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 a b s t r a c t

An immersed-boundary method for the incompressible Navier–Stokes equations is presented. 
It employs discrete forcing for a sharp discrimination of the solid-fluid interface, and achieves 
second-order accuracy, demonstrated in examples with highly complex three-dimensional geome-
tries. The method is implicit, meaning that the point in the solid which is nearest to the interface 
is accounted for implicitly, which benefits stability and convergence properties; the correction is 
also implicit in time (without requiring a matrix inversion), although the temporal integration 
scheme is fully explicit. The method stands out for its simplicity and efficiency: when integrated 
with second-order finite differences, only the weight of the center point of the Laplacian sten-
cil in the momentum equation is modified, and no corrections for the continuity equation and 
the pressure are required. The immersed-boundary method, its performance and its accuracy are 
first verified on simple problems, and then put to test on a simple laminar, two-dimensional flow 
and on two more complex examples: the turbulent flow in a channel with a sinusoidal wall, and 
the flow in a human nasal cavity, whose extreme anatomical complexity mandates an accurate 
treatment of the boundary.

1.  Introduction

Immersed-boundary methods (IBMs) have seen their popularity increase over the last two decades, and are nowadays often em-
ployed in the numerical simulation of fluid flows around complex geometries. They represent an interesting alternative to the classic 
methods which discretize the fluid equations on a body-conforming grid, and are particularly well suited to situations where the solid 
bodies have a complex shape, move or deform. An IBM relies on a Cartesian grid, where grid points generally do not coincide with 
the contours of the bodies. Using a Cartesian grid brings along substantial advantages compared to body-conforming grids: easier 
generation of a structured mesh, simpler and more efficient solution algorithms and parallelisation, savings in memory requirements 
and computing time. IBMs may render problems affordable in complex and/or moving geometries which would otherwise be pro-
hibitively expensive from the point of view of the computational complexity, typical examples being those involving fluid-structure 
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\begin {equation}\begin {cases} \frac {\partial \bm {u}}{\partial t} + \left ( \bm {u} \cdot \nabla \bm \right ) \bm {u} - \frac {1}{Re} \nabla ^2 \bm {u} + \nabla \bm {p} = \bm {g} \\ \nabla \cdot \bm {u}=0 \end {cases} \label {eq:ns}\end {equation}
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\begin {equation}\left . \frac {\partial f}{\partial x} \right |_{i,j} = d^{(1)}_{x;\,i,j}(-1) f_{i-1,j} + d^{(1)}_{x;\,i,j}(0) f_{i,j} + d^{(1)}_{x;\,i,j}(1) f_{i+1,j} + \mathcal {O}(\Delta x^2). \label {Xeqn2-2}\end {equation}
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\begin {equation}\nabla ^2 w \approx \der {2}{x}{-1} \wij {i-1}{j} + \der {2}{x}{0} \wij {i}{j} + \der {2}{x}{1} \wij {i+1}{j} + \der {2}{y}{-1} \wij {i}{j-1} + \der {2}{y}{0} \wij {i}{j} + \der {2}{y}{1} \wij {i}{j+1} . \label {eq:disclapl}\end {equation}
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\begin {equation}\lin (x)= \left ( 1 + \frac { x - x_i }{\delta x} \right ) \wij {i}{j} \label {eq:interp-lin}\end {equation}
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\begin {equation}\lin (x_{i-1})= \left ( \frac { \delta x - \Delta x }{\delta x} \right ) \wij {i}{j} . \label {eq:interp-lin-extr}\end {equation}
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\begin {equation}\frac {1}{Re_b} \nabla ^2 w = \frac {\partial p}{\partial z} , \label {eq:lapl}\end {equation}
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\begin {equation}\frac {\dd \wij {i}{j}}{\dd t} = f_{i,j} = \der {2}{x}{-1} \wij {i-1}{j} + \der {2}{x}{0} \wij {i}{j} + \der {2}{x}{1} \wij {i+1}{j} + \ldots \, \label {eq:semidisc-mom}\end {equation}
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\begin {equation}\frac {\dd \wij {i}{j}}{\dd t} = -\lambda _{w;i,j} \wij {i}{j} + \der {2}{x}{0} \wij {i}{j} + \der {2}{x}{1} \wij {i+1}{j} + \ldots , \label {eq:semidisc-mom-ibm}\end {equation}
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\begin {equation}\frac {\dd \wij {i}{j}}{\dd t} = -\lambda _{w;i,j} \wij {i}{j} + f_{i,j} \, . \label {eq:semidisc-mom-comp}\end {equation}
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$\Delta t$


$\wij {i}{j}^{*,n+1}$


$\lambda _{w;i,j}=0$


$\lambda _{w;i,j} \rightarrow \infty $


$(i,j)$


$\wij {i}{j}^{*,n+1} = 0$


$f_{i,j}$


$\tilde {w}_{i,j} = \rme ^{-\lambda _{w;i,j} t}$


$f_{i,j}=0$


$- \lambda _{w;i,j}$


$f_{i,j}$


$\ast $


\begin {equation}A w^{n+1} - B w^{n} = C F^{n} \, \label {eq:generic}\end {equation}
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interactions and/or bio-medical applications [8,16], or particles-laden flows [45,52]. The obvious drawback is that the boundary 
conditions on the body are defined at locations that in general do not coincide with grid points; they are therefore enforced at grid 
points, by either altering the volume forces or interpolating velocity values near the boundary, which can be thought of as being 
“immersed” in the fluid.

IBMs can be traced back to the seminal work of Peskin [33], and were extended over the years, in particular starting from Ref. [9]. 
Comprehensive reviews are provided in Refs. [19,29,33,40] and in the recent contributions [30,47]. IBMs are generally categorised 
into two classes [29], depending on whether they are based on a continuous or discrete forcing. The continuous-forcing IBM adds a 
volume forcing term to the continuous Navier–Stokes equations before discretization. Examples of this class of IBM are described in 
Refs. [15,33,38]. Such IBMs have been used in different biological and engineering applications [10,22,23,51], and various forcing 
functions have been proposed. The continuous-forcing IBM, however, unavoidably suffers from the actual boundary being smeared 
over several nearby grid points because of the forcing function, and from the need to derive ad hoc forcing parameters. Moreover, 
the governing equations need to be solved in the whole domain, including within the solid body, which leads to an aggravation of 
their computational cost. The second class of methods, referred to as the discrete-forcing IBM, applies the forcing (either explicitly or 
implicitly) to the already discretised Navier–Stokes equations; examples can be found in Refs. [1,6,9,31,50]. A sharp representation 
of the boundary, leading to the same accuracy as a body-conforming grid [30], becomes possible with the discrete-forcing IBM; 
however, since the forcing is only introduced after discretization, such IBMs are tightly linked to the underlying spatial and temporal 
discretization of the flow solver.

The present work describes a discrete-forcing IBM. In early attempts, e.g. Ref. [9], the discrete forcing in the momentum equation 
was computed on the body surface and inside the body as well, while an additional explicit source term needed to restore mass 
conservation near the boundaries was computed in a later step. An alternative approach, called ghost-node IBM, was introduced in 
[11] and further extended over the years [13,25,28,44]. Ghost nodes are those grid nodes that lie in the solid but at the same time 
belong to the stencil used to discretize differential operators appearing in the governing equations at fluid points. With ghost nodes, 
the forcing can be introduced implicitly in the momentum equations by means of the discrete stencil operators. Therefore, the number 
of ghost node layers depends on the discretisation. The general idea of a ghost-node IBM is to enforce the boundary conditions by 
means of the values of the variables at the ghost nodes; these are extrapolated from values at the internal points and from those at the 
boundary, known from the boundary conditions. Typically, a single value of each flow variable is associated to each ghost node, and 
is extrapolated along the direction normal to the boundary. Over the years several extrapolation schemes have been proposed. Mittal 
et al. [28] and Ghias et al. [13] used linear extrapolation to obtain a second-order convergence. The same convergence was obtained 
by Tseng at al. [44], who employed a quadratic extrapolation, and by Gao et al. [12] via a second-order Taylor series expansion. 
Employing a wider stencil near the boundary leads to a higher order of convergence (see e.g. Ref. [39]). Recently, however, Chi et al. 
[5] observed that, regardless of the reconstruction method, boundary conditions in the various directions cannot be accurately and 
simultaneously represented by a single ghost-node value; in their IBM they define and compute multiple ghost-node values, one for 
each direction.

In a conventional ghost-node IBM, multiple grid points in the fluid are used to extrapolate the ghost-node value [12,44]. In Refs. 
[5,6,32], a single fluid point is considered; however, this is chosen as the second fluid point instead of the closest to the boundary, in 
order to avoid numerical instability issues arising when the distance between the first point and the boundary tends to zero. This is 
because most existing implementations deal with the forcing term explicitly, and require the computation of the ghost-node values at 
each iteration, thereby increasing the overall computational cost. The equivalent implicit treatment is typically not pursued, because 
it involves a matrix inversion. A further drawback brought about by a wide interpolation stencil arises when the thickness of the body 
is locally less than the size of the local grid spacing, or when two surfaces are separated by a number of points which is less than the 
stencil width. Interpolating over a wider stencil also entails delivering a worse approximation of the solution near the boundary.

This paper introduces a simple and computationally efficient, implicit in space and time, second-order accurate IBM for the 
incompressible Navier–Stokes equations, based upon and tightly integrated with a second-order finite difference method. Dif-
ferently from several discrete-forcing IBMs, a boundary condition for pressure is not required. The time integration scheme 
is generic but of the explicit type, a design choice motivated by our interest towards large-scale simulations of turbulent
flows.

In the steady case, the implicit treatment of the ghost nodes is computationally cheap and sufficient to restore the diagonal 
dominance of the whole system, which helps in the iterative solution process. It consists in a modification of the weight of the 
midpoint of the Laplacian stencil, under the assumption that close to the boundary the viscous terms are dominant. Besides avoiding 
to compute and store the solution at the ghost node, as typical of other IBMs, the formulation is free from the numerical instabilities 
arising when the distance between the first point in the fluid and the boundary vanishes. Once the problem becomes unsteady, the 
immersed-boundary correction, when treated implicitly in time, still preserves the same diagonal dominance in the iterative solution, 
and does not affect the stability limit of the explicit time integration scheme.

The formulation of our IBM originally combines various aspects, some of which are of course already available in previous work. 
For example, extrapolating the ghost-node values via a linear formula that includes the boundary point and the first fluid point was 
already done, among others, by Gibou et al. in Ref. [14], in the context of the variable-coefficients Poisson equation. We also share 
with Ref. [14] the use of different ghost-node values for each Cartesian direction; multiple ghost nodes were used also in Ref. [5], 
although with an explicit treatment. Modifying only the Laplacian close to the boundary, as well as computing distinct coefficient 
values for each direction, was also suggested by Orlandi and Leonardi in Ref. [31]; however, their correction was not limited to the 
central point of the stencil, which is a requisite for the corrections in different directions to be additive, and the velocity at the ghost 
nodes was set to zero.
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The paper is organised as follows. After this Introduction, Section 2 thoroughly describes our IBM, its general design and then 
its implementation into a Navier–Stokes finite-difference solver, considering first the steady and then the unsteady case. A critical 
discussion of the IBM and of its advantages and drawbacks is offered in Section 3, where Neumann-type boundary conditions are 
mentioned. Finally, Section 4 provides an exhaustive discussion of accuracy and performance of the method as applied to three 
example flows where geometrical complexity is significant. The paper concludes with some final remarks drawn in Section 5.

2.  The immersed-boundary method

The IBM is introduced in this Section within the context of elementary, linear flow problems: a steady flow example is used first 
to illustrate the spatial accuracy of the method, followed by an example that involves a time-dependent flow, where the temporal 
accuracy is discussed.

The starting point is a basic “staircase” approximation of the boundary, in which each point is defined as “internal” (in the fluid 
region) or “external” (in the solid region); this first-order representation is then improved upon via the IBM correction, applied only 
to those stencils of the discretised equations which cross the solid boundary. In fact, the method can be alternatively interpreted as 
a deferred correction, a sometimes helpful viewpoint. The correction exploits the fact that, near the solid boundary, viscous terms 
dominate over convective and pressure terms. Therefore, the presence of the boundary is accounted for simply by altering the weight 
of the central point of the star-shaped stencil of the 7-point Laplacian at the first internal point: no additional corrections of the 
convective terms are required (albeit they are possible) to achieve the second order. In addition, as in some other implementations, 
no correction for the pressure or the continuity equation needs to be expressly introduced; the absence of such need can be explained 
by the lack of a boundary condition for pressure in the continuous Navier–Stokes problem: when there is no boundary condition there 
is no position where to impose it. While IBMs without an express pressure boundary correction have been used before, to the best of 
our knowledge this is the first time that the validity of such choice is a posteriori confirmed through convergence tests (see Section 4).

2.1.  Equations of motion and discretization

The IBM is implemented in a solver for the direct numerical simulation (DNS) of the incompressible Navier–Stokes equations, 
written in primitive variables and with suitable initial and boundary conditions:

{

𝜕𝒖
𝜕𝑡 + (𝒖 ⋅ ∇)𝒖 − 1

𝑅𝑒∇
2𝒖 + ∇𝒑 = 𝒈

∇ ⋅ 𝒖 = 0
(1)

where 𝑡 is the time, 𝒖 is the velocity vector, 𝑝 is the reduced pressure, and 𝒈 is a possible body force. 𝑅𝑒 = 𝑈𝑟𝑒𝑓𝐿𝑟𝑒𝑓∕𝜈 is a Reynolds 
number built with the reference velocity 𝑈𝑟𝑒𝑓 , the reference length 𝐿𝑟𝑒𝑓  and the kinematic viscosity 𝜈 of the fluid. In a Cartesian 
frame, the spatial directions are denoted as 𝑥, 𝑦 and 𝑧, and the corresponding velocity components as 𝑢, 𝑣 and 𝑤.

The Navier–Stokes equations are advanced in time using a standard incremental pressure-correction scheme coupled with a fully 
explicit temporal integration scheme. The momentum equation is first advanced in time without the incompressibility constraint, that 
is enforced later during the so-called projection step. The velocity field gets projected onto a solenoidal vector field and the required 
pressure increment is found by (exactly or approximately) solving a Poisson equation, and then used to update the pressure field. The 
solution of the Poisson equation is not affected by the presence of the IB.

The spatial discretization takes place on a Cartesian grid that is staggered in the three directions, as sketched in Fig. 1. Pressure is 
defined at the center of each cell, whereas each velocity component is defined at the relative interface. Uniform as well as non-uniform 
spacing is possible in each direction.

Fig. 1. Two-dimensional view of a solid body (gray background) immersed in a fluid (white background), with an overlaid staggered Cartesian 
grid. The collocation points for the velocity components in the 𝑥, 𝑦 and 𝑧 directions are drawn in green, red and blue. Dull colors denote the fully 
internal/external points, and vivid colors the points where the immersed-boundary correction is applied. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)
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The discretisation of the differential operators relies on centered second-order finite differences in every direction, with a three-
points stencil for each direction. To introduce the notation used in the rest of the paper, let us consider a two-dimensional case for 
simplicity. A generic grid point of coordinates (𝑥, 𝑦) is identified by the pair of integers (𝑖, 𝑗), such that 𝑥 = 𝑥𝑖 and 𝑦 = 𝑦𝑗 . Taking the 
first derivative as an example, for a scalar function 𝑓 the first derivative along the 𝑥 direction at the (𝑖, 𝑗) position is written as:

𝜕𝑓
𝜕𝑥

|

|

|

|𝑖,𝑗
= 𝑑(1)𝑥; 𝑖,𝑗 (−1)𝑓𝑖−1,𝑗 + 𝑑(1)𝑥; 𝑖,𝑗 (0)𝑓𝑖,𝑗 + 𝑑(1)𝑥; 𝑖,𝑗 (1)𝑓𝑖+1,𝑗 + (Δ𝑥2). (2)

In the expression above, the three symbols 𝑑(1)𝑥; 𝑖,𝑗 (⋅) indicate the three finite-differences coefficients for the centered first derivative 
along the 𝑥 direction, evaluated at point (𝑖, 𝑗).

2.2.  The steady case

We start by considering the steady case, and in particular the Laplacian operator: since our IBM relies on the Laplacian being the 
dominant term near the solid boundary, this simple example is particularly significant. At a generic (𝑖, 𝑗) position the Laplacian of, 
e.g., the 𝑧 velocity component discretised by second-order central finite differences reads:

∇2𝑤 ≈ 𝑑(2)𝑥; 𝑖,𝑗 (−1)𝑤𝑖−1,𝑗 + 𝑑(2)𝑥; 𝑖,𝑗 (0)𝑤𝑖,𝑗 + 𝑑(2)𝑥; 𝑖,𝑗 (1)𝑤𝑖+1,𝑗 + 𝑑(2)𝑦; 𝑖,𝑗 (−1)𝑤𝑖,𝑗−1 + 𝑑(2)𝑦; 𝑖,𝑗 (0)𝑤𝑖,𝑗 + 𝑑(2)𝑦; 𝑖,𝑗 (1)𝑤𝑖,𝑗+1. (3)

Let us assume, as shown in Fig. 2, that point (𝑖, 𝑗) is close to the solid body; the boundary crosses the left arm of the computational 
stencil, and the left neighbour of point (𝑖, 𝑗), i.e. point (𝑖 − 1, 𝑗), lies within the solid. The simplest description of the boundary 
is achieved by setting the velocity at the external (in the solid region) point to zero, i.e. 𝑤𝑖−1,𝑗 = 0. This amounts to a staircase, 
i.e. piecewise parallel to the axes, approximation of the boundary, whose maximum error in the position of the body contour is 
proportional to Δ𝑥 = 𝑥𝑖,𝑗 − 𝑥𝑖−1,𝑗 , i.e. one of first-order accuracy.

To increase the accuracy of the description and to avoid deteriorating the overall second-order accuracy of the underlying numer-
ical method, the representation of the boundary needs to be improved to a piecewise-linear approximation. The velocity at a generic 
point 𝑥 can be computed as a linear interpolation between the velocity 𝑤𝑖,𝑗 at the first fluid point and 𝑤 = 0 at the true boundary, 
located at 𝑥𝑖 − 𝛿𝑥. The linear function that fits velocity between the position (𝑖, 𝑗) and the true boundary reads:

lin(𝑥) =
(

1 +
𝑥 − 𝑥𝑖
𝛿𝑥

)

𝑤𝑖,𝑗 (4)

which satisfies lin(𝑥𝑖) = 𝑤𝑖,𝑗 and lin(𝑥𝑖 − 𝛿𝑥) = 0.
The same function can be used to linearly extrapolate (instead of setting it to zero) the value 𝑤𝑖−1,𝑗 , corresponding to the ghost 

point that falls inside the solid region and that is needed for building the stencil of the discretised Laplacian (3) in the (𝑖, 𝑗) position. 
The extrapolated value reads:

lin(𝑥𝑖−1) =
( 𝛿𝑥 − Δ𝑥

𝛿𝑥

)

𝑤𝑖,𝑗 . (5)

The above is similar to other implementations of the IBM. Crucial to ours is the observation that the extrapolated value for 𝑤𝑖−1,𝑗
does not need to be stored explicitly as a ghost value, but can be substituted back into Eq. (3) and accounted for implicitly (the same 
will remain true in unsteady problems). The substitution concentrates the modification in the coefficient of the central point of the 
stencil, leading to a single value to be stored (this remains the case even when the correction needs to be applied along multiple 
directions). The updated coefficient 𝑑(2)𝑥;𝑖,𝑗 (0) reads:

𝑑(2)𝑥;𝑖𝑗 (0) ≡
(

𝑑(2)𝑥; 𝑖,𝑗 (0) − 𝑑(2)𝑥; 𝑖,𝑗 (−1)
Δ𝑥 − 𝛿𝑥

𝛿𝑥

)

(6)

where the term

Fig. 2. Computational stencil for the 𝑤 velocity component in the 𝑥 − 𝑦 plane. As in Fig. 1, vivid blue highlights the point where the immersed-
boundary correction is applied. A red dot denotes the actual boundary intersection. (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.)
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𝑑(2)𝑥; 𝑖,𝑗 (−1)
Δ𝑥 − 𝛿𝑥

𝛿𝑥
(7)

embodies the immersed-boundary correction, referred to in the following as 𝜆. It is worth noting that, owing to the opposite signs 
of 𝑑(2)𝑥; 𝑖,𝑗 (0) and 𝑑

(2)
𝑥; 𝑖,𝑗 (−1), the updated coefficient 𝑑

(2)
𝑥;𝑖,𝑗 (0) is always of the same sign; its absolute value monotonically increases for 

Δ𝑥 > 𝛿𝑥 > 0, and can not be zero. This leads to an increased diagonal dominance, more and more so when 𝛿𝑥 → 0.
The extension to the general case, in which the immersed boundary crosses more than one arm of the computational stencil (i.e. 

more than one neighbouring point is within the solid), is straightforward. The corrections to the central point of the Laplacian ensuing 
from derivatives in different directions are additive, and can be computed independently.

2.3.  The steady case: example

The potential of the IBM is illustrated through a simple example. We consider the laminar parallel flow in a circular pipe in the 
absence of external volume forces. If the pipe axis (or, generally, the axis of any straight duct with arbitrarily shaped cross section) is 
aligned with the 𝑧 direction of the Cartesian reference system, the problem is homogeneous along 𝑧, and reduces to a two-dimensional 
and steady problem in the (𝑥, 𝑦) plane, where the only differential operator is a Laplacian. The governing equations in fact simplify 
to the following Poisson equation:

1
𝑅𝑒𝑏

∇2𝑤 =
𝜕𝑝
𝜕𝑧

, (8)

where 𝑤 is the streamwise velocity component, which does not depend on the streamwise coordinate, 𝑅𝑒𝑏 is the Reynolds number, 
and on the right-hand side the spatially uniform pressure gradient has the value 𝜕𝑝∕𝜕𝑧 = Π.

We consider in particular the case of a circular pipe of radius 𝑅, where the solution is known analytically, and is given by the 
Hagen–Poiseuille parabolic velocity profile: hence, the relationship between the pipe radius 𝑅, the bulk velocity 𝑈𝑏, the fluid kinematic 
viscosity 𝜈, and the wall friction is known in closed form. Namely, the friction factor 𝑓 ≡ 4Π𝑅∕𝜌𝑈2

𝑏  depends on the Reynolds number 
𝑅𝑒𝑏 = 𝑈𝑏2𝑅∕𝜈 as 𝑓 = 64∕𝑅𝑒𝑏.

We solve numerically Eq. (8) after discretization on a square domain, of edge length 2.5𝑅, where a Cartesian mesh with 𝑁 ×𝑁
grid points is defined. Thanks to the lack of time dependency, the solution can be computed easily by direct matrix inversion. The 
improvement provided by the IBM over the staircase approximation is shown in Fig. 3, where the availability of the exact solution is 
exploited to readily quantify the error. In particular we consider the quantity 𝑓𝑅𝑒𝑏, whose exact value is 𝑓𝑅𝑒𝑏 = 64, its percentage 
error, and the error in the velocity field evaluated through the norms 𝐿2 and 𝐿∞. As expected, the staircase approximation is confirmed 

Fig. 3. Laminar Hagen–Poiseuille flow, Eq. (8). Top left: value of 𝑓𝑅𝑒𝑏 as computed on a 𝑁 ×𝑁 Cartesian grid (exact value 𝑓𝑅𝑒𝑏 = 64 is the 
horizontal line). Top right: percentage error of 𝑓𝑅𝑒𝑏 against the exact value. Lower panels plot 𝐿2 and 𝐿∞ errors. The dashed lines represent the 
nominal slopes for the first- and second-order approximations.
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to only be first-order accurate, whereas the IBM is second-order accurate: with 𝑁 = 104, the error in 𝑓𝑅𝑒𝑏 with respect to the exact 
solution is still 3% for the staircase approximation, whereas it drops to 0.01% for the IBM. The Python code used for this example is 
available as Additional Material.

2.4.  The unsteady case

Since the IBM approach described above acts by adding a correcting weight to the central point of the Laplacian operator, extending 
it to the Navier–Stokes equations only requires the additional step of considering the time dependence of the solution. Let us write 
the time-dependent, incompressible Navier–Stokes equations after spatial discretisation via second-order central finite-differences on 
a staggered grid; as an example we take again their 𝑧 component solved on an (𝑥, 𝑦) plane, and emphasize the second derivative 
stemming from the viscous terms, as:

d𝑤𝑖,𝑗

d𝑡
= 𝑓𝑖,𝑗 = 𝑑(2)𝑥; 𝑖,𝑗 (−1)𝑤𝑖−1,𝑗 + 𝑑(2)𝑥; 𝑖,𝑗 (0)𝑤𝑖,𝑗 + 𝑑(2)𝑥; 𝑖,𝑗 (1)𝑤𝑖+1,𝑗 +… (9)

where 𝑓𝑖,𝑗 is a shorthand form for the right-hand side of the discrete equation, which includes the Laplacian involved in the viscous 
term, as well as the convective and pressure terms. For brevity, in Eq. (9) only the second derivative in the 𝑥-direction is explicitly 
written, whereas the other contributions to 𝑓𝑖,𝑗 are grouped in the remainder indicated by “…”. All the terms at the r.h.s. will be 
treated with an explicit temporal integration and are thus known from the previous timestep. While the explicit treatment of the right-
hand side is not necessary for introducing the present IBM, it is adopted here because it will provide the overall numerical method 
with interesting properties, which will be discussed in the following. Recall that, even if 𝑓𝑖,𝑗 is treated explicitly in the momentum 
predictor Eq. (9), a pressure correction step is still required.

With reference to the previous example discussed in Section 2.2, we assume again that the solid boundary crosses the left arm of 
the computational stencil, with the body surface lying between the central point (𝑖, 𝑗), located within the fluid, and its left neighbor 
(𝑖 − 1, 𝑗), located within the solid. The value 𝑤𝑖−1,𝑗 in Eq. (9) is replaced by its linear extrapolation (5), to yield:

d𝑤𝑖,𝑗

d𝑡
= −𝜆𝑤;𝑖,𝑗𝑤𝑖,𝑗 + 𝑑(2)𝑥; 𝑖,𝑗 (0)𝑤𝑖,𝑗 + 𝑑(2)𝑥; 𝑖,𝑗 (1)𝑤𝑖+1,𝑗 +… , (10)

where 𝜆𝑤;𝑖,𝑗 is the IBM corrective coefficient arising from the linear extrapolation. The IBM correction has thus removed from the 
Laplacian the terms involving the neighboring point within the solid, by substituting it with the coefficient 𝜆𝑤;𝑖,𝑗 that multiplies 𝑤𝑖,𝑗 . 
In practice, as long as 𝑤𝑖−1,𝑗 in the solid is zero and the right-hand side is evaluated explicitly, there is no need to modify the discrete 
Laplacian, since the related term vanishes automatically. In this way the effect of the IBM is to add a term to the right-hand side of 
Eq. (9), which can thus be rewritten compactly as:

d𝑤𝑖,𝑗

d𝑡
= −𝜆𝑤;𝑖,𝑗𝑤𝑖,𝑗 + 𝑓𝑖,𝑗 . (11)

If Eq. (11) is discretised in time with a fully explicit approach, for instance via an explicit Euler scheme, the well-known explicit 
extrapolation-based IBMs are obtained. These are known to possess poor stability properties, as they require vanishingly small 
timesteps whenever the central point (𝑖, 𝑗) happens to be very close to the body surface. In this particularly stiff condition, in fact, 
the ratio (Δ𝑥 − 𝛿𝑥)∕𝛿𝑥 contained in 𝜆𝑤;𝑖,𝑗 , tends to infinity.

Instead, in the following, we keep the explicit treatment of 𝑓𝑖,𝑗 , but allow the IBM term to be treated differently. The simplest 
choice, useful for showcasing the method, is to opt for the implicit Euler method, which leads to:

𝑤∗,𝑛+1
𝑖,𝑗 =

𝑤𝑛
𝑖,𝑗 + Δ𝑡𝑓 𝑛

𝑖,𝑗

1 + Δ𝑡𝜆𝑤;𝑖,𝑗
(12)

where Δ𝑡 is the time step, and 𝑤∗,𝑛+1
𝑖,𝑗  is the intermediate velocity of the fractional step method, which needs to be later corrected by 

an appropriate projection scheme. The implicit treatment of the IBM term has the crucial advantage of not deteriorating (and actually 
improving) the stability properties of the underlying temporal scheme. This is easily observed by considering the two limiting cases 
of 𝜆𝑤;𝑖,𝑗 = 0, i.e. no IBM correction is applied, and 𝜆𝑤;𝑖,𝑗 → ∞, i.e. the point (𝑖, 𝑗) is on the body surface. In the first case, we simply 
recover the unmodified Navier–Stokes equation; in the second, instead, the exact boundary condition 𝑤∗,𝑛+1

𝑖,𝑗 = 0 is enforced.
Second-order accuracy in time can be achieved without compromising stability by integrating the IBM correction term exactly 

(more precisely, in a way that would be exact if the r.h.s. were independent of the solution), as explained in the following. Let us first 
consider Eq. (11): this is an ordinary differential equation with a particular solution depending on 𝑓𝑖,𝑗 , assumed here to be constant 
within a timestep accordingly with the considered explicit temporal scheme, and a homogeneous solution 𝑤̃𝑖,𝑗 = e−𝜆𝑤;𝑖,𝑗 𝑡, which can 
be retrieved by analytical integration for 𝑓𝑖,𝑗 = 0. In fact, −𝜆𝑤;𝑖,𝑗 is the eigenvalue of Eq. (11) when 𝑓𝑖,𝑗 is a constant. Without loss of 
generality, for a generic explicit method for temporal integration Eq. (11) can be rewritten as follows (dropping superscript ∗ and 
the subscripts to simplify the notation):

𝐴𝑤𝑛+1 − 𝐵𝑤𝑛 = 𝐶𝐹 𝑛 (13)

where 𝐹 𝑛 is typically a linear combination of 𝑓𝑖,𝑗 evaluated at different time levels, as determined by the temporal scheme of choice. 
Eq. (13) reduces to Eq. (12) for 𝐴 = (1 + 𝜆𝑤;𝑖,𝑗Δ𝑡), 𝐵 = 1 and 𝐶 = Δ𝑡, with 𝐹 𝑛 = 𝑓 𝑛

𝑖,𝑗 , when the underlying scheme is a first-order 
explicit Euler. Alternatively, the corresponding expression for a higher-order (say, Runge–Kutta) scheme is used.
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The coefficients 𝐴, 𝐵 and 𝐶 can now be chosen by requesting that Eq. (13) (i) possesses the same eigenvalue as the semi-discrete 
Eq. (11), and (ii) reduces to the exact steady problem when d𝑤∕d𝑡 = 0, and thus 𝑤𝑛+1 = 𝑤𝑛.

Constraint (i) can be satisfied by observing that Eq. (13) for 𝐹 𝑛 = 0 yields 𝑤̃𝑛+1∕𝑤̃𝑛 = 𝐵∕𝐴, and by substituting the exact homo-
genenous solution of Eq. (11), thereby obtaining 𝐵∕𝐴 = e−𝜆𝑤;𝑖,𝑗Δ𝑡.

Constraint (ii) can be enforced by plugging 𝑤𝑛+1 = 𝑤𝑛 into Eq. (13), which yields 𝑤𝑛(𝐴 − 𝐵)∕𝐶 = 𝐹 𝑛, and prescribing that this 
equation shall equal Eq. (11) for d𝑤∕d𝑡 = 0. This occurs for (𝐴 − 𝐵)∕𝐶 = 𝜆𝑤;𝑖,𝑗 , from which 𝐶 = (𝐴 − 𝐵)∕𝜆𝑤;𝑖,𝑗 . The consistency of the 
underlying temporal scheme already provides 𝐹 𝑛 = 𝑓 𝑛 at steady state. The three coefficients are now known up to a multiplicative 
constant, since the problem is linear. By choosing e.g. 𝐶 = Δ𝑡, one obtains

𝐵 =
𝜆𝑤;𝑖,𝑗Δ𝑡

e𝜆𝑤;𝑖,𝑗Δ𝑡 − 1
(14)

and 𝐴 = 𝜆𝑤;𝑖,𝑗Δ𝑡 + 𝐵. Thus, Eq. (13) becomes
(

𝜆𝑤;𝑖,𝑗Δ𝑡 + 𝐵
)

𝑤𝑛+1 − 𝐵𝑤𝑛 = Δ𝑡𝐹 𝑛 . (15)

We note that the function 𝐵(𝜆𝑤;𝑖,𝑗Δ𝑡) of Eq. (14) can in practice be approximated by the reciprocal of a Taylor expansion around 
𝜆𝑤;𝑖,𝑗Δ𝑡 = 0 to a desired order (𝐵 = 1 for 1st order), without destroying its essential stability property that 1 ≥ 𝐵 ≥ 0 for all Δ𝑡; this may 
be useful to avoid the evaluation of a transcendental function and a singular limit, and thus improve performance when computing 
on graphics accelerators.

In the following applications, second-order global temporal accuracy is achieved by adopting the three-stage, third-order Runge–
Kutta (RK) method of Ref. [36] to express 𝐹 𝑛, owing to its low memory requirements and excellent stability properties which are not 
affected by the IBM. The RK method is combined with the IBM in the same way it is typically combined with Crank-Nicolson for the 
implicit integration of the viscous term, as in [20]. This choice results in the following scheme:

(

𝜆𝑤;𝑖,𝑗𝑐𝑘Δ𝑡 + 𝐵
)

𝑤
∗,𝑛+ 𝑘

3
𝑖,𝑗 − 𝐵𝑤

𝑛+ 𝑘−1
3

𝑖,𝑗 = Δ𝑡
[

𝑎𝑘𝑓
𝑛+ 𝑘−1

3
𝑖,𝑗 + 𝑏𝑘𝑓

𝑛+ 𝑘−2
3

𝑖,𝑗

]

for 𝑘 = 1,… , 3, (16)

where 𝑤𝑛+ 𝑘
3

𝑖,𝑗  is the velocity at the 𝑘th RK stage, whereas 𝑓 𝑛+ 𝑘
3

𝑖,𝑗  is the right-hand side evaluated with 𝑤𝑛+ 𝑘
3

𝑖,𝑗  and other variables at the 
same RK stage. We also recall that the intermediate velocity (denoted via the additional superscript ∗) is not divergence-free and an 
additional projection step is required after each substage to obtain the solenoidal velocity field. According to [36], the coefficients in 
Eq. (16) are:

𝑎𝑘 =
{ 64
120

, 50
120

, 90
120

}

; 𝑏𝑘 =
{

0,− 34
120

,− 50
120

}

; 𝑐𝑘 = 𝑎𝑘 + 𝑏𝑘. (17)

2.5.  The unsteady case: example

The simple example of the laminar parallel flow in a circular pipe of radius 𝑅, already considered in Section 2.3, is extended here 
to demonstrate the present IBM in a time-dependent flow. By discretizing the problem on a fine Cartesian mesh with 200 × 200 grid 
points, we ensure that the spatial discretization error is not dominant. The flow is governed by the unsteady version of Eq. (8), i.e.

𝜕𝑤
𝜕𝑡

= −Π + 1
𝑅𝑒

∇2𝑤, (18)

where the imposed uniform pressure gradient Π(𝑡) can now vary with time. We opt for the time dependency Π(𝑡) = sin(2𝜋𝑓𝑡), where 
frequency 𝑓 enables the definition of a Reynolds number 𝑅𝑒 = 𝑅2𝑓∕𝜈, i.e. the ratio between the characteristic diffusion time 𝑅2∕𝜈
and the characteristic time of the forcing 1∕𝑓 .

For a given temporal integration scheme, such as the Runge–Kutta method described above, the accuracy of the numerical solution 
of Eq. (18) depends on how well the temporal evolution of Π and of the diffusive effects are represented. This is quantified by two 
nondimensional numbers: the nondimensional timestep 𝑓Δ𝑡, and the grid Péclet number 𝑃𝑒 = 𝜈Δ𝑡∕Δ𝑥2. By selecting 𝑅𝑒 = 50 we make 
sure that even for the lower values of Δ𝑡 tested below, the main source of error will not be the temporal evolution of Π but rather the 
temporal accuracy of the viscous effects and of the IBM method.

Starting from an initial condition of quiescent flow, Eq. (18) is integrated in time up to 𝑡 = 0.5∕𝑓 , and at that time the flow rate 
𝑄 in the pipe is measured; the numerical experiment is repeated for several values of 𝑓Δ𝑡 ranging between 0.002 and 1.5625 × 10−5. 
Note that the largest value of the time step corresponds, for the employed spatial discretization, to 𝑃𝑒 = 0.256, which is less than 
half the critical Péclet number for the temporal stability of the underlying RK method. Eq. (18) is solved by the second-order method 
presented in Eq. (16), as well as by the first-order method obtained from the combination of the RK method with an implicit Euler 
scheme for the IBM term, i.e. 𝐴 = 1 + 𝜆𝑐𝑘Δ𝑡, 𝐵 = 1 and 𝐶 = Δ𝑡. Results are displayed in Fig. 4, together with the error with respect to 
the estimate of exact flow rate 𝑄(𝑒), obtained via Richardson extrapolation. The figure shows both that the expected order of temporal 
convergence is achieved and that the error is generally extremely low.

As a final remark, it is interesting to note that a classic explicit treatment of the IBM term yields a stable integration only for the 
smallest timestep tested above. The poor stability of the explicit IBM could be even worse if any grid point happens to be very close 
to the body surface, making the method unconditionally unstable. Crucially, the present implicit treatment removes this issue, and 
averts deteriorating the stability properties of the underlying numerical method.
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Fig. 4. Unsteady laminar pipe flow, Eq. (18), spatially discretized on a square domain with 200 × 200 grid points. Left: evolution of the difference 
𝑄 −𝑄(𝑒) with the temporal resolution, expressed via the Péclet number 𝑃𝑒 = 𝜈Δ𝑡∕Δ𝑥2; the asymptotic flow rate value is obtained via Richardson 
extrapolation. Right: percentage error 100|𝑄 −𝑄(𝑒)

|∕𝑄(𝑒). The dashed lines represent the nominal slopes for the first- and second-order temporal 
accuracy.

3.  Discussion

3.1.  The near-wall dominance of viscous terms

The assumption that, near the wall, the viscous terms dominate over the non-linear and pressure terms, and that, as a consequence, 
a correction to the Laplacian is sufficient for the IBM to work correctly to yield a second-order method, is crucial, and deserves some 
additional comments.

While the correctness of the procedure has been demonstrated in the examples above, and will be reinforced by the applications 
described below, it is noteworthy that the physics-based assumption of viscous terms dominance near the wall [31] is equivalent 
to the assumption that, near the wall, the velocity profile is linear. It is in this regard that the IBM is said to suit direct numerical 
simulations of turbulence (and possibly wall-resolved large-eddy simulations), which require a grid step small enough to represent 
well this linear region. Since any velocity profile is linear when observed close enough to the wall, the requirement that the Laplacian 
correction is sufficient to fully achieve second-order accuracy superposes with the step requirements of a direct numerical simulation.

Another aspect whose discussion has been omitted so far is moving boundaries. We have given most attention to stationary 
boundaries because this is the context of our practical applications of the method. However, the flow around moving bodies is an 
additional use case where an IBM potentially offers notable advantages [21]. The present IBM can be applied straightforwardly to 
the case of moving rigid bodies. In fact, the method works as long as the velocity profile near the boundary is linear, and this remains 
the case also when the body is moving, provided one applies the IBM correction in a reference frame in which the body is stationary. 
This is readily accomplished by subtracting the velocity of the rigid body from the local fluid velocity.

3.2.  The implicit nature of the immersed-boundary correction

The greatest novelty of the approach outlined above consists in the implicit nature, in both space and time, of the correction 
introduced to account for the presence of the boundary; the ability to concentrate the correction in the central point of the stencil 
allows this feature to be achieved at no cost, in a way that extends readily to the multi-dimensional case.

In the stationary case described in Section 2.2, the term “implicit” refers to the fact that the value 𝑤𝑖−1,𝑗 in a point within the 
body is not actually computed by using Eq. (5), but gets hard-coded instead into the expression of the discretised Laplacian and in 
particular into 𝑑(2)𝑥;𝑖𝑗 (0) through the coefficient 𝜆𝑤;𝑖,𝑗 . Eliminating the extrapolated values entails essentially no computational cost, and 
makes the discretization matrix more diagonally dominant, see Eq. (6), so that the convergence of any iterative method used to solve 
the discretised equations is improved rather than deteriorated. This property becomes apparent when one considers that 𝑑(2)𝑥;𝑖𝑗 (−1)
and 𝑑(2)𝑥;𝑖𝑗 (0) are of opposite signs, and thus 𝑑

(2)
𝑥;𝑖𝑗 (0) monotonically increases for Δ𝑥 ≥ 𝛿𝑥 ≥ 0 and is prevented from approaching 0. This 

cures the numerical stability problems that plague “explicit” methods when the boundary point approaches a discretisation node (i.e. 
𝛿𝑥 → 0). Such formulations imply that 𝑤𝑖−1,𝑗 → ∞, whereas the implicit correction for 𝛿𝑥 → 0 makes the denominator of Eq. (12) 
tend to infinity, and the value of 𝑤𝑖,𝑗 gradually approach zero, which is the desired result.

In the time-dependent case of Section 2.4, and within our design choice of using an explicit time integration scheme, “implicit” 
additionally means that the linear extrapolation of Eq. (5) is evaluated at time 𝑡 + Δ𝑡, as in Eq. (12), to preserve the convergence 
properties of the steady case. This again avoids numerical instabilities: for 𝛿𝑥 = 0, Eq. (12) can be shown to equal the exact implicit 
boundary condition 𝑤∗,𝑛+1

𝑖,𝑗 = 0.
Overall, the implicit correction of the IBM ensures convergence and stability of the numerical method; moreover, since only the 

central point of the Laplacian stencil is modified, this improvement is obtained at no computational and memory cost, since the 
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velocity 𝑤𝑖−1,𝑗 at the ghost point within the solid region needs to be neither explicitly computed nor explicitly stored. This additional 
advantage obviates another programming difficulty related to the presence of external points appearing in more than one equation 
(for example the Cartesian components of the momentum equation); in the explicit implementation multiple values extrapolated 
linearly from different directions would have to be stored (or otherwise a higher-than-linear extrapolation would be required), but 
no such difficulty arises with the implicit formulation.

3.3.  The underlying staircase approximation

As pointed out in Section 2.2, the simplest (first-order) description of the immersed boundary is achieved by a staircase (piecewise-
constant) approximation of the body geometry, in which the boundary always coincides with a grid point. Since the IBM uses a linear 
extrapolation to improve upon the staircase approximation of the boundary and to restore the original second-order spatial accuracy 
of the numerical method, it is essential that the underlying staircase approximation works properly, before any correction is applied. 
This involves non-trivial aspects.

To begin with, the equations of motion in their discrete form need to be closed, i.e. the number of unknowns must equal the 
number of equations. This property becomes non-obvious when the geometry is complex and the grid is staggered. To fulfill the 
closure requirement, the discretization grid is defined independently for each velocity component, and each grid is compared with 
the true boundary to tag a grid point as either “internal” (inside the fluid region) or “external” (inside the solid region). For each 
component, internal points are chosen as those where the corresponding component of the momentum Eq. (9) needs to be solved; this 
ensures the correspondence between equations and unknowns. The velocity components on the external points are set to zero. This 
decision, which is trivial in the one-dimensional case, avoids any trouble with external points appearing in more than one equation.

The closure of the continuity equation deserves a specific remark. Since a pressure boundary condition is neither required nor 
present, only the velocity grids are compared to the boundary to discriminate external and internal points. Thereafter, a pressure 
point is labeled “internal” if it falls on either side of at least one internal velocity point; it follows that an “internal” pressure point 
may occasionally fall (slightly) outside the true boundary (in the solid region), and may also be shared by different components of 
the momentum equation in different directions. To match the number of equations and unknowns, the continuity equation is then 
in principle solved everywhere, both in the internal and external pressure collocation points, as though there was no boundary. In 
practice, however, only the internal points need to be considered since, with this definition, external pressure points are surrounded 
by all zero velocities, and continuity is trivially satisfied there. In practice, when the pressure-correction step of the fractional step 
method is executed, only the internal pressure collocation points are updated, and these are the only ones that will appear in the 
momentum equations at the following time step.

3.4.  Neumann-type boundary conditions

So far, we have introduced and discussed the IBM by focusing on Dirichlet-type boundary conditions. This covers the majority of 
use cases in fluid mechanics, starting from the widespread no-slip and no-penetration condition at a solid wall.

Neumann-type boundary conditions may also be required. Our IBM does not preclude the use of Neumann-type boundary condi-
tions. However, since such generality causes additional complications, for maximum simplicity the method has been presented above 
in a form where Neumann-type boundary conditions can be handled only for cases where the IBM is not directly involved. These 
still constitute a large fraction of the cases of interest in fluid mechanics. For example, a Neumann condition is used at inlet/outlet 
surfaces, which are typically not pre-determined and can thus be easily made to consist in planes parallel to coordinate axes. A further 
situation where Neumann conditions are easily dealt with is when free surfaces exist which are flat because of gravity forces. Also, 
the method works without modifications for partial slip (ensuing from equivalent boundary conditions for riblets, super-hydrophobic 
surfaces, or other means for skin-friction drag reduction), where the first derivative is multiplied by a coefficient of the order of the 
grid step: this can be understood either because these are equivalent to a Dirichlet condition applied on a (displaced) plane surface, 
or because a first-order derivative multiplied by a first-order coefficient yields a second-order condition.

4.  Results

We move on to describe three application examples, in which the IBM with the convective terms and the continuity equation are 
at play. The first is a classic, simple two-dimensional flow, useful to confirm the correctness of the solution through comparison with 
literature data. The remaining two involve turbulent flows over non-planar boundaries. One is relatively simple from the geometric 
standpoint, and concerns the turbulent flow in an open channel with a sinusoidally undulated bottom. The other case is about the 
flow within the human nose, and is instead characterized by an extremely complex three-dimensional geometry.

4.1.  The laminar flow around a circular cylinder

We start with the classic, relatively simple two-dimensional laminar flow around a circular cylinder of diameter 𝐷 immersed in 
a uniform stream 𝑈∞. Reference data are abundant in literature, and can be reproduced easily as long as the value of the Reynolds 
number 𝑅𝑒 = 𝑈∞𝐷∕𝜈 remains limited. The same test case was considered in Ref. [34], which we replicate here. As in Ref. [34], we 
consider 𝑅𝑒 = 30, where the flow is steady, and 𝑅𝑒 = 185, where the flow is unsteady and exhibits periodic vortex shedding. The 
dimensions of the computational domain are mutuated from Ref. [34] : the cylinder is placed at the origin of the coordinate axes, 
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and the domain has streamwise extent of [−9𝐷, 40𝐷] and vertical extent [−17𝐷, 17𝐷]. In a region surrounding the cylinder, the grid 
is uniform with a step of 0.02𝐷, as in one of the cases in [34].

The drag of the cylinder and the parameters of the wake resulting from the two sets of simulations at 𝑅𝑒 = 30 and 𝑅𝑒 = 185 are 
in very good quantitative agreement with available data. For the lower 𝑅𝑒, Table 1 reports the drag coefficient, the length of the 
recirculating region, the horizontal and vertical distance between the centers of the two wake vortices, and the angular position 
of the separation point. The geometrical meaning of the wake parameters is sketched in Fig. 5 (left). These values are compared 
with information from Ref. [34] and references therein, as well as with the results of a companion simulation carried out with 
the non-commercial software FreeFEM [18], which solves the two-dimensional, steady Navier-Stokes equations using the Newton 
algorithm with a spatial discretisation that uses quadratic elements (P2) for the velocity and linear elements (P1) for the pressure, 
with discretization on 86752 triangles.

Another test, carried out at the same 𝑅𝑒 in the slightly different configuration where the cylinder is confined between two walls to 
shrink the computational domain, has measured the decrease rate of the error in the total drag force. In this case, the small periodic 
channel has a cross-stream dimension of 4𝐷 and a streamwise length of 6𝐷, and the drag force can be evaluated from the pressure 
drop across the channel.

The plot in Fig. 5 (right) shows how the error in computing the drag force decreases with the mesh resolution, and demonstrates 
once again the second-order accuracy of the solution. Given a numerical method with rate of convergence 𝑝, the difference between 
the solution 𝑓 computed on a uniform grid with spacing Δ and the exact solution 𝑓 (𝑒) must vary according to

||𝑓 − 𝑓 (𝑒)
|| ≤ 𝐶Δ−𝑝 (19)

where 𝐶 is a constant. We use Eq. (19) to compute a least-square fit for the drag force obtained from the numerical experiments, 
which provides 𝑝, the coefficient 𝐶 and also the asymptotic value 𝑓 (𝑒) of the fitting curve, since the exact solution is unknown.

Fig. 6 shows the local solution in the proximity of the stagnation point at 𝑥∕𝐷 = −0.5, 𝑦∕𝐷 = 0 (left panel), and near the bottom 
side of the cylinder at 𝑥∕𝐷 = 0 and 𝑦∕𝐷 = −0.5. The grey area indicates the range of coordinates corresponding to the cylinder interior. 
The solution, in terms of both velocity components and pressure, is extremely regular in the proximity of the stagnation point, no 
oscillations are visible and the no-slip boundary condition is satisfied. This is remarkable also on consideration of the relatively large 
size of the grid, which would emphasize any inaccuracy near the boundary.

The cylinder flow at the higher 𝑅𝑒 = 185 is unsteady and periodic, and therefore is home to a richer physics, observed through 
a time-dependent lift and a periodic shedding with a well defined frequency 𝑓 . These are quantified through the root-mean-square 

Table 1 
Quantitative features of the cylinder flow at 𝑅𝑒 = 30: drag coefficient 𝐶𝑑 , 
length 𝑙 of the separated region, streamwise distance 𝑎 of the center of wake 
vortices, vertical separation 𝑏 of the center of wake vortices, angular position 
𝜃 of the separation point.

𝐶𝑑 𝑙∕𝐷 𝑎∕𝐷 𝑏∕𝐷 𝜃 [deg]
 present 1.819 1.5837 0.5410 0.5296 51.8
 freeFEM 1.784 1.6293 0.5512 0.5311 47.4
 Ref. [34] 1.80 1.70 0.56 0.52 48.5
 Ref. [43] 1.75  –  –  –  –
 Ref. [7]  – 1.55 0.54 0.54 50.0

Fig. 5. Left: sketch of the cylinder flow, with the definition of the parameters 𝑙 (length of the recirculation), 𝑎 (horizontal position of the center 
of the wake vortices), 𝑏 (vertical distance between the centers of the two wake vortices) and 𝜃 (angular position of the separation point). Right: 
percentage error of the total drag force versus spatial resolution, at 𝑅𝑒 = 30, computed against the exact extrapolated value. The dashed line shows 
the expected second-order decrease.
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Fig. 6. Velocity and pressure profiles near the wall of the circular cylinder at 𝑅𝑒 = 30, at the stagnation point (−𝐷∕2, 0) as a function of 𝑥∕𝐷 (left), 
and at the bottom side of the cylinder (0,−𝐷∕2) as a function of 𝑦∕𝐷 (right). The shaded area marks the interior of the body.

Table 2 
Quantitative features of the cylinder flow at 
𝑅𝑒 = 185: drag coefficient 𝐶𝑑 , r.m.s. value of the 
lift coefficient 𝐶 ′

𝑙 , and Strouhal number 𝑆𝑡.
𝐶𝑑 𝐶 ′

𝑙 𝑆𝑡

 present 1.382 0.470 0.198
 freeFEM 1.365 0.462 0.196
 Ref. [34] 1.430 0.423 0.199
 Ref. [46] 1.377 0.428  –
 Ref. [17] 1.280 0.443 0.195
 Ref. [26] 1.310 0.443 0.195
 Ref. [49]  –  – 0.193

Fig. 7. Effect of the wall shear stress on the stability of a sand bed. The flow develops between the wavy wall described by 𝑧𝑤(𝑥) and the upper 
boundary at 𝑧 = 1. The wall-shear stress is decomposed into in-phase and quadrature components. Left: unstable situation (the quadrature component 
𝜏1𝑠 of the stress is negative). Right: stable situation (𝜏1𝑠 is positive). Adapted from Ref. [27].

value of the lift coefficient 𝐶 ′
𝑙  and the value of the Strouhal number 𝑆 = 𝑓𝐷∕𝑈∞. Values of 𝐶 ′

𝑙  and 𝑆 obtained with the present 
method are reported in Table 2, together with the drag coefficient that, as expected, lowers from the value at 𝑅𝑒 = 30. Except for 
the value of 𝑅𝑒, the simulation replicates the unbounded one described above, and is run for an integration time sufficient to cover 
50 shedding periods. Even in this case, a companion simulation with identical parameters run with FreeFEM is presented; it uses the 
Uzawa algorithm and the Adams–Bashfort scheme for time integration, with a dimensionless time step of 0.002. The comparison with 
available literature data, including those from Ref. [34], confirms once again the ability of the present method to quantify correctly 
the flow features of interest.
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Table 3 
Computational parameters for the numerical simulations of the turbulent flow in a channel with undulated bottom. 
The equivalent grid spacing Δ is computed by assuming a uniform grid in all directions.
𝜖 𝛼 𝑁𝑡𝑜𝑡 Δ𝑥 Δ𝑦 Δ𝑧𝑚𝑖𝑛 Δ𝑧𝑚𝑎𝑥 𝑁𝑧 Δ Δ𝑡

0.05 1∕256 ≤ 𝛼 ≤ 1∕2  up to 251657210 0.0654 0.0393 4.0 × 10−3 0.0224 64 0.034245 0.03
0.025 1∕128 ≤ 𝛼 ≤ 1∕2  up to 251657210 0.0654 0.0393 2.0 × 10−3 0.0111 128 0.027180 0.008
0.0125 1∕32 ≤ 𝛼 ≤ 1∕2  up to 125828605 0.0654 0.0393 9.6 × 10−4 0.0056 256 0.021573 0.0015
0.05 1∕2 1966080 0.0654 0.0393 4.0 × 10−3 0.0225 64 0.034245 0.001
0.05 1∕2 2799360 0.0582 0.0349 3.6 × 10−3 0.0199 72 0.030442 0.001
0.05 1∕2 3840000 0.0524 0.0314 3.2 × 10−3 0.0179 80 0.027398 0.001
0.05 1∕2 6635520 0.0436 0.0262 2.6 × 10−3 0.0149 96 0.022830 0.001
0.05 1∕2 8436480 0.0403 0.0242 2.4 × 10−3 0.0137 104 0.021088 0.001
0.05 1∕2 10536960 0.0374 0.0224 2.2 × 10−3 0.0127 112 0.019557 0.001
0.05 1∕2 15728640 0.0327 0.0196 2.2 × 10−3 0.0111 128 0.017108 0.001
0.05 1∕2 30720000 0.0262 0.0157 1.6 × 10−3 0.0089 160 0.013699 0.001

4.2.  The turbulent flow in a channel with undulated bottom

The IBM is now applied to simulate via DNS the turbulent flow in a channel with a sinusoidally undulated bottom wall: this 
is an idealised model of a river or flume with a sandy bottom, that may bulge up and generate ripples and dunes. The generation 
mechanism of these ripples involves fluid inertia [4]; a net accrual or depletion of sand particles occurs depending on the relative 
spatial phase between the fluid shear stress and the wall undulation. Fig. 7 sketches a sinusoidally undulated bottom and the relative 
wall-shear stress, decomposed into in-phase (cosine) and quadrature (sine) components, whose sign determines the generation of 
ripples [2]: they grow whenever an unstable situation is determined by a negative quadrature component of the wall-shear stress.

We replicate with higher accuracy the simulations performed by Luchini in Ref. [27], aimed at determining how this instability 
depends on the wavelength and elevation of the bottom. We consider a channel configuration with a shear-free, flat upper surface, 
with lengths and velocities made dimensionless with the channel height ℎ and the bulk velocity 𝑈𝑏. The (dimensionless) expression 
of the undulated bottom is:

𝑧𝑤 = 𝜖(1 + cos 𝛼𝑥).

Here 𝛼 is the dimensionless wave number of the wavy bottom wall (with wave length 𝜆 = 2𝜋∕𝛼), and 𝜖 is the dimensionless amplitude 
of the waviness. The computational domain extends for 𝐿𝑥 = 𝜆, 𝐿𝑦 = 2𝜋 and 𝐿𝑧 = 1 in the streamwise, spanwise and wall-normal 
directions. The wavenumber is varied in the range 1∕256 ≤ 𝛼 ≤ 1∕2 (or 12.5 ≤ 𝐿𝑥 ≤ 1608). It is noteworthy that these very long 
computational boxes are of interest because this flow was shown in [27] to have an unexpected response to very long wavelengths 
of the undulation. While the shortest extreme is comparable to that employed in low-𝑅𝑒 turbulent channel flow simulations [20], at 
the other extreme more than two-orders of magnitude longer domains are considered. Several simulations are run for the Reynolds 
number 𝑅𝑒𝑏 = 𝑈𝑏ℎ∕𝜈 = 2800. Periodic boundary conditions are used for the streamwise and spanwise directions, free-slip boundary 
conditions are applied at 𝑧 = 1, and no-penetration and no-slip conditions are applied at the wavy wall. To obtain well converged 
statistics, simulations are run for at least 1000𝑈𝑏∕ℎ time units after the initial transient. Table 3 contains general information about 
the set of simulations carried out for the present work. In a first set of simulations, the grid spacing is kept constant while the size of 
the computational domain is varied; a second set of simulations, used for a grid convergence study, has a fixed domain size, and a 
spatial resolution that progressively increases uniformly in all directions. Since the wall-normal distribution of grid points is mildly 
stretched, an average wall-normal spacing Δ𝑧 = 1∕𝑁𝑧 is used to provide an equivalent uniform grid spacing Δ = (Δ𝑥Δ𝑦Δ𝑧)(1∕3).

The quantities of interest here are the spatial Fourier components 𝜏1𝑐 and 𝜏1𝑠 of the time-averaged wall-shear stress 𝜏(𝑥). They are 
defined as

𝜏1𝑐 =
2
𝐿𝑥 ∫

𝐿𝑥

0
𝜏(𝑥) cos

(

2𝜋𝑥
𝐿𝑥

)

d𝑥; 𝜏1𝑠 =
2
𝐿𝑥 ∫

𝐿𝑥

0
𝜏(𝑥) sin

(

2𝜋𝑥
𝐿𝑥

)

d𝑥. (20)

Fig. 8 shows the dependence of 𝜏1𝑐 and 𝜏1𝑠 on the wavenumber 𝛼 of the wall modulation, for different values of 𝜖. The red curve 
is for 𝜖 = 0.05 and has been obtained using the same time step and grid size as in [27], whose results are perfectly reproduced. The 
plot confirms that the considered values of 𝜖 are small enough to be in the linear regime. As already observed by [27], when 𝛼
is reduced 𝜏1𝑐 decreases to a local minimum at 𝛼 ≈ 0.2, and then increases again. At the smallest 𝛼, the quadrature component 𝜏1𝑠
changes sign, indicating a change of the stability of the ripples. This is confirmed at different amplitudes 𝜖. For a discussion of the 
physical implications of this behaviour, see [27].

To verify the order of accuracy of the IBM, Fig. 9 plots the results of a spatial convergence study, whose main results are reported 
in Table 4. For 𝛼 = 0.5 (or 𝐿𝑥 = 4𝜋) and 𝜖 = 0.05, different discretizations have been tested, by progressively reducing the mesh size 
uniformly in all the three directions. The coarsest mesh has (𝑁𝑥, 𝑁𝑦, 𝑁𝑧) = (192, 160, 64), corresponding to a total number of points 
𝑁𝑡𝑜𝑡 ≈ 2 × 106. The finest mesh has (𝑁𝑥, 𝑁𝑦, 𝑁𝑧) = (480, 400, 160), with a total number of ≈ 3 × 107 points. The time step is fixed for 
all cases at Δ𝑡 = 0.001, a value that is small enough to ensure that the time discretisation error is not dominant.

We use again Eq. (19) to compute a least-square fit for the quadrature stress component (equivalent results, not shown, are 
obtained with the in-phase component) obtained from the numerical experiments. Since the exact solution is not known, the value 
𝜏(𝑒)1𝑠  is evaluated with the asymptotic value of the fitting curve. In computing the time-averaged value of 𝜏1𝑠, we also quantify the 
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Fig. 8. In-phase (left) and quadrature (right) components 𝜏1𝑐 and 𝜏1𝑠 of the wall-shear-stress response to a wall modulation of wavenumber 𝛼.

Table 4 
Spatial convergence study for the wavy channel test case. The table lists the 
number of grid points, the mean grid spacing, the values 𝜏1𝑐 and 𝜏1𝑠 of the mean 
stresses, and the corresponding root-mean-square values 𝜎 of the variance of 
the estimate of the mean, computed after [37].
𝑁𝑡𝑜𝑡 Δ 𝜏1𝑐 × 104 𝜎1𝑐 × 106 𝜏1𝑠 × 103 𝜎1𝑠 × 106

 1966080  0.034245  6.40764  7.18508 −1.18162  6.40058
 2799360  0.030442  6.76041  8.67627 −1.25258  7.84068
 3840000  0.027398  6.80707  4.46546 −1.29628  3.54087
 6635520  0.022830  7.13429  7.65407 −1.37018  6.87870
 8436480  0.021088  7.28166  7.05332 −1.38633  6.14717
 10536960  0.019557  7.28948  8.31248 −1.40233  6.93155
 15728640  0.017108  7.42786  8.55187 −1.42513  7.48778
 30720000  0.013699  7.46693  7.73307 −1.45979  7.64443

error implied by the finite averaging time; to this purpose the method described by Russo and Luchini in [37] is used to compute 
the root-mean-square value 𝜎 of the estimate of the mean, and Fig. 9 plots error bars for ±3𝜎. As expected, Fig. 9 confirms that the 
present immersed-boundary method exhibits a second-order convergence, with an exponent 𝑝 = 1.912.

4.3.  The turbulent flow in the human nose

The air flow inside the human nose is an important application, owing to the obvious implications of a healthy breathing. The 
prevalence of anatomical malformations (like e.g. septal deviations, or hypertrophy of the turbinates) is huge, with nasal breathing 
difficulties affecting up to one third of the entire world population [41]. The physiologically healthy flow through the nasal cavities 
is difficult to define, as no single flow feature can be shown to correlate with the perceived breathing quality. In recent years the 
number of numerical studies dealing with the fluid mechanics of the human nose, built upon the patient-specific anatomic information 
provided by CT scans, has increased considerably. While the majority of such studies consists in simple RANS simulations executed 

Fig. 9. Convergence of the quadrature component 𝜏1𝑠 of the wall shear stress for the wavy channel test case. Left: variation of the time-averaged 
value of 𝜏1𝑠 with the mean spatial resolution Δ; the error bars correspond to ±3𝜎1𝑠, where the root-mean-square value 𝜎1𝑠 of the estimate of the 
mean is computed after [37]. The continuous line is a fit of Eq. (19), yielding 𝜏(𝑒)1𝑠 = −0.001518, 𝐶 = 0.2109 and 𝑝 = 1.912. Right: percentage error 
100(𝜏 (𝑒)1𝑠 − 𝜏1𝑠)∕𝜏

(𝑒)
1𝑠  of the quadrature stress versus spatial resolution; the dashed line shows the expected second-order decrease.
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with commercial, finite-volumes software, the availability of accurate reference solutions remains essential for validating physiology 
studies of fundamental character, and becomes clinically important whenever specific and unusual anatomies need to be evaluated 
for diagnosing and surgery planning. However, so far very few studies, e.g. Refs. [3,24], have described the nose flow with DNS-like 
resolution, owing to the combination of its extreme geometrical complexity and the accompanying significant computational cost; 
none of them employed an immersed-boundary approach.

In the context of the present work, the nasal airflow represents an ideal test bed for the IBM, whose accuracy and computational 
performance can be assessed on a geometrically challenging scenario. In this study, we consider therefore one specific sinonasal 
anatomy, that has been recently used in a tomo-PIV experiment described in Ref. [42]. The anatomy is derived from segmentation 
of a CT scan of a healthy patient, composed of 384 DICOM images with sagittal and coronal resolution of 0.5 𝑚𝑚 and an axial gap 
of 0.6 𝑚𝑚. The anatomy is segmented at constant radiodensity threshold, with the assistance of an experienced surgeon, according 
to a well established procedure [35], to identify the interface between air and solid tissues. For experimental reasons, the whole 
anatomy has been then enlarged by a factor of 2. Fig. 10 portraits the anatomy of the internal nose, and demonstrates how the actual 
geometrical boundary is extremely complex, with evident three-dimensional features and the presence of large lateral volumes, the 
paranasal sinuses, which are only loosely connected to the main airways via small orifices called ostia. Fig. 10 also highlights, by 
means of coronal sections, how the cross-sectional shape of the airways varies significantly from the nose tip towards the throat. The 
computational domain also comprises a spherical volume, shown in Fig. 10, which surrounds the external nose: the sphere is designed 
to locate the boundary of the computational domain far from the nostrils, while keeping the computational overhead within reason.

In this work a simple steady inspiration is considered, where a (constant in time) pressure drop is imposed between the inlet at 
the external surface of the sphere and the outlet at the trachea; the numerical value of 5𝑃𝑎 and the corresponding volumetric flow 
rate of approximately 600 𝑐𝑚3∕𝑠 correspond, after the factor-of-two geometrical expansion is accounted for with dynamic similarity 
arguments, to a mild physical activity [48]. Note that, because we are replicating an experimental study, dimensional quantities are 
used in this section. Regardless of the time-independent boundary conditions, the flow is unsteady, with three-dimensional shear layers 
and vortical structures; in some regions the flow becomes turbulent. Starting from an initial condition of resting flow everywhere, the 
simulations are advanced in time until the initial transient has vanished, and then further integrated for about 1 𝑠 of physical time to 
compute time averages.

Some features of the time-averaged flow are illustrated in Fig. 11. The left panel plots the mean pressure field in a representative 
sagittal section that cuts through the right passageway, and illustrates the pressure decrease from the outer ambient to the throat. The 
pressure drop is particularly localized and noticeable at the nasal valve and at the striction determined by the larynx. The right panel 
plots the magnitude of the mean velocity vector in the same section. During inspiration the external air is first accelerated abruptly 
in correspondence of the nasal valve, and quite large velocity values are observed in certain portions of the meati; the airflow then 
enters the rhinopharynx with quite definite shear layers, and then transforms into a laryngeal jet after the narrowing at the larynx, 
where the largest velocities are found.

Table 5 reports the results of a spatial convergence study, where the time-averaged value of the flow rate 𝑄 at the trachea for 
the fixed pressure drop of 5𝑃𝑎 is observed as the spatial resolution is changed. The calculations have been carried out for a fixed 
time step size Δ𝑡 = 0.02𝑚𝑠, that is small enough to ensure that the the time discretization error is not dominant. The geometrical 

Fig. 10. Anatomy of the human airways, after a patient-specific reconstruction of a CT scan. The surface represents the boundary of the computa-
tional domain, and is augmented by a spherical volume placed outside the nose tip, whose goal is to set the computational boundary away from the 
nostrils. The vertical (coronal) sections on the right illustrate how the complex cross-sectional shape varies along the passageways, including the 
nasal vestibulum, the anterior part of the meati (a), the intermediate sections shaped by the turbinates (b) and (c), down to the rhinopharynx (d).
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Fig. 11. Left: mean pressure field in a sagittal section. Right: mean velocity magnitude field in the same section.

Table 5 
Spatial convergence study for the nose test case. The table 
lists the total number of grid points in the fluid volume, the 
(isotropic) grid spacing in millimeters, the value 𝑄 of the tem-
porally averaged flow rate at the trachea, and the root-mean-
square value 𝜎 of the variance of the estimate of the mean, com-
puted after Ref. [37].

𝑁𝑡𝑜𝑡 Δ [𝑚𝑚] 𝑄 [𝑐𝑚3∕𝑠] 𝜎 [𝑐𝑚3∕𝑠]

3749528 0.9978 598.591 0.3306
6289066 0.8317 608.040 0.3909
10603652 0.6934 615.943 0.3407
17969591 0.5775 620.155 0.2288
30476246 0.4815 624.907 0.5118
51936820 0.4011 628.032 0.6040
91969807 0.3343 628.626 0.9309
157849674 0.2787 630.130 0.6996
273071473 0.2322 631.042 0.5586

Fig. 12. Convergence of the flow rate for the nose test case. Left: variation of the time-average flow rate 𝑄 with the (isotropic) spatial resolution Δ; 
the error bars correspond to ±3𝜎, where the root-mean-square value 𝜎 of the uncertainty of the mean is computed after [37]. The continuous line is 
a fit of Eq. (19), yielding 𝑄(𝑒) = 633.1 𝑐𝑚3∕𝑠, 𝐶 = 3.502 × 10−7 and 𝑝 = 1.999. Right: percentage error 100(𝑄(𝑒) −𝑄)∕𝑄(𝑒) of the mean flow rate versus 
spatial resolution. The dashed line shows the expected second-order decrease.

complexity suggests the use of isotropic spacing, hence cubic cells are used with edge length Δ. The coarsest mesh consists of about 
3.7 millions points within the fluid volume; the size of its cells is 1𝑚𝑚 (which is comparable to the resolution of the CT scan, if 
the model scaling is considered) and still allows a decent representation of the smallest flow structures. The largest employed mesh 
has about 273 millions points and a spatial resolution of 230𝜇𝑚. Fitting the formula (19) to the data of Table 5, following the same 
procedure discussed above in Section 4.2, yields an exponent 𝑝 = 1.999: the second-order convergence is fully confirmed, as shown 
graphically by Fig. 12.

5.  Conclusions

We have presented a simple and efficient implicit second-order immersed boundary method (IBM) for the direct numerical simu-
lation of the incompressible Navier–Stokes equations.
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Our IBM belongs to the class of methods employing a discrete forcing; its computational efficiency descends from the tight integra-
tion with the underlying numerical discretization, based on second-order accurate central finite differences computed on a staggered 
Cartesian grid and on a generic explicit scheme for advancing the solution in time. Such integration is possible because the boundary-
distance information is concentrated in a single point, namely the centre point of the stencil that discretizes the Laplacian operator. 
This allows the IBM correction to be made implicit at no cost: this is perhaps the main novelty of the present IBM implementation.

This type of correction offers crucial advantages. On the one hand, since the correction is applied only to the central point of 
the stencil, the formulation enjoys extreme simplicity in terms of implementation: the cobweb of IFs and ad-hoc coding instructions 
required to handle special cases when parts of the boundary come close to each other becomes unnecessary. On the other hand, the 
computational cost of the IBM correction is brought to a minimum. In order to estimate it, a simple experiment consists in switching 
the correction off, thus reinstating the baseline first-order-accurate staircase approximation of the boundary; timing the execution of 
the solver with and without the correction quantifies the extra cost necessary to achieve second-order accuracy near the boundary. 
Such timing experiments led us to the observation that hardly any extra cost is visible at all. The implicit nature of the IBM also has 
important favourable consequences on the stability of the numerical method. The explicit IBMs, in fact, fall into trouble whenever 
a grid point coincides or even approaches the boundary, whereas for the implicit IBM the solution monotonically tends to zero as it 
should.

The IBM has been introduced and described in conjunction with two simple linear problems, where the spatial and temporal 
accuracy of the method have been separately addressed. In the second part of the paper, the method has been first applied to a two-
dimensional, steady and unsteady laminar cylinder flow. Then, two turbulent flows are considered, namely the channel flow over a 
wavy bottom and the air flow through the intricate anatomy of the human nose. A full second-order accuracy has been confirmed 
even in these examples, which contain the entire complexity of the Navier–Stokes equations. The IBM described in this paper lies at 
the heart of a DNS solver, currently under active development, which is aimed at both CPU and GPU architectures, and promises to 
achieve very interesting computational speed.
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