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—— Abstract

Is detecting a k-clique in k-partite regular (hyper-)graphs as hard as in the general case? Intuition
suggests yes, but proving this — especially for hypergraphs — poses notable challenges. Concretely,
we consider a strong notion of regularity in h-uniform hypergraphs, where we essentially require
that any subset of at most h — 1 is incident to a uniform number of hyperedges. Such notions are
studied intensively in the combinatorial block design literature. We show that any f(k)n? ) _time
algorithm for detecting k-cliques in such graphs transfers to an f’(k)n? (*)_time algorithm for the
general case, establishing a fine-grained equivalence between the h-uniform hyperclique hypothesis
and its natural regular analogue.

Equipped with this regularization result, we then fully resolve the fine-grained complexity
of optimizing Boolean constraint satisfaction problems over assignments with k& non-zeros. Our
characterization depends on the maximum degree d of a constraint function. Specifically, if d < 1,
we obtain a linear-time solvable problem, if d = 2, the time complexity is essentially equivalent to
k-clique detection, and if d > 3 the problem requires exhaustive-search time under the 3-uniform
hyperclique hypothesis. To obtain our hardness results, the regularization result plays a crucial role,
enabling a very convenient approach when applied carefully. We believe that our regularization
result will find further applications in the future.
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1 Introduction

In the design of algorithms and hardness reductions, it is often helpful to assume that the
involved instances satisfy certain regularity conditions. To name a concrete example: For
his celebrated Set Cover inapproximability result, Feige [19] first argues that the 3SAT-5
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problem (the highly regular special case of SAT in which every clause contains precisely 3
variables and each variable occurs in precisely 5 clauses) is hard to approximate, and then
gives a reduction from 3SAT-5 to Set Cover. We informally refer to the first reduction as a
reqularization. Another notable example of a regularization in parameterized complexity is
the W[1]-hardness of k-Clique detection in regular graphs. In fact, this is the first (non-trivial)
reduction in the textbook by Cygan et al. [17], and has been independently observed for
their respective applications in at least three different works [27, 12, 28].

Conversely, obtaining regularization results can also have algorithmic implications. For
instance, Zamir [33] devises improved exact algorithms for a wide array of problems including
graph coloring on regular graphs (in fact, even for almost-regular graphs). Designing
regularizations for these problems would therefore imply breakthroughs for general instances.

In this work we focus on the k-Clique and k-Hyperclique problems from a fine-grained
perspective. Our main result is a surprisingly intricate fine-grained regularization reduction,
i.e., we prove that both problems are as hard on regular (hyper-)graphs as they are on general
(hyper-)graphs. Equipped with this, we are able to resolve the fine-grained complexity of
optimizing Boolean CSPs over weight-k solutions; this, in fact, had been the motivating
question for this study. Below, we detail these two contributions separately in Sections 1.1
and 1.2.

1.1 Regularizing (Hyper-)clique Detection

Clique Detection. The k-Clique problem is to decide if a k-partite graph G = (V4,...,V;, E)
contains a k-clique, i.e., k nodes v; € Vi,...,v; € Vj, such that any pair (v;,v;) forms an
edge in G.' While the trivial algorithm takes time O(n*), Nesetiil and Poljak [29] devised
an algorithm running in time O(n(“/3)*) where w < 2.3714 denotes the matrix multiplication
exponent [3].2 The k-Clique Hypothesis postulates that this algorithm is essentially optimal
(see Section 2). As it generalizes the popular Triangle hypothesis (i.e., the special case k = 3,
stating that the complexity of Triangle Detection is n“*°(1)), this hardness assumption
entails fine-grained lower bounds for an extensive list of problems (see e.g. [31]), but also for
some important lower bounds beyond the Triangle case [1, 14, 9].

Hyperclique Detection. The natural generalization to h-uniform hypergraphs, the (k, h)-
Hyperclique problem, is to decide if a given k-partite h-uniform hypergraph G = (V4,..., Vi, E)
contains a k-hyperclique, i.e., k nodes v € Vi,...,v, € Vi such that all h-tuples x;,,...,z;,
form a hyperedge in G. In contrast to the k-Clique problem in graphs (which coincides
with (k, 2)-Hyperclique), the (k, h)-Hyperclique problem for h > 3 is not known to admit
any significant improvement over the brute-force search time O(n*). This led to the (h-
Uniform) k-Hyperclique Hypothesis postulating that time n*~°(1) is necessary in h-uniform
hypergraphs [25]. Besides being a natural problem in itself, the relevance of the Hyperclique
problem is also due to its close connection to the MAX-3-SAT problem [25] and due to a
recent surge in strong (often matching) conditional lower bounds based on the Hyperclique
conjecture [2, 25, 7, 13, 24, 4, 8, 18, 23, 20, 33].

Often, the problem is stated for general instead of k-partite graphs. However, these formulations are
well-known to be equivalent using color-coding techniques, and the restriction to k-partite instances
often helps in designing reductions.

More precisely, the running time bound Ogn(“/ 3>k) applies only when k is divisible by 3. For general k,
the running time is O(n®(L¥/31:[R/3L.IR=1/3DY "where w(a, b, ) is the exponent of rectangular matrix
multiplication (i.e., O(n‘*’<“’b’c>) is the running time of multiplying an n® x n’ matrix by an n® x n°
matrix).
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(Hyper-)clique Regularization. The starting point of this paper is the following question:
Do these hypotheses imply the same time bounds for clique detection in regular (hyper)graphs?
While it is clear what we mean by regular graph, it is less clear how to define a regular
h-uniform hypergraph. The perhaps simplest definition requires each node to be incident to
the same number 71 of hyperedges. However, this notion turns out to be insufficient for our
main application. Instead, we consider a significantly stronger variant, in which every subset
of £ < h vertices, each taken from a different part of the k-partition, is incident to the same
number r; of hyperedges (see Section 2 for details). This yields essentially the strongest
form of regularity that we may wish for in a hypergraph. The existence of such structures
is well-studied in combinatorial block design theory; e.g., k-partite 3-uniform hypergraphs
that are regular in our sense correspond precisely to group divisible designs with k groups,
see [15].

Our first main contribution is to establish equivalence of the 3-Uniform Hyperclique
Hypothesis for general hypergraphs to its special case of regular k-partite hypergraphs in the
above strong sense.

» Theorem 1.1 (Hyperclique Regularization, Informal). Let h > 2. The (k, h)-Hyperclique
problem is solvable in time f(k)-n9%) on k-partite h-uniform hypergraphs if and only if it is
solvable in time f'(k) - n9*) on regular k-partite h-uniform hypergraphs.

We are confident that this theorem will be useful in a black-box fashion for future
hardness results based on the k-Clique or k-Hyperclique hypotheses. Moreover, we extend
this equivalence also for counting k-hypercliques, see Section 3.

Let us discuss Theorem 1.1: While the statement might feel “obviously true”, to our
surprise, proving it turns out to be anything but straightforward. Even for graphs (h = 2), we
are not aware of a previous proof of this fact. The parameterized reductions in [12, 28, 5, 17|
are generally not efficient enough as they reduce arbitrary n-vertex graphs G with maximum
degree A to regular graphs with Q(An) vertices. As A can be as large as ©(n), this blow-up
is inadmissible for our fine-grained perspective (the resulting conditional lower bounds would
have the exponent of n halved).

Having said that, it is possible to regularize graphs by only adding O(n) additional nodes.

Specifically, one approach is to increase the degree deg(v) of each node v by A — deg(v). To
this end we can add O(n) dummy nodes and add an appropriate number of edges between
the original nodes and the freshly introduced dummy nodes (while ensuring not to create
new k-cliques). Afterwards it still remains to regularize the new dummy nodes, which can
for instance be solved by balancing the new edges appropriately. The details are tedious and
not very insightful.

The real challenge arises for hypergraphs. Recall that the strong regularity guarantee
for, say, 3-uniform hypergraphs, is that any pair of vertices (in different vertex parts) must
be contained in the same number of hyperedges. Thus, in order to generalize the previous
approach we would have to regularize not only the individual dummy nodes, but also all
pairs of (original, dummy) and (dummy, dummy) nodes. For this reason we essentially make
no progress by adding dummy nodes. Put differently, regularizing graphs is a local problem
(in the sense that we could fix the regularity constraints for each node v by adding some
dummy nodes only concerned with v), whereas regularizing 3-uniform hypergraphs appears
to be a more global problem (forcing us to simultaneously regularize all vertex-pairs while
not introducing unintended k-cliques).

Due to this obstacle, we adopt a very different and conceptually cleaner approach. Let G
be a given k-partite h-uniform hypergraph. The new idea is to construct a regular k-partite
h-uniform hypergraph G’ from a graph product operation that we call the signed product of G
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with a suitable signed hypergraph T. A signed hypergraph T has positive and negative edges
E*(T) and E~(T), respectively. We define the resulting graph G’ as follows: Its vertex set
is V' =V(G) x V(T), and (uy,x1),..., (up,xp) € V' form a hyperedge in G’ if and only if

1. {uy,...,up} € E(G) and {z1,...,z,} € ET(T), or
2. {uy,...,upt ¢ E(G) and {x1,...,25} € E~(T).

We prove (Lemma 3.6) that G’ yields an equivalent, but regular instance for k-clique if the
following conditions hold:

(i) There is some r € N such that for all nodes x1,...,x5—1 € V(T') (taken from different
parts in the k-partition of T'), the set {x1,...,2,_1} is contained in exactly r positive
and in exactly r negative edges of T,
(ii) there is a k-hyperclique in 7" involving only positive edges, and
(iii) there is no k-hyperclique in T involving a negative edge.

We call a signed hypergraph satisfying these conditions a template graph. Our task is thus
simplified to finding suitable template graphs, which only depend on k and h, not on n.

In a second step, we then show how to construct such template graphs in Lemma 3.10.
We employ a construction akin to Cayley graphs for some appropriate group G (concretely,
we will pick G = (Z/hZ)? for some appropriate dimension d = d(k,h)). That is, let
the nodes of T be k independent copies of G denoted Ti,...,T;. For each h-tuple of
vertices, say, 1 € Th,...,xp € Tp, we let {x1,...,25} be a positive edge if and only if
1+ -+ x, = a’ for some fixed group element a™ € G, and we let {z1,...,z,} be a
negative edge if and only if z1 4+ -+ 4+ x;, = a~ for some other fixed group element a~ € G.
The advantage of this construction is that it is immediately clear that the resulting graph T'

satisfies the regularity condition (i): For each zy € T,...,xp—1 € Th—1 there is a unique
choice zj, :==at — (1 + -+ + xp_1) € T}, such that {z1,...,z,} is a positive hyperedge; the
same applies to negative edges and all other combinations of parts 75, ,...,T;,. We will then

pick the elements a™ and a~ in a specific way to guarantee the remaining conditions (ii)
and (iii).

Below, in Sections 1.2 and 1.3, we discuss applications of Theorem 1.1.

1.2 Optimizing Boolean CSPs over Weight-k Assignments

The complexity of constraint satisfaction problems (CSPs) has been intensively studied.
Starting with Schaefer’s dichotomy theorem for Boolean CSPs [30], which initiated the even-
tually successful quest of proving the Dichotomy Conjecture [10, 34, 35], classification results
for a number of settings have been proven: This includes, among others, approximability
characterizations of natural optimization variants [16, 21], as well as parameterized complex-
ity classifications of solving CSPs parameterized by their solution size (aka weight) k, i.e.,
the number of non-zeros, see [26, 11, 22]. The parameterized classification of Boolean CSPs
due to Marx [26] has subsequently been refined to a classification of the fine-grained time
complexity f(k) - n9*)| resulting in 4 different regimes [24]: an FPT regime, a subexponential
regime, a clique regime, and a brute-force regime.

In this work, we investigate the fine-grained complexity of optimizing Boolean CSPs
parameterized by solution size, i.e., optimizing the number of satisfied constraints among
assignments of weight k. Formally, let F be a finite family of Boolean constraint functions.
The problem maxCSPy(F) (minCSPy(F)) asks to determine, given a set ® of constraints —
each formed by applying some f € F to a selection of the Boolean variables x4, ..., z, — the
maximum (minimum) number of constraints satisfied by a Boolean assignment that sets
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precisely k variables to true (a weight-k assignment). Among others, this class of problems
contains the well-studied Densest k-Subgraph and Densest k-Subhypergraph problem (F
consists of the h-ary AND), the Partial Vertex Cover in h-uniform hypergraphs (F consists
of the h-ary OR), and the graph problem MaxCut(k) of maximizing the cut size among cuts
with set sizes k and n — k, respectively (F = {XOR}), studied in e.g. [12].

Note that maxCSP(F) trivially generalizes the previously studied variant CSPy(F),
asking whether all constraints are satisfiable by a weight-k assignment, that has been
fully classified in [26, 24]. Indeed, for some constraint families F, the optimization variant
maxCSP(F) turns out to be harder than CSPy(F): CSPy({XOR}) is in FPT [24], but
maxCSP ({XOR}) is W1]-hard [12]. Thus, a classification result for maxCSPy (F) must differ
from the classification of CSP(F), but how significantly? Do we still obtain 4 regimes of
tractability?

We shall prove that the answer is No: for maxCSP(F) we obtain only 3 regimes: (1)
a linear-time (rather than FPT) regime, (2) a clique regime, and (3) a brute-force regime.
This characterization is governed by a different concept as well: rather than the notion of
NANDy,-representing and Implication-representing families (see [24]), it is crucial to analyze
the maximum degree deg(f) over f € F, where deg(f) is defined as the degree of the (unique)
multilinear polynomial representing f (see Section 4).

» Theorem 1.2 (Informal Version). Let F be constraint family. Let d == maxyer deg(f).
Then,
If d <1, maxCSP,(F) and minCSPy(F) are linear-time solvable,
if d = 2, the time complexity for maxCSPy(F) and minCSPy,(F) is f(k) - nw(*/3)+001)
conditioned on the k-Cliqgue Hypothesis,>
if d > 3, the time complexity for maxCSPy(F) and minCSPy(F) is f(k) - n**°M)  condi-
tioned on the k-Hyperclique Hypothesis.

We briefly mention some corollaries: Let us call a constraint function non-reducible if it
depends on all of its inputs. We can without loss of generality assume that all f € F are
non-reducible (since each f € F can be replaced by an equivalent non-reducible function).
As discussed, e.g., in Williams [32, Section 6.5], non-reducible functions of degree at most 2
must have arity at most 4. Thus, there is only a finite list of non-reducible function of degree
at most 2, and thus assuming the 3-uniform hyperclique hypothesis, there exists only a finite
number of constraint families for which maxCSPy(F) admits algorithms beating brute-force
running time f(k)n**°(1). Some interesting degree-2 functions (beyond binary arity) include:

3-NAE (as well as 3-AllEqual)

Sort(z1,x9, X3, T4), i.e., the predicate that is true if and only if the bit string z1zox324 is

sorted descending or ascending.

Select(x1, 29, x3) on 3 variables, i.e., the predicate if 21 then xs else x3

We remark that a conceptually similar classification result has been proven for optimizing
first-order graph formulas [6].

Technical Remarks. The algorithmic part of the above theorem is a straightforward adaption
of a similar reduction of Weighted Degree-2 CSP to k-clique detection given in [32, Section
6.5], see also [25, 6]. Our main technical contribution for Theorem 1.2 is to prove that
this algorithmic technique is essentially the best possible, unless the 3-uniform hyperclique
hypothesis can be refuted.

3 The precise bound is f(k) - n(L&/31[R/31,1(k=1)/3D+0(1) (matching the Negetiil-Poljak running time
for k-Clique).
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For ease of presentation, consider first a constraint family F containing a constraint
function f : {0,1}% — {0,1} that is symmetric and has deg(f) = 3. Let «, 3,7, d be such that
flz,y,2) = a-axyz+ 8- (zy+yz+az)+v- (x+y+2)+J and note that o # 0. The main idea
is the following: Given a k-partite regular 3-uniform hypergraph G = (V3 U--- UV}, E) with
|V;| = n for i € [k], we create a Boolean CSP by introducing, for each {a,b,c} € E(G), the
constraint f(zq, s, .). Since G is regular, there is some A such that any pair of nodes not
from the same part is incident to precisely A edges. Thus, a weight-k assignment respecting
the k-partition, i.e., the 1-variables x;,, ..., z;; satisfy i; € V}, has an objective value of

k
o {ia,iv,ic} € E|+ 8- (2>)\+7-k(k:—1)n)\+6- IE).

The a-term is the only term depending on the choice of the assignment, maximizing the
objective (for a > 0, @ < 0 can be handled similarly) if and only if the assignment corresponds
to a clique in G. For 8 > 0, k-partite assignments are favorable over non-partite assignments.
For 5 < 0, we instead need to make sure that k-partite assignments are favorable, by carefully
introducing dummy constraints. Finally, we show how to handle maxCSP(F) if F contains
any (not necessarily symmetric) constraint function with degree at least 3.

1.3 Outlook and Further Applications

We believe that reducing from the regular Hyperclique problem will find further applications.
One interesting theme is that by plugging our regularization into known reductions, we can in
many cases obtain conditional lower bounds for regular instances. For instance, conditioned
on the 3-Uniform 4-Hyperclique Hypothesis, Dalirrooyfard and Vassilevska Williams [18]
proved that deciding if a graph contains an induced 4-cycle requires time n2=°(
graphs with (’)(n3/ %) edges. Composing this reduction with our regularization reduction (in
a white-box manner), one can conclude that induced 4-cycle detection takes time n2~°(1)
even in regular graphs with O(n3/2) edges.

1) even in

Regularization for Non-k-Partite Hypergraphs? An interesting follow-up question to
our work is whether we can obtain a similar regularization reduction for the non-k-partite
Hyperclique problem. This question is of lesser importance for the design of reductions
as in most (though not all) contexts it is more convenient to work with the k-partite
version. Interestingly, already constructing an interesting NO instance to the problem —
i.e., a 3-uniform hypergraph G = (V, E) that is dense (say, has at least |E| > n3~°()
hyperedges), regular (i.e., each pair of distinct vertices vi,vs € V appears in the same
number of hyperedges) and does not contain a 4-clique — appears very challenging. Even
disregarding the 4-clique constraint, constructing (non-k-partite) regular hypergraphs falls
into the domain of combinatorial block designs and is known to be notoriously difficult.

2 Preliminaries

We denote by [n] = {1,...,n} for n € N. For an n-element S and 0 < k < n, we denote by
(‘2) the set of all size k subsets L C S. Let S,, denote the set of all permutations of a set on
n elements. For a hypergraph G = (V, E), let |G| = |V| 4+ |E|. A simple graph is r-regular, if
every vertex is incident to exactly r edges. This notion can be generalized in the following
way: For h € N and s < h, an h-uniform hypergraph is (s, A)-regular if every possible s tuple
of pairwise distinct vertices is contained in exactly A edges. Using our notation, the notion
of r-regularity of a graph can thus be viewed as (1, 7)-regularity of a 2-uniform hypergraph.
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We will mostly work with balanced, k-partite h-uniform hypergraphs G = (Vi U- - -UVg, E)
where 1) V; are pairwise disjoint and |V;| = |V;| for all i # j € [k] 2) Each edge contains
precisely h distinct vertices and 3) No edge contains two vertices v, v’ such that v, v’ € V; for
any 7 € [k].

For the purposes of this paper, we will relax the notion of regularity to better fit the
k-partite setting. In particular, by slight abuse of notation, we say that a k-partite h-uniform
hypergraph G is (s, \)-regular if for each tuple of pairwise distinct indices i1,...,is € [k] and
for any choice of vertices v1 € Vi,,...,vs € V;,, there are precisely A many edges e € E such

that {v1,...,vs} C e. We call an h-uniform hypergraph G A-regular if it is (h — 1, \)-regular.

We state the following simple observation for (s, A)-regular hypergraphs.
» Observation 2.1. For s < h < k, let G be a (s, \)-regqular k-partite h-uniform hypergraph.
Then for any s’ < s there exists X', such that G is also (s', \')-regular.
2.1 Hardness Assumptions

The k-clique problem asks, given a graph G = (V, E) with |V| = n, to decide if G contains a
clique (set of pairwise adjacent vertices) of size k. For k divisible by 3, k-clique detection can

be solved in time O(n“*/3) [29] where w < 2.372 [3] is the matrix multiplication exponent.

Generalizing k-clique detection to h-uniform hypergraphs G = (V, E) asks to determine
if there exists a k-(hyper)clique C' C V of size k such that (g) C FE. In contrast to the
2-uniform case, the matrix multiplication approach fails to generalize to h > 3 (see [25] for a
discussion) and no known algorithm is significantly faster than O(n*). Improvements for
k-hyperclique would entail faster algorithms for problems that are believed to be hard, such

as MAX-h-SAT. This gives raise to the following conjecture:

» Hypothesis 2.2 (h-Uniform k-Hyperclique Hypothesis). Let ¢ > 0 and k > h.

1. For h = 2 there is no O(n\“k/3)=¢)time algorithm detecting a k-clique in a k-partite
graph.

2. For h > 3, there is no O(n*=¢)-time algorithm detecting a k-clique in a k-partite h-uniform
hypergraph.

3 Making Hypergraphs Regular

In this section we break down in detail the approach to regularize h-uniform hypergraphs,
while preserving large cliques. More precisely, we prove the following main theorem.

» Theorem 3.1. Let h < k be constants and let G be an h-uniform hypergraph. Then there
exists a k-partite h-uniform hypergraph G’ satisfying the following conditions:

1. For any 1 < s < h, there exists some A such that G’ is (s, \)-regular.

2. G’ contains a clique of size k if and only if G contains a clique of size k.

3. There exists a computable function f, such that |V (G")| = f(k) - |[V(G)].

4. G’ can be computed deterministically in time O(|G']).

Moreover, as a direct consequence of Theorem 3.1, we get the following theorem for free.

» Theorem 3.2. Let h > 2. The k-Clique Detection problem is solvable in time f(k) - n9®)
on k-partite h-uniform hypergraphs if and only if it is solvable in time f'(k)-n9*) on regular
k-partite h-uniform hypergraphs (for some computable functions f, f' and h < g(k) < k).

In order to prove Theorem 3.1 we come up with an appropriate notion of hypergraph product,
that we call signed product. It takes an arbitrary hypergraph G and regular hypergraph
T'(h, k) equipped with a sign function and certain properties (we will call such a hypergraph
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template hypergraph) and produces the hypergraph G’, satisfying the conditions of the

theorem. The proof of Theorem 3.1 thus consists of two main parts:

1. Defining the proper notion of the signed product that produces the hypergraph G’
satisfying the conditions of the theorem.

2. Showing that for any choice of 2 < h < k we can construct a template hypergraph T'(h, k).

We start by formally defining the notion of a signed hypergraph.

» Definition 3.3 (Signed Hypergraph). Let h < k be constants. A signed hypergraph is
a k-partite, h-uniform hypergraph T = (Th U --- U Ty, E,0) equipped with a sign function
c:E—{1,-1}.

We say an edge e is positive if o(e) = 1 and denote by E* := {e € E | o(e) = 1} the set of

all positive edges. We define the set of negative edges E~ analogously. Using this notation,

we equivalently represent a signed hypergraph as a tuple T'= (T3 U --- U Ty, ET, E7).
With the concept of signed hypergraphs set, we are ready to define the signed product.

» Definition 3.4 (Signed Product). Given an h-uniform hypergraph G = (V, E) and a signed
hypergraph T = (Ty U --- U Ty, ET,E™), the signed product of G and T is a k-partite,
h-uniform hypergraph G’ defined as follows:

V(G/) =V x (T1 U-“UTk).

Let {t1,...,tn} € E*. Then for all uy,...,up € V that form an edge in G, let

{(u1,t1),..., (un,tn)} be an edge in G'.

Let {t1,...,tn} € E~. Then for all, not necessarily distinct, u,...,up € V that form a

non-edge in G, let {(u1,t1),..., (un,tn)} form an edge in G'.
Given a hypergraph G, in order for our product graph G’ to satisfy the properties of
Theorem 3.1 it is not sufficient to take just any signed hypergraph T', but we want our signed
hypergraph to have a certain structure. To this end, we introduce the notion of template
hypergraphs.

» Definition 3.5 (Template Hypergraph). For fized constants h < k, we call T(h,k) =

(TyU---UTy, ET,E™) a template hypergraph, if the following properties are satisfied:

1. There exists a positive integer X\, such that the underlying “monochromatic” hypergraphs
TH:=(TU---UT, E") and T~ := (T4 U---U Ty, E7) are both (h — 1, \)-regular.

2. The hypergraph T contains a clique of size k.

3. No clique of size h + 1 contains edges from E~.

Equipped with the definitions above, we are now ready to formally state the main lemma of
this section.

» Lemma 3.6. For any fized constants k,h with h < k, let G = (V, E’) be an h-uniform
hypergraph and T'(h,k) = (Ty U---U Ty, E,0) be a template hypergraph. Let G’ be the signed
product of G and T(h, k). Then G’ satisfies all the conditions of Theorem 3.1.

Before proving this lemma however, let us first prove some auxiliary statements. For the rest of
this section, let G denote an arbitrary h-uniform hypergraph, T'(h, k) = (T3 U..., Ty, ET,E™)
a template hypergraph and G’ the signed product of G and T'(h, k).

» Lemma 3.7. Let (uy,t1),..., (uk, tx) be k arbitrary pairwise distinct vertices in G'. Let
7 : [k] = [k] be an arbitrary permutation. The following statements are equivalent:

1. The vertices uy,...,ux form a cliqgue in G and t1,...,t; form a clique in T(h, k).

2. The vertices (Ur(1),t1); - -, (Un(k), tr) form a clique in G'.
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We provide the proof in the full version of the paper. Intuitively, since cliques in T'(h, k)
consist of only positive edges, edges of a clique in G’ stem from a positive edge from T and
an edge contained in G. Those edges thus form a clique in the respective graphs.

For a hypergraph X, let Ci(X) denote the number of cliques of size k in X. Following
the approach as in the proof of the previous lemma, we obtain this corollary.

» Corollary 3.8. Let T'(h,k),G and G’ be as above. Then Cy(G') = k!- Cr(G) - Cx(T(h, k)).
» Lemma 3.9. Let T'(h,k),G and G’ be as above. Let \ be such that both underlying
hypergraphs T+ and T~ are A-regular. Then G’ is a k-partite X - |V (G)|-regular hypergraph.

We provide the full proof in the full version of the paper.

3.1 Constructing Template Hypergraphs

In this section we show that for any choice of constants h < k we can efficiently construct a

template hypergraph T'(h, k), which is the missing ingredient in the proof of Theorem 3.1.

In particular, we prove the following lemma
» Lemma 3.10. For any fized constants h < k, there exists a template hypergraph T'(h,k).

This template hypergraph can be deterministically constructed in time O(f(h,k)) for some
computable function f.

We first give the construction, then prove that it fulfills the properties of a template
hypergraph. For the rest of this section let h < k be constants. Consider the additive group
G:= (Z/hZ)(Z), i.e. the group of all vectors of length (i) over the group Z/hZ. We index
the dimensions of these vectors by subsets of [k] of size h. For any set S € ([ﬁ]), denote by eg
the vector in G that has a 1 in the dimension indexed by S and zeros in all other dimensions,
and by 0 we denote the additive identity in G (the all-zero vector).

Consider the k-partite signed graph T'(h,k) = (T4 U --- U Ty, ET, E~) where each T;
corresponds to a copy of the group G and the edges are added as follows. For each S :=
{i1,...,9n} € ([,k:}) and each choice of vertices v; € T}, ..., vy € T;,, we add a positive edge
(i.e. {v1,...,vp} € ET) if the corresponding elements of G z1,. ..,z satisfy the equality
21+ -+ +x, = 0. Moreover, if the corresponding elements satisfy x; + - - -+, = eg, we add
a negative edge (i.e. {v1,...,vn} € E7). We proceed to prove that the constructed T'(h, k)
has the desired properties. We begin by observing that the number of vertices only depends
on k and h.

» Observation 3.11. The signed hypergraph T'(h, k) has kh(%) vertices.

We now state the regularity conditions of the underlying hypergraphs 7' and 7~ proven in
the full paper.

» Lemma 3.12 (P. 1). Let T'(h, k) be a signed graph as constructed above and let A := k—h+1.
Then the underlying hypergraphs T := (Ty U---U Ty, EY) and T~ := (T3 U--- U Ty, E7)
are both A-reqular.

It remains to show that the hypergraph TF contains a clique of size k, and that no clique of
size h + 1 contains an edge from E~. We begin by showing the latter.

» Lemma 3.13 (P. 3). Each clique in T'(h,k) of size h+ 1 consists exclusively of positive
edges.
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Proof. Let {i1,...,ip41} € (hil), and assume for contradiction that there exists a clique of
size h+ 1 consisting of vertices v; € T;,,...,vp41 € Ty, ,, such that (w.lo.g.) {v,..., v} €
E~. Let S :={i1,...,4,} and z; be the elements that corresponds to v;. By construction of
T'(h, k), this means that x1, ...,z satisfy the equation z1 + - - - + x5, = eg. Moreover, since
U1,...,Un41 form a clique, for any subset S; = {i1,...,4j_1,%j41,...9h41} With S; # 5, we
have

T+ o+ Xj-1 +Tjp1 0+ Tt 6{67€Sj}'

As S; # S, if we consider only the entry indexed by S, we get z1[S]+---+x;_1[S] +x;41[S]+
-+ xp41[S] = 0. Over all possible values of j, we obtain the following equation system.

01 1 - 1 .
101 - 1 z1[9] .
110 1] . : _ |
' 0
thrl[S] 1

111 -0

Summing up all the rows, we get that h(x1[S] + - + zr41[S]) = 1. Recalling that h =0 in
Z/hZ, we get that 0 = 1, which is a contradiction. |

We can finally observe that choosing a vertex v; € T; corresponding to the zero element 0 € G
for each V; yields a clique of size k in T'(h, k). We state this as a separate observation.

» Observation 3.14 (P. 2). Let vy € Ty,...v; € Ty be the vertices corresponding to the
all-zero vector in their respective parts. Then {v1,..., v} is a clique in the hypergraph T.

This concludes the proof of Lemma 3.10. We are also ready to prove Theorems 3.1 and 3.2.

Proof of Theorem 3.1. Given an arbitrary h-uniform hypergraph G, construct the signed
hypergraph T'(h, k) as above. By Lemma 3.10, this is a template hypergraph. Let G’ be the
signed product of G and T'(h, k). Then, by Lemma 3.6 G’ has all the desired properties. <«

Proof of Theorem 3.2. Assume that we can decide if an (s, A)-regular h-uniform hypergraph
contains a clique of size k in time f(k)O(n9*), for computable functions f, g and g(k) > h.
Then, given an arbitrary h-uniform hypergraph G consisting of n vertices, by Theorem
3.1 we can construct an (s, A)-regular h-uniform hypergraph G’ in linear time, such that it
contains a clique of size k if and only if G contains a clique of size k. Moreover, the number
of vertices of G’ is bounded by f’(k)n for some computable function f’. We then run the
fast algorithm to detect cliques of size k in time O((f'(k)n)9®)) = f”(k)n?*)) and report
this as the solution to the original instance. Note that the other direction is trivial. |

In fact, we can prove an even stronger result, showing that counting cliques of size k in
regular hypergraphs is as hard as counting cliques in general hypergraphs.

» Theorem 3.15. For any h > 2, there exists an algorithm counting the cliques of size k
in k-partite regular h-uniform hypergraphs in time f(k)n9*) if and only if there exists an
algorithm counting the cliques of size k in general h-uniform hypergraphs in time f’(k;)ng(k).

In order to prove this theorem, we extend Observation 3.11 to show that there is in fact
a fixed number of cliques in our constructed template graph, only depending on h and k.

Recall that by G we denote the group (Z/ hZ)(l’g. We prove the next lemma in the full paper.
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» Lemma 3.16. Let T'(h, k) be a template hypergraph as constructed above. The number of
cliques of size k in T(h, k) is precisely |G| = R

The proof of Theorem 3.15 now follows directly.

4 Boolean Constraint Optimization Problems

In this section we present the main application of our construction, namely exploiting the
regularity of hyperclique detection to show hardness of certain families of Boolean Constraint
Optimization Problems. In particular, we obtain a full classification of the fine-grained
complexity of this large class of problems. The problems are defined as follows:

» Definition 4.1 (Boolean Constraint Optimization Problems (maxCSP/minCSPy)). Let F
be a finite Boolean constraint family (i.e. a set of functions ¢ : {0,1}" — {0,1}). Given a
set ® of m Boolean constraints C' on variables x1,...,x,, each of the form ¢(x; ..., x;.),
where ¢ € F, the problem maxCSPy(F) (resp. minCSPy(F)) asks for an assignment a :
{z1,...,xn} — {0,1} setting precisely k variables to 1 that maximizes (resp. minimizes) the
number of satisfied constraints in .

It is well known that each Boolean constraint function corresponds to a unique multilinear
polynomial (see e.g. [32]). More precisely, for any Boolean constraint function ¢ : {0,1}" —
{0, 1}, there exists a unique multilinear polynomial f such that f(z1,...,2,) = ¢(x1,...,2,)
for any x1,...,z, € {0,1}.* We call such a polynomial the characteristic polynomial of ¢.?
This characterization allows the concepts defined on multilinear polynomials to transfer to
the domain of Boolean constraint functions. For a Boolean constraint function ¢, we say
that ¢ has degree d if its characteristic polynomial has degree d. Similarly, the degree of
Boolean constraint family F is the smallest integer d such that every constraint ¢ € F has
degree at most d.
We are now ready to state the main theorem that we prove in this section:

» Theorem 4.2 (Hardness of the Boolean Constraint Optimization Problems). Let F be a
Boolean constraint family of degree d.
If d = 2, then for no e > 0 does there exist an algorithm solving maxCSPy(F) (resp.
minCSPy,(F)) in time O(nF“/3=9) unless the k-Clique Hypothesis fails.
If d > 3, then for no € > 0 does there exist an algorithm solving maxCSPy(F) (resp.
minCSPy(F)) in time O(n*(1=2)), unless the 3-uniform k-Hyperclique Hypothesis fails.

We will show in detail the second reduction for families with degree at least 3, reducing
from 3-uniform k-Hyperclique detection, the reduction from k-Clique is achieved similarly.
By simple modifications to the existing algorithms in the literature (see e.g. [25, 32]), we
can complement these hardness results with the corresponding algorithms to obtain a tight
classification of the fine-grained complexity of Boolean Constraint Optimization Problems.
The details can be found in the full paper.

» Theorem 4.3 (Boolean Constraint Optimization Algorithms). Let F be an arbitrary constraint
family and let d be the degree of F.
If d < 1, we can solve maxCSPy(F) (minCSPy(F)) in linear time O(m + n).

4 E.g. OR3(x,y, z) corresponds to the multilinear polynomial f(x,y,2) =z +y+ 2z — xy — vz — yz + TY2
5 This characterization is faithful in the sense that if two Boolean functions ¢, ¢’ have the same character-
istic polynomial, they represent the same Boolean function.
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If d = 2, we can solve maxCSPy(F) (minCSPy(F)) in time O(n®(Lk/3L1k/31,1(k=1)/31)),
If d > 3, we can solve maxCSPy(F) (minCSPy(F)) in time O(n¥).
We prove all the hardness results and the algorithms for the maxCSPj, problem, and remark
that there is a canonical reduction showing equivalence between maxCSP;, and minCSPy.

4.1 Hardness Construction

This section is dedicated to proving Theorem 4.2. But first, we will introduce some useful
notation and prove some auxiliary results. For the rest of this section, let X be a set
consisting of n variable, let F be an arbitrary finite constraint family and let ® be the
given set consisting of m constraints C,...,C,, over X, where each constraint C; is of type
¢i(Tiy, - .., 24,,) for some ¢; € F and some choice of ;,,...,z;, € X. Let a: X — {0,1}
be a function assigning to each variable a Boolean value. By ®(a) we denote the number of
constraints in ® satisfied by a. The following observation plays a crucial role in our proof.

» Observation 4.4. For each constraint C;, let f; denote the characteristic polynomial of
the corresponding function ¢;. For any assignment a : X — {0,1}, the equality ®(a) =

Yiem fila(xiy), ... a(w,)) holds.

With this, it suffices to find an assignment that maximizes the value of the polynomial
obtained by summing over all the characteristic polynomials of the functions corresponding
to the constraints. More precisely, given a set ® consisting of m constraints C,...,Cp,
define the polynomial Pg as

m

P@(J}l,...,mn) :Zfi(xil,...,xiri)

i=1

where f; denotes, as above, the characteristic polynomial of the function ¢;, corresponding
to the constraint C;. Using this notation, for any assignment a, as a simple consequence of
Observation 4.4, we have that ®(a) = Pg(a(z1),...,a(x,)).

For space reasons, we only discuss the case where ¢ is a symmetric ternary Boolean
constraint function of degree 3. In the full paper we show that this is without loss of general-
ity: We can symmetrize a constraint ¢(z1,...,z,) by considering all constraints obtained
by permuting the variables, and reduce arity and (possibly) degree by reusing variables,
i.e. consider ¢'(x1,x2,23) = &(x1,22,23,21). With this assumption, the characteristic
polynomial for ¢ is given by

fla,y.2) = a-ayz+ Blay+az+yz) +y(z +y+2)+06, with o #0. (1)

We remark that our reduction will depend on the coefficients of this multilinear polynomial.
We first consider the coefficient a. Let G = (V4,..., Vi, Eg) be a k-partite (2, u)-regular
3-uniform hypergraph, with |V;| = --- = |V%| = n and without loss of generality assume that
uw=(k—2)q-n, where ¢ € (0,1). Let G' = (V1 U--- UV}, Eg), with the edges defined as
follows. If @ > 0, let Eqg: = Eg. Otherwise, if a < 0, take Eg as the complement of Eg,
respecting the k-partition (i.e. for pairwise distinct 4, j, ¢, and v; € Vi, v; € Vj, v, € V, let
{vi,vj,ve} € Eq if and only if {v;,vj,ve} ¢ Eg). We can observe that G’ is a k-partite
(2, A)-regular 3-uniform hypergraph with A = Q(n).

» Observation 4.5. G’ is a k-partite (2, \)-reqular 3-uniform hypergraph, where A is as
follows:

1. Ifa> 0, then A = (k—2)q - n.

2. Ifa <0, then A= (k—2)(1 —q) - n.
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We say that an assignment a of variables in X is k-partite if for each vertex part V; in G, a
sets precisely one variable v; € V; to 1 and all the others to 0. We now consider the sign of
the coefficient 3, and make a case distinction based on this value.

Case 1: 5 > 0.

» Construction 4.6. Let X = V(G') be the set of kn variables. Now for each edge {u,v,w}
in G', add to ® the constraint ¢(u,v,w). No other constraints are added to P.

Our goal is to prove that if there exists a k-clique in the hypergraph G, then any weight-k
assignment a that maximizes ®(a) sets the vertices in G that correspond to this k-clique to 1
and all other vertices to 0. The strategy that we take to prove this is to first prove that any
weight-k assignment that maximizes ®(a) has to be k-partite. We then prove that among
all the k-partite assignments, the one that maximizes the value of ®(a) corresponds to a
k-clique in G (i.e. either a k-clique, or an independent set in G’, depending on sign of «).

» Lemma 4.7. Let a be any weight-k assignment of the variables in X and let S be the set
of vertices that correspond to the variables set to 1 by a. Denote by k; the value |SNV;|, and
let m(S) denote the number of edges in the induced subhypergraph G'[S]. Then we have that

O(a) =m(S)a+ > kikjAB+c,
()e('s)
where ¢ does not depend on the assignment a.

We sketch the proof here and refer the reader to the full paper for the detailed proof.

Proof (sketch). Using Observation 4.4, it holds that

®(a) = > fla(ur), a(uz), alus)).

{u1,u2,us}€E(G")

Recall that in Equation 1 we have f(x,y,2) = a-zyz + f(zy + zz + yz) +y(x +y + 2) + 6.
Plugging this in above, we get

O(a) = Z a - a(ur)a(ug)a(us)

{u1,u2,us}€E(G")

+ > B (a(ur)a(uz) + a(ur)a(us) + a(uz)a(us))

{u1,u2,u3}€E(G")

+ > 7 (a(u1) + auz) + a(us))

{u1,u2,u3}€E(G)

+ > B
{u1,uz2,us}€E(G’)
Clearly § does not depend on a. Since deg(u) = deg(v) for all vertices u,v in G’ it follows

that v does not depend on a either. We remark that a(ui)a(usz)a(ug) = 1 if and only if
{u1,u9,us} C S. Since the sum iterates only over the edges in G’, we can observe that

Z a - a(uy)a(uz)a(ug) = Z a=m(9)a.
{ui,uz,us}€E(G’) {u1,uz,uz}eE(G’[S])

For the coefficient 3, we recall that G’ is a (2, \) regular k-partite hypergraph, hence for any
pair of vertices uy € V;,us € V; (for ¢ # j), there are A many edges containing u; and us.
As SNV, =k; for every V;, the desired equality follows easily. <
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As an immediate consequence of the last lemma, we get the number of satisfied constraints
by any k-partite assignment a, just by plugging in k; = 1 for each ¢ € [k].

» Corollary 4.8. Let a be any k-partite assignment of the variables in X and let S, m(S) be
defined as above and u be an arbitrary vertex in G'. Then

®(a) =m(S)a+ (g) AB + kdeg(u)y + |E(G)|4,

We now prove that any k-partite assignment is favorable over any non-partite assignment.

» Lemma 4.9. Let a be a k-partite assignment and let a’ be any non-k-partite assignment
of weight k. Let S and S’ be the sets of vertices that correspond to the variables set to 1 by a
and a' respectively. Then ®(a) > ®(a’).

Due to space constraints, we only sketch the proof, giving it in the full version of the paper.

Proof (sketch). Consider the value ®(a) — ®(a’). By Lemma 4.7 and Corollary 4.8 we
compute:

@(a) — (I)(a’) — (m(S) — m(S’)) o+ (S) — Z klk] AS.
Gi)e('s)

By inspecting the coefficient of 8, and using that in our setting the inequality (g) >

Z(i He(®) k;k; holds, we observe that the coefficient of 3 is in Q(A) = Q(n) (by Observation
) 2

4.5). Noticing further, that the coefficient of « is always bounded by some function f(k), we

obtain:

B(a) — ®(d') > Qn) — f(k) > 0. <

We are now ready to prove that if we can efficiently solve the instance maxCSPy(F), we can
also efficiently decide if the given hypergraph G contains a k-clique.

» Lemma 4.10. There exists a weight-k assignment a and an integer T, such that ®(a) > 7
if and only if G contains a clique of size k. Moreover, T can be computed in constant time.

We give a sketch of the proof here and refer the reader to the full version for details.

Proof (sketch). Let a be an assignment that maximizes the value ®(a). By Lemma 4.9, we
can assume that a is k-partite. Then by Corollary 4.8, we have ®(a) = m(S)«a + ¢, where ¢ is
the value equal for all k-partite assignments (independent of a). We now make a distinction
between two cases based on the sign of a. If o > 0, set 7 := (’;)a + ¢, otherwise set 7 := c.
In both cases a simple inspection of our construction shows that a k-partite assignment a
satisfies ®(a) > 7 if and only if the vertices in S form a clique in G. <

Case 2: 8 < 0.

» Construction 4.11. Let X = V(G’) be the set of kn variables. For each edge {u,v,w}
in G', add ¢(u,v,w) to ®. Furthermore, for each i € [k] and each pair of distinct vertices
u,v € Vi, add ¢p(u,v,w) to ® for any w € V(G')\ {u,v}.

Following the general structure of the first case, we first count the number of constraints
satisfied by some assignment a and then show that any optimal assignment is k-partite.
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» Lemma 4.12. Let a be any weight-k assignment and let S be the set of vertices that
correspond to the variables set to 1 by a. Denote by k; the value |SNV;|, and let m(S) denote
the number of edges in the induced subhypergraph G'[S]. Then the following equality holds:

o[ 56 5 (@)

i€lk i,je([’;])

+8-1 Y kikj()\+2n—ki—kj)+z((kg>(lm—2)) te

(i,j)e([g]) i€ k]

D(a

~—

where ¢ is a value that does not depend on the choice of a.

We remark that the proof follows the same general idea as the proof of Lemma 4.7, but with
some more tedious counting arguments. To inspect the full proof, see the full version of the
paper.

We can now argue that for any k-partite assignment a and any assignment o’ that is not
k-partite, the inequality ®(a) > ®(a’) is satisfied.

» Lemma 4.13. Let a be any k-partite assignment of the constraint in ® and let a’ be any
non-k-partite assignment of weight k. Let S and S’ be the sets of vertices that correspond to
the variables set to 1 by a and o’ respectively. Then ®(a) > ®(a’).

While the proof follows the general approach similar to the proof of Lemma 4.9, we remark
that it is significantly more technical and tedious to work out the details, which can be found
in the full version of the paper. We now focus on k-partite assignments only, and show that
among all k-partite assignments, the one that maximizes the value of ®(a) corresponds to a
k-clique in G (if it exists).

» Lemma 4.14. There exists a weight-k assignment a and an integer T such that ®(a) > 7
if and only if G contains a clique of size k. Moreover, T can be computed in constant time.

Proof. Let a be an assignment of weight k& that maximizes the value ®(a). By the previous
lemma, a is k-partite, thus k; = 1 for ¢ € [k] and with Lemma 4.12, satisfies:

®(a) = o -m(S) + B - (I;)()\+2n2)+c.

We now observe that the part d := (- (’;)()\ + 2n — 2) + ¢ is independent of the choice
of k-partite assignment a. In particular, ®(a) = o - m(S) 4+ d. The result now follows by
precisely the same argument as in the proof of Lemma 4.10. |

Case 3: 8 = 0. For this case we use one of the previous constructions, depending on the
value of a. In particular, we need to ensure any optimal assignment is indeed k-partite. We
go over the details in the full paper and state the main lemma here:

» Lemma 4.15. There exists a number T and an assignment a of weight k, such that ®(a) > T
if and only if the hypergraph G contains a clique of size k. Moreover, we can compute T in
constant time.

We can finally prove Theorem 4.2.
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Proof of Theorem 4.2. Assume that there exists a family F with deg(F) > 3 and that there
exists an algorithm solving maxCSPy(F) in time O(n*~¢). With our previous observation,
detailed in the full paper, we construct a family F’ of degree equal to 3 such that maxCSP(F’)
is solvable in time O(nk_el). Then given a regular 3-uniform hypergraph G, we apply the
corresponding construction (depending on the value of 8) to reduce to construct an instance
® of maxCSP(F’) that consists of kn variables and O(m) constraints. Now, by Lemmas
4.10, 4.14, 4.15, we can decide if G contains a clique of size k, by computing an assignment a
that maximizes the value ®(a) in time (’)(nk_‘f/), thus refuting the 3-uniform k-Hyperclique
Hypothesis. |
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