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Nuclear magnetic resonance far off the Larmor frequency: Nonsecular resonances in CaF2
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High field magnetic resonance of nuclear spins is normally carried out at or near the Larmor frequency �0.
Here, we report an observation of nonsecular nuclear spin resonances far off �0. These originate from nonsecular
terms of the nuclear spin-spin interaction and provide means for the control of coupled two level systems. In
systems of equivalent nuclear spins, nonsecular resonances were predicted to lead to anomalous, fast relaxation
of the nuclear spin polarization. We report experimental results that are in excellent agreement with the predicted
behavior.
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Introduction. Magnetic resonance is an indispensable tool
for investigating the microscopic properties of matter. The
power of magnetic resonance derives from the ability to
selectively excite specific resonances and thereby measure
individual spin interactions from which in turn structure and
dynamics can be inferred.

The primary notion of resonance originates from matching
the frequency of an applied oscillating magnetic field B1(t ) to
the Larmor precession of a spin in a stronger static magnetic
field B0. On resonance, the resulting spin motion, the Rabi ro-
tation, is exploited by electron spin resonance (ESR), nuclear
magnetic resonance (NMR), and by quantum optics where
any two-level quantum system can be treated as an effective
quantum spin 1/2.

Beyond the primary spin resonance, one can control spin
dynamics by exploiting other kinds of resonances. An impor-
tant example is the Hartmann-Hahn matching of Rabi rotation
frequencies of two different nuclear spin species that facil-
itates cross polarization [1]. In the NOVEL experiment [2],
on the other hand, one matches the electron Rabi frequency
to the nuclear Larmor frequency to facilitate electron-nuclear
polarization transfer. Other reported resonances may give rise
to observable coherences. In single spin systems these include
multiquantum resonances in quadrupolar spins [3,4] and mul-
tiphoton transitions that involve simultaneous irradiation at
two distinct frequencies [5]. In strongly coupled spin pairs it is
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possible to drive a �M = 2 transition known as the half-field
transition [6].

A different many-body effect, known as “nonsecular res-
onance” (NSR), has been predicted theoretically [7,8], but
not verified experimentally to date. NSRs change effective
spin-spin interaction in solids once certain resonant conditions
on a strong static magnetic field B0 and on the amplitude and
the frequency of a strong radio-frequency (rf) field B1(t ) are
satisfied. The emerging unusual spin-spin interaction terms
have, so far, been discarded in magnetic resonance, yet they
offer a tool for controlling spin dynamics in solids. In con-
trast to a typical setting for multiquantum or multiphoton
transitions, where the frequency of a weak field B1(t ) targets
differences of well-defined energy levels of isolated spins or
spin pairs, NSRs are well defined not only for dilute but also
for dense spin systems, where individual energy levels cannot
be defined. In the latter case, they can cause an anomalous
spin-spin relaxation.

The canonical view of effective spin-spin interactions in
NMR was developed in seminal papers by Van Vleck [9] and
Redfield [10]. Van Vleck showed that the full nuclear spin-
spin interaction in the presence of a much stronger Zeeman
coupling to a static external magnetic field must be truncated
to retain only those interaction terms that commute with the
Zeeman Hamiltonian. The truncation procedure is equivalent
to a time average of all interaction terms in the Larmor ro-
tating frame. Terms that do not commute with the Zeeman
interaction average to zero. Redfield considered the simultane-
ous effects of a static B0 and oscillating rf B1 field and applied
a second truncation by averaging the Van Vleck interaction
Hamiltonian over the motion of an otherwise isolated spin
under the combined action of B0 and B1.

The secular Van Vleck–Redfield truncation, based on the
above two steps, has since then become a standard notion of
NMR [11–14] and is considered valid as long as B0 � B1.
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In general, however, a rigorous procedure for evaluating the
effective Hamiltonian must average the full spin-spin interac-
tion simultaneously over the combined action of both fields B0

and B1(t ) in one step. As was shown much later by Kropf and
Fine [7] this procedure leads to resonant exceptions from the
secular truncation. These NSRs occur at a set of sufficiently
commensurate ratios of the relevant rotation frequencies. [A
somewhat similar effect due to frequency matching occurs in
resonant tori in the context of the Kolmogorov-Arnold-Moser
(KAM) theory of nearly integrable motion [15–19].]

The rigorously averaged dipolar Hamiltonian for equiva-
lent nuclear spins exhibits a total of five NSRs that appear
at commensurate fractions of the Larmor frequency �0 [20].
with the lowest resonance at 1/3 �0 [21] and the highest at
2�0 [7]. Note that NSRs are a general property of dipolar
coupled spin systems.

Unlike the secular terms of the spin-spin interaction, the
nonsecular ones do not conserve any projection of the net
magnetization and it has been, therefore, predicted that they
drive anomalous, dissipative longitudinal relaxation.

It is this prediction [8] that we experimentally confirm in
the present work on the basis of fast-field-cycling 19F NMR
experiments in CaF2. In CaF2, the fluorine spins form an
otherwise isolated simple cubic lattice of spins 1/2, making
it ideally suited to study the dipolar interaction [9,22–24].

Secular truncation and nonsecular resonances. Let us con-
sider a lattice of identical quantum spins 1/2 represented by
operators Ii, where i is the lattice site index. The spins are
coupled to each other via magnetic dipolar coupling described
by the Hamiltonian

HDD =
N∑

i< j

bi j

[
IiI j − 3(Ii · ri j )(I j · ri j )

r2
i j

]
, (1)

where bi j = γ 2 h̄2

r3
i j

, ri j is the displacement vector between sites

i and j, γ is the gyromagnetic ratio, and h̄ is the Planck
constant. The lattice is placed in a static field B0 = (0, 0, B0)
and a perpendicular time-dependent rf field is applied B1(t ) =
(B1 cos ωt, B1 sin ωt, 0), where ω is the rf frequency. We also
denote the Larmor frequency �0 = γ B0 (in keeping with the
sign convention of Ref. [7], see also Table I), the nutation fre-
quency �1 = γ B1, and consider the limit h̄�0, h̄�1 � |bi j |.
The corresponding Hamiltonians are HZ = −B0 · ∑N

i γ Iz
i

and Hrf = −B1(t ) · ∑N
i γ Ii.

In the presence of both the static and the rf fields, the
primary motion of each spin is the precession about an ef-
fective field �e/γ = (B1, 0, B0 + ω/γ ), which itself rotates
with frequency ω around the z axis; see Fig. 1. The ef-
fective frequency vector �e of this doubly rotating frame
has length �e = sgn(γ )

√
�2

1 + (�0 + ω)2 and makes angle

TABLE I. Nomenclature of frequencies in this manuscript.

Symbol Description Definition

ω Frequency of applied rf field B1

�0 Larmor frequency due to B0 �0 = γ B0

�1 Nutation frequency due to B1 �1 = γ B1

�e Effective nutation frequency due to Be �e = γ Be

α = arccot �0+ω
�1

with respect to the z axis. In this case,
the Van Vleck–Redfield two-step truncation [25] of the
Hamiltonian (1) gives the effective secular Hamiltonian [26]:

H′
sec = 〈〈H′

DD〉B0

〉
B1

= 3 cos2 α − 1

2

×
∑
i< j

bi j

(
1 − 3r2

i j,z

r2
i j

)(
I ′z
i I ′z

j − 1

4
(I ′+

j I ′−
k + I ′−

j I ′+
k )

)
,

(2)

where the operators I′
i are defined in the doubly rotating refer-

ence frame (xω,α,�e , yω,α,�e , zω,α ), see Fig. 1, that defines the
axes for I ′z

k : I ′±
k = I ′x

k ± iI ′y
k . The above Hamiltonian is called

“secular,” because the dynamics governed by it conserve the
total spin projection

∑
i I ′z

i onto the direction of zω,α . We
illustrate the cancellation of oscillating nonsecular terms

H′
ns = H′

DD − H′
sec =

N∑
i< j

bi jI′
iÂ

ns
i j (t )I′

j (3)

for a pair of spins irradiated on Larmor frequency and off
resonance in Figs. 1(e) and 1(g), respectively. In both cases
the two rotation frequencies ω and �e are sufficiently incom-
mensurate such that xω,α,�e and yω,α,�e axes as seen from the
laboratory frame follow open paths that densely cover the ±α

zone around the equator as shown in Figs. 1(d) and 1(f).
The situation changes in the presence of NSRs, when the

two rotation frequencies match certain commensurate ratios
ω/�e ∈ {±1/2,−1,−2}. Then the axes of the doubly rotat-
ing frame follow closed paths as shown for an example in
Fig. 1(h). In analogy to perturbations for resonant tori in KAM
theory [15–19], nonsecular terms still oscillate, but no longer
average to zero over time as shown in Fig. 1(i).

In this work, we verify the effect of one of five predicted
NSRs [7], referred to as NSR1 in the Supplemental Material
(SM) [27]:

ω =
−4�0 − 2

√
�2

0 − 3�2
1

3
≈ −2�0, (4)

which gives the largest correction to the secular approxi-
mation under the condition B1 	 B0 representative of our
experiments [7,8]. In this case, the time-averaged nonsecular
correction to the secular Hamiltonian (2) has the form

〈H′
ns〉B0 ,B1

= 3

4
[sin(2α) − 2 sin(α)]

×
N∑

i< j

γiγ j h̄
2

r3
i j

[
ri j,xri j,z

r2
i j

(I ′
ixI ′

jx − I ′
iyI ′

jy)

− ri j,yri j,z

r2
i j

(I ′
ixI ′

jy + I ′
iyI ′

jx )

]
. (5)

Unlike the secular term in Eq. (2), Hns does not conserve∑
i I ′z

i . Hence all projections of the total spin polarization
decay to zero under the combined action of Hsec and Hns.
Under the conditions of our experiments corresponding to
B1/B0 	 1, the projection

∑
i I ′z

i should exhibit the slowest
decay, which, however, can be much faster than the spin-
lattice relaxation time T1.
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FIG. 1. NS interaction of two spins in the doubly rotating frame. (a) The rotating frame (xω, yω, zω ) revolves about the laboratory frame’s
z axis with rf ω. (b) The rf field B1 is static in the rotating frame, so the effective field Be = (B1, 0, B0 + ω/γ ), which is tilted by α from B0.
The doubly rotating frame (xω,α,�e , yω,α,�e , zω,α ) precesses with �e = γ Be about Be. Nuclear spins that interact only with B0 and B1 would
be at rest in this doubly rotating frame, but are perturbed by the dipolar coupling, which, after the transformation to that frame, acquires a
time-dependent interaction tensor Âi j (t )—see Eq. (3). (c) Two dipolar-coupled 19F spins i and j in the CaF2 crystal lattice. Panels (d), (f),
and (h) each represent the motion of the unit vectors (blue, orange, and green) of the three axes of the double-rotating frame when viewed
in the laboratory frame, under different resonance conditions. Panel (d) represents a Rabi rotation under resonant condition ω = −�0 in
a typical NMR experiment: the tips of the unit vectors evolve along open trajectories covering the entire unit sphere. (e) Then nonsecular
terms in the dipolar interaction matrix, such as Axy

i j (t ) and Axx
i j (t ), oscillate irregularly and average over time to zero (marked by arrows

on the right abscissa indicate). (f) If the frequency of B1(t ) is off resonance (here about −1.3�0) the unit vectors likewise follow open
trajectories, albeit covering the unit sphere only partially, and (g) oscillating nonsecular terms again average to zero. (h) If however the rf
is set to match a NSR condition, the unit vectors of the doubly rotating frame evolve along closed trajectories and (i) the nonsecular terms
oscillate regularly and can exhibit nonzero averages. The displayed numerical averages of Eq. (3) over 1 µs match the prediction of Eq. (5),
i.e., 〈Axx

i j 〉 = −〈Axy
i j 〉 = 0.15 = 3

4 [sin(2α) − 2 sin(α)] · ri j,xri j,z/r2
i j , for the simulated two nearest-neighbor 19F spins with B0 along the (111)

direction, �0/2π = 11 MHz and �1/�0 = 0.15.

The time constant Tns associated with the nonsecular decay
of

∑
i I ′z

i can be estimated [8] as

Tns = bsec
loc

γ
(
bns

loc

)2 . (6)

Here bsec
loc and bns

loc refer to the root mean squares of the local
secular and nonsecular dipolar fields, respectively, seen by
each nuclear spin. The calculation of the local fields is detailed
in the SM.

Fast-field-cycling experiments. We investigate NSRs with
just one rf frequency ω = 2π × 21.7 MHz. Using fast
changes of B0, we can first irradiate at a field (B0 ≈ 1/2Bres),
where ω fulfills the NSR condition (4), ω ≈ −2B0 · γ , and
then goes to resonance field (B0 = Bres), where ω = −B0 · γ

matches the Larmor frequency to read out the effect on the
nuclear magnetization.

The measurements were performed using a fast-field-
cycling (FFC) setup [28,29], previously located at Nottingham
University and now in use at the Karlsruhe Institute of Tech-
nology with updated interfaces. The system has a temperature
range from 3 to 300 K and magnetic field range from 0 to
about 2.5 T, with an absolute error of 2 mT. All experiments
described here were performed at 200 K and the field ramps
performed at a rate of 2.8 T/s. A Bruker spectrometer was
used for NMR measurements as well as control of the FFC
magnet from within the NMR pulse sequence; for details
see the SM. Our home-built NMR probe is equipped with

a solenoid tuned to frequency of 21.7 MHz, which, for 19F,
corresponds to a resonant magnetic field Bres of 0.544 T.

The sample is a single crystal of CaF2 (MaTeK, Germany)
cut into cylindrical shape (d = 5 mm, l = 1 cm) with a (110)
axis along the cylinder axis, such that all axes of interest can
be aligned with the external field B0. For further experimental
details, see the SM.

The principle FFC experiment is depicted in Fig. 2 and
consists of three stages: (I) a preparation stage, where a well-
defined spin polarization is established, followed by (II) an
evolution stage where the spins evolve for the time tevo at the
field of interest Bevo, and (III) the readout of the resulting
polarization. In order to detect NSR effects, we fulfill Eq. (4)
by setting Bevo to half of Bres, such that the (unchanged) rf
frequency ω is now twice the Larmor frequency, and irradiate
during stage II.

We probe the NSR in two versions of the FFC experiment
shown in Fig. 2. In NSR sweeps we irradiate at different evo-
lution fields varied around Bevo = Bres/2. This tests the NSR
condition Eq. (4) and the diminished signal indicates a NSR.
In NSR decay measurements we drive the NSR (at different rf
powers) for a varying tevo and determine Tns(B1) by measuring
Mz(tevo). This experiment probes the quantitative prediction
Eq. (6).

Owing to the limited precision of the FFC magnet
�BFFC = 2 mT all experiments were repeated several times.

In both types of experiments there are two contributions to
the total relaxation. If the NSR is not driven (corresponding to
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FIG. 2. Scheme of FFC NMR experiments in terms of applied
static field B0 (top panel), applied rf pulses (center panel), and
corresponding nuclear spin magnetization (bottom panel). In the
Preparation stage the field is initially ramped to resonance field
Bres (Bres · γ = ω = 2π × 21.7 MHz) and any nuclear polarization
is saturated in step Ia by a train of n ∼ 102–103 pulses separated by
tsep = 1 ms. A well defined polarization is built up in step Ib over a
time tpol at field Bpol. For experiments reported herein, tpol = 100 s
at Bpol = Bres. In the Evolution stage (II) the spin system is allowed
to relax at a Bevo for a variable time tevo. This is followed by (III) a
ramp back to Bres for the magnetization Readout. For NSR detection
we additionally apply rf (ω) irradition (red box) of variable power
(0–30 W) during the evolution stage (II). If the NSR condition is
matched (�0 = γ Bevo = 1

2 ω), faster relaxation to a lower stationary
magnetization (dashed red line) is expected. Otherwise the regular
spin-lattice relaxation to equilibrium magnetization will be observed
(full blue line).

off-resonant irradiation in NSR sweeps or zero power in NSR
decay measurements), the magnetization (Mpol) will decay to
the equilibrium value Meq(Bevo) at Bevo with its spin-lattice
relaxation time constant, Ṁz = −(Mz − Meq )/T1. Due to the
short ramp times (	T1) we ignore relaxation effects during
ramps. In stage III the signal is then proportional to

Mz(tevo) = Meq + (Mpol − Meq ) · e−tevo/T1 (7)

as indicated (full blue line) in the bottom panel of Fig. 2.
Upon driving the NSR, the predicted relaxation term

−Mz/Tns adds to the rate of change of the magnetization Ṁz.
The resultant relaxation [8] is then toward a lower steady-state
magnetization M0 = Meq(Tns)/(Tns + T1) with a faster relax-
ation rate T −1

0 = T −1
ns + T −1

1 :

Mz(tevo) = M0 + (Mpol − M0) · e−tevo/T0 , (8)

as indicated (red dashed line) in the bottom panel of Fig. 2.
NSR sweeps provide a qualitative probe of the NSR con-

dition. For rf irradiation fulfilling the NSR condition Bevo =
Bres/2 = 272 mT we expect a suppression of the signal,
whereas irradiation off NSR should not affect the signal.
Figure 3(a) shows an example of such a sweep (×) that
matches the expected suppression (indicated in gray), except

FIG. 3. (a) NSR sweep example for the (111) orientation of B0,
obtained by measuring polarization decay for different Bevo and rf
irradiation (30 W) for tevo = 2 s. Signals normalized to nondis-
sipative relaxation. Also indicated is the expected NSR (gray) at
Bevo = Bres/2 = 272 mT with width corresponding to dipolar (sec-
ular) dominated 19F NMR linewidth (24 kHz) for this crystal
orientation in CaF2 and the limited precision of the FFC setup
�BFFC = 2 mT; see text. (b) Nonsecular vs spin-lattice relax-
ation: polarization decay experiments at Bevo = 1

2 Bres for varying
tevo. The signal intensity S is normalized to equilibrium signal
at Bres = 0.544 T. Without irradiation (blue) the signal decays
slowly [T1(0.27 T) = 21 s] to the equilibrium value for 1/2Bres

[S/Seq(Bres ) = 0.5]. With irradiation (red) the signal decays much
faster to a smaller steady state value. We repeated each experiment
five times since field drifts and offsets can frustrate NSR conditions,
leading to some data points closer to regular spin-lattice relaxation.
Disregarding outliers we find Tns = 0.65 ± 0.13 s.

for a shift by about +0.5 mT. The width of the NSR, i.e., the
signal suppression, corresponds to the dipolar NMR linewidth
given by the secular part of the dipolar field Eq. (2), as
expected. In all sweeps in each direction we find a NSR ef-
fect qualitatively matching the expectation, i.e., a diminished
signal near the NSR condition with a width on the order
of the dipolar line shape. Repeated sweeps under the same
conditions, however, yield varying results which we attribute
to the uncertainty in the B0 field (±2 mT); for more examples
see the SM.

NSR decay measurements test the quantitative prediction.
We drive the NSR Bevo = 1/2Bres, determine Tns from Mz(tevo)
as a function of rf power according to Eq. (8), and compare the
result to Eq. (6). Note that both parameters, the time constant
T0 as well as the final polarization M0, provide measures of
Tns. To compensate for the uncertainty in B0 in matching the
NSR condition, we vary the rf frequency ω during irradia-
tion by ±40 kHz (=̂ ±1 mT) thereby covering a bandwidth
of �rf = 80 kHz [30] in the NSR decay measurements and
repeat all measurements several times.
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FIG. 4. NSR dissipation rates T −1
ns measured (symbols) in the three directions as functions of B1 and compared to the theoretical predictions

(6) for the investigated NSR (full lines). Dotted lines are the same theoretical predictions corrected by a prefactor accounting for the effective
irradiation time; see text.

In Fig. 3(b) we show the results for the (111) orientation
without and with irradiation of 8 W rf power. Each experiment
was repeated five times leading to multiple points for each tevo.
In either case, with and without irradiation, we start for small
tevo with the previously built-up polarization (of about 80% of
equilibrium magnetization at Bres; see the SM for details).

Without irradiation (0 W, blue) the polarization decays via
regular spin-lattice relaxation to the equilibrium value, which
at 1

2 Bres is half of that at Bres.
With irradiation (8 W, red) we find that most data points

reflect a much faster relaxation to a much lower steady-
state polarization, as predicted for NSR irradiation. Some
outliers closer to the 0 W curve reflect experiments where
spontaneous field offsets lead to a mismatch for the NSR
condition.

We have performed such polarization decay experiments
with NSR irradiation of varying rf power (0–30 W) similarly
multiple times for all three orientations, (111), (110), and
(100); see the SM. The experimentally determined T −1

ns are
shown in Fig. 4 as a function of the applied B1 field strength as
determined from nutation experiments; see the SM for details.
The measured NSR dissipation rates (symbols) exceed the
spin-lattice relaxation rate (dashed lines) in all orientations
already for low values of B1 and show the expected quadratic
dependence. Also shown are the theoretical predictions for
T −1

ns (full blue lines). For the (100) direction the data match the
prediction fairly well. While the measured NSR dissipation
is faster in (110) and (111), as expected, the measured rates
are below the predictions. Here, we have to take into account
the range of the rf frequency sweep during NSR irradiation,
�rf = 80 kHz in relation to the dipolar linewidth, which dif-
fers for the three directions, with �DD = 73, 36, and 24 kHz
for the (100), (110), and (111) directions, respectively; for
details see the SM.

Scaling the predicted rates by the factor �DD/�rf , corre-
sponding to the effective time during which the resonance is
driven (dotted lines), gives a good match between prediction
and observed relaxation rates.

Conclusion. We have reported an observation of a nonsecu-
lar resonance, a magnetic resonance of a dipolar coupled spin
1/2 system at a fractional multiple of the Larmor frequency.
The results provide qualitative proof of the effect’s resonant
nature and are in quantitative agreement with the predicted
relaxation rates. While in this work CaF2 serves as a test bed
with exactly defined dipolar couplings, the existence of NSRs
is anticipated for any sample with dipolar coupled spins. The
observation is made possible through the adaptation of a fast-
field-cycling apparatus that enables excitation and detection
at different fields. Thereby large ratios of the radio-frequency
and static fields can be achieved while working with the
equilibrium polarization of a higher field. We note that the
NSR reported here could also be observed at a static field
using a double-resonant probe, provided that a sufficiently
high B1/B0 � 1% can be achieved. The reported effects are
dissipative in nature and provide a mechanism to saturate
dipolar coupled spins. Specifically it should be possible to
saturate spins at frequencies as low as 1/3 of the Larmor
frequency. Experiments to probe other homonuclear NSRs
below the Larmor frequency are in preparation.

We furthermore work on experiments to probe heteronu-
clear NSRs that can drive cross polarization between two
nuclear spin species.
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