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Abstract
Barthe, Schechtman and Schmuckenschläger proved that the cube maximizes the 
mean width of symmetric convex bodies whose John ellipsoid (maximal volume el-
lipsoid contained in the body) is the Euclidean unit ball, and the regular crosspoly-
tope minimizes the mean width of symmetric convex bodies whose Löwner ellip-
soid is the Euclidean unit ball. Here we prove close-to-be optimal stronger stability 
versions of these results, together with their counterparts about the ℓ-norm based 
on Gaussian integrals. We also consider related stability results for the mean width 
and the ℓ-norm of the convex hull of the support of even isotropic measures on the 
unit sphere.
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1  Introduction

Geometric inequalities and extremal problems constitute a central topic in geometry 
and geometric analysis. Perhaps the best known example is the isoperimetric inequal-
ity which states that Euclidean balls have smallest surface area among sets of given 
(finite) volume in Euclidean space Rn. If we restrict to compact convex sets with 
nonempty interior (convex bodies), then Euclidean balls are the only minimizers. 
Another important example is the Urysohn inequality according to which Euclidean 
balls minimize the mean width of convex bodies of given volume. While for these 
two classical examples the extremizers (Euclidean balls) are rotationally symmetric, 
for some other extremal problems simplices, cubes and crosspolytopes naturally arise 
as extremizers.

In the following, we mainly focus on geometric inequalities and extremal prob-
lems for origin symmetric (o-symmetric) convex bodies (see [16] for the non-sym-
metric setting) in Euclidean space Rn, n ≥ 2, with scalar product ⟨·, ·⟩ and norm 
∥ · ∥. We write Bn

p  to denote the unit ball of the lp norm in Rn for p ∈ [1, ∞], in 
particular Bn

1  is a regular crosspolytope inscribed into Bn
2 , and (Bn

1 )◦ = Bn
∞ is a 

cube circumscribed around Bn
2 , where K◦ = {x ∈ Rn : ⟨x, y⟩ ≤ 1 ∀ y ∈ K} is the 

polar dual of an origin symmetric convex body K ⊂ Rn.
An intriguing geometric extremal problem for which cubes and crosspolytopes 

are extremizers has been discovered and studied much more recently. Let K denote 
some origin symmetric convex body in Rn. It is well known that there exists a unique 
ellipsoid of maximal volume contained in K (the John ellipsoid of K), and a unique 
ellipsoid of minimal volume containing K (the Löwner ellipsoid of K). It has been 
proved by Ball [4] that cubes maximize the volume of K given the volume of the John 
ellipsoid of K, which can be paraphrased by saying that cubes determine the extre-
mal “inner” volume ratio for origin symmetric convex bodies. For the dual problem, 
Barthe [8] showed that crosspolytopes minimize the volume of K given the volume 
of the Löwner ellipsoid of K, hence crosspolytopes determine the extremal “outer” 
volume ratio (see also Lutwak, Yang, Zhang [34, 35]). In all these cases, the under-
standing of the equality cases essentially relies on Barthe’s fundamental work [8] on 
the Brascamp–Lieb inequality and its reverse inequality.

Since the mean width plays a key role in the present work, we provide an explicit 
definition. Let κn denote the volume of the unit ball Bn

2  and Sn−1 its boundary 
(the Euclidean unit sphere). For a convex body K ⊂ Rn, the support function 
hK : Rn → R of K is defined by hK(x) = maxy∈K⟨x, y⟩ for x ∈ Rn. Then the 
mean width of K is given by

	
W (K) = 1

nκn

∫

Sn−1
(hK(u) + hK(−u)) du,

where the integration is with respect to the (n − 1)-dimensional spherical Lebesgue 
measure. As a functional on convex bodies, the mean width is isometry invariant, 
continuous, additive (a valuation) and (positively) homogeneous of degree one. 
Moreover the mean width is characterized by these properties.
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In addition to the (translation invariant) mean width we consider the ℓ-norm of 
origin symmetric convex bodies. To define the latter, for an o-symmetric convex 
body K ⊂ Rn, we set

	 ∥x∥K = min{t ≥ 0 : x ∈ tK}, x ∈ Rn.

Let γn denote the standard Gaussian measure in Rn, which has the density function 
x �→ 1√

2π
n e−‖x‖2/2, x ∈ Rn, with respect to Lebesgue measure. Then the ℓ-norm of 

K is defined by

	
ℓ(K) =

∫

Rn

∥x∥K γn(dx) = E∥X∥K ,

where X is a Gaussian random vector with distribution γn. Using polar coordinates, 
the relation hK◦ = ∥ · ∥K  and denoting by Γ(·) the Gamma function, we get

	
ℓ(K) = ℓ(Bn

2 )
2

W (K◦)� (1)

with ℓ(Bn
2 ) =

√
2Γ( n

2 )−1Γ( n+1
2 ), hence

	
lim

n→∞

ℓ(Bn
2 )√
n

= 1.

Clearly, the ℓ-norm of K can be rewritten in the form

	
ℓ(K) =

∫ ∞

0
P(∥X∥K > t) dt =

∫ ∞

0
(1 − γn(tK)) dt.� (2)

The following Theorem  1.1 for the ℓ-norm of symmetric convex bodies was first 
stated by Schechtman, Schmuckenschläger [37] (without discussing the equality 
cases). Part (i) is only briefly mentioned by Schechtman, Schmuckenschläger [37, 
p. 270], an explicit proof including a characterization of the equality case was pro-
vided by Barthe [9, Theorem 2]. Part (ii) was proved by Schechtman, Schmucken-
schläger [37, Proposition 4.11] as an application of the Brascamp–Lieb inequality. 
The equality case follows from Barthe’s general analysis of the equality conditions 
in the Brascamp–Lieb inequality [8]. The non-symmetric cases of these statements 
are treated by Barthe [9] and Schmuckenschläger [38] (see [16] for strengthened 
inequalities in the non-symmetric case).

Theorem 1.1  (Barthe ’98, Schechtman, Schmuckenschläger ’95) Let K be an origin 
symmetric convex body in Rn . 

(i)	 If Bn
2 ⊃ K is the Löwner ellipsoid of K, then ℓ(K) ≤ ℓ(Bn

1 ) and 
W (K) ≥ W (Bn

1 ). Equality holds in either case if and only if K is a regular 
crosspolytope.
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(ii)	 If Bn
2 ⊂ K is the John ellipsoid of K, then W (K) ≤ W (Bn

∞) and ℓ(K) ≥ ℓ(Bn
∞). 

Equality holds in either case if and only if K is a cube.

It follows from (1) and the duality of Löwner and John ellipsoids that the first 
statement of (i) is equivalent to the first statement of (ii), and the second statement of 
(i) is equivalent to the second statement of (ii).

Let us briefly discuss the range of W(K) (and thus that of ℓ(K)) in Theorem 1.1. 
Note that W (K) = 2κn−1

nκn
· V1(K) (cf. Schneider [39, (5.31) and (5.57)] or [26, 

(3.18)]), where V1(K) is the first intrinsic volume of K, and κn−1
κn

∼
√

n
2π , as n tends 

to infinity. If K ⊂ Rn is an o-symmetric convex body whose Löwner ellipsoid is Bn
2 , 

then the monotonicity of the mean width and Theorem 1.1 (i) yield

	 W (Bn
1 ) ≤ W (K) ≤ W (Bn

2 ) = 2,

where Lemma 3.1 in Böröczky, Henk [17] yields that

	
W (Bn

1 ) ∼
√

2 ln n

n
as n → ∞.

In addition, V1(Bn
∞) = 2n as V1 is additive. If K is a convex body in Rn whose John 

ellipsoid is Bn
2 , then

	 2 = W (Bn
2 ) ≤ W (K) ≤ W (Bn

∞),

where W (Bn
∞) ∼

√
8n/π. As a consequence, we also have ℓ(Bn

∞) ∼
√

ln n
2  as 

n → ∞ and ℓ(Bn
1 ) =

√
2
π · n for n ≥ 2.

The main goal of this paper is to prove a close-to-be optimal stability version of 
Theorem 1.1. In the stronger version of Theorem 1.1, closeness of two non-empty 
compact sets X, Y ⊂ Rn is measured in terms of their Hausdorff distance

	
δH(X, Y ) = max{max

y∈Y
d(y, X), max

x∈X
d(x, Y )},

where d(x, Y ) = min{∥x − y∥ : y ∈ Y } is the distance of x from Y. The Hausdorff 
distance defines a metric on the set of non-empty compact subsets of Rn. Let O(n) 
denote the orthogonal group of Rn. Since we are interested in the Hausdorff distance 
up to orthogonal transformations, we also consider the metric

	 δHO(X, Y ) = min{δH(X, ΦY ) : Φ ∈ O(n)}.

We start with the case when Bn
2  is the Löwner ellipsoid of a convex body K ⊂ Bn

2 , 
and then state the stability result when Bn

2  is the John ellipsoid of a convex body 
K ⊂ Rn.
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Theorem 1.2  If Bn
2  is the Löwner ellipsoid of an origin symmetric convex body 

K ⊂ Bn
2 , then

	 ℓ(K) ≤ (1 − γ · δHO(K, Bn
1 )) ℓ(Bn

1 ), � (3)

	 W (K) ≥
(
1 + γ · δHO(K, Bn

1 )4n
)

W (Bn
1 ), � (4)

where γ = n−cn2
 with an absolute constant c > 0 .

Theorem 1.3  If Bn
2  is the John ellipsoid of an origin symmetric convex body K ⊂ Rn , 

then

	 ℓ(K) ≥
(
1 + γ · δHO(K, Bn

∞)4n
)

ℓ(Bn
∞), � (5)

	 W (K) ≤ (1 − γ · δHO(K, Bn
∞)) W (Bn

∞), � (6)

where γ = n−cn2
 with an absolute constant c > 0 .

Concerning the optimality of Theorem  1.3, let Kε, for sufficiently small 
ε > 0, be obtained from the cube Bn

∞ by cutting off each vertex v of Bn
∞ by the 

half space {x ∈ Rn : ⟨x, v⟩ ≤ (1 − ε)⟨v, v⟩}. The resulting body satisfies that 
δHO(Kε, Bn

∞) ≥ γ1ε, ℓ(Kε) ≤ (1 + γ2εn) ℓ(Bn
∞) and W (Kε) ≥ (1 − γ3ε) W (Bn

∞) 
for some γ1, γ2, γ3 > 0 depending on n; therefore,

	● the estimate (6) is optimal up to the factor depending on n, and
	● the exponent 4n of δHO(K, Bn

∞) in (5) cannot be replaced by anything smaller 
than n.

For the optimality of Theorem 1.2, we consider the polar K◦
ε  for sufficiently small 

ε > 0, and hence the estimate (3) is optimal up to the factor depending on n, and the 
exponent 4n of δHO(K, Bn

1 ) in (4) cannot be replaced by anything smaller than n.
Finally, in the statement of relation (4) the factor γ can be chosen of the order 

n−cn with an absolute constant c > 0 and δHO(K, Bn
1 )4n can be replaced by 

δvolO(K, Bn
1 )4, where for origin symmetric convex bodies X, Y ⊂ Rn we define

	 δvolO(X, Y ) = min{δvol(X, ΦY ) : Φ ∈ O(n)}

and δvol is the symmetric (volume) difference metric. Similar comments apply to 
relation (5).

An important concept underlying the proof of Theorem 1.1 is the notion of an 
isotropic measure on the unit sphere. A Borel measure µ on the unit sphere Sn−1 is 
called isotropic (cf. [22, 35]) if

	

∫

Sn−1
u ⊗ u µ(du) = I n,� (7)
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where I n is the identity map (or the identity matrix). Equating traces of the two 
sides of (7), we get µ(Sn−1) = n. If µ is an even isotropic measure on Sn−1, then 
the cardinality of its support satisfies |supp µ| ≥ 2n, with equality if and only if µ 
is concentrated on the vertices of some regular crosspolytope and each vertex has 
measure 1

2 . If u1, . . . , uk ∈ Sn−1 and c1, . . . , ck > 0 satisfy ui ̸= ±uj  for i ̸= j and

	

k∑
i=1

ciui ⊗ ui = I n,

then the discrete measure µ on Sn−1 with support {±u1, . . . , ±uk} and 
µ({ui}) = µ({−ui}) = ci/2 for i = 1, . . . , k is isotropic and even. If k = n, 
u1, . . . , un form an orthonormal basis of Rn and each ci = 1, then such a measure 
is called a cross measure, and is characterized by the properties that it is an even 
isotropic measure whose support consists of the vertices of a regular crosspolytope.

We recall that isotropic measures on Rn play a central role in the KLS conjecture 
[29] and in the analysis of Bourgain’s recently resolved (cf. Klartag, Lehec [31]) 
hyperplane conjecture (slicing problem) (see, for instance, [1, 2, 10, 25, 30]). The 
relevance of isotropic measures on Sn−1 in the present context is due to Ball’s crucial 
insight that John’s characteristic condition [27, 28] (see Sect. 2) for a convex body 
to have the unit ball as its John or Löwner ellipsoid (see [3, 4]) can be used to give 
the Brascamp–Lieb inequality a convenient form which is perfectly suited for many 
geometric applications (see Sect. 3).

We write conv X  to denote the convex hull of a set X ⊂ Rn, and for an even iso-
tropic measure µ on Sn−1, we consider the o-symmetric convex bodies

	 Z∞(µ) = conv supp µ ⊂ Bn
2 and Z∗

∞(µ) = Z∞(µ)◦ ⊃ Bn
2 .

In particular, if ν is a cross measure on Sn−1, then

	 Z∞(ν) = Bn
1 and Z∗

∞(ν) = Bn
∞.

Li, Leng [32] proved the following version of Theorem 1.1. The result can be obtained 
as an immediate consequence of Theorem 1.1 and Lemma 7.1.

Theorem 1.4  (Li, Leng [32]) Let ν be a cross measure on Sn−1 . If µ is an even iso-
tropic measure, then 

(i)	 ℓ(Z∞(µ)) ≤ ℓ(Z∞(ν)) and W (Z∞(µ)) ≥ W (Z∞(ν)), and equality holds in 
either case if and only if µ is a cross measure.

(ii)	 ℓ(Z∗
∞(µ)) ≥ ℓ(Z∗

∞(ν)) and W (Z∗
∞(µ)) ≤ W (Z∗

∞(ν)), and equality holds in 
either case if and only if µ is a cross measure.

In order to state a stability version of Theorem 1.4, we need the notion of Was-
serstein distance δW(µ, ν) of two isotropic measures µ and ν on Sn−1 (also called 
the Kantorovich–Monge–Rubinstein distance). To define it, we write ∠(v, w) 
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to denote the angle of v, w ∈ Sn−1; that is, the geodesic distance of v and w on 
Sn−1. Let Lip1(Sn−1) denote the family of Lipschitz functions with Lipschitz con-
stant 1; namely, f : Sn−1 → R is in Lip1(Sn−1) if ∥f(x) − f(y)∥ ≤ ∠(x, y) for 
x, y ∈ Sn−1. Then

	
δW(µ, ν) = max

{∫

Sn−1
f dµ −

∫

Sn−1
f dν : f ∈ Lip1(Sn−1)

}
.

Since we allow rotation of one of the measures, the actual notion of distance that we 
use is

	 δWO(µ, ν) = min {δW(µ, Φ∗ν) : Φ ∈ O(n)}

where Φ∗ν denotes the pushforward of ν by Φ : Sn−1 → Sn−1. In turn, we have the 
following stronger form of Theorem  1.4.

Theorem 1.5  Let µ be an even isotropic measure on Sn−1 . There exist an absolute 
constant c > 0  and a cross measure ν on Sn−1  such that for γ = n−cn2

, for (a) and 
(d), and γ = n−cn , for (b) and (c), and γ̃ = γ

30n3 , we have 

(a)	 ℓ(Z∞(µ)) ≤ (1 − γ · δHO(supp µ, supp ν)) ℓ(Z∞(ν))
≤ (1 − γ̃ · δWO(µ, ν)) ℓ(Z∞(ν)).

(b)	 W (Z∞(µ)) ≥
(
1 + γ · δHO(supp µ, supp ν)4)

W (Z∞(ν))
≥

(
1 + γ̃ · δWO(µ, ν)4)

W (Z∞(ν)).

(c)	 ℓ(Z∗
∞(µ)) ≥

(
1 + γ · δHO(supp µ, supp ν)4)

ℓ(Z∗
∞(ν))

≥
(
1 + γ̃ · δWO(µ, ν)4)

ℓ(Z∗
∞(ν)).

(d)	 W (Z∗
∞(µ)) ≤ (1 − γ · δHO(supp µ, supp ν)) W (Z∗

∞(ν))
≤ (1 − γ̃ · δWO(µ, ν)) W (Z∗

∞(ν)).
The main task of the present work is to estimate the ℓ-norm. In Sect. 2 we deal 

with the case when the Löwner ellipsoid is a ball. This part of the argument avoids 
the use of Barthe’s reverse form of the Brascamp–Lieb inequality and proceeds by a 
more direct reasoning. To estimate the ℓ-norm when the John ellipsoid is a ball, first 
we review the use of optimal transport and the Brascamp–Lieb inequality in Sect. 3, 
and secondly we provide some crucial estimates for the transport functions arising in 
this context in Sect. 4. Stability of the ℓ-norm around the cube when the John ellip-
soid is a ball is verified in Sect. 5 (see Theorem 5.6), and we prove Theorem 1.2 and 
Theorem 1.3 in Sect. 6. Finally, Theorem 1.5 is established in Sect. 7 via Theorem 
7.4 and Theorem 7.7.

Our arguments are partly based on the rank one geometric Brascamp–Lieb inequal-
ity and its stability version in a special case (see Sect. 5). No quantitative stability 
version of the Brascamp–Lieb inequality (or of the reverse Brascamp–Lieb inequal-
ity) is known in general (see Bennett, Bez, Flock, Lee [12] for a certain weak stability 
version for higher ranks). On the other hand, in the case of the Borell–Brascamp–Lieb 
inequaliy (see Borell [14], Brascamp, Lieb [19] and Balogh, Kristály [6]), stability 
versions were obtained by Ghilli, Salani [21] and Rossi, Salani [36].
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2  The ℓ-norm when the Löwner ellipsoid is a ball

Theorem 2.1 below is part (i) of Theorem 1.1. We start by recalling the argument of 
Barthe (see [9, Theorem 2]) to prove Theorem 2.1.

In order to efficiently use the hypothesis that the unit ball is the John (or Löwner) 
ellipsoid of a symmetric convex body K, John’s [27, 28] characteristic condition is 
employed. It states that Bn

2  is the John ellipsoid (or Löwner ellipsoid) of an o-sym-
metric convex body K if and only if Bn

2 ⊂ K (or K ⊂ Bn
2 ), and there exist distinct 

unit vectors u1, . . . , uk ∈ ∂K ∩ Sn−1 and c1, . . . , ck > 0 such that ui ̸= ±uj  for 
i ̸= j and

	

k∑
i=1

ciui ⊗ ui = I n,� (8)

with the proof of the equivalence completed by Ball [5] (see also [24]).
It follows that Bn

2  is the John ellipsoid of an o-symmetric convex body K ⊂ Rn if 
and only if Bn

2  is the Löwner ellipsoid of K◦.
Furthermore, there exists some m element subset I ⊂ {1, . . . , k} with m ≤ n(n+1)

2  
and some c̃i > 0 for i ∈ I  such that 

∑
i∈I c̃iui ⊗ ui = I n.

In the following we fix an orthonormal basis e1, . . . , en of Rn. We also note that if 
u1, . . . , uk ∈ Sn−1 and c1, . . . , ck > 0 satisfy

	

k∑
i=1

ciui ⊗ ui = I n,� (9)

then this data and any x ∈ Rn satisfy

	
x =

k∑
i=1

ci⟨x, ui⟩ ui, � (10)

	
∥x∥2

2 =
k∑

i=1
ci⟨x, ui⟩2, � (11)

	

k∑
i=1

ci =n, � (12)

	 cj ≤1 for j = 1, . . . , k. � (13)

Here (10) and (11) directly follow from (9), (12) follows from equating traces, and 
(11) yields (13) by taking x = uj .
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Theorem 2.1  (Barthe, Schechtman, Schmuckenschläger) If K ⊂ Rn  is an ori-
gin symmetric convex body such that Bn

2 ⊃ K  is the Löwner ellipsoid of K, then 
ℓ(K ) ≤ ℓ(Bn

1 ). Equality holds if and only if K is a regular crosspolytope inscribed 
to Bn

2 .

Proof  According to John’s characteristic condition, there exist distinct unit vectors 
u1, . . . , uk ∈ ∂K ∩ Sn−1 and c1, . . . , ck > 0 such that (9) holds. Moreover, we can 
assume that ui ̸= −uj  for i ̸= j. We deduce from 

∑k
i=1 ci = n (cf. (12)) and

	

∫

Rn

|⟨x, e1⟩| γn(dx) =
∫

Rn

|⟨x, v⟩| γn(dx)

for any v ∈ Sn−1 that

	

ℓ(Bn
1 ) =

∫

Rn

∥x∥Bn
1

γn(dx) =
∫

Rn

n∑
i=1

|⟨x, ei⟩| γn(dx) = n

∫

Rn

|⟨x, e1⟩| γn(dx)

=

(
k∑

i=1
ci

) ∫

Rn

|⟨x, e1⟩| γn(dx) =
∫

Rn

k∑
i=1

ci|⟨x, ui⟩| γn(dx).
�(14)

The convex hull M ⊂ K of ±u1, . . . , ±uk is an o-symmetric polytope, and (10) 
yields that

	
∥x∥K ≤ ∥x∥M = inf

{
k∑

i=1
|αi| : x =

k∑
i=1

αiui

}
≤

k∑
i=1

ci|⟨x, ui⟩|.� (15)

It follows from (14) that

	

ℓ(K) =
∫

Rn

∥x∥K γn(dx) ≤
∫

Rn

∥x∥M γn(dx)

≤
∫

Rn

k∑
i=1

ci|⟨x, ui⟩| γn(dx) = ℓ(Bn
1 ).

Next we assume that ℓ(K) = ℓ(Bn
1 ). Then equality holds in (15), hence K = M , 

and equality holds in the right inequality of (15). Applying this fact to x = uj  and the 
estimate |⟨uj , ui⟩| ≤ 1 yield

	
1 ≥

k∑
i=1

ci|⟨uj , ui⟩| ≥
k∑

i=1
ci⟨uj , ui⟩2 = 1.

This shows that |⟨ui, uj⟩| ∈ {0, 1} for i, j ∈ {1, . . . , k}. Therefore, we have k = n, 
u1, . . . , un is an orthonormal basis and c1 = · · · = cn = 1. � □
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In order to have a stability version of Theorem 2.1, we need some observations 
on a system of vectors satisfying (9). We observe that setting vi = √

ci ui in (9), we 
have 

∑k
i=1 vi ⊗ vi = I n. We deduce the following from the Cauchy–Binet formula.

Lemma 2.2  If v1 , . . . , vk ∈ Rn  satisfy 
∑k

i=1 vi ⊗ vi = Idn , then there exist 
1 ≤ i1 < . . . < in ≤ k such that

	
det[vi1 , . . . , vin ]2 ≥

(
k
n

)−1

.

For non-zero vectors v and w, we write ∠(v, w) to denote their angle, that is, the 
geodesic distance of the unit vectors ∥v∥−1v and ∥w∥−1w on the unit sphere. The 
following lemma is a variant of [18, Lemma 3.2], which follows by a similar argu-
ment as in [18].

Lemma 2.3  Let u1 , . . . , uk ∈ Sn−1  and c1 , . . . , ck > 0 , k > n, satisfy (9). Let 
0 < η ≤ 1/(3n). If for any j ∈ {n + 1 , . . . , k} there exists some i ∈ {1 , . . . , n} 
satisfying |⟨ui , uj⟩| ≥ cos η, then there exist an orthonormal basis w1 , . . . , wn  and 
ξj ∈ {−1 , 1} for j = 1 , . . . , k such that

	 δH ({w1 , . . . , wn}, {ξ1 u1 , . . . , ξkuk}) < 4
√

n η.

Proof  We partition the index set {1, . . . , k} into sets V1, . . . , Vn such that i ∈ Vi 
for i = 1, . . . , n, and if j ≥ n + 1 and j ∈ Vi for some i ∈ {1, . . . , n},then 
|⟨ui, uj⟩| ≥ cos η. For i = 1, . . . , n, (11) yields

	
1 = ∥ui∥2 ≥

∑
j∈Vi

cj⟨ui, uj⟩2 ≥
∑
j∈Vi

cj(cos η)2,

and hence

	

∑
j∈Vi

cj ≤ (cos η)−2.� (16)

For j ∈ Vi, we may replace uj  with −uj  if necessary to ensure ⟨ui, uj⟩ ≥ 0, and 
hence

	 ∠(ui, uj) ≤ η for j ∈ Vi.� (17)

For i = 1, . . . , n, let w̃i ∈ Sn−1 be orthogonal to um, m ∈ {1, . . . , n}\{i}, and sat-
isfy ⟨w̃i, ui⟩ ≥ 0. In addition, let αi ∈ [0, π/2] be defined by

	 cos αi = max{|⟨w̃i, uj⟩| : j ∈ Vi}.
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We aim at bounding αi from above. For a fixed i ∈ {1, . . . , n}, we observe that if 
j ∈ Vi, then ⟨w̃i, uj⟩2 ≤ cos2 αi, and if j ∈ Vm for some m ∈ {1, . . . , n} \ {i}, then 
∠(um, uj) ≤ η and ⟨w̃i, um⟩ = 0 imply

	 ⟨uj , w̃i⟩2 + cos2 η ≤ ⟨uj , w̃i⟩2 + ⟨uj , um⟩2 ≤ ∥uj∥2 = 1,

and hence ⟨w̃i, uj⟩2 ≤ sin2 η. Using these facts and (16), we deduce

	

∑
j∈Vm

cj⟨w̃i, uj⟩2 ≤ sin2 η
∑

j∈Vm

cj ≤ sin2 η

cos2 η
, for m ∈ {1, . . . , n} \ {i},

∑
j∈Vi

cj⟨w̃i, uj⟩2 ≤ cos2 αi

∑
j∈Vi

cj ≤ cos2 αi

cos2 η
.

It follows from (11) that

	
1 = ∥w̃i∥2 =

k∑
j=1

cj⟨w̃i, uj⟩2 ≤ (n − 1) sin2 η

cos2 η
+ cos2 αi

cos2 η
,

and hence

	 sin2 αi = 1 − cos2 αi ≤ 1 − cos2 η + (n − 1) sin2 η = n sin2 η.

This shows that

	

(
2
π

)2

α2
i ≤ nη2 ≤ 1

9n
,� (18)

thus 0 ≤ αi ≤ π
6

√
n

. Since η < 1/(3n), we also get αi + η < π/2. By the defini-
tion of αi, there is some j ∈ Vi such that cos αi = ±⟨w̃i, uj⟩. First, suppose that 
cos αi = −⟨w̃i, uj⟩. Then ∠(w̃i, −uj) = αi, hence (17) yields

	
∠(w̃i, −ui) ≤ ∠(w̃i, −uj) + ∠(−uj , −ui) ≤ αi + η <

π

2
,

which is a contradiction to ⟨w̃i, ui⟩ ≥ 0. This shows that cos αi = ⟨w̃i, uj⟩ and there-
fore ∠(w̃i, uj) = αi. As before, (17) now yields

	 ∠(w̃i, ui) ≤ αi + η.� (19)

Therefore, (19), (18) and η < 1/(3
√

n) imply

	 ∠(w̃i, ui) ≤ αi + η ≤ 2
√

n η + η < 3
√

n η < 1, i = 1, . . . , n.� (20)

1 3



K. J. Böröczky et al.

Supposing that ui is in the linear hull of the vectors um, m ∈ {1, . . . , n} \ {i}, we 
deduce that ⟨ui, w̃i⟩ = 0, which contradicts (20). It follows that u1, . . . , un are lin-
early independent.

We define w1 = u1, and for i = 2, . . . , n, we let wi be the unit vector in 
lin {u1, . . . , ui} which is orthogonal to u1, . . . , ui−1 and satisfies ⟨wi, ui⟩ > 0. As 
w1, . . . , wn form an orthonormal basis, lin {u1, . . . , um} = lin {w1, . . . , wm} and 
⟨w̃i, uj⟩ = 0 for j ≤ i − 1, it follows that ui =

∑i
j=1 βjwj  and w̃i =

∑n
m=i γmwm 

for βj , γm ∈ R where ⟨wi, ui⟩ > 0 and ⟨w̃i, ui⟩ ≥ 0 yield βi, γi ∈ [0, 1]. Thus 
⟨ui, wi⟩ = βi ≥ βiγi = ⟨ui, w̃i⟩ or in other words ∠(wi, ui) ≤ ∠(w̃i, ui) < 3

√
n η, 

and hence if j ∈ Vi, then

	 ∠(wi, uj) ≤ ∠(wi, ui) + ∠(ui, uj) < 4
√

n η,

which completes the argument. � □
We also need an estimate about the Gaussian measure of cones.

Lemma 2.4  If α ∈ (0 , π
2 ) and w ∈ Sn−1 , then the convex cone 

C = {x ∈ Rn : ⟨x, w⟩ ≥ ∥x∥ cos α} satisfies

	
γn(C ) ≥ sinn−1 (α)√

2πn
.

Proof  We write Hn−1(·) to denote the (n − 1)-dimensional Hausdorff measure nor-
malized in such a way that it coincides with the (n − 1)-dimensional Lebesgues mea-
sure on subsets of w⊥. We observe that the orthogonal projection of C ∩ Sn−1 onto 
w⊥ is an (n − 1)-ball of radius sin α; therefore,

	
γn(C) = Hn−1(C ∩ Sn−1)

Hn−1(Sn−1)
≥ sinn−1(α)κn−1

nκn
.

The logarithmic convexity of the Gamma function yields (κn−1)2 ≥ κn−2κn. Since 
κn−2κ−1

n = n
2π  we get

	
κn−1

κn
≥

√
n

2π
,

from which the assertion follows. � □
Next we provide a quantitative estimate about polytopes whose vertices are close 

the vertices of a regular crosspolytope.

Lemma 2.5  If p1 , . . . , p2n  are the vertices of Bn
1 , and M = conv{q1 , . . . , qk} ⊂ Rn  

with δH ({p1 , . . . , p2n}, {q1 , . . . , qk}) ≤ α for some α ∈ (0 , 1/
√

n), then
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	 (1 −
√

nα)Bn
1 ⊂ M ⊂ (1 +

√
nα)Bn

1 .

Proof  We have (Bn
1 )◦ = Bn

∞ ⊂
√

nBn
2 , hence Bn

2 ⊂
√

nBn
1 . By assumption, 

Bn
1 ⊂ M + αBn

2 . It follows that

	 (1 −
√

nα)Bn
1 +

√
nαBn

1 ⊂ M +
√

nαBn
1 ,

which yields the left inclusion.
The right inclusion follows from M ⊂ Bn

1 + αBn
2 ⊂ Bn

1 + α
√

nBn
1 . � □

The last auxiliary statement before Theorem 2.7 helps to estimate the variation of 
the ℓ function.

Lemma 2.6  If R > 0  and K ⊂ C ⊂ RBn
2  are o-symmetric convex bodies, then

	
ℓ(K ) − ℓ(C ) ≥

( n
2πe

) n
2 R−(n+1)V (C\K ).

Proof  It follows from (2), and using substitutions like x = ty and t = s/R that

	

ℓ(K) − ℓ(C) =
∫ ∞

0
(γn(tC) − γn(tK)) dt = 1

√
2π

n

∫ ∞

0

∫

t(C\K)
e− ∥x∥2

2 dx dt

= 1
√

2π
n

∫ ∞

0

∫

C\K

tne− t2∥y∥2
2 dy dt ≥ V (C \ K)

√
2π

n

∫ ∞

0
tne− t2R2

2 dt

= V (C \ K)
Rn+1

√
2π

n

∫ ∞

0
sne− s2

2 ds = V (C \ K)
Rn+1

√
2π

n 2
n−1

2 Γ
(

n + 1
2

)
.

Since

	
Γ(x + 1) ≥

√
2πx

(x

e

)x

, x ≥ 0,

we get

	

1
√

2π
n 2

n−1
2 Γ

(
n + 1

2

)
≥

√
eπ

(
1 − 1

n

) n
2 ( n

2πe

) n
2 ≥

( n

2πe

) n
2

, n ≥ 2,

which proves the assertion. � □
Now we are ready to prove a stability version of Theorem 2.1.

Theorem 2.7  There exists some explicitly calculable absolute constant c ≥ 1  with 
the following properties. If K is an origin symmetric convex body in Rn  such that 
Bn

2 ⊃ K  is the Löwner ellipsoid of K, and ℓ(K ) ≥ (1 − ε)ℓ(Bn
1 ) for some ε ∈ (0 , ε0 ) 

for ε0 = n−cn2
, then there exists an orthogonal transformation Φ ∈ O(n) such that 

δH(K , ΦBn
1 ) ≤ ncn2 · ε.
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Proof  According to John’s characteristic condition, there exist 
u1, . . . , uk ∈ Sn−1 ∩ ∂K and c1, . . . , ck > 0 with n ≤ k ≤ n(n+1)

2  that satisfy (9).

We note that up to (36), we do not use the condition ℓ(K) ≥ (1 − ε)ℓ(Bn
1 ), only 

that (9) holds and k ≤ n2. Applying Lemma 2.2 with vi = √
ci ui, and using that (

k
n

)
≤

(
n2

n

)
≤ ( e·n2

n )n = (en)n, we may assume after re-indexing that

	
c1 · · · cn ·

∣∣∣ det[u1, . . . , un]
∣∣∣
2

≥ (en)−n.

We have | det[u1, . . . , un]| ≤ 1 as u1, . . . , un are unit vectors, and ci ≤ 1 for 
i = 1, . . . , n by (13); therefore,

	
ci ≥ (en)−n for i = 1, . . . , n, and

∣∣∣ det[u1, . . . , un]
∣∣∣ ≥ (en)−n/2.� (21)

We define M = conv{±u1, . . . , ±uk}. The core claim of our argument for proving 
Theorem 2.7 is that there exist Φ ∈ O(n) and γ > 0 depending on n such that

	 (1 − γε)ΦBn
1 ⊂ M ⊂ K.� (22)

If k = n, then u1, . . . , un form an orthonormal basis, and hence ΦBn
1 = M  for some 

Φ ∈ O(n), and thus (22) readily holds. Therefore, we assume that k > n.
Let η̃ ∈ [0, π

2 ) be minimal with the property that for any j = n + 1, . . . , k there 
exists i ∈ {1, . . . , n} satisfying |⟨ui, uj⟩| ≥ cos η̃ (here η̃ < π

2  follows from (21)), 
and let

	
η = min

{
η̃,

1
3n · (en)n/2

}
.� (23)

In particular, we may assume that

	 |⟨ui, uk⟩| ≤ cos η̃ for i = 1, . . . , n.� (24)

Possibly replacing ui by −ui if i = 1, . . . , n, we may assume that

	
uk =

n∑
i=1

λiui for λ1, . . . , λn ≥ 0where at least two λi > 0.� (25)

We observe that

	
v = 1

λ1 + · · · + λn
· uk =

n∑
i=1

λi

λ1 + · · · + λn
· ui ∈ (int Bn

2 ) ∩ conv{u1, . . . , un},
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and hence ∥v∥ < 1. We claim that

	
λ1 + · · · + λn = 1

∥v∥
≥ 1 + 1

3 · (en)n/2 · η.� (26)

For x ∈ Rn and a linear subspace L ⊂ Rn, we write dist(x, L) for the Euclidean dis-
tance of x from L. In addition, for i = 1, . . . , n, we write u1, . . . , ǔi, . . . , un to denote 
the list of n − 1 vectors where ui is removed from the list u1, . . . , un. In particular, for 
i = 1, . . . , n, (21) yields that the linear (n − 1)-space Li = lin{u1, . . . , ǔi, . . . , un} 
satisfies

	

dist(ui, Li) =

∣∣∣ det[u1, . . . , un]
∣∣∣∣∣∣ detn−1[u1, . . . , ǔi, . . . , un]

∣∣∣
≥ (en)−n/2.� (27)

We may assume that λ1 ≥ λ2 ≥ . . . ≥ λn, and hence λ2 > 0 and

	
dist(v, L1) ≥ 1

n
· dist(u1, L1) ≥ 1

n · (en)n/2 .� (28)

Let v′ ∈ Sn−1 be the other endpoint of the secant of Bn
2  such that v ∈ conv{u1, v′}, 

and hence v′ ̸= −u1 by λ2 > 0, and there exists a v′′ ∈ L1 ∩ conv{v, v′} with v′′ ̸= o 
as v′ ̸= −u1. It follows from (28) that the distance of v from the line of o and v′′ is at 
least 1

n·(en)n/2 , and hence ∥v∥ ≤ 1 yields that sin∠(v, v′′) ≥ 1
n·(en)n/2 . We deduce 

that

	
∠(v, v′) ≥ ∠(v, v′′) ≥ sin∠(v, v′′) ≥ 1

n · (en)n/2 ≥ η � (29)

	
cos∠(v′, u1, o) = ∥u1 − v′∥

2
≥ dist(u1, L1)

2
≥ 1

2 · (en)n/2 . � (30)

On the other hand, (24) yields that

	 ∠(v, u1) = ∠(uk, u1) ≥ η̃ ≥ η.� (31)

It follows from (29) and (31) that there exists v0 ∈ conv{v, u1} with ∠(u1, v0) = η, 
and it satisfies ∥v∥ ≤ ∥v0∥ and ∠(v0, u1, o) + η ≤ π

2 ; therefore, applying the Law of 
Sine in the triangle conv{v0, u1, 0} implies

	

λ1 + · · · + λn = 1
∥v∥

≥ 1
∥v0∥

= ∥u1 − o∥
∥v0 − o∥

= sin∠(u1, v0, o)
sin∠(v0, u1, o)

= sin(∠(v′, u1, o) + η)
sin∠(v′, u1, o)

= cos η + cos∠(v′, u1, o)
sin∠(v′, u1, o)

· sin η,

and hence (30) yields that
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λ1 + · · · + λn ≥ cos η + 1

2 · (en)n/2 · sin η ≥ 1 + 1
3 · (en)n/2 · η

where we used that η ≤ 1
3n·(en)n/2 ≤ 1

6 c with c = (en)−n/2, and that by basic calcu-
lus we have ∂

∂t (cos t + c̄
2 · sin t) ≥ c̄

3  whenever c̄ ∈ (0, 1] and t ∈ (0, c̄
6 ]. In turn, we 

conclude the claim (26).
Next let the (n − 1)-ball Bn

2 ∩ aff{u1, . . . , un} have center w0 and radius ϱ, and let 
w = w0/∥w0∥ ∈ Sn−1. Since the (n − 1)-dimensional volume of conv{u1, . . . , un} 
is at most the (n − 1)-dimensional volume ( n

n−1 ) n−1
2

√
n

(n−1)!  of the regular (n − 1)

-dimensional simplex of circumradius 1, and the distance of o from aff{u1, . . . , un} 
is ∥w0∥, we deduce from (21) that

	

1
n

· ∥w0∥ ·
√

e ·
√

n

(n − 1)!
>

1
n

· ∥w0∥ ·
(

n

n − 1

) n−1
2

√
n

(n − 1)!

> V (conv{o, u1, . . . , un}) >
1
n!

· (en)−n/2.

It follows that

	 ∥w0∥ > (en)− n+1
2 .

Writing β = ∠(w, ui) ∈ (0, π
2 ) for i = 1, . . . , n, we thus get

	
sin

(π

2
− β

)
= cos β = ∥w0∥ > (en)− n+1

2 ,

which in turn yields that

	
β <

π

2
− 1

(en) n+1
2

.� (32)

Let C be the cone of vectors whose angle with w is at most 1
2(en)

n+1
2

; namely,

	
C =

{
x ∈ Rn : ⟨x, w⟩ ≥ ∥x∥ · cos 1

2(en) n+1
2

}
.

We deduce from (32) that if x ∈ C \ {o} and i = 1, . . . , n, then

	
∠(x, ui) ≤ π

2
− 1

2(en) n+1
2

,

and hence (21) implies that
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ci⟨x, ui⟩ ≥ ∥x∥

(en)n
· sin 1

2(en) n+1
2

>
∥x∥

(en)n
· 1

4(en) n+1
2

>
∥x∥

4(en) 3n+1
2

.� (33)

We also need an upper bound on λi for i = 1, . . . , n. Let u∗
1, . . . , u∗

n be the dual basis 
to u1, . . . , un; namely, ⟨u∗

i , ui⟩ = 1 for i = 1, . . . , n, and ⟨u∗
i , uj⟩ = 0 if i ̸= j. It 

follows that if i = 1, . . . , n, then (27) yields that

	

∥u∗
i ∥ =

∣∣∣ detn−1[u1, . . . , ǔi, . . . , un]
∣∣∣∣∣∣ det[u1, . . . , un]

∣∣∣
≤ (en)n/2;

therefore,

	 λi = ⟨u∗
i , uk⟩ ≤ ∥u∗

i ∥ ≤ (en)n/2.� (34)

We consider

	
θ = 1

4(en)2n+1 .

It follows from (33) and (34) that if x ∈ C and i = 1, . . . , n, then

	 ci⟨x, ui⟩ − θ · λi∥x∥ ≥ 0.� (35)

Now (10) and (25) imply that if x ∈ C, then

	
x = (ck⟨x, uk⟩ + θ · ∥x∥) uk +

n∑
i=1

(ci⟨x, ui⟩ − θ · λi∥x∥) ui +
∑

n<i<k

ci⟨x, ui⟩ui,

where the last term is void if k = n + 1, and hence applying first (35) and later (26) 
we get

	

(
k∑

i=1
ci|⟨x, ui⟩|

)
− ∥x∥M =

(
k∑

i=1
ci|⟨x, ui⟩|

)
− inf

{
k∑

i=1
|αi| : x =

k∑
i=1

αiui

}

≥ −θ · ∥x∥ +
n∑

i=1
θ · λi∥x∥ ≥ θ · ∥x∥ · 1

3(en)n/2 · η

≥ ∥x∥
12(en)3n

· η.

We observe that if x ∈ C ∪ (−C) and y ̸∈ C ∪ (−C), then |⟨w, x⟩| ≥ |⟨w, y⟩|, and 
hence
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∫

C∪(−C)
∥x∥ γn(dx) ≥

∫

C∪(−C)
|⟨w, x⟩| γn(dx)

≥ 2γn(C)
∫

Rn

|⟨w, x⟩| γn(dx).
� (36)

Now we start to use the condition ℓ(K) ≥ (1 − ε)ℓ(Bn
1 ). It follows from (15) 

that ∥x∥M ≤
∑k

i=1 ci|⟨x, ui⟩| for all x ∈ Rn; therefore, (14), Lemma  2.4 and 
ℓ(M) ≥ ℓ(K) ≥ (1 − ε)ℓ(Bn

1 ) yield

	

εℓ(Bn
1 ) ≥ ℓ(Bn

1 ) − ℓ(M) =
∫

Rn

k∑
i=1

ci|⟨x, ui⟩| γn(dx) −
∫

Rn

∥x∥M γn(dx)

≥
∫

C∪(−C)

∥x∥
12(en)3n

· η γn(dx) ≥ γn(C)
6(en)3n

∫

Rn

|⟨w, x⟩| γn(dx) · η

= γn(C)
6n(en)3n

· ℓ(Bn
1 ) · η ≥

(
sin 1

2(en) n+1
2

)n−1

· 1
18n2(en)3n

· ℓ(Bn
1 ) · η.

It follows that there exists some absolute constant c(1) ≥ 1 such that

	 η ≤ nc(1)n2
ε.

We choose an absolute constant c(2) ≥ 4c(1) such that n(c(1)−c(2))n2
< 1

3n·(en)n/2  
for n ≥ 2, thus

	
nc(1)n2

ε <
1

3n · (en)n/2 in (23) if 0 < ε < n−c(2)n2
.

Therefore, if ε0 = n−c(2)n2
, then

	 η = η̃.

In particular, for any j = n + 1, . . . , k there exists i ∈ {1, . . . , n} satisfying 
|⟨ui, uj⟩| ≥ cos η, and hence Lemma 2.3 yields the existence of an orthonormal basis 
w1, . . . , wn such that

	 δH ({±w1, . . . , ±wn}, {±u1, . . . , ±uk}) < 4
√

n η < n2c(1)n2
ε.� (37)

In turn, we conclude the claim (22) by Lemma 2.5; namely,

	 (1 − γε)Bn
1 ⊂ M

for γ = n3c(1)n2
 as n3c(1)n2

ε < n(3c(1)−c(2))n2 ≤ n−n2
< n−1 by c(2) ≥ 4c(1) and 

c(1) ≥ 1. Since M ⊂ K, we deduce that (1 − γε)Bn
1 ⊂ K.
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Now if z ∈ K ⊂ Bn
2  and z /∈ (1 − γε)Bn

1 , then ∥z∥Bn
1

= (1 + t)(1 − γε) for 
some t > 0. There exists a facet F of (1 − γε)Bn

1  such that z0 = 1
1+t z ∈ F . Hence 

the polytope

	 Pz = conv ({±z} ∪ (1 − γε)Bn
1 )

satisfies

	

V (Pz) − V ((1 − γε)Bn
1 ) ≥ 2t · V (conv {o, F}) = 2t(1 − γε)n V (Bn

1 )
2n

> ν1(n)ℓ(Bn
1 ) · t

with ν1(n) = (1 − n−1)n(n!ℓ(Bn
1 ))−1 ≥ (4n · n!)−1, since ℓ(Bn

1 ) ≤ n. As 
Pz ⊂ Bn

2 , Lemma 2.6 yields that

	
ℓ ((1 − γε)Bn

1 ) − ℓ(Pz) ≥
( n

2πe

) n
2

ν1(n)ℓ(Bn
1 ) · t ≥ n−4nℓ(Bn

1 ) · t.

Here we used that n! ≤
√

2πn
(

n
e

)n · 1.2 for n ≥ 2 and hence

	

(
2πe

n

) n
2

4n · n! ≤ n4n.� (38)

We conclude that

	

(1 − ε)ℓ(Bn
1 ) ≤ ℓ(K) ≤ ℓ(Pz) ≤ ℓ

(
(1 − γε)Bn

1

)
− n−4ntℓ(Bn

1 )

=
(

(1 − γε)−1 − n−4nt
)

ℓ(Bn
1 ) ≤ (1 + 2γε − n−4nt)ℓ(Bn

1 ),

and therefore t ≤ (2γ + 1)n4n · ε ≤ nc(3)n2 · ε with an absolute constant c(3) > 0. 
If we set γ̂ = nc(3)n2

, then

	 K ⊂ (1 + γ̂ε)Bn
1 .

Choosing c = max{c(2), c(3)}, the assertion follows. � □

3  Extremal ℓ-norm when the John ellipsoid is a ball and the rank one 
Brascamp–Lieb inequality

One of our main tools in this section is Barthe’s proof of the rank one geometric 
Brascamp–Lieb inequality by means of optimal transport of probability measures 
(see [7, 8]). The geometric form of the corresponding general analytic inequality, ver-
ified originally by Brascamp and Lieb [19], was identified by Ball [3] as an important 
case that is perfectly suited for various geometric applications. For a more detailed 
discussion of the Brascamp–Lieb inequality (including higher ranks), we refer to 
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Carlen, Cordero-Erausquin [20], Lieb [33], Barthe [8], Valdimarsson [40], Bennett et 
al. [13], and Barthe et al. [11].

To set up the form (44) of the Brascamp–Lieb inequality, let the unit vectors 
u1, . . . , uk ∈ Sn−1 and c1, . . . , ck > 0 satisfy ui ̸= ±uj  for i ̸= j and (9), i.e.,

	

k∑
i=1

ciui ⊗ ui = I n.� (39)

During the argument in Barthe [8], the following four consequences of (39) 
observed by Ball [3] (see also [8] for a simpler proof of (40)) play crucial roles: If 
k ≥ n, c1, . . . , ck > 0 and u1, . . . , uk ∈ Sn−1 satisfy (39), then we have the follow-
ing properties: 
Ball–Barthe inequality:	 For any t1, . . . , tk > 0, we have 

	
det

(
k∑

i=1
ticiui ⊗ ui

)
≥

k∏
i=1

tci
i .� (40)

Quadratic inequality: 	 For z =
∑k

i=1 ciθiui with θ1, . . . , θk ∈ R, we have 

	
∥z∥2 =

k∑
i=1

ci⟨z, ui⟩2 ≤
k∑

i=1
ciθ

2
i .� (41)

Properties of c1, . . . , ck:		  ci ≤ 1 for i = 1, . . . , k, � (42)

	 c1 + · · · + ck = n. � (43)

We only need the Brascamp–Lieb inequality in the following special case:

Theorem 3.1  Let b > 0 . Let f be a non-negative log-concave function on R such that 
f (t) > 0  if and only if |t| ≤ b. Let u1 , . . . , uk ∈ Sn−1  and c1 , . . . , ck > 0  satisfy 
ui ̸= ±uj  for i ̸= j  and (39). Then

	

∫

Rn

k∏
i=1

f(⟨x, ui⟩)ci dx ≤
k∏

i=1

(∫

R
f(t) dt

)ci

.� (44)

Remark   It was proved by Barthe [8] that equality in (44) holds if and only if k = n 
and u1, . . . , un form an orthonormal basis of Rn. We carry out the proof of Theorem 
3.1 since we will refer to the argument in our proof of Proposition 5.4.
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Proof  For the proof of (44), by scaling we may assume that

	

∫

R
f(t)dt =

∫ b

−b

f(t) dt = 1.

We follow Barthe in using a transport of measure argument. We write 
γ1(t) =

√
2π

−1
e−t2/2, t ∈ R, for the standard one-dimensional Gaussian density 

(there is no danger of confusing it with the corresponding measure although we 
use the same symbol). Let φ : (−b, b) → R be the transport map determined by the 
property

	

∫ x

−∞
f(t) dt =

∫ φ(x)

−∞
γ1(t) dt

for x ∈ (−b, b). Here φ is C1 as f is continuous on (−b, b), and

	 f(x) = γ1(φ(x)) · φ′(x).� (45)

For

	 C = {x ∈ Rn : ⟨ui, x⟩ ∈ (−b, b) for i = 1, . . . , k},

we consider the transformation Θ : C → Rn with

	
Θ(x) =

k∑
i=1

ci φ(⟨ui, x⟩) ui, x ∈ C,

which satisfies

	
dΘ(x) =

k∑
i=1

ci φ′(⟨ui, x⟩) ui ⊗ ui.

It is known that dΘ is positive definite and Θ : C → Rn is injective (see [7, 8]). 
Therefore, using first (45), then the Ball–Barthe inequality (40) with ti = φ′(⟨ui, x⟩), 
and then the definition of Θ and (41), the following argument leads to the Brascamp–
Lieb inequality in this special case:
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∫

Rn

k∏
i=1

f(⟨ui, x⟩)ci dx =
∫

C

k∏
i=1

f(⟨ui, x⟩)ci dx

=
∫

C

(
k∏

i=1
γ1(φ(⟨ui, x⟩))ci

) (
k∏

i=1
φ′(⟨ui, x⟩)ci

)
dx

≤ 1
(2π) n

2

∫

C

(
k∏

i=1
e−ciφ(⟨ui,x⟩)2/2

)
det

(
k∑

i=1
ciφ

′(⟨ui, x⟩) ui ⊗ ui

)
dx

≤ 1
(2π) n

2

∫

C
e−∥Θ(x)∥2/2 det (dΘ(x)) dx

� (46)

	
≤ 1

(2π) n
2

∫

Rn

e−∥y∥2/2 dy = 1, � (47)

which proves the assertion. � □
We now use the Brascamp–Lieb inequality to prove the following estimate:

Proposition 3.2  Let b > 0 . For u1 , . . . , uk ∈ Sn−1  and c1 , . . . , ck > 0  satisfying 
(39), the o-symmetric polytope P = {x ∈ Rn : |⟨x, ui⟩| ≤ 1 , i = 1 , . . . , k} satisfies

	 γn(bP ) ≤ γn(bBn
∞).� (48)

Equality holds if and only if k = n, u1 , . . . , un  is an orthonormal basis and hence P 
is a rotated copy of Bn

∞.

Proof  Let

	
f(b)(t) =

{
1√
2π

e− t2
2 if |t| ≤ b,

0 if |t| > b.

It follows that

	
γn([−b, b]n) =

(∫

R
f(b)(t) dt

)n

=
k∏

i=1

(∫

R
f(b)(t) dt

)ci

, � (49)

and
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γn(bP ) = 1
√

2π
n

∫

bP

e− 1
2 ∥x∥2

dx

=
∫

Rn

(
1√
2π

)∑k

i=1
ci k∏

i=1
1{x ∈ Rn : |⟨x, ui⟩| ≤ b}e− 1

2

∑k

i=1
ci⟨x,ui⟩2

dx

=
∫

Rn

k∏
i=1

f(b)(⟨x, ui⟩)ci dx,

�(50)

and hence the Brascamp–Lieb inequality (44) yields (48).
If equality holds, then equality must holds in (44) for the function f(b). By the 

remark after Theorem 3.1, the assertion about the equality case follows. � □
We recall that, according to (2), we have

	
ℓ(K) =

∫ ∞

0
(1 − γn(tK)) dt.� (51)

Theorem 3.3  (Schechtman, Schmuckenschläger) If K is an o-symmetric convex body 
in Rn  such that Bn

2 ⊂ K  is the John ellipsoid of K, then ℓ(K ) ≥ ℓ(Bn
∞). Equality 

holds if and only if K is a cube circumscribed around Bn
2 .

Proof  Let u1, . . . , uk ∈ Sn−1 and c1, . . . , ck > 0 such that (39) holds. If

	 P = {x ∈ Rn : |⟨x, ui⟩| ≤ 1, i = 1, . . . , k},

then K ⊂ P  and ℓ(K) ≥ ℓ(P ). On the other hand, an application of the estimate (48) 
in the formula (51) yields that ℓ(P ) ≥ ℓ(Bn

∞).
If equality holds, then clearly K = P  and P is a rotated copy of Bn

∞ by the equal-
ity case in Proposition 3.2. � □

4  Auxiliary statements to strengthen theorem 3.3

In order to obtain a stability version of Theorem 3.3, let

	
Γb = 1√

2π

∫ b

−b

e− s2
2 ds < 1,

for b > 0, and consider the transport map φb : (−b, b) → R such that

	

1√
2π

∫ φb(t)

−∞
e− s2

2 ds = 1
Γb

√
2π

∫ t

−b

e− s2
2 ds.� (52)

Readily, φb is an odd function, and hence φb(0) = 0, φ′
b(s) is even and φ′′

b (s) is odd. 
Differentiation of (52) yields
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φ′

b(t) · e− φb(t)2
2 = 1

Γb
· e− t2

2 , � (53)

	
φ′′

b (t) · e− φb(t)2
2 = φb(t) · φ′

b(t)2 · e− φb(t)2
2 − t

Γb
· e− t2

2 . � (54)

We collect various properties of the map φb for later use.

Lemma 4.1  Let b ∈ [1 , 2 ] and tb := (2 log(1/Γb))1/2 . Then 

(a)	 0.3 ≤ tb ≤ b,
(b)	 1 ≤ φ′

b(t) for t ∈ [0, tb] and φ′
b(t) ≤ 1.6 for t ∈ [0, 0.3],

(c)	 t ≤ φb(t) ≤ 1.6t for t ∈ [0, 0.3],
(d)	 φ′′

b (t) ≥ (1 − Γb)Γ−2
b · t ≥ 0.049 · t for t ∈ [0, tb].

Proof  (a) Since b �→ Γb is increasing, we get tb ≥ t2 ≥ 0.3. The assertion tb ≤ b is 
equivalent to

	
h(b) :=

√
2
π

∫ b

0
e− s2

2 ds − e− b2
2 ≥ 0.

Since h(1) > 0 and h is increasing, the assertion follows.
(b) Note that for t ≥ 0 the condition t ≤ tb is equivalent to 1

Γb
e− t2

2 ≥ 1. Hence, 
if t ∈ [0, tb] then

	
φ′

b(t) = 1
Γb

e− t2
2 e

φb(t)2
2 ≥ 1

Γb
e− t2

2 ≥ 1.

To prove the upper bound for φ′
b(t), first note that t �→ φb(t)2 − t2 is non-decreasing 

for t ∈ [0, tb], since

	
d

dt

(
φb(t)2 − t2)

= 2φb(t)φ′
b(t) − 2t ≥ 2t · 1 − 2t ≥ 0,

and b �→ φb(t) is non-increasing for 0 ≤ t ≤ 0.3 ≤ tb ≤ b. To see this, let t be fixed. 
We show that the right side of (52), considered as a function of b, is non-increasing. 
Then the same is true for the left side of (52), hence b �→ φb(t) must be non-increas-
ing as well. For this, observe that
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d
db




∫ t

−b

e− s2
2 ds ·

(∫ b

0
e− s2

2 ds

)−1



= e− b2
2

(∫ b

0
e− s2

2 ds

)−2 (∫ 0

−b

e− s2
2 ds −

∫ t

−b

e− s2
2 ds

)
≤ 0,

since t ≥ 0.
Using these facts, we get

	
φ′

b(t) = 1
Γb

e
1
2 (φb(t)2−t2) ≤ 1

Γ1
e

1
2 (φb(0.3)2−0.32) ≤ 1

Γ1
e

1
2 (φ1(0.3)2−0.32) ≤ 1.548.

(c) directly follows from (b) and φb(0) = 0.
(d) Substituting φ′

b(t) from (53) into (54) and using that φb(t) ≥ t, we get

	

φ′′
b (t) = φb(t)eφb(t)2 1

Γ2
b

e−t2
− t

Γb
e− t2

2 e
φb(t)2

2

≥ t · 1
Γb

e
1
2 (φb(t)2−t2)

(
1
Γb

e
1
2 (φb(t)2−t2) − 1

)

≥ 1 − Γb

Γ2
b

· t ≥ 1 − Γ2

Γ2
2

· t ≥ 0.049 · t,

which completes the argument. � □
We also need the following stability version of the Ball–Barthe inequality (40) 

proved in Böröczky, Fodor, Hug [16]:

Lemma 4.2  If k ≥ n + 1 , t1 , . . . , tk > 0 , c1 , . . . , ck > 0  and u1 , . . . , uk ∈ Sn−1  
satisfy (39), and there exist β > 0  and n + 1  indices {i1 , . . . , in+1 } ⊂ {1 , . . . , k} 
such that

	

ci1 · · · cin det[ui1 , . . . , uin ]2 ≥ β,

ci2 · · · cin+1 det[ui2 , . . . , uin+1 ]2 ≥ β,

then

	
det

( k∑
i=1

ticiui ⊗ ui

)
≥

(
1 +

β(ti1 − tin+1 )2

4 (ti1 + tin+1 )2

) k∏
i=1

tci
i .

5  Stability around the cube when the John ellipsoid is a ball

To prove Proposition 5.4, we recall Lemma 3.2 in Böröczky, Hug [18]:
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Lemma 5.1  Let v1 , . . . , vk ∈ Rn \ {0} satisfy 
∑k

i=1 vi ⊗ vi = I n , and let 
0 < η < 1/(3

√
k). For any i ∈ {1 , . . . , k}, we assume that ∥vi∥ ≤ η or there is 

some j ∈ {1 , . . . , n} with ∠(vi , vj) ≤ η. Then there exists an orthonormal basis 
w1 , . . . , wn  such that ∠(vi , wi) < 3

√
k η for i = 1 , . . . , n.

We will need the following consequence of Lemma 5.1.

Corollary 5.2  Let u1 , . . . , uk ∈ Sn−1  and c1 , . . . , ck ∈ Sn−1  satisfy (39), and let 
0 < η < 1/(3

√
k). For any i ∈ {1 , . . . , k}, we assume that ci ≤ η2  or there is 

some j ∈ {1 , . . . , n} with |⟨ui , uj⟩| ≥ cos η. Then there exists an orthonormal basis 
w1 , . . . , wn  such that ∠(ui , wi) < 3

√
k η for i = 1 , . . . , n.

Proof  For i = 1, . . . , k we define vi = √
ciui. Then v1, . . . , vk ∈ Rn \ {0} and ∑k

i=1 vi ⊗ vi = I n. For any i ∈ {1, . . . , k}, by assumption we have ∥vi∥ = √
ci ≤ η 

or there is some j ∈ {1, . . . , n} such that 0 ≤ ∠(vi, vj) ≤ η or π ≥ ∠(vi, vj) ≥ π − η. 
If 1 ≤ i ≤ n, then we can choose j = i so that ∠(vi, vj) = 0 ≤ η. If n + 1 ≤ i ≤ k 
and ∥vi∥ > η, then there is some j ∈ {1, . . . , n} such that 0 ≤ ∠(vi, vj) ≤ η 
or 0 ≤ ∠(−vi, vj) ≤ η. In the latter case, we simply replace vi by −vi. The pos-
sibly modified sequence v1, . . . , vk satisfies all requirements of Lemma 5.1. Since 
v1, . . . , vn remain unchanged, the assertion follows by an application of Lemma 5.1. 
� □

The technical statements Lemma 5.3 and Lemma 5.5 will be needed in the proof 
of Proposition 5.4:

Lemma 5.3  Let η ∈ (0 , π
8 ), and let u, u′ ∈ S1  be such that |⟨u, u′⟩| ≤ cos η. If v ∈ S1  

satisfies cos 3π
8 ≤ |⟨v, u−u′

∥u−u′∥ ⟩| ≤ cos π
8  and cos 3π

8 ≤ |⟨v, u+u′

∥u+u′∥ ⟩| ≤ cos π
8 , then

	

∣∣∣ |⟨v, u⟩| − |⟨v, u′⟩|
∣∣∣ ≥ η/5.� (55)

Proof  Since (55) considers |⟨v, u⟩| and |⟨v, u′⟩|, we may assume, by symmetry, that 
u = (cos α, sin α)⊤ and u′ = (− cos α, sin α)⊤, where η

2 ≤ α ≤ π
2 − η

2 , and hence 
u+u′

∥u+u′∥ = (0, 1) and u−u′

∥u−u′∥ = (1, 0), and in addition, v = (cos β, sin β)⊤ where 
π
8 ≤ |β| ≤ 3π

8 .

If β ≥ π
2 − α, then
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|⟨v, u⟩| − |⟨v, u′⟩| = ⟨v, u⟩ − ⟨v, u′⟩ = 2 cos α cos β

≥ 2 cos
(π

2
− η

2

)
cos 3π

8
= 2 sin η

2
sin π

8
> 2 2

π

η

2
sin π

8
> 0.2436 · η >

η

5
.

If π
8 ≤ β ≤ π

2 − α, then

	
|⟨v, u⟩| − |⟨v, u′⟩| = ⟨v, u⟩ + ⟨v, u′⟩ = 2 sin α sin β ≥ 2 sin η

2
sin π

8
>

η

5
.

If α − π
2 ≤ β ≤ − π

8 , then

	
|⟨v, u⟩| − |⟨v, u′⟩| = ⟨v, u⟩ + ⟨v, u′⟩ = 2 sin α sin β ≤ −2 sin η

2
sin π

8
< −η

5
.

Finally, if β ≤ α − π
2 , then

	
|⟨v, u⟩| − |⟨v, u′⟩| = −⟨v, u⟩ + ⟨v, u′⟩ = −2 cos α cos β ≤ −2 sin η

2
cos 3π

8
< −η

5
,

proving (55). � □
For origin symmetric convex bodies K, L ⊂ Rn, we consider the symmetric (vol-

ume) difference

	 δvol(K, L) = V (K∆L).

In the following proposition, we first provide local bounds in terms of the volume 
difference for the Gaussian measure.

Proposition 5.4  For b ∈ [1 , 2 ], n ≤ k ≤ n(n+1)
2  and u1 , . . . , uk ∈ Sn−1  and 

c1 , . . . , ck > 0  satisfying (39), there exists Φ ∈ O(n) such that the polytope 
P = {x ∈ Rn : |⟨x, ui⟩| ≤ 1 , i = 1 , . . . , k} satisfies

	 γn(bP ) ≤ γn(bBn
∞) − 2−80n−40nδvol(P, ΦBn

∞)4. � (56)

Proof  For x ∈ P , (39) and (43) yield

	
∥x∥2 =

k∑
i=1

ci⟨x, ui⟩2 ≤
k∑

i=1
ci ≤ n, and hence P ⊂

√
n Bn

2 .� (57)

In particular, for any Φ ∈ O(n), we have δvol(P, ΦBn
∞) ≤ V (P ) + V (ΦBn

∞) ≤ 2 · 2n 
according to Ball [3]. Therefore, Proposition 5.4 is implied by the following state-
ment: If
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	 γn(bP ) ≥ γn(bBn
∞) − ε� (58)

for ε ∈ (0, ε0), where ε0 = 2−68n−28n, then there exists Φ ∈ O(n) such that

	 δvol(P, ΦBn
∞) ≤ 220n10nε

1
4 . � (59)

Hence (56) follows, since for ε ≥ ε0 the asserted inequality holds by the preceding 
rough bound.

In order to prove (59), the core claim is that (58) yields a Φ ∈ O(n) such that

	 P ⊂ (1 + ℵ 4
√

ε)ΦBn
∞� (60)

for ℵ = 214n6n.
As at the beginning of the proof of Theorem 2.7, applying Lemma  2.2 with 

vi = √
ci ui, and using that 

(
k
n

)
≤ (en)n, we may assume (after re-indexing if 

needed), that

	
c1 · · · cn ·

∣∣∣ det[u1, . . . , un]
∣∣∣
2

≥ (en)−n.� (61)

We set

	
η = 214n4n · ε1/4 <

1
8

,� (62)

and claim that if i ∈ {1, . . . , k}, then

	 ci ≤ η2, or there exists some j ∈ {1, . . . , n} with |⟨ui, uj⟩| ≥ cos η.� (63)

We suppose, on the contrary, that (63) does not hold and seek a contradiction. Hence 
we may assume

	 cn+1 > η2 and |⟨uj , un+1⟩| < cos η for j = 1, . . . , n,

Now un+1 =
∑n

i=1 λiui, where λ1, . . . , λn ∈ R are uniquely determined. 
We may assume, by reordering, that |λ1| ≥ . . . ≥ |λn|. Choose θi ∈ {−1, 1} 
such that θiλi = |λi| for i = 1, . . . , n, and hence un+1 =

∑n
i=1 |λi|θiui. As 

un+1 ̸∈ conv{o, θ1u1, . . . , θnun}, we have 
∑n

i= |λi| > 1, thus |λ1| ≥ 1
n . Therefore, 

cn+1 > η2, c1 ≤ 1 (due to (42)) and (61) imply

	
c2 · · · cn+1 det[u2, . . . , un+1]2 ≥ (en)−n · η2

n2 = e−nn−n−2η2.� (64)

Next we observe that ∠(u1 − un+1, u1 + un+1) = π
2 , and let w̃ ∈ Sn−1 ∩ L for 

L = lin{u1, un+1} satisfy that ∠(w̃, u1 − un+1) = ∠(w̃, u1 + un+1) = π
4 . If 
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v ∈ Sn−1 with ∠(v, w̃) ≤ π
8 , then the orthogonal projection v′ of v to L satisfies that 

∥v′∥ ≥ cos π
8 > 1

2  and ∠(v′, w̃) ≤ π
8 ; therefore, |⟨u1, un+1⟩| < cos η and Lemma 5.3 

yield that

	

∣∣∣ |⟨v, u1⟩| − |⟨v, un+1⟩|
∣∣∣ =

∣∣∣ |⟨v′, u1⟩| − |⟨v′, un+1⟩|
∣∣∣ > η/8, � (65)

provided ∠(v, w̃) ≤ π
8  for v ∈ Sn−1.

Now there exists a w ∈ L ∩ Sn−1 with ∠(w, w̃) ≤ π
16  such that 

| π
2 − ∠(w, u1)| ≥ π

32  and | π
2 − ∠(w, un+1)| ≥ π

32 , and we consider the ball

	
Ξ = w

8
+ 2−9Bn

2 = w

8
+ 1

8 · 64
Bn

2 ⊂ bP.

If x ∈ Ξ, then 1
16 ≤ ∥x∥ ≤ 1

4  and ∠(x, w) ≤ π
64 , and hence also | π

2 − ∠(x, u1)| ≥ π
64  

and | π
2 − ∠(x, un+1)| ≥ π

64 . From the choice of w and 1
16 · 1

64 = 2−10 we deduce 
that if x ∈ Ξ, then

	

|⟨x, u1⟩| ≥ 2−10,
|⟨x, un+1⟩| ≥ 2−10,

|⟨x, ui⟩| ≤ 2−2, i = 1, . . . , k.
� (66)

We have ∠(x, w̃) ≤ π
8  as ∠(x, w) ≤ π

64 , and hence (65) yields that

	

∣∣∣ |⟨x, u1⟩| − |⟨x, un+1⟩|
∣∣∣ > 2−7η for x ∈ Ξ.� (67)

As in the proof of Proposition 3.2, let

	
f(b)(t) =

{
1√
2π

e− t2
2 , if |t| ≤ b,

0, if |t| > b.

Hence (cf. (49) and (50))

	
γn([−b, b]n) =

k∏
i=1

(∫

R
f(b)(t) dt

)ci

, � (68)

	
γn(bP ) =

∫

Rn

k∏
i=1

f(b)(⟨x, ui⟩)ci dx. � (69)

We consider the probability density (cf. Sect. 4)

1 3



K. J. Böröczky et al.

	
f̃(b) = 1

Γb
f(b) for Γb =

∫

R
f(b)(s) ds =

∫ b

−b

f(b)(s) ds < 1,

and the corresponding transport map φb : (−b, b) → R such that

	

1√
2π

∫ φb(t)

−∞
e− s2

2 ds =
∫ t

−b

f̃(b)(s) ds.

It follows from Lemma 4.1, (66) and 0.049 > 2−5 that if x ∈ Ξ, then

	

|φb(⟨x, ui⟩)| ≤ 1, i = 1, . . . , k,
φ′

b(⟨x, ui⟩) ≥ 1, i = 1, . . . , k,
φ′

b(⟨x, ui⟩) ≤ 2, i = 1, . . . , k,
φ′′

b (t) ≥ 2−15, if t is between |⟨x, u1⟩| and |⟨x, un+1⟩|.
� (70)

Therefore, (67) yields that if x ∈ Ξ, then

	

∣∣∣φ′
b (⟨x, u1⟩) − φ′

b (⟨x, un+1⟩)
∣∣∣

=
∣∣∣φ′

b (|⟨x, u1⟩|) − φ′
b (|⟨x, un+1⟩|)

∣∣∣ > 2−22η.
� (71)

We apply Lemma 4.2, the stability version of the Ball–Barthe inequality (40), with 
β = n−4nη2 < e−nn−n−2η2, based on (61) and (64), and using the estimates (70) 
and (71) to conclude that if x ∈ Ξ, then

	

k∏
i=1

φ′
b(⟨x, ui⟩)ci

≤ det

(
k∑

i=1
φ′

b(⟨x, ui⟩)ciui ⊗ ui

) (
1 + β(φ′

b(⟨x, u1⟩) − φ′
b(⟨x, un+1⟩))2

4(φ′
b(⟨x, u1⟩) + φ′

b(⟨x, un+1))2

)−1

≤ det

(
k∑

i=1
φ′

b(⟨x, ui⟩)ciui ⊗ ui

)
− 2−51n−4nη4,

�(72)

where we also used that (1 + s)−1 < 1 − s
2  if s ∈ (0, 1

2 ) and the Ball–Barthe inequal-
ity (40) and (70) imply that

	
det

(
k∑

i=1
φ′

b(⟨x, ui⟩)ciui ⊗ ui

)
≥

k∏
i=1

φ′
b(⟨x, ui⟩)ci ≥ 1.

We observe that the C in (46) is just bP, and use (72) for x ∈ Ξ instead of (40) in (46). 
We deduce from (68) and (69) that
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γn(bP )
γn([−b, b]n)

=
∫

Rn

k∏
i=1

f̃(b)(⟨ui, x⟩)ci dx

=
∫

bP

(
k∏

i=1
γ1(φb(⟨ui, x⟩))ci

) (
k∏

i=1
φ′

b(⟨ui, x⟩)ci

)
dx

≤ 1
(2π) n

2

∫

bP \Ξ

(
k∏

i=1
e−ciφb(⟨ui,x⟩)2/2

)
det

(
k∑

i=1
ciφ

′
b(⟨ui, x⟩) ui ⊗ ui

)
dx

+ 1
(2π) n

2

∫

Ξ

(
k∏

i=1
e−ciφb(⟨ui,x⟩)2/2

)

×
(

det

(
k∑

i=1
ciφ

′
b(⟨ui, x⟩) ui ⊗ ui

)
− 2−51n−4nη4

)
dx.

Here V (Ξ) = 2−9n πn/2

Γ( n
2 +1) > 2−9nn− n

2 − 1
2

(eπ)n/2

4 , and (70) yields that if x ∈ Ξ, 
then

	

k∏
i=1

e−ciφ(⟨ui,x⟩)2/2 ≥ e− 1
2

∑k

i=1
ci = e−n/2;

therefore, we deduce from (47) that

	

γn(bP )
γn([−b, b]n)

≤ 1 − V (Ξ)
(2π) n

2
· e−n/22−51n−4nη4 < 1 − 2−53n−15nη4.

We have γn([−b, b]n) = (2Φ(b) − 1)n ≥ (2Φ(1) − 1)n > 2−n for the cumulative 
distribution function Φ(t) = 1√

2π

∫ t

−∞ e− s2
2 ds, and hence, by (58)

	 γn([−b, b]n) − ε < γn(bP ) < γn([−b, b]n) − 2−53n−16nη4.

These inequalities contradict (62), and in turn prove the claim (63).
Since η < 1/(3

√
k) and due to (63), Corollary 5.2 yields that there exists an ortho-

normal basis w1, . . . , wn such that

	 ∠(ui, wi) < 3
√

k η < 3nη for i = 1, . . . , n.� (73)

Let Φ ∈ O(n) satisfy that ΦBn
∞ is the cube {x ∈ Rn : |⟨x, wi⟩| ≤ 1}. For x ∈ P , 

(57) and (73) imply that if i = 1, . . . n, then

	 |⟨x, wi⟩| ≤ |⟨x, ui⟩| + |⟨x, wi − ui⟩| ≤ 1 + 3n3/2η,

and hence

	 P ⊂ (1 + ℵ 4
√

ε)ΦBn
∞
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for ℵ = 214n6n, as claimed in (60).
Since (1 + t)n < ent < 1 + 2nt for 0 < t < 1/n, it follows that 

(1 + ℵ 4
√

ε)n < 1 + 2nℵ 4
√

ε if ε < ε0. As V (bΦBn
∞) ≤ 4n, we observe that

	

γn

(
(1 + ℵ 4

√
ε)bΦBn

∞ \ (bΦBn
∞)

)
≤ (2π)−n/2V

(
(1 + ℵ 4

√
ε)bΦBn

∞ \ (bΦBn
∞)

)

≤ (2π)−n/22nℵ 4
√

ε4n.
�(74)

We have V (P ) ≤ V (Bn
∞) ≤ V (ΦBn

∞) according to Ball [3], and hence 
2V (ΦBn

∞ \ P ) ≥ δvol(ΦBn
∞, P ). In addition, e−∥x∥2/2 ≥ e−2n if x ∈ bP ∪ bΦBn

∞ 
by (57); therefore, (60) and (74), and finally (58) and ℵ = 214n6n yield

	

δvol(ΦBn
∞, P ) ≤ 2V (bΦBn

∞ \ (bP )) ≤ 2 · (2π)n/2e2nγn(bΦBn
∞ \ (bP ))

≤ 2 · (2π)n/2e2nγn

(
(1 + ℵ 4

√
ε)bΦBn

∞ \ (bP )
)

≤ 2 · (2π)n/2e2n
(
γn

(
(1 + ℵ 4

√
ε)bΦBn

∞
)

− γn (bΦBn
∞) + ε

)

= 2 · (2π)n/2e2n
(
γn

(
(1 + ℵ 4

√
ε)bΦBn

∞ \ (bΦBn
∞)

)
+ ε

)

≤ 2 · (2n) · e2n · ℵ · 4n · 4
√

ε + 2 · 22n · 23nε ≤ 220 · n10n 4
√

ε,

which proves (59). � □
The following lemma allows us to compare the Hausdorff distance and the volume 

difference. The lemma is a straightforward consequence of the proof of a result due 
to Groemer [23, Theorem (ii)] in the case of symmetric convex bodies.

Lemma 5.5  Let K , L ⊂ Rn  be o-symmetric convex bodies. If rBn
2 ⊂ K , L ⊂ RBn

2 , 
then

	
δH(K , L) ≤

(
n

κn−1

) 1
n

(
R
r

) n−1
n

δvol(K , L) 1
n .

If r = 1 , R =
√

n, then

	 δH(K , L) ≤ n · n 1
2n δvol(K , L) 1

n .

Proof  The first assertion follows from the proof of [23, Theorem (ii)], where in the 
case of symmetric convex bodies instead of the diameter of K, L the circumradius can 
be used in the argument.

The second part follows from the first part by basic calculus, using that

	
Γ

(
n + 1

2

)
≤

√
π(n − 1)

(
n − 1

2e

) n−1
2 3

2
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for n ≥ 2. � □
Now we are ready to prove a stability version of Theorem 3.3.

Theorem 5.6  If K is an origin symmetric convex body in Rn  such that Bn
2 ⊂ K  is the 

John ellipsoid of K, then there exists Φ ∈ O(n) such that

	 ℓ(K) ≥ ℓ(Bn
∞) + 2−88n−40nδvol(K, ΦBn

∞)4, � (75)

	 ℓ(K) ≥ ℓ(Bn
∞) + 2−90n−44nδH(K, ΦBn

∞)4n. � (76)

Proof  According to John’s characteristic condition (8), there exist 
u1, . . . , uk ∈ Sn−1 ∩ ∂K and c1, . . . , ck > 0 with n ≤ k ≤ n(n+1)

2  that satisfy (39).

For P = {x ∈ Rn : |⟨x, ui⟩| ≤ 1, i = 1, . . . , k}, we have

	 K ⊂ P ⊂
√

nBn
2 and ℓ(tK) ≥ ℓ(tP ) for t > 0.� (77)

We deduce from (2) that

	
ℓ(K) − ℓ(P ) =

∫ ∞

0
(γn(tP ) − γn(tK)) dt. � (78)

To estimate ℓ(P ), first observe that (48) yields

	 γn(tP ) ≤ γn(tBn
∞) for t > 0.� (79)

Next, let Φ ∈ O(n) be such that

	
δvol(P, ΦBn

∞) = min
Φ′∈O(n)

δvol(P, Φ′Bn
∞).

Hence if t ∈ [1, 2], then Proposition 5.4 implies that

	 γn(tP ) ≤ γn(tBn
∞) − 2−80n−40nδvol(P, ΦBn

∞)4. � (80)

Combining (78), (79) and (80), we obtain

	 ℓ(P ) ≥ ℓ(Bn
∞) + 2−80n−40nδvol(P, ΦBn

∞)4.

In the following, we use again [3] to get

	 V (K) ≤ V (P ) ≤ V (Bn
∞) = V (ΦBn

∞).� (81)

We finish the proof by distinguishing two cases:
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	● If V (ΦBn
∞ \ K) ≤ 2V (ΦBn

∞ \ P ), then (81) implies that 

	 δvol(K, ΦBn
∞) ≤ 2V (ΦBn

∞\K) ≤ 4V (ΦBn
∞\P ) ≤ 4δvol(P, ΦBn

∞),

 and hence 

	 ℓ(K) ≥ ℓ(Bn
∞) + 2−88n−40nδvol(K, ΦBn

∞)4.� (82)

	● If V (ΦBn
∞ \ K) ≥ 2V (ΦBn

∞ \ P ) and t ∈ [1, 2], then, as e− 1
2 ∥x∥2 ≥ e−2n by 

(77) for x ∈ tP , we obtain 

	

γn(tP ) − γn(tK) ≥ γn

(
(tΦBn

∞) ∩ [(tP ) \ (tK)]
)

≥ (2π)− n
2 e−2n · V

(
(tΦBn

∞) ∩ [(tP ) \ (tK)]
)

≥ (2π)− n
2 e−2n

2
· V (ΦBn

∞ \ K)

≥ (2π)− n
2 e−2n

4
· δvol(K, ΦBn

∞).

 For the third inequality, we used that 

	

V (ΦBn
∞ \ K) = V (ΦBn

∞ ∩ P \ K) + V (ΦBn
∞ ∩ P c \ K)

≤ V (ΦBn
∞ ∩ P \ K) + V (ΦBn

∞ \ P )

≤ V (ΦBn
∞ ∩ P \ K) + 1

2
V (ΦBn

∞ \ K) ,

 the last inequality follows since V (K) ≤ V (ΦBn
∞). Hence 

	 γn(tP ) − γn(tK) ≥ 2−6nδvol(K, ΦBn
∞) ≥ n−6nδvol(K, ΦBn

∞).

 From (78) we deduce that 

	

ℓ(K) − ℓ(Bn
∞) ≥ ℓ(K) − ℓ(P ) ≥ n−6nδvol(K, ΦBn

∞)
≥ 2−88n−40nδvol(K, ΦvBn

∞)4.
� (83)

We conclude (75) from (82) and (83).
Finally, (76) is implied by (75) and Lemma 5.5. � □

6  Proof of theorems 1.2 and 1.3

The following trivial observation relates Hausdorff distance to the “dilation distance".

Lemma 6.1  For convex bodies K , C ⊂ Rn , if n
−1
2 Bn

2 ⊂ K , C ⊂
√

n Bn
2 , then
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	 (1 +
√

nδH(K , C ))−1 C ⊂ K ⊂ (1 +
√

nδH(K , C ))C ,

and if (1 + t)−1 C ⊂ K ⊂ (1 + t)C  for t ≥ 0 , then δH(K , C ) ≤
√

n t.

Proof  We use that δH(K, C) is the minimum of ϱ ≥ 0 such that C ⊂ K + ϱ Bn
2  and 

K ⊂ C + ϱ Bn
2 . � □

Proof of Theorems 1.2 and 1.3  The statements about the ℓ-norm follow from Theo-
rems 2.7 and 5.6. In turn, the statements about the mean width follow from polarity, 
(1) and Lemma 6.1. � □

7  Proof of theorem 1.5

We need some auxiliary statements. The first lemma is a counterpart to [18, Lem. 10.1] 
for even isotropic measures.

Lemma 7.1  If µ is an even isotropic measure on Sn−1 , n ≥ 2 , then there exists 
a discrete even isotropic measure µ0  on Sn−1  such that supp µ0 ⊂ supp µ and 
|supp µ0 | ≤ n(n + 1 )/2 .

Proof  We set d = n(n+1)
2 , and consider the d-dimensional real vectorspace Md of 

symmetric n × n matrices. Basic elements of Md are the n × n identity matrix I n, 
and the rank one matrices u ⊗ u = uu⊤ for a u ∈ Sn−1. We equip Md with a sca-
lar product; namely, ⟨A, B⟩ = tr AB⊤ for A, B ∈ Md, and hence if A = [aij ] and 
B = [bij ], then ⟨A, B⟩ =

∑
i,j=1,...,n aijbij . We claim that

	
1
n

I n ∈ conv{u ⊗ u : u ∈ supp µ}.� (84)

It is equivalent to prove that for any M ∈ Md, we have

	
1
n

⟨ I n, M⟩ ≤ max{⟨u ⊗ u, M⟩ : u ∈ supp µ}.� (85)

What is known about µ is that 1
n µ is a probability measure, and

	
1
n

∫

Sn−1
⟨u ⊗ u, M⟩ dµ(u) = 1

n
⟨In, M⟩,

which in turn yields (85), and hence also (84).
Writing Md−1

1  to denote the affine (d − 1)-dimensional subspace of Md consist-
ing of matrices with trace 1, we observe that u ⊗ u ∈ Md−1

1  for u ∈ supp µ and 
1
n I n ∈ Md−1

1 . According to the Charatheodory theorem applied to (84) in Md−1
1 , 

there exist u1, . . . , uk ∈ supp µ with uj ̸= ±ui for i ̸= j and k ≤ d such that
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1
n

I n ∈ conv{ui ⊗ ui : i = 1, . . . , k}.

It follows that there exist c̃1, . . . c̃k ≥ 0 with c̃1 + · · · + c̃k = 1 such that

	

k∑
i=1

nc̃i ui ⊗ ui = I n.

Therefore, we can define the even measure µ0 so that supp µ0 ⊂ {±u1, . . . , ±uk}, 
and µ0(ui) = nc̃i/2. � □

The following lemma implies the bounds involving the δWO distance in Theo-
rem 1.5, once the corresponding bounds for the δHO are established.

Lemma 7.2  For any isotropic measures µ and ν on Sn−1 , we have

	 δW(µ, ν) ≤ 7πn3δH(supp µ, supp ν).� (86)

Proof  If δH(supp µ, supp ν) ≤ 1
7n2 , then [15, Cor. 6.2] yields that

	 δW(µ, ν) ≤ 2n · δH(supp µ, supp ν).

On the other hand, for any f ∈ Lip1(Sn−1), we may assume that − π
2 ≤ f(u) ≤ π

2  
for u ∈ Sn−1. As µ(Sn−1) = ν(Sn−1) = n, we have δW(µ, ν) ≤ πn. Therefore, if 
δH(supp µ, supp ν) ≥ 1

7n2 , then (86) readily holds. � □

In the next geometric lemma, e1, . . . , en denotes the standard basis of Rn (or any 
orthonormal basis).

Lemma 7.3  Let ε ∈ (0 , 1/2 ) and x ∈ conv {e1 , . . . , en}. If ∠(x, ei) ≥ ε for 
i = 1 , . . . , n, then ∥x∥ ≤ 1 − 4 1−n · ε.

Proof  We proceed by induction on the dimension n ≥ 2. Let n = 2. Then there are 
t ∈ (0, 1), s ∈ [ε, π/2 − ε] and λ ∈ (0, 1) such that

	 x = λ (cos(s)e2 + sin(s)e1) = (1 − t)e2 + te1,

hence

	 λ = (sin(s) + cos(s))−1 ≤ (sin(ε) + cos(ε))−1 ≤ 1 − 4−1ε,

which implies that ∥x∥ = λ ≤ 1 − 41−2 · ε.
Now we assume that n ≥ 3 and that the assertion holds in smaller dimen-

sions. Let x be as in the statement of the lemma. Then there are t ∈ (0, 1) and 
e ∈ conv {e1, . . . , en−1} such that x = (1 − t)en + te. We distinguish two cases.
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Case 1: ∠(e, ei) ≥ ε/2 for i = 1, . . . , n − 1. An application of the induction 
hypothesis to e in the linear subspace spanned by e1, . . . , en−1 then yields that 
∥e∥ ≤ 1 − 42−n · ε/2. If t ∈ [1/2, 1), then

	
∥x∥ ≤ 1 − t + t∥e∥ ≤ 1 − t + t − 1

2
42−ntε ≤ 1 − 41−nε.

Now let t ∈ (0, 1/2). Since ∠(x, en) ≥ ε, we have

	

(
1 − 1

4
ε2

) 1
2

≥ 1 − 1
4

ε2 ≥ cos(ε) ≥ ⟨x, en⟩ ≥ 1 − t√
(1 − t)2 + t2

,

hence

	
t2 ≥ 1

4
ε2 (

1 − 2t + 2t2)
≥ 1

8
ε2.

This shows that t ≥ 1
4 ε. Therefore

	
∥x∥2 ≤ (1 − t)2 + t2 = 1 − t · 2(1 − t) ≤ 1 − t ≤ 1 − 1

4
ε,

which leads to

	
∥x∥ ≤ 1 − 1

16
ε ≤ 1 − 41−nε.

Case 2: ∠(e, ei) < ε/2 for some i ∈ {1, . . . , n − 1}. We may assume that 
∠(e, e1) < ε/2. Then ∠(x, e1) ≥ ε implies that ∠(x, e) ≥ ε/2. In the two-dimensional 
subspace spanned by en and e, we define x̃ by {x̃} = [0, ∞)x ∩ conv {en, ∥e∥−1e}. 
Since ∠(x, en) = ∠(x̃, en) ≥ ε/2 and ∠(x, e) = ∠(x̃, e) ≥ ε/2, we conclude that

	
∥x∥ ≤ ∥x̃∥ ≤ 1 − 1

4
ε/2 ≤ 1 − 41−nε,

which proves the assertion. � □
The statements (a) and (d) of Theorem 1.5 are implied by the following theo-

rem. The estimates in terms of the Wasserstein distance in Theorem 1.5 follow from 
Lemma 7.2. By ν we denote a cross measure on Sn−1.

Theorem 7.4  Let µ be an even isotropic measure on Sn−1 . Let c ≥ 3  be an absolute 
constant as in Theorem 2.7. If

	 ℓ(Z∞(µ)) ≥ (1 − ε)ℓ(Z∞(ν)),� (87)

for some ε ∈ (0 , ε0 ) for ε0 = 1
2 n−cn2

, then
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	 δHO(supp µ, supp ν) ≤ ncn2
ε.

Proof  By Lemma 7.1 there exists a discrete even isotropic measure µ0 on Sn−1 such 
that supp µ0 ⊂ supp µ and |supp µ0| ≤ n(n + 1)/2. Then Z∞(µ0) ⊂ Z∞(µ) and 
Bn

2  is the Löwner ellipsoid for Z∞(µ0) and Z∞(µ) (cf. (8)). Hence, the assumption 
implies that

	 ℓ(Z∞(µ0)) ≥ (1 − ε)ℓ(Z∞(ν)).

The proof of Theorem  2.7 shows that there exists an orthogonal transformation 
Φ ∈ O(n) such that

	 δH(supp µ0, ΦBn
1 ) ≤ ncn2

ε;

see (37) and the condition c ≥ c(2) ≥ 4c(1) at the end of the proof of Theorem 2.7. 
If ν is the cross measure corresponding to ΦBn

1 = conv {±w1, . . . , ±wn} with an 
orthonormal basis w1, . . . , wn of Rn, then

	 supp ν ⊂ supp µ + ncn2
εBn

2 ,

since supp µ0 ⊂ supp µ. Moreover, we have

	 supp µ0 ⊂ supp ν + ncn2
εBn

2 .

In order to show that in fact supp µ ⊂ supp ν + ncn2
εBn

2 , we assume that there is 
some z ∈ supp µ ⊂ Z∞(µ) ⊂ Bn

2  and z /∈ supp ν + ncn2
εBn

2 , aiming at a contra-
diction. If the assumption holds, then z ∈ Sn−1 and ∠(z, wi) ≥ ncn2

ε ∈ (0, 1/2) for 
i = 1, . . . , n. An application of Lemma 7.3 shows that ∥z∥Bn

1
= 1 + t satisfies

	
1 + t ≥

(
1 − 41−nncn2

ε
)−1

≥ 1 + 41−nncn2
ε,

hence t ≥ 41−nncn2
ε. Similarly as in the final part of the proof of Theorem  2.7 

it follows that there is a facet F of Bn
1  such that z0 = (1 + t)−1z ∈ F . Setting 

Pz := conv ({±z} ∪ Bn
1 ), we obtain

	
V (Pz) − V (Bn

1 ) ≥ 2tV ( conv {o, F}) ≥ 2
n · n!

tℓ(Bn
1 ).� (88)

Using Lemma 2.6 and (38), we deduce from (88) that

	
ℓ(Bn

1 ) − ℓ(Pz) ≥
( n

2πe

) n
2 (V (Pz) − V (Bn

1 )) ≥ n−4ntℓ(Bn
1 ).� (89)
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On the other hand, we have

	 ℓ(Bn
1 ) − ℓ(Pz) ≤ ℓ(Bn

1 ) − (1 − ε)ℓ(Bn
1 ) = εℓ(Bn

1 ),

which together with (89) implies that t ≤ n4nε. But this is in conflict with 
t ≥ 41−nncn2

ε, since c ≥ 3. � □
In the proof of Theorem 1.5 (b), (c), we need two lemmas. The first lemma is a 

dual counterpart to Lemma 2.5.

Lemma 7.5  Let u1 , . . . , uk ∈ Sn−1 , and let e1 , . . . , en  be an orthonormal 
basis of Rn . Let P = {x ∈ Rn : ⟨x, ui⟩ ≤ 1 , i = 1 , . . . , n} be a polytope, and 
let Bn

∞ = {x ∈ Rn : |⟨x, ei⟩| ≤ 1 , i = 1 , . . . , n}. Fix η ∈ (0 , 1/(2
√

n)). If 
δH({u1 , . . . , uk}, {±e1 , . . . , ±en}) ≤ η, then

	 (1 −
√

nη)Bn
∞ ⊂ P ⊂ (1 + 2

√
nη)Bn

∞.

Proof  We obtain

	 P ◦ = conv {u1, . . . , uk}, Bn
1 = conv {±e1, . . . , ±en},

and by assumption

	 P ◦ ⊂ Bn
1 + ηBn

2 , Bn
1 ⊂ P ◦ + ηBn

2 .

Since Bn
∞ ⊂

√
nBn

2 , we have (1/
√

n)Bn
2 ⊂ Bn

1 . Hence

	
1√
n

Bn
2 ⊂ P ◦ + ηBn

2 ,

(
1√
n

− η

)
Bn

2 ⊂ P ◦,

and hence

	
Bn

1 ⊂ P ◦ + η
1√
n

− η
P ◦.

Since η < 1/(2
√

n), we deduce that

	 Bn
1 ⊂ (1 + 2

√
nη)P ◦.

Furthermore, from Bn
2 ⊂

√
nBn

1  we deduce that

	 P ◦ ⊂ Bn
1 + ηBn

2 ⊂ Bn
1 + η

√
nBn

1 = (1 +
√

nη)Bn
1 ,

and therefore
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	 (1 −
√

nη)Bn
∞ ⊂ (1 +

√
nη)−1Bn

∞ ⊂ P,

which completes the proof. � □
The second lemma implies a lower bound for the volume that is cut off 

from a cube by an additional hyperplane provided that the hyperplane is not 
too close to a facet hyperplane of the cube. For u ∈ Sn−1, we denote by 
H−(u) = {x ∈ Rn : ⟨x, u⟩ ≤ 1} the halfspace touching Bn

2  at u that contains the 
origin o, and H+(u) = {x ∈ Rn : ⟨x, u⟩ ≥ 1} is the closure of the complement of 
H−(u).

Lemma 7.6  Let u1 , . . . , uk ∈ Sn−1 , let w1 , . . . , wn  be an orthonormal basis of Rn , 
and let η > 0 . Assume that ∠(ui , wi) ≤ η for i = 1 , . . . , n and ∠(uk , ϵiwi) ≥ c(n)η 
for ϵi ∈ {−1 , 1} and i = 1 , . . . , n with c(n) = 2 n+4 · nn+3 . If

	

P = {x ∈ Rn : |⟨x, ui⟩| ≤ 1, i = 1, . . . , n} ∩ H−(uk) and

Bn
∞ = {x ∈ Rn : |⟨x, wi⟩| ≤ 1, i = 1, . . . , n},

then

	
V (P) ≤

(
1 − ∆

2 4 · nn+1

)
V (Bn

∞),

where ∆ := min{∠(uk , ϵiwi) : ϵi ∈ {−1 , 1}, i = 1 , . . . , n}.

Proof  By assumption, 
η < c(n)−1 < 1/(2

√
n), since ∠(uk, ϵiwi) < π/4 for some ϵi ∈ {−1, 1} and 

some i ∈ {1, . . . , n}. Let H+ := H+(uk). We may assume that uk is in the posi-
tive hull of w1, . . . , wn and ω0 := ∠(uk, w1) = min{∠(uk, wi) : i = 1, . . . , n}. 
Note that c(n)η ≤ ω0 ≤ ω0(n), where cos(ω0(n)) = n− 1

2 . To see this, assume that 
ω0 > ω0(n), which implies that

	
1 = ∥uk∥2 =

n∑
i=1

⟨uk, wi⟩2 < n · 1
n

= 1,

a contradiction.
Let F1 = Bn

∞ ∩ H+(w1). If z denotes the point of H+ ∩ F1 closest to w1, then 
∥z − w1∥ = tan

(
ω0
2

)
, and therefore H+ ∩ F1 contains an (n − 1)-dimensional ball 

of radius 1 − tan
(

ω0
2

)
. Moreover, H+ ∩ Bn

∞ contains a point whose distance from 
the affine hull of F1 is at least

	

f(ω0) : =
(

1 − tan
(ω0

2

))
tan(ω0)

= sin(ω0) + cos(ω0) − 1
cos(ω0)

≥ 1
2

ω0, ω0 ∈ [0, π/2].
� (90)
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For the proof of (90), we consider

	
g(x) = sin(x) + cos(x) − 1 − 1

2
x cos(x), x ∈ [0, π/2].

Since g′′(x) = cos(x)
( 1

2 x − 1
)

≤ 0 for x ∈ [0, π/2], g is a concave function. The 
assertion follows, since g(0) = g(π/2) = 0.

From

	
tan

(ω0

2

)
≤ tan

(
ω0(n)

2

)
=

√
1 − n−1/2

√
1 + n−1/2

< 1 − 1
2
√

n
,

we obtain

	
1 − tan

(ω0

2

)
≥ 1

2
√

n
.

We thus conclude that

	
V (H+ ∩ Bn

∞) ≥ 1
n

κn−1

(
1

2
√

n

)n−1 1
2

ω0 ≥ 2−3n− 1
2 n−nω0V (Bn

∞).

Lemma 7.5 implies that B̃n
∞ = {x ∈ Rn : |⟨x, ui⟩| ≤ 1, i = 1, . . . , n} satisfies

	
H+ ∩ Bn

∞ ⊂
(

H+ ∩ B̃n
∞

)
∪

(
Bn

∞ \ (1 −
√

nη)Bn
∞

)

and therefore

	

V (H+ ∩ B̃n
∞) ≥ V (H+ ∩ Bn

∞) −
(
1 − (1 −

√
nη)n

)
V (Bn

∞)

≥
(

2−3n− 1
2 n−nω0 −

√
nnη

)
V (Bn

∞).

Another application of Lemma 7.5 yields

	

V (P ) ≤ V (B̃n
∞) − V (H+ ∩ B̃n

∞)

≤ V ((1 + 2
√

nη)Bn
∞) −

(
2−3n− 1

2 n−nω0 −
√

nnη
)

V (Bn
∞)

≤
(

1 + 2n
√

nnη +
√

nnη − 2−3n− 1
2 n−nω0

)
V (Bn

∞)

≤
(

1 + 2nn2η − 2−3n− 1
2 n−nω0

)
V (Bn

∞)

≤
(

1 + 2nn2

c(n)
ω0 − 2−3n− 1

2 n−nω0

)
V (Bn

∞)

≤
(

1 − 2−4n− 1
2 n−nω0

)
V (Bn

∞),
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which implies the asserted volume bound. � □
After these preparations, parts (b) and (c) of Theorem  1.5 follow from the follow-

ing theorem.

Theorem 7.7  Let µ be an even isotropic measure on Sn−1 . If

	 ℓ(Z∗
∞(µ)) ≤ (1 + ε)ℓ(Z∗

∞(ν)),� (91)

for some ε ∈ (0 , ε0 ) with ε0 = 2 −70 n−30n , then

	 δHO(supp µ, supp ν) ≤ 2 20 n13nε
1
4 .

Proof  For the given measure µ, we choose an even discrete isotropic measure on 
Sn−1 according to Lemma 7.1 with supp µ0 = {u1, . . . , uk} ⊂ supp µ. In particu-
lar, we then have Z∗

∞(µ) ⊂ Z∗
∞(µ0) and

	 ℓ(Z∗
∞(µ0)) ≤ (1 + ε)ℓ(Z∗

∞(ν)).� (92)

We claim that

	 γn(bZ∗
∞(µ0)) ≥ γn(bZ∗

∞(ν)) − εγn(Z∗
∞(ν))� (93)

for some b ∈ [1, 2].
For the proof, assume to the contrary that

	 γn(bZ∗
∞(µ0)) < γn(bZ∗

∞(ν)) − εγn(Z∗
∞(ν))

or all b ∈ [1, 2]. By Proposition 3.2,

	 γn(tZ∗
∞(µ0)) ≤ γn(tZ∗

∞(ν)) for t > 0.

Hence

	

ℓ(Z∗
∞(ν)) − ℓ(Z∗

∞(µ0)) =
∫ ∞

0
(γn(tZ∗

∞(µ0)) − γn(tZ∗
∞(ν))) dt

< −εℓ(Z∗
∞(ν)),

which contradicts (92).
Thus relation (58) holds for some b ∈ [1, 2] with ε replaced by εℓ(Z∗

∞(ν)). In the 
proof of relation (59) it is shown that there exists an orthonormal basis w1, . . . , wn 
of Rn such that (w.l.o.g.)

	 ∠(ui, wi) < c1(n)ε 1
4 for i = 1, . . . , n
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with c1(n) := 3n214n4nn
1
8 , where we used that 

ℓ(Z∗
∞(ν)) = 1

2 ℓ(Bn
2 )W (Bn

1 ) ≤ ℓ(Bn
2 ) ≤

√
n (cf. the proof of [16, Lemma 5.7]). If 

ν is the cross measure associated with ±w1, . . . , ±wn, then

	 supp ν ⊂ supp µ0 + c1(n)ε 1
4 Bn

2 ⊂ supp µ + 220n13nε
1
4 Bn

2 .

It remains to be shown that

	 supp µ ⊂ supp ν + 220n13nε
1
4 Bn

2 .� (94)

For the proof, we set η = c1(n)ε 1
4 . Clearly, ±ui is contained in the set on the right-

hand side of (94) for i ∈ {1, . . . , n}. Recall that c(n) = 2n+4nn+3 and define

	
∆ = max

u∈supp µ
min

i=1,...,n
∠(u, wi).

If ∆ < c(n)η, then relation (94) holds. Henceforth we consider the case where 
∆ ≥ c(n)η. Then we may assume that the maximum in the definition of ∆ is realized 
by u0 ∈ (supp µ) \ {±u1, . . . , ±un}. We define

	

P = {x ∈ Rn : |⟨x, ui⟩| ≤ 1, i = 0, 1, . . . , n},

B̃n
∞ = {x ∈ Rn : |⟨x, ui⟩| ≤ 1, i = 1, . . . , n},

Bn
∞ = {x ∈ Rn : |⟨x, wi⟩| ≤ 1, i = 1, . . . , n},

hence Z∗
∞(µ) ⊂ P ⊂ B̃n

∞. By Lemma 7.6 we have

	
V (P ) ≤

(
1 − ∆

24nn+1

)
V (Bn

∞),

hence

	
δvol(P, Bn

∞) ≥ ∆
24nn+1 V (Bn

∞).

Lemma 7.5 implies that

	 δvol(Bn
∞, B̃n

∞) ≤
[
(1 + 2

√
nη)n − (1 −

√
nη)n

]
V (Bn

∞) ≤ 4
√

nnηV (Bn
∞),

since (1 + 2
√

nη)n ≤ 4/3. The triangle inequality yields

	

V (B̃n
∞ \ P ) = δvol(B̃n

∞, P ) ≥ δvol(Bn
∞, P ) − δvol(Bn

∞, B̃n
∞)

≥
(

∆
24nn+1 − 4

√
nnη

)
V (Bn

∞).
� (95)
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We claim that

	 V (B̃n
∞ \ P ) ≤ 217n11nε

1
4 .� (96)

Combination of (95) and (96) shows that

	
∆ ≤ 24nn+1

(
4
√

nnη + 2−n217n11nε
1
4

)
≤ 220n13nε

1
4 ,

which completes the proof of (94), once (96) has been established.
We finally verify (96). Using Lemma 7.5, we get B̃n

∞ ⊂ (1 + 2
√

nη)Bn
∞ ⊂ 2Bn

∞, 
hence 1/(2

√
n)B̃n

∞ ⊂ Bn
2 . Then

	

ℓ(Z∗
∞(µ)) − ℓ(B̃n

∞)) =
∫ ∞

0

(
γn(tB̃n

∞) − γn(tZ∗
∞(µ))

)
dt

≥
∫ 1/(2

√
n)

0

e−1/2

(2π)n/2 tnV (B̃n
∞ \ Z∗

∞(µ)) dt

≥ 1
n + 1

(
1

2
√

n

)n+1
e−1/2

(2π)n/2 V (B̃n
∞ \ Z∗

∞(µ))ℓ(Bn
∞)√
n

≥ n−6nV (B̃n
∞ \ Z∗

∞(µ))ℓ(Bn
∞).

�(97)

Again by an application of Lemma 7.5, we obtain

	

ℓ(B̃n
∞)) − ℓ(Bn

∞) ≥ ℓ((1 + 2
√

nη)Bn
∞)) − ℓ(Bn

∞)
=

[
(1 + 2

√
nη)−1 − 1

]
ℓ(Bn

∞)
≥ −2

√
nηℓ(Bn

∞).
� (98)

Combining (91), (97) and (98), we arrive at

	
εℓ(Bn

∞) ≥ ℓ(Z∗
∞(µ)) − ℓ(Bn

∞) ≥

(
V (B̃n

∞ \ Z∗
∞(µ))

n6n
− 2

√
nη

)
ℓ(Bn

∞),

hence

	

V (B̃n
∞ \ Z∗

∞(µ)) ≤ n6n(ε + 2
√

nη) ≤ n6n
(

1 + 2
√

n3n214n4nn
1
8

)
ε

1
4

≤ 217n11nε
1
4 ,

which proves the claim, and thus the theorem. � □

Funding  Open access funding provided by HUN-REN Alfréd Rényi Institute of Mathematics. The author 
was supported by the Hungarian National Research, Development and Innovation Office NKFIH Grant 

1 3



Strengthened inequalities for the mean width and the ℓ-norm of…

No. 150613. The author was supported by the Hungarian National Research, Development and Innovation 
Office - NKFIH Grant No. 134814. This research was supported by project TKP2021-NVA-09. Project 
no. TKP2021-NVA-09 has been implemented with the support provided by the Ministry of Innovation and 
Technology of Hungary from the National Research, Development and Innovation Fund, financed under 
the TKP2021-NVA funding scheme. The author was supported by DFG research Grant No. HU 1874/5-1 
(SPP 2265).

Data availability  The manuscript has no associated data.

Declarations

Conflict of interest  The author declare that they have no conflict of interest.

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International License, 
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long 
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative 
Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line 
to the material. If material is not included in the article’s Creative Commons licence and your intended use 
is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission 
directly from the copyright holder. To view a copy of this licence, visit ​h​t​t​p​:​/​/​c​r​e​a​t​i​v​e​c​o​m​m​o​n​s​.​o​r​g​/​l​i​c​e​n​
s​e​s​/​b​y​/​4​.​0​/​​​​​.​​

References

1.	 Alonso-Gutiérrez, D., Bastero, J.: Approaching the Kannan-Lovász-Simonovits and variance conjec-
tures. Lecture Notes in Mathematics, vol. 2131. Springer, Cham (2015)

2.	 Artstein–Avidan, S., Giannopoulos, A., Milman, V.D.: Asymptotic geometric analysis. Part I. Math-
ematical Surveys and Monographs, 202. American Mathematical Society, Providence, RI (2015)

3.	 Ball, K.: Volumes of sections of cubes and related problems. In: J. Lindenstrauss and V.D. Milman 
(ed), Israel seminar on geometric aspects of functional analysis (1987–1988), 1376, Lecture Notes in 
Mathematics. Springer (1989)

4.	 Ball, K.: Volume ratios and a reverse isoperimetric inequality. J. London Math. Soc. 44, 351–359 
(1991)

5.	 Ball, K.: Ellipsoids of maximal volume in convex bodies. Geom. Dedicata 41, 241–250 (1992)
6.	 Balogh, Z., Kristály, A.: Equality in Borell-Brascamp-Lieb inequalities on curved spaces. Adv. Math. 

339, 453–494 (2018)
7.	 Barthe, F.: Inégalités de Brascamp-Lieb et convexité. C. R. Acad. Sci. Paris 324, 885–888 (1997)
8.	 Barthe, F.: On a reverse form of the Brascamp-Lieb inequality. Invent. Math. 134, 335–361 (1998)
9.	 Barthe, F.: An extremal property of the mean width of the simplex. Math. Ann. 310, 685–693 (1998)
10.	 Barthe, F., Cordero-Erausquin, D.: Invariances in variance estimates. Proc. Lond. Math. Soc. 106, 

33–64 (2013)
11.	 Barthe, F., Cordero-Erausquin, D., Ledoux, M., Maurey, B.: Correlation and Brascamp-Lieb inequal-

ities for Markov semigroups. Int. Math. Res. Not. 10, 2177–2216 (2011)
12.	 Bennett, J., Bez, N., Flock, T.C., Lee, S.: Stability of the Brascamp-Lieb constant and applications. 

Amer. J. Math. 140, 543–569 (2018)
13.	 Bennett, J., Carbery, T., Christ, M., Tao, T.: The Brascamp-Lieb Inequalities: finiteness Structure and 

Extremals. Geom. Func. Anal. 17, 1343–1415 (2008)
14.	 Borell, C.: Convex set functions in [CDATA[d]]d-space. Period. Math. Hung. 6(2), 111–136 (1975)
15.	 Böröczky, K.J., Fodor, F., Hug, D.: Strengthened volume inequalities for Lp[CDATA[L_p]] zonoids 

of even isotropic measures. Trans. Amer. Math. Soc. 371, 505–548 (2019)
16.	 Böröczky, K.J., Fodor, F., Hug, D.: Strengthened inequalities for the mean width and the ℓ[CDATA[\

ell ]]-norm. J. London Math Society 2(104), 233–268 (2021)

1 3

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


K. J. Böröczky et al.

17.	 Böröczky, K., Jr., Henk, M.: Random projections of regular polytopes. Arch. Math. (Basel) 73, 465–
473 (1999)

18.	 Böröczky, K.J., Hug, D.: Isotropic measures and stronger forms of the reverse isoperimetric inequal-
ity. Trans. Amer. Math. Soc. 369, 6987–7019 (2017)

19.	 Brascamp, H.J., Lieb, E.H.: Best constants in Young’s inequality, its converse, and its generalization 
to more than three functions. Adv. Math. 20, 151–173 (1976)

20.	 Carlen, E., Cordero-Erausquin, D.: Subadditivity of the entropy and its relation to Brascamp-Lieb 
type inequalities. Geom. Funct. Anal. 19, 373–405 (2009)

21.	 Ghilli, D., Salani, P.: Quantitative Borell-Brascamp-Lieb inequalities for power concave functions. J. 
Convex Anal. 24, 857–888 (2017)

22.	 Giannopoulos, A.A., Papadimitrakis, M.: Isotropic surface area measures. Mathematika 46, 1–13 
(1999)

23.	 Groemer, H.: On the symmetric difference metric for convex bodies. Beiträge Algebra Geom. 41(1), 
107–114 (2000)

24.	 Gruber, P.M., Schuster, F.E.: An arithmetic proof of John’s ellipsoid theorem. Arch. Math. 85, 82–88 
(2005)

25.	 Guedon, O., Milman, E.: Interpolating thin-shell and sharp large-deviation estimates for isotropic 
log-concave measures. Geom. Funct. Anal. 21, 1043–1068 (2011)

26.	 Hug, D., Weil, W.: Lectures on Convex Geometry. Graduate Texts in Mathematics, vol. 286, Springer 
Nature, Switzerland AG, Cham (2020)

27.	 John, F.: Polar correspondence with respect to a convex region. Duke Math. J. 3, 355–369 (1937)
28.	 John, F.: Extremum problems with inequalities as subsidiary conditions. In: Studies and Essays Pre-

sented to R. Courant on His 60th Birthday, January 8, 1948, pp. 187–204. Interscience Publishers, 
New York (1948)

29.	 Kannan, R., Lovász, L., Simonovits, M.: Isoperimetric problems for convex bodies and a localization 
lemma. Discr. Comput. Geom. 13, 541–559 (1995)

30.	 Klartag, B.: A Berry-Esseen type inequality for convex bodies with an unconditional basis. Probab. 
Theory Related Fields 145, 1–33 (2009)

31.	 Klartag, B., Lehec, J.: Affirmative resolution of Bourgain’s slicing problem using Guan’s bound. 
arXiv:2412.15044

32.	 Li, A.-J., Leng, G.: Mean width inequalities for isotropic measures. Math. Z. 270, 1089–1110 (2012)
33.	 Lieb, E.H.: Gaussian kernels have only Gaussian maximizers. Invent. Math. 102, 179–208 (1990)
34.	 Lutwak, E., Yang, D., Zhang, G.: Volume inequalities for subspaces of Lp[CDATA[L_p]]. J. Diff. 

Geom. 68, 159–184 (2004)
35.	 Lutwak, E., Yang, D., Zhang, G.: Volume inequalities for isotropic measures. Amer. J. Math. 129, 

1711–1723 (2007)
36.	 Rossi, A., Salani, P.: Stability for Borell-Brascamp-Lieb inequalities. Geometric aspects of functional 

analysis, Lecture Notes in Math., 2169, Springer, Cham, pp. 339–363 (2017)
37.	 Schechtman, G., Schmuckenschläger, M.: A concentration inequality for harmonic measures. In: 

Geometric aspects of functional analysis (1992–1994), Birkhauser, pp. 255–273 (1995)
38.	 Schmuckenschläger, M.: An extremal property of the regular simplex. In: Convex geometric analy-

sis. Cambridge, pp. 199–202 (1999)
39.	 Schneider, R.: Convex bodies: the Brunn-Minkowski theory. Second expanded edition. Encyclopedia 

of Mathematics and its Applications, 151. Cambridge University Press, Cambridge (2014)
40.	 Valdimarsson, S.I.: Optimisers for the Brascamp-Lieb inequality. Israel J. Math. 168, 253–274 (2008)

Publisher's Note  Springer Nature remains neutral with regard to jurisdictional claims in published maps 
and institutional affiliations.

1 3

http://arxiv.org/abs/2412.15044

	﻿Strengthened inequalities for the mean width and the ﻿￼﻿﻿-norm of origin symmetric convex bodies
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿The ﻿￼﻿﻿-norm when the Löwner ellipsoid is a ball
	﻿﻿3﻿ ﻿Extremal ﻿￼﻿﻿-norm when the John ellipsoid is a ball and the rank one Brascamp–Lieb inequality
	﻿﻿4﻿ ﻿Auxiliary statements to strengthen theorem ﻿3.3﻿
	﻿﻿5﻿ ﻿Stability around the cube when the John ellipsoid is a ball
	﻿﻿6﻿ ﻿Proof of theorems ﻿1.2﻿ and ﻿1.3﻿
	﻿﻿7﻿ ﻿Proof of theorem ﻿1.5﻿
	﻿References


