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ACCESSIBLE OVERVIEW Smith-Purcell radiation is emitted when an electron traverses a spatially periodic
grating and has found diverse applications in areas such as particle accelerators and free-electron lasers.
This work investigates theoretically and computationally how the phenomenon can be similarly achieved
in structures that vary periodically in time and provides suggestions for experimental implementation. The
use of temporally instead of spatially periodic variation boosts light emission and provides a more robust
and versatile means of producing free-electron radiation. This advancement holds promise for developing
advanced on-chip light sources and also fosters the progress of time-varying materials and applications.
SUMMARY
Smith-Purcell radiation (SPR) arises when an electronmoves above a spatial grating, where fixedmomentum
compensation constrains the emission wavelength. In contrast, temporal SPR (t-SPR) utilizes a time grating
to leverage temporal periodicity for energy compensation, enabling more flexible radiation control. We intro-
duce a generalized dispersion equation for t-SPR that predicts the interplay between radiation frequency, di-
rection, electron velocity, modulation period, and harmonic orders. t-SPR offers several advantages over
conventional SPR: robustness (t-SPRmaintains stable emission intensity without rapid decay as the electron
moves away from the time grating), versatility (t-SPR enables precise control via temporal modulation of
period, amplitude, and waveform), and amplified emission (temporal modulation introduces additional en-
ergy channels, boosting emission). These features make t-SPR highly promising for advanced applications
in on-chip light sources and electron accelerators.
INTRODUCTION

Smith-Purcell radiation (SPR) originates when fast-moving

charged particles traverse above a spatially periodic grating, a

phenomenon first explained by D.H. Smith and E.M. Purcell.1

Over the years, SPR has found diverse applications in vacuum

electronic devices,2 particle accelerators,3 and free-electron la-

sers.4 Recent advances in SPR have leveragedmetamaterials,5,6

enabling precise control over coherence, polarization, and radi-

ation direction.7–13 Captivating optical phenomena such as

bound states in the continuum14 and flat-band resonances15

have been harnessed to significantly enhance the intensity of

SPR. However, state-of-the-art research on SPR continues to

rely on ‘‘momentum compensation’’ facilitated by spatial modu-
Newton 1, 100023,
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lations in time-invariant designs, emphasizing the manipulation

of SPR emission through photonic structures.

A special class of metamaterials, known as time-varying meta-

materials, introduces a dynamic aspect by altering their physical

properties over time, offering new dimensions for manipulating

light waves beyond traditional spatial control.16–22 When these

metamaterials undergo sudden changes in their electromagnetic

properties, they create temporal boundaries where momentum,

rather than energy, is conserved due to spatial translational invari-

ance.21,22 Early forms of time-varying metamaterials date back to

the 1970s,where acousticwavemodulation of the refractive index

led to observations of novel transition radiation peaks when elec-

trons encountered such non-stationary boundaries.23–28 Modern

applications have expanded significantly, encompassing time
April 7, 2025 ª 2025 The Author(s). Published by Elsevier Inc. 1
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Figure 1. Schematics of s-SPR and t-SPR

(A and B) Two-dimensional (2D) models in the x-z

plane are illustrated for cases where a swift free

electron (i:e., source electron) travels above (A) a

grating with period p or (B) a time grating with

period T.

(C and D) Dispersion diagrams for (C) s-SPR and

(D) t-SPR show the light cone in vacuum (blue

lines) and source electron dispersion curve (red

solid lines), which shifts left/right along the kx axis

for s-SPR and upward/downward along the f axis

for t-SPR. The radiation wavelength (or frequency)

of s-SPR and t-SPR are determined by the

normalized electron velocity ðb = ve =cÞ and

modulation period (p or T ).

Article
ll

OPEN ACCESS
reversal,29 nonreciprocity,30,31 temporal aiming,32 quantum phys-

ics,33 and other emerging possibilities.34–41 Of particular interest is

the concept of photonic time crystals, which are created through

periodic temporal modulation, resulting in momentum bands and

gaps.42 This has revealed the intriguing phenomenon of exponen-

tial energy growth within momentum gaps, offering pathways to

achieve light amplification.43,44 Importantly, the periodic temporal

modulation induces frequency harmonic waves rather than mo-

mentumharmonicwaves, providing a versatile platform formanip-

ulating light.18–20,45,46 For example, waves propagating through a

time grating (TG) can couple to near-field surface waves via fre-

quency down-conversion.45 Furthermore, temporal modulation

enhances energy transfer, allowing free electrons to induce radia-

tion within photonic time crystals with energy below conventional

thresholds.46

Inspired by seminal works on electron-induced radiation23–28

in photonic time crystals,46 we introduce the concept of temporal

SPR (t-SPR) originating from a TG, akin to conventional spatial

SPR (s-SPR) from a grating. As the electron traverses above

the TG, t-SPR can be stimulated across a wide frequency spec-

trum. In this study, we aim to extend the foundational principles

of s-SPR to t-SPR. We begin by deriving the t-SPR dispersion

equation, elucidating the interplay between radiation frequency

f, radiation direction q, normalized electron velocity b, and har-

monic orderm. Subsequently, we employ full-wave electromag-

netic simulations to validate our theoretical framework. To tailor

the characteristics of t-SPR compared to s-SPR, we investigate

optimal conditions for maximizing its radiation intensity. This

exploration encompasses internal factors such as electron-

grating separation d and normalized electron velocity b, as well

as external factors like the temporal modulation function and

amplitude. Our endeavor aims to pave the way for a new frontier
2 Newton 1, 100023, April 7, 2025
in research: developing ‘‘active’’ free-

electron light sources enabled by tempo-

ral modulation, surpassing the capabil-

ities of conventional spatial methods.

RESULTS

Analytical dispersion equations
Our two-dimensional (2D) model, illus-

trated in Figure 1, is situated in the x-z
plane, with a free electron (i:e:, source electron) moving at velocity

ve = bc along the x direction, where c is the speed of light in vac-

uum. The momentum-frequency dispersion diagram in Figure 1C

illustrates themechanismof s-SPR,which isdepicted inFigure1A.

The blue line represents the light coneulight = ck0, whereulight (or

k0) is the angular frequency (or wavenumber) of light in vacuum.

The dispersion relation of the source electron can be expressed

as ue = 2pfe = vekxe (red solid line), where ue (fe, or kxe) is the

angular frequency (frequency, or propagation wavenumber along

the x axis) of the source electron. Given ve < c, it follows that

kxe > k0, indicating that the electromagnetic wave carried by the

source electron is evanescent. The spatial grating (with grating

period p) compensates the source electron’s momentum with

Dkx = 2pm=p, where m denotes the diffraction order. Conse-

quently, the electron dispersion curve shifts along the kx axis, as

indicated by the blue arrow in Figure 1C. When the electron

dispersion curve shifts above the light cone (red dashed line),

the evanescent wave can diffract into a propagating wave in a

vacuum. The corresponding radiation frequency range is deter-

mined by the intersection points between the electron dispersion

curve and the light cone (blue region). The SPR dispersion relation

is obtained through momentum-matching conditions:

l =
p

m

�
1

b
� cos q

�
: (Equation 1)

On the other hand, when the properties of the materials, e:g.,

refractive index n, periodically vary with respect to time rather

than space, a TG is created, as shown in Figure 1B. According

to the Bloch-Floquet theorem, the electric field of TG can be
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expanded using a Fourier series representation, EðtÞ =P
m
eme

jðue+mUÞt, where U = 2pfm and fm = 1=T represents the

modulation frequency, with T being the modulation period.

Here, m ranges over 0; ± 1; ± 2;/, denoting harmonic orders,

and em denotes the coefficient associated with the mth harmonic

order. This formula immediately implies that temporal modulation

induces frequency harmonics.47When the source electron hovers

above TG (grating/free-space interface at z = 0)with a separation

distance d, the excitation of the source electron is given by Jðx;z;
tÞ = bxqvedðz � dÞdðx � vetÞ, where q is the elementary charge.

The frequency domain expression is obtained through Fourier

transform Jðx;z;uÞ = bxqdðz � dÞe� jkxex. Hence, the evanescent

wave induced by the source electron can be written as48

Hi
yðx; z; tÞ = � byq

2
sgnðz � dÞejuete� jkxex� jkz0 jz�dj;

(Equation 2)

Ei
xðx; z; tÞ = � bxq

2

kz0
uε0

ejuete� jkxex� jkz0 jz�dj; (Equation 3)

where kz0 indicates the wavenumber of the source electron in the

z direction with harmonic order m = 0 and k2xe + k2z0 = ðue=cÞ2.
With the frequency harmonic components introduced by TG,

the reflected wave in vacuum ðz > 0Þ is

Hr
yðx; z; tÞ = byX

m

Rme
jðue+mUÞte� jkxex� jkzmz; (Equation 4)

Er
xðx; z; tÞ = bxX

m

Rm

kzm
ðue+mUÞε0e

jðue+mUÞte� jkxex� jkzmz;

(Equation 5)

where k2xe + k2zm = ½ðue+mUÞ=c�2, and Rm represents the reflec-

tion coefficient of the mth harmonic wave. Based on Equations

4 and 5, the electron dispersion line shifts either upward

ðm > 0Þ or downward ðm < 0Þ along the f axis in Figure 1D, re-

flecting the change in the source electron’s energy induced by

the TG. Likewise, when the electron dispersion linemoves above

the light cone, the evanescent wave is converted into the plane

wave and gives rise to the t-SPR at radiation frequency u =

2pf, where u = ue +mU. The corresponding dispersion equa-

tion can be expressed as follows (see Note S1 for derivation):

f =
m

T

1

1 � b cos q
: (Equation 6)

The same t-SPRdispersionequationcanbeobtainedby replac-

ing the grating period pwith Tve in the s-SPR dispersion equation.

It reveals that the frequency of t-SPR can be customized by T and

spans a frequency band for themth frequency harmonic wave:

m

1+b

1

T
< f <

m

1 � b

1

T
: (Equation 7)
Numerical simulations of t-SPR
To validate this dispersion relation, we conducted numerical

simulations of t-SPR, aiming to reveal key characteristics as

illustrated in Figure 2. The simulations utilized a 2D time-domain

solver within COMSOL Multiphysics, which solves Maxwell’s

equations discretized in both space and time (see methods,

Note S2, and Figure S1). Each moving electron was modeled

as a series of electric point dipoles with phase delays determined

by electron velocity b:14,15,49,50 We set our refractive index mod-

ulation function as nðtÞ = A$WðtÞ+ na, where A denotes the

amplitude, WðtÞ represents the modulation waveform, and na
is the central refractive index. The following parameters are

used throughout this study unless stated otherwise: A = 0:2,

na = 1:5, fm = 20 GHz, W is in an ideal square waveform, b =

0:2, and d = 0:5 mm. This work is theoretical and imposes no

constraints on modulation, with the chosen parameters being

feasible in systems such as graphene plasmonics.51 Subsequent

investigations will look into parameter selection and potential

experimental connections, which will be explored in detail in

forthcoming discussions.

As shown in Figure 2A, when the electron flies over the TG, it

generates radiation both within the vacuum and within the TG.

Upon removing the temporal modulation, both radiations

become imperceptible, indicating the crucial role played by tem-

poral modulation. To gain insight into the underlying mecha-

nisms, we plot the dispersion diagram in Figure 2B. Here, the

dispersion curve of TG (orange line) is derived by matching the

temporal boundaries, which exhibits momentum gaps occurring

at integer multiple frequencies of 0:5fm (see methods, Note S3,

and Figure S2). Within the momentum gap, the wave experi-

ences exponential growth over time.42,43,46 The asymptotic light

line in TG can also be expressed as uTG = ckx=neff, with neff de-

noting the effective refractive index of TG.47,52,53 Meanwhile, the

frequency harmonic dispersion curve of the source electron

shifts either upwards or downwards by an amount of mfm along

the f axis. For example, the case of m = 1 is considered (red

dashed); this 1st harmonic wave transits above the light cone,

generating an overlapping area depicted as the blue region. It in-

dicates the conversion of the evanescent wave into a propa-

gating wave, thereby giving rise to t-SPR. Simultaneously, this

1st harmonic wave reaches above the TG light cone, leading to

an overlapping area depicted as the gray region, indicating con-

version into a propagating plane wave into TG. The radiation

induced within the TG, driven by energy compensation from

the temporal modulation, is a type of Floquet diffraction radia-

tion. This phenomenon, similar to diffraction radiation in spatially

periodic systems,54 can be referred to as temporal internal

SPR (t-iSPR).

Figure 2C presents the simulated radiation spectrum. As the

TG shifts the electron harmonic line upward along the f axis,

the radiation characteristics at the radiation frequency f rely

on the source electron at the frequency fe = f � mfm, whose

evanescent field decays exponentially with transverse

distance from its axis of motion. Quantitatively, the decay dis-

tance increases as the frequency fe decreases while maintain-

ing a constant velocity, according to the Bohr cutoff
Newton 1, 100023, April 7, 2025 3
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Figure 2. Proof-of-principle simulations of

t-SPR in an exemplified system with b = 0:2

and fm = 20 GHz

(A) Electric field intensity profiles when a source

electron flies over a dielectric slab with or without a

temporal modulation.

(B) The dispersion diagram of the exemplified

system: light line (dark blue), energy band within

TG (orange), electron (solid red), electron harmonic

wave (dashed red), the radiation frequency range

for t-SPR (blue regions), and t-iSPR (gray regions).

(C) t-SPR radiation spectrum probed in the vac-

uum.

(D) Radiation angle ðqÞ vs. frequency: theory (solid

line) and simulations (symbols).

(E and F) Simulated electric field distributions ðExÞ
at selected frequencies marked by stars in (B) for

1st ðm = 1Þ and 3rd ðm = 3Þ harmonic orders,

where the arrows indicate the radiation directions.
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distance50,55: dBohrðfeÞ = cb=ð2pfe
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � b2

p
Þ. The evanescent

field interacting with the TG becomes much stronger when fe
approaches zero. Consequently, the radiation intensity peaks

at f = fm and diminishes as f deviates from fm.

In addition, Equation 6 predicts a relationship between the ra-

diation angle and frequency, which is shown in Figure 2D (line).

As suggested, t-SPR exhibits a beam-scanning characteristic

within the operation bandwidth. The radiation direction switches

from backward ð180� /90�Þ to forward ð90� /0�Þ as f in-

creases, and a normal emission is produced at f = fm. This rela-

tionship has been validated by our simulations in Figure 2D (sym-

bols) and vividly illustrated by the electric field distributions in

Figure 2E: 0.85 fm (backward), fm (normal), and 1.2 fm (forward).

Moreover, t-SPR ceases to appear outside the predicted

t-SPR range ð0:83fm < f < 1:25fmÞ. Here, the simulated electric

field distributions encompass both the t-SPR emission and the

evanescent wave induced by the source electron. The presence
4 Newton 1, 100023, April 7, 2025
of the evanescent wave results in peri-

odic fluctuations in the electric field distri-

bution near the TG.

Interestingly, along with t-SPR, t-iSPR

can also be induced within TG due to

the phase velocity of the 1st harmonic

wave exceeding that of light within TG,

as evidenced in Figure 2B. The frequency

range of t-iSPR can be divided into two

regions by the line f = fm, whichmanifest

themselves in the left ðkx < 0Þ and right

ðkx > 0Þ half-spaces, respectively, signi-

fying that the energy flow propagates

backward or forward with respect to the

motion of the electron. As depicted in Fig-

ure 2E, backward t-iSPR is evident at 0:8

and 0:85fm, while forward t-iSPR is

observed at 1:2 and 1:3fm. This backward

radiation effect is similar to reverse Cher-

enkov radiation, which helps separate
electrons from the wakefields they generate, offering a wide

range of applications in high-energy particle physics.56–58

Here, the introduction of t-iSPR offers an alternative approach

for related applications, offering new possibilities for radiation

generation within time-varying media.

The electron energy in our setup (b = 0.2) is well below the

Cherenkov radiation threshold ðbCR = 1 =1:7z0:59Þ. Periodic
temporal modulation provides the necessary energy boost for

electrons to induce radiation,46 offering an alternative to hy-

perbolic metamaterials.59 When the electron energy exceeds

the minimum threshold within the TG (e:g:, b = 0:6), Cheren-

kov diffraction radiation54,60 is induced by the fundamental

wave (m = 0), as the increased slope allows for direct excita-

tion (see Note S4 and Figure S3). Its intensity is significantly

greater than t-iSPR, with the radiation direction fixed by the

Cherenkov diffraction radiation angle and independent of

frequency.
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Figure 3. Quantitative analysis for 1st-order

s-SPR and t-SPR

(A and B) The dependence of emission intensity

spectra on electron-grating separation d for (A)

s-SPR or (B) t-SPR.

(C and D) Plot of the radiation direction q as a

function of electron velocity b and radiation fre-

quency f for (C) s-SPR and (D) t-SPR. The gray

region indicates angles beyond the 1st-order

emission range.

(E) Active control of t-SPR via modulation of the

continuous waveform WðtÞ, with the amplified

peak marked by dashed circles. Adjusting the

electron energy to b = 0:23 positions the interac-

tion within the momentum gap of TG.
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Similar to s-SPR, t-SPR also exhibits high-order harmonic ra-

diation. For example, the 3rd harmonic radiation around f = 3fm
is illustrated in Figure 2B. The radiation angle, observed in nu-

merical simulations, aligns closely with theoretical expectations,

as shown in Figure 2D. However, compared to 1st-order radia-

tion, the intensity plotted in Figure 2C is noticeably lower due

to the decreasing harmonic intensity with increasing orders.61,62

This is supported by the electric field distributions around f =

3fm in Figure 2F, which shows a weaker intensity compared to

f = fm in Figure 2E. Meanwhile, higher-order radiation ðm R3Þ
overlaps, contributing to the broadband nature of the spectrum.

Despite this, t-SPR presents a promising pathway for achieving

frequency up-conversion and holds potential applications in

extreme frequency lasing, particularly in the ultraviolet range.63

It is noteworthy that the radiation spectrum near 2fm is signifi-
cantly weaker, as shown in Figure 2C, pri-

marily due to the nature of the Fourier

transform of the square modulation

waveform. This results in a Sinc function,

which causes even harmonics to appear

relatively weak.61

Quantitative comparisons: s-SPR
vs. t-SPR
In s-SPR and t-SPR, the conversion of the

electron’s evanescent wave into free-

space radiation is facilitated through the

compensation of momentum or energy

from the spatial grating or TG, respec-

tively. Their characteristics exhibit several

distinctions, and a direct comparison is

detailed in Figures 3, S4, and S5. To

ensure that s-SPR and t-SPR encompass

the same radiation range, the relationship

between p and T is set as p = Tbc with

the same harmonic order (see Note S5).

It is worth noting that the evanescent field

of a moving electron experiences expo-

nential decay with increasing transverse

distance, i:e., dBohr, and the proximity of

the electron trajectory to the grating sur-

face d plays a pivotal role.50 In general,
closer distances result in stronger interactions. However, this dis-

tance is constrained by experimental resolution to prevent direct

electron impact on the structure for s-SPR.

In contrast, t-SPR exhibits robustness to variations in d. As the

separation d increases, both s-SPR and t-SPR experience a

reduction in intensity, but their rates of decline differ significantly.

The intensity of s-SPR decreases exponentially toward zero as d

reaches 3 mm, as illustrated in Figure 3A. On the other hand,

t-SPR shows only a marginal decrease over the same distance,

as depicted in Figures 3B (logarithmic scale) and S6 (linear

scale). This disparity arises from their distinct excitation mecha-

nisms. The intensity observed at the same radiation frequency f

is influenced by the strength of the evanescent field from the

source electron at frequency fe. Specifically, for t-SPR, this is

characterized by dBohrðfe = f � mfmÞ, whereas for s-SPR, it is
Newton 1, 100023, April 7, 2025 5
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dBohrðfe = fÞ. The characteristic length dBohrðf �mfmÞ is signifi-

cantly longer than dBohrðfÞ, rendering t-SPR relatively insensitive

to variations in the electron-grating separation. This feature alle-

viates the constraints typically associated with electron interac-

tions within the near field.64 Additionally, we compare the radia-

tion angle distributions for s-SPR and t-SPR in Figures 3C and

3D by tuning b and reveal that normal emission ðq = 90�Þ consis-
tently occurs at fm with varying b for t-SPR. This consistency is

attributed to the fact that the radiation frequency fm remains

steadfast along the f axis, regardless of variations in b, and is

accompanied by a corresponding wavenumber of kx = 0.

This feature highlights a potential application in frequency-

locked light sources.7,65

Alongside its (1) strong robustness to electron-grating separa-

tion, t-SPR also offers two key advantages: enhanced reconfi-

gurability and efficient energymanagement. (2) Reconfigurability

and adaptability: t-SPR offers significant advantages in terms of

reconfigurability compared to s-SPR. In s-SPR, the emission

characteristics are primarily determined by the electron energy

and the fixed spatial grating. The system lacks flexibility in ad-

justing these parameters once the grating is fabricated.

Conversely, t-SPR provides a highly adaptable platform. The

TG enables reconfiguration by adjusting several parameters:

the modulation period T, the amplitude A (see Note S7 and Fig-

ure S7), and the modulation waveform WðtÞ, as shown in Fig-

ure 3E and beyond.66 This flexibility allows for fine-tuning the

interaction between the electrons and the time-varying field, of-

fering enhanced control over the emission characteristics. The

ability to adjust these parameters holds significant promise for

developing advanced active free-electron light sources. (3)

Enhanced energy transfer and amplification: in s-SPR, spatial

grating operates as a passive system, strictly adhering to the

principles of energy conservation. The role of the spatial grating

is to convert evanescent waves, which are carried by electrons,

into propagating waves within the spatial domain. The total en-

ergy within the system originates solely from the electrons, and

there are no additional mechanisms for amplifying the energy.

In contrast, t-SPR utilizing a TG functions as an active system.

It does not strictly adhere to the conventional energy conserva-

tion constraints within the system. Instead, t-SPR can introduce

external energy through temporal modulation. This modulation

allows energy to be transferred from the temporal modulation

to the electron-photon interaction, effectively sidestepping tradi-

tional energy conservation limitations. As a result, t-SPR can

harness an additional energy channel, leading to significant en-

hancements in radiation intensity.

When periodic modulations are properly configured, the sys-

tem exhibits amplification at specific frequencies, notably at

ð2N + 1Þfm=2, where N is an integer. Adjusting the electron en-

ergy to b = 0:23 places the interaction point within the mo-

mentum gap (see Note S3 and Figure S2), inducing amplification.

Ideal square waveforms, used throughout this study to illustrate

t-SPR, have discontinuities that hinder the observation of this

amplification effect. In order to address this, smooth transitions

are introduced to create continuous waveformsWðtÞ for all mod-

ulation types (sawtooth, square, triangular, and sinusoidal) (see

Note S2). As shown in Figure 3E, the system exhibits amplifica-

tion for all modulation types at normalized frequencies like 0.5,
6 Newton 1, 100023, April 7, 2025
1.5, 2.5, etc., consistent with recent photonic time crystal light

emission findings.46 Amplification may also arise from both the

evanescent wave of the moving electron and t-iSPR, with their

overlap causing amplified waves to leak into the vacuum and

complicating t-SPR identification. Proper simulation time control

is crucial to capture the t-SPR spectra and avoid masking from

multiple amplification effects. As an active amplification mecha-

nism, t-SPR shows potential for on-chip electron accelerators,

enabling precise phase matching between the electron beam

and t-SPR wave.67–69

Potential experiments to observe t-SPR
This study combines theoretical analysis with electromagnetic

simulations to validate the concept of t-SPR. The proposed

method is highly versatile, with no strict constraints on the mod-

ulation waveform, amplitude, frequency, or type of electron

source, significantly improving experimental feasibility and

broadening the range of potential setups. Various techniques

for generating the TG have been explored in the litera-

ture,40,41,51,70–74 with detailed comparisons provided in Table 1.

For electron sources, options such as pencils, sheets, and hol-

low electron beams—commonly used in traditional SPR-based

devices—are viable.58,59,63 Electron microscopes, with their

excellent collimation and manipulation capabilities, are particu-

larly well suited for this application.14,15,75,76 Additionally, artifi-

cial structures like slit waveguides can simulate electron evanes-

cent waves,11,12,56 expanding the possibilities for t-SPR

experimentation. In experimental setups, achieving simulta-

neous and dynamic modulation of both material properties and

the electron source is crucial for observing t-SPR. Two feasible

approaches are proposed in Note S8 and Figure S8.

It is important to note that the TG concept is similar to, but

distinct from, photonic time crystals. TG allows broad tuning

by temporally modulating material properties at the working fre-

quency (i:e., designed radiation frequency f ) without constraints

on the modulation frequency fm. Experimental studies show that

temporal modulation introduces Floquet frequency har-

monics,31,72,73 e:g., f = 196 THz (1,530 nm) with fm = 1 MHz.72

In contrast, photonic time crystals require ultrafast modulation

frequencies near the working frequency and rely on creating a

momentum gap for amplification. Achieving this experimentally

is challenging, and the highest frequencies for metasurfaces

are currently 871 and 1,742 MHz for working and modulation,

respectively.44 For initial t-SPR verification, amplification effects

can be neglected to relax modulation frequency constraints.

DISCUSSION

In summary, our theoretical predictions reveal that t-SPR can be

effectively achieved by a free electron moving above a simple

TG. t-SPR emerges as a highly versatile platform thanks to its

reliance on temporal modulation. Unlike traditional methods,

t-SPR exhibits remarkable resilience to variations in the elec-

tron-to-grating distance, significantly easing the stringent re-

quirements typically associated with near-field electron excita-

tion in s-SPR. The amplification effect observed within the

momentum gap of the TG highlights the potential of t-SPR for

groundbreaking applications. This includes the development of



Table 1. Potential approaches to achieve TG

Material platform Nonlinear materials31,36 Graphene45,51,77–79 Metasurface44,74 Transmission lines37,80,81

Mechanism nonlinear Kerr effect tunable Fermi level reconfigurable metasurface capacitance (inductance)

modulation

Working frequency

(designed radiation

frequency)

infrared visible

(� 100 THz)

THz infrared

(GHz–THz)

microwaves (MHz–GHz) radio waves (kHz–MHz)

Modulation frequency MHz–THz �10 GHz MHz MHz

Waveform sin=cos31,a square72,a sin=cos45,a,77

square51,78
sin=cos44,a,74 square73,a,82,a sin=cos80,a,81,a

aExperimental work.
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advanced on-chip light sources and innovative electron

accelerators.

Our study emphasizes the critical role of achieving high-speed

modulation for the TG and addresses the implications of its finite

thickness, as detailed in Note S9 and Figure S9. Similar to con-

ventional s-SPR, which utilizes a transmission grating, t-SPR can

be detected in both the upper and lower half-spaces. The ra-

diation directions outlined in Equation 6 guide the detection.

By highlighting these factors, we underscore the potential of

t-SPR as a groundbreaking and practical approach for adv-

ancing the development of time-varyingmaterials and integrated

photonic and electronic devices. Our findings pave the way for

future experimental research and technological innovations,

particularly in the domain of free-electron radiation.

METHODS

Simulation methods
In this study, we utilized the transient solver in the commercial

software COMSOL to validate the t-SPR. The current density

induced by a moving electron is described by the equation

Jðx; z; tÞ = bxqvedðz � dÞdðx � vetÞ, where q is the electron

charge and ve is its velocity. In the frequency domain, the cor-

responding expression for the current density becomes Jðx; z;
uÞ = bxqdðz � dÞe� jkxex, where kxe = ue=ve and k2xe + k2z0 =

ðue=cÞ2. To simulate the motion of the moving electron, we

employ a phase-delayed dipole array. The separation between

adjacent dipoles is denoted as Dx ðDx � lÞ, with each dipole

having a phase delay of Dxkxe. In the time-domain simulation,

a Gaussian wave packet is used to model the dipole array’s

excitation: fðtÞ = A0e
� ðt� t0 Þ2

2s2 cosð2pf0tÞ, where A0 is the ampli-

tude, f0 is the central frequency, t0 represents its position on

the time axis, and s controls the wave packet’s temporal width.

To accurately capture the broadband nature of the source elec-

tron, s is chosen to be sufficiently small. The simulation domain

is divided into two regions: the vacuum and the TG. The source

electron moves above the TG surface at a distance d. A scat-

tering boundary condition is applied at the edges of the domain

to absorb scattered waves and minimize reflection artifacts.

Frequency-domain results are obtained through Fourier trans-

form analysis, with a detection line configured to capture the ra-

diation spectrum emitted by the dipole array. Additional details

can be found in Note S2.
Energy band calculation for TG
A bulk TG with a time-periodically varying permittivity εrðtÞ can
be represented by a Fourier series due to its periodic nature.

The Fourier series expansion of the permittivity is given by

εrðtÞ =
X
m

εme
jmUt; (Equation 8)

where m = 0; ± 1; ± 2;/, and U is the angular frequency of the

time modulation. To solve the wave equation, we apply the

Bloch-Floquet theorem, which allows the electric field EðtÞ to

be expressed as a Fourier series expansion:

EðtÞ =
X
n

ene
jðu+nUÞt; (Equation 9)

where n = 0; ± 1; ± 2;/, andu is the base angular frequency. By

substituting Equations 8 and 9 into Maxwell’s equations, we

obtain the following relation:

k20c
2
X
n

ene
jnUt � ðu+nU+mUÞ2

X
m

X
n

eneme
jðn+mÞUt = 0;

(Equation 10)

where k0 is the wave vector in the absence of the time-periodic

modulation and c is the speed of light in vacuum. The detailed

derivation and further explanation can be found in Note S3.
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Miller, R.J.D., and Kärtner, F.X. (2015). Terahertz-driven linear electron ac-

celeration. Nat. Commun. 6, 8486.

4. Urata, J., Goldstein, M., Kimmitt, M.F., Naumov, A., Platt, C., and Walsh,

J.E. (1998). Superradiant smith-purcell emission. Phys. Rev. Lett. 80,

516–519.

5. Su, Z., Xiong, B., Xu, Y., Cai, Z., Yin, J., Peng, R., and Liu, Y. (2019). Manip-

ulating cherenkov radiation and smith–purcell radiation by artificial struc-

tures. Adv. Opt. Mater. 7, 1801666.

6. Roques-Carmes, C., Kooi, S.E., Yang, Y., Rivera, N., Keathley, P.D., Joan-

nopoulos, J.D., Johnson, S.G., Kaminer, I., Berggren, K.K., and Solja�ci�c,

M. (2023). Free-electron–light interactions in nanophotonics. Appl. Phys.

Rev. 10.

7. Korbly, S.E., Kesar, A.S., Sirigiri, J.R., and Temkin, R.J. (2005). Observa-

tion of frequency-locked coherent terahertz smith-purcell radiation.

Phys. Rev. Lett. 94, 054803.

8. Wang, Z., Yao, K., Chen, M., Chen, H., and Liu, Y. (2016). Manipulating

smith-purcell emission with babinet metasurfaces. Phys. Rev. Lett. 117,

157401.

9. Su, Z., Cheng, F., Li, L., and Liu, Y. (2019). Complete control of smith-pur-

cell radiation by graphene metasurfaces. ACS Photonics 6, 1947–1954.

10. Kaminer, I., Kooi, S., Shiloh, R., Zhen, B., Shen, Y., López, J., Remez, R.,
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