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Abstract: We compute next-to-leading power corrections in the zero-jettiness variable

for the production of colorless final states at hadron colliders at next-to-leading order in

QCD. To assess if the process-independence of leading power contributions can be extended,

we attempt to construct generic expansions of phase spaces and matrix elements squared

through next-to-leading power in the zero-jettiness. We highlight challenges associated

with the collinear limit, where universality no longer holds at the subleading power, making

the result process-dependent. We show that quantities that need to be calculated in the

collinear limit can be obtained using Berends-Giele currents, enabling computation of power

corrections to high-multiplicity final states. As a concrete example, we apply our method

to compute power corrections in the zero-jettiness for lepton pair as well as multi-photon

production in qq̄ collisions.
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1 Introduction

Early perturbative computations in QED (see, e.g. Ref. [1]) were performed using methods

that, currently, would be classified as “slicing”. The idea of such a method is to split

the real emission contribution into singular and regular parts by introducing a parameter

that distinguishes between unresolved (soft and collinear) and resolved (hard) radiation.

Although recognizing the difference between two types of emissions is helpful, in practice

slicing methods suffer from large cancellations when resolved and unresolved parts of the

calculation are combined. This drawback led to a rejection of the slicing methods as a

suitable tool for computing higher-order perturbative (mostly QCD) corrections to complex

collider processes. Since worthy computational alternatives in the form of subtraction

schemes [2, 3] appeared, development of slicing methods was put on a back burner for a

while.

Slicing methods made a remarkable comeback with the advent of next-to-next-to-

leading order (NNLO) computations, starting with the proposal to use the transverse

momentum of a color-singlet final state as a slicing parameter [4]. Since this method was

only suitable for processes without final-state jets at leading order, it was later suggested to

use the so-called N -jettiness as the slicing parameter for generic NNLO computations [5–7].

We note in passing that other slicing variables have recently been proposed for processes

with final-state jets [8, 9].

Nevertheless, the use of slicing methods is still hindered by very large numerical cancel-

lations between the different contributions to physical cross sections. These cancellations

are caused by the need to take the slicing parameter to be very small, to ensure the inde-

pendence of the final result on its value. Thus, efficient numerical implementations remain

a challenge for modern slicing schemes, especially when applied to complex processes. To

overcome this challenge, one needs to compute the unresolved contribution more accu-

rately; to achieve this, a description of real-emission amplitudes and cross sections beyond

leading soft and collinear limits is required.

Such power-suppressed terms were studied in a number of publications in recent years,

focusing mostly on computations at next-to-leading order [10–30]. However, these calcula-

tions typically address relatively simple processes and it is unclear how to generalize them

to arbitrary collider processes and higher perturbative orders.

The goal of this paper is to make a step in this direction and to explore power cor-

rections that arise when a process, where an arbitrary color-singlet final state is produced

in the collision of a qq̄ pair, is studied in the context of the N -jettiness slicing scheme at

NLO QCD. Calculation of power corrections in the N -jettiness variable for such processes

requires us to understand the expansion of two building blocks – the phase space and the

matrix element squared – around the limit of the vanishing N -jettiness for the radiative

process qq̄ → X + g.

Since these building blocks appear to be process-dependent, it is crucial to investigate

to what extent a process-independent calculation of the first subleading N -jettiness power

correction is possible. In this respect, the so-called Low-Burnett-Kroll (LBK) theorem [31–

34], that allows one to compute the next-to-soft corrections by calculating derivatives of
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the Born process with respect to momenta of external particles, serves as an inspiration.

Similarly, next-to-collinear terms in the expansion of a generic matrix element can be

related to matrix elements of simpler processes [16, 35] although this case is more complex

than the next-to-soft one.

Another source of these power-suppressed terms is kinematic dependences of various

observables or dependence of fiducial cross sections on selection cuts. For simplicity, in

this paper we will only consider observables that have smooth dependence on kinematics

although it is known that this is not always the case [36–38]. As this paper focuses on pro-

viding general framework for computing power corrections to arbitrary collider processes,

we do not examine such observables in what follows.

In what follows, we discuss the next-to-leading power corrections in the N -jettiness

variable by considering the process qq̄ → X + g where X is an arbitrary colorless state. In

Section 2 we begin with the discussion of a toy example – the power corrections to vector

boson production. In Section 3 we turn to the study of an arbitrary process, we explain how

to use momenta transformations to enable the expansion of the phase space and the matrix

elements in the limit of small N -jettiness beyond leading power. In Section 4 we combine

the soft and collinear contributions obtained in the previous section, and derive the formula

for power corrections. In Section 5 we explain how various quantities that appear in the

final formula can be computed by relating them to generalizations of Berends-Giele cur-

rents [39]. In Section 6 we first apply the general formula to the processes qq̄ → γ∗ → e+e−

and qq̄ → γγ, for which we derive expressions for power corrections analytically, and then

we compute the power correction to qq̄ → 4γ numerically, further showcasing the general

nature of the derived formula. We conclude in Section 7. Some technical aspects of the

calculation are discussed in appendices.

2 A simple example: vector boson production

We start by considering the production of a vector boson in qq̄ collisions, studying power

corrections that arise from both the phase space and the matrix element of this process.

We note that studying this process has advantages and disadvantages. On the one hand,

since this process is very simple, many computational steps can be performed explicitly.

On the other hand, because of its 2 → 1 nature, the phase space of this process is singular

which precludes us from using the same computational methods that we develop in the

rest of the paper to address power corrections to a general partonic process.

We consider the tree-level process

q(p1) + q̄(p2) → V, (2.1)

and define the cross section convoluted with a smooth function of the partonic center-of-

mass energy squared

Σ0 =

∫
ds L(s)σ0(s). (2.2)
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We can think about this function as a product of parton distribution function integrated

over the ratio of two Bjorken variables keeping their product fixed. We note that the need

to introduce this function into a computation is related to the fact that the phase space of

process in Eq. (2.1) is overconstrained. Precisely for this reason, this step is not necessary

when power corrections for more complex processes are studied.

The cross section σ0 for the process in Eq. (2.1) evaluates to

σ0 =
2πδ(s−m2

V )

8sN2
c

|M0(p1, p2)|2. (2.3)

Under the assumption that the vector boson only has vector coupling to quarks, −igV γµ,
the matrix element squared reads

|M0(p1, p2)|2 = g2VNc 4s(1− ϵ). (2.4)

We then find the following result for the convoluted cross section

Σ0 =
πg2V
Nc

(1− ϵ) L(m2
V ). (2.5)

We are interested in developing a method for a systematic computation of power cor-

rections in the zero-jettiness variable. To find them, we have to consider the real emission

process

q(p1) + q̄(p2) → V + g(k), (2.6)

and work at fixed zero-jettiness of the final state. We therefore write

1

Σ0

dΣ

dτ
=

1

Σ0

∫
ds L(s)dσ(s)

dτ
. (2.7)

To compute the partonic cross section, we work in the center-of-mass frame. We write

dσ

dτ
=

1

8sN2
c

∫
[dk][dpV ](2π)

dδ(p1 + p2 − pV − k)δ(τ − T0)|M(p1, p2, k)|2, (2.8)

where T0 is the zero-jettiness function defined as

T0 = min

(
s1k
Q1

,
s2k
Q2

)
, (2.9)

with sik = 2pi · k. The two quantities Q1,2 are arbitrary normalization constants. We will

use Q1 = Q2 = Q, throughout the paper, unless stated otherwise. Finally, the matrix

element squared for the process in Eq. (2.6) reads

|M(p1, p2, k)|2 = 8CF g
2
V g

2
sNc (1− ϵ)

[
2 s m2

V

s1ks2k
+ (1− ϵ)

(
s1k
s2k

+
s2k
s1k

)
− 2ϵ

]
, (2.10)

with s = 2p1 · p2.
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To proceed further, we integrate over the momentum of the vector boson pV ; the phase

space becomes

[dpV ](2π)
dδ(p1 + p2 − pV − k) = 2π ddpV δ(p2V −m2

V )δ(p1 + p2 − pV − k)

= 2π δ(s−m2
V − 2

√
sωk).

(2.11)

We remove the zero-jettiness δ-function by integrating over gluon energy ωk, finding that

the energy of the gluon is given by

ω∗
k =

τQ√
sψk

, (2.12)

with

ψk = min (ρ1k, ρ2k) , ρik = 1− cos θik. (2.13)

We use this result in the expression for the cross section and obtain

dσ

dτ
=

2π[αs]

8sN2
c

∫
[dΩk]δ

(
s−m2

V − 2τQ

ψk

)(
τQ√
sψk

)1−2ϵ Q√
sψk

|M(p1, p2, k
∗)|2

g2s
, (2.14)

where we introduced the following notations

[αs] =
g2sΩ

(d−2)

2(2π)d−1
, [dΩk] =

dΩ
(d−1)
k

Ω(d−2)
. (2.15)

Integrating over s, we find

1

Σ0

dΣ

dτ
=
CF [αs]

τ1+2ϵ

∫
[dΩk]

L (s∗)

L(m2
V )

(
Q√
s∗ψk

)2−2ϵ τ2|M(p1, p2, k
∗)|2

CFNcg2sg
2
V (1− ϵ)4s∗

, (2.16)

where

s∗ = m2
V +

2τQ

ψk
, (2.17)

and we should use this value to evaluate energies associated with momenta p1,2.

We have to construct an expansion of dΣ/dτ in Eq. (2.16) in powers of τ . The expan-

sion is controlled by the value of the emission angle θk of the gluon which is parametrized

by Ωk. If θk is O(1), the energy of the emitted gluon is O(τ) and the required expansion is

the soft expansion. If, on the other hand, θk or π − θk is O(τ/mV ), we have to expand in

θk or π − θk. This case corresponds to two collinear contributions, since the gluon can be

emitted either along the direction of p1 or p2. Two distinct integration regions – the soft

one and the collinear one – are associated with two “branches” of the cross section with

respect to τ : the soft contribution is proportional to τ−1−2ϵ, whereas the collinear ones are

proportional to τ−1−ϵ. Hence, schematically, we can write

dΣ

dτ
∼ τ−1−2ϵfs(τ) + τ−1−ϵfc(τ), (2.18)

and we compute each of the two contributions by performing an appropriate Taylor expan-

sion of the integrand and then integrating the resulting expression over the angle θk.

– 5 –



We compute the soft contribution by Taylor-expanding in τ . We obtain

1

Σ0

dΣ(s)

dτ
=

4CF [αs]

τ1+2ϵ

(
Q

mV

)−2ϵ ∫
[dΩk]

ψ2ϵ
k

ρ1kρ2k

×
[
1− Qτ

m2
V ψk

(
2− 2ϵ− 2m2

V L1(m
2
V )
)]
,

(2.19)

where L1(m
2
V ) = L−1(m2

V ) dL(m2
V )/dm

2
V . We note that O(τ) correction contains 1/ψk

factor which makes the integration over angle θk power-divergent. This is a feature that

will also appear when zero-jettiness corrections to a general process are discussed in the

next section. Due to the simplicity of the process and the knowledge of the matrix element,

explicit integration over θk is straightforward. It yields

1

Σ0

dΣ(s)

dτ
=

4CF [αs]

ϵτ1+2ϵ

(
Q

mV

)−2ϵ [
1− Qτ

m2
V

(1− 2ϵ)

(1− ϵ)

(
1− ϵ−m2

V L1(m
2
V )
)]
. (2.20)

To construct a Laurent expansion in ϵ, we write

τ−1−nϵ = −δ(τ)
nϵ

+ L0(τ)− nϵ L1(τ) +O(ϵ2), (2.21)

with

Ln (x) =

[
θ(x) logn(x)

x

]
+

. (2.22)

Using it, we obtain the leading- and subleading-power soft contributions

1

Σ0

dΣ(s),LP

dτ
= 4CF [αs]

[
− δ(τ)

2ϵ2
+
L0(τ) + δ(τ) ln Q

mV

ϵ
− 2L1(τ)

− 2L0(τ) ln
Q

mV
− δ(τ) ln2

Q

mV

]
,

(2.23)

1

Σ0

dΣ(s),NLP

dτ
=

4CF [αs]Q

m2
V

{
m2

V L1(m
2
V )− 1

ϵ

−
[
m2

V L1(m
2
V )− 1

](
1 + 2 ln

Qτ

mV

)
+ 1

}
.

(2.24)

We continue with the construction of the collinear expansion. We consider the case where

the gluon is emitted along the direction of the incoming quark with the momentum p1;

the other case, where the gluon is emitted along the direction of the anti-quark with

momentum p2 is analogous. To construct the collinear expansion, we go back to Eq. (2.16)

and consider the case of the small emission angle , θ1k ≪ 1. It follows that the function ψk

in this case is given by ρ1k. We need to perform the expansion of the integrand assuming

that the emission angle is small, and extend the integration region over the angle (or related

variable) to infinity. We write

s∗ → m2
V +

2τQ

ρ
, (2.25)
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where ρ = 1−cos θ1k and assume that ρ ∼ τQ/m2
V . The integration region over θk extends

from ρ = 0 to ρ = ∞. We then change the integration variable ρ→ z,

ρ =
2τQ

m2
V

z

1− z
, (2.26)

with 0 < z < 1, expand the resulting formula in τ and obtain

1

Σ0

dΣ(c1)

dτ
=
CF [αs]

τ1+2ϵ

(
τ

Q

)ϵ
1∫

0

dz

z

L
(
m2

V /z
)

L(m2
V )

(1− z)−ϵ

[
P̃qq(z) +

τQ

m2
V

zP̃ (1)
qq (z)

]
, (2.27)

where

P̃qq(z) =
1 + z2

1− z
− ϵ(1− z), P̃ (1)

qq (z) =
(4− z)z − 1 + 2ϵz − ϵ2(1− z)2

(1− z)2
. (2.28)

We note that the function P̃
(1)
qq (z) has a power singularity at z = 1. Again, we will

see the appearance of these power singularities in the general case discussed in the next

section. In the current case, since both the matrix element and the phase space are simple,

we can integrate by parts obtaining expressions that can be expanded in ϵ

1∫
0

dz

z
L
(
m2

V

z

)
(1− z)−ϵzP̃ (1)

qq (z) =

1∫
0

dz (1− z)−1−ϵ

×

{
2

[
1 +

(1 + ϵ2)(1− z)

(1 + ϵ)

]
L
(
m2

V

z

)
−

2m2
V

z2
L′
(
m2

V

z

)[
z − (1 + ϵ2)(1− z)2

2(1 + ϵ)

]}
.

(2.29)

It is straightforward to extract the 1/ϵ divergences from the above expression by applying

Eq. (2.21) to construct the ϵ-expansion of τ−1−ϵ and (1−z)−1−ϵ. This leads to the leading-

power contribution

1

Σ0

dΣ(c1),LP

dτ
=CF [αs]

1∫
0

dz

z

L
(
m2

V /z
)

L(m2
V )

{
2δ(τ)δ(1− z)

ϵ2
− δ(τ)(1 + z2)L0(1− z)

ϵ

− 2
δ(1− z) [L0(τ) + δ(τ) lnQ]

ϵ
+ δ(τ)δ(1− z) ln2Q

+ δ(τ)
[
1− z + (1 + z2)L1(1− z) + (1 + z2)L0(1− z) lnQ

]
+ 2δ(1− z) [L1(τ) + L0(τ) lnQ] + (1 + z2)L0(τ)L0(1− z)

}
,

(2.30)

and the next-to-leading power contribution

1

Σ0

dΣ(c1),NLP

dτ
= −CF [αs]

Q

m2
V

1∫
0

dz
L
(
m2

V /z
)

L(m2
V )

{
2δ(1− z)

[
m2

V L1

(
m2

V

)
− 1
]

ϵ

+ L0(1− z)

[
4− 2z +

m2
V L1

(
m2

V /z
)
(1 + (z − 4)z)

z2

]

+ 2δ(1− z) ln (Qτ)
[
1−m2

V L1

(
m2

V

)]}
.

(2.31)
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As we already mentioned, the above results describe the collinear emissions off the quark

with momentum p1. The contribution where an anti-quark with momentum p2 emits

collinear gluons, doubles the above result.

By comparing Eqs. (2.24) and (2.31), we observe that at next-to-leading power all

ϵ-divergences cancel between the soft and collinear contributions. This is the main re-

sult of our analysis. However, for completeness, we also comment on the leading-power

contribution which is well-understood.

Indeed, to get the cancellation of ϵ-poles at leading power, the virtual contributions

and the collinear renormalization contributions need to be added to the real emission one.

For qq̄ → V annihilation, they are given by the following expressions

1

Σ0

dΣ(v)

dτ
= CF [αs](mV )

2ϵ

(
− 2

ϵ2
− 3

ϵ
+

2π2

3

)
δ(τ), (2.32)

and

1

Σ0

dΣ(cs1)

dτ
=
CF [αs](mV )

2ϵ

ϵ

1∫
0

dz

z

L
(
m2

V /z
)

L(m2
V )

[
(1 + z2)L0(1− z) +

3

2
δ(1− z)

]
δ(τ).

(2.33)

Upon combining Eqs. (2.32, 2.33, 2.30, 2.23) and accounting for the second collinear region,

we observe the cancellation of all 1/ϵ poles in the leading-power contribution.

The next-to-leading power correction to the zero-jettiness regulated cross section for

qq̄ → V is obtained upon combining results from Eqs. (2.24, 2.31). It reads

1

Σ0

dΣNLP

dτ
=

4CF [αs]Q

m2
V

{
1 +

[
1−m2

V L1

(
m2

V

)](
1 + ln

Qτ

m2
V

)

−
1∫

0

dz
L
(
m2

V /z
)

L(m2
V )

L0(1− z)

[
2− z +

m2
V L1

(
m2

V /z
)
(1 + (z − 4)z)

2 z2

]}
,

(2.34)

where L1 is defined right after Eq. (2.19) and L0 in Eq. (2.22).

To check this result, we make use of the fact that, when working at finite τ , the real

emission contribution in (2.16) is ϵ-finite and can be computed by numerical integration

over the gluon emission angle θk. We then write a small-τ expansion

1

Σ0

dΣ

dτ
= τ−1 (A1 ln τ +A2) +A3 ln τ +A4 + τ (A5 ln τ +A6) +A7τ

2 + . . . . (2.35)

The coefficients A1,..,7 are functions of mV , Q and the function L, for which we take a

Gaussian distribution

L(s) = 2√
2πσs

exp

(
− s2

2σ2s

)
. (2.36)

For numerical calculations, we choose σ2s = 2.47 m2
V , and mV = 90 GeV.

Both the leading-power coefficients A1, A2, and the next-to-leading power corrections

A3, A4 are obtained from Eqs. (2.23, 2.24, 2.30, 2.31). We then write

X(τ) =
1

A4

[
1

Σ0

dΣ

dτ
−A1

ln τ

τ
− A2

τ
−A3 ln τ

]
, (2.37)
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Figure 1. The parameter X(τ) expressed as a function of ξ, which relates the small-jettiness

expansions of the vector boson production cross section and a numerical integration of (2.16) at

Q = 100 GeV and mV = 90 GeV and with the Gaussian luminosity distribution given in Eq. (2.36).

The parameter approaches unity for lower values of ξ before the numerical integration becomes

unreliable. A fit of the missing linear terms in τ is presented in blue.

and note that at small τ this quantity should approach one,

lim
τ→0

X(τ) = 1. (2.38)

Since τ is a dimensionful variable, the expansion proceeds in powers of the parameter

ξ = Qτ/m2
V . Hence, choosing τ < 0.1 mV and Q = 100 GeV, we expect that the devi-

ation of X(τ) from unity is about a percent at ξ ∼ 0.1, and that it decreases at smaller

values of τ . Numerical results for X(τ) are shown in Figure 1, where X is plotted as a

function of ξ. We observe that X(τ) approaches the limiting value X(τ) = 1 at ξ > 10−8

and that for smaller values of ξ, it starts to deviate from its limiting value due to the loss

of accuracy in the numerical integration. A fit of the next-to-next-leading-power terms

is also shown, demonstrating they can explain the (tiny) difference between X(τ) and its
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asymptotic value.

The example presented in this section showcases the main aspects of the calculation

of the zero-jettiness power corrections to hadron collisions processes. In the next section,

we will discuss how to generalize this computation to arbitrary color-singlet final state.

However, before doing that, we would like to reiterate the following points that emphasize

the differences between vector boson production and a general case.

• In vector boson production, the final-state phase space is simple, so that one can

easily parametrize it and perform all integrations explicitly. However, for processes

with higher final-state multiplicities this is not possible. Thus, new approaches are

needed to enable a systematic way to expand an arbitrary phase space in the zero-

jettiness variable.

• The matrix element that describes vector boson production is simple and can be

written down explicitly. Hence, expanding it through subleading terms in relevant

limits is straightforward. However, for high-multiplicity final states it may not be

possible to compute the relevant matrix element analytically. Hence, one needs to

understand how to compute subleading terms in the soft and collinear expansions in

a process-independent manner.

• In the case of vector boson production the phase space is overconstrained, i.e. it is

proportional to δ(s−M2
V ) at leading order. This feature is particular to 2 → 1 pro-

cesses, and it makes the zero-jettiness expansion of partonic processes in such cases

more complex, than for processes with more final-state particles. To ameliorate this

problem, the zero-jettiness expansion of hadronic cross sections for 2 → 1 processes

is usually studied. In the toy example discussed in this section, we introduced a lu-

minosity function and computed an analog of a hadronic cross section. In the result

for subleading-power corrections shown in Eq. (2.34), the derivative of the luminos-

ity function L appears, which is analogous to the derivatives of parton distribution

functions found in the previous studies of the Drell-Yan and Higgs production pro-

cesses [11, 13–16].

3 Power corrections: general considerations

We consider the following leading order process

fa(pa) + fb(pb) → X(PX), (3.1)

where fa and fb are the initial-state partons, which we take to be a quark and an anti-

quark, and X denotes a generic colorless final state with the momentum PX composed of

m massless particles. To discuss the next-to-leading power corrections in the zero-jettiness

variable, we add a gluon with the momentum k to the process in Eq. (3.1) and write the
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differential cross section as

dσ

dτ
= N

∫
[dP̃X ]m[dk](2π)dδ(pa + pb − P̃X − k)

× δ(τ − T0(pa, pb, k)) O(P̃X)
∑

col,pol

|M|2(pb, pa, k, P̃X).
(3.2)

In Eq. (3.2) we used [dk] = dd−1k⃗/(2 (2π)d−1k0) and [dP̃X ]m =
m∏
i=1

[dp̃i]. The zero-jettiness

function is defined as follows

T0(pa, pb, k) = min

[
2pa · k
Q

,
2pb · k
Q

]
, (3.3)

with Q being an arbitrary normalization factor of mass dimension one. Furthermore, O
is an observable that depends on the momenta of colorless particles comprising the final

state X, and N is the cross-section normalization that contains the flux factor, color- and

spin-averaging terms, etc. We note that we have used a new notation for the momentum

of the colorless final state by writing it with a tilde, PX → P̃X . The reason for doing this

will become clear later.

Using a reference frame where the collision axis is the z-axis, and writing the zero-

jettiness variable in terms of the energy and the polar angle of the emitted gluon, it is

easy to see that the constraint τ = T0(pa, pb, k) implies that either the gluon energy or

its transverse momentum squared is O(τ). The expansions around these distinct limits

can be performed independently of each other, as we show below. We will start with the

construction of the soft expansion.

3.1 The soft contribution

A gluon with momentum k is considered to be soft if k ∼ τ . Since we are interested in

the relative O(τ/
√
s) correction, where s = 2pa · pb, we only need to expand the integrand

in Eq. (3.2) to the first subleading order in k. To facilitate this expansion, we use the

momentum mapping that absorbs k into the momentum of the colorless final state [40],

and write

Pµ
ab = λ−1 [Λs]

µ
ν (P

ν
ab − kν). (3.4)

In Eq. (3.4) Pab = pa+ pb, Λ
µν
s is the matrix of a Lorentz boost that we specify below, and

λ is a constant that is defined from the condition

λ2P 2
ab = (Pab − k)2. (3.5)

It follows from the above equation that

λ =

√
1− 2Pab · k

P 2
ab

≈ 1− Pab · k
P 2
ab

+O(k2). (3.6)
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We then write

dΦm(pa, pb, P̃X , k) = [dP̃X ]m[dk](2π)dδ(d)(pa + pb − P̃X − k)

= [dP̃X ]m[dk](2π)dδ(d)
(
λΛ−1

s Pab − P̃X

)
= [dP̃X ]m[dk](2π)dδ(d)

(
λΛ−1

s

(
Pab − λ−1ΛsP̃X

))
= [dP̃X ]m[dk] λ−d (2π)dδ(d)

(
Pab − λ−1ΛsP̃X

)
.

(3.7)

To further simplify this expression, we use the fact that P̃X =
m∑
i=1

p̃i, so that

[dP̃X ]m =

m∏
i=1

ddp̃i
(2π)d−1

δ+(p̃
2
i ). (3.8)

We then write

p̃i = λΛ−1
s pi, (3.9)

and since Λs is a Lorentz transformation, we find

[dP̃X ]m = λm(d−2)
m∏
i=1

ddpi
(2π)d−1

δ(p2i ) = λm(d−2)[dPX ]m. (3.10)

Hence, we obtain

dΦm(pa, pb, P̃X , k) = dΦm(pa, pb, PX) [dk] λm(d−2)−d

≈ dΦm(pa, pb, PX) [dk]

(
1− κm

Pab · k
P 2
ab

)
,

(3.11)

where

dΦm(pa, pb, PX) = [dPX ]m (2π)dδ(pa + pb − PX), (3.12)

is the phase space of the Born process qq̄ → X, and

κm = m(d− 2)− d. (3.13)

Putting everything together, we find

dσ

dτ
= N

∫
dΦm(pa, pb, PX)

∫
[dk]

(
1− κm

Pab · k
P 2
ab

)
δ(τ − T0(pa, pb, k))

× O(λΛ−1
s PX)

∑
col,pol

|M|2(pb, pa, k, λΛ−1
s PX).

(3.14)

Since we are interested in O(τ) corrections, we need the matrix element squared to

the first subleading order in the expansion in k. The matrix element itself scales as 1/k,

so that we need to find O(1) terms in the expansion. The required terms can be obtained

from the Low-Burnett-Kroll theorem [31, 32], as we explain shortly.

Before discussing the expansion of the matrix element, we derive the formula for the

Lorentz boost Λ−1
s . We start with a general formula for the boost Λgen(Qf , Qi), that
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transforms a vector Qi to a vector Qf ; this formula can be found in Eq. (A.2). The

Lorentz transformation that we need (c.f. Eq. (3.4)) reads

Λ−1
s = Λgen(Pab − k, λPab). (3.15)

Since in the soft limit k ∼ τ , Λ−1
s is nearly the identity matrix; to determine O(τ) correc-

tions to the cross section, we need the Lorentz boost to the first order in k. Simplifying

the expression for Λ−1
s , we find[

Λ−1
s

]
µν

= gµν −Bµν +O(k2), (3.16)

where

Bµν =
kµP ν

ab − Pµ
abk

ν

P 2
ab

. (3.17)

We turn to the discussion of the expansion of the matrix element in the soft limit. We

ignore the color charges since for the process we consider it is trivial to restore them at

the end of the calculation. Separating emissions off the external legs and the structure-

dependent radiation, we write

M(pb, pa, k, P̃X) = −gsϵ∗µv̄b

[
N(pb, pa − k, P̃X) (Jµ

a + Sµ
a )

+
(
−Jµ

b + Sµ
b

)
N(pb − k, pa, P̃X) +Nµ

str(pb, pa, k, P̃X)

]
ua,

(3.18)

where

Jµ
a =

2pµa − kµ

da
, Jµ

b =
2pµb − kµ

db
, Sµ

a =
σµνkν
da

, Sµ
b =

σµνkν
db

, (3.19)

with da = (pa − k)2, db = (pb − k)2 and σµν = [γµ, γν ]/2.

The structure-dependent contribution to the amplitude can be restored by requiring

that the Ward identity is fulfilled, namely that the amplitude vanishes if the gluon polar-

ization vector ϵµ is replaced with its momentum kµ. This implies that in the soft limit

M = −gsϵ∗µv̄b

[
N(pa − k) (Jµ

a + Sµ
a ) +

(
−Jµ

b + Sµ
b

)
N(pb − k)

−
[

∂

∂pa,µ
− ∂

∂pb,µ

]
N

]
ua,

(3.20)

where we only show the k-dependent momenta in the arguments of the function N . Since

the currents Jµ
a,b scale as 1/k, we need to expand the k-dependent functions N in powers

of the gluon momentum. We then obtain

M = −gsϵ∗µv̄b

[
JµN − (LµN) +

(
NSµ

a + Sµ
bN
) ]
ua, (3.21)
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where the function N is now k-independent and

Jµ = Jµ
a − Jµ

b , Lµ = Lµ
a − Lµ

b , (3.22)

with

Lµ
a = Jµ

a k
ν ∂

∂pνa
+

∂

∂pa,µ
, Lµ

b = Jµ
b k

ν ∂

∂pνb
+

∂

∂pb,µ
. (3.23)

Upon squaring the soft amplitude and summing over polarizations of all external particles,

we find

g−2
s |M(pb, pa, k, P̃X)|2 ≈ −JµJµ|M|2(pb, pa, P̃X) + JµLµ|M|2(pb, pa, P̃X) + . . . , (3.24)

where the ellipses denote terms that are finite in the k → 0 limit. We note that the first

term on the right-hand side in Eq. (3.24) provides the leading contribution that scales as

1/k2. Hence, we need to account for the momenta redefinitions in that term. Momenta

redefinitions impact particles that comprise the color-singlet system X. Working through

first subleading order in k, we obtain

g−2
s |M(pb, pa, k, P̃X)|2 ≈

[
− JµJ

µ

(
1−

m∑
i=1

[
Pab · k
P 2
ab

pρi +Bρσpi,σ

]
∂

∂pρi

)

+ JµLµ

]
|M|2(pb, pa, PX).

(3.25)

Combining this expression with Eq. (3.14), we observe that the integration over k can be

performed in a process-independent way and that for computing the soft contribution to

the zero-jettiness cross section through next-to-leading power, we need to calculate two

distinct integrals

I1 = g2s

∫
[dk] δ(τ − T0(pa, pb, k))

2pa · pb
(pa · k)(pb · k)

,

Iµ2 = g2s

∫
[dk] δ(τ − T0(pa, pb, k))

kµ

(pa · k)(pb · k)
.

(3.26)

The second integral can be written as

Iµ2 = I2
Pµ
ab

s
, (3.27)

so that

I2 = 2Iµ2 pb,µ = g2s

∫
[dk]δ(τ − T0(pa, pb, k))

2

(pa · k)
. (3.28)

Using these definitions, we find the following results for the integrals that are needed

to compute dσ/dτ in the soft limit

g2s

∫
[dk] δ (τ − T0(pa, pb, k))

(
1− κm

Pab · k
P 2
ab

)
(−JµJµ) = I1 − κmI2,

g2s

∫
[dk] δ (τ − T0(pa, pb, k)) (JµJ

µ)
Pab · k
P 2
ab

pρi = −I2pρi ,

g2s

∫
[dk] δ (τ − T0(pa, pb, k)) (JµJ

µ)Bρσ = 0,

g2s

∫
[dk] δ (τ − T0(pa, pb, k)) J

µLµ = −I2
(
pµa

∂

∂pµa
+ pµb

∂

∂pµb

)
.

(3.29)
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Putting everything together, and accounting for the fact that the observable O also depends

on the boosted momenta, we obtain

dσ(s)

dτ
= N

∫
[dΦm(pa, pb, PX)]

{
O(PX)

[
I1 − κmI2

− I2
∑
i∈Lf

pµi
∂

∂pµi

]
|M|2(pb, pa, PX)− I2 |M|2(pb, pa, PX)

m∑
i=1

pµi
∂

∂pµi
O(PX)

}
,

(3.30)

where Lf is the list that includes all particles in the Born process Eq. (3.1). We note that

in the last term in Eq. (3.30) the sum can be extended to include initial partons if an

observable does not depend on them and the corresponding derivatives vanish.

To finalize the calculation, we need to compute integrals I1,2. To do this, we integrate

over the energy of the gluon with momentum k, removing the zero-jettiness δ-function.

Then, using the following expressions for the angular integrals∫ [
dΩ

(d−1)

k⃗

] ψ2ϵ
k

ρakρbk
=

1

ϵ
,

∫ [
dΩ

(d−1)

k⃗

] ψ2ϵ−1
k

ρik
=

1

2ϵ
− 1

2
− ϵ

2
+O(ϵ2), i = a, b, (3.31)

where
[
dΩ

(d−1)

k⃗

]
= dΩ

(d−1)

k⃗
/Ω(d−2), ψk = min(ρak, ρbk) and ρik = 1 − cos θik, i = a, b, we

find

I1 = [αs]

(
Q√
s

)−2ϵ 4

ϵ τ1+2ϵ
, I2 = [αs]

(
Qτ√
s

)−2ϵ 4Q

s

(
1

2ϵ
− 1

2
− ϵ

2
+O(ϵ2)

)
, (3.32)

where [αs] is defined in Eq. (2.15). It is straightforward to use Eq. (3.30) together

with the results for the two integrals I1,2 to determine both leading and subleading zero-

jettiness contributions to the cross section of a process in Eq. (3.1), that originate from the

emission of a soft gluon. Since the physical result requires including the contributions of

the collinear emissions, we refrain from presenting the expansion of Eq. (3.30) in powers

of ϵ. Nevertheless, for illustration purposes, we show the 1/ϵ-divergence of the subleading

soft contribution which can be easily obtained from Eq. (3.30). This contribution comes

entirely from the divergent part of the integral I2. After restoring the appropriate color

factor, we obtain

dσs,div

dτ
= −2CF [αs] N

ϵ

(Qτ)−2ϵ

s−ϵ

Q

s

κm +
∑
i∈Lf

pµi
∂

∂pµi

 |M|2 O(PX). (3.33)

3.2 The first collinear contribution: k⃗||p⃗a

As the next step, we need to construct expansions in the zero-jettiness variable around the

collinear limits. We will start with the case where the gluon is emitted along the direction

of the incoming quark with momentum pa. The case where the gluon is emitted along

the direction of the incoming anti-quark is completely analogous; we discuss it in the next

subsection.
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Similarly to the case of the soft emission considered earlier, we perform a momenta

mapping [40] that allows us to construct the collinear expansion. To do this, we start by

re-writing the gluon momentum k as follows

k =
k · Pab

pa · pb
pa + k̃a = (1− x)pa + k̃a. (3.34)

The momentum conservation condition1

pa + pb = k + Q̃X , (3.35)

becomes

xpa + pb −QX = 0, (3.36)

where

QX = Q̃X + k̃a. (3.37)

It is easy to show that Q2
X and Q̃2

X are the same

Q2
X = (Q̃X + k̃a)

2 = (pa + pb − k + k̃a)
2 = (Pab −

k · Pab

pa · pb
pa)

2

= P 2
ab − 2k · Pab = (Pab − k)2 = Q̃2

X .

(3.38)

Since Q̃2
X = Q2

X , we can obtain one of these momenta by Lorentz-boosting the other. We

therefore write

[dQ̃X ]m[dk](2π)dδ(Pab − Q̃X − k) = [dQ̃X ]m[dk](2π)dδ(xpa + pb −QX)

= [dQ̃X ]m[dk](2π)dδ(xpa + pb − Λa(QX , Q̃X)Q̃X),
(3.39)

where the Lorentz boost Λa(QX , Q̃X) is defined as follows

QX = Λa(QX , Q̃X) Q̃X . (3.40)

Since Q̃X =
m∑
i=1

p̃i, we perform the required boost for each final-state particle p̃i =

Λ−1
a (QX , Q̃X)pi and obtain

m∏
i=1

[dpi][dk](2π)
dδ

(
xpa + pb −

m∑
i=1

pi

)

=

∫
dξ

m∏
i=1

[dpi](2π)
dδ

(
ξpa + pb −

m∑
i=1

pi

)
[dk] δ(x− ξ).

(3.41)

The Lorentz transformation Λa(QX , Q̃X) can be found in Eq. (A.2), where one should

identify Qi = Q̃X , Qf = QX .

1At variance with the previous section, here we denote the momentum of the colorless final state X as

Q̃X . We do this because we need several redefinitions of this momentum, before we reach the final formula

in Sec. 4. There, we will return to the notation PX for the momentum of the final state X.
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Since we will have to apply this transformation to all final-state particles and then

expand the result around the collinear limit, we need to simplify Λa. To do this, we

introduce the notation

Qa = xpa + pb, (3.42)

so that

Qf = Qa, Qi = Qa − k̃a. (3.43)

We use Eq. (3.34) to write k̃a as

k̃µa = kµ − k · Pab

pa · pb
pµa . (3.44)

To simplify the expression for k̃a further, we perform the Sudakov decomposition of the

vector k and write

kµ = αpµa + βpµb + kµ⊥, (3.45)

where the transverse momentum k⊥ satisfies pa,b ·k⊥ = 0. We then compute the coefficients

α and β, and find

k̃µa =
ωk√
s
(2− ρak)p

µ
a +

ωk√
s
ρakp

µ
b + kµ⊥, (3.46)

where ωk is the gluon’s energy and ρak = 1− cos θak was introduced earlier. Furthermore,

we also made use of the fact that vectors pa,b are back-to-back, and that 2pa · pb = s.

The absolute value of the vector k⊥ is determined from the on-shell condition k2 = 0.

We derive

k2⊥ = −ω2
kρak(2− ρak). (3.47)

Using Eq. (3.46), we write k̃µa in Eq. (3.44) as follows

k̃µa =
ωk√
s
ρak(pb − pa)

µ + ωk

√
ρak(2− ρak)n

µ
⊥ =

2kpa
s

(pb − pa)
µ + kµ⊥. (3.48)

The important point is that k̃µa vanishes in the soft ωk → 0 and in the collinear ρak → 0

limits, which allows us to construct the expansion of the Lorentz-boost matrix Λa, which

becomes the identity matrix in both of these limits.

The boost operator depends on Qa and k̃a; the collinear expansion is the expansion in

small k̃a. Since k̃a ∼ √
ρak and we need to account for O(ρak) terms, we must expand Λa

to second order in k̃a. The expansion can be simplified if we notice that

2k̃a ·Qa = k̃2a. (3.49)

The above equation follows from the equality Q2
f = Q2

a = Q2
i = (Qa − k̃a)

2. Hence, in this

case

(Qf +Qi)
2 = 4Q2

a − k̃2a. (3.50)

Using this result, we easily arrive at the expressions for the boost operator Λa and its

inverse, shown in Eqs (A.4, A.5).

We continue with the simplification of the starting expression for the cross section

in Eq. (3.2) in the collinear k⃗||p⃗a limit. The first point is that the jettiness constraint is
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simplified in this limit, since ψk = ρak. It is important to emphasize that the above formula

is valid not only in the strict k⃗||p⃗a limit, but also in its neighborhood. Because of this, we

do not expand the zero-jettiness function around the collinear limit below. Hence, in the

first step we write

dσca

dτ
= N

∫
[dQ̃X ]m[dk](2π)dδ(pa + pb − k − Q̃X)

× δ

(
τ −

√
sωkρak
Q

)
O(Q̃X)

∑
col,pol

|M|2(pb, pa, k, Q̃X).
(3.51)

Following the above discussion, we perform the momenta transformation and obtain

dσca

dτ
= N

1∫
0

dx [dQX ]m(2π)dδ(xpa + pb −QX)

∫
[dk]δ

(
1− 2ωk√

s
− x

)

× δ

(
τ −

√
sωkρak
Q

)
O(Λ−1

a QX)
∑

pol,col

|M(pb, pa, k,Λ
−1
a QX)|2.

(3.52)

The matrix of the inverse Lorentz transformation Λ−1
a is given in Eq. (A.5).

The product of the gluon phase-space element [dk] and two δ-functions in Eq. (3.52)

can be simplified, since these delta-functions fix the gluon energy and its emission angle

relative to the direction of the quark with momentum pa. We find

[dk] δ

(
1− 2ωk√

s
− x

)
δ

(
τ −

√
sωkρak
Q

)
=

Ω(d−2)

2(2π)d−1
dωk ω

1−2ϵ
k

× dρak ρ
−ϵ
ak (2− ρak)

−ϵdΩ
(d−2)

Ω(d−2)
δ

(
1− 2ωk√

s
− x

)
δ

(
τ −

√
sωkρak
Q

)
=

Ω(d−2)

2(2π)d−1

Q1−ϵτ−ϵ

2
(1− x)−ϵ

(
1 +

ϵρ∗ak
2

)
[dΩ(d−2)],

(3.53)

where

ωk =

√
s

2
(1− x), ρ∗ak =

2Qτ

s(1− x)
, [dΩ(d−2)] =

dΩ(d−2)

Ω(d−2)
. (3.54)

We now put everything together and write the collinear contribution as follows

dσca

dτ
=
CF [αs]Q

1−ϵ

2τ1+ϵ
N

1∫
0

dx dΦxa
m

[
dΩ

(d−2)
k

]
(1− x)−ϵ

(
1 +

ϵρ∗ak
2

)

× O(Λ−1
a QX)

∑
pol,col

C−1
F g−2

s τ |M(pb, pa, k,Λ
−1
a QX)|2,

(3.55)

where

dΦxa
m = [dQX ]m(2π)dδ(xpa + pb −QX). (3.56)

To determine the subleading contributions to the cross section, we use Eq. (3.55) as

a starting point and expand the matrix element squared and the observable around the
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collinear limit using explicit expressions for the Lorentz boost Λa. We integrate the result

of the expansion over the azimuthal angle of the emitted gluon, leading to the final expres-

sion which depends on the scalar products of pa,b and pi, as well as on the derivatives of the

observable with respect to the momenta pi. This expression will have to be combined with

the contribution of the other collinear limit (k⃗||p⃗b) and the contribution of the soft limit,

to arrive at the next-to-leading power correction to the differential cross section subject to

the zero-jettiness constraint.

To proceed further, we need to construct the collinear expansion of the matrix element

squared. We write

g2sCFFa =
∑
pol

|M|2(pb, pa, k,Λ−1
a QX) =

∑
pol

|M|2(Λapb,Λapa,Λak,QX), (3.57)

where we have used the Lorentz invariance of the matrix element squared to move the

action of the Lorentz boost to pa, pb and k. The advantage of the above formula is that

the action of the boost is now “localized”; we need to consider changes in the momenta of

the initial partons and the momentum of the gluon k, but the momenta of the final-state

color-neutral particles do not need to be changed.

We require the expression of the matrix element that is suitable for the study of the

collinear limit. Furthermore, the collinear limit should be written in such a way that the

soft singularity in the corresponding expressions can be isolated. Finally, it is convenient

to first expand the matrix element squared around the collinear limit, and apply the boost

later; this approach keeps the expressions more compact since the boost will have to be

applied to fewer terms.

We write the matrix element as

M = −gsT aϵ∗ν v̄b

[
N(pb, pa − k,QX)

(p̂a − k̂)γν

(−2pa · k)
+Nν

fin,a

]
ua. (3.58)

The collinear k⃗||p⃗a singularity is present in the first term of the above expression, whereas

the second term is subleading in the collinear limit. However, that term still has a soft

singularity. For this reason, it is convenient to write it as follows

Nν
fin,a = Rν

fin(pb, pa, k,QX) + γν
(p̂b − k̂)

2pb · k
N(pb − k, pa, QX). (3.59)

We note that Rν
fin arises from diagrams where the gluon is emitted from off-shell lines and,

therefore, it contains neither collinear nor soft singularities. In what follows we will denote

N(pb, pa − k,QX) as Na(pb, pa − k,QX) and N(pb − k, pa, QX) as Nb(pb − k, pa, QX), and

we will not write their arguments explicitly unless it is needed.

In the collinear limit k⃗||p⃗a, we write the matrix element squared as a sum of three

terms

Fa = Faa + Far + Frr,a, (3.60)
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where the first term on the right-hand side refers to the square of the diagram where the

gluon is emitted off the parton a, the second term refers to the interference of this diagram

with the remaining ones, and the third one to the contribution of the remaining diagrams

squared.

We begin by considering the first term on the right-hand side of Eq. (3.60) and write

it as

Faa =
1

(2pak)2
Tr
[
Na

(
p̂a − k̂

)
γµp̂aγ

ν
(
p̂a − k̂

)
N+

a p̂b

]
ρ(a)µν , (3.61)

where

ρ(a)µν = −gµν +
kµpb,ν + pb,µkν

k · pb
, (3.62)

and the arguments of Na are not shown. The superscript a in the gluon density matrix in

Eq. (3.62) indicates that a gauge choice for the gluon polarization vector is made to simplify

the expansion around the k⃗||p⃗a collinear limit. We will need to expand Faa through terms

that scale as O((kpa)
0) and, once the expansion is constructed, apply the Lorentz boost

Λa to momenta pa, pb and k in the resulting formula.

We begin with the simplification of Faa. A straightforward algebra gives

(p̂a − k̂)γµp̂aγ
ν(p̂a − k̂) ρ(a)µν = (2k · pa)

[
(d− 2)k̂

+
1

k · pb

(
p̂ap̂b(p̂a − k) +

(
p̂a − k̂

)
p̂bp̂a

) ]
.

(3.63)

Since

p̂ap̂b(p̂a − k) + (p̂a − k̂)p̂bp̂a = 2(pa − k) · pb p̂a + 2pa · k p̂b + 2pa · pb (p̂a − k̂), (3.64)

we obtain

Faa =
1

2pa · k
Tr

[
Na

(
−2(p̂a − k̂)− 2ϵk̂ +

2pa · pb
pb · k

(
2p̂a − k̂

)
+

2pa · k
pb · k

p̂b

)
N+

a p̂b

]
. (3.65)

We can further simplify the above equation by substituting k = (1−x)pa+k̃a and neglecting

all terms that contribute to the expansion around the collinear limit beyond the next-to-

leading power. We then find

Faa =
1

2pa · k
Tr
[
Na

(
2p̂aPqq(x)− 2

(
x

1− x
+ ϵ

)
ˆ̃
ka

+
2pa · k

(1− x)pa · pb

[
p̂b +

1 + x

1− x
p̂a

])
N+

a p̂b

]
,

(3.66)

where

Pqq(x) =
1 + x2

1− x
− ϵ(1− x), (3.67)

is the standard collinear splitting function. We note that the last term in Eq. (3.66) is

already of the right order in the collinear expansion. For this reason it does not require
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further manipulations, i.e. the Lorentz boost does not need to be applied to it. Further-

more, it is convenient to express k̃a through k⊥ using Eq. (3.48). We obtain

Faa =
2Pqq(x)

2pa · k
Tr
[
Na p̂a N

+
a p̂b

]
− 2

2pa · k

(
x

1− x
+ ϵ

)
Tr
[
Nak̂⊥N

+
a p̂b

]
+

2

s

(
(1 + 2x− x2)

(1− x)2
+ ϵ

)
Tr
[
Nap̂aN

+
a p̂b

]
+

2(1− ϵ)

s
Tr
[
Nap̂bN

+
a p̂b

]
.

(3.68)

The last two terms do not require further manipulations, they are already in the right

form. The first term is the leading collinear contribution; it must be expanded to account

for subleading collinear terms.

The second term on the right-hand side in Eq. (3.68) requires discussion. As we

mentioned earlier, we will have to boost the momenta pa, pb, k to compute the matrix

element squared. Since the second term in Eq. (3.68) is proportional to k⊥, anything that

arises from Na,b or p̂a,b after the boost can only contain k⊥ since all other terms contribute

beyond next-to-leading order in the zero-jettiness expansion. However, boosting k⊥ will

generate a term that is proportional to 2pak, which will then contribute to Faa at the right

order. Since

Λa
µ
ν k

ν
⊥ = kµ⊥ +

Qµ
a

Q2
a

(1− x)(2k · pa), (3.69)

with Qa = xpa + pb, it is convenient to introduce a new vector

κµa = kµ⊥ − Q̃µ
a

Q̃2
a

(1− x)(2k · pa), (3.70)

which after the boost becomes k⊥,

Λµ
a,ν κ

ν
a = kµ⊥ +O(k3⊥). (3.71)

Thus, if we express the before-the-boost result through κa, computing the boost for κa-

dependent terms becomes straightforward.

Hence, we rewrite the vector k⊥ through κa using Eq. (3.68), and find

Tr
[
Nak̂⊥N

+
a p̂b

]
= Tr

[
Naκ̂aN

+
a p̂b

]
+ 2k · pa

(1− x)

sx
Tr
[
Na (xp̂a + p̂b)N

+
a p̂b

]
. (3.72)

Combining the last term in Eq. (3.72) with the third and the fourth term in Eq. (3.68), we

obtain

Faa =
2Pqq(x)

2pa · k
Tr
[
Na p̂a N

+
a p̂b

]
− 2

2pa · k

(
x

1− x
+ ϵ

)
Tr
[
Naκ̂aN

+
a p̂b

]
+

2

s

(
(1 + x+ x2 − x3)

(1− x)2
+ ϵx

)
Tr
[
Nap̂aN

+
a p̂b

]
− 2ϵ

sx
Tr
[
Nap̂bN

+
a p̂b

]
.

(3.73)

As we already mentioned this form is convenient because after the boost, κa will become

k⊥; this implies that only k⊥ terms from other momenta will be needed. Since, after

averaging

kµ⊥k
ν
⊥ →

k2⊥
2(1− ϵ)

gµν⊥ = −2pak(1− x)

2(1− ϵ)
gµν⊥ , (3.74)
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where

gµν⊥ = gµν −
pµapνb + pµb p

ν
a

pa · pb
, (3.75)

such terms do not lead to soft and collinear singularities. Hence, the soft singularities are

only present in the first and third terms on the r.h.s. of Eq. (3.73).

We continue with the discussion of the interference contribution in Eq. (3.60). We

write it as

Far = Tr

[
Na(p̂a − k̂)γµp̂aN

+,ν
fin,ap̂b

(−2pa · k)

]
ρ(a)µν + c.c. (3.76)

We now split ρ
(a)
µν into two terms

ρ(a)µν = ρ(a,1)µν + ρ(a,2)µν , (3.77)

where

ρ(a,1)µν = −gµν +
pbµkν
k · pb

, ρ(a,2)µν =
kµpbν
k · pb

. (3.78)

We will first compute F
(2)
ar which we obtain by replacing ρ

(a)
µν in Eq. (3.76) with ρ

(a,2)
µν . Using

(p̂a − k)γµp̂aρ
(a,2)
µν = p̂aγ

µp̂aρ
(a,2)
µν =

2kpa
k · pb

p̂a pbν , (3.79)

we obtain

F (2)
ar = −

2pb,ν
s(1− x)

Tr
[
Nap̂aN

+,ν
fin,ap̂b

]
+ c.c., (3.80)

where we already took the collinear limit.

It is important to understand how the soft limit can be extracted from this expression

especially since there is a term in Nν,+
fin,a that contains the soft singularity. We use Eq. (3.59)

and write

Nν,+
fin,a = Rν,+

fin +N+
b

(p̂b − k̂)

2pb · k
γν . (3.81)

Using it in Eq. (3.80), we find

F (2)
ar = −

2pb,ν
s(1− x)

Tr
[
Nap̂aR

+,ν
fin p̂b

]
+ c.c., (3.82)

and the soft singularity is now explicit.

The other contribution F
(1)
ar is obtained by replacing ρ

(a)
µν in Eq. (3.76) with ρ

(a,1)
µν . To

simplify the result in this case, we write(
p̂a − k̂

)
γµp̂aρ

(a,1)
µν =

(
p̂a − k̂

)
2pµaρ

(a,1)
µν + k̂p̂aγ

µρ(a,1)µν . (3.83)

Replacing k̂p̂a in the second term with
ˆ̃
kap̂a and writing there p̂aγ

µ = 2pµa − γµp̂a, we find(
p̂a − k̂

)
γµp̂aρ

(a,1)
µν =

(
p̂a − k̂ +

ˆ̃
ka

)
2pµaρ

(a,1)
µν − ˆ̃

kaγ
µp̂aρ

(a,1)
µν . (3.84)
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It is easy to show that, through the right order in the zero-jettiness expansion, the

following equation holds

pµaρ
(a,1)
µν =

k̃a,ν
1− x

+
2k · pa
(1− x)s

pa,ν . (3.85)

We also find
ˆ̃
kaγ

µp̂aρ
(a,1)
µν = −ˆ̃

kaγν p̂a +
1

k · pb
ˆ̃
kap̂bp̂akν . (3.86)

The Ward identity implies

p̂aN
+,ν
fin,ap̂b kν = p̂aN

+
a p̂b. (3.87)

Putting the above results together, we obtain

F (a,1)
ar = 2Tr

[
Naxp̂aN

+
fin,a,ν p̂b

(−2pa · k)

](
k̃νa

1− x
+

2k · pa
(1− x)s

pνa

)
+Tr

Na
ˆ̃
kaγν p̂aN

+,ν
fin,ap̂b

(−2pa · k)


− 1

k · pb
Tr

[
Na

ˆ̃
kap̂bp̂aN

+
a p̂b

(−2pa · k)

]
+ c.c..

(3.88)

We observe that the interference terms are proportional to k̃a/(−2pa · k). Hence, to obtain

the final result, the functions N and N+,ν
fin have to be expanded to first order in k̃a. We also

note that in the last term in Eq. (3.88) we can replace the 1/(k ·pb) factor with 2/(s(1−x)),
without compromising the accuracy of the collinear expansion.

We continue with the analysis of the individual terms in Eq. (3.88), aiming at isolating

those that have a soft singularity. We begin with the first term in Eq. (3.88) and write

2Tr

[
Naxp̂aN

+
fin,a,ν p̂b

(−2pa · k)

](
k̃νa

1− x
+

2k · pa
(1− x)s

pνa

)
= − 2

s(1− x)
Tr
[
Naxp̂a

(
Rν,+

fin pb,ν +N+
b

)
p̂b

]
+

2

(1− x)(−2pa · k)
Tr

[
Naxp̂a

(
Rν,+

fin k⊥,ν p̂b −N+
b

p̂ak̂⊥
s

p̂b

)]
.

(3.89)

It is convenient to express the last term in Eq. (3.89) through a vector κ̃a, following the

discussion above. We find

2Tr

[
Naxp̂aN

+
fin,a,ν p̂b

(−2pa · k)

](
k̃νa

1− x
+

2k · pa
(1− x)s

pνa

)
=

− 2

s(1− x)
Tr

[
Naxp̂a

(
R+

fin,ν

pνb
x

+N+
b

)
p̂b

]
− 2

s
Tr
[
Naxp̂aR

ν,+
fin pa,ν p̂b

]
+

2κa,ν
(1− x)(−2pa · k)

Tr

[
Naxp̂a

(
Rν,+

fin −N+
b

p̂aγ
ν

s

)
p̂b

]
,

(3.90)

and the soft singularity is only present in the first term on the right-hand side of the above

equation, thanks to the argument mentioned below Eq. (3.73).
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Next, we need to consider the second term in Eq. (3.88). We write

Tr

Na
ˆ̃
kaγν p̂aN

+,ν
fin,ap̂b

(−2pa · k)

 = Tr

[
Nak̂⊥γν p̂aN

+,ν
fin,ap̂b

(−2pa · k)

]

− 1

s
Tr
[
Na(p̂b − p̂a)γν p̂aN

+,ν
fin p̂b

]
,

(3.91)

and then replace k⊥ with κa in the first term. After simplifications, we find

Tr

Na
ˆ̃
kaγν p̂aN

+,ν
fin,ap̂b

(−2pa · k)

 = Tr

[
Naκ̂aγν p̂aN

+,ν
fin,ap̂b

(−2pa · k)

]
+

1

sx
Tr

[
Nap̂bγ

ν p̂aN
+
b

p̂aγν p̂b
s

]
+

1

sx
Tr
[
Na(x

2p̂a − p̂b)γν p̂aR
ν,+
fin p̂b

]
+

2x

s(1− x)
Tr
[
Nap̂aN

+
b p̂b

]
.

(3.92)

The soft divergence resides in the last term on the right-hand side of the above equation.

Finally, we need to analyze the last term in Eq. (3.88). It reads

− 1

kpb
Tr

[
Na

ˆ̃
kap̂bp̂aN

+
a p̂b

(−2pa · k)

]
=− 2

s(1− x)
Tr

[
Naκ̂ap̂bp̂aN

+
a p̂b

(−2pa · k)

]
− 2x

s(1− x)
Tr
[
Nap̂aN

+
a p̂b

]
.

(3.93)

The soft singularity is in the second term on the right-hand side of Eq. (3.93).

The last contribution we need to compute is Frr,a; it is finite in the collinear k⃗||p⃗a
limit. It is also finite in the soft limit thanks to our choice of the gluon density matrix.

The result reads

Frr,a =
1

s
Tr
[
Rµ

finp̂aN
+
b p̂aγµp̂b

]
+ c.c.

+
2

s
Tr
[
Nbp̂aN

+
b p̂a

]
− Tr

[
Rν

finp̂aR
µ,+
fin p̂b

]
g⊥,µν .

(3.94)

We now collect all the terms that contribute to the function Fa defined in Eq. (3.60)

through the required order in the collinear expansion. We pay particular attention to

separating terms that exhibit soft and collinear singularities2 from the ones that do not.

We then write (discarding O(ϵ) contributions in terms that are neither soft- nor collinear-

2Such singular terms come from Eqs (3.73, 3.82) and Eqs (3.90, 3.92, 3.93).
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divergent)

Fa =
2Pqq(x)

2pa · k
Tr
[
Nap̂aN

+
a p̂b

]
+

2

s

(1 + x+ x2 − x3)

(1− x)2
Tr
[
Nap̂aN

+
a p̂b

]
−

4pνb
s(1− x)

Tr
[
Nap̂aR

+
fin,ν p̂b

]
+ c.c.− 2x

s(1− x)
Tr
[
Nap̂aN

+
a p̂b

]
+ c.c.

+
1

sx
Tr

[
Nap̂bγ

ν p̂aN
+
b

p̂aγν p̂b
s

]
+ c.c.− 1

sx
Tr
[
Nap̂bγν p̂aR

ν,+
fin p̂b]

]
+ c.c.

− 2

2pa · k
x

1− x
Tr
[
Naκ̂aN

+
a p̂b

]
+Tr

[
Naκ̂aγν p̂aN

+,ν
fin,ap̂b

(−2pa · k)

]
+ c.c.

+
2κa,ν

(1− x)(−2pa · k)
Tr

[
Naxp̂a

(
Rν,+

fin −N+
b

p̂aγ
ν

s

)
p̂b

]
+ c.c.

− 2

s(1− x)
Tr

[
Naκ̂ap̂bp̂aN

+
a p̂b

(−2pa · k)

]
+ c.c.+ Frr,a.

(3.95)

We note that the complex conjugation, indicated by c.c. in the above formula, always refers

to the term that appears immediately to the left of it.

The next-to-last term in Eq. (3.95) can be simplified if we combine it with its conjugate.

Then

Tr

[
Naκ̂ap̂bp̂aN

+
a p̂b

(−2pa · k)

]
+ c.c. = Tr

[
Na [κ̂ap̂bp̂a + p̂ap̂bκ̂a]N

+
a p̂b

(−2pa · k)

]
. (3.96)

Since

κ̂ap̂bp̂a + p̂ap̂bκ̂a = 2(κa · pb)p̂a − 2(κa · pa)p̂b + sκ̂a, (3.97)

we obtain

Fa =
2Pqq(x)

2pa · k
Tr
[
Nap̂aN

+
a p̂b

]
+

2

s

(1 + x+ x2 − x3)

(1− x)2
Tr
[
Nap̂aN

+
a p̂b

]
−

4pνb
s(1− x)

Tr
[
Nap̂aR

+
fin,ν p̂b

]
+ c.c.− 2x

s(1− x)
Tr
[
Nap̂aN

+
a p̂b

]
+ c.c.

+
1

sx
Tr

[
Nap̂bγ

ν p̂aN
+
b

p̂aγν p̂b
s

]
+ c.c.− 1

sx
Tr
[
Nap̂bγν p̂aR

ν,+
fin p̂b

]
+ c.c.

− 2

s
Tr
[
Nap̂aN

+
a p̂b

]
+

2

sx
Tr
[
Nap̂bN

+
a p̂b

]
+ Frr,a

+
2

2pa · k
Tr
[
Naκ̂aN

+
a p̂b

]
+Tr

[
Naκ̂aγν p̂aN

+,ν
fin,ap̂b

(−2pa · k)

]
+ c.c.

+
2κa,ν

(1− x)(−2pa · k)
Tr

[
Naxp̂a

(
Rν,+

fin −N+
b

p̂aγ
ν

s

)
p̂b

]
+ c.c..

(3.98)

All terms that appear in the above formula should be evaluated for the boosted momenta

p1, p2, k. In practice, this concerns the first term and the last three terms on the right-hand

side in Eq. (3.98) which, after the boost, will have to be expanded to the required order

in k⊥. The result of this expansion for the last three terms in Eq. (3.98) is free of both

collinear and soft singularities but it is somewhat messy; we present the corresponding

formulas in Appendix B.
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3.3 The second collinear contribution: k⃗||p⃗b

We need to consider the second collinear contribution which arises when the gluon is emitted

along the direction of an anti-quark with momentum pb. The construction of the Lorentz

transformation and the parametrization of the gluon momentum is identical to what has

been discussed in the previous section except that the replacement pa ↔ pb should be

applied.

The simplification of the matrix element proceeds as in the previous subsection. It is

easy to see that in addition to the pa ↔ pb transformation, we also need to perform the

replacement Na ↔ −N+
b . We find

Fb =
2Pqq(x)

2pb · k
Tr
[
N+

b p̂bNbp̂a
]
+

2

s

(1 + x+ x2 − x3)

(1− x)2
Tr
[
N+

b p̂bNbp̂a
]

+
4pνa

s(1− x)
Tr
[
N+

b p̂bRfin,ν p̂a
]
+ c.c.− 2x

s(1− x)
Tr
[
N+

b p̂bNbp̂a
]
+ c.c.

+
1

sx
Tr

[
N+

b p̂aγ
ν p̂bNa

p̂bγν p̂a
s

]
+ c.c.+

1

sx
Tr
[
N+

b p̂aγν p̂bR
ν
finp̂a

]
+ c.c.

− 2

s
Tr
[
N+

b p̂bNbp̂a
]
+

2

sx
Tr
[
N+

b p̂aNbp̂a
]
+ Frr,b

+
2

2pb · k
Tr
[
N+

b κ̂bNbp̂a
]
+Tr

[
N+

b κ̂bγν p̂bN
ν
fin,b p̂a

(2pb · k)

]
+ c.c.

+
2κb,ν

(1− x)(2pb · k)
Tr

[
N+

b xp̂b

(
Rν

fin +Na
p̂bγ

ν

s

)
p̂a

]
+ c.c.,

(3.99)

where

Nν
fin,b = Rν

fin −
Na(p̂a − k̂)γν

2pa · k
. (3.100)

Similar to the collinear case k⃗||p⃗a discussed in the preceding section, the first two lines

contain divergent terms and the remaining terms are finite in the collinear and soft limits.

The boost that needs to be applied here differs from the boost in the case k⃗||p⃗a. We denote

the required Lorentz boost as Λb; it is given in Appendix A.

4 Combining soft and collinear contributions

In this section, we extract collinear and soft singularities from the different contributions

to the differential cross section, and derive the finite result for the next-to-leading term in

the zero-jettiness expansion.
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4.1 The first collinear region: k⃗||p⃗a

We begin with the contribution of the first collinear region where the gluon is emitted along

the direction of the incoming quark with momentum pa. The differential cross section reads

dσca

dτ
=

[αs]CFQ
1−ϵ

2τ1+ϵ
N

1∫
0

dx dΦxa
m

[
dΩ

(d−2)
k

]
(1− x)−ϵ

×
(
1 +

ϵQτ

s(1− x)

)
O(Q̃X) τ Fa,

(4.1)

where the Born phase space dΦxa
m can be found in Eq. (3.56), Q̃X = Λ−1

a QX , Fa is given in

Eq. (3.98), and the momenta pa, pb, k which appear in that equation should be boosted.

It is convenient to write, with the required accuracy,(
1 +

ϵQτ

s(1− x)

)
Fa =

2Pqq(x)

2pa · k
Tr
[
Nap̂aN

+
a p̂b

]
+

4(1 + ϵ)

s(1− x)2
Tr
[
Nax̂paN

+
a p̂b

]
−

4pνb
s(1− x)

Tr
[
Nap̂aR

+
fin,ν p̂b

]
+ c.c.+ Fa,reg,

(4.2)

where the function Fa,reg does not have soft or collinear singularities. Among the four

terms that appear on the right-hand side of Eq. (4.2), the first one requires the expansion

of the reduced matrix element in k⊥, the second term has a power divergence at x = 1,

and the third one has a regular soft singularity.

We begin with the discussion of the first term on the right-hand side of Eq. (4.2). We

note that momenta that appear in that term still have to be boosted. Hence, we write

dσca,1

dτ
=

[αs]CFQ
1−ϵ

2τ1+ϵ
N

1∫
0

dx dΦxa
m

[
dΩ

(d−2)
k

]
(1− x)−ϵO(Λ−1

a QX)

× τ
2Pqq(x)

(2pa · k) x
Tr
[
Na(pb, pa − k,QX) xp̂aN

+
a (pb, pa − k,QX)p̂b

]
Λa
.

(4.3)

The subscript of the trace function indicates that momenta pa, pb and k should be boosted

with the matrix Λa.

To proceed further, we need to expand the trace function and the observable in Eq. (4.3)

around the collinear limit, and extract the soft singularity that is present in Pqq(x) from all

terms in such an expansion. As the first step, we discuss the (standard) leading collinear

contribution which is obtained by setting Λa → 1 and neglecting the transverse momentum

of the gluon k. We find

dσca,1,LP

dτ
=

[αs]CFQ
−ϵ

τ1+ϵ
N

1∫
0

dx dΦxa
m O(QX)

Pqq(x)

x(1− x)ϵ
|M(pb, xpa, QX)|2. (4.4)

In deriving Eq. (4.4) we have used the equality 2pak = τQ, and the fact that in the collinear

limit

Tr
[
Na(pb, pa − k,QX) xp̂aN

+
a (pb, pa − k,QX)p̂b

]
Λa

→ |M(pb, xpa, QX)|2, (4.5)
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where |M(pb, xpa, QX)|2 is the spin-summed matrix element for the elastic process qq̄ → X

where the quark q and the anti-quark q̄ have momenta xpa and pb, respectively. There is a

soft singularity present in the splitting function, but it is straightforward to extract it and

we do not discuss this point further.

The subleading terms require more effort. We start with the discussion of the trace

function and write

Tr
[
Na(pb, pa − k,QX) xp̂a N

+
a (pb, pa − k,QX) p̂b

]
Λa

= Tr
[
Na(Λapb,Λa(pa − k), QX) (Λaxp̂a) N

+
a (Λapb,Λa(pa − k), QX) (Λapb)

]
= Tr

[
Na(pb + δpa1, xpa − δpa1, QX) (xp̂a + δp̂a2)

×N+
a (pb + δpa1, xpa − δpa1, QX) (p̂b + δp̂a1)

]
.

(4.6)

The momenta shifts shown in Eq. (4.6) are easily obtained using the explicit form of the

boost operator Λa, c.f. Appendix A. We find

δpa1 =
k⊥
2

+
2pak

s
(pb + (1− x)πa1) ,

δpa2 =
k⊥
2

− 2pak

s
(pa − (1− x)πa2) ,

(4.7)

with

πa1 =
pa
4

+
3pb
4x

, πa2 =
3pa
4

+
pb
4x
. (4.8)

The non-trivial step, required to move forward, is the expansion of Eq. (4.6) in powers

of k⊥. Since the shifts in Eq. (4.7) are linear in k⊥, the trace in Eq. (4.6) needs to be

expanded through second order in k⊥. To organize this expansion efficiently, it is convenient

to rewrite Eq. (4.6) by introducing the following momenta

Pa = xpa − δp, Pb = pb + δp, δp =
k⊥
2

+
k2⊥
4sx

(pb − xpa). (4.9)

These momenta are constructed in such a way that P2
a = P2

b = 0 with O(k2⊥) accuracy,

and Pa + Pb = xpa + pb. Using these momenta, we find

xpa − δpa1 = Pa −
2k · pa
sx

pb, pb + δpa1 = Pb +
2k · pa
sx

pb. (4.10)

Furthermore, we find

xpa + δpa2 = Pa + k⊥ − 2k · pa
s

xpa. (4.11)

We are now in a position to rewrite Eq. (4.6) in the following way

Tr
[
Na(pb, pa − k,QX) xp̂a N

+
a (pb, pa − k,QX) p̂b

]
Λa

= Tr

[
Na

(
Pb +

2k · pa
sx

pb,Pa −
2k · pa
sx

pb, QX

) (
P̂a + k̂⊥ − 2k · pa

s
xp̂a

)

×N+
a

(
Pb +

2k · pa
sx

pb,Pa −
2k · pa
sx

pb, QX

) (
P̂b +

2k · pa
sx

p̂b

)]
.

=

(
1 +

2k · pa
s

1− x

x

)
|M|2(Pb,Pa, QX) + k⊥,µTr

[
Naγ

µN+
a p̂b

]
− 2k · pa

sx
pb,µ

(
Tr[N (1),µ

a xpaN
+
a pb] + c.c.

)
−
k⊥,µk

ν
⊥

2
Dax,b

ν Tr
[
Naγ

µN+
a p̂b

]
,

(4.12)
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where Dxa,b
µ = x−1∂/∂pµa−∂/∂pµb , and the quantity N

(1),µ
a is defined through the expansion

of the function Na as follows

Na(qb − δq, qa + δq,QX) = Na(qb, qa, Qx) + δqµN
(1),µ
a (qb, qa, QX). (4.13)

Note that in Eq. (4.12) we have written the matrix element as a function of two

momenta Pa, Pb. This is possible because both of these momenta are on-shell and the

momentum conservation Pa + Pb = QX is assured. It remains to expand the matrix

element squared through the right order in k⊥. The result reads

|M|2(Pb,Pa, QX) =

[
1−

kµ⊥
2
Dxa,b

µ −
k2⊥
4sx

(pµb − xpµa)D
xa,b
µ

+
kµ⊥k

ν
⊥

8
Dxa,b

µ Dxa,b
ν

]
|M|2(pb, xpa, QX).

(4.14)

As the last step, we need to combine Eqs (4.12, 4.14) and average over the directions

of the vector k⊥ in O(k2⊥) terms.3 It is convenient to write the result as follows

Tr
[
Na(pb, pa − k,QX) xp̂a N

+
a (pb, pa − k,QX) p̂b)

]
Λa

= |M|2(pb, xpa, QX)

−
kµ⊥
2

(
Dxa,b

µ |M|2(pb, xpa, QX)− 2Tr
[
NaγµN

+
a p̂b

])
+

2kpa
s

Wa(x).
(4.15)

In the above equation the function Wa(x) is defined as

Wa(x) = −pb,µWµ
a1(x) + (1− x)Wa2(x), (4.16)

where

Wµ
a1(x) =Tr

[
N (1),µ

a xp̂a N
+
a p̂b

]
+ c.c.,

Wa2(x) =− 1

x
pb,µW

µ
a1 +

1

4x

(
4 + (pµb − xpµa)D

xa,b
µ

)
|M|2(pb, xpa, QX)

− s

16
gµν⊥

(
Dxa,b

ν Dxa,b
µ |M|2(pb, xpa, QX)− 4Dxa,b

µ Tr
[
NaγνN

+
a p̂b

])
.

(4.17)

Another quantity that we need to expand is the observable O because it depends on

the transformed momentum of the final-state colorless particles

Q̃X = Λ−1
a QX . (4.18)

We write [
Λ−1
a

]µν
(x) = gµν + bµν,αa k⊥,α +

2k · pa
s

lµνa , (4.19)

3Note that we do not discard terms linear in k⊥ because such terms may get combined with the collinear

expansion of an observable O producing a non-vanishing result. However, since O(k2
⊥) terms that ap-

pear from the expansion of the matrix element squared will always be multiplied by O(k0
⊥) terms in the

observable, we can average over directions of k⊥ in such terms right away.
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where

ba
µν
α =

Qµ
agνα −Qν

ag
µ
α

sx
, lµνa (x) = ωµν

ab + (1− x)

[
1

2x
ωµν
ab +

Qµ
aQν

a

2sx2
+
gµν⊥
4x

]
, (4.20)

with

ωµν
ab =

pµapνb − pµb p
ν
a

pa · pb
. (4.21)

We note that in Eq. (4.20), we have replaced kµ⊥k
ν
⊥ with its average value, since there will

be no further dependencies on k⊥ when this term is combined with an amplitude squared.

Furthermore, we took the four-dimensional limit because such terms do not present soft or

collinear singularities. Finally, we note that

lim
x→1

lµνa (x) = ωµν
ab . (4.22)

Using the above results, we easily expand the observable O around the collinear limit

O(Λ−1
a QX) =

[
1 +

(
kα⊥ba

µν
α +

2k · pa
s

lµνa (x)

)
Lµν

− 1

2
(1− x)k · pa tµµ1,νν1

a Lµµ1Lνν1

]
O(QX).

(4.23)

In Eq. (4.23), the differential operator Lµν reads

Lµν =

m∑
i=1

pνi
∂

∂pi,µ
, (4.24)

and

tµµ1,νν1
a = gαβ⊥ ba

µµ1
α ba

νν1
β , (4.25)

is a rank-four tensor.

Having computed all the different terms in Eq. (4.3) to the required order in the

collinear expansion, we are in the position to write the different contributions to the cross

section as an expansion in ϵ. In this respect, we note that the only divergence in the

subleading term comes from the soft singularity of the splitting function, so that it is

straightforward to extract it. We write

Pqq(x) (1− x)−ϵ = −2

ϵ
δ(1− x) + P̄qq(x) +O(ϵ), (4.26)

where

P̄qq(x) =
2

(1− x)+
− (1 + x). (4.27)
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Using this representation, we derive the following result for the next-to-leading power

contribution that originates from the first term in Eq. (4.2)

dσca,1,NLP

dτ
= −2[αs]CFQ

1−ϵN
sτ ϵϵ

dΦm(pa, pb, PX)
[
− pb,µW

µ
a1(1)

+ |M|2(pb, pa, ..) ωµν
ab Lµν

]
O(PX)

+
[αs]CFQN

s

1∫
0

dx dΦm(xpa, pb, PX)
P̄qq(x)

x

{
Wa(x)

+
s

4
(1− x)gρα⊥

[
Dxa,b

ρ |M|2(pb, xpa, ...)− 2Tr
[
NaγρN

+
a p̂b

] ]
ba

µν
α Lµν

+ |M|2(pb, xpa, ...) lµνa (x)Lµν

− s (1− x)

4
|M|2(pb, xpa, ...)tµµ1,νν1

a Lµµ1Lνν1

}
O(PX).

(4.28)

Next we consider the second term in Eq. (4.2). That term is already subleading in the

collinear limit which means that no Lorentz boost needs to be applied to it. Consequently,

we can replace Q̃X with QX everywhere. We also note that the trace in that term gives

the squared matrix element of the leading order process with x-dependent kinematics

Tr
[
Na(pb, xpa, QX)xp̂aN

+
a (pb, xpa, QX)p̂b

]
= |M|2(pb, xpa, QX). (4.29)

However, the complication arises because this term is linearly divergent in the soft limit; for

this reason, it requires additional manipulations. We begin by writing this term explicitly

dσca,2

dτ
=

2(1 + ϵ)[αs]CF

sτ ϵQ−1+ϵ
N

1∫
0

dx dΦxa
m

O(QX)

(1− x)2+ϵ
|M|2(pb, xpa, QX), (4.30)

where dΦxa
m is given in Eq. (3.56).

To extract singularities from this expression, we would like to remove the x-dependence

from the phase space. We do this by performing a boost, along the lines of what was done

for the discussion of the soft contribution in Sec. 3.1. To this end, we write

0 = xpa + pb −QX = pa + pb − (1− x)pa −QX , (4.31)

and treat (1− x)pa as the “soft gluon momentum”. Similarly to the discussion in Sec. 3.1,

we remove it using a Lorentz boost along with the rescaling

pa + pb = λ−1Λax (xpa + pb). (4.32)

Using the fact that boosts do not change squares of four-momenta, it is easy to see

that λ =
√
x. Following the steps discussed in the section dedicated to soft emissions, we

find

dΦxa
m = dΦm(xpa, pb, QX) = dΦm(pa, pb, PX) λκm , (4.33)
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where κm is defined in Eq. (3.13) and the relation between QX and PX reads

QX = λΛ−1
axPX . (4.34)

We then find

dσca,2

dτ
=

2(1 + ϵ)[αs]CFQ
1−ϵ

sτ ϵ
N

1∫
0

dx dΦab
m λκm(1− x)−ϵ−2

×O(λΛ−1
axPX) |M|2(pb, xpa, λΛ−1

axPX).

(4.35)

To extract singularities from this expression and to regulate them, we require the expansion

of the matrix element squared, the λκm factor and the observable O through first order in

(1−x). The boost operator, as well as its expansion in (1−x) is given in Eqs (A.12, A.13).

Using those equations and the expansion of λ around x = 1, λ = 1−(1−x)/2+O((1−x)2),
we obtain

λ(Λ−1
ax )

µν = gµν − (1− x)

2

(
gµν + ωµν

ab

)
+O((1− x)2). (4.36)

We then find

|M|2
(
pb, xpa, λΛ

−1
axPX

)
=[

1− (1− x)

2

(
2pµa

∂

∂pa,µ
+
(
gρσ + ωρσ

ab

)
Lρσ

)]
|M|2 (pb, pa, PX) +O((1− x)2),

(4.37)

and

O(λΛ−1
axPX) =

[
1− (1− x)

2

(
gρσ + ωρσ

ab

)
Lρσ

]
O(PX) +O((1− x)2). (4.38)

It is now convenient to define a new function to represent the subtracted expression

W
(a)
3 (x, pb, pa, PX ,O(PX)) = λκmO(λΛ−1

axPX)|M|2(pb, xpa, λΛ−1
axPX)−[

1− (1− x)

2

(
κm + 2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)]
|M|2 (pb, pa, PX)O(PX),

(4.39)

where we have assumed that the observable O is independent of the momentum pa. It

follows from Eqs (4.37, 4.38) that in the soft limit W
(a)
3 vanishes as O((1 − x)2) and,

therefore, can be integrated with the 1/(1 − x)2 factor which appears in the cross section

computation, c.f. Eq. (4.30).

We can now write the complete result that originates from the second term in Eq. (4.2)
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in the following way4

dσca,2,NLP

dτ
=

(1 + ϵ)[αs]CFQ
1−ϵ

sτ ϵϵ
N dΦm(pa, pb, PX)

[
− 2ϵ

1 + ϵ
+ κm

+

(
2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)]
O(PX) |M|2(pb, pa, PX)

+
2[αs]CFQ

s
N

1∫
0

dx dΦm(pa, pb, PX)
W

(a)
3 (x, pb, pa, PX ,O(PX))

(1− x)2

=
[αs]CFQ

1−ϵ

sτ ϵϵ
N dΦm(pa, pb, PX)

[
− 2ϵ+ κm

+

(
2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)]
O(PX) |M|2(pb, pa, PX)

− [αs]CFQ

s
N

1∫
0

dx dΦm(xpa, pb, PX)
1

(1− x)+

×
(
κm + 2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)
O(PX) |M|2(pb, xpa, PX),

(4.40)

where in the first term integration over x has been performed and the W
(a)
3 term was

rewritten in terms of the plus distribution.

Finally, we need to consider the third term in Eq. (4.2). This term is also subleading

in the collinear expansion which means that no boost is required. Its contribution to the

cross section reads

dσca,3

dτ
= − [αs]CFQ

1−ϵ

2τ ϵ
N

1∫
0

dx
dΦm(xpa, pb, PX) O(PX)

(1− x)1+ϵ

×
4pνb
s

(
Tr
[
Nap̂aR

+
fin,ν p̂b

]
+ c.c.

)
.

(4.41)

We then replace (1− x)−1−ϵ with the plus distribution in the standard way and find

dσca,3

dτ
= − [αs]CFQ

1−ϵ

2τ ϵ
N

1∫
0

dx dΦm(xpa, pb, PX)

[
−1

ϵ
δ(1− x) +

1

(1− x)+

]

× O(PX)
4pνb
s

(
Tr
[
Nap̂aR

+
fin,ν p̂b

]
+ c.c.

)
.

(4.42)

The 1/ϵ divergent term requires Rfin,ν(pb, pa, k, PX), with k = (1− x)pa at x = 1 (i.e., the

soft limit). We can obtain it using gauge invariance. From the transversality of the gluon

emission amplitude it follows that

v̄b (N(pb − k, pa, PX)−N(pb, pa − k, PX) + kµRfin,µ(pb, pa, k, PX))ua = 0. (4.43)

4We provide a detailed derivation of this formula in Appendix C.
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We are interested in the soft k → 0 limit. Since Rfin,ν(pb, pa, k, PX) in that equation is

multiplied with kν , we can replace it with Rfin,ν(pb, pa, 0, PX). The difference of the two

Green’s functions can be computed using the discussion in Sec. 5, where it is explained how

such an expansion should be constructed. In particular, if we compute it starting from the

incoming quark momentum and do not let momentum k flow into the colorless final state,

then we have to replace pb with PX + k − pa in the functions N in Eq. (4.43). It follows

that

N(pb − k, pa, PX)−N(pb, pa − k, PX) = kµN (1),µ(pb, pa, PX). (4.44)

Employing this result in Eq. (4.43) and making use of the fact that it is valid for small,

but otherwise arbitrary vectors kµ, we find

pνb v̄bRfin,νua

∣∣∣
k→0

= −pb,ν v̄bN (1),ν
a ua

∣∣∣
k→0

. (4.45)

Hence, we obtain

dσca,3,NLP

dτ
= − [αs]CFQ

1−ϵ

2τ ϵϵ
N dΦm(pa, pb, PX) O(PX)

×
4pνb
s

(
Tr
[
Nap̂aN

(1),+
ν p̂b

]
x=1

+ c.c.
)

− [αs]CFQ

2
N

1∫
0

dx

(1− x)+
dΦm(xpa, pb, PX) O(PX)

×
4pνb
s

(
Tr
[
Nap̂aR

+
fin,ν p̂b

]
+ c.c.

)
.

(4.46)

We note that theO(1/ϵ) term in Eq. (4.46) is exactly canceled by the first term in Eq. (4.28).

4.2 The second collinear region: k⃗||p⃗b

We continue with the contribution of the collinear region where the gluon is emitted along

the direction of the incoming anti-quark. The differential cross section in this case reads

dσcb

dτ
=

[αs]CFQ
1−ϵ

2τ1+ϵ
N

1∫
0

dxdΦm(pa, xpb, Q̃X)
[
dΩ

(d−2)
k

]
(1− x)−ϵ

×
(
1 +

ϵQτ

s(1− x)

)
O(Q̃X) τ Fb,

(4.47)

where Q̃X = Λ−1
b QX , Fb is given in Eq. (3.99) and the momenta pa, pb, k that appear there

should be boosted. Similar to the collinear case where k⃗||p⃗a, it is convenient to write, with

the required accuracy,(
1 +

ϵQτ

s(1− x)

)
Fb =

2Pqq(x)

2pb · k
Tr
[
N+

b p̂bNbp̂a
]
+

4(1 + ϵ)

s(1− x)2
Tr
[
N+

b x̂pbNbp̂a
]

+
4pνa

s(1− x)
Tr
[
N+

b p̂bRfin,ν p̂a
]
+ c.c.+ Fb,reg,

(4.48)

where the function Fb,reg is free from both soft and collinear singularities.
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In principle, the discussion of the k⃗||p⃗b collinear limit follows very closely the discussion

in the previous section. Nevertheless, we decided to repeat it one more time for the sake

of clarity.

We begin with the first term on the right-hand side of Eq. (4.48). We note that

momenta that appear in that term still have to be boosted with the matrix Λb. Hence, we

write

dσcb,1

dτ
=

[αs]CFQ
1−ϵ

2τ1+ϵ
N

1∫
0

dx dΦm(pa, xpb, QX)[dΩ
(d−2)
k ](1− x)−ϵO(Λ−1

b QX)

× τ
2Pqq(x)

2pb · k x
Tr
[
N+

b (pb − k, pa, QX) xp̂b Nb(pb − k, pa, QX) p̂a
]
Λb
,

(4.49)

where the subscript of the trace function indicates that momenta pa, pb and k should be

boosted with the matrix Λb.

Following the discussion of the k⃗||p⃗a case, we first show the result for the leading power

contribution that is obtained by setting Λb → 1. We find

dσcb,1,LP

dτ
=

[αs]CFQ
−ϵ

τ1+ϵ
N

1∫
0

dx dΦm(pa, xpb, QX)
Pqq(x)

x(1− x)ϵ

×O(QX) |M(xpb, pa, PX)|2,

(4.50)

where we have used 2pbk = τQ, and the fact that in the collinear limit

Tr
[
N+

b (pb − k, pa, QX) xp̂b Nb(pb − k, pa, QX) p̂a
]
Λb

→ |M(xpb, papb, QX)|2. (4.51)

There is a soft singularity present in the splitting function Pqq, but it is straightforward to

extract it.

Computing the subleading terms in the τ -expansion requires more effort. We start by

showing formulas for the trace

Tr
[
N+

b (pb − k, pa, QX) xp̂b Nb(pb − k, pa, QX) p̂a
]
Λb

= Tr
[
N+

b (xpb − δpb1, pa + δpb1, QX)(xp̂b + δp̂b2)

×Nb(xpb − δpb1, pa + δpb1, QX)(p̂a + δ̂pb1)
]
,

(4.52)

where

δpb1 =
k⊥
2

+
2k · pb
s

(pa + (1− x)πb1) ,

δpb2 =
k⊥
2

− 2pb · k
s

(pb − (1− x)πb2) ,

(4.53)

and

πb1 =
pb
4

+
3pa
4x

, πb2 =
3pb
4

+
pa
4x
. (4.54)

We note that, thanks to the explicit (1 − x) factors in front of vectors πb1,b2, they do not

contribute to soft singularities. Proceeding as in the previous section, we find

Tr
[
N+

b (pb − k, pa, QX) xp̂b Nb(pb − k, pa, QX) p̂a)
]
Λb

= |M|2(xpb, pa, QX)

−
kµ⊥
2

(
Dxb,a

µ

[
|M|2(xpb, pa, QX)

]
− 2Tr

[
N+

b γµNbp̂a
])

+
2k · pb
s

Wb(x),
(4.55)
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where Dxb,a
µ = x−1∂/∂pµb − ∂/∂pa

µ and we defined

Wb(x) = −pa,µ Wµ
b1(x) + (1− x)Wb2(x), (4.56)

with

Wµ
b1 = Tr

[
N

(1),µ,+
b xp̂b Nb p̂a

]
+ c.c.,

Wb2 = −1

x
pa,µW

µ
b1 +

1

4x

(
4 + (pµa − xpµb )D

xb,a
µ

)
|M|2(xpb, pa, QX)

− s

16
gµν⊥

(
Dxb,a

ν Dxb,a
µ |M|2(xpb, pa, QX)− 4Dxb,a

µ Tr
[
N+

b γνNbp̂a
])
.

(4.57)

The function N
(1),µ
b in the above equation is defined in Appendix B.

We also need to expand the observable O since it depends on the transformed momenta

Q̃X = Λ−1
b QX . We write

Λ−1
b

µν
(x) = gµν + bµν,αb k⊥,α +

2k · pb
s

lµνb , (4.58)

where

bb
µν
α =

Qµ
b g

ν
α −Qν

bg
µ
α

sx
, lµνb (x) = ωµν

ba + (1− x)

[
1

2x
ωµν
ba +

Qµ
bQ

ν
b

2sx2
+

1

4x
gµν⊥

]
, (4.59)

and we have replaced kµ⊥k
ν
⊥ with its average value, since there will be no further depen-

dencies on k⊥ when the contribution of this term is taken into account. We also took the

four-dimensional limit because such terms do not contribute to soft and collinear singular-

ities. Finally, we note that

lim
x→1

lµνb (x) = ωµν
ba . (4.60)

Using the above results, we find

O(Λ−1
b QX) =

[
1 +

(
kα⊥bb

µν
α +

2k · pb
s

lµνb (x)

)
Lµν

− 1

2
(1− x)k · pb tµµ1,νν1

b Lµµ1Lνν1

]
O(QX),

(4.61)

where the differential operator Lµν is given in Eq. (4.24) and the tensor tµµ1,νν1
b reads

tµµ1,νν1
b = gαβ⊥ bb

µµ1
α bb

νν1
β . (4.62)

Using these results and following the discussion of the k⃗||p⃗a case, we obtain

dσcb,1,NLP

dτ
=

2[αs]CFQ
1−ϵN

sτ ϵϵ
dΦm(pa, pb, PX)

[
pa,µW

µ
b1(1)

− |M|2(pb, pa, ...) ωµν
ba Lµν

]
O(PX)

+
[αs]CFQN

s

1∫
0

dx dΦm(pa, xpb, PX)
P̄qq(x)

x

{
Wb(x)

+
s

4
(1− x)gρα⊥

[
Dxb,a

ρ |M|2(xpb, pa, ..)

− 2Tr
[
N+

b γρNbp̂a
] ]
bb

µν
α Lµν + |M|2(xpb, pa, ..) lµνb (x)Lµν

− s(1− x)

4
|M|2(xpb, pa, ...)tµµ1,νν1

b Lµµ1Lνν1

}
O(PX).

(4.63)
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Next we consider the second term in Eq. (4.48). The trace evaluates to

Tr
[
N+

b (xpb, pa, QX) xp̂b N
+
b (xpb, pa, QX) p̂a

]
= |M|2(xpb, pa, QX), (4.64)

and, following steps described in the previous section, we find

dσcb,2

dτ
=

2(1 + ϵ)[αs]CF

sτ ϵQ−1+ϵ
N

1∫
0

dx dΦm(pa, xpb, QX)
O(QX)

(1− x)2+ϵ
|M|2(xpb, pa, QX). (4.65)

Extracting the singularity at x = 1, as discussed in the previous section, we obtain

dσcb,2,NLP

dτ
=

[αs]CFQ
1−ϵ

sτ ϵϵ
N dΦm(pa, pb, PX)

[
− 2ϵ+ κm

+

(
2pµb

∂

∂pµb
+
(
gρσ + ωρσ

ba

)
Lρσ

)]
O(PX) |M|2(pb, pa, PX)

− [αs]CFQ

s
N
∫

dx dΦm(pa, xpb, PX)
1

(1− x)+

×
(
κm + 2pµb

∂

∂pµb
+
(
gρσ + ωρσ

ba

)
Lρσ

)
O(PX) |M|2(xpb, pa, PX).

(4.66)

Finally, we need to consider the third term in Eq. (4.48). This term is also subleading

in the collinear expansion which means that no boost is required. The contribution to the

cross section reads

dσcb,3

dτ
=

[αs]CFQ
1−ϵ

2τ ϵ
N

1∫
0

dx
dΦm(pa, xpb, PX)

(1− x)1+ϵ
O(PX)

× 4pνa
s

(
Tr
[
N+

b p̂bRfin,ν p̂a
]
+ c.c.

)
.

(4.67)

We then replace (1− x)−ϵ−1 with the plus distribution in the standard way and find

dσcb,3

dτ
=

[αs]CFQ
1−ϵ

2τ ϵ
N

1∫
0

dx dΦm(pa, xpb, PX)

[
−1

ϵ
δ(1− x) +

1

(1− x)+

]

× O(PX)
4pνa
s

(
Tr
[
N+

b p̂bRfin,ν p̂a
]
+ c.c.

)
.

(4.68)

We compute the x = 1 contribution following the discussion in the previous section and

find

dσcb,3,NLP

dτ
=

[αs]CFQ
1−ϵ

2τ ϵϵ
N dΦm(pa, pb, PX) O(PX)

× 4pνa
s

(
Tr
[
N+p̂bN

(1)
ν p̂a

]
x=1

+ c.c.
)

+
[αs]CFQ

2
N

1∫
0

dx

(1− x)+
dΦm(pa, xpb, PX) O(PX)

× 4pνa
s

(
Tr
[
N+

b p̂bRfin,ν p̂a
]
+ c.c.

)
.

(4.69)
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The 1/ϵ pole in the first term of the above equation is canceled by the first term in

Eq. (4.63).

4.3 The final result for the next-to-leading power correction

In this section, we combine all the different contributions, and derive the final formula

for the production of an arbitrary colorless final state X in the qq̄ → X process at next-

to-leading power in the zero-jettiness expansion at NLO QCD. We need to account for

the soft and two collinear contributions, presented in Eqs (3.30, 3.98, 3.99), using further

simplifications of the last two equations (the collinear contributions) discussed in Secs. 3.2

and 3.3, and in Appendix B.

Using the above results, it is straightforward to check that, at next-to-leading power,

all 1/ϵ poles cancel after summing soft and collinear contributions. However, the result

contains a ln τ -enhanced term, which appears as a consequence of the mismatch of the

ϵ-dependent exponents of τ in the soft and collinear contributions. We note that the 1/ϵ

poles proportional to the tensor ωµν
ab cancel when taking the sum of both collinear regions.

We write the next-to-leading power contribution in the expansion of the qq̄ → X cross

section in the zero-jettiness as the sum of three terms

dσNLP

dτ
=
[αs]CFQ

s
N

{
2

[
ln

(
Qτ

s

)
+ 1

]
CNLP,s +CNLP,a +CNLP,b

}
. (4.70)

The finite remnant of the soft and soft-collinear contributions read

CNLP,s =

∫
dΦm(pa, pb, PX)

κm +
∑
i∈Lf

pµi
∂

∂pµi

 |M(pb, pa, PX)|2 O(PX), (4.71)

where the sum extends over all particles in the process.5 We note that for amplitudes with

massless particles only, the following equation holdsκm +
∑
i∈Lf

pµi
∂

∂pµi

 |M(pb, pa, PX)|2 = 0. (4.72)

This result follows from the fact that the mass dimension of the amplitude squared with

two initial-state and m final-state particles is (−κm) and that the derivative operator in

the above equation probes the mass dimension of the amplitude squared in the massless

case.

The expressions for the two collinear remnants CNLP,a(b) are more complex. The k⃗||p⃗a
contribution reads

CNLP,a = −2

∫
dΦm |M(pb, pa, PX)|2 O(PX) +

∫
dx dΦxa

m

{
P̄qq(x)

x

[
Wa(x)

+
s

4
(1− x)gρα⊥

(
Dxa,b

ρ |M|2(pb, xpa, ...)− 2Tr
[
NaγρN

+
a p̂b

])
ba

µν
α Lµν

5We remind the reader that the validity of Eq. (4.71) requires that the observable O is independent of

momenta pa, pb.
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+ |M|2(pb, xpa, ...) lµνa (x)Lµν −
s (1− x)

4
|M|2(pb, xpa, ...)tµµ1,νν1

a Lµµ1Lνν1

]
− 1

(1− x)+

(
κm + 2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)
|M|2(pb, xpa, ...)

−
2pνb

(1− x)+

(
Tr
[
Nap̂aR

+
fin,ν p̂b

]
+ c.c.

)
+ Ffin,a (4.73)

+
s

4
(1− x)gαβ⊥

[
− 2Tr

[
NaγβN

+
a p̂b

]
+Tr

[
Naγβγρp̂a

(
Rρ,+

fin +
N+

b (p̂b − (1− x)p̂a)γ
ρ

(1− x)s

)
p̂b

]
+ c.c.

+
2x

1− x
Tr

[
Nap̂a

(
R+

fin,β −
N+

b p̂aγβ
s

)
p̂b

]
+ c.c.

]
ba

µν
α Lµν

}
O(PX),

where

dΦm = dΦ(pa, pb, PX), dΦxa
m = dΦ(xpa, pb, PX), (4.74)

Wa(x) is defined in Eq. (4.16), Ffin,a can be found in Appendix B, and the functions Na,

Nb and Rµ
fin appearing in the above expression should be evaluated with the following

arguments

Na = Na(pb, xpa, PX),

Nb = Nb(pb − (1− x)pa, pa, PX),

Rµ
fin = Rµ

fin(pb, pa, (1− x)pa, PX).

(4.75)

We note that many terms in Eq. (4.73) involve derivatives of the observable O; these terms

are written for a generic case and may simplify significantly if a definite observable is

considered. We will see examples of this in what follows.

The second collinear contribution with k⃗||p⃗b, that we referred to as CNLP,b above, can

be obtained from Eq. (4.73) by making the following replacements

pa ↔ pb, Na ↔ −N+
b , (4.76)

which also implies replacing the following quantities

Wa(x) →Wb(x), Dxa,b → Dxb,a, ba → bb, la → lb, ta → tb,

ωρσ
ab → ωρσ

ba , Ffin,a → Ffin,b, dΦxa
m → dΦxb

m .
(4.77)

Furthermore, the Green’s functions that would appear in CNLP,b will have to be evaluated

for the following arguments

Na = Na(pb, pa − (1− x)pb, PX),

Nb = Nb(xpb, pa, PX),

Rµ
fin = Rµ

fin(pb, pa, (1− x)pb, PX).

(4.78)
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Several terms in the collinear contributions CNLP,a(b) can be simplified further although

we do not try to do this systematically. As an example, consider the term

ωµν
ab Lµν |M |2(pb, pa, PX). (4.79)

in Eq. (4.73). Since ωµν
ab is an antisymmetric tensor, we can think of it as part of an

infinitesimal Lorentz transformation

[Λδ]
µν = gµν + δωµν

ab +O(δ2). (4.80)

Because the matrix element squared is invariant under Lorentz transformations, we can

write

|M|2(pb, pa,ΛδPX) = |M|2(Λ−1
δ pb,Λ

−1
δ pa, PX). (4.81)

The inverse infinitesimal transformation is obtained by replacing δ → −δ in Eq. (4.80).

Finally, expanding Eq. (4.81) in δ, we find

ωµν
ab Lµν |M|2(pb, pa, PX) = −

(
pµa

∂

∂pµa
− pµb

∂

∂pµb

)
|M|2(pb, pa, PX), (4.82)

which might be helpful for calculating this quantity for complex physical processes.

5 How to compute Green’s functions that appear in the formula for

power corrections

The general formula for subleading zero-jettiness corrections, derived in the previous sec-

tion, is complicated because it involves Green’s functions whose relation to amplitudes is

obscure. Thus, for such a formula to be useful, one has to understand how the relevant

Green’s functions can be calculated. It turns out that methods developed for computing

high-multiplicity QCD amplitudes more than thirty years ago [39] are suitable for this

purpose.6

Although we are certain that the discussion in this section can be made fully general,

for the sake of definiteness, we consider the case when the state X consists of N photons.

The observable function O(PX) is chosen in such a way that photons are hard and not

collinear to the incoming quark and anti-quark; hence, we treat them as hard particles

throughout the calculation.

We need to understand how to compute the Green’s functions Na,b, N
(1),µ
a,b etc., as well

as Rν
fin and its expansion to first order in k⊥. We will start with the discussion of the two

simplest Green’s functions Na,b. To calculate them, we introduce the quark current Ĵ (c.f.

Fig. 2) which depends on the momentum of the incoming quark (that we denote as qa) and

the momenta and polarization vectors of N photons. The momentum of the anti-quark is

obtained from the momentum conservation. The current reads Ĵ(qa, ψN ), where the set

ψN is given by ψN = {(p1, ϵ1), (p2, ϵ2), .., (pN , ϵN )}, and (pi, ϵi) denote the momentum and

6The extension of these methods beyond QCD is discussed in Ref. [41].
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Figure 2. Pictorial representation of Eq. (5.1).

the polarization vector of the photon i. The current is a four-by-four matrix that satisfies

the following recurrence relation

Ĵ(qa, ψN ) =
i

q̂a − Q̂N

N∑
m=1

(ieq ϵ̂m) Ĵ(qa, ψN/m), (5.1)

where eq is the quark electric charge,

QN =
N∑

m=1

pm, (5.2)

ψN/m denotes the original set ψN from which the photon m is removed, and the recursion

starts by identifying Ĵ(qa, {}) with the identity matrix. A schematic representation of

Eq. (5.1) is shown in Fig. 2.

Eq. (5.1) is general; it allows us to compute the current Ĵ and obtain the Green’s

functions Na,b from it. This is achieved by simply removing the propagator i/(q̂a − Q̂N )

from Eq. (5.1). We then find

Na,b =
N∑

m=1

(ieq ϵ̂m) Ĵ
(
qa,b, ψN/m

)
, (5.3)

where the two vectors qa,b are different for the two cases. For example, many terms in the

final formula involve functions Na and Nb in the collinear k⃗||p⃗a limit. In that case

qa = xpa, qb = pa. (5.4)

For the k⃗||p⃗b case,
qa = pa − (1− x)pb, qb = pa. (5.5)

In addition, we require the expansion of these Green’s functions for certain deforma-

tions of the quark momentum q; we will denote such deformations by δq. The important

feature of these deformations is that they do not affect momenta and polarizations of col-

orless particles of the final state X. Thanks to this feature, it becomes straightforward to

compute the expansion of the functions Na,b with respect to such deformations. Writing

Ĵ(q + δq, ψN ) = Ĵ (0)(q, ψN ) + δqµĴ
(1),µ(q, ψN ) +

δqνδqµ
2

Ĵ (2),µν(q, ψN ) +O(δq3), (5.6)
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we can derive equations that currents Ĵ (0), Ĵ (1),µ and Ĵ (2),µν satisfy. In fact, the equation

for J (0) is identical to Eq. (5.1). The equations for Ĵ (1),µ and Ĵ (2),µν read

Ĵ (1),µ(qa, ψN ) = − 1

q̂a − Q̂N

γµJ (0)(qa, ψN ) +
i

q̂a − Q̂N

N∑
m=1

(ieq ϵ̂m) Ĵ (1),µ(qa, ψN/m),

Ĵ (2),µν(qa, ψN ) = − 1

q̂a − Q̂N

[
γµJ (1),ν(qa, ψN ) + γνJ (1),µ(qa, ψN )

]
+

i

q̂a − Q̂N

N∑
m=1

(ieq ϵ̂m) Ĵ (2),µν(qa, ψN/m).

(5.7)

To start the recursion, we use Ĵ (0)(qa) = 1̂, Ĵ (1),µ(qa) = 0 and Ĵ (2),µν(qa) = 0. To compute

relevant Green’s functions, we write their expansions as

Na,b(q + δq, PX) = Na,b(q, PX) + δqµN
(1),µ
a,b (q, PX) +

δqµδqν
2

N
(2),µν
a,b (q, PX) + . . . , (5.8)

where q is the quark momentum and ellipses stand for terms with higher powers of δq.

Then, using Eqs (5.3, 5.7), we find

N
(1),µ
a,b =

N∑
m=1

(ieq ϵ̂m) Ĵ (1),µ
(
qa,b, ψN/m

)
,

N
(2),µν
a,b =

N∑
m=1

(ieq ϵ̂m) Ĵ (2),µν
(
qa,b, ψN/m

)
.

(5.9)

The two vectors qa,b are given in Eqs (5.4, 5.5) and we identify QN = PX .

The formula in Eq. (4.73) requires us to compute derivatives of the Born matrix element

squared. Although one can calculate these derivatives for simple processes, where matrix

elements squared are known, it becomes difficult to do so in complicated cases with a large

number of particles. To facilitate computing derivatives also in such cases, we relate them

to the Green’s functions that we have already introduced. In particular, we find

Dxa,b
µ Na(pb, xpa, PX) = N (1),µ

a (pb, xpa, PX),

Dxa,b
ν Dxa,b

µ Na(pb, xpa, PX) = N (2),µν
a (pb, xpa, PX).

(5.10)

Given these relations, we can replace

Dxa,b
µ |M|2(xpa, pb, QX) →Tr

[
N (1)

a,µxp̂aN
+
a p̂b

]
+Tr

[
Naxp̂aN

(1),+
a,µ p̂b

]
+Tr

[
NaγµN

+
a p̂b

]
− Tr

[
Naxp̂aN

+
a γµ

]
.

(5.11)

For the term with the second-order derivative in the function Wa(x) we find

gµν⊥ Dxa,b
ν Dxa,b

µ |M|2(pb, xpa, QX) → gµν⊥

{
Tr
[
N (2)

a,µνxp̂aN
+
a p̂b

]
+ c.c.

+ 2Tr
[
N (1)

a,µxp̂aN
(1),+
a,ν p̂b

]
+ 2Tr

[
N (1)

a,µγνN
+
a p̂b

]
+ c.c.

− 2Tr
[
N (1)

a,µxp̂aN
+
a γν

]
+ c.c.− 2Tr

[
NaγµN

+
a γν

]}
.

(5.12)
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We note that the above replacements are only valid if they are done simultaneously in all

relevant terms.

The last ingredients required for the final formula for subleading power corrections

involve the Green’s function Rν
fin and its expansion to first order in the momentum k⊥.

To compute these quantities, we introduce the current Ĝν that depends on the quark

momentum q, the gluon momentum k and the photon momenta and polarization vectors.

This current satisfies the following equation

Ĝν(q, k;ψN ) =
i

q̂ − k̂ − Q̂N

[
iγν Ĵ(q, ψN ) +

N∑
m=1

(ieq ϵ̂m) Ĝν
(
q, k;ψN/m

)]
, (5.13)

where the first term on the right-hand side describes the gluon emission off the anti-quark

leg, and the second term refers to a situation where the emission of one of the N photons

happens last, see Fig. 3. The boundary condition for the recursion is

Ĝν(q, k, {}) = 0, (5.14)

because gluon emissions off the external quark line should not be considered. For the same

reason, the expression for Rν
fin reads

Rν
fin(q, k, ψN ) =

N∑
m=1

(ieq ϵ̂m) Ĝν
(
q, k;ψN/m

)
. (5.15)

For the case k⃗||p⃗a, we require Rν
fin in the strict collinear limit, in which case q = pa and

k = (1− x)pa. For the case k⃗||p⃗b, Rν
fin should be evaluated for q = pa and k = (1− x)pb.

We also require the expansion of Rν
fin to first order in k⊥. Since the dependencies on

k⊥ arise after one of the two collinear boosts is applied to momenta pa, k and pb, we will

define the expansion of the current Gν for particular momentum deformations only. We

begin with the k⃗||p⃗a case. Applying the Λa-boost, to pa and k and expanding in k⊥, we

write

Ĝν

(
pa +

k⊥
2x
, (1− x)pa +

k⊥(1 + x)

2x
, ψN

)
= Ĝ(0)ν (pa, (1− x)pa, ψN )

+Ĝ(1)ν,µ (pa, (1− x)pa, ψN ) k⊥,µ + · · · ,
(5.16)

where Ĝ(0)ν is computed with the help of Eq. (5.13). The recurrence relation for Ĝ(1)ν,µ

reads

Ĝ(1),νµ(pa, (1− x)pa, ψN ) =
1

2

1

xp̂a − Q̂N

γµĜ(0),ν(pa, (1− x)pa, ψN )

− 1

xp̂a − Q̂N

[
1

2x
γν Ĵ (1),µ(pa, ψN ) +

N∑
m=1

(eq ϵ̂m)Ĝ(1),νµ(pa, (1− x)pa, ψN/m)

]
,

(5.17)

and the recursion starts with G(1),νµ = 0. Defining the expansion of Rν
fin as

Rν
fin

(
pb +

k⊥
2
, pa +

k⊥
2x
, (1− x)pa +

k⊥(1 + x)

2x
, PX

)
≈ R

(0),ν
fin (pa, pb, (1− x)pa, PX) + k⊥,µR

(1),νµ
fin (pa, pb, (1− x)pa, PX) +O(k2⊥),

(5.18)
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Figure 3. Pictorial representation of Eq. (5.13).

we find

R
(1),νµ
fin (pb, pa, (1− x)pa, PX) =

N∑
m=1

(ieq ϵ̂m) Ĝ(1),νµ
(
pa, (1− x)pa, ψN/m

)
. (5.19)

For the k⃗||p⃗b case, we apply the Λb boost and write

Ĝν

(
pa +

k⊥
2
, (1− x)pb +

k⊥(1 + x)

2x
, ψN

)
= Ĝ(0)ν (pa, (1− x)pb, ψN )

+Ĝ(1),νµ (pa, (1− x)pb, ψN ) k⊥,µ + · · · .
(5.20)

We then derive an equation for Ĝ(1),νµ. It reads

Ĝ(1),νµ(pa, (1− x)pb, ψN ) =
1

2x

1

P̂abN

γµĜ(0),ν(pa, (1− x)pb, ψN )

− 1

P̂abN

[
1

2
γν Ĵ (1),µ(pa, ψN ) +

N∑
m=1

(eq ϵ̂m)Ĝ(1),νµ(pa, (1− x)pb, ψN/m)

]
,

(5.21)

where PabN = pa − pb(1− x)−QN . Defining the expansion of Rν
fin as

Rν
fin

(
pb +

k⊥
2x
, pa +

k⊥
2
, (1− x)pb +

k⊥(1 + x)

2x
, PX

)
≈ R

(0),ν
fin (pa, pb, (1− x)pb, PX) + k⊥,µR

(1),νµ
fin (pa, pb, (1− x)pb, PX) +O(k2⊥),

(5.22)
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we find for the k⃗||p⃗b case

R
(1),νµ
fin (pa, pb, (1− x)pb, PX) =

N∑
m=1

(ieq ϵ̂m) Ĝ(1),νµ
(
pa, (1− x)pb, ψN/m

)
. (5.23)

6 Examples of application

In this section, we apply the master formula in Eq. (4.73) to compute the next-to-leading

power correction in the zero-jettiness variable to various processes. We start with the

Drell-Yan process qq̄ → l+l− and the two-photon production qq̄ → γγ. These processes

are sufficiently simple to allow an analytic computation of the subleading contribution in

the zero-jettiness expansion. Then, we turn to the process qq̄ → 4γ. In this case, the

matrix element and the required Green’s functions are complicated, so that we employ the

generalized currents introduced in the previous section to perform the calculation.

6.1 The Drell-Yan process

We consider the photon-mediated production of a pair of leptons in the annihilation of a

quark and an anti-quark

q(pa) + q̄(pb) → γ∗ → l(p1) + l̄(p2). (6.1)

The calculation of the next-to-leading power corrections involves several quantities that

we need to specify. They include the leading order matrix element and the phase space

appearing in Eq. (4.73). Since the 1/ϵ singularities have already been canceled, we can

compute the relevant quantities in four space-time dimensions.

The analysis of the collinear k⃗||p⃗a contribution requires the (boosted) phase space dΦxa
2

that corresponds to the process in Eq. (6.1) where the quark momentum pa is replaced with

xpa. The phase space reads

dΦxa
2 =

1

8π
dβ

dφ

(2π)
. (6.2)

In Eq. (6.2) φ is the azimuthal angle of the outgoing lepton in the reference frame where

the z-axis is aligned with the collision axis, and the parameter β ∈ [0, 1] is related to the

polar angle of the lepton. With this parametrization, the momenta p1,2 read

p1 = x(1− β)pa + βpb +
√
xsβ(1− β)n⊥,

p2 = xβpa + (1− β)pb −
√
xsβ(1− β)n⊥,

(6.3)

where s = 2pa ·pb, pa,b ·n⊥ = 0 and n2⊥ = −1. We note that the phase space parametrization

in Eq. (6.2) does not depend on the parameter x, so that if we set x = 1 also in Eq. (6.3),

we obtain both the x = 1 Born phase space and the momenta parametrization.

For the collinear region k⃗||p⃗b, we require the phase space dΦxb
2 . We can use Eq. (6.2)

to describe it provided that we use the following parametrization of the momenta p1,2

p1 = (1− β)pa + xβpb +
√
xsβ(1− β)n⊥,

p2 = βpa + x(1− β)pb −
√
xsβ(1− β)n⊥.

(6.4)

– 45 –



This parametrization ensures that in the soft x = 1 limit Eqs (6.3, 6.4) coincide.

The appropriately normalized Born matrix element squared summed over polarizations

and colors reads ∑
pol,col

|M|2(pb, pa; p1, p2)
4Nc(Qqe2)2

= 2
s2a1 + s2b1

s2
= 2(1− 2β + 2β2), (6.5)

where sa1 = 2pa · p1, sb1 = 2pb · p1, Nc is the number of colors, e is the positron electric

charge and Qq is the electric charge of the quark in units of e. The leading order cross

section evaluates to

dσ0 = 16π σ̄0 dΦ
ab
2 (1− 2β + 2β2), (6.6)

where

σ̄0 =
πQ2

qα
2
QED

sNc
, (6.7)

and dΦab
2 is given by Eq. (6.2).

To compute the next-to-leading power corrections from the master formula in Eq. (4.73),

we have to calculate a significant number of terms. We will perform the computation set-

ting Nc → 1, Qq → 1 and e→ 1 and restore the relevant factors at the end. Then, we have

to use

|M|2(pb, pa; p1, p2) → 8
s2a1 + s2b1

s2
= 8(1− 2β + 2β2), (6.8)

With this normalization, the Green’s functions Na,b read

Na = Nb =
i

s12
γµ (ū(p1)γ

µv(p2)) . (6.9)

It follows from Eq. (6.9) that neither Na nor Nb depends on pa and pb, which means

that it is not affected by the boost and that it does not depend on the gluon momentum

k. Hence, we find

N
(1),µ
a,b = 0. (6.10)

Furthermore, in case of the Drell-Yan process, no gluon emissions from the internal lines

can occur, which implies that

Rµ
fin = 0. (6.11)

Another simplification is that for a 2 → 2 process κ2 = 0, which follows from the fact that

Born amplitudes for such processes have vanishing mass dimension.

With these preliminary remarks out of the way, we proceed with the calculation of

the subleading power corrections, using the general formula in Eq. (4.70). We will start

with the discussion of the collinear k⃗||p⃗a contribution which means that we employ the

parametrization of momenta p1,2 given in Eq. (6.3) to write the corresponding expressions.

Several ingredients need to be discussed.
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• Traces that involve pa, pb and some combinations of Na and Nb. These are straight-

forward to compute given the expressions for these Green’s functions. We find e.g.

Ffin,a =− 8
(
1− 2β + 2β2

)
+ 32

β(1− β)

x2
+ 16

β(1− β)

x
+ 16

β(1− β)

x2

− 16
(1− x)β(1− β)

x
− 8

1 + 2β − 2β2

x2
− 8

1− 2β + 2β2

x
.

(6.12)

• Terms that involve derivatives of the various quantities w.r.t. momenta of the incom-

ing partons. Such derivatives appear in several terms in Eq. (4.70) and also in the

definition of the function Wa(x), c.f. Eq. (4.16). We start by discussing derivatives

of the matrix element squared. In principle, these derivatives may not be uniquely

defined given the need to account for the momentum conservation, etc. However, in

our formulas, the potentially ambiguous derivatives, always involve contractions that

make them unique. For example, we find

gµν⊥ Dab
ν |M2(pb, pa, p1, p2)|2 =

16pµ1,⊥
s212

(sa1 − sb1) , (6.13)

where Dab
ν = ∂/∂pνa−∂/∂pνb . Furthermore, using Eq. (4.82) and Eq. (4.72), it is easy

to see that [
κ2 + 2pµa

∂

∂pµa
+ (gµν + ωµν

ab )Lµν

]
|M2(pb, pa, p1, p2)| = 0. (6.14)

• Terms that involve derivatives and traces can be computed in a straightforward way

using the above results. For example, we find a compact expression for the function

Wa,

Wa(x) = 4
1− x

x
(1− 2β + 2β2). (6.15)

We also find that in the Drell-Yan case

gρα⊥

(
Dxa,b

ρ |M|2(pb, xpa, ...)− 2Tr
[
NaγρN

+
a p̂b

])
ba

µν
α Lµν = 0. (6.16)

Another contribution with derivative operators and traces evaluates to

s(1− x)
gαβ⊥
4

{
− 2Tr

[
NaγβN

+
a p̂b

]
+Tr

[
Naγβγρp̂a

(
Rρ,+

fin +
N+

b (p̂b − (1− x)p̂a)γ
ρ

(1− x)s

)
p̂b

]
+ c.c.

+
2x

1− x
Tr

[
Nap̂a

(
Rfin,+

β −
N+

b p̂aγβ
s

)
p̂b

]
+ c.c.

}
ba

µν
α Lµν

= −4(1− x2)
(1− 2β)

x2

{[
pµ1 − (1− 2β)(1− β) xpµa + (1− 2β)β pµb

]
∂1µ

−
[
pµ2 + (1− 2β)β xpµa − (1− 2β)(1− β) pµb

]
∂2µ

}
,

(6.17)

where ∂1(2),µ are derivatives ∂/∂pµ1,2.
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Expressions for the case k⃗||p⃗b can be obtained from the formulas for k⃗||p⃗a by replacing

β → 1− β, pa ↔ pb. (6.18)

The total subleading contribution is obtained from Eq. (4.70), using the partial results

described above. We find

dσDY,NLP

dτ
=

4[αs]CFQ

s
dσ0

[(
−1 +

1

2
D
)
+

1

2
log

(
τQ

s

)
D
]
O(p1, p2)

+
2[αs]CFQ

s

1∫
0

dσ0 dx

[
− 1

2(1− x)+

(
D
∣∣∣
ca

+D
∣∣∣
cb

)

+

([
β̄ pµa − β pµb

]
∂1µ +

[
β pµa − β̄ pµb

]
∂2µ

2 (1− x)+

)∣∣∣∣∣
ca

+

(
β̄ pµa∂1µ + β pµa∂2µ

2
+

P(β, x, pa, pb; p1, p2, ∂1, ∂2)

8(1− 2β + 2β2)

) ∣∣∣∣∣
ca

−

([
β̄ pµa − β pµb

]
∂1µ +

[
β pµa − β̄ pµb

]
∂2µ

2 (1− x)+

)∣∣∣∣∣
cb

+

(
β pµb ∂1µ + β̄ pµb ∂2µ

2
+

P(β̄, x, pb, pa; p1, p2, ∂1, ∂2)

8(1− 2β + 2β2)

) ∣∣∣∣∣
cb

]
O(p1, p2),

(6.19)

where β̄ = 1 − β and dσ0 is given in Eq. (6.6). We note that bars with a subscript ca or

cb indicate that after applying derivatives to the observable O(p1, p2), the ensuing scalar

products must be evaluated in a particular collinear kinematics given in Eqs (6.3, 6.4) for

the ca and cb cases, respectively. The differential operator D reads

D = pµ1
∂

∂pµ1
+ pµ2

∂

∂pµ2
. (6.20)

The other differential operator P(β, x, pa, pb; p1, p2, ∂1, ∂2) appearing in Eq. (6.19) also acts

on the observable O(p1, p2). It is given by the following expression

P(β, x, pa, pb; p1, p2, ∂1, ∂2) = −2

(
1 + x2

x2
(
1− 6β + 6β2

)
+

2f0(β)

x

)
+ g2(x, β) p

µ
1∂1µ + g2(x, 1− β) pµ2∂2µ + g1(x, β) p

µ
a∂1µ +

g1 (x1, β)

x
pµb ∂2µ

+ g1(x, 1− β)pµa∂2µ +
g1 (x1, 1− β)

x
pµb ∂1µ

+
(1 + x2)f0(β)

2x2

{[
− 2(1− β)2x2 pµap

ν
a − 2β2 pµb p

ν
b

− x (papb) g
µν + 2

(
x pµap

ν
1 + pµb p

ν
1

)
+ 4xβ(1− β) pµap

ν
b

]
∂1ν∂1µ

+
[
(f0(β)− 2)

(
x2 pµap

ν
a + pµb p

ν
b

)
+ (x pµ1p

ν
a + pµ1p

ν
b ) +

(
x pµap

ν
2 + pµb p

ν
2

)
− x (papb) g

µν − x
(
1− 2β2

)
pµap

ν
b + x

(
1− 4β + 2β2

)
pµb p

ν
a

]
∂2ν∂1µ

+ (p1 ↔ p2, β ↔ 1− β)

}
,

(6.21)
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Figure 4. Relative difference between the small-jettiness expansions of the Drell-Yan cross section

with an observable and its numerical integration.

where x1 = 1/x,

g1(x, β) = −4(1− β)f0(β) + f1(1− β)x+
f2(1− β)

x
,

g2(x, β) = f3(1− β) +
f3(β)

x2
,

(6.22)

and

f0(β) = 1− 2β + 2β2, f1(β) = −14β3 + 16β2 − 7β + 1,

f2(β) = 1 + β − 8β2 + 10β3, f3(β) = f0(−β)− 2.
(6.23)

We note that the complexity of the above formula is related to the fact that the observable

O(p1, p2) is considered to be generic. If e.g. all derivatives applied to an observable,

that appear in the final formula, are dropped, the expression for next-to-leading power

corrections for the Drell-Yan process simplifies dramatically.

To ensure the correctness of the master formula, we perform the following checks.

First, we repeat the calculation of the zero-jettiness power corrections to the Drell-Yan

process employing explicit expression for the matrix element squared and using explicit

parametrization of the phase space. We find a complete analytic agreement between the

result of such “explicit” calculation with the result that one obtains when using the master

formula to derive the power-suppressed term.

We can also use the master formula to rederive results for the vector boson production

discussed in Sec. 2. To do so, we choose the observable that constrains the invariant mass

of two leptons

O(p1, p2) = δ(2p1 · p2 −m2
V ). (6.24)
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Since in Sec. 2 we work with hadronic, rather than partonic cross sections, we need to do

the same here. Hence, we employ Eq. (2.7) to calculate power corrections to the hadronic

cross section using the master formula for dσ(s)/dτ adapted to the Drell-Yan case, and

integrate over the leptonic final states to compare with Eq. (2.34). The derivatives of

the observable will be related (via integration by parts) to derivatives of the luminosity

function and other terms in the formula. We find that O(τ log τ) terms agree immediately,

while other O(τ) terms agree after integrating by parts over z, to transform terms with

L1

(
m2

V /z
)
into ones with L

(
m2

V /z
)
. The relevant equation reads

1∫
0

dz L1

(
m2

V /z
)
f(z) = −f(1)

m2
V

+
1

L
(
m2

V

) 1∫
0

dz L
(
m2

V /z
)( z2

m2
V

f(z)

)′

. (6.25)

We may use Eq. (6.19) to recover results for power corrections, obtained for the Drell-

Yan process qq̄ → V in Ref. [16]. This calculation is more complex because in addition to

the invariant mass, the rapidity of the vector boson (or, equivalently, the dilepton rapidity)

is constrained. Furthermore, the definition of the zero-jettiness variable used in Ref. [16]

differs from what we employ here since Born-projected momenta for the incoming partons

are used there to compute zero-jettiness. Nevertheless, choosing the observable

O(p1, p2) = δ
(
2p1 · p2 −M2

)
δ

(
1

2
ln
Pb · (p1 + p2)

Pa · (p1 + p2)
− Y

)
, (6.26)

where Pa,b are the hadronic initial-state momenta, and adding the appropriate convolution

with parton distribution functions, it is possible to use our master formula to rederive

results of Ref. [16]. More information about this comparison can be found in Appendix D.

Another check of the master formula originates from an opportunity to perform another

specialized computation for Drell-Yan process qq̄ → l+l−. Indeed, as shown in Appendix E,

it is straightforward to derive power corrections to the rapidity of one of the charged

leptons, using dedicated phase-space parametrisation. Alternatively, we can derive the

same result from the master formula. To this end, we choose the observable

O(p1, p2) = δ(ỹ − y0) = δ

(
1

2
ln
pb · p1
pa · p1

− y0

)
, (6.27)

that fixes the lepton rapidity. For the comparison it is important to realize that the variable

x in this section and the variable z in the appendix are, in fact, the same, and a both given

by the following formula.

x = z =
1

s
(p1 + p2)

2. (6.28)

Furthermore, the rapidity is expressed through variables x, β differently in two collinear

sectors, i.e.

yca =
1

2
ln
x(1− β)

β
, ycb =

1

2
ln

(1− β)

xβ
. (6.29)

It follows

β =

{(
1 + 1

xe
2y
)−1

, sector ca,(
1 + xe2y

)−1
, sector cb.

(6.30)
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After expressing everything in terms of the rapidity and evaluating the derivatives of the

observable (that lead to derivatives of the rapidity-constraining delta function that we need

to get rid of by integrating by parts), we find perfect agreement in the distributions in y0
obtained from both approaches.

In addition, we have performed a numerical check, as we now describe. To keep things

simple, we take an observable that constrains the invariant mass of the two leptons

O(p1, p2) = θ
(
(p1 + p2)

2 − s0
)
, (6.31)

and compute the fiducial cross section by performing the phase-space integration in Eq. (3.2)

at fixed values of τ . To this end, we remove the δ-function responsible for the overall energy-

momentum conservation by integrating over the three-momentum of one of the leptons and

the energy of another lepton, following the discussion in Appendix E. The zero-jettiness

δ-function is removed by integrating over the energy of the emitted gluon. Integrations

over the emission angles of one of the leptons and the gluon are performed numerically.

For the numerical integration itself, we take s0 = 0.1 GeV2, Q = 0.1 GeV, s = 1 GeV2

and set all couplings and charges to 1. We perform the calculation of the differential cross

section at finite τ for τ ∈ [τmin, 1], where τmin is 10−30.

We wish to compare the results of the numerical and analytic computations. The latter

(for the subleading power) is given in Eq. (6.19); they have to be supplemented with leading

power results that are well known. An important feature of the observable in Eq. (6.31)

is that it is invariant under Lorentz boosts applied to leptons. This leads to significant

simplifications in the final formula for next-to-leading power corrections to the Drell-Yan

process. We find

dσDY,NLP

dτ
=

4[αs]CFQ

s
dσ0

[
− 1− x0

1− x0
− 1

4(1− 2β + 2β2)

×
1∫

0

dx

(
1 + x2

x2
(
1− 6β + 6β2

)
+

2f0(β)

x

)
θ(sx− s0)

]
,

(6.32)

where x0 = s0/s. We note that there is no log τ term in the subleading power corrections

for the observable in Eq. (6.31), but this feature is certainly observable-dependent.

In Fig. 4 we plot the relative difference between the numerical and analytic results,

normalized to the analytic result. At very small values of τ , the precision of the numerical

calculation is insufficient to constrain subleading power corrections, but it is good enough to

check the leading power contributions. However, for values τ ∈ [10−8, 10−4], the precision

becomes sufficient to enable the check of the subleading power correction.

We performed a numerical fit for the τ -independent coefficients of the fiducial cross

section defined with the observable in Eq. (6.31). Making an ansatz

dσ

dτ
= τ−1 (log τCLP, LL + CLP, NLL)+log τCNLP, LL+CNLP, NLL+τCNNLP+τ

2CN3LP+τ
3CN4LP ,

we compute dσ/dτ for different values of τ and perform a standard χ2 fit to determine the

coefficients. The fit is done using the values within the range τ ∈ [10−30, 100]. The result
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Table 1. Comparison of the expansion coefficients of the fiducial cross section of a Drell-Yan

process in the zero-jettiness variable through next-to-leading power, obtained through a numerical

fit and an analytic computation, for the observable in Eq. (6.31). We take s0 = 0.1 GeV2, Q =

0.1 GeV, s = 1 GeV2 and set all couplings and charges to 1.

coefficient fit analytic

CLP,LL −4.740 740 718 −4.740 740 741

CLP,NLL 13.741 118 266 13.741 118 217

CNLP,LL 0.000 17 0.000 00

CNLP,NLL −1.0710 −1.0725

of the fit for the relevant terms is shown in Table 1 together with the results obtained

from the analytic computation. Excellent agreement among the τ -independent coefficients

is observed.

6.2 Production of two photons in qq̄ collisions

Next we consider the production of two photons in the annihilation of a quark and an

anti-quark

q(pa) + q̄(pb) → γ(p1) + γ(p2). (6.33)

Since this is also a 2 → 2 process, we can use the same phase space and momenta

parametrization as in the Drell-Yan case. However, the main difference between the two

cases is that in the di-photon production the quantities Rµ
fin and N

(1),µ
a,b do not vanish.

Because of this, we can check all the entries in the master formula for subleading power

corrections given in Eq. (4.73).

For the di-photon production Eq. (6.33), the leading order cross section reads

dσ2γ0 = 16π σ̄2γ0 dΦ2
(1− 2β + 2β2)

β(1− β)
, (6.34)

where the phase space and the momenta parametrization can be found in Eqs (6.2, 6.3),

and

σ̄2γ0 =
πQ4

qα
2
QED

sNc
. (6.35)

Similar to the Drell-Yan case, we perform the computation settingNc → 1, Qq → 1 and e→
1, and restore the relevant factors at the end. With this normalization, the required Green’s

functions can be computed either using formulas provided in Sec. 5 or simply collecting

relevant Feynman diagrams which, for the process in Eq. (6.33) is quite straightforward.

We find

Na,b(pb, pa, PX) = −i
[
γν(p̂a − p̂1)γµ

sa1
+
γµ(p̂a − p̂2)γν

sa2

]
ϵµ1

∗
ϵν2

∗, (6.36)

where ϵi are the polarization vectors of the photons and sai = 2papi, i = 1, 2. We note that,

when constructing Na,b, we obtain the momentum of an anti-quark (pb) using momentum
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conservation. Similarly, the function Rfin is easy to construct; it reads

Rρ
fin(pb, pa, k, PX) = i

[
γν(p̂a − k̂ − p̂1)γ

ρ(p̂a − p̂1)γµ
(sa1 + sak − sk1) sa1

+
γµ(p̂a − p̂2)γ

ρ(p̂a − k̂ − p̂2)γν
(sa2 + sak − sk2) sa2

]
ϵµ1

∗
ϵν2

∗.

(6.37)

We note that the above expressions can be used for both k⃗||p⃗a and k⃗||p⃗b cases. In the first

case, in Eq. (6.37) we have to take pa → xpa, k → (1 − x)pa in the strict collinear limit,

and in the second case pa → pa and k → (1− x)pb.

Given the above expressions, it is clear that the Green’s functions N
(1),ρ
a,b and R

(1),ρσ
fin do

not vanish. They can be obtained by expanding the above formulas in the relevant small

parameters, routing the momentum perturbation in a particular way. We find

N
(1),ρ
a,b (pb, pa, PX) = −i

[
γνγ

ργµ
sa1

+ 2(pρa − pρ1)
γν(p̂a − p̂1)γµ

s2a1

+
γµγ

ργν
sa2

+ 2(pρa − pρ2)
γµ(p̂a − p̂2)γν

s2a2

]
ϵµ1

∗
ϵν2

∗,

(6.38)

and

R
(1),ρσ
fin (pb, pa, k, PX) =

i

2
ϵµ1

∗
ϵν2

∗

[
γν(p̂a − k̂ − p̂1)γ

ργσγµ
x (sa1 + sak − sk1) sa1

− γνγ
σγρ(p̂a − p̂1)γµ

(sa1 + sak − sk1) sa1

+ 2

(
pσa − pσ1
xsa1

− pσa − kσ − pσ1
(sa1 + sak − sk1)

)
γν(p̂a − k̂ − p̂1)γ

ρ(p̂a − p̂1)γµ
(sa1 + sak − sk1) sa1

]
+ {1 ↔ 2} .

(6.39)

The comment about momenta assignments for the two collinear cases below Eq. (6.37) also

applies for N (1),µ and R
(1),ρσ
fin in the above formulas.

We proceed with the calculation of the subleading power corrections, and discuss var-

ious contributions that appear in the general formula Eq. (4.70).

• For the finite reminder (c.f. Appendix B) in the k⃗||p⃗a case, we find

F 2γ
fin,a = 8

(
1− x

β(1− β)x

)2

− 8
1 + 2β − 2β2

β(1− β)x
+ 32. (6.40)

• As we already mentioned, since we consider massless particles, the following equation

holds [
κm + 2pµa

∂

∂pµa
+ (gµν + ωµν

ab )Lµν

]
|M2(pb, pa, p1, p2)| = 0. (6.41)

• The function Wa evaluates to

W 2γ
a (x) = 2

1− x

x

(1− 2β + 2β2)

(1− β)2β2
+

32

x
. (6.42)

It contains one term that does not vanish in the soft x→ 1 limit.
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• We also find

gρα⊥

(
Dxa,b

ρ |M|2(pb, xpa, ...)− 2Tr
[
NaγρN

+
a p̂b

])
ba

µν
α Lµν

= 8
(1− 2β + 2β2)

sx(1− β)β

{[
(1− 2β)

(1− β)β
pµ1 − (1− 2β)2

β
xpµa +

(1− 2β)2

(1− β)
pµb

]
∂1µ

−
[
(1− 2β)

(1− β)β
pµ2 +

(1− 2β)2

(1− β)
xpµa − (1− 2β)2

β
pµb

]
∂2µ

}
.

(6.43)

• Another contribution with derivatives and traces that involves multiple Green’s func-

tions evaluates to

s(1− x)
gαβ⊥
4

{
− 2Tr

[
NaγβN

+
a p̂b

]
+Tr

[
Naγβγρp̂a

(
Rρ,+

fin +
N+

b (p̂b − (1− x)p̂a)γ
ρ

(1− x)s

)
p̂b

]
+ c.c.

+
2x

1− x
Tr

[
Nap̂a

(
Rfin,+

β −
N+

b p̂aγβ
s

)
p̂b

]
+ c.c.

}
ba

µν
α Lµν

=− 4(1− 2β)(1− 2x2β + 2x2β2)

x2(1− β)2β2

×
{[

pµ1 − (1− 2β)(1− β) xpµa + (1− 2β)β pµb
]
∂1µ

−
[
pµ2 + (1− 2β)β xpµa − (1− 2β)(1− β) pµb

]
∂2µ

}
.

(6.44)

As in the previous section, to get CNLP,b we should replace

β → 1− β, pa ↔ pb, (6.45)

in the above formulas.

With all the necessary ingredients, the total subleading contribution can be obtained

using Eq. (4.70). In this case we get

dσ2γ,NLP

dτ
=

4[αs]CFQ

s
dσ2γ0

[(
−1 +

1

2
D
)
+

1

2
log

(
τQ

s

)
D
]
O(p1, p2)

+
2[αs]CFQ

s
dσ2γ0

1∫
0

dx

{
− 1

2(1− x)+

(
D
∣∣∣
ca

+D
∣∣∣
cb

)

+

([
β̄ pµa − β pµb

]
∂1µ +

[
β pµa − β̄ pµb

]
∂2µ

2 (1− x)+

)∣∣∣∣∣
ca

(6.46)

+

(
β̄ pµa∂1µ + β pµa∂2µ

2
+

P2γ(β, x, pa, pb; p1, p2, ∂1, ∂2)

8(1− 2β + 2β2)

) ∣∣∣∣∣
ca

−

([
β̄ pµa − β pµb

]
∂1µ +

[
β pµa − β̄ pµb

]
∂2µ

2 (1− x)+

)∣∣∣∣∣
cb
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+

(
β pµb ∂1µ + β̄ pµb ∂2µ

2
+

P2γ(β̄, x, pb, pa; p1, p2, ∂1, ∂2)

8(1− 2β + 2β2)

) ∣∣∣∣∣
cb

}
O(p1, p2),

where β̄ = 1 − β and vertical bars indicate that terms have to be evaluated in the ap-

propriate collinear kinematics. The differential operator D is defined in Eq. (6.20) and

P2γ(β, x, pa, pb; p1, p2, ∂1, ∂2) is given by

P2γ(β, x, pa, pb; p1, p2, ∂1, ∂2) = P(β, x, pa, pb; p1, p2, ∂1, ∂2)

+

(
1 + x2

x2
5 + 4(β̄β)2

β̄ β
− 8

x β̄ β

)
+ gγ(x, β) p

µ
a∂1µ +

gγ (x1, β)

x
pµb ∂2µ

+ gγ(x, β̄)p
µ
a∂2µ +

gγ
(
x1, β̄

)
x

pµb ∂1µ − gγ(x, β)

xβ̄(1− 2β)
pµ1∂1µ +

gγ(x, β̄)

xβ(1− 2β)
pµ2∂2µ,

(6.47)

where

gγ(x, β) =
(1− 2β)2

β

(1− x2)

x
. (6.48)

Similar to the Drell-Yan case, the results shown above were checked against the direct ex-

pansion of the NLO matrix element squared of the process q(pa)+ q̄(pb) → γ(p1)+γ(p2)+

g(k) through next-to-leading power in the gluon momentum in the soft and collinear lim-

its and then integrating over the unresolved phase space. Full agreement with the above

formulas has been found. This completes the check of all the entries present in the master

formula given in Eq. (4.73).

6.3 Production of four photons in qq̄ collisions

In this subsection, we apply the master formula presented at the end of Sec. 4, to cal-

culate the subleading power corrections in the zero-jettiness to the production of a high-

multiplicity colorless final state. For this purpose, we developed a FORTRAN code capable

of computing the subleading power corrections to the production of an arbitrary number

of photons in qq̄ collisions.

The central element of the code is the computation of the generalized currents described

in Sec. 5 which can be done using recursive functions in FORTRAN 90 for an arbitrary

number of final-state particles N . The use of such functions makes coding straightforward.

However, it also requires careful optimization since the calculation of matrix currents is,

in fact, quite expensive. In addition, phase space routines for an arbitrary number of

final-state particles are available (see e.g. [42] and [43]), making it straightforward to write

a program to compute the subleading power correction in the zero-jettiness variable to a

process qq̄ → Nγ.7

An important limitation of the current code is that it works for one observable at a

time. This observable should be such that it keeps all photons hard (i.e., not collinear to

the incoming quarks and not soft) or, at the very least, it should regulate the cross section

7In practice, we have employed the multi-particle phase-space generator written by K. Asteriadis.
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in potentially singular regions of the phase space. A possible choice is the product of the

squared transverse momenta of all photons, i.e.

O(PNγ) =
p21,⊥ p

2
2,⊥ · · · p2N,⊥
sN

, (6.49)

where s = 2pa · pb. The transverse momentum squared of the i-th photon is given by

p2i,⊥ = 2
(pa · pi)(pb · pi)

pa · pb
. (6.50)

We have checked the numerical code by using it to calculate the subleading power

corrections for the production of two photons (using the observable given in Eq. (6.49)),

and comparing the result with the integration of the analytic expression for subleading

corrections to the qq̄ → γγ process presented in the previous subsection. We found excellent

agreement between the results of the two calculations.

We then used the numerical code to compute the subleading power zero-jettiness cor-

rection to qq̄ → 4γ for the observable in Eq. (6.49). We found that computation of the

subleading power correction for four-photon production with a percent precision required

O(10 000) CPU hours. This is to be contrasted with O(5) CPU hours needed to compute

the fiducial leading order cross section for the four-photon production. This increase is

related to the complexity and the number of the many different currents that are required

at subleading power but, probably, with further optimization, significant improvements in

efficiency can be achieved.

In order to validate our numerical results for the zero-jettiness power correction to

qq̄ → 4γ, we used the same FORTRAN code to compute bin-integrated cross section for

qq̄ → 4γ + g with the observable in Eq. (6.49), i.e.

τmax∫
τmin

dτ
dσ4γ
dτ

O(P4γ), (6.51)

for several bins [τmin, τmax] drawn from the interval τ ∈ [10−4, 1]. We then write

dσ4γ
dτ

=
dσLP4γ
dτ

+
dσNLP

4γ

dτ
, (6.52)

and use the well-known result for the leading-power cross section dσLP4γ /dτ , and the follow-

ing ansatz

dσNLP
4γ

dτ
= log τ(C0,NLP+τC0,NNLP+τ

2C0,N3LP)+C1,NLP+τC1,NNLP+τ
2C1,N3LP+τ

3C1,N4LP ,

for the subleading one. We then perform a standard χ2 fit to determine coefficients in

the above equation by integrating the ansatz for each τ -bin. The fitted coefficients C0,NLP

and C1,NLP are then used to determine the subleading soft and collinear coefficients using

Eq. (4.70).

The results of the numerical evaluation of the subleading power corrections to four-

photon production and their comparison with the fitted results is shown in Table 2. We
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Table 2. Next-to-leading power coefficients as defined in Eq. (4.70) for 4γ production at
√
s = 200

GeV with the observable defined in Eq. (6.49). In this case, the collinear coefficient CNLP,b is equal

to CNLP,a. To compute these coefficients, we have set quark electric charges to one, eeq → 1.

Fitted results for the next-to-leading power coefficients are compared with the results obtained by

a numerical integration of the derived analytic formula.

coefficient numeric fitted

CNLP,s 2.61598(7)× 10−7 2.5(1)× 10−7

CNLP,a 8.61(8)× 10−7 8.9(5)× 10−7

find an agreement between numerically-calculated and fitted coefficients within the error

of the fit. We note that further reduction of the fit error is possible, but would require a

more significant computational effort.

7 Conclusions

We discussed the computation of next-to-leading power corrections in the zero-jettiness

variable to the production of arbitrary colorless final states at hadron colliders at next-to-

leading order in perturbative QCD. Our goal was to investigate whether a similar degree

of universality that exists for leading power corrections can be achieved for the subleading

ones. We have relied on the powerful tools developed to study infra-red and collinear limits

of QCD which employ momenta redefinition and Lorentz boosts, and we have shown how

to use these methods to construct an expansion of the generic phase space and matrix

elements squared at next-to-leading power, restricted to the production of colorless finals

states.

The most challenging aspect of these expansions comes from the collinear limit where

the universality of the limit is lost at next-to-leading power in the sense that the result

depends on the radiative process albeit in the simplified kinematics. We have argued

that complicated Green’s functions that arise from these expansions can be calculated

recursively using analogs of Berends-Giele currents [39] which should enable applications

of the derived formulas to processes with high multiplicity final states. We have provided

an example by computing the next-to-leading power correction in the zero-jettiness variable

to the fiducial cross section for the production of four hard photons in qq̄ collisions, and we

have constructed a numerical code which can be used to compute such power corrections

to qq̄ → Nγ process for any N .

We note that we only considered the qq̄ annihilation channel in this paper whereas

also qg → X + q and similar channels are needed for a complete next-to-leading order

computation. The most important difference between qg → X + q and qq̄ → X + g

channels is that in the former, a soft final-state quark only contributes to subleading power

so that the analysis of the soft limit is significantly simpler than in qq̄ → X + g case. On

the other hand, we do not anticipate any significant differences between qg and qq̄ channels
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in the collinear limits. Thus, we believe that the methodology developed in this paper can

be applied to all partonic channels in a straightforward way.

An important shortcoming for the numerical implementation of our method is its

explicit dependence on observables. This is in strong contrast to calculations at leading

power where one obtains all observables in a single Monte-Carlo run by computing many

of them for each generated kinematic point, and storing them in histogram bins. It is

important to find a way to do this for power corrections as well, since it will make such

computations observable-independent and significantly more efficient.

Eventually, one would like to extend the current understanding of the next-to-leading

power corrections in the context of existing slicing schemes to arbitrary collider processes,

similar to what has been achieved at leading power. This is a highly non-trivial task, and

there are lessons that one can take from the computation described in this paper. For ex-

ample, at next-to-leading order, next-to-leading power contributions to arbitrary processes

originate exclusively from soft and collinear limits that can be treated independently. Simi-

lar to the leading power case, at next-to-leading power the soft contributions can be treated

universally and the collinear contributions – which appear to be the major bottleneck –

are localized on the external legs. At the same time, extension to QCD final states will

require understanding of jet algorithms and their interplay with power corrections, and, as

we already see, observables introduce a significant degree of complexity into the analysis

of subleading power corrections even for colorless final states. All in all, it remains to be

seen to what extent the approach introduced in this paper can be used to extend slicing

schemes to next-to-leading power for arbitrary processes at NLO QCD and beyond.
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A Explicit formulas for boosts

For the analysis of collinear contributions, four boosts are required. In the main text, they

are denoted as Λa, Λb, Λax, Λbx. In this appendix we present these quantities explicitly.

A general formula that describes a Lorentz boost that transforms a four-vector Qi to

a four-vector Qf

Qµ
f = [Λgen(Qf , Qi)]

µ
ν Q

ν
i , (A.1)

reads

[Λgen(Qf , Qi)]
µ
ν = gµν −

2(Qf +Qi)
µ(Qf +Qi)ν

(Qf +Qi)2
+

2Qµ
fQi,ν

Q2
f

. (A.2)

The above equation is only valid if Q2
f = Q2

i . We use this formula to compute expressions

for the Lorentz transformations in the various limits.
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A.1 Case k⃗||p⃗a

We begin with the discussion of the collinear boosts in the case when the gluon is emitted

along the direction of the incoming quark with the momentum pa, k⃗||p⃗a. Then,

Qf = Qa = xpa + pb, Qi = pa + pb − k, k = (1− x)pa + k̃a, (A.3)

and we need to expand the Lorentz boost in Eq. (A.2) to second order in k̃a. We find

Λµν
a (Qf , Qi) = gµν +

k̃µaQν
a − k̃νaQ

µ
a

Q̃2
a

− 1

2

Qµ
aQν

a

Q4
a

k̃2a −
1

2

k̃µa k̃νa
Q2

a

+O(k̃3a). (A.4)

We will also need the inverse of Λa. It is easy to see that, to the required order, Λ−1
a is

obtained from Λa by replacing k̃a → −k̃a. Then[
Λ−1
a

]µν
(Qi, Qf ) = gµν − k̃µaQν

a − k̃νaQ
µ
a

Q2
a

− 1

2

Qµ
aQν

a

Q4
a

k̃2a −
1

2

k̃µa k̃νa
Q2

a

. (A.5)

This transformation needs to be applied to pa, pb and k. The calculation of Λapa,b and

Λak requires us to compute scalar products Qa · pa,b and k̃a · pa,b. Since Qa = xpa + pb, we

find

Q2
a = xs, Qa · pa = s/2, Qa · pb = xs/2, (A.6)

where s = 2pa · pb. Furthermore,

Qa · pa
Q2

a

=
1

2x
,

Qa · pb
Q2

a

=
1

2
. (A.7)

Since k = (1− x)pa + k̃a, we find

k · pa = k̃a · pa, (A.8)

and, using k2 = 0, we obtain

k̃2a = −2(1− x)k̃a · pa = −2(1− x)k · pa. (A.9)

It follows from Eq. (3.48) that k̃a · pb = −k̃a · pa.
Combining these formulas, we find the following expressions for the boosted momenta

Λapa = pa +
1

2x
k̃a +Qa

kpa
Q2

a

(
1− 3x

2x

)
,

Λapb = pb +
1

2
k̃a +Qa

kpa
Q2

a

(
3− x

2

)
,

Λak = (1− x)pa +
1 + x

2x
k̃a +Qa

kpa
Q2

a

(
1− x2

2x

)
.

(A.10)

Additionally, we write the formula for the Lorentz transformation of k̃a and of pa − k. We

obtain

Λa(pa − k) = xpa −
1

2
k̃a −Qa

k · pa
Q2

a

3− x

2
, Λak̃a = k̃a −

k̃2a
Q2

a

Qa. (A.11)
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To extract soft singularities from the collinear case k⃗||p⃗a, we need a Lorentz boost Λ−1
ax .

It reads[
Λ−1
ax

]µν
= gµν − 2(xpa + pb +

√
xPab)

µ(xpa + pb +
√
xPab)

ν

s(2x+
√
x(x+ 1))

+
2(xpa + pb)

µP ν
ab

s
√
x

. (A.12)

The expansion of Λ−1
ax around x = 1 is given by the following formula

[Λ−1
ax ]

µν = gµν − 1− x

2
ωµν
ab +O((1− x)2), (A.13)

where

ωµν
ab =

pµapνb − pνap
µ
b

pa · pb
. (A.14)

A.2 Case k⃗||p⃗b

We continue with the discussion of the collinear boosts in case the gluon is emitted along

the direction of the incoming anti-quark with momentum pb, k⃗||p⃗b. Then,

Qf = Qb = pa + xpb, Qi = pa + pb − k, k = (1− x)pb + k̃b, (A.15)

and we need to expand the Lorentz boost in Eq. (A.2) to second order in k̃b. We find

Λµν
b (Qf , Qi) = gµν +

k̃µbQ
ν
b − k̃νbQ

µ
b

Q̃2
b

− 1

2

Qµ
bQ

ν
b

Q4
b

k̃2b −
1

2

k̃µb k̃
ν
b

Q2
b

+O(k̃3b ). (A.16)

To the required order, the inverse Λ−1
b is obtained from Λb by replacing k̃b → −k̃b. Then

[
Λ−1
b

]µν
(Qf , Qi) = gµν −

k̃µbQ
ν
b − k̃νbQ

µ
b

Q2
b

− 1

2

Qµ
bQ

ν
b

Q4
b

k̃2b −
1

2

k̃µb k̃
ν
b

Q2
b

. (A.17)

The calculation of Λbpa,b and Λbk requires the scalar products Qb · pa,b and k̃b · pa,b.
Since Qb = xpb + pa, we find

Q2
b = xs, Qb · pa = xs/2, Qb · pb = s/2, (A.18)

so that
Qb · pa
Q2

b

=
1

2
,

Qb · pb
Q2

b

=
1

2x
. (A.19)

Since k = (1− x)pb + k̃b, we find

k · pb = k̃b · pb, (A.20)

and because k2 = 0, we obtain

k̃2b = −2(1− x)k̃b · pa = −2(1− x)k · pb. (A.21)
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It follows from Eq. (3.48) that k̃b · pa = −k̃b · pb.
Using the above results, we find the following expressions for the boosted momenta

Λbpb = pb +
1

2x
k̃b +Qb

kpb
Q2

b

(
1− 3x

2x

)
,

Λbpa = pa +
1

2
k̃b +Qb

kpb
Q2

b

(
3− x

2

)
,

Λbk = (1− x)pb +
1 + x

2x
k̃b +Qb

kpb
Q2

b

(
1− x2

2x

)
.

(A.22)

We also find

Λb(pb − k) = xpb −
1

2
k̃b −Qb

kpb
Q2

b

3− x

2
, Λbk̃b = k̃b −

k̃2b
Q2

b

Qb. (A.23)

The Lorentz boost Λ−1
bx reads

[
Λ−1
bx

]µν
= gµν − 2(pa + xpb +

√
xPab)

µ(pa + xpb +
√
xPab)

ν

s(2x+
√
x(x+ 1))

+
2(pa + xpb)

µP ν
ab

s
√
x

. (A.24)

The expansion of Λ−1
bx around x = 1 is given by

[Λ−1
bx ]

µν = gµν +
1− x

2
ωµν
ab +O((1− x)2), (A.25)

where the tensor ωµν
ab can be found in Eq. (A.14).

B Formulas for remainders

In Eq. (4.73), we have defined a remainder for the k⃗||p⃗a case

Ffin,a = Frem,a +
s

2
Frr,a +

s

2

(
Ck
1a + Ck

2a + Ck
3a

)
, (B.1)

where

Frem,a =− |M|2(pb, xpa, ...) +
1

2sx
Tr
[
Nap̂bγ

ν p̂aN
+
b p̂aγν p̂b

]
+ c.c.

− 1

2x
Tr
[
Nap̂bγν p̂aR

ν,+
fin p̂b

]
+ c.c.+

1

x
Tr
[
Nap̂bN

+
a p̂b

]
,

(B.2)

and

Frr,a =
1

s
Tr
[
Rµ

finp̂aN
+
b p̂aγµp̂b

]
+ c.c.+

2

s
Tr
[
Nbp̂aN

+
b p̂a

]
−Tr

[
Rν

finp̂aR
µ,+
fin p̂b

]
g⊥,µν . (B.3)

When computing the collinear expansion of the matrix element squared in the k⃗||p⃗a
limit, we pointed out that three terms need to be expanded to second order in the transverse

– 61 –



momentum k⊥, after the Lorentz boost is applied. They are

C1a =
2

2pa · k
Tr
[
Naκ̂aN

+
a p̂b

]
Λa
,

C2a = Tr

[
Naκ̂aγν p̂aN

+,ν
fin,ap̂b

(−2pa · k)

]
Λa

+ c.c.,

C3a =
2κa,ν

(1− x)(−2pa · k)
Tr

[
Naxp̂a

(
R+,ν

fin −N+
b

p̂aγ
ν

s

)
p̂b

]
Λa

+ c.c. .

(B.4)

Since the Lorentz boost of κa gives the transverse momentum k⊥ and since two powers of

k⊥ are needed to obtain the non-vanishing contribution we define quantities that contribute

to the cross section in the collinear limit

Ck
ia = lim

k2⊥→0
⟨Cik⟩k⊥ . (B.5)

In the above formula the two brackets indicate that one averages over k⊥ directions. To

compute Ck
ia, i = 1, 2, 3, we require the expansion of Na, Nb and R

ν
fin after the boost Λa to

first order in k⊥. Performing the boost, and expanding in k⊥, we find

Na

(
pb +

k⊥
2
, xpa −

k⊥
2
, PX

)
= N (0)

a −
k⊥,µ

2
N (1),µ

a + . . . ,

Nb

(
pb − (1− x)pa −

k⊥
2x
, pa +

k⊥
2x
, PX

)
= N

(0)
b +

k⊥,µ

2x
N

(1),µ
b + . . . ,

Rν
fin

(
pb +

k⊥
2
, pa +

k⊥
2x
, pa(1− x) +

k⊥(1 + x)

2x
, PX

)
= R

(0),ν
fin +R

(1),νµ
fin k⊥,µ + . . . ,

(B.6)

where ellipses stand for O(k2⊥) contributions. The quantities N
(1),µ
a , N

(1),µ
b and R

(1),νµ
fin are

particular Green’s functions that can be computed following the discussion in Sec. 5. For

our purposes here, we assume that they are known. We find

Ck
1a =

1− x

2
gµν⊥ Dxa,b

ν Tr
[
Na(xpa, . . . )γµN

+
a (xpa, . . . )p̂b

]
, (B.7)

where Dxa,b
ν = x−1∂/∂pνa − ∂/∂pνb .

The second limit is more complex. To write it in the compact form, we introduce two

matrix functions

X(0),α,+ = R
(0),α,+
fin (1− x) +N

(0),+
b

q̂baγ
α

s
,

X(1),αµ,+ = R
(1),αµ,+
fin (1− x) +N

(1),µ,+
b

q̂baγ
α

2xs
,

(B.8)

where q̂ba = p̂b − (1− x)p̂a, and write

Ck
2a =−

gµν⊥
4

Tr

[
N (0)

a γνγ
αp̂a

(
N

(0),+
b γµγαp̂b

xs
−X(0),+

α γµ − 2X(1),+
αµ p̂b

)]

+
gµν⊥
4

Tr

[(
−N (1)

a,µγνγαp̂a +
1

x
N (0)

a γνγαγµ

)
X(0),α,+p̂b

]
+ c.c..

(B.9)
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Finally, the third term reads

Ck
3a =

g⊥,µν

2
Tr

[(
−N (1),µ

a xp̂a +N (0)
a γµ

)(
R

(0),ν,+
fin −N

(0),+
b

p̂aγ
ν

s

)
p̂b

]
+ g⊥,µνTr

[
N (0)

a xp̂a

(
R

(1),νµ,+
fin −N

(1),µ,+
b

p̂aγ
ν

2xs

)
p̂b

]
+
g⊥,µν

2
Tr
[
N (0)

a xp̂aR
(0),ν,+
fin γµ

]
− 1

s
Tr
[
N (0)

a p̂aN
(0),+
b (xp̂a + p̂b)

]
+ c.c..

(B.10)

C Derivation of Eq. (4.40)

When simplifying Eq. (4.40), we wrote the integral of the functionW
(a)
3 defined in Eq. (4.39)

in the following way∫
dx dΦab

m

W
(a)
3 (x, pa, pb, PX ,O(PX))

(1− x)2
=

− 1

2

(
κm + 2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)
O(PX) |M|2(pb, xpa, PX)

− 1

2

∫
dx dΦ(xpa, pb, PX)

1

(1− x)+

×
(
κm + 2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)
O(PX) |M|2(pb, xpa, PX).

(C.1)

In this appendix, we explain how to derive Eq. (C.1). To this end, we note that the function

W
(a)
3 (c.f. Eq. (4.39)) is written as a difference of three terms, i.e.

W
(a)
3 (x) = F (x)− F (1) + (1− x)F ′(1), (C.2)

where F ′(1) = dF (x)/dx at x = 1. Then, using integration by parts, it is easy to see that

the following equation holds

1∫
0

dx
W

(a)
3 (x)

(1− x)2
= −F ′(1)−

1∫
0

dx

1− x

(
xF ′(x)− F ′(1)

)
. (C.3)

Hence, we have

1∫
0

dx dΦab
m

W
(a)
3 (x)

(1− x)2
= −F ′(1) dΦab

m −
1∫

0

dx
dΦab

m

1− x

(
xF ′(x)− F ′(1)

)
. (C.4)

Comparing Eq. (C.2) and Eq. (4.40), we find

F (x) = λκmO(λΛ−1
axPX)|M|2(xpa, pb, λΛ−1

axPX),

F ′(1) =
1

2

(
κm + 2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

)
|M|2 (pa, pb, PX)O(PX).

(C.5)
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To simplify Eq. (C.4), we need to compute F ′(x). To this end, we introduce x1 = x+∆x

and note that

F ′(x) = lim
∆x→0

F (x1)− F (x)

∆x
. (C.6)

We also note that because of the nature of the Lorentz boosts with x1 and x, the following

relation holds

λx1Λ
−1
ax1

= (I + δK)λxΛ
−1
ax , (C.7)

where Iµν = gµν and

δKµν =
∆x

2x

(
gµν + ωµν

ab

)
. (C.8)

Hence,

F ′(x) = lim
∆x→0

1

∆x

[
λκm
1 O

(
(I + δK)λΛ−1

axPX

)
|M|2

(
x1pa, pb, (I + δK)λΛ−1

axPX

)
− λκmO(λΛ−1

axPX)|M|2(xpa, pb, λΛ−1
axPX)

]

=
λκm

2x

[
κm + 2pµa

∂

∂pµa
+
(
gρσ + ωρσ

ab

)
Lρσ

]
O(QX)|M|2(xpa, pb, QX),

(C.9)

where derivatives that appear in Lρσ are computed with respect to momenta QXλ =

Λ−1
axPX . Finally, we change the momentum of the colorless system PX → λ−1ΛaxPX in the

phase space, and obtain the result shown in Eq. (C.1).

D Comparison to results in the literature for the Drell-Yan process

In this appendix, we show how to derive results for zero-jettiness power corrections to the

process qq̄ → V g obtained in Ref. [16], from our Drell-Yan master formula in Eq. (6.19). At

first glance the two results look very different, since we work with partonic cross sections

for qq̄ → l+l−, where as authors of Ref. [16] work with hadronic production cross section of

a fixed-mass vector boson, and study its rapidity distribution. Furthermore, the definition

of the zero-jettiness variable itself is different, as Born-projected momenta are employed

in Ref. [16] to calculate it. Nevertheless, as discussed below, it is possible to start with

Eq. (6.19), and derive Eq. (5.36) in Ref. [16], by taking into account two important points.

First, we incorporate the constraint on the dilepton rapidity Y (which is equivalent

to the rapidity of the vector boson) and the dilepton invariant mass M as the observable

function in study. It reads

ODY(p1, p2) = δ
(
2p1 · p2 −M2

)
δ

(
1

2
ln
Pb · (p1 + p2)

Pa · (p1 + p2)
− Y

)
, (D.1)

where Pa,b are the momenta of incoming hadrons. Denoting the momenta fractions of q

and q̄ as ξa,b, one may expect that the subleading power correction to the hadronic cross

section computed in Ref. [16] can be obtained by integrating the subleading partonic cross
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section, obtained with the help of our master formula, with parton distribution functions

fa,b

dσDY,NLP
had

dτ dY dM2

∣∣∣∣∣
[16]

=

∫ 1

0
dξa dξb fa(ξa)fb(ξb)

dσDY,NLP

dτ

∣∣∣∣
O=ODY

, (D.2)

where we also need to write the partonic center-of-mass energy squared s as ξaξbS, with

S = 2Pa · Pb.

We note that, depending on the collinear sector, our variable x corresponds to variables

za,b in Ref. [16]. We also note that dσDY,NLP is described by our master formula and

includes derivatives with respect to lepton momenta that act on the observable ODY.

These derivatives are re-written using integration by parts, resulting in derivatives of parton

distribution functions.

Upon doing that, we find that the result that follows from Eq. (D.2) does not agree

with the result for subleading power corrections presented in Ref. [16]. The reason for

this is the difference in the zero-jettiness definition, as we now explain. Indeed, the def-

inition employed in this paper uses partonic momenta of the process, while in Ref. [16]

Born-projected initial-state momenta are used. These are obtained using the Born-like

momentum fractions constructed from vector boson mass and its rapidity, as opposed to

ξa,b momenta fractions that we would use to define zero-jettiness. Hence, to match the

result of Ref. [16], we need to account for this fact.

To this end, we compute the difference between to definitions. Suppose we find a

gluon momentum k that satisfies the zero-jettiness constraint T0(k) = τ , where T0(k) is

the definition of zero-jettiness adopted in this paper. Then, when the same momentum is

used to evaluate zero-jettiness as defined in Ref. [16] yields

T0(k)

∣∣∣∣∣
[16]

=



τ

[
1− (2− ψ)

ωk√
s
+O(w2

k)

]
, soft,

τ za

[
1 +

1 + za
zas

pak +O((pak)
2)

]
, collinear a,

τ zb

[
1 +

1 + zb
zbs

pbk +O((pbk)
2)

]
, collinear b.

(D.3)

We observe that in addition to subleading terms, there is also a re-scaling at leading power

in the collinear contributions. Given the relations of Eq. (D.3), we calculate how each of

the three contributions (soft, ca and cb) changes. Although this is rather straightforward,

one should exercise significant care when switching from one definition of the zero-jettiness

to the other. For example, in our formula the term from Eq. (4.40), along with the manip-

ulations presented in Appendix C, are affected by the presence of the extra factor 1/(za,b)

and have to be carefully re-analyzed.

Finally, putting everything together, we can express the result from Ref. [16] for Drell-

Yan in terms of our master formula in the following manner

dσDY,NLP
had

dτ dY dM2

∣∣∣∣∣
[16]

=

∫ 1

0
dξa dξb fa(ξa)fb(ξb)

dσDY,NLP

dτ

∣∣∣∣
O=ODY

(D.4)
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where

dσDY,NLP

dτ
=

[
dσDY,NLP

dτ

∣∣∣
Eq. (6.19)

− Qτ

2s

(
za + zb
zazb

)
dσDY,LP

dτ

](
1

zazb

)

+
4[αs]CFQ

s

1∫
0

1∫
0

dσ0
2zazb

[
δ(1− zb)

(1− za)+
+
δ(1− za)

(1− zb)+

]
O(p1, p2) dza dzb,

(D.5)

and

dσDY,LP

dτ
=

[αs]CF

τ

1∫
0

1∫
0

dσ0

[
4δ(1− za)δ(1− zb) +

1 + z2a
za(1− za)+

δ(1− zb)

+
1 + z2b

zb(1− zb)+
δ(1− za)

]
O(p1, p2) dza dzb,

(D.6)

is the finite contribution arising from the leading power terms. The Drell-Yan leading order

cross section dσ0 is given in Eq. (6.6). In Eq. (D.4) we should further integrate over the

leptonic angle β, and take Q = M to account for the definition of the zero-jettiness in

Ref. [16]. The result obtained with the help of Eq. (D.5) is in complete agreement with

Eq. (5.36) of Ref. [16].

E The Drell-Yan process with dilepton final states

In this appendix, we consider a photon-mediated dilepton production in quark-antiquark

annihilation

q(pa) + q̄(pb) → l(p1) + l̄(p2), (E.1)

and compute zero-jettiness power corrections by directly expanding the phase space and

the matrix element squared of the process. As we will see, this procedure allows us to

compute power corrections to the rapidity distribution of a single charged lepton.

The Born cross section can be written as

dσ0 = σ̄0
(
1− 2ϵ+ cos θ21

)
[dΩ

(d−1)
1 ], (E.2)

where θ1 is the angle between the lepton with the momentum p1 and the initial quark with

the momentum pa,

σ̄0 =
πQ2

qα
2
QEDNϵ

2Nc s1+ϵ
, (E.3)

and [Ω
(d−1)
1 ] is the solid angle of p1 defined in the center-of-mass frame of the colliding

quark and anti-quark, normalized to the solid angle in d− 2 dimensions. Furthermore, Qq

is the quark charge in units of the positron charge, αQED is the fine structure constant,

Nc = 3 is the number of colors, and

Nϵ = 22ϵ
(4π)ϵ

Γ(1− ϵ)
, (E.4)

is the normalization factor.
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To compute power correction in the zero-jettiness, we consider the real-emission process

q(pa) + q̄(pb) → l(p1) + l̄(p2) + g(k), (E.5)

and impose the appropriate constraint on the final-state gluon. We write

dσ

dτ
=

1

8sN2
c

∫
[dp1][dp2][dk](2π)

dδ(pa + pb − k − p1 − p2)

× δ(τ − T0(pa, pb, k))
∑

col,pol

|M|2(pa, pb, p1, p2, k).
(E.6)

We then integrate over the momentum of the anti-lepton p2, and find

dσ

dτ
=

2π

8sN2
c

∫
[dp2][dk]δ((pa + pb − k − p1)

2)

× δ(τ − T0(pa, pb, k))
∑

col,pol

|M|2(pa, pb, p1, p2, k).
(E.7)

Since

δ((pa + pb − k − p1)
2) = δ(s− 2

√
s(ωk + E1) + 2ωkE1ρ1k), (E.8)

we can remove this δ-function by integrating over the lepton energy E1 and then remove

the zero-jettiness δ-function by integrating over the gluon energy ωk. We find

dσ

dτ
= σ̄0

[αs]CF

τ1+2ϵ

∫
[dΩ

(d−1)
1 ] [dΩ

(d−1)
k ]

(
1− 2

ω∗
k√
s

)1−2ϵ

(
1− ω∗

k√
s
ρ1k

)2−2ϵ

(
Q√
sψk

)2−2ϵ

×
∑

col,pol

τ2 |M|2(pa, pb, p∗1, p2, k∗)
4g2sNcCFQ2

qe
4

,

(E.9)

where

ωk =
τQ√
sψk

, E1 =

√
s

2

1− 2ωk√
s(

1− ωk√
s
ρ1k

) . (E.10)

Since E1 ≥ 0 is required, we derive the following constraint

ωk ≤
√
s

2
⇒ ψk ≥ 2τQ

s
. (E.11)

Although the constraints appear to be more complex than what has been discussed

in Sec. 2, the situation is rather similar in that there are two distinct cases for the gluon

emission angle: θk ∼ 1, ωk ∼ τ and θk ∼
√
τ/Q, ωk ∼

√
s. The first case describes the

soft emission and the second case – the collinear one.

We then expand the integrand in the soft region and in the two collinear regions. We

begin with the discussion of the soft expansion. Computing the matrix element squared,

expanding in ωk ∼ τ and using the fact that ρbk = 2−ρak, we find that two angular integrals,

given in Eq. (3.31), are required to calculate the soft contribution to the cross section
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through next-to-leading power. Keeping τ -suppressed terms through next-to-leading power

and using the explicit expression for the matrix element squared |M|2(p1, p2, p3, p4, k) in

Eq. (E.9), we find

dσ(s)

dτ
=

4[αs]CF

τ1+2ϵ

(
Q2

s

)−ϵ

dσ0

[
1

ϵ
+

1− 2ϵ

1− ϵ

Qτ

s

]
. (E.12)

An interesting feature of this result is that O(τ) power corrections to the cross section are

ϵ-finite in this case.

We continue with computing the collinear contribution, and focus on the case when

the gluon is emitted along the incoming quark with momentum pa. Then

ψk = ρak = ρ. (E.13)

We write

ρ =
2τQ

s(1− z)
, (E.14)

with 0 < z < 1 so that

ωk =
τQ√
sψk

=

√
s

2
(1− z). (E.15)

It follows that

E1 =

√
sz

2− (1− z)ρ1k
, (E.16)

and, furthermore,
τQ

sρ
=

(1− z)

2
. (E.17)

The expansion in the collinear case is the expansion in ρ ∼ τ at fixed z. The scalar

products are

2pa · k =
√
sωkρ =

s

2
(1− z)ρ, 2pb · k =

√
sωk(2− ρ) =

s(1− z)

2

(
2− 2τQ

1− z

)
. (E.18)

We will also need to account for the scalar product between the momenta of the emitted

gluon and the outgoing lepton, and write it in such a way that its expansion in the collinear

limit becomes possible. To do this, we consider the unit vector k⃗/ωk = n⃗k and write it as

n⃗k = (1− ρ)n⃗1 +
√
ρ(2− ρ)n⃗k,⊥, (E.19)

where n⃗1 is the unit vector in the direction of the momentum p⃗1, and n⃗k⊥ is a unit vector

which is orthogonal to n⃗1. With this, we find

ρ1k = 1− n⃗1 · n⃗k = ρ1a + ρ (1− ρ1a)−
√
ρ(2− ρ)(n⃗k,⊥ · n⃗1). (E.20)

Hence, expansion of this quantity in τ is straightforward but, because of the last term in

Eq. (E.20) the expansion proceeds in powers of
√
ρ ∼

√
τ .

Upon the expansion in τ around collinear limit, we will average over directions of n⃗k,⊥.

This removes all contributions that contain odd powers of n⃗k,⊥. The angular integration
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that is needed to compute the contribution at next-to-leading power is given by the standard

formula

(n⃗k,⊥ · n⃗1)2 →
ρa1(2− ρa1)

d− 2
. (E.21)

We find it to be convenient to combine both collinear contributions. We then write

dσ(ca+cb)

dτ
= σ̄0

[αs]CF

τ1+ϵ
Q−ϵ

1∫
0

dz

(
g(1)c (z, c1) +

τQ

s
g(2)c (z, c1)

)
. (E.22)

The function g
(1)
c has the following structure

g(1)c (z, c1) = (1− z)−ϵP̃qq(z) g̃
(1)
c (z, c1), (E.23)

where P̃qq(z) is related to q → q∗g collinear splitting. The function g
(2)
c describes the power

correction. We expose its structure by writing it as

g(2)c (z, c1) = 4(1 + ϵ)(1− 2ϵ+ c21)

(
1

(1− z)2+ϵ
+

ϵ

(1− z)1+ϵ

)
+ g

(2)
c,fin(z, c1), (E.24)

which separates divergent z → 1 contributions from terms that do not contain non-

integrable singularities on the interval 0 < z < 1; such contributions are described by

the function g
(2)
c,fin(z). We note that a direct integration of the function g

(2)
c over z at fixed

c1 is possible. Integrating over z, and discarding all terms that vanish in the ϵ → 0 limit,

we find

1∫
0

dz g(2)c (z, c1) =
2
(
3 + 37c21 − 11c41 + 3c61

)
3(1− c21)

2
− 4 c31 ln

1 + c1
1− c1

. (E.25)

We observe that, similar to the soft contribution, the next-to-leading power collinear con-

tribution is ϵ-finite as well.

We are now in position to write the next-to-leading power zero-jettiness correction for

the process in Eq. (E.1) at fixed c1. Combining the soft and collinear contributions using

Eqs (E.12, E.22, E.24), we obtain

dσNLP

dτdc1
=
αsCF

2π
σ̄0
Q

s

[
2
(
9 + 31c21 − 17c41 + 9c61

)
3(1− c21)

2
− 4c31 ln

1 + c1
1− c1

]
. (E.26)

Finally, we note that we can write this result using the lepton rapidity in the partonic

center-of-mass frame as a variable. The relation between rapidity and the scattering angle

is

y =
1

2
ln
pbp1
pap1

=
1

2
ln

1 + cos θ1
1− cos θ1

. (E.27)

It follows that

c1 = cos θ1 =
sh(y)

ch(y)
. (E.28)
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Changing the variables, we obtain

dσNLP

dτdy
=
αsCF

2π
σ̄0
Q

s

[
32

3
ch(2y)− 16

3
+

20

3ch2(y)
− 6

ch4(y)
− 8y

sh3(y)

ch5(y)

]
. (E.29)

We observe the known fact [14, 16] that zero-jettiness power corrections exhibit an expo-

nential growth at large lepton rapidities. Ways to address this problem were discussed in

Ref. [16].
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