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ABSTRACT: We compute next-to-leading power corrections in the zero-jettiness variable
for the production of colorless final states at hadron colliders at next-to-leading order in
QCD. To assess if the process-independence of leading power contributions can be extended,
we attempt to construct generic expansions of phase spaces and matrix elements squared
through next-to-leading power in the zero-jettiness. We highlight challenges associated
with the collinear limit, where universality no longer holds at the subleading power, making
the result process-dependent. We show that quantities that need to be calculated in the
collinear limit can be obtained using Berends-Giele currents, enabling computation of power
corrections to high-multiplicity final states. As a concrete example, we apply our method
to compute power corrections in the zero-jettiness for lepton pair as well as multi-photon
production in ¢q collisions.
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1 Introduction

Early perturbative computations in QED (see, e.g. Ref. [1]) were performed using methods
that, currently, would be classified as “slicing”. The idea of such a method is to split
the real emission contribution into singular and regular parts by introducing a parameter
that distinguishes between unresolved (soft and collinear) and resolved (hard) radiation.
Although recognizing the difference between two types of emissions is helpful, in practice
slicing methods suffer from large cancellations when resolved and unresolved parts of the
calculation are combined. This drawback led to a rejection of the slicing methods as a
suitable tool for computing higher-order perturbative (mostly QCD) corrections to complex
collider processes. Since worthy computational alternatives in the form of subtraction
schemes [2, 3] appeared, development of slicing methods was put on a back burner for a
while.

Slicing methods made a remarkable comeback with the advent of next-to-next-to-
leading order (NNLO) computations, starting with the proposal to use the transverse
momentum of a color-singlet final state as a slicing parameter [4]. Since this method was
only suitable for processes without final-state jets at leading order, it was later suggested to
use the so-called N-jettiness as the slicing parameter for generic NNLO computations [5-7].
We note in passing that other slicing variables have recently been proposed for processes
with final-state jets [8, 9].

Nevertheless, the use of slicing methods is still hindered by very large numerical cancel-
lations between the different contributions to physical cross sections. These cancellations
are caused by the need to take the slicing parameter to be very small, to ensure the inde-
pendence of the final result on its value. Thus, efficient numerical implementations remain
a challenge for modern slicing schemes, especially when applied to complex processes. To
overcome this challenge, one needs to compute the unresolved contribution more accu-
rately; to achieve this, a description of real-emission amplitudes and cross sections beyond
leading soft and collinear limits is required.

Such power-suppressed terms were studied in a number of publications in recent years,
focusing mostly on computations at next-to-leading order [10-30]. However, these calcula-
tions typically address relatively simple processes and it is unclear how to generalize them
to arbitrary collider processes and higher perturbative orders.

The goal of this paper is to make a step in this direction and to explore power cor-
rections that arise when a process, where an arbitrary color-singlet final state is produced
in the collision of a gq pair, is studied in the context of the N-jettiness slicing scheme at
NLO QCD. Calculation of power corrections in the N-jettiness variable for such processes
requires us to understand the expansion of two building blocks — the phase space and the
matrix element squared — around the limit of the vanishing N-jettiness for the radiative
process q@ — X +g.

Since these building blocks appear to be process-dependent, it is crucial to investigate
to what extent a process-independent calculation of the first subleading N-jettiness power
correction is possible. In this respect, the so-called Low-Burnett-Kroll (LBK) theorem [31-
34], that allows one to compute the next-to-soft corrections by calculating derivatives of



the Born process with respect to momenta of external particles, serves as an inspiration.
Similarly, next-to-collinear terms in the expansion of a generic matrix element can be
related to matrix elements of simpler processes [16, 35] although this case is more complex
than the next-to-soft one.

Another source of these power-suppressed terms is kinematic dependences of various
observables or dependence of fiducial cross sections on selection cuts. For simplicity, in
this paper we will only consider observables that have smooth dependence on kinematics
although it is known that this is not always the case [36-38]. As this paper focuses on pro-
viding general framework for computing power corrections to arbitrary collider processes,
we do not examine such observables in what follows.

In what follows, we discuss the next-to-leading power corrections in the N-jettiness
variable by considering the process q¢ — X + g where X is an arbitrary colorless state. In
Section 2 we begin with the discussion of a toy example — the power corrections to vector
boson production. In Section 3 we turn to the study of an arbitrary process, we explain how
to use momenta transformations to enable the expansion of the phase space and the matrix
elements in the limit of small N-jettiness beyond leading power. In Section 4 we combine
the soft and collinear contributions obtained in the previous section, and derive the formula
for power corrections. In Section 5 we explain how various quantities that appear in the
final formula can be computed by relating them to generalizations of Berends-Giele cur-
rents [39]. In Section 6 we first apply the general formula to the processes g7 — v* — ete™
and qq — 77, for which we derive expressions for power corrections analytically, and then
we compute the power correction to qg — 4 numerically, further showcasing the general
nature of the derived formula. We conclude in Section 7. Some technical aspects of the
calculation are discussed in appendices.

2 A simple example: vector boson production

We start by considering the production of a vector boson in ¢q collisions, studying power
corrections that arise from both the phase space and the matrix element of this process.
We note that studying this process has advantages and disadvantages. On the one hand,
since this process is very simple, many computational steps can be performed explicitly.
On the other hand, because of its 2 — 1 nature, the phase space of this process is singular
which precludes us from using the same computational methods that we develop in the
rest of the paper to address power corrections to a general partonic process.
We consider the tree-level process

q(p1) +a(p2) =V, (2.1)

and define the cross section convoluted with a smooth function of the partonic center-of-
mass energy squared

Yo = /ds L(s)oo(s). (2.2)



We can think about this function as a product of parton distribution function integrated
over the ratio of two Bjorken variables keeping their product fixed. We note that the need
to introduce this function into a computation is related to the fact that the phase space of
process in Eq. (2.1) is overconstrained. Precisely for this reason, this step is not necessary
when power corrections for more complex processes are studied.

The cross section o for the process in Eq. (2.1) evaluates to

_ 2m0(s —m})

2
. 2.3
o] 83N3 |M0(p17p2)’ ( )

Under the assumption that the vector boson only has vector coupling to quarks, —igyy*,
the matrix element squared reads

\Mo(pl,p2)|2 = g‘z/—NC 4s(1 — €). (2.4)

We then find the following result for the convoluted cross section

T = ”Jffzvu —€) L(m). (2.5)

We are interested in developing a method for a systematic computation of power cor-
rections in the zero-jettiness variable. To find them, we have to consider the real emission

process
q(p1) + q(p2) = V +g(k), (2.6)

and work at fixed zero-jettiness of the final state. We therefore write

1d¥ 1 do(s)
— [ ds L(s) o

= 2.
Eg dr Eo ( 7)

To compute the partonic cross section, we work in the center-of-mass frame. We write

do 1

Pty / [dE][dpv](2m) % (p1 + p2 — pv — k)3 (T — To)| M (p1, 2. k)|, (2.8)

where Tj is the zero-jettiness function defined as

. [ 81k S2k
Th = min (, > , 2.9

Q1 Q2 (2.9)
with s;; = 2p; - k. The two quantities ()12 are arbitrary normalization constants. We will
use Q1 = Q2 = @, throughout the paper, unless stated otherwise. Finally, the matrix
element squared for the process in Eq. (2.6) reads

2 2
M (pr, po, K)|? = 8Crg% g2 N, <1—e>[ "IV L (1—¢) (8”“+52’“)—2e}, (2.10)
S1kS2k Sok S1k

with s = 2p; - po.



To proceed further, we integrate over the momentum of the vector boson py; the phase

space becomes
[dpv](27)?6(p1 + pa — pv — k) = 2 d%py 8(pi; — mi)d(p1 +p2 — pv — k) 2.11)
=27 §(s — m¥ — 2v/swy,). '

We remove the zero-jettiness d-function by integrating over gluon energy wyg, finding that
the energy of the gluon is given by

. 149
k= e (2.12)
with
Iﬁk = min (Plk, ,ng) s Pik = 1 — cos aik‘ (2.13)

We use this result in the expression for the cross section and obtain

do  27(ay] 27Q) Q' Q  |Mlpy,p2, k)
@ = g Jlaos (s-mb = 2) (Z) o B e

where we introduced the following notations

20)(d—2) (d—1)
_ ng _ ko
[as] = W? [dQ] = Od—2) (2.15)
Integrating over s, we find
1d%_ Crlo] /[dQ | £7) Q 7 M P (2.16)
Yo dr Tl+2e k E(m%/) NEN C’FNcggg‘Q/(l — €)4s*’ '
where
2
s* =mi + T—Q, (2.17)
Yk

and we should use this value to evaluate energies associated with momenta p1 2.

We have to construct an expansion of d¥/dr in Eq. (2.16) in powers of 7. The expan-
sion is controlled by the value of the emission angle 6;, of the gluon which is parametrized
by Q. If 0y is O(1), the energy of the emitted gluon is O(7) and the required expansion is
the soft expansion. If, on the other hand, 6 or m — 0y is O(7/my ), we have to expand in
0 or m — 6. This case corresponds to two collinear contributions, since the gluon can be
emitted either along the direction of p; or pa. Two distinct integration regions — the soft
one and the collinear one — are associated with two “branches” of the cross section with

—1—2¢

respect to 7: the soft contribution is proportional to 7 , whereas the collinear ones are

proportional to 7717¢. Hence, schematically, we can write

and we compute each of the two contributions by performing an appropriate Taylor expan-
sion of the integrand and then integrating the resulting expression over the angle 6.



We compute the soft contribution by Taylor-expanding in 7. We obtain
1A% 4Cp[ad [ Q \ 7 P2
Yo dr i+ \m [A€2%]
0 % P1kP2k (2.19)

X [1 - méi:bk (2 — 26 - Qm%/cl(m?v))] :

where L£1(m?) = L7 (m}) dL(m3,)/dm3,. We note that O(r) correction contains 1/t
factor which makes the integration over angle 6 power-divergent. This is a feature that
will also appear when zero-jettiness corrections to a general process are discussed in the
next section. Due to the simplicity of the process and the knowledge of the matrix element,
explicit integration over 6, is straightforward. It yields

1ds®  4Cplas] [ Q \ Q7 (1—2¢) ) )

— = < A Sty . 2.2

Yo dr erlt2e <mv> [ m2, (1 —e) ( ¢ mVﬁl(mV)) (2.20)
To construct a Laurent expansion in €, we write
A —57(;) + Lo(1) — ne Ly (1) + O(€?), (2.21)
with 0 log™
Ln(z) = [('x)c’g(“@} _ (2.22)
x +

Using it, we obtain the leading- and subleading-power soft contributions

(s),LP L 5(r)In &
Zidzd = 4CF[053] [ - 52(7—2) + O(T) - (T) z UL 2L1(T)
o a7 ¢ ¢ (2.23)
—2Lo(7) In @ §(7) In? Q] ,
my my

idE(s)’NLP B 4Cp[a3]Q{m%/£1(m%,) -1

>0 dr m%/ €

— [m3 Li(mi) — 1] <1 +92In QT) n 1}' (2.24)

my

We continue with the construction of the collinear expansion. We consider the case where
the gluon is emitted along the direction of the incoming quark with the momentum p;;
the other case, where the gluon is emitted along the direction of the anti-quark with
momentum pe is analogous. To construct the collinear expansion, we go back to Eq. (2.16)
and consider the case of the small emission angle , 61, < 1. It follows that the function
in this case is given by p1x. We need to perform the expansion of the integrand assuming
that the emission angle is small, and extend the integration region over the angle (or related
variable) to infinity. We write

2
st > md + TPQ, (2.25)



where p = 1 —cos 6y, and assume that p ~ 7Q/ m%, The integration region over 0, extends
from p =0 to p = co. We then change the integration variable p — z,

_21Q 2
N mi 11—z

p (2.26)

with 0 < z < 1, expand the resulting formula in 7 and obtain

idz(d) - s <T)€/ %M (1-2)° qu(z) + @Zﬁ(l)(@ , (2.27)

S ar o \g) | T cme) i,
where
~ 1+ 22 ~ (4—2)z =1+ 22— €2(1 — 2)?
Pyyl2) = 7—— —e(1-2), P (z) = P . (2.28)

We note that the function Pé;)(z) has a power singularity at z = 1. Again, we will
see the appearance of these power singularities in the general case discussed in the next
section. In the current case, since both the matrix element and the phase space are simple,
we can integrate by parts obtaining expressions that can be expanded in ¢

1

1
dz m2 7EZ~ 2) — p — ) l-e
0/£<V)<1—z> B () o/d 12"

z z

e () e () 5

It is straightforward to extract the 1/e divergences from the above expression by applying

(2.29)

Eq. (2.21) to construct the e-expansion of 77'~¢ and (1 —2z)~'~¢. This leads to the leading-

power contribution

LI / dz £ (m3/2) et )1+ ) Lo(1 — 2)
Yo dr ) z €

+6(1)6(1 — 2) % Q (2.30)
+6(r) [L—24+ 1+ 2")L1(1—2) + (1 +2%)Lo(1 — 2) In Q]

+26(1 — 2) [L1(7) + Lo(17) In Q] + (1 + 2% Lo(7) Lo (1 — z)},

and the next-to-leading power contribution

LM — Q / L(m}/z) (20(1—2) [m} Ly (m3) —1]
D Y T { .
+Lo(1-2) [4 —gpq Ty A/ Qb 4)z>] (2:31)

21— ) (Qr) [1—md L4 (m?)] }



As we already mentioned, the above results describe the collinear emissions off the quark
with momentum p;. The contribution where an anti-quark with momentum ps emits
collinear gluons, doubles the above result.

By comparing Eqs. (2.24) and (2.31), we observe that at next-to-leading power all
e-divergences cancel between the soft and collinear contributions. This is the main re-
sult of our analysis. However, for completeness, we also comment on the leading-power
contribution which is well-understood.

Indeed, to get the cancellation of e-poles at leading power, the virtual contributions
and the collinear renormalization contributions need to be added to the real emission one.
For ¢G — V annihilation, they are given by the following expressions

(v) 2
5 o = Crlamy e (-5 - 24 25 ) oo, (2:32)
and
1 dZ(CSI) B CF[aS](mv)2E / dzﬁ(m%//z) 1 2 La(1l 35 1 )
Yo dr € o/ Zﬁ(m%/)[( 2 Lol _Z)+§( _z)] (7).

(2.33)
Upon combining Egs. (2.32, 2.33, 2.30, 2.23) and accounting for the second collinear region,
we observe the cancellation of all 1/¢ poles in the leading-power contribution.

The next-to-leading power correction to the zero-jettiness regulated cross section for
qq — V is obtained upon combining results from Egs. (2.24, 2.31). It reads

1 dxNLP 4CF[CM3]Q 2 2 QT
S dr 2 { + [1—mi L1 (mi)] ( + nm2v>

(2.34)

1
_ /dzﬁ (mi /=) [2 L L (/) (L4 (- 4>z>] }

L(m2) 2 22
0

where £, is defined right after Eq. (2.19) and Lo in Eq. (2.22).

To check this result, we make use of the fact that, when working at finite 7, the real
emission contribution in (2.16) is e-finite and can be computed by numerical integration
over the gluon emission angle 6. We then write a small-7 expansion

1d¥
Yo dr

The coefficients A; 7 are functions of my,@Q and the function £, for which we take a

T (A InT 4+ Ag) + AzlnT 4+ Ay + 7 (AsInT + Ag) + Arm? + ... (2.35)

Gaussian distribution )

2 S
ex ——Fs . 2.36
V2ros P < 20?) ( )

For numerical calculations, we choose 02 = 2.47 m%/, and my = 90 GeV.

L(s) =

Both the leading-power coefficients Aq, Ao, and the next-to-leading power corrections
As, Ay are obtained from Eqs. (2.23, 2.24, 2.30, 2.31). We then write

:1{1@_ 11”_1“2_A31m],
Ay

X
(7) Yo dr T T

(2.37)
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Figure 1. The parameter X (7) expressed as a function of £, which relates the small-jettiness
expansions of the vector boson production cross section and a numerical integration of (2.16) at
@ = 100 GeV and my = 90 GeV and with the Gaussian luminosity distribution given in Eq. (2.36).
The parameter approaches unity for lower values of £ before the numerical integration becomes
unreliable. A fit of the missing linear terms in 7 is presented in blue.

and note that at small 7 this quantity should approach one,

lim X (7) = 1. (2.38)

70
Since 7 is a dimensionful variable, the expansion proceeds in powers of the parameter
£ = QT/TTL%/ Hence, choosing 7 < 0.1 my and @ = 100 GeV, we expect that the devi-
ation of X (7) from unity is about a percent at £ ~ 0.1, and that it decreases at smaller
values of 7. Numerical results for X(7) are shown in Figure 1, where X is plotted as a
function of £&. We observe that X (7) approaches the limiting value X(7) = 1 at £ > 1078
and that for smaller values of &, it starts to deviate from its limiting value due to the loss
of accuracy in the numerical integration. A fit of the next-to-next-leading-power terms
is also shown, demonstrating they can explain the (tiny) difference between X (7) and its



asymptotic value.

The example presented in this section showcases the main aspects of the calculation
of the zero-jettiness power corrections to hadron collisions processes. In the next section,
we will discuss how to generalize this computation to arbitrary color-singlet final state.
However, before doing that, we would like to reiterate the following points that emphasize
the differences between vector boson production and a general case.

e In vector boson production, the final-state phase space is simple, so that one can
easily parametrize it and perform all integrations explicitly. However, for processes
with higher final-state multiplicities this is not possible. Thus, new approaches are
needed to enable a systematic way to expand an arbitrary phase space in the zero-
jettiness variable.

e The matrix element that describes vector boson production is simple and can be
written down explicitly. Hence, expanding it through subleading terms in relevant
limits is straightforward. However, for high-multiplicity final states it may not be
possible to compute the relevant matrix element analytically. Hence, one needs to
understand how to compute subleading terms in the soft and collinear expansions in
a process-independent manner.

e In the case of vector boson production the phase space is overconstrained, i.e. it is
proportional to d(s — M‘Q/) at leading order. This feature is particular to 2 — 1 pro-
cesses, and it makes the zero-jettiness expansion of partonic processes in such cases
more complex, than for processes with more final-state particles. To ameliorate this
problem, the zero-jettiness expansion of hadronic cross sections for 2 — 1 processes
is usually studied. In the toy example discussed in this section, we introduced a lu-
minosity function and computed an analog of a hadronic cross section. In the result
for subleading-power corrections shown in Eq. (2.34), the derivative of the luminos-
ity function £ appears, which is analogous to the derivatives of parton distribution
functions found in the previous studies of the Drell-Yan and Higgs production pro-
cesses [11, 13-16].

3 Power corrections: general considerations
We consider the following leading order process

fa(Pa) + fo(pp) — X (Px), (3.1)

where f, and f; are the initial-state partons, which we take to be a quark and an anti-
quark, and X denotes a generic colorless final state with the momentum Px composed of
m massless particles. To discuss the next-to-leading power corrections in the zero-jettiness
variable, we add a gluon with the momentum k to the process in Eq. (3.1) and write the

~10 -



differential cross section as

Q=N [ 1aPl k) 2m)5(pa + 1~ P~
(3.2)

X 8(7 = To(pa, oo, k) O(Px) > |M[*(pb, pa, , Px).

col,pol

In Eq. (3.2) we used [dk] = d*1k/(2 (27)% k9 and [dPx],m = [] [dpi]. The zero-jettiness

m
=1

function is defined as follows

2pq -k 2py - k

TO(paapbv k) = min |: Q ) Q

with @ being an arbitrary normalization factor of mass dimension one. Furthermore, O
is an observable that depends on the momenta of colorless particles comprising the final
state X, and N is the cross-section normalization that contains the flux factor, color- and
spin-averaging terms, etc. We note that we have used a new notation for the momentum
of the colorless final state by writing it with a tilde, Px — Px. The reason for doing this
will become clear later.

Using a reference frame where the collision axis is the z-axis, and writing the zero-
jettiness variable in terms of the energy and the polar angle of the emitted gluon, it is
easy to see that the constraint 7 = To(pa, pp, k) implies that either the gluon energy or
its transverse momentum squared is O(7). The expansions around these distinct limits
can be performed independently of each other, as we show below. We will start with the
construction of the soft expansion.

3.1 The soft contribution

A gluon with momentum k is considered to be soft if k ~ 7. Since we are interested in
the relative O(7/4/s) correction, where s = 2p, - pp, we only need to expand the integrand
in Eq. (3.2) to the first subleading order in k. To facilitate this expansion, we use the
momentum mapping that absorbs k into the momentum of the colorless final state [40],
and write

Pl = XA, (Pay — ). (3.4)

In Eq. (3.4) Py, = pa + pp, ALY is the matrix of a Lorentz boost that we specify below, and
A is a constant that is defined from the condition

NP}, = (Pay — k). (3.5)

It follows from the above equation that

2P, - k Py, - k )
A= [1— ~1— +O(k?) (3.6)
P, P,

- 11 -



We then write
APy, (Pas s Px, k) = [dPx]m[dE](27)6'D (pg + pp — Px — k)
= [dPy]m[dk](27)46@ ()\AS_lPab - PX)
— [dPy]n[dK](27)46(@ (AA;l (Pab - xlASPX))

— [dPx]m[dk] A=% (27)36@ (Pab - >\_1A515X> :

~ m
To further simplify this expression, we use the fact that Py = Y_ p;, so that

i=1
m ~
a4 p
dPX H - 1 )
= 1
We then write
pi = M\ py,

and since Ag is a Lorentz transformation, we find

m ddZ

[dPX _ )\m(d 2) H ) — )\m(d—Z)[dPX]m
2:1

Hence, we obtain
APy (pa, Py, Px, k) = d®pn (pa, Py, Px) [dk] A2 ~4

Pa -k
~ d(pm(payphPX) [dk] <1 — Km a;2b ) ’

where
A®,, (pa, pbs Px) = [APx]m (27)%6(pa + po — Px),

is the phase space of the Born process ¢q¢ — X, and
Km =m(d —2) —d.

Putting everything together, we find
do Py -k
— Z/\/'/d@m(pa,pb,PX) /[dlﬂ 1~ K =22 ) 8(7 — To(Pas i )
dr P2
x OAA;'Px) D M P(po, pa, by A Px).

col,pol

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Since we are interested in O(7) corrections, we need the matrix element squared to

the first subleading order in the expansion in k. The matrix element itself scales as 1/k,

so that we need to find O(1) terms in the expansion. The required terms can be obtained

from the Low-Burnett-Kroll theorem [31, 32|, as we explain shortly.

Before discussing the expansion of the matrix element, we derive the formula for the
Lorentz boost A;'. We start with a general formula for the boost Agen(Qf,Q;), that

- 12 —



transforms a vector @); to a vector @Qy; this formula can be found in Eq. (A.2). The
Lorentz transformation that we need (c.f. Eq. (3.4)) reads

A = Agen(Pap — k, APup). (3.15)

Since in the soft limit k& ~ 7, A;! is nearly the identity matrix; to determine O(7) correc-
tions to the cross section, we need the Lorentz boost to the first order in k. Simplifying
the expression for A1, we find

[As_l];u/ = glJ‘V - B#V + O(kQ)a (316)
where
L

B* P (3.17)

We turn to the discussion of the expansion of the matrix element in the soft limit. We
ignore the color charges since for the process we consider it is trivial to restore them at
the end of the calculation. Separating emissions off the external legs and the structure-
dependent radiation, we write

M(plnpaa k;) jiX) = _QSEZ@b N(pbapa - k;) jaX) (J(/; + Séf)

(3.18)
+ (_Jél + S{;) N(pb - k’pa’PX) + Nslér(pb’paa k) -IBX) ua;
where
2p£f — k+ 2p“ — k* o*k, ok,
Jgr=Zfe v gk _ 2P gu — SH — 3.19
a da ) b db ) a da ) b db ) ( )

with dy = (pa — k), dy = (pp — k)* and o™ = [y#,~"]/2.

The structure-dependent contribution to the amplitude can be restored by requiring
that the Ward identity is fulfilled, namely that the amplitude vanishes if the gluon polar-
ization vector €” is replaced with its momentum k*. This implies that in the soft limit

M = —gse,p [N(pa — k) (JE+SE) + (=Jf' + S) N(py — k)

_[ o 0 ]N
apa,u 8pb,u

(3.20)

Uq,

where we only show the k-dependent momenta in the arguments of the function N. Since
the currents J(’; , scale as 1/k, we need to expand the k-dependent functions N in powers
of the gluon momentum. We then obtain

M = —gse, Uy !J“N — (L*N) + (NS + SI'N) | uq, (3.21)
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where the function IV is now k-independent and

JE= gk gt LF=LF— LV (3.22)

with 5 9 5 5
LV = JrEY + , Ly = J'k” + : 3.23
Opy, ~ Opap PN Opy T Opey (3:23)

Upon squaring the soft amplitude and summing over polarizations of all external particles,
we find

95_2|M(pb7paa k) P)(')’2 ~ _J}LJM|M‘2(pbapaa PX) + JML,LL|M|2(pb7pCL7 pX) +... (324)

where the ellipses denote terms that are finite in the & — 0 limit. We note that the first
term on the right-hand side in Eq. (3.24) provides the leading contribution that scales as
1/k%. Hence, we need to account for the momenta redefinitions in that term. Momenta
redefinitions impact particles that comprise the color-singlet system X. Working through
first subleading order in k, we obtain

_ - "\ [Puy - k . d
9s 2|M(pb7pa) kv PX)|2 ~ [_ JMJ'M (]_ — Z |: P2 pf + B” pi,0:| app)
=1 )

ab

(3.25)
+ J“Lu] | M (pbs Pas Px)-

Combining this expression with Eq. (3.14), we observe that the integration over k can be
performed in a process-independent way and that for computing the soft contribution to
the zero-jettiness cross section through next-to-leading power, we need to calculate two
distinct integrals

I = gg/[dk] O(7 = To(pas> o, k)) (%2}:3@}?@’

1 =2 14K 80~ Totpas o) o
= 0s T = DPas Db, N N
’ PRI (pa - ) (o - )
The second integral can be written as
P#
I =1, ?‘lb (3.27)
so that 5
Iy =2Ipy, = g3 /[dk]5<7 — T6(pas po, k)) b F) (3.28)

Using these definitions, we find the following results for the integrals that are needed
to compute do/dr in the soft limit

Py -k
gg /[dk‘] 0 (1 — To(pas e, k)) <1 — Km Pb2 ) (=JuJ") =11 — k1o,
ab
Py -k
g2 [[14k] 6 (7 = Tolpa, v ) (F ") 225 "0t = ~ L,
ab (3.29)

g2 / (dk) 5 (v — To(pas pos k) (JJ") B =0,

0 0
93/[dk] O (7 = To(pa> v, k) J'L, = =1y (pﬁapg +pf,‘8pg) -
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Putting everything together, and accounting for the fact that the observable O also depends
on the boosted momenta, we obtain

e
ddT :N/[dq)m(pa,pb,PX)] {O(PX)

Il — IimIQ

- (3.30)
0 0
2> Pfapﬂl | M*(pb, pas Px) — Iz [IM[* (P, pa, Px) ZP?WO(PX)}

i€Ly g i=1

where Ly is the list that includes all particles in the Born process Eq. (3.1). We note that
in the last term in Eq. (3.30) the sum can be extended to include initial partons if an
observable does not depend on them and the corresponding derivatives vanish.

To finalize the calculation, we need to compute integrals I 2. To do this, we integrate
over the energy of the gluon with momentum k, removing the zero-jettiness d-function.
Then, using the following expressions for the angular integrals

- A 1 - P! 1 1 ¢
ue-v] ¥ _ 1 / u-v] ¥ 1 1 € N a1
/[d k ] PakPbk € {d k } Pik 2 2 2 +0(e7), i=a,b, (3.31)

where [dQ](;d_l)} = dQ]%d_l)/Q(d*Q), Y, = min(pak, ppx) and pip = 1 — cosby, @ = a,b, we
find

= (2) 7 s b= (%) (L fro@). e

where [ag] is defined in Eq. (2.15). It is straightforward to use Eq. (3.30) together
with the results for the two integrals I 2 to determine both leading and subleading zero-
jettiness contributions to the cross section of a process in Eq. (3.1), that originate from the
emission of a soft gluon. Since the physical result requires including the contributions of
the collinear emissions, we refrain from presenting the expansion of Eq. (3.30) in powers
of e. Nevertheless, for illustration purposes, we show the 1/e-divergence of the subleading
soft contribution which can be easily obtained from Eq. (3.30). This contribution comes
entirely from the divergent part of the integral I5. After restoring the appropriate color
factor, we obtain

o
g |IM|> O(Px). (3.33)

dosdiv _ 20F[ay] N(QT)~%Q "

dr € s € :
’LELf

3.2 The first collinear contribution: E||ﬁa

As the next step, we need to construct expansions in the zero-jettiness variable around the
collinear limits. We will start with the case where the gluon is emitted along the direction
of the incoming quark with momentum p,. The case where the gluon is emitted along
the direction of the incoming anti-quark is completely analogous; we discuss it in the next
subsection.
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Similarly to the case of the soft emission considered earlier, we perform a momenta
mapping [40] that allows us to construct the collinear expansion. To do this, we start by
re-writing the gluon momentum k as follows

k- P,
k— ab

= Pa + ko = (1 — 2)pa + ka. 3.34
Pa " Db ( ) (3:34)

The momentum conservation condition!

pa+pp=k+Qx, (3.35)
becomes
zpe +pp — Qx =0, (3.36)
where
RQx = Qx + kq. (3.37)

It is easy to show that Qg( and Qg( are the same

k- Pab
Pa)’

) - - -
RQx =Qx+ka) =@a+po—k+ky) = (FPyp—
(@x )" = (Pa + P )" = (Pab - (3.38)

= P2 —2k. Py, = (Py — k)? = Q%.

Since Q?X = Q%, we can obtain one of these momenta by Lorentz-boosting the other. We
therefore write

[dQ x]m[dE](2m) 6 (Puy — Qx — k) = [dQx]m[dk](27)?6 (xpa + pp — Qx)

- g S (3.39)
= [dQx]m[dk](27) "6 (zpa + pp — Aa(Qx, Qx)Qx),
where the Lorentz boost A,(Qx, Q x) is defined as follows
Qx = A(Qx, Qx) Qx. (3.40)
Since Qx = 3. p;, we perform the required boost for each final-state particle p; =
i=1
A1 (Qx, Qx)pi and obtain
[Jiapiar]2m)%s (xpa - ZpZ)
i = (3.41)

- / a¢ [Jldpil(2m)s (fpﬁpb—zpi) (dk] 3(x — ).
=1 =1

The Lorentz transformation A,(Q X,QX) can be found in Eq. (A.2), where one should
identify Q; = Qx, Q5 = Qx.

LAt variance with the previous section, here we denote the momentum of the colorless final state X as

Qx. We do this because we need several redefinitions of this momentum, before we reach the final formula
in Sec. 4. There, we will return to the notation Px for the momentum of the final state X.
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Since we will have to apply this transformation to all final-state particles and then
expand the result around the collinear limit, we need to simplify A,. To do this, we
introduce the notation

Qa = Tpa + Py, (3.42)
so that
Qf =Qa, Qi=Qq— ka. (3.43)
We use Eq. (3.34) to write kq as
= L (3.44)
Pa - Db

To simplify the expression for k, further, we perform the Sudakov decomposition of the
vector k and write
k' = aph + Bp) + K/}, (3.45)

where the transverse momentum k| satisfies p, -k = 0. We then compute the coefficients
o and B, and find
kb = %(2 — Pak )Pl + %pakpé‘ + R (3.46)
where wy, is the gluon’s energy and pgr = 1 — cos 0, was introduced earlier. Furthermore,
we also made use of the fact that vectors p,; are back-to-back, and that 2p, - py = s.
The absolute value of the vector k| is determined from the on-shell condition k% = 0.
We derive
ki = _wlzpak(2 - pak)~ (3'47)

Using Eq. (3.46), we write k4 in Eq. (3.44) as follows

k= %Pak(pb — pa)* + WiV Pak (2 — par)n'] = 2]1% (py — pa) + K. (3.48)
The important point is that l;:g vanishes in the soft wp — 0 and in the collinear pg,; — 0
limits, which allows us to construct the expansion of the Lorentz-boost matrix A,, which
becomes the identity matrix in both of these limits.
The boost operator depends on @, and kq; the collinear expansion is the expansion in
small k,. Since kg ~ V/Pak and we need to account for O(p,s) terms, we must expand A,
to second order in kq. The expansion can be simplified if we notice that

2y - Qq = k2. (3.49)

The above equation follows from the equality Q? =Q2=0Q?=(Qa— /%a)Q. Hence, in this
case

(Qf + Qi) =4Q2 — k2. (3.50)

Using this result, we easily arrive at the expressions for the boost operator A, and its
inverse, shown in Eqs (A.4, A.5).

We continue with the simplification of the starting expression for the cross section

in Eq. (3.2) in the collinear k||p, limit. The first point is that the jettiness constraint is
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simplified in this limit, since ¥, = pqi. It is important to emphasize that the above formula
is valid not only in the strict k ||Pa limit, but also in its neighborhood. Because of this, we
do not expand the zero-jettiness function around the collinear limit below. Hence, in the
first step we write

o™ _ / [AQx)mldk)(2m) %6 (pa + p — k — Qx)
_ ) ) (3.51)
v (T _ féc’”c) 0Gx) 3 IMP(spas b, Gx).

col,pol

Following the above discussion, we perform the momenta transformation and obtain

0/1 [AQx]m (27) % (xpa + pp — Qx) /[dk]5 <1 _ 2\°/"§ _ x)
(

- f‘g’)’“) 07'Qx) Y 1My pa k. AT'Q)

(3.52)
X 0

pol,col

The matrix of the inverse Lorentz transformation A, is given in Eq. (A.5).

The product of the gluon phase-space element [dk] and two J-functions in Eq. (3.52)
can be simplified, since these delta-functions fix the gluon energy and its emission angle
relative to the direction of the quark with momentum p,. We find

9 Q(d72)
[dk] 0 <1 el ZE> ) <7‘ - ﬁwkpdk) = dwy, wy, 2

NG Q 2(2m)d-1
e e dQ(d72) 2w \/§wkpak
O d—2) QlfeTfe p .
— _ “Fak (d—2)

where

\/g 2Q7 [dQ(d_2)] _ dQ(d_Q)

WE = 7(1 — LE), pak’ = m, = Q(d72) . (354)

We now put everything together and write the collinear contribution as follows

ca 1—e *
do _ CF[as Q N /d:c d(I):ra [dQ(d 2)} (1 o ‘,L,)fé (1 + Epak>

dr 2rlte 2
(3.55)
O(A'Qx) Y Cilgs*r [M(po,pa, by AL Qx)I,
pol,col
where
ddy = [dQx]m (2m)*6(xpa + pp — Qx)- (3.56)

To determine the subleading contributions to the cross section, we use Eq. (3.55) as
a starting point and expand the matrix element squared and the observable around the
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collinear limit using explicit expressions for the Lorentz boost A,. We integrate the result
of the expansion over the azimuthal angle of the emitted gluon, leading to the final expres-
sion which depends on the scalar products of p,j and p;, as well as on the derivatives of the
observable with respect to the momenta p;. This expression will have to be combined with
the contribution of the other collinear limit (k||f) and the contribution of the soft limit,
to arrive at the next-to-leading power correction to the differential cross section subject to
the zero-jettiness constraint.

To proceed further, we need to construct the collinear expansion of the matrix element
squared. We write

ggCFF = Z |M|2(pbapa7 kaAngX) = Z |M|2(Aapb7AapaaAak7 QX)7 (357)

pol pol

where we have used the Lorentz invariance of the matrix element squared to move the
action of the Lorentz boost to p,, pp and k. The advantage of the above formula is that
the action of the boost is now “localized”; we need to consider changes in the momenta of
the initial partons and the momentum of the gluon k, but the momenta of the final-state
color-neutral particles do not need to be changed.

We require the expression of the matrix element that is suitable for the study of the
collinear limit. Furthermore, the collinear limit should be written in such a way that the
soft singularity in the corresponding expressions can be isolated. Finally, it is convenient
to first expand the matrix element squared around the collinear limit, and apply the boost
later; this approach keeps the expressions more compact since the boost will have to be
applied to fewer terms.

We write the matrix element as

(Pa — k)
(_2pa : k)

v

M = —gsT*€,vp | N(pp, pa — k, Qx) + Mool ta (3.58)

The collinear k ||Da singularity is present in the first term of the above expression, whereas
the second term is subleading in the collinear limit. However, that term still has a soft
singularity. For this reason, it is convenient to write it as follows

)

N(py — k,pa, Qx). .
oo N = kpe, Qx) (3.50)

Nfli/n,a = le{m(pbapaa k? QX) + ’YV

We note that R arises from diagrams where the gluon is emitted from off-shell lines and,
therefore, it contains neither collinear nor soft singularities. In what follows we will denote

N(pb7pa - k7 QX) as Na(pb,pa - k? QX) a‘nd N(pb - kapav QX) as Nb(pb - kapav QX)? and
we will not write their arguments explicitly unless it is needed.

In the collinear limit k||7,, we write the matrix element squared as a sum of three

terms
Fa = aa“‘Far ‘|‘Frr,a, (3'60)
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where the first term on the right-hand side refers to the square of the diagram where the
gluon is emitted off the parton a, the second term refers to the interference of this diagram
with the remaining ones, and the third one to the contribution of the remaining diagrams

squared.
We begin by considering the first term on the right-hand side of Eq. (3.60) and write
it as 1
Faa = Gora ™ [Na (o = k) 2"5a0” (Ba — k) Niin] {2 (3.61)
where

(a) —

kb + pouk
P = — g, + 1P TPy

k- py
and the arguments of IV, are not shown. The superscript a in the gluon density matrix in

(3.62)

Eq. (3.62) indicates that a gauge choice for the gluon polarization vector is made to simplify
the expansion around the I;\ |pu collinear limit. We will need to expand Fj, through terms
that scale as O((kp,)?) and, once the expansion is constructed, apply the Lorentz boost
A, to momenta p,, pp and k in the resulting formula.

We begin with the simplification of Fy,. A straightforward algebra gives

(5o — B)Y"ar" (Ba = k) pl2) = (2K - pa) | (d — 2)k
i (Pl = 1)+ (50— ) ) |

(3.63)

Since

A A

Dabo(Ba — k) + (Pa — k)Poha = 2(pa — k) - Pp Da + 2Da - k Py + 2pa - Dy (Pa — k), (3.64)

we obtain

B 1
_2pa-k‘

2 a'kA N
P ka) N;pb]- (3.65)

2Da - Po
Faa = k

Tr {Na <—2(ﬁa k) —2¢k + - <2ﬁa - k) +

by -
We can further simplify the above equation by substituting k£ = (1 —x)pa—i—lzza and neglecting
all terms that contribute to the expansion around the collinear limit beyond the next-to-
leading power. We then find

1 T 2
aa — T\I'[Na(2AaP —2 ”
2 - k PaPoq () (1_$+6>k (3.66)
W - k . 14, A '
e ™ . N+
(1 —2)pa-po [pb+1—f€p]) apb}’
where )
1+
Pq(x) = 1—+ (1 —z), (3.67)

is the standard collinear splitting function. We note that the last term in Eq. (3.66) is
already of the right order in the collinear expansion. For this reason it does not require
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further manipulations, i.e. the Lorentz boost does not need to be applied to it. Further-
more, it is convenient to express k, through k; using Eq. (3.48). We obtain

2Pgq()

2pa -k

2 ((1 + 2z — x2)
(1— )2

Faa:

2 € .
Tr [N, p, NTp,] — Tr[NkN*A}
r[ (lpCL apb] zpak<1—x+6> alvl apb

2120 (3.68)

+ e> Tr [Napa N B) + =——Tr [Napp N, B1] -

s
The last two terms do not require further manipulations, they are already in the right
form. The first term is the leading collinear contribution; it must be expanded to account
for subleading collinear terms.

The second term on the right-hand side in Eq. (3.68) requires discussion. As we
mentioned earlier, we will have to boost the momenta p,, py, £ to compute the matrix
element squared. Since the second term in Eq. (3.68) is proportional to &k, , anything that
arises from N, or Pgp after the boost can only contain k; since all other terms contribute
beyond next-to-leading order in the zero-jettiness expansion. However, boosting k; will
generate a term that is proportional to 2p,k, which will then contribute to F,, at the right
order. Since

v Qa
with Q) = zp, + pp, it is convenient to introduce a new vector
Qh
Ko =K — =2 (1 —2)(2k - pa), (3.70)
which after the boost becomes k| ,
A kL =K+ O(kY). (3.71)

Thus, if we express the before-the-boost result through k., computing the boost for k-
dependent terms becomes straightforward.
Hence, we rewrite the vector k| through k, using Eq. (3.68), and find

(1—=)

ST

T | Nuk L NG| = T [Naba N o] + 2k - o Tr [Na (ha + Do) No'Bo] - (3.72)

Combining the last term in Eq. (3.72) with the third and the fourth term in Eq. (3.68), we
obtain

2P, 9
Faa - MTI‘ [Na ﬁa N;_ﬁb} - < +e€ Tr [Na'{aN;ﬁb]
v pe kA (3.73)
2 ((14z+ 2% —23) o % o :
g < (1 — 1’)2 + ex T‘I‘ [NapaNa pb] - QT\I' [Napra pb] .

As we already mentioned this form is convenient because after the boost, k, will become
k. ; this implies that only k£, terms from other momenta will be needed. Since, after
averaging

k3 _ 2pk(1—x)

KUK — =g\ =
171 ot 2(1 —¢) JL°

T (3.74)
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where i i
wo g Paby + DDy
g, =9 -
Pa - Pb
such terms do not lead to soft and collinear singularities. Hence, the soft singularities are
only present in the first and third terms on the r.h.s. of Eq. (3.73).

(3.75)

We continue with the discussion of the interference contribution in Eq. (3.60). We

write it as ) N
No(pa — k)’YuﬁaNﬁn’l;ﬁb
F, =T ’ @ 1 ¢.c. 3.76
ar r (_2pa ) k) Puv +c.c ( )
We now split pfff,) into two terms
ol = it + ol (3.77)
where L "
o) = — g, + Popltv — (a2) _ BuPbv. (3.78)

k-py” "M kepy

We will first compute Féz) which we obtain by replacing pfﬁ,) in Eq. (3.76) with ,0222). Using

R . e 2kp, .
(pa - k)’Y“panﬁﬁ) = pa’)/“papfﬁf) = Z .Z;ZPG Dbuws (379)
we obtain 5
FY) = —ﬁﬂ [NaﬁaN;;;ﬁb + c.c., (3.80)

where we already took the collinear limit.
It is important to understand how the soft limit can be extracted from this expression
especially since there is a term in Ngfa that contains the soft singularity. We use Eq. (3.59)

and write .
: : by — k
Ninia = Bl + Ny (2pb . k)v”- (3.81)
Using it in Eq. (3.80), we find
2pb,u N ~
F() = —mTr [NapaR:’l_I;Vpb} +c.c., (3.82)

and the soft singularity is now explicit.
The other contribution Féi) is obtained by replacing p,(fy) in Eq. (3.76) with p,(ﬁ,’l). To
simplify the result in this case, we write

(0= k) vBaplss? = (o — k) 200s) + par” plis". (3.83)
Replacing l;:ﬁa in the second term with k.p, and writing there p,v* = 2ph — Y"pa, we find

(ﬁa - ]%) 'Y'uﬁapl%l) = (ﬁa —k+ ];’a) QPgP;%l) - IgaV“ﬁanﬁy’l)- (3.84)
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It is easy to show that, through the right order in the zero-jettiness expansion, the
following equation holds

(a,l) _ ka,u 2k * Pa

f : 3.85
papp,l/ 1— 7 + (1 — 33‘)8 Pa,v ( )
We also find R ) L.
ka’y“]aapl(ﬁ/vl) — —ka"}/yﬁa =+ mkaﬁbﬁaky' (386)
The Ward identity implies
PaNgyaDy kv = DalNg Po- (3.87)

Putting the above results together, we obtain

(a,1) NaxﬁaNf;; a ,jﬁb /;75 2k - pq v Naz?a'YVﬁaNf;;’l;ﬁb
FCL’I’” = 2TI‘ S pa _|_ T )
(—2pq - k) l—xz (1-x)s (—2pq - k)
R (3.88)
1 NokapypaNip
_ Tr akapbpa a Pb T ..
k- py (—2pq - k)

We observe that the interference terms are proportional to kq/(—2p, - k). Hence, to obtain
the final result, the functions N and N, 5;’” have to be expanded to first order in k,. We also
note that in the last term in Eq. (3.88) we can replace the 1/(k-py) factor with 2/(s(1—x)),
without compromising the accuracy of the collinear expansion.

We continue with the analysis of the individual terms in Eq. (3.88), aiming at isolating
those that have a soft singularity. We begin with the first term in Eq. (3.88) and write

o [NaxﬁaNgn,avyﬁbK v % - Pa )

(—2pq - k) l—z (1-—2)s Pa
R 2 A V7+ + -~
Tos(1— x)rﬁ" [Naxpa (Rﬁn Poy + N, )pb} (3.89)
2

Tr

o ]%J_
Nozpa | Rk oy — NP5 ]
T Rl (Rﬁn L T Pb)]

It is convenient to express the last term in Eq. (3.89) through a vector &, following the
discussion above. We find

~ + A ~
Ty NaxpaNg,, 4P kY N 2k - pq o) =
(—2pq - k) l—xz (1-x)s

R Py R 2 R R
Tr [Naa:pa (ngx” + NJ) pb] =T [NampaRg;jpwpb] (3.90)

2
s(1—x)

2 A 4
Ra,v k) Ty |:Na$ﬁa <RE£1- _ N;pa'y > ﬁb:| ’
S

O (=2

and the soft singularity is only present in the first term on the right-hand side of the above
equation, thanks to the argument mentioned below Eq. (3.73).
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Next, we need to consider the second term in Eq. (3.88). We write

. NakayvPaNgy Db [Namyﬁazv;g;ﬁb]
r = 1T

(—2pa - ) (—2pq - k) (3.91)
1 ~ ~ ~ +,V A
— ;Tl" |:Na(pb —pa)%paNﬁn pb:| )

and then replace k| with k, in the first term. After simplifications, we find

Nakavoda N2 B NakawhaNgb] 1 Doy
. afaYvPalVgy 4 Ty alaTvPalVgy Ty I:NaﬁbfyyﬁaN;-pa’Yupb}
(_Qpa : k) (_2pa : k) ST (3 92)
L v [Ny (0250 — po)vopaRS 5 20 Ty [Nypa NP
+ Q r a(x Pa — pb)’)/upa fin Pb + m r [ aPalVy Pb} .

The soft divergence resides in the last term on the right-hand side of the above equation.
Finally, we need to analyze the last term in Eq. (3.88). It reads

2y _
kpy (—2pq - k) s(1—x) (—2pq - k)
2x
— — = Tr [N,p N .
s(1—x) [ Pata pb]

The soft singularity is in the second term on the right-hand side of Eq. (3.93).

. !NkwNp] — [N
(3.93)

The last contribution we need to compute is Fy,q; it is finite in the collinear E\ |Pa
limit. It is also finite in the soft limit thanks to our choice of the gluon density matrix.
The result reads

1 ~ A A~
Frr,a = -Tr [RgnpaNljpa'Yupb} + c.c.
5 (3.94)
+ ETI‘ [NbﬁaN[jﬁa] —Tr [Rgnﬁajoﬁb] 91, uv-

We now collect all the terms that contribute to the function F;, defined in Eq. (3.60)
through the required order in the collinear expansion. We pay particular attention to
separating terms that exhibit soft and collinear singularities® from the ones that do not.
We then write (discarding O(e€) contributions in terms that are neither soft- nor collinear-

2Such singular terms come from Eqs (3.73, 3.82) and Egs (3.90, 3.92, 3.93).
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divergent)

R R 2(14+x+a22—23
4py

2z
— ——T {NAR+ A} .C.— ———
s(1—x) F [ NaPaltan o] + €0 s(1—x)

2Pyq(z)

F =
“ 2pq - k

Tr [Napa Ny o)

a

Tr [NaﬁaN‘Fﬁb} + c.c.

a

DaYv Db

1 Y
+—Tr [Napw“paNb*

NaFavPaNgy b
(_2pa ’ k)

’ Te | Noaep, (R — NPT 5 <.
+(1—x)(—2pa‘k) 1‘[ axpa< fin b g Py| +cC.C
. 2 Tr |:Na’%aﬁbﬁaN;—pb

s(1—x) (—2pq - k)

Tr [Naia Ny py] + Tr +c.c.

} +c.c. + Frpg.

1 NP
] +c.c. — QTr {Napbfy,,paRﬁ’rfpb]} + c.c.

(3.95)

We note that the complex conjugation, indicated by c.c. in the above formula, always refers

to the term that appears immediately to the left of it.

The next-to-last term in Eq. (3.95) can be simplified if we combine it with its conjugate.

Then
Tr [Na’%aﬁbﬁaN;ﬁb} +ce =Tr [Na [/%aﬁbﬁa + ﬁaﬁb/%a] N(j_ﬁb
(_2pa : k) (_Qpa : k)
Since
/%aﬁbﬁa + ﬁaﬁb/%a = 2(”«1 : pb)ﬁa - 2(”@ : pa)ﬁb + Shq,
we obtain
2Py (x) a nrdoa 2(1+x+a2%—2%) N A
F, = mTf [NapaNa pb] + 5 (1 — x)z Tr [NapaNa pb]
—%Tr[]\f i, | + .o B Ty [NapaNFpy] +
8(1 — ) aPallg, Db -C. 8(1 — 1) aPalVg Db -C.

ﬁa’yyﬁb

1 o
+ —Tr [Napw DoV,
ST

2 2
- ETI‘ [NaﬁaN;—ﬁb] + QTI' [NaﬁbN;_ﬁb] + Frr,a

2 NakayPaNgr Do
Tr [Nyio NS py| + T e
+2pa-k: r[ ala apb]Jr r (2pa k) c.c
2Kap A v,+ +ﬁa’YV .
’ Tr | N, RT — N —— .C..
+ (1 — x)(—Qpa _ k) |: alPa < fin b g Dp| +cC.C

1 A .
} +c.c. — Q'I‘r [Napb'y,,paRg’;rpb] + c.c.

(3.96)

(3.97)

(3.98)

All terms that appear in the above formula should be evaluated for the boosted momenta

P1, P2, k. In practice, this concerns the first term and the last three terms on the right-hand

side in Eq. (3.98) which, after the boost, will have to be expanded to the required order

in k). The result of this expansion for the last three terms in Eq. (3.98) is free of both

collinear and soft singularities but it is somewhat messy; we present the corresponding

formulas in Appendix B.
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3.3 The second collinear contribution: k||

We need to consider the second collinear contribution which arises when the gluon is emitted
along the direction of an anti-quark with momentum p;. The construction of the Lorentz
transformation and the parametrization of the gluon momentum is identical to what has
been discussed in the previous section except that the replacement p, <> pp should be
applied.

The simplification of the matrix element proceeds as in the previous subsection. It is
easy to see that in addition to the p, <> p, transformation, we also need to perform the
replacement N, < —NbJr . We find

2(1+z+ 2% —23)
__ =7 a9\~ + A =
F, = = Tr [N, Py Nypa| + ; (e

Tr [N, Do Nypa

4p¥ T . 2z
+ 7G'Tr [Nb prﬁn,Vpa] + C.C. — m

1 L R
} +c.c + QTI“ [N, Pavubb RiwPa) + coC.

Tr [N, Py Nopa] + c.c.

PbYvDa

1 TR
+—Tr {Nb* Pa¥’ PoNa

5 L 5 L (3.99)
— ETI' [Nb prbpa] + ;Tr [Nb paNbpa] + Frr,b
N kv peNE, 3, Pa
T Tr [Ny Nypa] + Tr | —2 , c
2pp - k [ b a] (2pb ’ k)
+2f€$'ﬁ N apy [ RY —i—Np;wy Pa| +cC
(1—.%')(2pbk) b b fin a s a .C.,
where .
No(pa — k)Y
N, = RY, — Na(Pa — k)7" (3.100)

2pq - k

Similar to the collinear case EHﬁa discussed in the preceding section, the first two lines
contain divergent terms and the remaining terms are finite in the collinear and soft limits.
The boost that needs to be applied here differs from the boost in the case k ||Pa. We denote
the required Lorentz boost as Ay; it is given in Appendix A.

4 Combining soft and collinear contributions

In this section, we extract collinear and soft singularities from the different contributions
to the differential cross section, and derive the finite result for the next-to-leading term in

the zero-jettiness expansion.
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4.1 The first collinear region: k||p,

We begin with the contribution of the first collinear region where the gluon is emitted along
the direction of the incoming quark with momentum p,. The differential cross section reads

do* [as] CrQY—¢
dr  2rl+e

1

N / da doTa [dQ,(j*Q)} (1—xz)~°

0 (4.1)
QT ~

14— 0O F,
X( +S(1-.ﬁlf)> (QX)T as

where the Born phase space d®%% can be found in Eq. (3.56), Qx = A 1Qx, F, is given in
Eq. (3.98), and the momenta p,, pp, k which appear in that equation should be boosted.
It is convenient to write, with the required accuracy,
4(1+¢)

WTF [Nai"paN;—ﬁb}

eQT _ 2P, (z) R R
(1 " s(l—x)) Fa _ﬁﬂ [NapaNg ] + )

4py S opt s
_ mTr {NapaRﬁn’Upb} +c.c. + Fy reg,

where the function F,,c; does not have soft or collinear singularities. Among the four
terms that appear on the right-hand side of Eq. (4.2), the first one requires the expansion
of the reduced matrix element in k£, the second term has a power divergence at z = 1,
and the third one has a regular soft singularity.

We begin with the discussion of the first term on the right-hand side of Eq. (4.2). We
note that momenta that appear in that term still have to be boosted. Hence, we write

do.ca,l _ [as]CFQl—e

1
N / dz dD2e [dg,(f*”} (1-2)"0(A;'Qx)
0

dr  2rlte (4.3)
2qu($) N + ~
————Tr | No(pv, pa — K, alV, yPa — K, :
X T g k) 1 [Na(p: o =k, Qx) 2DaNg (v, pa — k. Qx)Pb] 5

The subscript of the trace function indicates that momenta p,, p, and k should be boosted
with the matrix Ag,.

To proceed further, we need to expand the trace function and the observable in Eq. (4.3)
around the collinear limit, and extract the soft singularity that is present in Py, (z) from all
terms in such an expansion. As the first step, we discuss the (standard) leading collinear
contribution which is obtained by setting A, — 1 and neglecting the transverse momentum
of the gluon k. We find

do.ca,l,LP _ [Oés}CFQ_E
dr  7lte

Mm@ (0

1
N [ s 0Qx)
0
In deriving Eq. (4.4) we have used the equality 2p,k = 7Q, and the fact that in the collinear
limit

Tr [Na(pbapa - k? QX) xﬁaNj(pbupa - k;7 QX)ﬁb}Aa — ‘M(pbu LPa, QX)|27 (45)
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where | M (py, zpa, @x)|? is the spin-summed matrix element for the elastic process g — X
where the quark ¢ and the anti-quark ¢ have momenta xp, and py, respectively. There is a
soft singularity present in the splitting function, but it is straightforward to extract it and
we do not discuss this point further.

The subleading terms require more effort. We start with the discussion of the trace

function and write
Tr [Na(pb, P — ks Qx) ©Pa Ny (Pb,1a — K, Qx) ]
= Tr [Na(Aapp, Aa(pa — k), Qx) (Aazpa) N (Aapp; Aa(pa — k), Qx) (Aapy)]
= Tr[Na(py + 6Pat; TPa — 6Pa1, Qx) (¥ha + 6Pa2)
X No (pb 4 0pats TPa — 0pa1, @x) (Py + 0pa1) |-

The momenta shifts shown in Eq. (4.6) are easily obtained using the explicit form of the
boost operator A,, c.f. Appendix A. We find

(4.6)

k 2 ak
0pa1 = ; + 22 (pp + (1 — 2)Ta1),
(@7)
kJ_ 2pak
5pa2 = 7 - (pa - (1 - x)Tra2) ,
S
with 5 3
P, 3w .
Tal = 1 + Az Ta2 = 1 + 456 (48)

The non-trivial step, required to move forward, is the expansion of Eq. (4.6) in powers
of k,. Since the shifts in Eq. (4.7) are linear in &, the trace in Eq. (4.6) needs to be
expanded through second order in k. To organize this expansion efficiently, it is convenient
to rewrite Eq. (4.6) by introducing the following momenta

k. k:2
Pa=apa—0p, Py=py+0p, dp=-—+ E(pb — TPqa). (4.9)
These momenta are constructed in such a way that P2 = Pb = 0 with O(k‘i) accuracy,
and P, + Py = zp, + pp. Using these momenta, we find

2k - 2k -
papb, Db + 6pa1 = Pp + Pa

— 0pa1 = Pa — Db- (4.10)
Furthermore, we find

2k -
TPg + O0pa2 = Po + k| — Spaxpa. (4.11)

We are now in a position to rewrite Eq. (4.6) in the following way

Tr [Na(pos Do — ks Qx) ©Pa Ny (Ph, 10 — K, Qx) Bb] .

2]{7 * Pa 2k a F 2 2k "FPa A
(Pb + sxp pbapa - P Db, QX) <Pa + kJ_ - P xpa)

S
2k - 2k - pg 2k .
x Nt <7’ + Pa Db, Pa — P pb,QX> <73b+ wpapb>]- (4.12)

2k -p, 1 —=x .
_ <1+ pelo )\M?(Pb,Pa,QXHkL,uTr [Nay* N o]

2k - uk'
_ Pa vL,ptv] Da:c bTr [Na’YMN;_ﬁb] ,
ST 2

=Tr|Ng

ki
Do,y (Tr[ngl)’”J:paN:pb] + c.c.) —
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where Dﬁa’b = 2710/0p —0/0p)), and the quantity NP is defined through the expansion
of the function N, as follows

Na(gy — 3¢, qa + 8¢, Qx) = Nalgbs 4as Q) + 3¢, NSV (b, ¢a, Qx)- (4.13)

Note that in Eq. (4.12) we have written the matrix element as a function of two
momenta P,, P,. This is possible because both of these momenta are on-shell and the
momentum conservation P, + P, = (Qx is assured. It remains to expand the matrix
element squared through the right order in k. The result reads

kﬂ ]{72
[M2(Po, P, Qx) = |1 = S Dt — = (pfy — apff) D
kﬁki b b 2 (419
+ ~5 Dﬁ“’ D% M= (pp, Tpa, Qx)-

As the last step, we need to combine Eqs (4.12, 4.14) and average over the directions
of the vector k; in O(k?) terms.® It is convenient to write the result as follows

Tr [Na(pbapa -k, QX) TPa N;_(pbapa —k, QX) ﬁb)]/\a = |M‘2(pb7 IPa, QX)

- kg (Dﬁa’b|M|2(pb,xpa7 Qx)—2Tr [Na'YuN;rﬁb]> 1 2P Wo(x). 1o
In the above equation the function W,(x) is defined as
Wal@) = —po Wi (@) + (1 — ) Wea(a). (4.16)
where
Wi () =T [NO# 0, Ny + c.c.
Was(e) = = oW + (44 (0 — apl) D5 |MP (01, 290, Q) (417)

S v za,b mza za N
~ g0t (D,, YD | M (py, 2pa, Qx) — 4D5 Tr [Na%ijb]) :

Another quantity that we need to expand is the observable O because it depends on
the transformed momentum of the final-state colorless particles

Qx = A, 'Qx. (4.18)

We write ok
(A" (@) = g™ + bk o+ =0

e (4.19)

3Note that we do not discard terms linear in k, because such terms may get combined with the collinear
expansion of an observable O producing a non-vanishing result. However, since O(k?3) terms that ap-
pear from the expansion of the matrix element squared will always be multiplied by (’)(kOL) terms in the
observable, we can average over directions of k£ in such terms right away.
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where

H v v M m Ay 0z
aYe — QuYa 1 Qaly | 91
bt = —asa: = W (e) =Wl + (1 —2) %wgg + 2sx2a + | (4.20)
with Mo v Hov
v DaPy — DPp P
wgb =-2b  “bra (4.21)

DPa - Db
We note that in Eq. (4.20), we have replaced k‘iki with its average value, since there will
be no further dependencies on k; when this term is combined with an amplitude squared.
Furthermore, we took the four-dimensional limit because such terms do not present soft or
collinear singularities. Finally, we note that

lim 2 (z) = !y . (4.22)

r—1

Using the above results, we easily expand the observable O around the collinear limit

2k -
Ol Qx) =1+ (Kot + 2P0 0) ) 1
(4.23)
1
B 5(1 — @)k - pa tg" " Ly Luw, | O(Qx).
In Eq. (4.23), the differential operator L* reads
- 0
v =N pv , 4.24
21 -
and
L giﬁ bagulbagl’17 (4.25)

is a rank-four tensor.

Having computed all the different terms in Eq. (4.3) to the required order in the
collinear expansion, we are in the position to write the different contributions to the cross
section as an expansion in e. In this respect, we note that the only divergence in the
subleading term comes from the soft singularity of the splitting function, so that it is
straightforward to extract it. We write

Pa(e) (1 = 7)™ = = 26(1 — 2) + Pyy(a) + O(e), (4.26)

where

2

qu(x) = m

—(1+2). (4.27)
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Using this representation, we derive the following result for the next-to-leading power
contribution that originates from the first term in Eq. (4.2)

do.ca,l,NLP Q[OKS]CFQlie./\/’

- — d(bm as 7P - . 1
i por (Pa> Po X)[ o Whi(1)

+ | M (o, pas ) wly L | O(Px)

) _
- W/dx dq)m(mpa>pb7PX)qu.x($) {W“(x)

(4.28)

s o X ,
+ Z(l — )9 { 2(py, 2pa, ...) — 2Tr [Na*ypN(jpb] }bag L,

+ IM*(py, Tpa, -..) M () Ly

s(1—=x
B (4)|M|2(pb,$pa, . )tlml’yylLuvaul} O(PX)

Next we consider the second term in Eq. (4.2). That term is already subleading in the
collinear limit which means that no Lorentz boost needs to be applied to it. Consequently,
we can replace Qx with Qx everywhere. We also note that the trace in that term gives
the squared matrix element of the leading order process with z-dependent kinematics

Tt [Na(pp, Pas @x)2Pa N, (Db, 2P0, Qx)Po] = |M|? (pp, TPa, @x)- (4.29)

However, the complication arises because this term is linearly divergent in the soft limit; for
this reason, it requires additional manipulations. We begin by writing this term explicitly

ca,2
do _2(1+e)asCFN/d dpes

dr sTeQ1te

(Q;(Q)ﬁ |\ M %(py, £pa, Qx), (4.30)

(1

where d®¥¢ is given in Eq. (3.56).

To extract singularities from this expression, we would like to remove the z-dependence
from the phase space. We do this by performing a boost, along the lines of what was done
for the discussion of the soft contribution in Sec. 3.1. To this end, we write

0=2aps+pp—Qx =pa+p— (1 —2)ps — Qx, (4.31)

and treat (1 — x)p, as the “soft gluon momentum”. Similarly to the discussion in Sec. 3.1,
we remove it using a Lorentz boost along with the rescaling

Pa + Db = AilAam (xpa +pb)- (432)

Using the fact that boosts do not change squares of four-momenta, it is easy to see
that A = y/z. Following the steps discussed in the section dedicated to soft emissions, we
find

doy = APy, (zpa; pp, Qx) = AP (pa, Py, Px) A™™, (4.33)
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where K, is defined in Eq. (3.13) and the relation between @ x and Py reads
Qx = A, Px. (4.34)
We then find

doca:2 _ 2(1 + €)[as ] CrQ—¢

dr STE

1
N / dz d®e \Fm (1 — )2
/ (4.35)

xO(M g, Px) IM[*(pp, 2pa, M Px).

To extract singularities from this expression and to regulate them, we require the expansion
of the matrix element squared, the A" factor and the observable O through first order in
(1—z). The boost operator, as well as its expansion in (1 —x) is given in Eqs (A.12, A.13).
Using those equations and the expansion of A around x = 1, A = 1 — (1 —2)/2+ O((1—x)?),
we obtain

MAZ D = g — (1_295) (9" + ) + O((1 — 2)?). (4.36)

We then find
|M’2 (pba IPa, )\A;gclPX) =

= 4.37

[1 - 2 | (2%32,# (977 +wip) Lw) ] M (pb, pa, Px) + O((1 — 2)?), (4.57)
and 1

O()\AE;PX) = [1 - (_2@ (gpa + wgg) Lp0:| O(PX) + O((l _ :E)Q) (4.38)

It is now convenient to define a new function to represent the subtracted expression

Wa™ (&, Dy Pas Px, O(Px)) = N O(AA 7 Px )| M (pp, pa, Mt Px ) —

(1—2x) 0 - - (4.39)
[1 T\ iy ) L

|IM|? (py, pas Px) O(Px),

where we have assumed that the observable O is independent of the momentum p,. It
follows from Eqs (4.37, 4.38) that in the soft limit Wéa) vanishes as O((1 — x)?) and,
therefore, can be integrated with the 1/(1 — x)? factor which appears in the cross section
computation, c.f. Eq. (4.30).

We can now write the complete result that originates from the second term in Eq. (4.2)
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in the following way*

dUca,2,NLP (1 _i_e)[as]CFQlfe %
= q)m as aP - m
dr STCe N d®r(pa, pb, Px) 1+e¢ TR
e 9 po po 2
+ 2pa 8}?” + (g +wab) LPU O(PX) |M| (pbvpaaPX)
1
2 S C W(a) 9 yFay P 70 P
+ 2as)CrQ@ FQN/dx d®,, (pa, pp, Px)—> (P, p )2( (Px))
s (1—2x)
0
1—e
= MSFGQN d®,,(pas Pos Px) | — 26 + £m (4.40)
T€€
2 9 po po 2
+ 2paapu+(g +wab)LPU O(PX) |M| (pbvpaapX)
1
2:JCrQ / 0 Ay (2pa, piy Px) ———
8 ) (I—=)4

0
X </€m + 2ph

apla" + (gp(7 + WZZ) LPU) O(PX) ‘M’2(pbaﬂfpa) PX):

where in the first term integration over z has been performed and the Wg(a) term was
rewritten in terms of the plus distribution.

Finally, we need to consider the third term in Eq. (4.2). This term is also subleading
in the collinear expansion which means that no boost is required. Its contribution to the
cross section reads

1
do$ __[aJCrQ' = . [ az ez 2 0P
ar o e (1 _ x)lJre

0

(4.41)

4dp¥ R R
% (Tr [NapaRHn’ypb} + c.c.) .

We then replace (1 — 2)~17¢ with the plus distribution in the standard way and find

do“?  [a,]Cp

1
1—e¢ 1 1
- eQ N/ dx d(I)m(ZEpa’pb,PX) |:_€6(1 - LL') +
0

Q=2 a9

dr 2T

4 14
x O(Px) = (Tr [Napa R, 0] +cc.)

The 1/e divergent term requires Ry . (Pb, Pa, k, Px), with k = (1 — x)p, at =1 (i.e., the
soft limit). We can obtain it using gauge invariance. From the transversality of the gluon
emission amplitude it follows that

oy (N (pp — K, Pa, Px) — N(py, pa — k, Px) 4 k" Rn (Db, Pas k, Px)) ua = 0. (4.43)

4We provide a detailed derivation of this formula in Appendix C.
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We are interested in the soft & — 0 limit. Since Rfyn . (Pp, Pa, k, Px) in that equation is
multiplied with k,, we can replace it with Rgy . (pp, pa,0, Px). The difference of the two
Green’s functions can be computed using the discussion in Sec. 5, where it is explained how
such an expansion should be constructed. In particular, if we compute it starting from the
incoming quark momentum and do not let momentum k& flow into the colorless final state,
then we have to replace p, with Py + k — p, in the functions N in Eq. (4.43). It follows
that

N(py — k,pas Px) — N(pp, pa — k, Px) = k"N (py, po, Py). (4.44)

Employing this result in Eq. (4.43) and making use of the fact that it is valid for small,
but otherwise arbitrary vectors k*, we find

U~ — _ — 1),v
Py UbRﬁn,uua K0 pb,VUbNa Uq S (445)
Hence, we obtain
dUca,S,NLP a.lC Qlfe
I | 8]27i€ N d®y,(pa, po, Px) O(Px)
4 v
x o (ﬁ [NaﬁaNy)m} n c.c.)
S =1
(4.46)

1
s|C d
-k ]QFQN/ a _g;)+ A®, (2pa, Py, Px) O(Px)
0

4py Lot s
X e Tr NapaRﬁnyypb +c.c.).
We note that the O(1/¢) term in Eq. (4.46) is exactly canceled by the first term in Eq. (4.28).

4.2 The second collinear region: E||ﬁb

We continue with the contribution of the collinear region where the gluon is emitted along
the direction of the incoming anti-quark. The differential cross section in this case reads

doe® _ |as]CrQtE
dr  27lte

1

N [ Ao (o, Q) [0 ] (1 - )

0 (4.47)
QT ~

1+——] O F

where Qx = Ab_lQX, F}, is given in Eq. (3.99) and the momenta p,, py, k that appear there
should be boosted. Similar to the collinear case where E\ |Da, it is convenient to write, with
the required accuracy,

Mq‘r [N;_jjprbﬁa]

<1 + ﬂQT) = MT&" [N;_ﬁbNbﬁa] + 3
s(1 — ) (4.48)

s(1—x) 2pp - k

4dpy . )
+ ﬁTr [N(j_prﬁn,upa] +c.c + Fb,rega

where the function Fj ;ee is free from both soft and collinear singularities.
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In principle, the discussion of the k ||Db collinear limit follows very closely the discussion
in the previous section. Nevertheless, we decided to repeat it one more time for the sake
of clarity.

We begin with the first term on the right-hand side of Eq. (4.48). We note that
momenta that appear in that term still have to be boosted with the matrix A;. Hence, we

write

do.cb,l B [as]CFQl_E
dr  27l+e

1
N / da d®,, (pa, zpp, Qx )AL 2)(1 — 2)°O(A; ' Qx)
0 (4.49)
T % Tr [N, (py — K, pa, @x) xP6 No(pp — K, pa, Qx) ﬁahb ,
where the subscript of the trace function indicates that momenta p,, pp and k should be
boosted with the matrix Ay.
Following the discussion of the k || case, we first show the result for the leading power

contribution that is obtained by setting Ay, — 1. We find

1
do®bEP a0 JCRrQ ™ P, (x)

S dz d®,,(p, 99\

a7 e No/ A s 0 z(l—x)° (4.50)

x O(Qx) | M(zpy, pa, Px)|%,
where we have used 2pyk = 7@, and the fact that in the collinear limit
Tr [N, (po — k. pa» @x) P No(po — k,Pa, Qx) ﬁa]Ab — [ M(zpy, papp, Qx)|*.  (4.51)

There is a soft singularity present in the splitting function Py, but it is straightforward to
extract it.

Computing the subleading terms in the 7-expansion requires more effort. We start by
showing formulas for the trace

Tr [Ny (po — k. pa, Qx) Py No(po — K, Pa, Qx) Pa)
= Tr [N, (2ps — 0po1, Pa + 0pb1, Qx) (€Py + 5Pp2) (4.52)
X Ny(2pp — pb1s Pa + 0pp1, Qx) (o + Opp1)],

where
k 2k - p
bpn = 5+ T (Pt (L= 2)ma)
b ok (4.53)
Opp2 = -5 (pp — (1 — x)mp2) ,
S
and 5 5
Py Da Db Pa
_ M _ 9P Pa 4.54
=t = +4x (4.54)

We note that, thanks to the explicit (1 — x) factors in front of vectors my p2, they do not
contribute to soft singularities. Proceeding as in the previous section, we find

Tr [Nlj_(pb — Kk, pa, QX) xpp Nb(pb — Kk, pa, QX) ﬁa)]/\b = |M|2(pr7paa QX)

EH R 2
— ? (fob’a [[M[?(2pp, pa, @x)] — 2Tr [NbJr’YﬂNbpaD +

k- py (4.55)

Wb(x),
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where D" = 2710/9pl — 8/0p,* and we defined
Wy(x) = —pau Wi (z) + (1 — 2)Wia(z), (4.56)
with
Wl = Te [N xﬁb Ny fa| + c.c.,

1
Wy = — pa HWbl + — 1z (4 + (pa - pr)Dxb a) |M| (:prapaaQX) (4'57)

186 e (ow“D”"”“ M (2py, pa, Qx) — 4D Tr [sz%Nbﬁa])'

The function N, (-4 411 the above equation is defined in Appendix B.
We also need to expand the observable O since it depends on the transformed momenta
QX = Ab_lQX' We write

2k -
A (@) = g Bk g+ L (4.58)
where
QL gn — Qy gb Q,Qy
bbgu — MTM’ lé“j( ) wba + (1 —33) 2 ba 251217 + @ ,uz/ : (459)

and we have replaced kiki with its average value, since there will be no further depen-
dencies on k| when the contribution of this term is taken into account. We also took the
four-dimensional limit because such terms do not contribute to soft and collinear singular-
ities. Finally, we note that

lim )" (z) = w). . (4.60)

z—1
Using the above results, we find

B %Dy
o, Q) = [1+ (Kot + 22 (0)) 1,

1
_ 5(1 _ ﬂj)ki - Dy tﬂuhumLuulLyyl} O(QX),
where the differential operator L* is given in Eq. (4.24) and the tensor 4" reads

t,ll)l,ul,llljl _ giﬁ bb’;“lbbg”l- (4.62)

(4.61)

Using these results and following the discussion of the k ||Da case, we obtain

da.cb,l,NLP 2[053]CFQ1_6N

= 2
dr o sT€€e d(pm (pa7pb7 PX) [pa,qul(]_)

— M (1, Pas ) W L | O(Px)

Pyg()

T

4 [os]CRQN [Oés CFQN /dl’ d(I) paapr’PX) {Wb(CC)

(4.63)

+ 21— 2)g [D;fbﬂw\ (2P, Pas --)

g
— 2T [N Nih] [0 Ly + M, s ) 1 2) L
s(1

-z NZ2%
- AL)\MIQ(pr,pa, AR leLWl}O(pX).
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Next we consider the second term in Eq. (4.48). The trace evaluates to

Tr [Nlj(prvpaa QX) TPy N(jr(prapa,QX) ﬁa] = |M|2(prapa7QX)7 (464)

and, following steps described in the previous section, we find

docb:2 ( + 6) Ozs CF (Qx)

= g TN / A 40, (211, Qo) e |MPlap o Q). (4659

Extracting the singularity at © = 1, as discussed in the previous section, we obtain

do.cb,27NLP a.lC 1—e
dr = [ S]Si? qu)m(paapbva)[_2e+’{'m

0 .
(2 g + 7 ) Lo ) JOUPN) IME G P)

. (4.66)

(1 —2)4
0 o
X (Hm + QPZLW + (97 + wiy) Lp<7> O(Px) IM|*(zpy, pa, Px)-
b

_ [O‘S]SCFQ/\//dx d®,, (pas zps, Px)

Finally, we need to consider the third term in Eq. (4.48). This term is also subleading
in the collinear expansion which means that no boost is required. The contribution to the
cross section reads

1
do®?  [a,)CrQ' Ao (pa, 2pp, Px)

(Px)
dr 7€ * (4.67)

4p¥ A R
% (T‘I‘ [Nljprﬁn,Vpa] + C.C.) .
We then replace (1 — 2)~~! with the plus distribution in the standard way and find

do.cb,3 [QS]CFQI_E

1 1
= N/ dz APy, (pa, zpe, Px) [—6(5(1 —x)+

(1—2)4 (4.68)

dr 27€

4p¥ . R
x O(Px) Ta (Tr [N;prﬁnJ,pa] + c.c.) )
We compute the x = 1 contribution following the discussion in the previous section and
find
dgcb,?;,NLP [QS]CFQlfe

= N d®,,(pa, py, Px) O(Px)
dr 27€€

4 4
x 22 (T [N+, N,
S

-+ c.c.)
r=1

(4.69)

[as]CFQ dx
+ 5 N/ (1 — x)+ dq)m(payafpvaX) O(PX)

v
‘ (Tr [Nlj_ﬁbRﬁn,Vﬁa] + C.C.) .
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The 1/e pole in the first term of the above equation is canceled by the first term in
Eq. (4.63).

4.3 The final result for the next-to-leading power correction

In this section, we combine all the different contributions, and derive the final formula
for the production of an arbitrary colorless final state X in the ¢¢ — X process at next-
to-leading power in the zero-jettiness expansion at NLO QCD. We need to account for
the soft and two collinear contributions, presented in Eqgs (3.30, 3.98, 3.99), using further
simplifications of the last two equations (the collinear contributions) discussed in Secs. 3.2
and 3.3, and in Appendix B.

Using the above results, it is straightforward to check that, at next-to-leading power,
all 1/e poles cancel after summing soft and collinear contributions. However, the result
contains a In7-enhanced term, which appears as a consequence of the mismatch of the
e-dependent exponents of 7 in the soft and collinear contributions. We note that the 1/e
poles proportional to the tensor wg;; cancel when taking the sum of both collinear regions.

We write the next-to-leading power contribution in the expansion of the gg — X cross
section in the zero-jettiness as the sum of three terms

NLP
dO('iT _ [QS]SFQN{2 [ln <Ci7-> + 1:| CNLP,s + CNLP,CL + CNLP,b}' (470)

The finite remnant of the soft and soft-collinear contributions read

0
CNIPss — /d®m(pa,pb,Px) fom + Y P | Mo, pa; )P O(Px),  (471)
i€Lly P
where the sum extends over all particles in the process.” We note that for amplitudes with
massless particles only, the following equation holds

ot 3t | 1M PO =0 (4.72)
i€Ly v
This result follows from the fact that the mass dimension of the amplitude squared with
two initial-state and m final-state particles is (—k,,) and that the derivative operator in
the above equation probes the mass dimension of the amplitude squared in the massless
case.
The expressions for the two collinear remnants CN-:¢(%) are more complex. The E\ |Da
contribution reads

CNLPa — —2/d<1>m [(M(py, pa, Px)* O(Px) + /d‘“ dq)%{%ﬂm [Wa(x)

S A v
+ (1 a)g (Djf“’b \M(py, 2pa, ...) — 2Tt [Na’)/pN;_pb]) ba™ Ly,

5We remind the reader that the validity of Eq. (4.71) requires that the observable O is independent of
momenta pq, Pb.
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s(1—ux)

+ |M‘2(pb,$pa, ) B () Ly — 1

|IM2(py, Tpa, ... tHH1 Ly L,

1 0
-k 2p”
1-a), ( T Pag

— (12—p§:)+ (Tr [NaﬁaRgnJ,ﬁb] + C.C.> + Fhina (4.73)

S
+ Z(l — :L‘)g‘j‘_ﬂ

+ (977 + W) L,,U) |IM2(py, 2D, --.)

— 2Tr [Ny N, py]

N, (o — (1 — x)m)#’) ﬁb] + c.c.

+ Tr |:Na7[37pﬁ“ <R§’nJr + (1—x)s

2x Np
Ty [Naﬁa <R;{nﬁ . bf”) ﬁb] +ce

— X

bag”LW} O(Px),

where
d®,, = d®(pe, pps Px), AP = A (xpa, py, Px), (4.74)

We(x) is defined in Eq. (4.16), Fyq can be found in Appendix B, and the functions N,
Ny and Rgn appearing in the above expression should be evaluated with the following
arguments

Na = Na(py, 2pa, Px),

Ny = Ny(pp — (1 = @)pa;, pa, Px), (4.75)

Rg, = R, (b, Pas (1 — 2)pa, Px).
We note that many terms in Eq. (4.73) involve derivatives of the observable O; these terms
are written for a generic case and may simplify significantly if a definite observable is
considered. We will see examples of this in what follows.

The second collinear contribution with E\ |7, that we referred to as CNFP® above, can
be obtained from Eq. (4.73) by making the following replacements

Pa < Db, Na A _Nljv (476)

which also implies replacing the following quantities

Wa(x) _>Wb($), Drab _y Da:b,a’ bo = by, log —lp, te — tp, (4 77)
wgg — ng, Fﬁn,a - Fﬁn,b, dq)fr? — dq)ﬁf '

CNLP,b

Furthermore, the Green’s functions that would appear in will have to be evaluated

for the following arguments

Ny = Na(py, pa — (1 — x)py, Px),
Ny = Ny(zpp, pa, Px), (4.78)

Rgn = Rgn(pb)paa (1 - x)plh PX)
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Several terms in the collinear contributions CNP#() can be simplified further although
we do not try to do this systematically. As an example, consider the term

Wit Ly | M| (py, pa P ). (4.79)

in Eq. (4.73). Since w'} is an antisymmetric tensor, we can think of it as part of an
infinitesimal Lorentz transformation

[As] = g™ + dwy + O(6%). (4.80)

Because the matrix element squared is invariant under Lorentz transformations, we can
write

M (Db, Pa> AsPx) = [M|*(A5 Py, Ay 'pas Px). (4.81)

The inverse infinitesimal transformation is obtained by replacing § — —¢ in Eq. (4.80).
Finally, expanding Eq. (4.81) in 4, we find

0 .0

apl P opr

Y L | M (s s P ) = — (pg ) MPope Py (482)

which might be helpful for calculating this quantity for complex physical processes.

5 How to compute Green’s functions that appear in the formula for
power corrections

The general formula for subleading zero-jettiness corrections, derived in the previous sec-
tion, is complicated because it involves Green’s functions whose relation to amplitudes is
obscure. Thus, for such a formula to be useful, one has to understand how the relevant
Green’s functions can be calculated. It turns out that methods developed for computing
high-multiplicity QCD amplitudes more than thirty years ago [39] are suitable for this
purpose.’

Although we are certain that the discussion in this section can be made fully general,
for the sake of definiteness, we consider the case when the state X consists of N photons.
The observable function O(Px) is chosen in such a way that photons are hard and not
collinear to the incoming quark and anti-quark; hence, we treat them as hard particles
throughout the calculation.

We need to understand how to compute the Green’s functions N, NC(:b) * ete., as well
as R and its expansion to first order in k. We will start with the discussion of the two
simplest Green’s functions N, ;. To calculate them, we introduce the quark current J (c.f.
Fig. 2) which depends on the momentum of the incoming quark (that we denote as ¢,) and
the momenta and polarization vectors of N photons. The momentum of the anti-quark is
obtained from the momentum conservation. The current reads .J (qa, ¥ N ), where the set

b is given by Y = {(p1, 1), (2, €2), - (pn, ex)}, and (pi, ;) denote the momentum and

The extension of these methods beyond QCD is discussed in Ref. [41].
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m+1 m—1

A

Figure 2. Pictorial representation of Eq. (5.1).

the polarization vector of the photon i. The current is a four-by-four matrix that satisfies
the following recurrence relation

. N
A 7 3 R N
J(QmwN) =T = Z (Zeqem) J(QaawN/m)a (5'1)
Ga — QN m=1
where e, is the quark electric charge,
N
m=1

¥ N/m denotes the original set ¢y from which the photon m is removed, and the recursion
starts by identifying J(qq,{}) with the identity matrix. A schematic representation of
Eq. (5.1) is shown in Fig. 2.

Eq. (5.1) is general; it allows us to compute the current J and obtain the Green’s
functions N, from it. This is achieved by simply removing the propagator i/(¢, — QN)
from Eq. (5.1). We then find

N
Z Zeq‘fm Qa bawN/m) y (53)

where the two vectors ¢, 5 are different for the two cases. For example, many terms in the
final formula involve functions N, and N, in the collinear k||p, limit. In that case

qa = TPay qb = Pa- (5.4)

For the k||p, case,
9a = Pa — (1 - Jj)pba qb = Pa- (5'5)
In addition, we require the expansion of these Green’s functions for certain deforma-
tions of the quark momentum ¢; we will denote such deformations by dq. The important
feature of these deformations is that they do not affect momenta and polarizations of col-
orless particles of the final state X. Thanks to this feature, it becomes straightforward to
compute the expansion of the functions IV, ; with respect to such deformations. Writing

Fa-+ ba,16w) = FO (g, i) + 0,70 (q, ) + LB FO g, ) + O(B"), (5.6)
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we can derive equations that currents J ©) JW# and J@mv satisfy. In fact, the equation
for J( is identical to Eq. (5.1). The equations for JW# and J@# yead

. N
N 1 7 . =
T (o, o) = = ———A"T O (qa, ) + ———— D (i€gém) TV (g0, /),
Qa_QN Qa_QNmzl
N 1
@ (g hy) = ———— {y“J(I)’”(qa,@Z)N) + ’YVJ(I)’“(QaawN)} (5.7)
Goa — QN
i .
—|— - A~ Z (Zeqém> J(Z)’MV(QMwN/m)-
qa — QN m=1

To start the recursion, we use J© (g,) =1, JM#(g,) = 0 and J@*#(g,) = 0. To compute
relevant Green’s functions, we write their expansions as

0q,0
%Nfg"“’(q, Px)+..., (5.8)

where ¢ is the quark momentum and ellipses stand for terms with higher powers of dq.
Then, using Egs (5.3, 5.7), we find

Nap(q + 84, Px) = Nap(q, Px) + 6g, N (¢, Px) +

N
NG™ =3 (iegém) T (qan nym)

N
Né?b)nufl/ —_ Z (’Leqém) J(Q),,u,y (q%b,lb]\f/m) )
The two vectors ¢, are given in Eqgs (5.4, 5.5) and we identify Qn = Px.

The formula in Eq. (4.73) requires us to compute derivatives of the Born matrix element
squared. Although one can calculate these derivatives for simple processes, where matrix
elements squared are known, it becomes difficult to do so in complicated cases with a large
number of particles. To facilitate computing derivatives also in such cases, we relate them
to the Green’s functions that we have already introduced. In particular, we find

Q ~

D" No(py, tpa, Px) = N (py, 2pa, Px),

b b ) (5.10)
Dz DN, (py, 2pa, Px) = N2H (py, 2pa, Px).
Given these relations, we can replace
D | MP(2pa, py, Qx) —>Tr [Ng},)xﬁajvjﬁb} Ty [NaxﬁaNg}lz,+ﬁb} .
+ Tr [Navu Ny py] — Tr [Naxpa NS ,] -

For the term with the second-order derivative in the function W,(x) we find

g1 DYDY |MP (py, 2pa, Q) — gi”{Tr [N, apaNi ] + c.c.
o+ 2Tx [Nwpa N 5] + 2T [N N ] + cc. (5.12)

— 2Ty [Né}zxﬁaNjﬁyy} +c.c. — 2Tr [Na'yuNj’yy] }
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We note that the above replacements are only valid if they are done simultaneously in all
relevant terms.

The last ingredients required for the final formula for subleading power corrections
involve the Green’s function Rf and its expansion to first order in the momentum k.
To compute these quantities, we introduce the current GY that depends on the quark
momentum ¢, the gluon momentum % and the photon momenta and polarization vectors.
This current satisfies the following equation

G (g, ks o) = ZQN ¢ V) + Z icqtm) G (@, kidonpm) |, (5.13)

where the first term on the right-hand side describes the gluon emission off the anti-quark
leg, and the second term refers to a situation where the emission of one of the N photons
happens last, see Fig. 3. The boundary condition for the recursion is

G (q,k,{}) =0, (5.14)

because gluon emissions off the external quark line should not be considered. For the same
reason, the expression for Rg reads

N
REL (g, k) = D (ieqgem) G (g, k5 Yym) - (5.15)
m=1
For the case E\ |Da, We require Rf in the strict collinear limit, in which case ¢ = p, and
k = (1 — x)pg. For the case EHﬁb, Ry should be evaluated for ¢ = p, and k = (1 — x)p.
We also require the expansion of Rg  to first order in k. Since the dependencies on
k| arise after one of the two collinear boosts is applied to momenta p,, k and pp, we will
define the expansion of the current G for particular momentum deformations only. We
begin with the E| |pu case. Applying the A,-boost, to p, and k and expanding in k|, we
write

R k k
G <pa + i (1 —2)pg + M,ﬂw) =GO (py, (1 — 2)pa, ¥n)

_{_G(U%N (pcw (1 - ;U)paa ¢N> kJ_,u +-

where GO is computed with the help of Eq. (5.13). The recurrence relation for GOvn
reads

(5.16)

GO (e, (1= s ¥) = GO (1= ), )
. Ly ’ N -~ (5.17)
- i On [27 JH(pa,n) + Z (eqém)G (Pa> (1 = 2)pas ¥nym) | »
and the recursion starts with G(M*# = 0. Defining the expansion of RE as
Ry, (pb+k2l,pa+l;;,(1—w)pa+w,Px) (5.18)

~ Rf(i?’”(pa,pb, (1 —2)pa, Px) + ki,uRéln)’”“(pa,pb, (1 — 2)pa, Px) + O(k3),
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Figure 3. Pictorial representation of Eq. (5.13).
we find

N
R (9, Pas (1= 2)pas Px) = Y (ieglm) GO (pay (1 — 2)pas ¥vjm) -

m=1
For the E| |y case, we apply the A, boost and write

R k k(1
Gl/ <pa+;,(1—$)pb+m

5 ,i/JN) = GO (py, (1 — 2)pp, ¥n)

+GA(1)7VM (pa> (1 - x)plh ¢N) kJ.,u + e

We then derive an equation for GOwe Tt reads

a 1 1 o
G(l)ﬂju(pa: (1 - 'r)pbv wN) = % p ’.YMG(O),V(pa’ (1 - :U)plh wN)
abN
1 (1, N )
- p §7VJ(1)7M<pa7 wN) + Z (eqém>G(1),VM(pa7 (1 - l‘)pb, wN/m)] y
abN m=1

where Py = pa — pp(1 — ) — @n. Defining the expansion of Rf, as

ki kL ki(1+x)
f a 9 1_ 7P
Rg, (pb+ 5 Pat ( w)pb+72m X

~ RO (Do po, (1 — 2)po, Px) + kL p B (pa, py, (1 — 2)pp, Px ) + O(K2),
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we find for the k||7, case

N
R (pas po, (1 — 2)pe, Px) = Z ieqgem) GO (pa, (1 — 2)pp, Ynym) . (5.23)
=1

6 Examples of application

In this section, we apply the master formula in Eq. (4.73) to compute the next-to-leading
power correction in the zero-jettiness variable to various processes. We start with the
Drell-Yan process q¢ — [T1~ and the two-photon production qg — 7. These processes
are sufficiently simple to allow an analytic computation of the subleading contribution in
the zero-jettiness expansion. Then, we turn to the process q¢ — 4. In this case, the
matrix element and the required Green’s functions are complicated, so that we employ the
generalized currents introduced in the previous section to perform the calculation.

6.1 The Drell-Yan process

We consider the photon-mediated production of a pair of leptons in the annihilation of a
quark and an anti-quark

q(pa) + a(ps) = 7" = Up1) + L(p2).- (6.1)

The calculation of the next-to-leading power corrections involves several quantities that
we need to specify. They include the leading order matrix element and the phase space
appearing in Eq. (4.73). Since the 1/e singularities have already been canceled, we can
compute the relevant quantities in four space-time dimensions.

The analysis of the collinear k ||Pa contribution requires the (boosted) phase space d®5®
that corresponds to the process in Eq. (6.1) where the quark momentum p, is replaced with
xp,. The phase space reads

1 d
dos5* = —d 6.2
= df (62)

e
(2m)
In Eq. (6.2) ¢ is the azimuthal angle of the outgoing lepton in the reference frame where
the z-axis is aligned with the collision axis, and the parameter 5 € [0, 1] is related to the

polar angle of the lepton. With this parametrization, the momenta p; 2 read

p1 = x(1 = B)pa + Bpy + Vxsp(l — f)ny,
p2 = z2Bpa + (1 — B)py — VVxsB(1 — B)n,

where s = 2p,-pp, pap-n1 = 0 and nﬁ_ = —1. We note that the phase space parametrization

(6.3)

in Eq. (6.2) does not depend on the parameter z, so that if we set x = 1 also in Eq. (6.3),
we obtain both the x = 1 Born phase space and the momenta parametrization.

For the collinear region k||f}, we require the phase space d®zb. We can use Eq. (6.2)
to describe it provided that we use the following parametrization of the momenta p1 »

p1= (1= B)pa + xBps + VasB(l — B)n,

(6.4)
p2 = Bpa + (1 — B)py — /xsB(1 — B)ny
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This parametrization ensures that in the soft z = 1 limit Eqs (6.3, 6.4) coincide.
The appropriately normalized Born matrix element squared summed over polarizations
and colors reads

|M|2(pbap ;plapZ) 82 +82
Z AN (Qae2)2 = o-al . bl — 2(1 — 26 + 26?), (6.5)
c q

pol,col

where sq,1 = 2pq - p1, Sp1 = 2pp - P1, Ne is the number of colors, e is the positron electric
charge and @), is the electric charge of the quark in units of e. The leading order cross
section evaluates to

dog = 16w 5o AP’ (1 — 28 + 26?), (6.6)
where 0%a2
_ TG XQED
= 9 =2 6.7
o] SNC ) ( )

and d®g? is given by Eq. (6.2).

To compute the next-to-leading power corrections from the master formula in Eq. (4.73),
we have to calculate a significant number of terms. We will perform the computation set-
ting N, —+ 1,Q4, — 1 and e — 1 and restore the relevant factors at the end. Then, we have
to use

2 sa1+ S 2
(M (o, pa; p1, p2) — 8= = 8(1 = 26 + 267, (6.8)

With this normalization, the Green’s functions N, read

{ _
No=Np = = (@p1)7"0(p2)) - (6.9)
It follows from Eq. (6.9) that neither N, nor N, depends on p, and pp, which means
that it is not affected by the boost and that it does not depend on the gluon momentum
k. Hence, we find

1),
N = 0. (6.10)

Furthermore, in case of the Drell-Yan process, no gluon emissions from the internal lines
can occur, which implies that
RE =0. (6.11)

n pr—
Another simplification is that for a 2 — 2 process ko = 0, which follows from the fact that
Born amplitudes for such processes have vanishing mass dimension.

With these preliminary remarks out of the way, we proceed with the calculation of
the subleading power corrections, using the general formula in Eq. (4.70). We will start
with the discussion of the collinear EHﬁa contribution which means that we employ the
parametrization of momenta p; 2 given in Eq. (6.3) to write the corresponding expressions.
Several ingredients need to be discussed.
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e Traces that involve pg, py and some combinations of N, and Ny. These are straight-
forward to compute given the expressions for these Green’s functions. We find e.g.
1-— 1-— 1-—

BL=8) ,  80=5) ,  BL-5)

1+25—262_81—2,8+252
> .

Fina =—8(1—28+25%) + 32
(1-2)8(1-B) _ g

T T

— 16

X

e Terms that involve derivatives of the various quantities w.r.t. momenta of the incom-
ing partons. Such derivatives appear in several terms in Eq. (4.70) and also in the
definition of the function W,(z), c.f. Eq. (4.16). We start by discussing derivatives
of the matrix element squared. In principle, these derivatives may not be uniquely
defined given the need to account for the momentum conservation, etc. However, in
our formulas, the potentially ambiguous derivatives, always involve contractions that
make them unique. For example, we find

B 16piL

gingb‘M2(pbapaaplap2) = 52 (Sal - sbl) ) (613)

where D = 9/9p", — 0/9pY. Furthermore, using Eq. (4.82) and Eq. (4.72), it is easy
to see that

0
K2 + 2]95 + (gul/ + ng)Luu |M2(pb>pa7plap2)| =0. (614)

Opla
e Terms that involve derivatives and traces can be computed in a straightforward way
using the above results. For example, we find a compact expression for the function

Wa,

1—=x

Wa(z) =4 (1—26+28%). (6.15)

We also find that in the Drell-Yan case
9 (Dgavb IM|2(py, 2pa, ...) — 2T [prNjﬁb]) Dol Ly = 0. (6.16)

Another contribution with derivative operators and traces evaluates to

ap
g .
s(1— ac)i{ — 2Tr [Ny Ny py]

N, (o — (1= x)zaayw) ﬁb} + e

2 N, p
+ T [Napa (1»22“7+ B R ‘”ﬁ> pb] + c.c.}bagVL,w (6.17)
S

_ a0 M“j“{ [P — (1= 28)(1 — ) aplt + (1— 28)8 pl] On,

[ (1—28)B xpt — (1—28)(1 — B) o] agu},

where 0y, are derivatives 9/ 8p’f72.
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Expressions for the case l;\ |py can be obtained from the formulas for k ||Pa by replacing

B—=1—=0,  pa< D (6.18)

The total subleading contribution is obtained from Eq. (4.70), using the partial results
described above. We find

DY,NLP 4 1 1
do _ [Oés]SCFQdO_O [(_1 + 2D> + 5 log <TSQ> 'D:| (9(p1,p2)

dr
1
+W/da dx[_Q(l—lx)Jr(D cb)

+D

ca

. (3 vl — B o] 01y + [Bpéi—ﬁ_pﬁ]@zu)

ca (6.19)
< 1u+16pa82u +P(ﬁvl‘apavpb;plvp2v81782)>

_l’_

8(1— 2B+ 282)

ﬁ pa— pb alu [5 Pa — B pff] aQ,u
2 (1 — LL’)+ o

+ 5 pbal,u + /6 pgah P(B?'rapbapa;plapzv 817 82)
2 8(1— 25 1 207)

ca

:| O(plupQ))
cb

where 3 = 1 — B and doy is given in Eq. (6.6). We note that bars with a subscript ca or
cb indicate that after applying derivatives to the observable O(p1,p2), the ensuing scalar
products must be evaluated in a particular collinear kinematics given in Eqs (6.3, 6.4) for
the ca and cb cases, respectively. The differential operator D reads

D =p¥ai,f +p§‘£5- (6.20)
The other differential operator P (8, x, pa, Pv; P1, D2, 01, 02) appearing in Eq. (6.19) also acts
on the observable O(p1,p2). It is given by the following expression

1+ 2
P(ﬁ7x7pa7pb;pl7p2)8l782) =-2 < LE (1 - Gﬂ + 6/82) fol_(ﬁ)>
+ g2(z, B) P01y + g2(x, 1 — B) phday + g1(x, B) phdi, + g1(9;1,5) Py O2u
71 -
+g1(x, 1 — B)phday + gl(mlxﬁ)pgalu
(1+.732)f0(,6) _ _R\2,.2 oV 9p2  HoU
+ 55 [ 2(1 = B)"x" pp, — 28° Py} (6.21)

—x (paps) ¢ + 2 (z php{ + pipY) +42B(1 - B) pé‘pi} 1,01,
+ [ (Fo(8) = 2) (a® wlivks + pfp}) + (2 pip + pivh) + (@ kv + plpY)
— 2 (papp) ¢" — x (1 —28%) phipy + = (1 — 43 + 257) prZ] D201

+ (p1 < po2, 5<—>1—ﬁ)},
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Figure 4. Relative difference between the small-jettiness expansions of the Drell-Yan cross section
with an observable and its numerical integration.

where z; = 1/x,

g1(2.8) = —4(1— B)fo(B) + fu(1 — Byx + 2L =F).

v (6.22)
(e, 6) = fs1 - 0) + 2,

and
fo(B) =1-28+25% fi(B)=—148° + 168> — 78+ 1,
f208)=1+8-832+108% f3(8) = fo(—B) — 2.

We note that the complexity of the above formula is related to the fact that the observable
O(p1,p2) is considered to be generic. If e.g. all derivatives applied to an observable,

(6.23)

that appear in the final formula, are dropped, the expression for next-to-leading power
corrections for the Drell-Yan process simplifies dramatically.

To ensure the correctness of the master formula, we perform the following checks.
First, we repeat the calculation of the zero-jettiness power corrections to the Drell-Yan
process employing explicit expression for the matrix element squared and using explicit
parametrization of the phase space. We find a complete analytic agreement between the
result of such “explicit” calculation with the result that one obtains when using the master
formula to derive the power-suppressed term.

We can also use the master formula to rederive results for the vector boson production
discussed in Sec. 2. To do so, we choose the observable that constrains the invariant mass
of two leptons

O(p1,pa2) = 6(2p1 - p2 — mi). (6.24)
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Since in Sec. 2 we work with hadronic, rather than partonic cross sections, we need to do
the same here. Hence, we employ Eq. (2.7) to calculate power corrections to the hadronic
cross section using the master formula for do(s)/dr adapted to the Drell-Yan case, and
integrate over the leptonic final states to compare with Eq. (2.34). The derivatives of
the observable will be related (via integration by parts) to derivatives of the luminosity
function and other terms in the formula. We find that O(7log 7) terms agree immediately,
while other O(7) terms agree after integrating by parts over z, to transform terms with
Ly (m%/ / z) into ones with £ (m%/ / z). The relevant equation reads

1 ’

/dz L1 (m3/2) f(z) = — 1) /ldzﬁ (m3/2) (;;f(z)> . (6.25)
0

m
0 14 %4

We may use Eq. (6.19) to recover results for power corrections, obtained for the Drell-
Yan process ¢ — V in Ref. [16]. This calculation is more complex because in addition to
the invariant mass, the rapidity of the vector boson (or, equivalently, the dilepton rapidity)
is constrained. Furthermore, the definition of the zero-jettiness variable used in Ref. [16]
differs from what we employ here since Born-projected momenta for the incoming partons
are used there to compute zero-jettiness. Nevertheless, choosing the observable
1. Py (p1+p2) —Y> 7

O , :5 2 : _M2 5 71
(p1,p2) (21 s ) (2 rlPa-(pl +p2)

where P, ; are the hadronic initial-state momenta, and adding the appropriate convolution

(6.26)

with parton distribution functions, it is possible to use our master formula to rederive
results of Ref. [16]. More information about this comparison can be found in Appendix D.

Another check of the master formula originates from an opportunity to perform another
specialized computation for Drell-Yan process g7 — [T1~. Indeed, as shown in Appendix E,
it is straightforward to derive power corrections to the rapidity of ome of the charged
leptons, using dedicated phase-space parametrisation. Alternatively, we can derive the
same result from the master formula. To this end, we choose the observable

e (Y, PP
O(p1,p2) = 6(y yo)—<5<21npa.p1 yo>, (6.27)

that fixes the lepton rapidity. For the comparison it is important to realize that the variable
2 in this section and the variable z in the appendix are, in fact, the same, and a both given
by the following formula.

1
r=2z= g(pl +p2)°. (6.28)
Furthermore, the rapidity is expressed through variables x, § differently in two collinear
sectors, i.e.
1, z(1-p 1-p
yca_2ln(ﬁ)a ycb_2ln( .T,B ) (629)
It follows .
1+ Le2v)™ sector ca,
B = (1+ze ),1 I (6.30)
(1 =+ :Uer) , sector cb.
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After expressing everything in terms of the rapidity and evaluating the derivatives of the
observable (that lead to derivatives of the rapidity-constraining delta function that we need
to get rid of by integrating by parts), we find perfect agreement in the distributions in yo
obtained from both approaches.

In addition, we have performed a numerical check, as we now describe. To keep things
simple, we take an observable that constrains the invariant mass of the two leptons

O(p1,p2) =0 ((p1 +p2)* — 50) , (6.31)

and compute the fiducial cross section by performing the phase-space integration in Eq. (3.2)
at fixed values of 7. To this end, we remove the d-function responsible for the overall energy-
momentum conservation by integrating over the three-momentum of one of the leptons and
the energy of another lepton, following the discussion in Appendix E. The zero-jettiness
d-function is removed by integrating over the energy of the emitted gluon. Integrations
over the emission angles of one of the leptons and the gluon are performed numerically.
For the numerical integration itself, we take sy = 0.1 GeV?, Q@ = 0.1 GeV, s = 1 GeV?
and set all couplings and charges to 1. We perform the calculation of the differential cross
section at finite 7 for 7 € [Tin, 1], where 7y, is 10730,

We wish to compare the results of the numerical and analytic computations. The latter
(for the subleading power) is given in Eq. (6.19); they have to be supplemented with leading
power results that are well known. An important feature of the observable in Eq. (6.31)
is that it is invariant under Lorentz boosts applied to leptons. This leads to significant
simplifications in the final formula for next-to-leading power corrections to the Drell-Yan
process. We find

dO.DY,NLP _ 4[as]CFQd
dr

i) _ 1
1—xzg 4(1—28+23?)

x/ld:n<1+w2 (1—65+652)+2fo(m> e(sx—SO)],
0

- [ 1o
(6.32)

2 z

where xg = sg/s. We note that there is no log 7 term in the subleading power corrections
for the observable in Eq. (6.31), but this feature is certainly observable-dependent.

In Fig. 4 we plot the relative difference between the numerical and analytic results,
normalized to the analytic result. At very small values of 7, the precision of the numerical
calculation is insufficient to constrain subleading power corrections, but it is good enough to
check the leading power contributions. However, for values 7 € [1078,1074], the precision
becomes sufficient to enable the check of the subleading power correction.

We performed a numerical fit for the 7-independent coefficients of the fiducial cross
section defined with the observable in Eq. (6.31). Making an ansatz

do

Er 771 (log TCLp, L1, + CLp, NLL)+Hlog TONLP, LL+CNLP, NLL+TCNNLP +T2CNaLp+7°CNarp

we compute do/dr for different values of 7 and perform a standard x? fit to determine the
coefficients. The fit is done using the values within the range 7 € [1073°, 10°]. The result

~ 51 —



Table 1. Comparison of the expansion coefficients of the fiducial cross section of a Drell-Yan
process in the zero-jettiness variable through next-to-leading power, obtained through a numerical
fit and an analytic computation, for the observable in Eq. (6.31). We take so = 0.1 GeV?,Q =
0.1 GeV,s =1 GeV? and set all couplings and charges to 1.

coefficient fit analytic
CrpLL —4.740740718 —4.740740 741
CrpNLL 13.741 118 266 13.741118217
ONLP,LL 0.00017 0.000 00

CnppNin —1.0710 —1.0725

of the fit for the relevant terms is shown in Table 1 together with the results obtained
from the analytic computation. Excellent agreement among the T-independent coeflicients
is observed.

6.2 Production of two photons in gqq collisions

Next we consider the production of two photons in the annihilation of a quark and an
anti-quark
q(pa) + a(ps) — v(p1) +7(p2)- (6.33)

Since this is also a 2 — 2 process, we can use the same phase space and momenta
parametrization as in the Drell-Yan case. However, the main difference between the two
cases is that in the di-photon production the quantities Rgn and N(ilb) * do not vanish.
Because of this, we can check all the entries in the master formula for subleading power
corrections given in Eq. (4.73).

For the di-photon production Eq. (6.33), the leading order cross section reads

(1-28+23?)
BL—-p6)

where the phase space and the momenta parametrization can be found in Eqgs (6.2, 6.3),

do? = 167 537 dd, (6.34)

and Lo
_2y 7TQqO‘QED
0y = ————.
sN,.

Similar to the Drell-Yan case, we perform the computation setting N, —+ 1,Q, — 1 and e —

(6.35)

1, and restore the relevant factors at the end. With this normalization, the required Green’s
functions can be computed either using formulas provided in Sec. 5 or simply collecting
relevant Feynman diagrams which, for the process in Eq. (6.33) is quite straightforward.
We find

i [ Ba =P Yu(Ba = Do) s (6.36)

Na,b(pbypwPX) = Sa1 Sa2
a a

where ¢; are the polarization vectors of the photons and su; = 2p.p;, ¢ = 1,2. We note that,
when constructing N, ;, we obtain the momentum of an anti-quark (p,) using momentum
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conservation. Similarly, the function Rpg, is easy to construct; it reads

17 (Ba =k — $1)7° (Pa — 1) 70
l%p Db, P, 7k7}?X =1
fn(Pb: Pa ) (Sa1 + Sak — Sk1) Sat
’Vu(ﬁa - ﬁQ)’Yp(ﬁa —k— 152)’)% EM*EV*
(Sa2 + Sak — Sk2) Sa2 12

(6.37)

+

We note that the above expressions can be used for both E\ |pa and k ||Pp cases. In the first
case, in Eq. (6.37) we have to take p, — zp,, k — (1 — 2)p, in the strict collinear limit,
and in the second case p, — p, and k — (1 — x)pp.

Given the above expressions, it is clear that the Green’s functions N élb) ? and R&)’p 7 do
not vanish. They can be obtained by expanding the above formulas in the relevant small

parameters, routing the momentum perturbation in a particular way. We find

) 2

Y Ak} Yo (Pa — P1)7
Néb)p(Pb,pa,PX)I—z[l’“+2(pg_p;17)M
Sal Sal

) s (6.38)
YuY Vv Yu\Pa — P2)Vv * px
+ 2 4+ 2(pf, — pfy) ]e*f €5,
Sa2 Sa2
and
e bo — k= POV W7 (Ba — P1)Y
RO (g, pak, Py) = Loty | 1P ‘o ]
i (P Pa ) 21 2 | 2 (541 4 Sak — Sk1) Sa1 (Sa1 + Sak — Sk1) Sa1
(6.39)

+2<p2—p‘1’_ pg — k7 —py >%(ﬁa—/~c—ﬁ1)7p(ﬁa—ﬁ1m NPy

ZSq1 (Sa1 + Sak — Sk1) (Sal + Sak — Sk1) Sal

The comment about momenta assignments for the two collinear cases below Eq. (6.37) also

applies for N(W-# and R&)’p ? in the above formulas.

We proceed with the calculation of the subleading power corrections, and discuss var-
ious contributions that appear in the general formula Eq. (4.70).

e For the finite reminder (c.f. Appendix B) in the k|7, case, we find

1—2 \?> _1+28-—282
F2 =38 <> -8 ———+— + 32, 6.40
e =\5a—p) ~* BB (0:40)
e As we already mentioned, since we consider massless particles, the following equation
holds 3
[fim + 2pH ot (9" + WZZ)L;LV] | M?(Pb, Pas p1,p2)| = 0. (6.41)
a

e The function W, evaluates to

1—z (1-28+25%) 32
W2(z) = 2 $x((1_ﬁﬁ;r265)+x. (6.42)

It contains one term that does not vanish in the soft x — 1 limit.
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e We also find
gia (Dﬁ“’b |M\2(pb, IDq,...) — 2Tr [Na'ypNjﬁb]) bah Ly

(1_25+252) (1—2,8) (1—25)2 (1—2,8)2 "
sz(1—pB)B {[(1—5)g plf_T (1_@%]% (6.43)
_ _ 2 _ 2

-y = S o

=38

xph +

i—pp"a=p e 8

e Another contribution with derivatives and traces that involves multiple Green’s func-
tions evaluates to
af
s(1 - 2) % { — 2Tr [Navs N ]

Ny (B — (1— x)ﬁa)7p> 5 ] +ee

A~ ,+
+ TI' [Na’Yﬁ’Yppa <R1€1n + (1 _ .le)S

2 N pa
T, [Naﬁa (Rg“* _ M) ﬁb] n c.c.}bagVLW
-z s (6.44)
41 -2B)(1 — 227 + 222 8?)
B z%(1 - B)2p?
. { [P~ (1—28)(1 - B) apl + (1 - 28)8 pf] O,
— [+ (L= 288 apl — (1 - 28)(1 — ) p}] a}
As in the previous section, to get CNP we should replace
/6 — ]- - Ba Pa — Db (645)

in the above formulas.
With all the necessary ingredients, the total subleading contribution can be obtained
using Eq. (4.70). In this case we get

2y NLP  glq, 1 1
do _ [04 }SCFQdO_g“/ [(_1 + 2D> + 5 log <TSQ> 'D] O(p1,p2)

dr
1
+M /dx{‘M(D )

+<ﬁpa Bpl] O+ [ﬂpz—ﬁpz}azﬂ>

ca

T o), (6.46)

( 31u+5pa82u N Por (B, 2, pa, Py; P1, D2, 01, 02)
8(1— 26 + 272

B pa— B pb a1,u [5 Pa — B pff] 82,u
2(1—x)4

ca

—+

ca

cb

— 54 —



} O(p1, p2),

n B plion,, + B ploa, N Paor (B, T, Do, Pa; P1, P2, 01, O2)
2 8(1— 28+ 22)

cb

where B = 1 — (3 and vertical bars indicate that terms have to be evaluated in the ap-
propriate collinear kinematics. The differential operator D is defined in Eq. (6.20) and

P2'y(5,l’apmpb;pl,p%al,@z) is given by

Pory(B, %, Pa, b P1, D2, 01,02) = P(B, 2, Pa, Pb; P1, P2, 01, 02)
(Haz2 5+4(88)° 8 gy (21,8) 4

ey 5) + 01w, 8) Py, + T (6.47)
_ 9~y (ml,B) M g+(z, B) 5

+ oo, BYphty + L ey, — Sy,

(1 —28)"" (2) b 0oy,

wB(1—28)"
where
(1-28)2 (1—4?)

B r

Similar to the Drell-Yan case, the results shown above were checked against the direct ex-

gy(z,8) = (6.48)

pansion of the NLO matrix element squared of the process q(pq) + @(py) — v(p1) +v(p2) +
g(k) through next-to-leading power in the gluon momentum in the soft and collinear lim-
its and then integrating over the unresolved phase space. Full agreement with the above
formulas has been found. This completes the check of all the entries present in the master
formula given in Eq. (4.73).

6.3 Production of four photons in gq collisions

In this subsection, we apply the master formula presented at the end of Sec. 4, to cal-
culate the subleading power corrections in the zero-jettiness to the production of a high-
multiplicity colorless final state. For this purpose, we developed a FORTRAN code capable
of computing the subleading power corrections to the production of an arbitrary number
of photons in ¢q collisions.

The central element of the code is the computation of the generalized currents described
in Sec. 5 which can be done using recursive functions in FORTRAN 90 for an arbitrary
number of final-state particles N. The use of such functions makes coding straightforward.
However, it also requires careful optimization since the calculation of matrix currents is,
in fact, quite expensive. In addition, phase space routines for an arbitrary number of
final-state particles are available (see e.g. [42] and [43]), making it straightforward to write
a program to compute the subleading power correction in the zero-jettiness variable to a
process qq — N'y.7

An important limitation of the current code is that it works for one observable at a
time. This observable should be such that it keeps all photons hard (i.e., not collinear to
the incoming quarks and not soft) or, at the very least, it should regulate the cross section

"In practice, we have employed the multi-particle phase-space generator written by K. Asteriadis.

— 55 —



in potentially singular regions of the phase space. A possible choice is the product of the
squared transverse momenta of all photons, i.e.
2 2 2
_ P11 Pyy PN

O(Pn~) = N =, (6.49)

where s = 2p, - pp. The transverse momentum squared of the ¢-th photon is given by

pzﬂ _ 2(Pa i) (Po 'pi)' (6.50)
Pa - Db

We have checked the numerical code by using it to calculate the subleading power
corrections for the production of two photons (using the observable given in Eq. (6.49)),
and comparing the result with the integration of the analytic expression for subleading
corrections to the qg — 7 process presented in the previous subsection. We found excellent
agreement between the results of the two calculations.

We then used the numerical code to compute the subleading power zero-jettiness cor-
rection to q¢ — 4 for the observable in Eq. (6.49). We found that computation of the
subleading power correction for four-photon production with a percent precision required
O(10 000) CPU hours. This is to be contrasted with O(5) CPU hours needed to compute
the fiducial leading order cross section for the four-photon production. This increase is
related to the complexity and the number of the many different currents that are required
at subleading power but, probably, with further optimization, significant improvements in
efficiency can be achieved.

In order to validate our numerical results for the zero-jettiness power correction to
qq — 4, we used the same FORTRAN code to compute bin-integrated cross section for
qq — 4 + g with the observable in Eq. (6.49), i.e.

a d
/ dr 2 O(Py,), (6.51)
Tmin
for several bins [Tiin, Tmax] drawn from the interval 7 € [1074,1]. We then write
doy, _ doiy N do}LP
dr dr dr ’

(6.52)

and use the well-known result for the leading-power cross section daffwP /dr, and the follow-
ing ansatz

2 P 3
= log 7(Co NnLp+TCoNnNLP+T“Co N3P ) +C1 NLP+TC1 NNLP+HTCh N3LP+7°Cl1 NaLp

for the subleading one. We then perform a standard y? fit to determine coefficients in
the above equation by integrating the ansatz for each 7-bin. The fitted coefficients Co n1.p
and C nrp are then used to determine the subleading soft and collinear coefficients using
Eq. (4.70).

The results of the numerical evaluation of the subleading power corrections to four-
photon production and their comparison with the fitted results is shown in Table 2. We
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Table 2. Next-to-leading power coefficients as defined in Eq. (4.70) for 4v production at /s = 200
GeV with the observable defined in Eq. (6.49). In this case, the collinear coefficient CNF+? is equal
to CNLPhe - To compute these coefficients, we have set quark electric charges to one, ee, — 1.
Fitted results for the next-to-leading power coefficients are compared with the results obtained by
a numerical integration of the derived analytic formula.

coeflicient numeric fitted
CNLPs 2.61598(7) x 1077 2.5(1) x 1077
CNLP.a 8.61(8) x 1077 8.9(5) x 1077

find an agreement between numerically-calculated and fitted coefficients within the error
of the fit. We note that further reduction of the fit error is possible, but would require a
more significant computational effort.

7 Conclusions

We discussed the computation of next-to-leading power corrections in the zero-jettiness
variable to the production of arbitrary colorless final states at hadron colliders at next-to-
leading order in perturbative QCD. Our goal was to investigate whether a similar degree
of universality that exists for leading power corrections can be achieved for the subleading
ones. We have relied on the powerful tools developed to study infra-red and collinear limits
of QCD which employ momenta redefinition and Lorentz boosts, and we have shown how
to use these methods to construct an expansion of the generic phase space and matrix
elements squared at next-to-leading power, restricted to the production of colorless finals
states.

The most challenging aspect of these expansions comes from the collinear limit where
the universality of the limit is lost at next-to-leading power in the sense that the result
depends on the radiative process albeit in the simplified kinematics. We have argued
that complicated Green’s functions that arise from these expansions can be calculated
recursively using analogs of Berends-Giele currents [39] which should enable applications
of the derived formulas to processes with high multiplicity final states. We have provided
an example by computing the next-to-leading power correction in the zero-jettiness variable
to the fiducial cross section for the production of four hard photons in ¢g collisions, and we
have constructed a numerical code which can be used to compute such power corrections
to q§ — N~ process for any V.

We note that we only considered the g annihilation channel in this paper whereas
also qg — X + ¢ and similar channels are needed for a complete next-to-leading order
computation. The most important difference between q¢g — X + ¢ and q¢ — X + ¢
channels is that in the former, a soft final-state quark only contributes to subleading power
so that the analysis of the soft limit is significantly simpler than in q¢ — X + g case. On
the other hand, we do not anticipate any significant differences between ¢g and gq channels
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in the collinear limits. Thus, we believe that the methodology developed in this paper can
be applied to all partonic channels in a straightforward way.

An important shortcoming for the numerical implementation of our method is its
explicit dependence on observables. This is in strong contrast to calculations at leading
power where one obtains all observables in a single Monte-Carlo run by computing many
of them for each generated kinematic point, and storing them in histogram bins. It is
important to find a way to do this for power corrections as well, since it will make such
computations observable-independent and significantly more efficient.

Eventually, one would like to extend the current understanding of the next-to-leading
power corrections in the context of existing slicing schemes to arbitrary collider processes,
similar to what has been achieved at leading power. This is a highly non-trivial task, and
there are lessons that one can take from the computation described in this paper. For ex-
ample, at next-to-leading order, next-to-leading power contributions to arbitrary processes
originate exclusively from soft and collinear limits that can be treated independently. Simi-
lar to the leading power case, at next-to-leading power the soft contributions can be treated
universally and the collinear contributions — which appear to be the major bottleneck —
are localized on the external legs. At the same time, extension to QCD final states will
require understanding of jet algorithms and their interplay with power corrections, and, as
we already see, observables introduce a significant degree of complexity into the analysis
of subleading power corrections even for colorless final states. All in all, it remains to be
seen to what extent the approach introduced in this paper can be used to extend slicing
schemes to next-to-leading power for arbitrary processes at NLO QCD and beyond.
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A Explicit formulas for boosts

For the analysis of collinear contributions, four boosts are required. In the main text, they
are denoted as Ay, Ay, Agz, Ap. In this appendix we present these quantities explicitly.

A general formula that describes a Lorentz boost that transforms a four-vector @Q; to
a four-vector Q)¢

Ql; = [Agen(Qﬁ Qi)}uy zl'/a (A-l)

reads

2Q; + Q)MQr + Qi) 2Q%Qiy
Agen ) Wi Ho= ,uy - .
[Agen(Qr, Q)" =g Q7 Q. - &

The above equation is only valid if ch = Q?. We use this formula to compute expressions

(A.2)

for the Lorentz transformations in the various limits.
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A.1 Case k||Pa

We begin with the discussion of the collinear boosts in the case when the gluon is emitted
along the direction of the incoming quark with the momentum p,, E| |Pu. Then,

Qf:Qazxpa‘i‘pba Qi =Dpa +pp — k, k:(l_x)pa+l~fa7 (AB)
and we need to expand the Lorentz boost in Eq. (A.2) to second order in kq. We find

FEQu—kNQh  1QHQY-,  LELEY
Q2 2 Q3 " 2 Q2

We will also need the inverse of A,. It is easy to see that, to the required order, A;?! is

A (Qy, Qi) = g + + O(ED). (A.4)

obtained from A, by replacing k, — —k,. Then

BiQy — kiQn  1QuQur,  LkikY
Q2 2 QF Y 2Q27

This transformation needs to be applied to p,, pp and k. The calculation of Ayp,p and

(A" (@i Q) =g ~ (A.5)

Aok requires us to compute scalar products @, - pap and ke - Pab- Since Qq = Tpq + pp, We
find
QZ =18, Qq Pa= 5/27 Qa Py = :L‘S/Q, (AG)

where s = 2p, - pp. Furthermore,

Qa'pa_ 1 Qa’pb_l (A7)

Q2 227 Q2 2

Since k = (1 — z)p, + kq, we find

k-p,= i@'a * Pa, (AB)

and, using k? = 0, we obtain

E2 = =201 — 2)ka - pa = —2(1 — 2)k - pa. (A.9)

a

It follows from Eq. (3.48) that kg - pp = —kq - Pa-
Combining these formulas, we find the following expressions for the boosted momenta

1 - kpe (1—3
Aapa:pa"i_*ka"i_Qa d < x)?
2x

Q: \ 2z
1 - kpe (3 —=x
Aa = 5 Ra a A~ ; .
Py =pp+ 5k +@Q Qg< 5 > (A.10)
1+zx - kpa (1 — 22
Ak =1 —2)ps + — kg @ —o .
a-om+ 5 b o g (150
Additionally, we write the formula for the Lorentz transformation of k, and of p, — k. We
obtain
1- k-ps3—= ~ ~ k2
Ao(pa — = TPa — sFa — Wa 2 y Nokq = a— 75 Qa- Al
(pk)xp2k‘QQg2 kagQ (A.11)
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To extract soft singularities from the collinear case k ||, we need a Lorentz boost AL
It reads

A" = g — 2@pa o + VP )" (0 + Pt VEPw)” | Hxpa+ 2o)" Py -y )
a s(2z + /z(x + 1)) s\ ' ‘
The expansion of A} around = = 1 is given by the following formula
A_lef v l-= 01 2 Al
[ aa:] =g _Twab+ (( —iL') )7 ( . 3)
where w -
PaPy — PoP
why =22b  Teth (A.14)

Pa - Db
A.2 Case k||pp

We continue with the discussion of the collinear boosts in case the gluon is emitted along
the direction of the incoming anti-quark with momentum py, k||p,. Then,

Qr=Qy=patapy, Qi=patpr—Fk k= (1—z)py+kp, (A.15)
and we need to expand the Lorentz boost in Eq. (A.2) to second order in k. We find

v, MQE - RQ)  1Q0Q) ., 1Rk

7.3
5 R R W +O(kD). (A.16)

A (Qf,Qs) = g*

To the required order, the inverse Ab_1 is obtained from A, by replacing ky — —kp. Then

E”QV — ];/‘VQ” 1Q1QY - 1 kM kY
1y v
[Ab 1] (Qf;Qi)_gM b bgg bh B ngbkl? 9 ngb'

(A.17)

The calculation of Ayp,; and Ayk requires the scalar products @ - p,p and Ky - Dab-
Since Qp = xpp + pa, we find

Qi =15, Qp-pa=5/2, Qp-pp=5/2, (A.18)

so that
Qv-pa 1 Qp-pp 1

Q2 = Q@ o7 (A.19)
Since k = (1 — a)py + kp, we find
k- py =k - pp, (A.20)
and because k? = 0, we obtain
k2= —2(1 —2)ky - pa = —2(1 — 2)k - pp. (A.21)
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It follows from Eq. (3.48) that kp - pa = —Fkp - pp.

Using the above results, we find the following expressions for the boosted momenta

k — 3
Apypy = pb+*kb+Qb pb( >,

Qb 2z
kpy (3—x
Abpa Da + = kb + Qb () )
Qb 2
14+2x - kpy (1 — 22
Ak = (1 — — | —].
ok =(1-2) 2:1; Q%( 2z )
We also find
kpb3 > ~ ];12
Ap—k::Up— -Q s Npky = ky — =5 Qp.
»(Py ) b be 5 bRb b Q% b

The Lorentz boost Ab_m1 reads

2(pa + xpy + VT Pap)" (Pa + xpp + VT Pap)” . 2(pa + xpp)* PY,

(A5 1" = 9" =

s(2z + Vx(z + 1)) s\/x
The expansion of Ab;l around x = 1 is given by

1w v 1— 2
[Ap 11 = g +TW , +O((1 —2)%),

where the tensor w!}’ can be found in Eq. (A.14).

B Formulas for remainders

In Eq. (4.73), we have defined a remainder for the k|7, case

Fﬁn,a = Frem,a + Frr at 3 (Cla + C2a + C3(z> ’

where
Froma =~ [MP(py,apa; ) + 5T [Napi* puNy Burin] + c.c.
_ iTr [Naﬁbvuﬁajoﬁb] Yee + %Tr [Napo N )
and

(A.22)

(A.23)

(A.24)

(A.25)

(B.1)

(B.2)

1 . R . 2 R . R .
Frr,a, = ;Tr [RgnpaN;_pa’Y,upb] +c.c. + gTr [NbpaNgj—pa] —Tr {RﬁnpaRgfpb} 9l,uv- (BS)

When computing the collinear expansion of the matrix element squared in the E\ |Pa

limit, we pointed out that three terms need to be expanded to second order in the transverse
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momentum k| , after the Lorentz boost is applied. They are

2 " R
Cia = ﬁTr [Na/'faN(j_pb] Ay

Pa -
NakaYvPa Ny Do
Cy =Tr : + c.c.,
2(1 [ (_2pa . k) A (B.4)
Co = 2Ka Tr | Nyap R+’”—N+ﬁﬂy p +c.c
3a (1 _ x)(—?pa ] k) aZlPa fin b g Do N .C. .

Since the Lorentz boost of k, gives the transverse momentum k| and since two powers of
k., are needed to obtain the non-vanishing contribution we define quantities that contribute
to the cross section in the collinear limit
Co = lim (Cir), - (B.5)
k%2 =0
In the above formula the two brackets indicate that one averages over k| directions. To
compute CF

a’
first order in k. Performing the boost, and expanding in k&, , we find

i =1,2,3, we require the expansion of Ny, N, and R after the boost A, to

k
N, (pb + k—J‘,xpa _ kJ—pr> = NO _ Zhe @

2 2 a 2 @ o
ki ki ©) , KLy
N, — (1 — — P = N, ENMP B.
b (pb ( l‘)pa Zx’p“ + o X> p T op b + ) ( 6)

ki ko ki(1+ )
t — Pa+ —, pa(l — _
Rﬁn <pb =+ 2 yPa + 27 p ( .73‘) + 2

0), 1),
,PX> — RO RV
where ellipses stand for (’)(ki) contributions. The quantities N(gl)’“ , Nél)’” and Rgﬂ)”’“ are
particular Green’s functions that can be computed following the discussion in Sec. 5. For
our purposes here, we assume that they are known. We find
11—z
2

C{“a = gj‘_”foa’b Tr [Na(xpa, .. )V#Nj(xpa, .. )ﬁb] , (B.7)

where D™ = 2=19/9pl — 0/ dpy.
The second limit is more complex. To write it in the compact form, we introduce two
matrix functions

x 0ot _ R(O),a,+(1 )+ N;O)’+ Gba”Y ’
S

fin

A o (B.8)

X(l)’aﬂv‘J" — Réil)ralu'v“i’(l _ ilf) + Nb(l)’#’+M,
2xs
where Gpq = Pp — (1 — z)pg, and write
“V (0)7+ ~
g Ny Y Yaby .
Cga — fTr [NCEO)’YV’YQPQ < b xsu aPb X&O)’—i_’m _ 2X§27+pb>]
(B.9)

iz
g o1 R
+ fTr K—Né,lﬁ’mapa + xNéo)%va’m) X “”’“’*m] +c.c..
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Finally, the third term reads

ck :Lg’“” Tr [(—Nél)’ﬂxﬁa - N§0)7“> (RQ’V”L — N,)(O)’J”piag ) ﬁb]

0.5 [ pwnt _ p@u+Da?” (B.10)
+ 91 Tr [Ny xpg | Ry Ny 2rs Db )

1
+ gJ—%Tr [Néo)xﬁaRg;),u#,yu} I [Néo)ﬁaleo)’+(xﬁa +ﬁb)} el

S

C Derivation of Eq. (4.40)

When simplifying Eq. (4.40), we wrote the integral of the function W?Sa) defined in Eq. (4.39)
in the following way

/dng dq)abW?Sa)(xapa7pb7PX7 O(Px))
" (1—x)?

2 Ipa

1
- 2/d.’[) dq)(ajp(lapleX)

| B i
— = (nm + 2pt + (gp‘7 + wgb) Lpg) O(Px) |M|*(py, pa, Px)

, (C.1)

(1—2)+

+ (97 +wly) Lp0> O(Px) |M[*(pb, zpa, Px).

0
X </1m + 2ph 7
a

In this appendix, we explain how to derive Eq. (C.1). To this end, we note that the function
Wéa) (c.f. Eq. (4.39)) is written as a difference of three terms, i.e.

Wi (z) = F(z) — F(1) + (1 — 2)F'(1), (C.2)

where F'(1) = dF(z)/dx at = 1. Then, using integration by parts, it is easy to see that
the following equation holds

1 o, 1 i
[t = —r - [ e - ). ©9
0 0
Hence, we have
1
a) u
/dx doeb m = —F/(1) do% — /dx dqini’ (2F(2) - F'(1)). (C.4)
0 0

Comparing Eq. (C.2) and Eq. (4.40), we find
F(z) = )‘HMO()‘AJIIPX)‘MP(xpmpb? AA;gcle%

1 B ” (C.5)
F/(l) = — <:‘€m + 2]75 + (gpg + WSb) Lpa) ‘M‘Q (pa,pln PX) O(PX)

2 Ipa
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To simplify Eq. (C.4), we need to compute F’(z). To this end, we introduce 1 = z+Ax

and note that Fley) — F(x)
PN s L) — £\
Po=m (o

We also note that because of the nature of the Lorentz boosts with x; and z, the following
relation holds

/\wlAc:xll = (I + 5K)/\zA;:cla (0'7)
where I* = gM” and
A v
KM = 2—5 (" + W) . (C.8)

Hence,

1
F'(z) = lim —

Jim S IO (14 6K)M g Px) IMI? (2190, pi, (1 + 0K)AAG; Px)

— MmO Px)|M*(2pa, pp, M, Px)

Km

2x

0
|:K'm + 2pl;

apg + (gpa +wslc)r) LPU:| O(QX)|M|2($pa7pb7QX)a

where derivatives that appear in L,, are computed with respect to momenta QxA =
A} Px. Finally, we change the momentum of the colorless system Py — A~'A,; Py in the
phase space, and obtain the result shown in Eq. (C.1).

D Comparison to results in the literature for the Drell-Yan process

In this appendix, we show how to derive results for zero-jettiness power corrections to the
process ¢ — Vg obtained in Ref. [16], from our Drell-Yan master formula in Eq. (6.19). At
first glance the two results look very different, since we work with partonic cross sections
for g7 — 171~ , where as authors of Ref. [16] work with hadronic production cross section of
a fixed-mass vector boson, and study its rapidity distribution. Furthermore, the definition
of the zero-jettiness variable itself is different, as Born-projected momenta are employed
in Ref. [16] to calculate it. Nevertheless, as discussed below, it is possible to start with
Eq. (6.19), and derive Eq. (5.36) in Ref. [16], by taking into account two important points.

First, we incorporate the constraint on the dilepton rapidity Y (which is equivalent
to the rapidity of the vector boson) and the dilepton invariant mass M as the observable
function in study. It reads

OPY (p1,pa) =6 (2p1 - p2 — M?) § <ln

(P1,p2) ( ) 2 Py (p+p2)
where P, are the momenta of incoming hadrons. Denoting the momenta fractions of ¢
and g as &, one may expect that the subleading power correction to the hadronic cross

section computed in Ref. [16] can be obtained by integrating the subleading partonic cross
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section, obtained with the help of our master formula, with parton distribution functions

fa,b

dop X NP 1 doDY.NLP
—as = d a d a\Sa - - ) D.2
dr dY dM?2 16 /0 a d&p . (5 )fb(fb) dr . ( )

where we also need to write the partonic center-of-mass energy squared s as £,&S, with
S =2P,- P

We note that, depending on the collinear sector, our variable z corresponds to variables
Zap in Ref. [16]. We also note that doPY'NMF i described by our master formula and
includes derivatives with respect to lepton momenta that act on the observable OPY.
These derivatives are re-written using integration by parts, resulting in derivatives of parton
distribution functions.

Upon doing that, we find that the result that follows from Eq. (D.2) does not agree
with the result for subleading power corrections presented in Ref. [16]. The reason for
this is the difference in the zero-jettiness definition, as we now explain. Indeed, the def-
inition employed in this paper uses partonic momenta of the process, while in Ref. [16]
Born-projected initial-state momenta are used. These are obtained using the Born-like
momentum fractions constructed from vector boson mass and its rapidity, as opposed to
&q,p momenta fractions that we would use to define zero-jettiness. Hence, to match the
result of Ref. [16], we need to account for this fact.

To this end, we compute the difference between to definitions. Suppose we find a
gluon momentum k£ that satisfies the zero-jettiness constraint 7y(k) = 7, where Ty (k) is
the definition of zero-jettiness adopted in this paper. Then, when the same momentum is
used to evaluate zero-jettiness as defined in Ref. [16] yields

T [1 —(2— ) % + O(w,%)] , soft,
142, 2 .
To(k) =Tz |14 P pak + O((pak)”)|, collinear a, (D.3)
[16] ¢
1
T 2p [1 + :;bpbk + (’)((pbk)Q)] ,  collinear b.
b

We observe that in addition to subleading terms, there is also a re-scaling at leading power
in the collinear contributions. Given the relations of Eq. (D.3), we calculate how each of
the three contributions (soft, ca and c¢b) changes. Although this is rather straightforward,
one should exercise significant care when switching from one definition of the zero-jettiness
to the other. For example, in our formula the term from Eq. (4.40), along with the manip-
ulations presented in Appendix C, are affected by the presence of the extra factor 1/(z)
and have to be carefully re-analyzed.

Finally, putting everything together, we can express the result from Ref. [16] for Drell-
Yan in terms of our master formula in the following manner

dop NP 1 doDY.NLP
—e = d€, d&p fa(a —_— D.4
dr dY dM?2 " /0 a d&p /. (‘5 )fb(fb) dr O DY ( )
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where

doDY,NLP B dUDY,NLP‘ Q1 [ 20+ 2\ doPYLP
dr N dr Eq. (6.19) 28 ZaZb ZaZb

Aas]CrQ [ [ do S(1—z)  6(1—z) (D.5)
Yl F ) — Zq
’ 5 //2 |:(1_Za)++ (1—Zb)+:| 0(]91,]92) dZa de,
0 0
and
doPY.LP c 11 ) )
T T —
0 0 a a)+ (D‘G)
1+ zf
—2 _5(1 — Za O s dza dz ,
2(1 — )1 ( )| O(p1,p2) 5

is the finite contribution arising from the leading power terms. The Drell-Yan leading order
cross section doy is given in Eq. (6.6). In Eq. (D.4) we should further integrate over the
leptonic angle 8, and take Q = M to account for the definition of the zero-jettiness in
Ref. [16]. The result obtained with the help of Eq. (D.5) is in complete agreement with
Eq. (5.36) of Ref. [16].

E  The Drell-Yan process with dilepton final states

In this appendix, we consider a photon-mediated dilepton production in quark-antiquark
annihilation

q(pa) + q(ps) — Up1) + Up2), (E.1)

and compute zero-jettiness power corrections by directly expanding the phase space and
the matrix element squared of the process. As we will see, this procedure allows us to
compute power corrections to the rapidity distribution of a single charged lepton.

The Born cross section can be written as

dog =69 (1 — 2¢ + cos67) [dﬂgd_l)], (E.2)

where 61 is the angle between the lepton with the momentum p; and the initial quark with
the momentum p,,
WQ%@%EDNE

E.
2Nc Sl+€ ’ ( 3)

og =

and [diil)] is the solid angle of p; defined in the center-of-mass frame of the colliding
quark and anti-quark, normalized to the solid angle in d — 2 dimensions. Furthermore, @,
is the quark charge in units of the positron charge, aqrp is the fine structure constant,
N, = 3 is the number of colors, and

N =2%*_—/ _ (E.4)

is the normalization factor.
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To compute power correction in the zero-jettiness, we consider the real-emission process

q(pa) + G(pp) — U(p1) + 1(p2) + g(k), (E.5)

and impose the appropriate constraint on the final-state gluon. We write

do 1
— = d k](27m)46(pa —k—p —
dr ~ 8sN2 /[ p1][dp2][dk](27) 70 (pa + po p1—Dp2)
) (E.6)
X 5(7— - TO(p(lvpba k)) Z ‘M‘ (pavpb7p17p27 k)
col,pol
We then integrate over the momentum of the anti-lepton po, and find
do 27
— = —— [ [dp][dk]6((pa —k—pp)?
T = ooz [ @plaks (o~ k= 1))
) (E.7)
X 6(7- - TO(paapb) k)) Z ‘M| (pauplnplup?a k)
col,pol
Since
5((Pa+po—k —p1)?) = (s — 2v/s(wi, + B1) + 2w E1pug), (E.8)

we can remove this §-function by integrating over the lepton energy F; and then remove
the zero-jettiness §-function by integrating over the gluon energy wy. We find

* 1—2¢
— 2% 2—2¢
do _ _ [as]CF/ (d=1) [10(d~1) (1 Zﬁ) Q
— = dQ dQ
dr g0 71426 [y ] [dQ, ] (1 g >2—ze NEm
5Pk (E.9)
2 2 * *
asy b b ) k
< X
col,pol gs Ve F q
where )
1 — 2%k
wy, = \}Ci B = ‘fﬁ. (E.10)
S w
k (1 - ﬁplk)
Since E7 > 0 is required, we derive the following constraint
2
wg < \f = Ui > 274 (E.11)
S

Although the constraints appear to be more complex than what has been discussed
in Sec. 2, the situation is rather similar in that there are two distinct cases for the gluon
emission angle: 6 ~ 1, wi ~ 7 and 0 ~ m, wi ~ v/s. The first case describes the
soft emission and the second case — the collinear one.

We then expand the integrand in the soft region and in the two collinear regions. We
begin with the discussion of the soft expansion. Computing the matrix element squared,
expanding in wy, ~ 7 and using the fact that pp, = 2—p,r, we find that two angular integrals,
given in Eq. (3.31), are required to calculate the soft contribution to the cross section

— 67 —



through next-to-leading power. Keeping 7-suppressed terms through next-to-leading power
and using the explicit expression for the matrix element squared |M|?(p1, p2, p3, P4, k) in
Eq. (E.9), we find

dr T1+2e S 1—€¢ s

(s) e _
o™ _ 4las|Cr (QQ) dog [i+ ! ZGQT]. (E.12)

An interesting feature of this result is that O(7) power corrections to the cross section are
e-finite in this case.

We continue with computing the collinear contribution, and focus on the case when
the gluon is emitted along the incoming quark with momentum p,. Then

Yk = pak = p- (E.13)
We write
p=—29 (E.14)
s(1—z)
with 0 < z < 1 so that 0 Y
T s
= =Y2(1—-2). E.15
b= o = (1= 2) (E.15)
It follows that
BV (E.16)
2—(1—2)pik
and, furthermore,
Q_(1-2) (E.17)
sp 2 ’

The expansion in the collinear case is the expansion in p ~ 7 at fixed z. The scalar
products are

B 27Q)

1—2z

ok = Vg = S0 -2)p. k= Va2 —p) = U (2- T ey

We will also need to account for the scalar product between the momenta of the emitted
gluon and the outgoing lepton, and write it in such a way that its expansion in the collinear
limit becomes possible. To do this, we consider the unit vector k/wy = 7ix, and write it as

ity = (1= p)iir + v/ p(2 — p)iik, L, (E.19)

where 717 is the unit vector in the direction of the momentum 7, and 7| is a unit vector
which is orthogonal to 7i;. With this, we find

pik =1 =117 = pra + p (1 = p1a) = v/ p(2 = p)(7ik,L - 71). (E.20)

Hence, expansion of this quantity in 7 is straightforward but, because of the last term in
Eq. (E.20) the expansion proceeds in powers of \/p ~ /7.

Upon the expansion in 7 around collinear limit, we will average over directions of 7ij, | .
This removes all contributions that contain odd powers of 7i;, ;. The angular integration
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that is needed to compute the contribution at next-to-leading power is given by the standard

formula 5
(7.1 - 711)% — M (E.21)
’ d—2
We find it to be convenient to combine both collinear contributions. We then write
d (ca+cb) ’
s =0 e [as (e + 2P en). 22
0
The function g( ) has the following structure
g (z,01) = (1 = 2)"Pyg(2) 3V (2, 1), (E.23)

where qu(z) is related to ¢ — g*g¢ collinear splitting. The function g£2) describes the power

correction. We expose its structure by writing it as

1 €
9@ (z,c1) =41 + €)1 — 2e + ) <(1 et s z)1+6> + gl (zer),  (B24)

which separates divergent z — 1 contributions from terms that do not contain non-
integrable singularities on the interval 0 < z < 1; such contributions are described by
(EQﬁ)n(z). We note that a direct integration of the function g((;Q) over z at fixed

c1 is possible. Integrating over z, and discarding all terms that vanish in the ¢ — 0 limit,

the function g

we find

i 2 (3+37¢2 — 11cj + 3§
+37¢3 — 11¢h + 1
/dz (z,c1) = ( —] ) 4B (E.25)
3(1—c¢f)? 1—¢
0

We observe that, similar to the soft contribution, the next-to-leading power collinear con-
tribution is e-finite as well.

We are now in position to write the next-to-leading power zero-jettiness correction for
the process in Eq. (E.1) at fixed ¢;. Combining the soft and collinear contributions using
Egs (E.12, E.22, E.24), we obtain

doN'P a,Cr - Q| 2(94 31l — 17ct + 9¢5) N
= 00— 5 —4ci1n
drde 27 s 3(1—¢7) 11—

(E.26)

Finally, we note that we can write this result using the lepton rapidity in the partonic
center-of-mass frame as a variable. The relation between rapidity and the scattering angle
is

1 PvP1 1 1+ cos 6y

=_1 =_ln———. E.27

Y 2 npapl 2 1—cosby ( )
It follows that h(y)
sy

c1 =cosb = . E.28

ch(y) (E.28)
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Changing the variables, we obtain

do™FP a0 32 16 20 6 sh®
= F&()Q —ch2y) - —+—5—~——F—~ % 5(y) .
drdy 2r s |3 3 3ch*(y) ch*(y) ch’(y)

(E.29)

We observe the known fact [14, 16] that zero-jettiness power corrections exhibit an expo-
nential growth at large lepton rapidities. Ways to address this problem were discussed in
Ref. [16].
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