear flow, called Couette flow, and a constant
magnetic field:

Vs =Yyer,

B; = «e.

In particular, the solution combines the effects of mixing due to shear and coupling by the
magnetic field. The Couette flow mixes any perturbation, which leads to increased dissipation
rates, called enhanced dissipation, and stabilizes the equation. The coupling with a constant
magnetic field propagates this mixing to magnetic perturbations. However, the magnetic field
weakens the mixing, especially if viscosity is larger than resistivity, inviscid damping gets
counteracted by algebraic growth for specific time regimes.

In the related case of the Navier—Stokes equation, that is when no magnetic field is present,
one observes turbulent solutions as viscosity reaches small values. In contrast, the linearized
problem around Couette flow is stable for all values of the viscosity. These phenomena are
known as the Sommerfeld paradox [LL11] and highlight instability due to nonlinear effects. In
[BM15, DM18, DZ21, BM14, 1J13] various authors show sharp stability in Gevrey 2 spaces
(spaces between C*° and analytic) for the inviscid case v = 0. The nonlinear instability can
be suppressed by the viscosity for initial data sufficiently small in Sobolev spaces, ensuring
stability [BVW18, MZ22, BGM17].
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When considering the MHD equations without Couette flow, the constant magnetic field
stabilizes the equation. The dynamics of small initial perturbations of the ideal MHD equation
around a strong enough magnetic field is close to the linearized system [BSS88]. For stability
in several dissipation regimes we refer to [WZ17, RWXZ14, HXY 18, Sch88, CF23, Koz89]
and references therein. However, global in time wellposedness for the non-resistive case is still
open (see the discussion in [CF23]). Furthermore, a shear flow leads to qualitatively different
behavior and instabilities [HT01, HHKL18].

Recently, the MHD equation around Couette flow has gathered significant interest [Lis20,
K723, 7724, Dol23, KZ25]. Already on a linear level, the behavior of the MHD changes for
different values of v and k. In [Lis20] Liss proved the first stability threshold for the MHD
equations. He considered the full dissipative regime of x = v > 0 and proved the stability of
the three-dimensional MHD equation for initial data which is sufficiently small in Sobolev
spaces. For the analogous two-dimensional problem, Dolce [Dol23] proved stability in the
more general setting of 0 < K> < v < k. In [KZ25] Zillinger and the author considered the
case of only horizontal resistivity and full viscosity and established stability for small data
in Sobolev spaces. For the regime of vanishing viscosity v =0 and non-vanishing resistivity
x>0, in [KZ23] we constructed a linear stability and instability mechanism around nearby
traveling waves in Gevrey 2 spaces. In a corresponding nonlinear stability result, Zhao and Zi
[Z2Z24] proved the almost matching nonlinear result of Gevrey o stability for 1 <o <2 and
for sufficiently small perturbations.

The results mentioned above on stability around Couette flow focus on the setting when
resistivity is larger than viscosity v < k. Indeed in the setting v > 0 and « = 0, the magnetic
effects dominate leading to a linear instability mechanism and thus a growth of the magnetic
field by vt for specific initial data [KZ25].

In this paper, we consider the setting 0 < « < v. In particular, this also includes the non-
resistive limit « | 0 independent of v. To the author’s knowledge the stability of the regime
K < v has not previously been studied for the MHD equation around Couette flow. To state the
main result, we define the perturbative unknowns

v(x,y,t) = V(x+ytvy7t> - VSa
b(x,y,1) = B(x+yt,y,1) — By,

where the change of variables x — x 4 yf follows the characteristics of the Couette flow. For
these unknowns, equation (1) becomes

Oy +vae; — 2007 'V, =vAy+adh+ (b-V,)b—(v-V,)v—V,r,
Ob—bre; = kA + 0w+ (b-V,)v—(v-V,)b, 2)
YV, v=V,-b=0.

Due to the change of variables the spatial derivatives become time-dependent, i.e. 9; = 9, —
10, Vi = (0y,00)7, A = 02+ (8%)% and A, = (—A,)7.

For equation (2) we establish Lipschitz stability for initial data which is sufficiently small
in Sobolev spaces, in the sense that there exists a bound on the initial data €y = £¢(v, k) and a

Lipschitz constant L = L(v, k) such that for initial data which satisfies
1 (v,)ig v = € < €0,
the corresponding solution is globally bounded in time by

(v, 0) (1) [l pw < Le.
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For the non-resistive case, x =0, global wellposedness is an open problem and so Lipschitz
stability in Sobolev spaces is unclear. Thus, naturally the question arises, which €y and L are
optimal and how they behave in the limit v, x | O.

We denote a Sobolev stability threshold as v;,v, € R, such that for g = cov"'k7? with
small ¢ > 0 we obtain

| (v,b);, [l < cov™' K™ — stability,
|| (v,0);, |y > o' K7* — possible instability.

This extends the common convention in the field (e.g. see [BVW18]) to allow for two inde-
pendent parameters v and . In particular, it agrees with the common convention when restrict-
ing to the case v ~ k. It allows us to discuss cases where « tends to zero much quicker than
v. Establishing a possible instability is highly nontrivial since for the nonlinear setting it is
difficult to construct solutions that exhibit norm inflation. To the author’s knowledge, there
does not exist any nonlinear instability result for the MHD equation around Couette flow in
Sobolev spaces.

For accessibility and simplicity of notation, we state our main result as the following the-
orem (see theorem 3.1 for a detailed description).

Theorem 1.1. Consider o > %, N > 5 and a small enough constant ¢y = co(a) > 0. Let 0 <

K<V < 4%(1 — i)g then we obtain Sobolev stability for initial data which is sufficiently
small in Sobolev spaces, where the estimates qualitatively differ for the regimes k > v and
k < 3. More precisely:

e In the regime of *> < k, for all initial data which satisfy
1(v,5), Iy =& < v i2,
the global in time solution (v, b) of (2) satisfies the Lipschitz bound

sup [ (v, b) (1) v S e
>0

e In the regime of * 2 k, for all initial data which satisfy

| (v, v = £ < cov™ B r3,

the global in time solution (v, b) of (2) satisfies the Lipschitz bound

sup|| (v,b) (1) || < v~ 3e.
>0

. Lo . e . . _1

In particular, we obtain Lipschitz stability for the Lipschitz constant L =~ max(1,vk~3) for the
. 1 1 1

smallness parameter €y ~ min(v k2, v~ 1 K8 ).

In the proof, we employ an energy method similar to [BBZD23, MZZ23, Zil21, Dol23,
KZ25]. In the following, we outline the main challenges and novelties of the proof:

e The imbalance of resistivity « and viscosity v yields two cases v* < x and v3 > & (or equi-
valently 1 < vE=3 or 1 pe vk~73). These cases give different values for L, namely 1 and
VETS. By proposition 2, the norm inflation of VK3 appears in the linear dynamics and thus
is sharp.



Nonlinearity 38 (2025) 085019 N Knobel

e We consider the case /> > . On certain time scales the viscosity is so strong that fluid effects
get suppressed while the effects of the magnetic field dominate. Thus, the term 9,b = e; b,
in (1) generates algebraic growth in specific regimes (see section 2.2). Estimating this linear
effect yields the norm inflation by L = vk~ 5. The algebraic growth appears on different time
scales depending on the frequency, a precise estimate of the nonlinear terms is necessary.

e For the case > < r the algebraic growth is bounded by a finite constant. In the subcase
v = k the sum of the threshold parameters is v; +v, = 17—2 which is a slight improvement
over % in [Dol23]. This improvement is attained by the choice of our adapted unknowns
which changes the structure of the nonlinearity.

e In the proof of theorem 1.1 we perform a low and high frequency decomposition a = ap; +
ajow- For high frequencies, the nonlinear term consist of @y Vayi, called transport term and
ap; V,a, called reaction term (including hi-hi interactions). Compared to the Navier—Stokes
equation, in the case of the MHD equation, it is vital to bound the transport term precisely.
In particular, for x < 1* the previously mentioned algebraic growth affects the estimate of
the transport term strongly.

e The threshold is determined by the nonlinear term vV,b = A;'Vp, Vb acting on b in (2),
for the natural unknown p; = A;” 1Vf- -v (which we discuss later in more detail). In our
estimates we rely on two stabilizing effects, the strong viscosity of v and the A; " in front of
p1. For the nonlinear term vV,b both effects fall onto v. Due to the weaker integrability of
the b this term determines the threshold after integrating in time.

With the main challenges in mind, let us comment on the results:

e The size of the constant magnetic field a > % results in a strong interaction between v and b.
Due to this interaction, the decay in v and growth in b are in balance (see lemma 1). Constants
may depend on « and degenerate as o |, % For example we obtain lim,, ! co(a) =0.

e Figure 1 shows which areas stability has been proven. The graphic shows only qualitative
behavior and after rescaling we obtain the same graphic. The resistivity « is on the vertical
axis and the viscosity v is on the horizontal axis. We prove stability for the regime 0 <
x < v, which we divide into two segments: 2> <  in orange and > > & in red. In [Dol23]
Dolce considered the regime of 0 < (%m)3 < v < K, which is in blue. The authors of [ZZ24]
considered the line v =0 which is in purple. The black line corresponds to v = k > 0 of
[Lis20].

Stability for the regimes 0 < v < (%m){ k =0 < v and k = v = 0 remain open. For the
set 0 < v < K7, we expect that an adjusted application of the methods used in this article
yield stability. We expect stability for the case x =0 and 0 < v to be very difficult since we
obtain linear growth for the p, = A, V. - b unknown. For A, !p, we obtain linear stability
but then there is no time decay in the magnetic field and so we lack an important stabilizing
effect. In the inviscid case, kK = v = 0 the linearized system is stable in the p unknowns.
However, due to the lack of dissipation, it is very challenging to bound the nonlinear terms.

e Our threshold consists of parameters v; and v,. An alternative notation is to impose the
relation v & x° for some 0 < § < 1. With that convention we obtain stability if € < com’Y(é)
for

The remainder of this article is structured as follows:
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v

Figure 1. Sketch of areas with results for stability.

e In section 2 we discuss the linearized system. We identify two different time regions where
‘circular movement’ or ‘strong viscosity’ determine the linearized behavior. We estimate
both effects separately and then establish the estimates for the linearized system.

e In section 3 we prove the main theorem. We employ a bootstrap approach, where we control
errors in proposition 3.1. The main difficulty is to bound the linear growth and the nonlinear
effect of vV,b acting on b.

1.1. Notations and conventions

For a,b € R we denote their minimum and maximum as
min (a,b) = aAb,
max (a,b) =aVb.

We write f < g if f < Cg for a constant C independent of v and . Furthermore, we write f ~ g
if f< g and g <f. We denote the Lebesgue spaces L’ = L”(T x R) and the Sobolev spaces
HN = H"(T x R) for some N € N. For time-dependent functions, we denote [7H* = L} H® as
the space with the norm

171

H = HHf”H‘(TXR)’ (0,1)° v

where omit writing the 7. We write the time-dependent spatial derivatives

& =0, — 10,
vt = (axa 8;)1"

M=o+ (2)°)
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and the half Laplacians as
A
A
The function f € HY is decomposed into its x average and the orthogonal complement

)= / fxy) dr,
fr=f=J=

12. The adapted unknowns

For the following, it is useful to change to the unknowns p; » = A, IV,J- vz and py » =
A7 V' - bs. However, since A, ! V! is not a bounded operator on the x average, we define

P1=="V1=,

P2z =NV by,

p2,==">1 =,
p=(p1,p2).

The unknowns p correspond to the unknowns of [KZ25] and a adaption of the unknowns (z, ¢)
of [Dol23], i.e. p+ corresponds to 0, ! (z#,9+). Thus (2) can be equivalently expressed as

Op1 — 0,00, ' p1 — adypy = VAP + ATV ((b- V) b= (v-Vi)v),
A2+ OD0A; pr — adypr = kAP + ATV ((b-Vi)v—(v-V)b), (4
P|t:0 = Pin-

These unknowns are particularly useful since

lAp1 ]2 = [|AV]| 2,
[Ap2 ||z = [|AD||.2,

for all Fourier multipliers A such that one side is finite. We note that we can recover v and
b from p by

v =—A7'Vip
by =—A'Vipr s

The operator A,*IV,J- can be seen as the perpendicular Riesz transform shifted in time on
frequency space applied to either a vector or a scalar. It satisfies (A, ' V") o (A;'V}b) = —1d
in HV.
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2. Linear stability and norm inflation

In this section, we consider the behavior of the linearized version of (4):

Op1 — 0,0L0; ' p1 — adypy = VAP,

©)
Op2 + 0,00, ' py — adypy = KA.

For this equation, we establish the following proposition:

Proposition 1 (Linear energy estimate). Consider oo > % N>0and0 < k < v. Letpy, € HY
with pin = = [ pindx = 0, then the solution p of (5) satisfies the bound

7(‘&% -1
P 0) i S e (1475 ) il ©

Furthermore, we obtain for specific initial data norm inflation of vi~5. The proof uses
lemma 3 from [KZ25].
Proposition 2 (Linear norm inflation). Consider o > % N=landv > max(2f<a,f-@%), then
there exist initial data p;, and such that at the time T = K5 the solution p of (5) satisfies

1
P (T) v 2 v~ [|pinll v )

For the proof of the propositions, we perform a Fourier transform (x,y) — (k,£) and replace
p1 by ip;. Hence the system (5) can be equivalently (for k # 0) written as

_£ 2
op1 = _ﬁpl — akpy — vk <1 + (l— ék) >P1»
e N )
8:]?2 = mpz +Oékp1 — sz 1+ ( — 7/{) pa.

Here, with slight abuse of notation, we omit writing the Fourier transformation. This equation
has several effects that appear in different regimes of r — £k, which we discuss in the following.

The effect of circular movement appears for |f — $k| < v~! and the effect of strong viscosity

forv=! <[t — §k\ < 1~ 3. Then before proceeding to the proof of the propositions, we briefly
sketch these effects.

2.1. Circular movement

To highlight the effect of the constant magnetic field «v in (5) we consider the toy model

Op1 = —akpa,

©)
Oip2 = akp;.

This is solved by

p(t) = ( cos (akr) —sin (akr) )pm.

sin (akt)  cos(ckt)

We call this effect of the constant magnetic field circular movement, which leads to a trans-
fer between p; and p,. This circular movement is counteracted by viscosity for times away
from k.
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2.2. Effect of strong viscosity

Let us consider the case when 0 < k < v and for simplicity of notation let k=1 and £ =0.
Due to the viscosity, we obtain p; ~ 0 for large times ¢ > fy > 1. Then from (8) we deduce the
toy model

Opr = (lfﬂ—ﬁ(lﬂz))pz. (10)

The first term in (10) leads to linear growth until the resistivity is strong enough for the second
term to take over. This is seen in the explicit solution of (10)

!
p2 (1) = %exp (—m/ 1+72 d7'> D2 (o).
to
This is estimated by

1
pa(r) Sty w5 e 0 p, (1),

which corresponds to the maximal growth which we obtain. In the following, we will see that
to ~ v~ is the time after which viscosity dominates. The reader may expect that the enhanced
dissipation timescale v~3 would be the relevant timescale, but the combination of circular
movement and the viscosity gives enough decay for p, such that the linear growth gets sup-

pressed until the time v~

2.3. Proof of proposition 1

Proof. For simplicity of notation, we introduce the new variable s =t — £k and initial time
Sin = —£k. Then equation (8) reads

Op1 = —22p1 — akpy — vk (1+5°) i,
Osp2 = 1222 + akpy — kK (1+57) pa.

Further we change the unknown to p = exp(4k*(s — sin + 2 (s> — s3,)))p. For & = & and »

3 2
v — 7, this yield the equation

Osp1 = — o1 — akpr — vk (1+5%) i,
Ospr = TiP2 + akpy — Rk (1+57) .

Let us denote so := v~ ! and in the following, we distinguish between times |s| < so and |s| >
so. We first consider the case si;, < —so. For |s| < s¢, the circular movement is not suppressed
by the viscosity.

We define the energy E = |p|* + j %f)l D2, then E is a positive quadratic form due to our
assumption o > % and satisfies

(1—522) 1BI* SE< (1+ 557) IBI*-
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We calculate the time derivative
OE+ Dk (1+457) bt + R (1+5°) 3
= a0 (1+s2)P1P2 — 25 =0k 5y

Lo, (1+s-)131f’2+ Lok (1+5%) pi + 253

2c
2c0—1

and so with [p|* < E we infer

OB < 527 (s +25 ) E.

Gronwall’s lemma implies

E(so) < exp (af% (m +2§\so|)>E(—so).

Since vsg = 1, we deduce
E(s0) S E(—s0)
and thus
P (s0) | < 1P (=s0) |- (11
Consider the case |s| > so, we calculate
18, BI? < (—ﬁ — k(1 +s2))p%
+ (e A (145)) 73,

(1+52)) <0 forall |s| > sy we conclude

(S]]

and since (— 175

pI* < (,fsz — Rk (1 +s2))+[7§.

Thus we obtain the estimate

‘ﬁ (sin> |2 s < —So, ]
~ 1+ 2\ 73
5 (s) > < 1+i 1P (s0) |* so <s<2(KK) 3,

N
G

(1 +41v%k 3k_§) B (so) > s0V2(kk?) "
Combining this with (11) we infer
pE1S (14+vs 1) Ip () |
The case si, > —s is established similarly since we only bound the growth. With
exp (~5# (s= s+ 4 (= 53)) S

10
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we deduce
1
P ()| < e Ip| (s)
P 1
S (1 ve T ) e ] )
Equation (8) decouples in ¢ and k, so we infer the proposition with this estimate. O

2.4. Proof of proposition 2

Proof. We introduce the notations p(1,k, &) = exp(kk> [, (1 + (1 — £k)?)dr)p(t,k,€) and i :=
v — k. Then the equations (8) read

~ — &k ~ ~ ~ 2 ~
5:P1:—mpl—akpz—%’<2 <1+(t—€k) >P1>

e ~ (12)
ath - 1+<t_§k)zl72 + akpla
i’in = Pin-
We point out that this exactly agrees with the linearized equation with the non-resistive case.

Specifically in lemma 3 of [KZ25] it was shown that there exists frequency localized initial
data such that for all 7 > 0 and frequencies £ € [2%, 4%2] it holds that

pa(t,—1,8) > épz,in(—laf) 2 vtprin (—1,8). (13)

From this lower bound, we deduce the norm inflation for the non-resistive limit. For times
1 . 2 .
7 € 0,57 3] and frequencies { € [2%,4%] we obtain

F+El Sy R

Then there exist C = C(«), such that
T 2 1\ 2 1
1 >exp <—H/ (1 +(t+¢) )dt> 2 exp (—C;g (1/_1 _,_;@—3) 5—3) >exp(—2C) 21,
0

where we used in the last estimate, that x < /2 yields /<;(1/*1 + n*%)zﬁf% < 2. From (13) and
V=v—K= %1/, since v > 2k, we deduce, that

T
p2<T,—1,s>=exp(—n/ (1+<r+f)2)dr)p2<r,—1,g>zm%pz,m<—1,e>.
0
From this, we infer the norm inflation

_1
P () v 2 v~ [|pinll v

1
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3. Sobolev stability for the nonlinear system

The following theorem is a more general statement of theorem 1.1. We dedicate the remainder
of the section to the proof.

Theorem 3.1. Let o > % and N 2 5, then there exist co,c > 0, such that for all 0 < K < v <
4—10(1 — i)% there exist L = max(1,vk™3), such that for all initial data, which satisfy

[
[ (7,B)in 2 llmv =€ < col™'vi2k2,

(14)
1(v,5) Nl <&, withe < E < v e
the corresponding solution of (2) satisfies the bound
1
|| (V,b);‘é (t) HLooHN =+ HV, (\/;V, \/Eb);"é HLZHN § 14676'143[(?7 (15)

1 b)) e + 118y (v, V/RB) _ 2 S
Furthermore, we obtain the following enhanced dissipation estimates
1
[Vl e S Lo~ 56" e,
1
sl oy < L~ s e,

This theorem implies theorem 1.1. With slight abuse of notation, we write L as the v and k
dependent part of the Lipschitz constant. We prove this theorem by using a bootstrap method.
Let A be the Fourier weight

A:=M|V[Nexp (CK/%II;&) ;

where M = M M\M .M, M, are defined as

e = Hrl(_f/ifz)zl{y—l<z—€k<(cmk2)§} K20
T = Colphe: 70
E o 70
_AZ:} - 1+uzc(il§k)2 K70

M.(t=0)=M.(k=0)=1.

The weight M} is an adaption of the weight m? in [Lis20] to our setting. The weight M|
corresponds to the inviscid damping part of the weight M of [BMV16] to the power of 1+
k| 2. We use the |k| to bound terms involving d,A; ' and the v to obtain the commutator
estimates. The method of using time-dependent Fourier weights is common when working
with solutions around Couette flow and the other weights are modifications of previously used
weights (see [BVW18, MZ22, Lis20, ZZ24]). For simplicity, here we only state their main

12
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2
min(l,a0—3)’
¢ =555(1—5-)? and ¢; = 5 (1 — 5-) are determined through the linear estimates. For the
weights we obtain

properties and refer to appendix A for a detailed description. The constants C,, =

L~} gmin(l,yflm%k%) SMp <1,
(16)
Mlen%Ml/%Mlﬁzl'

We note that the weight M is distinct from the others due to its lower bound L', which
depends on v and x. The weight M}, is necessary to bound the linear growth in the region
v <r—8k< (nk2)_%. Controlling the effects of M, is one of the main challenges in the
proof of theorem 3.1. We recall the unknowns p and equation (4)

op1 — &ﬁ;A;lpl —adpr =vAp +AVE((B-V)b—(v-V,)v),
Op2+ 0.0, ' pr — adup1 = KAP2 + ATV ((b- V) v — (v- V) b), 17)
P|z:0 = Pin-

Let y € C*° (R4 X Z x R) be a Fourier multiplier defined by

1 =Sk < v!
=v (k&) = 18
X X( 75) { 0 |t*§k|22V71 ( )
with a smooth extension on v~! < |t — £k| < 27! satisfying
Ox <2v. (19)

We define the main energy
E:=||Ap.|7> + 2R(OA; X Ap1 £,Ap2, %)

Here R denotes the real part, in the following, we omit writing the symbol R since we derive
an upper bound. As o > %, this energy is positive definite and satisfies

(1= 55) [14plle < E < (14 55) 14p]|2- (20)

In the following, we assume initial data as in theorem 3.1, i.e. (14). We use a bootstrap approach
to prove the following two estimates globally in time:
The energy estimate without x-average

|l +|AV, ® (Vvp12:Vkp2,2) |7

1212
+ > Al < (Co) @n
J=1v,k,03
The energy estimate with x-average
||P:H12,°°HN + 119y (\/;pl,:7 \/Epz,:) ||%2HN < (Cé)z. (22)

We then prove that the equality in the estimates is not attained at time 7. By local wellposed-
ness, the estimates thus remain valid at least for a short additional time. This contradicts the

13
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maximality and thus T has to be infinite. We note that we suppress in our notation the 7" in the
estimates (see (3)). With 1 < 57%(# +kk2(1+ (1= %K) and 1 < v 3 (T + vk (14
(t— §k)2)) we infer from (20) and (21) the enhanced dissipation estimates

-1 1
AP £l <2(1— 5) v s Ce, (23)
1Ap2,£ll2e <2 (1 - i)_l K6 Ce. (24)

By the construction of M; we obtain
1
10N Apll2 S v e

We obtain the energy estimate by deriving the energy E

OE + 2||Avf oY (Vplﬁéa’fpzﬁé) ||i2 + 2” \V ;Af[WAp#”%Z (25)
=Li+ Lyg + Lg +NL75 + ONL,

where we define

Ly = 2¢r%[|Apx
Lyg = —2R(A (1 = X) p1,#,0:0.A ' Apy 2)
+2R(A (1 = X) P22, 00N Apa,2)
Lp = 2R(x 0.0 Ap1 2,Ap2,2)
+2R(x 0, (O,A; ") Ap1,+,Apa. =)
+ 2R(0,(x) A Apy £, Apa )
+ WWX@APL;&’AP;#)
NL: =2(Av4,A((b-V)b—(v-Vy)v))
+2(Abs,A((b-V,)v—(v-V,)b))
ONL = ZR(xAD,A b2, A((b- V)b — (v-Vi)v))
+ ZR(YADLA v, A((B- V) v— (v V,)b)).

Furthermore, for the energy of x-averages, we obtain

llp=Ilmv + 10y (vp1,=, kpa.=) [l v
< U0)"1,=, (@) (- Vi) b= (v-Vi)v)_)

+{(03)"b1,—, ()" (b~ Vo) v— (b Vi) v) )
=NL_.

(26)

In the following subsections, we establish the following proposition:

Proposition 3.1 (Control of errors). Under the assumptions of theorem 3.1, there exists a
constant C = C(a) > 0 such that if (21) and (22) are satisfied for T > 0, then the following
estimate holds
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T
1 a M
/ Ly + Ly + Lye di < 252 (Co)? 4 2] /58 Apy |2,
0

T
/NL¢+0NLdt5Ly—%n—%s3+(L{ﬂn‘f)éez, @7
0
T 1 1 2
/NL:dtﬁszﬁfffe.
0

With this proposition we deduce theorem 3.1:

Proof of theorem 3.1. By a standard application of the Banach fixed-point theorem we obtain
local well-posedness, see appendix B. Thus for all initial data, there exists a time interval [0, 7]
such that (21) and (22) hold. Let T* be the maximal time such that (21) and (22) hold. Let ¢
be a given, small constant and suppose for the sake of contradiction that 7% < co. With the
estimates (25)—(27) and since ¢y is small we obtain that the estimates (21) and (22) do not
attain equality. Thus by local existence, 7" is not the maximal time and thus we obtain a
contradiction. Therefore, for small enough ¢y, (21) and (22) hold global in time and so we
infer theorem 3.1. O

The remainder of the section is dedicated to the proof of proposition 3.1. We rearrange and
use partial integration to infer that

(Ave, (b V) Aby — (v- Vi) Av) 4 (b, (b- Vi) Avs — (v- Vi) Aby)
<b V; (AV¢Ab¢)> <V, \Z (AV#AV#) +V; (Ab#Ab;g» (28)

The NL term consists of trilinear products with the unknowns

a'a*a® € {vw,vbb,bbv,bvb} . (29)
Thus, we denote the nonlinear terms

NL, [d'a*a®] = (Aa;,A ((ai -V )a;)# (a75 v )Aa¢>,

+(Aay A (a2 - Vi) ay) = (a2 - Vi) al),
+(Aay.A((a% - Vi)al)),
NL_ [a'a*a®] = ((0,)NaL, (0,)" ((ai V,)a’ %))

V)
Vr) a

If we do not use specific choices for a'a’a® we write just NL. Similarly, we use a'a*a® €

{bvv,bbb,vbv,vvb} for ONL. Furthermore, we always use i such that p; = A, V,J-a2 in the
sense that i=1 if a*> =v and i=2 if a*> = b. We perform the energy estimates in the next
subsections:

e In section 3.1 we estimate the linear error terms. In this subsection, the split with x into
resonant and non-resonant regions depending on v is vital.

e In section 3.2 we conclude the energy estimate for the nonlinear term without x average.
Here it is necessary to perform a low and high frequency decomposition. This gives us a
reaction and a transport term. In particular, for « | 0 bounding the transport term is very
challenging due to the linear growth.

e In sections 3.3-3.5 we estimate nonlinear terms with an x-average component.

15
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e In section 3.6 we estimate nonlinear term which arise due x in the resonant regions. For
these terms, we obtain an additional A; ', which has a stabilizing effect. This stabilizing
effect is necessary due to a nonlinear term consisting of only magnetic components.

3.1. Linear estimates

In this section, we establish estimates of the linear errors Ly, Lg and Lyg of (25). In order to
estimate L, we use (23) and (24) to deduce

1 -1
/leT:ZC/iéHAp#Hisz <8(1—4) c(Ce).
For the Lyg terms in (25), we infer

_ &y
d 2‘Ap1

=Kk |2
14+(r—£k)

RUA (1= X) 12 ADDA 1) = RS / d (1)
I£0

<VAVip1£ 72,
_¢
since (I—X)ﬁg(l—x)(u)3(1+(t—§k)2) due to xy=1 for |r—%k|<v™'

Furthermore, using (34) we estimate
RA (1 = x) p2,2,A0 0,0 p2)
_ - —Sk 2
—%Z/d&(l X) 1+(z—§k)2|AP2|

k0

< %Z/d& (1-x) (A% + ke <1+ (r-ﬁk)2>> |Apa*

kA0
<l T A2 2172 + K| ViApa 2.

Thus with (21) we deduce

/ Lyg d7 < (207 +2¢1) (Ce)* +2||y/ ‘AQ'ZLApz,;éHisz-

For Lg, we estimate in frequency space

-1 —k
F (87 =1 (i) o < 5

7 () 7)1 < <k(1£<k)k>)>k¢0 <Cp' e,

where F denotes the Fourier transform. So it follows that

AR(XO,A Ap1,Apa )

TR ' -
= 2R(xAp1,#, (cm + % + % + M

K

y M _
+ % + Mlyj ) 3§At IAPZ,;ﬁ)
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. B —
< %HSIIAMHiﬁ(1+Ca‘)é\|\/ AP £l
— -M
+ L = Ap£2: + 2 T AP £l + Ly T Ap £

We use the estimate in frequency space

(- 0)) )= | (i) <o

to infer that
_ 2\ . _ _
LR(xAp1 2,A0;" (3)%*(3;) )Az prz) <C' L %‘Apl 22l 51 Apz £l
oz 2aH V M _MlAp?f”L2

With (19) we deduce
R(OLA 0 (X)Ap1 £,Ap2, ) < V[|Ap1£ll2 AN P2 212

By the Fourier support of x (see (18)) and the definition of M,; we obtain y <
2C, 11/*1 X which yields

f‘”Z“'wal#Azﬂm 2072|401 4l o Ap

Thus for the linear error Lg we infer

/LRdT < (%‘ + I/%) (Ce)?
+C = — M, —M,
+ e,/ A;ﬁflpyénim LT p gl + Ll 520

1+CO‘
2a

| M - 2 Apy £l 22 + CalzlaVHA W1 ¢||L°L2

+

Combining the estimates for all linear terms, we obtain

/L+LR + Lyg d7
< ((8+§) (1— ) e 22+ 20 +u%) (Ce)’
+ 2015 Aps 2
(136" Eiy/ 5 s e + LIl T p sl + 21 5 p s
+ S Aps e + € v AP e

< (12(1—5)_ c+207 4+ 26 + v+ B350 (ce)?

+2|/ S A2, 27212
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1+2C

Since o > % we deduce ——— < 1+ 2 . Choosing the constants such that

2
= (1= 55) "
c1 =55 (1-23);

and recalling that

17
1+2C < ;2‘* Thus we obtain the

we conclude that (12(1 — 55)~'e 4202 +2¢; +vé +
estimate

5 -
/Ll + Lg 4 LygdT < 17;02(2 (C5)2+2H \/ _AZILApz’;eH%sz.

This yields the first estimate of proposition 3.1.

3.2. Nonlinear terms without an x-average

We apply the notation of (29) and aim to estimate terms of the form

<Aa§é’A(( 2 Vi)ay) = (a% - Vi) Ad)

< ¥ // (6,1m) JALO=ALD) ¢ 1=kl |

k)[)k [7£0 k ZE W)A(”I) (( )2+(§_77_(k_1)t)2)§
A" | (k,€) |Api| (k—1,€ — 1) |Ad’| (1,n)

=T+R.

Here, we split the integral into the reaction R and the transport T terms which correspond to
the sets

in Fourier space. We split the weights

A(k,E) = A (L) = &= (My (k,€) — My (1,m)) My (ks €) M (k,€) My, (K, ) My (k) K, [
e (k€N — |1 lY) My (1) M (k€)M (k€)M (k,€) My (K, E)

e (M (K, €) — My (1)) Mo (1) Mic (K, €) My, () My (k,8) [ Y
(Mo (k,€) — Mic (L m))My ()M (1, )M (k, €)M (k, )1
e (My (K, ) — My (1, 0)) M ()M (L )M (1) M K, ) Y
(M (. €) = Mys (1)) My ()M ()Mo ()M, (1) 1]

ol

+ eCtK

+ eLtN

18
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and thus by (16) we estimate

AU =AU < g—cird ML (k=M (Ln)] 1&,nl"
A(k—=1,E—m)A(l,n) ~ ML(k LE—mML (L) [L,n[Nk—1,6 —n|¥

e | =] |
AT 7 e 7y (30)

1
+e Y M (&) = My () = ey
j=l,k,v3
Reaction term: On the set € it holds that [k —1,& —n| > |1, 77| thus |k, &1, |L,n| S k-1,

v kEN -1,
¢ —n|. From (16) and (30) and |ln|N||k §l|§ Tl “%‘Nﬂ‘k l‘Emn‘\N < T ‘N we infer

|A(k,§)—Aln)| <« 1 1
A(k—=1,E—m)A(l,n) ~ Mp(k—1,E—n)ML(I,n) [I,n|N*

With 1 —kn = (£ —n — (k—1)t)l — (k—1)(n — It) and Holder’s inequality we deduce

1
—cm7 |A(k,£)—A(ln)| |§ 1—kn]
(&) la =
klkz:l;éo/ RA(k 183 W)A(lﬂ?) ((k71)2+(£7777(k71)7_)2)

[Aa'| (k&) |Api| (k— 1,6 —n)|Ad’| (1)

1
J— [(6=n—(k—D))1— (k=D (n—11)|
(&n) 1 T
‘ l;#o/ R |l "7|N ML(k LE— n)ML(l 77) (( ) (f*’f]*(k*l)?’)z)%

A" | (k&) |Api|(k — 1.& —n)|Ad®|(1,n)
< ||Aa;||LzHM%Ap[¢|\Lz||M%Aa;||Lz
+ lAaL |2 110x 5 A Api 2|2 51 ADLa 2.

Bl

We use (36) and (37) to infer

1

_1 1
RS AaLll (I14piselie + vl (A A=) Apislee ) (IAaklie +vlA (A A~ ) @)
+LllAaL iz (AN pigllie + v 4pi £ 12) 104G 1o

By (29), @ =v for at least one j, thus

1

1 1
1@z (I4pis iz + v (A Aw ) Apisliz) (lAalle +vliA (A AR ) @)

< (1 +l/2/{‘:—%> \

<L) JAvelliolA (v be) 1

2[|Api |

and

L|Aay | 2v]Apix||

s ULIAVL A (v ) [ ]192A (v b2
T ULl|Av [ A (2. b2) 121 D0AvL o

We use the definition of M| to infer

— —L
Ll|Aa |2 |AOAT pizll 2104 |2 < L™ % | Aaly |2 | A/ = G iz |2 | pAa | 2.

19
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Therefore, combining these three estimates we obtain

1

RSL(1+vnd) v 2]lA (v,b) I3
+Ll|Av 2 IA (v b ) 12 A (v b )
+ LA (v, ) | |00AV £ 1

_ L
+ Lo~ |Aak |2 Ay =GPz |9 Ad |2

Integrating in time and using the Bootstrap assumption yields

12

/RdT SLV_ﬁH_%€3.
Transport term: On the set Q7 it holds that |k —1,£ —n| < §|l,n| and thus it follows that

|k, &] & |,n|. By the mean value theorem, there exists 6 € [0, 1] such that

“k7£|N_ |l777|N| <N‘k—l,§ _77||k_9l7§ _977|N_1
S Mke—Lg—nllLgN".

Thus with (30) and lemma 5 we conclude, that

|Ak,E) —A(Ln)] 1L (L8 -
A(kfl,E*TI)A(T;W) N ML (l,n) (m +V12) Te=Lg—nI"=T oy
+ > M (k&) —M;(Ln) |ttty =T (32)
j R,V, l/
L Mk =M (L) 1 (33)

My (k—1,E—mM (L) [k—LE—nN

Based on this estimate, in the following we distinguish between different regimes in frequency,

- / (6.1) 1, ALl __lgitn)

k10 =LE=mALI) (it (e—n—(—1)7)) 2
|Aa'| (k,€) |Api| (k — 1, —n) |Ad’| (1)

Z / (&m) IQ’MLUTI) (\1\ +V'z) k— lg = " |&1=kn|

AWy (= (—n—(k—D) 7)) 2
|Aa'| (k, &) |Api| (k— 1,€ —n) |Ad®| (I,m)
)=y M (k) —M; (1) | |€1—kn)|
+ /d(f 1) 1,1 = = - T
k,z,kzz¢o R Yt =BT (et (g

|Aa' | (k, &)|Api| (k — 1, — ) |Aa’|(L,m)

D I [M; (k&) —M;(1,m) | 1 | 1—kn]|
b Y [aenton, e BEmme it S ,
kl;#o ‘] —1<13 ] —1| M. (1,m) [k—1,£—n] ((k=1)2+(E—n—(k=)T)2)2
[Aa'| (k&) Apil (k — 1,€ = m)|Aa’|(1,m)
n /d(f P LA (X B A ] |&1—kn|
Z My (k—1,E—m)M(I,n) [k— I§ n|¥ ((k—=1)24(&—n— (k— l)T))’

K, k—I5£0
|Aa"((k,&)|Api|(k— 1,€ — n)|Ad’|(1,n)
=T 1+Tip+T3+Ts.

20



Nonlinearity 38 (2025) 085019 N Knobel

Here, the T} ; term is due to estimate (31). For (32) we distinguish between the frequencies
| —1 > \% —t|inTypand |7 —1| < |% —t]in T 3. The M} commutator (33) is T, which
requires further splitting. For T ; we use £l —kn = (£ —n— (k—1D)t)l— (k—1)(n—1t), (16)
and (37) to estimate

T 1= // &) 1q, ( +um ) |&1—kn| ]
k,l,kzt;éo s e " (k=D —n—(k=D)7)?) 2

A" | (k,&)|Api| (k— 1,6 —n) |Ad’| (1,n)
S NAall Api £l l5i-Adk 2 + [Aa 2 |AA; il o]l 5 Adba 2

1
+ v ||Aay | Ap: 2 | 57 AOka |1z
< LllAaL |2 |Api2 2 AaZ |l + LllAa | 2 |AAT izl 2 [ A)a | 2
1
+ v | A 2 |Api 22 | Ara 12

After integrating in time we deduce that

/T171d75 (L+V_ﬁ>/€_%€3.

For Ty » weuse|?—t|>|§k%7—t| to infer that |£1—kn| = |(E—n— (k= D)l — (k—1)(n—
1t)] <2|(k—1)(n—Ir)|. Furthermore, with >7,_,  :|M;(k,§) — ,(l n)|~ 1 and (35) we
conclude that

(k=D (n—11)]
2% Z / Gk IQTIM 215 I‘ML(”]) = zg " ((k—1)2+(5—17—(k—1)7')2)%

kL k—I£0
Ad'| (k,€) |Ap;| (k—1,€ —n) |Ad’| (1,m)
S lAaL |l AN pisll | - Adka || 2

S LllAaL |2 IAAT piel 2 A0} o

So after integrating in time, we obtain
/T172d7' g Llﬁ_%€3.

For Ty, we use |7 —1| < |§(_T’l7 —t| to infer £1—kn < 2(& —n— (k—1)t)l. Furthermore,
with (43) we deduce

Do Mk &) = M (1) | S v

j=k,v,v3

Combining these two estimates by Holder’s inequality and (35) it follows, that

1 2
Tl 3 < / 5 ,,7 IQ 0 B v3 (El—kn) .
k)[)kzlio T | t|<| 1| ML(Z n) [k— l& nl¥ kl((k ) +(£—17—(k—l)7’)2)é

A" | (k,€) |Api] (k— 1,6 — 1) |Aa®| (1,n)

22
E: &m g1 B V3 (6—n—(k=D0) i
k,l,k z;éo/ s I‘ML(”]) - IE " K((k=D)?+(E=n—(k=D)7) )é

21
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A" | (k,€) |Api] (k— 1,6 — 1) |Aa®| (1,)

! | Je=n— (i)
S / S L = =T
K Lk—I5£0

|Aa|(k,€)|Api|(k — 1.€ — ) Aa*|(1,n)
1
S vil|Aak | llAApi £ 2| 3 Ad |2

2 |AADi £ 2 A |2

Thus integrating in time yields

/T173d7 < Ll/%f-@7%€3.

To estimate the T’ term, we split the integral into the sets

Q= {min(t—?,t—f%;’) 21/_1},

{t 1> t—&—’l’
0 ={r-¢
%= {

k
t—Sk>v! max(t—ﬂt—f;")}.

For frequencies such that ="' > max(r — 7,1 — £k), then My (k,&) — My (I,n) = 0 and hence
the commutator vanishes. Thus the sets §2; covers all regions of the support. The sets €21,
and 23 are chosen to distinguish between MLL =1and MLL > 1 for different frequencies and on
set 14 we use strong dissipation in the first component. We split the set T, into

-y / (€,7) 1y, JMLEO M () €1k o
ey T My (k—1,6—n)ML(1,n) ((k71)2+(£7777(k71)7_)2)§ |k—1,€—n]

Ad' | (k,€) |Api| (k—1.€ —n)[Ad’| (1) (Lo, + 1o, + 10, + 10,)
=T1+Tn+Tr3+ T4

For T, we use (35) and the definition of €); to infer

_1 — _1
IQI—ML(k—l,E—ln)ML(Ln) < 1g, (l+y< —TAK %>> (1+1/<t—£f7/\/~; z))
<220, (1= AR (=SS ARTS).

This yields the estimate

_1 _ _1
i<t Y ffaemiod— 3 an - S e et

k,Lk—I£0

|(€=n—(k=D)1)= (k=) (n— lr)I‘Aa1|(k &) |Api| (k—1,€ —n)|Ad®| (I,n)
((k=D*+(E—n—(k=D)7)*)2

S VlMAaL ol (A AR ) Apisliz |AN Gz

1

+LvfAak | (A Ak—H) A7 AT Ay 424D |
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and so
5 1
/Tz’ldT < Lvs K723,

Now we consider T ». As before by (35) and the definition of €2, we infer
i —n—(k=Dn)i—(k=1)(n—i1)]|
oo < //57719 /‘?>_1_—|(§n(
k,l,kzl 0 Y WEE=n0 (et (em— (=012 2
|Ad' | (k,€) |Api| (k= 1,€ — ) |A@®| (I,n)
SvllAaL | |Api £l 2| AN G 2
+L||Aa;£”L2HAA P:¢||L2||Aata¢||L’

Integrating in time yields
/Tz’zd’]’ S LH_%E3.

To estimate 75 3, we need to distinguish between different choices of a. Using (35) and the
definition of {23 we estimate

= // (&) 1o,V _7’/\/<;_%> B S (ol k) e Gl G el ]
klkzl;ﬁo v FELE=IITT (et g —m—(etyry?)
|Aa'| (k.€) |Api| (k— 1,€ —n)|Ad®| (1,n)
S vlAal ol (A A w3 ) Apy gl A0 1o

1

+vlidak iz A (A A k) AN el JADS a1

and thus after integrating in time

/T2,3 [vw]dr < V7%63,

In the case of vbb, we use (35) and the definition of {23 to estimate
—n—(k=D)k—(k=1) (E—kt
T bbbl = z;ﬂ // R = T—— |((§(ka)2(+<;_ )n—ik—lif—g)z)%)l
AV[ (k, &) [Apa| (k= 1,§ —n) |Ab| (1,7)
S0 all (B Ak ) Aps el 4B
105V ol (A ARTH) A7 Aps 12 A 13
Sv|Ab£ |2 [[AV v |2 AN P2, 2|22
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Thus after integrating in time, we obtain
/T273 [vbb]dT < ViIKTIE,

; — — g
For T, 4 we obtain that M(l,n) =M(k—1,§ —n) =1. We use t— >k >v > max(r— 7,1 —
%) to deduce that

With £1—kn = (£ —n— (k—1)t)l — (k—1)(n — Ir) we infer that

Ty 4 = d(g, 1 |§I—kn]
2,4 Z // (5 77) [k=1,& —n¥ ((k—l)z—‘,-(f—n—(k—l)T)z)%

ko k—15£0
|Aa'| (k,€) |Api| (k —1,€ —n) |Ad®| (1,)
~ A(6,m) € — kil e gy —— L=t
2 // WBE=AE0 (et (6—m—(e-1yr)2)

k,Lk—I£0
Ad' | (k,€) |Api| (k—1,€ — ) |Ad’| (L)

+ d(e, L (k=D (n—11)]
kl;;éo// &) pere=p (k=1 (E—n—(k-D7))?
|Ad'|(k,&)|Api|(k—1,§ —n)|Ad’|(1,m)

<v[Adak | llApi £l lAd |

+[|Aaklzz (| A Api 12 |ADS a2+

Thus integrating in time yields
13
T274d’7' S K g,

3.3. Nonlinear terms with an x-average in the second component
We apply the notation of (29)
(Aa;é,A (ai:&ca;) — ai:&cAa;Q
<> // d(&m)|Aa'| (k,€) A (k,€) — A (k) [[kllai] (0,€ — ) |a’| (k,m)
k0
=R+T.

Here we split into reaction and transport terms according to the sets

Qr={l¢ -l < &k}
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Reaction term On the set Qg itholds that |¢ — 7| > § |k, 7], then we obtain |A(k,&) — A(k,n)| <
|€ —n|" and thus with (35), it follows that

Z// (& m)lAa'| (k,€) A (k,) — A (k,n) | [K][ai] (0,€ —n)|a’| (k,n)
k#£0

= Cl# 2|a—\|gvy xa;é Lo°

S llAa |z [laZ || Oxa |

S a2 llaZ ||| 37 A |2

S LllAaL | 2 lla2 || |Ad | -

Integrating in time yields a bound
/R dr < Lr~3c%.

Transport term On the set €, it holds that |k, 7| > §|£ — n|. By the mean value theorem there
exists a 6 € [0,1]

[N = 1k, €[V S 1€ —mllk,n — 06 N1 S 1€ —nllk,n N
Thus, we can estimate the difference in A by

‘A(k7€) —A(kﬂ?)| S (ML (k7£) -M, (kvn)) |ka§|N
+ML(k7n)‘ka£‘N Z |1W](k7§)71w](k777)|

j=Lk,v,v3

+ ML (kﬂ?) (‘k777|N - ‘k7§ ‘N)
< ¢l€—nllk e

where we used (40), (42) and (43) to estimate the differences in M;. So we infer, that

T<Z// (&) Loy Ad'] (k,) || (0, — ) i 4P (ko).

k£0

and thus integrating in time yields

/TdT S LHAQ;&”LZLZ Hai ||LocHN||Aa; HLZLZ § Lﬁi%gzé‘.

3.4. Nonlinear terms with an x-average in the third component

We aim to estimate
(Aaj 4, A (a5 L0va) )

=3 [[aemmall kA kO s (66 - )l 0.1)

k0
=R+T
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where we split into the reaction and transport terms according to the sets

Ok = {Ik,E =n| > glnl},
Qr={lk,¢—n| < %W}

Reaction term On the set Qg it holds that |k,& — | > §|n|. With (35) we infer

R=Y" ] alem 10, al] (A K il (e = ) ] 0.1)

2
= +(§—n—kt)
S l1Aay ol 1A 5 0 pis 2 10y — [l
S lAat e llApi e llai |-

Integrating in time then yields
/ RdT Sk ~5g,

Transport term On the set (7 it holds that [k,& — | < |n], then with (35) we estimate

7= [[ e o Mall (A (&) S (k€ ~ ) laf] )

k20

S ALl 10:A; il [1Bya || v

S a5 ANT pizlliz 1 8ya [

S llAak |z (1A Apillz + vI|Api£]l2) [18ya |-

Integrating in time yields

/TdT < k1%,

3.5. Nonlinear terms with an x-average in first component

Now we turn to
((0)Nal 8y>N((a¢ Vi)ak,)_)

<3 [ atem (€11al] 0.6) A lpi (&~ ) ().

k#0
Applying Holder’s inequality, the Sobolev embedding and the definition of A yields
((@,)Na};, <8},>N(aivta;l):>

< 11040 aL |2 (10T pie e [1(0y) a2 + 100 VAT pi e 2 | Oss |
< N0yl llam Az A pizlliellA 5 a2z
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With (35) we infer

(<0y>Na}’:7 <8y>N (aivta;l):>
— _1
S l0yal v (1AN; pis iz + vlidpi2lie) (1A oz + vilA (A Ak ) @)

_ _1
S I0,aL AN pislez (1A 2z + vl (A AnF ) allz)

1
+ vl lmllApi <l (Al + v (AA &) @iz

Integrating in time yields
2

=

[ttt o) (@i ) yar < 1tz
3.6. Other nonlinear terms
In this subsection, we aim to estimate
) 3
7&

RXADA aly A (Vi) @) =R(xADLA  al, A ((a% - V) a))
+ %(XAaéAfla;,A ((ai V)
+ R(YAGLA aly, A (a2 - V)

with the choices a'a’a® € {bvv,bbb,vbv,vvb}. We start with the case of no x-averages and use

§l—kn=(§—k)(I=k) +k(§—n—(k=1)1)

and (35) to infer

RXAKLA ak, A ((d% Vi) d))
|€—kt| |§1—kn|

S Z // d(g’")k”@*’“f V (k=) +(E—n—(k=1)1)?

kol k—1£0
x (k&) la'| (k&) pil (k—1,€ =) |a’| (L,m)

S lAayllez |37 0:A7 Api 2|2l 57 Ad 2
+ 10T Ay 2Nl 57, Api 12| 37, Ad N 2
S LAz (10:A7 Apiz iz + vIIApi 112 ) llAa |2

—1 —
+L(1+vnd) 0, Adk Lo lApr £ 12 A -

2

Thus integrating in time yields
/%(XAQ;A;Ia;,A (aiV,ai)}dT SLe™

For the case, when the average is in the second component, we use partial integration to

e,

=

estimate
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R(XAD,A; aly A (af _0a,))
= —R(xAIA  ak, A (af _a))
SN0AT alliz llaZ || | 7, Ad |12
SLIOAT aliz llaZ ||l Aa |z
and thus integrating in time and using L = max(1,vx~3) yields
/%(XAa;Afla;,A (a7 _0va))dr < K%,
For the case when the average is in the third component, we obtain

R(XAD,A; " aly A (a5 40yal))

— |€—ki] Ll A(&k)
= ;//d(fﬂl)X 2t (E—ki)? \/k2+(€—7]—l)2 A(E—n,k)
k#0

x |Ad'| (k,€ ) |Api] (k.€ = n)|a’| (0,1).

Thus by n = &£ — kt — (§ — n — kt) we estimate

R(XAD,A;  aly A (a5 40yal))
<I(8) A7 AaL | 10T 3-Api 2|2l [
+ 10N A2l Apr 2 2l [
< Ll|AaL |2 0:A; Api 2| a s
+L||0:A; Aa

12

2 [1Api 2lliz lla || -

Integrating in time and using L = max (1, vk~ 3) yields
/%(XAayt,At_la;,A (a3 L0ya))dr < k1%
Which concludes the estimate
/ ONLdr < Lk~ 1522,

Combining the estimates of sections 3.2-3.6 completes the proof of proposition 3.1 and thus
theorem 3.1. [

In this article, we have shown that the MHD equations around Couette flow with mag-
netic resistivity smaller than fluid viscosity v > k > 0 are stable for initial data which is small
enough in Sobolev spaces. If the resistivity is much smaller than the viscosity, vETI > 1,
large viscosity destabilizes the equation, leading to norm inflation of size VK3, Controlling
this norm inflation is a major new challenge compared to other dissipation regimes.
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Appendix A. Construction of the weights
Let A be the Fourier weight
A= M(V>em%’1#,

with M = M\M; M, M, M, defined as

by =Sk g k#0,
Lo 14 (Skr) {y*lgt—ikg(cmkz) 3}

et 0
. !

= ey .

e = ey Lo

_AZZB = 1+u2C((zy——k) k#0,

M (1=0)=M. (k=0)=1.

The weight M is an adaption of the weight m? in [Lis20] to the present setting and M,; we
use to differentiate between resonant and non-resonant regions. The method of using time-
dependent Fourier weights is common when working at solutions around Couette flow and
the other weights are modifications of previously used weights (see [BVW18, MZ22, Lis20,

7.724] for shear related systems such as Navier—Stokes). The constants C,, = mm =

35(1—5-)?and ¢; = 55(1 — 5) are determined through the linear estimates. For the weights
we obtain that for all times ¢ > 0, it holds that
Mi=M,~M,~M, ~1,
L~! <min (1,1/—‘,@%1(%) <M <.

Lemma 3 (M. properties ). The weight My, satisfies the following bounds
—£k < =M 2 1 2
s oty < w1+ (= 5) ). oY
1
mgwu(g—ékmﬁ ) (35)
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Furthermore, it follows for a € H', that

_1
||ﬁLa¢‘|L2§ ||a75HL2+V|| (At/\/i 3)61¢HL2, (36)
I Dl 5 s )

Proof. This (34) is a consequence of the definition of M;. For estimate (35), we use that for
so € R the ODE f'(s) = 173(s).f(s0) = 1 is solved by f(s) = }ii: for all s € R. Therefore,
“0

we obtain that

1, t— &k <v!,
_&p)? _1
M, = Hﬁ%, V_lgt—gkg(cmkz) S
rk?) 73 1
71+(1Jr,,k72 : (cihk?) ™7 <t—*%k
/14— £k)? / -3 .

By the estimate Hﬁ% < w(t— k) and % < {(c16k?) 3w Swk™3 estim-
ate (35) follows. Estimates (36) and (37) are a direct consequence of (35). O

Lemma 4 (Enhanced dissipation estimates). The weights M,, and M, satisfy the following
bounds

L < ;M“+u(k2+(§ fkt)z), (38)
L g M 4y <k2 (¢ —kt)z) : (39)
Proof. This follows immediately from the definition of M, and M. O

Lemma 5 (Difference estimates). Ler k,l € Z\ {0} and &,n € R, then there hold the follow-
ing bounds on differences

L= e S S5 @
b w
My (k,n) — Mg (k,§) < 2\6;n|7 “42)
1— ’A"ZE’I‘E)) < 2j3 \Ellzlf’ﬂ’ jed{rv, 1/3} (43)

Proof. We start with the M, estimate (40) and consider M, (k,&) < M, (k,n)
M (k&) _ KR k20 T2
1= =1 eXp( ‘/ ety ettt 9T D

<1—exp 7/ 1dr 5'5‘;"".
[k o[£k 7]

The case M;(k,£) > M, (k,n) follows by the same argument and M, (k,§) ~ M, (k,n) =~ 1.
For (41) we consider the case M, (k,&) < M;(l,n) and infer that

M (k.6) KT it
- Mll(l ) =1- eXp( ‘/ R(E—k)® P4 (n—I)’
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Then we use that for x > 0 that 1 — ¢ < x and thus

1
_ Mi(k&) |1<|+\k|2 | +11v T2
— Mi(Ln) S k2+ (e—kn)2 P4 (n—1)?

i k=1
<27 (ﬁ—kyn) §|—”|—|—V12.

The case M;(k,&) > M,(l,n) follows by the same argument and M, (k,&) ~ M;(l,n) ~ 1.
For (42) we consider the case M, (k,&) < My (k,n) and thus

M (k) = My (k,€) = My (k) (1= 69 ) < 1 — el

We infer

My (k&)
L= iy} = 1 —exp (_

The case My, (k,&) > M (k,n) follows by the same argument.
For (43) we estimate the M, difference, since the M,, and M,; differences are done similar.
Let M, (k,&) > M, (I,n), then it follows

t
M) ot 1 1
V=Sam =1 exp( /<H|/O 1453 (i— £k)? 1+n§(l—7)2|)’

1 |€1—kn]
< 3 1€1=kn
N

The case My, (k,&) < M, (I,n) follows from the same steps and M, (k,&) = M (I, 7).

Appendix B. Local wellposedness

We expect the local wellposedness result to be well-known, but were not able to find it stated
in the literature. In the following, we prove the local wellposedness by a standard application
of the Banach fixed-point theorem.

Proposition 6. Consider equation (17) with initial data p;, € H" for N > 5. Then there exists
a time T such that there exists a unique solution p(t) € H" to (17) for all t € [0,T] .

Proof. We prove existence with the Banach fixed-point theorem. Let 7' = 14 2||pin | (1 + £)
and let X be the space

X={peL*H'NCH"?: p(t=0)=pin, [IPll7ocsrw + ZIViPl v < 2|Pwnll 7w }
with the norm
1PII% := Pl v + 5V Pl 70w -
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We define F: X — X as a mapping g — p = F(g) such that p solves
Op1 = DA pi — adypy = vAPL + ATV (VA Vb = VA i V),
opr + Gxé‘;Aflpz —adp1 = KAy + AfIV,J‘ (V}Aflqzvtv - V#A;lqlvtb) ,
P|t:0 = Pin-

Then the mapping F satisfies:

(1) The mapping F': X — X is well defined on X.
(2) The mapping F is a contraction, i.e. ||f(p) — F(p)||rmv < %(|p — Pl rocpv-

Since X is a complete metric space, if we prove (1) and (2), then it follows that F has a
unique fixpoint by the Banach fixed-point theorem.

(1) Let g € X, then we obtain for p = F(q)

Olp i + sVl < Ipllz + (A, AY (VAT 2 Vib — ViEAT 1 Vi)
+ (AVb, AN (VA oV = VIEA 11 Vb))
<Pz + Pl Nl [V 0™l
<P llzy + 2 eIz llglzn + 51V |-

Thus we obtain

Pinll7 + T (14 3 N gllZee ) IPlIZoe v

Iplx < |
< pinlli +T (14 2 lpinll7) P1Zo0 -

Since

T(1+ 2 |pullZn) < &

we infer the bound

Ipl% < 2lpinl -

As O,p € HV=2, it follows that p € CH"~2 and thus p € X.
(2) We show that F is a contraction. Let ¢, € X we denote p = F(g) and p = F(g). We need
to show that

Ip = pllx < 5llg —4llx,
by time estimate we obtain

aillp = pllzw + &IV (0 = P) 7w < lp = Pl
+ (A (v=7), AV (VA ' Vb — VA g Vi)

+(AY (b - B) AN (VEAT Vv — VEAT g1V b))
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— (AN (v—7),AY (va;lzlzv,zB - va;lzhv,v)

AV (b - B) AN (va,—lan - v,lA,—lzhv,E) )
< =plizw + e = pllav (lg = @l IV pllav + gl v IV (0 = p) 1)
<l =pllzy (1+ 2 llgll)

+ 1P = Bllavlla — @llav IV bl + 51V (p — B) [I7v-

Integrating in time yields

P = BllZ v + 51V (0 = B) | 2
<N =Pl T (14 2 llall7< i)
+VTp = pllrnsllg — Gl || Vipll 2
<P = PllzcornT (14 2llqlZoc v + 41Vl
+ 7l =@l oo v
Choosing T such that
T(1+ 2llqll7w + IVl 2o) < T+ 2Tlpinllay (1+ %) < 3,
it follows, that
P —=plx < 3lp = Blla + § g — Gl -
We hence conclude, that

lp—plx < 3llg —allx-
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