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1 Introduction

Perturbative predictions for various LHC processes have been extended to include next-
to-next-to-leading order QCD corrections in recent years [1-23]. This progress was made
possible by improvements in understanding how to compute two-loop amplitudes, both
analytically [24-29] and numerically [30-34], and by continuous refinements of the NNLO
subtraction and slicing schemes [35-53] with the aim of making them efficient and applicable
to arbitrary processes.

For the subtraction schemes, one requires integrals of universal soft- and collinear
limits of squared QCD amplitudes, over a phase space of unresolved partons. Making this
statement precise is equivalent to specifying a particular subtraction scheme, but the need



for such “integrated subtraction terms” is scheme-independent. In this paper we consider
an integrated double-emission eikonal function in the context of the nested soft-collinear
subtraction scheme [43] in a situation where one of the emitters is massive and the other
one is massless, and their momenta are at an arbitrary angle to each other. We note that a
similar computation for two massless emitters whose momenta are at an arbitrary angle to
each other was performed in ref. [54], and for massive back-to-back emitters — in ref. [55].
To extend the nested soft-collinear subtraction scheme to processes with arbitrary number of
massless and massive particles in the final state, one needs the integrated double-emission
eikonal functions for the massless-massive and massive-massive emitters, which are at an
arbitrary angle to each other. The goal of this paper is to present the required calculation
for the massless-massive case.

We perform this calculation in two complementary ways. First, we show how to organize
it using reverse unitarity [56] and its generalization for integrals with Heaviside functions [57].
Reverse unitarity enables the use of multi-loop technology, involving derivation of linear
algebraic identities between different integrals with the help of the integration-by-parts (IBP)
method [58, 59], reduction of many integrals contributing to the integrated eikonal to a few
master integrals, and solving differential equations that these integrals satisfy. Although
this methodology allows us to compute the integral of the double-emission eikonal function
analytically, the calculation is quite challenging. Furthermore, a striking feature of the
calculation is that results for integrals that appear at the intermediate stages are much more
complex than the final result for the integrated double-emission eikonal function. For example,
the system of differential equations for the master integrals that we require involves elliptic
integrals which, however, cancel out in the final result for the integrated eikonal.

To shed light on this simplicity, we applied a different method to integrate the eikonal
function which relies on constructing subtraction terms for the eikonal function itself. This
approach allows us to extract all singular contributions from the integrated eikonal and
devise a simple representation for the finite remainder that we then integrate numerically.
It is based on the same idea that was used to compute the NNLO QCD contribution to
the N-jettiness soft function in ref. [60], although there are important differences between
the two cases at the practical level.

The paper is organized as follows. In section 2 we introduce the eikonal functions, as
well as other quantities and notations that we need in the rest of the paper. In section 3
single-emission integrals and their iterations are discussed. In section 4 the analytic calculation
of the integrated double-emission eikonal function is reported. In section 5 an alternative
semi-numerical computation of the same quantity is discussed. We conclude in section 6.
Various technical details, definitions of useful quantities, as well as instructions on how to use
the supplementary material files provided with this paper are collected in appendices.

2 Notations and definitions

We study a generic partonic process

0= hi(p1) + -+ ho(pn) + Ho1(Pns1) + - + Hy(pn) + fi(k1) + fa(kz), (2.1)



where h; and H; are massless and massive partons, and fi 2 are two massless, potentially
unresolved partons which can be either two gluons or a gq pair. We then consider the
double-soft limit, k1,ke — 0, with all other momenta in eq. (2.1) fixed. In this limit, the
amplitude squared of the process in eq. (2.1) factorizes as follows [61]:

o if f12 are gluons,

N

1 g
Hm  [M({p}, k1, k)|? ﬁgﬁ,b{ > S (k1) Spi (ko) | MICD-BDI (fp1) 2
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Quantities that appear in the above equations include two Casimir operators of the SU(3)
group, Ca = 3,Tr = 1/2, the bare strong coupling constant gs, as well as color-correlated
matrix elements

MU ()P = (MUpHHT - T, Ti - THM{p))) (2:4)
(MU ({p}) P = (MUp})ITs - T5IM({p}) | (2.5)

where T'; are operators of color charges [62] and {-,-} denotes an anti-commutator. Sums
in egs. (2.2), (2.3) run over all pairs of hard color-charged emitters.

In eq. (2.2), the term containing the product of two single-eikonal factors

(pi - p;)

Sij(k) = Wik k)

(2.6)
is the Abelian contribution. We note that S;;(k) also appears in the single-emission eikonal
contribution relevant for computations at next-to-leading order.
The non-Abelian term, proportional to the color factor Cy, is more complicated. The
eikonal function S;;(ki,k2) reads
Sij (ks ko) = S (K1, ko) + [m2S (ko) + m2S33 (ki k)], (2.7)
where quantities that appear in square brackets depend on the masses of the two emitters,

m; j. Although the explicit dependence of the function S;; on emitters’ masses is shown

in eq. (2.7), both functions S?j(kl, ko) and S} (k1, ko) implicitly depend on them through
2

their momenta p; ;, p?]- = my ;.
’ 7 ,



The first term in eq. (2.7), S?j(kl, k2) is the same for massless and massive emitters [61].
It reads

(L—¢) [(pi-k1)(p; - k2) +i < J]
(k1 - k2)? (pi - k12)(pj - k12)
(pi - pj)? {2 _(pi - k1) () - k) +1 4 ]
2(pi - k1)(pj - k2)(pi - k2)(pj - k1) (pi - k12)(p; - F12)
(pi - pj) { 2 N 1
2(ky - k2) L(pi - k1) (pj - k2) — (pj )( k) (pi-k12)(ps - Fr2)
[(pi - k1) (p; - k2)+“—>ﬂ2
" (‘” (b k1) (o k)0~ F2) (- m) |

where we have used the abbreviation k12 = k1 + k2. The other two contributions in eq. (2.7)

Spi(ky, k) =

(2.8)
_|_

are only relevant for massive emitters. The function S{?(kl, ko) is given by [63]*

(pi - pj)(pj - k12)
2(pi - k1)(pj - k2)(pi - k2)(pj - k1)(pi - k12) 2.9
1 < (pj - k1)? n (pj - ka)? > '
2(k1 - ko) (pi - k12)(pj - k12) \ (pi - k1) (pj - k2) — (pi-k2)(pj - k1) )~

ST (ki k) =

In the quark-antiquark case, the eikonal function Z;;(k1, k2) reads

[(pi - k1) (pj - k2) + 7 < 5] = (pi - pj) (Ka - 2)

Tij(k1, ko) = , (2.10)
! (k1 - k2)? (pi - k12) (p; - K12)
and there is no difference between massive and massless emitters.
It turns out to be convenient to make use of color conservation
N
S TM({p}) =0, (2.11)
i=1
and the symmetry of functions S;; = Sj; and I;; = I;; to write
ZSZ] (K1, k)| M ({p})]? Z‘Sl] (1, k)| MU ({p})]%, (2.12)
7] l<]
ZIU (K1, ko) M) ({p})[? ZLJ (1, k)M ({p})]?, (2.13)
7] ’L<j
where
Sij = 28ij — Sii — Sjj» (2.14)

Functions Si]-, fij are more suitable for the analysis presented below, especially in section 5,
because they only have physical singularities for each pair 1, j.

'We note that a somewhat different expression for S;j is given in ref. [41]. However, both expressions give
the same result after summing over 4, j in egs. (2.2), (2.3) thanks to colour conservation.



To compute the required double-soft contribution, we have to integrate the corresponding
eikonal functions 5’2-]- and fz-j over the phase space of two unresolved partons with momenta
k1 2. Working within the nested soft-collinear subtraction scheme, we have to fix the reference
frame and restrict energies of unresolved partons by introducing an upper cut-off Fi.x.
Furthermore, energies of unresolved partons must be ordered. We call the parton with the
larger (smaller) energy m(n), and refer to their momenta as kmn, instead of kj o, which
describe momenta without energy ordering.

We define the required double-emission phase-space integrals as [43]

S [SijSu) = / [Aem] (k)0 (B — K5, ) 0 (&, — k8) Sig (m)Spa (), (2.16)
S[Z) = / [ ] (k)0 (B — k) 0 (K5, = 8) Zij (ki K, (2.17)
where the eikonal function Z;; is either S;; (for gg emission) or Z;; (for qg emission),
4k
__C F 2.1
[dk] 2k0(27r)d—1 ) ( 8)

is the phase-space element and d is the space-time dimension d = 4 — 2¢.?
The dependence of soft integrals on Fyy,x can be made manifest. We use eq. (2.17) to
demonstrate it. We use the integral representation for the first theta-function

0(b—a)= /dz d(zb—a) b, (2.19)

and obtain

dz kY —
=] / /dkm [y ( ) 0 (ki = K8) Zij (K, ) (2.20)

2B max

Since the eikonal functions are homogeneous, i.e. Z;j(Akm, Akn) = )\_4E,~j({km, kn), and since
the integration measure satisfies [d(\k;)] — A4~2[dk;], we rescale both momenta ky , with
A = zFEnax and find

1
d2 (2 Bmax) 27 g
72 : (2 Bimax ) /[dzm][dzn]é(l—lm-P)H(lm-P—ln'P):ij(lm’l“)
(2 Eos) (2.21)

1

- /[dlm] (A6 (1= Ly PYO (I P — by - P) S (I L)

max

*—*z]

0

We note that an auxiliary four-vector P = (1, 6) was introduced in eq. (2.21), to ensure that
energies of unresolved partons are constrained. A similar formula is easily obtained for the
integral of the product of two single eikonal functions &[S;;Sk].

Our goal is to compute the required soft integrals for a massive (i) and a massless (j)
emitter. We label their momenta as p; ;. If m is the mass parameter, then p? = m?, and pj =0.
In the “laboratory frame” where P = (1,0), we employ the following momenta parametrization

Di = El(lwgﬁz)a b = Ej(la ﬁj)v (222)

?We use dimensional regularization to regulate soft and collinear divergences throughout this paper.




where the three-vectors 7; ; satisfy ﬁf] =1, and S is the velocity of the massive emitter

m2

B=4/1- 22 (2.23)

In principle, the integrated eikonal function can depend on the following scalar products
p? = m2, P2 = 1, Di 'pj = EiEj(l — ,BCOS 9), pi,j - P = Ei,j, (2.24)

where 6 is the angle between 7i; and 17, i.e. 7; - 7i; = cos . Since the eikonal functions are
homogeneous in p; j, the dependencies on E;; cancel out, so that in practice integrals &
are functions of £, cosf, and the energy cut-off Fy,x. The dependence on Fy,,x has already
been found, see eq. (2.21); thus, integrated eikonal functions have non-trivial functional
dependence on B and cos6 only.

3 Single emission integrals and their iterations

We start by considering the product of two single-soft eikonal functions,

1
4e B4

max

§[S::5u] = / [dlun] [A]3 (1 — - P) O (I - P — L - P) Siy(la)Sa(ln). (3.1)

We resolve the constraint imposed by the #-function by writing
lh-P=tl,-P, 0<t<l. (3.2)
Integration over t and the energy component P - [, of parton m is elementary. We obtain

Gi; G
(S5 (m) Sea (k)] = 75—

max

(3.3)

where G;;, Gy are angular integrals which we write in the following way (G is the same
function up to p; — pi, pj — p; reassignment),

dQEg_l) 1— Bcosb

95 = | 2@m)T T (1= Bt - ) (1 — 7y 7o)’

(3.4)

where integration over directions of the (d — 1)-dimensional unit vector iy, is to be performed.
We note that this integral can be expressed through an Appell function to all orders in e [64],
see appendix C. However, below we explain how to compute it using multi-loop methodology
including integration-by-parts, reduction to master integrals and differential equations.

To compute the integral in eq. (3.4), we employ reverse unitarity [56] and other standard
methods for multi-loop computations, such as integration-by-parts [58, 59] and differential
equations [65-67]. To this end, we consider a family of integrals®

aoi—" (1 — Bcosb)
2(2m)41 (1 = B - i)™ (1 — 7 - Tiw)?2

I(ay,a2) = a; € Z, (3.5)

3As we will see in section 5, we need to consider the case where the power of the “propagators” becomes
e-dependent. In general, such integrals can be expressed through Appell functions, see appendix C. In this
section, we focus on integer powers of propagators only.



that generalize G;; = I(1,1). We would like to derive the differential equation for I(1,1) with
respect to 8. To do this, we write the solid angle element as

A0 = 2d%, 61 (12)6(1 — I - P) (3.6)

and proceed with using reverse unitarity to rewrite d-functions as “propagators”. This leads
to the differential equation

aI(1,1) 1 1—2 23 2
05 =1 et |1 AP I(0,0)+71_B2 I(1,0) + Z I1(1,1)] . (3.7)

Calculating integrals 1(0,0) and I(1,0), and choosing the point 5 = 0 to compute the
boundary condition,* we calculate I(1,1) as a series expansion in e. We find

I(1,1) = (1_528)N€ Soen, (3.8)
n=0
where the normalization factor is
N = 47:212(21—_;6))’ (3.9)
and the first three coefficients in eq. (3.8) read
I
(1) 1— (Bcosf
R ( Vi-p? > | (3.10)

19 =~ [Rrog? (10 10 (1525220 (L2000

4 145 1+p5 1-58
+ Liy (1_ 1—1ic;sﬁ) 4 Ly (1_ 1—1ﬂ_c;sﬁ>].

We note that they agree with the results reported in refs. [68, 69]. With these expressions, it is
straightforward to compute the soft integral in eq. (3.3). Judging from eq. (3.3), it may appear
that terms up to Iﬁl) will be required to obtain the finite contribution for the integrated
double-soft subtraction term. This, however, may not be necessary since &[S;;Sy] will get
combined with the iterated Catani’s operator Iy [62, 70] which should ensure cancellation of
1/e singularities in the iterated structure, reducing the depth of the e-expansion in eq. (3.8)
required to obtain O(e") contributions to physical quantities. Nevertheless, for completeness,
we also include higher order e-expansion terms in eq. (3.8) in the supplementary material

files provided with this paper.

4 Integrating double-emission eikonal function in the laboratory frame

We continue with the discussion of the non-Abelian contribution to the integrated double-
emission eikonal function. Compared to the iterated single-emission case discussed in section 3,

“We note that at 8 = 0, the dependence of the integral on cos# disappears.



its calculation is much more involved. For this reason, it is important to design an efficient
toolchain for calculating integrals appearing in eq. (2.21). The plan is to map these integrals
on a small set of master integrals, and use differential equations to calculate them. We note
that a similar approach was successfully used in calculations with two massless emitters at an
arbitrary angle [54], and with two massive emitters in the back-to-back limit [55]. However,
we will see that it remains challenging to utilize it in the massive-massless case.

4.1 IBP reduction and master integrals

The first step in making the computation of the integrated double-emission eikonal function
defined in eq. (2.21) systematic is to classify contributing integrals. Since eikonal functions
contain linear propagators, we perform partial fractioning and express all integrals through
the following ones

def/ N [dlw][dla]0 (1 =l - P) O (ln - P — 1y - P)
Ogpe(9) = / (I - i) (1 'pi)b(lmn i) (Im 'pj)d(ln ‘Pj)e<lmn 'pj)f(lm . ln)g7

(4.1)

where [y = lm + ln. The corresponding integrands contain quadratic and linear propagators,
as well as constraints provided by delta- and theta-functions. We note that integrals without
theta-functions, can be expressed through master integrals using publicly available codes [71,
72]. However, if integrands do contain theta-functions, a generalization of this approach
is required.

There are several ways to achieve this. For example, one can write a theta-function
as an integral of a delta-function, cf. eq. (2.19), and employ generalized unitarity to deal
with integrals that only contain delta-function constraints afterwards. The drawback of
this approach is that the integrals that we need to calculate become functions of three,
rather than two variables. Although the reduction to master integrals and the derivation of
differential equations are possible with this approach, we find that it leads to over-complicated
intermediate results.

Thankfully, we do not need to follow this approach because there exists an alternative
method for dealing with real-emission integrals that contain Heaviside functions. It was
developed in ref. [57], and successfully applied in the calculation of N3LO zero-jettiness
soft function [73-76].

This method is based on a simple observation that action of the differential operator
on the integrand — a crucial step in establishing the IBP methodology [58, 59] — can be
generalized to include integrands with theta-functions. The key to this generalization is
the following equation

0 0

0L () =81 ()) 5 £ (5), (42)

where s is a scalar product constructed from internal and external momenta, and a typical
function f(s) is a linear combination of scalar products between various four-momenta.
There are two important consequences of eq. (4.2). First, each application of eq. (4.2)
replaces a theta-function with a delta-function, and it is impossible to express such integrals
through ©-integrals defined in eq. (4.1). This makes the required reduction inhomogeneous,



and we need to extend the set of considered integrals by including integrals with two
delta-functions

def _ [dlm][dln]é (1 —ln -P)5(1 — Iy -P)
R e (s sy T ion T (reom ey rer )

Since such integrals do not contain Heaviside functions, they can be dealt with using any

(4.3)

public code for IBP reduction.

Second, once a new delta-function appears in the integrand and is mapped on a new
propagator as required by reverse unitarity, it is not guaranteed that this propagator is
linearly-independent of the ones that are already present in an integral. To get rid of
linearly-dependent propagators, we perform the partial fraction decomposition, each time
eq. (4.2) is applied.

Although these additional reduction steps are relatively simple when taken separately,
they require significant amount of work to be implemented in a working code. Luckily, many
of these steps were designed and implemented for the calculation of the N3LO zero-jettiness
soft function described in ref. [74]. Using the notion introduced in that paper to describe the
present calculation, we need to consider two reduction levels. First, we express the original
integrals from the eikonal function through the minimal set of ©-integrals defined in eq. (4.1),
and then proceed with the level-zero reduction of A-integrals shown in eq. (4.3), which is done
with Kira [72]. After the reduction, we find that we require 52 master integrals including 37 of
the A type and 15 of the © type. The full list of master integrals can be found in appendix A.

We note that the application of IBP identities has not resulted in a significant reduction
in the number of integrals that need to be computed. Nevertheless, the reduction is very
useful because it allows us to control the complexity of integrals that we choose to calculate.
Furthermore, an opportunity to express any integral in egs. (4.1) and (4.3) through master
integrals is crucial for deriving differential equations that these integrals satisfy. Indeed,
after differentiating an integrand of a particular integral with respect to one of the variables
x = [ or y = cos B, the obtained integrals can be expressed through master integrals again.
This leads to differential equations

— — — —

O (w,y) = MyJ(2,y), OyJ(x,y) = M,J(x,y), (4.4)

=

where J(z,y) is a vector of all master integrals that need to be computed and M, , are
matrices that satisfy the integrability condition

8y M, — Oy, M, = [M,, M,). (4.5)

Furthermore, linear IBP relations allow construction of the recurrence relations with respect
to space-time dimension d. They read

J(d) = L(d)J(d + 2), (4.6)
thereby connecting integrals computed in d and d + 2 dimensions. Eq. (4.6) is quite useful for
numerical checks, since real-emission integrals that we are interested in become convergent for
sufficiently large d, and can be calculated by a straightforward integration, see appendix D
for details.
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Figure 1. Integrals from the sector, which is not first-order factorizable. Bold (light) solid lines are
massive (massless) eikonal propagators; vertical line represent a cut. Particles whose propagators are
cut are considered on-shell.

4.2 Solution of the differential equations

In this section we explain how the differential equations in eq. (4.4) are solved. Following
common practices, we aim at constructing solutions in terms of iterated integrals. The best
way to do this is to bring the system into a global e-form [67], by changing the basis of integrals
if possible. The next-to-best option is to find a basis where matrices M, , are block-triangular,
which means that each matrix block is a lower-triangular matrix such that all of its diagonal
entries are proportional to €. For such matrices M, ,, integrals J at a particular order in
the e-expansion depend on their lower-expansion orders, and simpler integrals.

Following methods described in ref. [77] it is possible to find a new set of master integrals
such that all but two diagonal blocks of the system of differential equations are in the
required form. We note that the transformation from the old to the new basis involves
several complicated square roots.

Finding integrals that appear in the remaining two sectors is one of the major difficulties
of this calculation, and we explain below how this challenge is addressed. The two irreducible
blocks contain four integrals, that we refer to as J3931 and J3435; they can be found in
appendix A. The homogeneous parts of the matrices M, ,, for these blocks are identical; hence,
we focus here on the first pair of integrals shown in figure 1.

For these integrals the second order differential operator (the Picard-Fuchs operator)
constructed from the homogeneous part of the differential equation that J3g 31 satisfy, cannot
be factorized into two first order differential operators. This implies that the solution of the
system might involve elliptic integrals [77, 78]. It is useful to consider differential equations
in a single variable z, and write them as follows

J30 Ny J30 -
Oz =Y &4 + BJ, (4.7)
J31 =0 J31

where A; are e-independent matrices of the diagonal block and the matrix B describes the
inhomogeneous part of the differential equation. Integrals J, are supposed to be known
at this point.

Our goal is to construct a transformation to a new set of integrals, satisfying the system
of equations shown in eq. (4.7), but without the e-independent contribution. To accomplish

,10,



this, we focus on the homogeneous part of eq. (4.7) and start by truncating it at O(g").
The matrix Ay reads

1 _ 1 _ Yy _ 1 + 1 _
Y(1—y) 4(1+z)(1+y) 2(1-y?)(1—=zy)’ 2(1—=x) 2(14x) T—Y 1—2y

1 1 _1 —2_lzy | 1y
Ag = 2(1—x) x 2(14x)> x 1-z 1+x (4 8)
0~ 1w |
41—z
We use it to turn a system of first-order differential equations into a single second order
differential equation. It reads
02h + pi(w,y)duh + polx, y)h = 0, (4.9)

where h = h(z,y) is a “homogeneous” version of the integral J3p, and the coefficients py o(x, y)
are given by

( ) Y n 1 n 1 +2+ 1
xz,y) = =
pri® Y w—1 x—y x—-1 x x+1’
2
Y Y 1 1 1
2y) = _¥y + + 4.10
)= T e ey T D) et D) (4.10)
1 1 3 3
+ - + -

2z —)(zy—1) 2@ +1)(zy—1) 2xz-1) 2xz+1)
To simplify eq. (4.9), we define a new function
9(z,y) = z(1 — zy)h(z,y), (4.11)

and re-write the differential equation through a variable A defined as

(1—2%)(1 -y

A= (1—ay)?

(4.12)

The transformed equation reads
AN1—N) 93g+4(1 —2)) g —g =0. (4.13)

This equation is the second order differential equation that defines the complete elliptic
integral of the first kind. It has two independent solutions g(A) = K(A) and g(A) = K(1 — \)
where K () is defined as follows

1
dt

K\ = 0/ V(N vt (4.14)
Interestingly, the parameter A can be written as a sine squared of an angle o which appears to
be an angle between directions of vectors P and pj in the rest frame of the massive parton p;.
We note that we use the rest frame of the parton 7 to set up a semi-numerical computation
of the integrated double-emission eikonal function in section 5.

Having obtained the homogeneous solutions of the second-order equation, we follow
ref. [78] and attempt to find a new set of master integrals J, J5; with the help of the
following ansatz

J 2
Jho =202 gy = Cl(xay)w

” ?(arjéo) + Co(z, y)¥* T, (4.15)
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where 1 is one of the solutions of eq. (4.9) that we take to be v = K(\)/z(1 — xy). We
note that this equation is a linear map

J e
0 —p 7, (4.16)
J31 J31

where T is a two-by-two matrix with the zero entry in the upper right corner. In eq. (4.15), the
integral J3; is hidden in the term 0,.J5,. Indeed, if the derivative of J5, is computed explicitly,
the term 0, J3o appears; we replace this term using eq. (4.7) omitting the inhomogeneous term
BJ, on the right-hand side. Since the two coefficients C 2 in eq. (4.15) are still arbitrary,
no information is lost when using this map.

By requiring the e-form of the new homogeneous block, the unknown coefficients C1 2
can be fixed. We find

Ci(z,y) = 2*(@ = V(@ + (z —y)(zy - 1),

4.17
Co(z,y) = zty? — 20%% — 223y + 22 — 322 + 4ay. (4.17)
The matrix T in eq. (4.16) evaluates to
A ( N 0 )
T = 25 2,2 2 2 ’ (4'18)
) +222—6zy+2y2+1 ;
KON 2O ) | e (V) (1~ ), 2KV (& — ) (ay — 1)

where E()) is the complete elliptic integral of the second type. The differential equation
for the new integrals J3,3; becomes

J4 J .
O | 7| =eAl [) + B, (4.19)
J31 J31

where ¢ is factored out of the new homogeneous block, and the matrix A} reads

_ 23y 4223 — 222y —2xy? —3x+4y 1
s (=Dt D—y)(@y-1)_ 2Dt De-g)ay-T1) (4.20)
1= 1/)2x2(x2y2—2x2+2xy—2y2+1) 23y2 4223 —222y—22y?—3a+4y | )
(z—1)(z+1D)(z—y)(zy—1) (z—Dz(z+1)(z—y)(zy—1)

We note that A} contains the function ¢ and rational functions of z,y. The same trans-
formation also applies to the second pair of master integrals, i.e., J3435, bringing their
homogeneous block to e-form.

Having diagonalized two elliptic blocks, we obtain the full set of differential equations

0u(2,9) = (Mp o +Myy ) T (@, y),
B _ (4.21)
ayJ/(QZ, y) = (M;,O + 23ju—;,l) J/(‘Ta y)7

where matrices M, o and M, , are lower-triangular. It is then possible to bring these systems
of equations to an e-form by rotating the integral basis with an e-independent matrix T
that satisfies

0,T = ML ,T, 9,T = M ,T. (4.22)
We use the Magnus series method [79] to find this matrix.
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After combining all transformations, the new system of differential equations is in e-form
0pJ(2,y) = eMyJ(2,y), 0yJ(x,y) = eM,J(x,y). (4.23)
The matrices Mx and My contain

o rational functions of = and y;

e two square roots

Ri(y) = \Jy? =1, Ro(w,y) = /1 + 822 — 6y + 222, (4.24)

that do not couple to each other;

« the elliptic integral K ()), and a new function that is defined as an integral over K(\),

1— 2 1— 2
Py + 42—ty — Tty + 3y  — 1) K (( (ng)zy )>
(ty - I)RQ(tu y>3

+ (2
’H(x,y):/o dt (4.25)

We solve the differential equations in eq. (4.23) in terms of iterated integrals [80]. We
find that some of them involve complicated integration kernels containing square roots and
elliptic integrals. However, it turns out that much of this complexity is superfluous since the
results for individual integrals are much more complex than the final result for the integrated
double-emission eikonal function.

Indeed, we find that all elliptic integrals disappear from the final result for the integrated
massive-massless eikonal function. However, this does not happen naturally and, to reach
this conclusion, it is extremely important to simplify intermediate and final expressions
by carefully removing all linearly-dependent functions from the final result. Key to such
simplifications is an observation that iterated integrals satisfy shuffle algebra relations, whose
implementation in the HarmonicSums package [81] was very useful for the current calculation.

Another ingredient required for the final result are the boundary conditions, which cannot
be determined from the differential equations. To fix them, it is best to compute required
integrals at S = 0, which is the regular point for all integrals. A further benefit of this point
is that the dependence on the angle 6 disappears at 8 = 0, so that one computes constants
and not functions of this angle. We present the needed boundary integrals in appendix B.

The final results for the integrated double-emission eikonal functions are expressed
through iterated integrals defined as follows

T t1 tn—1
0 0 0
where
o[l 1L 1 y y+1 1
w = — 3 ) ) ’ ’
ttElt—y ty— 1 t(yx1) -2t — (y+ 42— 1) (4.27)

1 1 1 }
tRy(t,y)" (L) Ro(t,y) (t—y)Ra(t,y) )
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Iterated integrals without the square root Ry can be expressed through standard Goncharov
polylogarithms (GPLs) [82, 83] with the argument z and indices drawn from the following set

2 1
{O,il,yi\/yQ—l PR R } (4.28)

When the square root Rs is present in an integrand, the situation is more complex. However,
we note that we can rationalize it by expressing x through a new variable n and y in the
following way

_ 2n
n? +6ny+8(y2—1)

(4.29)

The inverse transformation reads

1 —=3zy £ Ro(x,y)
; )

(4.30)

As the result, the relevant iterated integrals with Ry can also be expressed through GPLs
with the argument 7 and indices drawn from the set

{0, —2(y+1),-4(y+1), W,—syi V2 + 8,2 (—yi \/2 —y2>}. (4.31)

4.3 Simplification of the final result

The result for the integrated double-emission eikonal function written in terms of GPLs
with arguments {n, z} and indices drawn from egs. (4.28), (4.31) is not suitable for the high-
precision, fast numerical evaluation. Because of this, we decided to construct an optimized
form of the result, by expressing all GPLs up to weight four through normal logarithms,
classical polylogarithms Li,, (n = 2,3,4) and an additional function Lis 9, defined as

[e.e]

, z1z2
Ligo(z1,22) = > =
i>j>0 =1 j= 1

2122)‘

(4.32)

To do this, we employ the symbol technique [84, 85] since it provides a systematic way to
derive non-trivial relations among GPLs.

We work with the integrated double-emission eikonal function as a whole, since significant
simplifications can only be expected in the full result. We combine GPLs according to
their weights and compute their symbols. From the list of symbols, we extract independent
symbol letters and construct candidates for arguments of Li,, and Lis o functions, using the
algorithms described in ref. [85].

Since there are too many functions that reproduce symbols of the identified sets of GPLs,
we need to reduce their number by imposing additional conditions on their arguments. For
example, we may try to require that, for physical values of 5 and cos@, arguments of the
polylogarithmic functions Lij(21), Liz (22, 23) satisfy

Imz17273 =0, ’21| <1, ’22‘ <1, ’2223‘ <1. (4.33)
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weight 1| 2 3 4
number(s) | 0 | 72 | (3,72 log(2) | Lis (%)—F%,W‘l, 3log(2), 7% log?(2)

Table 1. Pure constants that are needed in the final step of the simplification procedure.

If this can be achieved, all functions become real-valued, and can be computed using convergent
series expansion, leading to fast and efficient numerical evaluation. We note that when testing
conditions in eq. (4.33), we choose a particular solution to eq. (4.29)

n— 1 —3zy — R(x,y)
x

. (4.34)

Unfortunately, it turns out that conditions in eq. (4.33) are too restrictive. In fact, we
find that arguments of all Lis o functions can be chosen to satisfy eq. (4.33). However, for
polylogarithms Li,,, it is only possible to choose argument z; that are smaller than one, i.e.
z1 < 1, as opposed to |z1| < 1. Furthermore, we have to allow for the possibility that z;
is complex. For such cases, we choose

Lin(21) + Lin(25), [Lin(z1) — Lin(21)] /i, (4.35)

as suitable candidate functions.

Proceeding along these lines, we rewrite the original result for the integrated double-
emission eikonal functions in terms of polylogarithmic functions with the chosen properties at
the symbol level. The transformed and original expressions have identical symbols but are not
yet the same, because of the missing polylogarithmic functions of lower weights multiplied by
powers of m or (3, and constant terms. Such terms can be restored by applying the so-called
co-product formalism [86, 87]. By computing various co-products of the difference between
the original and transformed results, one obtains symbols of a lower weight that can be
reconstructed using the same functional basis. Finally, to fix the constants, we numerically
evaluate the difference between the original and the reconstructed result, and use PSLQ
algorithm [88] to express it through irrational constants of various weights, summarized
in table 1. The motivation to consider these quantities comes from the expansion of the
final result at small (3, see eq. (4.41). We have checked that the old and new expressions
agree with each other at multiple test points in the region = € [0,1],y € [—1,1]. We note
that throughout the process of manipulating GPLs, computing symbols and co-products,
we heavily relied on the package PolyLogTools [89-91] and used the library GiNaC [92, 93]
to evaluate GPLs numerically.

The integrated double-emission eikonal functions are expressed in terms of conventional
polylogarithms and Liz 2. This is extremely useful since, with the new representation, it takes
about a second to obtain a numerical value for $[S;;] and &[I;;] for a generic phase space
point in Mathematica, as opposed to minutes when using the original expressions in terms of
GPLs. The final results for $[S;;] and $[I;;] can be found in the supplementary material files
provided with this paper. There, a C code for fast and reliable evaluation of these quantities
can be found, which uses algorithms described in ref. [94] to evaluate all the polylogarithmic
functions. It significantly improves the efficiency of numerical evaluation, especially at the
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phase-space points where § ~ 1, and delivers results for a generic phase-space point in

milliseconds.
We conclude this discussion by presenting the final results for the integrated double-

emission eikonal functions up to order O (). We find
(1 —ay)?

)= |~ o | g ()]

(4.37)

R e
E B Blo (1—ay)? n log (:1:+1) _ 1llog(2)
36 12 8\ 142 a; 6
. ﬂf(y—l)) . (x(y+1)> 1. o (1 —ay)? LS
oLy (BT _op, (BT U L D2 (LT} T 4
12( 1— 2 2\ 7r 1 2% |\ "1 2 24 (4.36)
931 ((-ay?) 1908 (55)  26910g(2)
108 9 Bl 122 6 36
i fo (1 — zy)? 72 11log?(2)
T 12+31g()lg 1— 22 27 6
s, 1 , (1—ay)*) 113
3 Fm | Tz g | TO@E)
and
~ —N2 1 125 1 (1—2y)?\ log(2)
1) = 45E§fax{ T 1222 l72 G108 ( 1-22 | 3
Cw s (o) Ys(EE)  solose)
216 36 2\ 11— 42 3z 36
2. x(y—l)) 2. (x(y+1)> 1, o (1—ay)?
gy (BT gy, (BTN L2 (LY
312( 1-— 342 z+1 608 1— 22

where we used the abbreviations
-1 1 1—
(y_ )> +Liy (JU(yJ“ )) 4L (2“5) +4Lis(—2) — ALis ()

T
= —Li
h 12( z+1
11—z 1—ay o (1—z\ 1 2(1—x> w2
1 log [ —=> ) —21 —)+=1 —
+Og< +1> g(x+1) Og< 2 >+20g ++1) T30

: (y—1)> : (96(3/+1)) 2(1—563/)
= —40L —40L —201 —
f2 12( 1—2x 12 z+1 & 1—2x
1—zy 11—z
—20log? [ ——= ) +131 2( )
©8 (a:+1>+ o8 41
f3 = 18Lig (JW) +12Lis (H) —18Lis (:L‘(l—y))
z+1 1—2zy 1—zy
1— 1 1—
z+1

((@+1)(A-y) :
+ 12Lis3 (2(1—93!/)) +12Li3 (2(1—5@)
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(4.39)

(4.40)



1— 1— 1
—192Lis (m> —12Lis <y> —192Lis <y+ >
z+1 2 2
1—
+1og(1—x)[ 27L12< >+33L12(1 )+ 27Lis(—2) + 6Lia ()
2
( ) ( $(y+1)>+12L2< (y+1)>
(x+1)2 z+1
15 . 2z(1—y) > ) (m(erl)(ly))
—15L ZLiy () 4 15Liy (o
g 12( 2y:c+1> 9 2 <x2—2y$+1 158z 2 —2yx+1
y+1) ) 1—as)
< 2y:v+1)> 33L12<1_x |
1—
+10g(1—xy)[15L12( 5 ) 42Li5(1 — 2) + 12Liy(—x) — 27Lis (2)
1 15 . (1—y 15_. 2x(y+1)) ) (x(y—i—l))
— Ly () = 2Ly (S ) 6Ly 2L
1) 2 12( 2 > 2 12<(a:+1)2 oLl (=
11—z

(i
+15Liy <_x2_2> R (2@'(1_9)) 15Li, (x(x“)(l—y))

—2yx+1 2 22 —2yr+1 22 —2yr+1

- 27L12

)
L
2 12<x2—2ym—|—1
15 —2? 1 z(1—y)
Lig | —— —Li
+2 12(2 ) + 2(1—37(7;)}

15
—6log?(1—x)log(1—y)+6log?(1—z)log(1l —zy) — Elog(l —z)log?(1—zy)

2
-
2

—_7)2 _
B, (o) +21Li2(1 x)]
2 2 (22 —2yx+1) 1—xy
1-— 1
+10g(x+1) {27].112 (216) —9L12(1—CL‘) —21L12(—$)+3Li2( )+9L12 ( +1)
_(1-y : x(y+1)) . < 2¢(1—-y) > . < (l‘+1)(1—y))
—12Lip | —= ) —18Lip { ——— | — 15L —_ 15Lig | ——————=
12( 2 ) 8 12( z+1 oLz 2 —2yr+1 + 1oLz 2 —2yr+1
1—xz 1—x?
—3Lig [ —— 15Liy | —
i (1 5,)+1 12(2@_@))}
45 (1—x\ 45_. 2z(1—y) ) 45 (:z:(x—l—l)(l—y)>
log(2)[ - 2L Doy (MY ) Bog (MET N TY)
+log(2)| 2 12( 2 )+2 12(x2—2yx+1 2 22 2yz+1
4 —a? —
——5Li2 1-z _45L12<$(1 y))}
2 2(1—zy 1—ay
15.. /1 15 . 2z(1—y) 15 . x(x—i—l)(l—y))
+log(l—y)[2L12< 5 >— >+2L12( DR ——T
1-z )
(1—zy

— % log? (1 — xy) +9log(x +1)log?(1—zy) — g log(1—y)log?(1—zy)
+21log(y+1)log?(1 —xy) +21log?(z+ 1) log(y +1) — g log?(x+1)log(1—zy)
+ g log(z+1)log(1—z)log(l—y)+ % log(1—z)log(1—y)log(y+1)
—39log(z+1)log(1—x)log(l—xy)+ ? log(1—x)log(1l—y)log(1—xy)

+3log(z+1)log(1—y)log(1—zy) —42log(x+1)log(y+1)log(l—xy)
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55, 5[
672 571 EO El 571 EO 51
(0.1,0.2) 0.0264891  —0.40119472 0.066258771  2.1059932 0.11111398 0.020954787  0.083825324
(0.9,0.1) 0.7777216 1.8762882 6.6664261 17.203106 0.36152480 0.47275868 1.0676022
(0.8,0.9) | —0.7204734 —2.2382469 —4.0335936 —4.3260204 | —0.13787352 —0.28578587 —0.35505627

(0.8,—0.9) | 1.0948166 1.4353310 3.4641280 8.3534044 0.46722313 0.19603765 0.36091849

(z,y)

Table 2. Benchmark points for the integrated double-emission eikonal functions. The prefactor
—1/(4eE2 N2 is not included. The highest poles do not depend on z and y are not shown, cf.
eqgs. (4.36), (4.37).

- 3—29 log(1—y)log(y+1)log(1 —zy) +log®(1—x) +12log(x +1)log*(1 —x)
1
+391og?(z41)log(1 — ) — ?9 log®(z+1)
69 87 15
+log?(2) {—2 log(1—xy)+51log(l—z)+ 5 log(z+1)+ 5 log(1—1v)

69 69 39
+log(2) [— 5 log?(1—xy) — 5 log(1—=x)log(l—y)— 5 log(1—x)log(y+1)

1
+ 9—29 log(1—x)log(1—zy)— ?5 log(z+1)log(1—y)+42log(z+1)log(1—zy)

39
+27log(1—y)log(l—zy)+ 5 log(y+1)log(1 —zy) — 15log?(1 —x)
1
—27log?(z+1) — % log(z+1)log(1 —:c)}

33 9 5
47 T log(1—xy)— 1 log(1—x)— 1 log(1 —y)}

45log3(2) 15
—30¢3 — O;OT() + ZWQ log(2).

For reference, we present numerical results for a few benchmark points in table 2.

4.4 Checks of the result

We have performed several checks of the obtained results at various stages of the calculation.
For example, we have computed master integrals numerically using dimensional shifts, see
eq. (4.6), and direct integration as described in appendix D. To check complete results for
&[S;i;] and $[I;;], we recalculated them using the parameterization of the Heaviside function
in eq. (2.19). Since the Heaviside function is mapped onto a delta-function, a conventional
reduction to master integrals with the help of publicly-available codes becomes possible.
However, since we only need to check the calculation described above, we decided to compute
its small-3 expansion, which is much easier to do. We then compare it to the results described
in section 4.3 , which we also expand around = 0. Perfect agreement up to order * is
found for the two results. It is also straightforward to extend the comparison to higher orders
in the p-expansion. For completeness, we present the leading term in the S-expansion for
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the two integrated double-emission eikonal functions

s8] - “NZ o1 1 147 1llog(2) 7
* 40 CdeBde | 483 242 £\ 36 6 24
553 269log(2) w2 1llog?(2) 11(3 3887
( 8 T 36 127 6 g )T\ 324
11331log(2) 477>  341log?(2 11 111og3(2
_ 1133log(2) _4Tn? 3dllog’(2) | 99G 1Ly 1110g’(2)
54 144 36 8 36 9
2974 1\ log*2) 7 1 5 4 5
— —92Liy (=) — — —(3log(2) + —n?log?(2 O
~ —NZ 1 1 /25 log(2)
Tii — € _ Y
& [ J} 5o de e [ 12¢2 + € (72 3 )
275 59log(2) N log?(2) e 2737  577log(2) 2372  95log*(2)
216 36 3 648 108 144 36

G, 1 o 2log’(2) 2
+T+Eﬂ- 10g(2)—T +O(€ ) .
Finally, in section 5 we describe an alternative computation of the integrated double-emission
eikonal functions that does not involve IBP reduction, master integrals and differential
equations. The agreement between calculations described in this section and in section 5
provides a very strong check on their correctness.

5 An alternative computation in the massive parton’s rest frame

The final result for the integrated double-emission eikonal function in the two-gluon case,
derived in the previous sections, is simpler than results for individual integrals. This is
certainly true for the divergent contributions, but also for the finite part since elliptic integrals
disappear from the final expression. It is interesting to understand the origin of this simplicity.
A possible reason to expect it is Lorentz invariance, i.e. the possibility to choose a suitable
reference frame (for example, the rest frame of the massive parton) to compute the integrated
double-emission eikonal function.

Lorentz invariance would have been very useful for computing integrated double-emission
eikonal functions, if not for the Heaviside functions that appear because of how subtraction
terms in the nested soft-collinear subtraction scheme are defined. These Heaviside functions
depend on the energies of unresolved partons in the laboratory frame and, therefore, transform
in a non-trivial way under Lorentz boosts. Nevertheless, as we explain below it turns out to
be very useful to compute the integrated eikonal in the rest frame of the massive parton, as
it allows us to understand the simplicity of the result, at least partially.

The integrated double-emission eikonal function defined in eq. (2.21) is written in a
Lorentz-invariant way. In the computation reported in the previous sections, we have taken
P=(1, 6) defining the laboratory frame, but this is certainly not the only option. In fact,
we find it useful to consider a frame where the massive parton is at rest p; = (m,0). In
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this frame, P = ~;(1, B7ip), where (3 is the velocity of the massive parton in the lab frame,
vi = E;/m, where E; is the energy of parton i in the lab frame, and 7ip is —7i;, where 7i;
is defined in the lab frame. The scalar products evaluate to

lm- P = 121 Yi Pmt; In- P = lg Yi Pnt, (51)

where pymy =1 — B7ip - fig(n). Furthermore, writing 19 = w2, using the homogeneity of =5,
and integrating over 12, we obtain the following representation for the double-soft integral

o0

d
& [Ei] = Na </ rf% P 0(Ptms — W Vi ng) [wz Eij(m, ﬂ)}> - (5.2)
0 mn

The brackets (...)mn denote integration over directions of partons m and n. We note that in

the above equation we have defined the function v . = py¢/p=t, and the normalization factor

—4e e
Ny = 1<EmaX> ___ 1 _a=py (5.3)

C4e Yiptj 4eE% (1 —Bcosh)ie

max

We also note that the double-emission eikonal function =;; in eq. (5.2) has to be evaluated in
the rest frame of parton ¢. Furthermore, the four-momenta of partons m,n in that equation
should be taken to be Iy, = (1,7im), ln = w(1,7,). In the rest frame of i, scalar products p; - I,
p; - Iy become simple. Apart from the prefactor N4, the non-trivial dependence on the angle
between P and 7ij resides in functions ¢y m; and )y nj, which appear in eq. (5.2) either in an
e-dependent power or inside the Heaviside function. Our goal is to exploit this fact and write
the integral in eq. (5.2) as a sum of two terms, one that contains no divergences and can be
calculated in four dimensions, and another one which is composed of simpler integrals, can
be calculated analytically in a systematic way and contains all 1/e poles. Such a separation,
and in particular an analytic form of a divergent term, is very useful for establishing the
explicit cancellation of infra-red poles in the context of NNLO calculations, see e.g. ref. [95].

We will focus on the case where soft partons are gluons, since it is more general than
the case where a qq pair is soft. Denoting the integrated eikonal function for the two gluons
as Gjj = & [S’ij}, we proceed with iterative subtraction of singularities, starting with the
soft one. We write

Gij = SulGijl + SulGij), (5.4)

where S, = 1 — S,, and the operator S,,, acting on relevant quantities, retains the leading
singular contribution in the w — 0 limit. Computation of the strongly-ordered integral
S,[Gij] is discussed in section 5.1. The soft-subtracted integral®

[e.o]

_ d _ s
Su [Gij] = Na </ rf%l/’ﬁj@(wt,mj — wihing) S [w2 8 (m, n)}> : (5.5)
0 mn

requires further manipulations.

5Note that we do not act with the operator S, on the theta-function.
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For reasons that will become clear shortly, it is convenient to define a new quantity

SulAG] = 8u[Gij] — SLIGY], (5.6)
where
& [~(0) dw s [ 25
5. 6] = Na </ et~ )5, w28 (m, n)]> . (5.7)
0 mn

Apart from the S-dependence in the normalization factor A4, the above quantity corresponds
to the double-soft integral in the laboratory frame where the massive parton i is now at
rest, i.e. § = 0. If the emitter ¢ is at rest, the dependence on the emission angle disappears;
therefore, the integral in eq. (5.7) is a number (as opposed to a function), and can be easily
computed. Hence, we write

5,(Gij) = 5,[AG) + 5.(G17) (5.8)
and focus on the first term on the right-hand side in what follows.

Our goal is to remove all divergences from integrands in eqs. (5.5), (5.7). These divergences
are collinear, and one can check that the soft-subtracted integrand is singular in only two
cases, the triple-collinear one m|[n||j, and the double-collinear one m||n. Note that the
soft-subtracted double-emission eikonal is not singular in two other possible double-collinear
limits m||j and n||j, which simplifies the construction of the subtraction terms. To extract
singularities, we write

5 [AGy] = Na( / o+ Conn (Cmn + Cmn) | 5
J .

X (V50 Wt — wibeng) = 0(1 = w) ) S [0Sy (mym)] )

mn

where operators Cyy and Cjn, extract particular singular limits from all expressions that
appear to the right of them, and Can = 1 — Can, C_'jmn =1~ Cjmn. The operator Cny, extracts
the double-collinear limit m||n and the operator Cjm, — the triple- collinear limit m||n||;.°
An important simplification in eq. (5.9) occurs because

Cimn (V150 (e ms — wibrng) — 0(1 = w) ) S,y [w285(m, m)| =0, (5.10)

which follows from the equations Cjmn¥tmj = 1, Cjma¥n; = 1. The consequence of eq. (5.10)
is that the triple-collinear subtraction in eq. (5.9) is not needed; hence, we can replace
Cjmn + C'jmn with the identity operator.

Taking into account this feature, we write

mn

sG] =Nl [ S5 (04 0) S [wSimm)] ) (5.11)
0

5We note that we do not restrict action of Cmn to parts of the unresolved phase space. As we will see later,
it is not necessary to do this in the current case.
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where operators C' and C' read

(7/% mj 1) (1 - W) Crn,

_ (5.12)

C= Cmn <wéi1j9(¢t,mj - Wl/’t,nj) - 9(1 - w)) 5
and we have used Conthf5,;0(Vrmj — wibinj) = ¥}5,;0(1 —w). Since operator C' removes all
divergences from the integrand in eq. (5.11), we can expand it in powers of . A convenient
first step is to write < mj = 1+ (e @ — 1). Upon doing that, C splits into two terms
C = C, + Cy, where

é [ (wt my th,nj) - 9(1 - W)] = [9(¢t,mj - w¢t,nj) - 9(1 - w)] ,

Cb mn (wt mj ) e(wt,mj - wwt,nj) (5.13)
= (5 = 1) [0(imj — Wit ng) — 01 = w)Crm] .

Since the normalization factor N4 is O(1/¢) (cf. eq. (5.3)), and the operator Cy is O(e), as
follows from the expansion of 1/Jt ‘mj I powers of ¢, it only contributes to O(&%) part of the final
result. Hence, it can be calculated numerically right away by integrating in four dimensions.

On the contrary, the integral that involves the operator C, requires higher-order expansion
in ¢ as it is multiplied with N4 ~ 1/¢ and the corresponding integrand does not possess
explicit e-suppression factors. Hence, we need to simplify it further.

The key observation that allows us to do this is that this integral can be written in
two complementary ways, as follows from the fact that the soft-subtracted double eikonal
function is (nearly) invariant under a combined w — 1/w and m <+ n transformation. The
relevant equation reads

gw |:U.)2Sij (m, 1‘1)}

= S, [283(m,0)] + (Prun = Pmj = o) (P = rg) 514
w—1/w Pmn P Puj
mern

and we note that the second term on the right-hand side of the above equation is much simpler
than the complete double-emission eikonal function. To make use of eq. (5.14), we write

I = NA</ w(liiJQE éagw [WQSij(m’n)} >mn
0
— N / w?fk 0(%tms — wibrg) — (1 = )] S [253; (m, )] >mu (5.15)
0
=Nl [ e Wty —vum) ~ 0 = DI [y ]| )
0 wr?ﬁnw

We then use eq. (5.15) to combine two different representations for the integral I, and find

I, = a1+ Fa727 (516)
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where the two integrals read

Fa,l = J\;A< 0/ djw (w—Qe - w2€) f (w wt m]>¢t n])g [ 2§ij(man):| >mn7 (517)
Fopo = J\gA<O/ (liw% J+ (W, Yemj, Veng) (Prun = pm;m;pi‘jgifmj — Prg) >mn, (5.18)

and the two functions f+ are defined as

J= (W, Yemj, Ving) = O mi — wen;) — (1 — w),
S (W, Yemj, Yeng) = O(Whtnj — Yrmg) — 0w — 1).

The two integrals in eqs. (5.17), (5.18) are finite. Furthermore, since (w~

(5.19)

2e __ w2€) —

—4elogw + O(g?), the integral F, 1 only contributes to the finite part of eq. (5.2), and can be
immediately calculated numerically in four dimensions. The second integral Fy, o is sufficiently
simple to be computed analytically; we discuss its computation in section 5.4.

The final expression for the integrated double-emission eikonal function therefore reads

Gij = S, [Gig] + 5, |G| + S0 [AGy), (5.20)

where the first and the second terms on the right-hand side are the strongly-ordered and
the 8 = 0 contributions. The third term reads

SW[AGU] = Sw[AGij]mHn + gw [AGij]a + Sw [AGij]numa (5'21)
where
1
dw _ -
SulAG = Na{ [ oz (¥ = 1) Gl [0S (m )] ) (5.22)
0
G NA T dw (pmn_pm’_pn')(pm‘_Pn‘)
IAGy ], = A 7 j J j j 7 9
SulAGila =75 <0/ ot 2+ (& Ve Vo) Prn P Pnj >mn (5.23)
_ Oodw B _ N
S, 1AG,], = / L (w72 = ) - tumgs tang)So [W S mm)] ) (5.24)
0
7 dw _ N
+NA /w1+25 tm] ) e(wt,mj - wwt,nj)} Sw {W2Sij(m7 l‘l)} >mn
0

We can compute S, [AGj]num numerically in four dimensions, whereas S’W[AGZ-j]mHn and
S, [AG;j], need to be discussed further, and we do this in the follow-up sections.

5.1 The strongly-ordered term S, [G;]

As explained in the previous section, we require the integral of the strongly-ordered double-

emission eikonal function

o] d B
S [Gig) = Na < [ o 0 ms — i) S [w2sij<m,n>}> . (529
0 mn
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The strongly-ordered eikonal function evaluates to

~ 2 2 2 1 1 j
Sulw?S;; (m,n)] = + . -y P (5.26)
PanPmi  PmnPuni  PmiPnj  Pmn Puj PmnPnj
Integrating over w, we find
oo
dw
/ 1+2¢ wt ,mj (wt,mj - wwt,nj) wt mﬂv/}t nj- (527)
0

Finally, using the symmetry of the integration measure with respect to the interchange of
m and n, we write the strongly—ordered contribution as

1 2 1 4— Pnj
o RN N SN S A A 5.28
[ J] <¢t m]wt nj <Pnj PmjPnj Pmn PrnPmj ) > n ( )

The first two terms in the above expression do not contain 1/pm, and can be written using
angular integrals defined in appendix C. We find

pn] mn
Vo Vi _ 1) \2
< miting ) e (19) ) (5.30)
PmjPnj mn
We note that we do not show arguments of the above integrals because they are always the same,

ie. If:g = Ié’lg [ptt, prj) and 1 =1tV [ptt], where py = 1— 32 and pyj = (1— %) /(1 — Bcosb).

Using the m <> n symmetry, we write the third term in eq. (5.28) as

Y P 1
< t,mj tn]> < tm]> <(¢tmj ¢tny) >
Pmn mn Pmn mn Pon / mn
(2) 2 \?
i) € < (95 — 91) >
mn

(5.31)

- ptj —4e 2

Pmn

(2)

where in the last step we have used 12 mj = 1+ €00 m;-

(2)

We emphasize that this equation is

the definition of g, .,

that the last term in eq. (5.31) gives a finite contribution to the final result for the integrated

and not the expansion of 17 “nj to first power in £. Finally, we note

double-emission eikonal function, and can be numerically integrated in four dimensions.
The last term in eq. (5.28) is more complicated. To simplify it, we first substitute
{re mj =1+ £gt mj {ra =1t 591:(,211)3' there, and make use of the fact that, unless two functions

(2) appear in the integrand, integration over m or n can be performed. Hence, we write

4—
<¢t mjthij Prj > =Tpo+Ty1+Typo, (5.32)
Pn Pmj
where
I 1
Tio= 501" (19, — 223911, ), (5.33)
0
Tir = e (gim;(4 = pu)) [} [ij]>m> (5.34)
4—p
Ty, =2 <g§ 2 ) ‘”> . (5.35)
PrmnPmj

— 24 —



Using the integral I{?l) [pmj] from eq. (C.6), and transformation rules for hypergeometric
functions, the integral T4 can be cast into the following form

Ty = 25(1 — 2) <g§i{j(”“‘q+€)2F1 <—g, —el—gl— p“”)> . (5.36)
pmj m

Expanding in € to the required order, it is possible to replace the hypergeometric function
with the following expression

o (—5, —eil—gl— p;”) =1+ &%Liy (1 p‘;”) +0 (<*). (5.37)

The final result for the integral Ty valid through O(g?) then easily follows. It reads

2°(1 — 2¢)? “(1-2e) _ 1
Ty1 = —TI(O) fptj% (I( 2)5 e 4[( 2)5 1+€)

4— po . (5.38)
262< pm]Lig (192111]) 1ngtm> .
Pmj Pti |

The integral Ty o diverges for m||n; hence, we subtract this limit by inserting 1 = Cpn +

(1 — Cyn) into the integrand. Since

4 — puj) 2) )2 (4= Pmy)
mn Jt.mjItnj PmnPmj ( t,m]) Pmn P ( |

we find

2 @ @ @—py)\ _ (1-25)(2-3¢)
<Omn € gt,mjgt,nj7>mn B 2e2

1—2e _ c 1 1—-2e _ e 1 1
LB (1 ) - R (10— e

Pmn Pmj

The remaining integral with Cun = 1 — Ciun becomes finite, and can be calculated in four
dimensions numerically. We obtain

(2) (2)

_ 4 p. (4 — p.2) — (4 — pos

<C o 2 g§2n)1]g§2n)]( Pn7)> — 2 <g1£,2nzjgt7n]( Pn]) gt,‘mj( ij)> . (5.41)
Pmn Pmj mn PrmnPmyj mn

The combined result for the strongly-ordered limit reads

Su [Gijl (1-2e)(2—-3e) (1—-2)% 5y 1 bt ) ) "
NA - 4e3 + 21 eg3 I€( ) + 5z 2 I—2€ 1 (21—25 1 I—25)
(1 B 25) — 1 1 _ 1 (1
+ 2¢2 'Otj4€ (21(*2571 - 1(7‘25) 21 eg2 15]26 ( I( 2)6 14+e — 2)8 s)
422 ~3¢ ~%,1 ——— Liz 5 )los” =
Pmj Pt [

2 2 2 2
B 7< (gi ﬂ)lj gt( n)]) > B §< ) gt(,n)lj(ij —4) - gt( n)j (Pnj — 4)>
4 mn 2 mu‘

t,mj
Prmn J

PrnPmj
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5.2 Calculation of S, {Gg-))}

It is straightforward to compute the term S, {Gg?)} in eq. (5.20), which does not depend on
the velocity 8 and the angle between 7; and 7i;. It can be expressed in terms of the integrals
discussed in section 4 if we choose p; = (m,0) in that section. We obtain

o 0
Sole] (M TS
Ni 22 Te\36 6 BV T o 108 36 27 12
11 11 3887 1133 AT, 341
~ T log?(2) + — 900 200 0g(2) — o — P 10g2(2
g loe”(2)+ 8<3) ‘E( 321 51 082 T g s (2) (5.43)
W sy o2 9, 29 4 1 o 20y 14
9 log”(2) + 36" log(2) + 3 (3 410" + " log“(2) 13 log®(2)

7 . (1 9
_ 1(3 log(2) — 2Liy (2>) +0 (8 ) :
5.3 Integration of the double-collinear subtraction term

We proceed with the calculation of the integral of the double-collinear m||n subtraction
term. It reads

1
G dw _ -
SulAG T = Na { / o (5 = 1) CanS [0?S5(m,m)] ) (5.44)
0
The soft-subtracted eikonal function S,[w?S;;(m,n)] has a singularity in the limit m|n.
Isolating this singularity requires care as it appears, naively, as the second-order pole in
pmn Whereas the pole is, in fact, first-order.
The relevant limit can be easily computed. We obtain
~ A1 - e)w? (7, - R)? 4w(2 = pmj)

C wa CUQSz . m’ n — — ) 545
mn [ i )} (14 W)4Pmnpgnj (1 + w)2pmnpm; ( )

where K is defined by the following equation
fin = COS OpnTim + SN O R,  R-Tm =0, R2=1. (5.46)

To integrate over directions of parton n in eq. (5.44), we first average over directions

of K. Using
i — O T (5.47)
d—2 '
we obtain
- ~ 2 — pmj) w(2+ 3w + 2w?)
CrnS |w?Sij S Gl ¥ 5.48
< mn [W ](m7 1’1)} >"i Prmj P (1 + w)4 ( )

Since integrations over energies and angles factorize, it is straightforward to complete
the calculation. We find

SulAGijlmn (1 —¢)(1 = 2¢) 1-2 /) "
Na = 22 Yo + - YwPyj € (2[_4571 — I—4e> , (5.49)
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where

1
/ dw w(2+ 3w + 2w?) 11+ <1 +111 (2)>
p— —_ —_— 70
e Wt (1w 12 1273 %

111 4
2 2 * 4
+e (3+18 )+a (3log(2)+11C3)+(’)(6).

5.4 Calculation of S,[AG;;]a

(5.50)

To compute S,[AG;;], defined in eq. (5.23), we integrate over w and combine the obtained
result with the one where m and n are interchanged. We find

S Ny Vi nj % WVt mj % (Pmn — Pmj — Pnj)(pmj - Pnj)
GIAG ], = = — | —= . .
5 [ G ]] 8e < ( (d%,mj) ( wt,nj PmnPmj Pnj (5 51)

mn

To compute this integral, we expand in € through the relevant order

2e 2e
= ((:fé) B (%) ) = 1 (o2 - 2) - 2 ((gﬁi’j)g (92;) ) +O(2), (5.52)

and get rid of g,f?n)lj terms by using the m < n permutation symmetry of the integrand

in eq. (5.51). We find

NA ( (2) €/ (2 2) (pmn_pm'_pn‘)(p j — P )
SJ[AG; - : LR Y : 5.53
[ J] 2 < Gt.nj 2 <gt’nj) Pmn Pmj Pnj mn ( )
Integration over m can be easily performed. We obtain
(Pon — Pmj — Prj)(Pmj — Puj) l1—¢ (0)
= —— + pujl ). 5.54
< Do P _ - Pujli1’ (Pnj) ( )
Using
2 €/ (2)\2 _
gimi — 5 (9im) = (wt S~ ) + 0, (5.55)
we find
NA _9¢ 1—e¢ 0
SulaGila = 52 ( (v = vi) (S + i Dlow)) ) - (5:56)
n

Performing the remaining integrations, we obtain

SW[AGZ“]@ 1—e¢ -2 (1) 2¢ (1)
v ( EI—2E_pt;IQE)

Na (5.57)
1—2¢ —2e 2 2e —2¢ F Pnj
- ]e2 (p ptn ptjpt,n ) Pnj 2 1(171a1_577) n.
We use transformation properties of the hypergeometric function to rewrite the above result
as follows
SW[AGij]a 1—¢ —2¢ (1 ) (1)
Na  4e2 ( Py Loge = P Do ) (5.58)

1—2e _ 1 pt7 . Pni
B 22—e2 (ptj2€I£2)55 28[55)5) — €& <10g J L12 (1 - % + 0(52)'

ptj n
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5.5 Combined expression for the double-soft integral

We are now in a position to present the result for the integrated double-emission eikonal
function where the divergent part is extracted analytically, and the finite part is written as
an integral that can be computed numerically in straightforward way. Our starting point
is eq. (5.2) which we repeat here

S[5i] = Gij = Su[Gij] + SulGY] + 5,[AG). (5.59)

The result for S,,[G;;] can be found in eq. (5.42) and the result for S, [GEJ)] in eq. (5.43).
The quantity S,[AG;;] is defined in eq. (5.21). There are three terms there. The result for
S [AG j]m|n 1 given in eq. (5.49), the result for Su[AG;j]a can be found in eq. (5.57), and
Su[AGj|num is finite and can be computed numerically.

To present the final result, we separate contributions that are known analytically (R)

and the ones that are finite and can be integrated numerically (N). We write

$ S| = Na(R+N), (5.60)

g [~©
S[6F] a-me-39, G-90-2n , 1-27
Na 4¢3 g2 21—egd ¢
1—-2¢) _ 1—¢ 2e) _
- (6) o1 2ey) 1Y), - 122 Pl + (E)ptfe(l +2e) 1Y,
B 2-5 5.1 n lp_% (1(12)6 1)2 n (2 — be) _QEI(1) B 1 _451( ) I( )
3

(5.61)

5 Py L2 2t -2¢1
4e 25

31— 2¢) pep) | (1—2) (8214

(1)
B 22—e2 ptj I—Za,a + 92—e:2 —2¢e,14€ + ptEIZE 5) ’

and

N = o (108" pm/pm 2108 Y (108 Yin (Pmj — 4) = 108 ¥nj (pnj — 4))
Prn PunPmj mn

— 2¢( / dm% (0(t,ms — Wt ng) — (1 = w)) S,y [w? S5 (m,m)] ) (5.62)

mn
0

+e( 70 % (0(1,mj — Wt ng) = O(1 = w)Conn) Suo |2 i (m, )] )

0

4 — 2P, ;
+e ﬁLig <1_ng> logpt—rn .
Pmj 2 Ptj [

We have used the above representation to compute the integrated double-emission eikonal

mn

function &[S;;] for various values of 3 and cos @ and found excellent agreement with the
results reported in section 4. We emphasize that all divergent contributions are known
analytically” and that only integrals in eq. (5.62) need to be evaluated numerically. The
quality and the speed of this numerical integration are acceptable; obviously, it depends
rather strongly on values of 8 and cos @, with values 5 ~ 1 being the most challenging.

"Explicit results for integrals IS;B can be found in appendix C and in the supplementary material file.
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6 Conclusion

We have described the computation of the integrated double-emission eikonal function with
one massive and one massless emitter. This quantity is a required ingredient for extending
the nested soft-collinear subtraction scheme [43] to processes with massive particles. We
have shown that the extension of reverse unitarity to cases with Heaviside functions in the
integrand [57] allows one to simplify the calculation significantly, and derive the differential
equations for relevant master integrals in a straightforward way. Although the resulting
differential equations contain two sectors with elliptic integrals, we were able to remove
them from the final result and express it in terms of ordinary polylogarithms and Lis . As
such, the result appears to be structurally similar to the one reported in ref. [54], but it
is significantly more complex. Since, even after all the simplifications of the final result, it
remains complicated, we have developed fast and efficient C code that can be used to compute
the result for an arbitrary kinematic point with high precision.

Finally, we have studied the possibility to calculate the same quantity in an entirely
different way, partially motivated by the calculation of the N-jettiness soft function in ref. [60].
The idea is to perform the computation in the rest frame of a massive parton, where the
dependence on the original angle between two partons appears in kinematic constraints only.
Identifying singularities of the double-emission eikonal function in this frame, allows us to
compute the divergent contributions with relative ease, and design a simple representation for
the finite remainder that can be integrated numerically right away. Apart from providing an
important cross check for the calculation based on reverse unitarity and differential equations,
this approach can open the way for computing integrated subtracted terms independently
of the complexity of an “observable”, used to define them. We look forward to further
applications of this methodology in the future.
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A Master integrals

In this appendix, the complete list of master integrals is given.

Ji = Ag00(0) = / [Aliy] [dln])5 (1 = I - P) 6 (1 = Iy - P), (A1)
A 0,0,1 B d(1—1ln-P)6(1—1y-P)

To = D300 = [lamfan] S, (a2)
_10,0,0 B d(1—1ln-P)6(1—1y-P)

Ty = A8RR0) = [ldlan] (A3)
_10,0,0 B d(1—1ln-P)6(1—1y-P)

Ty = 88830) = [ldlan] =g (A4)
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Ty = A%880) = [latu]iaty ]5“‘1‘“
Jo = A%E80) = [laian®
g =3280 = [ldimlidn
Js = 83:8:81) = [ldtmlidt
Jo = AE%0) = [lailfan) U=
To=28520) = [latwlan]
T = A3EH0) = [lawiag) ™

o
T2 = 88:501) = [ldim)idn

Ty = A3 = [ [din)
Jia = Ag2g25(1) —/dl
Jis = AEEN0) = [ [dinl]
T = A3880) = [ [dinl]

Tir = ALE20) = [ldn

P)5(1—1,-P)
(lm pi) ’
(1—ln-P)5(1—1ly-P)
(lm pz)(n p])(l ln) ’
5(1—ln-P)5(1—1ly-P)
(lm pz)(n pj) (l ln) ’
5(1—ln-P)o(1—1y- P)
(
(

b - Pz) (In i)l ln)
P)6(1—1,-P)
(lm pz)(lm'pj)
1—Ilnw-P)é(1—1,-P)
(lmn 'pz‘)(ln 'pj)

I

1=1ln-P)6(1—ly P)(lu - 1))

(lmn pz) (ln p])

(I—ln-P)6(L—1ly-P)
( mn pz)( n p])(l ln) ’
o(1— P)s(1—1I,-P)
dl lmn pz In pj) (lm 'ln) 7
6(1—lm-P)6(1 -1y P)
dl lmn pz ln p])(l l“) 7
d(1— P)§(1—-1,-P)
dl (mn pz lm p])(lu pj) ’
o(1— P)§(1—-1,-P)
dl m pz)(lmn pz)
a0t P60y )

I pz lon pz)Un pj) ’

S(1—1,-P
Jis = AL 25(0) —/dlm dln n - )0 ( ),

I Pz)(ln pi)

(51—1 -P)o(1—-1,-P
Do = AL280) = [(dta]jdty 2 tn PVl P)

T = AEESO) = [ [din[dt] (l

(lm pz)(ln pz)(lm p]) ’
§(1—1ly-P)6(1—1y-P)

T = AGEH0) = [idtlian) (o v
T = 8530) = flaafant* e
s = 8320) = [l pz)(lm) e
T = 83230) = [langlian 0 pj(fmf;f;'m
s = 830 = [laalfan) 2 O )
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Jag = A9 6(0)

Jo7

Jog

Jag

J30

J31

J32

J33

J34

J35

J36 =

= AY:0:5(1)
= AY0:5(1)
= A%0:5(1)
= AY:0:1(0)
= AY:0:7(0)
= AY:0:2(0)
= A1:0:1(0)
= AY:1:5(0)

= AY1:5(0)

AL:5:5(0)

J37 = A7Y:5(0)

J3g =

95,0,1(0)

J39 = 69°9°3(0)

Jio = 09:53(1)

Jin =

Jao =

Jaz =

05:5:9(1)
05:0:5(1)

©070:1(0)

Jyq = @8:813(0)

Ju5 =

Jig =

©5:1:6(0)

05:1:6(1)

- weP)S(1—1y-P)
/dl dl m pz) (lmn p]) 7

(5 1-— P)§(1—-1,-P)
= dl dl )
/ m n lm pz lmn p])(l lﬂ)

B 5(1—zm P)s(1—1y-P)
= [lamat] <zm pz><zm Pl 1)

P)5(1—1ly-P)
= [ [dl][dly] b
/ lm pz lmn bj ) (lm ln)

- 5(1—lw-P)5(1—1,-P)
= [ (o 2)on 1) (o - 27)

- §(1—ln-P)6(1—1y- P)
= [ o p@xmn )l 2

- 5(1—ln-P)6(1—ly-P)
= [ " pl)(mn o %l 1)
5(1— (b

)

_/dl [dla] P)o
mpz npz

—/dl dl]6(1 P)s

(ln - pz)(n i) (b - pj)
—/dl dl]5(1—lm P)§(1—-1,-P)

)

(

)

—/dl |[dln) P)o
(lm pz)( mn pz)

(

)

(

(l
1-—
(lmn pg)
1— )

(lm pz)(n pi)?(lan - 1)
= [lamanl s pz>)<zi(l_>l< mnp)pn
- flaman? <z)mn(lnpl> =,
:/dlm dln m.pllf.(?):)ép—ln.P)v
_/ LR (o pizli(lp;)(lm_ll ) =
- |t zmnmpfng -(an: -li) =

- 5(1—ln-P)0(Im-P—1ly-P)
= [iata]iat] (zmn 22 ) 1)

:/[dl ][dl]‘m P ((ll P—b P)

(mn i) (lan - P5)
= | it == z)a»((zl:n pﬁl =
= |ttt I 13»((& p]>_l =
= i) =2 <z)mn(l;><z fllfi =

,31,

m )( mn p])7

(A.26)
(A.27)
(A.28)
(A.29)
(A.30)
(A.31)
(A.32)
(A.33)
(A.34)
(A.35)
(A.36)
(A.37)
(A.38)
(A.39)
(A.40)
(A.41)
(A.42)
(A.43)
(A.44)
(A.45)

(A.46)



01—l -P)O(ln-P—1,-P)
Jur = 05921 :/dl dl m , A.A7
47 O,1,0< ) [ m” l‘l] (ln pz)(lml‘l . p])Q(lm . ll’l) ( )
0(1—=Iln-P)O(ln-P—1,-P)
Jus = 03311 :/dl di m , A.48
48 0:2;0(1) [dlm][dn] (ln - )2 (e - ) (I - L) ( )
d(1=1Iln-P)0(ln-P—1y-P)
Jg = 02210 :/dl dl m , A.49
19 1’0’1( ) [ m” n] (lm'pi)(lmn'pi)<lmn'pj) ( )
0(1=1Iln-P)0(ln-P—1y-P)
Tso = ©%:%:2(0 :/dl dl m m n ) A.50
50 1’0’1( ) [ m” n] (lm'pi)(lmn'pi)(lmn'pj)2 ( )
01—l -P)O(ln-P—1,-P)
Jo = 02910 :/dl dl i m , A51
51 1,1,0(0) [dlm][dln] (bm - i) (I - i) (bon - ) ( )
01—l -P)O(ln-P—1,-P)
Jss = 0%2:2(0 :/dl i m m . A52
52 1,1,0(0) [dl][dln] (Lo * D) (In - pi) (L - D)2 ( )
B Boundary conditions
Here we list integrals used to compute the boundary conditions at 8 = 0.
Jl :N€27 (B.].)
Jo  271725(1 — 26)T4(1 — 2e)T'(e) (1 —2¢)
2 = — Fy(1,1 —¢,26;2 — 2,1 ;—1 B.2
7 0401 — 5% ) 5o 3f2(l,1 ¢, 2 e,14+¢e-1) (B.2)
2 2log3(2) 1
=log(2) +¢ (7172 - log2(2)> + &2 (—Cg + Oi @ _ 67r2 log(2) + 4log(2)>
1 57t w2
3 B (1 oMt My
+e ( 12¢3log(2) — 16Liy <2> + Tad + 3 log™(2)
+orlogh(2) — dlogh(2) + 1610g(2) ) + O (=),
J3s 1
— =—(V(3/2—¢)-T(1-¢)) (B.3)
J 2

Tt

— (1—1log(2)) + 2—”2+24—3 13 (8- L0 (e
= (1-log(2) +¢(2- 5 |+ (@-30) +* (8- G5 | +O (<),
1
J43_ dz
Jl_0/1+z

e (1 — 25)21"(1 _ 25)3F(5) | | .
i 2(1 = 3e)T(1 —3)2(1 —¢) 2F1 (1 —2¢,6;2 — 3e; _Zﬂ

1-2 1
—2—28(25) 3 Fy (1, 1—¢6,262—2¢,14¢; —) (B.4)
15 z

1, 17

1
=log(2) — ﬂﬂ +¢ <4 log(2) — log?(2) + 5 - 8C3)
1 2

1 2
+ &2 (+20 log(2) — 4log?(2) + 6772 + 3 log®(2) — i log(2) — (3

~ 2 1ot (2) 4+ ot 2 n2100%(2) - 30 _ <1>> 3
5 log™(2) + 150" + TH log“(2) 1 (3log(2) — 10Liy 5 +(9(8 ),
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J 1
Jif = 5 aF3(1,1-25,1-6,262 - 2,2~ 2¢, 1 ;1) (B.5)
(1 —2¢)2T3(1 — 2¢)'(e)

2(1 — 3¢)2T'(1 — 3¢)I2(1 — ) 3

™~ 5C3 1 Alog(2
= |5 Tlos(2) ] +¢ §+ﬁ—0g()+ 0g(2)

Fy(1 —3¢,1 —2¢,6;2—3¢,2—3¢;—1)

21 1\ 617t 72 logh(2) 2log3(2)
2 e o : - ~
€ ( (3 1 (3log(2) — 6Liy (2> 110 T 2 1 + 3

1 1
+Z7r2 log?(2) — 4log?(2) — ng log(2) + 20 10g(2)> +0 (53) .

C Angular integrals

In this appendix, we define angular integrals which are used for calculations in section 5.

(1) = <1>mn =1, (C.1)

m
1
< n > = Ir(zl) iz pzz # 0, (C.2)
Pmg ' ™
1 (0)
= Ia Pzyl > Pzz = Pyy = 0, C.3
G )a = Tan ol " (C.3)
() =1 lpacpals pan 7 0.pyy = 0. (C.4)
PmzPmy ' ™ ’
These integrals can be computed in terms of hypergeometric functions and the Appell function
2y1—pn
IV 1+/1— 1—¢,2—2¢; :
[p11] = ( + Pn) (n 1—1—@) (C.5)
'2—2)I'(l—e—a)I'(1—c—b) P12
19 [p1a] = F( b,1— 1—) .
wb P2l = SR AT e —ap) 2D 2 ) (C6)
—b
(1) 27°T(2-2e)T'(1—e—0)
I _ C.7
a,b [p11’p12] p{f21—\(1_6)1—\(2_26_b) ( )

1 T=pn . =T
b2 2e—bl— VLTI g p“).

x Fy (a,l—s—b,l—e— , )
P12 P12

Expansions of all integrals needed for computations in section 5 in € to the required order
can be found in the supplementary material files. Here, we present a few terms of such
an expansion for illustration purposes. To present the result, we use variables x = 8 and
y = cos f that refer to the P = (1,0) frame. In the massive-parton rest frame, we find

1-42 1—a?

=1-2>=1-p3 ;= = : :
Ptt x B by 1—Beosl  1—ay (C.8)
The results for integrals read
1
I [py] =1+ ace (1 + i log(1 —xz) — i log(1 + x)) (C.9)

2

1
—1—52( (a+2)—7;—x+2a log?(1 — z) — o?log(1 — z)
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« ((a(l +z) +2log(2)) (a1l +z)+2)log(l —x) n log(x)> log (1 — x)

= 9 2 1+2
a(a(l+x) +x + 3) 2<1—x> o, (1—35) 3
1 —Lip ( -—— o
4x i 14+ +3: 12 14+ + <6)’
. 1 a. 1—g2 1 1—2?
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1 1— 22 1—a? 1 -z z(1—y)
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1 x+1 x(y—i—l)) 1
21 log [ 22T~
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1 1 —
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D Direct integration

To check master integrals, we compute them numerically in higher-dimensional space-time
where they are finite. We use the following parameterization of vectors

—

pi = (1, Og—s, 0 , 0 , Bsing , Bcosh),
pi= (1, (jd_g,, 0 : 0 : 0 , 1), O.1)
i = (1, Og—s, 0 , sinfyysinfis  , sinby cosbia, cosbiy),

= z(l, 6d_5, sin 091 sin O99 sin Bo3, sin Oo1 sin Bog cos fog, sin o1 cos Bos, cos@zl).

The integration measure reads

d—17
/ddl 5(12)0(E) F(1) :/d2Ellf(z —/ zfld/dgd 2 (D.2)

Parameterizing the relevant angles as cos);; = 1 — 2X\;;, sin6;; = 2 )\ijj\ij, we write
integration over solid angles as follows

1
/ A" ManlY = 320d-9q@-3) / dAi1dMad a1 dAaad a3

k
—log A11A12A 1A§2A%3)]

x A TIATS AR A 6Zk . :

where Aij = 21/)\27'(1 — )\z’j) and d = do — 2e.

E Supplementary material files

The following supplementary material files, in Mathematica-readable format, are provided
with this paper:

e I11 contains the expansion of the single-emission soft integral, defined in eq. (3.8), u
to O(e3) in terms of conventional polylogarithms and Lia 2;

e ImOexp contains expansion of angle integrals I(glb) [pza, Pay) to higher orders in €, see
appendix C;

e SSmO_t1dI contains the integrated double-emission eikonal function & {fij}, with the

normalization factor —N2/(4e B4

o x) omitted, in terms of polylogarithms and Lis 2;

e SSmO_t1dS contains the integrated double-emission eikonal function & [gij}, with the

normalization factor —N2/(4e B

ax) omitted, in terms of polylogarithms and Lis ».

To retrieve the results for integrated eikonal functions, files SSmO_t1dI and SSmO_t1dS have
to loaded into a Mathematica session, together with the package PolylogTools [89], since
it provides an interface to GiNaC [93] which is needed for Lis evaluation. An example of
a Mathematica session is shown below.
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(* Numerical values specify beta (xNum) and cos(theta) (yNum) values *)
With[{xNum = 0.2, yNum = 0.3},
(* Gluons, Quarks *)
{ Get["SSmO_t1dS"],Get ["SSmO_t1dI"]}
/. {eta -> (1 - 3*xxy - Sqrt[l + 8%x72 - B*xxy + x"2*%y~2])/x}
/. {Li22[a_, b_] :> Ginsh([Li[{2, 2}, {b, a}], {x -> xNum, y -> yNum}]}
/. {x -> xNum, y -> yNum}]
(* Produced output:
{
-(1/(4 ep~3)) + 0.00020226/ep~2 - 0.440986/ep + 0.0147285 + 2.08178 ep + 0[ep]l~2,
-(1/(12 ep~2)) + 0.102352/ep + 0.018446 + 0.0847638 ep + O[ep] 2
} %)

Here the output refers to & [‘SN’”} and & [fl-j], divided by the normalization factor
N2/ (4<EL

max

), computed at the kinematic point § = 0.2 and cosf = 0.3.
We also provide an implementation of & [5’”} and & [fw] in a C code. The code is
available from the Github repository, and can be obtained using the following command

git clone https://github.com/apik/SSm0.git

Our implementation supports fast and accurate numerical evaluation of the relevant Lis 3 4(x)
and Lis o(x,y) functions with machine precision. We use algorithms described in ref. [94]
with modifications suitable for our case, where only real-valued functions are involved and
their arguments satisfy certain constraints. After downloading the code from GitHub, one
can build the library, create an executable, and run it for the same point 5 = 0.2, cos 8 = 0.3
using the following commands

$ make
$ ./ex_SSm0O 0.2 0.3

The following output should then appear on the screen

beta = 0.20000000
cos(theta) = 0.30000000
\tilde{I}(quarks) \tilde{S}(gluons)

ep™-3 0.0000000000 -0.2500000000
ep™-2 -0.0833333333 0.0002022602
ep”-1 0.1023516932 -0.4409857886
ep” O 0.0184460303 0.0147284599
ep” 1 0.0847637908 2.0817758455

To obtain & {gzy} and & [Z-j}, one has to multiply these numbers by the normalization
factor —NZ/(4eE%¥ ).

Data Availability Statement. This article has no associated data or the data will not

be deposited.
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