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1 Introduction

Higgs boson pair production is one of the processes which will receive a lot of attention in the
upcoming years — both from the experimental and the theory side. The main production
channel is via gluon fusion which shows a sizeable dependence on the top quark mass. As a
consequence, there is a relatively strong dependence on the top quark mass renormalization
scheme as has been discussed in refs. [1, 2]. It amounts up to 20% after including the
next-to-leading order (NLO) corrections into the theory predictions. In order to reduce
this uncertainty it is necessary to move to next-to-next-to-leading order (NNLO), which
involves both virtual corrections to gg — H H and real radiation contributions with one or
two additional massless partons in the final state.

At NLO the two-loop virtual corrections receive a contribution from the renormalization
of the top quark mass. The relative contribution of the virtual and real corrections depends
on the chosen subtraction scheme for the infrared divergence (see, e.g., ref. [3] where this
effect has been studied for the NLO corrections to gg — ZZ). In internal studies based on
the library ggxy [4] we observe that in the Catani-Seymour subtraction scheme [5] the sum of
all Born-like contributions are by far the dominant contribution to the scheme dependence in
g9 — HH [1, 2]. Thus, at least in this subtraction scheme, the strong renormalization scheme
dependence at NLO has its origin in the two-loop virtual corrections. The contribution which
is most important for its reduction is the three-loop virtual correction to the g9 - HH
form factors. Here m; has to be renormalized at the two-loop level. Sample Feynman
diagrams are shown in figures 1 and 2. In this paper we advance the findings of ref. [6],
where light-fermion contributions have been considered (see figure 1(b)), to the next step and
compute the complete dependence on the top quark mass in the forward limit for vanishing
transverse momenta of the Higgs bosons, albeit restricting to the contributions with one
closed top quark loop and also to the large- N, (where N, stands for the number of colours in
QCD) approximation, see figure 2(a) to (c) for sample Feynman diagrams. This allows us to
estimate the reduction of the uncertainty due to the top quark mass renormalization scheme.
One-particle reducible contributions as, e.g., shown in figure 1(a) have been computed in
ref. [7] using semi-analytic methods in the whole phase space.



- 70000 TO000 < ---- 00000 < --=-
Y A
>
[ e
q g
Y A I g
[ P 9
<
Y A
---- TOOOOY TOO00—> ---- “TC000 > ----

(a) (b) ()

Figure 1. Sample Feynman diagrams of contributions which are not computed in the present paper.
The contributions shown represent: (a) reducible contributions, (b) contributions with one closed light
quark loop, (c) contributions with two closed top quark loops. Curly (red) lines correspond to gluons,
single (black) lines to the top quark, double (blue) lines to a massless quark and dashed (blue) lines
to the Higgs boson.
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Figure 2. Sample Feynman diagrams of the contributions containing one closed top quark loop.
Diagrams (a)-(c) contribute in the leading- N, limit, while (d) is suppressed in this limit. The line
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styles are as in figure 1.

One-particle irreducible contributions as shown in figure 1(c) are not known beyond
the large-m; limit. In the forward limit they receive contributions which can be computed
using the techniques which we will present below. However, due to the massless t-channel
cuts, there are further contributions which require a dedicated study with the method-of-
regions [8] and different techniques for the calculation of the resulting integrals. This is
beyond the scope of this paper.

We consider the process g(q1) + g(q2) — H(q3) + H(qa) where all momenta are incoming.
Then the Mandelstam variables are given by

s=(q+q)?, t= (g +q3)?, u=(g+q)?, (1.1)

with s + ¢+ u = 2m?% and the transverse momentum of the Higgs boson is given by
p2% = (tu — m%;)/s. The matrix element is conveniently decomposed into two form factors®

M® =gy eg , MM = ¢y e ,6%Xos (FLAY + P AYY) (1.2)
with
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!See ref. [6] for explicit expressions for A}” and ALY.
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with the Fermi constant G, the strong coupling constant as(i) in the MS scheme and
Tr = 1/2. At higher orders we will also need the colour factors Cr = (N2 —1)/(2N,) and
Cs = N.. We introduce the perturbative expansion of F; and F5 as

2
Fepo (Oés(ﬂ)) PO 4 <0<s(ﬂ)> PO (1.4)
T T ’
and decompose them into “triangle” and “box” form factors
k 3m7 k k
FY = %Féfi) + R
§ H
k k
R~ S, (19

Note that for ¢ = 0 we have F5 = 0, which we have explicitly checked in our calculation.
In this work we concentrate on Fézzd since the three-loop triangle form factor has already
been computed in refs. [9-12].

Leading-order predictions to gg — H H are known from refs. [13, 14] and NLO corrections
based on a purely numerical approach have been obtained in refs. [15-17]. In refs. [18, 19]
it has been shown that the combination of deep high-energy expansions [19-21] and results
from the expansion for small transverse momentum [19, 22| lead to precise results for the
two-loop form factors which can be evaluated numerically in a fast and flexible way.

Predictions at NNLO and N3LO are mainly restricted to the large top quark mass
limit (see, e.g. refs. [23-27]) with the exception of ref. [6] where the three-loop light-fermion
contributions have been computed for ¢t = 0 and my = 0 but taking into account the full
dependence on s/m?. Recently also the leading-logarithmic high-energy behaviour of the
form factors has been studied in ref. [28].

The remainder of the paper is organized as follows: in the next section we present
details of our calculations and discuss the various challenges. Afterwards, in section 3 we
briefly discuss the ultraviolet and infrared behaviour of the three-loop form factor. We
also discuss the dependence of our form factor on the renormalization scales for the strong
coupling constant and the top quark mass. We present the results for the form factors in
section 4 and discuss in particular the reduction of the scheme dependence. We conclude
in section 5 and give a brief outlook.

2 Technical details

The calculation follows the same strategy as has been outlined in ref. [6] for the light fermion
contributions. However, in order to perform the calculation for the large- N, contributions
several improvements had to be implemented.

We generate the diagrams required for our calculation with qgraf [29], and then use
tapir [30] and exp [31, 32] to map the diagrams onto topologies in full kinematics and
convert the output to FORM [33] notation. The diagrams are then computed with the in-
house “calc” setup, to produce an amplitude in terms of scalar Feynman integrals in a
highly automated way.

Next we perform the expansions for pp — 0. The first step is to expand in the external
Higgs mass my. In this work we only consider the leading term in the pr — 0 expansion,



thus we can simply set my = 0 and do not have to perform a non-trivial expansion as has
been done, e.g., in refs. [21, 34, 35].

The second step is to expand the amplitude in the forward-scattering limit (i.e. ¢ — 0).
Although we are also currently only interested in the leading term in this limit we have
to perform a non-trivial expansion due to factors of 1/t which are present in the Lorentz
projectors of the form factors. We implement this expansion in FORM by introducing the vector
q¢s = q1 + g3 and expanding around gs = 0. We have that qg =t, and use a tensor reduction
procedure to treat numerators of ¢5 contracted with loop momenta. After expanding the
denominators they can become linearly dependent; we have to perform a partial fraction
decomposition before the subsequent integration-by-parts (IBP) reduction to master integrals.
We produce the necessary identities in two independent ways, with tapir and Limit [36],
by specifying the kinematics g3 = —¢q;. The amplitude is now given in terms of scalar loop
integrals in forward kinematics.

The procedure outlined above results in 522 integral families which are not all independent.
Our final simplification of the amplitude before IBP reduction is to find mappings between
these families using feynson [37, 38|, which results in an amplitude in terms of 203 independent
integral families. We note here that the excellent performance of feynson was crucial to
perform this step in a reasonable time.

At this point our amplitude is written in terms of around 2.6 million integrals belonging
to the 203 independent families, which depend on the variables d and s/m?. We perform
the IBP reduction for each family independently with Kira [39, 40]. The reduction of some
non-planar integral families with rank-5 numerators is very computationally expensive and
had to be performed on machines with up to 4TB of RAM. After reducing each family
individually we obtain reduction tables in terms of over 33 thousand master integrals, far
too many to compute. The next procedure is to minimize the number of master integrals
between the families to find a linearly independent basis. Due to resource constraints we were
not able to simply reduce the master integrals between all families using Kira. Therefore
we use the following procedure.

The first step is to use FIRE’s FindRules routine to find 1:1 maps between the 33
thousand integrals, which yields a basis of 4313 integrals. We then apply (a parallelized
version of) FindRules to the full list of 2.6 million integrals of the amplitude to yield 1.3
million equivalent integral pairs. Applying the IBP tables to these pairs and comparing
the left- and right-hand sides yields 820 thousand non-trivial relations involving 4029 of
the 4313 basis integrals. Using Kira’s user_defined_system to find reduction relations for
the redundant integrals yields a basis of 1647 master integrals. However, the differential
system w.r.t. s/m? for this basis contains some unpleasant features, suggesting that this basis
still contains linearly-dependent integrals; for example, it contains coupled systems between
integrals from different sectors, rational polynomials with large denominator factors which
do not factorize in the dimensional regular € and the kinematic variables s and m?, as well
as € poles on the diagonal of the differential equation matrix.

To eliminate additional integrals from the basis, we use FIRE 6.5 [41] to perform “test
reductions” of a restricted integral list; specifically, for each sector of each topology which
appears in the amplitude, we include integrals with a single dot on each of the propagators



as well as one of each irreducible numerator in all combinations. Thus for the example of a
two-propagator two-numerator sector {1,1,0,0} we would generate the integrals {1,1,-1,0},
{1,1,0,-1}, {1,1,-1,-1}, {2,1,-1,0}, {2,1,0,-1}, {2,1,-1,-1}, {1,2,-1,0}, {1,2,0,-1}, {1,2,-1,-1}.
Note that this procedure produces 2.7 million integrals to reduce; it is “restricted” in the
maximum complexity of the integrals compared to those of the amplitude, rather than the
total number. The initial reduction of these integrals with FIRE produces 35 thousand master
integrals across all topologies, i.e. more than the reduction with Kira. We find excellent
performance due to the FUEL [42] interface to the FLINT [43] library for rational-polynomial
simplification. Applying FindRules reduces this set to 1817 master integrals, and finally
applying FindRules to all test integrals and then applying the IBP tables to the equivalent
pairs yields additional relations; again reducing these as a Kira user_defined_system yields
a final basis of 1561 master integrals, for which the differential system has a much-improved
structure (though the basis is likely still not fully minimal). However, even in this reduced
form the differential equation still exhibits poles in € on the diagonal of the system and
denominators which do not factorize in terms of € and the kinematic invariants.

The calculation of this final set of 1561 master integrals poses a significant computational
challenge, which we postpone for later study. In order to obtain first phenomenologically
relevant results we restrict ourselves to the leading-colour approximation, i.e. Cy — N,
Cr — N./2. This reduces the set of necessary master integrals to 783, which we were able to
tackle with the “expand and match” method [44-46]. We note that the leading-colour limit
does not eliminate non-planar topologies from our amplitude, as e.g. shown in figure 2(c).
Conceptionally the method is also able to address the calculation of the full set of master
integrals, however, computational bottlenecks have to be overcome first:

e The calculation of boundary conditions which is much more involved for some of the
families not contributing in the large- N, limit.

o Handling the sheer size of the system of differential equations when dealing with 1561
master integrals is difficult.

e We still encounter € poles on the diagonal of the differential equation matrix, which
makes it unfeasible to simply insert an ansatz in the system. This problem can be
overcome by decoupling the differential equations into higher-order differential operators,
however, this possibly necessitates the computation of higher ¢ powers for individual
master integrals.

In section 4 we comment on the quality of the large-N. approximation in the large-m; limit.

We compute the master integrals with the help of their differential equations with respect
to x = s/m?. First, we construct analytic results in the large-m; (z — 0) limit. To achieve
this we first insert an ansatz for the master integrals expanded around x — 0 into the
differential equation. This leads to a large system of linear equations for the expansion
coefficients which we solve in terms of a small number of boundary coefficients. In order
to fix these coefficients we compute the first few terms in the large-m; expansion explicitly.
The calculation is facilitated by exp, which automates the asymptotic expansion in the limit
m? > s. The different regions lead to three-loop vacuum integrals, as well as products of one-



and two-loop vacuum integrals with two- and one-loop massless s-channel vertex integrals,
respectively, which are all well known in the literature. We only need about half of the
computed expansion terms to fix the boundary conditions of our symbolic expansion; the rest
are used for welcome consistency checks of our calculation. After inserting the master integrals
into the amplitude we reproduce the results of ref. [47] after specifying to the large- N, limit.

In a subsequent step we use the “expand and match” method to transport the results
valid around s/m? — 0, and numerical evaluations at other points, to nearby values [44—
46]. Compared to the calculation in ref. [6] this step is much more complex; the system
of equations is much larger, and exhibits various unphysical singularities in x which limit
the radii of convergence of the expansions. We therefore had to perform expansions around
a much larger number of points:

7 9
% =z € {0, 1,2,3, 5,4, 5,5,6,7,8, 10,12, 14, 15,16, 18,22, 27, 35,45} . (2.1)
my

We use AMFlow [48-51] at the values x = {1, 5, 10, 27} with 40 digits accuracy and match them
directly to symbolic expansions around these points. Expansions around other points are
obtained by the “expand and match” method. We verify that the expansions obtained after
crossing the physical cuts at © = 4 (the two-particle threshold) and x = 16 (the four-particle
threshold),? numerically agree with at least 10 significant digits with the ones obtained from
expansions obtained by matching with AMFlow runs above the cuts. This provides a strong
check on the analytic continuation over these singular points of the differential equation and
on the quality of the semi-numerical solutions over the whole range of x.

The AMFlow runs have been facilitated by the use of Symbolica [52] instead of Fermat [53]
as the back-end of a modified version of Kira to perform the simplification of rational
polynomials. This modification reduces the run time for a numerical evaluation of the most
complicated integral families from over one month to less than a week, with similar computing
resources. Using this approach we obtain smooth transitions between the different expansions
with an agreement of ten or more digits at the matching points. The results provide us an
accuracy of about 10 significant digits for the finite part of the form factor for /s < 1000 GeV.
If required an extension to higher energies is possible.

3 Form factors in the MS and pole scheme

Ultraviolet renormalization. We first renormalize the top quark mass in the pole (M;) or
MS (m;) scheme and the strong coupling constant in the MS scheme with six active flavours.
This requires that we renormalize the gluon wave function for which we also use the pole
scheme, i.e. the gluon two-point function with external momentum squared evaluated to zero.
All counterterms are needed to two-loop order. For completeness we provide the explicit

2We observe that the final result for the form factor in the large- N, approximation has no cut at = = 16.
However, we have used a general ansatz in the “expand and match” approach which allows for square roots in
(s/m7 — 16). All half-integer powers of (s/m7 — 16) cancel in the matching process.



expressions (see, e.g., refs. [54-56]):
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with lyg = log(p?/m7) and log = log(p?/MZ). The two-loop gg — HH amplitude develops

1/€? poles which is why we need the one-loop expressions of Z9 OS and Z?)OS to order €2. The
one-loop gg — HH amplitude is finite and thus constant terms in e are sufficient at order a?.
We next decouple the contribution of the top quark from the running of a; and express

(5)(

our amplitude in terms of as "’ (us). The corresponding decoupling constant defined via

agS) (1s) = O‘g6) (1s) Cas 5 (3.2)



is given by

(5) 2 2 3 2
0S as’ (@) los log  m s (log |, ™los (3
p— 1 — — — — JE—
s +< - )Tpnh 3 +6< 6 +36 + € 18 + 36 9

(5) 2 )
as (1) <15 lOS) <_2 5l08) los
+ ( - > Tenyp, [CF 16 + 1 + Cy 9 + D + Trny, 9 | (3.3)

The one-loop expression again needs to include €2 terms. The quantity C? is obtained with
the help of the renormalization constants in eq. (3.1).

Infrared subtraction. For the subtraction of the infrared poles we adapt the same procedure
as in ref. [47] which is based on ref. [57], see also refs. [24, 58].
Finite form factors at NLO and NNLO are obtained via the following subtraction

procedure
A0 _ g0 _ L po
29 ’
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where the quantities on the right-hand side are ultraviolet-renormalized and Iél) and 19(2)

are given by [57, 58]
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We compute all counterterm contributions and infrared subtraction terms for general
colour factors. Afterwards we select the leading- N, terms for the contributions with one
closed top quark loop. Furthermore we add the light-fermion contributions (“n;”) computed
in ref. [6]. The renormalization and infrared subtraction procedure also produces an terms,
which we take into account. These (which are numerically small even for n; = 5) cancel against
the convolutions with splitting functions which are part of the real radiation contribution.



Renormalization scales. Note that the subtraction terms in eq. (3.6) are chosen in such
a way that the renormalization scale dependence of Ffi* is governed by ay = as(us) in
case the top quark mass is renormalized on-shell. If the top quark mass is renormalized
in the MS scheme we introduce in a first step my(us). Afterwards we use the two-loop
renormalization group equation for a, to separate the scales and express the form factors
in terms of as(us) and ().

Note that each time we discuss the renormalization scale dependence of the form factors
we actually have to take into account the factor a; in eq. (1.3) and have to consider the
combination o (us)F (s, pit). For this reason, in the next section we show results for the
quantity

Gps, ) = j:((;\z)) F™ (g, ) (3.8)

where M; is the top quark pole mass.

4 Scheme and scale dependence of the form factor at NNLO

We use the same input values as in ref. [6] which are given by

M; = 173.21 GéV
my = 125.10 GeV
P (Mz) = 0.118. (4.1)

For the numerical evaluation of the form factors we need a.” (us) and 7 (). For the latter

we also need o (). The corresponding numerical values are obtained using RunDec [59]
with five-loop running and four-loop matching at p = M; for the transition from the ny =5

to the ny = 6 flavour theory. For reference we provide the values for p; = ps = s (my):

mt(mt) = 163.39 GeV ,
o9 (m, (my)) = 0.108. (4.2)

We start in figure 3 by showing the real and imaginary parts of the one- and two-loop
form factor Flﬁ“. The exact results are compared to the approximation we apply at three
loops (t = 0 and my = 0). Note that this approximation is independent of py. For the
exact result we show curves for pyr = 100 GeV, pr = 200 GeV and ppr = 300 GeV. Figure 3
is based on data from ref. [6] where y? = —s has been chosen and the top quark mass has
been renormalized in the pole scheme.

In the range of pr which we consider we observe, both at one and two loops and both
for the real and imaginary parts, only a mild dependence on pp. It is impressive that the
forward approximation for mpy = 0 agrees well with the exact result. Around the top-anti-top
threshold we observe a deviation of only 20%. This suggests that the three-loop approximation
for t = 0 and my = 0 already provides phenomenologically relevant results, since a large part
of the total cross section is provided for values of the transverse momentum around 100 GeV.

Next we discuss the quality of the large- N, approximation, which we can test in the
large-m; limit where results for all colour structures are available [47]. If we concentrate on the
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Figure 3. One- and two-loop results for Ffi". We show both the exact result and the approximation
for t = 0 and mpy = 0 (which does not depend on pr) for various values of pr. For the two-loop
curves we choose ? = —s as in ref. [6]. The label “best” refers to the combination of the small-¢ and
high-energy expansions which have been shown to be equivalent to the exact result, see ref. [19].

leading N? term of the contribution with one closed top quark loop and consider the leading
term in the 1/m; expansion and values for /s and pr where the large-m; approximation
is valid (i.e., 250 GeVS /s < 300 GeV and pr below about 50 GeV) we observe that the
deviation between the full results and the leading N2 term in the real and imaginary parts
of Ffi" is about 5% and 30%, respectively. After including sub-leading terms in 1/m; the
agreement improves further and reaches approximately 10% for the imaginary part. Thus,
it can be expected that the major contribution is covered by the large- N, term in the limit
pr — 0 computed in this paper.

In figure 4 we show the real and imaginary parts of the perturbative coefficients Gf)%)xl,
Gl(:)lo)xl and G&)Xl (as defined in eq. (3.8)) for the approximation t = 0 and my = 0. For the
latter the light-fermion and large- NV, results are shown separately. For the renormalization
scales we have chosen u? = p? = s. For clarity the one- and two-loop results are multiplied
by a factor 100 and 10, respectively. In the left-hand column the pole scheme is used for
the top quark mass and on the right-hand side we use the MS mass.

In the pole scheme we observe larger higher-order corrections. Depending on /s the
increase in the absolute value is in general more than an order of magnitude. This is a feature
which is often observed in the pole scheme. The situation is different in the MS scheme.
Here the higher-order coefficients are much smaller which leads to a better convergence
of perturbation theory.

The MS curves show a characteristic feature around /s = 27 ~ 320 GeV which deserves
an explanation. The top quark mass counterterm contributions from the one- and two-loop
corrections are obtained via derivatives with respect to m;. At threshold, i.e. for s/m? = 4,
the derivatives are not analytic, which leads to numerically large contributions. In the pole
scheme the bare three-loop form factor shows a similar behaviour with the opposite sign,
such that at s/m? = 4 a smooth behaviour is observed. On the other hand, if the top quark
mass is renormalized in the MS scheme there is only a partial cancellation which leads to the
dip-peak structure as observed in figure 4. Note that a similar behaviour is also observed in
hadronic quantities where often bins in the Higgs boson pair invariant mass, My, are used.

,10,



500 500
M| 1l x100 | 11 x100
E 21 x10 E 21 x10
400 3Inl=5 400 3Inl=5
| 3ILNC M 3ILNC
3001 0s 300 s
—~ 2004 . 2001
2 3
¢ 1007 @ 1004
g g
04 ) 01 s
~1004 —100+
™
—200 —200+
-3001— : : | | | | —-300-1— ; ; ; ; ; ;
300 400 500 600 700 800 900 1000 300 400 500 600 700 800 900 1000
Vs(GeV) Vs(GeV)
200 200
= 11 x100
21 x10
3Inl=5
100 100 = 3INC
5
= 0 = 04
2 2
S )
E _100] E _100]
M 11 x100
—200- 2 x10 200+
3Inl=5
B 3ILNC
oS

-300 -300

300 400 500 600 700 800 900 1000

Vs(GeV)

300 400 500 600 700 800 900 1000
VS(GeV)

Figure 4. Real (top) and imaginary (bottom) parts of Gpox1 for t = 0 and my = 0 at one, two and
three loops. The panels on the left and right use the pole and MS top quark mass, respectively. At
three loops the light-fermion (for n; = 5) and large- N, contributions are shown separately. For the
renormalization scales we have chosen p? = p? = s.

Usually the bin including the top pair threshold shows large deviations between the MS and
pole scheme, see, e.g., figure 2 of ref. [2]. In fact, close to threshold it is not recommended
to use the MS definition for the top quark mass so for practical purposes the non-physical
behaviour of the form factor is not a problem.

Let us next discuss the dependence on the top quark mass scheme at NNLO. Figure 5
shows Gpox1 truncated to one, two and three loops for the pole and MS schemes. The real
and imaginary parts are shown separately. In the different rows we adopt different choices for
pe and jig, namely p? = M2, u? = s (top), pu2 = s, u? = s (middle) and pu2 = M2, u? = M?
(bottom). Due to the behaviour of the MS result at s/m? = 4 we restrict the following
discussion to /s 2 350 GeV although all curves are shown also for lower values of /s.

In all cases we observe a significant reduction on the dependence of the top quark mass
scheme when going from one to two and finally to three loops; the one-loop curves (blue
and dark yellow) are far apart. The distance is noticeably reduced at two loops (turquoise
and orange) and has almost disappeared at three loops (green and red). It is interesting
to note that the orange and red curves are close together which suggests that the NNLO
corrections in the MS scheme are small.
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Figure 5. Real (left) and imaginary (right) parts of F; for ¢t = 0 and my = 0. At three loops the
light-fermion (for n, = 5) and large-N, are included. Top: pu2 = M?, u? = s, middle: p2 = s, pu? = s,
bottom: u? = M?, u? = M?.
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Figure 6. G0y for u2 = s/4. The band is the envelope of the MS result where p? is varied between
s and s/16 and p? = M is chosen. The results in the pole scheme are shown as dashed lines. Note
that at NNLO the band is quite narrow and almost completely covered by the curve from the pole
scheme.
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Figure 7. Ghox1 computed with the MS and on-shell definition of the top quark mass for p2 = s/4
(left) and pu? = s (right). p? is chosen between s and s/16. All curves are normalized to the three-loop
on-shell result.

Finally, in figure 6 we show Gpox1 in the pole and MS scheme for /s values above
340 GeV. We choose p? = s/4, and in the MS scheme we vary u? between s and s/16. This
is the partonic correspondence to the often-used hadronic scale choice ps = Mg /2 and
we = Mpgp/4,...,Mgg. In figure 6 we also include the choice uf = ME For illustration
the curves in the pole scheme are shown in a darker colour. The bands shown at LO, NLO
and NNLO represent the envelope of the different choices of j; in the MS scheme. The
combination with the curves from the pole scheme reflect the uncertainty due to the scheme
choice for the top quark mass.

The data used in figure 6 are also shown in figure 7 after summing the squared real and
imaginary parts and normalizing to the three-loop prediction in the pole scheme. In the left
panel we choose p? = s/4 and the blue, green and red bands are again obtained by varying
u? between s and s/16. The LO, NLO and NNLO curves for the on-shell top quark masses
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are shown as dark blue, dark green and red lines, respectively. The reduction of the scale
dependence is clearly seen by the smaller widths of the bands when going to higher orders in
perturbation theory. Furthermore, we observe a reduction of the scheme dependence through
the reduced distance between the on-shell curves and the bands which are based on MS
results. We observe an overlap of the NLO and NNLO bands for smaller values of /s whereas
for /s Z 600 GeV there is a small gap. Note that once also g is varied there is an overlap of
the NLO and NNLO bands. This can be seen in the right panel of figure 7 where p2 = s has
been chosen. We observe that the NNLO band is contained within the NLO scale variation.

It is interesting to note that for smaller values for u; the MS curves are closer to the
on-shell curves. On the other hand, in general for larger values of yu; the NLO curves are
more consistent with the NNLO results.

5 Conclusions and Outlook

In this paper we compute the massive three-loop box-type form factors for the process
g9 — HH in the large- N, limit for pr = 0 and massless Higgs boson in the final state. At one
and two loops, we show that this limit already provides a reasonable approximation to the
exact results for smaller values of py. We additionally consider the large- N, limit, which we
show to provide a reasonable approximation in the context of the NNLO large-m; expansion.

Our calculation requires a non-trivial reduction of the box integrals to 783 master
integrals. For the computation of these master integrals we apply a method which provides
semi-analytic results for the desired range of s/m?.

We use our results to study, for the first time, the scheme dependence due to the top
quark mass at NNLO. We find a significant reduction, as can be seen in figure 6 and 7. If
the scale uncertainty is estimated by the width of the bands in figure 7 we observe a typical
reduction of about a factor five when going from NLO to NNLO. If we define the scheme
uncertainty via the distance of the on-shell curves and the centre of the MS band it amounts
to only a few percent. For a final phenomenological analysis it is necessary to construct
physical results and include the real radiation contribution in addition.

There are a few further steps necessary before a detailed phenomenological analysis is
possible. These include the computation of the remaining colour coefficients, the computation
of sub-leading expansion terms in ¢ and my, and the computation of the real-radiation
contribution. Each step requires dedicated technical developments and substantial computing
resources.

Acknowledgments

This research was supported by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under grant 396021762 — TRR 257 “Particle Physics Phenomenology after the
Higgs Discovery”. The work of K. S. was supported by the European Research Council (ERC)
under the European Union’s Horizon 2020 research and innovation programme grant agreement
101019620 (ERC Advanced Grant TOPUP) and the UZH Postdoc Grant, grant no. [FK-
24-115]. The work of J. D. was supported by STFC Consolidated Grant ST/X000699/1.

— 14 —



We thank Gudrun Heinrich and Marco Vitti for carefully reading the paper and for useful

comments. The Feynman diagrams were drawn with the help of FeynGame [60-62].

Data Availability Statement. This article has no associated data or the data will not

be deposited.

Code Availability Statement. This article has no associated code or the code will not

be deposited.

Open Access. This article is distributed under the terms of the Creative Commons Attri-

bution License (CC-BY4.0), which permits any use, distribution and reproduction in any

medium, provided the original author(s) and source are credited.

References

[1]

2]

[10]

[11]

J. Baglio et al., gg — HH: combined uncertainties, Phys. Rev. D 103 (2021) 056002
[arXiv:2008.11626] [INSPIRE].

E. Bagnaschi, G. Degrassi and R. Grober, Higgs boson pair production at NLO in the POWHEG
approach and the top quark mass uncertainties, Eur. Phys. J. C 83 (2023) 1054
[arXiv:2309.10525] [INSPIRE].

B. Agarwal, S. Jones, M. Kerner and A. von Manteuffel, Complete next-to-leading order QCD
corrections to ZZ production in gluon fusion, Phys. Rev. Lett. 134 (2025) 031901
[arXiv:2404.05684] [INSPIRE].

J. Davies, K. Schonwald, M. Steinhauser and D. Stremmer, ggxy: a flexible library to compute
gluon-induced cross sections, arXiv:2506.04323 [INSPIRE].

S. Catani and M.H. Seymour, A general algorithm for calculating jet cross-sections in NLO
QCD, Nucl. Phys. B 485 (1997) 291 [hep-ph/9605323| [INSPIRE].

J. Davies, K. Schonwald and M. Steinhauser, Towards gg — HH at next-to-next-to-leading
order: light-fermionic three-loop corrections, Phys. Lett. B 845 (2023) 138146
[arXiv:2307.04796] [INSPIRE].

J. Davies, K. Schonwald, M. Steinhauser and M. Vitti, Three-loop corrections to Higgs boson pair
production: reducible contribution, JHEP 08 (2024) 096 [arXiv:2405.20372] [INSPIRE].

M. Beneke and V.A. Smirnov, Asymptotic expansion of Feynman integrals near threshold, Nucl.
Phys. B 522 (1998) 321 [hep-ph/9711391] [INSPIRE].

J. Davies et al., Top quark mass dependence of the Higgs boson-gluon form factor at three loops,
Phys. Rev. D 100 (2019) 034017 [Erratum ibid. 102 (2020) 059901] [arXiv:1906.00982]
[NSPIRE].

J. Davies et al., Padé approach to top-quark mass effects in gluon fusion amplitudes, PoS
RADCOR2019 (2019) 079 [arXiv:1912.04097] InSPIRE].

R.V. Harlander, M. Prausa and J. Usovitsch, The light-fermion contribution to the exact
Higgs-gluon form factor in QCD, JHEP 10 (2019) 148 [Erratum ibid. 08 (2020) 101]
[arXiv:1907.06957] [INSPIRE].

M.L. Czakon and M. Niggetiedt, Fzact quark-mass dependence of the Higgs-gluon form factor at
three loops in QCD, JHEP 05 (2020) 149 [arXiv:2001.03008] [INSPIRE].

,15,


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1103/PhysRevD.103.056002
https://doi.org/10.48550/arXiv.2008.11626
https://inspirehep.net/literature/1813382
https://doi.org/10.1140/epjc/s10052-023-12238-8
https://doi.org/10.48550/arXiv.2309.10525
https://inspirehep.net/literature/2699683
https://doi.org/10.1103/PhysRevLett.134.031901
https://doi.org/10.48550/arXiv.2404.05684
https://inspirehep.net/literature/2775476
https://doi.org/10.48550/arXiv.2506.04323
https://inspirehep.net/literature/2929909
https://doi.org/10.1016/S0550-3213(96)00589-5
https://doi.org/10.48550/arXiv.hep-ph/9605323
https://inspirehep.net/literature/418649
https://doi.org/10.1016/j.physletb.2023.138146
https://doi.org/10.48550/arXiv.2307.04796
https://inspirehep.net/literature/2676007
https://doi.org/10.1007/JHEP08(2024)096
https://doi.org/10.48550/arXiv.2405.20372
https://inspirehep.net/literature/2793119
https://doi.org/10.1016/S0550-3213(98)00138-2
https://doi.org/10.1016/S0550-3213(98)00138-2
https://doi.org/10.48550/arXiv.hep-ph/9711391
https://inspirehep.net/literature/451284
https://doi.org/10.1103/PhysRevD.100.034017
https://doi.org/10.48550/arXiv.1906.00982
https://inspirehep.net/literature/1738307
https://doi.org/10.22323/1.375.0079
https://doi.org/10.22323/1.375.0079
https://doi.org/10.48550/arXiv.1912.04097
https://inspirehep.net/literature/1769232
https://doi.org/10.1007/JHEP10(2019)148
https://doi.org/10.48550/arXiv.1907.06957
https://inspirehep.net/literature/1744158
https://doi.org/10.1007/JHEP05(2020)149
https://doi.org/10.48550/arXiv.2001.03008
https://inspirehep.net/literature/1774725

[13]

[14]

[15]

[19]

[20]

[21]

[22]

[25]

[26]

[27]

E.W.N. Glover and J.J. van der Bij, Higgs boson pair production via gluon fusion, Nucl. Phys. B
309 (1988) 282 [INSPIRE].

T. Plehn, M. Spira and P.M. Zerwas, Pair production of neutral Higgs particles in gluon-gluon
collisions, Nucl. Phys. B 479 (1996) 46 [hep-ph/9603205] [INSPIRE].

S. Borowka et al., Higgs boson pair production in gluon fusion at next-to-leading order with full
top-quark mass dependence, Phys. Rev. Lett. 117 (2016) 012001 [Erratum ibid. 117 (2016)
079901] [arXiv:1604.06447] [INSPIRE].

S. Borowka et al., Full top quark mass dependence in Higgs boson pair production at NLO, JHEP
10 (2016) 107 [arXiv:1608.04798] [INSPIRE].

J. Baglio et al., Gluon fusion into Higgs pairs at NLO QCD and the top mass scheme, Eur. Phys.
J. C 79 (2019) 459 [arXiv:1811.05692] [INSPIRE].

L. Bellafronte et al., Gluon fusion production at NLO: merging the transverse momentum and
the high-energy expansions, JHEP 07 (2022) 069 [arXiv:2202.12157] [INSPIRE].

J. Davies, G. Mishima, K. Schénwald and M. Steinhauser, Analytic approrimations of 2 <> 2
processes with massive internal particles, JHEP 06 (2023) 063 [arXiv:2302.01356] [INSPIRE].

J. Davies, G. Mishima, M. Steinhauser and D. Wellmann, Double-Higgs boson production in the
high-energy limit: planar master integrals, JHEP 03 (2018) 048 [arXiv:1801.09696] [INSPIRE].

J. Davies, G. Mishima, M. Steinhauser and D. Wellmann, Double Higgs boson production at
NLO in the high-energy limit: complete analytic results, JHEP 01 (2019) 176
[arXiv:1811.05489] [INSPIRE].

R. Bonciani, G. Degrassi, P.P. Giardino and R. Gréber, Analytical method for
next-to-leading-order QCD corrections to double-Higgs production, Phys. Rev. Lett. 121 (2018)
162003 [arXiv:1806.11564] [INSPIRE].

D. de Florian and J. Mazzitelli, Higgs boson pair production at next-to-next-to-leading order in
QCD, Phys. Rev. Lett. 111 (2013) 201801 [arXiv:1309.6594] [iNSPIRE].

J. Grigo, K. Melnikov and M. Steinhauser, Virtual corrections to Higgs boson pair production in
the large top quark mass limit, Nucl. Phys. B 888 (2014) 17 [arXiv:1408.2422] INnSPIRE].

M. Grazzini et al., Higgs boson pair production at NNLO with top quark mass effects, JHEP 05
(2018) 059 [arXiv:1803.02463] INSPIRE].

L.-B. Chen, H.T. Li, H.-S. Shao and J. Wang, Higgs boson pair production via gluon fusion at
N3LO in QCD, Phys. Lett. B 803 (2020) 135292 [arXiv:1909.06808] [iNSPIRE].

L.-B. Chen, H.T. Li, H.-S. Shao and J. Wang, The gluon-fusion production of Higgs boson pair:
N3LO QCD corrections and top-quark mass effects, JHEP 03 (2020) 072 [arXiv:1912.13001]
[INSPIRE].

S. Jaskiewicz, S. Jones, R. Szafron and Y. Ulrich, The structure of quark mass corrections in the
g9 — HH amplitude at high-energy, arXiv:2501.00587 [INSPIRE].

P. Nogueira, Automatic Feynman graph generation, J. Comput. Phys. 105 (1993) 279 [INSPIRE].

M. Gerlach, F. Herren and M. Lang, tapir: a tool for topologies, amplitudes, partial fraction
decomposition and input for reductions, Comput. Phys. Commun. 282 (2023) 108544
[arXiv:2201.05618] [INSPIRE].

R. Harlander, T. Seidensticker and M. Steinhauser, Complete corrections of order aas to the
decay of the Z boson into bottom quarks, Phys. Lett. B 426 (1998) 125 [hep-ph/9712228]
[INSPIRE].

,16,


https://doi.org/10.1016/0550-3213(88)90083-1
https://doi.org/10.1016/0550-3213(88)90083-1
https://inspirehep.net/literature/252796
https://doi.org/10.1016/0550-3213(96)00418-X
https://doi.org/10.48550/arXiv.hep-ph/9603205
https://inspirehep.net/literature/416422
https://doi.org/10.1103/PhysRevLett.117.079901
https://doi.org/10.48550/arXiv.1604.06447
https://inspirehep.net/literature/1450011
https://doi.org/10.1007/JHEP10(2016)107
https://doi.org/10.1007/JHEP10(2016)107
https://doi.org/10.48550/arXiv.1608.04798
https://inspirehep.net/literature/1481820
https://doi.org/10.1140/epjc/s10052-019-6973-3
https://doi.org/10.1140/epjc/s10052-019-6973-3
https://doi.org/10.48550/arXiv.1811.05692
https://inspirehep.net/literature/1703567
https://doi.org/10.1007/JHEP07(2022)069
https://doi.org/10.48550/arXiv.2202.12157
https://inspirehep.net/literature/2037708
https://doi.org/10.1007/JHEP06(2023)063
https://doi.org/10.48550/arXiv.2302.01356
https://inspirehep.net/literature/2629438
https://doi.org/10.1007/JHEP03(2018)048
https://doi.org/10.48550/arXiv.1801.09696
https://inspirehep.net/literature/1651238
https://doi.org/10.1007/JHEP01(2019)176
https://doi.org/10.48550/arXiv.1811.05489
https://inspirehep.net/literature/1703585
https://doi.org/10.1103/PhysRevLett.121.162003
https://doi.org/10.1103/PhysRevLett.121.162003
https://doi.org/10.48550/arXiv.1806.11564
https://inspirehep.net/literature/1680308
https://doi.org/10.1103/PhysRevLett.111.201801
https://doi.org/10.48550/arXiv.1309.6594
https://inspirehep.net/literature/1255445
https://doi.org/10.1016/j.nuclphysb.2014.09.003
https://doi.org/10.48550/arXiv.1408.2422
https://inspirehep.net/literature/1310409
https://doi.org/10.1007/JHEP05(2018)059
https://doi.org/10.1007/JHEP05(2018)059
https://doi.org/10.48550/arXiv.1803.02463
https://inspirehep.net/literature/1658914
https://doi.org/10.1016/j.physletb.2020.135292
https://doi.org/10.48550/arXiv.1909.06808
https://inspirehep.net/literature/1754176
https://doi.org/10.1007/JHEP03(2020)072
https://doi.org/10.48550/arXiv.1912.13001
https://inspirehep.net/literature/1773489
https://doi.org/10.48550/arXiv.2501.00587
https://inspirehep.net/literature/2864415
https://doi.org/10.1006/jcph.1993.1074
https://inspirehep.net/literature/315611
https://doi.org/10.1016/j.cpc.2022.108544
https://doi.org/10.48550/arXiv.2201.05618
https://inspirehep.net/literature/2011858
https://doi.org/10.1016/S0370-2693(98)00220-2
https://doi.org/10.48550/arXiv.hep-ph/9712228
https://inspirehep.net/literature/451816

[32]

[33]
[34]

[35]

[36]

[37]

[38]
[39]

[40]

[46]

[47]

[48]

[49]

[50]

T. Seidensticker, Automatic application of successive asymptotic expansions of Feynman
diagrams, in the proceedings of the 6th international workshop on new computing techniques in
physics research: software engineering, artificial intelligence neural nets, genetic algorithms,
symbolic algebra, automatic calculation, (1999) [hep-ph/9905298] [INSPIRE].

B. Ruijl, T. Ueda and J. Vermaseren, FORM version 4.2, arXiv:1707.06453 [INSPIRE].

J. Davies, G. Mishima, M. Steinhauser and D. Wellmann, gg — ZZ: analytic two-loop results for
the low- and high-energy regions, JHEP 04 (2020) 024 [arXiv:2002.05558] INSPIRE].

J. Davies, K. Schonwald, M. Steinhauser and H. Zhang, Analytic next-to-leading order Yukawa
and Higgs boson self-coupling corrections to gg — HH at high energies, JHEP 04 (2025) 193
[arXiv:2501.17920] [INSPIRE].

F. Herren, Precision calculations for Higgs boson physics at the LHC — four-loop corrections to
gluon-fusion processes and Higgs boson pair-production at NNLO, Ph.D. thesis, KIT, Karlsruhe,
Germany (2020) [INSPIRE].

V. Maheria, Semi- and fully-inclusive phase-space integrals at four loops, Ph.D. thesis, Hamburg
U., Hamburg, Germany (2022) [INSPIRE].

V. Maheria, feynson GitHub repository, https://github.com/magv/feynson.

P. Maierhofer, J. Usovitsch and P. Uwer, Kira — a Feynman integral reduction program, Comput.
Phys. Commun. 230 (2018) 99 [arXiv:1705.05610] [INSPIRE].

J. Klappert, F. Lange, P. Maierhéfer and J. Usovitsch, Integral reduction with Kira 2.0 and finite
field methods, Comput. Phys. Commun. 266 (2021) 108024 [arXiv:2008.06494| [INSPIRE].

A.V. Smirnov and M. Zeng, FIRE 6.5: Feynman integral reduction with new simplification
library, Comput. Phys. Commun. 302 (2024) 109261 [arXiv:2311.02370] [INSPIRE].

K. Mokrov, A. Smirnov and M. Zeng, Rational function simplification for integration-by-parts
reduction and beyond, Numer. Meth. Progr. 24 (2023) 352 [arXiv:2304.13418] [INSPIRE].

The FLINT team, FLINT: Fast Library for Number Theory, https://flintlib.org/ (2025).

M. Fael, F. Lange, K. Schonwald and M. Steinhauser, A semi-analytic method to compute
Feynman integrals applied to four-loop corrections to the MS-pole quark mass relation, JHEP 09
(2021) 152 [arXiv:2106.05296] [INSPIRE].

M. Fael, F. Lange, K. Schonwald and M. Steinhauser, A semi-numerical method for one-scale
problems applied to the MS-on-shell relation, SciPost Phys. Proc. T (2022) 041
[arXiv:2110.03699] [INSPIRE].

M. Fael, F. Lange, K. Schonwald and M. Steinhauser, Singlet and nonsinglet three-loop massive
form factors, Phys. Rev. D 106 (2022) 034029 [arXiv:2207.00027] INSPIRE].

J. Davies and M. Steinhauser, Three-loop form factors for Higgs boson pair production in the
large top mass limit, JHEP 10 (2019) 166 [arXiv:1909.01361] [INSPIRE].

X. Liu, Y.-Q. Ma and C.-Y. Wang, A systematic and efficient method to compute multi-loop
master integrals, Phys. Lett. B 779 (2018) 353 [arXiv:1711.09572] [INSPIRE].

X. Liu and Y.-Q. Ma, Multiloop corrections for collider processes using auzxiliary mass flow, Phys.
Rev. D 105 (2022) L051503 [arXiv:2107.01864] [INSPIRE].

Z.-F. Liu and Y.-Q. Ma, Determining Feynman integrals with only input from linear algebra,
Phys. Rev. Lett. 129 (2022) 222001 [arXiv:2201.11637] [INSPIRE].

,17,


https://doi.org/10.48550/arXiv.hep-ph/9905298
https://inspirehep.net/literature/499693
https://doi.org/10.48550/arXiv.1707.06453
https://inspirehep.net/literature/1610864
https://doi.org/10.1007/JHEP04(2020)024
https://doi.org/10.48550/arXiv.2002.05558
https://inspirehep.net/literature/1780132
https://doi.org/10.1007/JHEP04(2025)193
https://doi.org/10.48550/arXiv.2501.17920
https://inspirehep.net/literature/2874161
https://inspirehep.net/literature/1828870
https://inspirehep.net/literature/2725167
https://github.com/magv/feynson
https://doi.org/10.1016/j.cpc.2018.04.012
https://doi.org/10.1016/j.cpc.2018.04.012
https://doi.org/10.48550/arXiv.1705.05610
https://inspirehep.net/literature/1599858
https://doi.org/10.1016/j.cpc.2021.108024
https://doi.org/10.48550/arXiv.2008.06494
https://inspirehep.net/literature/1811816
https://doi.org/10.1016/j.cpc.2024.109261
https://doi.org/10.48550/arXiv.2311.02370
https://inspirehep.net/literature/2719314
https://doi.org/10.26089/nummet.v24r425
https://doi.org/10.48550/arXiv.2304.13418
https://inspirehep.net/literature/2654483
https://flintlib.org/
https://doi.org/10.1007/JHEP09(2021)152
https://doi.org/10.1007/JHEP09(2021)152
https://doi.org/10.48550/arXiv.2106.05296
https://inspirehep.net/literature/1867984
https://doi.org/10.21468/SciPostPhysProc.7.041
https://doi.org/10.48550/arXiv.2110.03699
https://inspirehep.net/literature/1943847
https://doi.org/10.1103/PhysRevD.106.034029
https://doi.org/10.48550/arXiv.2207.00027
https://inspirehep.net/literature/2104684
https://doi.org/10.1007/JHEP10(2019)166
https://doi.org/10.48550/arXiv.1909.01361
https://inspirehep.net/literature/1752549
https://doi.org/10.1016/j.physletb.2018.02.026
https://doi.org/10.48550/arXiv.1711.09572
https://inspirehep.net/literature/1639025
https://doi.org/10.1103/PhysRevD.105.L051503
https://doi.org/10.1103/PhysRevD.105.L051503
https://doi.org/10.48550/arXiv.2107.01864
https://inspirehep.net/literature/1876630
https://doi.org/10.1103/PhysRevLett.129.222001
https://doi.org/10.48550/arXiv.2201.11637
https://inspirehep.net/literature/2020677

[51]

[56]

[57]

[58]

[60]

[61]

[62]

X. Liu and Y.-Q. Ma, AMFlow: a Mathematica package for Feynman integrals computation via
auziliary mass flow, Comput. Phys. Commun. 283 (2023) 108565 [arXiv:2201.11669] [INSPIRE].

B. Ruijl, Symbolica, https://symbolica.io, February 2025 [D0I:10.5281/zenodo. 15040848].
R.H. Lewis, Computer algebra system Fermat, https://home.bway.net/lewis.

N. Gray, D.J. Broadhurst, W. Grafe and K. Schilcher, Three loop relation of quark (modified) Ms
and pole masses, Z. Phys. C 48 (1990) 673 [inSPIRE].

K.G. Chetyrkin, Four-loop renormalization of QCD: full set of renormalization constants and
anomalous dimensions, Nucl. Phys. B 710 (2005) 499 [hep-ph/0405193] [nSPIRE].

M. Gerlach, F. Herren and M. Steinhauser, Wilson coefficients for Higgs boson production and
decoupling relations to O (o), JHEP 11 (2018) 141 [arXiv:1809.06787] [iNSPIRE].

S. Catani, The singular behavior of QCD amplitudes at two loop order, Phys. Lett. B 427 (1998)
161 [hep-ph/9802439] [INSPIRE].

D. de Florian and J. Mazzitelli, A next-to-next-to-leading order calculation of soft-virtual cross
sections, JHEP 12 (2012) 088 [arXiv:1209.0673] [INSPIRE].

F. Herren and M. Steinhauser, Version 3 of RunDec and CRunDec, Comput. Phys. Commun.
224 (2018) 333 [arXiv:1703.03751] [INSPIRE].

R.V. Harlander, S.Y. Klein and M. Lipp, FeynGame, Comput. Phys. Commun. 256 (2020)
107465 [arXiv:2003.00896] [INSPIRE].

R. Harlander, S.Y. Klein and M.C. Schaaf, FeynGame-2.1 — Feynman diagrams made easy, PoS
EPS-HEP2023 (2024) 657 [arXiv:2401.12778] [INSPIRE].

L. Biindgen, R.V. Harlander, S.Y. Klein and M.C. Schaaf, FeynGame 3.0, Comput. Phys.
Commun. 314 (2025) 109662 [arXiv:2501.04651] INSPIRE].

,18,


https://doi.org/10.1016/j.cpc.2022.108565
https://doi.org/10.48550/arXiv.2201.11669
https://inspirehep.net/literature/2020880
https://symbolica.io
https://doi.org/10.5281/zenodo.15040848
https://home.bway.net/lewis
https://doi.org/10.1007/BF01614703
https://inspirehep.net/literature/295602
https://doi.org/10.1016/j.nuclphysb.2005.01.011
https://doi.org/10.48550/arXiv.hep-ph/0405193
https://inspirehep.net/literature/650738
https://doi.org/10.1007/JHEP11(2018)141
https://doi.org/10.48550/arXiv.1809.06787
https://inspirehep.net/literature/1694505
https://doi.org/10.1016/S0370-2693(98)00332-3
https://doi.org/10.1016/S0370-2693(98)00332-3
https://doi.org/10.48550/arXiv.hep-ph/9802439
https://inspirehep.net/literature/467612
https://doi.org/10.1007/JHEP12(2012)08
https://doi.org/10.48550/arXiv.1209.0673
https://inspirehep.net/literature/1184367
https://doi.org/10.1016/j.cpc.2017.11.014
https://doi.org/10.1016/j.cpc.2017.11.014
https://doi.org/10.48550/arXiv.1703.03751
https://inspirehep.net/literature/1516934
https://doi.org/10.1016/j.cpc.2020.107465
https://doi.org/10.1016/j.cpc.2020.107465
https://doi.org/10.48550/arXiv.2003.00896
https://inspirehep.net/literature/1783255
https://doi.org/10.22323/1.449.0657
https://doi.org/10.22323/1.449.0657
https://doi.org/10.48550/arXiv.2401.12778
https://inspirehep.net/literature/2750644
https://doi.org/10.1016/j.cpc.2025.109662
https://doi.org/10.1016/j.cpc.2025.109662
https://doi.org/10.48550/arXiv.2501.04651
https://inspirehep.net/literature/2866217

	Introduction
	Technical details
	Form factors in the overlinerm MS and pole scheme
	Scheme and scale dependence of the form factor at NNLO
	Conclusions and Outlook

