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1 Introduction

Early perturbative computations in QED (see, e.g. ref. [1]) were performed using methods
that, currently, would be classified as “slicing”. The idea of such a method is to split the
real emission contribution into singular and regular parts by introducing a parameter that
distinguishes between unresolved (soft and collinear) and resolved (hard) radiation. Although



recognizing the difference between two types of emissions is helpful, in practice slicing methods
suffer from large cancellations when resolved and unresolved parts of the calculation are
combined. This drawback led to a rejection of the slicing methods as a suitable tool for
computing higher-order perturbative (mostly QCD) corrections to complex collider processes.
Since worthy computational alternatives in the form of subtraction schemes [2, 3] appeared,
development of slicing methods was put on a back burner for a while.

Slicing methods made a remarkable comeback with the advent of next-to-next-to-leading
order (NNLO) computations, starting with the proposal to use the transverse momentum of
a color-singlet final state as a slicing parameter [4]. Since this method was only suitable for
processes without final-state jets at leading order, it was later suggested to use the so-called
N-jettiness as the slicing parameter for generic NNLO computations [5-7]. We note in passing
that other slicing variables have recently been proposed for processes with final-state jets [8, 9].

Nevertheless, the use of slicing methods is still hindered by very large numerical cancella-
tions between the different contributions to physical cross sections. These cancellations are
caused by the need to take the slicing parameter to be very small, to ensure the independence
of the final result on its value. Thus, efficient numerical implementations remain a challenge
for modern slicing schemes, especially when applied to complex processes. To overcome this
challenge, one needs to compute the unresolved contribution more accurately; to achieve
this, a description of real-emission amplitudes and cross sections beyond leading soft and
collinear limits is required.

Such power-suppressed terms were studied in a number of publications in recent years,
focusing mostly on computations at next-to-leading order [10-30]. However, these calculations
typically address relatively simple processes and it is unclear how to generalize them to
arbitrary collider processes and higher perturbative orders.

The goal of this paper is to make a step in this direction and to explore power corrections
that arise when a process, where an arbitrary color-singlet final state is produced in the
collision of a g pair, is studied in the context of the N-jettiness slicing scheme at NLO QCD.
Calculation of power corrections in the N-jettiness variable for such processes requires us to
understand the expansion of two building blocks — the phase space and the matrix element
squared — around the limit of the vanishing N-jettiness for the radiative process qg — X +g¢.

Since these building blocks appear to be process-dependent, it is crucial to investigate
to what extent a process-independent calculation of the first subleading N-jettiness power
correction is possible. In this respect, the so-called Low-Burnett-Kroll (LBK) theorem [31-
34], that allows one to compute the next-to-soft corrections by calculating derivatives of
the Born process with respect to momenta of external particles, serves as an inspiration.
Similarly, next-to-collinear terms in the expansion of a generic matrix element can be related
to matrix elements of simpler processes [16, 35] although this case is more complex than
the next-to-soft one.

Another source of these power-suppressed terms is kinematic dependences of various
observables or dependence of fiducial cross sections on selection cuts. For simplicity, in this
paper we will only consider observables that have smooth dependence on kinematics although
it is known that this is not always the case [36-38]. As this paper focuses on providing
general framework for computing power corrections to arbitrary collider processes, we do
not examine such observables in what follows.



In what follows, we discuss the next-to-leading power corrections in the N-jettiness
variable by considering the process q¢ — X + g where X is an arbitrary colorless state. In
section 2 we begin with the discussion of a toy example — the power corrections to vector
boson production. In section 3 we turn to the study of an arbitrary process, we explain
how to use momenta transformations to enable the expansion of the phase space and the
matrix elements in the limit of small N-jettiness beyond leading power. In section 4 we
combine the soft and collinear contributions obtained in the previous section, and derive the
formula for power corrections. In section 5 we explain how various quantities that appear
in the final formula can be computed by relating them to generalizations of Berends-Giele
currents [39]. In section 6 we first apply the general formula to the processes ¢g — v* — ete™
and gq — 7, for which we derive expressions for power corrections analytically, and then
we compute the power correction to q¢ — 4 numerically, further showcasing the general
nature of the derived formula. We conclude in section 7. Some technical aspects of the
calculation are discussed in appendices.

2 A simple example: vector boson production

We start by considering the production of a vector boson in ¢q collisions, studying power
corrections that arise from both the phase space and the matrix element of this process. We
note that studying this process has advantages and disadvantages. On the one hand, since
this process is very simple, many computational steps can be performed explicitly. On the
other hand, because of its 2 — 1 nature, the phase space of this process is singular which
precludes us from using the same computational methods that we develop in the rest of the
paper to address power corrections to a general partonic process.
We consider the tree-level process

q(p1) +a(p2) =V, (2.1)

and define the cross section convoluted with a smooth function of the partonic center-of-mass
energy squared

Yo = /ds L(s)oo(s). (2.2)

We can think about this function as a product of parton distribution function integrated
over the ratio of two Bjorken variables keeping their product fixed. We note that the need
to introduce this function into a computation is related to the fact that the phase space of
process in eq. (2.1) is overconstrained. Precisely for this reason, this step is not necessary
when power corrections for more complex processes are studied.

The cross section o for the process in eq. (2.1) evaluates to

_ 2m8(s —mi

)
o0 852 | Mo(p1,p2) % (2.3)

Under the assumption that the vector boson only has vector coupling to quarks, —igy~y*,
the matrix element squared reads

IMo(p1,p2)|? = g& Ne. 4s(1 — €). (2.4)



We then find the following result for the convoluted cross section

2

o = ”]3:(1 —€) L(m). (2.5)

We are interested in developing a method for a systematic computation of power correc-
tions in the zero-jettiness variable. To find them, we have to consider the real emission process

q(p1) + q(p2) — V + g(k), (2.6)

and work at fixed zero-jettiness of the final state. We therefore write

1d¥ 1 do(s)

To compute the partonic cross section, we work in the center-of-mass frame. We write

do 1

& = BN / [dk][dpy](2m)?8(p1 + p2 — pv — k)S(T — To)| M (p1, a2, k) >, (28)

where Tj is the zero-jettiness function defined as

. S1k S2k
Tp = min <, ) , 2.9

Q1 Q2 (2:9)
with s;, = 2p; - k. The two quantities ()12 are arbitrary normalization constants. We will use
Q1 = Q2 = @, throughout the paper, unless stated otherwise. Finally, the matrix element
squared for the process in eq. (2.6) reads

9 9 9 2s m%/ S1k  Sok
|M (p1,p2, k)|* = 8Crgi-gsNe (1 —€) +(1—¢)(—+—=)—2¢, (2.10)
S1kS2k 52k S1k
with s = 2p; - po.
To proceed further, we integrate over the momentum of the vector boson py; the phase
space becomes

[dpv](2m)45(p1 + p2 — pv — k) = 27 d¥pyv 8(p} — m¥)d(p1 + pa — pv — k)

=21 6(s — m¥ — 2v/swp). (211)

We remove the zero-jettiness d-function by integrating over gluon energy wy, finding that
the energy of the gluon is given by

. TQ
wi= e (2.12)
with
Y = min (p1x, pax) ,  pik = 1 — cos Oy (2.13)

We use this result in the expression for the cross section and obtain

do  27[ay] o 27Q TQ ' Q  [M(py,pe, k)
= oz Jlaus (s—mt - SEE) () o g e




where we introduced the following notations

201(d—2) (d-1)
[as] = W7 [dQ] = RN (2.15)
Integrating over s, we find
2—2¢

idg _ CF[as] /[dQ ] L (5*) Q 7-2|M(p1)p27k7*)|2 (2 16)

Yo dr Tl+2e k L(m?) \ Vs, CrNcg2gs (1 —€)ds*’ '

where
s* =mi + @, (2.17)
g

and we should use this value to evaluate energies associated with momenta p1 .

We have to construct an expansion of d¥/dr in eq. (2.16) in powers of 7. The expansion
is controlled by the value of the emission angle 65 of the gluon which is parametrized by
Q. If 05 is O(1), the energy of the emitted gluon is O(7) and the required expansion is
the soft expansion. If, on the other hand, 0 or m — 6 is O(7/my ), we have to expand in
0 or m — 0. This case corresponds to two collinear contributions, since the gluon can be
emitted either along the direction of p; or p2. Two distinct integration regions — the soft
one and the collinear one — are associated with two “branches” of the cross section with

—1—2¢

respect to 7: the soft contribution is proportional to 7 , whereas the collinear ones are

—1—e

proportional to 7 . Hence, schematically, we can write

N A (ORI AC) (2.18)

and we compute each of the two contributions by performing an appropriate Taylor expansion
of the integrand and then integrating the resulting expression over the angle 6.
We compute the soft contribution by Taylor-expanding in 7. We obtain

145 4Ck(al] ( Q )26/[d9k];36

my

Yo dr Tit+2e P1kP2k (2.19)
QT 2 2 .
1— 92— 2 —2m%L ,
X [ m%/¢k ( € mi, 1(mv)>

where £1(m$) = L7Y(m3,) dL(m})/dm3,. We note that O(r) correction contains 1/
factor which makes the integration over angle 0 power-divergent. This is a feature that
will also appear when zero-jettiness corrections to a general process are discussed in the
next section. Due to the simplicity of the process and the knowledge of the matrix element,
explicit integration over 0y is straightforward. It yields

1 d2®)  ACpas) [ Q \ 7% QT (1 — 2¢) 5 5
— = — l—-—F———F(1—€— . 2.2
Yo dr erl+2e (mv) m%/ 1—¢ ( € mvﬁl(mv)) (2.20)
To construct a Laurent expansion in €, we write
0
rimne = _T(LT) + Lo(7) — ne Ly(7) + O(€?), (2.21)
€



with

1 n
L, (:U) = [9(3:)0g(a:) . (2'22)
€ +
Using it, we obtain the leading- and subleading-power soft contributions
1 dx6)hLP 5 Lo(r) + 8(7) In -2
b :4CF[045]|:_ (7') + 0( ) ( ) my —2L1(7‘)
Yo dr 2¢2 € (2.23)
—2Lo(r)In -2 — 5(r) 2 Q} ,
my my
1 dSENEP 40p[ag)Q [ mE L1(md) — 1 ) ) QT
— = — -1 {1+2ln— 15.
>0 dr m%/ € [mvﬁl(mV) } ( * nmv> *
(2.24)

We continue with the construction of the collinear expansion. We consider the case where the
gluon is emitted along the direction of the incoming quark with the momentum p;; the other
case, where the gluon is emitted along the direction of the anti-quark with momentum ps is
analogous. To construct the collinear expansion, we go back to eq. (2.16) and consider the case
of the small emission angle , 61, < 1. It follows that the function ¢ in this case is given by p1g.
We need to perform the expansion of the integrand assuming that the emission angle is small,
and extend the integration region over the angle (or related variable) to infinity. We write

2
& o m+ 9 (2.25)
P

where p = 1 — cos 01, and assume that p ~ 7Q/ m%, The integration region over 6 extends
from p = 0 to p = co. We then change the integration variable p — z,

_21Q 2
P= mi 11—z’

(2.26)

with 0 < z < 1, expand the resulting formula in 7 and obtain

L _ Crled (>/ Y LG R =B ReEs

Yo dr Ti+2e \ Q z E(m%/) m%, &
where
- 1+ 22 ~ (4—2)z— 14 2ez — €2(1 — 2)?
Pyy(z) = —— —el—2), Pi(x)= (SE : (2.28)

We note that the function Pq(;)(z) has a power singularity at z = 1. Again, we will see
the appearance of these power singularities in the general case discussed in the next section.
In the current case, since both the matrix element and the phase space are simple, we can
integrate by parts obtaining expressions that can be expanded in ¢

1 d 9 1
“r (’W) (1-2)2PW(z)= [ dz (127"
! 4

z z
0

y {2 1+(1+62’><1—~7>>] c <va> o (m%) [Z_ (1+62)(1—z)2] }

(2.29)

(1+¢) z 22 z 2(1+¢)




It is straightforward to extract the 1/e divergences from the above expression by applying
eq. (2.21) to construct the e-expansion of 7717¢ and (1 — z)~!7¢. This leads to the leading-
power contribution

Lanensr /1 %ﬁ mv/z {25(7)5(1_2) 5(r)(1+ 22)Lo(1 — 2)
0

Yo dr z €2 €

L8 =2) [Lo(r 6) SNME] | 51601 — )2 Q (2.30)

+8(7) [1= 2+ (14 22 Li(1 = 2) + (14 22) Lo(1 - 2) In Q)]
+26(1 = 2) [L1(7) + Lo(m) In Q] + (1 + 2%) Lo (7) Lo (1 — z)}’

and the next-to-leading power contribution

1

1 du(E)NLP Q mv/z 20(1 — 2) [m} £y (m3) — 1]
o dr =~ Crlas m%/D/ { €
Lo(l— ) l4 o m% L1 (m%/z)?(l + (2~ 4>z>] (2.31)

+25(1 —2)In(QT1) {1 —m} L (m%/)} }

As we already mentioned, the above results describe the collinear emissions off the quark with
momentum p;. The contribution where an anti-quark with momentum po emits collinear
gluons, doubles the above result.

By comparing eqgs. (2.24) and (2.31), we observe that at next-to-leading power all e-
divergences cancel between the soft and collinear contributions. This is the main result of
our analysis. However, for completeness, we also comment on the leading-power contribution
which is well-understood.

Indeed, to get the cancellation of e-poles at leading power, the virtual contributions and
the collinear renormalization contributions need to be added to the real emission one. For
qq — V annihilation, they are given by the following expressions

i dx )
20 dr

= CF[as](mV)QE <_22 B § + 2712) 5(7_)7 (2'32)

€ € 3

and

1
1 A2 Cplag(my)? [ dz £ (m?)z) 9 3

= = — 1 Lo(1 — =6(1 — o(r). (2.33
o S [T | e =)+ a0 - 9] a(r). (239
Upon combining egs. (2.32), (2.33), (2.30), (2.23) and accounting for the second collinear
region, we observe the cancellation of all 1/e poles in the leading-power contribution.



The next-to-leading power correction to the zero-jettiness regulated cross section for
qq — V is obtained upon combining results from eqs. (2.24), (2.31). It reads

idENLP _ 4CF[;)‘5]Q{1 + {1 _ m%/ L4 <m%/>} (1 +1In Q;)

Yo dr my, mi,
L TN R LY O At D) AU
_O/ z £(m3) ol—2)|2—2z+ 5 52 },

where £ is defined right after eq. (2.19) and Lo in eq. (2.22).

To check this result, we make use of the fact that, when working at finite 7, the real
emission contribution in (2.16) is e-finite and can be computed by numerical integration over
the gluon emission angle 0. We then write a small-7 expansion

1 d¥
Eidi :’7'_1 (AIIHT+A2) +A31HT—|—A4—|—T(A51HT—|—A6) —|—A77‘2 4+ .... (235)
o dr
The coefficients A; 7 are functions of my,@ and the function £, for which we take a

Gaussian distribution

2 52
L(s) = Nor exp (—M> . (2.36)

For numerical calculations, we choose 02 = 2.47 m%/, and my = 90 GeV.
Both the leading-power coefficients A;, As, and the next-to-leading power corrections
As, Ay are obtained from eqs. (2.23), (2.24), (2.30), (2.31). We then write

1 7[1d¥ InT  As
Xr)=—|c——-A1— — — — A3l 2.37
(7) Ay [ Yo dr U T 3 HT} ’ ( )
and note that at small 7 this quantity should approach one,
lim X (7) = 1. (2.38)

7—0

Since 7 is a dimensionful variable, the expansion proceeds in powers of the parameter
&= QT/m%/. Hence, choosing 7 < 0.1 my and () = 100 GeV, we expect that the deviation
of X(7) from unity is about a percent at £ ~ 0.1, and that it decreases at smaller values
of 7. Numerical results for X (7) are shown in figure 1, where X is plotted as a function of
¢. We observe that X (7) approaches the limiting value X (7) = 1 at £ > 10~® and that for
smaller values of &, it starts to deviate from its limiting value due to the loss of accuracy
in the numerical integration. A fit of the next-to-next-leading-power terms is also shown,
demonstrating they can explain the (tiny) difference between X (7) and its asymptotic value.

The example presented in this section showcases the main aspects of the calculation of
the zero-jettiness power corrections to hadron collisions processes. In the next section, we
will discuss how to generalize this computation to arbitrary color-singlet final state. However,
before doing that, we would like to reiterate the following points that emphasize the differences
between vector boson production and a general case.
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Figure 1. The parameter X (7) expressed as a function of &, which relates the small-jettiness
expansions of the vector boson production cross section and a numerical integration of (2.16) at
Q = 100 GeV and my = 90 GeV and with the Gaussian luminosity distribution given in eq. (2.36).
The parameter approaches unity for lower values of ¢ before the numerical integration becomes
unreliable. A fit of the missing linear terms in 7 is presented in blue.

e In vector boson production, the final-state phase space is simple, so that one can easily
parametrize it and perform all integrations explicitly. However, for processes with
higher final-state multiplicities this is not possible. Thus, new approaches are needed
to enable a systematic way to expand an arbitrary phase space in the zero-jettiness
variable.

¢ The matrix element that describes vector boson production is simple and can be
written down explicitly. Hence, expanding it through subleading terms in relevant
limits is straightforward. However, for high-multiplicity final states it may not be
possible to compute the relevant matrix element analytically. Hence, one needs to
understand how to compute subleading terms in the soft and collinear expansions in a
process-independent manner.

e In the case of vector boson production the phase space is overconstrained, i.e. it is
proportional to §(s — MZ) at leading order. This feature is particular to 2 — 1
processes, and it makes the zero-jettiness expansion of partonic processes in such cases
more complex, than for processes with more final-state particles. To ameliorate this
problem, the zero-jettiness expansion of hadronic cross sections for 2 — 1 processes



is usually studied. In the toy example discussed in this section, we introduced a
luminosity function and computed an analog of a hadronic cross section. In the result
for subleading-power corrections shown in eq. (2.34), the derivative of the luminosity
function £ appears, which is analogous to the derivatives of parton distribution functions
found in the previous studies of the Drell-Yan and Higgs production processes [11, 13-16].

3 Power corrections: general considerations

We consider the following leading order process

Ja(pa) + fo(pp) = X(Px), (3.1)

where f, and f;, are the initial-state partons, which we take to be a quark and an anti-
quark, and X denotes a generic colorless final state with the momentum Px composed of
m massless particles. To discuss the next-to-leading power corrections in the zero-jettiness
variable, we add a gluon with the momentum k to the process in eq. (3.1) and write the
differential cross section as

C = N [[APx] K] 2m)5(p + 1~ P~ B)
(3.2)

X 6(7_ - TO(paapln k)) O(PX) Z |M‘2(pb7paa k’ PX)
col,pol
In eq. (3.2) we used [dk] = d*1k/(2 (27)*1k°) and [dPx],, = ﬁ [dp;]. The zero-jettiness
i=1
function is defined as follows

20 -k 2pp -k
D Db ] (3.3)

Q1 Q

with @ being an arbitrary normalization factor of mass dimension one. Furthermore, O

TO(pG,:pbv k) = min [

is an observable that depends on the momenta of colorless particles comprising the final
state X, and N is the cross-section normalization that contains the flux factor, color- and
spin-averaging terms, etc. We note that we have used a new notation for the momentum
of the colorless final state by writing it with a tilde, Px — Px. The reason for doing this
will become clear later.

Using a reference frame where the collision axis is the z-axis, and writing the zero-
jettiness variable in terms of the energy and the polar angle of the emitted gluon, it is
easy to see that the constraint 7 = Ty(pg, py, k) implies that either the gluon energy or
its transverse momentum squared is O(7). The expansions around these distinct limits
can be performed independently of each other, as we show below. We will start with the
construction of the soft expansion.

3.1 The soft contribution

A gluon with momentum k is considered to be soft if & ~ 7. Since we are interested in the
relative O(7/4/s) correction, where s = 2p, - pp, we only need to expand the integrand in

,10,



eq. (3.2) to the first subleading order in k. To facilitate this expansion, we use the momentum

mapping that absorbs k into the momentum of the colorless final state [40], and write

Py = ATHA, (Pl — k).

(3.4)

In eq. (3.4) Py = pa + pp, A*Y is the matrix of a Lorentz boost that we specify below, and

A is a constant that is defined from the condition
NP2 = (Pay — k)*.
It follows from the above equation that

. Py-k
Pa?b Pab

+ O(K?).

We then write

=1

We then write
Di = A py,

and since Ay is a Lorentz transformation, we find

A m(d—2)
[APx]m H oy =6(p7) = A [APx] .-
z:1

Hence, we obtain

APy (Pay Do, Px s k) = APy (pa, Py, Px) [dk] X472~

Py -k
~ dq)m(paapbaPX) [dk] <]‘ — Km P2b > )

where
Ay, (pas Pos Px) = [dPx]m (27)%6(pa + po — Px),

is the phase space of the Born process ¢q¢ — X, and

Km =m(d —2) —d.

(3.5)

(3.6)

(3.7)

(3.10)

(3.11)

(3.12)

(3.13)



Putting everything together, we find

d P -k
di :N/d@m(pa,pb,PX) /[dk] (1 - mmb2> 5(1 = To(pa, Pb, k)
T Pab

x OAA;'Px) Y IMP(po, par ks AA; ' Px).

col,pol

(3.14)

Since we are interested in O(7) corrections, we need the matrix element squared to the
first subleading order in the expansion in k. The matrix element itself scales as 1/k, so that
we need to find O(1) terms in the expansion. The required terms can be obtained from the
Low-Burnett-Kroll theorem [31, 32], as we explain shortly.

Before discussing the expansion of the matrix element, we derive the formula for the
Lorentz boost A;l. We start with a general formula for the boost Agen(Qf, Qs), that
transforms a vector Q; to a vector Q¢; this formula can be found in eq. (A.2). The Lorentz
transformation that we need (cf. eq. (3.4)) reads

A = Agen(Pap — k, APup). (3.15)

Since in the soft limit k ~ 7, A;! is nearly the identity matrix; to determine O(7) corrections
to the cross section, we need the Lorentz boost to the first order in k. Simplifying the
~1

s, we find

expression for A
[A;ILV = gy — By + O(K?), (3.16)

where
kMR — bek”
B Py

We turn to the discussion of the expansion of the matrix element in the soft limit. We

BM (3.17)

ignore the color charges since for the process we consider it is trivial to restore them at the
end of the calculation. Separating emissions off the external legs and the structure-dependent
radiation, we write

M(pl)?pa?kuPX) = _gsefﬂ_}b N(pbupa - ka-PX) (Jéf + Séf)

(3.18)
+ (_JéL + S{j) N(pb - k7pa7PX) + Ns;/ttr(pb7pa7k7PX) Uaa
where
2pk — kM 2pt — kM oMk oMk
Ja da ) Jb db ) Sa da 3 Sb db 5 ( )

with d, = (pa — k)%, dy = (pp — k)% and o = [y*,7"]/2.

The structure-dependent contribution to the amplitude can be restored by requiring that
the Ward identity is fulfilled, namely that the amplitude vanishes if the gluon polarization
vector €” is replaced with its momentum k*. This implies that in the soft limit

o b
8pa,u 8pb,,u

M = —gs€,0y | N(pa—Fk) (J§ + SE)+(=Jf + S)') N(pp—k)— [ ] N] Ug, (3.20)
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where we only show the k-dependent momenta in the arguments of the function N. Since
the currents Jg‘ , scale as 1/k, we need to expand the k-dependent functions N in powers
of the gluon momentum. We then obtain

M = —gyetin| JPN — (LPN) + (NSE + SEN) | uq, (3.21)

where the function N is now k-independent and

Jt=Jt—Jgl', LFt=1L{—- L}, (3.22)

with 5 5 5 5
Lt = JrEY - , LY = Jl'k” - : 3.23
Opt " OPay P opy o Opow (323

Upon squaring the soft amplitude and summing over polarizations of all external parti-
cles, we find

95 2| M(pp, Pas b, Px)|? & —Ju J* |\ M* (Db, Pas Px) + J* Ly | M (pyy pay Px) + ..., (3.24)

where the ellipses denote terms that are finite in the £ — 0 limit. We note that the first
term on the right-hand side in eq. (3.24) provides the leading contribution that scales as
1/k%. Hence, we need to account for the momenta redefinitions in that term. Momenta
redefinitions impact particles that comprise the color-singlet system X. Working through
first subleading order in k, we obtain

- . o~ | Pap - k - o)
95 2| M(pb, pas k, Px)|* = [— Jp " (1 -> [ Pbe PP+ B Pw] ap’?>
=1 a 1

(3.25)
+ JMLM‘| |M‘2(pbapa7 PX)-

Combining this expression with eq. (3.14), we observe that the integration over k can be
performed in a process-independent way and that for computing the soft contribution to
the zero-jettiness cross section through next-to-leading power, we need to calculate two
distinct integrals

2pa - p
I = 93/[(1/‘@] 6(1 — To(pas pv: k) m,
) , o (3.26)
I2 = gS /[dk] 5(7' — To(pa7pb,k)) m
The second integral can be written as
P#
I = I, —2 (3.27)
so that
2
I = 21y, = o2 / (KIS~ To(pa s ) g (3.28)
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Using these definitions, we find the following results for the integrals that are needed
to compute do/d7 in the soft limit

Py -k
g? /[dk]é (T - TO(pa,pba k)) <1 - Kme%;) (_J,u!]u) =11 — k1o,
P - k
92 [1ARIS (7 = To(pas s ) ()~ pf = ~ T,

(3.29)
92 [[dHI3 (7 = To(pas s ) (J,T) B =0,

0 0

2

9s /[dk]d (T - TO(paapba k)) JML/L = _12 (pgapg +pgapg,) .
Putting everything together, and accounting for the fact that the observable O also depends

on the boosted momenta, we obtain

do®)
dr

0
= N/[dq)m(pa,pbyp)()] {O(PX) [11 — Fmly =13 Y pg@p“] | M|?(Pb, Pas Px)
€Ly (

o 0
— I |M|2(pbapaa PX) prapuO(PX)},
=1 ?

(3.30)

where Ly is the list that includes all particles in the Born process eq. (3.1). We note that in
the last term in eq. (3.30) the sum can be extended to include initial partons if an observable
does not depend on them and the corresponding derivatives vanish.

To finalize the calculation, we need to compute integrals I; 2. To do this, we integrate
over the energy of the gluon with momentum k, removing the zero-jettiness d-function. Then,
using the following expressions for the angular integrals

2e 2e—1
@1 Y 1 / @ ¥ _ L 1 € 2y = 1
‘/FQE }ﬁ@;‘f’ [ };m =5 SO, i=ab, (331)

where [dQ]%d_l)} = dQ’%d_l)/Q(d_Q), Y = min(pa, ppr) and pp = 1 — cos Oy, @ = a, b, we find

5 e n=kd(%

where [a;] is defined in eq. (2.15). It is straightforward to use eq. (3.30) together with

)L 1

h:p4< : ——2+0w0, (3.32)

the results for the two integrals I; 2 to determine both leading and subleading zero-jettiness
contributions to the cross section of a process in eq. (3.1), that originate from the emission of
a soft gluon. Since the physical result requires including the contributions of the collinear
emissions, we refrain from presenting the expansion of eq. (3.30) in powers of €. Nevertheless,
for illustration purposes, we show the 1/e-divergence of the subleading soft contribution which
can be easily obtained from eq. (3.30). This contribution comes entirely from the divergent
part of the integral I5. After restoring the appropriate color factor, we obtain

s,div C s —2¢ )

—€
€ s § iELf ?
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3.2 The first collinear contribution: EHﬁa

As the next step, we need to construct expansions in the zero-jettiness variable around the
collinear limits. We will start with the case where the gluon is emitted along the direction of the
incoming quark with momentum p,. The case where the gluon is emitted along the direction
of the incoming anti-quark is completely analogous; we discuss it in the next subsection.

Similarly to the case of the soft emission considered earlier, we perform a momenta
mapping [40] that allows us to construct the collinear expansion. To do this, we start by
re-writing the gluon momentum k£ as follows

_k'Pab
Pa - Po

k Pa+ka=1—2)ps + ka. (3.34)

The momentum conservation condition’

Pa+ 1o =k +Qx, (3.35)
becomes
zpe +pp — Qx =0, (3.36)
where
RQx = Qx + kq. (3.37)

It is easy to show that Qg( and Qg( are the same

k-P,
bpa)2

QQZQX+%a2:pa+pb_k+%a2:Pab_
x=( =1 F=l Pa Db (3.38)

=P —2k- Py = (P — k)? = Q%.

Since Qgg = Q%, we can obtain one of these momenta by Lorentz-boosting the other. We
therefore write

[dQx]im[dE)(2m)/6(Pay — Qx — k) = [dQx]m[dk](27)?6 (xpa + pp — Qx)

- J - (3.39)
= [dQx|m[dk](27) %0 (zpa + pp — Aa(Qx, @x)Rx),
where the Lorentz boost A,(Qx, Q x) is defined as follows
Qx = Ma(Qx,Qx) Qx. (3.40)

~ m ~
Since Qx =Y p;, we perform the required boost for each final-state particle p; = A, (Qx, Qx)p:

=1
and obtain

m

[ [ ldpi][dk](2m)s <wpa +pp— im)
i=1

=1

. " (3.41)
= /d£ [ldp:](2m)%s <£pa +py— Zm) [dk] 6(z — €).
i=1 =1

1At variance with the previous section, here we denote the momentum of the colorless final state X as
Qx. We do this because we need several redefinitions of this momentum, before we reach the final formula in
section 4. There, we will return to the notation Px for the momentum of the final state X.
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The Lorentz transformation A,(Qx,Qx) can be found in eq. (A.2), where one should identify
Qi = Qx, Qr = Qx.

Since we will have to apply this transformation to all final-state particles and then
expand the result around the collinear limit, we need to simplify A,. To do this, we introduce
the notation

Qa = xpa + P, (3.42)
so that
Qf =Qar Qi =Qq— ka. (3.43)
We use eq. (3.34) to write k, as
k= g — k- Fo P (3.44)
Pa - Db

To simplify the expression for k, further, we perform the Sudakov decomposition of the
vector k and write

K= apll + Bl + K (3.45)
where the transverse momentum k| satisfies p, - k1 = 0. We then compute the coefficients

« and (, and find

> Wi Wk
ki = %Q — Pak)Pl + ﬁpakpé‘ + K (3.46)
where wy, is the gluon’s energy and p,r = 1 — cos 0, was introduced earlier. Furthermore, we
also made use of the fact that vectors p,; are back-to-back, and that 2p, - p, = s.
The absolute value of the vector k| is determined from the on-shell condition k2 = 0.

We derive
k2 = —w2pak(2 — pak). (3.47)

Using eq. (3.46), we write k* in eq. (3.44) as follows

~ w Qkp
ka = ﬁpak(pb —pa)’" + Wi/ pak(2 = par)n!l = == (pp — pa)" + K. (3.48)

S

The important point is that l;:g vanishes in the soft wy — 0 and in the collinear pg . — 0
limits, which allows us to construct the expansion of the Lorentz-boost matrix A,, which
becomes the identity matrix in both of these limits.

The boost operator depends on Q, and k,; the collinear expansion is the expansion in
small k,. Since kg, ~ V/Pak and we need to account for O(pay) terms, we must expand A, to
second order in k,. The expansion can be simplified if we notice that

kg - Qu = k2. (3.49)
The above equation follows from the equality Q? =Q2=0Q?=(Qu— l%a)z Hence, in this case

(Qr +Qi)* = 4Q% — k2. (3.50)
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Using this result, we easily arrive at the expressions for the boost operator A, and its inverse,
shown in egs. (A.4), (A.5).

We continue with the simplification of the starting expression for the cross section in
eq. (3.2) in the collinear l_é| |D limit. The first point is that the jettiness constraint is simplified
in this limit, since ¥, = pqr. It is important to emphasize that the above formula is valid not
only in the strict E! | limit, but also in its neighborhood. Because of this, we do not expand
the zero-jettiness function around the collinear limit below. Hence, in the first step we write

W N [0tk 5+ — b~ @x) .
3.51
X 0 (T - W) 0@Qx) > IMP(py,park, Qx).
col,pol

Following the above discussion, we perform the momenta transformation and obtain

NE]
a(—m) O(A'Qx) D [M(pypas ks AT Q).

Q pol,col

/1 (4@ (2)8(apa + 1 — @) [l (1-2% — )
0 (3.52)

The matrix of the inverse Lorentz transformation A;! is given in eq. (A.5).

The product of the gluon phase-space element [dk] and two d-functions in eq. (3.52) can
be simplified, since these delta-functions fix the gluon energy and its emission angle relative
to the direction of the quark with momentum p,. We find

9 Q(d72)
[dk] 0 (1 el :r) ) (7’ - ﬁwkpélk) = duwy wp

NE Q 202m)T
dQd-2) 2wy, V/SWkPak
—€ (o —e _ 2k _ VTrlak 3.53
X dpak pak; (2 pak’) Q(d_2) 6 (1 \/g $> (5 T Q ( )
O (d-2) Ql—eT—e ep’ &
— . “Fak (d—2)
where @)
. \/g x QQT (d—2) . dQ -
Wk = 9 (1-2), pu= s(1— .%')7 [d€2 = Qd—2) (3.54)
We now put everything together and write the collinear contribution as follows
doca C [a ]Ql—e L ep*
_ F S xra (d*2) _ —€ ak
=N /dx v A ?] (1- ) (1 + Gk )
(3.55)
1QX Z CF gs ‘M(pbvpavkaAngX)Pa
pol,col
where
AP = [dQ x]m (27) 0 (zpa + po — Qx). (3.56)
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To determine the subleading contributions to the cross section, we use eq. (3.55) as
a starting point and expand the matrix element squared and the observable around the
collinear limit using explicit expressions for the Lorentz boost A,. We integrate the result of
the expansion over the azimuthal angle of the emitted gluon, leading to the final expression
which depends on the scalar products of p,;, and p;, as well as on the derivatives of the
observable with respect to the momenta p;. This expression will have to be combined with
the contribution of the other collinear limit (k||f;,) and the contribution of the soft limit,
to arrive at the next-to-leading power correction to the differential cross section subject
to the zero-jettiness constraint.

To proceed further, we need to construct the collinear expansion of the matrix element
squared. We write

G2CrFy = |IMP(py,par b, A Qx) =D M (Aapp, Aapa, Aok, Qx), (3.57)
pol pol
where we have used the Lorentz invariance of the matrix element squared to move the action
of the Lorentz boost to p,, pp, and k. The advantage of the above formula is that the action
of the boost is now “localized”; we need to consider changes in the momenta of the initial
partons and the momentum of the gluon k, but the momenta of the final-state color-neutral
particles do not need to be changed.

We require the expression of the matrix element that is suitable for the study of the
collinear limit. Furthermore, the collinear limit should be written in such a way that the
soft singularity in the corresponding expressions can be isolated. Finally, it is convenient
to first expand the matrix element squared around the collinear limit, and apply the boost
later; this approach keeps the expressions more compact since the boost will have to be
applied to fewer terms.

We write the matrix element as

N v
M = —gsT€, vy | N (po, pa — k, QX)M + Nna | Ua- (3.58)
(—2pq - k) ’
The collinear lg| | singularity is present in the first term of the above expression, whereas the
second term is subleading in the collinear limit. However, that term still has a soft singularity.
For this reason, it is convenient to write it as follows
NY. — RY ( k v (ﬁb - k) _
fin,a fin\Pb; Pa) 7QX) + 2y - k N(pb k, pa, QX) (3'59)
We note that Rf  arises from diagrams where the gluon is emitted from off-shell lines and,
therefore, it contains neither collinear nor soft singularities. In what follows we will denote
N(pp, pa — k, Qx) as Nu(py, pa — k,Qx) and N(pp — k, pa, Qx) as Ny(pp — k, pa, @x ), and we
will not write their arguments explicitly unless it is needed.
In the collinear limit I;| |Da, we write the matrix element squared as a sum of three terms

Fa = Faa+Far+Fr7’,aa (360)

where the first term on the right-hand side refers to the square of the diagram where the gluon
is emitted off the parton a, the second term refers to the interference of this diagram with
the remaining ones, and the third one to the contribution of the remaining diagrams squared.
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We begin by considering the first term on the right-hand side of eq. (3.60) and write it as

Faa = @ﬂik)QTr {Na (ﬁa - ]%) 7“13&7” (ﬁa - ]%) Njﬁb] p/(ﬁj)v (3'61>

where

k,upb,zz + pb,pku
k- py

and the arguments of N, are not shown. The superscript a in the gluon density matrix in

) = —guw + (3.62)

eq. (3.62) indicates that a gauge choice for the gluon polarization vector is made to simplify
the expansion around the E\ |pa collinear limit. We will need to expand F,, through terms
that scale as O((kp,)°) and, once the expansion is constructed, apply the Lorentz boost A,
to momenta p,, pp and k in the resulting formula.

We begin with the simplification of Fy,. A straightforward algebra gives

o ua a2 (a 1 N
(Pa — k)¥"Pa” (Pa — k) p2) = (2k - pa) | (d — 2)k + o (papb( — k) + (pa - k) pbpa):| :
(3.63)

Since

Pabb(Pa — k) + (P — k)ppPa = 2(Pa — k) - Db Pa + 2P0 - k Do+ 2P0 - Db (P — k), (3.64)

we obtain

1

_ Db 7 2pa'k
Faa'kTr[Na(—( — k) — 2¢k + bk( pa — k) +

ﬁb) Njpy|. (3.65)

We can further simplify the above equation by substituting k& = (1 —x)pa—i—ffa and neglecting all
terms that contribute to the expansion around the collinear limit beyond the next-to-leading
power. We then find

1 B 2pa'k ~ 1+zx ~
F, = Tr | N, ( 2p, P —2( ko + ol | N ]
2pa -k { <p (@) ( +€) (1—2)pa-py {prrl—xpD a Py
(3.66)

where

1,2
Poq(x) = 11t T €1 —x), (3.67)

is the standard collinear splitting function. We note that the last term in eq. (3.66) is already

of the right order in the collinear expansion. For this reason it does not require further
manipulations, i.e. the Lorentz boost does not need to be applied to it. Furthermore, it is
convenient to express k, through k| using eq. (3.48). We obtain

P = Qqu(a];)Tr [Na Pa N;ﬁb] __2 ( T e) Tr [NaiﬁN;ﬁb]

2p, - 2pa -k \1—2z
2 ((1+2z —2?) 2(1—¢) (3.6
L2 (2 . 6) T [NopaNi ] + 2O [Napy N 3
s (1—2x) 5

The last two terms do not require further manipulations, they are already in the right form.
The first term is the leading collinear contribution; it must be expanded to account for
subleading collinear terms.
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The second term on the right-hand side in eq. (3.68) requires discussion. As we mentioned
earlier, we will have to boost the momenta p,, py, £ to compute the matrix element squared.
Since the second term in eq. (3.68) is proportional to &k , anything that arises from Ny p or g p
after the boost can only contain k| since all other terms contribute beyond next-to-leading
order in the zero-jettiness expansion. However, boosting k£, will generate a term that is
proportional to 2p,k, which will then contribute to Fy, at the right order. Since

o
Ak, K = K 28y ), (3.69)
Qz
with @, = zp, + pp, it is convenient to introduce a new vector
w_ o @k
Ky =k — =0 (1—2)(2k - pa), (3.70)
a
which after the boost becomes k|,
Ay RS =K+ O(kY). (3.71)

Thus, if we express the before-the-boost result through x,, computing the boost for k-
dependent terms becomes straightforward.
Hence, we rewrite the vector k; through k, using eq. (3.68), and find

(1—=)

ST

Tr [Nalfc LN;ﬁb} = Tr [Na@aijb} + 2k - pq Tr [Na (2Pa -+ Pb) N;pb] . (3.72)

Combining the last term in eq. (3.72) with the third and the fourth term in eq. (3.68), we obtain

2P, (z . . 2 A N
F,, = 2‘1‘1()Tr {Na Da N;'pb} — < + e) Tr [Na,%aN(jpb}
Do - k 2pq -k \1—=x (3.73)
g (1+$+$2_«T3)+6w TT[NAN+A:|—§TI'|:NAN+A:| '
S (1 - .Z')Q zzpa a pb ST CLpb a pb .

As we already mentioned this form is convenient because after the boost, «, will become k| ;
this implies that only k| terms from other momenta will be needed. Since, after averaging

ki 2 _2pak(1 — J}) 7

R B — e S 4
MR = 5% 21 —¢) IL° (3.74)
where ) i
v L Phpy +pype
gt =gt ——eb—“boa (3.75)

Pa - Db
such terms do not lead to soft and collinear singularities. Hence, the soft singularities are
only present in the first and third terms on the r.h.s. of eq. (3.73).
We continue with the discussion of the interference contribution in eq. (3.60). We
write it as

Na(pa — k)V*PaN{" D
a(Pa = k)7*PaNgy Db 2@ 4 cc. (3.76)

F,.. =T
ar = (—2pa - k) W
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(a)

We now split p;v into two terms

ps) = Pl + ple?), (3.77)

where L L
(a1) _ _ PouFv (a,2) _ FpPov 3.78
pyu guu+ k‘pb, ny kpb ( . )

We will first compute Féz) which we obtain by replacing p,(ﬁ,) in eq. (3.76) with p,(ﬁ,’2). Using

2k
(Ba — K)V*Paps? = ParPaps? = 2% by oo, (3.79)
1 M k: -y
we obtain
2p R
F2 = _ﬁTr [NapaNﬁn by| + c.c., (3.80)

where we already took the collinear limit.
It is important to understand how the soft limit can be extracted from this expression
especially since there is a term in Nﬁ "% that contains the soft singularity. We use eq. (3.59)

and write
k)
R N+(7 v, 3.81
fin,a = “Hin + 2pb -k 0 ( )
Using it in eq. (3.80), we find
2pp
2 , P A
FO — _r_’/x)Tr {NapaRﬁnypb} teec., (3.82)

and the soft singularity is now explicit.
The other contribution FCSP is obtained by replacing p,(ﬁ,) in eq. (3.76) with p,(ﬁ,’l). To
simplify the result in this case, we write

(a — k) ¥ Daplis?) = (Ba — k) 20ltpe") + hipar” o). (3.83)
Replacing k:pa in the second term with k:apa and writing there p,v* = 2pt — v#p,, we find

(Po — ) 1 Paplis? = (Pa — b+ ko) 20pfi5) — har* Bl (3.84)

It is easy to show that, through the right order in the zero-jettiness expansion, the
following equation holds

u (a, 1) ffa,u 2k - DPa

pap,uu 1 — + (1 o .'E)S pa,u~ (385)
We also find
]z Hp (avl) — A 9 1 z A A
a” PaPpy " = —kaYvPa + rpbkapbpaky- (3.86)
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The Ward identity implies
PaNiia kv = PaNg Do (3.87)

Putting the above results together, we obtain

s + A Tu z A~ +,v A
Fé?’l) — 9Ty NaxpaNﬁma,l,pb ka 4 2k - Pa pZ T Nak’a%paNﬁn,apb
(—2pa - k) l—xz (1-—ua)s (—2pqy - k) ( |
A 3.88
1 kaboPa NP
. Ty NokapypaN, Do +ece.
k- py (—2pq - k)

We observe that the interference terms are proportional to k, /(—2p, - k). Hence, to obtain
the final result, the functions N and Ngrn’” have to be expanded to first order in k,. We also
note that in the last term in eq. (3.88) we can replace the 1/(k - py) factor with 2/(s(1 — x)),
without compromising the accuracy of the collinear expansion.
We continue with the analysis of the individual terms in eq. (3.88), aiming at isolating
those that have a soft singularity. We begin with the first term in eq. (3.88) and write
NowpaNghos| (K2 2k-pa
T
(—2pq - k) l—z (1—-21)s Pa
J— 2 ~ V7+ JF AN
= —m'ﬁ [Na:npa (Rﬁn Doy + Ny )pb} (3.89)
2 PakL
Tr | Nyzpe | RSk L upy — N ==p, | | .
+ (1 —2)(=2pa - 1) 1"[ aﬂcpa( fn °L,vDb b Do

It is convenient to express the last term in eq. (3.89) through a vector &,, following the

discussion above. We find
[NaxﬁaNét—lya7Vﬁb‘| ( ]%g 2k - pq u)

—2p, - k 11—z l—xspa
(—2p.
2 (o P, o)Al 2 s pU. o (3.90)
=~y T [ Nowpa (B 4 NI )| = T [ Nawpo RiS pasi '
2Kap N vt +13a'7y) - ]
d Tr | N, R — N,
+ (1 — $)(_2pa ] ]{7) I |: alPa ( fin b S Dy

and the soft singularity is only present in the first term on the right-hand side of the above
equation, thanks to the argument mentioned below eq. (3.73).
Next, we need to consider the second term in eq. (3.88). We write

NukaPaNgs Dy Nk wpaNgglipn | 1
T ’ = ’ — Tt | N (P — Pa)vwPa N Dl (3.91
r opa ) Cope ) ST [ a(Db = Pa)VPaNg, pb} (3.91)
and then replace k| with k, in the first term. After simplifications, we find
fo P NFYp N, &V D NIY 5 1 . R
o | NakarwPalNan oPb | akaYvPalVinoPb | | L o {Naﬁw”ﬁa N;pa%pb}
(_2pa : k) (_2pa : k) ST
1 25 s\ s prts 2z 5 NS
+ QTT [Na(l‘ Pa — Db)Vwha R, pb} + mTr [NapaNb pb} .

(3.92)

The soft divergence resides in the last term on the right-hand side of the above equation.
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Finally, we need to analyze the last term in eq. (3.88). It reads

Tr [ Napa Ny s -

1 NokappbaNgpy | 2 NakaPoPaNg Do 2
—Tr = — T —
kpy (—2pq - k) s(1 —x) (—2pq - k) 5(1 —x)

(3.93)
The soft singularity is in the second term on the right-hand side of eq. (3.93).

The last contribution we need to compute is Fy o; it is finite in the collinear k ||y limit. It
is also finite in the soft limit thanks to our choice of the gluon density matrix. The result reads

1 R . R 2 R . . .
Frra= gTr RgnpaNbJ“pa*yupb +c.c.+ gTr {NbpaNJpa} —Tr [Rgnpajopb} 9l (3.94)

We now collect all the terms that contribute to the function F, defined in eq. (3.60)
through the required order in the collinear expansion. We pay particular attention to
separating terms that exhibit soft and collinear singularities? from the ones that do not. We
then write (discarding O(e) contributions in terms that are neither soft- nor collinear-divergent)

. R 2(1+z+ 22— 23
Tr {Napaijb} + S( (1 —56)2 )

Tr [ Napa R, 0] + c.c. -

2Pyq ()
2pa -k
_

s(l—x)

F, =

Tr | Napo N 1)
S(ffx)Tr [NaﬁaN;ﬁb} Tee.

1 L oyt
] +c.c. — QTr [Napb'y,,paRﬁ:_pb]} + c.c.

1 ~ .
+ T | Nopy by P22
ST S
Na"%a’YVﬁaNfEZﬁb (395)
(_2pa : k)

PaY”
Tr {Naxﬁa (Rg;f - N - )pb] +c.c.

2 T
2pq k1l —=x
2Ka,
(L= 2)(~2pa F)
2 Na/%aﬁbﬁaN;_ﬁb
— T
s(1—x) (—2pq - k)

Tr [NafgaN;ﬁb} LTy c.c.

+

+c.c.+ Frpg.

We note that the complex conjugation, indicated by c.c. in the above formula, always refers
to the term that appears immediately to the left of it.

The next-to-last term in eq. (3.95) can be simplified if we combine it with its conju-

gate. Then
Na/%aﬁbﬁaN;_ﬁb Lee = Tr N, [/%aﬁbﬁa + ﬁaﬁb’%a] N;-ﬁb (3.96)
(=2pa - k) (—2pq - k)
Since
RaPvPa + PaDbRa = Q(Ka 'pb)ﬁa - 2(’£a 'pa)ﬁb + shq, (3'97)

2Such singular terms come from eqs. (3.73), (3.82) and eqgs. (3.90), (3.92), (3.93).
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we obtain

2(1+ 2+ 2% —23)

_ 2Py() o AT oA o
Fy, = mTY [NapaNa pb} + " (1 — x)z Tr [NapaNa pb]
4py I 2 .
_ mTI‘ [NapaRﬁmypb} +c.c. — mTI‘ |:NapaNa pbi| + c.c.

~ N 1
Nlj_par?/:pb:| +c.c. — ;TI‘ [Naﬁb’YVﬁaRE:ﬁb} tec

1 R
+ T {Napw”pa
9 o 9 o (3.98)
— —Tr [NapaNa pb] + —Tr [Napra pb} + Frr,a
S ST

—+

2pq - k
2Kq,u
(I —z)(—2pa - k)

All terms that appear in the above formula should be evaluated for the boosted momenta p1,
p2, k. In practice, this concerns the first term and the last three terms on the right-hand side
in eq. (3.98) which, after the boost, will have to be expanded to the required order in k. The
result of this expansion for the last three terms in eq. (3.98) is free of both collinear and soft
singularities but it is somewhat messy; we present the corresponding formulas in appendix B.

(_2pa : k)

Pa”
Tr [Nampa (Rg;j —- N = ) ﬁb} + c.c..

N, b VDo NV D
Tr [NaﬁaNjﬁthrl a*a¥vPa fin,P ”] c.c

+
S

3.3 The second collinear contribution: k||f

We need to consider the second collinear contribution which arises when the gluon is emitted
along the direction of an anti-quark with momentum p;. The construction of the Lorentz
transformation and the parametrization of the gluon momentum is identical to what has been

discussed in the previous section except that the replacement p, <> pp should be applied.
The simplification of the matrix element proceeds as in the previous subsection. It is
easy to see that in addition to the p, <> pp transformation, we also need to perform the
replacement N, <> —NbJr . We find
2 3
By = S [ ]+ 2 S )

4py

s(1—x)

T [Ny By Nopa

N . 2x
+ Tr [N;prﬁn7ypa] +c.c. — 5

+ A A
7(1 s Tr {Nb prbpa} + c.c.

1 D l/A 1 A A [N
g Doy pa] +cc 4+ —Tr [N;_pa’yl,prﬁnpa} Tec
ST S ST

N[jﬁafyyﬁbNa
SR L (3.99)
— -Tr [Nb prbpa] + —Tr [Nb paNbpa} + Frr,b

S ST

2
2pp - k
2y
(1—2)(2ps - k)

_l’_

Nty vwpyNE . P
Tr [N &y Nypa] +Tr |~ TobbMinp Pa ) o

(2ps - k)

A AV
Tr |:Nb+xﬁb (Rgn + Napb;/) ﬁa:| +c.c.,

_l’_

where

A~

M. (3.100)

Nfli/n,b - Rgn - 2]7 -k
a
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Similar to the collinear case k ||Pa discussed in the preceding section, the first two lines contain
divergent terms and the remaining terms are finite in the collinear and soft limits. The
boost that needs to be applied here differs from the boost in the case l_ﬂ |Da. We denote the
required Lorentz boost as Ap; it is given in appendix A.

4 Combining soft and collinear contributions

In this section, we extract collinear and soft singularities from the different contributions
to the differential cross section, and derive the finite result for the next-to-leading term
in the zero-jettiness expansion.

4.1 The first collinear region: EHﬁa

We begin with the contribution of the first collinear region where the gluon is emitted along
the direction of the incoming quark with momentum p,. The differential cross section reads

1
Ao [a,]CrQ )
(‘; _ o ]szfZ /\/’/dxd@f};‘f a0l (1 - 2)~ x (1+
0

QT
s(1—x)

) 0@x)rEs (@)

where the Born phase space d®7¢ can be found in eq. (3.56), Qx = A 1Qx, F, is given in
eq. (3.98), and the momenta p,, py, k which appear in that equation should be boosted. It
is convenient to write, with the required accuracy,

QT . 2qu($) A AT A 4(1 + 6) A +5
(1 + S(l-x)) Fa = mTr [NapaNa pb:| + mTr [NaxpaNa pb:|

4py
s(1—ux)

( (4.2)
Tr {NaﬁaRanyyﬁb} +c.c. + Fa,rega

where the function Fj, ;ee does not have soft or collinear singularities. Among the four terms
that appear on the right-hand side of eq. (4.2), the first one requires the expansion of the
reduced matrix element in &, the second term has a power divergence at x = 1, and the
third one has a regular soft singularity.

We begin with the discussion of the first term on the right-hand side of eq. (4.2). We
note that momenta that appear in that term still have to be boosted. Hence, we write

1
do.ca,l Qs C Ql—e va _ . 3
_ [a[Cr N/dxdcbm 4 2] (1 - 2)0(A; ' Qx)
0

1+e€
dr 2T (4.3)

< B T [N K Q)N (e~ K, Q)]

The subscript of the trace function indicates that momenta p,, pp and k should be boosted
with the matrix A,.

To proceed further, we need to expand the trace function and the observable in eq. (4.3)

around the collinear limit, and extract the soft singularity that is present in Pyq(z) from all

terms in such an expansion. As the first step, we discuss the (standard) leading collinear
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contribution which is obtained by setting A, — 1 and neglecting the transverse momentum
of the gluon k. We find

daca,LLP B [Oés]CFQ_€
dr Tlte

mﬂfl(m,xm@xﬂ? (4.4)

1
/\// dz d* O(Qx)
0
In deriving eq. (4.4) we have used the equality 2p,k = 7@Q), and the fact that in the collinear
limit

T [Na(po: Pa — ks Qx) @palNf (06, 90 = k. Qx)s |, = IM(pyapa, Q)P (4:5)

where | M (py, 2pa, Qx)|? is the spin-summed matrix element for the elastic process ¢q — X
where the quark ¢ and the anti-quark ¢ have momenta zp, and py, respectively. There is
a soft singularity present in the splitting function, but it is straightforward to extract it
and we do not discuss this point further.

The subleading terms require more effort. We start with the discussion of the trace

function and write

Tr [Na(pb,pa — k,Qx) 2pa N (Po; pa — k, Qx) ﬁbL\
= Tt [Na(Aapp, Aa(pa = k), Qx) (Aawpa) N (Aaps Aa(pa — k), Qx) (Aap)]

=Tr [Na (pb + 5pa17 TPa — 5pa17 QX) (lﬁa + 6ﬁa2)
X N (py + 0pat, e — 6pa1, @x) (Py + 0Pa1) |-

(4.6)

The momenta shifts shown in eq. (4.6) are easily obtained using the explicit form of the
boost operator A,, cf. appendix A. We find

k 20,k
Spar = = + L (py + (1= 2)701),

2 s (4.7)

k 2p.k
0oz = - = "= (pu — (1= ¥)maa)
S
with 3 3
_Pa Bm o e B
Tal = 7 + Ay a2 1 +4x' (4.8)

The non-trivial step, required to move forward, is the expansion of eq. (4.6) in powers of
k. Since the shifts in eq. (4.7) are linear in k, , the trace in eq. (4.6) needs to be expanded
through second order in k). To organize this expansion efficiently, it is convenient to rewrite
eq. (4.6) by introducing the following momenta
ko k%
Po=apa —0p, Po=py+0p, 0p=—"+=(Pp — TPa)- (4.9)
2 4sx
These momenta are constructed in such a way that P2 = P? = 0 with O(k? ) accuracy, and
Po + Py = xps + pp- Using these momenta, we find

2k - p 2k -p
Db, Db+ Opa1 = P+ -

TPa — OPal = Pa — Db- (4.10)

ST
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Furthermore, we find

2k - pq

TP + 0pa2 = Po + k1 — TPaq- (4.11)

We are now in a position to rewrite eq. (4.6) in the following way

Tr {Na(pbvpa - kaQX) ':Uﬁa N;_(pbvpa - k)QX) ﬁb:|A

2k - pq 2k - pq A » 2k - pq .
=Tr|N, (Pb + P, P — L, QX) (Pa +k— b l“pa)
ST ST S
2k - pq 2k - pq A 2k - pa
x Ny (Pb + b Pb, Pa — sxp Pb,QX> (Pb + Swp pb> ] (4.12)

2k -p, 1 —x N
_ <1+ 2 x) IMP(Py, Pa Qx) + kLT [Nuy* N

2k - Pa
ST

ki kY R
Pon (TeINS Mapa N o] + c.c.) = ==52E DIV [Ny Ny
where D;’j“’b =x719/0pl — 8/0p}!, and the quantity NC(LD’“ is defined through the expansion
of the function N, as follows

Nu(gy — 3¢, 4o + 66, Qx) = Nalgbs 4a> Q) + 3¢ NSV (b, 4a, Qx)- (4.13)

Note that in eq. (4.12) we have written the matrix element as a function of two momenta
Pa, Pp. This is possible because both of these momenta are on-shell and the momentum
conservation P, + P, = Qx is assured. It remains to expand the matrix element squared
through the right order in k,. The result reads

Kt k2
|M‘2(Pb77)a7 QX) =|1-— 7J_Dza’b — E(pg _ SUpZ)Dﬁa’b
4.14
L (4.14)
+J‘TDTLCL, D% (M| (pp, pa, Qx)-

As the last step, we need to combine egs. (4.12), (4.14) and average over the directions
of the vector k; in O(k?) terms.? It is convenient to write the result as follows

Tr [Na(plhpa - kv QX) xﬁa N;'_(pbapa - ka QX) ﬁb):|A = |M‘2(pb7 TPa, QX)

i o Yhp, (4.15)
— TJ_ (Di“’ |IM|(py, Tpa, @x) — 2T {Na’yMN;rﬁbD + Wa(x).
In the above equation the function Wy (z) is defined as
Wa(@) = —pouWai () + (1 — 2)Waa(2), (4.16)

3Note that we do not discard terms linear in k, because such terms may get combined with the collinear
expansion of an observable O producing a non-vanishing result. However, since O(ki) terms that appear from
the expansion of the matrix element squared will always be multiplied by O(k%) terms in the observable, we
can average over directions of k| in such terms right away.
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where

W () =Tr [N wp, N ] +c.c,

1 1
Waz(z) = — pr,MWCﬁ + (4 + (py — :vpét)Dji“’b) | M[*(py, Tpa, Qx) (4.17)
S A
— g9 (D D | MP (py, apa, Qx) =AD" Tr [N N o))

Another quantity that we need to expand is the observable O because it depends on
the transformed momentum of the final-state colorless particles

Qx = A;'Qx. (4.18)
We write
—1]H uv Hy,o 2k - pa uv
[Aa } (@) = " + 05" ko + — 1", (4.19)
where
Qligk — Qugh 1 QLQy | 91
bao = == LU(@) = Wy + (1 — ) %WZLI;V ‘o2 T (420)
with .
oV v
o PhPE = P (4.21)

Pa - Db
We note that in eq. (4.20), we have replaced k:ik:j with its average value, since there will
be no further dependencies on k; when this term is combined with an amplitude squared.
Furthermore, we took the four-dimensional limit because such terms do not present soft or
collinear singularities. Finally, we note that

. v 1%
i% I (x) =wl . (4.22)

Using the above results, we easily expand the observable O around the collinear limit

O Qx) = 1+ (Kbl + P20 (@) Ly — 51— )b 94 Ly, L | O(@).
(4.23)
In eq. (4.23), the differential operator LM reads
- d
L — ;p;’ T (4.24)
and
g — 0P bal1ba'5", (4.25)

is a rank-four tensor.

Having computed all the different terms in eq. (4.3) to the required order in the collinear
expansion, we are in the position to write the different contributions to the cross section
as an expansion in e. In this respect, we note that the only divergence in the subleading
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term comes from the soft singularity of the splitting function, so that it is straightforward
to extract it. We write

Pl) (1= )7 = 2601~ 2) + Pyy(s) + O(e), (4.26)
where

_ 2

Py(z) = ——— - (1+u2). (4.27)
* (I —)4
Using this representation, we derive the following result for the next-to-leading power

contribution that originates from the first term in eq. (4.2)

daca,l,NLP Q[QS]CFQlfeN

= — @m o P _ 1 1
dr ST€¢€ d (p » Db, X)[ pb,uWal( )

+ [ M(Pp, Pas ) whiy L | O(Px)

+[O‘S]CFQN/<1:U do (J:paypme)P @) {Wa(x)

x

(4.28)
+ 1(1 —z)g” [D;f“’b |M| (pp, pg, - - .) — 2Tt {Na’ypN;'ﬁb} }bag”LW

+ M (py, pa, . . .) 1 (2) Ly

S 1 - 124%
=20 2y i Ly L, O(P).

Next we consider the second term in eq. (4.2). That term is already subleading in the
collinear limit which means that no Lorentz boost needs to be applied to it. Consequently,
we can replace Qx with Qx everywhere. We also note that the trace in that term gives the
squared matrix element of the leading order process with x-dependent kinematics

Tr [Na(plh TPa, QX)-rﬁaN(j_ (pba TPa, QX)ﬁb:| = |M|2(pbv TPa, QX) (429)

However, the complication arises because this term is linearly divergent in the soft limit; for
this reason, it requires additional manipulations. We begin by writing this term explicitly

doe®? 2(1 + €)[as]Cr
dr sTEQ1te

N / deavze Q%) 20 00, (430)

( )2+6

where d®¥¢ is given in eq. (3.56).

To extract singularities from this expression, we would like to remove the z-dependence
from the phase space. We do this by performing a boost, along the lines of what was done
for the discussion of the soft contribution in section 3.1. To this end, we write

0=ap,+p—Qx =pa+p— (1 —2)ps — Qx, (4.31)

and treat (1 — x)p, as the “soft gluon momentum”. Similarly to the discussion in section 3.1,
we remove it using a Lorentz boost along with the rescaling

Pa + Db = AilAam (xpa +pb)- (432>
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Using the fact that boosts do not change squares of four-momenta, it is easy to see that
A = /z. Following the steps discussed in the section dedicated to soft emissions, we find

APy = APy (zpa, po, @x) = AP (pas P, Px) A™™, (4.33)
where K, is defined in eq. (3.13) and the relation between Qx and Px reads
Qx = M, Px. (4.34)
We then find

1
d ca,2 2(1 sC 1—e¢
o _ 20+ 0)s]Cr@ N/ dz d® \om (1 — z) =2
0

dr ST€

(4.35)
x O(A} Px) IM*(py, 2pa, My, Px).

To extract singularities from this expression and to regulate them, we require the expansion of

the matrix element squared, the A" factor and the observable O through first order in (1 —x).

The boost operator, as well as its expansion in (1 — ) is given in egs. (A.12), (A.13). Using
those equations and the expansion of A around z = 1, A = 1—(1—x)/2+O((1—x)?), we obtain

aazhy = g - Lo gy Lo - o) (4.36)

We then find

M2 (pb 2pa MGl Py ) =

. 4.37
[1 S <2pg ST (g 4 ) L,w> ] ME G ) + O 2P),
Pa,u
and
o0 Px) = [1- U5 (o sy Lo 0Py +O- 0. (439)

It is now convenient to define a new function to represent the subtracted expression

Wi (@, Dby Pas Px, O(Px)) = AN O(A L Py ) [ M| (pp, 2pa, My Px)

B _(l—x)( M(‘)
[1 5 Hm+2paapg

(4.39)

07 ) Ly ) | LM e ) O

where we have assumed that the observable O is independent of the momentum p,. It
follows from egs. (4.37), (4.38) that in the soft limit W3(a) vanishes as O((1 — x)?) and,
therefore, can be integrated with the 1/(1 — x)? factor which appears in the cross section
computation, cf. eq. (4.30).
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We can now write the complete result that originates from the second term in eq. (4.2)
in the following way*

do.ca,2,NLP (1 4 6)[a5]CFQ1_€ 2%
dr sTCe Nd m(pavpba X) 1+e + Km
Iz 0 po P 2
+ 2paapﬂ+(g +wab>LPU O(PX) ‘M‘ (pbvmeX)
1
(a)
2 P P
+[O‘S]CFQN/dx Ay (pa py, Pre) V3T PooPa: P, O(Px))
s ) (1—x)
s C 1—e
= [a ]Siig N dq)m(paapbu PX) [ — 26+ Km (440)
" 9 po po 2
+ Qpaapl/« + (g +wab)LPU O(PX) ‘M‘ (pbapaa-PX)
1
s]C 1
o] FQN/dx d®p, (2pa; py, Px) 77—
8 J (1 —2)4

0
X (ij + 2ph

o (677 4 5) Ly ) O(P) IMP (s, P),

where in the first term integration over z has been performed and the WS(G) term was
rewritten in terms of the plus distribution.

Finally, we need to consider the third term in eq. (4.2). This term is also subleading
in the collinear expansion which means that no boost is required. Its contribution to the
cross section reads

1
do? _ _[Oés]CFQl_eN/ dp 32m(2Pa; oy, Px) O(Px)
dr 27¢ J (1—a)t+e

(4.41)

41/
. et

(T [Napa R, o) + ).

We then replace (1 — z)717¢ with the plus distribution in the standard way and find

dUca,B [as]CFQlie

1
1 1
= - N/ dx d(bm(xpaapleX) |:_€5(1 - CL’) +
0

(1—2)4 (4.42)

dr 27€
x O(Px) 4%’7 (Tr [NaﬁaRganyﬁb} + c.c.) .

The 1/e divergent term requires Ry . (Pp, Pa, k&, Px ), with k = (1 — 2)p, at © =1 (i.e., the
soft limit). We can obtain it using gauge invariance. From the transversality of the gluon
emission amplitude it follows that

oy (N (py — ks Pa, Px) — N(py,pa — k, Px) + k" Ren 1 (Py, Pas K, Px)) uq = 0. (4.43)

“We provide a detailed derivation of this formula in appendix C.
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We are interested in the soft & — 0 limit. Since Rgn . (ps, Pa, k, Px) in that equation is
multiplied with k,, we can replace it with Rgp ., (P, Pa,0, Px). The difference of the two
Green’s functions can be computed using the discussion in section 5, where it is explained
how such an expansion should be constructed. In particular, if we compute it starting from
the incoming quark momentum and do not let momentum & flow into the colorless final state,
then we have to replace p, with Px + k — p, in the functions N in eq. (4.43). It follows that

N(py — k,pas Px) — N(pp, pa — k, Px) = K*NWA(py, py, Px). (4.44)

Employing this result in eq. (4.43) and making use of the fact that it is valid for small, but
otherwise arbitrary vectors k*, we find

Py U Rin 1 ta = —pby,,ﬁbNél)’”ua‘ . (4.45)
k—0

Hence, we obtain

daca,3,NLP [a ]CFQI_E 4pZ
= — s —= H (1)7+ )
dr 92r€e N d®y(pa, b, Px) O(Px) x . (Tl" [NapaNV pb} T C.C.)

1
s|C d
-k ]2FQNO/ a _3;)+ A®, (2pa; pp, Px) O(Px)

X % (Tr [NapaRe, 00| +c.c.).
(4.46)

We note that the O(1/¢) term in eq. (4.46) is exactly canceled by the first term in eq. (4.28).

4.2 The second collinear region: k||p,

We continue with the contribution of the collinear region where the gluon is emitted along
the direction of the incoming anti-quark. The differential cross section in this case reads

cb 1—e 1
do = [ Cr @ N/dxd(bm(pa,pr,QX) {dQ,({:d_m} (1—2)°¢
0

1+e
dr 2T (4.47)

QT ~
X1+ —"—) O T F

( +3(1—$)> (QX) by
where Qx = Ab_lQX, Fp is given in eq. (3.99) and the momenta p,, pp, k that appear there
should be boosted. Similar to the collinear case where k||p,, it is convenient to write, with
the required accuracy,

eQT 2P, (x R . 4(1+¢ . R
(14 24 ) = 2y [N + e [N Nis
s(1—x) 2py - k s(1—x) (4.48)
4pY R R '
+ ﬁTl" [N{,erbRﬁn,upa} +c.c. + Fb,rega
where the function Fj .. is free from both soft and collinear singularities.
In principle, the discussion of the k ||Pp collinear limit follows very closely the discussion in

the previous section. Nevertheless, we decided to repeat it one more time for the sake of clarity.
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We begin with the first term on the right-hand side of eq. (4.48). We note that momenta
that appear in that term still have to be boosted with the matrix Ay. Hence, we write

do.cb,l B [Oés]CFQl_e
dr  27l+e

1
N [ do du (o, op Q)AL (1 - )7 O(A;1Qx)
0 (4.49)
2Pgq(x) + 5 b
T oy b Tr [Nb (pb — k., pa, @x) Db No(po — k. pa, Qx) pahb ;
where the subscript of the trace function indicates that momenta p,, p, and k should be
boosted with the matrix Ay.

Following the discussion of the k ||D case, we first show the result for the leading power
contribution that is obtained by setting A, — 1. We find

do.cb,l,LP [as]CFQ €

- N/M@@me)P@

(1—x) (4.50)

dr Tlte

x O(Qx) |M(xpy, pa, Px)|?,

where we have used 2ppyk = 7@, and the fact that in the collinear limit
Tr [sz(m — k,pa, Qx) 2Py No(po — K, pa, Qx) ﬁahb — [M(zpb, paps, Qx)I. (4.51)

There is a soft singularity present in the splitting function Py, but it is straightforward
to extract it.

Computing the subleading terms in the 7-expansion requires more effort. We start by
showing formulas for the trace

Tr [N[j_(pb_kapa7QX)xﬁbNb(pb_kapaaQX)ﬁa:|A

=Tr [N, (xpy — 0pp1.pa + b1, @ x ) (TP6+ 5Pb2) X Np(2pb — 6pb1, Pa+ P61, @x ) (Pa +opp1)],

b

(4.52)
where
k 2k -
Opb1 = 5+ = (pa+ (L= 2)m31)
0o (4.53)
Opp2 = -5 = (Po — (1 — 2)mp2),
S
and 5 5
Db Da Db
= By Pa 4.54
L= T TS 4+4x (4.54)

We note that, thanks to the explicit (1 — x) factors in front of vectors mp; 2, they do not
contribute to soft singularities. Proceeding as in the previous section, we find

Tr [NJr(pb - kj,pcw QX) xﬁb Nb(pb - k,pa; QX) ﬁa):|Ab = |M‘2(:pr7paa QX)
(4.55)

L (D [MP (e, @x)] - 28 [N ] ) + 2P ),
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where Dﬁb’a = 2 '9/0pl) — 9/0p." and we defined
Wo(@) = —pa Wi (@) + (1 — 2)Wia(w), (456)
with
Wi = Tr [Ny apy Ny pa) + c.c.,

1 1
Wio = *gpa,,uW(ﬁ + E (4 + (pIaL - ﬂfpg)Dﬁb’a) ’M|2(-prapa7 QX) (4'57>
S A
— =g (DD |MP (epy, pay Qx) — 4D T [N N )

The function lel)’” in the above equation is defined in appendix B.
We also need to expand the observable O since it depends on the transformed momenta
Qx = A'Qx. We write

2k - pp

A (@) = " Bk o+ 1w, (4.58)

where

Qhak — Qo v !
by = PR (@) = wh + (- 2) | oy + g+ gl

v QgQZ L

(4.59)

and we have replaced kY k" with its average value, since there will be no further dependencies
on k| when the contribution of this term is taken into account. We also took the four-
dimensional limit because such terms do not contribute to soft and collinear singularities.
Finally, we note that
lim I/ (z) = Wi, 4.60
xl_% b (z) Wha, ( )

Using the above results, we find

% -
O\ Qx) = {1 4 (k’ﬁ‘_bbgy + Spb

17 ]' 124%
ll? (w)) Ly — 5(1 —z)k-pp tII;LMh ILMMLVW O(Qx),
(4.61)

! reads

where the differential operator L*” is given in eq. (4.24) and the tensor """
I = g2 by by (4.62)
Using these results and following the discussion of the I;\ |Da case, we obtain

do.cb,l,NLP B Q[QS]CFQI_ENd

dr ST€e

1 _
+ W/dx dq)m(pavpr’PX>‘quqx(x) {Wb(x)
0

By (Pas oy Px) [Pap Wi (1) = IMP (P, Pas -l L | O(Px)

S
Z(l —x)gh*

+ M P(@pp, pas - ) 1) (@) Ly

_l’_

D§b7a|M|2(prvpa7 .. ) —2Tr [Nlj_fyprﬁa] ]bbgyLuy

s(l—=x
) AR s Ly Loy }ou»X).

(4.63)
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Next we consider the second term in eq. (4.48). The trace evaluates to

T [N (2o, pas Qx) 26 Ny (203, Pas Qx) Ba] = [MP(apppa, Qx),  (464)

and, following steps described in the previous section, we find

do®?  2(1 + €)[as]C
e ( )[ FN/ dSU d@ (pa)prvQX)

dr sTEQ1te

O IME (e, Qx). (165

(1

Extracting the singularity at x = 1, as discussed in the previous section, we obtain

do_cb,Q,NLP _ [as]CFQl—e

dr STCe

0 o
+ <2p55pff + (gpcr +w§a) Lpa) }O(PX) |M|2(pbapaaPX)

N d(pm(paapb, PX) [ —2€+ Km

. (4.66)

(I—=)4

0 o
X (ﬁm + 2} = oof + (9" +wipy) LpU) O(Px) |M*(2py, pa; Px ).

_ W}\[/dl‘ dém(paaxplNPX)

Finally, we need to consider the third term in eq. (4.48). This term is also subleading
in the collinear expansion which means that no boost is required. The contribution to
the cross section reads

1
cb,3 1—e
do _ [O‘s]CFQ N/ da dq)m(paa ITPb, PX) o,
T

o (1 _ x)lJre

P
dr 27€ (Px)

(4.67)

; (Tr [N;ﬁbRﬁnvl,ﬁa] 4 c.c.) .

We then replace (1 — z)~¢"! with the plus distribution in the standard way and find

b
(I—2)4

do.cb,S [as]CFQl €
F 5 N/ dz d®,, (pa, zps, Px) {5(1x)+

(4.68)
x O(Px) 4% (rﬁ" {szﬁbRﬁn,uﬁa} + C-C-) .

We compute the z = 1 contribution following the discussion in the previous section and find

do.cb,3,NLP [Oé ]CFQlfe v .
_ 1% a 5 N s
e = 5ree N d®,,(pa, py, Px) O(Px) x (Tr [N PN, pa} _ +c.c.)
1
[as]CFQ / dz
@ (Pa, zpy, P P
t—y N A=), d®p, (pa, ps, Px) O(Px)
a (Tr [N;ﬁbRﬁn,yﬁa} T c.c.) .
(4.69)

The 1/€ pole in the first term of the above equation is canceled by the first term in eq. (4.63).
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4.3 The final result for the next-to-leading power correction

In this section, we combine all the different contributions, and derive the final formula for
the production of an arbitrary colorless final state X in the ¢qg — X process at next-to-
leading power in the zero-jettiness expansion at NLO QCD. We need to account for the
soft and two collinear contributions, presented in egs. (3.30), (3.98), (3.99), using further
simplifications of the last two equations (the collinear contributions) discussed in sections 3.2
and 3.3, and in appendix B.

Using the above results, it is straightforward to check that, at next-to-leading power, all
1/e poles cancel after summing soft and collinear contributions. However, the result contains
a In 7-enhanced term, which appears as a consequence of the mismatch of the e-dependent
exponents of 7 in the soft and collinear contributions. We note that the 1/€ poles proportional

to the tensor w!) cancel when taking the sum of both collinear regions.

We write the next-to-leading power contribution in the expansion of the q¢g — X cross
section in the zero-jettiness as the sum of three terms

NP [as]CFQN{Q [m (QT) 1

dr s s

CNLP,s | oNLPa | CNLP,b}. (4.70)
The finite remnant of the soft and soft-collinear contributions read

0
CNLPvS = /d(I)m(pa,pb,Px) K + Z pfﬁip“ |M(pbapa7PX)|2 O(PX)v (4'71)
iELf 4

where the sum extends over all particles in the process.” We note that for amplitudes with
massless particles only, the following equation holds

0
B+ Y p?ﬂ | M(py, pa, Px)|*> = 0. (4.72)
iELf ?

This result follows from the fact that the mass dimension of the amplitude squared with
two initial-state and m final-state particles is (—k,,) and that the derivative operator in the
above equation probes the mass dimension of the amplitude squared in the massless case.

5We remind the reader that the validity of eq. (4.71) requires that the observable O is independent of
momenta pq, Pp.
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CNLP,a(b)

The expressions for the two collinear remnants are more complex. The l_é| |Da

contribution reads

NP — — 2 [y, |M(py. o, P)P OPx) + [ da dq’ﬁf{w [W“(x)

X

S ~
+ 1(1 —z)g” (D;m’b |/\/l|2(pb7 XPgy-..) — 2Tr {Na'ypN;rpr bl Ly

s(l—=x
+ ’M|2(pb’ LPas - - ) léw(x>Llw - (4)|M‘2<pb7 TPay - - .)tg'ul’yyleﬂLum
_ # (l‘ém —|—2pu 9 T (gpa _|_wpa)L U) \M\z(pb,mpa,...)
(I—z)s “ Opl ab/ =P
2py R )
- ﬁ (TI“ [NapaR;{n,,,pb} + C.C.) + Fﬁma (4'73)

s "
+ 1(1 - :z:)giﬁ [ —2Tr [Na*yﬁijb}

+ Tr + c.c.

N,y — (1= ﬂﬂ)ﬁa)vp) b,
(1—2)s

Na’yﬁ’ypﬁa (Rg:r +

2z N Ny Davs \
+ Tr [Napa (Rén,g — bTaﬂ Db

11— —+ c.c.

ba’a“’LW} O(Px),

where

d®,, = d®(ps,py, Px), d®y' = d®(zpa,ps, Px), (4.74)

We(x) is defined in eq. (4.16), Fgy o can be found in appendix B, and the functions N,, N,
and R appearing in the above expression should be evaluated with the following arguments

Ny = Na(pba$pa7PX),
Ny = Ny(po — (1 = #)pa, pa; Px), (4.75)
Rﬁn = Rﬁn(pb,pa, (1 —2)pa, Px).

We note that many terms in eq. (4.73) involve derivatives of the observable O; these terms are
written for a generic case and may simplify significantly if a definite observable is considered.
We will see examples of this in what follows.

The second collinear contribution with & ||Pp, that we referred to as CNMP2 above, can
be obtained from eq. (4.73) by making the following replacements

Pa < Db, Na < 7Nlj7 (476)

which also implies replacing the following quantities

Wa(l‘) — Wb($)7 D:va,b — DI[ML, ba — bb7 la — lba tqy — tb)

po P za xb (477>
Whp — Why » Fena = Fanyp, do®, — ddy).
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Furthermore, the Green’s functions that would appear in CNFPP will have to be evaluated
for the following arguments

Na = Na(pbypa - (1 - x)Pb,PX)7

Ny = No(2po, pa; Px), (4.78)
Rgn = Rgn(phpa) (1 - x)plﬂ PX)
Several terms in the collinear contributions CN*:4(%) can be simplified further although

we do not try to do this systematically. As an example, consider the term

Wit Ly | M |*(py, pa, Px ). (4.79)

in eq. (4.73). Since w'} is an antisymmetric tensor, we can think of it as part of an

infinitesimal Lorentz transformation
[As]™ = g + 6wk + O(5%). (4.80)
Because the matrix element squared is invariant under Lorentz transformations, we can write
|M[?(py, pa, AsPx) = [M*(Ay ' py, Ay ' pa, Px). (4.81)

The inverse infinitesimal transformation is obtained by replacing 6 — —¢§ in eq. (4.80).
Finally, expanding eq. (4.81) in ¢, we find

0 0
—pffapg) I M %(py, Pas Px), (4.82)

Wg:Lyu|M‘2(pbvpaaPX) = - (pgapg

which might be helpful for calculating this quantity for complex physical processes.

5 How to compute Green’s functions that appear in the formula for
power corrections

The general formula for subleading zero-jettiness corrections, derived in the previous section,
is complicated because it involves Green’s functions whose relation to amplitudes is obscure.
Thus, for such a formula to be useful, one has to understand how the relevant Green’s functions
can be calculated. It turns out that methods developed for computing high-multiplicity QCD
amplitudes more than thirty years ago [39] are suitable for this purpose.

Although we are certain that the discussion in this section can be made fully general,
for the sake of definiteness, we consider the case when the state X consists of N photons.
The observable function O(Px) is chosen in such a way that photons are hard and not
collinear to the incoming quark and anti-quark; hence, we treat them as hard particles
throughout the calculation.

We need to understand how to compute the Green’s functions Ny, N, CEIb) H ete., as well
as Rp, and its expansion to first order in k. We will start with the discussion of the two

simplest Green’s functions N, ;. To calculate them, we introduce the quark current J (cf.

5The extension of these methods beyond QCD is discussed in ref. [41].
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m+1 m—1

Figure 2. Pictorial representation of eq. (5.1).

figure 2) which depends on the momentum of the incoming quark (that we denote as ¢,)
and the momenta and polarization vectors of N photons. The momentum of the anti-quark
is obtained from the momentum conservation. The current reads .J (qa,¥N), where the set

Yy is given by Yn = {(p1,€1), (p2,€2), ..., (PN, €n)}, and (p;, €;) denote the momentum and
the polarization vector of the photon i. The current is a four-by-four matrix that satisfies
the following recurrence relation

. N
(Qaﬂ/}N Z Zeqem Qava/m) (5'1)

where e, is the quark electric charge,

N

Qn = Z Pm, (5.2)
m=1

Y¥N/m denotes the original set 1) from which the photon m is removed, and the recursion
starts by identifying J(qq,{}) with the identity matrix. A schematic representation of
eq. (5.1) is shown in figure 2.

Eq. (5.1) is general; it allows us to compute the current J and obtain the Green’s
functions N from it. This is achieved by simply removing the propagator i/(g, — Qn)
from eq. (5.1). We then find

f_: (ieqém) (Qa,ln wN/m) ; (5.3)

where the two vectors ¢, are different for the two cases. For example, many terms in the
final formula involve functions N, and N in the collinear k||p, limit. In that case

4o = TPa> 4b = Pa- (5.4)
For the k||p, case,
Qo =Pa— (1 — )Py, b = Pa- (5.5)

In addition, we require the expansion of these Green’s functions for certain deformations
of the quark momentum ¢; we will denote such deformations by dg. The important feature of
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these deformations is that they do not affect momenta and polarizations of colorless particles
of the final state X. Thanks to this feature, it becomes straightforward to compute the
expansion of the functions N, ; with respect to such deformations. Writing

Ta -+ ba.16x) = T q.0n) + 8, T (g, ) + 20U O (g yy) 1+ 06", (5.0

we can derive equations that currents J ©) JO# and J@)mw satisfy. In fact, the equation for
J©) is identical to eq. (5.1). The equations for JM# and J@# read

. 1 ] al
J(l)“LL(QCuq/]N) =77 ‘] (Q(MwN Z Zeq J(l)ﬂu(qa’le/m)’

4o — QN - m=1
N 1

da — QN

P ;
—+ T a Z (Zqum) J(Q),,U,l/(q(u wN/TrI)
QG - QN m=1

To start the recursion, we use J© (qa) = 1, j(l)’“(qa) =0 and j(2)’/‘”(qa) = 0. To compute
relevant Green’s functions, we write their expansions as

0G,.0qy (2),uv

Nab(a + ¢, Px) = Nap(q, Px) + 0N )" (q, Px) + Ny (@, Px)+..., (5.8)

’ 2

where ¢ is the quark momentum and ellipses stand for terms with higher powers of dq. Then,
using egs. (5.3), (5.7), we find

N

N = 3 Gegt) T ().
N

N — S Gegfn) IO (g0 ).

The two vectors ¢, are given in egs. (5.4), (5.5) and we identify Qn = Px.

The formula in eq. (4.73) requires us to compute derivatives of the Born matrix element
squared. Although one can calculate these derivatives for simple processes, where matrix
elements squared are known, it becomes difficult to do so in complicated cases with a large
number of particles. To facilitate computing derivatives also in such cases, we relate them to
the Green’s functions that we have already introduced. In particular, we find

D No(p @pas Px) = NI (py, apas Px), (5.10)
Dy D" Ny(py, wpa; Px) = NS (py, pa, Px). |
Given these relations, we can replace
Dza,b |M‘2(l‘pa,pb, Qx) —Tr [N(l)xpaN+pb} T [NatTﬁaN(g’lg»‘*‘ﬁb] (5.11)

+T
+ Tt [Nayu N ) — Tr [ Nawpa N ] -
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For the term with the second-order derivative in the function W,(z) we find

g DD M 2pas Q) = o T [N apuNf ] +

+2Tr {N(}gmﬁaN(l ’ ] + 2Tr { a#'y,,Nerb} +c.c. (5.12)

a a,v
—2Tr [Né}g:cﬁa]\fj%} + c.c. — 2Tr [NayuN(j%} }

We note that the above replacements are only valid if they are done simultaneously in all
relevant terms.

The last ingredients required for the final formula for subleading power corrections involve
the Green’s function Rf and its expansion to first order in the momentum k. To compute
these quantities, we introduce the current GY that depends on the quark momentum gq,
the gluon momentum k and the photon momenta and polarization vectors. This current
satisfies the following equation

. N
G¥ (g, ki) = % Tavn) + 3 (ieqn) G (0. ks wN/m)] L (313)
—Qn m=1
where the first term on the right-hand side describes the gluon emission off the anti-quark
leg, and the second term refers to a situation where the emission of one of the N photons
happens last, see figure 3. The boundary condition for the recursion is

G"(q. k. {}) =0, (5.14)

because gluon emissions off the external quark line should not be considered. For the same
reason, the expression for Rf reads

N
Riu(a,k,0n) = > (iegém) G (g, k3 ¥n/m) - (5.15)
m=1

For the case E| |Da, We require RE  in the strict collinear limit, in which case ¢ = p, and

k= (1 —z)p,. For the case /2“}5},, Ry should be evaluated for ¢ = p, and k = (1 — x)py.
We also require the expansion of Rf  to first order in k. Since the dependencies on k.

arise after one of the two collinear boosts is applied to momenta p,, k and p,, we will define

the expansion of the current G* for particular momentum deformations only. We begin with

the E\ |pu case. Applying the A,-boost, to p, and k and expanding in k, , we write

k i(l + ) . )

A k
GV (pa + é? (1 - x)pa +

2 O (P (1 = @)pas ) (5.16)

+ G(l)Vyli (paa (1 - w)p(zv ¢N) kJ_,/L +-

where G(9 is computed with the help of eq. (5.13). The recurrence relation for GOV reads

1 1
GV (pg, (1 — 2)pa, ) = = ————A"G OV (Do, (1 — 2)pa, ¥n)
2$pa QN
. . (5.17)
A ~ 7 (paﬂ/)N + 66m l)yﬂ(paa(l_x)paﬂﬁ m) 5
xpa_QN [2 'mzl I N/
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m—+1 m—1

Figure 3. Pictorial representation of eq. (5.13).

and the recursion starts with G1)»# = 0. Defining the expansion of RY  as

v kL kL kL(l +l‘) )
Rg, (Pb + 77])(1 + 9y (1 —2x)pg + T’PX
~ RO (pa, pyy (1 = 2)pas Px) + k1 RS (pa, py, (1 — 2)pa, Px) + O(K2),
we find
1 N ~
R (03, Pas (1 = 2)pa Px) = Y (ieqém) GO (pay (1= 2)pas Yvym) -
m=1

For the E\ |pp case, we apply the Ay boost and write

ki(1+x)

s ) = GO (o, (1= ) )

. k
G¥ (pa -+ % (1 —x)py +

+ G(l)vVﬂ (paa (1 - :U)plh QbN) kJ_,u +

We then derive an equation for GWwe Tt reads

N 1 1 N
G (pg, (1 — 2)py, ) = %P GO (pg, (1 — z)py, )
abN
1 (1. N .
- 7 [27VJ(1)’“(paa wN) + Z (qum)G(l)W“(paa (1 - m)pb, wN/m) ’
PabN m=1
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where Py = po — pp(1 — ) — Qn. Defining the expansion of Rf, as

ki ki ki(1+z) )
a b 1 - 77 P
R, (pb o Pat o (1—2)pp + 5 X (5.22)
~ Réon)’y(z?mpb’ (1 —x)pp, Px) + kL,uR{(ﬁl)’w(pavpb, (1 — 2)ppy, Px) + O(k7),
we find for the k||f, case
(1) al
R (pa7pb7(1 - pb7PX Z Zeqﬁm (pau(l _x)lel/}N/m) . (523)
m=1

6 Examples of application

In this section, we apply the master formula in eq. (4.73) to compute the next-to-leading power
correction in the zero-jettiness variable to various processes. We start with the Drell-Yan
process g — [T~ and the two-photon production g7 — 7. These processes are sufficiently
simple to allow an analytic computation of the subleading contribution in the zero-jettiness
expansion. Then, we turn to the process qg — 4~. In this case, the matrix element and
the required Green’s functions are complicated, so that we employ the generalized currents
introduced in the previous section to perform the calculation.

6.1 The Drell-Yan process

We consider the photon-mediated production of a pair of leptons in the annihilation of a
quark and an anti-quark

qa(pa) + @(ps) = ¥* = U(p1) + U(p2). (6.1)

The calculation of the next-to-leading power corrections involves several quantities that we
need to specify. They include the leading order matrix element and the phase space appearing
in eq. (4.73). Since the 1/e singularities have already been canceled, we can compute the
relevant quantities in four space-time dimensions.

The analysis of the collinear k||, contribution requires the (boosted) phase space d®%®
that corresponds to the process in eq. (6.1) where the quark momentum p,, is replaced with
Tpe. The phase space reads

1 d
do5* = —d 6.2
= df (62)

¥
(2m)
In eq. (6.2) ¢ is the azimuthal angle of the outgoing lepton in the reference frame where the
z-axis is aligned with the collision axis, and the parameter 5 € [0, 1] is related to the polar
angle of the lepton. With this parametrization, the momenta p; 2 read

p1=2(1 = B)pa + Bop + \/xsB(1 — B)n,
p2 = 2Ppa + (1 — B)py — \/2sB(1 — B)n,

where s = 2p, - pp, Pap 11 = 0 and ni = —1. We note that the phase space parametrization

(6.3)

in eq. (6.2) does not depend on the parameter z, so that if we set x = 1 also in eq. (6.3), we
obtain both the z = 1 Born phase space and the momenta parametrization.
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For the collinear region EHﬁb, we require the phase space d®%°. We can use eq. (6.2) to
describe it provided that we use the following parametrization of the momenta pi o

p1 = (1= B)pa + xBpy +/25B(1 — B)ny,

p2 = Bpa + (1 = B)pp — \/2sB(1 = B)n_.

This parametrization ensures that in the soft x = 1 limit egs. (6.3), (6.4) coincide.

(6.4)

The appropriately normalized Born matrix element squared summed over polarizations
and colors reads

|M|2(pbvp ;php?) 32 +32
Z N (Qa€2>2 — 9Zal = bl _ 2(1 — 28+ 262)7 (6.5)
c\'wyq

pol,col

where s,1 = 2p, - P1, Sp1 = 2pp - p1, Ne is the number of colors, e is the positron electric
charge and @), is the electric charge of the quark in units of e. The leading order cross
section evaluates to

dog = 16m50 AP (1 — 28 + 23?), (6.6)
where 0%a2
_ T4 OGED
oy = 78]\]6 5 (67)

and d®g’ is given by eq. (6.2).

To compute the next-to-leading power corrections from the master formula in eq. (4.73),
we have to calculate a significant number of terms. We will perform the computation setting
N, — 1,04, — 1 and e — 1 and restore the relevant factors at the end. Then, we have to use

52 +52
M2 (Db, pai 1, p2) = 8=5— = 8(1 — 25+ 25%), (6.8)

With this normalization, the Green’s functions N, ; read

i _
No=Np = —— Y (@p1)7"0(p2)) - (6.9)
It follows from eq. (6.9) that neither N, nor N, depends on p, and p,, which means
that it is not affected by the boost and that it does not depend on the gluon momentum

a,

Furthermore, in case of the Drell-Yan process, no gluon emissions from the internal lines
can occur, which implies that

R =0. (6.11)

n=—

Another simplification is that for a 2 — 2 process ko = 0, which follows from the fact that
Born amplitudes for such processes have vanishing mass dimension.
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With these preliminary remarks out of the way, we proceed with the calculation of
the subleading power corrections, using the general formula in eq. (4.70). We will start
with the discussion of the collinear E\ |pa contribution which means that we employ the
parametrization of momenta pi 2 given in eq. (6.3) to write the corresponding expressions.
Several ingredients need to be discussed.

o Traces that involve pq, pp and some combinations of N, and Np. These are straightfor-
ward to compute given the expressions for these Green’s functions. We find e.g.

Fina=—8(1-28+28?) + 32 6(195; B) 16 6(103— 9 1 5(13; 8)
16 =28 =5 1+26-28 1-28+ 28 (6.12)
10 -8 2 -8 )
X x -

o Terms that involve derivatives of the various quantities w.r.t. momenta of the incoming
partons. Such derivatives appear in several terms in eq. (4.70) and also in the definition
of the function Wy (z), cf. eq. (4.16). We start by discussing derivatives of the matrix
element squared. In principle, these derivatives may not be uniquely defined given the
need to account for the momentum conservation, etc. However, in our formulas, the
potentially ambiguous derivatives, always involve contractions that make them unique.
For example, we find

16p!'
‘2 = SQI’L (Sal — Sbl) s (613)
12

g DE|M? (pp, pa, p1. P2)

where D% = 9/9p" — 0/0py. Furthermore, using eq. (4.82) and eq. (4.72), it is easy to
see that

0
Ko+ 2p— + (" + W) Ly | |1M? (Db, Pas p1,p2)| = 0. (6.14)

ol

e Terms that involve derivatives and traces can be computed in a straightforward way
using the above results. For example, we find a compact expression for the function
Wa,

1—=x

Wa(z) =4 (1—26+28%). (6.15)

We also find that in the Drell-Yan case

g7 (D5 | M| (D, 2pas - ) = 2Tx [Namp Nif o] ) bl Ly = 0. (6.16)
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Another contribution with derivative operators and traces evaluates to

e o e
1 {— v [ Navs N o)

N (= (1 - x)ﬁmp) A
(1—2x)s P

s(1 —z)=—

+Tr

b| + C.C.

Na’Yﬂ’)/pﬁa <R§’rj_ +

2 N,
4+ Tr[Naﬁa (Rgrw b§a7ﬁ>

1—=x

. }bag”LW (6.17)

=10 - U2 - - 29— )t + (12008 1) 0

2
I+ (=288 e~ (1= 251 B) o} B
where 0y (g) , are derivatives 9/0p} 5.
Expressions for the case /2H]5’b can be obtained from the formulas for E| |pa by replacing
B—=1=08,  pa<t> Db (6.18)

The total subleading contribution is obtained from eq. (4.70), using the partial results
described above. We find

DY,NLP 4 1 1
do _ [as]SCFQdO_O |:<_1 4 2’D) + 5log <T§2> D:| O(p1,p2)

dr
W)/lda dx{—M(D cb)

+

+D

ca

. ﬁpa—ﬁpb Oy + [ﬁpa—ﬂpz‘]ﬁzy)

2(1—x)4

( "%Hrﬁpa@zu+P(ﬁ,w,pa,pb;pl,pz,31,32)>

ca

(6.19)

+

8(1— 253+ 253?)
ﬁpa —ﬂpb Oy + {ﬁpa —Bpé‘] Doy,
2 (1 —3})4_ b

n ﬁpbam-l-ﬂpb%u+P(Baﬂﬂ,Pb,pa;pl,Pmal,aQ)
2 8(1— 26+ 237

ca

:| O(p17p2)7
cb

where f = 1 — 8 and doy is given in eq. (6.6). We note that bars with a subscript ca or
cb indicate that after applying derivatives to the observable O(pi,p2), the ensuing scalar
products must be evaluated in a particular collinear kinematics given in egs. (6.3), (6.4) for
the ca and cb cases, respectively. The differential operator D reads

0 0
D =pl— I 2
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The other differential operator P (S, x, pa, py; p1, P2, 01, 02) appearing in eq. (6.19) also acts
on the observable O(pi1,p2). It is given by the following expression

2
P (8., Pa; po; P1, P2, 01, 02) = —2 (1 ;x (1-68+68%) + W)

T

+ g2(z, B) pYO1u + g2(x,1 — B) phdop + g1(x, B) phor, + 91(9;1,5) Pl 02y

71 -
Forla,1 = F)phoy, + 2D

L A+ a)f(d)

222

@ (paps) 9" + 2 (@ phpk + ppY) + 42B(1 - B) Plip}| 01,01,

Py 01

{[ —2(1 - B)%2* plpl — 26° pipl (6.21)

+ [ (Fa(B) —2) (2 plipls + plin) + (& vl + Dhw) + (& Pl + pht)
— @ (pam) 9" — @ (1—26) phip} + @ (1 — 48 + 26%) plpl| 92,01,

+(p1<_>p27 BHl_B)}a

where 1 = 1/z,
(2, 8) = 41— O fo(8) + (1 — By + L)
f3(B) (6:22)
920, B)T = fo(1 — ) + 220,
and ) 5 )
fo(B) =1-28+2p7, f1(B) = —14p3° + 164~ — T3 + 1, (6.23)

F2(B) =1+ B =86 +106%, f3(8) = fo(~F) — 2.
We note that the complexity of the above formula is related to the fact that the observable
O(p1,p2) is considered to be generic. If e.g. all derivatives applied to an observable, that
appear in the final formula, are dropped, the expression for next-to-leading power corrections
for the Drell-Yan process simplifies dramatically.

To ensure the correctness of the master formula, we perform the following checks.
First, we repeat the calculation of the zero-jettiness power corrections to the Drell-Yan
process employing explicit expression for the matrix element squared and using explicit
parametrization of the phase space. We find a complete analytic agreement between the
result of such “explicit” calculation with the result that one obtains when using the master
formula to derive the power-suppressed term.

We can also use the master formula to rederive results for the vector boson production
discussed in section 2. To do so, we choose the observable that constrains the invariant

mass of two leptons
O(p1,p2) = 6(2p1 - p2 — m3)). (6.24)

Since in section 2 we work with hadronic, rather than partonic cross sections, we need to do
the same here. Hence, we employ eq. (2.7) to calculate power corrections to the hadronic
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Figure 4. Relative difference between the small-jettiness expansions of the Drell-Yan cross section
with an observable and its numerical integration.

cross section using the master formula for do(s)/dr adapted to the Drell-Yan case, and
integrate over the leptonic final states to compare with eq. (2.34). The derivatives of the
observable will be related (via integration by parts) to derivatives of the luminosity function
and other terms in the formula. We find that O(7logT) terms agree immediately, while
other O(7) terms agree after integrating by parts over z, to transform terms with £; (m%/ /)
into ones with £ (m? /z). The relevant equation reads

1 1 /
f(1) 1 2
O/dz Ly (m%//z) flz) = —m—%/ + W O/dz L (m%//z) (m%/f(z)> . (6.25)

We may use eq. (6.19) to recover results for power corrections, obtained for the Drell-Yan
process gqg — V in ref. [16]. This calculation is more complex because in addition to the
invariant mass, the rapidity of the vector boson (or, equivalently, the dilepton rapidity) is
constrained. Furthermore, the definition of the zero-jettiness variable used in ref. [16] differs
from what we employ here since Born-projected momenta for the incoming partons are used
there to compute zero-jettiness. Nevertheless, choosing the observable

1 Pb } (pl + p2) _ Y) , (626)

2

O(p1,p2) =6 (2]01 p2— M ) d (2 In Pa (o1 + o)
where P, are the hadronic initial-state momenta, and adding the appropriate convolution
with parton distribution functions, it is possible to use our master formula to rederive results

of ref. [16]. More information about this comparison can be found in appendix D.
Another check of the master formula originates from an opportunity to perform another
specialized computation for Drell-Yan process ¢ — {T1~. Indeed, as shown in appendix E, it
is straightforward to derive power corrections to the rapidity of one of the charged leptons,
using dedicated phase-space parametrisation. Alternatively, we can derive the same result
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from the master formula. To this end, we choose the observable
Olpr,p2) = 55— o) = (51 22—y ) (6.2
Pa - P1
that fixes the lepton rapidity. For the comparison it is important to realize that the variable
x in this section and the variable z in the appendix are, in fact, the same, and a both
given by the following formula.

1
rT=2z= g(pl +p2)*. (6.28)
Furthermore, the rapidity is expressed through variables z, 8 differently in two collinear
sectors, i.e.
x(1—=p 1-p
ycaZQIH(ﬁ), ycbziln( 25 ) (6.29)
It follows
-1
1+ Le2y , sector ca,
= ( r )1 (6.30)
(1+ze®) ", sector cb.

After expressing everything in terms of the rapidity and evaluating the derivatives of the
observable (that lead to derivatives of the rapidity-constraining delta function that we need
to get rid of by integrating by parts), we find perfect agreement in the distributions in ¥
obtained from both approaches.

In addition, we have performed a numerical check, as we now describe. To keep things
simple, we take an observable that constrains the invariant mass of the two leptons

O(p1,p2) =0 ((pl +p2)? — 80) : (6.31)

and compute the fiducial cross section by performing the phase-space integration in eq. (3.2)
at fixed values of 7. To this end, we remove the J-function responsible for the overall
energy-momentum conservation by integrating over the three-momentum of one of the leptons
and the energy of another lepton, following the discussion in appendix E. The zero-jettiness
0-function is removed by integrating over the energy of the emitted gluon. Integrations over
the emission angles of one of the leptons and the gluon are performed numerically. For the
numerical integration itself, we take sy = 0.1 GeV?, Q = 0.1 GeV, s = 1 GeV? and set all
couplings and charges to 1. We perform the calculation of the differential cross section at
finite 7 for 7 € [Tin, 1], where 7, is 10730,

We wish to compare the results of the numerical and analytic computations. The latter
(for the subleading power) is given in eq. (6.19); they have to be supplemented with leading
power results that are well known. An important feature of the observable in eq. (6.31) is that
it is invariant under Lorentz boosts applied to leptons. This leads to significant simplifications
in the final formula for next-to-leading power corrections to the Drell-Yan process. We find

dUDY’NLP 4[043]CFQ { i) 1
= dog| — 1 — —
1—xzy 4(1—-28+28?)

1
X /dx (1 —;23:2 (1 — 60+ 652> + W) O(sx — so)},

X
0

dr s
(6.32)
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coefficient fit analytic

Crpil — —4.740740718  —4.740740741
Cipxiy 13741118266  13.741118217
Cniprn  0.00017 0.000 00

CnipNLL  —1.0710 ~1.0725

Table 1. Comparison of the expansion coefficients of the fiducial cross section of a Drell-Yan process
in the zero-jettiness variable through next-to-leading power, obtained through a numerical fit and an
analytic computation, for the observable in eq. (6.31). We take so = 0.1 GeV?,Q = 0.1 GeV, s = 1 GeV?
and set all couplings and charges to 1.

where zg = sg/s. We note that there is no log 7 term in the subleading power corrections for
the observable in eq. (6.31), but this feature is certainly observable-dependent.

In figure 4 we plot the relative difference between the numerical and analytic results,
normalized to the analytic result. At very small values of 7, the precision of the numerical
calculation is insufficient to constrain subleading power corrections, but it is good enough to
check the leading power contributions. However, for values 7 € [1078,107%], the precision
becomes sufficient to enable the check of the subleading power correction.

We performed a numerical fit for the 7-independent coefficients of the fiducial cross
section defined with the observable in eq. (6.31). Making an ansatz
i*j =7"1(log 7CLp, L1 + Crp, NLL)+Hlog TONLP, LL+CNLP, NLL+TCONNLP+T2CNaLp+T°CNarp,
we compute do/dr for different values of 7 and perform a standard x? fit to determine the
coefficients. The fit is done using the values within the range 7 € [1073%,10°]. The result of
the fit for the relevant terms is shown in table 1 together with the results obtained from the
analytic computation. Excellent agreement among the 7-independent coefficients is observed.

6.2 Production of two photons in qg collisions

Next we consider the production of two photons in the annihilation of a quark and an
anti-quark

q(pa) + q(pv) = v(p1) +7(p2)- (6.33)

Since this is also a 2 — 2 process, we can use the same phase space and momenta parametriza-

tion as in the Drell-Yan case. However, the main difference between the two cases is that in

the di-photon production the quantities Rf, and N, ilb) * do not vanish. Because of this, we can

check all the entries in the master formula for subleading power corrections given in eq. (4.73).
For the di-photon production eq. (6.33), the leading order cross section reads

(1—-28+2p4%)
B1—-p)

where the phase space and the momenta parametrization can be found in egs. (6.2), (6.3), and

dog? = 16755 dd, (6.34)

4 2
— 2y — TrQanED 6.35
0o SNC . ( . )
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Similar to the Drell-Yan case, we perform the computation setting N. — 1,Q, — 1 and e — 1,
and restore the relevant factors at the end. With this normalization, the required Green’s
functions can be computed either using formulas provided in section 5 or simply collecting
relevant Feynman diagrams which, for the process in eq. (6.33) is quite straightforward.
We find

’Vu(ﬁa - ﬁl)’m +

€ €y, 6.36
- s 1€ (6.36)

. Yu(Pa — P2)7.
Na,b(pb;paapX) E— |: M( a ) l/:| * Uk
where ¢; are the polarization vectors of the photons and s,; = 2p.p;, i = 1,2. We note that,
when constructing N, p, we obtain the momentum of an anti-quark (p,) using momentum
conservation. Similarly, the function Rg, is easy to construct; it reads

5 b 5P (B — 5 — 5B — b — B .
RE (9, pas b, Py ) — Z{%(pa P (o = P1) W, Vu(Pa = P2)7* (Pa pz)%]ﬁ,f o
(Sal + Sak — Sk1) Sal (Sa2 + Sak — Sk2) Sa2
(6.37)

We note that the above expressions can be used for both E\ |pn and E\ |pp cases. In the first
case, in eq. (6.37) we have to take p, — xpq, k — (1 — z)p, in the strict collinear limit,
and in the second case p, — p, and k — (1 — z)pp.

Given the above expressions, it is clear that the Green’s functions N, (Elb) ? and R&)’p 7 do
not vanish. They can be obtained by expanding the above formulas in the relevant small
parameters, routing the momentum perturbation in a particular way. We find

’ (22" Pa — 1),
N(E,lb) p(pbameX) = —1 [V’Y“ + 2(p? _p@ M

Sal 831 (6 38)
p N A .
+ RITaNeI% + 2(p? — ph) W] et b,
Sa2 Sy
and
e b — k — D1 )vPAT ONP(F B

RO (g pas e, Py) = Leli™e Vv (Pa POV WY (Pa — P1)

2 T (541 + Sak — k1) Sal (Sa1 + Sak — Sk1) Sal
(6.39)

+2(p2—p‘{_ pg—k"—pi’)> Vo (Pa — k = D)V’ (Pa — P1) 7 Lo

ZSq1 (Sa1 + Sak — Sk1 (Sa1 + Sak — Sk1) Sal

The comment about momenta assignments for the two collinear cases below eq. (6.37) also
applies for N+ and Rf%l)’p “ in the above formulas.

We proceed with the calculation of the subleading power corrections, and discuss various
contributions that appear in the general formula eq. (4.70).

« For the finite reminder (cf. appendix B) in the k||p, case, we find

1-— 2 1+28—232
Ff?ga -8 (‘17) —8 u
’ Bl — Bz B(l—pB)x
¢ As we already mentioned, since we consider massless particles, the following equa-
tion holds

+32. (6.40)

0
[Hm + 2pg

8])“ + (gul/ + wgl;/)L,ul/:l ’MQ(pbvpa7p17p2)‘ =0. (641)
a
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e The function W, evaluates to

1—2z (1-28+26%) 32
v -pE

W2 (z) =2 (6.42)

It contains one term that does not vanish in the soft x — 1 limit.

o We also find

g7 (D5 | M (py, 2pas - ) = 2Tx [Narp Nif o] ) bl L

:8(1—26+262){ [(1—2@ (1287 (1-26)°

w0-pF ||0=ps™ ™ 5 Pt a—p p;;] D (6.43)

[(1—25) u+(1_25)2 o (1_%)2?5]8%}'

p Tp
1-pp2 " (1-p) B
¢ Another contribution with derivatives and traces that involves multiple Green’s functions

evaluates to

ggﬁ{ — 2T [Ny NG o)

. NPy — (1 — 2)pa)y’ \ .
Navp7VpPa <R§’n+ + =2 B~ JPa)y )pb] +c.c.

s(1—x)

+ Tr

(1—2x)s

2z R N p R
+ 1 Tr [Napa (Rgn’+ — bfa’Y,B) pb] + C.C.}bag”LW

— X

(6.44)
41 —26)(1 — 22?8 + 222?)
- 22(1 - B)*p2

<Lk = (1 =20)0 = 8) apl + (L= 2008 4] O

~ [oh + (1= 28)8 apl — (1—20)(1 = 5) 1] O -

As in the previous section, to get CNMP? we should replace

B —1-— /Ba Pa < Db, (645)

in the above formulas.
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With all the necessary ingredients, the total subleading contribution can be obtained
using eq. (4.70). In this case we get

dUZ;,NLP _ 4[015]01:62010(2]V K
T S

14 1p> + llog (TQ> D} O(p1,p2)

2
cb)

2[avs] CFQd 27/dx{ 2(1 _g:)+ (D

ca

J(a=bala o -salon
N ( Phoi + B rada PQW(B,w,pa,pb;pl,pz,al,02))
8(1—28+2p6?) Ca
( Byt — B} O+ Bk — B a%)
2(1—x2)4 "
(PO D PoGtm i .00)| Yoy

where 8 = 1 — 3 and vertical bars indicate that terms have to be evaluated in the ap-
propriate collinear kinematics. The differential operator D is defined in eq. (6.20) and

P2"/(ﬁ?x7pa7pb;plap2,81,82) is given by

Povy (B, , pa, Pv; P1, D2, 01, 02) = P(B, T, Pa, P; P1, D2, 01, O2)

2 2R\2
+<1+x ke VM >+gw(w,5)pé‘3m+g'y(zl’5) Py 02y

a pb zp (6.47)
- gy (21,8 _
where , )
g’Y(x7ﬂ) = (1_2/8) (1 —7 ) (6.48)

B x
Similar to the Drell-Yan case, the results shown above were checked against the direct
expansion of the NLO matrix element squared of the process q(p,)+q(py) — v(p1)+7v(p2)+g(k)
through next-to-leading power in the gluon momentum in the soft and collinear limits and
then integrating over the unresolved phase space. Full agreement with the above formulas
has been found. This completes the check of all the entries present in the master formula
given in eq. (4.73).

6.3 Production of four photons in gg collisions

In this subsection, we apply the master formula presented at the end of section 4, to calculate
the subleading power corrections in the zero-jettiness to the production of a high-multiplicity
colorless final state. For this purpose, we developed a FORTRAN code capable of computing
the subleading power corrections to the production of an arbitrary number of photons in
qq collisions.
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The central element of the code is the computation of the generalized currents described
in section 5 which can be done using recursive functions in FORTRAN 90 for an arbitrary
number of final-state particles N. The use of such functions makes coding straightforward.
However, it also requires careful optimization since the calculation of matrix currents is, in
fact, quite expensive. In addition, phase space routines for an arbitrary number of final-state
particles are available (see e.g. [42] and [43]), making it straightforward to write a program to
compute the subleading power correction in the zero-jettiness variable to a process ¢qg — N~v.7

An important limitation of the current code is that it works for one observable at a
time. This observable should be such that it keeps all photons hard (i.e., not collinear to
the incoming quarks and not soft) or, at the very least, it should regulate the cross section
in potentially singular regions of the phase space. A possible choice is the product of the
squared transverse momenta of all photons, i.e.

2 2 2
P11 P21 " PN,L
O(PN’Y) = sN ’ (649)

where s = 2p, - pp. The transverse momentum squared of the i-th photon is given by

p?@ _ 2(pa - i) (o 'pi). (6.50)
Pa - Db

We have checked the numerical code by using it to calculate the subleading power
corrections for the production of two photons (using the observable given in eq. (6.49)), and
comparing the result with the integration of the analytic expression for subleading corrections
to the qq — 7 process presented in the previous subsection. We found excellent agreement
between the results of the two calculations.

We then used the numerical code to compute the subleading power zero-jettiness correction
to qq — 4~ for the observable in eq. (6.49). We found that computation of the subleading
power correction for four-photon production with a percent precision required @(10 000) CPU
hours. This is to be contrasted with O(5) CPU hours needed to compute the fiducial leading
order cross section for the four-photon production. This increase is related to the complexity
and the number of the many different currents that are required at subleading power but,
probably, with further optimization, significant improvements in efficiency can be achieved.

In order to validate our numerical results for the zero-jettiness power correction to
qq — 4, we used the same FORTRAN code to compute bin-integrated cross section for
qq — 4~ + g with the observable in eq. (6.49), i.e.

/dT

Tmin

T 0(Pr), (6.51)

T

for several bins [Tiin, Tmax] drawn from the interval 7 € [107%,1]. We then write

dogy, daf;f N da4NVLP
dr  dr dr ’

(6.52)

"In practice, we have employed the multi-particle phase-space generator written by K. Asteriadis.
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coefficient numeric fitted

CNLPs 2.61598(7) x 1077 2.5(1) x 1077
CNLP.a 8.61(8) x 107 8.9(5) x 1077

Table 2. Next-to-leading power coefficients as defined in eq. (4.70) for 4y production at /s = 200 GeV
with the observable defined in eq. (6.49). In this case, the collinear coefficient CN*P:b is equal to
CNLP.a - To compute these coefficients, we have set quark electric charges to one, eeq — 1. Fitted
results for the next-to-leading power coefficients are compared with the results obtained by a numerical
integration of the derived analytic formula.

and use the well-known result for the leading-power cross section daf;f /d7, and the fol-
lowing ansatz

2 2 3
= log 7(Co,nLp+7CoNNLP +7-CoN3Lp) +C1NLp +7C1L NNLP+ T C1N3Lp +7°C1N4Lp

for the subleading one. We then perform a standard 2 fit to determine coefficients in the
above equation by integrating the ansatz for each 7-bin. The fitted coefficients Co nr,p and
C1,NLp are then used to determine the subleading soft and collinear coefficients using eq. (4.70).

The results of the numerical evaluation of the subleading power corrections to four-photon
production and their comparison with the fitted results is shown in table 2. We find an
agreement between numerically-calculated and fitted coefficients within the error of the
fit. We note that further reduction of the fit error is possible, but would require a more
significant computational effort.

7 Conclusions

We discussed the computation of next-to-leading power corrections in the zero-jettiness
variable to the production of arbitrary colorless final states at hadron colliders at next-to-
leading order in perturbative QCD. Our goal was to investigate whether a similar degree of
universality that exists for leading power corrections can be achieved for the subleading ones.
We have relied on the powerful tools developed to study infra-red and collinear limits of QCD
which employ momenta redefinition and Lorentz boosts, and we have shown how to use these
methods to construct an expansion of the generic phase space and matrix elements squared
at next-to-leading power, restricted to the production of colorless finals states.

The most challenging aspect of these expansions comes from the collinear limit where the
universality of the limit is lost at next-to-leading power in the sense that the result depends
on the radiative process albeit in the simplified kinematics. We have argued that complicated
Green’s functions that arise from these expansions can be calculated recursively using analogs
of Berends-Giele currents [39] which should enable applications of the derived formulas to
processes with high multiplicity final states. We have provided an example by computing the
next-to-leading power correction in the zero-jettiness variable to the fiducial cross section for
the production of four hard photons in ¢q collisions, and we have constructed a numerical
code which can be used to compute such power corrections to qqg — N~y process for any N.
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We note that we only considered the ¢¢ annihilation channel in this paper whereas also
q9 — X +q and similar channels are needed for a complete next-to-leading order computation.
The most important difference between qg — X + ¢ and ¢ — X + ¢ channels is that in the
former, a soft final-state quark only contributes to subleading power so that the analysis
of the soft limit is significantly simpler than in g¢§ — X + g case. On the other hand, we
do not anticipate any significant differences between ¢g and gg channels in the collinear
limits. Thus, we believe that the methodology developed in this paper can be applied to
all partonic channels in a straightforward way.

An important shortcoming for the numerical implementation of our method is its explicit
dependence on observables. This is in strong contrast to calculations at leading power where
one obtains all observables in a single Monte-Carlo run by computing many of them for
each generated kinematic point, and storing them in histogram bins. It is important to
find a way to do this for power corrections as well, since it will make such computations
observable-independent and significantly more efficient.

Eventually, one would like to extend the current understanding of the next-to-leading
power corrections in the context of existing slicing schemes to arbitrary collider processes,
similar to what has been achieved at leading power. This is a highly non-trivial task, and
there are lessons that one can take from the computation described in this paper. For
example, at next-to-leading order, next-to-leading power contributions to arbitrary processes
originate exclusively from soft and collinear limits that can be treated independently. Similar
to the leading power case, at next-to-leading power the soft contributions can be treated
universally and the collinear contributions — which appear to be the major bottleneck —
are localized on the external legs. At the same time, extension to QCD final states will
require understanding of jet algorithms and their interplay with power corrections, and, as
we already see, observables introduce a significant degree of complexity into the analysis of
subleading power corrections even for colorless final states. All in all, it remains to be seen to
what extent the approach introduced in this paper can be used to extend slicing schemes to
next-to-leading power for arbitrary processes at NLO QCD and beyond.
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A Explicit formulas for boosts

For the analysis of collinear contributions, four boosts are required. In the main text, they
are denoted as Aq, Ap, Agz, Ape- In this appendix we present these quantities explicitly.

A general formula that describes a Lorentz boost that transforms a four-vector ; to
a four-vector Qy

Ql; = [Agen(Qf7 Qi)]uy ;'/7 (A1>
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reads

2Qf +Q)MQr + Qi) 2Q%Qiy
A en s & b= 'u,/ - .
[Aeen(@1, Q)" = g @ Q)P @&

The above equation is only valid if Q% = Q2. We use this formula to compute expressions

(A.2)

for the Lorentz transformations in the various limits.

A.1 Case k||Pa

We begin with the discussion of the collinear boosts in the case when the gluon is emitted
along the direction of the incoming quark with the momentum p,, k||p,. Then,

Qf:Qa:xpa‘pra Qi = pa +pp — k, k:(l_x)pa"‘];’aa (A3)
and we need to expand the Lorentz boost in eq. (A.2) to second order in k,. We find

REQY — kLQE  1QMQY -,  LEEEY
+ - - = kl— e
Q2 2 Q! 2 Q2

We will also need the inverse of A,. It is easy to see that, to the required order, A ! is

A (Qy, Qi) = g +O(k3). (A.4)

obtained from A, by replacing k, — —k,. Then

RAQY — kYQE  1QEQY ., LEEEY
Q2 2 QF v 2@

This transformation needs to be applied to p,, p, and k. The calculation of A,p,; and

(A.5)

0" (@@ = -

Aqk requires us to compute scalar products Qg - p,» and kg - Dap- Since Qq = TP, + pp, we find
Q?L =Is, Qa *Pa = 8/27 Qa Py = 1'8/2, (A6>
where s = 2p, - pp. Furthermore,

Qa'pa_i Qa'pbzl (A.7)

Q2 27 Q2 2

Since k = (1 — 2)py + ka, we find

k-pq = ];a * Pas (A8)

and, using k> = 0, we obtain

k2= —2(1 — 2)ka - pa = —2(1 — 2)k - pq. (A.9)

a

It follows from eq. (3.48) that k, - py = —kq - Pa-
Combining these formulas, we find the following expressions for the boosted momenta

1 - kpe (1—3
Aapa:pa"i_*ka"i'Qa d < x):
2x

Qi \ 2
1 - kpge (3 —x
Aapb:pb+§ka+Qa QE( 9 >) (AlO)
142 - kpa (1 — 22
Aa =(1- a 5. Na a .
k=( x)p+2xk+QQg<2x>
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Additionally, we write the formula for the Lorentz transformation of kq and of p,—k. We obtain

%2

1- k-pa3—x S
b Aaka:ka_é Qa~ (All)

Aa(pa_k):-rpa_*ka_Qa? 5

2
To extract soft singularities from the collinear case k ||, we need a Lorentz boost A L. It reads

11" _ 2(33pa + Py + \/EPab)“(%Da + py + \/-%Pab)y Q(J:pa +pb)“P:b
[Aam} =g" - + . (A12)
s(2x + Vz(x + 1)) s\
The expansion of A;} around z = 1 is given by the following formula
1—2
(A =g — =~y + 0((1 = 2)), (A.13)
where o o
PaPy — PP
w(/;l,; — fal’b Falp (A14)

Pa " Db
A.2 Case k||ps

We continue with the discussion of the collinear boosts in case the gluon is emitted along the
direction of the incoming anti-quark with momentum pp, k||p;. Then,

Qr=Qv=pa+apy, Qi=pa+p,—k, k=(1—x)p,+ ks, (A.15)
and we need to expand the Lorentz boost in eq. (A.2) to second order in k,. We find
QY — KQ)  1QpQ%

Q; 2 Q
To the required order, the inverse Ab_1 is obtained from A, by replacing ky — —kp. Then
FQp—kQ)  1Q0QF ., 1Rk

@ 2 Q " 2@

The calculation of Ayp,p and Ayk requires the scalar products Qy - p,p and ky - Dab-

4 v ~ 1 IEMEV ~
A (Qr, Qi) = g™ + k=3 22; +O®D). (A.16)
b

[Aﬂw (Qf, Qi) =g — (A.17)

Since Qp = zpp + pa, we find

Qi=wzs,  Qu-pa=18/2,  Qp-pp=5/2, (A.18)
so that
Qy-pa 1 Qy-m 1

Since k = (1 — z)py + ky, we find
k- py = kb - po, (A.20)
and because k> = 0, we obtain
k2= =201 — x)ky - pq = —2(1 — )k - pp. (A.21)

It follows from eq. (3.48) that kp - pa = —kp - pb-
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Using the above results, we find the following expressions for the boosted momenta

k 1— 3z
Appp = b+7kb+Qb b <>7

Qb 2z
Appa =pa + 5 k’b + Qb ]Z;: (2x> ;
Ak = (1 —)py + 1;7 Fop + Qo ]g: (if) :
We also find
Ap(py — k) = xpp — %kb Qb ]g: - 5 Apky, = Cj2 Qv

The Lorentz boost Ab;l reads

-1

_ g 2(pa + zpy + VT Pap)" (Pa + zpy + VT Pa)” | 2(pa + zpy)" Py

4] = S(20 + Valw + 1)) e

The expansion of Ab;l around x = 1 is given by

A = g + 25T+ O((1 - 2)?),

where the tensor w!y’ can be found in eq. (A.14).
B Formulas for remainders
In eq. (4.73), we have defined a remainder for the k||p, case

Fﬁn,a = L'rem,a + 2Fr'r’ ot = (Cla + CQa + C?,a) 5
where

1 . A R
Frem,a = - |M|2(pb, IPay - - ) + @Tr [Napb’?/ paNbera%/pb} + c.c.
1 A s Ut 1 . .
— g [Napb%paREn pb} tee 4+ T [NaprJ Pb} ;

and

(A.22)

(A.23)

(A.24)

(A.25)

(B.1)

(B.2)

1 . N R 2 . N R R
Frro = gT1r [RgnpaNlj'pa*yﬂpb} +c.c. + ;Tr [NbpaNlj'pa} —Tr {RﬁnpaRg;j‘pb} g1 (B.3)

When computing the collinear expansion of the matrix element squared in the E| |Da

limit, we pointed out that three terms need to be expanded to second order in the transverse

momentum k, , after the Lorentz boost is applied. They are

2 . .
Cia = ﬁTr [NaHaN;_pb} A’

a

NakaYuPaNG" P
Cyo = Tt alaYvPatVen oPb tee.,
(_2pa : k;) Ag
2Kap |: N ( +,v +ﬁa’yy> A]
C3, = : Tr | N, R — N .C. .
3a (1 _ x)(—Qpa K k) I axpa fin b s pb Aa + c.C
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Since the Lorentz boost of k, gives the transverse momentum k; and since two powers of
k. are needed to obtain the non-vanishing contribution we define quantities that contribute
to the cross section in the collinear limit

Cika: lim <Clk>k1_ (B5>

kLHO

In the above formula the two brackets indicate that one averages over k, directions. To

compute Cz .

i = 1,2,3, we require the expansion of N,, N, and Rf after the boost A, to
first order in k;. Performing the boost, and expanding in k, we find

k
N, <pb+k;,$ po — L PX> =NO _ ﬂN(gl)’Mr...,
kl kJ_
2
kJ_(l—l-x)
2r

k
Ny (pb—(l—x)pa Pat G = Px> =N+ ’“N( My . (B6)
k.

kJ_ 0),v 1),v
REH (pb+27pa+2x7pa(1_x>+ PX> :]:iigin)7 —’—}212111)7 MkJ_#—i_
where ellipses stand for O(k?) contributions. The quantities N+ ,Nél)’“ and Réln)’w are
particular Green’s functions that can be computed following the discussion in section 5. For

our purposes here, we assume that they are known. We find

o X
C’f”a == gﬁ”D,Cfa’b Tr [Na(xpa, .. )fyﬂN (xpa, - - )pb} , (B.7)

where D% = 2719/0pY — 9/0py.
The second limit is more complex. To write it in the compact form, we introduce
two matrix functions

x (0,0t R(o) a+( ) + N( )+Qb¢;7

fin ’

A o
X(l)’alu‘7+ — Réln)ralu’er(l . fE) + Nb(l)nu'v‘i’ q;aaz; 7

where oy = Pp — (1 — x)Pg, and write

4 s

1224 N(O)7+ o A
= = e |, M0 00, x|
(B.9)

v R 1
+ %Tr [(_N(S,l;zryur)ﬁpa + xNLSO)'YV’Ya’Yu) X(O)’Q’erb +c.c..

Finally, the third term reads

Chy = 251y | (- N ap, + NO) (R - MO ) )

S

+ g1 wTr [N(Eo)xﬁa (Rg}gw Nt pay )pb (B.10)

2xs

1
+ M%Tr [Néo)wﬁaRf(i?l),u,-&-,},u} _ gTr [Néo)ﬁaleO)’Jr(a:ﬁa +;5b)] fec.
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C Derivation of eq. (4.40)

When simplifying eq. (4.40), we wrote the integral of the function nga) defined in eq. (4.39)
in the following way

/d$ d(PabWS(a)(zapaapbva7O(PX))
m (12

(6" +7) Lom ) OPx) | M 200 P)
_1
(1—a2)4

(677 +7) Lym ) O(Px) [ M0, 2p0, ).

1 0
T2 (Hm 2

1 (1)
- i/dx dé(xpaaplNPX)

0
X <I€m + 2ph ot
a

In this appendix, we explain how to derive eq. (C.1). To this end, we note that the function
Wéa) (cf. eq. (4.39)) is written as a difference of three terms, i.e.

Wi (z) = F(z) — F(1) + (1 — 2)F'(1), (C.2)

where F'(1) = dF(z)/dx at = 1. Then, using integration by parts, it is easy to see that
the following equation holds

(a X | x
/d (l_i)g — _F'(1) - 1d_x (@F'(z) — F'(1)). (C.3)
Hence, we have
1
/d dpeb W3 (”;; —F'(1) dcbg’;—/dx fq_”i (zF'(z) — F'(1)). (C.4)
0

Comparing eq. (C.2) and eq. (4.40), we find
F(z) = N O Px)IM*(2pa, po, Mgy Px),

o ) (C.5)
(67 + %) Loo | IMI? (par 9, Px) O(P).

F'(1) =

1(/1 + 2 9
5 \fim  2ag

To simplify eq. (C.4), we need to compute F’(x). To this end, we introduce z1 = z + Az
and note that

F'(z) = lim M

Az—0 Az (CG)

We also note that because of the nature of the Lorentz boosts with x; and x, the following
relation holds

A Ay, = (I 4+ 0K)X\ AL, (C.7)
where I = ¢g"” and
A
B = S5 (" ). (C.8)
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Hence,

1
Fle) = lim —— [Afm(’) (7 + 6K)NAG P ) [ M2 (1pa, py, (T + SK)MAZ! Px )

— A OOA L P) M (i AAG;PX>] (©9)

A )
2x [Hm Pa ophy

(g7 W) Lpa} O(Qx) | M (xpas po Q).

where derivatives that appear in L,, are computed with respect to momenta Qx\ = AL Py
Finally, we change the momentum of the colorless system Py — A"'A,,Px in the phase
space, and obtain the result shown in eq. (C.1).

D  Comparison to results in the literature for the Drell-Yan process

In this appendix, we show how to derive results for zero-jettiness power corrections to the
process qq — Vg obtained in ref. [16], from our Drell-Yan master formula in eq. (6.19). At
first glance the two results look very different, since we work with partonic cross sections
for g7 — 11~ where as authors of ref. [16] work with hadronic production cross section of
a fixed-mass vector boson, and study its rapidity distribution. Furthermore, the definition
of the zero-jettiness variable itself is different, as Born-projected momenta are employed in
ref. [16] to calculate it. Nevertheless, as discussed below, it is possible to start with eq. (6.19),
and derive eq. (5.36) in ref. [16], by taking into account two important points.

First, we incorporate the constraint on the dilepton rapidity Y (which is equivalent
to the rapidity of the vector boson) and the dilepton invariant mass M as the observable
function in study. It reads

O Y (p1,p2) =6 (2p1 - p2 — M?) 6 (hl

( ) ( ) 2 Pa-(p1+p2)
where P, ; are the momenta of incoming hadrons. Denoting the momenta fractions of ¢ and
q as &, one may expect that the subleading power correction to the hadronic cross section
computed in ref. [16] can be obtained by integrating the subleading partonic cross section,

obtained with the help of our master formula, with parton distribution functions fq;

da}?\é,NLP 1 dgPY.NLP
—as = d a d a\Sa - q1_ ; D.2
dr dY dM?2 " /0 §a d&p f (f )fb(éb) dr Y ( )

where we also need to write the partonic center-of-mass energy squared s as £,£,5, with
S = 2P, - B,

We note that, depending on the collinear sector, our variable x corresponds to variables
Zap in ref. [16]. We also note that doPYNLP is described by our master formula and
includes derivatives with respect to lepton momenta that act on the observable OPY. These
derivatives are re-written using integration by parts, resulting in derivatives of parton
distribution functions.
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Upon doing that, we find that the result that follows from eq. (D.2) does not agree
with the result for subleading power corrections presented in ref. [16]. The reason for this
is the difference in the zero-jettiness definition, as we now explain. Indeed, the definition
employed in this paper uses partonic momenta of the process, while in ref. [16] Born-projected
initial-state momenta are used. These are obtained using the Born-like momentum fractions
constructed from vector boson mass and its rapidity, as opposed to &,; momenta fractions
that we would use to define zero-jettiness. Hence, to match the result of ref. [16], we need
to account for this fact.

To this end, we compute the difference between to definitions. Suppose we find a
gluon momentum k that satisfies the zero-jettiness constraint To(k) = 7, where Ty(k) is the
definition of zero-jettiness adopted in this paper. Then, when the same momentum is used
to evaluate zero-jettiness as defined in ref. [16] yields

[1—(2—¢ +C’)wk], soft,
=Tz [1 + 1+Z"pak + O((pa )2)} , collinear a, (D.3)
(16} TZp {1 + %pbkz + (’)((pbk:)Q)] ,  collinear b.

To(k)

We observe that in addition to subleading terms, there is also a re-scaling at leading power in
the collinear contributions. Given the relations of eq. (D.3), we calculate how each of the
three contributions (soft, ca and ¢b) changes. Although this is rather straightforward, one
should exercise significant care when switching from one definition of the zero-jettiness to the
other. For example, in our formula the term from eq. (4.40), along with the manipulations
presented in appendix C, are affected by the presence of the extra factor 1/(z,5) and have
to be carefully re-analyzed.

Finally, putting everything together, we can express the result from ref. [16] for Drell-Yan
in terms of our master formula in the following manner

do ESSNLP do DY NLP
had dé, d& fo(&a _ D4
wrav | / 6 A8 fuléa &)y —| (D.4)
where
doPY,NLP B doPY,NLP Or (Za—i-zb) dgPY.LP ( 1 )
dr N dr eq. (6.19)  2s ZaZb dr ZaZb
(D.5)
Ozs CFQ dUo [ 1—21,) (1—2,1)}
@] dz, dzp,
// 22020 L(1— 24)+ * (1 —2zp)+ (p1,p2) dza dz
and
DY,LP L 2
b s 1
dad — [as]Cr //dg‘o {46(1 — 24)0(1 — 2p) + (1"1'211)5(1 — )
T To Fall T Sl (D.6)
14 zb2
—— (1 — z4)| O(p1, dz, dzp,
= 2)s (1 = 2a) | O(p1,p2) dzq d2p

is the finite contribution arising from the leading power terms. The Drell-Yan leading order
cross section doy is given in eq. (6.6). In eq. (D.4) we should further integrate over the leptonic
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angle 3, and take @ = M to account for the definition of the zero-jettiness in ref. [16]. The
result obtained with the help of eq. (D.5) is in complete agreement with eq. (5.36) of ref. [16].

E  The Drell-Yan process with dilepton final states

In this appendix, we consider a photon-mediated dilepton production in quark-antiquark
annihilation

a(pa) + a(p) = U(p1) + U(p2), (E.1)
and compute zero-jettiness power corrections by directly expanding the phase space and the
matrix element squared of the process. As we will see, this procedure allows us to compute
power corrections to the rapidity distribution of a single charged lepton.

The Born cross section can be written as

dog = 6o (1 - 2€+ cos?) [0, (E.2)

where 6 is the angle between the lepton with the momentum p; and the initial quark with
the momentum p,,

WanéEDNe

E.
2Nc Sl+€ ’ ( 3)

o9 =
and [di_l)] is the solid angle of p; defined in the center-of-mass frame of the colliding quark
and anti-quark, normalized to the solid angle in d — 2 dimensions. Furthermore, @, is the
quark charge in units of the positron charge, aqep is the fine structure constant, N. = 3
is the number of colors, and

N, =2% "7 _ (E.4)
is the normalization factor.

To compute power correction in the zero-jettiness, we consider the real-emission process

q(pa) +q(py) — U(p1) + U(p2) + g(k), (E.5)

and impose the appropriate constraint on the final-state gluon. We write

do 1 d
=N / [dp1][dp] [dk] (27) % (pa + py — k — p1 — p2)
) (E.6)
X 6(7’ — To(pa,pb, k)) Z ‘M‘ (paupbaplup?v k)
col,pol
We then integrate over the momentum of the anti-lepton py, and find
do 27
o _ T k16((pa —k—pp)?
dr = 8aN? /[dpz][d 10((pa + 1o p1)°)
, (E.7)
X 5(7’ — T()(pa,pb,k')) Z |M| (pavpbapl7p2ak)‘
col,pol
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Since
§((pa +pp — k —p1)?) = 0(s — 2v/s(w + E1) + 2w E1p1), (E.8)

we can remove this d-function by integrating over the lepton energy Fj and then remove the
zero-jettiness d-function by integrating over the gluon energy wg. We find

w* 1—2¢
do _ [o]CF (d—1) (d—1) (1 B 27%) Q \**
7 =00 119 [dQI ] [ko } * 2—2¢
dr Tit2e (1 _ Y% ) V5,
\/gplk (Eg)
Z T2 |M‘2(pa7pb7p>{7p27k*)
col,pol 4g§NCCFQge4 ’
where )
1 — 2%k
= 19 gV T (E.10)
Vst 2 (1 - %Pm)
Since F1 > 0 is required, we derive the following constraint
2
wg < \f = Y > TTQ (E.11)

Although the constraints appear to be more complex than what has been discussed in
section 2, the situation is rather similar in that there are two distinct cases for the gluon
emission angle: 0 ~ 1, wy ~ 7 and 0 ~ \/7/Q, wp ~ /5. The first case describes the
soft emission and the second case — the collinear one.

We then expand the integrand in the soft region and in the two collinear regions. We begin
with the discussion of the soft expansion. Computing the matrix element squared, expanding
in wg ~ 7 and using the fact that ppr = 2 — pai, we find that two angular integrals, given in
eq. (3.31), are required to calculate the soft contribution to the cross section through next-
to-leading power. Keeping T-suppressed terms through next-to-leading power and using the
explicit expression for the matrix element squared |M|?(py, p2, p3, pa, k) in eq. (E.9), we find

(s) e _
do®)  4a,]CF <Q2) doq {1 L1 26@7‘}‘

= - E.12
dr Tit2e s l1—€¢ s ( )
An interesting feature of this result is that O(7) power corrections to the cross section are
e-finite in this case.

We continue with computing the collinear contribution, and focus on the case when the
gluon is emitted along the incoming quark with momentum p,. Then

Yk = Pak = P (E.13)
We write
27Q)
= E.14
P (E.14)
with 0 < 2z < 1 so that
o= T Vg, (E.15)
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It follows that

NG
FL=—— E.16
'T oo (1 —2)p1k ( )
and, furthermore,
7@ _ (1—2) (E.17)
sp 2 '

The expansion in the collinear case is the expansion in p ~ 7 at fixed z. The scalar
products are

27Q)

1—2z

o= ap =30 -2, k= Ve —p) = U (2o ) may

We will also need to account for the scalar product between the momenta of the emitted
gluon and the outgoing lepton, and write it in such a way that its expansion in the collinear
limit becomes possible. To do this, we consider the unit vector k/wj = 7i), and write it as

fiy = (1= p)iiy + \/mﬁm, (E.19)

where 771 is the unit vector in the direction of the momentum p7, and 7| is a unit vector
which is orthogonal to 7. With this, we find

pik =1 =117k = pra + p (1 = p1a) =/ p(2 = p)(7k, L - 7i1). (E.20)

Hence, expansion of this quantity in 7 is straightforward but, because of the last term in
eq. (E.20) the expansion proceeds in powers of \/p ~ /7.

Upon the expansion in 7 around collinear limit, we will average over directions of 7, | .
This removes all contributions that contain odd powers of 7i;, | . The angular integration that is
needed to compute the contribution at next-to-leading power is given by the standard formula

- - 2_>Pa1(2_ﬂa1)‘

(7K, 1 - 711) p— (E.21)

We find it to be convenient to combine both collinear contributions. We then write

(ca+cb)
g:zf s CFQ /dz ( Wz, e) + —= Q g3 (=, c1)> (E.22)

dr 1+e

a

The function g¢ ) has the following structure

ggl)(zv Cl) = (1 - Z)_epqq(z) §£1)(Z,Cl), (E23)

where qu (z) is related to ¢ — ¢*g collinear splitting. The function gg) describes the power

correction. We expose its structure by writing it as

1

€ (2)
(1 _ Z)2+e + (1 _ Z)1+e>

+ gcfm(z, 1), (E.24)

0@ (z,¢1) = 4(1 + (1 — 26 + 2) <
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which separates divergent z — 1 contributions from terms that do not contain non-integrable
singularities on the interval 0 < z < 1; such contributions are described by the function
gfﬁ)n(z). We note that a direct integration of the function g£2) over z at fixed ¢; is possible.

Integrating over z, and discarding all terms that vanish in the ¢ — 0 limit, we find

1
2 (34 37c? — 11cf + 3¢8) 14 ¢
2 _ 1 1 1 3
O/dz 9P (z,c1) = 30— 2)? — 4 1n1_61. (E.25)

We observe that, similar to the soft contribution, the next-to-leading power collinear con-
tribution is e-finite as well.

We are now in position to write the next-to-leading power zero-jettiness correction for
the process in eq. (E.1) at fixed ¢;. Combining the soft and collinear contributions using
egs. (E.12), (E.22), (E.24)), we obtain

doNLP asCr_ Q|2 (9 + 31c2 — 17cf +9¢)
= 0

Q 14+
drde; 27w $ 3(1—c2)2 '

1—61

— 4¢3 1n (E.26)

Finally, we note that we can write this result using the lepton rapidity in the partonic
center-of-mass frame as a variable. The relation between rapidity and the scattering angle is

1 1.1 0
y=—In PPL _ 2y m. (E.27)
2 pep1 2 1—cosbty
It follows that
sh(y)
c1 =costh = : E.28
ch(y) (F.28)
Changing the variables, we obtain
de™MP 0, Cr Q|32 16 20 6 sh®(y)
= 50— | 22 ch(2y) — — + - - . E.29
drdy or %3¢ (29) 3 3ch®(y) chi(y) ych5(y) ( )

We observe the known fact [14, 16] that zero-jettiness power corrections exhibit an exponential
growth at large lepton rapidities. Ways to address this problem were discussed in ref. [16].
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