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We introduce a basic formalism for computing thermal radiation by combining Waterman’s T-matrix method
with an algebraic approach to light-matter interactions. The formalism applies to nanoparticles, clusters thereof,
and also molecules. In exemplary applications, we explore how a chiral structure can induce an imbalance in
the circular polarization of thermal radiation. While the imbalance is rather small for a chiral molecule such
as R-BINOL, a much larger imbalance is observed for an optimized silver helix of approximately 200 nm in
size. Besides the directional Kirchhoff law used in this article, the formalism is suitable for implementing more
nuanced theories, and also provides a straightforward path to the computation of thermal radiation spectra of

astronomical objects moving at relativistic speeds with respect to the measurement devices.
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I. INTRODUCTION AND SUMMARY

Modern micro- and nanofabrication techniques extend the
possibilities for achieving functional photonic systems: From
bulk materials structured at the micrometer scale to molec-
ular films and atomic monolayers. Such opportunities are
exploited to control electromagnetic radiation. Thermal ra-
diation, which is the electromagnetic radiation emitted by a
body due to its temperature, is ubiquitous, and its control
has particularly important applications. Examples include en-
ergy harvesting with thermophotovoltaic devices and radiative
cooling [1-3].

The design of photonic systems to control thermal ra-
diation benefits from theoretical and numerical tools able
to handle the complex possibilities enabled by micro- and
nanofabrication, and exploit their potential. While the Green
tensor formalism can yield semi-analytical solutions for basic
systems, such as planar multilayers [4], numerical methods
are usually required as soon as more intricate geometries are
involved. Several computational approaches exist to study
thermal radiation, a review of which can be found in Ref.
[1, Sec. III]. Among the more general methods, we can find
the scattering operator approaches [5], and boundary element
methods for thermal radiation, including some publicly avail-
able implementations [6,7].
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Most computational approaches can be decomposed into
two parts: A means of solving light-matter interactions; that
is, scattering and absorption of electromagnetic waves by ma-
terial objects, and a means of specifying the random sources
or the random fields inherent to thermal radiation. A common
choice for the second part is the theory of fluctuation elec-
trodynamics started by Rytov [8], where random sources in
the objects are suitably specified. Another possibility is the
common assumption, already made by Kirchhoff (see Ref. [9,
Sec. 2]), that the thermal emission spectrum of an object at
a given temperature is independent of the environment and
can hence be computed as if the object was immersed in and
in thermal equilibrium with a Planckian radiation bath at that
temperature. This holds even though the object may be heated
by other means, such as a warm plate or a laser beam. We use
this latter assumption in combination with Waterman’s T ma-
trix, or transition matrix, to solve the light-matter interactions.

The T-matrix method is a powerful and popular formalism
for computing light-matter interactions. After its establish-
ment by Waterman in 1965 [10], the formalism has been
continuously developed and improved, resulting in a large
body of literature [11,12], and a growing number of pub-
licly available computer codes [13,14] produced and actively
maintained by the community. A distinct advantage of the
T-matrix method is its general applicability. It applies to
objects of arbitrary shape and material parameters, and also
to molecules. The difference lies in how the T matrices are
obtained. In the first case, generic solvers of the macro-
scopic Maxwell equations can be used to obtain T matrices
by performing scattering calculations using the appropriate
constitutive relations to describe materials [15—18]. In the case
of molecules, the dynamic polarizabilities obtained through
quantum—chemical calculations are mapped to T matrices in
the dipolar approximation [19]. As we show, this allows one
to compute the thermal radiation from molecules. From all the
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existing methods, the T-matrix approach to thermal radiation
presented here is most related to the work of Kriiger et al. [5],
which uses the T operator within the Green tensor setting.
We note that Waterman’s T matrix, which we use, is equal to
GoT in Ref. [5], namely, the product of the Green tensor of
the empty space G, and the T operator.

Here, we put forward a basic formalism for comput-
ing thermal radiation spectra by combining the T-matrix
method with an algebraic approach to light-matter interac-
tions [20-22]. In such an approach, the Hilbert space of
electromagnetic fields, M, is the arena where the physi-
cal effects of light-matter interaction are modeled using the
scattering operator, and where they become computationally
accessible through the T matrix due to the one-to-one con-
nection between the scattering operator and the T matrix.
The tools for Hilbert spaces result in a compact notation
with direct connections to physically relevant quantities. For
example the scalar product (f|g) [20] between two fields

, |f), and |g), can be used to express and compute
the number of photons [23] in a given field |f) as (f|f),
or its energy [24, Sec. 9, Chap. 3] as (f|H|f), where H is
the energy operator. Optical forces and torques have simi-
larly simple formulations. Particularly relevant for the study
of thermal radiation is that, as we will see, the operator
that determines the number of thermal photons absorbed by
the object can be readily defined, and the statistically ex-
pected values for computing correlations in random fields are
taken over complex scalar functions, as opposed to vectorial
field quantities.

The rest of the article is organized as follows: Section II
contains the derivation of the thermal radiation of a given ob-
ject at a given constant temperature from the monochromatic
T matrices of the object in a frequency range appropriate to
such temperature. We obtain the expression for the density of
the photon emission rate per angular wave number, solid angle
(direction), and polarization [Eq. (18)]. While we use the
directional Kirchhoff law for reciprocal objects, the formalism
is ready for the implementation of more nuanced theories
of thermal radiation, as, for example, when the emission is
assumed to occur through modes other than monochromatic
plane waves [25-27]. Section III contains three examples:
A chain of dielectric spheres, a metallic helix, and a chi-
ral molecule. The emission spectrum of the chiral BINOL
molecule is best understood as the basic spectrum to be scaled
by the number of molecules in a solution. The thermal radia-
tion of the molecule shows a small imbalance in the emission
of the two circular polarizations, which we quantify by the
thermal g factor, defined in analogy to the dissymmetry g
factor in chiro-optical spectroscopy. An optimized silver helix
of approximately 200 nm in size shows a much larger thermal
g factor, with a maximum spectral value of about 1.8, when 2
is the absolute upper bound. Section IV concludes the article
with an outlook.

The computer code and the T matrices used in this article
are publicly available. The software implementation, available
in Ref. [28] uses the recently released TREAMS Python pack-
age [29], which is available in Ref. [30], and the T matrices
are stored in a database in Ref. [31] using a community-driven
data format [32]. Conveniently, the T matrices for composite
objects made from spheres, including multilayered spheres

with isotropic chiral material parameters, can be computed
natively within TREAMS.

II. THEORY

Appendix A contains a collection of expressions from the
algebraic setting that are relevant here. In such a setting, the
scattering operator S allows one to obtain the total outgoing
field |g) produced by the interaction between the object and
any given incoming illumination |f). It is often written as a
function of another operator, T:

g) =SIf) = A+ DIf). ey

The operator T is essentially the T matrix [10], or transition
matrix, which contains all information about the linear inter-
action of light with a given object.

The difference between the number of incoming and out-
going photons upon interaction; that is, the absorption under
illumination |f), can be computed as

(f1f) = (glg) = (FIL = STS|f)

= (fI-T=T = T'TIf) = (fIQIf), (2)

where X' denotes the adjoint, or Hermitian conjugate, of X,
and the last line defines the absorption operator Q.

In its most common embodiment, the T matrix maps the
coefficients of an incident monochromatic field expanded in
regular multipoles to the coefficients of the corresponding
scattered field expanded in outgoing multipoles, which are
singular at the origin.

In the basis of multipolar fields, the absorption operator Q
can be written as

Q=) > / dk kQI2 (k) jma) (R K], (3)

Jmh jink

where the triplets (jmA) and (jml) label the rows and
columns of the monochromatic absorption matrix Q(k), re-

spectively. The label j = 1,2, ... is the multipolar degree
with j = 1 corresponding to dipoles, j = 2 to quadrupoles,
and so on, m = —j,—j+1,...,j is the component of the
angular momentum in the z direction, and A = %1 is the
helicity, or polarization handedness. Appendix A contains
explicit expressions for these multipolar fields. There is a
single angular wave number integral in Eq. (3), as opposed
to a double integral f dk f dk, because we assume that the
operator T does not couple different frequencies.

We note that the conventions for the multipolar expansions
in Eq. (3) are different from the typical conventions [33].
The changes are beneficial for the extension of the T-matrix
method to a polychromatic setting [34]. Most notably, the
outgoing multipoles are multiplied by a factor of 1/2 with
respect to the common definitions, which then results in the
relation in Eq. (1) between S and T, instead of the common
S(k) = I+ 2T (k) in the monochromatic setting.
" With the typical conventions for the monochromatic T
matrices T(k), also adopted in TREAMS, we can obtain Q(k)

from Z(k) as

Q) = =21k —2T' (k) — 4T Tk, @)
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FIG. 1. (a) Overview of the theory. According to the directional Kirchhoff law for a reciprocal object immersed in a Planckian bath at
temperature 7, the thermal photon emission rate density for each plane wave |kX) is equal to the absorption of the object at the same wave
number k, same polarization handedness X, but from the opposite direction —K. The T matrix is the object with which such absorption is
computed. The operator E{-} denotes the statistical expected value. (b) Flow chart depicting the procedure to compute the thermal spectrum of

a nanostructure.

Then, the singular value decomposition (SVD) can be used
at each k to write

Qk) = " qi()sth)s (k). with s (k) = 8. (5)

where the singular values meet g2 (k) > 0, the singular vectors
s(k) form an orthonormal basis for the subspace of absorbed
fields at each k, and §;, is the Kronecker delta.

Figure 1(a) is an overview of the theory for obtaining the
procedure to obtain the thermal emission spectrum from the
T matrices. Emission is computed from the Kirchhoff direc-
tional law. In Fig. 1(b), we depict schematically the algorithm
to compute numerically the spectrum from the SVD of the
absorption matrices Q(k).

We proceed by plugging Eq. (5) into Eq. (3) and obtain a
compact expression for Q:

o->% /[

dk k Z G5 (k)5 1y, (k)8 55 (R K jmc) (i K |

JmA jim.
=y f dk kq? (k) ks) {skl, 6)
P >0
where we have implicitly defined
Iks) =D (k) jmd). (7
JjmA

In typical SVD implementations, the singular vectors are
ordered by the decreasing singular values. However, we wish
to ensure that the singular values and vectors vary continu-
ously across the spectrum. Therefore, it is necessary to track
the singular vectors over the angular wave number k because
crossing between the singular values may occur as k changes.

By assuming adiabatic variations with respect to k, each sin-
gular vector corresponding to an absorption matrix calculated
at a discrete angular wave number &, can be identified with a
singular vector at k,, by maximizing the inner product between
both sets of vectors.

It is now clear from Eq. (6) that one can obtain the absorp-
tion upon an arbitrary illumination | f) as

(flRLf = / ) dk kg7 (k)(f1ks) (sk|f)

-y / RHCIE ®)

We aim at obtaining the thermal radiation spectrum of
a given object at some fixed temperature 7. We make the
common assumption, already made by Kirchhoff (see Ref. [9,
Sec. 2]), that the thermal emission spectrum of an object at
temperature 7 is independent of the environment. For exam-
ple, one assumes that the thermal radiation spectrum of the
object kept at temperature 7 by a warm plate is the same
as if the object was immersed in and in thermal equilibrium
with a Planckian radiation bath at temperature 7. Such an
assumption then allows one to use the directional Kirchhoff
law, which, restricted to reciprocal objects, equates the ther-
mal emission towards direction k at a given angular wave
number k, and with polarization A, to the absorption of the
object from the bath at the same angular wave number and
polarization, but with opposite direction —Kk.

We now use Eq. (8) to compute the thermal emission spec-
trum using the directional Kirchhoff law. Treating thermal
radiation requires one to introduce randomness and corre-
lation in the formalism. We start by considering a general
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electromagnetic thermal bath |Wy,,), which we later restrict
to a Planckian bath. Let us consider the plane-wave expansion
(see Appendix A) of [Wpym):

&’k
[Whan) = ) /R L& ik, ©)

A==l

where the 1, (K) are complex random variables with, in gen-
eral, any expected value and any correlation among them.
Here, however, we assume that the components of this thermal
bath are uncorrelated in frequency, direction, and polarization,
that is

E{ys(k)} =0,
E{y, (05 (@) = 8,78k — QPE{ly, K[} (10)

In this case, the expectation value of the absorption can be
written as follows (see Appendix B):

E{(Wpatn|Q|Whath) }

- /O dkfd212 > KE( 0P Y 42k

A==%1 s

2
27 +1 .« A
DI SO (11)
jm

where the Wigner D matrices for spatial rotations [35,
Chap. 4] enter as follows:

D!, (k) = D!, (¢,6,0) = exp (—imp)d., (9), (12)

where ¢ = arctan2(ky, k), 8 = arccos(k,/k), d}LA(Q) are the
Wigner small d matrices as defined in Ref. [35, Chap. 4.3],
and [’k = [ dosin6 [7_dg.

The second line of Eq. (11) is the density of absorbed
photons per angular wave number and solid angle. In it,
KE{|v¥,(k)|?} is the density of photons with momentum k and
helicity A impinging on the object, and terms in the remaining
sum over s are the absolute value squared of the projection of
each |ks) onto a plane wave with momentum k and helicity
X, weighted by the corresponding singular values g2 (k). More
precisely, in this context, the density of the photon absorption
rate per angular wave number, solid angle, and time interval
must be considered. The consideration of photon rates instead
of the number of photons is necessary for treating processes
of absorption and emission that occur continuously in a sta-
tionary situation, such as thermal equilibrium.

Now, by the directional Kirchhoff law, the density of the
photon emission rate per angular wave number and solid angle
in (k, 1) must be equal to

2
2i+1 N
KE(I (=R} Y2 g2 00| 3\ 2D (K00

jm

13)

where Df;“\(—lA() = DZM(¢ +m,m—6,0) for the angles
(¢, 0) corresponding to the direction of k.

Therefore, if we consider the plane-wave decomposition of
the random thermal radiation from the object | ®Permar)

&’k
| Dihermat) = ) /R L, & ok, (14)

A==+1
with
E{¢;(k)} =0, and
E{lgs®)I*} = E{|(KA| Dehermar) |}, (15)

together with the assumptions implicit in the directional
Kirchhoff law, namely, that the emission will be uncorrelated
in k, direction, and polarization, the total emission rate can be
written as

E { (thhermal | cI>lhermal) }

_ Zfwdk/dzﬁkE{|<ku¢mm>|2}, (16)
>0

A==%1

where kE{| (KA|®permar)|?} is equal to the expression in (13).
We now particularize the illumination statistics to a Planck-
ian bath at temperature 7', which, besides being uncorrelated
in frequency, direction, and polarization, as assumed so far, is
also isotropic and unpolarized. Then [see Ref. [27, Eq. (B9)] ],

€o
IAYSIRES - , (17)
2mk[exp (757) — 1]
which we substitute in Eq. (13) to obtain the final result:
k]E{Hqu)thermale}
Co >
= (k)
27| exp (%) —1] stq‘ (
2
2j+1 .
<[y e D@+, —6,0)s,,,(K)| .
jm
(18)

Therefore, one can obtain all the information about the
thermal spectrum of a given object from the monochromatic
T matrices T(k) in a range of k appropriate to the temperature.
The computations involve the SVD of the Q(k) in Eq. (4) at

each frequency, tracking the modes over k, and using Eq. (18).
We have verified that the numerical results obtained with our
algorithms are virtually identical to the results presented in
Fig. 2 of Ref. [5] for spheres made of gold at T = 300 K. See
Ref. [28] for a figure showing the tight agreement.

It is possible to avoid the SVD by taking a different
computational strategy where the multipolar decomposition
of monochromatic plane waves is used together with the
monochromatic absorption matrices Q(k). We have chosen

the presented strategy with an eye on the future implemen-
tation of more nuanced theories of thermal radiation beyond
the directional Kirchhoff law. Thermal radiation effects are
currently considered in a variety of systems, such as, for
example, graphene patches and time-varying media [36—41],
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which constitute a challenge for many of the existing theories.
For example, the directional Kirchhoff law assumes that, for
all objects, monochromatic plane waves are the modes of light
into which energy is independently absorbed and emitted. Re-
cent work [25] postulates that emission and absorption occur
through monochromatic modes that depend on the object.
Such modes are obtained from the SVD of the S matrix.
The postulate leads to directional correlations in the thermal
radiation that are absent in the directional Kirchhoff law. In
Ref. [26], the authors successfully analyze measurements of
thermal radiation using the modes of open spherical cavi-
ties. Such modes, characterized by complex frequencies, can
be understood as polychromatic modes with Lorentzian-like
lineshapes. As seen in Refs. [26, Fig. 3], the results of such
a theory differ from those of the typical monochromatic ap-
proach. The formalism developed in this article is a basis for
similar extensions. For example, the |ks) and the g2 (k) are the
building blocks of a polychromatic theory of emission [27],
which, contrary to the monochromatic ones, permits different
rates of emitted and absorbed photons, and can be applied to
both thermal emission and luminescence.

The following formulas for the common rotationally aver-
aged absorption cross sections will be used in the next section:

abs T T
oS (k) = e zsjqf(k) = mTrace{g(k)},

o™ (k) = o (k) + of> | (k), and
abs T
W) = 5 2 a0 D15 (P (19)
K jm

Their derivation can be found in Appendix B.

At this point, it is worth mentioning one of the current
limitations of the T-matrix method, which concerns the ex-
treme near-field. Namely, it is unclear whether the standard
algorithms apply when computing the interactions between
two objects that penetrate each other’s smallest circumscrib-
ing spheres. This issue is under investigation, and there are
some solutions [42—-48].

III. EXAMPLES

This section contains three examples: A chain of dielectric
spheres, a metallic helix, and a chiral molecule. Since defining
a temperature for a single molecule is not straightforward, the
emission spectrum of the chiral molecule is best understood as
the basic spectrum to be scaled by the number of molecules in
a solution, for example. It should be noted that the molecular
T matrices are those for the ground state, and a more accurate
computation at the considered temperature should also take
into account T matrices for the excited vibrational states, and
noncoherently combine the ground and excited-state spectra
with populations according to the temperature. Similarly, the
material parameters used for computing the T matrices of
the spheres and the helix are those corresponding to room
temperature, and a more accurate computation should use
material parameters for the desired temperature.

A. Chain of dielectric spheres

Let us consider first a chain made of four spheres, each
with 250 nm radius, and separated by a distance d = 520 nm,
as illustrated in the inset of Fig. 2. The spheres are made of
SiC, and the structure has a resonance around 780 cm~—!. Data
for the SiC permittivity were taken from Refs. [49,50]. The
absorption cross section of the chain, and the energy density
of the Planckian thermal bath, at temperature 7 = 500 K, are
shown in Fig. 2(a) as functions of the wave number (inverse
wavelength) in cm~!. For computing the T matrix of the
structure, we used the package TREAMS, which has native
support for the computation of composite objects made out
of spheres. The maximum value for the multipolar degree
was chosen to be jm.x = 10. This value is determined by the
convergence of the ratio between the trace of the Q matrix
up to order j and the trace of a larger Q matrix built up to a
much higher-multipole order. In this case the trace of Q(k) at

the largest considered k with jmay = 10 was already more than
99% of the same quantity for jyu.x = 30. The photon emission
rate density is shown in Fig. 2(b) as a function of the wave
number and the polar angle 6, for a fixed azimuthal angle
¢ = m /4. The chain of spheres emits mostly in the region
between 700 and 900 cm ™! as a consequence of its absorption
peak and the maximum of the spectrum of the Planckian ther-
mal bath. The small spacing of the spheres in the chain leads
to a dipole-shaped emission spectrum because the emission
maximum occurs at § = 7 /2, as shown in Fig. 2(c). This is
expected because, at the resonant feature near 900 cm~!, the
structure is substantially smaller than the vacuum wavelength
and so should primarily emit through its electric dipole excita-
tion. The emission does not depend on the azimuthal angle ¢
because the structure is symmetric under rotations around the
z axis. The system is achiral and, therefore, emission occurs
similarly for both helicities A = =£1. This is sharply different
in the following example.

B. Metallic helix

We now consider a silver helix, which is an example of
a chiral object. The thermal radiation from chiral structures
is interesting in particular because of its potential imbalance
between the two circular polarizations [S51-54].

The helix parameters have been chosen to yield a strong
chiral optical response; that is, to maximize its differential
response to left- and right-hand polarized illumination. The
geometric parameters are a helix radius of 251.6 nm and a
pitch of 168.6 nm while the (right-handed) helix describes a
total number of 1.407 turns. The wound-up cylindrical silver
wire that constitutes the helix has a radius of 73.32 nm and
terminates in hemispherical end caps. The chiral response
is quantified as electromagnetic chirality (em-chirality) [55].
The helix reaches a maximal normalized em-chirality of
92.4% when the frequency is equal to 34.78 THz. This is quite
an extremal value, because an object that saturates the bound
at 100% is fully transparent to one of the two helicities of
light.

The T matrices for the helix were obtained from the finite
element method (FEM) simulations using the software JCM-
SUITE. In the scattering simulation, the helix is illuminated
with a multipole of unit amplitude. In a postprocessing step,
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FIG. 2. (a) Energy density of a Planckian thermal bath at 7 = 500 K and absorption cross section spectrum of the chain of SiC spheres,
both as functions of the wave number (inverse wavelength). The spheres under consideration have a radius of R = 250 nm and the distance
between the centers is d = 520 nm. A schematic representation is shown in the inset figure. This structure exhibits a peak in absorption around
780 cm ™!, whereas the maximum of the energy density curve occurs approximately at 980 cm™~!. (b) Photon emission rate density as a function
of the wave number and the polar angle 6 for a fixed azimuthal angle ¢ = 7 /4. The emission spectrum is independent of ¢ because the object
has axial symmetry. (c) Cuts along constant wave numbers from panel (b), solid, dashed, and dotted lines correspond to 756.87, 1005.21, and

1510.34 cm™!, respectively.

the scattered field is expanded into multipoles, truncated at
a multipolar degree of jn,x = 5. Truncating at a multipolar
degree of 5 is sufficient in this case since the contributions
for j < 3 already account for more than 99 % of the helix’s
response, as determined by the convergence of the trace of the
0 matrix, as previously discussed. The expansion coefficients
correspond to the entries of one column of the Q matrix.
Repeating for other illuminating multipoles up to jmax, the
full T matrix is obtained. The process is repeated for dif-
ferent frequencies. Frequency-dependent material parameters
for silver are interpolated from data in Ref. [56], as pro-
vided in Ref. [50]. Ambient material parameters correspond to
vacuum.

The helix is immersed in a Planckian thermal bath at 595 K,
such that the maximum of the bath’s energy density coin-
cides with the maximum absorption of the helix, as shown in
Fig. 3(a). For this particular object, the strong em-chirality in
the form of a significant imbalance between the absorption of
the two helicities, as seen in Fig. 3(b), leads to different emis-
sion rates depending on the helicity of light. Here, we quantify
such imbalance by integrating the angular photon emission
rate density over the whole solid angle, hence obtaining the
photon emission rate density per wave number:

T(k) = / AR KE | (KA ®aperma) ), 20)

such that the total number of photons of each helicity emitted
per second is

N, = / " AT, ), 21)
>0

The imbalance between the rates of photon emission for both
helicities can be computed as

Li(k) —Z (k)

ky=2——"————,
sl =27 O+ ()

(22)

here defined as the thermal g factor, in analogy to the defini-
tion of the dissymmetry g factor in chiro-optical spectroscopy.

Figure 3(b) shows the integrated photon emission rate den-
sities for the chiral helix for each helicity, and the thermal
g factor, both as functions of the wave number. The positive
g factor close to 10° cm™! indicates a higher emission of
photons with positive helicity, in contrast with the negative g
factor around 4 x 10° cm™!, where more photons with nega-
tive helicity are emitted. After computing the integral over the
wave number in Eq. (21), one obtains Ny = 3.53 x 10'* and
N_; =5.91 x 10° emitted photons per second with positive
and negative helicity, respectively. Such a difference should
be straightforward to observe experimentally: The difference
between positive and negative helicity emission power is on
the order of the emission power itself, and there has been prior
work on measuring the thermal spectra of single micro-objects
[57-59].

Noise-like fluctuations can be seen in some frequency re-
gions in Fig. 3(b). These are due to numerical noise in the
calculated T matrix entries, which we believe to be primarily
due to the imperfect operation of the perfectly matched layer
boundaries used in the simulation. This causes unphysical
interference artifacts that contribute to the T matrix coeffi-
cients and produce the “noise floor.” Such numerical noise
also determines the lower bound on the frequency range, as
follows: As the wavelength of light grows, the interaction with
the helix decreases, and the entries of the T matrix become
smaller. At some point, the ratio between the absolute value of
such entries and the numerical noise reaches an unacceptable
level, as shown in Appendix C.

C. Chiral molecules

The method proposed in this paper is general and can
also be applied to compute the thermal emission spectrum of
molecules. Since chiral molecules absorb the two helicities of
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FIG. 3. (a) Energy density of a Planckian thermal bath at T =
595 K and helicity-dependent rotationally averaged absorption cross
sections of an optimized silver helix with strong electromagnetic
chirality around 35 THz, both as functions of the wave number (in-
verse wavelength). (b) Integrated photon emission rate density for the
helix and the corresponding thermal dissymmetry g factor, defined
in Eq. (22), as functions of the wave number. False-color plots for
the angular emission densities for both helicities are included in
Appendix D.

light with different efficiencies, we expect a nonzero g, in
their thermal spectrum.

As a final example, we present here a 1,1’-Bi-2-naphthol
(BINOL) molecule solvated in chloroform, composed of 20
carbon atoms, 14 hydrogen atoms, and 2 oxygen atoms, ar-
ranged in two connected naphthalene subunits having one
alcohol (-OH) group each, as depicted in the inset of Fig. 4(a).
Here, we consider only one of the two enantiomers, namely,
the R-enantiomer of the BINOL. The T matrices of molecules
are obtained by quantum-chemical calculations of the molec-
ular polarizabilities, which are mapped onto T matrices of
dipolar degree [19]. The dynamic polarizabilities are used to
construct T matrices separately for vibrational and electronic
excitations. The final result is obtained by the frequency-wise
sum of these two kinds of T matrices. Appendix E con-
tains details on the approach that we used, which is based
on density functional theory (DFT) and its time-dependent
variant (TD-DFT) for the optical response. Figure 4(a) shows
the helicity-dependent absorption cross sections of one single
molecule of R-BINOL immersed in a Planckian thermal bath
at 300 K, and the energy density of the bath, both as functions
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' 3
S I
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FIG. 4. (a) Energy density of a Planckian thermal bath at T =
300 K and helicity-dependent orientationally averaged absorption
cross sections of a R-BINOL molecule, depicted in the inset. The
molecule is surrounded by chloroform with electric permittivity ¢ =
4.711. (b) Integrated photon emission rate density for the R-BINOL
molecule and the corresponding thermal dissymmetry g factor, de-
fined in Eq. (22), as functions of the wave number.

of the wave number. Absorption peaks are exhibited in the
region where vibrational transitions occur (between 10> and
1.5 x 10° ecm™"), as well as where electronic transitions oc-
cur (above 10* cm™"). The maximum energy density of the
Planckian thermal bath occurs at 588.26 cm~!, suggesting
that energy absorption by the molecule leads to transitions in
vibrational states.

Figure 4(b) depicts the integrated photon rate density emit-
ted by the molecule and the corresponding g (k), both as
functions of wave number. Overall, the absolute value of
the gw(k) factors is rather small, except for a peak around
50 cm~!, indicating higher emission of photons with negative
helicity, and other peaks in the near UV region. The corre-
sponding emission is, however, relatively very small in both
cases. The total emitted photons rates for two helicities are
Ny =1.116001 s~ and N_; = 1.115987 s,

In practice, it is important to compute the thermal radia-
tion from ensembles of molecules. This can be achieved in
different ways, depending on the kind of ensemble. If we
consider a solution of many randomly oriented molecules that
do not significantly interact with each other, we can simply
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add the noncoherent radiation from each molecule. One can
then obtain the spectra for a given number of molecules
by simply multiplying the spectra of a single molecule by
said number. As a reference, one cubic centimeter of pure
liquid BINOL contains ~2.73 x 10*' molecules. Clusters of
molecules with fixed orientation relative to each other can
also be treated. Given the T matrices of individual objects,
molecules in particular, the T matrix of the cluster can be
obtained using rigorous multiscattering algorithms [60], such
as those implemented in TREAMS, which are based on the exact
translation theorems for spherical harmonics [61]. It should
be noted that, when the molecules are very close to each
other, such as in the unit cell of molecular crystals [62], their
mutual electrostatic interaction will deform them, and the
purely optical coupling of multiscattering algorithms cannot
account for such effects. In such cases, one needs to perform
quantum-chemical simulations of the whole unit cell, which
is more computationally expensive and has a practical limit
of roughly 1000 atoms. Such an approach has already been
implemented and satisfactorily tested against experimental
measurements [63].

IV. CONCLUSION AND OUTLOOK

This work provides a basic formalism for computing ther-
mal radiation by combining Waterman’s T-matrix method
with an algebraic approach to light-matter interactions. Given
the respective T matrices, the formalism can be applied to ob-
jects such as micro- and nanoparticles, clusters thereof, an also
to molecules, allowing one to study the thermal radiation of
molecular solutions and molecular clusters. There are several
directions towards which the formalism can be extended. We
mention some of them to conclude the article.

The setting introduced here is ready for implementing
more nuanced theories of thermal emission, going beyond the
currently implemented directional Kirchhoff law. In such the-
ories, the basic modes for emission and absorption of thermal
energy are not monochromatic plane waves.

The presented method is suitable for computing quantities
relevant to near-field radiative heat transfer, such as the trans-
fer between two given objects within a larger cluster. This
is because the T-matrix method is suitable for describing the
near-field, albeit going inside the smallest sphere circumscrib-
ing the object requires special care. Outside such a sphere,
the expansion of the scattered field into outgoing multipoles
provided by the T matrix is always valid, and results in con-
verging series whose accuracy grows fast as the number of
multipoles in the series increases.

Finally, the computation of thermal radiation spectra of
astronomical objects that are moving with respect to the
measurement devices [64] is readily attainable. The algebraic
setting affords the convenient handling of transformations in
general, and Lorentz boost in particular, resulting in relatively
simple formulas for the interaction of light with objects mov-
ing at relativistic speeds [65]. In particular, the change of
reference frame of a given emission expressed as a plane-
wave decomposition is readily achieved using the contents of
Ref. [65, Sec. IIB].
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APPENDIX A: RELEVANT EXPRESSIONS FROM THE
ALGEBRAIC SETTING

The electric field of a particular solution |f) is expanded
into plane waves of well-defined helicity |kA) as

Beo=3 [ K o).

A==l

(AD)

and the plane waves are defined as

C‘()h 1

50\/_\/7

kL) = — k&, (k) exp (—ikcot)exp (ik - r),

(A2)

where ¢ is the speed of light in vacuum, 7% is the reduced
Planck constant, g is the permittivity in vacuum, k is the wave
vector, and A is the helicity, or polarization handedness.

The expansion in multipoles of well-defined helicity reads:

E(l‘ ¢ )reg/in/oul
9

E/ dik Z Z Z f/mx(k)lkjmk)feg/ln/OUt (A3)
>0

A==l j=1 m=—j
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and the _ regular, incoming,
|k jm)eeout are defined as

and outgoing multipoles

|k jmA)©e = S;.ejk(k, r,t)

Coh
=— | — ki’ [ex 1kctNregkr f
80«/2_ [exp (—ikcot )N (k|r], #)

+ i exp (—ikeot M5 (k|r], B,

Sm/out(k’ r, l)

. in/
|k]m)\.)l out __ i)

1 [eoh 1
=3 ki/ k tN”‘/O“‘kr,f'
80\/—1[6XP(160) (k|r|, £)

+ Aexp (—ikcot )M (k|r|, £)],

(A4)

where the M and N have the usual definitions [see e.g., [34,
Egs. (50) and (51)] 1.

The scalar product between two fields in the Hilbert space
of solutions of Maxwell equations [20], M, can be computed
as

(fley =Y f —f*(k)guk)

A==l

(AS5)

where f; (k) and g, (k) are the coefficient functions of the
plane-wave expansions of | f) and |g), respectively. The scalar
product can also be computed as

=3 / HESS S £ Ogm b,

A==l j=1 m=—j

(A6)

where the 1}, (k) and g;,,, (k) are the coefficient functions of
the expansions in multipolar fields, also known as spherical
waves. Equations (AS5) and (A6) are written using the conven-
tions in Ref. [34], which we have included here for reference.

APPENDIX B: DERIVATIONS OF EQ. (11) AND EQ. (19)

We first derive Eq. (11), starting from Eq. (8), from where
it is readily seen that

susam=Y [

P >0

dkkg;(OE( sk}, (BI)

so we start with the terms E{|(sk|f)|?} by using the expansion
of the |ks) into plane waves [66, Sec. 8.4.1]:

Iks) = Zsm(k)/dzk,/ 2+, k)kk 7). (B2)
Jjmi
with which, using that (Ak|f) = fi(k), we can write
E{|(sk| )]}
- ZZ 8 . (K)8 775 (K) / d*a / d*b,
Jjmi i
\/ D/, (@) (b)IE{fx(ka)fA (kb)}.
(B3)

We now assume that the random illumination is uncorrelated
in direction and polarization, that is,

E{f,(kd)f; (kb)) = 8(a — b)8,:E{If (k) |*).
Under such an assumption, Eq. (B3) becomes

E{[(flks)|*}

=22 Zs]mxk)s,m(k)

jm jin
| 2j+1
RN

x / en -,LM<ﬁ>JE{|fA(kﬁ>|2}

2 1
= /d”Z\/ L m(a)s,m(k) E{1 £, (k8)I}.

jm
(B5)

After substituting the last line of Eq. (BS) into Eq. (B1), we
arrive at Eq. (11) of the main text:

E((fIQIf)} = Z/ ak [ PRE(A 0P e

A==%1

[2j4+1 & o
x Z e D’;M(k)gjm(k) .
jm

To derive the expressions in Eq. (19), we now go back to
Eq. (B5) and further assume isotropy, as in Planckian illumi-
nation; that is, E{| ;. (k4)|?} = E{|f,.(k)|?}. This allows one to
solve the angular integral:

E{(flks)Py =" Z 8 s ()55, GOE{| . (k) 2}

jm  jin
< [ PURON

= ZE{m(kn }D 8 (OP,

jm

(B4)

(B6)

7 (@)

B7)

where the last equality follows from solving the angular inte-
gral by substituting D’ )\(k) = exp(— 1m¢)d’ ,(9), solving the
integral in ¢, and using the orthogonality properties of the
real-valued small Wigner d matrices [66, Eq. (8.3-2)]:

/n dqb/ d6 sin6D! ($,6,0)D'", (¢, 6,0)
=/ de exp [i(m — m)¢]/ d6sin6 di, (0)d!, (0)

T
:2718,;,,"/(; d@sm@d’l(G) A(G)
_ 4
C2j+1

We substitute the last line of Eq. (B7) into Eq. (B1), and also
the Planckian spectrum

ITAGRE

(B8)

imdjj-

2kl exp () — 1]
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[see Ref. [27, Eq. (20)]]:

o]

E{(fIQIf)) —[>0 dkzn[exp(ﬁcok) i

X qu (k) > 18 (O,

JjmA

(B9)

and compare the result with a different expression for the
absorption under a Planckian bath, involving the absorption
cross section o (k):

E{(f1QIf)} = / AL S
= o o T ]

which is obtained by dividing the integrand of the absorbed
power in Ref. [27, Eq. (B4)] by the energy /icok and hence
going from joules per second to photons per second.

Such a comparison readily yields the first equation in (19):

o™ k), (B10)

o™ (k) = 2k2 quk)Zu,m(kn

Jjmh

(B11)

=0 (Z q; (k )) = —Trace{Q(k)}

where the second equality follows because the norm of s(k) is
equal to one, and the second from the SVD of Q(k). The other

two equations in (19) are obtained by splitting the sum of the
two helicities into two terms:

o™ (k) = 2k2 Zqﬂc) D s P

Jjmi=+1

quk) s

Jjmi=—1

= o, (k) + o1, (k).

St (O
(B12)

APPENDIX C: DETAILS OF THE NUMERICAL NOISE IN
THE METALLIC HELIX COMPUTATIONS

It was mentioned in Sec. III, for the example of a chiral
helix, that numerical noise induces fluctuations in the com-
putations performed for small frequencies, and this noise sets
a lower bound for the frequency range. Figure 5(a) depicts
the energy density of a thermal bath and the absorption cross
section as functions of the wave number for a chiral helix
immersed in a thermal bath at T = 595 K. Figure 5(b) in
the same figure shows the integrated photon density and the
thermal g factor. This figure complements Fig. 3 for lower
frequencies where the numerical errors become severe. The
influence of the noise is particularly noticeable in the behavior
of the absorption cross sections at low frequencies: The noise
level in the T matrix entries is approximately independent
of the frequency, which carries over to the absorption ma-
trix, as per Eq. (4). This affects the absorption cross section,
which, furthermore, is inversely proportional to the square of
the wave number, see Eq. (19). This leads to the increasing
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FIG. 5. As in Fig. 3 but including smaller wave numbers where
numerical noise induces errors on the computations.

absorption cross section toward smaller wave numbers visible
in Fig. 5.

APPENDIX D: ANGULAR PHOTON EMISSION RATE
OF THE CHIRAL HELIX

Figure 6 shows the photon emission rate density as a func-
tion of the wave number, the polar angle 6 [panels (a) and (b)]
for ¢ = m /4, and the azimuthal angle ¢ [panels (c) and (d)]
for6 = 7 /4.

APPENDIX E: DETAILS OF THE QUANTUM
CHEMISTRY CALCULATIONS

All quantum chemistry calculations of the right chiral
enantiomer of 1,1’-Bi-2-naphthol (BINOL) molecule were
based on the density functional theory (DFT) method and its
time-dependent response theory variant (TD-DFT), and per-
formed with a development version of TURBOMOLE electronic
structure program [67,68].

The molecular geometry of the R-cis-BINOL was
optimized using the gradient minimization technique by
iteratively updating positions of the atoms based on Newton’s
classical equations of motion until the forces acting on atoms
and the change in total electronic energy are below a defined
threshold. The forces are calculated from the converged
electron density in each iteration for a fixed position of atoms.
The molecule was placed in a chloroform solvent that was
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azimuthal angle ¢ [panels (c) and (d)] for & = 7 /4. Computations for panels (a), (c) [(b), (d)] were computed with A = —1 (A = 1). The

structure was illuminated with a Planckian thermal bath at 595 K.

accounted for implicitly through the conductor-like screening
model (COSMO). The relative permittivity of chloroform
was set to 4.711, and a refractive index of 1.4441 was
additionally included for optical calculations. The selected
exchange-correlation (XC) functional is a combination of
hybrid Becke’s three-parameter exchange and Lee-Yang-Parr
(LYP) correlation functional (B3-LYP, B3LYP) [69]. The
accompanying atomic-orbital basis set is triple-¢-quality
“Karlsruhe” def2-TZVP set [70-73] of Gaussian functions
with additional functions for polarization describing orbitals
of each atom in the BINOL molecule. Additionally, Grimmes
D3 London-dispersion correction [74] was employed together
with Becke-Johnson damping [DFT-D3(BJ)] [75] to account
for the noncovalent interactions during optimization.
Finally, a plethora of additional algorithms, such as

resolution-of-identity (RI) [76], multipole accelerated
resolution-of-identity (marij) [77], as well as seminumerical
approaches to calculate exchange (senex, esenex) [78], were
employed to speed up calculations without reducing the
quality of the obtained results.

Upon obtaining the structure of the molecule, additional
calculations were performed to obtain damped electric-
electric, electric-magnetic, and magnetic-magnetic dynamic
polarizability tensors stemming from vibrational modes of
the molecule, as well as from electronic transitions upon ul-
traviolet (UV) and visible (Vis.) excitations. The vibrational
polarizabilities were calculated for 60 000 equally spaced fre-
quencies covering the spectral range from 190 to 107 nm.
The Lorentzian damping was set to 5 cm™! for a full width
at half maximum (FWHM). The dynamic polarizabilities
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in the UV-Vis. part of the spectrum have been calculated
for 411 frequencies in the spectral window from 190 to
600 nm. The damping was set to 0.05 eV for FWHM. Fi-
nally, to match frequencies from vibrational calculation, we
applied the interpolation and extrapolation techniques to ob-
tain dynamic polarizability tensors in the IR part of the

electromagnetic spectrum where vibrational modes are ac-
tive. The dynamic polarizabilities were then used to construct
T matrices separately for vibrational and electronic exci-
tations. The frequency-wise sum of these two kinds of T
matrices was used in Maxwell simulations of thermal emis-
sion of the R-BINOL molecule [19].
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