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F Green’s function of displacement field u
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q Wave vector
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parameter does not appear
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v Coupling constant of cubic anisotropy in the self-
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the tricritical point

w Coupling constant of infinite range interaction
(
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Introduction

The ways in which physical processes are changed by elasticity are of fundamental
interest in many areas of condensed matter science. In some cases, elastic coupling
is just a small perturbation, in others, the inclusion of elastic coupling drastically
changes the outcomes. The most interesting cases are of course the latter, where
elastic coupling does not just lead to purely quantitative change, which may be
absorbed into macroscopic model parameters, but instead leads to a qualitative
change through the breaking of a symmetry or the introduction of a new length-
or energy scale. In this work, we explore two topics in which elastic coupling to
microscopic degrees of freedom changes the physics at large scales: Phase transitions
and magnetism.

When a system is tuned close a continuous phase transitions, critical fluctuations
drive the system toward universal behavior, which is only determined by symmetry
and dimension. In reality, phase transitions do not happen in perfect lattices,
where each degrees of freedom, is rigidly pinned to a specific position in space, as
introductory statistical physics courses may have you believe. Instead, these degrees
of freedom are usually carried by a medium, which can move, bend, and stretch. We
should not be surprised that the fluctuations in the degrees of freedom undergoing
the transition, and the fluctuations of the underlying lattice are intimately connected.
Thus, continuous phase transitions, where fluctuations strongly affect macroscopic
properties, the influence of elastic coupling can be felt. We seek to understand under
which conditions this coupling is non-perturbative, and thus changes the universal
behavior, i.e. does the inclusion of lattice coupling change the universality class of a
phase transition?

For classical phase transitions this question was answered in the 60s and 70s
(Bergman & Halperin, 1976; Fisher, 1968; Larkin & Pikin, 1969; Moura et al., 1976;
Nattermann, 1977; Sak, 1974), but how this applies to quantum phase transitions
has only recently become a focus of interest (Chandra et al., 2020; Han, Lee, &
Moon, 2021; Samanta, Shimshoni, & Podolsky, 2022; Sarkar et al., 2023). We will
attempt to address this question in this work for the case of high symmetry, where
the leading coupling is quadratic in the order parameter. This case is relevant in
quantum paraelectrics, which are close to a ferroelectric quantum critical point
(Coak et al., 2020; Rowley et al., 2014) and antiferromagnetic quantum phase
transitions (Rüegg et al., 2008). In the less symmetric case, a bilinear coupling is
present, the order parameter strongly hybridizes with elastic excitations and critical
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elasticity is an effective description of the transition (Cowley, 1976; Zacharias, Paul,
& Garst, 2015), such is the case in piezoelectric ferroelectrics (Levanyuk & Sobyanin,
1970; Villain, 1970), Mott metal-insulator transitions (Gati et al., 2016; Zacharias,
Bartosch, & Garst, 2012) and nematic quantum phase transitions (Paul & Garst,
2017; Reiss et al., 2019).

Another fascinating case where the physics at large scales shows a strong elastic
influence is seen in chiral magnets. The breaking of inversion symmetry in these
materials allows for an antisymmetric exchange interaction called Dzyaloshinsky-
Moriya interaction (DMI) (Dzyaloshinsky, 1958; Moriya, 1960), which favors a
twist in the magnetization. As a consequence, chiral magnets host a diverse set
of modulated spin textures, such as magnetic helices, cycloids, and skyrmions
(Bogdanov & Yablonskii, 1989; Muhlbauer et al., 2009). Through magnetoelastic
coupling, chiral magnets also host modulated strain textures. The low symmetry
of the crystal structure of chiral magnets with tetrahedral point group allows for
chiral magnetoelastic coupling contributions which can cause strain textures of a
similarly chiral nature.

At the boundaries of bulk chiral magnets, uncompensated DMI leads to phenomena
known as chiral surface twists. Most phases in chiral magnets show a surface twist
such as the fully polarized state (Rybakov, Borisov, & Bogdanov, 2013) and the
skyrmion lattice (Zhang et al., 2018). However, experimental observations show
that the length scale on which the skyrmion surface twist extends into the bulk is
an order of magnitude larger than theory predicts (Schneider et al., 2018; Tan et
al., 2024; Zhang et al., 2018). We explore magnetoelastic coupling as a possible
explanation. However, it turns out that in this particular case, the effect of the
elastic coupling is perturbative, meaning that it only leads to slight modifications of
the surface twist on the order of the magnetoelastic energy scale. Nonetheless the
complicated interplay of magnetic and elastic degrees of freedom, both coming with
non-trivial boundary conditions, has some interesting surface effects.

The body of this thesis is structured as follows: First, the basics of elasticity theory
are covered in chapter 1, introducing concepts that will be used throughout the whole
thesis. It also introduces some non-standard notation, therefore it is recommended
that even readers with prior knowledge of elasticity at least skim the section on
continuum mechanics.

The first part of the thesis is dedicated to critical phenomena and how they interact
with elasticity, with a focus on highly symmetric models with a generic quadratic
coupling to strain. An introduction chapter on critical phenomena is given in
chapter 2, introducing the renormalization group (RG) method and how it is used to
derive the universal properties of classical and quantum phase transitions. Readers
already familiar with the matter may safely skip this chapter, without loss of insight.
If in later chapters specific formulas are used, they will be referenced explicitly. In
chapter 3 we build up an understanding of the theory of classical phase transitions
with lattice coupling. This chapter is essentially a literature review, that is concerned
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with some seminal contributions to this topic, like the Fisher-renormalization of the
critical exponents (Fisher, 1968), which occurs in the presence of lattice coupling at
constant volume, the Larkin-Pikin mechanism (Larkin & Pikin, 1969), which allows
us to describe the compressible system in terms of an effective Landau theory as
a function of the free energy of the rigid system, and an RG analysis of a phase
transition on an anisotropic cubic lattice, performed by Bergman & Halperin (1976),
which connects the Fisher-renormalized exponents to fixed points in the RG flow at
finite elastic coupling. We then apply this theory to the tricritical point in chapter 4.
We go through the works on the classical transition on compressible lattices in
detail not just because they are interesting in their own right, which they are, but
also because they are laying the groundwork for the theory of the corresponding
quantum phase transition coupled to a compressible lattice, which is the topic of
chapter 5. Specifically, it is important to understand how some of the approaches
to the classical theory fail, because the breaking of Lorentz invariance by the elastic
coupling introduces a non-analyticity that breaks some of the assumptions that lead
to Fisher-renormalization. In the RG analysis, the quantum theory turns out to
be quite different from the classical counterpart, exhibiting additional instabilities.
Finally, in chapter 6 we discuss the ferroelectric quantum phase transition with lattice
coupling, where the order parameter represents an optical phonon, which couples to
the acoustic phonons in ways that go beyond a purely compressive interaction, by
also allowing for coupling to shear modes. Additionally, in a ferroelectric long-range
dipolar interaction becomes important, which already has interesting effects in the
rigid model.

The second part of the thesis explores the effects of elastic coupling on the non-
collinear spin texture in chiral magnets. In chapter 7 a brief introduction to
micromagnetism is given and the relevant magnetic phases are discussed in a purely
magnetic theory. This is another introductory chapter that may be skipped if the
reader feels they do not need it. The nature of the lattice coupling in bulk chiral
magnets with tetrahedral symmetry is then discussed in chapter 8. We find that a
wide variety of different couplings may be considered and we explore some examples
in which the effects of the different couplings such as magnetostriction and coupling
to DMI-lik terms become apparent, with a focus on the chiral symmetry breaking
of these couplings. Finally, in chapter 9 we discuss chiral surface twists both in the
collinear and the skyrmion phase. We show how they are affected by magnetoelastic
coupling using a mix of analytical and numerical methods. In the end, we will
see that magnetoelastic coupling can not explain experimental observations of the
skyrmion surface twist, leaving the question open for further investigation.
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1. Theory of elasticity

In this chapter, concepts from elasticity theory are introduced that will be used
throughout this text. We start from an atomistic view of displacements and lattice
vibrations, then move on to develop an understanding of continuum mechanics.
Many of these concepts can also be found in classic textbooks such as (Landau &
Lifshitz, 1959). However, some non-standard notation used in later chapters is also
introduced here.

1.1. Lattice oscillations in the harmonic approximation

In an idealized picture, a crystal consists of a perfectly regular lattice of atoms.
Classically, we describe the positions of atoms in the solid with a vector rn, with some
label n. Regularity here means it can be created by repetition of an arrangement of
atoms, called the unit cell. If the arrangement with the smallest number of atoms
that generates the lattice, called the primitive unit cell, still contains more than one
atom, it is convenient to label the positions as rn,α, where the Greek letter indices
label the atoms within one unit cell, while the index n labels the unit cells within
the crystal. The vector decomposes as follows

rn,α = Rn + Tα + un,α . (1.1)

R refers to the Bravais lattice vectors, which in turn can be decomposed into basis
vectors

Rn ≡ Rna,nb,nc = naa + nbb + ncc (1.2)
where T refers to the equilibrium positions of the atoms within the unit cell and u
is the deviation from the equilibrium position due to its momentary displacement.

The atoms have arranged themselves in a particular crystal structure because of
some effective potential in which they have found an equilibrium. The displacements
are merely small perturbations around the equilibrium arrangement. We can model
the system with the Hamiltonian

H =
∑
n,α

p2
n,α

2mα

+ U({r}) , (1.3)
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where U represents the effective potential and depends on the position of all atoms.
In general, the form of the potential is unknown and may be quite complicated.
However, assuming displacements are small compared to the lattice spacing, we
expand U in u

U({r}) = U |u=0 + 1
2

∑
m,n,α,β,i,j

(
∂2U

∂rm,α,i∂rn,β,j

)
u=0

um,α,iun,β,j + O(u3) . (1.4)

The 0th order is simply a constant and can be ignored in the following discussion.
The 1st order would contradict the assumption that we expand around an equilibrium
position and has to vanish. The first non-trivial order is therefore the quadratic one.
We use the coefficients of the above expansion to define the Dynamical Matrix

Dmn,αβ,ij = 1
√
mαmβ

(
∂2U

∂rm,α,i∂rn,β,j

)
u=0

. (1.5)

If we stop the expansion at this point, we end up with a quadratic Hamiltonian. We
can then learn everything there is to know about this Hamiltonian by diagonalizing
the dynamical matrix and looking at the eigenmodes, effectively solving the classical
equations of motion

v̈m,α,i = −
∑

n,β,j

Dmn,αβ,ijvn,β,j (1.6)

where we introduced rescaled displacements to remove the masses from the equa-
tion

vn,α,i = √
mαun,α,i . (1.7)

Assuming an infinite crystal or applying periodic boundary conditions, we can
reduce the size of the matrix that we have to diagonalize considerably by using
translational invariance with respect to Bravais lattice vectors

Dmn,αβ,ij = Dαβ,ij(Rm − Rn) , (1.8)

which enables us to define the Fourier transform of the dynamical matrix

Dαβ,ij(q) =
∑

n

Dαβ,ij(Rn)e−iq·Rn . (1.9)

The result is a (d · µ) × (d · µ) matrix (with µ atoms per unit cell) for every q vector
in the first Brillouin zone. It has at most d · µ distinct eigenmodes or branches.

To simplify notation, we combine the coordinate and atomic species to a single
branch index λ = (α, i). May ω2

λ(q) be the eigenvalues of D(q) and ϕλ(q) the
corresponding eigenvectors. Then we can write

H = 1
2

∑
q∈1stBZ

∑
λ

(
πλ(q)πλ(−q) + ω2

λ(q)ϕλ(q)ϕλ(−q)
)

(1.10)
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using an appropriate definition of the canonical momentum π in terms of p

πα(q) =
∑

n

pn,α√
mα

e−iq·Rn . (1.11)

Such a theory could now be quantized by declaring ϕ and π to be field operators
and assuming canonical commutation relations. However, we will not go into the
details here and instead focus on the classical description.

To understand the character of the eigenmodes of the dynamical matrix, let us
think about a plane displacement wave of a particular mode λ traveling through
the crystal. Consider the equation of motion eq. (1.6), with the ansatz

vn,α,i = w
(λ)
α,i e

iq·Rn , (1.12)

where w(λ)
µ,i is a polarization vector belonging to a certain branch λ. If all atoms in

the unit cell are displaced in phase, such that w no longer depends on α, the mode
is called an acoustic mode. From the equation of motion, we then get

ω2
λ(q)w(λ)

i eiq·Rn =
∑
m,β

Dmn,αβ,ijw
(λ)
j eiq·Rm . (1.13)

The above equation can be solved for ωλ using the fact that w is an eigenvector of
the d× d-matrix Dmn,αβ

ω2
λ(q) =

∑
m,β

Dmn,αβ,ije
iq·(Rm−Rn) . (1.14)

Our strategy is now to expand both sides in q. In 0th order we have

ω2
λ(0) =

∑
m,β,j

Dmn,αβ,ij = 0 (1.15)

where in the last step it was used that a constant displacement (independent of m
and β) can not cause a force in between the atoms, since it represents simply a shift
of the position of the crystal as a whole. eq. (1.15) shows that the acoustic mode
can not have a gap. This is a fundamental consequence of the fact that the energy
is invariant under global translations, the symmetry for which the phonon is the
Goldstone mode.

The 1st order of the expansion of eq. (1.14) vanishes for symmetry reasons. In 2nd

order we have (
∇qωλ(0) · q

)2
= −1

2
∑

n,β,j

Dmn,αβ,ij((Rn − Rm) · q)2 (1.16)

where we usually write (∇qω(0) ·q)2 = c2
λ(q̂)q2 with the speed of sound cλ. eq. (1.16)

shows that the acoustic branches go linear with q at small q. The speed of sound is
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then given by
c2

λ(q̂) = −
∑
Rβ

Dαβ,ii(R)(R · q̂)2 (1.17)

For the optical branches, a similar expansion is possible, but they acquire a gap
in the 0th order. The linear order on the other hand still vanishes with the same
symmetry argument. As a result, we can write the following dispersion relations for
a long wavelength theory

ωγ(q) =

cγ(q̂)q for acoustic branches√
ω2

0,γ + s2
γ(q̂)q2 for optical branches.

(1.18)

1.2. Continuum mechanics

In the context of a sufficiently long wavelength theory, it is justified to “zoom out”
and consider the continuum version of elasticity. Here, the system is treated as a
continuous medium rather than focusing on individual atomic displacements. We
analyze the shifts and distortions of small volume elements that contain many unit
cells, neglecting the relative displacements of atoms within a unit cell (optical modes)
and focusing on the low-energy theory for acoustic modes.

Displacement and strain

The displacement field u(r) represents the displacement vector of a volume element,
which at equilibrium would be at a point r, but has been moved to a different point
r′

r → r′ = r + Er + u(r) , (1.19)
where we split off the part of the displacement field that is linear in r into a matrix
E for reasons that will become clear soon. The displacement itself has a degree
of freedom that corresponds to global shifts since shifting the crystal as a whole
should not change the fundamental physics happening inside the crystal. Usually,
we choose a frame of reference where the volume average of u vanishes

⟨u(r)⟩V = 0 , (1.20)

which for a material of homogeneous mass density corresponds to the center of mass
frame. Therefore the quantities of interest are the derivatives of the displacement
field. The gradients of the displacement field ∂iuj can be decomposed into three
physically meaningful components:

∂iuj = 1
d

∇ · u δij + 1
2

(
∂iuj + ∂jui − 2

d
∇ · u δij

)
+ 1

2(∂iuj − ∂jui) (1.21)
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The first term represents dilation, the second term shear, and the third term rotation.
The strain tensor, which captures the first two terms, includes the symmetric part
of the displacement gradient

εij = Eij + 1
2(∂iuj + ∂jui) . (1.22)

The trace of the strain tensor describes the dilation and the traceless strain tensor

ε̃ = ε− 1
d

tr{ε}1 (1.23)

describes shear. Here, we made another decomposition of the strain into a spatially
constant tensor E, corresponding to a linear term in the displacement, and a purely
local strain. This allows us to apply the additional constraint

⟨∂iuj + ∂iuj⟩V = 0 . (1.24)

On the other hand, rotation is represented by the antisymmetric tensor

ωij = 1
2(∂iuj − ∂jui) . (1.25)

Here, we do not make the distinction between global and local rotations, since the
spatially constant part Ω = ⟨ω⟩V represents a global rotation and this is required
to be a symmetry, thus we can make it vanish by choice of a frame of reference.
In other words, in a consistent lattice theory, the energy can not depend on Ω.
Therefore we can enforce the constraint

⟨∂iuj − ∂iuj⟩V = 0 . (1.26)

In combination with eq. (1.24) we have established that we can set ⟨∂iuj⟩V = 0.

Energy and stress

Linear elasticity is the continuum limit of a theory based on the harmonic ap-
proximation of the interatomic potential, evoking the image of point-like masses
connected by springs. The equations governing such a model are therefore given by
a generalized Hooke’s law, that connects the stress tensor σ, the equivalent of force,
to the strain tensor ε, the continuum description of displacement, through a set of
generalized spring constants, given by the stiffness tensor Cijkl

σij = Cijklεkl , (1.27)
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where the sum over repeated indices is implied. This linear equation can be derived
by minimizing a quadratic energy functional

E =
∫
ddrE =

∫
ddr

(1
2εijCijklεkl − σijεij

)
, (1.28)

where E is the energy density. For more compact notation and to avoid the
introduction of an overwhelming amount of indices, we can use the :-product that
contracts two indices of the involved tensors

E = 1
2 ε : C : ε− σ : ε , (1.29)

where (C : ε)ij = Cijklεkl and σ : ε = σijεij.

In the special case of an isotropic solid, the energy can be expressed using only
rotationally invariant quantities. Since the strain tensor transforms like a tensor
under rotations, at the quadratic level there are only two such objects, which are
tr{ε}2 and tr{εε}. The energy is then typically parametrized as

E = 1
2

(
K − 2

d
µ
)

tr{ε}2 + µ tr{εε} , (1.30)

where K is called bulk modulus and µ is called shear modulus. The corresponding
stiffness tensor is of the form

Cijkl =
(
K − 2

d
µ
)
δijδkl + µ(δikδjl + δjkδil) . (1.31)

The bulk modulus can be defined in terms of the stiffness tensor

K = 1
d2Ciijj . (1.32)

If we define the bulk modulus as the stiffness of the system to volume changes in
response to hydrostatic pressure, then this definition is useful even in the presence
of anisotropy.

Voigt and Mandel notation

Taking a close look at the energy functional eq. (1.28) we notice that the stiffness
tensor Cijkl necessarily has to satisfy the symmetries

Cijkl = Cjikl = Cklij . (1.33)

The first equality is a consequence of the strain tensor being a symmetric matrix.
As a result of this symmetry ε has only six independent components in three
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dimensions. The idea of Voigt notation is to rewrite symmetric second-rank tensors
as six-component vectors

εV = (ε11, ε22, ε33, 2ε23, 2ε13, 2ε12) (1.34)

effectively traversing the matrix in the pattern

ε11 ε12 ε13
ε12 ε22 ε23
ε13 ε23 ε33

  .

Consequently, fourth-rank tensors can then be written as 6 × 6-matrices

CV =



C1111 C1122 C1133 C1123 C1113 C1112

C2211 C2222 C2233 C2223 C2213 C2212

C3311 C3322 C3333 C3323 C3313 C3312

C2311 C2322 C2333 C2323 C2313 C2312

C1311 C1322 C1333 C1323 C1313 C1312

C1211 C1222 C1233 C1223 C1213 C1212


. (1.35)

We will simply write Cij ≡ CV
ij . There is no ambiguity because of the different

number of indices.

The second equality in eq. (1.33) tells us that CV must also be a symmetric matrix,
further reducing the number of independent components to a maximum of 21.
For specific crystal structures, the corresponding symmetries allow more detailed
statements about the form of such tensors. For example, in a cubic crystal, there
are only three independent parameters C11, C12, and C44. The cubic anisotropy can
then be quantified using the Zener ratio

A = 2C44

C11 − C12
(1.36)

where A = 1 corresponds to the case of an isotropic crystal of the form eq. (1.30),
in which case we can identify K = (C11 + 2C12)/3 and µ = C44.

Voigt notation is constructed to preserve quadratic forms like the one in the energy

ε : C : ε = (εV )TCV εV . (1.37)

This is ensured by the factors of 2 in front of the shear strain components in
eq. (1.34). However, one needs to be careful when dealing with more than one
fourth-rank tensor, because products between these are in general not preserved
under Voigt notation:

CV
1 C

V
2 ̸= (C1 : C2)V . (1.38)
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To fix this issue, we introduce Mandel notation (Mandel, 1965), effectively shifting a
factor of

√
2 from shear vector components to the corresponding matrix components,

defining
εM = (ε11, ε22, ε33,

√
2ε23,

√
2ε13,

√
2ε12) (1.39)

and

CM =



C1111 C1122 C1133
√

2C1123
√

2C1113
√

2C1112

C2211 C2222 C2233
√

2C2223
√

2C2213
√

2C2212

C3311 C3322 C3333
√

2C3323
√

2C3313
√

2C3312√
2C2311

√
2C2322

√
2C2333 2C2323 2C2313 2C2312√

2C1311
√

2C1322
√

2C1333 2C1323 2C1313 2C1312√
2C1211

√
2C1222

√
2C1233 2C1223 2C1213 2C1212


. (1.40)

Mandel notation also leaves quadratic forms invariant

(εM)TCMεM = (εV )TCV εV = ε : C : ε (1.41)

but now we can use it for matrix products as well

CM
1 CM

2 = (C1 : C2)M . (1.42)

In conclusion, Mandel notation is more general and convenient. However, the
literature standard is Voigt notation. To avoid confusion with literature values in
this text the component without explicit superscript Cij will still refer to Voigt
notation. For example, in an isotropic crystal, the stiffness tensor component
C44 = µ refers to the shear modulus, not twice the shear modulus.

Dynamics, microscopic and macroscopic modes

When describing the dynamics of the displacement field we minimize the actions
instead of the energy, including time derivatives of u. Ignoring externally applied
stress the action is

S =
∫
dtddxL =

∫
dtddx

1
2
(
ρ(∂tui)2 − εijCijklεkl

)
, (1.43)

where ρ is the mass density. We use the Fourier transformation of the displacement
field

u(r, t) =
∫

q,ω
ei(q·r−ωt)u(q, ω) u(q, ω) =

∫
dtdre−i(q·r−ωt)u(r, t) (1.44)
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where we have defined the shorthand notation∫
q,ω

=
∫ ∞

−∞

dω

2π

∫ ddq

(2π)d
. (1.45)

For simplicity, we ignore the global, homogeneous strain E for the moment, since
it does not enter the equation of motion for u anyway. The transformed action is
then

S =
∫

q,ω

1
2ui(q, ω)

(
ρω2δij −Dij(q)

)
uj(−q,−ω) (1.46)

where we have defined the dynamical matrix D in the continuum theory as

Dij(q) = Cikljqkql . (1.47)

The equation of motion for u is then simply the eigenvalue equation for D and is
diagonalized by the acoustic phonon modes,

ρω2ui = Dij(q)uj , (1.48)

with a linear dispersion given by the respective phonon velocities ω = cλ(q̂)q. cλ

is the phonon velocity for the respective branch λ and in general, depends on the
direction of the momentum in a way that is determined by the stiffness tensor
C. In the isotropic case, the dependence on the direction of q disappears and we
obtain the velocity of the single longitudinal phonon and the d− 1 fold degenerate
transversal phonon

cl =

√√√√K + (2 − 2
d
)µ

ρ

ct =
√
µ

ρ
.

(1.49)

It is important to note that in a finite crystal, the phonon picture does not tell
the whole story. At a scale of the system size L, one has to include the effects of
geometry and boundary conditions. For a finite isotropic elastic body, one has to
find solutions of the Navier-Lamé equation

ρ∂2
t u =

(
K +

(
1 − 2

d

)
µ
)

∇(∇ · u) + µ∇2u . (1.50)

with the appropriate boundary conditions. The low-energy solution will then be
macroscopic dynamic modes, while the high energy modes will behave as described
above in the phonon picture.

Assuming an infinitely large crystal, the phonon picture is valid at any finite q.
However, the macroscopic regime is still present at q = 0 in the form of the
macroscopic strain E, which was defined in eq. (1.22). Note that there are no time
derivatives of E in the action in eq. (1.43). We can image an infinite crystal being
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strained by a force that acts on it at every point in space, however, there is no path
from the strained to the unstrained infinite crystal in terms of dynamics within a
finite amount of time. Nonetheless, if we view the infinite system as a limit of a
finite system that remains close to equilibrium, small perturbations from equilibrium
are in the thermodynamic limit characterized by the eigenvalue equation

C : E = κE , (1.51)

which in general has 6 eigenmodes. As an example, in a cubic solid in three
dimensions there is a singlet with eigenvalue C11 + 2C12 (corresponding to the bulk
modulus), a doublet with C11 − C12, and a triplet with 2C44 (the eigenvalues are
the ones of CM , not CV ). In the isotropic case where A = 1 the doublet and triplet
merge to a 5-fold mode with eigenvalue 2µ.

This introduces an important subtlety with the handling of acoustic phonon in
field theory: If one were to write the global and local strain as a single field,
the corresponding Green’s function would be non-analytic around q = 0, causing
problems when integrating said function over a domain that contains the Γ-point.
The Green’s function for the microscopic mode—the acoustic phonon—vanishes at
q = 0. The macroscopic modes fill this hole with a different elastic constant. In
other words, on a microscopic scale, the medium appears to have different elastic
properties than on the scale of the crystal.

Coupling of strain to vector fields

Throughout this work, we will consider the coupling of different degrees of freedom
to elasticity. Let us assume that these degrees of freedom are represented by some
generic vector field ϕ. For example, in the case of magnetoelastic coupling, it would
be the magnetization M or, in the case of a ferroelectric, the polarization P . Both
of these cases will be considered in later chapters, but for now, we remain agnostic
about the exact nature of ϕ.

From a phenomenological standpoint, ϕ and ε can couple in any way that is allowed
by the symmetry of the system. One may formally expand the energy functional
in these fields and their gradients and keep at every order only the terms that are
invariant under symmetry transformations. Of course, the contributions get smaller
at higher orders in this expansion and for topics covered in this work we will only
need to go to quadratic order in ϕ. There can in principle be a linear coupling,
most generally written as an energy term of the form

εijιijkϕk . (1.52)

This coupling may be forbidden, if the vector field obeys an Ising-type symmetry,
i.e. invariance under ϕ → −ϕ, e.g. time reversal symmetry in the case of magnetism.
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On the other hand, if ϕ is a polarization, the above term is known as piezoelectricity
and is common in materials with sufficiently low symmetry. One should also note
that the only rank three tensor that is invariant under rotations is the antisymmetric
tensor ϵijk. However, since the strain tensor is symmetric, such a contribution to
ιijk would vanish. The above term is therefore necessarily anisotropic.

Another kind of linear coupling is the coupling to strain gradients, or equivalently

εijκijkl∂kϕl . (1.53)

In the case where ϕ refers to polarization, this coupling is known as flexoelectricity.
We will not get into the details of the effects of this coupling in this work and only
mention it for completeness.

If the linear coupling is forbidden by symmetry, the leading coupling is expected to
be the quadratic one

εijλijklϕkϕl , (1.54)
In contrast to linear coupling, quadratic coupling is generic in the sense that it is
present even for highly symmetric systems.

The coupling is parametrized by a fourth-rank tensor λ. Similarly, to the stiffness
tensor, it has to satisfy λijkl = λjikl = λijlk, which allows us to use Voigt notation.
However, in general λijkl ̸= λklij. In other words, λV may not be a symmetric
matrix.

Specifically, in the case of point group 23, which describes the bulk chiral magnets
that we will investigate in chapter 8, it is of the form

λ23,V =



λ11 λ12 λ21 0 0 0
λ21 λ11 λ12 0 0 0
λ12 λ21 λ11 0 0 0
0 0 0 λ44 0 0
0 0 0 0 λ44 0
0 0 0 0 0 λ44


. (1.55)

with four independent components.

In the case of an isotropic solid the number of components is further reduced by the
conditions λ21 = λ12 and λ11 − λ12 = 2λ44. As a result, λ can be written be written
in the same form as eq. (1.31)

λiso
ijkl = λ11δijδkl + λ44(δikδjl + δilδjk) (1.56)

and will become important in chapter 6. In all of the above, we assumed that
symmetry transformations act on the vector field ϕ the same way they act on the
strain tensor ε. We can also imagine an in a sense even more symmetric case, where
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ϕ can be transformed independently from spatial degrees of freedom. In this case,
we can simply write

λijαβ = λδijδαβ (1.57)
where the indices α and β may be summed over a different range than i and j.
This describes the generic elastic coupling that we will meet again in chapter 3 and
chapter 5.
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Part I.

Criticality in Elastic Media

25



2. Introduction to the theory of
critical phenomena

In most situations in our everyday lives, regular thermodynamics is sufficient to
explain what is happening around us. The reason is that a fundamental assumption of
thermodynamics is satisfied: Fluctuations do not matter in the thermodynamic limit.
However, in the vicinity of continuous phase transitions, things are different. Here,
fluctuations do change the macroscopic behavior of the system. These fluctuations
become correlated over longer and longer length scales, until at the critical point, the
correlation length diverges and beyond this point, the system acquires long-range
order.

As the system approaches the critical point from the disordered phase, correlated
regions are forming and getting larger. At the scale of the correlation length, the
system behaves according to renormalized system parameters, for example, an
ensemble of correlated Ising spins will behave differently from a single Ising spin.
The macroscopic details of the system and its interactions get lost at large length
scales. The phenomenon of universality emerges: Approaching a critical point,
the system asymptotically shows behavior that is solely determined by symmetry
and dimension. These two factors determine the universality class of a continuous
phase transition. For example, the Ising transition at zero field turns out to be
in the same universality class as the critical endpoint of a liquid-vapor transition.
This is a remarkable proposition. It allows us to freely choose the model within a
given universality class, which we may investigate and make exact statements about
universal properties that hold for the entire class.

The purpose of this chapter is to give a brief introduction to a theoretical approach
for describing critical phenomena, focusing on concepts needed in later chapters. The
physics of classical phase transitions in the Landau theory and renormalization group
approach will be introduced in sections 2.1 and 2.2, as it gives important context
for the discussion in chapter 3. For the treatment of quantum phase transitions,
the tool of imaginary time formalism is introduced in section 2.3. These tools are
then applied to a basic ϕ4 theory in section 2.4 as a baseline for comparison with
later results when we extend the theory with elastic coupling and a ϕ4 theory with
cubic anisotropy in section 2.5, which will become relevant when discussing dipolar
interaction.
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For a more in-depth discussion of the physics of quantum phase transitions with
historical and experimental perspectives see (Sachdev, 2011). For details on the
mathematical subtleties of the renormalization group method, I recommend (Zinn-
Justin, 2021).

2.1. Statistical field theory and Landau theory

In statistical mechanics, the thermal expectation value of an observable is given by
the sum over all states weighted with the probability of the particular state being
realized. In field theory, where states are described by a function ϕ of space and,
depending on context, also of time, the “sum over states” is then given by a path
integral

⟨O⟩ = 1
Z

∫
Dϕ O(ϕ) e−S[ϕ] , (2.1)

where O(ϕ) is the value of the observable in the particular state ϕ, S is the action
and Z— the normalization factor—is called the partition function. It is given by

Z =
∫

Dϕ e−S[ϕ] . (2.2)

The symbol Dϕ represents the integration over all possible field configurations. It
can be understood as the limit of infinitely many integrals over independent variables,
representing the field values at discrete points in space. The expectation values of
operators that are products of fields can be written as derivatives of F = − log Z,
where F is called the free energy.

The action is assumed to be analytical in the field ϕ, such that it can be expanded
in a power series of the field and its derivatives, typically close to some minimum,
which corresponds to thermodynamic equilibrium. In a conventional naming of the
parameters we write

S[ϕ] =
∫
ddx

(
const.+ hϕ+ r

2ϕ
2 + c2

2 (∇ϕ)2 + . . .

)
. (2.3)

The constant in 0th order only leads to a constant factor in both the numerator
and denominator of eq. (2.1) that cancels and therefore doesn’t change observable
outcomes. The 1st order describes an external field h, which changes the equilibrium
value of ϕ and can be used as an experimental knob to probe the system. An
important quantity describing this response of the system to an applied field is the
susceptibility. It is given by

χ = ∂h⟨ϕ⟩ = ∂2
hF = ⟨ϕ2⟩ − ⟨ϕ⟩2 . (2.4)

In the disordered phase at h = 0 we have ⟨ϕ⟩ = 0 and the susceptibility is simply
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the two point correlation function ⟨ϕ(x)ϕ(y)⟩ of the field values at two points in
space(-time) x and y, often referred to as the Green’s function G. In a theory with
translation invariance, it χ is only a function of x− y

G(x− y) = χ(x, y)|h=0 (2.5)

To make this notion more concrete let us look at an analytically solvable example.
If the action only has quadratic terms,

SG[ϕ] =
∫
ddx

1
2
(
rϕ2 + c2(∇ϕ)2

)
=
∫ ddq

(2π)d

1
2(c2q2 + r)ϕqϕ−q ,

(2.6)

eq. (2.2) is a Gaussian integral and everything can be calculated explicitly

ZG =
∫

Dϕ e−
∫

1
2 ϕG−1

0 ϕ+hϕ ∝ e
1
2 hT G0h . (2.7)

The Green’s function in Fourier space can be directly read off the action

⟨ϕqϕ−q⟩0 = ∂2
h log ZG|h=0 = G0(q) = 1

c2q2 + r
, (2.8)

where the subscript 0 refers here to the expectation value with respect to the
Gaussian action SG. Performing the inverse Fourier transform back to real space in
three spatial dimensions gives the result

G0(x) = 1
4π

e−
√

rx

x
. (2.9)

This shows that at finite r the system has an intrinsic length scale, the correlation
length ξ = r− 1

2 . It is defined by the long-distance behavior of the correlation function
⟨ϕ(x)ϕ(0)⟩ ∝ e− x

ξ as x → ∞. If r vanishes, the correlation length diverges, and
there is no intrinsic length scale anymore. The correlation function then becomes a
power law at large distances. Specifically x−1 in three dimensions, more generally
x2−d in d dimensions.

This makes the tuning parameter r another important experimental knob. If a
system can be described as a perturbation around the Gaussian theory, r is in a
sense the “distance” to the critical point. Only at positive r is the expansion of S in
eq. (2.3) around a stable minimum. If r becomes negative an instability may develop,
spontaneously breaking a symmetry. For classical phase transitions we can assume
the tuning parameter to be linear in the reduced temperature r ∝ (T − Tc)/Tc, but
it may also depend on other parameters like pressure. The thermodynamic quantity
that characterizes the response of the system to changes in r is the (generalized)
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specific heat C, which we define as

C = −∂2
r F = ∂2

r log Z = ⟨ϕ4⟩ − ⟨ϕ2⟩2 , (2.10)

which corresponds to the density-density correlation function.

If we were to take the point of view that fluctuations do not matter, as will be the
case in high enough dimension or far away from any phase transition, then instead
of integrating over all possible states ϕ, the system can be sufficiently described
to be in one particular state ϕ0, at which it is at equilibrium or, in other words,
the state which minimizes the free energy. This state ϕ0 can then be found via the
saddle point approximation of the integral Z

F ≈ S[ϕ0] , (2.11)

where we take ϕ0 to be defined by

δF
δϕ0

= 0 . (2.12)

In other words, ϕ0 is a solution of the Euler-Lagrange equation of the Ginzburg-
Landau theory defined by the free energy functional

F =
∫
ddx

(
−hϕ0 + r

2ϕ
2
0 + c2

2 (∇ϕ0)2 + . . .

)
. (2.13)

Using eq. (2.12) we can eliminate ϕ0 and are left with a function F(h, r, c, . . . ) of
the parameters, which can then be used to calculate thermodynamic quantities,
such as χ and C.

2.2. The renormalization group idea

To find out how system parameters are renormalized by fluctuations in the vicinity
of the critical point, we employ the tool of the renormalization group (RG). The
name is somewhat misleading, since mathematically there is no group structure
here, only a semigroup, and this structure is not a focus of the method. Also, even
though in what has become the standard formulation of this theory renormalization
is an important part of a non-trivial RG analysis, it is only one step of the procedure.
Despite the unfortunate naming, RG is a powerful tool for the investigation of critical
phenomena. After all, most theories are not exactly solvable like the Gaussian
model. As soon as interactions are introduced to the problem we usually have to
resort to perturbation theory to make progress. If perturbations are small it makes
sense to use the Gaussian theory as a point of reference and describe the system
relative to its Gaussian counterpart.
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Let us consider a generic O(N) symmetric model, where a rotation of the vector
ϕ leaves the action invariant, all odd orders must vanish, except in the presence
of external fields, which explicitly breaks the symmetry. We therefore consider the
action

S[ϕ] =
∫
ddx

(
r

2ϕ
2 − c2

2 ϕT ∇2ϕ + u(ϕ2)2 + . . .

)
(2.14)

where u as well as all higher-order coefficients are small. We have integrated by
parts to compactly rewrite the gradient term. Usually, a theory like this is derived
by taking the scaling limit of a microscopic theory. The validity of this theory can
then only be safely assumed up to some small length scale a, e.g. the lattice constant
of a solid, or equivalently a momentum space cutoff Λ ∼ a−1.

If for the moment we ignore the existence of this cutoff, assuming that the above
theory is valid at all scales a rescaling transformation x = bx′ does not change
the phase space. At the critical point, where intrinsic length scales disappear this
transformation should not change anything. Anywhere else than the critical point,
the transformation will map to a renormalized theory, where the function ϕ and
the parameters r, c, u, . . . are changed appropriately.

Let ϕ(x) = b−sϕϕ′(bx), where sϕ is the scaling dimension of ϕ. Consequently, all
the parameters of the action have scaling dimensions. We can then restore the
original form of the action by defining

ϕ(x) = b−sϕϕ′(x′)
r = b2sϕ−dr′

c2 = b2sϕ−d+2c′2

u = b4sϕ−3du′

(2.15)

after which we obtain again eq. (2.14), but with primed symbols. So the above
parameters of the action are, in general, scale-dependent.

We must now make a choice. Since a constant factor in front of the action does
not affect any observable outcomes, and b to any power is a constant in this sense,
we have the freedom to eliminate one of the above scaling relations. This choice is
called the RG condition and will effectively set sϕ. The other relations will then tell
us how the parameters scale relative to the one we keep fixed. A common choice in
the classical theory is to fix c2, or equivalently

G−1|r=0 = c2q2 (2.16)

which implies sϕ = (d−2)/2. This is consistent with our earlier result for ⟨ϕ(x)ϕ(0)⟩0,
which scales with 2sϕ = d− 2 at long distances.

The other parameters in the expansion of S can now be classified according to
their scaling dimension. If the scaling dimension is positive, the parameter is called

30



relevant. If it is negative, the parameter is irrelevant. If it vanishes, the parameter
is marginal. For example in the above 0th order scaling we find

d log r
d log b = 2 , (2.17)

which means r is relevant in any dimension. In other cases, the scaling dimension
may depend on the dimension, such as

d log u
d log b = 4 − d . (2.18)

We see that u is relevant in d < 4. In this case, the ϕ4 term will have a strong
influence on the critical behavior. It is irrelevant for d > 4, in which case u will
eventually become negligible at large enough scales and we end up with a Gaussian
theory again. In the marginal case, d = 4, we can not make a statement about the
effect the ϕ4 term has on the critical behavior from this superficial argument.

In general, the number of relevant parameters is also the number of experimental
knobs which must be adjusted to tune the system to the transition. The number
of irrelevant parameters gives the dimension of a hypersurface in parameter space
called the critical surface on which the physics are equivalent to the critical point.
Thus, if an interaction is relevant or irrelevant in the RG sense, has drastic effects
on the critical behavior. The dimension at which the interaction becomes irrelevant
is called the upper critical dimension of the theory, above which the Gaussian theory
is exact. For the O(N) model the upper critical dimension is 4 as we have seen.
There is also a lower critical dimension at which the phase transition is completely
suppressed by fluctuations, which become more dominant at lower dimensions.
However, we will not discuss low dimensions in this text.

In general, when including the effects of the interactions, the correlation function may
scale differently from the Gaussian theory at the critical point. With perturbative
RG the ϕ may also have an anomalous scaling dimension, relative to the Gaussian
one

2sϕ = d− 2 + η (2.19)
where η is the anomalous dimension. We can have η ≠ 0 if the q2 term in the above
action is renormalized by some interaction, which we have not included so far. To
make the appearance of an anomalous dimension more transparent, we introduce
a so-called Z-factor, with G → ZϕG, which is then renormalized and also has a
scaling dimension

Z ′
ϕ = bηZϕ , (2.20)

where Zϕ is a so far arbitrary number. Its bare value is usually set to unity.

The number η is one of the critical exponents, which is a relatively small set of
numbers that capture the universal critical behavior of the phase transition. From
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the above arguments, we can already calculate all the critical exponents for the
Gaussian theory. The anomalous dimension, as described above is defined by

η = d logZϕ

d log b (2.21)

and has the Gaussian value ηG = 0. The correlation length exponent, defined by
ξ ∝ r−ν , can be calculated with the following formula and has the Gaussian value

ν =
(
d log r
d log b

)−1

νG = 1
2 . (2.22)

The specifically heat exponent, defined by C ∝ r−α is connected to the correlation
length exponent via the hyperscaling relation

α = 2 − νd αG = 2 − d

2 . (2.23)

Notably, αG = 0 in d = 4 dimensions. Hyperscaling is a consequence of the free
energy, F , being an extensive quantity, while the only relevant length scale is the
correlation length ξ. Therefore it must hold F ∝ ξ−d ∝ rνd, but also F ∝ r2−α via
eq. (2.10). In a setup where there is another length scale, for example introduced
by dangerously irrelevant operators, hyperscaling may not hold. However, we will
not study these cases in this text.

The analysis in later chapters will focus on the three exponents α, ν, and η, but for
completeness, the remaining canonical exponents are given here. The susceptibility
scales like χ ∝ r−γ and previously we established χ ∝ ξ2−η ∝ r−(2−η)ν , therefore

γ

ν
= 2 − η γG = 1 (2.24)

In the ordered phase the order parameter depends on the tuning parameter with
⟨ϕ⟩ ∝ rβ. From the scaling relation for ϕ we know ϕ′(x′) = b(d−2+η)/2ϕ(x). If we
evaluate this at b∗ = ξ we get

β

ν
= (d− 2 + η)/2 βG = d− 2

2 . (2.25)

In d = 4 dimensions, this means βG = 1.

Considering the effect of an externally applied field at the critical point r = 0, the
power law of the form ⟨ϕ⟩ ∝ h

1
δ defines the exponent δ. We can calculate it from

the fact that ⟨ϕ⟩ scales with bsϕ , while h can be connected to the correlation length
in analogy with the definition of ν. We find(

d log h
d log b

)−1

= d− sϕ = d+ 2 + η

2 (2.26)
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and as a result, the general expression for δ and its Gaussian value are

δ = d− sϕ

sϕ

= d+ 2 − η

d− 2 + η
δG = d+ 2

d− 2 (2.27)

Overall, we can conclude that with all the scaling relations calculating two exponents
from the RG equations is enough to fix the complete critical behavior. We will
usually solve the system to find Zϕ(b) and r(b) and calculate the exponents η and ν
from there.

The momentum shell RG procedure

As the system approaches criticality, the correlation length diverges and the system
becomes more and more self-similar. We want to use this fact by mapping the
theory onto a scaled version of itself and analyze the properties of this mapping to
find out how the system parameters are renormalized within correlated domains.
There are many ways to produce such mappings, but a common way is to go
to momentum space and integrate out the small wavelength/large momentum
modes. The integrals involved are algebraically divergent in d < 4 dimensions and
logarithmically divergent in d = 4 dimensions. The latter case can be remedied
by renormalizing and we use an ϵ-expansion to go to d = 4 − ϵ dimensions using
perturbation theory in ϵ, see (K. G. Wilson & Fisher, 1972).

Here, it becomes important that the momentum integral in S only goes up to some
cutoff Λ. In a solid with lattice constant a, it is reasonable to assume Λ ∼ 1

a
, but

it should not matter much, since we are only interested in the cutoff independent
physics. We split the fields into modes that are on a momentum space shell between
the original and rescaled cutoff Λ/b < Λ, which we want to integrate out, and the
longer wavelength modes, which will remain

ϕq = ϕ<
q + ϕ>

q , (2.28)

where we have defined the functions

ϕ<
q = ϕqΘ(Λ/b− q) ϕ>

q = ϕqΘ(q − Λ/b) . (2.29)

Θ refers to the Heavyside function. We will treat these as independent fields and
integrate out ϕ>, mapping the theory to an effective theory for only ϕ<, with a
reduced phase space

Z =
∫

Dϕ< Dϕ> e−S[ϕ<,ϕ>] ≡
∫

Dϕ< e−S′[ϕ<] , (2.30)

where, assuming the original action can be written as a Gaussian theory plus
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interactions S = SG + Sint, the new action S ′ is

S ′[ϕ<] = SG[ϕ<] − log
〈
e−Sint[ϕ<,ϕ>]

〉>

0
− log ZG . (2.31)

The average ⟨. . . ⟩>
0 here is with respect to the Gaussian theory only for the high

energy modes ϕ>. In general, it is not possible to calculate the integral in the
expectation value exactly. Instead, we calculate perturbatively the contributions to
the action S ′ generated by the interaction term. Assuming the interaction is small,
we can expand the exponential function

〈
eSint[ϕ<,ϕ>]

〉>

0
=
∑

n

1
n!
〈
(Sint[ϕ<, ϕ>])n

〉>

0
. (2.32)

From this expansion, we can see that in principle corrections at any order in ϕ<

can appear, however, we only need to take into account those that are relevant or
marginal in the RG sense. What is left is to calculate the average over the ϕ> fields
using Wick’s theorem〈

ϕ>
i1 . . . ϕ

>
in

〉>

0
=
∑
P

〈
ϕ>

P (i1)ϕ
>
P (i2)

〉>

0
. . .
〈
ϕ>

P (in−1)ϕ
>
P (in)

〉>

0
, (2.33)

where the sum is over all pairings of fields. Wick’s theorem can be derived by using
the Gaussian integral eq. (2.7) including a “force” term h · ϕ and expressing the
n-point functions as derivatives with respect to h

⟨ϕi1 . . . ϕin⟩ = ∂hi1
. . . ∂hin

log Z . (2.34)

It turns out that many of these pairings evaluate to the same contribution. They
can be organized in Feynman diagrams with external lines representing the ϕ<

fields. And internal lines representing the bare two-point functions G0, connected
with vertices representing the interaction. For example with ϕ4 interaction u from
eq. (2.14) can be represented as

(2.35)

The linked cluster theorem states that we only have to include fully connected
diagrams. Furthermore, after renormalization, only one particle irreducible diagrams
have to be considered. We do not go into the details here, since these principles
have been written down in textbooks in many different ways (Altland & Simons,
2023; Cardy, 1996; Zinn-Justin, 2021).

Finally, we arrive at the modified action. If we take all the corrections at the order
of ϕ2 we get the dressed Green’s function G. The difference between the bare and
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dressed Green’s function is called the self-energy correction Σ

G−1 = G−1
0 − Σ , (2.36)

where Σ is the sum of all one-particle irreducible diagrams that allow for two external
lines to be attached

Σ = = + + . . . (2.37)

And interactions such as u get a vertex correction

u = u0 + Γ , (2.38)

where in terms of diagrams the vertex function Γ is

Γ = = + + . . . (2.39)

Since in this text, we will generally stay in the vicinity of the upper critical dimension,
where terms with additional gradients are irrelevant, we will neglect the momentum
dependence of Γ. Hence, all the diagrams in the above expansion can be calculated
with external momentum set to zero.

To bring the theory back to the original phase space and complete the RG procedure,
we need to perform a scale transformation, such that Λ/b is the new cutoff. So we
write q = q′/b and ϕq =

√
Zϕb

d−2
2 ϕ′

q′ . If the theory is renormalizable, we end up
with the same action as before, just with the primed quantities

S ′(c′2, r′, u′, . . . ) = S(c2, r, u, . . . ) . (2.40)

This defines the primed parameters, which we may express in terms of an infinitesimal
rescaling b = 1 + dℓ, e.g.

r′ = b2(r − Σ|k=0) = r + dr

dℓ
dℓ+ O(dℓ2) ,

u′ = b4−d(u+ Γ) = u+ du

dℓ
dℓ+ O(dℓ2) .

(2.41)

The change in the model parameters under an infinitesimal RG transformation
is thus, fully parametrized by their derivatives with respect to ℓ, often called the
β-functions. Interpreting these as first-order differential equations generates the RG
flow for finite transformations, with ℓ = log b > 0. The result of this calculation is
thus a set of RG flow equations, e.g.

dr

dℓ
= 2r + dΣ

dℓ

∣∣∣∣
k=0

,
du

dℓ
= ϵu+ dΓ

dℓ
. (2.42)
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We can use the fact that we only care about the log b-derivatives, to make our lives
easier when calculating diagrams, because b only enters Σ and Γ only via the cutoff.
We may thus ignore all terms which do not depend on Λ, when calculating the loop
integrals and still end up with the correct RG equations.

2.3. Imaginary time formalism for quantum criticality

In contrast to classical phase transitions, which are usually driven by thermal
fluctuations, quantum phase transitions are abrupt changes in the ground state
of a quantum system in the absence of thermal fluctuations. It is important to
appreciate how different the picture underlying the model for these quantum phase
transitions is from classical statistical mechanics.

Classically, randomness is a consequence of our lack of knowledge of the microscopic
details of the system. The system appears in a random microstate every time it is
observed and given enough time between observations these states will be entirely
uncorrelated. The principle of ergodicity then tells us that every state that is possible
under conservation laws will eventually be realized and therefore contributes to
the partition function and observables calculated from it. In systems that evolve
according to the laws of quantum mechanics, randomness is a more fundamental
fact of nature. The quantum state evolves coherently and experiences quantum
fluctuations in accordance with the uncertainty principle. The quantum state evolves
coherently in time up until a characteristic time scale called the coherence time τϕ.
At zero temperature the coherence time may be infinite. At finite temperatures
there will additionally be thermal fluctuations, making the initial quantum state
unknown.

Therefore, we reframe the partition function instead of a sum over all states as a
“sum over histories”. Mathematically this is facilitated by the fact that the density
matrix, which can be used to define the partition function

Z = tr{e−βH} , (2.43)

which depends on the inverse temperature β, is analogous to the time evolution
operator known from quantum mechanics

U(t, t′) = e−iH(t−t′) . (2.44)

So the partition function of a quantum system is really the trace of the time evolution
operator evaluated at an imaginary time

Z = tr{U(−iβ, 0)} . (2.45)
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Thermal averages of operators can thus be seen as analytic continuations of time
evolved operators evaluated on the imaginary axis. In the path integral formulation,
this is expressed with the introduction of a time-like parameter τ , which despite the
name “imaginary time” takes on real values

Z =
∫

Dϕ e−S =
∫

Dϕ e−
∫ β

0 dτL . (2.46)

Since in this text, we only consider the zero temperature limit, where coherence
time is unbounded and inverse temperature diverges, the τ integral in the action is
on the interval (0,∞). The field ϕ(x, τ) is now a function of τ and we expand also
in its derivatives. Hence, we write

S =
∫ ∞

0
dτ
∫
ddx

(
rϕ2 + (∂τϕ)2 + c2(∇ϕ)2 + . . .

)
. (2.47)

Here, we work under the assumption that the time dimension obeys similar symmetry
as the spatial ones, i.e. time-reversal, hence the first non-trivial term is the second
derivative. This does not necessarily need to be true. Time reversal and inversion
symmetry can in principle be broken. In these cases, the leading order could have
only one derivative. An example would be a ferromagnet, where time-reversal
symmetry is broken. However, we restrict ourselves to the most generic case, where
the above action is valid.

The velocity c now relates space and time dimensions. In the absence of any Lorentz
invariance breaking terms, it can be removed by a scaling of the space or time
coordinates. In later chapters, however, we will introduce such Lorentz invariance
breaking terms by coupling to elasticity.

As a consequence of the symmetries chosen, at the critical point (r = 0) the low-
energy excitations will have a spectrum described by ω ∝ q. Generally, at the
critical point, there is some power law ω ∝ qz, where z is called the dynamical
exponent. In our case, we have z = 1, which applies to e.g. an antiferromagnetic
quantum phase transition. In contrast, a ferromagnet would have z = 2. The
scaling is then determined by the so-called effective dimension deff = d+ z. As a
consequence, in the case z = 1 the upper critical dimension of the ϕ4-theory is at
d = 3 spatial dimensions. Additionally, the scaling relations are modified, such as
the hyperscaling relation

αq = 2 − (d+ z)ν . (2.48)
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2.4. Example: Lorentz-invariant ϕ4-theory

In this section, we perform the RG procedure for a Lorentz-invariant O(N) symmetric
ϕ4 theory as a baseline example. The action for a vector field ϕ with N components
or “flavors” is given by

S =
∫
ddr dτ

(1
2ϕT (−∂2

τ − c2∇2 + r)ϕ + u(ϕ2)2
)
. (2.49)

N is called the flavor number. For N = 1 this model is of Ising-type, N = 3
corresponds to a Heisenberg model. The ϕ4 interaction is interesting because it is
marginal in 3 + 1 dimensions, a common case in reality.

The propagator is an N×N matrix. Here, the bare propagator is already diagonal

G
(0)
ij (q, ω) ≡ ⟨ϕi,q,ωϕj,−q,−ω⟩0 = δij

ω2 + c2q2 + r
(2.50)

We perform the RG procedure outlined in the last section to one-loop order. First,
we calculate the self-energy correction, which at one-loop order consists only of one
diagram. However, we have to be careful about the different contractions, since
the interaction contains two scalar products and we have to keep track of which
field index is contracted with external or internal lines. To do this we represent the
vertex u with wavy lines

= +

Σ(1L)
ij = −2u

(
2δij

∫
q,ω
Gkk + 4

∫
q,ω
Gij

)
= −u(4N + 8)

∫
q,ω

1
ω2 + c2q2 + r

,

(2.51)

again using the shorthand notation from eq. (1.45). We define the integral

In =
∫

q,ω

(
1

ω2 + c2q2 + r

)n

(2.52)

The integral I1 in d = 3 spatial dimensions is

I1 =
∫

q,ω

1
ω2 + c2q2 + r

=
∫

q

1
2

1√
c2q2 + r

= 1
(2π)2

∫ Λ

0
dq

q2
√
c2q2 + r

. (2.53)

Since we are only interested in the physics close to criticality (r = 0) we can expand
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I1 in small r, which is up to first order

I1 = 1
8π2c3

(
c2Λ2 − r log Λ

)
. (2.54)

We have here calculated the integral for limits from 0 to an arbitrary cutoff Λ for
notational simplicity, but in the end, we only need to integrate over the momentum
shell (Λ/b,Λ). (

c2Λ2 − r log Λ
)

→
(
c2Λ2(1 − b2) − r log b

)
(2.55)

The log term is therefore not really cutoff dependent, the Λ2 term, however, is. It
is a large term that introduces a fast flow towards a shifted pole of the correction
function. In other words, it changes the critical values of r from 0 to some value rc.
Since we are only interested in the asymptotic, universal features of the RG flow,
not in cutoff-dependent physics, we simply absorb this shift into r̃ = r − rc and
ignore the Λ2 term from here on.

The vertex correction Γ has the one-loop contribution

= + +

(2.56)
Γ(1L)

ijkl = 1
2u

2
(

23δijδkl

∫
q,ω
GmnGmn + 25δij

∫
q,ω
GkmGml + 25

∫
q,ω
GikGjl

)
= 1

2u
2(23Nδijδkl + 25δijδkl + 25δikδjl)

∫
q,ω

1
(ω2 + c2q2 + r)2

(2.57)

Here we have already set the external momentum and frequency to zero, since,
assuming momentum-dependent contributions are analytical, this would only gener-
ate irrelevant terms. The remaining integral can be calculated from the previous
integral I1 by noticing

I2 =
∫

q,ω

1
(ω2 + c2q2 + r)2 = −∂I1

∂r
= 1

8π2c3 log Λ . (2.58)

Having calculated the corrections to the self-energy and the vertex function, we can
execute step 2 of the RG procedure to write the scaling relations for the parameters
of the action

r̃′ = b2z
(
r̃ − (N + 2) u

2π2c3 r̃ log b
)

u′ = b3z−d

(
u− (N + 8) u2

2π2c3 log b
)

c′2 = b2z−2c2

(2.59)

With z = 1 the equation for c becomes trivial. This should not be surprising,
since the action was Lorentz-invariant from the start. Corrections calculated from
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diagrams that contain only Lorentz-invariant vertices and propagators, cannot break
the invariance. Therefore, the q2 term in the action must scale as the ω2 term.

The other two parameters, however, are modified and taking the derivative with
respect to ℓ = log b results in the RG flow equations for r̃ and ũ = u/(2π2c3)

dr̃

dℓ
= 2r̃ − (N + 2)r̃ũ

dũ

dℓ
= ϵũ− (N + 8)ũ2 ,

(2.60)

where we set ϵ = 3 − d and z = 1.

In analyzing RG equations the first step is to identify fixed points, where the ℓ
derivatives of all parameters vanish. Only the first equation depends on the tuning
parameter r̃ and always has a fixed point at r̃∗ = 0. The second equation on the
other hand has two fixed points: The Gaussian (G) fixed point (ũ∗ = 0) and the
Wilson-Fisher (WF) fixed point (ũ∗ = ϵ/(N + 8)).

We can get a qualitative picture of the RG flow by linearizing the above equations
around the fixed points and investigating their stability. After inserting ũ = ũ∗ + δũ
and only keeping linear order in δũ we obtain for the Gaussian fixed point

d

dℓ
δũ|G = ϵδũ , (2.61)

with a positive eigenvalue ϵ indicating an unstable fixed point in the ũ direction. If
we do the same for the WF fixed point, on the other hand, we obtain

d

dℓ
δũ|WF = (ϵ− (N + 8)ũ∗)δũ = −ϵδũ , (2.62)

where the negative eigenvalue −ϵ indicates a stable fixed point: If the system’s
initial value ũ0 is close to the WF value, it will get closer after an RG transformation.
The flow in r̃ and ũ around these points is shown in fig. 2.1.

There are two distinct domains in the parameter space. One where for large ℓ the
tuning parameter r̃ goes to positive infinity, representing the disordered phase, and
one where it goes to negative identify, representing the ordered phase. ũ on the
other hand is attracted to its WF value as long as its initial value is positive. This is
effectively a post hoc explanation for the phenomenon of universality. No matter the
exact initial values of ũ, the system will eventually flow towards the same effective
parameters.

Each fixed point has associated critical exponents, which will be realized physically
if close to the transition the system is driven into the vicinity of the respective fixed
point. The critical exponents can be calculated from the corresponding eigenvalues
after linearization. The anomalous dimension η can be calculated according to
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WFG

Figure 2.1.: RG flow of the parameters ũ and r̃ of the ϕ4-theory in d = 3 − ϵ
dimensions, with the Gaussian (G) and Wilson-Fisher (WF) fixed
points. On the r̃ = 0 axis, the flow is towards WF. Off-axis, the flow is
towards r̃ → ∞ or r̃ → −∞ depending on the sign of the initial value
r̃0, representing the two different phases on either side of the transition.

eq. (2.21) from the RG equation for Zϕ, which we did not bother to write down
because there is no correction to Zϕ at first order in ϵ and therefore η = 0. This is
the case because the only self-energy diagram at one-loop order eq. (2.51) happens
to be momentum and frequency-independent. Starting from order ϵ2 there will be a
non-trivial anomalous dimension.

The Gaussian critical exponents have been derived already in section 2.2. Here, we
calculate the WF exponents. The correlation length exponent ν, calculated from
the linearized RG equations using eq. (2.22), gets a correction. Since we only went
to one-loop order, the expressions are only valid in first order of ϵ

d

dℓ
δr = 1

ν
δr νWF = 1

2 + 1
4
N + 2
N + 8ϵ+ O(ϵ2) . (2.63)

We conclude then for the critical exponent α using the hyperscaling relation

αWF = 2 − (d+ z)νWF = 2 − (4 − ϵ)νWF = 1
2

4 −N

N + 8ϵ+ O(ϵ2) (2.64)

and the other critical exponents can be calculated in first order in ϵ in a similar
fashion. Note that αWF changes sign as a function of N at a critical flavor number
Nc = 4. In general, the critical flavor number will change with the inclusion of
higher loop correction and starting from second order Nc will also depend on ϵ. If
we see ϵ as an infinitesimal deviation from the upper critical dimension, the value of
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Nc is dominated by the lowest order in ϵ and the one-loop value becomes exact.

RG flow at the upper critical dimension

At the upper critical dimension (ϵ = 0) we can solve the RG flow equations
analytically. The equation for ũ reduces to

dũ

dℓ
= −(N + 8)ũ2 , (2.65)

which is solved by
ũ(ℓ) = 1

(N + 8)ℓ+ ũ−1
0

. (2.66)

with the initial value ũ0 = u(ℓ = 0). Subsequently, after inserting this result into
eq. (2.60)

dr̃

dℓ
=
(

2 − N + 2
(N + 8)ℓ+ ũ−1

0

)
r̃ , (2.67)

it turns out that r̃ has no longer a pure power law dependence on b, but instead
acquires a logarithmic correction

r(ℓ) ∝ e2ℓ((N + 8)ℓ+ ũ−1
0 )− N+2

N+8 ∼ b2(log b)− N+2
N+8 (2.68)

So the scaling is no longer captured by a single critical exponent ν = 1
2 , but

additionally one needs to specify the logarithmic scaling with an exponent ν̂ such
that ξ ∝ r−ν(log r)ν̂ . To determine ν̂ we take the log on both sides of eq. (2.68)

log r ∝ 2 log b− N + 2
N + 8 log log b (2.69)

and neglect the log log term. Substituting this back into eq. (2.68) and evaluating b
at the correlation length, we obtain

ξ ∝ r− 1
2 (log r)

N+2
2(N+8) . (2.70)

Comparing with the above ansatz we find ν̂ = N+2
2(N+8) . Similar extensions can be

defined for the other critical exponents and there are analogs of scaling relations
(Kenna, Johnston, & Janke, 2006), but one has to keep in mind that hyperscaling
may not hold at the upper critical dimension (Luijten & Blöte, 1997).
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2.5. Cubic anisotropy and cubic fixed point

One might ask how important the O(N) symmetry of the interaction is for the
above results, or equivalently, how the RG flow changes, if we include some sort of
anisotropy. To explore this question we extend the theory to include cubic anisotropy.
This example is discussed in (Cardy, 1996), but we point out some details that
will become important later when we discuss the effect of dipolar interactions in
chapter 6. The action of this extended model is

S =
∫
ddr dτ

(
1
2ϕT (−∂2

τ − c2∇2 + r)ϕ + u(ϕ2)2 + v
∑

i

ϕ4
i

)
. (2.71)

where we have added the cubic anisotropy term v. The bare propagator is of course
the same as in the isotropic theory

G
(0)
ij (q, ω) = δij

ω2 + c2q2 + r
. (2.72)

Here we benefit from the particularity of the cubic anisotropy, that is does not
generate anisotropic corrections to the propagator. In fact, a second-rank tensor
can not be anisotropic under cubic symmetry.

The two interactions u and v can be written as a single vertex

Vijkl = uδijδkl + vgijkl , (2.73)

where gijlk is 1 for i = j = k = l and zero otherwise. The diagrams contributing to
self-energy and vertex corrections look the same as in the isotropic theory. However,
we must now carefully write down the correct tensor contractions and identify all
terms with the isotropic and anisotropic part of the vertex function

Γijkl = Γuδijδkl + Γvgijkl . (2.74)

As before, let us start with the self-energy correction

Σ(1L)
ij = 2(2Vijkl + 4Viklj)

∫
q
Gkl

= 2
(
2(uδijN + vgijklδkl) + 4(uδikδjk + vgikljδkl)

)
I1

= (4(N + 2)u+ 12v)δijI1

(2.75)

where I1 is the same as in eq. (2.54) and we used the relations

gikljδkl = gijklδkl = δij , (2.76)

where summation over repeated indices is implied. For the calculation of the vertex
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correction, we will also need

gijklgklmn = gijmn . (2.77)

To make the contractions more explicit we label the diagrams with indices

j

i

l

k

=
i′

k′

j′

l′j

i

l

k

+ i′

k′

l′

j′

j

i

l

k

+
k′

i′

l′

j′
i k

j l

(2.78)
Γ(1L)

ijkl = 1
2
[
23Viji′k′Vj′l′kl + 25Viji′k′Vj′kl′l + 25Vii′jk′Vj′kl′l

] ∫
q
Gi′j′Gk′l′

= 1
2
[
23(Nu2δijδkl + uvδijδkl + uvδijδkl + v2gijkl)

+ 25(u2δijδkl + uvgijkl + uvδijδkl + v2gijkl)
+ 25(u2δikδjl + uvgikjl + uvgikjl + v2gikjl)

]
I2

= 4
[
((N + 8)u2 + 6uv)δijδkl + (12uv + 9v2)gijkl

]
I2 ,

(2.79)

where I2 is the same as in eq. (2.58). Finally, we end up with the RG equations
for ũ = u/(2π2c3) and ṽ = v/(2π2c3) with the analogous steps as in the previous
section

dr̃

dl
= 2r − (N + 2)ũr̃ − 3ṽr̃

dũ

dl
= ϵũ− (N + 8)ũ2 − 6ũṽ

dṽ

dl
= ϵṽ − 12ũṽ − 9ṽ2 .

(2.80)

The above equations reduce to the equations for an isotropic ϕ4-theory for ṽ = 0 as
one would expect. Since ṽ = 0 is also a fixed point of the last equation, the Gaussian
and WF fixed points are still present. There are, however, two new fixed points:
One at (ũ∗, ṽ∗) = (0, ϵ/9), which we call Ising (I) fixed point, since it corresponds to
a set of N completely decoupled Ising models, and (ũ∗, ṽ∗) = ( ϵ

3N
, ϵ(N−4)

9N
), which we

call the Cubic (C) fixed point.

Analyzing the stability of the fixed points is crucial for determining the critical
behavior. Since we have now two coupled equations, after linearization around
a fixed point we get a matrix, describing the flow close to the fixed points. The
eigenvalues determine the stability along the principle directions, given by the
eigenvectors.

Before introducing the anisotropy, the WF fixed point was stable. Now we obtain
close to WF

d

dℓ

δũ
δṽ


WF

=
−ϵ − 6ϵ

N+8
0 − (4−N)ϵ

N+8

δũ
δṽ

 , (2.81)
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G WF

C

Figure 2.2.: RG flow around the WF and C fixed point below the critical flavor
number N < Nc. The WF fixed point is stable, while C is repulsive.

where we can simply read the eigenvalues off the diagonal. The stability depends
on the flavor number N since the second eigenvalue is positive for N > 4. For the
C fixed point

d

dℓ

δũ
δṽ


C

=
− (N+8)ϵ

3N
−2ϵ

N

−4(N−4)ϵ
3N

− (N−4)ϵ
N

δũ
δṽ

 (2.82)

with the two eigenvalues

λ
(1)
C = −ϵ λ

(2)
C = (4 −N)ϵ

3N (2.83)

This gives us already a qualitative understanding of the RG flow. Below a critical
flavor number Nc = 4 (see fig. 2.2), the WF fixed point is stable. The C fixed point
on the other hand is repulsive and effectively separates the parameter space into two
regions. For positive or not too large negative initial values of v the cubic anisotropy
term becomes irrelevant. For strong negative anisotropy, on the other hand, the
system experiences runaway flow, where cubic anisotropy eventually destabilizes
the system at the quartic level. From a Ginzburg-Landau theory perspective, this
would necessitate the inclusion of a ϕ6 term. This generically describes a first-order
transition.

Above Nc (see fig. 2.3) the C fixed point is at a positive value of ṽ and becomes
stable. The WF fixed point becomes repulsive and for negative initial values of ṽ
the situation is again one of runaway flow. If the initial value of v is positive the
system will now be attracted to C and as a result, we would observe the critical
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Figure 2.3.: Stable cubic fixed point above critical N

exponents associated with C. For the correlation length exponent, this means

νC = 1
2 + N − 1

6N ϵ+ O(ϵ2) . (2.84)

Consequently for the specific heat exponent

αC = 4 −N

6N ϵ+ O(ϵ2) . (2.85)

There is still no Zϕ at first order in ϵ, therefore η = 0.

In conclusion, the effect of cubic anisotropy on critical behavior depends strongly
on the flavor number N . Below a critical value, which we find at the one-loop level
to be Nc = 4, we can safely ignore the effect of cubic anisotropy and the critical
exponents are unchanged. However, above Nc the critical behavior is dominated by
a new fixed point with different critical exponents.
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3. Classical criticality on
compressible lattices: A review

This chapter is concerned with the different stages of development of the theory of
classical criticality on a compressible lattice, meaning transitions at finite temper-
ature where thermal fluctuations dominate. As has been discussed in section 1.2,
there are many ways in which coupling to strain can be realized.

At lowest order—if symmetry allows it—there can be a bilinear coupling, which leads
to a strong hybridization between acoustic phonons and critical fluctuations. This
elevates strain to a primary order parameter and hence the transition is dominated by
critical elasticity (Cowley, 1976; Levanyuk & Sobyanin, 1970). However, as discussed
in section 1.2 this is only possible with a combination of inversion symmetry breaking
and anisotropy.

Here we focus on the case where the bilinear coupling is forbidden by symmetry.
Therefore, the dominating elastic coupling is quadratic in the critical field,

Lint ∼ εϕ2 , (3.1)

and is marginal in 4 dimensions. The fundamental question that we are concerned
with in this chapter is how the nature of a continuous transition changes in the
presence of the above coupling.

We will address the content of several seminal works as far as we can learn something
from it in pursuit of our later goal of understanding the corresponding case for
quantum phase transitions. At first, we approach the subject from the most general
considerations about the thermodynamics of phase transitions coupling to elastic
degrees of freedom, treating them effectively as hidden variables (Fisher, 1968).
These early developments are discussed in section 3.1 together with arguments
about the non-perturbative nature of the elastic coupling (Domb, 1956; Rice, 1954).
Going further to specific microscopic models, we will look at Larkin and Pikin’s
approach of integrating out strain (Larkin & Pikin, 1969), mapping the problem
on an effective Landau theory that suggests a first-order transition at constant
pressure, while confirming Fisher’s theory in the case of constant volume. Here, the
subtleties of the macroscopic elastic mode become important and lead to a strong
dependence on boundary conditions. Later in section 5.1 we also discuss why this
approach fails for the quantum phase transition. Finally, in section 3.3 we discuss
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the renormalization group analysis done by Bergman & Halperin (1976), which
treats both constant pressure and constant volume in one theory and will be used
as a blueprint for the RG analysis of quantum criticality in chapter 5.

3.1. Thermodynamics of phase transitions on
compressible lattices

The critical behavior of a system coupled to elasticity, should be contrasted to
the critical behavior of the “rigid” system, in the limiting case of vanishing elastic
coupling. We assume the rigid system shows a continuous phase transition of a
certain universality class, associated with critical exponents system α0, β0, γ0, . . ..
For simplicity, we consider the transition at zero field. The free energy as a function
of the tuning parameter is then generically of the form

F0(r) = −Ar2−α0 +Br + . . . , (3.2)

such that C0 = −∂2
r F0 ∝ r−α0 . There may be many other terms in the free energy,

but we write down only the important ones for the following arguments. We have
also omitted logarithmic corrections, which only become important when α0 = 0,
such is the case for an O(N) model in d = 4 dimensions, as seen in section 2.4.
In such cases we may write C ∝ (log r)−α̃ and if α̃ > 0 the specific heat diverges
logarithmically. Here, we only discuss α0 ≠ 0, but the results are straightforwardly
generalized (Fisher, 1968; Larkin & Pikin, 1969).

Taking into account elastic coupling the system is described by the full free energy
F(r, σ), which is now a function of applied stress σ. This raises the question: How is
F connected to F0 and does F come with modified critical exponents α, β, γ, . . .? In
other words, does elastic coupling change the universality class of the transition?

The free energy depends on the usual thermodynamic variables. These variables
generally come in pairs of extensive variables (entropy, magnetization, volume) also
called generalized coordinates and intensive variables (temperature, magnetic field,
pressure) or generalized forces. In the coupled system the new pair of variables is
stress and strain, where stress is the generalized force/extensive variable. They can
be viewed as a generalization of pressure and volume, which would be sufficient in
the absence of shear forces. We usually assign special meaning to the derivative of
the generalized coordinate with respect to the generalized force, which indicates a
“stiffness” of the system on application of an external force. These must be positive
for the system to be thermodynamically stable, i.e. for the free energy to be at a
minimum. Examples include the specific heat, the magnetic susceptibility or in the
case of stress and strain the compressibility, which we now proceed to calculate.
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When applying hydrostatic pressure, equivalent to a uniform stress σij = σδij, the
resulting volume change is given by

E ≡ ⟨tr{ε}⟩ = ∂F
∂σ

∼ ∆V
V

. (3.3)

Here, we use the symbol E for the thermodynamic strain variable, while ε is reserved
for the microscopic tensor field. At constant pressure/stress, we can define the
compressibility which is essentially the strain-strain correlation function

κ = −∂E
∂σ

= −∂2F
∂σ2 = ⟨tr{ε}2⟩ − ⟨tr{ε}⟩2 . (3.4)

When operating at constant volume, however, the strain E of the system has to
be set by ensuring appropriate boundary conditions, which causes internal stresses
σ(E) to develop. The free energy F = F(r, σ(E)) in now indirectly a function E

∂F
∂E

= ∂F
∂σ

∂σ

∂E
≡ −EK . (3.5)

Where we defined the thermal bulk modulus K

K = −∂σ

∂E
= −∂2F

∂E2 . (3.6)

It can be identified with the microscopic bulk modulus using Hooke’s law (eq. (1.27)).
In either case, constant pressure or volume, the condition of thermodynamic stability
requires F to be convex, and therefore κ and K need to be positive. In other words,
when the pressure is increased at the boundaries, the system must shrink in volume.

We come to the question of how the singular character of F0 is reflected in F . To
make progress we need to make some reasonable assumption about their relation.
Domb (1956) and Fisher (1968) assume the free energy F of the coupled system to
be of the form

F(r, σ) = F0(f(r, σ)) + g(r, σ) (3.7)
where, crucially, f and g are analytic functions that have a series expansion. We
will question this assumption later on.

First, we consider the system at constant σ. The critical point is now shifted to a
σ-dependent value of the tuning parameter r = rc(σ) defined by f(rc, σ) = 0. We
expand in r̃ = r − rc

f(r, σ) = f(rc + r̃, σ) = ∂f

∂r
(rc, σ)r̃ + O(r̃2) . (3.8)

We make another assumption that the linear term does not vanish, which is nec-
essarily the case if ∂f/∂σ ≠ 0, i.e. the singular part of the free energy actually
depends on the new variable, and ∂rc/∂σ ̸= 0.
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We can now check if the exponent α of the coupled system is different from α0 by
calculating the specific heat at constant stress

Cσ = −
(
∂2F
∂r2

)
σ

= −F ′′
0 (f)

(
∂f

∂r

)2

σ

− 2F ′
0(f)

(
∂2f

∂r2

)
σ

−
(
∂2g

∂r2

)
σ

, (3.9)

where the index σ refers to derivatives with fixed stress. By assumption ∂f/∂r is
non-zero and using the known form of F0 in eq. (3.2) we can see that the first term
is still the only singular one and goes like r̃−α0 in leading order, hence the critical
exponent is unchanged. However, as was pointed out by Domb (1956), if we insert
the assumed form of the free energy into the definition of the compressibility, we
obtain the analogous expression

κ = −
(
∂2F
∂σ2

)
r

= −F ′′
0 (f)

(
∂f

∂σ

)2

r

− 2F ′
0(f)∂

2f

∂σ2 − ∂2g

∂σ2 . (3.10)

Again, we assumed ∂f/∂σ not to vanish. A similar line of reasoning as for Cσ can be
used here to show that κ ∝ r̃−α0 . We can deduce that if α0 > 0 the compressibility
will become infinite, or equivalently the thermal bulk modulus K = κ−1 will vanish.
The system is then unstable with respect to volume changes, leading to a phase
transition of the lattice. Since here we have made no statement about the symmetry
of the medium, the nature of this transition is inaccessible on this level, but in an
isotropic medium, this would correspond to an isostructural transition, which is
generically first-order.

Note that even if α0 < 0, the first term in eq. (3.10) may just happen to be
significant enough to destabilize the system, but it is not guaranteed and will
depend on non-universal factors.

Going back to the case of constant strain, we consider the constrained system at
a particular strain Ec. The situation is now somewhat more complicated. Even
though, the expansion eq. (3.8) is still valid for the direct dependence of f on r̃,
there is now also an indirect dependence via σ(r, E). We can extract the overall
relation between f and r̃ using

Ec = ∂F
∂σ

= F ′
0(f)∂f

∂σ
+ ∂g

∂σ
(3.11)

Hence, we write using eq. (3.2)

F ′
0(f)∂f

∂σ
=
(
B − (2 − α0)Af 1−α0

) ∂f
∂σ

= Ec − ∂g

∂σ
(3.12)

Expanding both ∂f/∂σ and the right-hand side in r̃,

∂f

∂σ
= b0(σ) + b1(σ)r̃ + O(r̃2) , ∂g

∂σ
= c0(σ) + c1(σ)r̃ + O(r̃2) (3.13)
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and discarding the zeroth order, because r̃ = 0 implies f = 0, we obtain

−(2 − α0)Af 1−α0b0(σ) = (Bb1(σ) − c1(σ))r̃ (3.14)

We conclude that the effective tuning parameter f is related to the bare tuning
parameter r̃ in leading order via

f ∝ r̃
1

1−α0 . (3.15)

As a result the coupled system at constant strain then shows Fisher-renormalized
critical exponents (Fisher, 1968). This is because the leading singular contribution
to the free energy is now given by

F ∝ f 2−α0 ∝ r
2−α0
1−α0 . (3.16)

Therefore the effective specific heat exponent is

α = 2 − 2 − α0

1 − α0
= − α0

1 − α0
(3.17)

The other critical exponents are similarly renormalized,

β = β0

1 − α0
γ = γ0

1 − α0
. . . . (3.18)

In summary, if at constant stress/pressure the system has a diverging specific
heat (α0 > 0), then at constant strain/volume, the specific heat has the Fisher-
renormalized exponent α and will remain finite. If α0 < 0 then the leading order
critical exponents are unaffected.

This is essentially equivalent to the Harris criterion (Harris, 1974), which states
that the nature of the criticality is unaffected by disorder, if νd < 2, assuming the
hyperscaling relation 2 −α = νd is obeyed. This suggests that fluctuations in strain
can be thought of as a kind of disorder.

3.2. Larkin-Pikin mechanism

Fisher’s theory predicts the critical behavior of the coupled system depending on
the thermodynamic ensemble. However, this result is based on the assumption that
the free energy depends in a well-behaved way on the free energy of the uncoupled
system. Naturally, one would like to test these assumptions on a specific microscopic
model.

Sticking to the principle already employed in chapter 2 of always choosing the most
generic option, we write down a theory that is O(N) symmetric in ϕ and rotationally
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symmetric in space, i.e. isotropic. As explained in section 1.2 the action may then
only depend on the trace of tensors constructed from ε. All these constraints result
in the action

S =
∫
ddx

(
1
2ϕT (−c2∇2 + r)ϕ + u(ϕ2)2

+ 1
2

(
K − 2

d
µ
)

tr{ε}2 + µ tr{εε} + λ tr{ε}ϕ2
)
,

(3.19)

equivalent to the model employed by Larkin & Pikin (1969), and we will follow their
approach here. Their approach starts by integrating out strain, deriving a modified
action with an effective density-density coupling mediated by strain

= + (3.20)

and derive an effective Landau theory, which may be identified with the form
assumed by Fisher.

Integrating out strain has some subtlety here as was already hinted at in section 1.2.
First, let us write the action in terms of the global strain as well as the longitudinal
and transversal phonon with the traceless strain tensor ε̃ = ε− 1

d
tr{ε}1

Sε =
∫
ddx

(1
2

(
K − 2

d
µ
)

tr{ε}2 + µ tr{εε}
)

= V K

2 tr{E}2 +
∫
ddx

(
ρc2

l

2 (∇ · u)2 + ρc2
t tr{ε̃2}

)
.

(3.21)

The longitudinal and transversal sound velocities are given by eq. (1.49) In the
following, we ignore the transversal/shear terms, because the coupling is only with
the trace of ε.

First, we integrate out the global strain macroscopic strain E = tr{E}. Again, the
distinction between ensembles becomes important. At constant volume E is just a
constant and its contribution to the interaction can be accounted for by a shift in
the tuning parameter r.

At constant pressure, however, E is a fluctuating degree of freedom that has to be
integrated to obtain the partition function

Z =
∫

Dϕ Du dE e−S (3.22)

We define
ψ2 =

∫
ddxϕ2 (3.23)
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and complete the square to rewrite

K

2 E2 + λEψ2 = K

2

(
E + λ

K
ψ2
)2

− λ2

2K (ψ2)2 . (3.24)

Now we can eliminate ψ2 in the first term on the right-hand side by a simple shift
in the integration variable. The result of the E integral is a constant factor that can
be ignored and only the non-local interaction (ψ2)2 remains.

A similar procedure may be performed to integrate out u, regardless of boundary
conditions. Completing the square for the longitudinal phonon energy, we obtain

ρc2
l

2 (∇u)2 + λ∇uϕ2 = ρc2
l

2

(
∇u + λ

ρc2
l

ϕ2
)2

− λ2

2ρc2
l

(ϕ2)2 . (3.25)

One might naively think that the path integral over u can again be handled by a
shift of the integration variable, but this can not account for the spatially constant
contribution of ϕ2. This is easier seen in momentum space, where the shift

uq → uq − 1
iq

λ

ρc2
l

˜(ϕ2)q (3.26)

is not possible for q = 0, since the second term diverges in this limit. On the other,
hand the gradient term vanishes for q = 0, leaving a “bosonic hole”

∫
Du exp

−
∫

q

ρc2
l

2

(
iq · u + λ

ρc2
l

˜(ϕ2)q

)2
 = Zu exp

(
− λ2

2ρc2
l

(ψ2)2
)

(3.27)

with a constant Zu. In summary, the longitudinal phonon generates both an effective
local and non-local self-interaction of the critical modes, while the macroscopic
mode generates an effective non-local self-interaction only at constant pressure. As
a result, the effective action of the critical modes is

S =
∫
ddx

(
1
2ϕT (−c2∇2 + r)ϕ + ū(ϕ2)2

)
+ wV −1

(∫
ddxϕ2

)2
, (3.28)

where the local interaction has been renormalized by the longitudinal phonon

ū = u− λ2

2ρc2
l

(3.29)
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and a new non-local interaction has appeared with a coupling parameter

w =


− λ2

2ρc2
l

< 0 E = const.(
λ2

2K − λ2

2ρc2
l

)
> 0 σ = const.

(3.30)

Note that the sign of v depends on the ensemble, since ρc2
l = K + 4

3µ > K and
therefore in the constant E case v > 0.

The first term in eq. (3.28) differs from the original ϕ4-theory only by a modified
bare value of the coupling constant and hence contributes to the free energy a
term with the same singular behavior. The question is then: How is the universal
behavior changed by the non-local interaction?

Larkin & Pikin (1969) answer this question by performing a Hubbard-Stratonovich
transformation, introducing an auxiliary field, which is essentially just reversing the
integration of E

exp
(
wV −1(ψ2)2

)
=
∫
dE exp

(
−λ2E2V

4w − λEψ2
)
. (3.31)

The last term represents simply a renormalization of the tuning parameter of the
original action. This allows writing the action in terms of the already solved problem
of the ϕ4 theory, representing the uncoupled F0 from the previous section

Z =
∫
dE
∫

Dϕ e−S0(r+λE)− λ2E2V
4w =

∫
dE e−F0(r+2λE)− λ2E2V

4w . (3.32)

At this point, we can apply a saddle point approximation to the E integral and treat
the remaining problem within the framework of Landau theory. We introduce the
effective Landau potential

V(E) = F0(r + 2λE) + λ2E2V

4w , (3.33)

which is minimized by E0 such that V ′(E0) = 0. In general, E0(σ) is a function of
applied stress and we have the free energy

F(r, σ) = F0(r + 2λE0(σ)) + λ2E0(σ)2V

4w . (3.34)

The effective free energy can be identified with eq. (3.7) with the functions f(r, σ) =
r + 2λE0(σ) and g(r, σ) = λ2E0(σ)2V/4v. Clearly, the assumption of analyticity is
fulfilled for both of them, provided that E0 is analytic, hence, we know to expect
Fisher-renormalized exponents at constant volume, if α0 > 0, which is the case for
the O(N) model in three dimensions for N < 4 in one-loop order. At constant
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0
x

0r

Figure 3.1.: Relation between the auxiliary parameter x and the tuning parameter
r at constant pressure. In a region close to the critical point the value
of x is not unique. Graph is for α0 = 1

3 .

pressure, we expect a first-order transition from thermodynamic arguments. To see
how this plays out in this specific model, we minimize the Landau potential with
respect to the parameter E .

∂F
∂E

= 2λF ′
0(r + 2λE) + λ2EV

2w = 0 (3.35)

Pressure would enter via a linear term −σE at this point, but we ignore it here
because the effect is a trivial shift. Solving for E we find the strain

E = − 4w
λV

F ′
0(r + 2λE) . (3.36)

The significance of this equation is more easily seen by using the shifted variable
x = f(r, E) = r + 2λE . Together with the relation F ′

0(x) ∝ x1−α0 from assumption
eq. (3.2)

r = x− ax1−α0 (3.37)
where a is some constant, which we need not bother to write down. The important
result is that the right-hand side is a non-monotonic function of x for α0 > 0 as is
shown in fig. 3.1. Thus the auxiliary variable x—and thus also E—is not uniquely
defined by the physical parameter r. In a certain range of the tuning parameter r
there are two solutions for x (three if signs are taken into account). Therefore we
have a first-order transition if α0 > 0, characterized by a jump in volume, signified
by the strain variable E .

The exact point where the transition changes to first-order can be found by the
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condition (see Chandra et al. (2020) for details)

∂r

∂x
= 1 − ax−α0 = 0 , (3.38)

where the second term can then be identified with the specific heat C(x).

Instead of introducing the Hubbard-Stratonovich field, one could take the theory as
framed in eq. (3.28) and perform an RG analysis. This was done in Sak (1974) and
Bruno & Sak (1980), obtaining an RG flow that is consistent with the results of
Larkin & Pikin (1969). Although the expressions given only match the constant
pressure case, a new stable fixed point with Fisher-renormalized exponents can be
identified, but seems inaccessible because it is at a value of v with the opposite sign.
We do not go into their calculation in detail and instead focus on the more general
analysis in the next section. However, readers trying to follow Sak (1974) should be
advised of the typo in eq. (7), which corresponds to the second case in eq. (3.30) of
this work after exchanging − with ×.

3.3. Renormalization group approach on an
anisotropic cubic lattice

So far both the thermodynamic approach and the microscopic theory for the isotropic
solid suggests Fisher-renormalized exponents at constant volume. However, it is
worthwhile to see how these modified exponents emerge in the RG picture. To
this end we follow here the approach of Bergman & Halperin (1976), who analyzed
the effect of lattice coupling for an Ising transition, meaning they only looked at
N = 1—an unnecessary restriction that we will not impose here—and find a new
fixed point that is associated with Fisher renormalized exponents.

The approach of Bergman and Halperin differs from previous attempts to solve
the problem in that they do not integrate out elastic degrees of freedom. Indeed,
there is no reason why one should not perform the RG procedure on the original
action in terms of the fields ϕ and u. This approach has the benefit of showing
transparently the effect of the transition on the elastic constants, as well as the
change in critical behavior. It also avoids the subtleties involved with the integration
of the macroscopic mode, since in momentum shell RG the integration domain is
always kept far away from the singularity at q = 0. As an additional benefit, in
Bergman and Halperin’s approach, it becomes feasible to include lattice anisotropy
into the model. Hence, we write down the action

S =
∫
ddr

(
1
2ϕT (−c2∇2 + r)ϕ + u(ϕ2)2 + λ tr εϕ2 + 1

2εijCijklεkl

)
, (3.39)
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which is slightly more general than eq. (3.19) in that it allows for an anisotropic
stiffness tensor. Even though the lattice is anisotropic, the interaction still only
depends on the trace because in this theory ϕ and u are assumed to live in different
spaces with distinct symmetries.

Since we want to understand the effect of anisotropy, but don’t want to complicate
things too much, we will assume a cubic lattice, reducing the number of parameters
of the phonon propagator to three, conventionally called C11, C12 and C44 in Voigt
notation (see section 1.2). Readers trying to compare with Bergman & Halperin
(1976) should be advised that they are using a different definition of C44, which
differs by a factor of 4 from conventional Voigt notation. If the Zener index
A = 2C44/(C11 − C12) is different from unity, the sound velocity will be a function
of the direction of momentum cl(q̂). We write the action in Fourier space

S =
∫

q

(
1
2(c2q2 + r)(ϕq · ϕ−q) + u

∫
q′,q′′

(ϕq · ϕq′)(ϕq′′ · ϕ−q−q′−q′′)

+ λ
∫

q′
(iq · uq)(ϕq′ · ϕ−q−q′) + 1

2uq,iDij(q)u−q,j

)
.

(3.40)

D is the dynamical matrix as defined in eq. (1.47). From a scaling analysis, we can
see that, if we fix both the gradient term of the critical field and the dynamical
matrix term to fix the scaling dimension of the displacement field, for λ it follows

λ′ = b−2sϕ−su−1+dλ = b
4−d

2 λ, (3.41)

thus the elastic coupling λ is marginal in 4 dimensions, just like u. We therefore
perform an ϵ expansion to one-loop order to determine how the coupling λ influences
the RG flow.

The diagrams in the perturbation series now have phonon lines, which we represent
as dashed, in addition to the critical modes, which still have solid lines. For example
for the self-energy correction of the critical field ϕ we get the additional diagram

i
q q

j

q − q′

q′

= λ2

2

∫
q′

⟨ϕq′,iϕ−q′,j⟩0⟨tr εq−q′ tr ε−q+q′⟩0 . (3.42)

The correction function of the critical modes is just the Green’s function we already
encountered in chapter 2

⟨ϕq,iϕ−q,j⟩0 = G
(0)
ij (q) = δij

c2q2 + r
. (3.43)

The strain-strain correlation function can be calculated from ⟨ui,quj,−q⟩0 = D−1
ij (q).

57



The global stain E = εq=0 can be ignored here, since the q integration will only ever
go over momenta close to the cutoff bΛ < q < Λ with a b that close to unity. The
effect of the trace is a projection onto the longitudinal mode

= ⟨tr εq tr ε−q⟩0 = qiD
−1
ij (q)qj = 1

ρc2
l (q̂)

. (3.44)

Specifically, for a cubic lattice

ρc2
l (q̂) = C11 − 2(C11 − C12)(1 − A)Q(q̂) , (3.45)

where we defined

Q(q̂) =
A(q̂2

xq̂
2
y + q̂2

xq̂
2
z + q̂2

y q̂
2
z) + (1 − A)(4 − A)q̂2

xq̂
2
y q̂

2
z

A2 + 4A(1 − A)(q̂2
xq̂

2
y + q̂2

y q̂
2
z + q̂2

z q̂
2
x) + 12(1 − A)2q̂2

xq̂
2
y q̂

2
z

. (3.46)

Note that Q > 0 and it is a necessity for lattice stability that C11 > C12, hence the
sign of the anisotropic contribution to cl depends strictly on the sign of 1 − A.

Now we can go about calculating the diagram eq. (3.42). First, we must realize
that it is independent of the external momentum q. We can then expand in q and
write

1
ρc2

l

(
q−q′

|q−q′|

) + qi∂q′
i

1
ρc2

l (q̂′) + 1
2qiqj∂q′

i
∂q′

j

1
ρc2

l (q̂′) + O(q3) . (3.47)

The linear term must vanish just from symmetry. The second term can be reduced
using the cubic symmetry which forces the cross terms to vanish ∂q′

i
∂q′

j
→ δij∇2

q′/d.
Thinking about the angular dependence in terms of spherical harmonics, we can
conclude that the gradients will kill the 0th harmonic, which is the only one that
would survive the angular integral. As a consequence, the diagram is independent
of external momentum and integrand separates into a purely angle-dependent factor
and a factor that only depends on the absolute values of momentum

= 2λ2

ρ ⟨c2
l ⟩

∫
q
G0(q) = 2λ2

ρ ⟨c2
l ⟩
I1 , (3.48)

with I1 as in eq. (2.54) and where we defined the averaged sound velocity

1
⟨c2

l ⟩
≡
∫

q̂

1
c2

l (q̂)
≡
∫ dΩ
Sd

1
c2

l (q̂)
, (3.49)

At first glance, this separation seems like a convenient technicality, but it is what
makes the RG treatment of anisotropy feasible in the first place. In fact, all the
integrals we encounter in this classical theory will separate in this manner, allowing
us to treat anisotropy independently of the other couplings. The critical modes are
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then renormalized according to

= +

Σ(1L)
ij = 4(N + 2)u0I1δij − 4λ2

2ρ ⟨c2
l ⟩
I1δij .

(3.50)

Since both of the diagrams turned out not to depend on external momentum, only
the tuning parameter r is renormalized. Next, we consider the self-energy correction
to the phonons. We define the longitudinal displacement field propagator F (q) =
q̂iD

−1
ij (q)q̂j by projecting the inverse of the dynamical matrix on the wavevector.

In the same fashion as for the critical modes we frame the renormalization of the
phonon propagator with the phonon self-energy correction Π in terms of a Dyson
equation

F−1(q) = F (0)−1(q) − Π(q) , (3.51)
where Π has only the contribution from the one-loop diagram

Π(1L) = . (3.52)

The phonon self-energy correction is in the end a correction to the dynamical
matrix

Dij(q) = D0,ij(q) − 2λ2
0qiqj

∫
q′
G

(0)
kl (q − q′)G(0)

kl (q′) , (3.53)

where the integral is the same as eq. (2.58). The renormalization of the dynamical
matrix at the q2 level translates into a renormalization of the elastic constants Cij

Dij(q) = (C0,ijkl − 2Nλ2
0I2δikδjl)qkql . (3.54)

The stiffness of the lattice is therefore lowered by the critical fluctuations. Here we
can already discern the possibility of a lattice instability, but the fate of the lattice
depends on the flow of the elastic coupling λ.

Moving on to the vertex corrections, there are now two new diagrams with phonon
lines contributing to the vertex function of u

= + +

u− u0 = −4(N + 8)u2
0I2 + 24

ρ ⟨c2
l ⟩
u0λ

2
0I2 − 4

ρ2 ⟨c4
l ⟩
λ4

0I2 ,

(3.55)

where the definition of I2 is the same as in eq. (2.58). In the last term (the ‘box’
diagram) we have to average over the fourth power in the sound velocity, which
complicates things somewhat because in the presence of anisotropy, it is different
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from ⟨c2
l ⟩

2

1
ρ2 ⟨c4

l ⟩
=
∫

q̂

(
1
ρc2

l

)2

̸=
(∫

q̂

1
ρc2

l

)2

(3.56)

except of course in the special case A = 1, in which case the phonon velocity is
independent of direction. The elastic coupling λ also gets a vertex correction, which
is given by

= +

λ− λ0 = −4(N + 2)λ0u0I2 + 4
ρ ⟨c2

l ⟩
λ3

0I2 .

(3.57)

The next step is to rescale fields and parameters with the transformation q = q′/b

ϕ(q) = b
d−2

2 ϕ′(q′),
u(q) = b

d−2
2 u′(q′),

(3.58)

It follows then from the RG conditions

G−1(q)|r=0 = c2q2, F−1(q)|r=0 = ρc2
l q

2, (3.59)

that the parameters scale like

c2 = c′2, c2
l = c′2

l , r = r′/b2,

u = u′/b4−d, λ = λ′/b(4−d)/2.
(3.60)

The RG flow equations are then calculated by differentiating with respect to ℓ = log b.
For the tuning parameter r we obtain

dr

dℓ
= 2r − N + 2

2π2c3 ur + 1
4π2ρ ⟨c2

l ⟩ c3λ
2r (3.61)

From the renormalization of the dynamical matrix, we obtain the RG flow equations
of the elastic constants

dC11

dℓ
= − N

4π2
λ2

c3

dC12

dℓ
= − N

4π2
λ2

c3

dC44

dℓ
= 0 .

(3.62)

Note that the shear modulus C44 is not renormalized, as would be expected, since
the interaction is only with the trace of the strain tensor, effectively projecting
out the transversal mode. Since C11 flows like C12, the difference between them
is invariant under RG transformations and consequently, so is the Zener index A
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(eq. (1.36)). The only macroscopic elastic modulus that flows is the bulk modulus
(eq. (1.32))

dK

dℓ
= − N

4π2
λ2

c3 (3.63)

The corresponding microscopic parameter is the longitudinal sound velocity, for
which the sound velocity can be derived similarly from eq. (3.45) and eq. (3.62)

dc2
l

dℓ
= − N

4π2
λ2

ρc3 . (3.64)

Interestingly, the anisotropic contribution to c2
l does not flow at all. In fact, it is

only C11 that changes with an RG transformation, which suggests that the details
of the anisotropy do not matter much for the critical behavior, as long as it can be
expressed in terms of RG invariants such as A. It also follows from the fact that
physically λ has to be real-valued and c has to be positive, the isotropic contribution
to c2

l will decrease under the RG transformation (or remain constant if λ = 0), while
the anisotropic one remains the same. Therefore, the relative anisotropy

R = C11 − C12 − 2C44

C11
= (1 − A)C11 − C12

C11
(3.65)

will increase in magnitude under RG (or again remain constant if λ = 0)

dR

dℓ
= N

4π2
λ2

C11c3R . (3.66)

All of the above RG flow equations depend on the elastic coupling λ. Thus, to
determine the fate of the system we need to find the flow in λ. From the vertex
corrections, we obtain the RG flow equations for the couplings, which are then more
concisely expressed in the dimensionless variables

ũ = u

2π2c3 λ̃2 = λ2

4π2ρ ⟨c2
l ⟩ c3 . (3.67)

For these the equations hold

dũ

dℓ
= ϵũ− (N + 8)ũ2 + 12ũλ̃2 − 4⟨c2

l ⟩
2

⟨c4
l ⟩
λ̃4

dλ̃2

dℓ
= ϵλ̃2 − 2(N + 2)ũλ̃2 + (N + 4)λ̃4

(3.68)

In general, a coupled system of nonlinear differential equations like this is hard
to solve. However, as Bergman & Halperin (1976) point out the equations can be
decoupled in the isotropic limit using the linear transformation

ū = ũ− λ̃2 . (3.69)

61



Note that this transformation coincides exactly with the renormalization of the
self-interaction found in eq. (3.29). The RG flow equations for the shifted coupling
then read

dū

dℓ
= ϵū− (N + 8)ū2 + 4

(
1 − ⟨c2

l ⟩
2

⟨c4
l ⟩

)
λ̃2

dλ̃2

dℓ
= ϵλ̃2 − 2(N + 2)ūλ̃2 −Nλ̃4 .

(3.70)

Note that for isotropic elasticity ⟨c2
l ⟩

2 = ⟨c4
l ⟩ and therefore the last term in the first

equation vanishes.

Solving the equations for zero flow, we find that in 4 − ϵ dimensions for small flavor
number N < 4 the RG flow is characterized by four fixed points: Additionally to
the usual Gaussian and Wilson-Fisher fixed points we find the Fisher-renormalized
Gaussian (Fr-G) and Fisher-renormalized Wilson-Fisher (Fr-WF) fixed points at
finite elastic coupling. The corresponding fixed point values are given in table 3.1.

Table 3.1.: Fixed points of the classical O(N) model coupled to an isotropic elastic
medium in 4 − ϵ dimensions, with values of the dimensionless couplings
and the corresponding critical exponents ν and α to first order in ϵ.

Fixed point ū λ̃2 ν α

G 0 0 1
2

ϵ
2

WF ϵ
N+8 0 1 4−N

2(N+8)ϵ

Fr-G 0 ϵ
N

1
2 + ϵ

4 − ϵ
2

Fr-WF ϵ
N+8

4−N
N(N+8)ϵ

1
2 + 3ϵ

2(N+8) − 4−N
2(N+8)ϵ

The naming of the fixed points is suggestive and we will show in the following how
the Fisher-renormalized fixed points are indeed associated with Fisher-renormalized
critical exponents. Since there is no wave function renormalization at this level, the
anomalous dimension η vanishes for all fixed points. To calculate the remaining
critical exponents we insert the fixed point values into eq. (3.61). For Fr-WF we
obtain

νFr−WF =
(
d log r
d log ℓ

)−1

=
(
2 − (N + 8)ū∗ −N(λ̃∗)2

)−1

= 1
2 + 3

2(N + 8)ϵ+ O(ϵ2) ,
(3.71)

which is indeed the Fisher-renormalized exponent of the corresponding WF exponent,
as can be checked with the values from section 2.4

νWF

1 − αWF
=

1
2 + 1

4
N+2
N+8ϵ+ O(ϵ2)

1 − 1
2

4−N
N+8ϵ+ O(ϵ2)

= 1
2 + 3

2(N + 8)ϵ+ O(ϵ2) . (3.72)
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G WF

FR-WF

FR-G

Figure 3.2.: RG flow of the classical ϕ4-theory coupled to a compressible lattice
in 4 − ϵ dimensions, with ϵ > 0, for N < 4 flavors, as calculated by
Bergman & Halperin (1976).

The stability of Fr-WF can be analyzed by linearizing the RG equations around the
fixed point

d

dℓ

 δū
δλ̃2


Fr−WF

=
 −ϵ 0

2(N−4)(N+2)ϵ
3N

(N−4)ϵ
N+8

 δū
δλ̃2

 . (3.73)

Since the matrix is already triangular we can just read off the eigenvalues. We find
that the Fr-WF fixed point is stable for N < 4. The full RG flow for this case is
shown in fig. 3.2. This is not entirely surprising since we expect Fisher-renormalized
exponents only if α > 0. At one-loop order, αWF is positive only for N < 4. The λ̃2

value of Fr-WF becomes negative at N > 4 corresponding to an imaginary coupling,
which is unphysical.

If N < 4 and the initial elastic coupling λ̃0 is non-zero, the flow will eventually be
towards the Fr-WF fixed point, where λ̃ tends towards a finite value. The flow of
the elastic constants, which only depends on λ̃, can then be approximated with a
constant elastic coupling. The solution of eq. (3.62) is then a simple exponential
function and with ℓ = log b we find

C11 ∼ b− 4−N
(N+8) ϵ . (3.74)

In other words C11 tends to zero as a power law. The consequences for the stability of
the crystal lattice will become apparent in the subsequent flow of the bulk modulus
K and the sound velocity cl.

For the cubic lattice in three dimensions the bulk modulus in terms of the stiffness
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tensor components is
K = C11 − 2

3(C11 − C12) . (3.75)

In this form it is easy to see that since C11 − C12 is invariant, while C11 approaches
zero, the bulk modulus vanishes at a finite RG scale. The vanishing of an elastic
modulus causes a macroscopic instability. In case the bulk modulus vanishes the
associated instability is isostructural, meaning the lattice symmetry is unchanged.
The instability is resolved by a phase transition which is generically first-order
and associated with a jump in the lattice constant, except in special fine-tuned
cases. However, Bergman & Halperin (1976) point out that such a transition can
be avoided by applying appropriate boundary conditions. It turns out that it is not
enough to fix the volume to avoid the instability, since the system becomes unstable
with respect to surface modes. They propose that fixing the position of every surface
atom, so-called “pinned” boundary conditions, will stabilize the crystal even with a
negative bulk modulus. Whether it is truly necessary to fix every surface atom is a
subtle question and that will be addressed in more detail in section 5.3.

There remains the question of microscopic stability, i.e. the stability of phonon
modes. In an isotropic system, it holds cl =

√
C11/ρ and both vanish asymptotically.

However, in an anisotropic system, cl is modified by a direction-dependent, RG
invariant contribution, see eq. (3.45). If A > 1 the anisotropy will lower the sound
velocity, an effect that is largest in [111] and equivalent directions. It follows that
the sound velocity will vanish on lines in phase space. We expect a transition the
likes of which have been discussed by Cowley (1976). This is a remarkable fact:
Even though the anisotropy index A is invariant, we still found that there is an
instability with respect to anisotropy because the isotropic contribution to the sound
velocity vanishes asymptotically, thus the relative anisotropy R diverges.

If A < 1 it follows that cl(q̂) ≥
√
C11/ρ with only the sound velocity along [100]

direction and equivalent vanishes asymptotically. Hence, there is no microscopic
instability at any finite scale.

On the other hand, if N > 4 and consequently αWF < 0, the WF fixed point is
stable, as can be seen in the linearized RG equations

d

dℓ

 δū
δλ̃2


WF

=
−ϵ 0

0 4−N
N+8ϵ

 δū
δλ̃2

 . (3.76)

As a result, the elastic coupling will vanish asymptotically and the flow in the
elastic constants effectively stops. It may be the case that, if λ0 is sufficiently large,
at the scale at which the λ becomes negligible the elastic constants are already
renormalized beyond any of the above-mentioned instabilities. However, this is
non-universal, as it depends on the bare values of the parameters.
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3.4. Discussion

Throughout this chapter, we have seen three approaches, that illuminate the question
of how a classical, finite temperature transition is changed by elastic coupling in
varying degrees of detail. Here we discuss the relation between these approaches
and the different aspects of the problem that they were able to solve. A much more
detailed review of the history of classical transitions coupled to elastic degrees of
freedom, containing also more tangential literature can be found in Dünweg (2000).
However, since such a comprehensive overview seems to exist only in German, we
reiterate some of the points here.

The first approach—in this chapter and historically—is based on thermodynamic
relations, which suggests a first-order transition at constant pressure (Rice, 1954).
It can be shown that with some reasonable assumptions on the form of the free
energy the compressibility diverges with the same exponent as the specific heat
(Domb, 1956). For the case of constant volume one has to do a little more work,
but it can be shown that the critical exponents will be renormalized (Fisher, 1968).
These arguments are fairly general without referring to any specific model. However,
Fisher (1968) assumed in his work that in case of constant pressure the transition is
the unmodified continuous one except for a shifted critical point, which seems to
be at odds with the earlier statements. Another question that this approach leaves
open is the nature of the structural transition.

To see how this plays in detail Larkin & Pikin (1969) looked at a concrete, microscopic
model, of an Ising-type model coupled to an isotropic medium. They integrate out
the elastic degrees of freedom at constant pressure, taking into account the singularity
at q = 0, which allows them to express the problem in terms of a reparametrized
version of the free energy of original Ising criticality. The reparametrization gives a
clear picture of how the first-order transition that was predicted at constant pressure
arises. At the same time, it validates assumptions proposed in Fisher (1968).

Another famous work that discusses this problem is Baker & Essam (1970), which
is unique in that it discusses an exactly solvable model, by only allowing nearest-
neighbor interaction for the elastic degrees of freedom in a cubic lattice. However,
as a consequence, it has zero shear modulus (Ikea-board instability). Plugging
this into eq. (3.30) we see that the non-local interaction vanishes in the case of
constant pressure if we set µ = 0, thus the Ising criticality is unmodified. Thus,
the Larkin-Pikin mechanism is unique to solids and has no equivalent in fluids,
which have µ = 0. At constant volume, the system still shows Fisher-renormalized
exponents. A later publication by the same authors (Baker & Essam, 1971) includes
a finite shear modulus, at the cost of exact solvability.

The appearance of Fisher-renormalized exponents becomes more transparent in the
renormalization group formalism. The Larkin-Pikin action (eq. (3.28)) has been
analyzed in this framework in Sak (1974) (also see (Bruno & Sak, 1980)). They find
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a Fisher-renormalized fixed point that is accessible at constant volume (v > 0) and
inaccessible at constant pressure (v < 0).

The question of the nature of the elastic transition was addressed by Bergman &
Halperin (1976). They simply take the original action, including elastic degrees of
freedom, and perform the RG procedure on the displacement field as well, making
the effect of the critical fluctuations on the elastic constants transparent. They also
include lattice anisotropy in a cubic system and in the extreme case of a vanishing
Zener index A = 0, reproduce the results of Baker & Essam (1970). Additionally,
they provide a more precise notion of the boundary conditions that are necessary to
realize the “constant volume” case, by requiring all surface atoms to be pinned to
their position, to avoid instabilities caused by surface modes.

A slight generalization of the work by Bergman & Halperin (1976) including cubic
anisotropy for the critical modes, is provided by Nattermann (1977). As we have
discussed in section 2.5 the WF fixed point is stable with respect to cubic anisotropy,
exactly under the conditions at which we expect Fisher-renormalization. Therefore
the results are not significantly changed.
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4. Tricritical elasticity

Usually, phase transitions can be reached by tuning a single experimental knob,
such as temperature T or pressure P , which is connected to the tuning parameter r.
The dependence of the other parameters on the knobs is, in general, not important,
since at the critical point r(Tc) = 0 the other parameters will remain finite and thus
will only change slowly if we restrict ourselves to a sufficiently small interval around
the critical point.

If, however, we can tune two parameters such that both the tuning parameter
r(Pc, Tc) = 0 and the quartic interaction u(Pc, Tc) = 0 vanish, then the critical
behavior around this point is changed considerably. Such a point in the phase
diagram is called a tricritical point.

In the vicinity of the tricritical point, the critical fluctuations are described by an
action that includes the next leading order after the vanishing quartic interaction,
namely a ϕ6 term

S0 =
∫
ddx

(
r

2ϕ
2 + c2

2 (∇ϕ)2 + uϕ4 + vϕ6
)
. (4.1)

From a simple scaling analysis, one can see that the ϕ6 interaction v is marginal
in d = 3 dimensions. Thus, the classical tricritical point is already at the upper
critical dimension, in d = 3 spatial dimensions, and we can expect mean field theory
to accurately predict the universal critical behavior up to logarithmic corrections
(Riedel & Wegner, 1972).

Of course, for small but finite u this is not true. Nonetheless, for simplicity, we look
at the problem only in terms of the Landau theory

FMF
0 = rϕ2

0 + uϕ4
0 + vϕ6

0 + . . . , (4.2)

We may get rid of v by defining r̃ = r/v, ũ = u/v, and F̃MF
0 = FMF

0 /v. We define
ψ0 = ϕ2

0
F̃MF

0 = r̃ψ0 + ũψ2
0 + ψ3

0 (4.3)
Note that the symmetry of ψ0 is different from ϕ0, because ψ0 > 0 by definition and
odd powers enter the Landau functional.

At r̃ < 0 the system is always in the ordered phase and a sign change in u does
not make a qualitative difference. If r̃ > 0 however, then there will be a first-order
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Figure 4.1.: Landau potential for the order parameter ϕ0 at h = 0 in (a). The upper
panel shows the case u > 0, where as a function of r the minimum splits
continuously, while in the lower panel, where u > 0, a local minimum
at finite ϕ0 becomes the global minimum at the transition, causing a
jump in the order parameter. Panel (b) shows the phase diagram near
the tricritical point as a function of u, r and h.

transition as a function of ũ as a result of the ψ3
0 potential at a critical value ũc

given by ũ2
c/4 = r̃. If r̃ = 0 then we have a second order transition at ũc = 0. This

is the tricritical point, since it lies on the border between a first order (ũ < 0) and
second order (ũ > 0) transition, With the inclusion of the linear term in the free
energy hϕ0, the second-order line splits into two second-order lines, see fig. 4.1,
which is where the tricritical point gets its name.

We calculate the exponent αt at the tricritical point. In the ordered phase ψ0 is
given by

ψ0 = 1
3
(√

ũ2 − 3r̃ − ũ
)
. (4.4)

Inserting this into free energy eq. (4.3) and setting u = 0 we obtain

FMF
0 (r < 0, u = 0) = 5(−r̃) 3

2

3
√

3
. (4.5)
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The specific heat can be calculated from the second derivative, which has the critical
exponent αt = 1

2 .

More generally, when not dealing with a mean-field theory, but instead, some model
that on the second order transition line has the critical exponent α > 0, like for
example the Ising model in 3 dimensions, we can write the singular part of the free
energy as

F0(r, u) = −Ar2−αΦ
(
u

rφ

)
(4.6)

where φ is a crossover exponent and the scaling function Φ needs to have the limits

Φ (x) =
x

αt−α
φ x ≪ 1

const. x ≫ 1 .
(4.7)

Such that in the vicinity of the tricritical point F0(r, u ≪ rφ) ∼ r2−αt , while when
approaching the second order transition line sufficiently far away from the tricritical
point F0(r, u ≫ rφ) ∼ r2−α. In 3 dimensions it of course still holds that αt = 1

2 .

The inclusion of a quadratic elastic coupling εϕ2 can now be handled with the
Larkin-Pikin procedure that was outlined in section 3.2. Integrating out strain is
not affected by the inclusion of the ϕ6 term. We consider the action

S = S0 +
∫
ddx

(
λϕ2 tr{ε} + 1

2

(
K − 2

d
µ
)

tr{ε}2 + µ tr{εε}
)

(4.8)

and integrate out strain. As we have discussed in chapter 3 the result depends on
boundary conditions. For open boundary conditions (constant pressure) we obtain
after performing the Hubbard-Stratonovich transformation the effective Landau
potential of the strain variable E

V(E) = F0

(
r − λE , u− λ2

2ρc2
l

)
+ E2

2

(
1
K

− 1
ρc2

l

)
. (4.9)

Note that the renormalization of u does not depend on E , thus u is simply shifted
by the elastic coupling. The reasoning from section 3.2 applies without modification.
As a consequence, assuming α > 0, at constant pressure the second order transition
at positive u and zero field becomes first order. Considering also finite field the
phase diagram in fig. 4.1b is then modified such that there are two disconnected
second-order lines at finite h, hence there is no tricritical point. For pinned boundary
conditions (constant volume) we have Fisher renormalized exponents for both α
and αt, meaning

α′
t = − αt

1 − αt

= −1 . (4.10)

The singularity in the specific heat at the tricritical point is thus completely
suppressed.
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5. Quantum criticality on a
compressible lattice

After developing a thorough understanding of how a classical phase transition
changes through lattice coupling in chapter 3, we can turn our attention to the
quantum phase transition and ask how the story will be different. The questions
immediately come to mind whether the Larkin-Pikin mechanism (section 3.2) still
applies, which allows us to express the elastically coupled model in terms of the
free energy of the rigid model using an effective Landau theory, and whether there
is a quantum equivalent of Fisher-renormalization (section 3.1). If the quantum
theory can be described by a classical model in higher dimensions, as is the case in
the rigid O(N) universality class, we expect the Larkin-Pikin mechanism to hold.
However, it will turn out that this is not the case, because, as will be explained in
section 5.1, with the inclusion of quantum fluctuations into the theory, the elastic
coupling may no longer be reduced to a single, macroscopic strain variable.

Analogous to the classical transition, we concentrate here on the case where the
leading coupling is quadratic in the order parameter. In the case of linear coupling,
there is again a strong hybridization of strain and order parameter, and the tran-
sition is governed by critical elasticity (Zacharias et al., 2015) with the respective
consequences for the lattice (Cowley, 1976).

A natural extension of the theory investigated by Larkin & Pikin (1969) and Bergman
& Halperin (1976) is to couple the Lorentz invariant model that was already analyzed
in section 2.4, with a dynamical exponent z = 1, quadratically to compressive strain.
An important feature of the elastic coupling is that it explicitly breaks Lorentz
invariance. This must necessarily be the case since the elastic medium makes this
effectively an ‘aether’ theory.

The breaking of a symmetry, such as Lorentz invariance, is often but not always
associated with a change in universality class. This is sufficient motivation to check
if critical behavior is significantly changed, provided that the elastic coupling is
relevant. The criterion for non-perturbative elastic coupling has a straightforward
generalization to quantum criticality. The scaling is governed by the effective
dimension deff = d+ z. If the specific heat exponent of the quantum transition

αq = 2 − νqdeff = 2 − νq(d+ z) , (5.1)
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is positive, then non-perturbative elastic coupling is expected (Anfuso et al., 2008).
An equivalent criterion has been discussed by Han et al. (2021). In table 5.1, some
universality classes are shown with their specific heat exponents and our expectation
for the non-perturbative nature of elastic coupling from the above criterion.

Table 5.1.: Selected universality classes and their specific heat exponent (Di
Francesco, Mathieu, & Sénéchal, 1997; Pelissetto & Vicari, 2002; Riedel
& Wegner, 1972).

Model deff αq Non-perturbative coupling

Ising 2 0 logarithmic
Tricritical Ising 2 8

9 yes
Tricritical Ising 3 1

2 yes
Three-state Potts 2 1

3 yes
Ising 3 ∼ 0.11 yes
O(N) with N ≥ 2 3 < 0 no
O(N) 4 0 logarithmic

The theory investigated here is directly relevant to a type of antiferromagnetic
quantum phase transition, which is well described by the O(N) model, and is realized
for example in the material TlCuCl3, which, when tuned across the quantum critical
point using pressure, has a dynamical exponent z = 1 (Rüegg et al., 2008).

The contents of this chapter are structured as follows: In section 5.1 we will first
explain in more detail why the classical approach does not work. We conclude that
we need to take a deeper look at the effects of fluctuations and perform an RG
analysis of the quantum theory section 5.2. In the classical theory, one may argue,
the approach of Bergman & Halperin (1976) gives the most transparent picture of
the effect of elastic coupling since it shows not only the effect of lattice fluctuations
on the transition but also the effect of the critical fluctuations on the lattice and
allows reasoning about the nature of the appearing instabilities. We shall favor an
analogous approach, not integrating out the phonons, but instead treating them on
the same footing as the critical fluctuations. Finally, we also discuss in detail the
consequences for the lattice in section 5.3.

The contents of this chapter are an original part of this thesis and the results of
section 5.2 have also been published (Sarkar et al., 2023).
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5.1. Breakdown of the Larkin-Pikin mechanism at
quantum criticality

To extend the Larkin-Pikin model to quantum criticality, we use imaginary time for-
malism, adding imaginary time derivatives for both critical modes ϕ = (ϕ1, . . . , ϕN )
and displacement field. The strain is decomposed into the macroscopic modes E
and derivatives of the displacement field. The full action is then

S =
∫
dτddx

1
2ϕT

(
−∂2

τ − c2∇2 + r
)

ϕ + u(ϕ2)2 + λϕ2(∇ · u)

+ K

2 tr{E}2 + ρ

2
[
(∂τ u)2 + c2

l (∇ · u)2 + 2c2
t tr{ε̃ε̃}

] .

(5.2)

One might ask why this action does not contain time derivatives of the macroscopic
strain E. In fact, we assume that E does not depend on time at all. This assumption
is well-founded in an infinite system where E is not dynamic, as was discussed
in section 1.2. In the case of a finite system, E is just a placeholder for a set of
macroscopic modes with wavelengths on the order of the system size, the character
of which depends sensitively on geometry and boundary conditions. However, we
will restrict ourselves to the thermodynamic limit, thinking of E as static, while
leaving finite-size effects a topic of future works.

It is tempting to try and apply the Larkin-Pikin procedure from section 3.2 to this
problem, as the classical problem could, at least for the isotropic case, be completely
solved by this mechanism. However, after integrating out phonons, we obtain the
much more complicated effective action

S =
∫
dτddx

1
2ϕT

(
−∂2

τ − c2∇2 + r
)

ϕ + wV −1
(∫

dτddxϕ2
)2

+
∫
dτddx

∫
dτ ′ddx′ϕ(x, τ)2Γ(x− x′, τ − τ ′)ϕ(x′, τ ′)2

(5.3)

where w is the same as in eq. (3.30), and there is another non-local interaction with
the vertex function in Fourier space given by

Γ(q, ω) = u− λ2

2ρ
q2

ω2 + c2
l q

2 . (5.4)

Note that Γ is non-analytic around (q, ω) = (0, 0). This can be most easily seen by
taking the non-commuting limits limq→0 Γ = u and limω→0 Γ = u − λ2/2ρc2

l . The
latter corresponds to the renormalization of the self-interaction that we encountered
in the classical theory eq. (3.29).

Larkin-Pikin physics could be recovered by taking the classical limit only for phonons
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by taking the mass density to vanish ρ → 0. The integration is then exactly as
described in section 3.2. The consequences of this limit have been explored by
Chandra et al. (2020). Alternatively, if there was a manifestly Lorentz invariant
coupling to strain in terms of a four-displacement ϕ2∂µu

µ, this would lead to a
true quantum version of the Larkin-Pikin mechanism. However, there is no time
component of the displacement field, and it is not clear what such a field may
represent.

If we take into account the quantum nature of elastic fluctuations, the integration
of strain leaves us with the non-analytic vertex function above. Assuming that this
interaction changes the critical behavior, and we will show later that it does, the
theory can no longer be written in terms of the free energy of the rigid system
using the Hubbard-Stratonovich transformation to a macroscopic strain-like variable.
Instead, the Hubbard-Stratonovich field would have to depend on space and time,
effectively reintroducing the strain field. Hence, there is no hidden thermodynamic
variable, such as was assumed in Fisher’s hidden variable approach, and thus there
is no renormalization of the critical exponents (section 3.1).

The question of how the critical behavior is changed by lattice coupling is now open
again. Is there a quantum equivalent of Fisher-renormalization? To learn about the
critical behavior of the quantum system, we must resort to RG. As in the classical
theory, one could perform an RG procedure on the action with phonons already
integrated out eq. (5.3) (Sak, 1974), but this is complicated considerably by the
non-analytic vertex function. This approach was explored on a similar theory, but
without the infinite range interaction w, by Samanta et al. (2022). They expand the
vertex function in spherical harmonics, at the cost of generating an infinite number
of interaction terms, which are hard to manage. The other option is to perform the
RG procedure on the original action, including phonons, which is what is done in
the following.

5.2. RG analysis of quantum criticality in an isotropic
elastic medium

We take the model already introduced in the previous section for an O(N) quantum
phase transition, coupled to an isotropic elastic medium. The only difference is that,
since we do not integrate out strain, we can ignore the q = 0 strain components,
i.e., we drop all terms depending on E and write

S =
∫
dτddx

1
2ϕT

(
−∂2

τ − c2∇2 + r
)

ϕ + u(ϕ2)2 + λϕ2(∇ · u)

+ ρ

2
[
(∂τ u)2 + c2

l (∇ · u)2 + 2c2
t tr{ε̃2}

] .

(5.5)
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In 3 + 1 dimensions, both the u and the λ coupling terms are marginal. Following
the same procedure that was outlined in section 3.3, we perform a Wilsonian RG by
calculating the self-energy and vertex corrections to one-loop, followed by a rescaling
of coordinates to derive RG flow around the Gaussian fixed point.

Calculation of the corrections

The fluctuations of the order parameter field at 0th order in the couplings are
characterized by the Green function

G
(0)
αβ(q, ω) = δαβ

ω2 + c2q2 + r
. (5.6)

The fluctuations of the displacement field with q ̸= 0, on the other hand, are split
into a longitudinal and a transversal contribution

F
(0)
ij (q, ω) = (ρω2 +D(q))−1

ij = 1
ρ

[
q̂iq̂j

ω2 + c2
l q

2 + δij − q̂iq̂j

ω2 + c2
t q2

]
. (5.7)

As the strain enters the elastic coupling only via its trace, analogous to section 3.3,
this will project on the longitudinal modes. The bare and dressed Greens functions
are connected by

G−1(q, ω) = G(0)−1(q, ω) − Σ(q, ω) ,

F−1(q, ω) = F (0)−1(q, ω) − Π(q, ω) .
(5.8)

For notational convenience, we define the integrals

Imn(q, ω) =
∫

q′,ω′
(1
d

trG(0)(q − q′, ω − ω′))m(q′TF (0)(q′, ω′)q′)n

=
∫

q′,ω

(
1

(ω − ω′)2 + c2(q − q′)2 + r

)m (1
ρ

q′2

ω′2 + c2
l q

′2

)n (5.9)

such that the previously encountered integrals defined in eq. (2.52) are given by
In = In0. We obtain to one-loop order the self-energy corrections

Σαβ(q, ω) = +

= −2(2N + 4)uI10δαβ + 4λ2I11(q, ω)δαβ ,

Πij(q, ω) =

= 2Nλ2I20qiqj,

(5.10)
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and the vertex corrections

= + +

u− u0 = −(4N + 32)u2
0I20 + 24λ2

0u0I21 − 4λ4
0I22,

= +

λ− λ0 = −(4N + 8)uλI20 + 4λ3I21 .

(5.11)

The next step is to calculate the loop integrals. Two of the integrals (I10 and I20) are
already known from section 2.4. Similar to the realization that I20 can be written as
an r-derivative of I10, we can make our lives easier by writing I21 as an r-derivative
of I11 and I22 as the c2

l -derivative of I21. In fact, we only need to calculate one
additional integral, which is

I11(q, ω) = 1
ρ

∫
q′,ω′

1
(ω − ω′)2 + c2(q − q′)2 + r

q′2

ω2 + c2
l q

2 , (5.12)

containing one phonon propagator and one critical propagator. The dependence
of the integrand on the relative momentum q − q′ complicates the calculation
somewhat. We solve this integral by introducing a Feynman parameter, using the
formula

1
AB

=
∫ 1

0
dx

1
xA+ (1 − x)B . (5.13)

This simplifies the integrals over frequency and momentum considerably. We first
execute the frequency integral, which may be simplified by completing the square
in the denominator and shifting ω′ → ω′ + (1 − x)ω∫ ∞

−∞
dω′ 1

(ω − ω′)2 + c2(q − q′)2 + r

1
ω′2 + c2

l q
′2

=
∫ ∞

−∞
dω′

∫ 1

0
dx

1
(x[ω′2 + c2

l q
′2] + (1 − x)[(ω − ω′)2 + c2(q − q′)2 + r])2

=
∫ ∞

−∞
dω′

∫ 1

0
dx

1
(ω′2 + ∆)2 ,

(5.14)
where we have defined the shorthand ∆ for the ω′-independent part of the denomi-
nator

∆ = x(1 − x)ω2 + xc2
l q

′2 + (1 − x)[c2(q − q′)2 + r] . (5.15)
Now we can use the integral∫ ∞

−∞
dω′ 1

(ω′2 + ∆)2 = π

2
1

∆ 3
2
. (5.16)
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For the q′ integral, we first substitute q′ = k/α(x), where α(x) =
√
xc2

l + (1 − x)c2,
and obtain

I11 = π

2ρ

∫ 1

0
dx

1
α(x)d+2

∫
ddk

k2

[k2 − 2β(x)k · q + (1 − x)(xω2 + c2q2 + r)] 3
2

(5.17)

with β(x) = (1 − x)c2/α(x). After defining another shorthand

Θ = −β(x)2q2 + (1 − x)(xΩ2 + c2q2 + r) (5.18)

we again complete the square in the denominator and shift k → k + βq. This
creates a k · q term in the enumerator which is an odd function in k, thus giving no
contribution to the integral

∫
ddk

k2

[(k − β(x)q)2 + Θ] 3
2

k→k+βq=
∫
ddk

(k + β(x)q)2

[k2 + Θ] 3
2

=
∫
ddk

k2 + β(x)2q2

[k2 + Θ] 3
2

.

(5.19)

We now have two integrals with trivial angle dependence. Since we work in d = 3
spatial dimensions, the angular integral thus resolves to S3 = 4π. For the radial
integrals, we can make our lives easier by only considering the cutoff dependence
since only these will enter the RG equations. Thus, we get the integrals

∫ αΛ

0
dk

k2

(k2 + Θ) 3
2

= Arsinh
(
αΛ√

Θ

)
− αΛ√

Θ + α2Λ2
≈ log

(
2αΛ√

Θ

)
− 1 (5.20)

and ∫ αΛ

0
dk

k4

(k2 + Θ) 3
2

= 3
2

(
αΛ

√
Θ + α2Λ2 − Θ Arsinh

(
αΛ√

Θ

))

≈ 3
2

(
αΛ2 − Θ log

(
2αΛ√

Θ

))
.

(5.21)

After this, only the x-integral is left. The complete integral is then given by

I11 ≃ Kd

4ρ

∫ 1

0
dx

1
α5

[(
β2q2 − 3Θ

2

)
log

(
2αΛ√

Θ

)
+ 3

2α
2Λ2

]
. (5.22)

where the symbol ≃ denotes equality up to cutoff-independent terms. Using the
integrals

∫ 1

0
dx

1
α3 = 2

ccl(c+ cl)

∫ 1

0
dx

5β − 3(1 − x)c2

2α5 = 2c
3cl(c+ cl)3∫ 1

0
dx

(1 − x)
α5 = − 2c+ cl

c3cl(c+ cl)3

∫ 1

0
dx

(1 − x)x
α5 = − 2c

cl(c+ cl)3

(5.23)

76



the above expression can be completely resolved. We finally give the result for I11
as well as all the other derived integrals appearing in the self-energy and vertex
correction

I10 ≃ 1
8π2c3

[
c2Λ2 − r log Λ

]
,

I20 = −∂I10

∂r
≃ 1

8π2c3 log Λ,

I11 ≃ 1
8π2ρ

1
c3cl(c+ cl)

[
c2Λ2 − 2c+ cl

c+ cl

r log Λ
]

− 1
4π2ρ

1
ccl(c+ cl)3

(
ω2 − 1

3c
2q2
)

log Λ

I21 = −∂I11

∂r
≃ 1

8π2ρ

2c+ cl

c3cl(c+ cl)2 log Λ,

I22 = −1
ρ

∂I21

∂c2
l

≃ 1
8π2ρ2

c2 + 3ccl + cl

c3c3
l (c+ cl)2 log Λ .

Compared to the classical theory, where the projected phonon propagator depended
only on the direction of external momentum, not its magnitude, and was trivial
in the isotropic case, the evaluation of the integrals in the quantum theory turned
out to be quite involved, even in the case of isotropic elasticity. The fact that
there is no separation into an angle- and magnitude-dependent contributions make
the inclusion of lattice anisotropy unfeasible. The non-trivial dependence on the
velocities of both critical and elastic modes is yet another consequence of Lorentz
symmetry breaking.

RG flow equations

With the corrections calculated in the previous section we can derive the RG flow
equations. The procedure has already been discussed in section 2.4 for the quantum
O(N) model with z = 1. The inclusion of the displacement field in the RG procedure
has been discussed in section 3.3 in the context of a classical model, therefore we
keep the discussion here brief.

We integrate out a momentum shell q ∈ [Λ/b,Λ] with b > 1 and ℓ = log b ≪ 1. We
then rescale momentum and frequencies according to

q = q′/b, ω = ω′/bz . (5.24)

For now, we let the dynamical exponent z be arbitrary. The scaling transformation
acts on the fields in the form

ϕ(q, ω) =
√
Zϕb

d+3z
2 ϕ′(q′, ω′),

u(q, ω) =
√
Zub

d+3z
2 u′(q′, ω′),

(5.25)
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where we introduced two wave function renormalizations, Zϕ and Zu. The parameters
of the action are rescaled according to

c2 = c′2/(Zϕb
(2z−2)), c2

l = c′2
l /(Zub

(2z−2)),

u = u′/(Z2
ϕb

(3z−d)), λ = λ′/(Zϕ

√
Zub

(5z−d−2)/2),
r = r′/(Zϕb

2z) .
(5.26)

Imposing the RG conditions

G−1(0, ω)|r=0 = ω2, D−1(q, ω)|r=0
q→0→ ρω2, (5.27)

we find the flow of the wave function renormalizations

d logZϕ

dℓ
= − 1

π2ρ

λ2

ccl(c+ cl)3

d logZu

dℓ
= 0 .

(5.28)

The full set of RG flow equations up to one-loop order is then complete with

dr

dℓ
=
(

2z + 1
2π2ρ

3c+ cl

c3(c+ cl)3λ
2 − N + 2

2π2
u

c3

)
r,

dc2

dℓ
=
(

2z − 2 − 4
3π2ρ

λ2

ccl(c+ cl)3

)
c2,

dc2
l

dℓ
=
(

2z − 2 − N

4π2ρ

λ2

c2
l c

3

)
c2

l ,

du

dℓ
= (3z − d)u− (N + 8)

2π2
u2

c3

+ 1
π2ρ

4c2 + 9ccl + 3c2
l

c3cl(c+ cl)3 uλ2 − 1
4π2ρ2

c2 + 3ccl + c2
l

c3c3
l (c+ cl)3 λ

4,

dλ

dℓ
=
(

5z − d− 2
2 + 1

2π2ρ

3c+ cl

c3(c+ cl)3λ
2 − N + 2

2π2
u

c3

)
λ .

(5.29)

In contrast to the classical theory, we find a non-trivial RG flow not just for cl but
also for c. The flow of c is caused by the explicit breaking of Lorentz invariance
in the elastic coupling term. Alternatively, we can reformulate the above RG flow
with a running dynamical exponent z. If we change the RG condition such that we
demand dc2/dℓ to vanish, while z is allowed to change, we can derive an RG flow
equation for z. The bare value would of course be unity, but with a correction of
order λ2. This would be equivalent to changing the RG condition to preserve the
c2q2 term in the action. We will, however, stick to our original RG condition.

Analogous to section 3.3, the above equations can be simplified by introducing
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dimensionless parameters

ϑ = cl

c
, ũ = 1

2π2
u

c3 , λ̃2 = λ2

4π2ρc2
l c

3 , (5.30)

where the new parameter ϑ represents the ratio of the velocities of phonons to critical
modes. In this representation, the RG flow is governed by only three equations

dϑ

dℓ
= 1

2

(
16
3

ϑ2

(1 + ϑ)3 −Nϑ

)
λ̃2,

dũ

dℓ
= ϵũ− (N + 8)ũ2 + 12ϑ(2 + ϑ)

(1 + ϑ)2 ũλ̃2 − 4ϑ(1 + 3ϑ+ ϑ2)
(1 + ϑ)3 λ̃4,

dλ̃2

dℓ
= ϵλ̃2 − 2(N + 2)ũλ̃2 +

(
N + 4 − 4

(1 + ϑ)2

)
λ̃4,

(5.31)

where we have set d = 3 − ϵ. Remarkably, the so far arbitrary dynamical exponent
z drops out of the equations with the above choice of variables, which means these
equations are independent of the above-mentioned change in the RG condition.
In a sense, that makes the chosen dimensionless representation the most natural
representation of the RG flow.

Note that from the above RG equations, we can reproduce the isotropic limit of
the equations derived by Bergman & Halperin (1976) in eq. (3.68) by taking the
limit ρ → 0 of a vanishing mass density, which is equivalent to cl → ∞ or ϑ → ∞,
while keeping the dimensionless couplings constant. Since quantum fluctuations are
inherently dynamic, it seems fitting that their effect is connected to the relative
velocities, which characterize the dynamics of each mode. Neglecting phonon
dynamics restores the classical equations. However, we will see that neglecting
dynamics is not permissible.

To calculate the critical exponents, we also need to know the RG flow equations for
Zϕ and r, which are in terms of the dimensionless variables

d logZϕ

dℓ
= − 4ϑ

(1 + ϑ)3 λ̃
2

d log r
dℓ

= 2z − (N + 2)ũ+ 2ϑ2(3 + ϑ)
(1 + ϑ)3 λ̃2 .

(5.32)

Note that r is not dimensionless and the appearance of z in its β-function is a result
of the choice of RG condition. Had we chosen to keep the gradient term fixed, this
would correspond to a reparametrization that effectively scales r with a factor of c2.
This choice will, however, not affect the results, and we set z = 1 in the following.
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Fixed points

Compared to the classical case (eq. (3.70)), where at least in the isotropic case the
flow of the couplings can be solved independently, in the equations derived above,
the situation is complicated by the dependence on ϑ in all terms that stem from the
elastic coupling λ̃. To get a qualitative picture of the flow, it is instructive to first
look at the flow close to the λ̃ = 0 surface, where the RG equations reduce to the
ones of the O(N) model already known from section 2.4 with an unstable Gaussian
(G) and a stable Wilson-Fisher (WF) fixed point. We may then ask if the system is
stable or unstable with respect to an infinitesimal elastic coupling λ̃. This can be
checked by calculating its scaling dimension around λ̃2 = 0 from eq. (5.31),

d log λ̃2

dℓ

∣∣∣∣
λ̃=0

= 1
λ̃2
dλ̃2

dℓ

∣∣∣∣
λ̃=0

= ϵ− 2(N + 2)ũ. (5.33)

The elastic coupling is marginally relevant (positive scaling dimension of order ϵ), if
the right-hand side is larger than zero. We show that a positive scaling dimension
of λ̃2 coincides with the criterion given in eq. (5.1), αq > 0. The correlation length
exponent of any fixed point on the λ̃2 = 0 surface is given by

1/ν = d log r
dℓ

|λ̃=0 = 2 − (N + 2)ũ∗ . (5.34)

Assuming hyperscaling, the specific heat exponent is then

αq|λ̃2=0 = ϵ

2 − (N + 2)ũ∗ . (5.35)

Therefore, positive αq corresponds to a flow away from the λ̃2 = 0 surface. Remem-
bering the values for G and WF fixed points from section 2.4, we see that for ϵ > 0
at G this condition is always fulfilled, thus, the elastic coupling is relevant, and at
WF it is relevant for N < 4 and irrelevant for N > 4.

For finite elastic coupling λ̃ ≠ 0, we first consider the flow of the velocity ratio ϑ.
Physically, its bare value ϑ0 should always be positive. Then for N ≥ 1 the RG
flow of ϑ eq. (5.31) is always negative, only stopping for ϑ = 0. It follows that cl

decreases faster than c under RG.

Interestingly, if we allow for a moment for N to be something else than a positive
integer eq. (5.31) has a fixed point at a finite ϑ if N ≤ 64

81 ≈ 0.79. This is significant
in that the absence of a fixed point where both ϑ and λ remain finite seems to be, in
some sense, incidental. There is no obvious reason why in a theory that has analogs
to the velocities c and cl, but with slightly different combinatorics or differently
formed integrals, there should not be non-trivial fixed points. However, in the case
of the O(N) model only the trivial fixed point exists.

We conclude that a true fixed point at finite elastic coupling can only exist in the
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limit ϑ → 0. Formally, the RG flow equations have two additional solutions with a
finite value for the dimensionless elastic coupling λ̃2. However, only one of them is
positioned at a real value of λ̃, corresponding to the modified Wilson-Fisher fixed
point WF∗, see table 5.2.

Since this new fixed point exist only in the limit ϑ → 0, we can see from eq. (5.32)
that all contributions from elastic coupling to the flow of Zϕ and r vanish. Thus,
WF∗ will have identical critical exponents to its counterpart WF. However, as we
see later, the new fixed point is characterized by a renormalized dynamical exponent
of the phonon.

Table 5.2.: Fixed points of the O(N) model coupled to an isotropic elastic medium,
with values of the dimensionless couplings, the renormalized dynamical
exponent of the phonons zu, and the scaling dimension of the dimension-
less elastic coupling λ̃.

Fixed point ϑ ũ λ̃2 zu
d log λ̃2

dℓ
|λ̃=λ̃∗

G R>0 0 0 1 ϵ

WF (ϵ > 0) R>0
ϵ

N+8 0 1 4−N
N+8ϵ

WF∗(ϵ > 0, N > 4) 0 ϵ
N+8

N−4
N(N+8)ϵ 1 − 4−N

2(N+8)ϵ

The stability of a given fixed point and the direction of the RG flow within the
(ũ, λ̃2) plane around it are determined by the matrix

d

dℓ

 δũ
δλ̃2


ϑ→0

=
 ϵ− 2(N + 8)ũ∗ 0

−2(N + 2)(λ̃∗)2 ϵ+ 2N(λ̃∗)2 − 2(N + 2)ũ∗

 δũ
δλ̃2

 . (5.36)

For ϵ > 0, there are two scenarios for the RG flow corresponding to positive and
negative αq. For N < 4, we have a positive αq,WF, leading to relevant elastic coupling
as expected. The RG flow for this case in the small ϑ limit is shown in fig. 5.1.
There is no stable fixed point, and instead, we get runaway flow in λ̃. We will talk
about the meaning of runaway flow later on.

For N > 4, where αq,WF is negative, the WF fixed point is stable. The additional
fixed point WF∗ is present in the ϑ → 0 limit, which is repulsive along the λ̃2 axis.
The parameter space is split into a region of flow into WF and a region above a
critical ũ-dependent threshold value of λ̃2 where there is runaway flow again, as can
be seen in fig. 5.2. The separatrix between the two regions goes through the WF∗

fixed point.

Lifting the ϑ → 0 restriction, we find that in the three dimensional parameter space
spanned by ϑ, ũ and λ̃2, the separatrix is a sheet the form of which can be found
numerically. It is shown in fig. 5.3.
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WFG

Figure 5.1.: RG flow for ϵ > 0 and 1 ≤ N < 4 in the ϑ ≪ 1 limit. The G and
WF fixed points are unstable with respect to the dimensionless elastic
coupling λ̃2 resulting in runaway flow.

WFG

WF*

Figure 5.2.: RG flow for ϵ > 0 and N > 4 in the ϑ ≪ 1 limit. G is unstable, while
WF is stable. The additional fixed point WF∗ is repulsive with respect
to the dimensionless elastic coupling λ̃2 leading to runaway flow for
sufficiently large elastic coupling, and flow towards WF otherwise.
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Figure 5.3.: Separatrix in (ϑ, ũ, λ̃2) space for ϵ > 0 and N > 4. Since G and WF
are fixed points for every value of ϑ they are represented as lines in the
λ̃ = 0 plane. For initial values with λ̃ lower than the separatrix the flow
is towards WF, above it is towards strong coupling. For initial values
on the separatrix, the flow stays on the separatrix and approaches WF∗.
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Figure 5.4.: RG flow of the dimensionful parameters cl and λ as well as the dimen-
sionless variable λ̃ for ϵ = 0.01 and N = 5 using initial values c0 = 1,
c0,l = 0.1, u0 = 0.5, and (b) λ0 = 0.015 above the separatrix leading to
runaway flow and a vanishing phonon velocity, (c) λ0 = 0.009 below
the separatrix, and the flow is towards the WF fixed point with cl

saturating at a finite value.

To investigate the meaning of the instability that was encountered for ϵ > 0 and
N < 4 already at infinitesimal elastic coupling and in the other cases above some
threshold value, an example of a numerically determined solution is shown in fig. 5.4.
In the RG flow diagrams, the instability manifests as a diverging dimensionless
coupling λ̃. A diverging λ̃ means that in terms of the dimensionful parameters λ,
c, and cl either λ diverges or at least one of the velocities vanishes. Since we have
already established the ϑ → 0 limit, it would be cl that vanishes. It turns out that,
as shown in the scenario of runaway flow, both λ and cl decrease. Since the flow in
cl is driven by the elastic coupling at large enough initial coupling λ0, c2

l decreases
faster than λ2 and vanishes at a finite RG scale. If the initial λ is small enough,
then the elastic coupling vanishes asymptotically, but fast enough such that the
flow of cl tends to a finite value.

An interesting case happens at the boundary between the region of runaway flow and
the basin of attraction of the WF fixed point. If initial values are on or sufficiently
close to the separatrix shown in fig. 5.3, the flow is towards the WF∗ fixed point. The
elastic coupling λ̃2 then tends to a constant value λ̃2

WF∗ . Consequently, according to
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eq. (5.29) while the RG flow is approaching WF∗ the phonon velocity cl vanishes
asymptotically with a power law of b

cl(ℓ) ∼ e−
Nλ̃2

WF∗
2 ℓ = b− 4−N

2(N+8) ϵ . (5.37)

This can be seen as a modification of the phonon dynamical exponent, which is
usually fixed by the dispersion relation ω = clq. The relation between correlation
time and correlation length is then τ ∝ c−1

l (ξ)ξ = ξzu . The dynamical exponent of
the phonon zu = 1 + δz is thus modified by the correction from the scaling of the
sound velocity

δz = 4 −N

2(N + 8)ϵ = αWF . (5.38)

An example of the power law behavior in cl can be seen in fig. 5.5 in the region of
influence of WF∗.

In any case, the renormalization of the dynamical exponent δz is given by the
αq exponent of the corresponding stable fixed point. The connection between the
dynamical and specific heat exponent can be understood in terms of the perturbative
argument brought forth in section 3.1 that the bulk modulus and thus the phonon
velocity receive a correction that is proportional to the specific heat

δc2
l ∝ δK ∝ ∂F

∂ε2 ∝ λ2
〈
ϕ2ϕ2

〉
∝ r−αq . (5.39)

Put in terms of the correction length, the connection is

δcl ∝ ξ− αq
2ν (5.40)

So we should expect the correction to the dynamical exponent to be αq/2ν, which
agrees with our result eq. (5.38) up to first order in ϵ.

RG flow at the upper critical dimension

As we have seen in section 2.4 the corrections to scaling exponents at finite ϵ
translate into logarithmic corrections at the upper critical dimension. Additionally,
the ϵ = 0 sometimes allows for analytic solutions of the RG flow equations, which
can be interpreted more directly than the numerical examples we have seen so far.

The RG flow is still complicated by the flowing velocity ratio ϑ. However, in the
limit of small ϑ, the equations simplify to

dũ

dℓ
≈ −(N + 8)

2π2 ũ2,

dλ̃2

dℓ
≈ −(N + 2)

π2 ũλ̃2 + N

2π2 λ̃
4.

(5.41)
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Figure 5.5.: RG flow in the domain of influence of the different fixed points, nu-
merically calculated with ϵ = 0.01 and N = 5. Initial values of the
parameters are chosen just below the separatrix, with c0 = 1, cl,0 = 0.3,
u0 = 0.1, and λ0 ≈ 0.0163. The flow is shown of (c) cl, (d) u, (e) λ,
and (f) λ̃2 as a function of the RG scale ℓ. The shaded regions indicate
the range of scale where the RG flow is governed by a specific fixed
point with crossovers in between them. Initially, the flow is influenced
by G. There is a range where the flow is dominated by WF∗ leading to
a power-law dependence of the phonon velocity shown in (b) with the
exponent δz = 1

2
N−4
N+8ϵ ≈ 3.846 × 10−4. Eventually, the flow is governed

by the WF.

86



Notably, the RG flow of ũ is now decoupled from the elastic coupling λ̃2. The
solution is equivalent to the one we saw in section 2.4

ũ(ℓ) = ũ0

(N + 8)ũ0ℓ+ 1 , (5.42)

where ũ0 is the bare value, ũ(0) = ũ0. We may redefine the RG scale with a linear
transformation

ℓ̃ = (N + 8)ũ0ℓ+ 1 . (5.43)
Thus, we conclude that ũ ∼ ℓ̃−1 ∼ (log b)−1 is marginally irrelevant.

At ũ0 = 0 one finds for the elastic coupling

λ̃2(ℓ) = λ̃2
0

1 −Nλ̃2
0ℓ
. (5.44)

The above solution diverges at a finite RG scale ℓ∗ = (λ̃2
0N)−1, indicating a vanishing

phonon velocity cl.

For ũ0 ̸= 0 we may still find an analytic solution, by plugging in the solution
eq. (5.42). The resulting first-order equation for λ̃2 is solved by

λ̃2(ℓ) =



N−4
N
ũ0(

N−4
N

ũ0
λ̃2

0
− 1

)
ℓ̃

2(N+2)
N+8 + ℓ̃

for N ̸= 4

3ũ0λ̃
2
0

ℓ̃
(
3ũ0 − λ̃2

0 log ℓ̃
) for N = 4 .

(5.45)

The behavior is quite similar to the finite ϵ case: For N ≤ 4, λ̃2 is marginally relevant
and diverges at a finite ℓ. For N > 4, the divergent behavior is only observed for
sufficiently strong initial elastic coupling, where the criterion can be read off the
above solution

λ̃2
0 >

N − 4
N

ũ0 . (5.46)

The separatrix seen earlier in the ϵ > 0 and N > 4 case thus survives the ϵ → 0
limit as shown in fig. 5.6. Note that at finite ϑ the separatrix will be modified,
analogous to the finite ϵ case.

The renormalization of the dynamical exponent also becomes a logarithmic correction
at the upper critical dimension. If the initial couplings are on the separatrix, then
cl vanishes logarithmically

cl ∼ (log b)− N−4
2(N+8) ∼

(
log ξ

ξ0

)− N−4
2(N+8)

, (5.47)
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G

Figure 5.6.: RG flow at the upper critical dimension ϵ = 0 for ϑ ≪ 1 and N > 4.
There exists a separatrix below which the flow is towards the Gaussian
fixed point. Above the separatrix the flow is towards strong coupling.

see fig. 5.7. Thus, there is a logarithmic correction to the dynamical exponent, with
the correlation time depending on the correlation length like τ ∼ ξz(log ξ/ξ0)−ẑ,
where ẑ = N−4

2(N+8) .

5.3. Microscopic and macroscopic instability of the
crystal lattice

So far, we have discussed the RG flow of the parameters that govern the microscopic
fluctuations of both order parameter field ϕ and the displacement field u. However,
we still need to connect this to the macroscopic, observable, critical behavior of the
system.

From the previous section, we know that, depending on the flavor number N and
the initial values of the parameters, the flow can be either towards strong coupling
λ̃2 → ∞, towards weak coupling λ̃2 → 0 or, as an edge case, if the coupling is
exactly on the separatrix that exists for N > 4, towards a finite fixed point value of
λ̃2.

In any case, the renormalization of the elastic constants, and therefore the fate of
the crystal lattice, is determined by the equation

dc2
l

dℓ
= −Nλ̃2c2

l . (5.48)

As we have observed before, the right-hand side of this equation is always negative,
and the flow is always to smaller values.
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Figure 5.7.: RG flow at the upper critical dimension ϵ = 0 for N = 5. with the
starting values c0 = 1, cl,0 = 0.1, u0 = 0.1, and varying elastic couplings
(c) λ0 = 0.006, (d) λ0 ≈ 0.0045, and (e) λ0 = 0.003 located above,
on, and below the separatrix, respectively. Shown are the flow in cl,
λ, and λ̃2 in each case. Above the separatrix (c) the phonon velocity
vanishes at a finite RG scale. On the separatrix (d) the phonon velocity
cl ∼ ℓ−ẑ vanishes logarithmically with exponent ẑ = N−4

2(N+8) = 0.03846..,
as illustrated in panel (b). Below the separatrix (e) cl tends to a finite
value.

89



If λ̃2 diverges, the flow accelerates until cl vanishes at a finite RG scale. Note
that a diverging dimensionless coupling λ̃ this does not necessarily imply that the
dimensionful elastic coupling λ becomes large, but rather that the longitudinal
phonon velocity cl becomes small. In other words, in an absolute sense, the
interaction between lattice degrees of freedom does not become stronger, but the
lattice becomes softer and therefore responds more strongly to the forces exerted on
it.

With the phonon velocity cl vanishing, the bulk crystal becomes unstable against
longitudinal fluctuations, which results in a phase transition of the lattice. Since we
are assuming an isotropic medium and therefore the phonon velocity vanishes in
all directions simultaneously this transition would be isostructural, meaning that
on both sides of the transition the crystal symmetry is the same. Isostructural
transitions are generically first-order and are associated with a jump in the lattice
constant, except for special points that require fine-tuning. The nature of such
transitions was discussed in detail by Cowley (1976).

However, we may ask if this microscopic instability is ever reached. At finite phonon
velocity, the system is microscopically stable. Microscopic stability is, however, not
the same as macroscopic stability. Even though in a truly infinite system all modes
are stable at finite phonon velocity, in reality, crystals are finite and have collective
modes at a scale of the crystal size that are not captured by the usual phonon
picture. The exact nature of these modes depends on the geometry and boundary
conditions.

In the case of free boundary conditions, where the surface elements are allowed to
adjust to applied forces, one generally finds that some of the macroscopic modes
become unstable when one of the moduli vanishes. Therefore, the macroscopic
stability of the crystal is not determined by the phonon velocities, but by the elastic
moduli, in the isotropic case only K and µ. They are connected to the microscopic
velocities via eq. (1.49). Since the transversal phonons do not couple to the order
parameter field, the transversal phonon velocity is not renormalized, nor is the shear
modulus. Solving for K yields

K(ℓ) = ρ
(
c2

l (ℓ) − 4
3c

2
t

)
. (5.49)

Thus K vanishes once cl reaches a threshold value given by c2
l,cr = 4µ/3ρ. This

would, analogous to the microscopic instability, trigger a first-order isostructural
transition.

On the other extreme, we may apply pinned boundary conditions, holding every
surface element at a fixed position, such as suggested by Bergman & Halperin (1976)
for the classical equivalent. The pinned boundary stabilizes the crystal against
the macroscopic instability. In this case, we expect the critical behavior to be
determined by the microscopic degrees of freedom.
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One may ask if pinning every single point on the surface is truly necessary to avoid
the K = 0 instability, since this is experimentally unfeasible and thus is more a
thought experiment than an actual one. The answer to this question is mostly
unanswered and will depend on geometry. For simple geometries like a cube, one
can show that fixing two faces is enough to avoid unstable modes, even at vanishing
bulk modulus.

Since in any scenario, the sound velocity is lowered close to the transition, the
discussion of the macroscopic instability also applies there. If the flow is towards
weak coupling λ̃2 → 0. The phonon velocity is still renormalized but tends to a
finite value. There is no microscopic instability since all phonon velocities remain
finite. However, if the phonon velocity is lowered below the threshold value, the
macroscopic instability may still be reached.

In the special case of flow on the separatrix towards the finite λ̃2 fixed point WF∗,
which is possible for N > 4, the value that cl tends asymptotically to 0. This case is
similar to the classical theory (section 3.3) in the N < 4 case, At any finite RG scale,
the value bulk system remains microscopically stable, but the system is guaranteed
to encounter the macroscopic instability if boundary conditions allow it. However,
contrary to the classical phase transition, where one finds Fisher-renormalized
exponents, for the quantum transition, the exponents are Wilson-Fisher-type except
for the dynamical exponent for the phonon zu, which is renormalized as the phonon
velocity vanishes as a power law

cl ∼ ξ−δz , (5.50)

where zu = 1 + δz.

The case ϵ = 0 is quite similar, except that here the corrections are logarithmic.
For N < 4, the flow is towards strong coupling with logarithmically diverging λ̃2.
The microscopic instability is still present but at an exponentially large RG scale.
For N > 4, it again depends on the initial values of the parameters. Flow is only
towards strong coupling for sufficiently large values of λ̃2. For initial couplings on
the separatrix in fig. 5.6 the λ̃2 logarithmically vanishes according to

λ̃2(ℓ) ≈ 2π2(N − 4)
N(N + 8)

1
ℓ
. (5.51)

and so does the phonon velocity

cl ∼
(

log ξ

ξ0

)− N−4
2(N+8)

(5.52)

as a function of ξ = ξ0e
ℓ, resulting in a logarithmic correction to the phonon

dynamical exponent. If the initial elastic coupling is small, then λ̃2 vanishes fast
enough such that c2

l tends towards a finite value. The argument of the macroscopic
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instability still applies in all cases where cl is renormalized below the threshold
value.

In conclusion, we find the critical behavior near the quantum critical point to be
quite different from the classical transition. In contrast to the finite temperature
transition, the zero temperature transition does not show Fisher-renormalization
but instead is microscopically unstable for αq > 0. In the inverse case αq < 0, we
find that for small coupling, Wilson-Fisher physics is restored, analogous to the
classical case, while for not too small coupling we predict a microscopic instability,
or with coupling at the threshold between the two cases, a renormalized dynamical
exponent.
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6. Ferroelectric quantum criticality in
an elastic medium

Ferroelectric transitions are of fundamental interest when it comes to questions of
lattice effects on phase transitions because it is itself a kind of structural transition
in the class of ferrodistortive transitions. The ferroelectric order is essentially a
frozen optical phonon, which induces a net polarization. Of course the condensing
optical phonon branches couple to the acoustic phonons in ways dictated by the
lattice symmetry. The form of this coupling can be derived by continuing the
expansion in eq. (1.4) to the quartic level, keeping only terms that are relevant
in the RG sense. The anharmonic coupling at the cubic level then represents the
acoustic-optical phonon interaction and at the quartic level a self-interaction of the
optical phonon.

In ferroelectrics that are also piezoelectric, the leading coupling is linear, and as
a result, the transition is dominated by critical elasticity (Levanyuk & Sobyanin,
1970; Villain, 1970). If on the other hand, piezoelectricity is forbidden by symmetry
the leading coupling is quadratic. An interesting set of materials where quadratic
coupling dominates is the quantum paraelectrics, such as SrTiO3 and KTa03 (Rowley
et al., 2014), where ferroelectric order is suppressed by quantum fluctuations at low
temperatures, but may be driven across a ferroelectric quantum critical point using
pressure (Coak et al., 2020). They show an interesting temperature dependence
that shows signatures of coupling to acoustic phonon in the low-temperature regime
(Coak et al., 2020; Khmel’nitskii & Shneerson, 1971; Rowley et al., 2014).

An important ingredient for describing ferroelectric criticality is the inclusion of
long-range dipolar interaction. It turns out that this significantly changes the critical
behavior of the quantum O(N) model. Khmel’nitskii & Shneerson (1973) first did
this calculation for an O(3) model with dipolar interaction in 3 + 1 dimensions.
They show that dipolar interaction changes the universality class of the transition
from Wilson-Fisher (WF) to what we will refer to as Khmel’nitskii-Shneerson (KS)
universality class. They also show that with the inclusion of dipolar interaction,
cubic anisotropy becomes relevant, indicating an instability, where the effective
quartic self-interaction vanishes, leading to a first-order transition.

Besides dipolar interaction, there is an important difference to the generic O(N)
model analyzed in section 5.2 in that the order parameter, representing an optical
phonon is now a real space vector and is therefore bound to transform the same as

93



the displacement field u under rotations. This allows for an isotropic coupling to
shear strain, which leads to a renormalization of the transversal acoustic phonon
velocity, not just the longitudinal one. This has important consequences for the
critical behavior, since not only the bulk modulus is renormalized, but the shear
modulus as well. In both the classical and quantum phase transition, we encounter a
new type of instability, where the RG flow is towards a vanishing shear modulus.

In this chapter, section 6.1 covers the work by Khmel’nitskii & Shneerson (1973)
on the criticality with dipolar interaction. After that, we move on to our own
calculations. The RG flow of the isotropic ferroelectric with quadratic lattice
coupling is derived in section 6.2, which combines KS physics with the insights we
gained in chapter 5. We then take the classical limit and analyze the resulting RG
equations in section 6.3. Finally, the instabilities found in the RG equations of
the quantum transition are analyzed in section 6.4. The contents of section 6.2,
section 6.3 and section 6.4 are original to this thesis, they have not been published
yet.

6.1. Quantum criticality in the presence of dipolar
interaction

If the order parameter field ϕ represents a degree of freedom that is associated
with a dipole moment, such is the case in ferroelectrics or ferromagnets, there is
a long-range dipole-dipole interaction between ϕ at different points. This gives a
contribution to the action that is in the isotropic case of the form

Sdipolar = s
∫

q

(q · ϕ)2

q2 . (6.1)

The above expression contains the scalar product between the reciprocal space
vector q and the order parameter ϕ, which is of course only meaningful if the flavor
number is equal to the dimension N = d.

As a first step, we want to know what the effect of this term is in isolation, postponing
the discussion of elastic coupling to section 6.2. We will also discuss how it changes
the effect of cubic anisotropy. To not repeat ourselves too much we will include
cubic anisotropy from the start, see section 2.5, obtaining the action

S =
∫

q,ω

1
2ϕT

q

(
ω2 + c2q2 + r + sq̂q̂T

)
ϕ−q

+
∫

q,ω

∫
q′,ω′

∫
q′′,ω′′

Vijklϕi,qϕj,q′ϕk,q′′ϕl,−q−q′−q′′ ,
(6.2)
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where q̂i = qi/q is the unit vector in q direction and the quadratic interaction is
given by the tensor

Vijkl = uδijδkl + vgijkl . (6.3)
At the Gaussian level, the dipolar term splits the d modes of ϕ into d−1 transversal
modes (q · ϕ = 0) and one longitudinal mode (q · ϕ ̸= 0). The longitudinal
mode is the only one that sees the dipolar interaction in the form of a shifted gap
rl = r + s, while the transversal modes remain unchanged rt = r. In general, the
bare propagator is given by (Roussev & Millis, 2003)

G
(0)
ij (q, ω) = 1

ω2 + c2q2 + r

(
δij − q̂iq̂j

s

ω2 + c2q2 + r + s

)
(6.4)

However, as the system approaches criticality the contribution of ω, q, and r will
become negligible compared to the strength of dipolar interaction s. Assuming s is
positive the longitudinal mode will be stabilized by dipolar interaction, so only the
transversal modes become critical as r vanishes. Therefore we consider the Green’s
function only for the transversal modes

G
(0)
ij (q, ω) ≈ δij − q̂iq̂j

ω2 + c2q2 + r
. (6.5)

We can now essentially repeat the RG analysis we made in section 2.5 with this
modified propagator. We will need the following identities to solve the angle-
dependent integrals ∫

q̂
q̂iq̂j = Sd

d
δij∫

q̂
q̂iq̂j q̂kq̂l = Sd

d(d+ 2)(δijδkl + δikδjl + δilδjk) .
(6.6)

Using these relations we calculate the one-loop self-energy correction. The rest of
the calculation is simply about contracting the interaction tensors and projectors
carefully. We obtain

= +

Σ(1L)
ij = 2(2Vijkl + 4Viklj)

∫
q
Gkl

= 4I1

∫
q̂

[
(uδijδkl + vgijkl)(δkl − q̂kq̂l) + 2(uδikδjl + vgiklj)(δkl − q̂kq̂l)

]
= 4I1

[
uδij(d− 1) + vδij − 1

d
vgijklδkl

+ 2
(
uδij + vδij − 1

d
uδij − 1

d
vgikljδkl

) ]

(6.7)
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= 4I1

[(
d+ 1 − 2

d

)
u+

(
3 − 3

d

)
v
]
δij , (6.8)

where the integral In is known from eq. (2.52). Similarly, we proceed with the vertex
correction, which can be written as

j

i

l

k

=
i′

k′

j′

l′j

i

l

k

+ i′

k′

l′

j′

j

i

l

k

+

k′

i′

l′

j′
i k

j l

Γ(1L)
ijkl =

[
22Viji′k′Vj′l′kl + 24Viji′k′Vj′kl′l + 24Vii′jk′Vj′kl′l

] ∫
q
Gi′j′Gk′l′

(6.9)
The calculation is somewhat involved, but conceptually completely analogous to
the previous calculation of the self-energy correction. We skip the algebra and give
the result for the overall vertex correction

Γ(1L)
ijkl = 4

(d+ 2 − 8
d

+ 12
d(d+ 2) + d

d+ 2 + 6
d+ 2

)
u2

+ 6
(

1 − 2
d

+ 1
d+ 2 + 4

d(d+ 2)

)
uv + 9

d(d+ 2)v
2

δijδkl

+ 16
(

1 − 2
d

+ 1
d(d+ 2)

)
u2δikδjl + 16

d(d+ 2)u
2δilδjk

+
36

(
1 − 2

d
+ 2
d(d+ 2)

)
v2 + 48

(
1 − 2

d
+ 2
d(d+ 2)

)
uv

gijkl .

(6.10)

We have left the dimension d arbitrary as a way of bookkeeping, but since the
expressions get unwieldy at a certain point we continue with d = 3.

Since the corrections only differ from the ones in section 2.5 by constant factors,
the derivation of the RG equations is also analogous. In terms of the dimensionless
couplings

ũ = u

2π2c3 , ṽ = v

2π2c3 , (6.11)

we obtain the RG equations

dr

dl
= 2r − 10

3 ũr − 2ṽr
dũ

dl
= ϵũ− 34

5 ũ2 − 24
5 ũṽ − 3

5 ṽ
2

dṽ

dl
= ϵṽ − 21

5 ṽ
2 − 28

5 ũṽ

(6.12)

These equations are in agreement with the ones obtained by Khmel’nitskii &
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Shneerson (1973) (equation (7)), up to a redefinition of the couplings.

Comparing these equations to eq. (2.80), we should note that, besides the change in
numeric factors, there is an additional ṽ2 term in dũ/dℓ. As we will see later this
will have drastic consequences for the stability of the system.

Isotropic case v = 0

We first look at the case of vanishing anisotropy v = 0, to find out what the effect
of the dipolar interaction is in isolation. The RG equations reduce to

dr

dl
= 2r − 10

3 rũ
dũ

dl
= ϵũ− 34

5 ũ
2 .

(6.13)

These equations have two fixed points, the Gaussian (G) and a second one that we
will call the Khmel’nitskii-Shneerson (KS) fixed point ũ∗ = 5ϵ

34 , analogous to the
Wilson-Fisher (WF) fixed point we found for the O(N) model. The KS fixed point
is stable with respect to ũ and has the correlation length exponent

νKS =
(
d log r
d log b

)−1

ũ=ũ∗
KS

= 2 + 25
51ϵ (6.14)

and consequently the specific heat exponent

αKS = 2 − (d+ z)νKS = 1
102ϵ+ O(ϵ2) (6.15)

Note that these exponents are different from the Wilson-Fisher universality class,
where we would expect for the corresponding case of N = 3 a correlation length
exponent of νWF = 2 + 5

11ϵ and a specific heat exponent αWF = 1
22ϵ. In both classes

α is positive for ϵ > 0.

At the upper critical dimension ϵ = 0, we have logarithmic corrections. The RG
flow equation for r can then be solved exactly and we obtain

r ∝ b2(log b)− 25
51 (6.16)

We can extract the log correction to the correlation length in a similar fashion as in
section 2.4, by taking the log on both sides ignoring log log terms and solving for b
evaluated at the correlation length. The result is

ξ ∝ r− 1
2 (log r) 25

51 , (6.17)
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KSG

Figure 6.1.: RG flow in the presence of cubic anisotropy and dipolar interaction in
d = 3 spatial dimensions.

such that ν̂ = 25/51. This matches the result obtained by Khmel’nitskii & Shneerson
(1973) for the logarithmic scaling in 3 + 1 dimensions. We can contrast this with
the prediction of the O(3) model in the absence of dipolar interaction, which, as
was shown in section 2.4, has ν̂ = 5/22.

Relevance of cubic anisotropy in the presence of dipolar
interaction

Including the cubic anisotropy, does not generate any additional fixed points. This
is in strong contrast to the case described in section 2.5, where an Ising and a Cubic
fixed point appeared in the absence of dipolar interaction. The situation is quite
different here. We check the stability of the two existing fixed points G and KS.
Expanding around the KS fixed point we obtain the linearized RG equations

d

dℓ

δũ
δṽ

 =
−ϵ −12

17ϵ

0 3
17ϵ

δũ
δṽ

 , (6.18)

where the eigenvalues can be read off the diagonal. The positive eigenvalue indicates
that the system is unstable with respect to the cubic anisotropy ṽ. In other words,
if the system starts with a non-vanishing cubic anisotropy, it will always eventually
end up with runaway flow, with ṽ diverging to −∞. The G fixed point is unstable
in both ũ and ṽ direction, each with eigenvalue ϵ. The RG flow in the ũ-ṽ-plane is
shown in fig. 6.1.
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Without dipolar interaction, we saw that above a certain flavor number (Nc = 4
at one-loop order), the cubic fixed point becomes stable. It turns out that, if we
add dipolar interaction, there is also a critical flavor number above which the RG
flow is qualitatively different. However, the flavor number is now tied to the spatial
dimension. At one-loop order, in d = 8 dimensions and above an equivalent of the
Cubic fixed point appears. Of course, this puts d+ z far above the upper critical
dimension, and the Gaussian fixed point is stable.

It stands to reason that the critical flavor number will be modified, if one includes
higher-order corrections into the RG procedure. However, in the limit of small ϵ the
above results should be recovered. We therefore conclude that in 3 + 1 dimensions
(ϵ → 0) the cubic anisotropy diverges logarithmically in the presence of dipolar
interactions.

6.2. RG flow equations of an isotropic elastic
ferroelectric

We now seek to describe a ferroelectric transition coupled to an elastic medium.
As usual, we use the minimal, most symmetric model that captures most of the
physics. In this case, the minimal model is an isotropic elastic medium coupled to
a Lorentz invariant ϕ4 theory. It couples to the strain tensor ε, representing the
acoustic branch, with a generic quadratic term.

S =
∫
d3rdτ

1
2ϕTG(0)−1

ϕ + u(ϕ2)2

+ λ1 tr{ε}ϕ2 + 2λ2ϕ
T εϕ

+ ρ

2
(
(∂τ u)2 + c2

l tr{ε}2 + 2c2
t tr{ε̃ε̃}

) 
(6.19)

where cl and ct are the longitudinal and transversal sound velocity (see eq. (1.49)).

As described in the previous section we consider the limit of strong dipolar interaction,
leading to a transversal projector in the bare propagator of the critical modes

G
(0)
ij (q, ω) = δij − q̂iq̂j

ω2 + c2q2 + r
. (6.20)

For the acoustic phonons on the other hand we have both longitudinal and transversal
mode

ρF
(0)
ij (q, ω) = q̂iq̂j

ω2 + c2
l q

2 + δij − q̂iq̂j

ω2 + c2
t q2 . (6.21)
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In the previous chapter, we had ignored the second term, but now because of the
additional coupling term λ2 that couples shear strain to the order parameter we
must include it and we expect a non-trivial RG flow for ct. For convenience, we
define a rank 4 tensor for the coupling

λijkl = λ1δijδkl + λ2(δikδjl + δilδjk) (6.22)

analogous to the isotropic stiffness tensor eq. (1.31). The interaction can then be
written as

λ1 tr{ε}ϕ2 + 2λ2ϕ
T εϕ = λijklεijϕkϕl . (6.23)

An important observation, that will become relevant later when we analyze the
renormalization of the phonon velocities, is that the λ2 term is not purely determined
by shear strain, but instead a mixture of normal strain and shear strain. We can see
this by rewriting the coupling in terms of the traceless strain tensor ε̃ = ε− 1

d
tr{ε}1

λ1 tr{ε}ϕ2 + 2λ2ϕ
T εϕ =

(
λ1 + 2

d
λ2

)
tr{ε}ϕ2 + 2λ2ϕ

T ε̃ϕ

≡ λl tr{ε}ϕ2 + 2λtϕ
T ε̃ϕ .

(6.24)

So λl = λ1 + 2λ2/d is the “longitudinal coupling” and λt = λ2 is the transversal
coupling.

Calculation of the corrections

The complete self-energy correction to one-loop order for the critical field amounts
to

= +

Σ(1L)
ll′ (q, ω) = 2u0

∫
q′,ω′

(
2δll′G

(0)
kk + 4G(0)

ll′

)
− 4
ρ
λ0,ijklλ0,i′j′k′l′

∫
q′,ω′

G
(0)
kk′(q′ − q, ω′ − ω)q′

iD
(0)
jj′ (q′, ω)q′

i′ .

(6.25)

The first of the two corrections was already calculated in section 6.1

2u0

∫
q,ω

(
2δijG

(0)
kk + 4G(0)

ij

)
= − 1

2π2c3
0

(
d+ 1 − 2

d

)
u0r0 log Λ (6.26)

The second correction to the self-energy is more involved, since it depends on an
external momentum and therefore contains projectors of the form

G
(0)
ij (q′ − q, ω′ − ω) ∝

(
δij − (q′ − q)i(q′ − q)j

(q′ − q)2

)
. (6.27)
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Together with the momentum dependence of the phonon propagator it follows
that the integrand has a complicated external momentum dependence. To keep
the discussion here at least somewhat compact, the full calculation is done in
chapter A, while here we simply give the result for the corrections to the wave
function renormalization, the tuning parameter and the velocity of the critical
mode

Z−1
ϕ = Z−1

ϕ,0

(
1 + 2

3π2ρ

[
3d− 5

2(d− 1)
λ2

1
ccl(c+ cl)3 + λ2

2
cct(c+ ct)3

]
0

log Λ
)

r = r0 − 1
48π2c3

0

(
d+ 1 − 2

d

)
u0r0 log Λ

+ 1
3π2ρ

[
3d− 5

2(d− 1)
2c+ cl

c3cl(c+ cl)2λ
2
1 + 2c+ ct

c3ct(c+ ct)2λ
2
2

]
0
r0 log Λ

c2 = c2
0 + 1

15π2ρ(d− 1)

[
(5d− 9)c− 2cl

cl(c+ cl)3 λ2
1

+ 8
ccl(c+ cl)2 ((c+ 2cl)λ1 + 4(c+ cl)λ2)λ2

+ 2(4d− 18)c2 + (7d− 33)cct + (4d− 16)c2
t

cct(c+ ct)3 λ2
2

]
0

log Λ ,

(6.28)

where for conciseness of notation we just put the index 0 behind the brackets to
mean that all parameters enclosed are bare parameters.

On the other hand, the acoustic phonon self-energy correction is given by

=

Π(1L)
ii′ = 2qjqj′λ0,ijklλ0,i′j′k′l′

∫
q′,ω′

G
(0)
kk′G

(0)
ll′ ,

(6.29)

where we express the propagator in terms of the elastic tensor C, which in an
isotropic solid is of the form eq. (1.31). Using the relations eq. (6.6) we obtain the
corrections to the phonon velocities, this amounts to

ρc2
l = ρc2

l,0 − 1
4π2c3

0

(
(d− 1)λ2

0,1 + 4 d− 1
d

λ0,1λ0,2 + 4
d(d+ 2)λ

2
0,2

)
log Λ

ρc2
t = ρc2

t,0 − 1
4π2c3

0

d2 − 2
d(d+ 2)λ

2
0,2 log Λ

(6.30)

while ρ = ρ0 is not renormalized (there is no non-trivial Z factor as there was for
ϕ).

A similar procedure is used for the corrections on u, λ1 and λ2. Here we have to be
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careful with the different contractions again, for example

j

i

l

k

=
i′

k′

j′

l′j

i

l

k

+ i′

k′

l′

j′

j

i

l

k

+
k′

i′

l′

j′
i k

j l

= 1
2u

2
0

(
23δijδkl

∫
q,ω
G(0)

mnG
(0)
mn + 25δij

∫
q,ω
G

(0)
kmG

(0)
ml + 25

∫
q,ω
G

(0)
ij G

(0)
kl

) (6.31)

and

j

i

l

k

= i′

j′

l′

k′

j

i

l

k

+
j′

i′

l′

k′
i k

j l

= u0

2ρλkk′mm′λll′nn′

∫
q,ω

(
24δijG

(0)
i′k′G

(0)
i′l′ + 25G

(0)
ik′G

(0)
jl′

)
qmD

0
m′nqn′

(6.32)

So in total for the dressed u-vertex we get

= + +

u− u0 = −4
(
d+ 7 − 12

d
+ 12
d(d+ 2)

)
u2

0I20

+ 8
ρ

[
3d2 + d− 4
d(d+ 2) λ2

1I21(cl) + d2 + 3d− 4
d(d+ 2) λ2

2I21(ct)
]

0
u0

− 4
ρ2

d− 1
d(d+ 2)

[
(d+ 1)λ4

1I22(cl, cl) + 2λ2
1λ

2
2I22(cl, ct) + 3λ4

2I22(ct, ct)
]

0
(6.33)

We also defined

Imn({ci}) =
∫

q,ω

(
1

ω2 + c2q2 + r

)m n∏
i

(
q2

ω2 + c2
i q

2

)
(6.34)

where ci can be cl or ct. Now for the corrections to the λ-vertex we need

ij
l

k
= ij

l

k
+ ij

l

k

= 2
2!uλiji′j′

∫
q,ω

(
4δklG

(0)
i′k′G

(0)
j′k′ + 8G(0)

i′kG
(0)
j′l

)
.

(6.35)
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The dressed vertex is then given by

= + +

(λ1 − λ0,1)δijδkl + (λ2 − λ0,2)(δikδjl + δilδjk)

= − u0λiji′j′

∫
q,ω

(
4δklG

(0)
i′k′G

(0)
j′k′ + 8G(0)

i′kG
(0)
j′l

)
+ 4
ρ
λiji′j′λkk′mm′λll′nn′

∫
q,ω
G

(0)
i′k′G

(0)
j′l′qmD

0
m′nqn′

(6.36)

from which we obtain

λ1 − λ0,1 = − 4
[
d2 + d− 2

d
λ0,1 + 2d− 1

d+ 2λ0,2

]
u0I20

+ 4
ρ

[
d− 1
d

λ3
1I21(cl) + 2

d(d+ 2)λ
2
1λ2I21(cl)

+ d− 1
d

λ1λ
2
2I21(ct) + 2 d+ 1

d(d+ 2)λ
3
2I21(ct)

]
0

(6.37)

λ2 − λ0,2 = − 8 d2 − 2
d(d+ 2)λ0,2u0I20

+ 4
ρ

[
d2 − 2
d(d+ 2)λ

2
1λ2I21(cl) − 2

d(d+ 2)λ
3
2I21(ct)

]
0

(6.38)

To arrive at the RG equations we need to evaluate the integrals appearing in the
above expressions. Most of them can be obtained from previous integrals as a
derivative with respect to some parameter like

I21(ci) = − ∂

∂r
I11(0, 0; ci) = 1

8π2
2c+ ci

c3ci(c+ ci)2 log Λ (6.39)

and
I22(ci, ci) = − 1

2ci

∂

∂ci

I21(ci) = 1
8π2

c2 + 3cci + c2
i

c3c3
i (c+ ci)3 log Λ . (6.40)

The integral I22(cl, ct) can not be derived in this way. However, extracting the loga-
rithmic divergence is still possible by expanding in r (only 0th order contributes)

I22(cl, ct) =
∫

q,ω

q4

(ω2 + c2q2)2(ω2 + c2
l q

2)(ω2 + c2
t q2) + O(r)

= 1
8π2

2c3 + (2c+ cl)(2c+ ct)(cl + ct)
c3clct(c+ cl)2(c+ ct)2(cl + ct)

log Λ
(6.41)

Note that in the case cl = ct this is the same as I22(ci, ci).
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RG flow equations

In analogy with previous chapters we perform the rescaling transformation k = k′/b,
ω = ω′/b, which acts on the field with

ϕ(q, ω) =
√
Zϕb

d+3z
2 ϕ′(q′, ω′) ,

u(q, ω) =
√
Zub

d+3z
2 u′(q′, ω′) .

(6.42)

The parameters are the rescaled

c2 = c′2/(Zϕb
2z−2), u = u′/(Z2

ϕb
3z−d),

c2
l = c′2

l /(Zub
2z−2), λ1 = λ′

1/(
√
ZuZϕb

5z−d−2
2 ),

c2
t = c′2

t /(Zub
2z−2), λ2 = λ′

2/(
√
ZuZϕb

5z−d−2
2 ),

r = r′/(Zϕb
−2z).

(6.43)

With z = 1 and d = 3 − ϵ we arrive at

d logZϕ

dℓ
= − 2

3π2ρ

[
λ2

1
ccl(c+ cl)3 + λ2

2
cct(c+ ct)3

]
d log r
dℓ

= 2 − 5
3π2c3u+ 1

3π2ρc3

[
3c+ cl

(c+ cl)3λ
2
1 + 3c+ ct

(c+ ct)3λ
2
2

]
dc2

dℓ
= − 1

15π2ρ

[
13c− cl

cl(c+ cl)3λ
2
1 + 4

ccl(c+ cl)2

(
(c+ 2cl)λ1 + 4(c+ cl)λ2

)
λ2

+ 4(c2 − 3cct − c2
t )

cct(c+ ct)3 λ2
2

]
(6.44)

as well as the elastic constants

dc2
l

dℓ
= − 1

2π2ρc3

(
λ2

1 + 4
3λ1λ2 + 16

15λ
2
2

)
dc2

t

dℓ
= − 7

30π2ρc3λ
2
2

(6.45)

where notably the flow of ct only depends on the shear coupling λ2. The cross term
the first of the two equations is a result of the compressive contribution to λ2 and
can be removed by switching to the longitudinal and transversal couplings, λl and
λt. The couplings

dλ1

dℓ
= ϵ

2λ1 − 1
π2c3

(
5
3λ1 + 2

5λ2

)
u+ 1

3π2ρc3

(
3c+ cl

(c+ cl)3λ
2
1 + 3c+ ct

(c+ ct)3λ
2
2

)
λ1

+ 1
15π2ρc3

(
2c+ cl

cl(c+ cl)2λ
2
1 + 2 2c+ ct

ct(c+ ct)2λ
2
2

)
λ2

(6.46)

104



dλ2

dℓ
= ϵ

2λ2 − 7
15π2c3λ2u

+ 1
30π2ρc3

(
7c2

l + 21ccl − 6c2

cl(c+ cl)3 λ2
1 − 2 c

2
t + 3cct + 12c2

ct(c+ ct)3 λ2
2

)
λ2

(6.47)

and

du

dℓ
= ϵu− 17

5π2c3u
2

+ 2
15π2ρc3

(
21c2 + 39ccl + 13c2

l

cl(c+ cl)3 λ2
1 + 27c2 + 48cct + 16c2

t

ct(c+ ct)3 λ2
2

)
u

− 1
15π2ρc3

(
4c

2 + 3ccl + c2
l

c3
l (c+ cl)3 λ4

1 + 3 c
2 + 3cct + c2

t

c3
t (c+ ct)3 λ4

2

+ 2 2c3 + (cl + 2c)(ct + 2c)(cl + ct)
clct(cl + c)2(ct + c)2(cl + ct)

λ2
1λ

2
2

)
(6.48)

It becomes immediately obvious that the RG equations have expanded considerably
in complexity compared to the ones of the generic model eq. (5.29). The RG flow is
fully described by a system of six coupled equations for the parameters c, cl, ct, λ1,
λ2 and u. We can reduce this to a system of five coupled equations, by switching
to dimensionless variables. However, there is now no unique “natural” choice of
dimensionless variables. For example, it is unclear which ratios between the three
velocity parameters we should choose to describe the system.

We choose here a parametrization that is close to the one we had in the generic
model, given by

ϑ = cl

c
, λ̃2

l =
(λ1 + 2

3λ2)2

4π2ρc2
l c

3 , ũ = 1
2π2

u

c3 ,

ζ = ct

cl

, λ̃2
t = λ2

2
4π2ρc2

t c3 .

(6.49)

Stability conditions

To identify and characteristic possible instabilities it helps to write down the stability
requirements. The lattice is microscopically stable as long as

c2
l > 0 and c2

t > 0 . (6.50)

If one of the phonon velocities vanishes the system becomes microscopically unstable
with respect to local distortions given by the corresponding phonon. For the
dimensionless parameters, this implies that both ϑ and ζ have to be positive in a
stable solid.

On the other hand, for macroscopic stability, it must hold that the elastic moduli
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are positive
K = ρ

(
c2

l − 4
3c

2
t

)
> 0 and µ = ρc2

t > 0 . (6.51)

If open boundary conditions are applied, corresponding to constant pressure, and
the bulk modulus K vanishes the system becomes unstable with respect to volume
changes. For the dimensionless parameter ζ the global stability condition reads

K > 0 ⇐⇒ c2
l >

4
3c

2
t ⇐⇒ ζ <

√
3

2 . (6.52)

If however the shear modulus µ vanishes the system is unstable with respect to
changes in shape, causing a solid-liquid transition, i.e. melting. If µ vanishes, so does
ct and so does ζ. Thus stability requires that at constant pressure/open boundary ζ
only lives on the interval (0,

√
3/2), while at constant volume ζ lives on the positive

real axis.

The RG flow equations for the bulk modulus K = ρ(c2
l − 4

3c
2
t ) and shear modulus

µ = ρc2
t are

dK

dℓ
= − 1

2π2c3λ
2
l ,

dµ

dℓ
= − 7

30π2c3λ
2
t ,

(6.53)

where λl = λ1 + 2
3λ2 is the longitudinal coupling and λt = λ2 is the transversal

coupling.

RG flow equations in the absence of shear coupling λ2 = 0

In the absence of shear coupling, the interaction is only with the longitudinal phonon
mode. As a result, the transversal phonon velocity remains constant. We then have
to deal only with three non-trivial RG equations in dimensionless variables, which
are

dϑ

dℓ
= −15ϑ+ 19ϑ2 + 47ϑ3 + 15ϑ4

15(1 + ϑ)3 λ̃2
l

dλ̃2
l

dℓ
= ϵλ̃2

l − 20
3 ũλ̃

2
l + 30 + 168ϑ+ 204ϑ2 + 70ϑ3

15(1 + ϑ)3 λ̃4
l

dũ

dℓ
= ϵũ− 34

5 ũ
2 + 246ϑ+ 306ϑ2 + 102ϑ3

15(1 + ϑ)3 ũλ̃2
l − 32ϑ+ 96ϑ2 + 32ϑ3

15(1 + ϑ)3 λ̃4
l .

(6.54)

Except for the numeric factors these equations are quite similar to the system we
encountered in the generic model eq. (5.31), for N < 4. The same logic that applied
then also applies here: ϑ is lowered by the elastic coupling and for small ϑ the
remaining equations imply runaway flow in λ̃2

l . The only stable trajectories start
with λ̃l = 0 where we recover Khmelnitskii-Shneerson physics.
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If we take the limit ϑ → ∞, neglecting effectively the quantum nature of the elastic
degree of freedom, we obtain an RG flow analogous to the one found by Bergman
& Halperin (1976) with a stable Fisher-renormalized Khmelnitskii-Shneerson fixed
point. This is exactly what we would expect for the classical transition since αKS > 0.
We will elaborate further on this in the next section.

Overall we can say that in the absence of shear coupling λ2, the overall critical
behavior is quite similar to the generic model, where a destabilization of the lattice
and a subsequent first-order structural transition preempts the second-order phase
transition of the rigid system.

6.3. Classical isotropic elastic ferroelectric criticality

We first concentrate on the classical ferroelectric transition. The corresponding
RG equations can be derived from the quantum RG equations by taking the limit
ϑ → ∞ in analogy to the situation that was discussed for the generic model in
section 5.2. In turns out that the critical behavior of the classical transition already
shows rich physics, when coupled to the elasticity. We find a situation similar to the
one described by Bergman & Halperin (1976) in that there is a Fisher-renormalized
fixed point at a finite value of the elastic coupling λl. However, to our knowledge, the
theory of Fisher-renormalization has so far not been applied to models relevant to
ferroelectric transition. Additionally, the inclusion of shear coupling leads to a much
more complicated picture, which can not be explained by Fisher-renormalization.

We start by taking the classical limit of the RG flow equations in the previous
section by ϑ → ∞. As a result, we obtain the classical equations

dζ

dℓ
= ζλ̃2

l − 7
15ζ(1 − 4

3ζ
2)λ̃2

t

dλ̃l

dℓ
= ϵ

2 λ̃l − 10
3 ũλ̃l + 4

5ζũλ̃t + 7
3 λ̃

3
l − 8

45ζλ̃
2
l λ̃t + 72 + 452ζ2

135 λ̃lλ̃
2
t − 4

5ζλ̃
3
t

dλ̃t

dℓ
= ϵ

2 λ̃
2
l − 14

15 ũλ̃t + 14
15ζλ̃

2
l λ̃t + 16

45ζλ̃lλ̃
2
t − 81 − 344ζ2

135 λ̃3
t

dũ

dℓ
= ϵũ− 34

5 ũ
2 + 104

15 ũλ̃
2
l − 272

45 ζũλ̃lλ̃t + 8(117 + 124ζ2)
135 ũλ̃2

t

− 32
15 λ̃

4
l + 256

45 ζλ̃
3
l λ̃t − 16(3 + 16ζ2)

45 λ̃2
l λ̃

2
t

+ 64ζ(9 + 16ζ2)
405 λ̃lλ̃

3
t − 8(243 + 72ζ2 + 64ζ4)

1215 λ̃4
t .

(6.55)

In the case λ̃t = 0 the equations for the couplings become independent of ζ, we can
define

ū = ũ− λ̃2
l (6.56)
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Figure 6.2.: RG flow of the classical elastic ferroelectric for small shear modulus,
ζ << 1. Shown are the λ̃l = 0 plane and the λ̃t = 0 plane, both of which
have no out-of-plane flow. The G and WF fixed points are marked on
the axis of vanishing coupling. The Fisher-renormalized fixed points
exist in the plane of vanishing shear coupling but are both unstable
with respect to infinitesimal λ̃t. The L and L∗ fixed points are shown in
the plane of vanishing λl, L∗ is stable in all directions. S is not shown
since it is at finite ζ.

and obtain equations

dū

dℓ

∣∣∣
λt=0

= ϵū− 34
5 ū

2

dλ̃2
l

dℓ

∣∣∣
λt=0

= ϵλ̃2
l − 20

3 ūλ̃
2
l − 2λ̃4

l .

(6.57)

which have the Fisher-renormalized Gaussian (Fr-G) and Fisher-renormalized
Khmelnitskii-Shneerson (Fr-KS) fixed points, each with the corresponding renor-
malized critical exponents.

Note that the converse case of finite λ̃t with vanishing longitudinal coupling λ̃l = 0
is in general not stable, since dλ̃l/dℓ remains in general non-zero, with its sign
depending on the sign of ũ− λ̃2

t .

dλ̃l

dℓ

∣∣∣
λl=0

= 4
5ζλ̃t(ũ− λ̃2

t ) . (6.58)
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Figure 6.3.: Numerical solutions of the classical RG equations for small perturbations
around the Fr-KS fixed point with a shear coupling λ̃t,0 = 0.01. The
upper panel has ζ0 = 0.4 in which case the system quickly approaches
L∗, and the lower panel has ζ0 = 0.7 for which the system becomes
unstable at a finite RG scale because ũ diverges.

However, the flow in λl is small for small values of ζ. In the limit ζ ≪ 1 we can
reframe the equations in the variable

¯̄u = ũ− λ̃2
l − 61 −

√
1945

74 λ̃2
t (6.59)

where the coefficient of the last term is chosen such that the λ̃4
t in d¯̄u/dℓ vanishes.

The resulting RG flow equations are

dλ̃2
l

dℓ

∣∣∣
ζ→0

= ϵλ̃2
l − 20

3
¯̄uλ̃2

l − 2λ̃4
l − 1229 − 25

√
1945

555 λ̃2
l λ̃

2
t

dλ̃2
t

dℓ

∣∣∣
ζ→0

= ϵλ̃2
t − 28

15
¯̄uλ̃2

t − 760 − 7
√

1945
555 λ̃4

t

d¯̄u
dℓ

∣∣∣
ζ→0

= ϵ¯̄u− 34
5

¯̄u2 − 8(190 − 11
√

1945)
555

¯̄uλ̃2
t + 24

5 λ̃
2
l λ̃

2
t .

(6.60)

These equations have additional fixed points at vanishing λ̃l = 0 but finite λ̃t, which
have been added to table 6.1. These fixed points exist only at ζ = 0, a vanishing
shear modulus, which corresponds to a liquid state, and we call them the L and
L∗.

109



Table 6.1.: Fixed points of the classical ferroelectric transition coupled to an isotropic
elastic medium, with values of the dimensionless couplings, as well as
critical exponents ν and α.

Fixed point ζ ũ λ̃2
l λ̃2

t ν α

G R>0 0 0 0 1
2

ϵ
2

KS R>0
5ϵ
34 0 0 1

2 + 25ϵ
204

ϵ
102

Fr-G R>0
ϵ
2

ϵ
2 0 1

2 + ϵ
4 − ϵ

2
Fr-KS R>0

8ϵ
51

ϵ
102 0 1

2 + 13ϵ
102 − ϵ

102
L 0 ≈ 0.37ϵ 0 ≈ 0.37ϵ ≈ 1

2 + 0.29ϵ ≈ −0.66ϵ
L∗ 0 ≈ 0.14ϵ 0 ≈ 0.61ϵ ≈ 1

2 + 0.08ϵ ≈ 0.20ϵ
S ≈ 0.84 ≈ 4.00ϵ ≈ 0.08ϵ ≈ 2.56ϵ ≈ 1

2 + 1.56ϵ ≈ −5.75ϵ

Additionally, we find a fixed point at finite ζ and finite shear coupling, which we
call the S fixed point.

By expanding the RG equations around the individual fixed points we can learn
about their stability. This way we can show that the Fr-KS fixed point, which would
be stable in the case λ̃t = 0, is unstable with respect to shear coupling. This can be
seen in the form of a negative eigenvalue in the linearized equations, but we can also
solve the non-linear problem numerically. In fig. 6.3 the RG trajectory for initial
values at the KS fixed point plus a small shear coupling is shown.

The asymptotic flow depends on the initial value of ζ. If ζ0 is small the flow is
towards the L∗ fixed point. In this scenario, the longitudinal coupling λ̃l quickly
goes to zero, while the transversal coupling λ̃t approaches a finite value λ̃∗

t . Thus ζ,
and with it the transversal phonon velocity and the shear modulus, vanishes with
a power law, where the exponent is determined by λ̃∗

t . If on the other hand, ζ0 is
above some critical value, λ̃t grows exponentially and the couplings diverge at a
finite RG scale.

The L∗ fixed point is stable in all directions within the classical theory, indicating
that within its basin of attraction, the asymptotic flow is similar to the example
outlined above for small ζ0. This is supported by another numerical solution, shown
in fig. 6.4, with initial values around the repulsive fixed point S, which is the only
one that exits at both finite shear coupling and finite ζ. If ζ0 is slightly smaller than
the fixed point value at S, the flow is again towards L∗, while for slightly larger ζ0
we encounter an instability at a finite RG scale.
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Figure 6.4.: Numerical solutions of the classical RG equations for small perturbations
around the S fixed point in ζ direction. Initial values are ζ0 = ζ∗ − 0.01
in the upper panel and ζ0 = ζ∗ − 0.01 in the lower one.

111



6.4. Isotropic elastic ferroelectric quantum phase
transition

The equations describing the quantum critical ferroelectric seem much more com-
plicated. However, the phase diagram is much simpler as indicated by the smaller
number of fixed points. The G and KS fixed points are still present at λ1 = λ2 = 0 in-
dependent of the values of η and ζ. Thus each represents a sheet in the 5-dimensional
parameter space, on which the flow vanishes. One can find only one other fixed
point

ϑ∗ ≈ 0.73, ζ∗ ≈ 0.84, λ̃∗
l ≈ ±0.26

√
ϵ, λ̃∗

t ≈ ±1.47
√
ϵ, ũ∗ ≈ 2.03ϵ (6.61)

or rather two fixed points, since the sign of the elastic coupling is ambiguous.
Notably, ζ∗ <

√
3/2 is below the threshold of macroscopic stability, meaning that

the fixed point is accessible for both open and pinned boundary conditions.

From an expansion of the RG equation around the fixed points, we can determine
the matrix

d

dℓ



δϑ

δζ

δλ̃1

δλ̃2

δũ


≈



0.19ϵ −0.19ϵ ±0.28ϵ 1
2 ±0.11ϵ 1

2 0
0 2.30ϵ ∓0.43ϵ 1

2 ∓0.17ϵ 1
2 0

±0.74ϵ 3
2 ±5.97ϵ 3

2 −3.01ϵ −3.19ϵ −1.75ϵ 1
2

∓0.70ϵ 3
2 ∓5.38ϵ 3

2 −0.10ϵ 2.75ϵ 2.74ϵ 1
2

7.60ϵ2 12.79ϵ2 3.36ϵ 3
2 −13.80ϵ 3

2 −11.89ϵ





δϑ

δζ

δλ̃1

δλ̃2

δũ


, (6.62)

and since of the eigenvalues, two are positive and three are negative, we conclude
that the fixed points are repulsive. From eq. (6.44) we can extract the critical
exponent, which are

ν ≈ 2 − 3.69ϵ η ≈ −0.96ϵ (6.63)
which corresponds to an α ≈ −3.19ϵ.

Much like the classical theory the KS fixed point becomes unstable with respect to
elastic coupling, as we have already seen in the λ2 = 0 case. We therefore conclude
that there are no stable fixed points.

We use repulsive fixed point at finite elastic coupling as a starting point to determine
the fate of the system with numerical solutions, see fig. 6.5. If ζ0 is slightly smaller
than ζ∗ then the flow is towards ζ = 0. This point is reached at a finite RG scale
and the shear coupling λ̃t diverges at this point, indicating a microscopic instability
at which the transversal phonon velocity ct vanishes. As discussed before this is
associated with a solid-liquid transition.

If ζ0 is slightly larger than ζ∗ the result is quite different. In this scenario, ζ grows and
finally diverges at a finite RG scale, along with all couplings λ̃l, λ̃t, and ũ. Looking at
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Figure 6.5.: Examples of the RG flow of a quantum critical elastic ferroelectric
around the finite coupling fixed point. The upper panel is for ζ0 =
ζ∗ − 0.01, where the flow is eventually to ζ = 0. The lower panel is for
ζ0 = ζ∗ + 0.01, where ζ diverges along with the couplings.

the results of the equivalent numerical experiment for dimensionful parameters, we
can find that this divergence corresponds to both the longitudinal phonon velocity
cl and the critical velocity c vanishing. In the case of open boundary conditions,
the vanishing bulk modulus will trigger an isostructural transition already before
that point. If pinned boundary conditions are applied the microscopic instability is
reached. The vanishing of the critical velocity is generally associated with a Lifshitz
point. To describe such a point appropriately higher gradients up to O(q4) must be
considered in the action.

113



114



Part II.

Chiral Magnetoelasticity
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7. Chiral magnets in the
micromagnetic framework

The following chapter introduces the theory of chiral magnets in the framework of
micromagnetism, the semi-classical, continuum description of magnetism that is
valid on a length scale much longer than the atomic scale. In section 7.1 we derive
some important features of this theory, which are important ingredients for the
standard model of bulk chiral magnets. This model is then discussed in detail in
section 7.2, where we treat it as a Landau theory and explore selected regions of
the phase diagram.

7.1. The continuum limit of magnetism

When describing ferromagnetism, one often discusses a Heisenberg-type model, with
a symmetric exchange interaction. In the case of chiral magnets, broken inversion
symmetry also allows for an antisymmetric exchange, which is called Dzyaloshinsky-
Moriya interaction (DMI), resulting from spin-orbit coupling in second-order per-
turbation theory (Dzyaloshinsky, 1958; Moriya, 1960). The Hamiltonian is then of
the form

H = −J
∑

⟨mn⟩
Sm · Sn +

∑
⟨mn⟩

Dmn · (Sm × Sn) . (7.1)

A positive J describes a ferromagnet, while a negative J describes an antiferromagnet.
We will only consider ferromagnetic systems in this context. The vector Dmn

describes the DMI for the specific bond between the sites m and n.

The Heisenberg exchange term favors aligned spins, while the DMI term favors
orthogonal spins, where the exact orientation depends on the vector Dmn. The
competition between these two couplings, often together with other energy terms
such as anisotropy and a Zeeman field, can stabilize a variety of modulated spin
textures, such as magnetic helices, cycloids, or skyrmions.

If DMI is weak, which is to be expected for weak spin-orbit coupling, the length
scale of the modulation becomes large. Common examples of bulk chiral magnets
include MnSi, FeGe and Cu2OSeO3, which are of the so-called B20 structure, have
helices with a period on the order of 20 nm, 70 nm and 60 nm (Adams et al., 2012)
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respectively. On these scales, it makes little sense to consider every individual spin,
but instead, we will move to a semi-classical, continuum description.

First, we move from individual magnetic moments to a continuous function Sn →
M (Rn), describing the coarse-grained magnetization of the volume element around
the lattice site at position Rn. We then suppose the distance between neighboring
sites is small and use a series expansion in the lattice constants. Rewriting the
sum over pairs first as a sum over site and bond vectors a, then as an integral, the
exchange interaction becomes

∑
⟨mn⟩

Sm · Sn ∝ 1
2
∑

n

∑
a

M(Rn) · M (Rn + a)

= 1
2V

∫
d3r

∑
a

(
M(r)2 + 1

2M(r) · (a · ∇)2M(r)
)

+ O(δ3)
(7.2)

where V is the volume of integration. The factor of 1/2 compensates for the double
counting of bonds from summing over all bonds at every site. Here, we already used
the fact that the first-order term vanishes, which can be seen using integration by
parts.

If we assume that the total magnetic moment at a specific site is fixed, the quantity
M(r)2 is a spatial constant that can be ignored. We describe the M = Msm
where m is the unit vector in magnetization direction and Ms is the saturation
magnetization. What is left is evaluating the sum over bonds for the specific crystal
structure. For a cubic system, we find the exchange energy

Eex =
∫
d3rA (∂im(r) · ∂im(r)) (7.3)

with A = JM2
s /(2a) for a simple cubic lattice with only nearest-neighbor interaction

and lattice constant a. The sum over repeated indices is implied.

For DMI we apply the analogous reasoning, with the important distinction that the
DMI vector is a function of the bond vector Dmn → D(a). We use this to define
the DMI tensor D̃ij = Di(êj) and write

∑
⟨mn⟩

Dmn · (Sm × Sn) ∝ 1
2
∑

n

∑
a

ϵijkDi(a)Mj(Rn)Mk(Rn + a)

= 1
2V

∫
d3r

∑
a

ϵijkD̃il(a)Mj(r)∂lMk(r) + O(δ2)
(7.4)

where now the first order is leading. The 0th order term vanishes with S × S. We
define the Lifshitz invariants

wij = ϵiklmi∂jml . (7.5)
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The DMI energy can then be compactly written as

EDMI =
∫
d3rDijwij (7.6)

where Dij = M2
s D̃ij . Depending on the form of the tensor, we obtain different types

of DMI. If the DMI vector is parallel to the bond vector, the Dij = Dδij gives a
Bloch-type DMI

EBloch =
∫
d3rD tr{w} =

∫
d3rDm · (∇ × m) , (7.7)

where D is now just a constant number. This is the most symmetric type of DMI
since it only breaks inversion symmetry, but not rotational symmetry. The sign of
D determines the chirality.

If we allow the DMI vector to point in a different direction than the bond vector,
we need another vector to disambiguate the direction. Assuming this additional
symmetry-breaking direction is independent of the bond vector, we may write
Dij = Dϵijkdk, with some anisotropy axis d̂. The result is called Néel-type DMI

ENéel =
∫
d3r Dϵijkwijdk =

∫
d3r D

(
(m · ∇)(d̂ · m) − (m · d̂)(∇ · m)

)
(7.8)

Bulk chiral magnets generally have Bloch-type DMI, because it has a higher sym-
metry. In the presence of additional symmetry breaking, such as at surfaces, an
additional Néel-type coupling is present, often also called interfacial DMI. We will,
for the most part, only consider the effects of Bloch-type DMI.

7.2. The minimal micromagnetic model for bulk chiral
magnets

Much of the physics of bulk chiral magnets, such as the B20 compounds, turns out to
be surprisingly well captured in a rather simple model. Uniaxial anisotropy acts as a
mechanism to stabilize a skyrmion phase as a magnetic ground state. In bulk chiral
magnets at finite temperature the skyrmion phase is often stabilized by thermal
fluctuations instead. However, in practice, it turns out that many statements are
independent of the stabilization mechanism.

We have established so far the micromagnetic form of exchange interaction and
DMI. Here we add another term for the Zeeman energy in an external magnetic
field H, and a uniaxial anisotropy K with an anisotropy axis êa.

E = A(∂im)2 +Dm · (∇ × m) − K(êa · m)2 − µ0MsH · m (7.9)
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In the presence of a surface, minimizing the above energy functional, implies the
non-trivial boundary condition

[A(ŝ · ∇)m −D(s× m)]∂V = 0 , (7.10)

where ŝ is the unit vector normal to the surface. It contains contributions from
both the magnetization itself and its derivative (Robin boundary condition). This
leads to interesting surface effects which we explore in detail in chapter 9.

As we have hinted at before the competition between exchange interaction A and
DMI D defines a characteristic length scale. When inserting a periodic ansatz, such
as the helical state m ∝ cos(Qz)x̂ + sin(Qz)ŷ with a wavelength λ = 2π/Q, one
finds that the energy is minimized by Q = 2A/D. The energy density is on the order
of D2/(2A). We can use these natural scales to define a convenient unit system,
that effectively reduces the number of free parameters of the model. We make the
substitution r = 2A

D
r̃, ∇ = D

2A
∇̃ and find

Ẽ = E
D2

2A

= 1
2(∂̃im)2 + m · (∇̃ × m) − κ(êa · m)2 − h · m (7.11)

where κ = K/D2

2A
and h = µ0MsH/D2

2A
, are now the only free parameters left.

Additionally, there is the “hidden” parameter 2A/D. In the following, we drop the˜
on the gradients for convenience and have it understood that whenever we work in
the dimensionless model, length scales are measured in 2A/D.

The phase diagram as a function of κ and h has been explored in depth (Butenko
et al., 2010; Güngördü et al., 2016; Rowland, Banerjee, & Randeria, 2016; M. N.
Wilson et al., 2014). Easy-plane anisotropy (κ < 0) favors a conical state, while
easy-axis anisotropy (κ > 0) can stabilize a helical, conical, or skyrmion lattice
phase, depending on the parameters. For every value of κ there is a critical field
hc above which the ground state is uniformly polarized along the direction of the
applied magnetic field. We will take a closer look at some of these phases in the
following.

Conical phase

In the case κ = 0, the model has only the applied magnetic field as a free parameter.
Since the remaining terms are invariant under combined rotations or real space and
spin space, the magnetic field direction is arbitrary. Lets say h = hêz. It turns out
that the ground state of this model can be captured with the ansatz

m =


sin θ cos(Qz)
sin θ sin(Qz)

cos θ

 (7.12)
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(a) (b)

Figure 7.1.: 3D representation of the magnetization in the conical state conical state
with (a) θ = π

2 (Helix) and (b) θ = π
4 .

Inserting this ansatz into the model, we obtain the energy density

E =
(1

2Q
2 −Q

)
sin2 θ − h cos θ . (7.13)

Clearly, the energy is minimal for Q = 1 since this is how we defined the unit system.
Minimizing the energy with respect to θ, it turns out that there is a phase transition
at hc = 1 where the second order of E in θ vanishes. The h > 1 phase we call the
field polarized phase and h < 1 the conical phase since there we have a finite cone
angle

θ =
{

arccosh if h < 1
0 if h ≥ 1 .

(7.14)

In dimensionful quantities the critical field for the conical-polarized transition is

Hc = D2

2Aµ0Ms

. (7.15)

Skyrmion phase

Skyrmions are topologically non-trivial excitation of the non-linear sigma model
(Skyrme, 1962). Magnetic skyrmions have been predicted a long time ago (Bog-
danov & Yablonskii, 1989), but have more recently been discovered in chiral mag-
nets (Muhlbauer et al., 2009). To be more precise, magnetic skyrmions are two-
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dimensional skyrmions in a plane, in bulk chiral magnets the one perpendicular to
the applied magnetic field.

The topological nature of an isolated magnetic texture manifests in the fact that
assuming the magnetization is continuous everywhere and becomes continuous far
away from the texture the integral

1
4π

∫
m · (∂xm × ∂ym) dx dy = N (7.16)

must necessarily be an integer. N is called the winding number and if N = −1 the
texture is classified as a skyrmion.

For topological classification to be well-defined the magnetic texture needs to
be localized, therefore the magnetization approaches a homogeneous background
magnetization within a typical length scale Rs, which we may identify as the
skyrmion radius. To understand what determines this radius in a stable state look
at the energy functional in two-dimensions

Ẽm =
∫ (1

2(∂im)2 + m · (∇ × m) − κ(êa · m) − h · m
)
dx dy (7.17)

and rescale the coordinate r → r/Rs after which the energy takes the form

Ẽm = Ẽex + ẼDMIRs + (Ẽa + ẼZ)R2
s , (7.18)

with some coefficients Ẽi which depend on the exact skyrmion profile. The effect of
DMI is to introduce a linear term, shifting the energy minimum from 0 to a finite
value. Thus DMI stabilizes finite-size skyrmions, in the sense that in the absence of
any other mechanism for skyrmion annihilation such as surfaces or defects, there
is no continuous path in configuration space that connects the skyrmion to the
homogeneously polarized state.

Of course, this is different from the question of the ground state, i.e. which field con-
figuration has the lowest energy. If the creation of a single skyrmion is energetically
favorable, then many skyrmions are even more favorable and they form a typically
hexagonal lattice. Like every periodic function, the magnetization describing the
skyrmion lattice can be written as a Fourier series

m(r) =
∑
G

aG

(
êG sin(G · r) + ẑ cos(G · r)

)
, (7.19)

where G is a reciprocal lattice vector of the two-dimensional skyrmion lattice
and we have used the symmetries m1/2(−r) = −m1/2(r) and m3(−r) = m3(r) to
combine the G and −G contributions. aq is the amplitude of the respective Fourier
component and êq a polarization vector.

As long as we do not introduce in-plane anisotropy, symmetry demands that aq
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Figure 7.2.: Bloch-type skyrmion lattice

Figure 7.3.: Néel-type skyrmion lattice
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must be the same for all q with the same magnitude |q|. The polarization vector
we assume to be in-plane and is characterized by the angle χ to the q vector

êG = Ĝ cosχ+ ẑ × Ĝ sinχ , (7.20)

where Ĝ = G/|G| is the unit vector in G direction. The parameter χ is called
the skyrmion helicity. In general, the helicity could be different for each reciprocal
lattice vector χG, but in this work, we will only be interested in the helicity of
smallest non-trivial G-vectors, the first “ring” of the hexagonal reciprocal lattice
around the Γ-point. This ring is characterized by |G| = QSkL = 2π/aSkL, where
QSkL and aSkL are the lattice constants of the reciprocal and real space lattices
respectively. If we restrict the summation in eq. (7.19) only to this first ring, a
configuration known as triple-q-state, and insert this ansatz into the DMI energy
we obtain the helicity dependence

ẼBloch
DMI ∝ sinχ , ẼNéel

DMI ∝ cosχ . (7.21)

For Bloch-type DMI the energy minimum is localized at a helicity of ±π/2, depending
on the sign of D, and the corresponding configuration is known as Bloch skyrmions.
For Néel-type DMI on the other hand, the minimum is at 0 or π, which are called
Néel skyrmions. Lattices of Bloch and Néel skyrmions are shown in figs. 7.2 and 7.3

Concerning the skyrmion lattice constant, although for the triple-q state, the energy
is minimal for QSkL = 1 in natural units, meaning it is equal to the pitch in the
helical state, with the inclusion of higher harmonics this changes. QSkL is in general
a function of h and κ.
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8. Theory of magnetoelastic coupling
in chiral magnets

After developing an understanding of the theory of the magnetic sector, we now
explore the consequences of coupling to elasticity. Since both sectors are effectively
described by a continuum theory, we treat the coupling on the same footing. To
justify this approach and develop a better understanding of the physical meaning
behind this coupling we first show how magnetoelastic coupling naturally appears
in the derivation of the magnetic energy terms if one allows for lattice fluctuations
section 8.1. It turns out that just to find and parametrize the correct form of
magnetoelastic coupling, already comes with some insight into how special chiral
magnets are in this regard, as we will see in section 8.2. When describing phys-
ical phenomena with magnetoelasticity, it turns out to be already a non-trivial
exercise to decide which couplings to include and which to neglect. To gain some
intuition about the effect of these couplings, we show some simple examples for the
case of magnetostrictive coupling (section 8.3) and coupling to Lifshitz invariants
(section 8.3).

8.1. Microscopic origins of magnetoelastic coupling

We revisit the spin Hamiltonian form eq. (7.1), with the idea that spins are allowed
to deviate from their equilibrium position. Compared to the rigid model, this
requires for example for the Heisenberg exchange interaction a generalization to site-
dependent coupling J → Jmn since displacements vary from site to site. We assume
that the coupling is only a function of relative position. Thus, the contribution of
the symmetric exchange interaction to the Hamiltonian is

Hex =
∑

⟨mn⟩
JmnSm · Sn =

∑
⟨mn⟩

J(rm − rn)S(rm) · S(rn) . (8.1)

Of course, the same reasoning holds for the DMI contribution

HDMI =
∑

⟨mn⟩
Dmn · (Sm × Sn) =

∑
⟨mn⟩

D(rm − rn) ·
(
S(rm) × S(rn)

)
. (8.2)
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To keep the coming calculations brief, we combine both contributions into using
tensor notation

H = Hex +HDMI =
∑

⟨mn⟩
J αβ(rm − rn)Sα(rm)Sβ(rn)

)
, (8.3)

where we defined the exchange tensor with a symmetric and an antisymmetric
contribution

J αβ(r) = δαβJ(r) + ϵαβγDγ(r) (8.4)
Using rn = Rn+un, where Rn is the equilibrium position and un is the displacement,
and rewriting in terms of the relative position of neighboring sites Rm = Rn + a,
where a goes over the nearest neighbours of the nth site, we obtain∑

⟨mn⟩
J αβ(rm − rn)Sα(rm)Sβ(rn)

= 1
2
∑
R,a

J αβ
(
a + u(R) − u(R + a)

)
Sα

(
R + u(R)

)
Sβ

(
R + a + u(R + a)

)
(8.5)

We now have two small parameters: The displacement u and the lattice spacing
a. First, we expand in u. The 0th order describes the rigid interaction, which
has been discussed in section 7.1. To extract the contribution to linear elasticity,
we consider the 1st order. Decomposing the Hamiltonian into different u orders
H = H|u=0 +Hme + O(u2) and neglecting higher orders we obtain

Hme = 1
2

∫
dr
∑

a

[
(u(r) − u(r + a)) · ∇J αβ(a)Sα(r)Sβ(r + a)

+ J αβ(a)
(
Sβ(r + a)(u(r) · ∇)Sα(r) + Sα(r)(u(r + a) · ∇)Sβ(r + a)

)] (8.6)

Eventually, we want to write the interaction in terms of strain, to make explicit
the fact that the energy can not depend on u directly, only its derivatives, by
translational invariance. For this, we find it convenient to rewrite the last term
using integration by parts and ignoring the boundary terms, resulting in

Hme = 1
2

∫
dr
∑

a

[
− J αβ(a) (∇ · u(r + a))Sα(r)Sβ(r + a)

+ (uj(r) − uj(r + a))
(
∂jJ αβ(a)Sα(r)Sβ(r + a) + J αβ(a)Sβ(r + a)∂jSα(r)

)]
.

(8.7)
Finally, we may expand in a. We replace u(r) − u(r + a) with the derivative of u
along a. Shifting around the derivatives using integration by parts, we may bring
the remaining terms into the form

(∇ · u(r + a))Sα(r)Sβ(r + a)

→ (∇ · u)
(
SαSβ − Sβ(a · ∇)Sα + 1

2Sβ(a · ∇)2Sα

)
+ O(a3)

(8.8)
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and

(uj(r) − uj(r + a))
(
∂jJ αβ(a)Sα(r)Sβ(r + a) + J αβ(a)Sβ(r + a)∂jSα(r)

)
→ −(a · ∇)uj(r)

(
∂jJ αβSαSβ + J αβSβ∂jSα

+ 1
2∂jJ αβ(a · ∇)(SαSβ) + 1

2J αβ(a · ∇)(Sβ∂jSα) + O(a3)
)
.

(8.9)
We sort all these terms according to the number of derivatives.

As a result, we obtain the overall magnetoelastic energy up to second order in lattice
coupling

Eme = εijλ
αβ
ij MαMβ + εijλ

αβ
ijkMα∂kMβ + εijλ

αβ
ijklMα∂k∂lMβ (8.10)

where the coupling tensors are given by

λαβ
ij = −

∑
a

(δijJ αβ(a) + 1
2(ai∂jJ αβ(a) + aj∂iJ αβ(a)))

λαβ
ijk =

∑
a

(δijJ(a) + (ai∂j + aj∂i)J(a)ak + (aiδjk + ajδik)J(a))

λαβ
ijkl =

∑
a

(aiδjk + ajδik)alJ(a)

(8.11)

These couplings depend of course on the properties of the exchange tensor J . Since
we have assumed the original Hamiltonian to be symmetric under combined rotations
of spin space and real space, this will be reflected in these tensors. However, we
could plug a more general exchange tensor into these equations and obtain the
elastic coupling tensors for the respective symmetry class.

In conclusion, the origin of magnetoelastic coupling can be traced back to the
distance and direction dependence of the microscopic interactions. We have derived
the expression for the magnetoelastic couplings up to second order in lattice spacing,
to be consistent with the derivation done in the rigid system. However, determining
the actual coupling tensors requires knowledge about J and its derivative, which is
in general hard to obtain from first principles. For more general considerations, see
(Brown, 1966).

8.2. Classification of magnetoelastic couplings

Since it is often difficult to find out about the microscopic details of magnetic
interactions, it is simpler to take the intuition gained from the previous section and
write down a phenomenological model. In this context, we view the model as a
gradient expansion in the fields m, u, and their derivatives, keeping all symmetry-
allowed terms up to a certain order. As in any expansion, we hope that higher
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orders contribute less and less to the overall behavior of the system and cut off the
expansion at some point. Determining where this point is, may not always be easy.
A basic assumption of our original model was that spin-orbit coupling (SOC) is
weak, leading to magnetic textures on length scales where the continuum limit is
justified. We may therefore take the strength of SOC as a small parameter λSOC.
Since we include DMI as an essential ingredient for non-trivial magnetic textures,
and DMI is O(λ2

SOC) it is natural to include all terms up until this order.

The type of magnetoelastic coupling in lowest order in the gradient expansion, which
is commonly mentioned in textbooks (Landau & Lifshitz, 1963) is often referred to
as magnetostriction and has the energy contribution

Ems = εijλijklmkml . (8.12)

This term contains contributions up to O(λ2
SOC). For a cubic chiral magnet with

point group 23, the tensor λ has four independent components with a tensor as
discussed in section 1.2. For a derivation of the general coupling tensor see (E. Callen
& Callen, 1965). However, if we assume m2 = 1, we can reduce the effective number
of parameters by sorting the λ12 and λ21 contributions into a chiral (λ12 − λ21) and
a non-chiral (λ12 + λ21) contribution

1
2(λ12 + λ21)(ε11(m2

2 +m2
3) + ε22(m2

3 +m2
1) + ε33(m2

1 +m2
2))

+ 1
2(λ12 − λ21)(ε11(m2

2 −m2
3) + ε22(m2

3 −m2
1) + ε33(m2

1 −m2
2))

(8.13)

and rewriting
ε11(m2

2 +m2
3) + ε22(m2

3 +m2
1) + ε33(m2

1 +m2
2)

= tr{ε} + ε11m
2
1 + ε22m

2
2 + ε33m

2
3 .

(8.14)

Thus, we can get rid of the non-chiral term by shifting λ11 → λ11+(λ12+λ21)/2 which
introduces a term that is linear in the trace of the strain tensor but independent of
magnetization

E → E + 1
2(λ12 + λ21) tr{ε} . (8.15)

The extra term is effectively an isotropic stress that causes a volume change propor-
tional to the coupling λ12 + λ21. The effect of this volume change can be absorbed
into the existing model parameters. Thus, we can reduce the number of independent
components to three and write λ12 → λ12 − (λ12 + λ21)/2

λV =



λ11 λ12 −λ12 0 0 0
−λ12 λ11 λ12 0 0 0
λ12 −λ12 λ11 0 0 0
0 0 0 λ44 0 0
0 0 0 0 λ44 0
0 0 0 0 0 λ44


. (8.16)
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One order higher in the gradient expansion the coupling is most naturally expressed in
the Lifshitz invariants wij = ϵiklmk∂jml, which allows us to write all five independent
couplings (Kitchaev, Beyerlein, & Van der Ven, 2018). This DMI-type coupling may
be written in tensor notation as

EmeDMI = εijµijklw
s
kl + µa(ε12w

a
12 + ε23w

a
23 + ε31w

a
31) . (8.17)

where we introduced the symmetrized and antisymmetrized Lifshitz invariants,
ws

ij = (wij + wji)/2 and wa
ij = (wij − wji)/2.

For completeness, we also write down the energy term representing the effect of
elasticity on the gradient on a distorted background ∇ → (1 + ε)∇, which modifies
the exchange interaction. This exchange-type coupling may be written as

EmeEx = εijνijkl∂km · ∂lm (8.18)

with four independent parameters in space group 23.

There is another type of ME coupling that is only relevant at surfaces, called
magnetorotation (Maekawa & Tachiki, 1976). Magnetorotation couples the magneti-
zation to the antisymmetrized displacement gradient (eq. (1.25)), describing local
rotations.

Em−rot = λr(ω12m1m2 + ω23m2m3 + ω31m3m1) . (8.19)
In general, there will be also a rotational version of the coupling to Lifshitz invariants
as well as the exchange-type terms.

Ech−rot = µr(ω12w12 + ω23w23 + ω31w31)
Eex−rot = −νrm · (ω12∂1∂2 + ω23∂2∂3 + ω31∂3∂1)m

(8.20)

However, we will not make use of these in this work and only list them here for
completeness.

The inclusion of elastic couplings introduces a considerable amount of new parameters
to the micromagnetic model. Even if we assume m2 = 1 magnetostriction adds
three independent parameters. The DMI-type coupling adds five, and the exchange-
type coupling another four. In total, that makes 12 independent parameters, plus
magnetorotation if applicable. Additionally, the stiffness tensor must be known,
however, this can usually be achieved by independent measurements, such as resonant
ultrasound experiments (Migliori et al., 1993). Of course, this is not a feasible model
for making definite predictive statements about physical phenomena, since with
such a large number of parameters we can probably fit anything. Instead, we will
make reasonable assumptions about which kind of coupling contributes the most in
the specific case under consideration.
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8.3. Selected examples

To elucidate the effect of the unusual form of the magnetoelastic coupling tensors
we discuss some examples including the magnetostriction term, where the chiral
nature of the coupling tensor becomes important. It turns out that even in the
absence of microscopic variations of the magnetization there can be non-trivial effect
of magnetoelastic coupling on the static configuration of the system.

Homogeneous chiral magnetostriction

For strong enough external magnetic fields (above a critical field Hc) the magnetic
state will be homogeneously polarized. In this scenario, only the homogeneous
strain Eij is non-zero. The elasticity theory for this state is thus given by the energy
density

E = 1
2EijCijklEkl + Eijλijklmkml . (8.21)

The ground state is then trivially found by minimizing this quadratic function. We
express the solution to the equation of state conveniently using Mandel notation
(see eq. (1.40))

EM = −(CM)−1λM⟨(mmT )M⟩V . (8.22)
Assuming for example a constant magnetization m = (0, 0, 1) as a result of a
magnetic field applied in [001] direction, we obtain the following strain

E11 = C12λ11 + (C11 + 2C12)λ12

C2
11 + C11C12 − 2C2

12

E22 = C12λ11 − (C11 + 2C12)λ12

C2
11 + C11C12 − 2C2

12

E33 = − (C11 + C12)λ11

C2
11 + C11C12 − 2C2

12

(8.23)

while the three shear strain components vanish. Notice that the strains in x and y
direction differ by the sign of the λ12 term. The effect of magnetostriction is thus
not only a tetragonal distortion, as would be expected for a centrosymmetric cubic
magnet, but an orthorhombic distortion (see fig. 8.1). Note that this effect requires
not only inversion symmetry breaking but also rotational symmetry breaking since a
4-fold rotation symmetry around the magnetic field axis would not allow this effect.
Interestingly, because the interaction is quadratic in magnetization, inverting the
direction of the magnetic field does not change the strain at all.

If the magnetic field is instead applied along the [111] direction, this chiral effect on
magnetostriction vanishes, resulting in a rhombohedral distortion. This is reasonable
since in this scenario no crystal axis has a special role.
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Figure 8.1.: Schematic picture of the effect of chiral magnetostriction for homoge-
neous magnetization. Left is the unpolarized and unstrained crystal. In
the middle, the polarization is along one of the crystal axes, thus the
strain breaks chiral symmetry. On the right, the polarization is along
the [111] axis, the strain is not chiral since not crystal axis is favored.

Helix orientation in chiral magnetoelastic potential

In the helical phase with a helix orientation along a particular axis q̂ the magneti-
zation is described by the ansatz

m(r) = sin(q · r)ê2 + cos(q · r)ê3 (8.24)

in an orthonormal basis where ê1 ∥ q and ê2, ê3 ⊥ q. In the isotropic magnetic
model, the direction of the helix is ambiguous. However, the magnetostriction
coupling will introduce some anisotropy depending on the coupling parameters
λ11, λ12 and λ44, since the presence of the helix in the magnetization leads to
a corresponding periodic lattice distortion. These directions-dependent lattice
distortions create an effective potential in which the helix will orient to the minimum
at equilibrium. Therefore we use the ansatz in eq. (8.24) for an arbitrary wavevector
q = Q(sinψ cosχ, sinψ sinχ, cosψ) to get the magnetoelastic energy as a function
of helix orientation

V(ψ, χ) =
∫
d3r E (m(ψ, χ)) (8.25)

The result is shown graphically in fig. 8.2. We see two anisotropic contributions
one from the introduced cubic anisotropy, which goes with λa = λ11 − 2λ44 and one
chiral term from λ12. Since the overall strength of the coupling is not relevant to
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(a) (b) (c)

Figure 8.2.: Effective helix potential from lattice distortions for different values
of the coupling parameters. (a) For purely centrosymmetric coupling
(λ12 = 0) the minimum is in the [111] direction like in MnSi. (b) For
mixed coupling the potential has a chiral twist. (c) For purely chiral
coupling (λa = 0) the minimum is in [110] direction.

the helix orientation we can parametrize the two effects such that

λ12 ≡ λ0 sin ξ
λa ≡ λ0 cos ξ .

(8.26)

The most interesting feature of this potential is that the chiral magnetoelastic
coupling λ12 has a clear preference for a helix in the [110] direction. This is unusual
since the leading cubic anisotropy of the form m4

i can have a minimum only in the
[001] or [111] direction. A helix oriented in the [110] direction has been observed in
iron-doped MnSi (Kindervater et al., 2020).

Magonon-phonon hybrid through DMI-type elastic coupling

To show an example of where the DMI-type coupling becomes relevant we discuss
a non-reciprocity in the sound velocity that was seen in ultrasound experiments
field polarized phase of Cu2OSeO3 (Nomura et al., 2019). The non-reciprocity is a
result of magnon-phonon hybridization, which lists the degeneracy between the two
transversal acoustic phonons. This magnetochiral phonon inherits its chirality from
DMI.

To describe this effect theoretically we use linear spin wave theory based on the
Landau-Lifshitz (LL) equation

∂tm = m × δE

δm
(8.27)

where we have absorbed the gyromagnetic ratio into the time coordinate. The
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elastic dynamics are given by
∂2

t u = δE

δu
. (8.28)

To calculate the spectrum we linearize the LL equation in fluctuations around the
ground state in both magnetization and displacement using the decomposition

m(r, t) = m0(r) + µ(r, t) , u(r, t) = u0(r) + η(r, t) . (8.29)

The ground state (m0,u0) is then defined by

δE

δm

∣∣∣∣
m=m0

= 0 δE

δu

∣∣∣∣
u=u0

= 0 . (8.30)

The ingredients for the model are as follows: We include exchange interaction and
DMI to obtain a chiral magnon mode, a strong magnetic field h > hc, such that the
ground state magnetization is uniformly polarized, and a magnetoelastic coupling
to facilitate the hybridization. The energy functional E is thus given by

E = A(∂imj)2 +Dm · (∇ × m) − h · m + εijµijklwkl + 1
2εijCijklεkl . (8.31)

We omit here the coupling antisymmetrized Lifshitz invariants, since it is not needed
to explain the effect and only makes the expressions unnecessarily long.

Since all the spatial derivatives of m0 vanish ∂im0,j = 0 all the Lifshitz invariants
wij = 0 also vanish and the elastic ground state is trivial ε0 = 0.

Coupling with m0 = const. and u0 = 0

δEmeDMI

δmn

= −µijklϵknmm0,m∂l∂iηj (8.32)

Inserting this into the LL equation and Fourier transforming with respect to time
and space coordinates we obtain

iωµi(q, ω) = ϵijkm0,j

[
(q2 + h)µk(q, ω) + 2iϵklnqlµn(q, ω)

− ϵklnm0,nµmoplqoqpηm(q, ω)
]

+ O(µ2) .
(8.33)

The same procedure may be applied to the phonon equation of motion. We use

δEmeDMI

δui

= µijkl∂jwkl = µijklϵkmnm0,m∂j∂lµn + O(µ2) (8.34)

to obtain the Fourier-transformed equation

ρω2ηi = Cijklqjqkηl + µijklϵkmnm0,mqjqlµn . (8.35)
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There is at this point a slight technical issue, since the LL equation is first order in
time, the elastic equation of motion on the other hand is second order. To combine
them into a single linear equation, which would allow us to determine the spectrum
by diagonalization of the corresponding matrix, we define the auxiliary field

ζ = ρ∂tη , (8.36)

which allows us to split the elastic equation of motion into two first-order equations.
The full system of equations is then

iωµ = Hµ + Jη

iωη = 1
ρ

ζ

iωζ = Dη + Lµ

(8.37)

where the matrices are given by

Hin = ϵijkm0,j

[
(q2 + h)δkn + 2iϵklnql

]
Jim = −ϵijkm0,jϵklnm0,lµmopnqoqp

Dil = Cijklqjqk

Lin = µijklϵkmnm0,mqjql

(8.38)

We now simply have to diagonalize the linear system of equations, obtaining the
eigenfrequencies, see fig. 8.3.
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Figure 8.3.: Spectrum of magnon-phonon hybrid for momentum along the magnetic
field. One of the transversal acoustic phonon branches hybridizes with
the magnon, and the other phonon branches are unaffected.
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9. Magnetoelastic effects on chiral
surface twists

One of the many interesting features of the chiral magnets is the fact that as a
result of uncompensated DMI at the surface, the magnetization follows nontrivial
boundary conditions (eq. (7.10)). To accommodate these boundary conditions,
various magnetic textures show an effect called surface twist. Even in the field-
polarized phase, this surface twist appears as the magnetization is tilted away from
the magnetic field axis close to the surface (Aqeel et al., 2021; Rybakov et al., 2013).
The chiral surface twist can also affect the stability of other magnetic textures
(Leonov et al., 2016; Meynell et al., 2014) and can be used as a mechanism for the
creation of skyrmions (Müller, Rosch, & Garst, 2016). In section 9.1 we show how
the magnetization profile at the surface is affected by magnetoelastic coupling.

Skyrmions also show a surface twist in the helicity (Zhang et al., 2018), if the
magnetic field, and consequently the skyrmion axis, is parallel to the surface normal.
We present a simple analytical model of this effect in section 9.2 which is in close
agreement with micromagnetic simulations. Interestingly, this clear prediction of
the well-established and usually accurate minimal micromagnetic model, is in harsh
disagreement with experimental results (Schneider et al., 2018; Zhang et al., 2018).
We look at the effect of magnetoelastic coupling on the surface twist in section 9.2
as a possible explanation. However, it turns out that the effect is far too small
to explain experimental observations. Even worse, more recent experiments on a
field-cooled meta-stable skyrmion lattice, show that at low temperatures the length
scale of the surface twist tends towards value predicted by the minimal model (Tan
et al., 2024), while magnetoelastic coupling is expected to have larger effects at low
temperatures. We explore several other explanations, but overall this remains an
open question.

9.1. Surface twist in the field polarized and helical
state

As discussed in section 7.2 the phase diagram of bulk chiral magnets contains a
helical phase at low magnetic fields and a field-polarized phase at strong magnetic
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Figure 9.1.: Magnetization profile of the surface twist in the field polarized phase.
The surface is are z = 0, the magnetic field is applied in x direction, at
the surface the magnetization twists out of the magnetic field axis and
has a finite y-component.

fields. Since uniaxial anisotropy is not necessary to discuss these phases we neglect
it (κ = 0) and consider the energy

Ẽm = 1
2(∂im)2 + m · (∇ × m) − h · m . (9.1)

The bulk ground state depends on h = |h|. For h = 0, we have a helical state. At
finite h this induces a conical state with a cone angle depending on h. For h > 1,
we have a fully polarized state.

Let the surface normal be in z-direction with the normal vector ŝ ∥ ẑ. An external
magnetic field is applied parallel to the surface in the x-direction hx̂. We make
an ansatz that is a modification of the bulk conical state, with an additional twist
by an angle ψ around the surface normal, that will depend on the distance to the
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surface

m = Rz(ψ(z))Rx(Qx)Rz(θ(z))x̂ =


cos θ cosψ − cosQx sin θ sinψ
cos θ sinψ + cosQx sin θ cosψ

sinQx sin θ

 (9.2)

In general, the cone angle may also change close to the surface, as indicated by
the argument z. Inserting this ansatz into the energy and integrating over the x
direction we can derive the effective one-dimensional theory, given by the energy
functional

Em =
∫ ∞

0
dz
(1

2(θ′)2 + 1
8(3 + cos 2θ)ψ′(ψ′ − 2) + V(θ, ψ)

)
, (9.3)

where we defined the effective potential V for the cone and twist angles

V(θ, ψ) = 1
2
(
sin2 θ − cosψ(1 + 2h cos θ − cos 2θ)

)
(9.4)

If h is small, then θ ≈ π/2 and the ψ dependent term vanishes. The same holds for
large h > hc with θ = 0. However, if h ≲ hc the twist angle will influence the cone
angle and vice versa. Thus analytical solutions are only possible for the polarized
state (h ≥ 1) and the helix (h = 0).

The resulting equations of motion are in general not analytically solvable. We can
obtain solvable equations, if we assume that the cone angle θ is not influenced by
the surface twist and just set θ to its bulk value

θ =
{

arccosh if h < 1
0 if h ≥ 1 .

(9.5)

Using this assumption, we obtain as the equation of state for the twist angle ψ the
well-known sine-Gordon equation and Neumann boundary condition

ψ′′ = 1
L2(h) sinψ ψ′(0) =

−1
2(1 + h2) if h < 1

−1 if h ≥ 1
(9.6)

where we defined

L(h) =



√
1 + h2

2 if h ≪ 1

1√
h

if h ≥ 1 .
(9.7)

In both cases we apply the additional condition ψ(z → ∞) = 0, requiring that the
magnetization approaches its bulk state far away from the surface. The solution of
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the sine-Gordon equation under these conditions is unique and given by

ψ(z) = 4 arctan
(
e− z−z0(h)

L(h)

)
(9.8)

which is parametrized by only two numbers, both of which depend on the external
magnetic field: The shift in z direction

z0(h) = −L(h) Arcosh


2

L3(h) if h ≪ 1

2
L(h) if h ≥ 1

 (9.9)

and L(h) which turns out to be the length scale of the surface twist. Thus the
length scale of the surface twist depends strongly on the applied magnetic field.

Magnetoelastic effect on the surface twist in the field polarized
phase

In the conical phase, the non-trivial boundary conditions for the displacement field
do not allow us to easily integrate out strain. However, in the polarized phase,
the problem becomes effectively one-dimensional, since there is no modulation
to the surface, and all x and y derivatives have to vanish by symmetry. In this
one-dimensional problem, the boundary conditions are trivially fulfilled, and this
makes reasoning about this problem much easier. We therefore concentrate on the
field polarized phase from now on

m =


cosψ
sinψ

0

 (9.10)

where the only degree of freedom left is the twisting angle ψ(z). We investigate the
effect of magnetostriction on the chiral surface twist. The energy density including
the elastic degrees of freedom is then

Ẽ = Ẽm + εijλijklmkml + 1
2εijCijklεkl (9.11)

where the elastic constants and couplings are measured in the magnetic energy
scale λ → λ/D2

2A
and C → C/D2

2A
, to maintain the dimensionless units. We will

assume here that both C and λ tensor have the form corresponding to point group
23, and that m2 = 1 such that λ can be written as in eq. (8.16), in the principal
coordinates of the crystal lattice. However, here we have to consider the relative
orientation of the crystal structure to the surface and magnetic field. To stay in the
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previously used convention of the surface normal vector ŝ pointing in z-direction
and the external magnetic field h pointing in the x-direction, we rotate the elastic
tensors.

Let C and λ be the elastic tensors in the principle coordinates of the lattice,
which in the cubic crystal system is orthogonal. The rotation matrix R(α, β, γ) ≡
Rz(α)Rx(β)Rz(γ) connects the vectors ŝ and h with the lattice directions [001] and
[100] such that ŝ = Rê[001] and h/h = Rê[100] using the Euler angles α, β and γ.
To transform the elastic tensors into the coordinate system, where ŝ and h point
into the desired direction we apply the inverse rotation,

C ′
i1j1k1l1 = RT

i1i2R
T
j1j2R

T
k1k2R

T
l1l2Ci2j2k2l2 . (9.12)

Since the general expressions get unwieldy quickly, we concentrate on the high
symmetry directions.

To derive the effective theory governing the surface twist we integrate out strain. We
do this separately for the homogeneous strain components Eij , which only depend on
the bulk state where ψ = 0. The homogeneous strain is then calculated in analogy
to section 8.3, with rotated tensors. Because of the symmetry of the problem, the
remaining inhomogeneous strain, and thus the displacement field, can only depend
on the z-coordinate. Using this assumption and the boundary condition that in the
bulk u has to vanish, we derive the strain profile at the surface.

As an example for a [001] surface with an external magnetic field in [100] direction,
R is a unit matrix and evaluating the proper tensor contractions we find that the
only non-vanishing, inhomogeneous strain component is given by

∂zu3 = −2λ12

C11
sin2 ψ . (9.13)

Note that for this orientation the surface strain is purely determined by the chiral
coupling λ12. If we reinsert this into the energy functional and derive the equation
of state for the twisting angle ψ using the ansatz m = (cosψ, sinψ, 0).

ψ′′ = h sinψ + λ2
11 + 3λ2

12
C11 − C12

sin 2ψ + λ2
12
C11

sin 4ψ (9.14)

where the sin 2ψ term represents an effective uniaxial anisotropy from the homo-
geneous distortion, caused by the polarized ground state, and the sin 4ψ term
represents a cubic anisotropy inherited from the lattice.

It is also important to check how the critical field changes under the inclusion
of magnetostriction since we need to make sure that the uniform magnetization
which we assumed is the true bulk ground state. This can be done by inserting
the ansatz for the magnetization in the conical state and expanding in the cone
angle θ, effectively deriving a Landau functional for the conical-polarized transition.

139



Still in the ŝ ∥ [001] and h ∥ [100] orientation, the critical field hc which makes the
quadratic term vanish is

hc = 1 − 2λ2
11

C11 − C12
− 6λ2

12
C11 − C12

+ 4λ44

C44
. (9.15)

For an isotropic lattice C11 − C12 = 2C44 and coupling λ11 = 2λ44, λ12 = 0 the
magnetostriction contribution vanishes, showing that the effect is one of lattice
anisotropy.

After multiplying the equation of state with ψ′, integrating over z and eliminating
the integration constant by enforcing the constraint ψ′(z → ∞) = ψ(z → ∞) = 0
we obtain the first-order equation

ψ′ =
√

2V(ψ) =
√

2h(1 − cosψ) + 2Vme(ψ) (9.16)

where the magnetoelastic contribution to the effective potential is given by

Vme(ψ) = Lu(1 − cos 2ψ) + Lc(1 − cos 4ψ) . (9.17)

The boundary conditions are unmodified ψ′(0) = −1. The coefficients Lu and Lc

depend on the crystallographic orientation. For selected lattice orientations the
uniaxial anisotropy is given by

Lu =


λ2

11 + 3λ2
12

2(C11 − C12)
ŝ ∥ [001],h ∥ [100]

1
3

(
λ2

11 + 3λ2
12

2(C11 − C12)
+ 2λ2

44
C44

)
ŝ ∥ [111],h ∥ [11̄0] ,

(9.18)

and the cubic anisotropy by

Lc =


λ2

12
4C11

ŝ ∥ [001],h ∥ [100]

0 ŝ ∥ [111],h ∥ [11̄0]
(9.19)

Integrating eq. (9.16) exactly is in general not possible. However, we can find
numerical solutions, such as the ones shown in fig. 9.2. As long as the elastic
coupling is not too large the profile is still approximately exponential, with a
characteristic length scale Ltw that gets smaller with increased coupling. The length
scale can be determined by a fit of ψ ∼ e−z/Ltw, and the result is also shown in
fig. 9.2 as a function of the couplings and for different values of the applied field
h.
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Figure 9.2.: Numerically determined profile of the chiral surface twist in the field
polarized phase for different values of the magnetoelastic couplings
(left), and length scale of the twist Ltw, determined by exponential fit
as a function of the couplings.
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9.2. Skyrmion surface twist

The skyrmion surface twist is a phenomenon that appears when the skyrmion
axis is along the surface normal vector. Here, the boundary conditions force a
twist in the skyrmion helicity, which is typically Bloch type in the bulk, towards
a mixed Bloch-Néel state. Since helicity characterizes an in-plane magnetization
angle, the twist angle of the skyrmion surface twist does not directly depend on
the out-of-plane applied magnetic field, but instead is determined only by intrinsic
material parameters.

Minimal analytical model

At first, we need to understand the prediction of the purely magnetic model. For
this, we consider the skyrmions lattice phase of the model

Ẽm = 1
2(∂im)2 + m · (∇ × m) − κm2

z − hmz , (9.20)

with a surface in the x-y-plane. The magnetic field, anisotropy axis, and surface
normal are thus all aligned along the z-direction, ŝ ∥ h ∥ êa ∥ ẑ. The lattice of
skyrmion tubes, which orients along the same axis, is periodic in the x-y-plane and
may be represented as a Fourier series

m(r) =
∑
G

aG

(
(Ĝ cosχ(z) + ẑ × Ĝ sinχ(z)) sin(G · r) + ẑ cos(G · r)

)
, (9.21)

where G is a vector of the reciprocal lattice of the two-dimensional, hexagonal
skyrmion crystal and Ĝ = G/|G| is the corresponding unit vector. The z-dependent
angle χ is the skyrmion helicity. Since χ describes an angle in the x-y-plane, it does
not appear in anisotropy and magnetic field terms, which only couple to out-of-plane
degrees of freedom. Hence, the helicity is unaffected by the parameters κ and h.

In the above ansatz, we have made already a strong assumption: χ is the same for
all q. In general, this would not be valid, however, we are mainly interested in a
model that reproduces the length scale of the surface twist. The longest length
scale will be determined by the smallest G vectors, therefore we argue that the
long-range physics will be captured by modeling the skyrmion lattice as the so-called
triple-q-state, where we only consider reciprocal lattice vectors with |G| = QSkL
which QSkL is the reciprocal lattice constant. Thus the sum only goes over

Ĝ ∈




1
0
0

 ,


−1
2√
3

2
0

 ,


−1
2

−
√

3
2

0


 (9.22)
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and the Γ-point, representing a uniform magnetization contribution. By symmetry
the amplitude aG = a is then independent of G. Inserting the triple-q-ansatz into
the minimal model and executing the integral over x and y, we arrive at an effective
one-dimensional theory for χ,

Ẽm = 3a2

2

∫
dz
(1

2(∂zχ)2 +Q2
SkL + ∂zχ− 2QSkL sinχ

)
+ const. , (9.23)

In the bulk of the chiral magnet, we have translational invariance in z-direction.
Thus the bulk helicity χ0 is simply given by the minimum of the sin-potential,
χ0 = π/2. We assume that the skyrmion lattice periodicity is determined by bulk
properties and minimizing the above energy for χ = χ0 yields QSkL = 1, in other
words, the periodicity of the triple-q-state is the same at the helix period. We
have learned in section 7.2 that this is in general not true since QSkL depends
on the parameters κ and h. The simplification is an artifact of the triple-q-state
approximation.

The equation of state for χ is the familiar sine-Gordon equation

χ′′ = 2 sin(χ− χ0) (9.24)

where χ0 = π/2 is the bulk helicity, which for our model is Bloch-type. The
boundary condition eq. (7.10) evaluates to χ′(0) = −1 and of course we impost the
condition that far away from the surface the helicity approaches the bulk value.
The solution is thus in analogy with eq. (9.8)

χ(z) − χ0 = 4 arctan
(
e−

√
2(z−z0)

)
. (9.25)

We can read off the length scale of the skyrmion surface twist. Converting back
from our natural units, we obtain

Ltwist = 1√
2

2A
D

. (9.26)

In this simplified model the twist length depends only on the ratio of exchange
interaction and DMI, similar to the magnetic modulation length λ = 4π

A
/D. The

prediction of the minimal model is thus that the skyrmion surface twist has a
length scale of Ltwist = λ√

22π
. This is lower than the estimate that one would

get from dimensional analysis, 2A/D, which is commonly found in the literature
(Laan, Zhang, & Hesjedal, 2021; Zhang et al., 2018), by a factor of 1/

√
2. This

makes the discrepancy between theory and experiment even more striking, since the
experimental value is several times larger than the theoretical estimate.

In the bulk chiral magnet Cu2OSeO3 the magnetic modulation length is approx-
imately λ = 62 nm (Adams et al., 2012; Zhang et al., 2018). The prediction of
the minimal model is thus Ltwist ≈ 7 nm, which agrees well with micromagnetic

143



0

180
χ (deg)

15012090

z
(n

m
)

100

10

1

0.1

L exp

L th

χ = 179.8°exp
0

χ = 180°th,2
0

model 1
χ = 135°th,1

0
model 2

experimental

Figure 9.3.: Helicity profile from X-ray scattering experiments in Cu2OSeO3 and
theoretical predictions from micromagnetic simulations (Zhang et al.,
2018). In the theoretical model, the skyrmions twist has a length scale
of Lth = 5.4 nm. Experimentally, a length scale of Lexp = 62.5 nm was
observed.

modeling (Zhang et al., 2018). However, experimental observation of the twist
length in the stable skyrmion lattice phase using depth-dependent circular dichroic
resonant elastic X-ray scattering are in the range of 50 − 60 nm (Tan et al., 2024;
Zhang et al., 2018), see fig. 9.3. The reason for this strong discrepancy is unknown,
which motivates us to explore the effect of extending the model with magnetoelastic
coupling on the surface twist.

Estimation of the bulk helicity length scale

If we are only interested in the length scale of changes in the helicity, in the above
example

√
2, it is interesting to note that this scale was already encoded in the

equation of state eq. (9.24), which is valid everywhere in the bulk, not just close to
the surface. The surface merely acts as a perturbation, that forces the helicity to
deviate from the bulk values to fulfill the boundary conditions. The range of this
perturbation was dictated by bulk physics.

Practically, it is therefore not necessary to solve eq. (9.24) exactly, to extract the
relevant length scale as will be shown below. Instead, we can imagine an infinitesimal
perturbation δχ of the helicity χ(z) = χ0 + δχ(z) somewhere along the skyrmion
string in the bulk of the system and ask how this perturbation decays along the
string.
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We can expand the energy eq. (9.23) in δχ to obtain

Ẽm ≈ 1
2

∫
dz
(
(∂zδχ)2 − 2δχ2

)
. (9.27)

Since we are describing the helicity in the bulk, where translational invariance in
z-direction holds, we can simply Fourier transform and obtain

Ẽm = 1
2

∫
dq
(
q2 + 2

)
δχqδχ−q (9.28)

So the correlation function
⟨δχqδχ−q⟩ = 1

q2 + 2 (9.29)

has a pole at q = ±i
√

2, which is exactly the prediction of the minimal model for
the twist length in dimensionless units.

Effect of magnetostriction

Already in one of the original publications describing the long-range surface recon-
struction of the skyrmion lattice (Zhang et al., 2018) the magnetoelastic coupling is
mentioned as a possible explanation. The intuition behind it is that the skyrmion
lattice state leads to a crystal lattice distortion, which will be especially strong at
the surface because of the skyrmion surface twist. If the crystal lattice distortion
favors a Néel-type skyrmion, a self-consistent solution may show an enhancement of
the surface twist.

To test this hypothesis we consider the effect of adding magnetostriction to the
setup described above. The full energy density is given by

Ẽ = 1
2(∂im)2 + m · (∇ × m) − κm2

z − hmz + εijλijklmkml + 1
2εijCijklεkl . (9.30)

To solve this model in the skyrmion lattice state analytically is challenging and
promises only limited insight. We therefore resolve to numerical methods for this
particular problem. The model was implemented as a finite element simulation
of combined magnetic and elastic dynamics with high damping. The magnetic
dynamics is given by the Landau-Lifshitz-Gilbert equation

∂tm = m × δE

δm
+ αm × ∂tm (9.31)

where we have absorbed the gyromagnetic factor into the time coordinate. The
parameter α represents the strength of the Gilbert damping. The elastic dynamics
are given by the equation

∂2
t u = δE

δu
+ η∂tu (9.32)
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Figure 9.4.: Length scale of the skyrmion surface twist and skyrmion lattice constant
as a function of magnetoelastic coupling parameters, determined using
finite element simulations. The effect of isotropic coupling is to suppress
the range of the surface twist, the same is the case for chiral coupling.
The cubic anisotropic coupling can have a positive or negative effect,
depending on the sign of λ11 − 2λ44.

where η is the elastic damping, and the mass density was absorbed into the time
coordinate. The simulation was done with the FEniCS framework (Alnaes et al.,
2015; Automated solution of differential equations by the finite element method,
2012).

The skyrmion lattice was modeled with a rectangular unit cell containing two
skyrmions, with periodic boundary conditions in x and y directions. In z-direction
the simulation domain extended over a length on the order of the experimentally
observed surface twist scale Lz ∼ 2π/QSkL.

The simulations were performed in two steps. First, the bulk ground state was
found by applying Neumann boundary conditions on both sides of the domain,
simultaneously minimizing the energy as a function of QSkL and Eij. The resulting
values of these parameters were subsequently fixed for the second step of the
simulation, in which Robin boundary conditions eq. (7.10) were applied to the z = 0
surface. The system was then allowed to relax and the helicity was extracted using
the projection on the triple-q-fourier components. The length scale of the twist was
determined by an exponential fit.

The effect of magnetostriction on the surface twist depends on the values chosen for
the coupling tensor. For an isotropic coupling it holds λ11 − 2λ44 = 0 and λ12 = 0.
These conditions leave only a single free coupling parameter. It can be seen in
fig. 9.4, that the effect of the isotropic magnetostriction is to suppress the range
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of the surface twist. At the same time QSkL is getting smaller, meaning that the
skyrmion lattice is expanding slightly. This effect can be attributed to uniaxial
anisotropy, caused by the tetragonal distortion of the lattice, which is known to
have a small effect on QSkL.

The effect of the chirality magnetoelastic coupling is stronger than the isotropic
coupling, but also lowers the length scale of the surface twist.

The only enhancement of the surface twist from magnetostriction is caused by the
anisotropic coupling λ11 − 2λ44 being negative, meaning that shear coupling λ44 is
stronger than normal coupling λ11. A similar effect can be found when lowering the
shear stiffness C44. However, if λ44 is increased above a certain threshold value such
that λ44/C44 is of order unity, the strong cubic anisotropy destabilizes the skyrmion
lattice and the system transitions to a tilted polarized phase. In the tilted polarized
phase the magnetization is homogeneous and tilted away from the magnetic field
axis in [001] direction, because the cubic anisotropy favors the [111] direction.

These results should be taken with a grain of salt, since in the simulation, a hexagonal
symmetry is imposed on the skyrmion lattice by setting the simulation domain to a
rectangular unit cell with a fixed aspect ratio, while the cubic anisotropy breaks the
hexagonal symmetry of the skyrmion lattice.

Discussion

We have seen from the simulation that the effect of magnetoelastic coupling on
the skyrmion surface twist is generally small for realistic values of the coupling
constants. An enhancement of the length scale of the surface twist could be seen
for large λ44, however, at large coupling, the skyrmion lattice was destabilized by
the induced cubic anisotropy, such that a length scale comparable with exponential
observations can not be reached this way.

Generally, a modification of the length scale of the surface twist Ltwist is associated
with a modification of the skyrmion lattice period 2π/QSkL of similar relative
size. Thus a much larger ratio LtwistQSkL, such as was seen experimentally, seems
even further out of reach. We therefore conclude that magnetoelastic is not the
explanation for this effect.

More recent experiments performed by Tan et al. (2024) on the metastable skyrmion
lattice at various temperatures, show a strong dependence of the surface twist on
temperature. The large length scale that was observed earlier (Zhang et al., 2018)
is only reproduced in the stable skyrmion phase at around 56 K, while for low
temperatures the length scale approaches the prediction of the minimal model.
This is another contradiction with the magnetoelastic hypothesis since the effect
of magnetoelastic coupling is expected to be strongest for low temperatures. If we
assume that the temperature dependence of the model parameters is dominated by
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the temperature dependence of the saturation magnetization Ms(T ), this follows
immediately from the Ms dependence of the various coupling parameters. From
dimensional analysis, we can argue that A ∼ M2

s and D ∼ M2
s , which should scale

like M2
s ∼ Tc − T . The magnetostriction however represents an anisotropy and thus

one has to be more careful about the temperature dependence (H. B. Callen &
Callen, 1966). We assume λ ∼ (Tc − T ) 3

2 , C does not depend on Ms. Overall, the
effect of magnetoelastic coupling is given by the energy scale

λ2

C
/
D2

2A ∼ (Tc − T )2 , (9.33)

thus the effect vanishes quickly when approaching the phase boundary to the
paramagnetic phase.

A similar reasoning applies to DMI-type elastic coupling µ but with the more
straightforward temperature dependence µ ∼ M2

s ∼ (Tc − T ). A linear temperature
scaling of an effect caused by DMI-type magnetoelastic coupling was indeed seen in
experiments (Nomura et al., 2019) (also see section 8.3).
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Conclusion and outlook

Throughout this thesis, we have seen several examples of elastic coupling to micro-
scopic degrees of freedom influencing the physics at large scales. Both in the case of
continuous phase transitions and chiral magnetism, we have learned a lot.

In part 1 we asked how the nature of continuous phase transitions is changed by
elastic coupling. For classical phase transitions, this question has been sufficiently
answered in the literature (Bergman & Halperin, 1976; Fisher, 1968; Larkin & Pikin,
1969). It was found that at constant pressure the transition becomes first order,
while at constant volume one expects Fisher-renormalized exponents. Bergman
& Halperin (1976) pointed out that the condition of “constant volume” is more
accurately described by pinned boundary conditions, where all surface atoms are
fixed to their position to stabilize the magnetoelastic crystal. It is however unclear
if this purely theoretical construct is truly necessary, and we find that may warrant
further research. We applied the classical theory to the tricritical point in chapter 4
and saw that if the critical exponent of specific heat α is positive, at constant pressure,
the tricritical point is completely suppressed by elastic fluctuations through the
Larkin-Pikin mechanism, while at constant volume Fisher-renormalized tricritical
exponents emerge. In contrast, the effect of elastic coupling on quantum criticality
turned out to be very different, as we discussed in detail in chapter 5 in the context
of a generic O(N) model. In the quantum critical theory elastic coupling is also
non-perturbative if the corresponding critical exponent αq is positive, but unlike
the classical theory the RG flow is not towards a stable fixed point with Fisher-
renormalized exponents. Instead, the lattice shows a microscopic instability at
a finite RG scale through a vanish sound velocity. At αq < 0 we found a new
repulsive fixed point that is characterized by a modified dynamical exponent for
the longitudinal phonon. Overall, these results emphasize how the quantum nature
of the fluctuations that drive the transition leads to fundamentally different and
generally more singular critical behavior.

The elastic coupling at a ferroelectric transition, which was the topic of chapter 6,
allows for coupling to shear strain, additionally to the generic compressive coupling.
In the absence of this shear coupling, the ferroelectric critical behavior turned out
to be modified by elastic coupling in a completely analogous way to the generic
O(N) model: The classical transition has a stable Fisher-renormalized fixed point,
while the quantum transition has runaway flow leading to a microscopic instability.
However, the theory turned out to be unstable with respect to above mentioned
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shear coupling in both cases, leading to much richer physics. The classical theory
has an additional fixed point at finite shear coupling, but vanishing shear modulus,
indicating an instability towards a solid-liquid transition in the case of an isotropic
medium. The nature of these new fixed points is at this point poorly understood
and will be the topic of future research. The quantum theory has again no stable
fixed points, but there are two different kinds of microscopic instabilities, one
characterized by a vanishing longitudinal and the other by a vanishing transversal
phonon velocity. The consequences of these instabilities are at this point unclear
and need to be studied in more detail. Additionally, the role of flexoelectricity in
relation to the theory outlined in chapter 6 has not been addressed.

In part 2 we explored the effect of magnetoelastic coupling on the non-collinear
phases in chiral magnets. This is a partially unexplored field with many open
questions. We saw in chapter 9 that the chiral surface twist in the field polarized
phase has led to a non-trivial strain near the surface, which lowers the length scale
of the surface twist. In the case of the skyrmion surface twist, we have shown that
magnetoelastic coupling is not the reason for the large-scale surface reconstruction
of the skyrmion lattice. We saw that there are certain regions in the vast parameter
space of the magnetoelastic couplings, where the surface twist is enhanced, but this
is by no means enough to explain the order or magnitude difference between the
prediction of the purely micromagnetic theory and experimental results (Zhang et
al., 2018). The question of the actual reason for the stark discrepancy between
theory and experiment is still open, but in light of recent experimental results (Tan
et al., 2024) it is much more likely to be answered with temperature-dependent
effects, such as thermal fluctuations.

The understanding of combined magnetic and elastic dynamics that we have gained
in the process is a good starting point to investigate a wide range of other phenomena.
For example, magnetoelastic coupling will cause a magnon phonon hybridization,
and in the skyrmion lattice phase, this may have interesting effects on the mangon
band structure. The surface twist in the polarized phase is known to lead to magnon
bound states (Müller et al., 2016), which may show interesting interactions with
surface acoustic waves. Hybridization between spin waves and surface acoustic
waves is an active field at the moment (Xu et al., 2020), and it would be interesting
to see how this plays out in chiral magnets.
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A. Calculation of self-energy diagram
with transversal and longitudinal
projectors

In the calculation of the self-energy correction for the isotropic ferroelectric with
elastic coupling in section 6.2 the following diagram appears.

l

ij

l′

i′j′

k
p p

k′

p− q

q

(A.1)

It resolves to the expression

Σkk′(ν, p) = 4
ρ
λijklλi′j′k′l′

∫
q,ω
G0

ll′(p− q, ν − ω)qiD
0
jj′(q, ω)qi′ . (A.2)

up to a combinatorial factor. The dependence of the integral on the external
momentum is complicated by the transversal projector in the Green’s function

G0
ij(q, ω) = δij − q̂iq̂j

ω2 + c2
0q

2 + r0
. (A.3)

We will therefore need to calculate products of projectors on different momentum
vectors such as(

δij − (p− q)i(p− q)j

(p− q)2

)[
qkql

q2 Dl(q, ω) +
(
δkl − qkql

q2

)
Dt(q, ω)

]
(A.4)

However, this also simplifies the calculation somewhat, since the self energy correction
also split into longitudinal and transversal part

Σij(ν, p) = σl(ν, p)p̂ip̂j + σt(ν, p)(δij − p̂ip̂j) , (A.5)
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and we are only interested in the correction to the transversal modes. Therefore we
extract the scalar function σt using the relation

tr Σ(ν, p) − p̂iΣij(ν, p)p̂j = (d− 1)σt(ν, p) . (A.6)

We will then assume that we can ignore the longitudinal mode and only renormalize
the transversal one

Z−1
ϕ (ω2 + c2q2 + r) = ω + c2

0q
2 + r0 − σt(ω, q) . (A.7)

Working out the algebra we find

σt(ν, p) = 4
ρ

∫
q,ω

q2

(ν − ω)2 + c2(p− q)2 + r

[
fl(p, q)
ω2 + c2

l q
2 + ft(p, q)

ω2 + c2
t q2

]
(A.8)

with

fl(p, q) = λ2
1

d− 1

(
d− 1 + q2

(p− q)2

(
(p̂ · q̂)2 − 1

))

+ 4λ1λ2

d− 1

(
q2 − (p · q)

(p− q)2 − 1
)(

(p̂ · q̂)2 − 1
)

+ 4λ2
2

d− 1

(
p2((p̂ · q̂)2 − 1) + (p− q)2

(p− q)2 − 1
)(

(p̂ · q̂)2 − 1
)

ft(p, q) = λ2
2

d− 1

(
(p̂ · q̂)2[p2(8 − d− 4(p̂ · q̂)2) + q2] + (d− 4)p2 − q2

(p− q)2

+ d
(
1 − (p̂ · q̂)2

))

(A.9)

However, since the problem is spherically symmetric, σt can not depend on the
direction of external momentum p̂. We can therefore choose p to be in z-direction
such that p̂ · q̂ = cos θ.

fl(p, q, θ) = λ2
1

d− 1

(
d− 1 − q2

p2 + q2 − 2pq cos θ sin2 θ

)

− 4λ1λ2

d− 1

(
q2 − pq cos θ

p2 + q2 − 2pq cos θ − 1
)

sin2 θ

− 4λ2
2

d− 1

(
p2 cos2 θ + q2 − 2pq cos θ)

p2 + q2 − 2pq cos θ − 1
)

sin2 θ

ft(p, q, θ) = λ2
2

d− 1

(
cos2 θ[p2(8 − d− 4 cos2 θ) + q2] + (d− 4)p2 − q2

p2 + q2 − 2pq cos θ

+ d sin2 θ

)

(A.10)
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Assuming that σt already has the form required by eq. (A.7) we can simplify the
calculation by expanding in ν, p and r separately

σt(p, ν) ∼ 1
2
∂2σt

∂ν2

∣∣∣∣∣ν=0
p=0
r=0

ν2 + 1
2
∂2σt

∂p2

∣∣∣∣∣ν=0
p=0
r=0

p2 + ∂σt

∂r

∣∣∣∣∣ν=0
p=0
r=0

r (A.11)

at least at the level of logarithmic divergences. Keeping in mind that the self energy
is subtracted from the bare propagator, we can then identify

1 − Z−1
ϕ = 1

2
∂2σt

∂ν2

∣∣∣∣∣ν=0
p=0
r=0

= 4
ρ

∫
q,ω

q2(3ω2 − c2q2)
(ω2 + c2q2)3

[
fl(0, q, θ)
ω2 + c2

l q
2 + ft(0, q, θ)

ω2 + c2
t q2

]

r0 − r = ∂σt

∂r

∣∣∣∣∣ν=0
p=0
r=0

= −4
ρ

∫
q,ω

q2

(ω2 + c2q2)2

[
fl(0, q, θ)
ω2 + c2

l q
2 + ft(0, q, θ)

ω2 + c2
t q2

] (A.12)

For the ν and r derivatives we notice fl/t(0, q, θ) = fl/t(θ) and write

fl(θ) = λ2
1

(
1 − sin2 θ

d− 1

)
ft(θ) = λ2

2 sin2 θ

(A.13)

With this we can straightforwardly calculate the integrals and combine everything
to get

Z−1
ϕ = 1 + 16K4

3ρ

[
3d− 5

2(d− 1)
λ2

1
ccl(c+ cl)3 + λ2

2
cct(c+ ct)3

]
log b

r = Zϕb
−2z

(
r − K4

6c3

(
d+ 1 − 2

d

)
ur log b

+ 8K4

3ρ

[
3d− 5

2(d− 1)
2c+ cl

c3cl(c+ cl)2λ
2
1 + 2c+ ct

c3ct(c+ ct)2λ
2
2

]
r log b

) (A.14)

Only for the c correction we have to actually calculate derivatives of fl/t as well

c2
0 − c2 = 1

2
∂2σt

∂p2

∣∣∣∣∣ν=0
p=0
r=0

= 2
ρ

∫
q,ω

(
∂2

∂p2
q2

ω2 + c2(p− q)2

[
fl(p, q, θ)
ω2 + c2

l q
2 + ft(p, q, θ)

ω2 + c2
t q2

])
p=0

(A.15)
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As a result we get

c2 = Zϕb
2−2z

(
c2 − 8K4

15ρ(d− 1)

[
(5d− 9)c− 2cl

cl(c+ cl)3 λ2
1

+ 8
ccl(c+ cl)2 ((c+ 2cl)λ1 + 4(c+ cl)λ2)λ2

+ 2(4d− 18)c2 + (7d− 33)cct + (4d− 16)c2
t

cct(c+ ct)3 λ2
2

]
log b

) (A.16)

Finally, we arrive at the RG flow equations for the parameters of the propagator of
the longitudinal optical mode:

dZϕ

dℓ
= −16K4

3ρ

[
λ2

1
ccl(c+ cl)3 + λ2

2
cct(c+ ct)3

]
dc2

dℓ
= −8K4

15ρ

[
13c− cl

cl(c+ cl)3λ
2
1 + 4

ccl(c+ cl)2

(
(c+ 2cl)λ1 + 4(c+ cl)λ2

)
λ2

+ 4(c2 − 3cct − c2
t )

cct(c+ ct)3 λ2
2

]
dr

dℓ
=
(

2 − 5K4

9c3 u+ 8K4

3ρ

[
3c+ cl

c3(c+ cl)3λ
2
1 + 3c+ ct

c3(c+ ct)3λ
2
2

])
r

(A.17)
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