PUBLISHED FOR SISSA BY 4) SPRINGER

1

RECEIVED: March 24, 2025
REVISED: June 9, 2025
ACCEPTED: June 11, 2025
PUBLISHED: July 11, 2025

Analytic results for electroweak precision observables at
NLO in SMEFT

Anke Biekotter ©® and Benjamin D. Pecjak ©°

@ Institute for Theoretical Physics, Karlsruhe Institute of Technology,
Wolfgang-Gaede-Strafle, 76131 Karlsruhe, Germany

b Institute for Particle Physics Phenomenology, Durham University,
South Road, Durham DH1 SLE, U.K.

E-mail: anke.biekoetter@kit.edu, ben.pecjak@durham.ac.uk

ABSTRACT: We present analytic results for electroweak precision observables (EWPO) at
next-to-leading order (NLO) in dimension-six SMEFT, with no assumptions on the flavour
structure of SMEFT Wilson coefficients. The results are given in five different electroweak
input schemes, thus offering a simple means, along with scale variations, of estimating
theory uncertainties related to higher-order terms in the SMEFT expansion. Our results
will be useful to assess the constraining power of existing and future lepton colliders for
new physics scenarios.

KeyworDs: SMEFT, Electroweak Precision Physics

ARX1v EPRINT: 2503.07724

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP07(2025)134


https://orcid.org/0000-0003-1665-9814
https://orcid.org/0000-0002-3061-5781
mailto:anke.biekoetter@kit.edu
mailto:ben.pecjak@durham.ac.uk
https://doi.org/10.48550/arXiv.2503.07724
https://doi.org/10.1007/JHEP07(2025)134

Contents

1 Introduction 1
2 Calculational details 2
2.1 Observables and the NLO SMEFT expansion 4
2.2 Tools and conventions 5
2.3 Treatment of divergences and cross-checks 5
3 Results and uncertainty estimates 6
4 Conclusions 10
A EWPO on the Z pole 11
B Flavour assumptions 11
B.1 U(3)® symmetry 11
B.2 Minimal flavour violation 12
C Comparison with previous work 13
D Analytic results for EWPO at LO in SMEFT 13

1 Introduction

Standard Model Effective Field Theory (SMEFT) is a robust and widely used framework
for describing small deviations from the predictions of the Standard Model (SM) of particle
physics [1]. To increase the precision of SMEFT predictions, higher-order corrections in the
SM couplings or, equivalently, loops need to be included. The calculation of next-to-leading
order (NLO) SMEFT corrections is an active area of research: NLO QCD corrections have
been fully automated for most Wilson coefficients [2, 3] and NLO electroweak as well as
NNLO QCD corrections have been calculated for various processes on a case-by-case basis
in [4-54]. As emphasised in [55], the perturbative convergence and pattern of SMEFT Wilson
coefficients appearing in higher-order corrections is influenced by the choice of electroweak
input scheme, so evaluating observables in different schemes gives a means of assessing
theoretical uncertainties beyond scale variations alone.

In this paper, we present analytic NLO results in dimension-6 SMEFT for the so-called
electroweak precision observables (EWPO) measured at LEP and the Tevatron [56]. In
particular, we extend the NLO SMEFT predictions presented in [33, 47, 57] in a (mostly)
numerical form in the {Gp, «(0), Mz} input scheme to five different electroweak schemes
involving Mz and combinations of Gp, My, a(Mz) and sin6’; as inputs, in each case
providing fully analytic results with no flavour assumptions on the SMEFT Wilson coefficients.
Given that the EWPO currently provide some of the most precise probes of new physics and



My 125.20 + 0.11 GeV (9 x 1074
my 172.56 + 0.31 GeV (2 x 1073)

s (M) 0.1190 £ 0.0009 (8 x 1073)
My 91.1880 + 0.0020 GeV (2 x 1079)
My 80.3692 + 0.0133 GeV (2 x107%)
Gr (1.166378 4 0.000006) x 107> GeV~=2 (5 x 107)
a(Mg)™? 128.917 4 0.008 (6 x 1079)
sin 0 0.23149 + 0.00013 (6 x 107%)

Table 1. Experimental values and uncertainties on the input parameters [62]. The relative precision
of the measurement is given in round brackets.

are expected to be measured with significantly increased precision at a future e™e™ collider
like FCC-ee or CEPC [58, 59], these results will be useful in assessing theory uncertainties
and providing cross-checks on near-term and future global SMEFT fits.! While the methods
used in obtaining our results follow previous work [55, 61], where the leptonic decay rates
of the Z and W bosons were calculated, we have extended those calculations by computing
decays into hadrons and neutrinos and taking into account the chiral structure needed to
obtain left-right and forward-backward asymmetries.

The paper is structured as follows. First, in section 2, we give some calculational details,
defining NLO SMEFT expansions of the EWPO and the different electroweak input schemes
in which the calculations are performed. In section 3 we present our results, explaining the
notation and contents of ancillary electronic files as well as how to evaluate them numerically
for arbitrary input parameters, including uncertainty estimates. We conclude in section 4
and provide in appendices further details of our calculations: in appendix A we define the
EWPO on the Z-pole, appendix B covers different flavour assumptions provided along with
our results, appendix C compares with previous literature, and in appendix D we give simple
analytic expressions needed to evaluate EWPO at LO in SMEFT in the five different input
schemes. The analytical results at NLO calculated in this work are provided as ancillary
files with the arXiv submission.

2 Calculational details

We write the dimension-six SMEFT Lagrangian as

L=LW4+LO £O=8N"Cy(n) Qi(n), (2.1)

where £*) denotes the SM Lagrangian and £ is the dimension-six Lagrangian with
operators ); given in the Warsaw basis [64] and the corresponding Wilson coefficients
Ci(p) = C; = ¢;/A? are inherently suppressed by the new physics scale A. The 59 independent

Tndeed, they have already been used in the recent analysis of [60].



scheme s | inputs suffix in filenames
velt Gp, sin 0, My GF_SWeff MZ
veft a(Mz), sin@lq, My aEW_SWeff_ MZ
ay Gp, My, My GF_Mw_MZ
a a(Mz), My, My aEW_Mw_MZ
LEP | Gp, a(My), My GF_aEW_MZ

Table 2. Nomenclature for the EW input schemes considered in this work.

dimension-six operators, which in general carry flavour indices, are listed and grouped into
eight classes in table 4.2 Throughout this work, we truncate the SMEFT expansion of a
given quantity to linear order in the Wilson coefficients.

We assume that the CKM matrix is the unit matrix and that all fermions are massless
except the top quark with mass m;. Given the expansion to linear order in the Wilson
coefficients, no flavour-violating SMEFT interactions contribute, as we rely on the interference
with the corresponding SM diagrams. We make no assumptions on the flavour structure of
the SMEFT interactions, but we provide replacement rules to obtain the results for a U(3)°
symmetry of the fermion fields as well as in minimal flavour violation in appendix B.

We consider the five different electroweak input schemes listed in table 2, which use as
inputs a combination of three parameters in the following list: the Fermi constant G, the
masses of the Z and W bosons Mz, My, the leptonic effective mixing angle sin Gﬁff and the
electromagnetic coupling constant, for which we use the on-shell definition «(My). This defini-
tion is closely related to the MS definition &(u) in five-flavour QEDx QCD used in [55], where
the electroweak scale contributions are included through decoupling constants as described in
section 4.2 of [65]. Explicitly, the definitions are linked via the perturbative relation

NI (5 w2
C e 1 =
3Qf<3+ HM%

a(p) = a(Mgz) |1+ a(i‘fz) >

F#
a(Mz) (100 20 pu?

=a(Myz) |1 — Tl 2.2

o Z)[Jr 7r (27+9HM§ ’ (22)

where @ is the charge of the fermion and N/ = 3 (N/ = 1) for quarks (leptons). In
practice, the numerical value of a(Myz) can either be taken from a fit, or else calculated
from «(0) ~ 1/137 through the relation

a(0)
1—Aa(My)’

with Aa(Mz) = Awep + Ahag = 0.03142 + 0.02783, where the leptonic contribution has
been obtained by evaluating the one-loop contribution

a(My) = (2.3)

a 15 M2
Adjey = — | —— log —% 2.4
Ulep 3 3 + KEZN . 0og m% 5 ( )

2We employ the symmetric basis for the Wilson coefficients. This means that for Wilson coefficients
contributing to operators with two identical fermion bilinears, we define the Wilson coefficient of both flavour

combinations and take into account their symmetry, e.g. C y +C y =2C 4 .
1221 2112 1221



and the value of the hadronic contribution is taken from [62]. Expanding the EWPO in terms
of a(Mz) rather than «(0) absorbs the light-fermion contributions contained in A« into the
definition of the coupling, and our use of a(Myz) rather than «(0) in the LEP scheme is one
of the differences compared to the corresponding NLO SMEFT calculations in [33, 47, 57];
other differences are explained in appendix C.

To shorten analytic expressions and make clear the origin of certain terms, we make
use of dependent parameters whose explicit expressions are input-scheme dependent. For
instance, the sine and cosine of the Weinberg angle appearing in our equations depend on
the electroweak input scheme s, as does the W-boson mass, according to the following;:

M?2
, uE s ={a,a,}
M;; . 2
(3)*=1—(s5)% = (]\/[V[;) ={1- (smegﬂ) , 5= {Ugﬂ,vzﬁ ) (2.5)
z
;(1+ 1—‘”"%2)”*2‘) . s=LEP
zZ

The LEP-scheme result in eq. (2.5) depends on the quantity v,,, which is related to the vacuum

expectation value (vev) of the Higgs field at LO in the SM. This follows the notation of [55, 61],
which denotes the vev in scheme s by vs, where in this case the explicit expressions are
_1

Vay, = Uyei = ULEP = Up = (\@GF) °

_ 2Mwsy 2M 7 ¢y Sap

Vg = —F———=, Upelt = —F——o.
“ 7 Vara(My) v dra(Myz)

Note that we have dropped the superscript s in factors of ¢, and s, appearing in the

(2.6)

vef-scheme result, which must be understood in the sense of eq. (2.5). Given that it is always
clear from the context which scheme s is under consideration, we follow this convention in
the remainder of the paper and the associated electronic files.

2.1 Observables and the NLO SMEFT expansion

The considered EWPO are based on partial Z and W boson decay rates. For the W boson,
we provide its total decay rate, as well as the partial lepton decay rates

Ty, T, (2.7)

with £ = e, u, 7. On the Z pole, we consider the total Z-boson decay rate, the hadronic total
cross section in the narrow width approximation, as well as ratios, left-right asymmetries and
forward-backward asymmetries for decays into leptons, bottom, charm, and strange quarks

FZ’ Ohad, Rfa qu A€> Atp A%‘B? A%Bv (28)

with ¢ = s,¢,b. The definitions of these quantities are given in appendix A. In addition,
we present predictions for

MW7 GF7 a (29)

in those schemes in which they are not an input parameter. Note that sin Gﬁﬁ is not included
in the list eq. (2.9), because as shown in eq. (A.3) it is equivalent to Ay. For this reason,



in input schemes involving sin 0£H, one must exclude A,—y, . from the list of independent
observables, where Leg is the reference lepton used in defining the effective Weinberg angle.

We expand all observables to linear/first order in the EFT and loop expansion and
consistently drop all partial higher-order corrections. For an observable O we define LO and
NLO results in terms of SMEFT expansion coefficients in scheme s as

010 = 0+ 42000,

ONLO — OLO %ngl,l) + 061 (2.10)

where the superscripts [ and k in Ogl’k) label the operator dimension and the number of

loops (k = 0 for tree-level and k = 1 for one-loop), respectively. The expansion above makes
the dependence on the vev explicit, as electroweak loop contributions are proportional to
two powers of the coupling ¢ ~ 1/v2.

2.2 Tools and conventions

SMEFT Feynman rules have been obtained using an in-house FeynRules [66] implementation
of the dimension-six SMEFT Lagrangian, and cross checked with SMEFTsim [67, 68]. In
contrast to our previous works [55, 61], we define the covariant derivative with a plus sign
to match the conventions of SMEFTsim [67, 68]® so that, for instance,

Dyuq = |0, +1igsT*G), + iQTWJiW; +iyq91B,| q. (2.11)

Matrix elements were computed using FeynArts and FormCalc [69-71] and analytic re-
sults for Feynman integrals were extracted from PackageX [72]. We express the Passarino-
Veltmann (PV) integrals in the notation of LoopTools [70]. In schemes in which the W-boson
mass is not an input parameter, we have consistently expanded the My -dependent PV
integrals for the SM one-loop contributions to linear order in the SMEFT. Phase-space
integrals arising from the real emission of photons and gluons were calculated analytically
using standard methods.

2.3 Treatment of divergences and cross-checks

UV and IR divergences appearing in the NLO calculation are treated in dimensional reg-
ularization in d = 4 — 2¢ space-time dimensions, where € is the dimensional regulator. IR
divergences in the € expansion cancel between virtual and real emission corrections, while
UV divergences are cancelled by adding appropriate counterterms. Tadpoles are treated in
the FJ tadpole scheme [73] and cancel out of results for physical observables. The SMEFT
Wilson coefficients are renormalised in the MS scheme, i.e. we relate the bare parameters,
denoted with a subscript 0, to the renormalised quantities via the equation

Lo 1 dG
2¢ " 2edlogp’

C@() =C; +6C;, 0oC; = (2.12)

3This flips the sign of the predictions for the Wilson coefficients Cy and those of the dipole operators.



The C; have been calculated at one loop in [74-76]* and when written in terms of mass-basis
parameters take the form

L1
Ci = Ve,

= 217G, (2.13)

which makes clear that changing p mixes the Wilson coefficients in a way determined by
the one-loop anomalous dimension matrix 71(4’1).
The masses My, and My are renormalised on-shell, relating the renormalised parameters

to the bare ones according to
My = Mgy —Tlyv (M), (2.14)

where Il (M‘Q/) is the one-loop two-point function for the Z or W boson. G is renormalised
by requiring that the relation v, = (V2G #)~1/2 holds to all orders in perturbation theory, see
appendix A of [55]. For the effective leptonic mixing angle, the renormalisation condition is
sin Ggff = s, and the necessary counterterms are listed explicitly in [61]. Finally, counterterms
from electric charge renormalisation are obtained by renormalising the photon-fermion vertex
as described in [65].

As internal cross-checks on our calculation we have verified the cancellation of all UV
and IR divergences and arrived at identical results in unitary and Feynman gauge. We have
also checked that the pu-dependence in SMEFT corrections is as dictated by a renormalisation-
group analysis. In particular, while the LO expansion coefficients of a given observable
contain only implicit p-dependence through the Wilson coeflicients, olH0 = Ogﬁ’o)(C’i(,u)),
the NLO corrections also contain explicit pu-dependence through the UV-renormalised matrix
elements. The fact that the NLO decay rate is independent of u to that order then requires
that the NLO coefficients take the form

OO (Ci(p), w) = O (Ci(p), M) = w20 (Ci(p)) In <= (2.15)
Z

and we have checked that our results indeed satisfy this equation.

3 Results and uncertainty estimates

The main results of this work are analytic expressions for the EWPO listed in egs. (2.7)-(2.9).
Results for the EWPO at LO in SMEFT in the different EW input schemes can be constructed
from partial decay widths of the W and Z boson into left- and right-handed fermions, which
are given in appendix D. Moreover, in the limit of vanishing quark masses, the NLO QCD

corrections appearing in W and Z decays into quarks are a universal correction to the LO
SMEFT results.” Explicitly,

red(z — qq)  TPW — ud) 3 Cpas(pr)
oz —qq)  TLOW —ud) 4 T ’

(3.1)

4We use the electronic implementation in DsixTools [77, 78] as the Ci typically depend on a large number
of Wilson coefficients.

5The leading corrections to this limit scale as m§ /M2, with m, the quark mass, and are thus expected to
be at the per mille level even for b-quarks.



where Cp = 4/3 in QCD. This universality implies that NLO QCD corrections cancel out
of EWPO based on ratios of quark decays; the set of such EWPO considered in this work
is Ry, Re, Ap, Ac, A, Alp.

The NLO electroweak corrections are rather lengthy and are not reproduced here. Instead,
the full NLO results (including the QCD corrections just discussed) are provided along with
the LO ones in ancillary computer files with the arXiv submission of this work, and can be
evaluated numerically using the included Mathematica notebook. The notation used for these
ancillary files is as follows. We present each observable at LO and NLO in the form

019 = O 12 crassls 05

(2

ONLO = O(10) 4 %og‘“) +3" class[i] (2205”7 + 05) | (3.2)

where the summation index ¢ runs over the eight operator classes of the Warsaw basis. The
tags Class[i] (where here and below the font used in “Object” refers to a variable or file
name in the electronic results) allow to separate contributions from specific operator classes
or the SM. Predictions for the individual observables are given as separate files with the
filename

<observable>_ SMEFT_<order>_<scheme>.m,

where order is either LO or NLO and the scheme is referred to by a list of their input parameters,
see table 2. Note again, that in contrast to [55, 61], we present our results for a covariant
derivative defined with a plus sign to agree with the SMEFTsim conventions [68]. We list
the variables used in our results in table 3. Wilson coefficient names are written in the
conventions of DsixTools with the exception of Cy which we write as CWw to distinguish it
from the cosine of the Weinberg angle written as CW. PV integrals are given in the notation
of LoopTools [70], and only the finite part is to be used. These PV integrals can also be
substituted by standard functions by applying the replacements IntRep in our ancillary
notebook. An example is given in the notebook.

Realistic models of new physics typically do not match onto a set of Wilson coefficients
with a completely arbitrary flavour structure. Instead, potential symmetries of the new
physics model will manifest themselves in the structure and correlations of the SMEFT
Wilson coefficients. The possibility that the SM Yukawa couplings are the only sources
of the breaking of the flavour symmetry is known under the name of minimal flavour
violation (MFV) [79-82]. Two lists of replacements in the notebook accompanying this
publication allow to write the results in terms of the independent Wilson coefficients under
the U(3)® and MFV assumptions. Details on the notation of the Wilson coefficients under
these assumptions are given in appendix B.

In any phenomenological study, it is important to have a means of estimating uncertain-
ties from uncalculated higher-order corrections in the SMEFT expansion. Within a given
electroweak input scheme, a typical way to estimate higher-order perturbative corrections is to
study the stability of results under variations of the SMEFT renormalisation scale p around a
particular default value, which for EWPO is typically chosen as pd¢f = M. Taking the Wilson



variable definition description

MX Mx mass of particle X

MX2 M)Q( square of the mass of particle X

SW Sw sine of the Weinberg angle

CwW ¢y cosine of the Weinberg angle

Sw2 52 sine of the Weinberg angle squared

CwW2 ¢, cosine of the Weinberg angle squared

CWw Cw Wilson coefficient Cy (to distinguish it from ¢,)
VMU v, vev in schemes using G as an input parameter
VALPHA Vo vev in the {a, My, Mz} scheme

VALPHAEFF v vev in the {a,sin 0%, Mz} scheme

Class[k] tag tag for SMEFT contributions from class k

Leff Flavour index of the reference lepton

AOi, BOi, COi PV integrals in the notation of LoopTools

Table 3. Variables used in the ancillary files. X = Z, W, H, T for the Z, W and Higgs boson and the
top quark, respectively.

coefficients C;(Mz) as unknown parameters, as is the case in a global fit, in order to perform
p-variations one uses renormalisation-group (RG) running to express coefficients at arbitrary
u in terms of those at the default choice Mz. In the Mathematica notebook, we include the
option to vary the scale u using the fixed-order solution of the RG equations, namely
Ciln) = Ci(Mz) + Ci(Mz) In - (3.3)
z

This fixed-order running is sufficient if u ~ Mz, which is the case when the scale is varied up
and down by the customary factors of two. More sophisticated implementations using the
exact solutions to RG equations are also possible but are not considered here.

The simple form of eq. (3.3) and the fact that results depend only linearly on the Wilson
coefficients allows to write explicit analytic expressions which make clear how variations of
the SMEFT renormalisation scale y estimate higher-order effects.® At LO, one has

0L 0(Ciln)) ~ O (CilMz)) = In - 0L (Ci(Mz)) (34)

where the term on the right-hand side is of one-loop order and taken as an indication of beyond-
LO corrections. Similarly, at NLO one can use egs. (2.13), (2.15) and eq. (3.3) to arrive at

ONO(Ci(p), 1) = ONO(Ci(Mz), M) = n <=0\ (C(My), My)
Z

1% 4,1) 2
- () 0BGV ), 35)
where in the last term on the right-hand side the vev dependence of the (6,0) contribution
has cancelled against the one we have pulled out of the definition of the anomalous dimension

5In the present discussion, we do not vary the QCD renormalisation scale appearing through as(ug) in the
NLO QCD corrections eq. (3.1); in the Mathematica notebook correlated variations pur = p are implemented,
although independent variations of ur and p are also possible.



matrix, see eq. (2.13). In this case, the two terms on the right-hand side are both NNLO in the
couplings and thus give an indication of the size of higher-order corrections to the dimension-6
results. On the other hand, these are both products of one-loop quantities and thus miss
genuine two-loop effects in the SMEFT anomalous dimension, which are currently unknown.

The size of the NLO corrections, and whether they lie inside the uncertainty bands from
scale variation, depends heavily on the structure of the observable, the Wilson coefficient
under consideration, and the EW input scheme. Systematic studies for partial decay widths
of W, Z and Higgs bosons into fermions have been presented in [55, 61], where the dominant
corrections in SMEFT, which originate from virtual top-quark loops and are largely universal,
were identified. The generic size of such corrections is set by

A (471) 2
P 3 Mg (3.6)

and the LO (NLO) scale uncertainties estimated through running of Wilson coefficients are
proportional to (the square of) this quantity. For example,

U,?LCHD = 8Ap§4’1) Cup + QCJ(L})Q — 20[?{?? + ..., (3.7)
where the ... refer ms-independent contributions. However, EWPO observables sensitive to

Z couplings to fermions at LO display a process and Wilson-coefficient dependent polynomial
dependence on the Weinberg angle, which receives enhanced and scale-independent corrections;
for instance, in the «, or o schemes these are proportional to

_ ~ 3.5%. (3.8)
vﬁ 52, vﬁ

For this reason, scale variations only give a rough proxy for the size of dominant higher-order
corrections to EWPO on the Z-pole in many cases.

As an example not analysed in [55, 61], consider the b-quark left-right asymmetry in
the o, scheme, whose dependence on the Weinberg angle at LO can be derived using the
expressions given in appendix D. Evaluating numerically, and including uncertainties from
scale variation as described above, one has at LO and NLO

AP0 =0.94 + vg{o.W*g;ngCm +0.255 350 Crw b

+0.24788%Cyp + 014711 O
0.14121% M) | o 0o t0-02¢
+0.14 75,40 +0.00 g 02Cmt - ¢
ANYO = 0.94(1 - 0.007) + vﬁ{ (0.77 x 1.09)T53% Cyg + (0.25 x 1.14) 703 Oy
+(0.24 x 1.13)M3% Cp + (0.14 x 1.03) 1557 O,

+(0.14 x 1.28) 052 C4), — 0.024 3357 Cryy + . .. } (3.9)



where the ... refer to Wilson coefficients contributing with smaller central values than those
displayed, and for simplicity we quoted results using the MFV flavour assumption in the
notation of appendix B. Whereas the NLO correction in the SM is at the per mille level and
does not depend on the scale, the LO scale uncertainties and NLO corrections in SMEFT
range from a few to roughly 30%, while the NLO scale uncertainties are typically at the
percent level. Furthermore, as anticipated above, while the LO scale uncertainties give a
rough estimate of the size of the NLO corrections, they generally underestimate them.

Given the somewhat arbitrary nature of uncertainty estimates based on scale variations,
and also the fact that apart from o the SM parameters appearing in EWPO are renormalised
on-shell and thus contain no scale to vary, it is important to have additional means of
estimating uncertainties. In both the SM and SMEFT, a simple way to do this is to calculate
observables in several different electroweak input schemes, which are equivalent at a given
order in the SMEFT expansion, but organise higher-order corrections in both operator-
dimension and loops differently. It is precisely for this reason that we have given results in
five different input schemes, and advocate their use in global SMEFT fits. One would expect
LO fits of Wilson coefficients in the two schemes to differ roughly by the size of the NLO
corrections discussed above, in other words at the 5-10% level depending on the coefficient,
while NLO fits should be subject to smaller differences — this is indeed the general pattern
observed within the methodology of [60].

Our analytic results also enable the extraction of the parametric uncertainties from the
input parameters as well as their covariance, which will be useful for their inclusion in global
analyses. The average parameteric uncertainty is 0.04% in the {Gp,a(Myz), Mz} scheme,
0.1% in schemes including sin 8’z and 0.3% schemes including My, . In the latter, predictions
for individual observables (o7, I'z, Ry) and Wilson coefficients (Cyp, Cyws, C’l n 1) exceed

1%. Parametric uncertainties can thus be comparable in size with uncertainties from scale
variation at NLO, although the latter will typically still dominate.

4 Conclusions

We have presented analytic results for EWPO to NLO in dimension-six SMEFT in the five
different EW input schemes listed in table 2. These results will be useful for SMEFT analyses
of data from current and future lepton colliders, which play an important role in global fits. A
Mathematica notebook for the numerical evaluation of the results is provided with the arXiv
submission of the paper, in which numerical inputs can be adjusted as needed to facilitate
the combination of EWPO analyses with other observables. While our results have made
no assumptions on the flavour structure of SMEFT Wilson coefficients, we have included
in the notebook options to implement U(3)% and MFV assumptions. Furthermore, theory
uncertainties and their covariances for specific observables or in global fits can be estimated
through scale variations, calculating in different EW input schemes, or preferably both.
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A EWPO on the Z pole

In this appendix, we define the EWPO on the Z pole in terms of the Z-boson partial decay
rates. The ratios R, are defined as

D RNCETT)
T Tz S )
R, — I(Z = qiq) (A1)

Y, N(Z = q))’

with £ = e,u,7 and ¢; = s,¢,b and the sum runs over ¢ = wu,d,c,s,b. The left-right
asymmetries A, are defined as

P(Z — HZLQ_}L> — F(Z — xR.fR)

Ay =
INZ — x)

(A.2)

The asymmetry Ay is directly related to the effective weak mixing angle sin 95&" (using the
same reference lepton ¢) defined as

. 1 (Z — (plr) 1 (
gt — = - _ = -1+ 4 +\/1—A2>. A3
sin g = 5 <r(z S llr) —T(Z — MR)) 44, ‘ ¢ (4.3)

Therefore, only one of the quantities A, and sin Hﬁﬁ is an independent quantity. The forward-

backward asymmetries Afp are defined as

x _UF_UB_§AA A4
where o and op are defined by the angle 6 between the incoming lepton ¢~ and the outgoing
anti-fermion f being within 6 € [0, 7/2] and @ € [r/2, 7], respectively. The hadronic total
cross section for the process eTe~™ — hadrons can be parametrised in the narrow width
approximation as

127 T.T',
Ohad = Z —_ . (A.5)
q=u,d,c,s,b MZ FZ

B Flavour assumptions

To facilitate the interpretation of our results under the assumption of common flavour
assumptions, the replacement lists £1avU35 and £1avMFV in our ancillary notebook allow to
express the results under the U(3)® and MFV assumption. A nice summary of the relevant
simplifications, based on refs. [83, 84], is given in sections II B and II C of [47]. Instead of
reproducing the necessary equations here, we only clarify the notation in which we present
the Wilson coefficients.

B.1 U(3)® symmetry

A rather strict requirement on the Wilson coefficients of the SMEFT is the assumption of
a U(3) symmetry for all fermion fields

U(3)° = U(3)y x U(3)y x U(3)e x U(3)y x U(3)a, (B.1)

— 11 —



where {/,q,e,u,d} represent the SM fermions. Under this assumption, there are 4146
independent CP-even+CP-odd SMEFT operators [83]. Operators with two flavour indices
have a single independent Wilson coefficient and we hence drop the flavour indices for these
coefficients. Note that dipole operators like Q,w and Q,p, which generally contribute to
EWPO are completely forbidden under a U(3)®> symmetry. Four-fermion operators with
two different fermion bilinears again have a single independent Wilson coefficient, for which
we thus also drop the flavour indices.

Four-fermion operator structures with two fermion currents of the same chirality, explicitly
Q,(I}J), ng), Qu, Qaq and Quy, generally have two independent U(3)® singlets. We refer to these
two independent structures with unprimed and primed Wilson coefficients, corresponding to
the operators contracting the flavour indices within the fermion bilinears or between the two
different fermion bilinears, respectively. As an example, the operator Q% = (l_z-’y#lj)(l_k’y”ll)

ij

has two flavour-symmetric contractions
Cll 5ij51k and Cl/l 5ik5jl . (B.Q)

In our numerical results, we refer to the primed coefficients by adding the letter p to the
Wilson coefficient names, for instance we replace the different flavour combinations of Cy; as

C, —Cl1, C ; —Cllp. (B.3)
1122 1221

For the operator Q.., a Fierz identity implies a single independent coefficient Ce..

B.2 Minimal flavour violation

A more general flavour symmetry for the Wilson coefficients is given by MFV, which assumes
the SM Yukawa couplings are the only sources of the breaking of the U(3)® flavour symmetry.
MFYV is thus an expansion in powers of the Yukawa couplings. As we are assuming that
all fermions except the top are massless, right-handed down-type quarks still retain a U(3)
symmetry under our implementation of MEFV. Wilson coefficients involving left-handed third-
generation quark couplings or right-handed up-type quark couplings are independent of those
of the first/second generation. Instead of keeping the flavour indices, we use the subscripts (Q,
t) for the third generation and (g, u) for the first/second generation in the Wilson coefficients.
For Wilson coefficients with two indices, we write, for instance

Cl7) — CHq3, Cl7) — CHQ3. (B.4)
22 33

The four-fermion Wilson coefficients with two equal fermion bilinears simplify as
C uwu — Cuu, C uwu — Cut, C wu — Cuup
1122 1133 1221
Clggl — Cutp, 03%3 — 2 (Cut + Cutp) — Cuu — Cuup. (B.5)

There are four independent coefficients for operators with four up-type quarks, and two
coefficients for those with two up-type quarks. Other four-fermion operators simplify in
the same way as under a U(3)% symmetry.
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C Comparison with previous work

Numerical results for EWPO in an input-scheme involving {Gr, a, Mz} have been previously
published in [33, 47, 57]. These are closely related to our results in the LEP scheme, but
differ in the following ways:

a) Definition of the electromagnetic coupling constant «: While we use the on-shell value
at the Z-boson mass, a(Mz), as an input, [33, 47, 57] employs «(0). The two choices
are related by eq. (2.3) and the light fermion contributions to « are included in the NLO
expansion coefficients in [33, 47, 57|, rather than being absorbed into the definition of
a(Myz) as in our LEP scheme.

b) Partial higher-order corrections are included in [33, 47, 57], see eq. (58) of [47], through
the numerical evaluation of the W-boson mass at its best theory prediction in LO
contributions and at its NLO value in NLO contributions to observables.

¢) Due to a different sign convention in the covariant derivative, our predictions have
opposite signs for operators including an odd number of field strengths, specifically Cyy,
CuB and Cywy .

Comparing numerically, we exactly agree on all LO predictions after switching to the
numerical values used in [33, 47, 57] (including replacing a(Mz) by a(0)). At NLO, we find
good numerical agreement for the decay rates I'yy and I'z despite the different choices for
« and differences in the expansions. For observables based on ratios or differences of two
similar-size contributions, individual Wilson coefficients (appearing first at NLO) experience
larger differences.

D Analytic results for EWPO at LO in SMEFT

The EWPO in egs. (2.7), (2.8) can be derived from W and Z-boson decays into left- and
right-handed fermions. In what follows, we give compact results for such partial decay widths
in the five EW input schemes used in this work at LO in SMEFT. These expressions involve
products of functions which receive both SM and dimension-6 contributions; it is understood
that to obtain the decay rates and consequently EWPO one must expand out the products
and retain only up to linear corrections in the SMEFT Wilson coefficients. Results for the
additional observables eq. (2.9) are given at the end of the section.
For Z decay, we can write

A o N o a2 fp
D(Z ) = Mz SNl (1217 + 124P) | (D.1)
where N/ was defined after eq. (2.2). The normalisation factor is
M 1 1
Ny = 4 {1 - vg (CHD + AUéG’O))] , (D.2)
Vg 4 2

where the Avs depend on the scheme s and are listed in eq. (D.12) below. We define SMEFT
expansion coefficients for decay into left-handed fermions as

zf = 2{*9 42260 (D.3)
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and similarly for right-handed decays. In the SM, one has
ZI00 _orf _92Q,, 2l = 232y, (D.4)

where Q) is the charge and T. g is the third component of the weak isospin of fermion f.7
The result in SMEFT can be written as

f(6,0) 6,0 £(6,0)
2l = Qp (GO0 +ad Ay ) + g1l (D.5)
The above results contain, first off, the fermion-species independent function

and secondly fermion-specific functions, which for charged leptons ¢; and neutrinos v; are

€ ¢
) 80 = -y,
/0 — —C}}Z+C§I,), g0 — o, (D.7)

i

while for up and down-type quarks

g U680 — —0221 - CS’; gz = ~CHa,
a1 = ~Clig + Cly. i = ~Cipu. )

Finally, in schemes s where My is not an input, the quantity Ay, appears in the following
LO SMEFT relation between the on-shell and derived masses:

MEE = Mzey (1+0205°7) 5 s € ol ol LEP} . (D.9)
The explicit results are
2
LEP(6,0) _ _ Sw (6,0) _ A, (6,0)
Al =5 [Av®0) — AuSO] (D.10)
,Ueff 1
i = 4c2, GO0 1257, + caug5""] (D.11)

where o € {a, u} and ¢, = 1 — 252, Here and in eq. (D.2), the tree-level vev shifts are

A (6,0) — C( ) 0(3) C ,
O =cyi oy -cy,

A0 = —2S£ [CHWB + wC'HD] ;

w 4sy
1 1 C2 £6,0) , Cow £(6,0)
Av = ——Cyp — C —’”( O 2 00 D.12
Vo 5 VHD oS HWB 2 9L 952 9r ( )
where one is to use Av, for s € {a,, v}  LEP}, while for s = o or s = v one uses Av,

or Ave) respectively.

"Our convention is such that Q, = 2/3,Q. = —1, while T4 = 1/2, and so on. Here and below the definitions
of Mw and s, depend on the scheme s and should be understood as written in eq. (2.5).
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The results for W — ff’ are considerably more compact. In this case we can write

NS , 2
LW — ff') = Mw (1 + vaf,[(,&O)) 24C N |? ‘1 + 2 Wit (6’0)‘ , (D.13)
T
where the normalisation factor is
2M, 1
Ny = V20w [1 + 02 (Af,ff’o) - 2Av§6’0)>} , (D.14)
Us

and the fermion-specific functions for leptonic and hadronic decays are given by
0v(6,0) _ ~(3) d(6,0) _ ~(3)
w0 — ey, ol >_0Hg. (D.15)
(2 (3

In schemes where they are not inputs, the predictions for My, Gr and «(My) provide
additional EWPO. LO results for the on-shell W boson mass in such schemes have already
been given in eq. (D.9). For Gp, one has

G%O = \/% 5 {1 — v? (Ang’O) — Av£6’0)>] ; s € {a,viﬁ ) (D.16)
US

while for a(Mz), one has instead

M22 2
a(Mz)*© = % [1 + vi (Avfbﬁ’o) — Avé&o))} ; 5c{afors=a,, v for s = vzﬂ},
m

(D.17)
where § refers to the scheme which shares two inputs with s, but differs by using «(Myz)
instead of Gp.
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1:X3 2: HS 3: H*D? 5:9?H3 + h.c.

Qc | [APCGAGBrGSr  Qu|(HTH)®  Quo (HTH)O(HTH) Qe | (HTH)(lpe, H)
Qz FABCGAYGBr GO Qup| (H'D,H)" (H'D,H)  Quu|(HH)(Gyu,H)
Qw | KWW, oW Kn Qan | (H'H)(qpd- H)
Qi EIJKWI{VWDJpW;(M

4: X2H? 6:y2XH +h.c. 7:p2H2D
Qua | HUHGA GAw Qew | (o™ e, )ol HWI, M (H'i' D H)(1,"1,)
Que | HHHGAGA™  Qup| (l,0"e,)HB,, & @D L) e,
Quw | HTH WL, Wi Qua | (Gpo" TAu,)H G4, Qe (H'D H)(@te,)
Qi | HIHWL Wi Quw | (@0 u)o H W, QW (H''D . H)(G7"av)
Qup | H'HB,,B"™ Qus | (G0 ur)H By, QY |(HYDLH) (G0 g
5 | HUH BB Quc | (@0 TAd,)H G4, Qua | (H'D H) (@)
Quwe |Hle!HW], B Qaw | (Gpotd,) o' H W], Qua (H'i'D ,H)(d,"d,)
Quip | Hio!HWL, B Qap | (G0 d,)H B,, Qrud + hec.| i(H' D, H)(u,7"d,)
8: (LL)(LL) 8: (RR)(RR) 8: (LL)(RR)
Qu | (pyulr) Ty 1) Qee | (Epyper)(Esyer) Qe | (pyulr) (@ er)
| (@a) (@ ar) Qua | (@) (s uy) Qu | (Upyule) (v uy)
& N (@pvuo’ ar) (@7 o' ar) Qaa | (dpyudy)(dsy"dy) Qua (Lpypulr) (dsy*dy)
Q| bl (@) Qeu | (Epuer) (@ uy) Que | (@0 (@ er)
Q| (Lyyuo ') (@ o ) Qe | (Epyuer)(dytdy) W (@) (@ ue)
QW () (deytdy) & @ T4 (@ T Auy)
Q) | (v Tu,) (dsy* TAdy) QU (@yuar) ey de)
QU (@ T4 4) (dy" TAdy)
8: (LR)(RL) +h.c. 8: (LR)(LR) +h.c.
Queaq | Be)(dsary) Qg | (@ur)ein(@idr)
QY | (@T ur)ejn(@ETAdy)
Qlequ (Ler)ejr(qhue)
Q| Bouwer)en(@ho u)

Table 4. The 59 independent baryon number conserving dimension-six operators built from Standard
Model fields, in the notation of [74]. The subscripts p,7,s,t are flavour indices, and o are Pauli
matrices.
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