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upper bound for graphs of bounded row-treewidth, which includes for example all planar 
graphs.
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1. Introduction

In this paper we investigate r-dynamic colorings of graphs. For a graph G with vertex-set V (G) and edge-set E(G), and 
integers k, r ≥ 0, a k-coloring φ : V (G) → [k] of the vertices of G is called r-dynamic if φ is a proper coloring of G , every 
vertex v of degree deg(v) ≥ r has neighbors of at least r different colors, and for every vertex v of degree deg(v) < r no 
color in its neighborhood NG (v) appears twice. In other words, φ is r-dynamic if

• for every edge uv ∈ E(G) we have φ(u) ≠ φ(v) and
• for every vertex v ∈ V (G) we have |φ(NG (v))| ≥ min(r,degG(v)).

The minimum k such that G admits an r-dynamic k-coloring is called the r-dynamic chromatic number of G , denoted 
by χr(G). Clearly, for every graph G with chromatic number χ(G) and maximum degree Δ(G) it holds

χ(G) = χ0(G) ≤ χ1(G) ≤ · · · ≤ χΔ(G)(G) = χ(G2), (1)

where G2 is obtained from G by connecting each pair of vertices at distance at most 2 by an edge in G . In fact, for every 
r ≥ Δ(G) the r-dynamic colorings of G correspond exactly to so-called 2-distance colorings of G , i.e., vertex-colorings where 
any two vertices with distance at most 2 have distinct colors. For a survey on general d-distance colorings, let us refer 
to [21]. For now, let us be content to noting that χ(G2) ≤ Δ(G)2 + 1 for every graph G and thus all r-dynamic chromatic 
numbers χr(G) of G are bounded in terms of its maximum degree Δ(G) independent of r.

In this paper we shall be interested in bounding χr(G) solely in terms of r, even though Δ(G) can be arbitrarily large. 
(Broadly speaking, the reader may think of small r and large Δ(G).) For general graphs G , χr(G) cannot be bounded in 
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Fig. 1. Left: A 2-dynamic 5-coloring of the graph K ′
5 obtained from K5 (large vertices) by adding a subdivision vertex (small) on every edge. Right: Adding 

one universal vertex allows for a 2-dynamic 3-coloring.

terms of r and χ(G) only. A very instructive example due to Lai et al. [22] is the complete subdivision K ′
n of Kn , as shown 

in Fig. 1. Even though K ′
n is bipartite, we have χr(K ′

n) ≥ n for every r ≥ 2 and n ≥ 4. Indeed, if two degree-(n − 1) vertices 
u, v receive the same color, their common neighbor w of degree 2 sees only 1 < min(deg(w), r) colors, making the coloring 
not r-dynamic.

Extending this example shows that adding vertices (or edges) can lead to a decrease of the r-dynamic chromatic number. 
In fact, adding a universal vertex to K ′

n immediately lets the 2-dynamic chromatic number drop down to 3. For r ≥ 3, K ′
n

with r − 2 universal vertices has r-dynamic chromatic number n + r − 2, while with one further universal vertex that 
r-dynamic chromatic number drops down to r + 1, as observed by Miao et al. [26].

The graph class 𝒢 = {K ′
n | n ≥ 3} used above is a classical example for a class of sparse bipartite graphs that still requires 

arbitrarily many colors in various other coloring variants (like star chromatic number, odd chromatic number, or acyclic 
chromatic number). One reason is that also many structural parameters (like treewidth, genus, or Hadwiger number) are 
unbounded on 𝒢 . Here we shall show that for nice, structured graph classes, the r-dynamic chromatic numbers are indeed 
bounded (in terms of r). This includes for example planar graphs, graphs of bounded treewidth, or proper minor-closed 
graph classes [28].2

Previous results The concept of r-dynamic colorings was initially studied for r = 2 [23,27] under the name dynamic 
colorings, and later generalized for general values of r [22]. In fact, r-dynamic colorings are also known as r-hued colorings 
and conditional colorings, and by now there is a plethora of work on this concept. Let us simply refer to the recent and 
very detailed survey of Chen et al. [5] and the more than 100 references therein.

Closely related are 2-distance colorings, as already mentioned above. In 1977, Wegner studied 2-distance colorings of 
planar graphs and conjectured that for every planar graph G with Δ(G) ≥ 8 we have χΔ(G) ≤ ⌊ 3Δ(G)

2 ⌋ + 1 [37]. Since then, 
results have been obtained which are close to the estimated upper bound [14]. Song and Lai consider a generalization of 
Wegner’s conjecture to r-dynamic colorings of planar graphs, and give an upper bound on χr(G) that is linear in r.

Theorem 1 (Song and Lai   [34, Theorem   1.2]). For r ≥ 8 and every planar graph G, we have χr(G) ≤ 2r + 16.

This can be generalized to classes of graphs with bounded genus. For every graph with genus γ its r-dynamic chromatic 
number lies in Oγ (r).

Theorem 2 (Loeb et al.   [24, Theorem   1.5]). For every r ≥ 0 and every graph G of genus γ , we have

χr(G) ≤
{︄

(r + 1)(γ + 5) + 3, for γ ≤ 2 and r ≥ 2γ + 11

(r + 1)(2γ + 2) + 3, for γ ≥ 3 and r ≥ 4γ + 5.

A further generalization are graphs which contain no Kt (for fixed t) as a minor. For such graphs, explicit upper bounds 
on the 2-dynamic chromatic number have been obtained [20].

Our results We consider a graph parameter which is known as the strong 2-coloring number and denoted by scol2(G). 
We show that for every r ∈ N and every graph G the r-dynamic chromatic number χr(G) is bounded in terms of r and 
scol2(G). This implies that the r-dynamic chromatic number is bounded for every graph class of bounded expansion. As 
this in particular includes graphs of bounded genus, this generalizes Theorems 1 and 2. Further, we obtain for all integers t
explicit upper bounds on the strong t-coloring number in terms of the row-treewidth, which may be of independent interest. 
This yields in particular explicit bounds on the r-dynamic chromatic number. 

2 We show that the r-dynamic chromatic number is bounded for every graph class of bounded expansion, which includes all of these graph classes. See 
[32, Figure 6] for an overview.
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Theorem 3. Let G be a graph and r ∈N .

1. If G has strong 2-coloring number at most k, then χr(G) ≤ (k − 1)r + 1.
2. If G has treewidth at most k, then χr(G) ≤ kr + 1.
3. If G has row-treewidth at most k, then χr(G) ≤ 5kr + 1.

Organization of the paper We define the necessary notions, like strong coloring numbers, bounded expansion, and (row) 
treewidth in Section 2. In Section 3, we prove our main result, cf. Theorem 5. We give upper bounds on the strong 2
coloring number in terms of the graph’s (row-)treewidth in Section 4, which then proves Theorem 3. We close with a short 
discussion in Section 5.

2. Preliminaries

Strong coloring numbers Let G be a graph and consider a linear order π of the vertices of G . Let v be a vertex of G and 
let k ∈ N . We say that a vertex u is k-accessible by v with respect to π if u ≤ v and there exists a u-v-path P of length 
at most k such that v < w for all inner vertices w of P . (The comparisons u ≤ v and v < w are with respect to the linear 
order π .) We denote by SReachk(v,π) the set of all vertices of G that are k-accessible by v with respect to π . Note that 
v ∈ SReachk(v,π). When the linear order π is clear from context, we may write SReachk(v) instead.

The strong k-coloring number of G is defined as the minimum size of the largest set SReachk(v,π) over all linear orders π , 
i.e.,

scolk(G) = min 
π∈Π(G)

max 
v∈V (G)

|SReachk(v,π)|,
where Π(G) denotes the set of all linear orders of the vertices of G .

Kierstead and Yang introduce the strong k-coloring number in [18]. They show in particular that the acyclic chromatic 
number is bounded by the strong 2-coloring number, i.e., if G is a graph with scol2(G) ≤ c, then there exists a proper 
vertex c-coloring of G where any two color classes induce a forest. The strong 2-coloring number is similar to the notion 
of arrangeability considered in [4,17,33] and the rank of a graph introduced in [16]. It has been applied to bound many 
other coloring numbers such as the odd coloring number and the conflict-free coloring number [15], the game chromatic number 
and oriented game chromatic number [17,19], and the boxicity [11].3 We will use the strong 2-coloring number to bound the 
r-dynamic chromatic number.

Bounded expansion The concept of a graph class having bounded expansion is introduced in [28]. It provides one way of 
formalizing the sparsity of graphs in the class, while neither being the only nor the most general such formalization. There 
are many different characterizations of bounded expansion, see [30] for a detailed survey on sparsity. For our purposes, we 
may consider the following theorem as the definition of bounded expansion.

Theorem 4 (Zhu   [38]). A graph class 𝒢 has bounded expansion if and only if for all k ∈ N there exists a constant d = d(k) such that 
scolk(G) ≤ d for all G ∈ 𝒢 .

Kierstead and Yang observe that for every topologically closed graph class 𝒢 with bounded strong 1-coloring number 
(which is generally referred to as the coloring number), also all strong k-coloring numbers with k ≥ 2 are bounded [18, 
Theorem 4]. As topologically closed graph classes have bounded expansion, Theorem 4 can be considered as a generalization 
of their result.

Many sparse graph classes have bounded expansion. Important examples include planar graphs, graphs with bounded 
queue number or bounded stack number, and topologically closed graph classes, see [31, Fig. 1] for an overview. According 
to Theorem 4, once we bound the r-dynamic chromatic number in the strong 2-coloring number, it follows that the r
dynamic chromatic number is bounded for all graph classes with bounded expansion.

Treewidth Treewidth is a parameter that captures the similarity of a graph to a tree. We define it through the notion of 
k-trees, which in turn are recursively defined as follows. For any integer k ≥ 0, a (k + 1)-clique is a k-tree. Moreover, if G is a 
k-tree, then any graph that is obtained by introducing one new vertex v to G and connecting v (by an edge) to all vertices 
of a k-clique in G is also a k-tree. Note in particular that any graph G on n vertices is a subgraph of an (n − 1)-tree. The 
minimum k such that G is a subgraph of some k-tree is called the treewidth of G and denoted by tw(G).

If a graph G is a k-tree, then there exists a linear order π of the vertices of G such that for every vertex v in G the 
right neighborhood N+(v) = {u ∈ V (G) | uv ∈ E(G), u > v} forms a clique. Such an ordering π is called a perfect elimination 
ordering of G . Recall that a k-tree G is inductively constructed by starting with k + 1 vertices forming a clique, and then 
adding one vertex at a time. Note that the reverse order of this construction sequence is a perfect elimination ordering of G .

3 In fact, the boxicity is bounded in terms of the weak 2-coloring number, which however is bounded in terms of the strong 2-coloring number [38, 
Lemma 2.7].
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Row-treewidth The strong product H ⊠ H ′ of two graphs H, H ′ is the graph with vertex-set V (H) × V (H ′) with an edge 
between two vertices (u, x), (v, y) if and only if

u = v, xy ∈ E(H ′) or x = y, uv ∈ E(H) or uv ∈ E(H), xy ∈ E(H ′).

Now suppose one of the graphs is a path P and x1, . . . , xn is the order of the vertices on P . Setting Li = {(u, xi) | u ∈ V (H)}
for i ∈ [n], we obtain a layering L1, . . . , Ln of H⊠P . Note that only vertices of layers Li and L j with |i − j| ≤ 1 may be 
adjacent in H⊠P . Each layer corresponds to a copy of H .

The minimum k such that a graph G is a subgraph of the strong product H⊠P for some k-tree H and some path P is the 
row-treewidth of G and denoted by rtw(G). It has (implicitly) been introduced in [8] and provides a tool to generalize results 
known for graph classes of bounded treewidth to some minor-closed graph classes, such as planar graphs [1,3,6,7,9,10].

3. Bounding the r-chromatic number in the strong 2-coloring number

Let us prove our main result, namely that for every graph G and integer r ≥ 1, χr(G) is bounded in terms of r and 
scol2(G).

Theorem 5. For every r,k ∈N , if G is a graph with scol2(G) ≤ k, then χr(G) ≤ (k − 1)r + 1.

Proof. Consider a linear order v1, v2, . . . , vn of the vertices of G such that |SReach2(v)| ≤ k for every vertex v . For every i ∈
[n], we denote by Gi the subgraph of G induced by the first i vertices.

We say that a vertex coloring φ of Gi is strongly proper if no vertex v ∈ V (Gi) has the same color as any vertex u ∈
SReach2(v) − {v}. Note that a strongly proper coloring is in particular a proper coloring. If v is a vertex of Gi , we say that 
a coloring φ is weakly r-dynamic at v if 

⃓⃓
φ(NGi (v))

⃓⃓ ≥ min(r,
⃓⃓
NGi (v)

⃓⃓
), that is, if the number of colors in the neighborhood 

of v in Gi is at least min(r,
⃓⃓
NGi (v)

⃓⃓
).

Let d := (k − 1)r + 1. We iteratively extend a weakly r-dynamic, strongly proper coloring φi of Gi that only uses colors 
in [d] to a coloring φi+1 of Gi+1 with the same properties. Using d distinct colors on the first d vertices v1, . . . , vd , we 
obtain a coloring φd that is weakly r-dynamic and strongly proper on Gd .

Suppose i ≥ d and we already have the desired coloring φi of Gi which only uses colors in [d]. We need to assign a color 
in [d] to the vertex vi+1 such that the resulting coloring φi+1 is weakly r-dynamic and strongly proper on Gi+1. To this 
end, it suffices to choose a color for vi+1 such that the following three properties are satisfied for φi+1 on Gi+1:

1. φi+1 is weakly r-dynamic at vi+1
2. φi+1 is strongly proper
3. φi+1 is weakly r-dynamic at every vertex in NGi+1 (vi+1).

We first observe that property 1 is always satisfied. It suffices to show that all vertices in NGi+1 (vi+1) have distinct 
colors. Consider two vertices x, y ∈ NGi+1 (vi+1). Without loss of generality, we may assume that x < y. As they are both 
neighbors of vi+1, we have x ∈ SReach2(y). Thus, they have distinct colors as the coloring of Gi is strongly proper.

For properties 2 and 3, let us call a color c forbidden for a given property if the property does not hold for the extension 
of φi in which vi+1 is colored in c. Let n2 and n3 denote the number of colors forbidden by property 2 and 3 respectively. 
We claim that n2 + n3 < d.

First, we show that n2 ≤ k − 1. In order to preserve property 2 of being strongly proper, we may not use for vi+1 any of 
the colors that appears on a vertex in SReach2(vi+1) − {vi+1}. Yet, |SReach2(vi+1)| ≤ k and hence n2 ≤ k − 1.

Now, we show that n3 ≤ (k − 1)(r − 1). If a vertex v ∈ NGi+1 (vi+1) has at most r − 1 colors in its neighborhood in Gi , all 
these colors are forbidden for vi+1. If v has at least r colors in its neighborhood in Gi , then no matter which color we use 
on vi+1, the resulting coloring is weakly r-dynamic at v . Thus, for each neighbor v ∈ NGi+1 (vi+1), we exclude at most r − 1
colors as forbidden for property 3. As NGi+1 (vi+1) ⊆ SReach2(vi+1) − {vi+1}, it follows that

n3 ≤ (r − 1)
⃓⃓
NGi+1(vi+1)

⃓⃓ ≤ (r − 1)(|SReach2(vi+1)| − 1) ≤ (r − 1)(k − 1).

Thus, n2 + n3 ≤ (k − 1)r < d, and hence there is a color in [d] for vi+1 such that the resulting coloring φi+1 on Gi+1
fulfills all three properties, which concludes the proof. ◀

By Theorem 5, χr(G) is bounded in terms of scol2(G) and r. On the other hand, χr(G) is in general not bounded in 
terms scol1(G) and r: Subdividing every edge of the complete graph Kn yields a bipartite graph K ′

n . We first observe that 
χr(K ′

n) ≥ n for r ≥ 2. Indeed, no two original vertices u, v of Kn can have the same color as otherwise the subdivision vertex 
of the edge uv would have only one color in its neighborhood. Yet, scol1(K ′

n) ≤ 3, which is certified by any linear order in 
which all original vertices appear before the subdivision vertices.

4 
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4. Applying Theorem 5 and explicit bounds

In this section we shall apply Theorem 5 to several graph classes 𝒢 and thereby obtain upper bounds on the r-dynamic 
chromatic number of any graph G ∈ 𝒢 . For starters, recall from Theorem 4 that for any class 𝒢 of bounded expansion the 
strong 2-coloring numbers of graphs in 𝒢 are bounded (by an absolute constant). Thus, Theorem 5 immediately gives the 
following.

Corollary 6. For every graph class 𝒢 of bounded expansion and every r ∈ N , the r-dynamic chromatic numbers of graphs in 𝒢 are 
bounded by a linear function in r. That is, there exists an absolute constant c = c(𝒢) such that for every graph G ∈ 𝒢 we have 
χr(G) ≤ c · r.

The constant c = c(𝒢) in Corollary 6 can be chosen as scol2(𝒢) = max{scol2(G) | G ∈ 𝒢}.
In the following, we give upper bounds on scol2(𝒢) for the case that 𝒢 has bounded treewidth or bounded row

treewidth. In fact, let us present upper bounds on the strong t-coloring number of graphs in 𝒢 for all t ∈N .
Recall that scolt(G) is the largest number of vertices that are t-accessible from the same vertex v ∈ V (G), minimized 

over all linear orders of V (G). Given a linear order, any vertex that is t-accessible from vertex v is also (t + 1)-accessible 
from v . Thus, we have

scol1(G) ≤ scol2(G) ≤ · · · ≤ scoln(G),

where n = |V (G)|. In fact, the strong t-coloring numbers of G interpolate between the coloring number (i.e. the strong 
1-coloring number) and the treewidth of G . If G has n vertices, then scoln(G) = tw(G) + 1 [12, p. 2469]. For the sake of 
completeness, we also give a proof for the statement.

Lemma 7. For every graph G and every t ∈N we have scolt(G) ≤ tw(G) + 1.

Proof. Let k = tw(G) be the treewidth of G . As the strong t-coloring number is monotone with respect to taking subgraphs, 
we may assume that G is a k-tree. Consider the reverse order of a perfect elimination ordering, i.e., a linear order π
such that for every vertex v , its left neighborhood N−(v) = {u ∈ V (G) | uv ∈ E(G), u < v} forms a clique in G . Then also 
SReach1(v) = N−(v) ∪ {v} forms a clique, and its size is at most k + 1. This already proves that scol1(G) ≤ k + 1.

For t ≥ 2, we claim that SReacht(v) ⊆ SReach1(v) for all v ∈ V (G). To this end, consider the graph induced by all 
vertices y ∈ V (G) with x ≤ y and let G ′ be the component which contains x.

Claim 8. If y is vertex in G ′ and w is any neighbor of y in G with w < x, then w is adjacent to x.

Proof. We show the claim by induction on k = distG ′ (x, y). The claim clearly holds for all vertices in G ′ at distance k = 0
from x. Suppose the claim holds for all vertices at distance less than k for some integer k and consider a vertex y in G ′
with distG ′ (x, y) = k. Let w be a neighbor of y in G with w < x. Consider a shortest x-y-path P in G ′ and let z be the 
neighbor of y on P .

We first note that the vertices of P are increasing with respect to the linear order. Suppose otherwise and let u be the 
rightmost vertex on P . By assumption, u is an inner vertex of the path. Let u′ and u′′ be its two neighbors on P . We have 
u′, u′′ < u. Thus, u′ and u′′ are adjacent, contradicting the fact that P is a shortest path.

Therefore, we have in particular z < y. As we considered the inverse of a perfect elimination ordering and both w and z
are neighbors of y, the two vertices are adjacent. By induction, x is adjacent to w as distG ′ (x, z) = k − 1. ◁

We now show that SReacht(x) ⊆ SReach1(x). Let w ∈ SReacht(x), and consider the corresponding x-w-path P where 
x < u for all inner vertices u. If w = x, we clearly have w ∈ SReach1(x). Otherwise, we need to show that w is a neighbor 
of x. This follows from the claim above. Indeed, if we denote by y the neighbor of w on P , then the conditions of Claim 8
are met. Thus, wx is an edge and we obtain w ∈ SReach1(x). ◀

Now, Lemma 7 gives scol2(G) ≤ tw(G) + 1 and Theorem 5 gives χr(G) ≤ (scol2(G) − 1)r + 1, which together gives the 
following.

Corollary 9. For every graph G and every r ∈N we have χr(G) ≤ tw(G) · r + 1.

Turning from treewidth to bounded genus, Van den Heuvel and Wood [35, p. 21-22] prove upper bounds on the strong 
t-coloring numbers of graphs in terms of their genus. More generally, they consider (g,k)-planar graphs, which are graphs 

5 



M. Goetze and T. Ueckerdt Discrete Mathematics 349 (2026) 114697 

that can be embedded on a surface of genus g such that each edge is crossed at most k times, and obtain the following 
result.4

Lemma 10 (Van den Heuvel and Wood   [35, p. 22]). For every (g,k)-planar graph G and every t ∈N we have

scolt(G) ≤ (2t + 1)(4g + 6)(k + 1).

Plugging this bound on scol2(G) again into Theorem 5, we can bound the r-dynamic chromatic number of (g,k)-planar 
graphs.

Corollary 11. For every (g,k)-planar graph G and every r ∈N we have

χr(G) ≤ 5(4g + 6)(k + 1)r + 1.

Remark 12. Corollary 11 yields an upper bound on the r-dynamic chromatic number of planar graphs that is linear in r, 
i.e., a similar result to Theorem 1. Yet, the constant factor from Corollary 11 is worse. Similarly, Corollary 11 yields an upper 
bound on the r-dynamic chromatic number that is linear in r and the genus of the graph, i.e., a similar result to Theorem 2.

Let us also remark that Lemma 10 is obtained by an upper bound on the strong t-coloring number in terms of the so
called layered treewidth of the graph, which is a notion related to row-treewidth [35, Lemma 30]. We show a similar result 
for row-treewidth. Layered treewidth is bounded by row-treewidth. Yet, as the row-treewidth in general is not bounded in 
terms of the layered treewidth [2], our result (Lemma 13) is a generalization of [35, Lemma 30].

Lemma 13. For every graph G and every t ∈N we have scolt(G) ≤ (2t + 1)(rtw(G) + 1).

Proof. Let k = rtw(G) be the row-treewidth of G . Then there exists a path P and a k-tree H such that G ⊆ H⊠P . We 
denote by πH the linear order x1, x2, . . . , xn of the vertices of H such that the set of t-accessible vertices from xi has size 
at most k + 1 for every xi , see Lemma 7.

Let Ax denote the copies of a vertex x ∈ V (H) in H⊠P . Consider a linear order π of the vertices of H⊠P where

Ax1 ≤ Ax2 ≤ · · · ≤ Axn .

Let v be a vertex of H and let vi denote its copy in the i-th layer. It suffices to show that |SReacht(vi,π)| ≤ (2t +1)(k+1)

for every i. It then follows that scolt(G) ≤ (2t + 1)(k + 1).
We show the upper bound on the size of |SReacht(vi,π)| by splitting the set of t-accessible vertices of vi into several 

sets, each of which contains only vertices of one layer. As the restriction πi of the linear order to the i-th layer Li corre
sponds to πH and the vertices of Li induce a copy of H , at most k + 1 vertices are t-accessible from vi within Li , i.e. we 
have |SReacht(vi,πi)| ≤ k + 1.

We now show that

SReacht(vi,π) ⊆
i+t ⋃︂

ℓ=i−t

SReacht(vℓ,πℓ). (2)

The claim then follows as |SReacht(vℓ,πℓ)| ≤ k + 1 for all ℓ.
Let u j ∈ SReacht(vi) and consider a corresponding vi -u j path. Projecting the path into H yields a walk in H of length 

at most t (possibly with loops as the path might visit two copies of the same vertex in H). This induces a v-u-path in H
where all inner vertices are to the right of v with respect to the linear order. Thus, we clearly have

u j ∈ SReacht(v j,π j).

The vertex u j belongs to a layer L j with i − t ≤ j ≤ i + t as it has distance at most t to vi . Relation (2) follows. ◀

In particular, Lemma 13 gives that scol2(G) ≤ 5 · rtw(G), which we can again plug into Theorem 5.

Corollary 14. For every graph G and every r ∈N we have χr(G) ≤ 5 · rtw(G) · r + 1.

Dujmović et al. showed that graphs of bounded genus, and in particular planar graphs have small row-treewidth [8, 
Theorem 37].5 Hence, Corollary 14 gives another upper bound on the r-dynamic chromatic number of graphs of genus g
that is linear in r and g; cf. Remark 12.

4 The paper has already appeared in a journal [36]. Yet, (g,k)-planar graphs are only considered in the arXiv-version.
5 Dujmović et al. prove that any graph of Euler genus g is a subgraph of (K2g + H)⊠P for some graph H with tw(H) ≤ 8 and some path P .
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5. Discussion

We provided an upper bound on the r-dynamic chromatic number in terms of the strong 2-coloring number. Upper 
bounds on the strong 2-coloring number of many graph classes have already been obtained in previous work, in particular 
for k-planar graphs [35, p. 22], see Lemma 10. As the r-dynamic chromatic number is bounded in the strong 2-coloring 
number, bounds on χr follow for these graph classes. In particular, we bounded χr in the treewidth. More precisely, we 
showed that for every graph G that χr(G) ≤ tw(G) · r + 1 (cf. Corollary 9). Yet, we know no example where the upper bound 
is attained.

Question 1. Is χr(G) ∈ O (tw(G) + r) for every graph G?

We have seen that the r-dynamic chromatic number is bounded for every graph class of bounded expansion (Corollary 6). 
One attempt of generalizing this result consists of bounding the r-dynamic chromatic number of nowhere dense graph 
classes which were introduced in [29]. Yet, there are nowhere dense graph classes with unbounded chromatic number. 
Consider for example the class 𝒢 consisting of all graphs whose girth is larger than their maximum degree. This class is 
well-known to be nowhere dense, see for example [32, p. 10] and [13, p. 4]. Lubotzky, Phillips and Sarnak constructed (non
bipartite) (p +1)-regular graphs X p,q whose girth grows with q [25, p. 263] and whose chromatic number is lower bounded 
by a function that only depends on p [25, p. 276]. As the graphs X p,q lie in 𝒢 for large enough q, the class 𝒢 provides an 
example of a nowhere dense graph class with unbounded chromatic number. In particular, the r-dynamic chromatic number 
of 𝒢 is unbounded, since every r-dynamic coloring is proper, i.e., Corollary 6 cannot be generalized to nowhere dense graph 
classes.

Recall that for every r ≥ 2, the r-dynamic chromatic number of the 1-subdivision K ′
n of a complete graph on n vertices is 

at least n. Yet, subdividing every edge of Kn at least twice yields a graph with r-dynamic chromatic number at most 2r + 1. 
In fact, this holds for every ≽2-subdivision, that is for every graph obtained by subdividing each edge of some graph at least 
twice.

Lemma 15. For every ≽2-subdivision S of any graph G, we have scol2(S) ≤ 3. In particular, for all r ∈N , χr(S) ≤ 2r + 1.

Proof. Consider a vertex-order of S where u ≤ x for every vertex u ∈ V (G) and every vertex x ∈ V (S) − V (G). Observe 
that for every vertex u ∈ V (G), we have SReach2(u) = {u}. As every vertex x ∈ V (S) − V (G) has degree 2, we obtain 
|SReach2(x)| ≤ 3. Thus, scol2(S) ≤ 3 and χr(S) ≤ 2r + 1 follows from Theorem 5. ◀

While χr is bounded for every graph class of bounded expansion, there are also so-called [32] somewhere dense graph 
classes with bounded r-dynamic chromatic number. For example, the class 𝒮 of all ≽2-subdivisions of complete graphs does 
not have bounded expansion (is not even nowhere dense [29, Section 2.1]), but according to Lemma 15 still has r-dynamic 
chromatic numbers bounded by 2r + 1.
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