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Abstract

Barthe, Schechtman and Schmuckenschldger proved that the cube maximizes the
mean width of symmetric convex bodies whose John ellipsoid (maximal volume el-
lipsoid contained in the body) is the Euclidean unit ball, and the regular crosspoly-
tope minimizes the mean width of symmetric convex bodies whose Lowner ellip-
soid is the Euclidean unit ball. Here we prove close-to-be optimal stronger stability
versions of these results, together with their counterparts about the ¢-norm based
on Gaussian integrals. We also consider related stability results for the mean width
and the /-norm of the convex hull of the support of even isotropic measures on the
unit sphere.
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1 Introduction

Geometric inequalities and extremal problems constitute a central topic in geometry
and geometric analysis. Perhaps the best known example is the isoperimetric inequal-
ity which states that Euclidean balls have smallest surface area among sets of given
(finite) volume in Euclidean space R™. If we restrict to compact convex sets with
nonempty interior (convex bodies), then Euclidean balls are the only minimizers.
Another important example is the Urysohn inequality according to which Euclidean
balls minimize the mean width of convex bodies of given volume. While for these
two classical examples the extremizers (Euclidean balls) are rotationally symmetric,
for some other extremal problems simplices, cubes and crosspolytopes naturally arise
as extremizers.

In the following, we mainly focus on geometric inequalities and extremal prob-
lems for origin symmetric (o-symmetric) convex bodies (see [16] for the non-sym-
metric setting) in Euclidean space R™, n > 2, with scalar product (-,-) and norm
| - |l. We write B} to denote the unit ball of the I/, norm in R™ for p € [1,00], in
particular B} is a regular crosspolytope inscribed into BY, and (B})° = BY is a
cube circumscribed around BY, where K° = {x € R™ : (x,y) < 1Vy € K} is the
polar dual of an origin symmetric convex body K C R".

An intriguing geometric extremal problem for which cubes and crosspolytopes
are extremizers has been discovered and studied much more recently. Let K denote
some origin symmetric convex body in R™. It is well known that there exists a unique
ellipsoid of maximal volume contained in K (the John ellipsoid of K), and a unique
ellipsoid of minimal volume containing K (the Lowner ellipsoid of K). It has been
proved by Ball [4] that cubes maximize the volume of K given the volume of the John
ellipsoid of K, which can be paraphrased by saying that cubes determine the extre-
mal “inner” volume ratio for origin symmetric convex bodies. For the dual problem,
Barthe [8] showed that crosspolytopes minimize the volume of K given the volume
of the Lowner ellipsoid of K, hence crosspolytopes determine the extremal “outer”
volume ratio (see also Lutwak, Yang, Zhang [34, 35]). In all these cases, the under-
standing of the equality cases essentially relies on Barthe’s fundamental work [8] on
the Brascamp—Lieb inequality and its reverse inequality.

Since the mean width plays a key role in the present work, we provide an explicit
definition. Let x,, denote the volume of the unit ball BY and S™~! its boundary
(the Euclidean unit sphere). For a convex body K C R™, the support function
hig :R™ = R of K is defined by hi(z) = maxycx(x,y) for z € R". Then the
mean width of K is given by

W) = — /SH(hK(u) T hc(—u)) du,

NKnp

where the integration is with respect to the (n — 1)-dimensional spherical Lebesgue
measure. As a functional on convex bodies, the mean width is isometry invariant,
continuous, additive (a valuation) and (positively) homogeneous of degree one.
Moreover the mean width is characterized by these properties.
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In addition to the (translation invariant) mean width we consider the /-norm of
origin symmetric convex bodies. To define the latter, for an o-symmetric convex
body K C R", we set

|z|k = min{t >0: z €tK},  z€R"

Let ~,, denote the standard Gaussian measure in R", which has the density function

T — 217r e~lI=17/2 2 € R™, with respect to Lebesgue measure. Then the {-norm of

K is defined by

£0K) = [ Nl v (da) = BIX e

where X is a Gaussian random vector with distribution +y,,. Using polar coordinates,

the relation hge = || - || x and denoting by I'(-) the Gamma function, we get
(B
o) = B i) n

with £(BY) = v2I'(%)~'T'(%$), hence

lim E(Bz )

n— o0 n

=1.

Clearly, the /-norm of K can be rewritten in the form
(O = [ PUXIk > de= [ (1= (et @
0 0

The following Theorem 1.1 for the /-norm of symmetric convex bodies was first
stated by Schechtman, Schmuckenschlager [37] (without discussing the equality
cases). Part (i) is only briefly mentioned by Schechtman, Schmuckenschlager [37,
p. 270], an explicit proof including a characterization of the equality case was pro-
vided by Barthe [9, Theorem 2]. Part (ii) was proved by Schechtman, Schmucken-
schldger [37, Proposition 4.11] as an application of the Brascamp—Lieb inequality.
The equality case follows from Barthe’s general analysis of the equality conditions
in the Brascamp-Lieb inequality [8]. The non-symmetric cases of these statements
are treated by Barthe [9] and Schmuckenschlager [38] (see [16] for strengthened
inequalities in the non-symmetric case).

Theorem 1.1 (Barthe '98, Schechtman, Schmuckenschliger '95) Let K be an origin
symmetric convex body in R".

(1) If BY DK is the Lowner ellipsoid of K, then ¢(K) < /{(B}) and

W(K) > W(B?). Equality holds in either case if and only if K is a regular
crosspolytope.
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(ii) If By C K istheJohnellipsoid of K, then W (K) < W (BZ)and £(K) > ¢(BL).
Equality holds in either case if and only if K is a cube.

It follows from (1) and the duality of Lowner and John ellipsoids that the first
statement of (i) is equivalent to the first statement of (ii), and the second statement of
(1) is equivalent to the second statement of (ii).

Let us briefly discuss the range of W(K) (and thus that of £(K)) in Theorem 1.1.

Note that W (K) = 22=1 . V4 (K) (cf. Schneider [39, (5.31) and (5.57)] or [26,

Nkn

(3.18)]), where V; (K) is the first intrinsic volume of K, and “2=* ~ | /5=, as n tends

Kn

to infinity. If K C R"™ is an o-symmetric convex body whose Lowner ellipsoid is By,
then the monotonicity of the mean width and Theorem 1.1 (i) yield

W(BY) < W(K) < W(B3) = 2,

where Lemma 3.1 in Béroczky, Henk [17] yields that

W(BT) ~

In addition, V4 (BZ) = 2n as V; is additive. If K is a convex body in R"™ whose John
ellipsoid is B, then

2=W(By) < W(K) <W(BL),

where W(B™) ~ \/8n/m. As a consequence, we also have ((BL) ~ /1B as
n — oo and ¢(B}) = \/§~nforn > 2.
The main goal of this paper is to prove a close-to-be optimal stability version of

Theorem 1.1. In the stronger version of Theorem 1.1, closeness of two non-empty
compact sets X, Y C R is measured in terms of their Hausdorff distance

0n(X,Y) = max{max d(y, X), max d(z,Y)},

where d(z,Y) = min{||z — y|| : y € Y'} is the distance of x from Y. The Hausdorff
distance defines a metric on the set of non-empty compact subsets of R™. Let O(n)
denote the orthogonal group of R™. Since we are interested in the Hausdorff distance
up to orthogonal transformations, we also consider the metric

5H0(X,Y) = IniIl{dH(AX7 ‘I)Y) BEONS O(n)}

We start with the case when B is the Lowner ellipsoid of a convex body K C By,
and then state the stability result when B is the John ellipsoid of a convex body
K CR".
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Theorem 1.2 If By is the Lowner ellipsoid of an origin symmetric convex body
K C Bj, then

U(K) < (1 —7v-duo(K, BY)) {(BY), ©)
W(EK) = (1+7-duo (K, B)*") W(BY), “)
where v = n=c"" with an absolute constant ¢ > 0.

Theorem 1.3 If B} is the John ellipsoid of an origin symmetric convex body K C R",
then

UK) > (147 duo(K, BL)*™) ¢(BL), Q)
W (K) < (1 -~ dno(K,BL)) W(BL), (6)

where v = n=c"" with an absolute constant ¢ > 0.

Concerning the optimality of Theorem 1.3, let K., for sufficiently small
e > 0, be obtained from the cube B, by cutting off each vertex v of B by the
half space {x € R™: (x,v) < (1 —¢€){v,v)}. The resulting body satisfies that
Siio(Key BL) = e, 0(K.) < (1+72¢™) £(BL)and W (K.) > (1 — ge) W(BL)
for some 1, y2,v3 > 0 depending on 7; therefore,

e the estimate (6) is optimal up to the factor depending on n, and
e the exponent 4n of duo (K, BZ) in (5) cannot be replaced by anything smaller
than n.

For the optimality of Theorem 1.2, we consider the polar K for sufficiently small
€ > 0, and hence the estimate (3) is optimal up to the factor depending on #, and the
exponent 4n of dgo (K, BY') in (4) cannot be replaced by anything smaller than .
Finally, in the statement of relation (4) the factor v can be chosen of the order
n~°" with an absolute constant ¢ > 0 and dyo (K, B?")*" can be replaced by
dvol0 (K, B1)*, where for origin symmetric convex bodies X, Y C R™ we define

6volO(X; Y) = min{(svol(X, (PY) HEONS O(n)}

and dyo) is the symmetric (volume) difference metric. Similar comments apply to
relation (5).

An important concept underlying the proof of Theorem 1.1 is the notion of an
isotropic measure on the unit sphere. A Borel measure y on the unit sphere S™~1 is
called isotropic (cf. [22, 35]) if

/ u@up(du) = 1,, (7
Snfl
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where I, is the identity map (or the identity matrix). Equating traces of the two
sides of (7), we get u(S™~ 1) = n. If u is an even isotropic measure on S™~ !, then
the cardinality of its support satisfies |[supp | > 2n, with equality if and only if x
is concentrated on the vertices of some regular crosspolytope and each vertex has
measure % Ifuy,...,ur € S" tandei,...,cp > 0satisfy u; # +u; fori # j and

k

E ciu; @ uy = Iy,

i=1

then the discrete measure g on S"~! with support {4wus,...,*ui} and
wl{u;}) = p({—u;}) = ¢;/2 for i =1,...,k is isotropic and even. If k=mn,
U1, ..., U, form an orthonormal basis of R™ and each ¢; = 1, then such a measure
is called a cross measure, and is characterized by the properties that it is an even
isotropic measure whose support consists of the vertices of a regular crosspolytope.

We recall that isotropic measures on R play a central role in the KLS conjecture
[29] and in the analysis of Bourgain’s recently resolved (cf. Klartag, Lehec [31])
hyperplane conjecture (slicing problem) (see, for instance, [1, 2, 10, 25, 30]). The
relevance of isotropic measures on S™ ! in the present context is due to Ball’s crucial
insight that John’s characteristic condition [27, 28] (see Sect. 2) for a convex body
to have the unit ball as its John or Léwner ellipsoid (see [3, 4]) can be used to give
the Brascamp-Lieb inequality a convenient form which is perfectly suited for many
geometric applications (see Sect. 3).

We write conv X to denote the convex hull of a set X C R"™, and for an even iso-
tropic measure 4 on S™ !, we consider the o-symmetric convex bodies

Zoo(p) = convsupp p C By and ZZ (u) = Zoo(p)° D BY.

In particular, if v is a cross measure on S™ !, then

Zw(v) =By and ZX (v) = BL.

Li, Leng [32] proved the following version of Theorem 1.1. The result can be obtained
as an immediate consequence of Theorem 1.1 and Lemma 7.1.

Theorem 1.4 (Li, Leng [32]) Let v be a cross measure on S~ 1. If 1 is an even iso-
tropic measure, then

(1) U Zo(p) <U(Zx(v)) and W (Zoo(p)) > W(Zo(v)), and equality holds in
either case if and only if 1 is a cross measure.

(i) £(Z2 () > U(Z%,(v)) and W(Z2, () < W(ZZ%, (v)), and equality holds in
either case if and only if 1 is a cross measure.

In order to state a stability version of Theorem 1.4, we need the notion of Was-

serstein distance v (u, V) of two isotropic measures y and v on S"~! (also called
the Kantorovich-Monge-Rubinstein distance). To define it, we write Z(v, w)

@ Springer



Strengthened inequalities for the mean width and the e-norm of...

to denote the angle of v,w € S™~!; that is, the geodesic distance of v and w on
Sm=1 Let Lip; (S™~1) denote the family of Lipschitz functions with Lipschitz con-
stant 1; namely, f: S™~! — R is in Lip;(S™71) if ||f(z) — f(y)|| < Z(=,y) for
2,y € S" L. Then

B (1, v) = max { /5  fdu- /S  fdv:fe Lipl(S”_l)} |

Since we allow rotation of one of the measures, the actual notion of distance that we
use is

dwo(p,v) = min {ow(p, P.v): ® € O(n)}

where @, denotes the pushforward of v by ® : S*~! — S"~! In turn, we have the
following stronger form of Theorem 1.4.

Theorem 1.5 Let i be an even isotropic measure on S™"~'. There exist an absolute

constant ¢ > 0 and a cross measure v on S™~ 1 such that for y = n’cng,for (a) and
(d), and v = n=°", for (b) and (c), and 7 = we have

@ (Z(h)

(1 =7 - dno(supp 1, supp v)) £(Zoo (v))

> (1 _’7 : 5WO(M»V)) K(Zocoj))

) V() = El+7~5Ho(Suppu,Suppv4) 5o (V))
> (1+9 dwo(u.v)) W(Z (V))

© (Z) = §1+7 0o (supp 1, Supp v) ) U2z

> ).

)

NIN

1+ - dwo(u, v)*) ((Z5,(v)
@ WZw) < (1—7-dno(suppp,suppr)) W(Z5 ()
< (1=7-dwoluv) W(Z5v)).

The main task of the present work is to estimate the ¢-norm. In Sect. 2 we deal
with the case when the Lowner ellipsoid is a ball. This part of the argument avoids
the use of Barthe’s reverse form of the Brascamp—Lieb inequality and proceeds by a
more direct reasoning. To estimate the /-norm when the John ellipsoid is a ball, first
we review the use of optimal transport and the Brascamp—Lieb inequality in Sect. 3,
and secondly we provide some crucial estimates for the transport functions arising in
this context in Sect. 4. Stability of the /-norm around the cube when the John ellip-
soid is a ball is verified in Sect. 5 (see Theorem 5.6), and we prove Theorem 1.2 and
Theorem 1.3 in Sect. 6. Finally, Theorem 1.5 is established in Sect. 7 via Theorem
7.4 and Theorem 7.7.

Our arguments are partly based on the rank one geometric Brascamp—Lieb inequal-
ity and its stability version in a special case (see Sect. 5). No quantitative stability
version of the Brascamp—Lieb inequality (or of the reverse Brascamp—Lieb inequal-
ity) is known in general (see Bennett, Bez, Flock, Lee [12] for a certain weak stability
version for higher ranks). On the other hand, in the case of the Borell-Brascamp-Lieb
inequaliy (see Borell [14], Brascamp, Lieb [19] and Balogh, Kristaly [6]), stability
versions were obtained by Ghilli, Salani [21] and Rossi, Salani [36].
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2 The ¢-norm when the Lowner ellipsoid is a ball

Theorem 2.1 below is part (i) of Theorem 1.1. We start by recalling the argument of
Barthe (see [9, Theorem 2]) to prove Theorem 2.1.

In order to efficiently use the hypothesis that the unit ball is the John (or Léwner)
ellipsoid of a symmetric convex body K, John’s [27, 28] characteristic condition is
employed. It states that B is the John ellipsoid (or Léwner ellipsoid) of an o-sym-
metric convex body K if and only if BY C K (or K C B%), and there exist distinct

unit vectors ui,...,ur € 9K NS"! and c1,...,c, > 0 such that u; # Fu; for
i # j and
k
> cui®@u =1, ®)
=1

with the proof of the equivalence completed by Ball [5] (see also [24]).

It follows that B3 is the John ellipsoid of an o-symmetric convex body K C R"™ if
and only if B% is the Lowner ellipsoid of K°.

Furthermore, there exists some m element subset I C {1, ..., k} withm < w
and some ¢; > 0 fors € I suchthat ), ; Giu; @ u; = I,,.

In the following we fix an orthonormal basis e, . . ., e, of R™. We also note that if
Ul,...,ur € S" tandey,...,cp > 0 satisfy
k
Zci%‘@%‘ =1,, Q)
i=1

then this data and any = € R™ satisfy

k
$:ZCi<l',Ui> Us s (10)
i=1
k
||‘T||§ :ZC¢<I,U1‘>27 (11)
=1

k
S i =n, (12)
i=1

c; <1 forj=1,...,k (13)

Here (10) and (11) directly follow from (9), (12) follows from equating traces, and
(11) yields (13) by taking z = u;.
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Theorem 2.1 (Barthe, Schechtman, Schmuckenschliger) If K C R™ is an ori-
gin symmetric convex body such that By D K is the Loéwner ellipsoid of K, then
L(K) < L(BY). Equality holds if and only if K is a regular crosspolytope inscribed
to By.

Proof According to John’s characteristic condition, there exist distinct unit vectors
ul,...,ux €OK NS Landcy,...,cp > 0such that (9) holds. Moreover, we can

assume that u; # —u; for i # j. We deduce from Zle ci = n(cf. (12)) and

[ eentantan) = [ ol

for any v € S™~! that

“B) = [ e
(Zc,)/ x, e1)| yn(dz) / Zcz x,u;)| Yo (da).

The convex hull M C K of +uy,...,Fuy is an o-symmetric polytope, and (10)
yields that

k k k
[z < [|@|[ar = inf {Z CAREES Z%‘Uz} < eal(mu). (19)
i=1 =1 =1

oy lde) = [ >l nde) = [ el (ao)
(14)

It follows from (14) that
() = [ el n(de) < [ lalas ()
k
< [ el (o) = (B,
"i=1

Next we assume that £(K) = £(B7). Then equality holds in (15), hence K = M,
and equality holds in the right inequality of (15). Applying this fact to x = u; and the
estimate |(u;,u;)| < 1 yield

cil(ug, wi)l u],ul =1.

M-
I\Mw

This shows that |(u;,u;)| € {0,1} for 4,5 € {1,..., k}. Therefore, we have k = n,
U, ..., Uy, is an orthonormal basisand ¢y, = --- =¢, = 1. O
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In order to have a stability version of Theorem 2.1, we need some observations
on a system of vectors satisfying (9). We observe that setting v; = /c; u; in (9), we

have Zle v; ® v; = 1,,. We deduce the following from the Cauchy—Binet formula.

Lemma 2.2 If vy,...,vx € R™ satisfy Zle v; Q@ v; = 1d,,, then there exist
1 <i; <...<1, <ksuch that

—1
det[vij,...,vin]g > ( Z ) .

For non-zero vectors v and w, we write Z(v, w) to denote their angle, that is, the
geodesic distance of the unit vectors ||v||~!v and ||w|~w on the unit sphere. The
following lemma is a variant of [18, Lemma 3.2], which follows by a similar argu-
ment as in [18].

Lemma 2.3 Let uy,...,us € S™ 1 and cy,...,cp > 0, k> n, satisfy (9). Let
0<n<1/(8n). If for any j € {n+1,...,k} there exists some i € {1,...,n}
satisfying |(u;, uj)| > cosn, then there exist an orthonormal basis wy, ..., wy, and

&e{—1,1}forj=1,...,ksuchthat
6H ({w17'"awn}v{flula"'agkuk}) < 4\/577
Proof We partition the index set {1,...,k} into sets Vi,...,V, such that i € V;

for i=1,...,n, and if j>n+1 and j€V; for some i€ {1,...,n},then
[{(ui,uj)| > cosm. Fori=1,...,n, (11) yields

L= Jluill® = ) ejusu) = ) ej(cosn)?,

JEVi JEV:

and hence
Z c¢j < (cosn) ™2 (16)
JEV:

For j € V;, we may replace u; with —u; if necessary to ensure (u;,u;) > 0, and
hence

Z(uj,uj) <n  for j eV 17)

Fori=1,...,n,let@w; € S"! be orthogonal to u,,, m € {1,...,n}\{i}, and sat-
isfy (w;, u;) > 0. In addition, let o; € [0, /2] be defined by

cos o; = max{|[(w;, u;)| : j € V;}.
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We aim at bounding «; from above. For a fixed i € {1,...,n}, we observe that if
J € Vi, then (w0, u;)? < cos® o, and if j € V,, forsome m € {1,...,n}\ {i}, then
LU, uj) < nand (W;, uy,) = 0 imply

(uj, @;)? 4 cos® n < (uj, w;)* + (uj, um)? < Jug||* =1,

and hence (10;, u;)? < sin® 7. Using these facts and (16), we deduce

2 2 sin® 7
Z ¢ (W;, u;)° < sin”n Z ¢ < for m e {1,...,n}\ {i},

2.0
cos
JEVm JEVm n
2
- cos? o
E cj<wi,uj>2 < cos® o; E ¢ < ‘,
cos? 7
JEV; JEV;

It follows from (11) that

k

_ N (n—1)sin?n  cos? oy
1= [Jg]|* =) ey, ug)® < o2 o2 -,
=1 n n
and hence
sin; =1 —cos? o < 1 —cos’n+ (n—1)sin’n = nsin®7.

This shows that

2
(2) o2 <mpf < L, (18)
In

™

thus 0 < a; < ﬁ. Since 1 < 1/(3n), we also get «; + 1 < 7/2. By the defini-

tion of «;, there is some j € V; such that cos o; = i<wi7uj). First, suppose that
cos oy = —(W;, u;). Then Z(w;, —u;) = oy, hence (17) yields

l(ﬁ]i, —ui) < Z(UN}Z, —Uj) =+ L(—Uj, —ui) <a+n< g,

which is a contradiction to (w;, u;) > 0. This shows that cos o; = (0, u;) and there-
fore Z(w;,u;) = a. As before, (17) now yields

LW, ui) < a; + 1. (19)
Therefore, (19), (18) and n < 1/(3+/n) imply

(Wi ui) < a;+n<2ynn+n<3vVnn<1, i=1,...,n. (20)
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Supposing that u; is in the linear hull of the vectors u,,, m € {1,...,n} \ {i}, we
deduce that (u;,w;) = 0, which contradicts (20). It follows that u1, ..., u, are lin-
early independent.

We define wy; = uy, and for i =2,...,n, we let w; be the unit vector in
lin {wy,...,u;} which is orthogonal to w1, ..., u;—; and satisfies (w;,u;) > 0. As
wi, ..., w, form an orthonormal basis, lin {uy,...,u,,} = lin{w,...,w,} and

(w;,u;) = 0for j <i—1,it follows that u; = Z;’=1 Bjw; and w; = > . Ym W,
for B;,vm € R where (w;,u;) >0 and (w;,u;) >0 yield f;,v; € [0,1]. Thus
(ug, w;y = B; > Bivi = (uy,w;) or in other words Z(w;, u;) < Z(0;,u;) < 3y/nn,
and hence if 7 € V;, then

Z(wi, uj) < L(wi,wi) + ZL(ug, ug) < 4/n,

which completes the argument. O
We also need an estimate about the Gaussian measure of cones.

Lemma 24 If «c(0,%) and weS™ ', then the convex cone
C={zeR": (z,w) > ||z| cosa} satisfies

sin" 7 ()

n(C) =

2mn

Proof We write H™~1(-) to denote the (n — 1)-dimensional Hausdorff measure nor-
malized in such a way that it coincides with the (n — 1)-dimensional Lebesgues mea-
sure on subsets of w. We observe that the orthogonal projection of C'N S™~! onto
w™ is an (n — 1)-ball of radius sin a; therefore,

HPHO NS sin™ @)k
= > .
1 (C) Hr—L(Snml)y T Nkn

The logarithmic convexity of the Gamma function yields (+,,_1)% > ky_2k,. Since
Kn—oky, ' = 7= we get

from which the assertion follows. O
Next we provide a quantitative estimate about polytopes whose vertices are close
the vertices of a regular crosspolytope.

Lemma2.5 Ifpy,..., pe, are the vertices of B}, and M = conv{qy,...,q} C R"
with5g({p1,---,Pen}, {41, --» @x}) < afor some o € (0,1/+/n), then
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(1 —v/na)B} € M C (1 ++/na)B?.

Proof We have (B7)° = B’ C v/nBY, hence B} C \/nB}. By assumption,
B} C M + B3 . 1t follows that

(1 —v/na)B} + vnaB} C M +v/naBY,

which yields the left inclusion.
The right inclusion follows from M C B} + aBY C B} + a/nB7. O
The last auxiliary statement before Theorem 2.7 helps to estimate the variation of
the ¢ function.

Lemma2.6 IfR > 0 and K C C C RBY} are o-symmetric convex bodies, then

n

)2 R D V(O\K).

n

UK) = 6C) = (5

2me

Proof 1t follows from (2), and using substitutions like = ty and ¢t = s/R that

UK) - 0(C) = /Oo(%(tC) i (tK)) dt = \/% / /(C\K 1 et

B (C\K)/ _i2R?
t"e dydt > ——2 "7 the” 2 dt
\/ / /C\K V2m 0

= s'e -
R”Jfl\/ 27r 0 - RrtlL2r 2
Since
€T xX
L(x+1) > V2rx (7) , x>0,
e
we get
1 n—1 n -+ 1 1 % n % n %
B | > er(1- = <7> > (7> o> 2
Vo ( 2 > =ver ( n) 2me ~ \2me "=
which proves the assertion. O

Now we are ready to prove a stability version of Theorem 2.1.

Theorem 2.7 There exists some explicitly calculable absolute constant ¢ > 1 with
the following properties. If K is an origin symmetric convex body in R™ such that
By O K is the Lowner ellipsoid of K, and {(K) > (1 — ){(B}) for somee € (0,¢p)
foreg = n"™", then there exists an orthogonal transformation ® € O(n) such that

Su(K, dBY) < ne” . e,
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Proof According to  John’s  characteristic ~ condition, there  exist
iy up € S"VNOK and ey, ..., e > 0 with n < k < ™D that satisfy (9).

We note that up to (36), we do not use the condition ¢(K) > (1 — €)¢(B}), only
that (9) holds and k < n?. Applying Lemma 2.2 with v; = \/¢; u;, and using that

2 2
( K ) < ( 7;1 ) < (%2-)" = (en)", we may assume after re-indexing that

n

2

C1Cp- ’ det[uy, ..., u,]| > (en)™™.
We have |det[uy,...,u]| <1 as uy,...,u, are unit vectors, and ¢; < 1 for
1 =1,...,n by (13); therefore,
¢i > (en)™™ fori=1,...,n, and ‘ det[ug, ..., u,]| > (en)7”/2. 201
We define M = conv{twuy,...,+u}. The core claim of our argument for proving

Theorem 2.7 is that there exist ® € O(n) and v > 0 depending on 7 such that

(1—~e)®B} C M C K. (22)

If Kk = n, then uq, ..., u, form an orthonormal basis, and hence ® B}* = M for some
® € O(n), and thus (22) readily holds. Therefore, we assume that k& > n.

Let 77 € [0, 5) be minimal with the property that for any j = n + 1,...,k there
exists i € {1,...,n} satisfying |(u;, u;)| > cos7 (here 7 < 5 follows from (21)),
and let

1

In particular, we may assume that

[{(us, up)| < cosfp fori=1,...,n. (24)
Possibly replacing u; by —u; if i = 1, ..., n, we may assume that
up = Z Aiu;  for Aq,..., A\, > Owhere at least two A\; > 0. (25)

i=1
‘We observe that
v =

1 - i
Cup = —— u; € (int BY) N PN )
Nt Uk ;:1 N u; € (int BY) N conv{uy U }
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and hence ||v|| < 1. We claim that

1 1
= — >1 _— .
ol = 3 (empz (26)

M+,
For z € R™ and a linear subspace L C R", we write dist(x, L) for the Euclidean dis-
tance of x from L. In addition, fori = 1,...,n, we write uq, ..., U, ..., Uy, to denote
the list of n — 1 vectors where u; is removed from the list uy, . . . , u,,. In particular, for
i=1,...,n, (21) yields that the linear (n — 1)-space L; = lin{uy, ..., @, ..., un}
satisfies

‘det[ul, ey U

dist(us, L;) > (en) /2. (27)

‘detn_l[ul,...,ﬁi,...,un]

We may assume that Ay > Ao > ... > ), and hence A\ > 0 and

1

dlSt('U7L1) 2 W

S|

Let v’ € S™~! be the other endpoint of the secant of BY such that v € conv{u,v'},
and hence v’ # —uy by A2 > 0, and there existsav” € Ly N conv{wv,v'} withv” # o
as v’ # —uy. It follows from (28) that the distance of v from the line of 0 and v" is at

least W, and hence ||v|| < 1 yields that sin Z(v,v") > W We deduce
that
Z(v,v'") > Z(v,0") > sin Z(v,0") > - (en)"? = 29)
, ~luy =] dist(ug, Ly) 1
cos Z(v',uy,0) = 5 > 5 > 3 (o) (30)
On the other hand, (24) yields that
4(’(}71,61) zl(ukaul) 277277 (31)

It follows from (29) and (31) that there exists vy € conv{v, uy} with Z(uy,v9) = 7,
and it satisfies ||[v|| < ||vo|| and Z(vo, u1,0) +n < T; therefore, applying the Law of
Sine in the triangle conv{vg, u1,0} implies

1 1 llup — ol sinZ(uq,vp,0)
MA- A= > = = —
"ol T llwoll flvo — ol sinZ(vo, ur, 0)
= Sin('é(v’,ul,o) 1) =cosn + —C?Sé(v,’ul’o) -sinn,
sin Z(v’, u,0) sin Z(v’, uy,0)

and hence (30) yields that
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A+ + Ay >cosn+ 2~sin7721+ -n

_
2 (en)™/
where we used that n < W < %c with ¢ = (en) —n/ 2 and that by basic calcu-

en

b
3 - (en)n/2

lus we have %(cost + £ -sint) > £ whenever ¢ € (0,1] and t € (0, £]. In turn, we
conclude the claim (26).

Nextlet the (n — 1)-ball By N aff{us, ..., uy} have center wg and radius p, and let
w = wo/||wol|| € S™~L. Since the (n — 1)-dimensional volume of conv{uy, ..., u,}

n—1 n

is at most the (n — 1)-dimensional volume (-"5) "=

F\Fl)! of the regular (n — 1)

-dimensional simplex of circumradius 1, and the distance of o from aff{uy, ..., u,}
is ||wo]|, we deduce from (21) that

n—1

1 N 1 n \'T n
L ol - ve- >~||wo||~( )
n n n

(n—1)! -1 (n—1)!
1
> V(conv{o,u1,...,un}) > — - (en)~ /2.
n:
It follows that
_ntl
[[wol| > (en)™ ="
Writing 3 = Z(w, u;) € (0, %) fori = 1,...,n, we thus get
sin (5 = 8) = cos 8 = lwol| > (en) 7",
which in turn yields that
m 1
B< 35— - 32
2 (en)*+ (32)

Let C be the cone of vectors whose angle with w is at most ——; namely,
2(en) 2

C = {xER" Az, w) > |z ~cosln+l}.
2(en) =

en) 2
We deduce from (32) thatif x € C'\ {0} andi =1,...,n, then

L(zyu;) <

and hence (21) implies that
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iy s 11 el el
T (en)n 2en)* =~ (en)™ d(en)" s ~ 4(en)™5

We also need an upper bound on \; for = 1,...,n. Letuj,. .., u;, be the dual basis

to U1, ..., u,; namely, (uf,u;) =1fori=1,...,n, and (u},u;) =0ifi#j. It

follows that if ¢ = 1, ..., n, then (27) yields that

’ detn,l[ul, . ,ﬂh e ,Un]
Jugll = < (en)"?;
‘ det[u1, vea ,un]
therefore,
Ai = (uf,u) < Jlufl| < (en)™/?. (34)
We consider
1
0= —c—.
4(en)2n+1

It follows from (33) and (34) thatif x € C'and i = 1, ..., n, then

cil, ui) — 0 - Al = 0. 33)

Now (10) and (25) imply that if x € C, then

x = (eplx,ug) + 0 - ||z||) ug + Z(cl@v,ul} —6-Ni|lz]]) w; + Z ci{z, u;)u;,

i=1 n<i<k

where the last term is void if kK = n + 1, and hence applying first (35) and later (26)
we get

k
(Z@I@%W) = llllar

i=1

k k k
(Zci<x,ui>|> —inf{Z|ai| LT = Zaiul}

n 1
—0- [zl + >0 Aillz]| > 6 ||| - 3enyr2 "
=1

Y

We observe that if z € C U (—C) and y ¢ C U (—C), then [{(w, z)| > [(w, y)|, and
hence

@ Springer



K. J. Boroczky et al.

>29,(0) | [(w,a)| ().

n

(36)

Now we start to use the condition ¢(K) > (1 —¢)¢(B7). It follows from (15)

that ||z||p < Zle cil(x,u;)| for all x € R™; therefore, (14), Lemma 2.4 and
M) > LK) > (1 —e)l(BY) yield

“H(B7) > B7) — 001) = [ ch| (vl n(ds) = [ el a(a)
[l n(C)
- /CU(—C> 12(en) 1) 2 6(en)3" /]R [{w, ) yn(dz) - 7

n—1
Yn(C) n . 1 1 n
= . B .n > e — - . B -n.

6n(en)3" UBY) n=> (Sm 2en) n;1> 18n2(en)3n BT -n

It follows that there exists some absolute constant ¢(1) > 1 such that

n < nc(l)nQE

We choose an absolute constant ¢(2) > 4¢(1) such that n(c()—e(2)n* < L

3n-(en)n/2
for n > 2, thus

c(1)n? 1 : : —c(2)n?
n() €<W1n(23)1f0<6<n @) .

Therefore, if £g = =" then
n=1-.
In particular, for any j=n+1,...,k there exists ¢ € {1,...,n} satisfying

[{ui, uj)| > cosm, and hence Lemma 2.3 yields the existence of an orthonormal basis
wy, ..., W, such that

u ({Fws, ..., Fw,}, {Fuy, ..., fugp}) < 4v/nn < n2eWn® . 37
In turn, we conclude the claim (22) by Lemma 2.5; namely,
(1—~e)BY C M

for v = n3en® g p3e(n®s < pBe)—c@In® < p=n* < =1 py ¢(2) > 4¢(1) and
¢(1) > 1. Since M C K, we deduce that (1 — vye) B} C K.
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Now if z € K C By and 2 ¢ (1 —~v¢)BY, then | z|pr = (1+t)(1 —~e) for

some ¢ > 0. There exists a facet F' of (1 — ve) B} such that zp = %H z € I'. Hence

the polytope

P, = conv ({£2} U (1 —~ve)BY7)

satisfies

V(BY)

V(P;) =V ((1 —~e)BT) > 2t -V (conv{o, F}) = 2t(1 — ~e)" o

> v (n)l(BY) -t

with  vi(n) = (1 —n=Y)"(nl(B}))" > (4n-n!)~t, since 4(B}) <n. As
P, C B, Lemma 2.6 yields that

n

(((1=e)BY) = 6(P2) = ( )7 Vi (n)0(BY) -t > n~ (BT - t.

2re

Here we used that n! < v/2mn (%)n - 1.2 for n > 2 and hence

n

3
<27re> 4n -n! < n*". (38)
n

We conclude that

(1—e)l(BY) < U(K) < U(P.) < e((1 - ’ys)B?) — nne(BY
= (1 =3e) = n ") e(BY) < (1+ 272 — = *")U(BY),
and therefore ¢ < (2 + 1)n" - ¢ < n°®"’ . ¢ with an absolute constant ¢(3) > 0.
If we set ¥ = n°®)"” then
K C (1+7¢)BY.

Choosing ¢ = max{c(2), ¢(3)}, the assertion follows. O

3 Extremal Z-norm when the John ellipsoid is a ball and the rank one
Brascamp-Lieb inequality

One of our main tools in this section is Barthe’s proof of the rank one geometric
Brascamp-Lieb inequality by means of optimal transport of probability measures
(see [7, 8]). The geometric form of the corresponding general analytic inequality, ver-
ified originally by Brascamp and Lieb [19], was identified by Ball [3] as an important
case that is perfectly suited for various geometric applications. For a more detailed
discussion of the Brascamp-Lieb inequality (including higher ranks), we refer to
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Carlen, Cordero-Erausquin [20], Lieb [33], Barthe [8], Valdimarsson [40], Bennett et
al. [13], and Barthe et al. [11].

To set up the form (44) of the Brascamp-Lieb inequality, let the unit vectors
up,...,up € S"lLandcy,. .., ¢ > 0satisfy u; # +u; fori # j and (9), i.e.,

k
Z ciu; Qu; = 1,,. 39)
i=1

During the argument in Barthe [8], the following four consequences of (39)
observed by Ball [3] (see also [8] for a simpler proof of (40)) play crucial roles: If
E>n,cy,...,cp >0and uy,...,u, € S™ 1 satisfy (39), then we have the follow-
ing properties:

Ball-Barthe inequality: ~ For any t1,...,¢; > 0, we have

k k
det (Z ticiui ® Uz) > H tfl (40)
=1 =1

Quadratic inequality: For z = Zle c;0;u; with 01, ...,0, € R, we have
k k
20 = cilz,ui)? <> i (41)
i=1 i=1
Properties of ¢y, . . ., cx: ¢ <1 fori=1,....k, (42)
e+ tep=mn. (43)

We only need the Brascamp—Lieb inequality in the following special case:
Theorem 3.1 Let b > 0. Let f'be a non-negative log-concave function on R such that

f(t) > 0 if and only if |t| < b. Let uy,...,u, € S"" ! and cy,...,c, > 0 satisfy
u; # xu; for i # jand (39). Then

/ f[f(<a:,uz»>)“ dz < f[ (/R 1@ dt) . (44)

Remark 1t was proved by Barthe [8] that equality in (44) holds if and only if k = n
and uy, ..., u, form an orthonormal basis of R™. We carry out the proof of Theorem
3.1 since we will refer to the argument in our proof of Proposition 5.4.
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Proof For the proof of (44), by scaling we may assume that

[swa= [ bb F(t)dt =

We follow Barthe in wusing a transport of measure argument. We write

AR o et/ 2, t € R, for the standard one-dimensional Gaussian density
(there is no danger of confusing it with the corresponding measure although we
use the same symbol). Let ¢ : (—b, b) — R be the transport map determined by the

property
o(z)
/ ft)dt = / 71(t) dt

for z € (—b,b). Here o is C'! as fis continuous on (—b, b), and
f(@) =mn(e(@)) ¢ (). (45)
For

C={zeR": (u;,x) € (=b,b) fori=1,...,k},

we consider the transformation © : C — R"™ with
Z C; Y uu Ui, T € C,
which satisfies

E Ci @ uza ui®ui-

It is known that dO is positive definite and © : C — R" is injective (see [7, 8]).
Therefore, using first (45), then the Ball-Barthe inequality (40) with t; = ¢’ ({u;, x)),
and then the definition of © and (41), the following argument leads to the Brascamp—
Lieb inequality in this special case:
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i=1 Ci=1
k k
-/ (H (i) ) [ ¢ (i) ) da
¢ \i=1 i=1 (46)
k
< —cio((ui,z))? . .
< % / (He ) det <Z czgo (g, x)) u; ®uz) dx
1
< - / e 19@I°/2 qet (4O (2)) da
(2m)= Je
< 1 _ / e llull?/2 dy =1 (47)
— (27‘_)5 " )
which proves the assertion. O
We now use the Brascamp—Lieb inequality to prove the following estimate:
Proposition 3.2 Let b > 0. For uy,...,u € S" 1 and cy,...,c, > 0 satisfying

(39), the o-symmetric polytope P = {x € R™ : [(z,w;)| < 1, i =1,...,k} satisfies
Yn(bP) <y (bBL). (48)

Equality holds if and only if £ = n, uy, ..., u, is an orthonormal basis and hence P
is a rotated copy of BZ..

Proof Let

foy(t) = { ioeﬁ i Ii: iz
It follows that

- ( /R Fan(®) dt) . 1;[1 ( /R foy(®) dt) " (49)
and
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Yo (bP) = ! /e—%HzH'zdx
bP

oz
1 Zf:l “r _1NTR )2
- \/’L (E) Hl{x ER” : [(z,u;)| < ble® 2y citw) dl’(so)
i=1

k
:/’Hﬂmmeﬂn
R™ j=1

and hence the Brascamp—Lieb inequality (44) yields (48).
If equality holds, then equality must holds in (44) for the function f(;). By the
remark after Theorem 3.1, the assertion about the equality case follows. O
We recall that, according to (2), we have

am—AﬂrmeMt (51)

Theorem 3.3 (Schechtman, Schmuckenschldger) If K is an o-symmetric convex body
in R™ such that By C K is the John ellipsoid of K, then ((K) > ¢(BX). Equality
holds if and only if K is a cube circumscribed around Bj.

Proof Letuy,...,ur € S® andcy,...,c; > 0such that (39) holds. If

P={xeR": [(z,u)| <1, i=1,...,k},

then K C P and ¢(K) > ¢(P). On the other hand, an application of the estimate (48)
in the formula (51) yields that ¢(P) > ¢(BZ).

If equality holds, then clearly K = P and P is a rotated copy of B2, by the equal-
ity case in Proposition 3.2. i

4 Auxiliary statements to strengthen theorem 3.3

In order to obtain a stability version of Theorem 3.3, let

T, = — /b T4
p= — e 2ds<1,
V2T )y

for b > 0, and consider the transport map ¢ : (—b, b) — R such that

52

1 ee® O 5
e 2ds = —— e 2 ds.
V2T /,oo T'yv2m /47 42

Readily, ¢y is an odd function, and hence ¢, (0) = 0, ¢} (s) is even and ¢}/ (s) is odd.
Differentiation of (52) yields
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=_—.¢e 7, (53)

_ep»?

eh(t) e T =pu(t) ph(H)* e T el T (54)

We collect various properties of the map ¢, for later use.

Lemma4.l Letb € [1,2] and ty, := (2 log(]/Fb))I/’g. Then

(@ 0.3 <1t <),

(b) 1 < (t) fort € [0,t] and ¢} (¢t) < 1.6 for ¢ € [0,0.3],
(c) t < pp(t) < 1.6tfort € [0,0.3],

(d) ¢y (t) > (1 =TT, 2t >0.049 -t for ¢ € [0,1).

Proof (a) Since b — I’y is increasing, we get ¢, > to > 0.3. The assertion ¢, < b is

equivalent to
[2 b . 2
h(b) := f/ e~ Tds—e T >0.
™ Jo

Since h(1) > 0 and 4 is increasing, the assertion follows.
2
(b) Note that for ¢ > 0 the condition ¢ < ¢, is equivalent to Fibe_% > 1. Hence,
ift € [0, ) then

To prove the upper bound for ¢} (¢), first note that ¢ — 3 (¢)* — ¢? is non-decreasing
for t € [0, tp), since

d
7 (Po(0) =) = 20, (D)py(t) — 2t > 2t -1 = 2t > 0,

and b — ¢y (t) is non-increasing for 0 < ¢ < 0.3 < ¢, < b. To see this, let  be fixed.
We show that the right side of (52), considered as a function of b, is non-increasing.
Then the same is true for the left side of (52), hence b — y,(¢) must be non-increas-
ing as well. For this, observe that
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-1
d /t a2 /b _2
— e 2 ds- e 2 ds
ab \ ) (0
o (b 20, t
—e 7 /e’Tds (/ edesf/ e2ds)§0,
0 —b —b

since t > 0.
Using these facts, we get

%(t) — I‘i Lo (t)?—t?) < Fi 1 (#6(0.3)2-0.3%) < Fi 1(¢1(0.3)2-0.3%) < 1.548.

(c) directly follows from (b) and ¢, (0) = 0.
(d) Substituting ¢, (¢) from (53) into (54) and using that ¢ (t) > ¢, we get

1 t 2 ()2
(1) = wb(t)ewb(t)zfge_tZ - Fbe—%e“’bf
1 1 2,2 1 1 2 2
>t 762(%&) t ) 762(%“) ‘ ) .
Iy T,
1T 1-T,
‘ -t >0.049 - ¢,
-0 T2
which completes the argument. -

We also need the following stability version of the Ball-Barthe inequality (40)
proved in Boréezky, Fodor, Hug [16]:

Lemmad.2 Ifk>n+1, t;,....t, >0, c1y...,c, > 0 and ug,...,u, € S*~1
satisfy (39), and there exist 3 > 0 and n+ 1 indices {iy,...,inrs} C{1,... k}
such that

Ciy " Ciy det[uim cee 7uin]2 > 57

Ciz """ Cipgy det[uiw cee ?uin+1]2 > ﬂa

then

k
/8(7f B z
det ticiu; @ u; | = | 1 +—”+1 i
<Z ) ( 4t +ti,,)? H

i=1 i=1

5 Stability around the cube when the John ellipsoid is a ball

To prove Proposition 5.4, we recall Lemma 3.2 in Béroczky, Hug [18]:
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Lemma 5.1 Let wvy,...,v, € R"\ {0} satisfy Zle v, Qu; = 1,, and let
0 <n<1/(3Vk). Forany i € {1,...,k}, we assume that ||v;| < n or there is
some j€{1,...,n} with Z(v;,v;) <n. Then there exists an orthonormal basis
Wy, ..., wy such that Z(v, w;) < 3VEknfori=1,...,n

We will need the following consequence of Lemma 5.1.

Corollary 5.2 Let uy,...,u € S" ! and c;,...,c, € S™ ! satisfy (39), and let
0 <n<1/(3Vk). For any i € {1,...,k}, we assume that c; < n® or there is
some j € {1,...,n} with |(u;, u;)| > cosn. Then there exists an orthonormal basis
Wy, ..., Wy such that Z(u;, w;) < Sknfori=1,...,n

Proof For i =1,...,k we define v; = /cju;. Then vy,...,v € R™\ {0} and
Zle v; ®v; = I,,.Foranyi € {1,...,k}, by assumption we have ||v;|| = \/c; <7
orthereissomej € {1,...,n}suchthat0 < Z(v;,v;) < norm > Z(v;,vj) > m — .
If 1 < i < n, then we can choose j = i so that Z(v;,v;) =0<n.Ifn+1<i<k
and ||v;|]| > 7, then there is some j € {1,...,n} such that 0 < Z(v;,v;) <7
or 0 < Z(—wv;,v;) < n. In the latter case, we simply replace v; by —v;. The pos-

sibly modified sequence vy, ..., vy satisfies all requirements of Lemma 5.1. Since
v1, ..., U, remain unchanged, the assertion follows by an application of Lemma 5.1.
a

The technical statements Lemma 5.3 and Lemma 5.5 will be needed in the proof
of Proposition 5.4:

Lemma5.3 Letn €(0,%) andletu, v’ € S’ besuchthat\(u u')| < cosm. va € st

satisfies cos 3T < |(v ’W>| < cos % and cos 3T < |(v, | < cos g, then

Trer)
(v, w)| = [(v, w)| | > n/5. (59)

Proof Since (55) considers |(v, u)| and |{v, u')|, we may assume, by symmetry, that
u=(cosa,sina) " and v’ = (—cosa,sina) ", where Z < o < Z — I, and hence

% =(0,1) and = (1,0), and in addltlon, v = (cos B,sm ﬂ) where

F<IBl <.

||u u’H

If 8 > 3 — a, then
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(0, u)| — (v, )] = {v,u) — (v,u') = 2cosavcos 3
3
> 2cos (% — g) cosg = 2singsin%

2n . m n
2——sin — > 0.2436 - —.
> 7T251Jf18> 77>5

If%gﬁgg—a,then
(v, u)| — [{v, )| = (v,u) + (v,u') = 2sinasin 8 > 2singsing > g

Ifa—ggﬁg—g,then

(v, u)| — [{(v,u")] = (v,u) + (v,u’) = 2sinasinf < fQSingsin% < ,g.
Finally, if 8 < o — 7, then

3

[{(v,u)| — [{(v,u')| = —(v,u) + (v,u') = —2cosacos f < —QSingCOS§7r < —g,
proving (55). (I

For origin symmetric convex bodies K, L. C R", we consider the symmetric (vol-
ume) difference

Svol(K, L) = V(KAL).

In the following proposition, we first provide local bounds in terms of the volume
difference for the Gaussian measure.

Proposition 5.4 For b€ [1,2], ngkgw and ug,...,ux € S" 1 and
2

C1ye.oyCk > 0 satisfying (39), there exists ® € O(n) such that the polytope
P={zeR": |(z,u)| <1, i=1,...,k} satisfies

Yn(bP) < yp(bBR) — 278007405 (P, ®B™)*. (56)

Proof For xz € P, (39) and (43) yield

k k
|z||? = Zci<x,ui>2 < Zci <n, and hence P C /n BY. (57)
i—1

i=1

Inparticular, forany ® € O(n),wehavedyo (P, ®BL) < V(P)+ V(®BL) <2.2"
according to Ball [3]. Therefore, Proposition 5.4 is implied by the following state-
ment: If
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T (bP) 2 1 (bBX) — ¢ (58)
for e € (0,eq), where gg = 275807287 then there exists ® € O(n) such that
Syol (P, ®B™) < 220p10n 2% (59)
Hence (56) follows, since for € > ¢ the asserted inequality holds by the preceding
rough bound.
In order to prove (59), the core claim is that (58) yields a ® € O(n) such that

P C (1+RYe)®B" (60)

for X = 214pn6n,
As at the beginning of the proof of Theorem 2.7, applying Lemma 2.2 with
v; = /C; u;, and using that ( 7’2 ) < (en)™, we may assume (after re-indexing if

needed), that

2
Cl-"-Cp - ’det[ul,...,un] > (en)™™ 61)
We set
14 dn 14 _ 1
p=2tnin < o (62)

and claim that if i € {1,..., k}, then
ci <n?, or there exists some j € {1,...,n} with |(u;,u;)| > cosn. (63)

We suppose, on the contrary, that (63) does not hold and seek a contradiction. Hence
we may assume

o1 > 17 and |(uj,ung1)| < cosn for j=1,...,n,

Now  Upy1 = Y iy Aiu;, where Ai,...,A\, € R are uniquely determined.
We may assume, by reordering, that |A| >...>|\,|. Choose 0; € {-1,1}
such that 6;\; = |\;| for i =1,...,n, and hence wni1 = .y |Nilfiui. As
Uny1 & conv{o, O1uy, ..., 0puy,}, we have > |A;| > 1, thus [A;| > L. Therefore,

Cny1 > n?, c1 < 1 (due to (42)) and (61) imply

2

o Cpyr detug, ... up1]? > (en)™™ - % = e "n T2, (64)

Next we observe that Z(uj — tUp41, U1 + Upt1) = 5, and let w € S?~1n L for
L =lin{uy,upq1} satisfy that Z(0,u; —upy1) = Z(0,ur + Ung1) = 5. If
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v € "1 with é(v w) < %, then the orthogonal projection v" of v to L satisfies that
[v/]| > cos & > 3 and é(v w) < & therefore, [(u1, 1y, 11)| < cosnand Lemma 5.3
yield that

[ )] = o, )| | = |10 u)| = [0 wni )] | > /8, (69)

provided Z(v,w) < % forv e 5™
Now there ex1sts a we Lngnl with Z(w,w) < ¥ such that

5 — Z(w,u1)| > 55 and |5 — Z(w, un41)| > 35, and we consider the ball

2 32’

w w 1
E=—+27By=— B C bP.
g 2 =g g2

Ifz € E, then 5 < ||z < § 4 and Z(z,w) < I andhencealso |5 — Z(w,u)| > g1

64°
and |5 — Z(CU Un+1)| > g5 From the choice of w and 15 - o7 = 27! we deduce
that if x € =, then
(z,ur)] > 2719
(z,unt1)| = 27 10 (66)
[z,u)| < 272, i=1,... k.

We have Z(z,w) < § as Z(x,w) < g7, and hence (65) yields that

[{z,u1)] — |{z, Unt1)] ‘ >27"y  forx € Z. (67)

As in the proof of Proposition 3.2, let

o= g% s

Hence (¢f. (49) and (50))

- ﬁ ( /R Fa(#) dt) : (68)

=1
k

Y (bP) = / ) T fo (G, ui))e da. (69)
=1

We consider the probability density (cf. Sect. 4)
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- 1 b
fy = - fwy for Fb=Af<b>(8)ds=[bf<b>(8)ds<17

b

and the corresponding transport map ¢y, : (—b,b) — R such that

1 wu(t) o2 t
— “F Qs = d
o /700 e s [bf(b)(s) s

It follows from Lemma 4.1, (66) and 0.049 > 27 that if x € =, then

Iwb/(éz’c,uz');)l < 1, i=1,. ,k
2 X, U Z ]-7 1= 1 k,
aillau)) < 2. i=1,. (70)
ey(t) > 2715 iftis between [{x,u1)| and [{x, upt1)].
Therefore, (67) yields that if z € =, then
[t (@) = 0} () |
(71)

= Jéh (o, u)l) = ¢ (1@, unsn)l) | > 27220,

We apply Lemma 4.2, the stability version of the Ball-Barthe inequality (40), with
B=n"4"n? < e mn 22 based on (61) and (64), and using the estimates (70)
and (71) to conclude that 1f x € £, then

k
[T (.

k / / -1
< det <Z o, ((z,ui)) e ® ui> (1 + 5((‘101:((@,111)) - @b((w,unﬂ));) )

i=1

k
< det (Z ngy(<m7 ui>)ciui ® ui) — 275117,74”1747

i=1

where we also used that (1 + s) ™! < 1 — £ if's € (0, 1) and the Ball-Barthe inequal-
ity (40) and (70) imply that

k k
det (Z oy ({2, u) )ciug ®ui> > H ({z,u;))% > 1.

i=1

We observe that the C in (46) is just bP, and use (72) for = € = instead of (40) in (46).
We deduce from (68) and (69) that
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u 7
- [ b b / i 1;[ Foy ((us

k k
-, H%Www»)”) (H%«um)“) da

k

1 / .
< - emeion((uim)®/2 ) et cipy({ug, o)) u; @ u; | de
(27r)§ bP\E (H ; b\ Wi i i
1 k
_Ci‘ﬁb(<uivz>)2/2
* (2m)% /: (He )

n_ 1 (571—

LI 279%75"%, and (70) yields that if z € E,

Ed

[Jecettwsa?/z > e Y = /2,

i=1

therefore, we deduce from (47) that

Y (bP) V(E) —n/20—51, —4n_4 —53,—15n, 4
I o A2 /29 Sl dngd o 953y~ 1o,
Yn([=0,0]") (2m)=

We have ~, ([—b,b]") = (2<I>(b) ™ > (2@(1) — 1)™ > 27" for the cumulative
distribution function ®(t) = \ﬁ f_ e ds, and hence, by (58)

A ([=,0]") — & < 4 (bP) < ([0, b]") — 27 F3n 106791,

These inequalities contradict (62), and in turn prove the claim (63).
Sincen < 1/ (3\/%) and due to (63), Corollary 5.2 yields that there exists an ortho-
normal basis w1, . .., w, such that

Z(ug,wy) <3\/E77<3n77 fori=1,...,n. (73)

Let ® € O(n) satisfy that ®BZ is the cube {z € R" : |(x,w;)| < 1}. For x € P,
(57) and (73) imply that if ¢ = 1, ... n, then

[, wi)| < (@, wi)| + [, wi — ug)| < 143032,
and hence

P C(1+Xye)®BL
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for X = 25" as claimed in (60).
Since (1+t)"<e™<1+2nt for 0<t<1/n, it follows that
(14+RYe)" <14 2nR¥eife < gg. As V(bPBL) < 4™, we observe that

o (1 RYDDDBL \ (bOBL)) < (2m) "2V (1 + RY2)BBBL \ (b9 BL))

<
B 74
< (2m) 7"/ 22nR 4™, 74

We have V(P)<V(BYL)<V(®BL) accordmg to Ball [3], and hence
2V (®B™ \ P) > 8,61(®B™, P). In addition, e~ 17"/2 > ¢=2n if - € bP U bO B,
by (57); therefore, (60) and (74), and finally (58) and X = 2!4n%" yield

Svol (DB, P) < 2V (b®BIL \ (bP)) < 2- (21)"/ e, (b BL, \ (bP))
2. (2m)"%e*"y, (14 RVE)DbOBL \ (bP))

2. (2m)" e 2”( n (1 +RVE)DOBL) — v, (bOBL,) +¢)
2 (2m)"/2e* (v, ((1 + R/E)b®BL \ (b®BL)) +¢)
2-(2n) - €* - R-4" . e 42277 2% <220 10 /e,

IAIA

(VAN

IN

2n

which proves (59). O

The following lemma allows us to compare the Hausdorff distance and the volume
difference. The lemma is a straightforward consequence of the proof of a result due
to Groemer [23, Theorem (ii)] in the case of symmetric convex bodies.

Lemma 5.5 Let K,L C R" be o-symmetric convex bodies. If rBy C K,L C RBj,

then
n
(K, L) <
(k.0 < ()

If r = 1, R = +/n, then

n—1

Lopy i 1
= Svor (K, L)
(5) s

Su(K,L) < n-n%éyo(K,L)%.

Proof The first assertion follows from the proof of [23, Theorem (ii)], where in the
case of symmetric convex bodies instead of the diameter of K, L the circumradius can
be used in the argument.

The second part follows from the first part by basic calculus, using that

(o) v ()

@ Springer



Strengthened inequalities for the mean width and the e-norm of...

forn > 2. O
Now we are ready to prove a stability version of Theorem 3.3.

Theorem 5.6 If K is an origin symmetric convex body in R" such that By C K is the
John ellipsoid of K, then there exists ¢ € O(n) such that

U(K) > 0(BL) 4+ 273016, (K, ®BL)*, (75)

((K) > 0(BL) 42799 "5y (K, @B )*". (76)

Proof According to John’s characteristic condition (8), there exist

Upy .. up € S"VNOK and ey, .. e > O withn < k < 05 that satisfy (39).

For P={z e R": |[(z,u;)| <1,i=1,...,k}, we have

K C P C \/nBj and ((tK) > ((tP) for t > 0. (77)
We deduce from (2) that
(R) = 6P) = [ 0ulP) =K. 78)

To estimate ¢(P), first observe that (48) yields

T (tP) < 7a(tBL) for t > 0, (79)

Next, let ® € O(n) be such that

Syol(P, ®B™) = @/Iél(i)l’(ln) Syol(P,®' B™).

Hence if t € [1, 2], then Proposition 5.4 implies that
Yn(tP) < 4, (tBR) — 278004076 (P, ® B )™, (80)
Combining (78), (79) and (80), we obtain
U(P) > 6(BL) + 2730071075, (P, ®BIL)*.
In the following, we use again [3] to get
V(K) <V(P) < V(BL) =V(®BL). (81)

We finish the proof by distinguishing two cases:

@ Springer



K. J. Boroczky et al.

o IfV(®PBL \ K) <2V (®PBZ \ P), then (81) implies that
dvol (K, ®B) < 2V(®PBL\K) < 4V(PBL\P) < 46,01 (P, ®BL.),
and hence
0(K) > U(BL) + 2755026, (K, ®BL, ). (82)

o If V(OB \ K)>2V(®B™ \ P) and t € [1,2], then, as e~ zl7II* > ¢=2n py
(77) for = € tP, we obtain

(tP) = 7u(tK) = 7 (1@ BL) N [(¢P) \ (£K)] )
2m)~He 2 v ((t@BL) N [(tP) \ (¢K)] )

v

> 5 V(@B \ K)
2 -5 o—2n
> (27) y (K, ®BR).

For the third inequality, we used that

V(®B™ \ K) =V (@B, NP\ K)+V (B NP\ K)
<V(®B,NP\K)+V (®B~ \ P)

V(@B K),

<V (PBLNP\K) +

the last inequality follows since V(K) < V(@B ). Hence
FYn(tP) - ’Yn(tK) > 276”5v01(l{7 (I)Bgo) > n76n6vol(K7 (I)Bgo)

From (78) we deduce that

UK) - €(BL) > U(K) — €(P) > n~""5,(K, ®BL)

83
> 27807150 (K, ©,BL). ®)
We conclude (75) from (82) and (83).
Finally, (76) is implied by (75) and Lemma 5.5. O

6 Proof of theorems 1.2 and 1.3

The following trivial observation relates Hausdorff distance to the “dilation distance".

Lemma 6.1 For convex bodies K, C' C R", ifn% By C K, C C /n B, then
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(1 ++vnou(K,C))"1Cc K c(1++vniu(K,C))C,

andif (1 +¢)~1C C K C (1 +t)C fort > 0, then du(K, C) < /nt.

Proof We use that dy (K, C) is the minimum of ¢ > 0 such that C' C K + ¢ BY and
K cC+oBj. O

Proof of Theorems 1.2 and 1.3 The statements about the /-norm follow from Theo-
rems 2.7 and 5.6. In turn, the statements about the mean width follow from polarity,
(1) and Lemma 6.1. O

7 Proof of theorem 1.5

We need some auxiliary statements. The first lemma is a counterpartto [18, Lem. 10.1]
for even isotropic measures.

Lemma 7.1 If i is an even isotropic measure on S"~1, n > 2, then there exists
a discrete even isotropic measure pg on S™~! such that supp pg C supp p and
lsupp po| < n(n+1)/2.

Proof We set d = w, and consider the d-dimensional real vectorspace M? of
symmetric n X n matrices. Basic elements of M are the n x n identity matrix 1,
and the rank one matrices © @ v = uu' fora u € S~ . We equip M? with a sca-
lar product; namely, (A, B) = tr ABT for A, B € M%, and hence if A = [a;;] and
B = [b;j], then (A, B) = » @i;bi;. We claim that

ij=1,...,
1
—I,€conv{u®@u: u € supp pu}. (84)
n
It is equivalent to prove that for any M € M9, we have
1
—(I,, M) <max{(u®u, M) : u € supp u}. (853)
n

What is known about p is that }L 1 1s a probability measure, and

1
7/Snil<u®u,M)du(u)= (In, M),

1
n n
which in turn yields (85), and hence also (84).
Writing M¢~! to denote the affine (d — 1)-dimensional subspace of M? consist-
ing of matrices with trace 1, we observe that u ® u € M‘f‘l for v € supp p and

% I,¢€ Mffl. According to the Charatheodory theorem applied to (84) in Mfﬁl,
there exist uq, ..., u; € supp p with u; # +u; for ¢ # j and k < d such that
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1
—I,econv{u; @u;:i=1,... k}.
n
It follows that there exist ¢, ... ¢, > 0 with & + - - - 4+ & = 1 such that

k
E né; u; @ u; = I,.
=1

Therefore, we can define the even measure pg so that supp po C {£uq, ..., Tug},
and Mo (uz) = néi/Z. O

The following lemma implies the bounds involving the dwo distance in Theo-
rem 1.5, once the corresponding bounds for the dgo are established.

Lemma 7.2 For any isotropic measures [ and v on S~ 1, we have
Sw(p, v) < TanSg(supp p, supp v). (86)
Proof If 6y (supp u,supp v) < 7—7112, then [15, Cor. 6.2] yields that

ow (i, v) < 2n - Sy (supp u, supp v).

On the other hand, for any f € Lip,(S"~'), we may assume that —5 < f(u) < %
foru € S As u(S"1) = v(S"~1) = n, we have dw(u,v) < mn. Therefore, if
S (supp 1, supp v) > =15, then (86) readily holds. O

In the next geometric lemma, e1, . . ., e, denotes the standard basis of R™ (or any
orthonormal basis).

Lemma 7.3 Let € €(0,1/2) and x € conv{es,...,e,}. If Z(z,e;) > ¢ for
i=1,...,n then|jz| <1 — 417" ¢

Proof We proceed by induction on the dimension n > 2. Let n = 2. Then there are
te€(0,1),s € [e,7/2 —¢]and A € (0,1) such that

x = A(cos(s)ex + sin(s)er) = (1 — t)ey + teq,
hence
A = (sin(s) + cos(s)) ™" < (sin(e) 4 cos(e)) ™t <1 —47 e,
which implies that ||z|| = A <1 —4172 . ¢,
Now we assume that n > 3 and that the assertion holds in smaller dimen-

sions. Let x be as in the statement of the lemma. Then there are ¢ € (0,1) and
e € conv{ey,...,e,—1}suchthat x = (1 — t)e, + te. We distinguish two cases.
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Case 1: Z(e,e;) >¢/2 for i=1,...,n— 1. An application of the induction
hypothesis to e in the linear subspace spanned by eq,...,e,—1 then yields that
e < 1—427".g/2.1ft € [1/2,1), then

1
|z <1 —t+tle]| <1—t+t— 542—% <1—4"e,

Now let ¢ € (0,1/2). Since Z(x,e,,) > €, we have

1
1 5\? 1 1—t
(1 - 62) >1— 22> cos(e) > (z,ey) > e,
4 4 (1-6)2+12

hence

t? > —e® (1 -2t +2t%) >~

RNy
ool =

This shows that ¢ > 1e. Therefore
2 2 2 1
l2* < (L=t +#2 =1t 20 -t) <1-t<1- e,
which leads to

1
lz]| <1 - 16¢ <1 -4,

Case 2: Z(e,e;) <e/2 for some i€ {l,...,n—1}. We may assume that
Z(e,e1) < €/2.ThenZ(x,ey) > cimpliesthat Z(x, e) > €/2.Inthe two-dimensional
subspace spanned by e,, and e, we define & by {#} = [0,00)x N conv {e,, |le]| "te}.
Since Z(z,ey,) = £(Z,e,) > €/2 and £(z,e) = £(Z, e) > €/2, we conclude that

1
lall < 13l < 1- Je/2< 1 - 417,

which proves the assertion. O

The statements (a) and (d) of Theorem 1.5 are implied by the following theo-
rem. The estimates in terms of the Wasserstein distance in Theorem 1.5 follow from
Lemma 7.2. By v we denote a cross measure on S™ 1.

Theorem 7.4 Let i be an even isotropic measure on S™~*. Let ¢ > 8 be an absolute
constant as in Theorem 2.7. If

U(Zoo(p) = (1 = e)l(Zoo(v)), 87)

2
for some e € (0,e9) foreg = £n=°"", then
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St (supp g1, suppv) < n"e.

Proof By Lemma 7.1 there exists a discrete even isotropic measure jio on S™ ! such
that supp po C supp p and [supp po| < n(n + 1)/2. Then Zoo(po) C Zoo(p) and
BY is the Lowner ellipsoid for Z (uo) and Zs (1) (¢f- (8)). Hence, the assumption
implies that

UZo(p0)) = (1 = e)l(Zo(v))-

The proof of Theorem 2.7 shows that there exists an orthogonal transformation
® € O(n) such that

Srr(supp 1o, ®BY) < n"e;

see (37) and the condition ¢ > ¢(2) > 4¢(1) at the end of the proof of Theorem 2.7.
If v is the cross measure corresponding to ®B}* = conv {fwy, ..., +w,} with an
orthonormal basis wy, . . ., w, of R™, then

supp v C supp p + nen’ eBY,
since supp pg C supp p. Moreover, we have

supp po C supp v + ncnszS.

In order to show that in fact supp 4 C suppv + ncnzeBS, we assume that there is
some z € supp ¢t C Zoo(p) C BY and z ¢ suppv + n“”zeBg, aiming at a contra-
diction. If the assumption holds, then z € S~ ! and Z(z,w;) > n’e € (0,1/2) for

i =1,...,n. An application of Lemma 7.3 shows that [|z||g» = 1+t satisfies

1
14¢> (1 - 41—"7%"25) > 14 4l mpen’e,

hence t > 41" "pen’e, Similarly as in the final part of the proof of Theorem 2.7
it follows that there is a facet F of B such that 2o = (1+¢)"1z € F. Setting
P, := conv ({£z} U B}), we obtain

V(P.) —V(BY) > 2tV (conv {o, F}) > ﬁtﬁ(Bf). (88)

Using Lemma 2.6 and (38), we deduce from (88) that

n

By — (P = )7 (V(P,) = V(BP) = n~*"t4(BY).  (89)

2re
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On the other hand, we have

((BY') = £(P;) < £(BY') — (1 —e)l(BY') = el(BY),

which together with (89) implies that ¢ < n*”c. But this is in conflict with
t > 417"pen’ e since ¢ > 3. O

In the proof of Theorem 1.5 (b), (c), we need two lemmas. The first lemma is a
dual counterpart to Lemma 2.5.

Lemma 7.5 Let ug,...,u; € S™ 1, and let eq,...,e, be an orthonormal
basis of R". Let P={z € R" : (z,u;) <1, i=1,...,n} be a polytope, and
let BX ={z€R":|(z,e;)|<1,i=1,...,n}. Fix ne(0,1/(2y/n). If
og({ug,...,up}, {£es,...,te,}) <, then

(1 —v/nn)B%, C P C (1+2ynn)BL.

Proof We obtain

P° = conv{uy,...,ux}, BT = conv{tey,...,te,},
and by assumption
P° c B +nBY, B} CP°+nBj.
Since B, C /nB¥, we have (1/y/n)BY C Bj. Hence

1 n o n 1 n ]
%32 C P"+nBy, (\/5—77>B2 c P,

and hence

Ui
1

v

BT C P°+ pe.

Since n < 1/(24/n), we deduce that
By C (1+2y/n) P*.
Furthermore, from B C /nB} we deduce that
P° C Bl + 9By C B +nv/nB! = (1 + /nn)BY,

and therefore
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(1 —v/nn)BY, C (1++/nn)~'BY, C P,

which completes the proof. O

The second lemma implies a lower bound for the volume that is cut off
from a cube by an additional hyperplane provided that the hyperplane is not
too close to a facet hyperplane of the cube. For u € S"~!, we denote by
H~(u) ={z € R": (x,u) < 1} the halfspace touching BY at u that contains the
origin o, and H+(u) = {x € R" : {(x,u) > 1} is the closure of the complement of
H(u).

Lemma7.6 Let us,...,u € S" 1, let wy,. .., w, be an orthonormal basis of R",
and letn > 0. Assume that Z(u;, w;) < nfori=1,...,nand £(ux,e;w;) > c(n)n
fore; €{—1,1}andi=1,...,nwithc(n) = 2" . pnt3_If

P={zeR": |(z,u;)| <1,i=1,....n}NH (ux) and
Bgoz{weR":\(x,wiHSl,z—l ., n},

then

V(P) < (1 - W) V(BL),

where A := min{/(uy, e;w;) e, € {—1,1}, i=1,...,n}.

Proof By assumption,
n < c(n)~! <1/(2y/n), since Z(ux,e;w;) < /4 for some ¢ € {—1,1} and
some i € {1,...,n}. Let H* := H"(uy). We may assume that uy, is in the posi-
tive hull of wy,...,w, and wy := L(ug,wr) = min{L(uk,w;) i =1,...,n}.

Note that ¢(n)n < wo < wo(n), where cos(wo(n)) = n~2. To see this, assume that
wo > wo(n), which implies that

U= fugl® = (up,wi)® <m-— =1,

a contradiction.

Let Fy = B N H*(wy). If z denotes the point of H™ N F} closest to wy, then
|z — w1|| = tan (%), and therefore H* N Fy contains an (n — 1)-dimensional ball
of radius 1 — tan ( ) Moreover, H* N B™ contains a point whose distance from
the affine hull of F} is at least

flwo) : = (1 —tan (%)) tan(wo) (90)
_ Sm(WO)C—;?Zi()wO) -1 > % wo € [0,7/2].
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For the proof of (90), we consider

g(x) = sin(x) + cos(z) — 1 — %m cos(z), =z €0,7/2].

Since ¢ (x) = cos(x) (32 — 1) < 0 for € [0,7/2], g is a concave function. The
assertion follows, since ¢g(0) = g(7w/2) = 0.

From

tan (“; ) < tan (WOQ”)) R )

we obtain

<1- ,
\/1+n_1/2 2\/5

‘ -

wo
1—t (7)>
WM o) =3

3

We thus conclude that

V(HY A B%) > ~kn_

°on) 2

1 \""1 .
1 () —Wo Z 2_3n_5n_”w()V(Bgo).

Lemma 7.5 implies that B, = {z € R™ : |(z,u;)| <1, i = 1,...,n} satisfies

HTNB" C (H+ N E:;o) U (B2 \ (1—v/nn)BL)

and therefore

V(HY N BL) > V(HY N BL) — (1— (1 —van)") V(BL

> (2_3n_%n_”w0 — \/ﬁnn) V(BL).

Another application of Lemma 7.5 yields

V(P)<V(BL)—V(H"nBL)
< V((1+2vmn)BL) — (27 40"y — Vi ) V (BL)

IN A
T~ N

IN

I A

1+ 2"v/nnn + v/nnn — 2_3n_%n_"w0> V(BL)
1+ 2"n%y — 273n7%n7"w0) V(BY)

oMy, 2
(1+ 2wy — 2% i wo) V(BY)

1—2 dp=ip wo)V(Bgo),
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which implies the asserted volume bound. O

After these preparations, parts (b) and (c) of Theorem 1.5 follow from the follow-
ing theorem.
Theorem 7.7 Let i be an even isotropic measure on S™ 1. If

U(Z5,(w) < L+ e)l(Z5,(v)), ©n
for some ¢ € (0,gp) withey = 2770n=3" then
Sto (supp p, supp v) < 2% ni%ne7

Proof For the given measure u, we choose an even discrete isotropic measure on

S7=1 according to Lemma 7.1 with supp pg = {us,...,ur} C supp u. In particu-
lar, we then have Z%_ (u) C Z% (uo) and

UZ5(1o)) < (1 +e)U(Z5(v)). 92)
We claim that
T (bZ35 (10)) = 1 (bZ3, (V) — en(Z5 (V) 93)

for some b € [1,2].
For the proof, assume to the contrary that

(025 (o)) < (025 (V) — (25, (v))
orall b € [1,2]. By Proposition 3.2,
Vn(tZ (1)) < (tZ25,(v)) for t > 0.
Hence
UZ% (V) = (25 (ho)) =/0 (1 (tZ%,(10)) = W (tZ5,(v))) dt
< —el(Z%,(v)),

which contradicts (92).

Thus relation (58) holds for some b € [1, 2] with e replaced by ££(ZZ (v)). In the
proof of relation (59) it is shown that there exists an orthonormal basis w1, . .., w,

of R™ such that (w.l.o.g.)

L(ug,w;) < cl(n)si fori=1,...,n
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with c1(n) := 3n2Mpinps, where we used that
UZz (v) = 20(BYYW(B}) < £(BY) < y/n (cf. the proof of [16, Lemma 5.7]). If
v is the cross measure associated with +wq, ..., +w,, then

supp v C supp o + ¢1 (n)E%Bg C supp u + 2201113"5%33.
It remains to be shown that
supp u C supp v + 220n13"5iB§. (94)

For the proof, we set n = c; (n)ei. Clearly, +u; is contained in the set on the right-
hand side of (94) fori € {1,...,n}. Recall that c¢(n) = 2"T*n"*3 and define

A= max min Z(u,w;).
u€supp p 1=1,...,n

If A < ¢(n)n, then relation (94) holds. Henceforth we consider the case where
A > ¢(n)n. Then we may assume that the maximum in the definition of A is realized
by ug € (supp ) \ {Zuq,...,+u,}. We define

P={zeR": |(z,u;)| <1,i=0,1,...,n},
B ={zeR": [(z,u)| <1,i=1,...,n},
Bl ={x eR": |[(z,w)| <1, i=1,...,n},

hence Z* (1) C P C BY,. By Lemma 7.6 we have

v(P) < (1= g ) VEL)

hence

n A n
5vol(Pa Boo) Z WV(BOO)

Lemma 7.5 implies that
Svor(Bl, BL) < [(1+2vnn)™ — (1= v/ny)"] V(BL,) < 4y/nnnV (BL,),
since (1 + 2y/nn)™ < 4/3. The triangle inequality yields
V(B2 \ P) = dyo1(Bly P) > Suor (B, P) — dyor (BLL, BL)

A 95
> (24n"+1 - 4\/57177) V(BL,)- )
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We claim that
V(BL\ P) < 2'7p!net, (96)
Combination of (95) and (96) shows that
A < 24pntl (4\/7;7,”7 i 27n217n11n€i) < 2207113716%7
which completes the proof of (94), once (96) has been established.

We finally verify (96). Using Lemma 7.5, we get B”. C (1 + 2y/nn)B™ C 2B™,
hence 1/(2y/n)B", C Bg. Then

(22~ HB2) = [ (e~ 2022 0)

1/(2vn)  -1/2 -
> / Gyt VB 2 () at
0

2m)"/? 97)
1 1\ ez o U(B)
> (5m) BBz R
> ="V (BL\ Z3 (1) U(BL).
Again by an application of Lemma 7.5, we obtain
UBL)) - (B) = ¢((1 +2f77)B" ) — U(BX%)
= [(1+2v/nn) =t = 1] U(BL) (98)

Vv

—2y/nnl(BL,).

Combining (91), (97) and (98), we arrive at

H(BLL) > U220 () ~ HB) > (W - 2@17) (B2,

hence

V(B \ Z% (1)) < n(e + 2/nn) < 0" (1 + 2\/ﬁ3n2l4n4nn%) et
< 217n11n€%7
which proves the claim, and thus the theorem. O
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