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We consider the approximation of weakly T-coercive operators. The main property to ensure the
convergence thereof is the regularity of the approximation (in the vocabulary of discrete approximation
schemes). In a previous work the existence of discrete operators T;,, which converge to T in a discrete
norm, was shown to be sufficient to obtain regularity. Although this framework proved useful for many
applications, for some instances the former assumption is too strong. Thus, in this article we report a
weaker criterion for which the discrete operators 7, only have to converge point-wise, but in addition
a weak T-coercivity condition has to be satisfied on the discrete level. We apply the new framework
to prove the convergence of certain H 1—conforming finite element discretizations of the damped time-
harmonic Galbrun’s equation, which is used to model the oscillations of stars. A main ingredient in the
latter analysis is the uniformly stable invertibility of the divergence operator on certain spaces, which is
related to the topic of stable discretizations of the Stokes equation.

Keywords: discrete approximation schemes; weak T-coercivity; Galbrun’s equation.

1. Introduction

An origin of the T-coercivity technique to analyse equations of nonweakly coercive form can be found
in the theory of Maxwell’s equation and goes back at least to Buffa e al. (2002) and Buffa (2005). The
idea to use a discrete variant to prove the stability of approximations can be found, e.g., in Hohage &
Nannen (2015) and Bonnet-BenDhia et al. (2018). In Halla (2021c) this approach was formalized to a
framework to prove the convergence of Galerkin approximations of holomorphic eigenvalue problems,
and was successfully applied for perfectly matched layer methods to scalar isotropic (Halla, 2021a) and
anisotropic (Halla, 2022b) materials, Maxwell problems in conductive media (Halla, 2021c), modified
Maxwell Steklov problems (Halla, 2021b) and Maxwell transmission problems for dispersive media
(Unger, 2021; Halla, 2023b). In particular, Halla (2021c¢) is build upon the much broader framework of
discrete approximation schemes (Stummel, 1970; Vainikko, 1976), which originated in the 1970s and the
best results for eigenvalue problems in this context are Karma (1996a,b). The main contribution of Halla
(2021c) was to provide a practical criterion to prove the regularity of approximations, which allows to
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apply the results achieved for discrete approximation schemes, although for some applications it turns
out that the T-compatibility criterion of Halla (2021c) is too strong, and hence we present in this article
a weaker variant. Some similarity can be drawn to the analysis of p-finite element methods for Maxwell
problems (Boffi et al., 2011), for which (opposed to h-finite element methods) the cochain projections
are not uniformly L? bounded, and hence the discrete compactness property is obtained in Boffi 7 al.
(2011) by an alternative technique.

Primarily the T-coercivity approach serves a technique for the analysis of partial differential equations
and the numerical analysis of respective discretizations. However, T-coercivity techniques can also be
used to construct new numerical schemes. Indeed, if feasible, the operator T can be included in the
discretized variational formulation as, e.g., done in Ciarlet & Jamelot (2024) and Halla et al. (2024).
Having now the discretization of a weakly coercive problem at hand, the stability of the approximations
follows in a straightforward manner.

This article is motivated by the study of approximations to the damped time-harmonic Galbrun’s
equation. The Galbrun’s equation (Galbrun, 1931) is a linearization of the nonlinear Euler equations
with the Lagrangian perturbation of displacement as unknown, and is used in aeroacoustics (Maeder
et al., 2020), as well as in an extended version in asteroseismology (Lynden-Bell & Ostriker, 1967).
We refer to Higg & Berggren (2021) for a well-posedness analysis in the time domain. In the time-
harmonic domain an approach in aeroacoustics is to use a stabilized formulation, which is justified by
the introduction of an additional transport equation for the vorticity, and we refer to the well-posedness
analysis in Bonnet-BenDhia et al. (2012). Different to aeroacoustics in asteroseismology there exists
a significant damping of waves that allows the equation to be analysed in a more direct way, see the
well-posedness results Halla & Hohage (2021) and Halla (2022a). In the second part of this article we
apply our new framework to the approximation of the damped time-harmonic Galbrun’s equation as
considered in Halla & Hohage (2021):

— p(o + idy + i25)u -V (pc§ div u) + (divu)Vp

— V(Vp-u) + (Hess(p) — pHess(¢))u + yp(—iw)u=f in O, (1.1)

where p,p, ¢, c,, b, $2 and f denote density, pressure, gravitational potential, sound speed, background
velocity, angular velocity of the frame and sources; 9}, := 213:1 b;d,, denotes the directional derivative
in direction b, Hess(p) the Hessian of p and ¢ C R3? a bounded domain; and damping is modelled
by the term —iwypu with damping coefficient . The main challenge to tackle this equation can
already be observed in the case p,¢ = 0,£2 = 0. We discretize (1.1) with conforming H' finite
elements. To guarantee the stability of the approximation we use vectorial finite element spaces that
admit a suitable uniformly stable inversion of the divergence operator. In particular, let X, C H' be
a Lagrangian vectorial finite element space of order k and Q;, C L? be a scalar finite element space
and L(2) = f{u e L?: J, o udx = 0}. Then, we require that there exists a uniformly bounded inverse of
the (discrete) divergence operator acting on the spaces 9, N L% - X, N H(l). Such methods have been
developed in the field of computational fluid dynamics for the stable discretization of incompressible
Stokes and Navier—Stokes equations, cf. e.g., John (2016).

Especially convenient for the analysis are the so-called divergence free finite elements, meaning
that the approximative solutions to the Stokes equations are exactly divergence-free. However, note
that there exist sophisticated techniques to construct such elements and not all divergence-free finite
elements fit our needs. The pioneering work for divergence-free finite elements was set by Scott and
Vogelius (Scott & Vogelius, 1985), who established respective results (suitable for our purpose) in
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two dimensions for triangular quasi-uniform meshes with finite degree of degeneracy and polynomial
degree k > 4 (the quasi-uniformity is actually not necessary due to Falk & Neilan (2013)). In three
dimensions, Zhang (Zhang, 2011) reported a generalization to uniform tetrahedral grids for k > 6,
and his results in Zhang (2009) indicate that for general tetrahedral grids suitable orders are k > 8.
The application of convenient finite element spaces on specialized meshes generated by barycentric
refinements (suitable for our purpose) received extensive attention and we refer, e.g., to Arnold & Qin
(1992), Zhang (2005) and Guzman & Neilan (2018). In general, such schemes are related to respective
discretizations of suitable deRahm complexes with high regularity (Christiansen & Hu, 2018; Guzman
et al., 2020; Neilan, 2020). There exist also several results for elements on quadrilateral grids for which
we refer to the bibliographies of John et al. (2017) and Neilan (2020). Other approaches to construct
divergence-free finite elements include enriched finite elements, nonconforming elements, discontinuous
Galerkin methods and isogeometric methods.

Although we will make use of the advantages of divergence-free finite elements in the analysis, we
note that the more important property is the stable Stokes approximation. A comparison and analysis of
different robust finite element discretizations for a simplified Galbrun’s equation is presented in Aleman
et al. (2022). Approximations with H(div)-conforming finite elements and DGFEMs are analysed in
van Beeck (2023), Halla (2023a) and Halla ef al. (2025), employing the framework of the current
article.

The remainder of this article is structured as follows. In Section 2 we report a multipurpose framework
based on a weak T-compatibility condition (weaker than in Halla (2021c)) to obtain the regularity,
and hence the stability of approximations. Although in this article we consider only conforming
discretizations to (1.1), we formulate the framework in a general way to include also nonconforming
approximations (Halla, 2023a). In Section 3 we apply the former framework to discretizations of (1.1).
In particular, in Section 3.5 we consider a simplified case of (1.1) to present the main ideas and in
Section 3.6 we treat the general case. In Section 4 we present computational examples to accompany our
theoretical results and we conclude in Section 5.

2. Abstract framework

This section discusses a multipurpose framework for the analysis of approximations of linear operators.
In Section 2.1 we review the framework and important definitions, as well as sufficient conditions for
the convergence of the approximative solution. We aim to apply this framework to operators that are
Fredholm with index zero; however, have the structure of ‘coercive+compact’ only up to a bijection.
Such operators are called weakly T-coercive; a precise definition is given in Section 2.2. Note that this
property is equivalent to an operator being Fredholm with index zero, and the construction of a suitable
T operator is the tool to prove this property. Here, we study a way how this property can be mimiced on
the discrete level to ensure convergent approximations.

2.1 Discrete approximation schemes

We consider discrete approximation schemes in Hilbert spaces. Note that the forthcoming setting is a bit
more restrictive than the schemes considered in Stummel (1970), Vainikko (1976) and Karma (1996a),
but more convenient for our purposes. For two Hilbert spaces (X, (-, -)y) and (Y, (-,-)y) let L(X,Y) be
the space of bounded linear operators from X to Y, and set L(X) := L(X, X).

DeriNiTioN 1. We call {X,,A,,p,},cn @ discrete approximation scheme of A € L(X) if the following
properties hold: Let (X, (-, -)x ),cn be a sequence of finite-dimensional Hilbert spaces and A, € L(X,,).
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And letp, € L(X,X,) such that lim,_, . lIp,ullx, = lluly for each u € X. We then define the following
properties of a discrete approximation scheme:
(i) A sequence (u,,)

neN» Uy € X, 18 said to converge tou € X, if lim,,_, . llp,u — u,|lx = 0.

(i) A sequence (u,),cn. U, € X, is said to be compact, if for every subsequence N’ C N there exists
a subsubsequence N” C N’ such that (1), converges (to u € X).

(iii)) A sequence of operators (A,),cn.A4, € L(X,) is said to approximate A € L(X), if
lim,_, . A,p,u — p,Aully = 0. In a finite element vocabulary it might be more convenient
to denote this property as asymptotic consistency.

(iv) A sequence of operators (A,),cn. 4, € L(X,) is said to be compact, if for every bounded sequence

() perns Uy € Xyps lluylly, < C the sequence (A, u,),c is compact.

(v) A sequence of operators (A,,),cn-4, € L(X,,) is said to be stable, if there exist constants C,ny > 0
such that A, is invertible and ||A;l Il x, < Cforalln > n,.

(vi) A sequence of operators (A,),cn.A, € L(X,) is said to be regular, if |lu,|y, < C and the
compactness of (A,u, ),y implies the compactness of (#,),,cn-

Note that we do not demand that the spaces X,, are subspaces of X. Instead, we demand the existence
of the projection operators p,. The vocabulary introduced in definition 1 and used throughout the
manuscript may not be familiar to every reader. We hence refer to the corresponding properties of a
discrete approximation scheme with an upper index linking to the corresponding property in definition 1.
The central properties we are looking for in a discrete approximation scheme are regularity™” and
asymptotic consistency"", which are sufficient for the convergence of discrete solutions. To emphasize
this we recall in the following some well known results.

Lemma 1. Let A € L(X) be bijective and (A,),cn, A4, € L(X,) be a discrete approximation scheme that
is regular"" and approximates‘ A. Then, (A, en 18 stable!™).

Proof. Follows from statement (3) of (Karma, 1996a, theorem 2). We give a proof for the sake of
completeness. Assume the contrary, i.e., there exists a normalized sequence u,, € X, with A,u, = 0.
Since A,, is regular, there exists u € X and subsequence that we do not rename, such that lim ||u,, —p, u|| =
0. As A, approximates A we have lim [|A,p,u — p,Aulx = 0. Therefore, lim ||p,Aully = 0. Since A is
injective, it follows u = 0. This contradicts |lu, [y = 1 and lim,,_, ., |lu, — p,ully, = 0, and hence the
claim is proven. d

Lemma 2. Let A € L(X) be bijective and (A,),cn» A4, € L(X,) be a discrete approximation scheme
that is stable!) and approximates') A. Let n, > 0 be such that A, is bijective for all n > n, u,u,
be the solutions to Au = f and A u, = f, € X,, and assume that lim, _, ., [lp,f — f,llx, = 0. Then,
lim,_, o lp,u — u,llx, = 0.1If the approximation is a conforming Galerkin scheme, i.e., X, C X and p,,
is the orthogonal projection onto X,,, f,, = p,.f, then there exists a constant C > O such that |lu —u, ||y <
Cinf, oy, lu —u,llx forall n > ny,.

Proof. UsingthatA,, is stable, i.e., has a bounded inverse, followed by the triangle inequality, we estimate

-1
lpnu — unllx, < sup A, ILx,) |AnPu — Anunllx,
m>ng

< sup 14, ¢, (1Anpni — puAull, + |pnAu — Anttnx, )
m>ng

sup [A; 1L x,,) (1Anpau — puAullx, + Ipaf — fallx, )-
m>ng
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It holds that lim, , ||A,p,u — p,Aully = 0, because (A4,),cn approximates(i“) A, and that
lim,_, o lp,f — fullx, = O by assumption. Hence, the first claim is proven.

For the second claim we recall that we are in the setting of a conforming Galerkin scheme. We
estimate, using the triangle inequality, the stability of A, and the definition of the projection p,,, to obtain

lu—u,lly < llu—p,uly +llp,u—u,llx

< llu — pyully + sup ||An_11 ||L(Xm)||PnAPnM — pyAully
m>ng

<llu _Pn””x + sup ||A,;1 ”L(Xm)”A”L(X)”"‘ _PnM”X

m>ng

= (1 + sup ||A;1||L<Xm>||A||L(X)) lu— pyully.

m>ng

2.2 The new T-compatibility condition

DerNiTION 2. We define the following properties for an operator A.

(i) An operator A € L(X) is called coercive, if there exists a constant C > 0 such that |(Au, u)y| >
Cllul% for all u € X.

(i) An operator A € L(X) is called weakly coercive, if there exists a compact operator K € L(X) such
that A + K is coercive.

(iii)) An operator A is called (weakly) right T-coercive, if T € L(X) is bijective and AT is (weakly)
coercive.

Our definition of weak T-coercivity is in spirit equivalent to the generalized Gérding inequality in
(Buffa et al., 2002, prop. 3). The generalized Garding inequality in [11] follows from our definition of
weak T-coercivity by applying the triangle inequality. However, the reverse direction seems to require
an additional argument.

The next theorem provides a sufficient setting for a discrete approximation of a (weakly) right 7-
coercive operator. This theorem is key for the discretization and its analysis in Section 3.

Tueorem 3. Let sequences (A,),cns (1) pens B pens (K peny and B, T € L(X) satisfy the following:
There exists a constant C > 0 such that for each n € N it holds A,,T,,B,,K, € L(X,),

n>-n’

T, 0Ly 1T e,y 1Bl 1By iz, < C. B is bijective, (K,,),,cn is compact™ and

nll)rgo I1T,pu —p,Tuly, =0, nll)rglo |B,p,u — p,Bully, =0 Yu e X, (2.1a)
A,T,=B,+K,. (2.1b)
Then, (A,),,cy is regular™.

Proof. Let (u,),cn, u, € X, be a uniformly bounded sequence |lu,lly < C, (f,),en With f, = A, u,
be compact and N’ C N be an arbitrary subsequence. Consider a converging subsequence (f,,),,cp With
N” c N’ and denote the limit as f € X such that lim, .\ [|A,u, — p,flly, = 0. We then obtain from

(2.1b) that B, T 'u, + K, T, 'u, = Au, = f, — fforn € N',n — oc. Since T, ! is bounded and
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6 M. HALLA, C. LEHRENFELD, P. STOCKER

(K, pen 18 compact“v), (T, lun)neN,/ is bounded and we can choose a converging subsequence (g,,),,cn
with g, = K, T, 'u,,, N C N” and limit g € X such that lim, . ||g,, — p,&llx, = 0. We observe that

there holds u, = T,B; ' (f, — g,). Finally, we want to exploit the properties in (2.1a) on 7, and B,, to
show lim,, [, —p, TB~' (f — ) I, = 0, which implies the compactness'” of (u,,),,cx. We start with
a triangle inequality

=, TB™'F = @), < llut, = 7,8, p,(f = D)llx, + Ip,TB™ (f = 8) = T, B, 'p,(f — 9)llx,

I i

and bound the two contributions I and II one after another:

I <N T ML) 1By i 1 — 80) = Pulf — DIy, < C (Ify — Puflix, + 1P, — Pugllx,) -
1< \p, 7B~ (f —g) — T,p,B~' (f —&)x, + IT,p,B~"(F — 8 — T,B, 'p,(f — 9,

<P, TB~ (f — &) — T,p,B~'(f — ®lly, + C*IIB,p,B~ (f — &) — p,(f — &)lx,-

where the latter right-hand side terms converge to zero for n — oo by the assumptions in (2.1a). Hence,
(1), converges (to TB~!(f — g)), and thus A, is regular™. O

We call a sesquilinear form a(-, -) compact or (weakly) (right 7-)coercive, if its Riesz representation
A € L(X) (defined by {Au, u')y = a(u,u’) for all u, ' € X) admits the respective property.

3. Discrete approximations of the damped time-harmonic Galbrun’s equation

In this section we analyse approximations to (1.1). After introducing the weak formulation of the problem
in Section 3.1 we discuss a Helmholtz-type decomposition and a density result in Section 3.2 and
Section 3.3, respectively. The discrete approximation is then introduced in Section 3.4 and analysed
in two steps in Section 3.5 and Section 3.6, where in Section 3.5 we treat the case of homogeneous
pressure and gravity and treat the general case in Section 3.6.

3.1 Preliminaries, notation and weak formulation

To this end, we first set our notation, and specify our assumptions on the parameters and the domain. Let
¢ C R3 be a bounded Lipschitz polyhedron. We consider ¢ to be the default domain for all functions
spaces, i.e., L% := [2(0), etc. Let L(Z) := {u € L*: mean(u) = 0}. Further, for a scalar function space
X we use the boldface notation for its vectorial variant, i.e., X := (X)3. If not specified otherwise all
function spaces are considered over C. We introduce the following subspaces of H! with zero (normal)
trace:

H},O ={ueH:v-u=00n00} and H(l) = (H(1))3,

where Hé :={ue H': u=0 on 30} is the subspace of H' with zero trace. By Cpg > 0 we denote the
Poincaré—Steklov constant of ¢, which satisfies

Cpgllullyr < I Vully> forallu € Hy. (3.1

Gz0Z Jequieldag o} uo Jesn 9y sbniq Jeoue) INZO A 2Z9tyZ8/1L Z0Jelp/WnuUBwWI/SE0) 0 L /I0p/a|o1le-aoueApe/eulewl/wod  dno-olwspese//:sdpy WwoJj papeojumoq



NEW T-COMPATIBILITY FOR GALBRUN’S EQUATION 7

We denote scalar products as (-, -)y, whereas a scalar product without index always means the L?-
scalar product for scalar and vectorial functions. We employ the notation A < B, if there exists a constant
C > 0 such that A < CB. The constant C > 0 may be different at each occurrence and can depend on
the domain &, the physical parameters p, ¢, p,, ¢,y ,b,w, £2 and on the sequence of Galerkin spaces
(X)) hen- However, it will always be independent of the index n and any involved functions that may
appear in the terms A and B. Let the frequency w € R \ {0} and the angular velocity of the frame
2 € R3. Let the sound speed, density and damping parameter ¢, 0,1 O — Rbe measurable such that

c.<c

s<C» P=p=p, Y=Vv=Y, (3.2)

with constants 0 < c,, <., p, 0, ¥, 7. Let the pressure and gravitational potential p,» € W>™. Let the

Zso s
source term f € L2. Further, let the flow b € W1 (&, R3) such that div(pb) € L2and v -b =0 on 80
and b be compactly supported in &. This ensures that the distributional streamline derivative operator
dpu := b - Vuis well defined w.r.t. the inner product (p-, ) foru € L2 (Halla & Hohage, 2021), and we
define

X:={ue L2: divu e L2, dpu € Lz,v -u=00nd0}
with inner product
(u,u')y = (divu, divu’) + (3yu, d,u’) + (u,u’)

and the associated norm ||u||§g = (u,u)x. Note that the smoothness b € Wboo (g, R3) of the flow will
be required to obtain density results for the space X. There exists a constant Cyy > 0 such that

Cyyllully < llufyp  forallu e H. (3.3)

We further assume the conservation of mass div(pb) = 0, which allows us to reformulate (1.1) in the
weak form as in Halla & Hohage (2021): find u € X such that

a(m,u) = {f,u) vu' eX (3.4)
with the sesquilinear form

a(u, ) := (2 pdivu,divu’) — (p(@ + idy, + i2>)u, (0 + iy, + i2>)u')
+ (divu, gradp - u') + (gradp - u,divu’) + ((Hess(p) — p Hess(¢))u,u’)
—iw{ypu,u). (3.5)

3.2 Topological decomposition

A crucial tool to analyse (3.5) and to construct a proper operator 7 in Halla & Hohage (2021) is a
Helmholtz-type decomposition of vector fields in X. To this end, let us recall that a vector space Y
is called the direct algebraic sum of subspaces Y, ... ,¥y C Y, denoted by Y = P,_; y7Y,, if

each element y € Y has a unique representation of the form y = 25:1 y, withy, € Y,. We refer
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8 M. HALLA, C. LEHRENFELD, P. STOCKER

toY =P, . nY, as the algebraic decomposition of Y. Note that there exist associated projection
operators Py : ¥ — Y,:y >y, withranPy =Y, and ker Py, = €D,,—1, nmzn Vn- An algebraic
decomposition of a Hilbert space is called a topological decomposition, if all associated projection
operators Py are continuous. We set

V:={ueH): (Vu,Vu') = 0 forallu’ € H} withdivu' = 0},
W :={u € X: diva = 0}.

(3.6)

From (Acosta et al., 2006, theorem 4.1) we know that Dv :=divv, D € L(V, L(2)) is bijective. We make
use of the notation D for the divergence operator to emphasize that it has a bounded inverse on V, and we
will always consider it in the space D™! € L(L32, V). Note that D = div is also bounded and well defined
on X. While the choice of D is deceptively simple in the case of homogeneous pressure and gravity, it
is not trivial in the case of heterogeneous pressure and gravity, as we will see in Section 3.6. On V the
sesquilinear form (div -, div -) defines an inner product equivalent to the H(l) inner product.

The projections onto V and W are given by

Pyu:=D'diva and Pyu:=u-Pyu

Thus, V @ W is a topological decomposition of X. If there is no conflict of notation we use the
abbreviations v := Pyu, w := P uforu € X,

3.3 Density results

PRrOPOSITION 4 (Variation of prop. 3.5 of Bredies (2008)). Let [ € N and A: 2(A) C L*(O,R?) —
[*(0,R!) with Cgo (0,R?) C 2(A) be a closed linear operator with the property that

1. u € Z(4A) if and only if for each ¢ € C5°(0) follows ¢u € Z(A),
2. foreachu € Z(A) and ¢ € C3°(0) follows supp A(fu) C supp¢,

3. for each u € Z(A) with compact support in ¢ there exists a §, > 0 such that the sequence of
mollified ug := u * Gy satisfies || Augll ;25 gy < C for every § € (0,8) and some C > 0.

Then, for each ¢ > 0 and u € L*>(0,R3) with Au € L*(0,R!) there exists a it € C®(&,R3) such
that

lu = @72 gy + 1 A = Al 72 gy < e (3.7)

TueoreM 5. Letb € WH*°(&, R?) and b be compactly supported in &. Then, H(l) is dense in X.

Proof. Let x € Cgo(ﬁ) be a cut-oft function with values in [0, 1], & D G, D G; D suppb, x = 1 on
G, and x = 0on 0\ G,, where dist(dG,,30) > 0. Letu € X and ¢ > 0. Since ||(1 — Y)ullx = [I(1 —
Xl ygiv:)> we can find uy € C°(0) such that ||(1 — )u —uy[Ix < &/2, see, e.g., Ern & Guermond
(2020). To find a suitable smooth approximation of yu we apply Proposition 4 to Au := (divu, abu)T,
i.e., I = 4. The first assumption of Proposition 4 follows from the product rule (see, e.g., (Bredies,
2008, lemma 3.7) for details on d;,). The second assumption of Proposition 4 holds, because A is a
differential operator. The third assumption of Proposition 4 follows from (Bredies, 2008, lemma 3.8) and
convenient manipulations for the smoothing in H(div), i.e., div(uxGy) (X) = f o u(y) - ViGs(x—y)dy =
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NEW T-COMPATIBILITY FOR GALBRUN’S EQUATION 9

— [puly) - VyGs(x —y)dy = JoGs(x—y) divy u(y) dy. The claimed bound follows now from the
properties of G;. Thus, there exists i, € C*°(&) such that || xu — 1, ||x < &/2. Since the support of xu
is compact in &, 0, can be chosen with compact support too, and hence satisfies the necessary boundary
condition. Thus, the proof is finished. O

TrEOREM 6. Let b € WH°(¢&, R?) and supp b be compact in &. Then, C{° is dense in X.

Proof. Since Cg° is dense in H(]), the claim follows from Theorem 5 and (3.3). [l

3.4 H'-conforming discretization

Let (.7,),cn be a sequence of shape-regular simplical meshes of ¢ with maximal element diameter
h, — 0 forn — oo. For k € N we denote by P, the space of scalar polynomials with maximal degree
k. We consider finite element spaces

X, = fue Hly: ul; € (PU(1)? VT € ),

with fixed uniform polynomial degree k € N. It readily follows X, C H},O cX.

Let us note that the previous assumption that & is polygonal is crucial for X, to be a proper finite
element space with the usual approximation quality. We discuss the construction of such a finite element
space in Appendix A. For curved boundaries, especially in the case of curved boundaries that are
approximated with only C%-continuous discrete boundaries, the construction of X, is hardly possible or
computationally unfeasible. In these cases one typically resorts to Lagrange multiplier-based or Nitsche-
like techniques in order to weakly impose the boundary condition u - v = 0 through the variational
formulation that is then posed on {u € H!: u|y € (P,C(T))3 VT € .7,}. In the numerical examples below,
we will use a Nitsche-based (weak) imposition of the boundary conditions, while in the analysis we
assume u - v = 0 to be imposed as essential boundary conditions in X,,.

X, allows for proper approximation of u € X:

LemMma 7. It holds

lim inf u—uw|x =0 foreach ueX.
n— o0 u;lexn

Proof. Let u € X be given. Since Ci° is dense in X (see theorem 6), we can find for each ¢ > 0 a
function u, € CF° such that [lu — u,|lx < &. Further, the canonical interpolation operator I, is well
defined for u, and yields the estimate [lu, —/;, u_ [l < Ch, |lu,[lg2 with a constant C > 0 independent
of h,. Since u, has compact support, it also follows that /, u, € H(l), and thus 7, u, € X,. Hence, we
estimate
lim inf |u—u)|x < lim inf (Ju—u u —u <e¢+ lim |lu,— I, u
lw—wl < lim inf (ju =l + o, = w0 < e+ lim o, — 1, u ]l

’
n—o0 u, an n

<e+ nlgr;o o, =1, wllg S e+ nlgr;o hllullge = e.

Since ¢ > 0 was chosen arbitrarily, it follows lim

. ’
n— 00 mfu;,ex,, la— un”X =0. U

Let Py € L(X,X,) be the X-orthogonal projection onto X,,. Lemma 7 implies that lim
Py ulx =0 foreachu € X.

n— 00 fw —
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10 M. HALLA, C. LEHRENFELD, P. STOCKER
Based on X, we can formulate the discrete problem as
/! / /
findu, € X, s.t. a(u,u) = {fuw,) Vvu,ecX,. (3.8)

Let A € L(X) be the operator associated with a(-,-) and A, := Px Alx € L(X,). Then, the introduced
Galerkin approximation constitutes a discrete approximation scheme as described in Section 2.1, whereat
Pn = Py, . To guarantee the stability of the approximations we impose the following assumption. Let

Q,:={fel}: fly e P,_(T) VT eT) (3.9)

andlet P, € L(LZ, 0,,) be the associated orthogonal projection.

A key observation of the following analysis is that a discrete inf-sup-stability for the discrete
divergence operator and the spaces X, and Q, allows to obtain a discrete counterpart of the Helmholtz-
type decomposition that is required for the discrete T, operator in the T-coercivity analysis.

AssumpTiOoN 8. There exists a constant B, > 0 such that

: [{divu,,f,)I
inf sup
F1€0\ (0}, ex\(0) 11V, 229353 (I, Il 2

> IBdisc

forall n € N.

The choice of Q, in (3.9) relates to Scott—Vogelius elements in the discretization of the Stokes
problem. In order to ensure its stability, and hence to make sure that assumption 8 is satisfied, it is
usually necessary to apply special meshes (barycentric refinement) and/or sufficiently large polynomial
degree k, see, e.g., Scott & Vogelius (1985), Arnold & Qin (1992), Zhang (2005, 2011), Guzman &
Neilan (2018) and Neilan (2020).

While the Scott—Vogelius element satisfies the stronger condition div(X,,) C Q,,, this property is not
essential for the validity of the analysis, as will also be clarified in remark 2. Assumption 8 can often be
relaxed if Q, is replaced by another finite element space and in the discrete formulation div is replaced
by div, := P, div. We will comment on this type of discretizations and the necessary adjustments in
the analysis in more detail in remark 2 after the first a priori error bounds, below.

3.5 Homogeneous pressure and gravity

In this section we consider a simplified case of (1.1) in which the pressure and gravitational potential
are assumed to be constant before we consider the general case in the subsequent section. Equation (3.5)
reduces to

a(u,u’)=(c?p divu, divu') — (p(w + iy, + i2>)u, (0 + idy, + i2>)0') —iw(ypu,u').

We aim to establish the stability of (A,),.y by means of Theorem 3 and Lemma 1. To this end, we
need to construct operators 7, with respective properties. Of course the natural approach is to mimic the
analysis from the continuous level (Halla & Hohage, 2021). However, for the analysis in this article we
will rely on a slightly different construction than used in Halla & Hohage (2021). The reason thereof is
that this new variant can be mimicked more easily on the discrete level. While the analysis presented
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NEW T-COMPATIBILITY FOR GALBRUN’S EQUATION 11

here is an important set-up for the discrete problem, compared with the results in Halla & Hohage (2021)
it is suboptimal, as the assumption on the Mach number ||Cs_1b||Loc is more restrictive.

.2
LemMma 9. Let 8 > 0 be the inf-sup constant of the divergence on . Let ||cs_1b||ioo < /322:57%. Let

T := Py — Py. Then, T € L(X) is bijective with inverse T~! = T and A is weakly right T-coercive.

Proof. Since Py, and Py, are the projections of a topological decomposition, it holds that 7 € L(X) and
1T = (Py — Py)(Py — Py) = PyPy + PyPy = Py, + Py = 1. Using Tu = v — w we have that
(ATu,u)x = a(v —w, v+ w). It then holds AT = B 4 K for B and K defined by
(Bu,u')y :=(c?p divv,divV') — (pidyV, idyV)
— (pidyV, (0 + 0y + i2 )W) + (p(@ + idy, + 2 X)W, idpV')
+ {p(w + idy, + i2 X)W, (w + i3}, + i2>)W) + iw{ypw, w') (3.10)

(Ku,u')y :=— (p(@ + i2x)V, (@ + i2x)V) — (p(w + i2x)v,idpyV) — (pidyV, (0 + i2 x)V')
— (p(w +i2X)V, (0 + idy + i2X)W) + (p(@ + 0y + i2 X)W, (0 + i2x)V)
—iw(pyv,V) +iw(pyw,V) —iw(pyv,w), forallu,u’ e X. (3.11)

The terms appearing in definition of K can be represented, e.g., as
(p(@ +i2X)V, (0 + idy, + i2X)W) = (PB4 ia, i) Mpwrig 0 Eviz Py w)x

with the embedding Ey ;. € L(V, L?), the multiplication operator M pwti2x) € L(L?) and
Biigg+ix) € LW, L?), By tigy i)W = (@ + idy + i2x)W. Since the embedding H' < L?is
compact, V embeds continuously into H! and each term in (3.11) contains at least one operator Ey . or

E;‘/ 12 it follows that K € L(X) is compact. We now show that B is coercive, and hence that A is bijective.

Lett € (0, /2). We compute

1
cos T

Re (e—” sene iy u)X) = (2pdivv,divv) — (pidyV,id,V) + tan T|w|(yow, W)

+ (p(w + id, +i2 X)W, (0 + i3}, + 12 x)W)
— 2tan 7 sgnw Im ((pidyV, (@ + idy, + i2x)W)).
We estimate the last term by the Cauchy—Schwarz inequality and the weighted Young inequality |2ab| <

(1 — &)~ 'a? 4+ (1 — &)b? with an additional parameter ¢ € (0,1), a = tant|,/pdyV|;2, and b =
Il /p(w + idy, + 82 x)W||;2 and obtain

1
cosT

Re (e_if e By, u)X) > (cfp divv,divv) — (1 + (1 — &) 'tan® 1:) (pidyV, idyV)

+ e{p(w + idy + i2 X)W, (w + idy, + i2 X)W) + tan T|w|(y oW, W).
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12 M. HALLA, C. LEHRENFELD, P. STOCKER
‘We estimate further
(2p divv, divv) — (1 +(1—&) ' tan? r) (pidy V. id,V)
> (,6 ¢,%p —&2pley bliZ (1 +(—¢) tan r)) (Vv, Vv).

Due to the assumption of this lemma we can choose small enough t € (0,7/2) and ¢ > 0 such that the
constant in the right-hand side is positive. Since ||v|lx < [[VV|;2 forv e H(l), this yields coercivity in v.
As in Halla & Hohage (2021) a weighted Young’s inequality shows that

e(p(w + idy + iS22 X)W, (w + idy, + i2x)W) + tan t|w|(ypw, w) > ||a,bw||i2 + w7, = lIwlik -

Thus, [(Bu,u)x| 2 [IVII% + Iwll% 2 llull% and the claim follows. O

3.5.1 Regular approximation.

Lemma 10. Let Assumption 8 be satisfied. Then, the spaces

. 1. 1
V, = {un eX,NH): (Vu, Vu,) =0 Yu, c H)N Wn}, o
= {u, € X,,: divu, =0},
form a topological decomposition of X, with projections

.— p—1gj —
Pyu,:=D, divu, and Py u, :=u,—Py,u,

being uniformly bounded in n € N, where for g, € Q,, the function D;, g, € V,, is the unique solution
to

find v,, € V, such that divv, = ¢, (3.13)
ie,D;! € L(Q,, V).

Proof. Assumption 8 ensures that (3 13) admits a unique solution v,, that satisfies B IVV, [l (12)3x3 =<

lg,ll 2. Since Py Py uw, = D d1vPV = D;ldivu, = Py u,, Py is indeed a projection.
Assumption 8 ensures that Py, is uniformly bounded Due ker Py, =W, the spaces V,,, W, form indeed
a topological decomposition of X, 0

We abbreviate v, := Py u,, w, := Py u, foru, € X,

LemMma 11. Let Assumption 8 be satisfied. Then,

T,:=P, —Py =T, € LX)

n n

is uniformly bounded in n € N.
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NEW T-COMPATIBILITY FOR GALBRUN’S EQUATION 13

Proof. Since the spaces V,, and W,, form a topological decomposition of X, , it follows that T, = T, L
The uniform boundedness of T, and T, follows from the uniform boundedness of Py . g

LemMA 12. For each v € V it holds that lim

n— 00 ”V_

D, 'Py, divv|,, =0.

Proof. (v,0) solves the problem to find (u,z) € Hé x (WnN H(])) such that
(divu, diva’) + (Vu, VZ/) + (Vz, V') = (divv,divu’),

forall (W',z) € H(l) x (WN H(l)), and (D;lPQn div v, 0) solves the problem to find (u,,z,) € X, N H(l) X
w,n H(l)) such that

(divu,, divu,) + (Vu,, Vz,) + (Vz,, Vu,) = (divv,divu,),

for all (u),,z),) € X, N H(l) x (W,N H(l)). The latter is a conforming Galerkin approximation of the former.
It can be seen that both equations are uniformly stable by testing with (v + z,w) and (v, + z,,w,),
respectively. With a Céa lemma it only remains to show that lim,,_, . infy _y g1 lu—w,|; =0and

lim,,_, oo inf, cyy, Ay |lz—2,|; = O0foru=veVcCHjandz = 0, respectively. The first result is

standard, while the second is trivialasz =0 € W,,. O

Next, we shall establish the point-wise limit of T,.

Lemma 13. For each u € Xit holds lim,_, . | T,,Px u — Px Tullx = 0.

Proof. Itsuffices to prove lim,_, . ||Py, Px u—Px Pyulx =0.Weuse Py =D, ! P, divand estimate

IPy, P, u— Py, Pyullx < |D,'Py div Py u— Pyulix + [|Pyu — Py Pyullx

< 1D, Py, divu—Pyullll + D, ' Py, div || lu—Px ullx + |Pyu—Py Pyulix.

The claim follows now from divu = div Pyu, Lemma 12, (3.3) and the point-wise convergence of PX,,
(see Lemma 7). O

2 .
Lemma 14. If ||cs_lb||ioo < 'Bgisc% then (4,),cn 18 regular™ | in the sense of definition 1.

Proof. We apply Theorem 3. In the previous part of Section 3.5.1 we already constructed 7, and showed
that T, € L(X,) and T,;! = T, € L(X,) are uniformly bounded. Further, Lemma 13 shows that T,
converges pointwise. Next, we need to split A,7,, = B, + K, into a stable part B, € L(X,) and a
compact part K, € L(X,)). To do so we stick very closely to the lines of Halla & Hohage (2021). Recall
that (A, T,u,,u,)x = a(v, —w,,v, +w,). Hence, itholds A, T, = B, + K, with B, and K|, defined by

n-n-n’

(Bu,,u)x :=(c2pdivv,,divv,) — (pidyV,,id,V.)

— (pidyV,, (0 + idy + i2X)W,,) + (p(w + idy, + 2 X)W, i0V),)
+ (p(w + idy, + i2 X)W, (0 + idy + i2X)W,) + iw(ypW,, W,)

Gz0Z Jequieldag o} uo Jesn 9y sbniq Jeoue) INZO A 2Z9tyZ8/1L Z0Jelp/WnuUBwWI/SE0) 0 L /I0p/a|o1le-aoueApe/eulewl/wod  dno-olwspese//:sdpy WwoJj papeojumoq



14 M. HALLA, C. LEHRENFELD, P. STOCKER

and
(Knun, u)x = — {p(@ + i2X)Vy, (0 + i2 x)V},) — (p(@ + i2X)Vy, i0y V) — (pidyVn, (0 + i2 X)V),)

— (p(@ +i2X)Vy, (0 + idp + i2X)W,,) + (p(® + i3y + i2 X)Wy, (0 + i2 X)V),)
— i@ (pY Vn, Vyy) + i0{pyYWn, V) — i@ {(pY Vn, W),)

for all u,,,u,, € X,. The operator K, is compact due to the compact Sobolev embedding from V,  H!
to L2, It is straightforward to see that B, is uniformly bounded and that B, converges pointwise to the
operator B € L(X) defined in (3.10). The uniform coercivity of B,, follows along the lines of the proof
of Lemma 9, with the constant 8 replaced by f;;.. Hence, the claim is proven. O

3.5.2 Convergence.

THEOREM 15. Let p and ¢ be constant. Let u be the solution to (1.1). Let Assumption 8 be satisfied and

||cs_1b||iOC < ﬂgisc %22. Then, there exists an index ny > 0 such that for all n > n( the solution u,, to

Cs™p
(3.8) exists and u,, converges to u in the X-norm with the best approximation estimate |[u — u,|lx <

~
s /
mfu;,ex,, o —w,|x.

Proof. Due to Lemma 14 the approximation scheme (A,),cy is regular. Since A is bijective (Halla &
Hohage, 2021), the claim follows from Lemmas 1 and 2. O

RemArk 1. Note that for smooth solutions u € H'**, s > 0 we can obtain convergence rates by
convenient techniques:

inf flu—wly < inf fu—wlm <A ulg.

ll" n “n €&y

Remark 2. The considered discrete setting can be generalized by replacing the divergence operator div
in the discrete formulation by a discrete version div, : X, — Q, with a space Q,, that is potentially
different to the one in (3.9). In this case also assumption 8 would be relaxed w.r.t. div and Q,. One
important case, which is known as the Taylor—-Hood discretization in fluid dynamics, is obtained from
Q,=1{f € Lj: fly € P,_(T) VT € Z,}NH" and div, = P, div. For the implementation of div,,
one typically introduces an auxiliary variable, the so-called pseudo-pressure so that (div, u,,, div, u),)
becomes (g,,,divu,) + (divu,,q,) — (g,.4,), where u, and ¢, and u, and g, are the trial and the
test functions in X, and Q,, respectively. Let us briefly sketch the changes in the analysis that would
be necessary to account for this change in the discrete formulation. First, note that replacing div with
div;, in (3.8) would lead to a nonconforming discretization. Hence, we would need to prove asymptotic
consistency'", i.e., the corresponding sequence of discrete operators A, approximates') A, which has
been trivial for the Galerkin approximation. In the discrete subspace splitting W, would need to be
defined w.r.t. to div,, (instead of div), as well as the corresponding projection onto V, in (3.13). With only
minor changes also the proof of lemma 12 would carry over to this setting so that finally convergence
of the corresponding discrete solution u,, to the continuous solution u would follow. Alternatively, an
equivalent conforming discretization could be analysed by introducing the pseudo-pressure formulation
already on the continuous level. In the remainder of the analysis in this manuscript we will continue to
focus on to the case of the divergence operator div and the space 0, as in (3.9). However, in the numerical
examples below we will also consider a Taylor—-Hood-type discretization and compare it with the chosen
setting of Scott—Vogelius-type elements.
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3.6 Heterogeneous pressure and gravity

In this section we expand the analysis from the previous section and consider heterogeneous pressure p
and gravitational potential ¢.

3.6.1 Analysis on the continuous level. ~As in Halla & Hohage (2021) we introduce q := cs_2 o~ 'Vp
and express

a(u,u’) = (¢ p(div +q)u, (div +q)u’) — (p(@ + iy, + i25), (0 + idy, 4 i2>)u’)
—iw{pyu,u’) + ((Hess(p) — p Hess(¢p) — C?,O q® qQu,u'). 3.14)

However, in the forthcoming analysis we will deviate from Halla & Hohage (2021) and avoid the
introduction of an additional third space Z in the topological decomposition of X. Consider now the
divergence operator D € L(V, L%),DV := divv. We know that D~! e L(L2, V). For heterogeneous
pressure our analysis leads us to consider Dv + q - v instead of Dv. A necessary ingredient for our
analysis is that the new operator D 4 q- is invertible on suitable spaces. Since we cannot ensure this
property for D + q-, we work instead with a slight modification.

Lemma 16. There exist operators M € L(X,L?) and F € L(X, L}) with finite-dimensional range such
that D € L(V, L(Z)) defined by Dv := Dv + q - v + Mv + Fv is bijective.

Proof. Firstlet Mv := — mean(q - v) for which it follows that D+ q-+M € L(V, L%). The new operator
acts now on the same spaces as D and we can perform a perturbation analysis. Indeed, D is bijective and
q-+M e L(V, L%) is compact from V to L(Z) due to the continuous embedding V < H' (and because the
range of M is one-dimensional). Thus, D 4 q - +M is a Fredholm operator with index zero, i.e., the range
of D+ q - +M is closed and N := dimker(D + q - +M) = codimran(D + q - +M) < +oo. However,
we have no tool at our disposal to ensure that N = 0 (which would imply the bijectivity of D + q - +M).
Thus, we perform an additional modification as follows, where we note that the case N = 0 is included.
We use that (div v, div V') is an equivalent scalar product to (v, v’ ymonV.Lety,,n=1,... ,Nbean
orthonormal basis with respect to (div v,div V') of ker(D+q-+M), ¢,,,n = 1, ... ,N be an orthonormal

basis of ran(D + q - +M)~ and set Fv := 221:1 ¢, (divv,div,). Then,
D eL(V,L%), Dv:= Dv+q-v+Mv+Fv

is bijective. g

Note that D is also bounded and well defined on X, i.e., D e L(X, L(z)). Although the inverse D!
will always be considered in the space L(L2, V), for u € X we construct a topological decomposition

mirroring the one in the homogeneous case, in (3.6). As Dis bijective on L(V, L%), we keep V as in (3.6)
and define

W :={ue X: Du=0}, (3.15)

where we use the tilde to indicate the difference to the homogeneous case. The projections onto V and
W are now given by

T’Vu =D 'Du and Pyu:=u— T’Vu;
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note that, while V is the same as in the homogeneous case, the projection INJV is different, now defined with
respect to D.Now, V& W is again a topological decomposition of X. We keep using the abbreviations
v:=Pyu, w:= Pyuforu e X.

Since v € V, it holds

div vz = BIVYVI 23
Further, it follows that

(div4q-)w = (div +q-)u — (div +q-)v
= (div+q)u— (div+q-+M + F)v+ (M + F)v
= (div+q)u— (div+q-+M + Fu+ (M + F)v
=-M+Fu+M+F)v
=—M+F)(u—v)
= —(M+ F)w (3.16)

is a compact operator, which is almost as good as being zero. Hence, the decomposition u = v + w
satisfies our wishes. Thus, we build

Tu:=v—w. (3.17)

Let A_(m) € L™ be the smallest eigenvalue of the symmetric matrix

m = —p~ " Hess(p) + Hess(). (3.18)
Further, let

—A_(m(x))

Cy :=max {0, sup ———— and 6 := arctan(Cy,/|wl|) € [0,7/2) (3.19)
xe0 1469)
for w # 0.
2

CoroLLARY 17. Let ||cs_1b||ioo < p? Z:zzgm. Then, A is weakly right T-coercive.

Proof. Using T as defined in Equation (3.17) we can split AT = B 4 K with B, K € L(X) given by
(Bu,u')y := — (pidyV, (@ + idy + i2X)W) + (p(w + i0y + iS22 X)W, idpV')
+ (p(w + idy, + i2X)W, (0 + idy, + i2X)W) — (pidyV, idpV')
+ iw(ypw, W) + (pmw,w') + (cp divv,divV)

+(cIp(q- W), (q- W) + (pFW,FW') + (pMw, MW) (3.20)
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NEW T-COMPATIBILITY FOR GALBRUN’S EQUATION 17

and
(Ku,u')g 1= — (p(0 + i2X)V, (0 + i2x)V) — (p(w + i2X)v,idy V') — (pidyV, (@ + i2x)V')

—(p(@+iR2X)V, (@ + idy, +i2X)W) + (p(w + idy + i2 X)W, (0 + i2 x)V)
— iw(ypv, W) +iw(ypw, V') — io{ypv,V) + (pmw, V') — (pmv,w') — (pmv, V')
+ (Zoq - v, divV) + (pq - v, divV) — (Zpdivw,q - V) + (2 pq - v, div W)
— (2 p(div 4+q-)W, (div +q)W) — (2 p(div +q-)w,div V) + (2 p div, (div +q- )W)
— (oFw,FW') — (pMw,MWw')

for all w,u’ € X. The operator K is compact due to the compact Sobolev embedding from V ¢ H!

to L2, due to the compactness of F, M and Equation (3.16). Next, we show that B is coercive. Let 7 €
(0, /2 — ). First, we note that

1 )
R —i(6+7)sgnw .
cos(@ + 1) Re (e ¢ ((:0 (iwy + g)w, W)))
= Re ((pGioy +mw.w)) +sgnotan(@ + 0 I ((pGioy +mw.w)
= (pmw, w) + |o|tan(0 + 7)(py W, W) > (pA_(m)W, W) + |o|tan(0 + 7)(0y W, W)

> |w|(tan(@ + 7) — tan0){(py W, w),

whereat the last estimate is due to the definition of 6 (3.19). We compute
o ke (e*"“’“) sene py, u)X) > (2pdivv,divy) — (pid,V, id,V)
+ {p(w + id, +i2x)W, (0 + id}, + i2 x)W)
+ (tan(@ + ) — tan ) |w|(y pw, W)
+ (0FW, FW) + (oMW, MW) + (¢ pq - W, q - W)
+ 2tan(f + 1) sgnwIm ((pidyV, (@ + id), + 2 x)W)).

We proceed now as in the proof of Lemma 9 and estimate

cos(@l+ 7) Re (e—i(9+f)5gnw(3u, u)x)
> (pdivy,divy) — (1 +(1—e)ant@ + r)) (pidy V. id,V)
+e(p(@ + id, + i25)W, (@ + id, + i2X)W)
+ (tan(0 + 1) — tan ) |w|{y oW, W)

+ (pFw, Fw) + (pMw, Mw) + (2 pq - w,q - W').
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18 M. HALLA, C. LEHRENFELD, P. STOCKER

The same reasoning as in the proof of Lemma 9 yields
(2p divv,divy) — (1 +(1—¢) " tan’@ + r)) (pidyv.idyV) > [VII%
and

e(p(w + idy, + i2 X)W, (w + idy, + i2x)w) + (tan(0 + 7) — tan 6)|w|{ypw,w) 2> ||8bw||i2 + ||w||f}.

Using Equation (3.16) we know that divw = —q - w — Mw — F'w and we obtain further that
g{p(w + idy + i2 X)W, (@ + idy, + i£2 x)wW)
+ (tan(6 + 7) — tan0) |w|(y pw, W)
+ (0FW, FW) + (oMW, MW) + (c;pq - W, q - W)

: 2 2 2 2
> lldiv w2, + [a,wl2, + Iwli2, = Iwlk.

Thus, B is uniformly coercive and the proof is finished. d

3.6.2 The discrete topological decomposition. Now, we mimic this construction on the discrete level.
Let Py, be the orthogonal projection onto Q,,. Consider the discrete operator

bl’l = PQni)'vn

Note that V,, ¢ V and hence Dn is a nonconforming approximation of D. Compared with the

homogeneous case, we must first ensure that the discrete operator is a suitable approximation of D.
Lemma 18. Let Assumption 8 be satisfied. D, € L(V,,Q,) with p, = D, lPQn div e L(V,V,), Py, €
L(LZ, Q,,) forms a discrete approximation scheme of D e L(V, Lé), which approximates D and is stable.
”Dn_lPQnDV — V|| =0foreachv e V.

In particular, it holds lim,_, .

Proof. Due to Lemma 12 and, since P is an orthogonal projection, it easily follows that the
approximation is a discrete approximation scheme. For the approximation property we compute for
veV

ID,p,v — Py DVl = |D,D; ' P, divv— P, Dv|
=Py, DD, 'P, divv— P, Dv|
< 1P, Dl 121Dy Py, divy — vl
whereat the right-hand side tends to zero for n — oo due to Lemma 12. By construction D e L(V, L%)

is bijective, and hence the regularity of Dn implies its stability. Since we can split Dn =D, + Py (q-

+M + F)ly, into a stable part D, and a compact part P, (g - +M + F)|y, , the regularity of l~)n follows
similarly as in the proof of Theorem 3. The last claim follows from

1D, 'Py, DV = vl < D, 'Py,Dv — D, 'Py, divvllgi + 1D, ' Py, divv — vl
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NEW T-COMPATIBILITY FOR GALBRUN’S EQUATION 19
Here, the first terms tends to zero, because the discrete approximation scheme of D is stable

(p, =D, lPQn div, D 'Dv = v), and the second term tends to zero due to Lemma 12. O

Now that we have shown that bn is a suitable approximation of D, we can proceed similarly as in
the homogeneous case, by defining a topological decomposition of X,.

Lemma 19. Let Assumption 8 be satisfied. Then, the space V,, as in (3.12) together with the space
Wn = {u, € X,: Du, =0},

form a topological decomposition of X, with projections

.— p—1 D ~ — )
Pyu,:=D, Py Du, and Py u,:=u,—Pyu,

being uniformly bounded in 7 € N, where for g, € Q, the function D 'g, € V, is the unique solution
to

find v, € V, such that Dv, = g,,. (3.21)

Proof. Lemma 18 enures that (3.21) admits a unique solution, and that ﬁv,, is uniformly bounded. Since
v, € V,, it also holds

div v, ll;2 = Baisc VY, Il (12)3%3-

Since ;’an’!nun =D,'P, div 13% u, =D, 'P, P, divu, = Py u,, Py is indeed a projection. Since
ker Py, = W,, the spaces V,, and W, form indeed a topological decomposition of X, . 0

We abbreviate v, := Py u,, w, := Py u, foru, € X,. For w, we compute

Py, (div+q-)w, = Py, (div +q-)u,, — Py, (div+q-)v,
=Py, (div +q-)u,, — Py, (div+q-+M + F)v, + Py (M + F)v,
=Py, (div +q-)u,, — Py, (div+q-+M + F)u, + Py (M +F)v,
=—Py M+ Fu,+P, (M+F)v,
=—Py M+ F)(u,—-v,)
=—Py, (M + F)w,, (3.22)
which shows that P, (div+q-)w,, defines a compact sequence of operators. This sets up the discrete

counterpart of the T operator, and allows us to proceed just like in the homogeneous case, with the
following lemma.

Lemma 20. Let Assumption 8 be satisfied. Then, T, := ﬁv,, —Py =T, ! e L(X,,) is uniformly bounded
inneN.
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20 M. HALLA, C. LEHRENFELD, P. STOCKER

Proof. Since the spaces V,,, W form a topological decomposition of X, it follows that 7, = T_l The
uniform boundedness of T, T, 1 follows from the uniform boundedness of Pv ,i.e., lemma 18. O

Lemma 21. For each u € X it holds lim,_, . |T,Px u — Px Tullx = 0.

Proof. We can proceed similarly as in the proof of Lemma 13. It suffices to prove lim,,_, ”FVHPX,,“ —
Pxnf’quX = 0. We use TJVH = Dn_lPQnD and estimate

IPy, Px,u— Px, Pyulx

< ||D;1PQ,,DPX,,U — Pyux + [Pyu — Px, Pyulx

< 1D, ' Pg,Du—Pyulg + Dy, ' Pg, Dl x.v, llu—Px,ullx + [Pyu—Px, Pyulix.

The second two summands vanish in the limit n — oo due to the point-wise convergence of Py . For
the first term we apply Du = [)f’vu and Lemma 18. g

3.6.3 Regularity. Let Q) := Q, ® spanf{1} and Py be the L? orthogonal projection onto O, given
by

Pyr =Py + M.

Crp

—1p 12
Lemma 22. If [lcy ' bllf o < ,Bdm,zﬁ 1+tan20

then (A,),c is regular.

Proof. We proceed similarly to the proof of Lemma 14 and apply Theorem 3. In the previous part of
this Section 3.5.1, we already constructed 7, and showed that 7, € L(X,) and T,;! = T, € L(X,)
are uniformly bounded. Further, Lemma 21 shows that 7, converges pointwise. Next, we split A, T, =
B, + K, into a stable part B, € L(X) and a compact part K, € L(X)). Recall that (4,T,u,,u, )X =

n-n-n’

a(v, —w,, v, + w,). We start by considering the terms involving (div +q-). Note that
(cf,o div T,u,, divu),)
= (c2pdivy,,divV)) — (2 pdivw,,divv)) + (2 pdivy,,divw,) — (cZp divw,,divw,),
(c2pq - Tyun, diviy) = (c20q - Vu, div V) — (c2 pq - Wy, div V) +(c2 pq - Vi, div W),) — (2 pq - Wi, div W),)
and
(2 p div Tyuy, q - wl) = (2o div v, q - V,) —(c2p div W, q - Vo) +(c2p div vy, q - W) — (2 p div Wy, q - W),
Hence,
(cfp divT,u,, divua),) + (cf,oq T,u,, divu)) + (c pdivT,u,, q-u,)
= (c2pq-v,,divv,) — (Zpdivw,,q- V) + (Cpq-v,,divw,) + (2 pdivy,,q- V) (3.23)
—(2pdivw,,divw)) — (c2pdivw,,q-W,) — (c2pq - w,,divw)) (3.24)
+ (2o divv,, (div+q)W.) — (2 p(div +q)w,, divv)) (3.25)

+ (Zpdivv,,divv)). (3.26)
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Line (3.23) can be moved to the compact operator K,, due to the compact Sobolev embedding from
V, C H' to L2. To treat line (3.24) we note that
qQ-w, =Py (q-w,)+Mq-w,)+ (1 —-Py)(q-w,)

and express

(3.24) = —(cpdivw,, divw,) — (cIpdivw,, Py (q- W))) — (¢} pPyt(q - W), divw,)

—(2pdivw,,M(q-W,)) — (cZoM(q - w,),divw))
—(cipdivw,, (1 = Ppi)(q-w)) — (cip(1 = Pyi)(q - w,), divw,)

= (3PP (@ W,), Py (@ W) = (¢ p(diV +Poy @)W, (diV +Por q)W,)
—(2pdivw,,M(q-W,)) — (cZoM(q - w,),divw))
—(cipdivw,, (1= Pyi)(q-w)) — (cip(1 = Pyi)(q - w,),divw,)

= (cIpPyi (q - W,). Py (q- W)))
— (cprQ;Fwn,PQIFW;J —(2pdivw,, M(q-W,)) — (c2pM(q - w,), divw))

— (o divw,, (1 = Pye)(@- w))) — (3 p(1 = Pyi)(q - W,),divw,)
by means of (3.22). The first line in the former right-hand side is put into B,,. Since F' and M are compact,
the second line is put into K. The third line tends to zero and is also put into K,,. Indeed, we compute,

e.g.,

(2p(1 = Pyr)(q - w,).divv,)| = [{q - W, (1 — Pyi)(pdivy))|

= la- w2

(1= Pyi)(cipdivyy)

2’

and by means of the discrete commutator property (Bertoluzza, 1999) we estimate

2 2
H(l — Pyi)(cipdivvy) 2= > =Py ctpdivy) oo
e,
2
= 1-P p—c,)divy
Zy (= Pop)((clp = cpdivvy]
- 2 2 divy’ 2
= Z C5p — ¢ ) || IVVn”Lz(f)
eI,
2
2 2 . 7112
2 S I LA (3:27)
e,
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22 M. HALLA, C. LEHRENFELD, P. STOCKER
with suitably chosen constants ¢,, T € .7,. Line (3.25) is treated similarly to line (3.24). Finally, the line
(3.26) is moved to the operator B, . Hence, it holds A, T,, = B, + K,, with B,, and K,, defined by
(Kntip, up)xc = — (p(@ + i25)Vn, (@ + i2 X)) — (p(@ + i82X)Vn, idpVy) — (pidpVn, (@ + iS2X)Vy)
— (p(@ + i2X)Vy, (0 + idpy + iR2X)IW,)) + (p(@ + idy + i2 X)Wy, (0 + i2 X)V),)
— i (Y pVn. W) + (Y pWn, Vy) — i0(ypVn, V)
+ (pmWp, Vy) = (1R, Wy,) — (0mvp, vy,)

— (pFWp, FW),) — (pMw,, Mw,,)
(3.23) = { +(c2pq - vy, div V) — (2 pdivwy, q - V) + (c2pq - vy, divw),) + (c2p div vy, q - V))

—(c2pPg, FWn, Po, FW),)
(3.24) = 1 —(cFpdivwy, (I = Pyi)(@- W) — (cp(1 = Py (@ - Wa), div w))
[ —(cZp divwn, M(q - W) — (2 pM(q - Wn), divw),)

—(c2pPg, FWn, divV)) + (c2p div vy, Po, FW),)
(3.25) = { —(c3p(1 = Pu)(@- W), divvy) + (o div vy, (1 = Py (g - W)
[ —(c2p div vy, M(q - W))) — (c2pM(q - Wy), divvy)

and

(B,u,,w))x :=— (pidyV,, (0 + idy + i2X)W,) + (p(w + idy, + i2X)W,, i0yV),)
+ (p(w + i3y, + i2 X)W, (0 + idy + i2X)W,) — (pidyV,, i0yV,,)
+ iy pw,, W,) + (pmw,,W,) + (pFW,, FW,) + (oMW, Mw,)

+ (i pdivy,.divv,) + (c; pPy, (q- W,). Py, (q-W,)) (3.28)

for all u,,u), € X, where m is as defined in (3.18). The operator (K,,), <y is indeed compact due to the

compact Sobolev embedding from V, C H' to L?, because M and F have a finite-dimensional range
and because terms involving 1 — P, tend to zero due to (3.27). It is straightforward to see that B,, is
uniformly bounded and that B, converges pointwise to the operator B € L(X) defined in Equation (3.20).
It remains to show that B, is uniformly coercive. This follows along the lines of the proof of Corollary

17, whereat 8 is replaced by fy;. and we use that (c2pq - w,,q - W,) < [w, ||i2 O

3.6.4 Convergence.

o'r 1
G52p I +tan? 6
(1.1). Then, there exists an index n, > 0 such that for all n > n, the solution u,, to (3.8) exists and u,,
converges to u in the X-norm with the best approximation estimate [u —u, [lx < infu;l ex, lu— w|x.

THEOREM 23. Let Assumption 8 be satisfied and IIC;lbllioo < ﬁgis . Let u be the solution to

Proof. Due to Lemma 22 the approximation scheme (A,),c is regular. Since A is bijective (Halla &
Hohage, 2021), the claim follows from Lemmas 1 and 2. O

Note that Remark 1 concerning convergence rates still applies.
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|
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Fic. 1. The coarsest mesh of the sequence of unstructured simplicial meshes is shown on the left, with mesh size 7 = 0.5. To
construct the second sequence of meshes we apply barycentric mesh refinement, resulting in the mesh on the right.

Remark 3. Inremark 2 we already discussed the possibility for different choices of the space Q, from the
one in (3.9). The choice of Taylor-Hood-type discretization using Q,, = {f € L% flp e P (T) VT €
JYNH !'is also possible in the case of heterogeneous pressure and gravity. In this case we modify the
terms

(¢ p(div +q-)u, (div+q)u’) — (c;p q @ qu,u'),

in (3.14) by inserting the projection P, onto the H ! conforming space of polynomials and obtain

(c; Py, (div+q)u, Py (div+q)u’) — (c;p Py (q - ), Py (q-u)).

As already discussed in remark 2, this can be implemented using auxiliary variables.

4. Numerical examples

The method has been implemented using NGSolve (Schoberl, 2014) and reproduction material is
available in Halla et al. (2023). In this section we present numerical examples in the two-dimensional
case. We work with the sesquilinear form given in Equation (3.5) and finite element spaces

X, :={ueH ul, € (P(1))> Vred) 4.1

with fixed uniform polynomial degree k € N. The error will be measured in the ||-||x-norm. We focus
on testing the restrictions posed by Assumption 8 and the smallness assumption on the Mach number
||c;1b||Loo. In two dimensions Assumption § requires either barycentric refined meshes and polynomial
degree k > 2 or k > 4, provided that the meshes have finite degree of degeneracy (Scott & Vogelius,
1985). To put these conditions to the test we will consider two sequences of meshes of the domain
O = (—4,4). First, shape-regular unstructured simplicial meshes, which include some (nearly)singular
vertices. We will refer to this mesh sequence as unstructured meshes. These meshes are used to construct
the second sequence of meshes. For each mesh in the first sequence we apply barycentric mesh refinement
once, constructing the second sequence of meshes. We will refer to those as the barycentric refined
meshes. A mesh of each type is presented in Fig. 1.
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First, we aim to recreate the results obtained in Chabassier & Duruflé (2018), which use periodic
boundary conditions. Then, we consider the case of the boundary condition used in this work, given by
v-u=0.

4.1 Periodic boundary

We aim to recreate the setting of numerical examples presented in Chabassier & Duruflé (2018). While
we will use the same setting of parameters, there are a few differences. The major difference is that our
formulation uses a slightly different damping term (Halla & Hohage, 2021) than the one considered in
Chabassier & Duruflé (2018). Furthermore, in Chabassier & Duruflé (2018) quadrilateral meshes were
considered, whereas we will use the simplicial meshes described in Fig. 1. The setting is as follows: we
consider as computational domain the square (—4,4)? with periodic boundary conditions, and a source
term given by

£ (it d,) (g) (42)

where g(x, y) is the Gaussian given by g(x, y) = /a/m exp(—a(x* + y*)). Here, a = log(10°) so that g
is equal to 107 on the unit circle. The parameters are chosen as

p =154 0.2cos(wrx/4) sin(wy/2), cf = 1.44 +0.16p, w=0.78 x 2m,

4.3)
y =0.1, 2 =(0,0), p = 1.44p +0.08p2,
and finally, the background flow is given by
_ @ (03 +0.1cos(y/4)
b= 0 (0.2 + 0.08 sin(mx/4) J° “4h

The error in the ||-||-norm is considered against a reference solution computed with polynomial degree
k = 5 and mesh size h = 1.5 x 27°. Plots of the reference solution are shown in Fig. 2 (compare with
(Chabassier & Duruflé, 2018, figs 8 and 12)).

In Fig. 3 we compare convergence rates for « = 0.1, putting us safely into the regime of sub-sonic
flow, thus satisfying the assumption on the Mach number in Theorem 23. If the additional inf-sup stability
assumption 8§ is satisfied, then, from theorem 23 together with Remark 1, we expect convergence rate of
order &'(h*). In Fig. 3 we compare different approaches to satisfy inf-sup stability. We consider the two
different types of mesh sequences for polynomial degrees k = 1, 2, 3, 4. On unstructured meshes the error
is given in Fig. 3 on the left. There, we observe good convergence rates for k = 4, after a pre-asymptotic
phase, which might be caused by nearly singular vertices. For the meshes using barycentric refinement
we observe convergence rates of order & (W) for k > 2, shown in Fi g. 3, in the centre. These observations
align with the requirements for stability of the Scott—Vogelius element, showing that Assumption 8 is
necessary. We also show the error for the Taylor—Hood variant, which we discussed in remarks 2 and 3, in
Fig. 3, on the right. The method used an H' conforming choice for the space 0,,, and we use unstructured
meshes. The method suffers from a long pre-asymptotic phase and shows a worse approximation error
compared with the other two methods. The rates agree with Remark 1.

Now that we observed the importance of using an inf-sup stable method, we set out to numerically
test the smallness requirement on the Mach number in Theorem 23. To do so we use an inf-sup stable
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1.5e-01 1.5e-01
0.12 0.12
0.1 0.1
0.08 0.08
0.06 0.06
" 004 - 0.04
- 0.02 002
0 0
002 -0.02
00 -0.04
-0.06
-0.06
-0.08
-0.08
0.1
0.4
0.12
-1.36-01 1.4e-01

Fic. 2. The real part of the first entry of the reference solution computed with k = 5and 7 = 1.5 x 276 for two different values
of the coefficient of the flow field b, « = 0.2 on the left and « = 1.5 on the right.

method and we compare different values of the coefficient for the background flow, @ = 0.2,0.5, 1.5, 3,
in Fig. 4. We fix k = 4 and use unstructured meshes. We compare against a reference solution computed
with k = 5and h = 1.5 x 275, The reference solution for @ = 0.2, 1.5 is presented in Fig. 2. As the
reference solution changes with o, and can give an unreliable comparison, we additionally consider the
consistency error, as in Chabassier & Duruflé (2018). Let us denote

S1 = —p(@ + ity + i2%) 2wy — ypioun, S =V (pc§ div u,,) — (divun)Vp + V(Vp - up) — Hess(p)up,

where the differential operators are applied elementwise. The consistency error measures the difference
between the two terms, which should be (virtually) zero outside the ball B| 5 where the source term is
located. Following (Chabassier & Duruflé, 2018, section 3.2) we define the consistency error by

S —8
consistency error = ” ! 2"Lz(ﬁ \B\.5)

)

||S1 ||L2(6)\Bl,5)

where the error is measured on the domain without the disc with radius 1.5 centred at the origin, denoted
by 0 \ B s, thus removing the effects of the source term f.

Estimating the inf-sup constant numerically, see remark 4, we have By . = 0.17 for the considered
meshes. Our assumption on the Mach number in theorem 23 then corresponds to

B &28 ! ~ (0.008 (4.5)
disem25 1 +an20 '

N

The Mach number is approximately |c; 'b||; .. = 0.002,0.012,0.115,0.463 for @ = 0.2,05,1.5,3.
With the choice of « = 1.5 and o = 3 we exceed the upper bound notably. We observe in Fig. 4 that the
error and the consistency error worsen considerably for « = 1.5,3 and an optimal rate of convergence
is not visible for the considered mesh widths. On the other hand, for the choice « = 0.5 we still observe
optimal convergence, showing that the bound is not sharp.
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Unstructured meshes Barycentric refinement Taylor-Hood variant
10° 10° 10°
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10° P 107! 10° N 107! 10° P 107!
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Fic. 3. Convergence against a reference solution computed with polynomial degree k = 5 and mesh size & = 1.5 x 276 We
consider the setting described in (4.2) and (4.3) with periodic boundary conditions and fixed @ = 0.2 for the background flow b
given in (4.4), and different polynomial degree k = 1,2, 3,4 and varying mesh size. From left to right we consider unstructured
meshes, barycentric refined meshes and the Taylor—Hood variant, i.e., unstructured meshes with O, C H ! The error is measured
in the ||-||x-norm.

Unstructured meshes Unstructured meshes
10!
g
£ 107!
>
g 1073 °
b5) a2 3
4 -z 10~
=
S
1077 1075
100 107! 10° 107!
h h

B o=02-@-a=0540-a=15—+—a=3

FI1G. 4. On unstructured meshes with periodic boundary conditions we consider the error in the [|-||x-norm (left) and consistency-
error (right) against a reference solution for different values of the coefficient in the background flow b, given in (4.4), and fixed
polynomial order k = 4.

RemARk 4. We have estimated the inf-sup constant B, . in Assumption 8 numerically by computing

1 /ZBSJI 2

smallest singular value of the matrix M = S,; , where

Spij = (g.9;), B);; = (divuy,g;) and (Sy);; = (Vu;, Vu,) + (u;, u;),

for a basis (ui)f.v= | for X, as chosen in (4.1), of polynomial degree k and a basis (qi)i.‘i | for P (7).
We recall that the finite element space X, does not include any boundary conditions, which is why we

chose a stronger norm for u in the denominator.

4.2 Normal boundary condition

In this section we are considering the boundary condition v - u = 0. We do not introduce a new finite
element, instead we continue to use the finite element space defined in (4.1), and we incorporate the
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Unstructured meshes Barycentric refinement Taylor-Hood variant
10! 10! 10!
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Fic. 5. Convergence towards an exact solution given in (4.7) for different polynomial orders k = 1,2, 3,4 for varying mesh sizes
h. We consider homogeneous normal boundary condition with fixed @ = 0.1 in the background flow b, given in Equation (4.6).
From left to right we consider unstructured meshes, barycentric refined meshes and unstructured meshes with Q,, C H 1. The error
is measured in the ||-||x-norm.

boundary condition using Nitsche’s method. Therefore, we add the following terms to (3.5):

A2

—(cZpu-v,diva'),; — (Zpdiva,u’ - v),, + T(cgpu- v,u' - v)y,,

where we choose A = 215. We again consider the domain & = (—4, 4)% and the parameters as in (4.3).
Only the background flow is changed to satisfy b - v = 0 on &, and will now be given by

b ® ( sin(rx) cos(ry) ) (4.6)

o \— cos(wx) sin(ry)

The flow additionally fulfils div(pb) = 0in & In the following text we will consider two examples with
different source terms.

As in the periodic study we start again with a low Mach number flow, which satisfies the assumption
in Theorem 23, and compare different approaches to satisfy inf-sup stability. To this end, we consider
convergence against a manufactured solution, by choosing the source term f such that the solution will

be given by
1(1+ig )
P (_(1 +ig) 4.7)

where g is again the Gaussian with a = log(10°). As g equals 10~ on the unit circle, we can consider the
boundary conditions fulfilled numerically to a reasonable degree. Results for fixed @ = 0.1 are shown in
Fig. 5. We consider unstructured meshes and barycentric refined meshes. Further, we include the Taylor—
Hood variant outlined in remarks 2 and 3 using unstructured meshes and an H'-conforming choice for
the space Q,. For unstructured and barycentric refined meshes, we observe the expected convergence
rates for k > 3 and k > 2, respectively. The method with O, C H ! shows again a long pre-asymptotic
phase and a worse approximation error, compared with the other two methods. Furthermore, for k = 3
we observe only a long pre-asymptotic phase; optimal convergence rate is never reached.

Second, we consider again the source term given in (4.2), this time including the boundary condition,
and compare against a reference solution, computed using k = 5 and & = 1.5 x 27°, in Fig. 6. Before we
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Unstructured meshes Barycentric refinement Unstructured meshes
10° 2 100 100
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Fic. 6. Convergence against a reference solution on the unstructured meshes on the left and barycentric refined meshes in the
middle, considering polynomial degree k = 1,2,3,4. Here, « = 0.1 and the background flow is as in (4.6). On the right we
consider the unstructured meshes with k = 4 and different background flows.

investigate the behaviour for larger Mach numbers, we test convergence against the reference solution for
different mesh types and polynomial orders. In the first two plots in Fig. 6 we fix « = 0.1 and consider
two different mesh types. For both methods we observe good convergence rates of order &' (h¥); however,
barycentric refinement shows more stable rates and a better error overall.

Next, we put the assumption on the Mach number in Theorem 23 to the test. In Fig. 6, on the
right, we consider unstructured meshes, and different values of the coefficient « for the flow given in

(4.6). We choose o« = 0.1,0.2,0.3, 0.4, resulting in the corresponding Mach numbers ||cs_1bHioo ~
2e—3, 0.01, 0.02, 0.04. From (4.5) we recall that the bound on the Mach number is approximately

0.008. True to Theorem 23 with the assumptions fulfilled in the case | c; 'b ”ioo ~ 0.01 we observe the
rates given in Remark 1. Similar to the periodic case, we still observe convergence for ” cs_lb || ioo ~ 0.01,

.. . 2
even though it is larger than our estimated bound. Nonetheless, for || cs_lb”Loc ~ (0.02,0.04 we observe
a loss of optimal convergence.

5. Conclusion

In this article we reported in Theorem 3 a new T-compatibility criterion to obtain the regularity of approx-
imations. As an example of application we considered the damped time-harmonic Galbrun’s equation
(which is used in asteroseismology), and we proved in Theorem 23 convergence for discretizations with
divergence stable (Assumption 8) H! finite elements. Although the results of this article constitute
only a first step in the numerical analysis for the oscillations of stars. The subsonic Mach number
assumption
c.2
I b < B 5.1
s

. . . . cq . . . . cp
is far from being optimal. In stars the density decays with increasing radius, and hence the ratio ==
becomes very small. Thus, a goal is to get rid of this factor in (5.1) by a more refined analysis or possibly
by more sophisticated discretization methods. In addition, it is desired to replace in (5.1) the discrete
inf-sup constant of the divergence B . with a better constant closer to 1. The reported computational
examples serve only to illustrate the convergence of the finite element method and computational

experiments with realistic parameters for stars are eligible. In particular, a numerical realization of a

Gz0Z Jequieldag o} uo Jesn 9y sbniq Jeoue) INZO A 2Z9tyZ8/1L Z0Jelp/WnuUBwWI/SE0) 0 L /I0p/a|o1le-aoueApe/eulewl/wod  dno-olwspese//:sdpy WwoJj papeojumoq



NEW T-COMPATIBILITY FOR GALBRUN’S EQUATION 29

transparent boundary condition is necessary (Barucq et al., 2021; Hohage et al., 2021; Halla, 2022a).
Finally, we aim to apply the new T-compatibility technique to a number of equations/discretizations for
which Halla (2021c¢) is too rigid.
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Appendix A. Construction of Hll,o-conforming finite element space

The convenient way to obtain a vectorial H! finite element space is to use a scalar H' finite element space
Y, and to use (Yn)3. Hence, if U and dof ; (u) are the basis functions and degrees of freedom of Y, then uje;

and dof g (e;-w), ! = 1,2, 3 with Cartesian unit vectors e; are the basis functions and degrees of freedom of

( Yn)3. However, with this construction it is not clear how to handle the boundary condition v -u = 0, and
hence the question how to construct finite element spaces of Hll,0 remains. To solve this issue for each j we

reorganize u;e;, dof;(e;-u), ! = 1,2, 3 into tangential basis functions and DoFs u]t-a“’l, dof]t.a“, I=1,...,L
and nontangential ones u™"@™', dof™"*™ ;= 1, ... 3 — L;. Here, L; = 0 if dof; is a vertex DoF

associated with a vertex of 00, L; = 1if dof; is a vertex or edge DoF associated with an edge of 9 0, and
L; = 2 if dof; is a vertex, edge of face DoF associated with a face of 9 0. Note that the tangential basis

functions u®™ will satisfy v-u® = 0, whereas the nontangential basis functions u™™™ will in general
satisfy neither v x u}mman’l =O0norv- u}mma“’l = 0. However, v - u = 0 will imply dof;‘oma“’l(u) = 0.

For L; = 2 we simply choose tangential vectors t;,t, and the normal vector v and set u]t.an’l

dOf,t'an’l(“) = dofj(t; - w), / = 1,2 and prontanl upv, dofj’.loman’l(u) := dof;(v - u). For ; = 1 we
choose the tangential vector t associated with the edge of & and v, v, as the normal vectors of the

= u]tl,

two adjacent faces. Thence, we set u]t.an’l = ut, dof;an’l(u) = dof(t-u), ! = 1,2 and ujnoma"’l =y,

dof?oman’l(u) = dofj(vl -u),/ = 1,2. For Lj = 0 there exist no tangential DoFs. Let v, v,, v5 be the
normal vectors of the three adjacent faces. Thence, we set u;loman’l =uyv,, dof}loman’l(u) := dof;(v; - w),
! = 1,2,3. Thus, to obtain an H},O conforming finite element space we simply set the DoFs associated
with the nontangential DoFs to zero. Hence, for u Hll)O N H* the obtained finite element space has the
same approximation properties as (Yn)3.
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