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1 Introduction

Vector-like quarks (VLQs) are one of the simplest and best-motivated extensions of the
Standard Model (SM), which may play an important role in solving some of the open
questions in particle physics. They appear in models of grand unification [1-5], extra
dimensions [6], and emerge in models addressing the electroweak hierarchy problem in which
the light Higgs arises as a pseudo-Goldstone boson of a global symmetry [7—11]. They play a
fundamental part in models with inter-family symmetries which explain the origin of fermion
mass hierarchies and mixings [12-18], and provide a natural realization of the minimal flavour
violation scenario [19-21]. They can also be relevant to axion models [22, 23] as well as
axion-less models of the Nelson-Barr type solving the strong CP problem [24-30].

These extensions also present a very rich phenomenology that can affect many ob-
servables, including flavour-changing neutral current phenomena (neutral meson mixing
parameters, meson decay amplitudes) as well as flavour-conserving processes as electroweak
precision measurements, and weak charged currents, by inducing modifications of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix or generating right-handed mixing (see e.g. [31-50]).
Remarkably, vector-like quarks have been proposed as viable explanations for Cabibbo angle
anomalies, [44-46, 48, 51-55], that is, the tensions emerging after three different precise
determinations of the Cabibbo angle. Moreover, since they introduce extra — and in general
complex — couplings in the Yukawa Lagrangian, new sources of CP violation (CPV) arise
which may be crucial in explaining the baryon asymmetry of the Universe (BAU), given
that CPV within the SM is too suppressed to generate a large enough BAU, consistent
with observations.

If the scalar sector of a model only includes SU(2);, doublets, VLQs mixing with standard
model quarks can only appear in seven types of SU(2); multiplets: singlets with Y = —1/3
or Y = 2/3 (see [56] for a recent review); doublets with Y = —5/6, Y = 1/6 or Y = 7/6;
or triplets with Y = —1/3 or Y = 2/3 (see e.g. [34, 38, 57, 58]).

In this paper, we are specifically interested in studying models of VLQ isodoublets with
non-exotic charges, i.e. VLQs with Y = 1/6, similarly to the quark doublets present in the
SM. These appear to be capable of addressing several current anomalies. Most notably, it
was shown that VLQ doublets mixing with the light generations of SM quarks are favoured



candidates in explaining the Cabibbo angle anomalies (CAAs) [45, 49, 54, 59]. Indeed, models
of VLQ doublets i) induce right-handed currents, which can potentially accommodate all
CAA tensions, and ii) are in agreement with electroweak precision observables, e.g. the
W-boson mass. Note that, unlike in the case of singlet extensions, there are no significant
deviations from CKM unitarity at leading order in these models.

We study these new-physics effects and sources of CP violation using a weak-basis
invariant (WBI) description. In contrast to extensive surveys of vector-like quark singlet
models (parameterizations, construction of weak-basis invariants, CP-odd invariants), to our
knowledge, the literature lacks studies of vector-like quark doublets based on WBIs. The
usefulness of WBI quantities lies in the fact that they remain unmodified under weak-basis
changes. Thus, WBI quantities can be used to identify the physical information contained
in any arbitrary parameterization of the Yukawa matrices. This allows for an unambiguous
connection to physical observables such as quark masses and mixings [60-68]. The existence
of complex WBISs signals the presence of physical phases and CP violation. The imaginary
parts of such invariants — the so-called CP-odd WBIs — are one of the focuses of this work.

In the SM, the only independent CP-odd WBI is of mass dimension M = 12 [69] and is
proportional to CKM quartets Vq; V3,V Vi, resulting in a large suppression of CP violation
effects. In the extensively-studied isosinglet VLQ case, the potential for enhancement is
well-known, given the presence of a larger number of independent CP-odd WBIs, including
some of dimension M = 8 [64, 66, 68]. However, as we emphasize in this work, the doublet
representation can allow for lower-dimension WBIs, starting from M = 6 invariants, which
suggests an even greater enhancement.! This is directly related to the fact that in the doublet
scenario new kinds of rephasing invariants arise from the interplay between the two types
of charged currents. In particular, bilinears of the form V.EVL* are now allowed, where
Vi(r) represents the mixing matrix for the left(right)-handed charged currents. In this way,
the number of insertions of the mixing elements needed to construct CP-odd WBIs can be
brought to a minimum, potentially allowing for strong CPV effects.

This paper is divided into the following sections, each of which is as self-contained as
possible. In section 2, we set up the framework and notation (see also appendix A) and display
the gauge and Higgs interactions of the model. In section 3, we discuss various convenient
weak bases, count the physical parameters and present the most relevant rephasing invariants.
In section 4, we present approximate expressions for the quark masses and the mixings as a
function of the Lagrangian parameters, in the realistic limit in which the VLQs mass scale is at
least a few times larger than the electroweak scale. We also derive an exact parameterization for
the quark mixing matrices for any number N of VL(Q doublets (see appendix C). In section 5,
we explain how to construct weak-basis invariants (WBIs) and how they are related to
physical parameters. There, we also identify a set of WBIs characterizing the single VLQ
doublet scenario (see appendix D for the case N > 1). In section 6, we delve into the topic
of CP violation, presenting CP-odd WBISs, their connection to effective rephasing invariants
(see also appendix G for the effective field theory (EFT) description of these models), and

Tt has been pointed out that models with isodoublet VLQs are uniquely capable of generating significant
CP violation in the coupling of third-generation quarks to the Higgs boson, whereas for all other VLQ
realizations CP violation is suppressed in these couplings [70].



conditions for CP conservation with one VLQ doublet. In section 7, we analyze some of
the phenomenology of these models using a WBI description, particularly in relation to the
CAAs and CPV effects. Finally, we summarize our results in section 8.

2 Setup

We extend the SM by adding N vector-like quark (VLQ) isodoublets Q1 r = (U, D) g in
the same representation of SU(3). x SU(2)r, x U(1)y as standard left-handed (LH) quarks,
i.e. with the SM quantum numbers (3,2),/6. Thus, U and D have electric charges +2/3
and —1/3, respectively. We define

0o U
Q) = 0“ . Q% = Oa (a=1,...,N). (2.1)
DLa DRa
The ‘0’ superscript indicates that fields are in a flavour basis, as opposed to the mass basis. SM

T and u%i and d%i, respectively,

quark doublets and singlets are denoted by ¢7, = (u9,, d9,)
using Latin family indices (i = 1,2,3).

Along with the standard Yukawa terms, the relevant Lagrangian includes new couplings
and mass terms. Prior to electroweak symmetry breaking (EWSB), it reads

+ (Zu)aj QLo ®uly + (Za)o; Q) , ®djy; +hic. (2:2)

+ (M)’Lﬁ q%i Q%ﬁ + (MQ)aﬂ Q%a Q%g +h.c.,

where the first line contains the standard terms, and 7,7 =1,2,3 and o, 8 = 1,..., N. Here,
® denotes the Higgs doublet, while ® = ¢®*. The last line in £ contains bare mass terms,
controlled by M and Mg. It may also prove useful to collect all LH SU(2);, doublet quark
fields in a single (3 + N)-dimensional flavour vector

0
Q0 — qL) , 2.3
(Q% (2.3)

which allows us to rewrite the Lagrangian of eq. (2.2) in a compact form:
—L=0%®Y, u+ Q0 YV,d% + Q0 M Q% +hec., (2.4)

where the (3 4+ N) x 3 matrices ), and Yy contain all Yukawa couplings to the Higgs doublet
and the (34 N) x N matrix M contains all bare mass terms. Given that the 3+ N species of
LH doublets have identical quantum numbers, one can consider a basis in field space where
M vanishes and M is real and diagonal (Mg — Dg; see also section 3.1.1). From section 3
onwards, we will take a Lagrangian with M = 0 and Mg = D¢ as our starting point, without
loss of generality, cf. egs. (3.5) and (3.6).



Following EWSB, one has ® — (0, v+h/v/2)7, with the vacuum expectation value (VEV)
v =~ 174 GeV, and obtains the tree-level mass terms

__ [vYy M u __ f(vYyg M d
—Lo = (u UF) o]+ (ag DY) ) e
v Zy Mg ) \U% vZq Mg) \Dy (2.5)

= U MUY, + DIMDY, + hec.,

where the M, are (3 + N)-dimensional square matrices, with

I Y;] M
Mg=| my, M |, mg=vY, =0 ) M= , (2.6)
| Zq MQ
and ¢ = u,d. We have also defined the vectors
0 0
Ur R dL,R
u%,R = ( 0 ) ) @%,R = ( 0 ) ) (27)
ULr Di r

in flavour space. The mass matrices M, and M, can be diagonalized via bi-unitary transfor-
mations (a singular value decomposition). To this end, one defines the mass basis fields via

0 U U UL.R 0 d d dL’R
UL,R = VL,R uL,R = VL,R ) CDL,R = VL,R CDL,R = VL,R ) (2~8)
ULr Drr

where the four V matrices are (3 + N)-dimensional unitary matrices. One then has
—Lm :ﬁL Dy, uR‘i‘@L DyDr + h.c. (2.9)

and
VI M, VL =D, = diag(m?, md, md, MJ, ..., M%) (q=u,d), (2.10)

where the m! and MY are the (non-negative) physical quark masses in each sector, henceforth
assumed positive for simplicity. In the case of a single VLQ doublet (N = 1), the M{ are
simply denoted M and Mp/, for ¢ = u, d respectively. As an alternative, one can denote light
(standard) quark masses by m, (o = u,c,t) and m; (i = d, s,b), where up- and down-type
quarks are labelled by Greek and Latin indices respectively.

Note that eq. (2.10) describes the singular value decompositions of the M,. As with
any such decomposition, one can find the unitary matrices V} and V} via the usual (di-

agonalization) relations
VITMMIVE = VET MIM, VY = D2 (2.11)

Before proceeding, it also proves convenient to decompose each V matrix into its upper
and lower blocks, according to

VI = : (2.12)



where, independently of ¢, the A? are 3 x (3 + N) matrices while the B? are N x (3+ N)
matrices. Eq. (2.10) directly implies the relations

my,=VID, A% M=V!D,B%. (2.13)
Finally, for each chirality, the matrices A? and B? obey the relations
A4 =14, BIBY =1y, A'BI =0, A1A94 BITBI =1y, (2.14)
which follow from the unitarity of V9.

2.1 Gauge and Higgs interactions

The introduction of doublet VLQs will also modify the form of the electroweak (EW) gauge
interactions. The interactions of quarks with the W boson are encoded in the charged-current
Lagrangian, which reads

Lw = =L Wi [U) A" DY + Ufy* DY + hee.

< E‘m

(2.15)
— I wt U Un ~H

=-5W ULy Vi, Dy, + Up A" Vi D + hic.,

where we have defined the (34NN )-dimensional unitary matrix V7, and the (34NN )-dimensional
right-handed (RH) current matrix Vg, with

Ve =Vitvd - Ve = BYTBY = VAT diag(0,0,0,1,...,1) VE. (2.16)

Important differences arise with respect to an extension of the SM with VLQ isosinglets (see
e.g. [56]). Namely, there are two physical mixing matrices, one for each chirality, with Vg
originating from the W/f @VHD% term after performing the rotation to the mass eigenbasis,
see eq. (2.15). The charged-current couplings are determined by the elements of these matrices.
In the simplest case of N = 1, these are 4 x 4 square matrices, with

Vi = Vil diag(0,0,0,1) VE,  (for N =1). (2.17)

While the enlarged LH quark mixing matrix V7, is necessarily unitary, taking the form

Vexkm
Vud Vus Vub
Ved Ves Veb e
vy, = : (2.18)
Via Vis Vo e

the new RH mixing matrix Vz cannot be unitary, since det Vg = 0. Here, the 3 x 3 upper-left
block of Vi, can be identified as the CKM quark mixing matrix Voga, which is no longer
unitary in general. Nevertheless, at leading order in VLQ corrections and unlike in SM
extensions with isosinglet VLQs, the matrix Vg is still unitary to a good approximation



(see also section 4.1.2 and appendix G.2). Finally, note that factorizable phases in V, are
not necessarily unphysical as in the SM, where one can exploit the freedom of identically
rephasing LH and RH quark fields while keeping the (diagonalized) mass terms invariant.
Indeed, the mixing of RH quarks here means that any such rephasing will modify Vz. Hence,
in any physical basis, at least one of V;, or Vi will contain factorizable phases that cannot
be eliminated.

Additionally, the mixing of SM quarks with the VLQs induces couplings to the Higgs
and Z bosons which are flavour-non-diagonal in the mass basis and originate flavour-changing
phenomena. The weak neutral current Lagrangian describing the interactions of quarks
with the Z boson is

Lr= 50 2, UG U DY+ DY+ TRy U~ Do D25 I

QCw
g (2.19)
= ey Om [ULV“UL—CDL7“CDL+UR7“FuUR—CDRW“FdCDR—%%VJéLm] :
with ¢y = cos Oy and sy = sin Oy, while the electromagnetic current reads
2 — 1
Jom = +3 U U= DA D, (2.20)

with U = Uy + Ugr and D = Dy, + Dg, and preserves its diagonal form in moving from
the flavour to the mass basis. In eq. (2.19) we have introduced the (3 + N)-dimensional
Hermitian matrices

F, = B%TBYE =V Vi = Vil diag(0,0,0,1,...,1) Vi,

dt pd T df d (2.21)
Fd :BR BR = VRVR :VR dlag(O,O,O,l,,l)VR

Note that LH couplings remain diagonal at tree level, as in the SM, while flavour-changing
neutral currents (FCNCs) appear only in the RH sector, controlled by these matrices Fj,.
This is in contrast with the case of VLQ singlets, for which only LH Z-mediated FCNCs
are present. In the simplest case of N = 1, the matrices F, determining FCNCs couplings
are 4 x 4 square matrices, with

Fy =V diag(0,0,0,1) Vi, (for N=1). (2.22)

The relations between the F, and Vg in eq. (2.21) follow from eq. (2.14). They directly
connect the existence of such tree-level FCNCs to the non-unitarity of the RH charged-
current mixing matrix.

As for the interactions with the Higgs boson h, the mass matrices are not proportional
to the Yukawa matrices and flavour non-diagonal couplings are also generated. The relevant
Lagrangian reads

(2.23)



where we have used the fact that
A%T A9, =1 — F, = VT diag(1,1,1,0,...,0) V4. (2.24)

Hence, Higgs-mediated FCNCs are controlled by the same quantities as Z-mediated FCNCs,
namely F, and F,;. Given the presence of the matrices Dy in eq. (2.23), one sees that,
as in the case of singlet VLQs, Higgs-mediated transitions between the lighter quarks are
suppressed by ratios m] /v with respect to Z-mediated transitions. On the other hand, there
emerge non-negligible couplings between right-handed light states and left-handed heavy
states, while heavy-light transitions of the opposite chirality are generically suppressed by
small SM Yukawas.?

It is worth noting that the last N columns of the mass matrices are shared between M,
and My, i.e. the (3 + N) x N bare mass matrix M is common to both sectors. Keeping
in mind that

i i [ O3xn
BR' =V (1 - ) : (2.25)
NXxXN
and recalling eq. (2.13), which implies
ViD, BY = viD, B (2.26)
one finds the relations
D, Ve =ViDyFy, DaVi=VID,F,, (2.27)
and
Dy FuDy Vi, = Vi, Dy Fy Dy (2.28)

between LH and RH couplings in charged and neutral currents.

The discussion above applies to a general number N of SM-like VLQs. In the simplest
case of N =1, Mg is a number, M, Z, and Z,; are 3-dimensional vectors, and the matrices
D, = diag(my, me, my, M), Dy = diag(mg, ms, mp, M), Vi, (unitary), Vi (not unitary),
F, and F; (Hermitian) are 4 x 4 square matrices. The counting of independent physical
parameters contained in these matrices, for both this case and the most general one, is
carried out in the next section.

3 Weak bases and physical parameters

Not all of the 18 4+9N + N? complex Yukawa couplings and bare mass terms in the Lagrangian
of eq. (2.4) represent independent physical parameters. Indeed, owing to the invariance of the
S-matrix under field redefinitions and the underlying symmetries of QFT, many choices are
equivalent. Each choice corresponds to a so-called weak basis (WB) in flavour space. These
are connected by weak-basis transformations (WBTs) which keep the kinetic terms invariant,
i.e. do not modify the form of the EW gauge interactions of section 2.1. Any two sets of
Yukawa and mass matrices related by a WBT represent the same physical system.

2In the isosinglet VLQ case, the products F,;D, appear in L, instead of D,Fy, so that the reverse happens,
i.e. the non-negligible transitions are those between LH light states and RH heavy states.



In the class of models under consideration, it is straightforward to identify the following
transformations as the most general WBTSs, describing the redundancy in the determination
of the number of independent parameters:

W —-we iy, 29 -wpo9,
uf = WeuY, d% — Wi dy,, (3.1)

U%—)WRU%, DOR%WRD%,

where the matrices W}% (¢ = u,d) and Wg are respectively 3 x 3 and N x N unitary matrices.
Note that the 3 + N species of LH doublets have identical quantum numbers, and can
thus be connected via a larger (3 4+ N) x (3 + N) unitary matrix, Wr. In the case N = 1,
Wgr = €R is simply a phase.

Under a WBT, as given in eq. (3.1), the Yukawa and mass matrices are not left invariant,
but instead transform as

Vg = WLV, WL, M =W MWg, (3.2)

where v ), is the (3 + V) x 3 submatrix of M, arising from Yukawa couplings to the Higgs
doublet and M is the (3 + N) x N matrix corresponding to the last N columns of the mass
matrices Mg, see eq. (2.6). It follows that the Hermitian combinations

hg = mgmb =V Vi,  H=MM' (3.3)

transform as
hg = WihWr, H—=W HW,, (3.4)

where mg = v Yy, cf. eq. (2.6). Since any product involving these matrices transforms in the
same way, they are useful to build WBIs, i.e. physical quantities which do not depend on
the WB choice, via traces or determinants.® WBIs allow one to extract the actual physical
content of a set of Yukawa and mass matrices (see sections 5 and 6).

3.1 Convenient weak bases
3.1.1 A minimal weak basis

The freedom present in the transformations of eq. (3.1) allows one to shape the mass matrices
M, (¢ = u,d) without affecting their physical content, via eq. (3.2). For instance, one can
always move to a WB where the mixed bare mass terms vanish, M = 0, by an appropriate
choice of Wy, using the fact that the 3 + N species of LH doublets have identical quantum
numbers. Further WBTs can be used to make the Mg block become diagonal and non-
negative, Mg — Dg. Thus, here and in what follows, without loss of generality, we take

3Notice that also the determinant of a matrix can always be rewritten as a simple polynomial of traces of
powers of that matrix and thus traces alone can be used to form complete bases of WBIs.



as a starting point the pre-EWSB Lagrangian

+ (Zu)oy QU @ uly + (Za)o; QF, ® d%; + hoc. (3.5)

+(Dq) s @2, Qks +hoc.,
and the corresponding mass matrices

vY, O vY; O
Mu - 5 Md - 5 (3.6)
v Zy Dg vZq Dq

following EWSB. At this stage, one has 18 4+ 7N complex parameters, which are still not
independent and physical.

The 3 x 3 block containing Y, can be made diagonal (non-negative) via bidiagonalization
in one of the two sectors, say the up sector. Explicitly, one may write the singular value
decompositions

Yo=UuVuUlp,  Yo=Us YaUly, (3.7)

where the lA/}] are diagonal and non-negative,
}A/u = diag(ﬁuv Ues Qt)v }A/d = diag(gda s, gb) ) (3'8)

while UqL and Uq gr are 3 x 3 unitary matrices. One is free to choose the order of the non-zero
elements in any of the diagonal matrices. Then, Wy, and W can be used to cancel Uu 1, and
Uur in the matrix Yy, leading to Y, — Yy, while Y; — Y] = quLYd-
One is also free to use the matrix WI% to remove the rightmost unitary rotation from the
(general) matrix Y] = UJ LUdede;R, which becomes Y] — V Yy, where we have defined
‘7 = UTLUdL . (39)

U

After these WBTSs, the matrices Z, and Z; now read
Ty = Zy = Ly UuR, Zd%ZdZZdUdR. (3.10)

As in the SM, 5 phases can be removed from Vv by rephasing standard quark fields.* Such
rephasings can be included from the start in the definition of the matrices UqL, Uq Rr. Then, 1%
can be parameterized as the standard CKM, with three mixing angles and a phase. Thanks to
the possibility of removing these phases, the angles can be chosen to lie in the first quadrant,
while the range of the (sole) physical phase is a priori unrestricted. With these choices, 1%
becomes the SM Vokw in the limit of VLQ doublet decoupling (2, zq — 0, Dg — oo 1).
Note that z, and z4 have remained general complex, up to this point. One can finally use
the N x N lower-right block of Wy, which we will denote P, to remove N of the 6 /N phases
contained in z, and z4.° As a concrete possibility, we consider removing one phase in each

4The sixth phase is not removable due to the unbroken baryon number. In this procedure, the diagonal
matrix Y, is unchanged by an appropriate rephasing with W§. The columns of both z4 and z., are rephased.
5The diagonal matrix Dg is unchanged by an appropriate rephasing with Wx affecting both sectors.

,10,



Y, Zu Vv Y, Z4 Dg Total
Moduli 3 3N 3 3 3N N 9+ TN
Phases 0 2N 1 0 3N 0 1+5N
Total 3 5N 4 3 6N N 10 + 12N

Table 1. Physical parameter count in the minimal WB of egs. (3.11) and (3.12), in the presence of
N isodoublet VLQs.

New Total New Total
SM

(N=1) (N=1) (Nz1) (N=1)
Quark masses 6 2 8 2N 6+ 2N
Mixing angles 3 5 8 SN 3+5N
Total moduli 9 7 16 TN 9+ 7N
Phases 1 5 6 5N 1+5N
Total angles 4+ phases 4 10 14 10N 4+ 10N
Total (parameters) 10 12 22 12N 10 + 12N

Table 2. Summary of the number of physical parameters in SM extensions with one (N = 1) and
several (N > 1) VLQ doublets with hypercharge 1/6.

row of z,, making its first column real.® As a result of the above sequence of transformations,
the Yukawa and mass matrices now take the form

}A/u V?d 0
Vu = , Va= , M= (3.11)
2u zZd DQ

(minimal WB), which after EWSB correspond to the mass matrices

vf/u 0 v VYd 0
My = , My = . (3.12)
vz, Dg vzq Dg

Here, 2, = P z, has N phases less than the general complex z,,.

Having exhausted the WB freedom, the minimal WB of egs. (3.11) and (3.12) allows one
to count the number of physical parameters. One thus finds a total of 10 4+ 12N parameters,
with the corresponding breakdown being shown in table 1. Out of this total, 9+7N parameters
correspond to physical moduli, while 1 + 5N correspond to physical phases. Anticipating the
correspondence of the moduli to physical masses and mixing angles, the parameter count in
the scenarios of interest is summarized in table 2. One should keep in mind that, depending
on the choice of minimal WBs one might obtain distinct countings with distinct numbers of
phases and angles. This happens because some phases can be traded for the same number of

50ne could just as well have removed N phases from the first column of z4 — %4, as considered in appen-
dices D and G.1.
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mixing angles via WBTs [71, 72]. However the total number of mixing parameters (angles +
phases) is of course the same in all minimal WBs. Independent ways of counting physical
parameters are presented in appendix B.

3.1.2 A “stepladder” weak basis (N = 1)

In the case N = 1, one can move to a special “stepladder” WB which allows for a sequential
and straightforward determination of the Yukawa couplings from a set of WBIs.

We take the minimal WB of eq. (3.12) as a starting point. Then, one can move all 5
physical phases in 2, and z4 to 1% by rephasing standard quarks, undoing the aforementioned
rephasing and restoring V in this context to a general unitary matrix VoV (not CKM-
like), while z, and z; are now real 3-dimensional row vectors. The mass matrices will
have the structure

R R
R 174 R
u ™ ) ~ . 1
M 5 My ( 1) . (3.13)
RRRR RRRR

One can use the matrices W} to perform an orthogonal rotation in each sector, mixing the first
two columns of M,, and of (the rightmost matrix of) M in order to cancel the (4,1) element
in each of these matrices. Then, via a similar orthogonal rotation of the second and third
columns in each sector, one may cancel the (4, 2) entries, leading to a WB where, generically,

RRR RRR
RRR Vv RRR

Mo |fon | e (V)RR (.14
R R R R

Now, the upper-left block of Wy, can be used as an orthogonal rotation between the first
two lines, enforcing a zero in the (1, 3) position of M,,. A zero in the same position in the
rightmost matrix of M, can be obtained by absorbing orthogonal rotations (including the
one from Wy) in the general V. Similarly, one can enforce zeros in the (2,3) positions by
mixing the second and third rows and reach a WB where

R R R R
R R Vv R R
u ™ ) ~ . 1
M RR R Ma ( 1) RR R (3.15)
R R R R

Finally, one may use RH rotations between the first two columns to cancel the (3,1) elements
and LH rotations between the first two rows to cancel the (1,2) elements, arriving at the
desired stepladder WB,

My~ | FE : /\/ld~<vl> RER . (3.16)
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Note that all intermediate basis are valid WB choices. Details on the extraction of couplings
in the WB of eq. (3.16) from a set of invariants is postponed to section 5.2.1. In what
follows, we will consider the following explicit notation for the entries of the mass matrices
in the stepladder WB:

res 0 0 0 rgs 0 0 0
Tud Tu3 00 ‘N/ Tda Td3 00
My=Mg| ¥ , Mg= M, , 3.17
“TCL 0 rg T O ¢ Q( 1) 0 ra2 ra1 0 (3.17)
0 0 Tu0 1 0 O Tdo 1
where 74 (i = 0,...,5) are dimensionless (note the overall Mg factors). Given these

definitions, one expects rq; S v/Mg.

We emphasize that, in the N = 1 case, one can always switch between this WB and
that of eq. (3.12) via WBTs, while keeping the number of parameters at a minimum. In
this sense, both WBs can be said to be minimal. This remains true even when some of
the parameters characterizing these WBs vanish. In fact, one can prove that, for a given
sector, when any number of off-diagonal real parameters vanishes in the stepladder WB, the
same number of real couplings between SM quarks and the VLQ doublets must vanish in
the minimal WB. Namely, it is straightforward to show that:

o If ry4 = 0, then when transforming into the minimal WB one finds that the Yukawa
coupling vector z, defined in section 3.1.1 has one vanishing entry.

o Ifryo =0, then 744 can be eliminated using WBTs and when switching into the minimal
WB one finds that z, has two vanishing entries.

o If roo = 0, then both rg4 and 74 can be eliminated using WBTs, resulting in z, = 0
when considering the minimal WB. In that case the VLQ is decoupled from that sector.

7¢5,3,1 7 0 correspond to non-zero Yukawa couplings g, or g;.

This link between both WBs will be relevant later on to establish a connection between the
results of section 5.2.1 and those of section 6.

3.2 Rephasing invariants

Observables can only depend on phase-convention-independent quantities. In the SM, one
can construct rephasing-invariant quantities in terms of the mixing using as building blocks
the moduli |V,;|? of CKM entries or quartets of the form Quigi = VaiVs; V;jvgi, involving
four different quarks. When o # 8 and i # j, these are the simplest generically-complex
rephasing invariants. The non-vanishing of the imaginary parts of the quartets is then directly
connected to the existence of CP violation in the SM. Namely, given the unitarity of Voxw, all
nine quantities Im Qqig; (o # B, @ # j) are equal to the invariant J [60, 73, 74] up to a sign,

I eapy e = Im(VaiVa; Vi Vi) » (3.18)
¥,k

and all CP-violating effects in the SM are proportional to J.
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When introducing VLQ doublets, apart from the mixing of LH quarks in the charged
currents, we will also have mixing of RH quarks in both charged and neutral currents. Hence,
one can expect new types of rephasing-invariant quantities to be relevant and potentially new
sources of CP violation to arise. In this subsection, we briefly present some of the simplest
examples of such quantities in the context of these extensions.

We turn our attention to the gauge interactions in eqgs. (2.15) and (2.19), from which
we can conclude that under general rephasings of the quark mass eigenstates U, — U, e*?>
and @; — D; €%, the mixing matrices transform as

VaLi —y e~ HUpa—wi) VaLi 7
Vi emilvamei) y R
gﬂ — e~ ipa—ps) 557
Fi 5 oo i

(3.19)

where chirality and quark-type subscripts were changed to superscripts to avoid index
cluttering. Now, taking these transformations into account, we provide some examples of
rephasing invariants in the general case of N > 1 doublets, and then focus on the particular
case of a single doublet (N = 1), for which the number of independent rephasing invariants
is lower.

3.2.1 The general case (N > 1)

Since Vi, and Vg transform in the same manner, any bilinear of the form
BY = vxvy" = (BYY) (3.20)

is a rephasing-invariant quantity. Here y,x’ = L, R are chirality indices. For y = ¥/,
these quantities reduce to the squared moduli |[Vk|? or [V.E|2. When y # /, we obtain
bilinears BLE = VL VIE* which are complex in general and have no analogue in the SM
(or even in extensions with VLQ singlets). These are potentially related to new sources
of CP violation. In particular, this means one may expect CP-violating effects in charged
currents which involve only two quarks. The next simplest rephasing invariants one can
build are complex trilinears such as

TG =V VK Fis = (T5X)

2

XX X 17X % d x'x\* (3:21)
TN = VAV Fij:(T ) .

a,tg a,jt

These invariants, which are associated with FCNCs, involve three quarks. Other meaningful
rephasing-invariant quantities that have analogues in the SM are the quartets. Here, in
general we have

/££/ - ’ E* gl* . E/E / * . Egl 1\ ¥ . / E/E
Qs =VaiVigs Vai Vi = ( ﬂia>§'X> = ( ajé‘z-x) = Q5% (3.22)

where £,& = L, R are also chirality indices.
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Note that trilinears can be written as sums of quartets. For instance,

Rxx'R *
Z Qai)g; - VX] V(i(] 7; af
: RxRx d 17X 17X * (3.23)
SO = FRVA VAT =T
(0%
Additionally, one has
STOREER = |FY?  and Y QERERE - |Fd2. (3.24)
i, a,pB

In these equations, the sums go over all 3 + N quarks of a certain type (including the new
states). Replacing R — L in these relations and making use of the unitarity of V7, we can
relate sums of quartets to the bilinears of eq. (3.20), namely

L L *
Z QOA’ZB)‘C] - Bj Voig = 60&5 Ba] )
L e (3.25)
Z Qg =0 Vs Vi ™ = 615 By
«
We further obtain the constraints
SO Yo =a, (320

2% a,
which follow directly from the above result and also hold in the absence of VLQs.

In principle one can continue building other distinct rephasing invariants by appropriately
assembling arbitrarily large products of the entries of Vi, Vi and F,. However, here we
choose to leave this discussion at the quartet level, as, at least in the case of one VLQ
doublet, after this point rephasing-invariant quantities are expected to be less relevant from
a phenomenological standpoint.

3.2.2 A single doublet (N =1)

The case of a single doublet is special because the number of distinct invariants is considerably
reduced when compared to cases with N > 1. This is connected to the fact that, in this
specific case, we have

R R RYy/R+ _ /R R|2
V a,B - Vﬂi Zj Vajvﬁj - Vaz’ Zj |V,8j| )

(3.27)
Vit F = Vil S ViV = Vi S5 VAT,

Ry/R _ R
vmvﬁj_vﬁlva] = {

as a consequence of having VB = (B%)* (B%);, where, for N = 1, the B} are vectors in
flavour space. It then follows that the only independent trilinears are those of the form

Tias = (Th) = Vdr Vi Fay and TG = (TE) =vhvirES, (3.28)
while the only generically-complex independent quartets are those of the type
LLL LLxL LxLL\* LLL L L
QuiX = Qhiat = (QIGF)" = (Q¥ait)” = VvV VA" (3.29)
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with y = L, R. Quartets like QgﬁjL.L , for instance, can be written as the product of two
bilinears BffBgL and do not contain new information on complex phases.

Note that no complex trilinears depend on Vi and that no complex quartets depend
solely on V. This can be traced to the fact that when N = 1 all phases in Vi can be brought
into V7, via rephasings, while the reciprocal is not true. In fact, under the rephasing of the
quark mass eigenstates U, — U, e and D; — D; €% one has

(B%)o — (BY%)q e and (B%)i — (B%); e, (3.30)

where we again emphasize that the B}l% are vectors in flavour space. Hence, with an appropriate
choice of ¢, and ¢;, all B?% can be made real, and consequently also Vi = B}“%TBd, F, =
B}%TB}‘DL and Fy = BdRTBdR will be real. One may thus eliminate all phases from the RH
currents in the N = 1 case, which then emerge in the LH currents.

4 Rotating to the mass basis
As previously seen, the relevant parts of the Lagrangian in the mass basis read:

L= —ﬁL D. UR—@L'Dd@R—I—h.C.,

— 9w Un~H
Lw = \/QW“ [UL’)/ ViDr+Ugry VRCDR}-i-h.C.,

Lz=—5"= 2, Uy UL —DLy" Do+ Upy" Fu Un=Dry" FaDr—25% T (4.1)
w
h [ D —— Dy

L= ——=|Up 4 (1—F,) Up+ D, —2 (1—Fy) D | +h.c.,

h \/i[LU( ) Ur+Dr — = (1~ Fy) DR | +he

after EWSB. In what follows, we write the physical quark masses, the mixing matrices V7, and
VR, and the FCNC matrices F,, and Fy for N =1, expanding in the small parameter v/Mg.
This allows us to identify an alternative set of rephasing-invariant quantities. In appendix C
we present exact parameterizations for V;, and Vg in these theories, for any N > 1.

4.1 Approximate masses and mixing (IN = 1)

We consider for simplicity the case N = 1.7 Let us start from the general Lagrangian
of eq. (3.5), where mixed mass terms of the type M gqr Qg have been rotated away, so that
the mass matrices of up-type and down-type quarks read

vY, O vYy; O
M,y = , Mg = . (4.2)
v Zy, Mg v Zq Mg

These mass matrices can be diagonalized via bi-unitary transformations, as in eq. (2.10):

VgTMuV]% =D, = diag(yuu YcU, Ytv, MT’) s

Lo | (4.3)
VL MdVR = Dd = dlag(ydvv YsU, YpU, MB/) )

"This analysis can be extended to N > 1. We make use of such a formalism for the cases with N = 2
in sections 6 and 7.
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and the rotation matrices V can be obtained from the Hermitian products /\/lq/\/lil and
M(TJMq, see eq. (2.11). The initial states are related to the mass eigenstates via

U1 u dl d
(%) d2 d s
= Vu ; = V 5 44
| =Vie | | =Vie |, (4.4)
! !
T L,R T L,R B L,R B L,R

where we have expanded and simplified the notation, cf. eq. (2.8). Finally, it is useful
to keep in mind the singular value decompositions of Y, and Yy introduced in egs. (3.7)
and (3.8). Namely, recall that

[AJJL Yy Uyr = Vo = diag(§u, e, t) , U(}L Yy Uar = Ya = diag(9a, 95, 9),  (4.5)

where the diagonal elements are not yet the physical masses in units of v (only approximately
so, see later eq. (4.10)). We also define

2y = Zu Uur = (24s 26, 21) 24 = ZaUar = (24, 25, %) - (4.6)

Then, one can directly decompose the mass matrices as

Uy 0\ (vY, 0\ (U0
Mq = a (q =u, d) ) (47>
0 1) \vz, Mg 0 1

and carry out their diagonalization. For both chiralities x = L, R, one finds that the rotation
matrices V can be schematically parameterized as

i (qu 1) <5qu 1) ( X ) (4.8)

in each sector, where each R4 matrix is a product of (1,4), (2,4) and (3,4) unitary rotations.
The present experimental bounds on VLQ masses are My, Mg 2 1.15TeV [75] for
vector-like doublets coupling to light generations (u, d and s quarks) and My, Mp 2 1.3~
1.5 TeV [76-78] for extra doublets coupling to the third generation (however, the limits also
depend on the couplings and branching ratios). For perturbative couplings, the bare mass
Mg (here a number) is expected to source the VLQ scale at the TeV or beyond, and thus the
ratio v/Mg is a small parameter. Taking this into account, masses and mixings in both the
RH and LH sectors can be directly related to Lagrangian parameters through power series
in v/Mg (see also ref. [45]). Note that, beyond agreeing with the EFT expansion, which we
revisit in appendix G, when computing tree-level amplitudes at relatively low energies, this
v/Mg expansion can be used at energies above the VLQ threshold, unlike the EFT one.
Before discussing the rotations bidiagonalizing the M,, we first obtain expressions for
the eigenvalues of /\/lq./\/l:;, i.e. for the squares of physical quark masses. One finds
M7, = M} [1 +zu? iy + O <Miﬂ ,
¢ ¢ (4.9)
M3, = M3 [1 + |24 2]\% +0 (A%)] ,
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for the masses of the new states, implying My ~ Mp/, and

mh = =R 1= P+ 0 ()] @ wen),
Q Q
(4.10)
N 2 4 .
mi =ty = 1= P+ 0 (3 )| i=dosb),
for the masses of standard quarks, where up- and down-type quarks are labelled by Greek and
Latin indices respectively. Note that, to first order in v/Mg, the physical Yukawa couplings

defined above as y,,; = mq,i/v coincide with the elements g, ; of the diagonal matrices Yq
and with the couplings of standard quarks to the Higgs boson.

4.1.1 The RH sector
An explicit parameterization for the down-sector RH rotation reads

R R R R
Vld Vls Vlb VlB’

R yR VYR VR 2
Vi — Vaa Vas Vo, Vapr || Uar 6Uqr
R = R yR VR VR -
Vai Vas Vap Vsp
R YR VYR VR 1 1
Via VBs Viy Vi
d ~d* (411)
cp1 —5%1 1 1
d ~d*
1 1 cho —5%5 |
R3 ~SR3
zd d =d d ad d
SR1 CRr1 SrR2 Cro SR3 CR3
RIR
resulting in
d zd  zdx d zd zdx ~dx d d
Cr1 —SRr25R1 ~CR25R35R1 ~SR1¢R2€R3
d zd  zdx ~dx .d
RIR 0 CRr2 ~S5R35R2 —S5R2CR3 (4.12)
Yl o cd g ’ '
R3 R3
d oz .d wd .d .d d .d .d
SR1 SRr2€R1  SR3€R1CR2  CR1€R2€R3
and a similar one is valid for the up-type quarks. Here,
. 5 . 5
ch, = cosbh, . 5%, = 5% Pk = sin 0% ., R (4.13)

are real cosines and complex sines of angles in the (1,4), (2,4), and (3,4) family planes
parameterizing the mixing of the first three families with the VLQs. We assume the analogous
parameterization with real cosines and complex sines also for the other unitary matrices

A

0Uqr, Ugr.

As it is clear from egs. (2.17) and (2.22), the RH charged currents and flavour-changing
couplings exclusively depend on the last rows of the matrices Vj, Vj'é, that is, on the mixings of
SM quarks with the vector-like doublet. For couplings < O(1), these mixings are determined
by the small parameter v/Mg. In fact, up to terms of order v? /Mgg, one can write V4 as

J I3z 21
V%: UdR X dMQ _'_O(]\q;)’ (414)
1 —ZdMLQ 1 Q
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where we have used the fact that 60Uy ~ 1 at this order. A similar expression holds for
the rotation V§ of up-type quarks. Thus, the mixing elements of interest, corresponding
to the last row of Vj‘%, are given by

v v v

VE =54 ~—zp— VE ~3b o~ — VRNS ~ —z 4.15
in first approximation. In particular, notice that the phases of these mixing elements exactly
coincide with the phases of the complex sines. As is clear from eq. (4.15), these coincide

with those of the extra Yukawa couplings z4,

arg(Vgi) = arg 5%% (= 5%2-) = arg z; , (4.16)

at all orders (this result is also independent on the parameterization choice of the order
of the product in R{®). In other words, the higher-order corrections to eq. (4.15) share
the same phase as the leading term. The matrix §Uyg =~ 1 contains tiny corrections given
by small complex sines

* yz U2 * yz . -

Sl<j = ZiZ; Z]Z 2 M2 = 2z ﬁW (Za] = 17273)a (417)
at leading order, where we have taken into account eq. (4.10) and the hierarchy between SM
quark masses.® A completely analogous discussion applies to up-type quarks.

Focusing on the last rows of V% and Vj‘%, one can find explicit expressions for the mixings

up to order v3 /M% In the up sector, for instance, we have

3
v v o5
Vﬁa:_zaM + Za ’Za‘Q_ya+Z|ZB‘2 3+O( 5)?
Q M, Mg
f<a (4.18)

R 1 v
VTT’ = 1—§|Zu| M2 +O Mgg y

with o = u, ¢, t and where we have once again taken into account the hierarchies between
standard quark masses. Similar expressions hold for down-type quarks. Given the above,
one can construct an approximation for the non-unitary mixing matrix in the RH charged
current. At leading order, it reads

Vud Vulz Vulg VuB’

Vi = Vit diag(0,0,0,1) Ve Vi Vs Vo Vet
- la’ M ) )] -

TR " vE VE VR VE

R yR VR
VT(d VT’S VT{b VT/B/

* ’U2 * '1)2 * '1}2 E (4'19)
Za Rd 753 Ry Rs 353 Ry Rb e — 2 =
udMgg usMZg ubMQé u g
* v * v * v *_U
ZeRd T FeFs NT FeFb A2 e Mg 3
= Q = Q +0( 2
* v * v * v x v M, :
Zy 2, Zy 2 A —Zy o Q
t<~d 372 ~t~s 32 ~t ~b 2 t
M3, M, MG, Mg

“tarly a1 (P )

8With a slight abuse of notation, it should be clear that z; = (z4); when i = 1,2, 3.
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Similarly, one can construct the matrices of RH FCNC couplings. In the up sector, F;, =
VET diag(0,0,0,1) V%, explicitly reads

2 2

2w * v? * v *_U
\zul® 3/ Znze AT At AT AT
JWQQ MZQ M2Q Q
* v 2w * v *_U
Zozu 3z |7l MZ FcFt T T Re g 3
F, = g Q 0 ¢ O 4.20
v * v? * v? 2 2?2 *_V + M3 ) ( ’ )
ZHau g Aoy 1lf i A G Q
Q Q Q Q

2
—zuMLQ —ZCMLQ —thLQ 1-— \zuP]&—%
while the down sector Fy = Vj‘l; diag(0,0,0,1) V}% has an analogous structure.

4.1.2 The LH sector

Regarding the LH sector, recall that, since the four quark species make up SU(2);, doublets,
the mixing matrix Vi = V}:”TVg is a unitary matrix. The extra elements in the V{ describe
the mixing of SM quarks with the VLQ doublets. These mixings can be parameterized
analogously to what was done in eq. (4.12), with the substitution R — L. The corresponding
mixing angles are suppressed by the ratio v? /M2, and are associated to complex sines which
at leading order read §r; ~ —;2; v? /Mé in the down sector (i — « in the up sector).

Focusing on the last rows of V¥ and V¢, one can once again find explicit expressions for
the mixing matrix elements. In the up sector, for instance, we have

9 4
L v ]. v 6
Vi = —Za?/am — ZaYa yi - §‘za|2 - Z |ZB‘2 ME +0 <J\l/)[g> )
Q B<a @ (4.21)

1 vt 6
VZL“T’ =1- 52 ]zg|2y% Mié? +0 (J\Zg) )
B

with a = u, ¢,t and where we took into account the hierarchy between SM quark masses in

writing terms of order v* /Mé2 in the first line. At this order, the last row and last columns

of the matrix R}* in the parameterization of V¥ are related by (Ry*)s ~ —(RY):, to a

good approximation, as one can anticipate from eq. (4.12). Using the fact that U, s, deviates
v

from 1 by small rotations with complex sines given by Si<; ~ 2z %FZQ (i,j = 1,2,3) at
Q

leading order, one finds
L 2 * v? * 2 1 2 2
Viirr =~ Z (UuL)ka ZayaMg T+ 2qYa | Yo T 5‘75&’ — |24l
Q

a=u,c,t

+0 (](fg) . (4.22)

where £ = 1,2,3. Similar expressions hold for down-type quarks. Keeping only terms up

v
A4
Mg

to order v? /M2, the mixing matrix in the LH charged currents reads

cr1 0 0 ST iy —319500 —c1,595501 —51ictact s
Vi, = _51?52} ~CZ2~ 0 i $12¢T VL 0 cf, ~57550%  —51hcls
—CLoS13511 —S13512 Cia S13CLiCla 1 0 0 ds -5
—871¢12CLs —872C13 —S13 CL1C12C13 59, 89,cd, 5.l ety cdicd,cd,

12

A 2 A 2
laxz  —Yuz) ]\UTC% v, g Yoz ﬁ% X
v
v, 21 ) {—z¥ 2% 1 o <W) ’
Zu¥uy 772 Zd¥d 32 Q@
¢ ¢ (4.23)
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where VL =oU qj L[A]z I Ud 1,0Uy1,. Here, Cqu‘ and qui are the cosines and complex sines which make
up the RZL matrices, defined as in the RH sector. For the last row and column of V7, one has

2
A v 4
Vi = (Za Zala Vs — Zi?/i) Wz + 0O (]\l/)[z;> ;
Q Q
(4.24)
L * 2}2 vt
ozB/ = (Z Vaz zz - Zayo‘) Migg o M7é )
where i = d,s,b and o = u,c,t. At this order, V%,B, ~ 1.
The matrix V;, introduced in eq. (4.23) can be approximately obtained from the rotations
defined in eq. (4.5), namely Vi ~ U;E LUdL, up to small extra rotations:

N P *yy- At s Ya¥B [pt P v
Vi = Ul Our] + ai (az#; T Z ]y? {U“LUC’LLJ‘JF%;Z&Z’B@/?&Q— Ya [U“LUdLL% My’
(4.25)

with o, 8 = u,c,t and 7,7 = d, s,b. Indeed, aside from the vQ/Mé suppression, one can see

that these corrections are always additionally suppressed by ratios of quark masses of different
generations and FCNC constraints (note that, for instance, Fj; d ~ ¥z 02 /Mg 2). Recall that

Ul LUdL is actually the 3 x 3 CKM matrix in the limit of a decoupled VLQ doublet. Moreover,
Vi is a unitary 3 X 3 matrix by definition — the corrections in eq. (4.25) are induced by the
unitary transformations 6U,;, and dU,;, between the three SM quarks. One can also see that,
to a very good approximation, Vi, corresponds to the 3 x 3 upper-left submatrix of V7, i.e.

vk = Va€+(9<“v ) (4.26)
Q

for @« = u,c,t and ¢ = d, s,b. In summary, we have schematically

[

vL vL vL vL, l
ud uLs ub uB U LUdL ~ Vg O (yz&é)
Vv, = Vg Vs Vi Vi - | +O(”4 mv2>
= =~ ML ! M2 )
Vi Vi Ve Vi || S o e
Viig Viis Vi Vi 2\
O yZMié | 1

(4.27)
at leading order, where m/m’ indicates mass ratios of different-generation quarks. The
explicit form of the O(yzv? /M%) off-diagonal blocks can be found in eq. (4.24).

4.1.3 Effective rephasing invariants

Let us note that the SM quark fields can be rephased in order to absorb 5 phases in VL,
e.g. one row and one column of Vi, can always be made real. Hence, V}, can be parameterized
by three angles and one phase, as in the usual CKM parameterization. When rephasing the
LH quark fields, the corresponding RH fields must go through the same phase transformation
in order to keep the diagonal Yukawa terms real. The effect of these transformations
(e.g. uL,R = ULR ei‘s“) can be absorbed in the R4 matrices, and corresponds to changing
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the phases of the complex sines, i.e. of the Yukawa couplings z, and z; (for instance as
s}‘%’ 1 sﬁ’ 1 e and z, — 24 ei‘su), where we have used the fact that relations analogous

to eq. (4.16) hold for the LH sector. One can then readily identify the following rephasing-
invariant quantities:

zV

ag )

zazﬂVLVBZ 2 VEVE zazj’-‘f/ﬂl*VLVﬁj, (4.28)

at Vo o

with o = u,¢,t and i = d, s,b. These quantities are related to the bilinears, trilinears and
quartets described in section 3.2. In fact, let us define’

_ v * Lx — YrRYrLx
ai = ﬁ%zazlvai = Vai Vaz )
T IUQ * (rLxYrL — Lx¥;
Tiap = Wzazﬁvai Vi = BV v,
f (4.29)

7 LYrLx — grdYrLYrL

7:36 jij = MQ Zj Vonvaj* - Fz]Vanaj* ’
Qunipj = ﬁé 2V VeV = VEVEVE v

While these do not exactly coincide with the previously-defined unhatted versions of section 3.2
— consider egs. (4.18), (4.19) and (4.26) — they differ from them by rephasing-invariant
quantities. The indices are now limited to those of light quarks, so that these are essentially
effective rephasing invariants. Moreover, they are approximately equal at leading order, i.e.

B o~ VRVL* BRL

ar "o ar )

Tiap = Fls ViV =TH:

4.30
7:1 wj = Fd Voalz/vag* Zﬁé ’ ( )
Qaij = Vai Vi Vi Vi = Qs+

meaning that for the purposes of phenomenology (see section 7) one may focus on the hatted
rephasing invariants. We also define the non-calligraphic hatted invariants

Quipj = VLVEVEVE ~ VIVEVEVE: = QLLEL (4.31)

which are the practical generalization of the SM quartets (VL V.E in the SM limit).
Let us also notice that in presence of only one doublet, if z, # 0 and z; # 0 the trilinears
and quartets can be written as

3 R* 23 1%
+_ BaBy Bl
i,af — 02 ’Z"Q - Fd )
2 1 3
Mg
e e
7A* A BaiBa] ~ BaiBa]
a,ij — T2 2~ Fu ’
M2 ’Za| ao
A~ 2
9The quantities V.t = ]C;—Qz,’;zi, Faﬁ = [2 zaz3, and F” = 12 zj zj, defined here for N = 1, are useful
Q Q Q

shorthands used in the following sections (and generalized in appendix G and section 7 for N > 1). To leading
order in v? /MC%7 they approximate the 3 x 3 upper-left submatrices of Vg, F,, and Fy, respectively.
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A Aﬁ,ijBaj _ 7Alaﬂl§ﬁi _ Bajégjgﬂi N BaJBZjBﬁi

Qm’,@j: 2 — 7,2 — T4 — d )
]\127(22|Zj|2 ﬁé|zﬁ|2 ]\1}*32|Zj|2|zﬁ|2 FiiFgs
Oy = QoiBie _ BBy BuBiBaly
aiff] = = - ’
g %yzamzm %|zj|2yzﬂ|2|za|2|zi|2 |ES12F 2

Thus, the physical phases may be identified as the six independent phases of the bilinears.
These relations do not hold in scenarios with vanishing couplings, e.g. when the vector-like
doublet is coupling only to one sector (up or down). In these cases, the phases of the trilinears
and quartets are independent CP-violating phases'? (see section 6 for further details). This
correspondence is strictly related to the type of WBIs needed to describe CP violation.

We also have the rephasing-invariant elements

2 2

A~ v A v

Foo = W\ZaP ~ Fys = W\Zﬂz ~ Fd, (4.33)
Q Q

together with the other CP-even quantities which are explicitly moduli (|V4|, [V.E|, etc.).

5 Weak-basis invariants

As mentioned in section 3, weak-basis-invariant quantities can be constructed in the quark
sector from Hermitian combinations of the quark mass matrices. In this section we show
how these quantities can be built in an explicit and systematic way and how they can
be related to the physical quark masses and mixings. We then demonstrate how one can
determine all parameters describing N > 1 VLQ doublet extensions in terms of weak-basis
invariants (WBIs).

5.1 Constructing WBIs

To construct WBI quantities, it is useful to define the Hermitian squared mass matrices
He= MM, Hop = MiIM,, (5.1)

with My = (my | M), see eq. (2.6). Recall the Hermitian combinations defined in section 3,
namely h, = mqmg and H = MM, which transform under weak-basis transformations
(WBTs) as

hg = Wih,Wr, H—WHW. (5.2)
Noting that H, = hq + H, one sees that also H, transforms as
Hy — Wi H, WL (5.3)

under WBTs. Since they transform in the same way under WBTs, combinations of the three
matrices Hgy, hg, H and of their powers can be used to construct WBI quantities. This can

107t is interesting to note that the SM limit can be regarded as such a singular case, where only the quartet
phase is relevant for CP violation.
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be done, for instance, by taking traces or determinants, since e.g. Tr(Wz”HqWL) = TrH,
and det(WquWL) = det’H,. Given that the three building blocks are related, not all
combinations necessarily lead to different WBIs. All independent WBIs can then be built
from traces of products of matrices involving only two of the three matrices H,, hq, and H.

Let us note that, in the case of a single VLQ doublet (N = 1), some simplification is
possible. Namely, since M is a column vector, MM is a number and H = MM is a rank-1
matrix. Then, MTM = Tr (MMT), resulting in

H?>=(TrH)H, forN=1, (5.4)

and thus reducing the actual degrees of freedom when building independent WBIs. In-
deed, eq. (5.4) directly implies

Tr(AH") = (Tr H) ' Tr(AH),  for N=1. (5.5)
Moreover, since MTAM is a number, equaling its own trace, one also finds that
Tr(HAHB) =Tr(HA)Tr (HB) , for N=1. (5.6)

The matrix H,r defined above can also be relevant when building WBIs. One has

(5.7)

meq m];M
Mtmg MM

HqR - MZMQ = ( I

which under a general WBT transforms as

Wil Wh WaTmim Wi WilmiMwy
HqR — t ’HqR = t t . (5.8)
wh Wr WEMTm WL WEMTMWg

Inspection of the matrix blocks motivates considering the 3x3 Hermitian matrices hqr = mfzmq
and m(TIMMqu, and the N x N Hermitian matrices Hgr = MM and MqumZM. These
are also viable building blocks of WBIs, directly connected to the transformations of RH
quark fields, which are physical in this beyond-the-Standard-Model (BSM) scenario. Within
each pair, matrices share the same dimensions and transformation properties, so that their
powers can be combined within traces to form two sets of independent WBIs. Note, however,
that WBIs built from these four RH Hermitian matrices are not independent from the ones
built from the LH Hermitian matrices, Hg, hy, and H, due to the cyclicity of the traces.

It is useful to relate these building blocks to the quark masses and the unitary rotations
connecting the flavour and mass bases. Using eqs. (2.11) and (2.13), one has

Hy=ViD2VET, Hor = VEDIVET,

i i > gt (5.9)
hy = VI D, ALT A% D, VI hgr = A% D2 A4S

The remaining Hermitian matrices depend on M, which can be written in two different ways,
using matrices from either one sector or the other, recall egs. (2.13) and (2.26). Therefore,
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the remaining matrices can be connected to the masses and unitary rotations in more than
one way. For instance,

H = VD VaDVE = VID,F,D VYT (g =u,d). (5.10)

Additionally, using H, = hy + H, we have hy = VZD(?VZT — H, which could also be obtained
from eq. (5.9) via eq. (2.24).

Now, we are in a position to construct WBIs and relate them to the quark masses and
mixings. The masses of all g-sector quarks can be obtained from a set of 3 + N WBIs
constructed solely from H,. These are given by

1 o
g det (Hq +$113+N) R (5.11)

ol | 0z° =0

Xo (Hq) =

where 0 < 0 < 2+ N. They are closely related to the coefficients of a characteristic polynomial,
with e.g. xo(Hy) = det Hy = (m?... M%)? and xo4n(Hy) = TrHg = (m)2 + ...+ (MF)2

WRBIs that are written in terms of the mixings involve matrices from both quark sectors.
We have, for instance, the following set of CP-even WBIs

2
Tr (HyHg) = Tr (V] DY VDY) = m2rmi : (5.12)

(67

L
Vai

which relate to the mixing of LH quarks. Here, the implied sums in « and ¢ go over all
3 + N quark masses in the up and down sectors, respectively. Similarly, after straightforward
manipulations, one finds

Tr (’H,Z_lHHfi_lH) — Tr (v}g DV Dfﬁ) 22

o 2

, (5.13)

which are related to the mixing of RH quarks.

As for CP-odd WBISs, i.e. WBIs with non-vanishing imaginary parts, one has to look
into combinations of at least three distinct Hermitian matrices and their powers. Some
of these are of the form

Tv ([H?, H3)H) = 2i T Tr (M H5H)
= 2i Im Tx (DY 1V, DI V) (5.14)

241, 2s+1 LR
; Im B

=2im; T m Pl

where we have recalled the definition of the bilinears BLE = VEVE* from eq. (3.20). As
before, the implied sums in « and i go over all 3 + N quark masses in the up and down
sectors, respectively. Note that, while in the SM the CP-odd WBI with the lowest mass
dimension has dimension M = 12, here, for the case r = s = 1, one finds a CP-odd WBI of
dimension M = 6 which is non-zero in general. In that specific case we have

Tr ([Hu, Ha)H) = Tr ([hu, halH) = 2i m3m3 Im BLE (5.15)

In principle, this could imply the presence of new and important sources of CP violation in
the quark sector, as we will show in sections 6 and 7. In section 6, we also identify other
types of CP-odd WBIs which can be relevant in enhancing CP violation.

,25,



5.2 Reconstructing minimal parameterizations from WBIs

In the last section, we showed how one might construct WBIs and relate them to quark
masses and mixings. Here, we are instead interested in the possibility of reconstructing the
quark mass matrices from a set of WBIs. To do this in a comprehensive way, it is important
to fix a suitable weak basis. In fact, this is a crucial ingredient; for certain WB choices,
the mass-matrix parameters present in the relations may be entangled in a convoluted way,
that obscures or even obstructs a viable solution.

In section 5.2.1, we will show how to characterize all 22 parameters of the stepladder
WRB, in the N = 1 case, in terms of a relatively small number of WBIs. In appendix D,
we present an alternative procedure which considers the minimal WB. Although slightly
less direct, the latter can be applied to the case of N > 1 doublets. A numerical example
is presented in appendix D.1.

5.2.1 Reconstructing the stepladder WB
Recall the stepladder weak basis introduced in section 3.1, eq. (3.17), for the case N = 1:

o . 0 (Vo[ ma O
Mu = (MQ - MQ) o Ma= <0 1) (MQ T MQ> ‘ (5-16)

Here V is a general 3 x 3 unitary matrix having three real angles and six complex phases, one
of which is an internal phase, while the other five are factorizable phases. The real vectors
rqy and real matrices mq,, are, in both sectors, of the special form

T‘q5 0 0
rg=(00740), 1ig=Mg|rurg 0|, (5.17)
0 7rg2 T1
while Mg is a real number. In fact, we may choose Mg and all the (dimensionless) ry4; to be
non-negative, as any physical minus sign can be incorporated into V via suitable rephasings
of the quark fields. In this way, the matrices

rgs 00 0
( mg 0 ) — Mg Tq4a Tq3 0 0 (5.18)
MQ Tq MQ 0 Tq2 Tq1 0

0 0 T'q0 1

have a “stepladder” shape. As we shall see, this distinctive structure will be crucial to
establish direct relations between the mass-matrix parameters and WBI quantities. For
starters, in terms of the former, the RH Hermitian squared mass matrices Hygr = MZMQ
are real even for ¢ = u (they do not depend on V) and read
Hor = <qumq + Margra Marg ) . (5.19)
M, O Tq M 5
Before proceeding, recall that this is also a “minimal” WB. Indeed, by counting the
parameters that characterize this WB — the 12 real parameters ry;, the mass scale Mg, and
the 9 parameters that determine ¥V — one finds a total of 22 parameters, which coincides
with the number of physical parameters of the model (cf. table 2 and the discussion at
the end of section 3.1.2).
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A “step-by-step” solution. Now, as it is clear from the discussion in section 5.1, using
Hyr one may construct the following CP-even WBIs,

I =T (Ko HEE?) | Ko = diag (0,0,0,1) (5.20)

where k € {-1,0,1,2,...}.

Note that these invariants differ in nature from those in the SM. We recall that in
the SM, with the 3 x 3 RH Hermitian squared mass matrix h = m'm, we can only obtain
information about the masses. There are no Z-mediated currents involving the RH fields.
The limited information regarding physical parameters that is contained in A can be accessed
by computing, e.g. Tr h, Tr(h?), and Tr(h3) or det h. The same applies to the RH Hermitian
squared mass matrix of extensions of the SM with VLQ isosinglets, as in that case, there
are also no Z-mediated currents involving the RH fields. Clearly this is not the case for
extensions of the SM with doublet VLQs, where we must deal with extra New Physics (NP)
present in the mixing of RH quarks. Thus, in the considered model with one doublet VLQ,
one expects more information to be contained in WBIs built from RH Hermitian matrices.
Indeed, and in contrast with the SM, there are RH weak-basis rotations which are necessarily
shared between the up and down sectors, allowing for the construction of the new types
of WBIs considered here.

The real parameters ry; and Mg, contained in eq. (5.18), can be determined in terms
of the I,g'. We find, for both sectors (¢ = u,d),

17 = M, (5.21)

and then, making use of the rescaled invariants

1
q _ qf _
I’“:WIkv k=0,1,2,..., (5.22)
Q
we obtain
Ip=1+ 7“8 ,
2\%2 | 22
Il = (1 +T0> +T07‘1 5
3
o= [(1 )"+ 2t oot o 2] i, (529
I3 = P3(r(2)) T%a T%) + T%T%T%T% ’
Iy = Py(rg, 13,13, 13) + rgrivirirg,
where P, are polynomial functions of 73, . .. ,7‘,%_2 and 7’,%_1. Here, and for now, we omit the

superscript ¢ when expressions apply to both sectors. It should, however, be stressed that
one generically needs to compute two invariants of each kind, one for each sector.

Given the structure of the stepladder WB, the relations of eq. (5.23) also follow a
“stepladder pattern”. By this we mean the following: the invariant I; is the sum of a
polynomial in 7y, which can be determined from Iy, and a single term depending on the
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next parameter 71, to wit, the term r3r?. This pattern repeats itself: each invariant Iy

can be written as the sum of a polynomial Py(r3, ..., 7’13—1) and a term proportional to 7“,%.
This allows one to iteratively extract each of the r;. Finally to obtain r5, one may compute
I5 or, alternatively, evaluate

detHp = Mg rirar? (5.24)

for each sector. Thus, in both sectors, one can directly extract Mg and all 73 from a
small set of WBIs.

However, it should be noted that this method appears to fail when some r, = 0. In fact,
if a given rp = 0, then none of these invariants depends on any of the r;~;. For example,
if 7o = 0 then I3 and I (as well as all Iy~4) are independent of r3 and r4. Still, in those
cases'! one can always determine all non-vanishing r; parameters, as there is a stepladder WB
where the off-diagonal 7~ also vanish (see the discussion at the end of section 3.1.2). In this
stepladder WB, the mass matrix is block-diagonal and only the r; of the upper-left (diagonal)
block remain undetermined. They can be obtained with the help of the determinant of Hpg or
traces of its powers. For instance, if ro = 0, then r4 = 0 in this WB, and one would extract
r35 by computing Tr'Hp = Mé(l + 78 + 72 4+ 72 + r2) and det Hp given in eq. (5.24).

To complete our characterization, we need to express all parameters of the unitary matrix
V in terms of WBIs. Here we will assume that all r; # 0. From the form of My in eq. (5.16),
it is clear that the WBIs that may “capture” the entries of V are those which relate to
WBTs of LH fields. Since V is in general complex (in fact, it contains all physical phases)
one must also consider CP-odd WBIs.

There is an analogous iterative way to fully determine V. We start by defining

1 T S
Jrs = ey 1 (HUHGH) - (5.25)
Q
Then,
_ 1 _ 2 9 -
Jin = —5 Tr (HyHaH) = (147150 ) (1+ 750 ) + TuoTu1 TaoTa1 V33 (5.26)
Mg

which is linear in V33, and depends on the already-determined real parameters rqi and M.
Thus, by computing Ji1, which is complex in general, both H~/33| and arg Va3 can be determined
without discrete ambiguities. Next, we evaluate

1 -
Jig = i Tr (HuH?lH) = P12 + Tu0Tu1 TdoTd17d27d3 V32, (5.27)
Q
where P12 is again a simple polynomial which depends on already-known parameters, including
Vas. Explicitly, we have
Pi2 = (1 + 7‘,210) [(1 + T?[@) (1 + 7“30) + TdoTd1 TuoTul ‘733}

+ rqoTd1 {Tdordl (1 + 7“30) + Tu0Tul (rgl 1 7"22) ‘733} . (5.28)

1'We disregard the cases where 71, rs or 5 vanish, as those amount to vanishing masses, cf. eq. (5.24).
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Notice that Jq9 is linear in 1732. Thus, like ‘733, this entry can be fully determined without
ambiguity. Further computing

Jiz = Tr (’H HdH> = P13 + Tu0Tul TdoTd1Td2Td3TdaTds Va1 (5.29)

M10
allows one to find V31. Once again, P13 obeys the stepladder pattern: it is a linear combination
of the previously-determined entries of V', whose coefficients are polynomials in the r4;. The
new invariant Jis is again linear in V31, which is found directly.

To obtain all other Vij, one needs to repeat this scheme, carefully choosing which
invariants to compute. By computing, in the following order, the invariants

1 N
Jo1 = U Tr (HinH) = Po1 + TuoTulTu2Tu3 TdoTd1 V23 ,
Q

Js1 = Mlo Tr (HngH) = P31 + Pu0Tul Tu2 usTudTus TdoTd1 Vi3 ,
1
Jo2 = g T (H2H§H> P22 + Tu0TuiTualu3 TdoTd1Tdards Vo2
? (5.30)
Js2 =g I (H Hall ) P32 + Fu0Tul TuaTu3TudTus TdoTd17d27as Via
Q
1
Jos = T T ( aH H) P23 + Pu0Tul TuaTusTudTus TdoTd17d2ras Val ,
Q
1
Jss = I <H3HdH ) P33 + Fu0Tul TuaTu3TudTus TdoTd1Td2Td3TdaTds Vi1 ,
Q

one fully determines all the remaining f/l-j in succession, where again the P;; follow the
stepladder pattern, being linear combinations of the f/ij obtained in previous steps. As a
corollary, one sees that the vanishing of all nine J;; is a sufficient condition for CP invariance
in the case of non-vanishing rg;, with ¢ = 0,1,...,5. In section 6.3 we study the conditions
for CP conservation in the various cases where rqg, 742 Or rg4 vanish.

A direct connection is thus established between WBIs and WB parameters. In summary,
we considered 13 CP-even WBISs, namely I’ ; and the 6 invariants Ig,m’5 for each sector
(¢ = u,d), where the I can be exchanged for det Hyg; as well as the 9 WBIs J,,, with
r,s = 1,2,3. This set of 22 WBIs can be described collectively by

1

Zs T o(ltrta)
v (147r+s)
Q

Tv (KO HSH) (5.31)

for (rs) = {(00), (01),...,(06), (10),...,(60), (11), (12), (13), (21), (22), (23), (31), (32),
(33)}, with Zos = I, and Zyo = I 1. In general, the 31 real constraints described above
are required to determine the relevant 22 parameters. In most cases, the unitarity of V
can reduce the number of necessary constraints.

6 CP violation

In this section, we examine the CP-violating properties of a model containing vector-like quark
doublets in a weak-basis-independent way. CPV must be connected to the non-vanishing
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imaginary parts of weak-basis-invariant quantities, e.g. imaginary parts of traces of mass
matrix combinations [60, 61, 63, 64, 66]. We will show that there is a crucial connection
between weak-basis invariants (WBIs) and effective rephasing invariants, which provides a
compelling tool to analyze CP-violating phenomena (see also section 7).

We start by illustrating the construction of CP-odd WBIs in section 6.1. In section 6.2,
we will show in the scenario with one VLQ doublet (N = 1) how the information carried by
each WBI becomes evident using the parameters defined in section 4.1. These parameters are
directly connected to observables. We show that the WBIs can be expressed in terms of the
masses and mixings of the three families of SM quarks (providing an “effective” description of
the WBIs). In particular, WBIs can be given in terms of the rephasing invariants introduced
in section 4.1.3. In section 6.3, we derive a complete set of conditions for CP conservation in
the case of N = 1, under the assumption of non-vanishing and non-degenerate quark masses.

6.1 CP-odd weak-basis invariants

In the SM, the presence of CPV is connected to the non-vanishing of one weak-basis in-
variant [60, 73, 74]:

Tr[Hy, Ha]® = 3det[Hy,, Hd)

= —6i (mi —mg)(mi —my)(mZ —mg)(my —m3)(my —mg)(ms —mg) J,
(6.1)
where H, = Mq./\/lj] as defined in section 5.1, while J = Im(V,,4V,sV,5;V.) is the rephasing

invariant of eq. (3.18). The vanishing of the trace in eq. (6.1) is a necessary and sufficient
condition for CP conservation in the SM. This trace is the non-real WBI with lowest mass
dimension which can appear in the context of the SM, as J is the simplest complex rephasing
invariant that can be built. In a scenario involving VLQs, the extra couplings can act as
new sources of CPV, since new physical phases emerge. Also, different kinds of complex
WBIs can be built with lower mass matrix powers with respect to the SM, which can be
traced to the presence of the new rephasing-invariant quantities, involving two or more
quarks (recall section 3.2). In the following, we analyze the structure of different invariants
of increasing mass dimension.

6.1.1 With one or more VLQ doublets

The ingredients to build WBIs were provided in section 5.1. To construct CP-odd WBIs, one
has to look into combinations of at least three distinct Hermitian WBI “building blocks”, i.e.
powers of H,, Hq and H. Then, the simplest WBIs are of the form (see also eq. (5.14)):

Im Tr [HZ HE H} =ImTr {(MUML)H (MdM(];)kMMT] =

34N (6.2)
— Im Tr [DZnHVLDZkHVH _ Z min+1m22k+1 Im (VC{Z V£*> ’
a,i=1

where, as before, the Greek (Latin) indices refer to the up (down) sector and H = MM as
defined in section 3. Ordering them by mass dimension, the first CP-odd weak-basis invariant
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appears at mass dimension M = 6, using three Hermitian blocks:
3+N
I Tr [, Hg H] = Im Tr [ DIVEDIVE | = - mimd Im (VE V) (6.3)
ai=1
We also specified the expression of the invariant in the mass basis. In the last term, the
sum runs over all species, the three standard model families and the vector-like doublets.
Note that this lowest mass dimension CP-odd WBI brings with it the rephasing-invariant
quantities BLE = VLV E* In fact, The presence of these bilinears points to the fact that
these extensions can induce CP-violating effects involving only two quarks. For instance,
contributions to electric dipole moments and direct CP violation in kaon decays ¢’ emerge
at tree level from the imaginary part of V.EVI* and V.EV.E* (see section 7.3). Let us note

that in the mass basis, using the relation in eq. (2.26), the WBI in eq. (6.3) can be written
also in other ways involving more insertions of mixing matrices:

3+N

Tr [y Ha H] = Te [DIVIDIVE] = > mimd ViV
a,i=1
3+N
= Tr [D2V, D3EDVE] = Y m2mdm; VEVE Fe
a,i=1
T SN (6.4)
=Tr [DVLDIV/DuF.] = > mimimgVl Vi FL
a,i=1
3+N
= Tr [D2V, DAVIDVRDV]] = 3 mimimgm;VE VE VEL VE,
a,i=1

that is, in terms of the other rephasing invariants, trilinears and quartets (see section 3.2).
We stress that the sum runs over all quarks, SM and vector-like, involving the whole
(34 N) x (3 + N) mixing matrices V,, Vg, F, 4. In the next section, it will be shown in the
case of one vector-like doublet (and in an example with two vector-like doublets) that there
exists a direct connection between the form of the weak-basis invariants and the effective
rephasing invariants studied in section 4.1.3, which involve only the standard model quarks.
In particular, it will be shown that the invariants built with three Hermitian matrices (of the
type of eq. (6.2)) only involve bilinears Bei, where a = u,¢,t and i = d, s, b.

We may, of course, obtain higher-order WBIs, in general of mass dimension M =
2(n+ k+ 1), by choosing different values of n and/or k. This means that, apart from the
single 3-block WBI for M = 6, we can obtain two WBI for M = 8, three for M = 10, four
for M = 12 and so on. In each one of those cases we could also make use of eq. (2.26) to
write different but equivalent expressions.

Other distinct structures emerge when we consider WBIs with four Hermitian blocks
of the form

34N

I Tr [H Hy My H| = > m2mim2m 2 i (VE VS FL,)
a,i=1
3+N

I T [H MG HG H| = 3 m2™Hm2m2 4 tm (Vi VE F)

a,i=1

(6.5)
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where n # m in order to get a CP-odd invariant. The invariants of these type with lowest mass
dimension are the two M = 10 WBIs obtained for m = £ = 1 and n = 2. All these invariants
contain now the imaginary part of the rephasing invariants VaLZVaLJ*Fd and VLVL* Fg,
(trilinears) in their expression with the fewest mixing matrix insertions. The trilinears
involve three quarks and are related to CP violation in flavour-changing neutral currents
(see section 7.4). Using the relation in eq. (2.26), also these WBIs can be expressed with more
insertions of mixing matrices similarly to eq. (6.4), so that larger rephasing invariants appear,
in particular quartets and quintuplets V.2 VL* Vﬂj V (and similarly interchanging up
and down quarks). The content of the weak-basis 1nvar1ants will become clearer in the next
section in terms of the effective rephasing invariants described in section 4.1.3. We will show
that in the case of one vector-like doublet the invariants built with four Hermitian blocks (of
the type of eq. (6.5)) involve bilinears Bg; and trilinears 720[5 (or 72717), where the indices
only refer to SM quarks a = u,c,t, i = d,s,b.

A sixth invariant of mass dimension 10 emerges in the form with five Hermitian blocks:

3+N
I T [HE HEHLHE H| = Y- m2m mmdm2 i (VEVEVEVE) . (6.6)

(2
a,i=1

where n = m = £ = k = 1 at mass dimension 10. This invariant contains in its simplest
expression the rephasing-invariant quartet VL VBLz*VﬁJ VR* involving four quarks. By doing
the same exercise of expressing the matrix H in dlfferent ways in the mass basis with more
insertions of mixing matrices, as in eq. (6.4), one can find again larger rephasing invariants,
including the sextet V.2 V£ Vﬂj V VI VIE We will show that in the case of one vector-like
doublet, the invariants built with ﬁve Hermltlan blocks are given by combinations of bilinears
lg’m-, trilinears ﬁ,ag, 7;@] and the quartets Qmﬁj defined in section 4.1.3, involving only
SM quarks, a« = u,c,t, i = d,s,b.

At M = 12, apart from the WBIs of egs. (6.2), (6.5) and (6.6) containing the H block, we

have the SM-like WBI built with four Hermitian blocks which is not vanishing in the SM limit:
3+N
Im Tr [Hz HEHo Hd] = Z mimfm%m? Im (VLVBLZ* Vﬁ] VL*) (6.7)
a,i=1
which contains the quartet of mixing elements of the left unitary matrix.

From the results found in this section we can already expect that the CP-violating
content embedded in the invariants depends on both the mass dimension and the number
of Hermitian blocks from which it is built. For instance, the WBI of mass dimension 6 is
built using three Hermitian matrices. The WBIs of mass dimension 8, which are also built
with three blocks, bring different powers of the quark masses but share the same structure
of the invariant of mass dimension 6, whereas the invariants of mass dimension 10 built
from four or five blocks also bring new types of rephasing invariants. We will uncover and
analyze this connection in detail in section 6.2. We will use the notation I(M, k) to identify
each CP-odd weak-basis invariant, by the mass dimension M and by the number of blocks
k (e.g. the 3-block WBI with M = 6 is dubbed I(6, 3)).

By proceeding to higher mass dimension, weak-basis invariants with the same number
of blocks will manifest the same expressions of rephasing invariants and mass eigenvalues,
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differing only by the powers of the mass eigenvalues. We will show in section 6.3 that the
invariants listed in this subsection are sufficient to describe CP violation in the presence
of one doublet.

6.1.2 For more than one VLQ doublet

New structures and new rephasing invariants will appear when the WBI is built using a
larger number of Hermitian blocks. For instance, at mass dimension M = 14, WBIs can
be built using six Hermitian blocks:

3+N
T T [ MG Ho HY My H| = 30 m2mHm2m g m P m2 1 tm (VEVE VEVE FR)
a,i=1
34N
Im Tr [”HQ” HEHEHP M, H} = Z m?mﬂm%mznmﬁ mi ! Im (VL* VL V V,BLk Fk‘fl) ,
a,i=1
(6.8)
with m # r. Similarly other invariants can be constructed at higher mass dimension. We can
also mention that by adding the pair of blocks H;'H]; to the SM-like weak-basis invariant
of eq. (6.7) one finds the rephasing invariants built only with the left-handed mixing matrix
V. For instance, at mass dimension M = 16 one finds

34N
T Tr [, 13 Mo Ha Ho Ha| = Y migmitmBmimim T (VEV VAV ViRV ) -
a,i=1
(6.9)
In the presence of more than one vector-like quark doublet, at mass dimension M = 8
one also encounters other types of WBIs, such as:

3+N

I Tr [Hy Ha H?| = Im Tx | DIV, D3V D2, | = BZ mimim3 Im (VE VP FS, )
a,fB,i=1
3+N

=T Tr [ DIViDIFDIVE| = > mimim? Im (VEVEF)

(6.10)

ai Vaj i
a,i,5=1

where other trilinear rephasing invariants appear.

Starting from mass dimension M = 10, one can also construct WBIs using the product
H.HHg, which results in rephasing invariants featuring the entries of Vg instead of Vr:

3+N
I Tr [H, HH H2| = I Tr [ DIVRDIVIDZE, | = > mimim? tm (Vv FY,)
CV,B,?:ZI
3+N
= ImTr | DYVRDIEDIVE| = > mimim? tm (VEVEE]) .
a,i,j=1

(6.11)
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Larger rephasing invariants containing the mixings of the right-handed sector emerge by
building WBIs of higher mass dimension with the Hermitian matrix H:

Im Tr [’Hu’Hd Hﬂ

3+N
= Im Tr | DIVRDIVIDIR,DLF, | = Y. mimimim} tm (VE VP FL )
a,3,0,i=1
; 3+N
= Im Tr | D}V, DFDIFDIVE | = 2% 1m§m§m§m§ fm (Vi FA V) (612
a7Z7]7 =
; 3+N
d *
= ImTr | DIV DIFDIVEDIR, | = > mimimim? tm (VY P VI Fy,)
oBig=1
: : 3+N
2 2 2. 2 L * *
= ImTr [ DIV, DIVEDIVRDIVE| = > mdmimdm? tm (VEVIFVEVSE) .
avﬁvi’jzl

Note that the different expressions in this equation all appear with the same minimal number
of insertion of mixing matrices.

Let us remark that in the case of only one vector-like doublet, N = 1, the rephasing

invariants (and weak-basis invariants) containing only matrix elements related to the right-

; Ry /R _ Ry/Rxppd __

handed sector as in eq. (6.11) are real (e.g. V,; V5" Ff, = Fy k) and Vi Vo' Ff =

FZ‘fFngF W, in eq. (6.11)), whereas weak-basis invariants built with more than one H block
can be written in terms of weak-basis invariants with lower mass dimension containing only
one power of H as shown in egs. (5.4)—(5.6) (e.g. the trilinears in eq. (6.10) reduce to the
bilinear form times a modulus: Im(VLV.1*) i3 and Im(VEVESE jdj respectively). Similar
situations may happen in specific scenarios in presence of more vector-like doublets, e.g. if

the row vectors z,,(;) are orthogonal among themselves.

6.2 Effective CP-odd WBIs

In this section we provide an “effective” description of CP-violating weak-basis invariants, in
particular for N = 1. Namely, we express the invariants in terms of the couplings involved
in SM quark interactions, which are connected to the 3 x 3 submatrices of Vi, Vi, Fy and
F,, describing the coupling of SM quarks to W, Z and Higgs bosons. We show that in
this way the information carried by weak-basis invariants can be more easily understood
and connected to observables. Moreover it is possible to find a set of CP-odd weak-basis
invariants which can give a complete description of the CP-violating effects in presence of
one vector-like doublet mixing with the SM quarks.

This analysis is possible by taking into account that the ratio v/Mg is a small parameter.
As described in section 4.1, masses and mixings can be expressed in terms of Lagrangian
parameters, more precisely the parameters in eq. (4.6), by an expansion in v/Mg. Then,
these relations can be used to write expressions for the weak-basis invariants, which are
simply related to both the minimal set of Lagrangian parameters and mass-basis quantities,
and ultimately, to observables. In particular, for CP-odd weak-basis invariants this expansion
also allows to clarify the content of weak-basis invariants in terms of rephasing-invariant
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quantities involving only the three SM quarks. We illustrate the results and leave the details
in appendix E.
Let us consider first CP-odd invariants of the form:

I(M,3) =Im Tr[HHT H], (6.13)

where we used I(M, 3) to denote the family of invariants with the mass dimension M = 2(n +
m + 1) and built from 3 Hermitian blocks. Using the expressions of mass eigenvalues and
mixing elements found in section 4.1 we find (see appendix E for details):

1 4 3 .
2y T (P H] = 1\1}432 St (VEzaz) vay (1+ES™) . (614)
Q i,a=1

where k‘g:m) stand for real corrections of order v? /Mé or higher. CP violation is carried
by the imaginary part of the rephasing-invariant quantities

2
V4 A
—_vyiL

* (r L YrRx Ak Rx
M3 wizaz; =VEVIE =B ~ VLV (6.15)

In the general case, all couplings z,, z; are different from zero, and thus all physical phases
would appear in this class of invariants (see section 4.1.3). Even if the new physics only
brings a real contribution, in the sense that only one phase survives in the model (e.g. if
all z,, z; were real in this parameterization), the CP-violating effect of the remaining phase
would appear in these invariants. If the condition Im (V.5 z,2#) = 0 held for each a,i (or
for six independent combinations) then there would be no CP violation. These conditions
change when some couplings are vanishing. In this case, not all physical phases emerge in
bilinears and rephasing-invariant trilinears and quartets become essential in the description
of the CP-violating effects. In fact, in a situation in which one or more z,(; are zero,
the rephasing-invariant trilinears and quartets 7; o3, 7a,ij, Qaigj (see eq. (4.29)) cannot be
written in terms of bilinears Bo; as shown in eq. (4.32) and they become non-redundant.
As a consequence of this observation, we can already anticipate that in these scenarios the
vanishing of the imaginary part of invariants containing only the bilinears will not suffice
as conditions for CP conservation.
For completeness, let us notice that similar expansions hold for the real part of the same
invariants. In first approximation, one has
1 " A v? 9 9
y Tr [’Hu Hy H} ~1+ WZ(M%\ + m|zi|7)

2(n+m+1 -
Mg Q i (6.16)

=1+ny Fy,+my Fj.
o i
If only two couplings are switched on (i.e. only z,, zs # 0), this means that, at first order

1 N N
—5 T [Hy Ha H| = 1+ Bl + F,

Mg
1 B . (6.17)
M—gImTr [/Hu'HdH} ~ Mié Yu Ys Im (Vus Vus ) .
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The next type of CP-odd invariants we can consider are of the form:

I(M,4)4 = Im Te[HTH.HEH],
(6.18)
(M, 4), = Im Te[HTH H H],

with M = 2(n+m+ ¢+ 1). Taking n > m, we have

1

malam
) Im Tr [Hd HquH]
Q

3 v4+2m

44-2m
Mg
pA+2m+20

{76

Im (‘A/aLl 22! ) Ya y?m—"l (1 + k(n’m’e))

i f=1 (6.19)

+ tn (VEVE 225 ) 2™y 2 (14 k™)

ai ¥ aj aig

MpAt2m+2e
Q

v8+2m 3 L _x 9 Lx* * 2m+1 (TL,T)’L,[)

and similarly for the second invariant with the exchange of the down and up sectors. These
invariants contain the rephasing-invariant quantities involving three quarks associated with
flavour-changing neutral currents:

2
v AT A A AT A A
— 2 VEVE = PAVIVIy = 7.~ VIV IR

M ai ' aj ij Vot oy airVaj *oigo
Q
6.20)
2 (
v *YrLYrLx* frux Yy LyrLx 7+ Ly L* pu
M2 Zazﬁvaivi = af}vmvi = liaB = ViV Ba
Q

The last term of eq. (6.19) involves the quantities of the type VCﬁVBLJ*z;“ zjzazg which can be
expressed in terms of the rephasing invariants Vogzaz;" .
Lastly, we can consider the 5-block weak-basis invariants

I(M,5) = Im Te[HPHEHEH T H], (6.21)

with M = 2 (n +k +m + £+ 1). Besides the leading-order terms proportional to V.: z,2*
and those associated with flavour-changing neutral currents Voﬁf/%* ZaZg, VaLZ*VOZ ziz;, these
invariants contain the rephasing-invariant quantities involving four quarks
2
v (7 Lx{rLYyL _ {yRx{rLx\yLY/L _ A ReysLxy,Ly/L
For instance, for the WBI of mass dimension M = 10, we can write (see appendix E for details):

1
— I Tr [HyHgH HaH]

MY
U4 3 L * (10&)
T ,ZI tin (Vif 202 ) o (1+ ™) (6.23)
1,0=

;US ’ L YrLYrLx* * 2 2 (10b) U12
imjvaaB:]-
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Finally we can consider the SM-like weak-basis invariant shown in eq. (6.7) which is built
with four Hermitian building blocks without the insertion of H = MM in eq. (6.7). This
invariant contains, besides bilinears, trilinears and quartets, the SM-like quartet

Quig; = Vai Vi Vas Ve (6.24)

recall eq. (4.31). Note that if we consider the rephasing invariant extracted solely from the
LH mixing, J = Im(VELVLVL*VE*) (see eq. (3.18)), then we have

| Tm Qaipj| =~ | Im VaLz'VgLi*V,BLjVaLj*’ ~ |J]. (6.25)

We can conclude from the result of this section that there is a unique connection
between weak-basis invariants and rephasing invariants. Weak-basis invariants built with
three Hermitian blocks only contain bilinears, while trilinears appear in 4-block invariants.
The non-standard quartets appear in 5-block invariants. The SM-like quartet explicitly
emerges in the SM-like WBI of eq. (6.7).

6.3 Conditions for CP invariance

We can now study the weak-basis-independent conditions for CP invariance (CPI) in the
presence of one vector-like doublet. If the imaginary part of any weak-basis invariant is
different from zero, then at least one physical phase is present in the model, inducing CP
violation. The conditions for CPI can be obtained by imposing that all CP-odd weak-basis
invariants vanish, i.e.

I(M, k) =0. (6.26)

More precisely, we want to find a set of invariants which may completely describe the CP
properties of the model. Then, the vanishing of these invariants would also imply CP
conservation. We assume non-vanishing and non-degeneracy of quark masses. The results
obtained in section 6.2 provide a simple guide in the identification of the set of invariants
relevant in different scenarios, depending on the mixing of the VLQ doublet with the standard
quarks. In the following, we illustrate the choice of weak-basis invariants as based on these
results. A more rigorous proof is given in appendix F.

We summarize our results in table 3. In the first two columns of this table the number
of couplings between SM-quarks and the extra VL(Q doublet which are switched on are
indicated. In the third column we write the number of physical phases in each case. For
each scenario, we indicate the type and number of weak-basis invariants which can provide
a complete characterization of the CP properties of the model and whose vanishing would
correspond to CP conservation. The entries with zeroes indicate that the imaginary part
of the corresponding invariant vanishes in that scenario. Note that if the VLQ doublet
is decoupled, or exhibits only a non-vanishing coupling with one generation in only one
sector, then the sole non-zero CP-odd invariant is the usual SM-like invariant for 3 + N
generations, with mass dimension M = 12 and built from 4 blocks (see eq. (6.7)). The blank
space indicates that the CP-odd WBIs is non-zero, but the condition is redundant. In fact,
the set of invariants indicated in the table is not minimal, as we use the most convenient
set of WBIs in each scenario.
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#zi #za #0 #IM26,3) #IM=>8,4)s #I(M=>8,4), 1(10,5) Ij5uy

3 3 6 9

3 2 ) 7

2 3 ) 7

2 2 4 4

3 1 4 3 1

1 3 4 3 1

2 1 3 2 1

1 2 3 2 1

3 0 3 =0 6 =0 =0

0 3 3 =0 =0 6 =0

2 0 2 =0 2 =0 =0

0 2 2 =0 =0 2 =0

1 1 2 1 1

1 0 1 =0 =0 =0 =0 1
0 1 1 =0 =0 =0 =0 1

Table 3. CP-odd weak-basis invariants needed for CP conservation in different scenarios, in the
presence of one vector-like doublet, assuming non-vanishing quark Yukawas with a SM-like hierarchy
(see the text for more details).

All z; # 0, zo # 0. Let us start by the most generic case in which all couplings are allowed
to be different from zero. In this scenario, all the elements of the matrices Vg, Fy 4 are
non-vanishing and right-handed charged and neutral currents, both flavour-changing and
flavour-conserving, are generated between SM quarks. In this case, the WBIs with three
blocks in eq. (6.14) are linear combinations of the 9 bilinears Im (V.52,2f). The 9 phases
arg (VaLizaz;‘ ) are not independent, but in this scenario all the 6 physical phases emerge in
these combinations. Moreover, the vanishing of all the Im (Valgzaz;“ ) for each «,i implies
the vanishing of all physical phases, that is, CP invariance. In fact, as we have found
in section 5.2.1 using the “stepladder” weak basis, the sufficient and necessary conditions
for CPI in this scenario correspond to the vanishing of the imaginary part of 9 WBIs built
from three Hermitian blocks.

One z,(;y = 0. In this scenario, one row or one column of Vg is zero, as well as one row
and one column of F, or Fy. There are 5 physical phases. Since there are 6 bilinears
Im (Voﬁzazl*) the 5 independent physical phases can be chosen among the 6 phases of the
bilinears. Hence, the situation is similar to the previous case, with 3-block WBIs containing
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the information on CP violation. It can be shown using the stepladder WB that the vanishing
of the imaginary part of 7 WBIs with three blocks are the necessary and sufficient conditions
for CP conservation in this scenario (see appendix F).

One z; = 0 and one z, = 0. In this scenario, one row and one column of Vg are vanishing,
as well as one row and one column of F, and Fy. There are 4 physical phases and 4

combinations Tm (V%z,2¥). Also in this case, the conditions Tm (V%2,2}) = 0 for each i

[6%)
imply that all physical phases are zero. This can be seen e.g. by choosing the elements VBLJ of
a row 3 # « and a row j # ¢ to be real and also zg real (one column and one row of V7, can
always be made real, together with one of the couplings z,(;) and assigning three phases
to the other three non-vanishing z-couplings and the remaining one to the 2 x 2 submatrix
of V. Then these 4 phases are directly related to the phases of the bilinears in a trivial
relation. Then, also in this scenario, 3-block WBIs can characterize all the CP properties.
It can be shown that the vanishing of 4 WBIs of the type I(M,3) = 0 are indeed necessary

and sufficient conditions for CPI (see appendix F).

Two z4(;) = 0 in the same sector. In this scenario, 2 rows or 2 columns of Vg are zero, as
well as 2 rows and 2 columns of F,, or Fy, implying no flavour-changing couplings at tree level
between the SM quarks in one sector. There are 4 physical phases. However, there are only
3 non-vanishing bilinears Im (Va[;zazz* ). Then, the 3-block WBIs can be written as a linear
combination of these 3 bilinears but one physical phase is not captured by these invariants
(neither by the quartet zﬁz;VaLZ*VLZVaL]) The remaining phase emerges in the trilinears of

L

1

Ly Lx (for 2 couplings z, = 0 in the up-sector) or zazEVa

the type 27 z;V,

ai ¥ aj
z; = 0 in the down-sector). These trilinears appear in weak-basis invariants with at least

VﬂLi* (for 2 couplings

4 Hermitian blocks. In appendix F we show that 3 conditions of the type I(M,3) = 0 and
one of the type I(M,4) = 0 are necessary and sufficient for CPIL

Two z,(;) = 0 in one sector and one z;,) = 0 in the other sector. This scenario is
analogous to the previous one. There are 3 physical phases and there are 2 non-vanishing
bilinears Im (Va%zaz;‘ ). The condition I(M, 3) = 0 for two or more different 3-block invariants
would imply the vanishing of the imaginary parts of the 2 bilinears Im (VaLizaz;-k ) =0. The
remaining phase emerges in the trilinears of the type z;z; VQLZVQL]* (or zazEVaLZVLZ*)

For instance, by setting z. = z; = 0, we can choose the entries VULZ to be real. We
can further choose the first column and z, to be real. By further setting z;, = 0, we have,

for the 4-block WBI,
I Tr{HyHy HEH] o< Tm (VEVE") zazsyays (vF = v2) (v3 —o2) - (6.27)
Thus, the additional condition I(M,4); = 0 would imply CP conservation.

Three z,(;y = 0 in one sector. In this scenario, the 3 x 3 submatrix of Vg involving
SM quarks is vanishing, only its last column or last row survives, as well as one of the two
matrices F,, or Fy depending on which sector is decoupled. All bilinears disappear, so that
every 3-block WBI vanishes. Still, there are 3 physical phases and these phases appear in the
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trilinear terms of the form 2} zjV()gVaLj* or zazgvoﬁVLi*. Assuming for instance the case z, = 0,

a = u,c,t (the down-sector case being analogous), for the 4-block invariants we have (n > m):
3
T Tr[HGHEHGH] o Y T (VEVE 225 ) 2™y (14 K0™) (6.28)
i.j,a=1
It can be shown that the vanishing of 6 different invariants of this type would provide the
necessary and sufficient conditions for CP conservation in this scenario (see appendix F).

Three z,(;) = 0 in one sector and one z;,) = 0 in the other sector. Let us take for
illustration the case z, = 0, & = u,c,t and 2z, = 0. Then, for instance

1
v® 2 2 2 2 L (AL 2 2 S L L (6.29)
= Wydys(yd_ys) [(yu_yt ) Im (Vuqus* z:lZS ) +(yc — Yt ) Im (chd‘/c;< Z;Zs>:| .
Q

The vanishing of the 2 physical phases would be signalled by the disappearance of invariants
with at least 4 blocks. In particular, the vanishing of two 4-block invariants (of the relevant
type) implies CP conservation in this scenario (see appendix F).

Two z4(;y = 0 in both sectors. In this scenario, only one coupling in each sector survives.
There are no flavour-changing neutral currents at tree level between SM quarks and only
one non-vanishing entry in the 3 x 3 submatrix of Vg involving the SM quarks. There are 2
physical phases. One phase appears in the surviving bilinear, and consequently in the 3-block
invariants. Let us assume as an illustration that only z, # 0, z4 # 0. Then we have

1 vt ~ .
v Im Tr[H,HaH] WE Im ( v zuzd) Yu Yd - (6.30)
Q Q

However, the second phase cannot manifest in either 3-block or 4-block invariants. The
last phase only emerge in quartets, or, in terms of WBIs, in the M = 10 invariant made
up of 5 blocks:

1 v A
— s I Tr[H HaHoHaH) ~ —— Tm (V5 2025 ) yuva
10 u u 4 ud ~u~d u
8
v L YrLyrLx *
+ 5 I (VEVAVE 2uzi) vuva (w2 —7) (v2 - o2) -
Q

(6.31)
When the invariant of mass dimension M = 6 is zero, the invariant of mass dimension 10
is proportional to the imaginary part of the quartet. The vanishing of the 2 invariants
implies CP conservation (in the realistic case of non-degeneracy). Again, we provide an
equivalent proof in appendix F.

6.4 Motivated scenarios

We now analyze four specific scenarios. The first two scenarios are relevant from the
phenomenological point of view and they will be motivated in section 7. The last two address
the extreme chiral limit, i.e. the limit of extremely high energies, where SM quark masses
become negligible and CP violation can emerge only from NP sources.
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6.4.1 With N = 1 doublet

In some scenarios, the first type of invariants built with three blocks may not be enough
to describe the CP violation. As an illustration, let us consider the case in which there are
no flavour-changing neutral currents at tree level in one sector (up or down) while in the
other sector one vector-like species couples only to two families. Let us consider a scenario
which can be relevant for the Cabibbo angle anomaly related to kaon decays, with z,, zs # 0,
in which the mass matrices can be written in the form

guv 0 0 0 0
0 guv 0 0 Yy 0

My = , Mg = 6.32
0 0 g 0 d 0 (6.32)
zv 0 0 Mg 0 zsv zpv Mg

(we could consider in an analogous way z, = 0, z; # 0). The mixing matrices can be easily
inferred from eqs. (4.19), (4.20) and (4.23). In this scenario there still remain three physical
phases. We have in this case

Im Tr [’HZH?H]

2(m+n+1)
MQ
i (:5.7) T (5505 o (14 4
=——Im (25 2,V ) yuys (L + kmn) + —7 Im (252, Vi ) yuys (1 + K (6.33)
4 s~uVus uds 4 b ub mn
MQ MQ
myMms Rxy-L M, MMy Rxy/L
~ Im (V,,*V,.) + Im (V" V) -
2 us Yus 2 ub Yub
MQ ( ) MQ ( )

Let us assume that in this parameterization the rephasing-invariant quantities VX V.%* and
VJZVUIZ* are real. For instance, we can write V7, in the Kobayashi-Maskawa parameterization

(first row and first column real) and consider that 1747 VUI,;, Zu, 2s and zp are all real parameters.

us?

Then, all the invariants in the above 3-block category would vanish. However, there still is

one physical phase which cannot be caught in these expressions. The physical phase of the

model would show in the other categories of invariants, in particular the M = 10 invariant

of eq. (6.6). The same effect manifests also in the scenario in which one doublet couples only

to one generation, e.g. taking also z;, = 0 in the previous example. In this case there are no

flavour-changing neutral currents and all the CP-odd invariants with 3 and 4 building blocks

vanish. The one physical phase would show in the M = 10 invariant with 5 blocks and the

non-zero imaginary part would result from the rephasing invariants involving four quarks,

2

]\Zé tm (V5 VEVE 2027) = T (VEVEVEVE) . (6.34)

We can also imagine a situation in which the extra doublet only couples to one sector, up

or down, that is, the 3 x 3 submatrix of V involving SM quarks vanishes (only the last column

or the last row survives) as well as one of the two matrices, F, or Fy, depending on which

sector is decoupled. Then, the 3-block invariants (6.14) would vanish. The three physical CP
phases would be contained in the rephasing-invariant quantities associated with FCNCs,

J:; Tm (VQLS%* z;zb) ~ Im (Va@vcﬁ,* F“i,) : (6.35)
Q
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appearing in the 4-block WBIs (6.19). In particular, these non-vanishing quantities would
indicate a contribution to CP violation, for instance, in neutral meson mixing in interference
with the SM.

6.4.2 With N = 2 doublets

Let us consider a scenario in which two vector-like doublets of quarks couple only with the
light generations. More specifically, let us imagine a specific pattern of couplings, with the
doublets coupling only to the first generation in the up-sector, while coupling either with the
first or the second in the down-sector. This texture will be phenomenologically motivated
in section 7 in the context of Cabibbo angle anomalies. The mass matrices can be written as:

0 0 0 0
UuL}Afuv 0 0 UdLY/dU 0 0
M, = 0 0 |, Mg= o o0 |, (6.36)
214V 0 0 MQ 0 Z1dV 0 0 MQ 0
220 0 0 0 aMg 0 25v 0 0 abMy

where ﬁqL are the unitary matrices diagonalizing Y, from the left, U qT LYq}/;]TUq L= }A/q2, and
we are in the weak basis where the rotations U, g, Ujr have already been applied (as in the
rest of this section). Here, we defined Mg, = Mg and a = Mg,/Mg, .

However, for practical purposes (as in section 7.5.2), when a < 1 (Mg, > Mg,) it can
be more convenient to define ag = Mg, /Mg, and obtain all the expressions in terms of ag
and Mg, by making the substitution a = 1/as, aMg = Mg,.

The couplings in charged and neutral RH currents are determined by the last two rows
of the matrices V3, Vj‘% diagonalizing the mass matrices in eq. (6.36), by generalizing the
procedure in section 4.1. The mixing matrix of the RH charged currents reads, at leading
order in an expansion in powers of v/Mg, ,:

* 7)2 * ’U2 _ % v _ % v
zluzld M% ZQuZQS CLQMZ—? 0 zlu MQ zZu a,MQ
0 0 0 0 0
Vi ~ 0 0 0 0 0 ,
—C45214d MLQ —3515%2s % 0 C45 575
S 1 i IR V() —§y — * oo w2
Z1d (845 + Ca5214 %20 aM%) Mg 4572 G, 0 =545 — C4527,%2u a3 C45
(6.37)
where c¢y5 is the real cosine and §45 is the complex sine of the angle,
a | 210224 v
* 1lu<2u| 772
~ . Z1u”2u 1 MQ
545 = sin 045 —% ’ §tan(2 045) ~ 5 5 TN (6.38)
| 210224 1 —a? + ([21ul? = [22u/%) 172
Q

For simplicity, in the lower-right 2 x 2 submatrix in eq. (6.37) we have omitted relative
corrections of order O(UQ/MC%) ie. [1+ O(’UZ/MC%)]§45 ~ §45 and [1 4+ 0(7)2/M5)]C45 ~ cy5.
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As for the neutral currents, we have

2 2 * *
2 22 v Zou = v ~ Z v
(|zlu| +| a”él )*M% 00 — (zi‘qu,—}- 3“ 845) Mg (zi‘uszf)— Z“ 645) g

0 00 0 0
Fye~ 0 00 0 v (6.39)
_ (zluC45+ZQT“§Z5) MLQ 00 1 O (;%)
<21u§45—227"045> MLQ 00 O (1\%) 1
and ,
2
214 ]\%% 0 2 0 —2lanrg 0
0 o Sz 0 0 ~Zeairg
Fyr~ 0 0 0 0 2 0 . (6.40)
—21471, 0 01— ]z1d|2]&—é 0
2
0 —22s 7175 0 0 1- \zQSPa;)T%

For a # 1, in the limit [a — 1| > |21(2),|v/Mg (or |ag — 1| > |2(2)4|v/Mg) the angle
045 is small and we have

. a I I
S15 & ~Z{uf2u 3 37 or S45 ™~ 2]y %20 T2 2 (6.41)
Q 2°77Q2
and c45 ~ 1. Then the right-handed currents can be written as
2 2
Hurrayz sy O —uilg ~Zuaily
0 0 0 0 0
Vi = 0 0 0 0 0 o (6.42)
v 2oz’ g g 1 (e zwEg,a?
1d Mg M (a%-1) 2 M3 M2 (a?-1)
_ z1a%}, 7200 U 0 25, 220> 1_1 (|z2s |2 220 ]?)v?
M%a(a271) 28 aMg M(%a(cﬂfl) 2 a2Mé
at leading order. The CAAs can be explained in the presence of the couplings
R v’ 3
* _
Vud >~ ZldzyulMig? >~ —078(27) x 10 s
5 (6.43)

Vi~ zgsz%m ~ —1.26(38) x 1073,
while flavour-changing neutral currents are suppressed since only diagonal elements are present
in the 3 x 3 submatrix of F,, and F; (see refs. [45, 49]). In what concerns the left-handed
rotations, the mixing matrix V7, can be written analogously to eq. (4.24) with Vi = UJ LﬁdL
(an equality in this scenario, with 60U, = Uy, = 1).

As for the M = 6 CP-odd weak-basis invariant we have

1 vt % SL\ A oA vt * LY 25 A
i Im Tr [HquH} = Im (Z1d21uvud) Juld + W Im (z2sz2uVu5) a“Yus
Q Q Q
(6.44)
My My My M
~ z\}g) fm (V5 Vh) + ]\1}% 2a* Im (VEVE),
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which is valid even when a = 1. Note that the vanishing of this category of CP-odd weak-basis
invariants would not necessarily imply the absence of CP violation. The missing physical
LY{/L

phase is contained in other rephasing-invariant quantities, like Val;*vm ) 287}, which is

contained in the CP-odd invariant of mass dimension M = 10 of eq. (6.6).

6.4.3 The extreme chiral limit with N = 1 doublet

Let us consider the limit in which only the third generation has non-zero mass. This so-called
extreme chiral limit (ECL) is relevant when considering scenarios with extremely high energies,
where to good approximation the masses of the first two generations of quarks can be taken
as zero. Notably, in VLQ models CPV is possible in this limit, in contrast to what happens
in the SM. For instance, the VLQ singlet scenario has been studied in the ECL [64, 66], and
it was found that one independent CP-odd WBI still survives. In the ECL, for the NV =1
VLQ doublet case, one can move to a WB where the mass matrices take the forms

00 0 0 00 0 O
00 0 O 0 0 yav 0O
M, = : Mg = . 6.45
““lo o gv 0 710 0 yzzv 0 (6.45)
0 z.v zpv Mg 0 zsv zpv Mg

Note that all phases except one can be absorbed by rephasing the quarks fields, so that there is
a single physical phase which cannot be eliminated, and we can consider all parameters to be
real except e.g. zp. This single surviving phase induces CPV, which means all CP properties
of the model are determined by a single CP-odd WBI built from 3 Hermitian blocks.

The mass matrices can be diagonalized by bi-unitary transformations as in eq. (2.10).
The right-handed mixing elements are given by the last rows of the matrices V¥ and V4§,
which appear as in eq. (4.18), while the mass eigenvalues read as in egs. (4.9) and (4.10).
Regarding the left-handed rotations, the unitary matrices can be written as

10 0 0
01 0 0 !
U
i=loo 1 g | (i)
) Q Q
OO—Ztﬂt# 1
Q
(6.46)
o VL VLo 01 0 0 4
vi=| 4.0 00 1 g |TtO ]
0Vig Vg O . bJb M2 MQ
00 01 OO—zbgij\Z—% 1

where ¢ here refers to the combination of the massless quarks coupling to the top quark,
and Vi, = V¥TV¢. We then have

Y33 AT Y23
—, V = — = —
2 2 b 2 2
Y33+ Y33 Y33 T Y33

Vtﬁ = Vq% ) 05 = y33 + U33 - (6.47)

— 44 —



The relevant CP-odd invariant thus takes the simple form

4 2

1 v R vt INPSIN
— ImTr (H,HaH | = —7 Im (Jsy332t25) = —5 J¢fp Im Viky il
M, M, M,
Q Q Q (6.48)
N mymy

ST (Vi viE) -

6.4.4 The extreme chiral limit with N = 2 doublets

We now briefly consider an even more extreme high-energy limit, where the top quark is the
only standard quark that has non-zero mass. In that case, one can move to a WB where
the mass matrices take the minimal forms

0 0O 0 0 0 00 0 O 0
0 0O 0 O 0 00 0 0 0
M, = 0 0 gw O 0 , Mg=10 0 0 O 0 , (6.49)
0 210 2140 Mg 0 0 0 zpvMg O
294V 2200 2pv 0 alMg 0 295v 25v 0 aMg

and all phases except two (e.g. those of z9; and z95) can be eliminated via rephasings of
the quark fields. Hence, we can write

4
% Im Tr [’Hu’HdH} = %(cﬁ —1) Im {zlbng (210220 + ZTtZQt)i| , (6.50)
Q Q
so that in general there is still CPV, even when ¢ = 0 (i.e. the limit of vanishing top
mass). Note that, although this invariant vanishes for a = 1, in that case we still have
Im Tr [H,HysH2H| # 0, meaning that CPV is still possible as far as ; # 0.

If, instead, both gy = 0 and a = 1, the WBIs vanish as a consequence of CP conservation.
Indeed, one can check that the matrix M, can, in this case, be brought to the same form
as My in eq. (6.49) (since §; = 0). Moreover, any unitary (left-handed) operation on the
last two rows of the mass matrices can now be undone for the last two columns (via an
extra right-handed notation). This is true since @ = 1, and thus the lower-right 2 x 2
block is proportional to the identity. Then, all the phases in the blocks A, = | 0 21t Jv

Z2¢ 22t

and Ay = | 225 22]1} are removable. This can be seen e.g. by i) undoing the singular value
decomposition in one sector, say A, = Uy DU, — A!, = D, followed by ii) undoing a polar
decomposition in the other, A/, = PU — P, and finally iii) by rephasing away the off-diagonal

phase in the Hermitian matrix P.

7 Phenomenology

The phenomenological effects of the presence of vector-like quarks have been the object of
study of several works (see [31-49]). However, it is compelling to conduct a comprehensive
phenomenological analysis of scenarios with VLQ doublets adopting a new perspective based
on invariants.

Invariants under WBTs have been a main object of study in this work. Any observable,
as any minimal set of parameters in a specific weak basis, can ultimately be written in
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terms of weak-basis invariants. The possibility of such description in terms of invariants is
intriguing, as it would avoid any potential misinterpretations due to the choice of weak basis
(minimal or not). This feature appears particularly attractive when describing CP-violating
phenomena, since the results cannot be the consequence of any parameterization choices as
well as of any unphysical complex phase. Moreover, the different structures of invariants
emerging in presence of VLQ doublets compared to the SM, as studied in detail in sections 5
and 6, provide hints on the processes which one can expect to be most affected, particularly
when involving CP violation.

In this section, we show how different observables can be written in terms of the invariant
quantities analyzed in the previous sections, and how one can gain a clear insight into which
observables are modified, as well as how CP-even and CP-odd probes are related. This
exercise also highlights the distinct imprints of VLQ doublets compared to other models
that generate similar invariant structures.

We start by summarising the low-energy effects of VLQ doublets in section 7.1. In sec-
tion 7.2, we identify effective rephasing invariants as the most relevant objects for low-energy
phenomenology, which provide a glimpse on which kind of observables are going to be more
sensitive to VLQs prior to any computation. In sections 7.3 and 7.4, we study the most
relevant phenomena in terms of these rephasing invariants, in particular bilinears and trilin-
ears respectively. In this way, we can provide unambiguous constraints on the model and
a clear connection between different observables.

7.1 Weak currents

Let us first summarize the effects of the presence of vector-like quarks doublets mixing
with SM quarks (see also section 4.1 and appendix G). Weak charged and neutral currents
are modified as

L D— LWJ (WL"}/'MEL —l—ﬁ’y“ VLdL —i—ﬁ’y“ VRdR) + h.c.

>

g Z,SM A —_— (7.1)
5% (JM’ +ay Eyug — dpy” FddR) :

The whole effect of vector-like quarks is captured by the matrices VL, VR, Fu, F;in good
approximation (see egs. (4.19), (4.20) and (G.11)). In particular, it is evident from the
description in section 4.1 and appendix G that the set of Lagrangian parameters z,, z; is
directly connected to couplings of charged and neutral currents, and hence to observables.
For N VLQ doublets one has

2
FR _ * v
Vai = Zzna Zng [_D72 s
" Qliin .
Aol Z 'U2 ~d Z ’U2 ( ' )
== Z* z 5 F¢ = Z*- 2 ——— ,

where the mass elements [Dgl,, are defined in eq. (3.5), the couplings z,,(;) are defined
analogously to egs. (4.6) and (G.11) and the index n runs from 1 to N, while o, 5 = u, ¢, t
and 4,5 = d,s,b. Then:
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e FCNCs are generated at tree level, in contrast to the SM, where they only appear
at loop level and are further suppressed by the Glashow-Iliopoulos-Maiani (GIM)
mechanism [79-81]. The mixing of SM quarks with the vector-like quarks is thus
strongly constrained.

e The new couplings introduce potentially CP-violating RH quark currents at low energies,
only suppressed by v? /Mg?

Let us emphasize that the RH charged currents are intrinsically linked to the RH neutral
currents, as both depend on the same Yukawa parameters (and the same rows of the unitary
matrices diagonalizing the mass matrices). This connection is particularly relevant when
comparing the phenomenological consequences of VL.QQ doublets with other models that also
generate effective RH currents in the light-quark sectors. The relationship becomes even
stronger with a lower number of doublets. In fact, for the case of a single doublet N = 1,
knowing all non-zero couplings of SM quarks associated with FCNCs would fully determine
the moduli of all new Yukawa parameters. Remarkably, the knowledge of the last row and
column of the whole 4 x 4 matrices of neutral-current couplings would provide the moduli
of all right-handed charged-current couplings at all orders in v /MQ.12

7.2 Phenomenology of effective rephasing invariants

Establishing which WBIs will be more or less relevant in low-energy observables is not trivial,
due to the strong hierarchy of the SM parameters and the possible presence of hierarchies
in VLQ couplings. Nevertheless, in section 6 we have seen how in a scenario with one
vector-like doublet (and some phenomenologically motivated scenarios with more doublets)
starting from the ultraviolet (UV) description and expanding the mixing matrices in powers of
v/Mg, WBIs are naturally related to rephasing invariants involving only the three SM quarks
(see section 4.1.3). This dependence provides a direct connection to low-energy observables,
which can always be written in terms of rephasing invariants.

In a scenario with one or more vector-like doublets, we can combine the restrictions
that rephasing invariants provide on the form that any observable may take with the power
counting given by the effective description at the amplitude level. In this way, we can find
some physical insight at the observable level prior to any computation, especially regarding
CP-violating probes.'? Let us thus recall the different possible rephasing invariants appearing
in the effective description.

The mixing matrix Vi, appears at dimension D = 4 in the effective Lagrangian. In
principle one may think that up to 6 phases can appear in Vi. However, only one (physical)
of them can be obtained from rephasing invariants with vertex insertions appearing only at
D = 4, that is only with V7, insertions. In fact, the lowest rephasing invariant which can be
obtained from the elements of V7, is the SM-like one, corresponding to the imaginary part

2Recall that Frio = VIR VE, (o = u,c,t,T') and Fpr; = VE5/VE; (i = d, s,b, B'). Knowing them yields
all |V, | and |V§;| (the entries of |BY|), allowing for the reconstruction of |VIi| = VI, ||VE|.

13Let us note how this exercise can be generalized to other models generating effective RH currents. This
generalization goes beyond the reach of this work.
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of the left-handed rephasing-invariant quartet:

Qaipj = Vi Vi VI Vi (7.3)
In the limit Mg — oo (Mg the lowest mass scale of vector-like quark doublets), the imaginary
part Im(Qmﬂj) reduces to the J invariant of eq. (3.18), and thus to the one physical CP
phase of the SM with the same 4-vertex/4-quark SM suppression.

At O(1 /Mé) (but with a different number of SM mixing insertions) one finds new CP-odd
structures, originating from the imaginary part of the following rephasing invariants:

e bilinears: By = VL VE,
s . T __ YrLxYrL fu . _ Y LYrLx td
o trilinears: 7.5 =V, Vs I3, Taij = Vai Vai F (7.4)
e quartets: Qazﬂj = VBL] VC{}* Vi vE,
corresponding to the ones defined in eq. (4.29) for one VLQ doublet. The following information
can be gathered regarding CP-violating processes:

— The imaginary part of the bilinears Im Ba, is directly linked to potential CP violation
in the charged-current sector, produced by a phase mismatch between the RH and LH
sectors.

— In the presence of VLQs, Fu(d) induces tree-level FCNCs. CP violation is induced with
two extra V% insertions. Indeed, a phase difference between the SM amplitude (which
is always induced at loop level) and the new contributions can induce CP violation in
the flavour-changing up or down sector driven respectively by Im 72065 and Im 7272‘34.

— The last type of invariant comes with the same insertions as in the SM, but with a
right-handed vertex. In general, there will be stronger contributions to the same process
generated by the phases of bilinears and trilinears.

Let us mention that one cannot get CP-odd rephasing invariants at order O(1 /Mé) through
the interference of two tree-level O(1 /Mg?) amplitudes in the right-handed sector alone.
Namely, CP-odd rephasing invariants cannot be made by two right-handed vertices (with
elements of the mixing matrices ﬁ’u, Fd, VR) without CKM vertex insertions. Moreover, in
presence of only one vector-like doublet, one cannot obtain new CP-odd rephasing invariants
with more than one insertion of a right-handed vertex.

In the following, we analyze how the new CP-violating invariant types directly relate to
physical processes, focusing on some key flavour observables involving light quarks. These
results are then summarized in table 6 and figure 3.

7.3 Bilinears and the Cabibbo sector

The bilinears Ba; = VQLZ*VOf could potentially induce the largest VLQ imprints, both in their
CP-conserving (Re lém) and CP-violating (Im Baz) parts, since they can appear in the charged
current sectors at O(1 /Mg?) at tree level. The presence of these right-handed couplings
acquires highly-motivated phenomenological importance given the presence of the Cabibbo
angle anomalies (CAAs), that is, the tensions between three different determinations of the
Cabibbo angle 0¢. In fact, it was shown that the vector-like quark charged as a doublet of
SU(2)1, appears as the favoured candidate in explaining the CAAs [45, 49, 54, 59].
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7.3.1 Cabibbo angle anomalies

Three types of independent determinations of the Cabibbo angle ¢ are extracted with
high precision and show tension between each other. In particular, the determination of
|Viud| = cosfc is obtained from [ decays. Recent calculations of short-distance radiative
corrections (see e.g. [82, 83]) in # decays led to an improved determination of |V,4|. The most
precise determination is obtained from super-allowed 07- 07 nuclear 3 decays, which are pure
Fermi transitions [84] (even though in this last survey the uncertainty is increased by a factor of
2.6 due to new contributions in nuclear-structure corrections dng [82, 85], which now dominate
the uncertainty). One can determine |V,4| also from free neutron /5 decay, using the average of
the neutron lifetime from eight bottle experiments [86-93] (with rescaled uncertainty) and the
axial-vector coupling from the latest experiments measuring the parity-violating S-asymmetry
parameter A from polarized neutrons [94-96]. Present lattice computations [97, 98] and
analyses of electromagnetic radiative corrections [99, 100] provide a precise determination
of |Vus| = sinf¢ from semileptonic Ky3 kaon decays K — 7wlv (Kres, Kges, K;E, Ki,),
Kru3, Ksuz) [101]. The ratio |Vis/Vig| = tanfc can be independently determined from
the ratio of the kaon and pion leptonic decay rates K,» and m,, i.e. K — pv(y) and
m — pv(y) [102] using lattice QCD calculations [97, 98] and including electroweak radiative
corrections [103-105]. We get:!4

Vus
ud

Vudlg = 0.97372(26) ,  [Vaus|kes = 0.22308(55) ,

—0.23126(48).  (7.5)
Kp2/mp2

After using these determinations, there is approximately a ~ 3o deficit in the CKM first
row unitarity (dubbed CAA1 in [49]) when using the value of |V,4| from 3 decays with the
value of |V,s| from kaon decays. Additionally, there is a tension of about ~ 3¢ between
the determination of |V,| from K3 decays and the one obtained from leptonic K2 and
72 decay rates (CAA2 in ref. [49]).

Various models have been suggested as possible solutions [44-46, 48, 51-55, 106—116]
(see [117] for a review). A remarkable solution for the anomalies is given by the vector-like
quark charged as a doublet of SU(2)z, as found in refs. [45, 49, 54], which can potentially
explain all the tensions through right-handed charged currents [45, 49, 54, 59, 106].

In fact, one must take into account that the value of V,4 which is obtained from j
decays depends uniquely on the vector part of the weak interaction Gy = Gp|V,q4|. Also
semileptonic kaon decays K3 determine the weak vector coupling, while leptonic decays K2
and 7,2 depend on the axial-vector current. In the SM there is no difference between these
determinations since they are all given by left-handed charged currents and they determine the
same mixing angle f¢. In a model with right-handed currents instead, vector and axial-vector
couplings are not equal and the three determinations correspond to different couplings. In the
scenario with vector-like doublets, right-handed currents are generated. Then, the tensions
in the different determinations can be explained by the mixing of vector-like doublets with
light standard model quarks. From eq. (7.1) we have

Lce D —%W: [ﬂL’y“VudeL + ﬂLq/“VuLsSL + ﬂR’y”Vu}ZdR + ﬂRVHVuIESR + h.c.. (7.6)

V2

"We follow ref. [49] updating the result fr/fr = 1.1934(19) from ref. [98]. The obtained determinations
are also in good agreement with the fit made in ref. [59], with a slightly different choice of inputs.
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Figure 1. Diagrams contributing to a semileptonic process in the Cabibbo sector, leading to
b~ |VuLZ (£)u VB ? |‘A/'uLZ : () 2Re VEV.E*. Here, H refers to the specific hadronic process,

us " ut

typically mediated either by a vector current (plus sign) or by an axial-vector one (minus sign).

Thus, in this scenario we have:

Re (VuLd Vulz,*)

Vaa| = |VE4+VE| ~ VL + - :
d d ’ d’ |Vu[£1|
Re (VL VR*)
o A L A R ~ A L us us
Vas| o = | VL + V| = V5] + v (7.7)
’Vus |vE-vE A ( Re(VEVE) . Re(%%’ff))

where the approximations hold since |V£Z( S)| < |VuLd( S)|. Then, using the determinations
in eq. (7.5), one obtains the rephasing invariants:

Re [;’ud _ Re ( Vulé* Vu}zl )

Vil = 0.97450(8) , — 0.79(27) x 1073,

VL VE
X R (VLiVR) (75)
A € us us
VE| = 0.22431(35), oD - AT 194037 x 107
V] VL]

Therefore, the Cabibbo angle anomalies hint towards the presence of right-handed couplings,
with a significant part of the mixing in the right-handed sector aligned in phase with the
left-handed sector, with the opposite sign (7 phase difference). The diagram of the processes
is sketched in figure 1.

In principle, a single vector-like doublet mixing with the up, the down and the strange
SM quarks could explain all inconsistencies. However, as shown in ref. [45], the required
couplings are excluded by limits on flavour-changing neutral currents. Nevertheless, the
presence of more than one doublet can be at the origin of the anomalies without contradicting
experimental constraints (see also section 7.5.2). In particular, a VLQ doublet mixing with
the up and the down SM quarks (z, # 0 and z4 # 0) can resolve the tension between
Vg and Vys (CAAT), while a VLQ doublet coupling predominantly to the up and strange
quarks z, # 0 and z; # 0 can be the cause of the tension between the K3 and K,2/m,2
determinations of V,s (CAA2) [45, 49].
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7.3.2 The neutral kaon system

The success of the SM in high-precision measurements leads to very stringent bounds on NP
models. This is particularly true for observables that are highly suppressed in the SM, such
as CP-violating effects or FCNC processes. One of the most relevant testing fields for the SM
is provided by kaon physics, e.g. rare kaon decays, kaon mixing both in the CP-conserving
(mass splitting Amp) and CP-violating effects (¢), direct CP violation, but also the decay
K — 7w, into pions with isospin I = 2. The SM prediction for the latter does not require
loops or FCNCs, but the decay into pions with isospin I = 2 is still suppressed, making it
an additional interesting probe for BSM physics.

In particular, when facing the Cabibbo angle anomalies, the same new couplings in eq. (7.6)
which can be responsible for the anomalies and contribute to leptonic and semileptonic kaon
decays, also impact kaon hadronic decays, other leptonic and semileptonic decay channels, and
kaon mixing. Strong constraints from kaon mixing and flavour-changing kaon decays prohibit
large couplings with both the down and strange quarks of the same vector-like doublet. Then,
as already mentioned, the anomalies cannot be simultaneously explained by one doublet [45].

These FCNC processes are determined by trilinears, and we will discuss some of these
constraints in section 7.4. We begin by addressing constraints from charged currents and
flavour-conserving processes, which are controlled by bilinears. In the context of this work,
we are interested in a rephasing-invariant description of physical processes. In the following
we will focus on some processes in which a rephasing-invariant description can provide useful
and unambiguous information on the constraints on NP couplings.

Quantities related to observables should be invariant under the rephasing of the states
(|K%), |K°), |Ks.1), final states |f), etc.), rephasing of the quark fields, and independent
on phase choices in the CP transformations. We are also interested in a description which
is independent on the choice of parameterization of the mixing matrices. Nevertheless,
assuming CPT is a good symmetry, it is convenient, for simplicity, to fix the relative phase
of |Kg) and |K) in such a way that the coefficients of |KY) have the same phase and are
therefore equal. This choice also implies that the coefficients of |K' Y) have equal phases (see
e.g. ref. [69]). This is the only phase convention that we assume. Then, the Hamiltonian
eigenstates can be written as

K1) = pr |K°) + qi | KP) |Ks) = pi |K%) — qx |K?), (7.9)
with [pg|? + lgx|? = 1 and § = |pk|* — |gx|*

K — wm. As noted in ref. [59], significant bounds on right-handed currents can come from
the theoretical and experimental results on the decay K — mmw. The decays to two pions
atn~ and 7°7° are dominant for Kg. Because of the small CP violation in the kaon system,
also K, can decay to two pions (CP conservation would prevent the decay into two pions for
the CP-odd state). Additionally, the kaons predominantly decay to the state of two pions

with isospin I = 0, while the decay to two pions with isospin I = 2 is suppressed.'® Therefore,

5Within the SM, the leading contribution to the AT = 3/2 amplitude arises from the low-energy realization
of the (271, 1g)-plet part of the product of two quark currents transforming as (81,1r) X (8z,1r) under
the SU(3)z x SU(3)r symmetry of the approximate massless QCD Lagrangian. The observed suppression of
the corresponding non-perturbative coupling, leading to the AT = 1/2 rule, is not present for VLQ doublets,
whose corresponding (81,8r) contributions come with an additional chiral enhancement. See for example
ref. [118] for more detailed discussion.
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the decay of kaons to two pions is usually described by three useful parameters [69]

(2| Hag=1 |Ks) (0| Hag=1|K©L)

(0| Hag=1|Ks)’ (0| Hag=1|Ks)’
;) (2[Has=1|KL) (0| Has=1|Ks) — (0] Has—1 |KL) (2] Has=1 |Ks)
V2 (0| Has—1 | Ks)?

where (0| and (2| indicate the states (27,1 = 0| and (27, I = 2| respectively. With the choice
of relative phase between K and Kg already mentioned in eq. (7.9), these three parameters

(7.10)

)

are rephasing invariants. Here, w is the parameter associated to Al = 1/2 rule violation,
¢ indicates mixing CP-violation, and € direct CP violation. Bilinear rephasing invariants
[;’m- affect w and €, while € is affected by trilinears ’72”] We will discuss the contribution
to € in the next section.

In presence of vector-like weak doublets of quarks mixing with SM quarks at the weak
scale we have from eq. (G.18) the effective Hamiltonian

NP 4Gp {

HS =5 VEVE (Giytu) (upyudr) + VEVE (gm#uR)(amdL)} +he.. (7.11)

Then, the amplitudes of the decays K — 7w receive an additional NP contribution:
Aper = APMer  AFPetor (7.12)
where
(I|Has=1|K%) = Are®" V2, (I|Hpag1|K) = Are V2, (7.13)

for I =0 and I = 2 and the phases d; are the final-state-interaction phase shifts of the two
pion states.'® In the SM the main contribution to the amplitudes A; is at tree level:

o AGE A . . Grpofon
VRAP o SV 51 ) )| K°) = TEVE Vi IIQIKT) . (7.14)

16The factor v/2 comes from the convention on the normalization of the amplitudes. Depending on whether

the charged pions are considered as identical particles or not, different normalizations are chosen for the isospin
decomposition of the two pions states (see e.g. ref. [69]). If 77 and 7~ are considered as distinguishable, the
branching ratios are written as

_ 1 4m2 1 2
[(Ks - ntn ) = 1- -2 |\/g(2HA51KS) + \/g<0|HA51|Ks>

T 16mmi mi

2

)

2
1 4m2Z | 2 2
I'(K 079 = 1— =" |2 (2|Hpas-1|Ks) — 1/ = (0|Has—1|K
(s ') = o = |ﬁ<| as—1|Ks) \/;<0| as—1]Ks)

This normalization is used in refs. [119-121] as well as in refs. [122, 123] and gives |Ag|exp = 3.3201(18) X
107" GeV [119], while in ref. [69] 7 and 7~ are considered as identical particles and the amplitudes A are
V2 times larger giving |Ao|exp = 4.6953(25) x 1077 GeV. However, in refs. [119, 120, 123] the amplitudes
Ar are defined as v/2A7e"’ = (I|Has=1|K°) so that the matrix elements are the same as in ref. [69],
while in refs. [121, 122] Are®®’ = (I|Has—1|K°) so that the matrix elements are v/2 times smaller than in
refs. [69, 119, 120]. We will use in the following the convention v/2A;e"" = (I|Hag—1|K°) with |Ao|exp =
3.3201(18) x 107" GeV.
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The presence of vector-like doublets generates the additional contribution
. Gr /o n o
VR AT = T (VT = Vi Vi) (alTlQETIK®) + extTQEMIK®)) - (7.19)
where ¢1(3GeV) = 0.9 and ¢2(3 GeV) = 0.4 are the factors resulting from the QCD renormal-
ization [123] and the operators are defined as [122] (we rename 1 <> 2):

LR = (57u(1 = v5)u) (Wyu(1 +5)d)

. (7.16)
2

= (Sayu(1 = 75)up) (Ugvu(l + 75)da) -

The hadronic matrix elements of left-right operators are chirally enhanced with respect to
the tree-level SM ones.!” Moreover, the corresponding amplitudes of the decay in the state
with isospin I = 2 do not undergo a suppression relative to the I = 0 final state. Therefore,
the new contributions to the amplitudes may be significant.

In order to obtain both the amplitudes Ay and A, it is useful to start with the computation
of As first. In the decay of K to two pions with isospin I = 2 a relation exists between the
matrix elements of the operators Qf}; and the matrix elements of the electroweak penguin
operators (J7g. In the isospin limit [122, 124],

CIQFHK®) = SCIQrKY),  (2IQEFIK®) = Z(2IQslK°) (7.17)

The final-state strong-interaction phase in eq. (7.15) arises from the hadronic matrix element.
Then, we can use the lattice results in ref. [119] to get the hadronic matrix elements at
the scale p = 3 GeV:
Re (2|Q{"|K°)

cos 09

Re (2@ |K°)

= 0.238(1 3
0.238(13) GeV?, cos 5

= 1.078(61) GeV?, (7.18)

in the suitable phase convention for |[K°). However, let us remark that any rephasing of
the initial or final states is irrelevant whenever considering ratios involving hadronic matrix
elements with same initial and final states.!® In the following analysis we will consider

1"The matrix elements of left-right operators are O(po) in the chiral counting, i.e. they do not vanish in the
limit of zero quark/meson masses.

¥The SM contribution to the amplitudes (also including the loop-level contribution) as well as the new-
physics one present a structure (see egs. (7.14) and (7.15)):

VEX, At = %A: > AOIIQiK®),

where A include couplings and eventual Inami-Lim functions and we also explicitly multiply by A}, = VULS VuLd*
since in the expression of observables the amplitudes always emerge in the combination A;, Ar (see e.g. eqgs. (7.30)
and (7.46)). The final-state strong-interaction phase in eq. (7.15) arises from the hadronic matrix element.
Thus, one gets

) Re(I|Q:|K°)
V2 Re(ALAp) = §R Al 7(70561 ,

)y Re 1|Q\K°>
V2 Im(\LAf) = EI EW) s

and ratios with the same initial and final states can be written in a rephasing invariant way as

Re(APVLAVE)  Re (Mid®) Re(TIQx[K%)  Re(AiA™®) [(T]Qk|K?))|

Re(APVEVE) — Re(AiA0)) Re(T|Q51K°) — ~ Re(AzAD)) (I|Q;|K°)]|

and similarly for the imaginary part.
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Quantity Experimental value

Wexp 0.04454(12) [119]
|Aplexp  3.3201(18) x 1077 GeV [119]
| A2 exp 1.479(4) x 1078 GeV [119]
|Aslexpics  1.570(53) x 1078 GeV [119]
€exp 2.228(11) x 1073 [125]
Re (€'/e€) 1.66(23) x 1073 [125]

exp

Table 4. Values of the quantities used in the text, determined from experimental data.

rephasing-invariant ratios. Hence, we can write:

G PN N A
V2SR ~ ZE (VLS — VEVL) % 0.645(27) Gev?
V2 (7.19)

~ V2 (VEVE - VEVL) X 376(16) x 1070 GeV .
As regards the amplitude of the decay to the I = 0 state, we can use the relation A(I}IP =

—2v/2A5Y in ref. [123], valid in the chiral limit. Substituting in eq. (7.15), one finds
V2 ANP ~ —C\;/g (Vi Vil = VUL x 1.825(77) GeV?

(7.20)
~ V2 (VEVE - VEVE) x 1.064(45) x 107° GeV .

These new contributions should be compared with the SM expectation and experimen-
tal values.

K — 7ww,I = 0. The experimental value of |Ap| can be obtained from the decay rates
in footnote 16 [119]:

| Ap|exp = 3.3201(18) x 1077 GeV . (7.21)

For reference, the experimental values of relevant quantities are summarized in table 4. In
the SM, the main contribution to the amplitude Ag is at tree level:

; AGF & pe _ _ G
VAR o~V EV 01517 un) (i dp) ) = ZENOIQIK) (7:22)
with Re(0|Q2|K®) /cosdy = 0.147(15) GeV? [121], which accounts for ~ 97% of the SM
prediction or Ag. We defined also A\, = Vug*VuLd for convenience. Therefore, the dominant

contribution to the amplitude is proportional to VULS*VU% and in very good approximation

A AR = Re [ 3 A5M] . (7.23)
The SM expectation was computed in ref. [121]:
Re (X A§M)
] 2.99(67) x 1077 GeV . (7.24)
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Quantity SM value

Re ASM 2.99(67) x 1077 GeV [121]

ImASM  —6.98(1.57) x 1071 GeV [121]

Re ASM 1.50(15) x 108 GeV [120]

Im ASM  —8.34(1.03) x 10713 GeV [121]
Re (¢//€)gum 2.17(84) x 1073 [121]

Table 5. Prediction of the SM values. The values of the amplitudes are given in a particular phase
convention, in which the tree-level contribution is real. The amplitudes are given in the renormalization
indicated in the text.

For reference, we also summarize SM predictions in table 5. Then, we can compare the SM
expectation with the experimental determination:

Aol — 148 [Re (X 45Y)

‘AO’exp B ’)\UHAO‘GXP

=0.10£+0.20. (7.25)

When including extra quark doublets, we get an additional contribution to the am-
plitudes:'?

Re (A§M* ART) Re (\; 4)T)
ASM L ANP | ASM) (1 ~lAM e — 2] 7.26

Then, it is useful to compare the new rephasing-invariant contribution given by the extra
quark doublet with the SM contribution:

Re (A A7)
Re (A ASM) —

L12(7Lx(7R _ YL 120/ L{/R LR| j0 LR| -0 (7.27)
~2v2Re [ (|VEPVLVE-|VEPVEVE) ]0.90/QE K°)+0.4(0] Q5™ K°)|

V&PVl

(0]Qa| K°)|

Let us underline that this ratio emerges in a rephasing-invariant form. Using the values
needed to explain the CAAs and the SM estimate in ref. [121] in their central values, we obtain

Re [(VEVE) AFT|
Re [(VEVL) ASM]

us " ud

~ —0.037, (7.28)

9Since the dominant contributions to the SM amplitudes are proportional to A, we have | Tm ()\Z A?M) | <
| Re (/\Z A?M) | and we can write:

Re (A7Y" AT")  Re (A7 A77) Re (Ay A7Y") —Im (A AF7) Im (A, APM*)  Re (A7 A7)

~

A Re (A A$™)? + Im (X ASM)? T Re(AAPM)
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i.e. the extra contribution would be ~ 27 times smaller than the SM one (and, by comparing
with eq. (7.25), ~ 30 times smaller than the experimental determination) and also 6 times
smaller than the 1o uncertainty on the lattice SM prediction. Therefore, we can neglect
this effect.

A= % isospin rule. The A = 1/2 rule violation and the CP-violating effects are suppressed
in the SM context. Then, they may provide stringent constraints on the mixings with the extra
vector-like doublets. Regarding the CP-conserving contribution of the isospin-suppressed
part of the decay K — 7, it is conveniently described by the parameter w [69]:

_ (2[Has=1|Ks) £i(62-60) R

A2 _i(sa—s0) Re (A24)

~ , 7.29
T2 |Ks) 7o A (7.29)

where the approximation follows from taking into account the small value of €. The main
contribution to the CP-conserving part of the decay of the kaon into two pions with isospin I =
2 in the SM is again given by the operator QQ2, which accounts for ~ 93% of the amplitude [119].
Using the fact that the dominant contribution to the amplitudes is proportional to Vug*VuLd
so that |Re(VEVEAD)| > |Im(VELV L

Vit Ar)|, we can write [69]

|w| N Re (AQAS) N Re ()\Z AQ)
A Re(XAg)

(7.30)

The SM lattice prediction for Ay gives Re(A:A2)/| | = 1.50(15) x 1078 GeV [120]. The
experimental value can be determined from the decay rate of KT — 77 7° as reported
in ref. [119]:

|Ag|exp = 1.479(4) x 1078 GeV, (7.31)

while from Kg decays |As|exp. kg = 1.570(53) x 1078 GeV. The w parameter represents the
CP-conserving part of the ratio Ay/Ag, while the parameter € represents the CP-violating
part (direct CP violation). Taking into account that the CP violation is very suppressed,
the experimental value of the amplitudes gives [119]:

|wexp = 0.04454(12) . (7.32)

We can compare the experimental result with the SM expectation:

Ag _ ASM Re [\* ASM
| ’exp | 2 ’ 1 _ M = —0.014 + 0098, (733)
| A2exp | Aul[ A2 exp
and 1 Re(\*A
[Wlexp = lwlsm _ eWuAd2) 134008, (7.34)
| ]exp |wlexp Re (A% Ao)

In a scenario with VLQ doublets, the amplitudes receive additional contributions. Fol-
lowing the same steps as in eq. (7.26) we can write

Re (A ASM)

U

Re (A; AYF
| ASM + AP | ~ | ASM| (1+( : )) , (7.35)
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where we have
Re (X; A7) = Re |[VEPVEVE - [VEPVEVE] x 3.76(16) x 107° GeV.  (7.36)
Regarding the parameter w, from eq. (7.30) we have:
« [ ASM NP « [ ASM NP
o RO [)\u <A2 + A )} ~ Re [Au (A2 + AD )]
Re (A ASM)

WSM + WNP = € (7.37)

Re (A AM) M

Using the values needed to explain the Cabibbo angle anomalies in eq. (7.8), we get:

Re (A ANP
(. 427) = NP .26+ 0.10. (7.38)

Re (Ax ASM)  wsm

Let us emphasize again that this ratio emerges in a rephasing-invariant way.
Then, we can evaluate the impact of the new contribution against the experimental
determinations. At 20 we get
|As|

_|ASM | gNP
.29 < lew |A‘ |2 | < 0.26, (7.39)
2

exp

and from eqs. (7.35) and (7.36)

Re (Vulél*vu%) 7L Re (VL VR*)

~1.1x107% < |VE < — |Vt L < 1.0 x 1070 7.40
= Ml T A
By inserting the values needed for Cabibbo angle anomalies,
R VL*VR . R VLVR*
ot Re Wi Vi) o Be VasVis) sy o103 (7.41)
Vid Vil

we receive

|4y, — [ASM + AP 1 4SM| Re [A;; (AS’M + AQNP) } st od
|A2’exp B |A2’exp Re (A, A3M) . o (7.42)
1— %ﬂ’m — 0.42+0.35,
exp

i.e., by comparison with egs. (7.31) and (7.32), the CAA values agree with the experimental
results within 2.

Direct CP violation. ¢ # 0 represents direct CP violation, i.e. CP violation in the decay
amplitudes:
;_ ClHas=1|KL)(0[Has=1|Ks) = (0[Has=1| K1) (2| Has=1|K5s)
V2(0|Has=1|Ks)?

(7.43)
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where the approximation makes use of the small value of € [69]. The ratio € /e can be
experimentally determined from the relation

700
-

~1—6Re (6,> , (7.44)

€

where the parameters 7 are defined as |nf| = /(T',/T's) Br(K, — f)/Br(Ks — f). Since
e and € exhibit the same phase, we also have

(o= (D 749

Then, using the fact that the dominant contribution to the amplitudes is proportional to
VULS*VU@ and one expects | Re(X) Ar)| > |Im(A} Ar)| we can write [69]

(6’) ~ Im (AQAZS) ~ Im ()\qj AQ) Re ()\Z Ao) — Re ()\Z AQ) Im ()\Z Ao)

s VI Al V2lel [Re (A 40)]” (7.46)
_Im (A3 Ag) — |w|Im (X} Ao) '
N V2 [eX; Ao
Experimentally it is found that [125]
/
Re (6) = 1.66(23) x 1073, (7.47)
€ exp
The lattice SM prediction gives [121]
/ /
(6> ~ Re (6> = 2.17(84) x 1073 (7.48)
€/ sM €/ sMm

in agreement with the estimate from chiral perturbation theory [126, 127], especially if one
considers isospin-breaking corrections [128].
From eq. (7.46) we get

€ (e’) (1 + 2ﬂ|w|eXp) Im (Vu@VuLf Asz) (7.49)
e \e/sm V2| VEVLE ASP| ' '
The comparison of the new contribution with the SM one gives:
(¢/e)xp _ <1 + 2\/§‘w|eXp) Im (VugvuLd* A2NP)
(/Osm T (VEVE ABM) — |w]exp Im (VEVE ASM) 750

tm [VEVE (VEVE - VEVE) ] x 1.9 (6) x 106
- ViV |
After inserting the values needed for the Cabibbo angle anomalies (see eq. (7.8)), this ratio

indicates that, in order to get a contribution less than the SM one, the CP-violating part of
the bilinears l’;’us, Bud should be a factor ~ 103 smaller than the CP-conserving part.
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By confronting the contribution of the model including vector-like quark doublets with
the experimental result we can get a 95% confidence level limit on the CP-violating part
of the new-physics contribution:

—57%x 1077 < Vi - [‘i“%*v“%} + - [V“LV“R} < 31x1077. (7.51)
Via Via Vil

This constraint implies that the imaginary part of that combination of bilinears should

be at least 3 orders of magnitude smaller than the CP conserving part requested by the

Cabibbo angle anomalies:

tm | [VEPRVEVE — [VEPVEVE] | |t VA2 Bua + V5 Bus)

us - us

— — = — ———| <1073, (7.52)
Re [|[VERVEVE — [VERVEVE]| | Re[|VE2 Bua — [V5]? Bus]

This description clarifies the constraint placed on new physics by the observed smallness
of direct CP violation, namely, the phases of the bilinears B, /|V.L| and ~ 0.23 B,/ |VL|

should tend to align:

_ Yus’us

’ 2 <1073, (7.53)
Vit V]

~

" (0.2317”@*17;3 VLVR*>

The diagram of the process is sketched in figure 4.

7.3.3 Electric dipole moments

A N

A combination of the imaginary parts of the bilinears B,,4, Bys is constrained by the electric
dipole moments. The experimental constraints for the neutron and proton electric dipole
moments d,, and d, at 90% CL respectively are

dp < 1.8 x 1073 efm  [129],

7.54
dy < 21 x 1072 efm [130]. (7.54)

The contribution of right-handed couplings to electric dipole moments was computed in
ref. [131] (neglecting subleading contributions from couplings other than to light generations
(u,d,s)):

dy = Tm [(14%0.7) VEVE + (27 1.3) VEVLE] x 1077 efm, (7.55)
dp~Tm [~ (2.7 £13) V7 VE - (3.6 £ 1.5) VEVSE] < 1077 efin. (7.56)

We can use the bounds on the neutron and proton electric dipole moment to obtain a limit
on the combination of bilinears:

23+1.1) — " 4+ (1.0£0.5) — | < 3x107,
|Vl Vil -
U us
(7.57)
fm [V VR fm [V VR B
(3341.6) ———— +(1.0£04) ————| < 6x107°,
‘Vud| |Vus|
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which can be compared to the constraint in eq. (7.51). This condition requires the imaginary
part of the combinations of bilinears to be at least about 2 orders of magnitude smaller than
the CP-conserving part indicated by the Cabibbo angle anomalies.

7.3.4 Low-energy EW flavour-conserving observables and Z decay

Cabibbo angle anomalies imply a large mixing of the vector-like species with the light
quarks. In this context, Z-boson physics provides constraints on the magnitude of the
flavour-conserving couplings. In fact, mixing with the heavy doublet changes the prediction
of the Z decay rate into hadrons (and consequently the total decay rate) as

I'(Z — had) — T'(Z — had)sy = I'(Z) — T'(Z)sm

GrM3 [ 2 ., . . 1., . . . (7.58)
~ \/Eﬂ- 7§SID 9W<Fuu+Fcc>*§Sln QW(Fdd+FSS+be):|’
where
A ’02 2 m ~ U2 2 d
Foo = Z‘[C%‘Za| 2F’ozom Fm:?%|zl| ZF”L’L (759)

are rephasing-invariant moduli. Eq. (7.58) implies that the predicted decay rate is lower
than the SM expectation.

First, we consider the total decay rate of the Z boson as well as the partial decay rate
into hadrons. The experimental measurements yield [125]

T(Z)exp = 2.4955 & 0.0023 GeV |

(7.60)
'(Z — hadr)ep = 1.7432 £ 0.0019 GeV,

while the corresponding SM predictions are I'(Z)gy = 2.4940 £ 0.0009 GeV and I'(Z —
hadr)gy = 1.74088 + 0.00086 GeV [125]. At 20 CL we obtain the limit

~ ~ 1 /4 ~ ~
Fust Foc+ 5 (Faa+ Bys + Fiy) < 5.7 x 1073 (7.61)

Another set of flavour-conserving constraints originates from parity-violating effects at
low-energy electron-hadron processes with Z-boson exchange, as well as other low-energy
electroweak observables as the oblique parameters (see refs. [45, 54] for the effects of vector-like
doublets; in the subsequent analysis of section 7.5 we use gilpV,exp = —0.0356 + 0.0023 for
the weak charge of the proton and we update the constraint 55¢%, + 78¢i, = 36.25 £ 0.21
for atomic parity violation in Cesium, Q?,{E}JS(CS)GXP [125]).

The importance of the VLQ doublet in explaining the Cabibbo angle anomalies emerges
particularly when considering these observables [45, 49, 54, 59]. In fact, in general, explana-
tions for the CKM unitarity deficit can be in tension with electroweak low-energy observables,
e.g. the value of myy. For example, it was suggested in ref. [44] that a solution to CAA1
which modifies the Fermi constant G with respect to the muon decay constant G, also
implies a deficit in my. Conversely, in ref. [132], it is shown that the models that predict
a positive shift in the W mass may also predict a huge violation of CKM unitarity, much
larger than the one indicated by the current anomaly. The vector-like quark charged as
a doublet of SU(2);, emerges as a favoured candidate for explaining the CAAs since the
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mixing with the light generations of SM quarks can resolve these anomalies at tree level,
while the contribution to my is at the one-loop level and can be relevant only in presence
of a large coupling to the top quark.

7.4 Trilinears and flavour-changing neutral currents

In the presence of VLQs, flavour-changing neutral currents are induced at tree level as well
as at loop level. These flavour-changing effects interfere with the SM, both in CP-conserving
and CP-violating processes. In this section, we illustrate the effects on relevant kaon decays
and on kaon mixing, in particular concerning mechanisms of CP violation. In fact, we have
treated CP violation in decay amplitudes (direct CP violation) in section 7.3.2. In what
follows, we will illustrate the rephasing-invariant effects of the vector-like doublet in CP
violation in neutral kaon mixing (indirect CP violation) and CP violation due to the phase
mismatch between mixing parameters and decay amplitudes (‘interference CP violation’).

7.4.1 Kaon mixing

In the SM, the short-distance contribution to the transition K°(ds) «» K°(ds) arises from
weak box diagrams. The effective Lagrangian describing this contribution is given by:
SM GEmiy (12 2 — 2
LRy = (AZS0(we)+A2S0(@0)+2XeAeS0 (e, 1) ) (577" d1)? +hec, (7.62)
where \q = Vi Vaa, 1o = m2/mi, and Sp(x;) are the Inami-Lim functions [133]. The weak
¢ and the CP-violating

effects are described by the off-diagonal term Mio of the mass matrix of neutral kaons
Mz = —(K°|Las—2|K%)/(2m), which in the SM is [69]

short-distance contribution to the mass splitting Amg = mg, — mg

o G%m%{,f%(mKBK
1272

MM = (A2 S(e) + A2 S(@e) + 2000 S(ze,20) (7.63)
where fx is the kaon decay constant, which can be estimated in lattice QCD to be fx =
155.7(0.7) MeV [97], my = 497.611£0.013 MeV is the neutral kaon mass, the factor B is the
correction to the vacuum insertion approximation which is calculated in lattice QCD, Bx =
0.7533(91) [98], and S(x;) are the Inami-Lim functions [133] (corrected by short-distance QCD
effects [134]). The modulus of the mixing mass M2 describes short-distance contributions
in the mass splitting. The mass splitting is given by Amg ~ 2|Mio| + Amg 1p [134],
where Amp 1p is the long-distance contribution which is difficult to evaluate [135, 136].
However, the short distance contribution gives the dominant contribution to the experimental
determination Amp exp = (3.484 £ 0.006) x 10715 GeV [125].
From eq. (7.10), the CP-violating parameter € can be written as [69]:

e™/* 2 Im (Mi5T2) in/4 Tm <M12A0A8>
€~ 3 3 ~ —e =
V2 4|Mia|” + T2 V2 (Amp) [Ao Ao

(7.64)

(recall that Amp ~ 2|Mja| ~ —%AF ~ |Tyg| =~ %FS). The long-distance contribution to
Mo should have a phase arg \*2 + & — &4 — £ which does not modify € [69], so that the
relevant contributions are the short-distance ones (box diagrams). The crucial approximation
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in the last formula is considering that the decay channel |77, I = 0) is the dominant channel,
INDEEDY f A}A = Afﬁ[lo (where the sum is over all decay modes f). In this approximation,
the parameter € represents the mixing CP violation in the neutral kaon system and the phase
arg e is given by the superweak phase ¢. = (43.52 4+ 0.04)°.

In the SM, at tree level,

Ao _ VisVud icerc+ea—e)
20 _ Yusud i 9 7.65
Ao VsV, (7.65)

The phases {x, &4, & are arbitrary phases in the definition of the CP transformations of |K?)
and the quark fields d and s, respectively, which are cancelled by the same phases arising
from the hadronic matrix element (K°|(dzy*sr)(dryusr)|K°) oc —e " Ex+8a=8) f2. /3 in
Mis, and thus for brevity we will drop them in the formula for the parameter €, which is
independent of it. The relation in eq. (7.65) holds when Ay and Ay are dominated by the
tree-level diagram. Loop contributions are also proportional to V,;V;4. However, because of
the small experimental value of €' /e, loop contributions to the phases of Ay and Ap must
be very small. Then, from egs. (7.64) and (7.65) we have

Im [M12 )\3}

¢ _gin/d Tl (7.66)
From experimental data one obtains [137]
|€lexp = (2.228 £0.011) x 1072 (7.67)

In the standard parameterization of the CKM matrix, A, is real and it is usually omitted.
However, we are interested in a rephasing-invariant analysis. Then, in the SM we have:

gin/4  Im [MISQM)\%}
e~ —
V2Amg ||
_e”/‘lf?{mKBK Grm3, 1

- \/EAmK 1272 ’)\ |2 Im [(chud)Q S(xc)+(Qtsud)2 So (xt)+2Qtsudchuds($07xt)} .
(7.68)

It is clear that the CP-violating effects in the SM are given by the imaginary parts of quartets

appearing in the weak-basis invariant of mass dimension M = 12 in eq. (6.1). This is directly
related to the fact that CP violation emerges at loop level, in particular, in the case of
kaon mixing, in box diagrams with four quarks involved. The last line of eq. (7.68) can be
explicitly written in terms of the J invariant of eq. (3.18):

m (MBI 5
0.8
[Aul? [Aul?

(Re (Qesua) S(e) = Re (Qusua) So(@e) + Re (Quoua — Qesua) S, 71))
(7.69)
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SR dp

SR
dr

Figure 2. New diagrams relevant for neutral kaon mixing.

In the presence of VL.Q)s, a new contribution to the mixing mass term is induced at tree
level as well as at loop level. Then, Mo = M + MNP with

NP 1 2 GF 29 G% Ly po
M12 2—§meKO43 ﬁFds—’_R §MQFds
; (7.70)
m ~ A A~
-31—EK — F VEVEmS
(md+ms)2 ds Vitd Vis mWf(anwt) )

where for the last term we used the results calculated in refs. [138-140], f(zg,x:) =~
x¢In(xzg) /4. The first term represents the tree level contribution, the second term is the one
loop right-right contribution (see figure 2) and the last term is the mixed left-right contribu-
tion which emerges at loop level. The right-right loop-level contribution is relevant since it is
parametrically stronger (o 1 /Mé) than the tree-level contribution (o 1 /Mé) [38, 45], so that
the constraint on the mixing Fl‘j becomes stronger with increasing mass of the extra doublet
(see ref. [45]). We showed in section 7.3.2 that, in the context of Cabibbo angle anomalies,
the new-physics contribution to the amplitudes Ag, Ay is negligible (as expected). Then, we
can use egs. (7.64) and (7.65) and write the new contribution to e:

1 (Taas)”
Me

N2
Im [Mll\ép ()\u)2} - lm 20431 Gr (%,ds) %
Aul? T3 RIKE V2 a2 an?

(7.71)
2

miy ﬁl,ds C?tsud 2
T Garm? e (‘”Q’”)H’

with A\, = Vul;*VuLd Let us remark how the new contribution enters in € only via rephasing
invariants. In particular, this flavour-changing and CP-violating contribution is determined
by the trilinear ﬁ,ds = Vu%VuLS*FdS = A Flys. Constraints can be estimated as |MNP| <
MM Afe, [Tm MPP| < |Tm MM A.,.. Then, the bound on the new physics will be a
function of the modulus |7;.qs] and phase arg (7, 4s) of the rephasing invariant. Setting
Ak =1 and using the results in ref. [141] at 95% CL (which approximately corresponds to
A, = 0.3) we obtain, for Mg ~ 2TeV (the experimental limit on the mass of vector-like
doublets coupling to light quarks is Mg 2 1TeV [75]):

|Egs) < 6x 1077 —2x 1074, (7.72)
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Figure 3. Upper limits obtained from kaon decays and neutral kaon mixing on the flavour-changing
coupling | Ty as|/|[VEVE| = |Fas| = |Faa| = |2a2s|v® /M as a function of the phase of the rephasing
invariant ’f;”‘ 4s = VEVL L (see text and refs. [45, 49] for details). We also show the bound from
¢’ /e (dashed brown line) considering only the contribution of ﬁ,ds which however would require z,
vanishingly small, which is not the case addressing the Cabibbo angle anomalies (when z, # 0 the
CP violation in €' can receive contributions from the bilinears and this bound disappears). Recalling
that |Fl.a| = |V2V.E|/F,., the black lines indicate the values of |Fy4| obtained by considering
the lo interval of the mixings |VJ§V£*\ needed to explain the Cabibbo angle anomalies, assuming
zy = 0.8 with Mg = 2TeV, or equivalently |z,|v/Mg = 0.07 (the maximum value allowed by the
Z-decay constraint).

depending on the relative phase of the couplings. We show the result in figure 3 (blue line).
The limit becomes stronger with increasing mass Mg because of the loop-level contribution
(second term in eq. (7.71)).

Notice that after considering flavour-changing processes together with the constraint
from Z decays in the one-doublet case we would have

FyulFs] _ 5x107% x 2 x 107

' Vil 10

~107° <1073, (7.73)

after assuming the value of V.% needed for the Cabibbo angle anomaly CAA2, that is, the
CAA1 tension would not be explained with one doublet.

7.4.2 K — 7, Kg 1 — pp and other rare kaon decays

A

The rephasing invariant 7, 4, also generates contributions to flavour-changing rare kaon
decays, as K — wvv, K — pu, both CP-conserving and CP-violating. Regarding CP
violation, while ¢ represents CP violation in the decay amplitudes (direct, |A/A| # 1) and ¢
indicates CP violation in the mixing (indirect, arg(M;5I'12) # 0), CP violation in these decays
is due to the phase mismatch between the mixing parameters and the decay amplitudes.
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The decay Kj, — mvv is theoretically very clean. It can be shown that if lepton flavour
is conserved (v and v are each other’s antiparticle and they are generated by the vy v*vyr
operator) the final state is CP even [142-145]. Then the decay K — n%vv is CP-violating.
It is short-distance dominated and the effective Lagrangian in the SM reads [134]

g4

L(K =——
(K — mvv)sm 1672m2,

VEVEX (o) + VEVEX (20)| (509d1) Y ey vee)
e,u,T

(7.74)
where z.; = m2, /Mg, and X (z,) are the Inami-Lim functions [133]. The mixing with the
vector-like quark doublets induces the new contribution

4G 1

L(K — mvv)np = Foq (5p7"dR) > (Tervuver,) - (7.75)

V22 4
The amplitude for the decay K — 7lvv is given by

A(Kp — 7)) = pr A(K® — 7%0) + qg A(K° — 7). (7.76)
The relevant CP-violating parameter in this decay is [69]

N quA(R'O — )
™ pr A(KO — m0uv)

VRV et (VEVE X (@) + VRV X @) - 3, 0T
VEVE et (VEVEX (o) + VEVEX (20) = S’
and the decay amplitude can be written as
A(KL — 7)) = pr (14 i) A(KY — 7%00) (7.78)

where Ar,5 # —1 implies CP violation. Since strong final state interaction phases are absent
and diagrams with intermediate up quarks are suppressed by the GIM mechanism, there
is no direct CP violation (JA/A| = 1). Indirect CP violation is very small (|¢/p| can be
considered as 1). The main reason why |Ar,p| # 1 in the SM as well as in the new-physics
scenario is because the phases of ¢/p and A/A do not match, that is, interference between
mixing and decay [142].

Then, the total branching ratio results in

2
1 (7L L* 1;
Br(Kp — nvi) 3 m [Vus a Fsd}

e L s — ——
Br(K — m0ui)su tm VAV 5o (VA VEX (2e) + VEVEX (20) )|

us " ud 27 sin? Oy

7.79
The experimental limit on this decay at 90% CL is [125] )
Br(Kp — 7'0i)exp < 3.0 x 1077, (7.80)

which is two orders of magnitude larger than the SM expectation [146]
Br(K — mvi)gm = (3.00 £0.30) x 107 (7.81)
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so that the experimental limit can be applied to the NP contribution. Then, we obtain
the rephasing-invariant bound:

3|t | (ViViiy) |
o |t [ (VEVE ) (VEVEX (20) + VEVEX (20)) ||

27 sin? Oy

< 9.3, (7.82)

that is, the new contribution can be ~ 10 times larger than the SM contribution.

A similar analysis leads to rephasing-invariant constraints on the decays Ky — pup and
Kg — pp, which involve the real part and the imaginary part of the invariant Vugvu%* Fig
respectively.

The same effective Lagrangian in eqs. (7.74) and (7.75) leads to the decay K™ — wtvw.
Ref. [125] estimates the SM contribution as Br(KT — ntvi)gy = (0.81 £0.04) x 10710
(it also states that parametric uncertainty in the CKM angles can result in shifts of the
central value differing from this one by up to 10%). The experimental limit is Br(K+ —
THUD)exp = 1.147039 x 10710 at 20 [125]. One obtains

L (VuLsVuLd*) Fuq
LVL*) (VCQ*VCQX(:JJC) + ‘Zé*%X(xt))

_a_ _ (y
27 sin? Oy us " ud

0.98 < |-

+1] <144, (7.83)

Notice that the SM expectation is at the edge of the 20 region determined by the experimental
value. Then, a new contribution with modulus and phase

|Fgsl <3%x107°, 0<arg(Tyg) S13 or 4.3 Sarg(T;4) <2r (7.84)

would align the SM prediction to the experimental result and it would always be allowed.
The result is shown in figure 3 (magenta line).

Let us note that CP-violating effects in the RH sector are determined by the rephasing-
invariant trilinears (see eq. (4.29)), which appear in the weak-basis invariants of mass
dimension M = 10. This is related to the fact that CP violation in neutral meson mixing
due to the mixing with the vector-like doublet only involves two quarks of the same sector
(down for K and B, up for D mesons). As a consequence, the strength of CP violation can
be expected to be stronger than in the SM.

7.4.3 CP violation in K — 77 by trilinears

We observe how the new CP-odd rephasing invariant associated to RH FCNCs appears and
possible deviations from the SM could be hinting for non-zero values of it.

Additional strong bounds to the same effective trilinear invariant 727(15 can be ob-
tained from €. The mechanism is sketched in figure 4. The corresponding CP-violating
Z-mediated RH s — d transition, generates AS = 1 four-fermion operators below the EW
scale again potentially inducing a very large CP-violating K — (77)7—2 amplitude. Indeed,
using eq. (G.18) at the EW scale and singling out the chirality-enhanced 8, x 8 operators
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Figure 4. Simplified sketch of possible Feynman diagrams producing CP interference in K — 7,
probed in ¢’. On the left, the leading SM contribution is shown, proportional to V.5V.L*. In the
middle, we show one of the contributions due to the mixing with the VLQ doublet in charged currents,
proportional to Vu@Vu@* (see top panel of figure 7 and the operator in eq. (7.11)). On the right, we
show the new contribution from neutral currents proportional to ﬁ'js (see bottom panel of figure 7

and eq. (7.85)).

under SU(3)z x SU(3)g transformations (qlL(R) — L(R)qlL(R), ¢ = (u,d,s)T), one finds

4GF _ n 1 2 .2 - i _ i 1 1 .2 _ S
LD W [u;ﬂ uy, (2 — gsm 9W> — (dL7 dr, + 517 5L> (2 — gsm Hwﬂ (sRFsdvudR)

. 4GYF 1 ol 2 =l Bl Spf
= W (—qu qr, + cos” Ow qr, Qy QL> (SRFdedR>

3
AGF  op m (Al (=
D NG cos” Oy Fyq (qL Qv QL) (5RYudR) -

(7.85)

At leading order in the chiral counting, i.e. in the limit of exact SU(3)y symmetry, the K —

(mm) =2 amplitudes generated by cleQ'yuqlLE rY"dg and ury,drspy*up entering in eq. (7.11)
2 A A A

are identical.?’ Thus the sensitivity of As to CT"ngS is aALpproximately the same as —U%(VuIEVuLd*),

that is, in this scenario the sensitivity to c%v Im 7, q4s is the same as the sensitivity to

—|VE[2Tm B, in eq. (7.51). Thus, using eqs. (7.50) and (7.51) we can write a bound to

the non-standard contributions to €'/e as:
’ Im [‘VULSPB‘“{ + |VuLd’2Bus - ﬁ,ds cos? QW} ‘
LY L
‘VUL Vud’

S

<56x1077. (7.86)

Let us also notice that when 2, # 0 this limit can be written as

N A ~ ~ AL A 2

uw

— <56x1077. 7.87
A7 (750

S

7.5 CAA-motivated scenarios
7.5.1 One VLQ doublet (N = 1)

Here, we examine in more detail the scenarios with vector-like doublets relevant for the
Cabibbo angle anomalies, using the rephasing-invariant formalism described in this work. As

200ne way of seeing this is using eqs. (25) and (29) of ref. [118]. The operator G- Qq:5ry"dr induces
Tr[26527 QU] with the same non-perturbative strength as 4ry*dL5rV,ur induces Tr[2452s [ Atira i),
Using that the explicit U convention is the one of eq. (4) of ref. [147], one easily obtains the K — =z
amplitudes.
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Conventional Rephasing- Bounds on VLQ invariants
name invariant form
B "L | YR
Vud ’Vud + Vud|
N N ReBud ~ 10-3 ReBus ~ 10—3
Vufges ’VuLs _|_Vul§ — |VuLd|d ~ 1077, 7 10
(=) Vi =Vl
Vua ) 512 V-V
Re(A2A47) VEIReBug _ Vi ReBus 103
jwl ol VL) ve ~ W
Ret Im( 434 JLETLTL ML TE
€ V2lel |Ao|? V.Sl Vi
Imﬁ,ds cos? HW‘ < _7
vEvEl |~ 610
ImBug ImBys —6
dnp egs. (7.55) and (7.56) W]é\d , II?/T <3 —6x10
I'(Z — had) eq. (7.58) Fu FE<5%x 1073 (for a #1t)
| Tm(M1240 47 )| | T, -7 —4
€|, Am —, 2|M —— < 6 x 107 — 2 x 10
fel, A V3 (Am) [Ao Ao’ Mol v
0,5 . | Tm Ty -5
Br(Ky — ©vp) Ay €q. (7.79) AT 2x10
ud ® us
Br(K+ — mtui) % < (3—8)x10°°
ud ® UuS

Table 6. Summary table of constraints on rephasing-invariant mixing elements in the presence of one
VLQ doublet of quarks (assuming no cancellations).

already recalled, it was shown in ref. [45] that a single vector-like doublet mixing with the
up, the down and the strange SM quarks cannot explain all the tensions, since the required
couplings are excluded by limits on flavour-changing neutral currents (see also eq. (7.73)).
We start by reviewing two scenarios with one extra doublet, in one case exhibiting large
mixing with the up and the down SM quarks (z, # 0 and zg # 0), which can resolve the
tension between V4 and V,,s (CAA1), and in a second case coupling predominantly to the
up and strange quarks (z, # 0 and z, # 0), causing the tension between the K¢3 and
K p2/mp2 determinations of Vs (CAA2). Then we study the scenario with the presence of
two vector-like doublets with the same pattern of couplings respectively.

In the one-doublet scenarios, the only non-zero matrix elements of the corresponding
charged- and neutral-current matrices are either (CAA1)

,UZ

SR
Vud_

*

5 2y, ”d 5

M3
Q

2

Q
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or (CAA2)

prR_ 0 £ ”2| >0, £ “2| 2> 0 (7.89)
us — 772 Fufs ss = 779 |%s ) wu = 359 |Ru . .
Mg Mg Mg

By performing a x? fit of the determinations of \Vudlg, [Vauslies, |Vu8/Vud|Ku2/W2 using
the values in eq. (7.5) and the parameters in eq. (7.7) (|VULS‘ and Re (VL Vu@)/\%\ or
Re (V5* V.EY/|VE| in the two cases, respectively) one finds for CAA1

Re (VL vV E .
W =-0.55(29) x 1073, |V.E| =0.22451(38), (7.90)
ud

with |V5| = 0.97447(9) obtained from unitarity of V7, or for CAA2

(rLx YR
w = —1.09(36) x 1073, |Vug| = 0.22453(34), (7.91)
with [VL| = 0.97446(8) from unitarity.

In these scenarios, very clean and distinct predictions can be made about non-standard
flavour-conserving neutral currents, since the mixing matrices of the RH charged currents Vi
and neutral currents F, originate from the same couplings (see e.g. egs. (7.88) and (7.89)).
Hence, by assuming the presence of RH charged currents, one is predicting a non-zero shift
in RH neutral currents, which can be tested for example in Z-pole observables. In particular,
in these two cases we have

[Re éud]2 + [Im l;’ud]Q

Fagb = | VE? = — : (7.92)
|vud|
or . 9 R 9
L . Re B Im B
FSSFM:|V£\2:[ ¢ Bus]” + [Im Bua]” (7.93)

VAN
In order to explain the Cabibbo angle anomalies we can substitute the values of Relgud(s) / |VuLd(s)|
in egs. (7.90) and (7.91). Then, one finds the relations

N 2
FaaFu > W = (0.55(29) x 10*3)2 : (7.94)
ud
or
FosBu > (PTeVlzT:) = (1.09(36) x 10*3)2 . (7.95)
us

However, egs. (7.92) and (7.93) should also be confronted with the strong experimental
limits on CP-violating processes, which constrain the CP-odd rephasing invariants Im l';’ud(s)
(see egs. (7.51) and (7.57)). After taking into account the CP-violating probes, the product
of couplings Fuuﬁdd(ss) can be sharply determined and the relations in egs. (7.94) and (7.95)
become equalities at the per mille level.
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Figure 5. Neutral current space corresponding (a) to eq. (7.95), one doublet case, and (b) to eq. (7.100),
two doublets case, together with the excluded region at 95% CL considering Z — had plus atomic
parity violation (see text for details).

Moreover, these relations should also include the other experimental constraints, from
electroweak and Z boson observables (see e.g. eq. (7.61) and ref. [49]). Then, after considering
all phenomenological effects, these scenarios lead to precise predictions on each coupling
Fuua Fdd (OI' Fss)-

By performing a 2 fit for CAA2 using the parameters Fl,, Eis, Vug, including the
Cabibbo angle determinations of eq. (7.5) and the observables in section 7.3.4 (i.e. I'(Z — had),
Qw (p), Qw(Cs)) we obtain an improvement of x%,; — x2;, = 10.1 which is independent
of the mass of the vector-like doublet. The remaining discrepancy is due to the difference
between the determinations of the Cabibbo angle from kaon and /3 decays. In figure 5(a)
we show the 1o (x2;, + 1) interval of the parameters (green region). The constraints at 2o
CL are also displayed, for the Z boson decay to hadrons (magenta) and the weak charge of
the proton (red). In addition, we illustrate the relation (7.95) in figure 5(a). In particular,
we show the result of the fit of the anomalies alone, namely eq. (7.5), as the blue curves,
indicating the 1o interval region (x2,, + 1). By assuming that the charged-current couplings
take the values needed for the anomaly, that is eq. (7.91), CP-violation limits forbid the
striped cyan region (which would be allowed by the CAA solution) and the neutral-current
couplings should lie inside the blue band.

7.5.2 Two VLQ doublets (N = 2)

We now examine a scenario with two vector-like doublets, which could be the source of all
the tensions in the first row of the CKM matrix while also not contradicting the stringent
limits from flavour-changing neutral currents and other precision electroweak observables.
We assume that one doublet couples predominantly with the up quark and the down quark,
while a second doublet has large couplings with the up quark and the strange quark. The
mass matrices related to this scenario are given in eq. (6.36), with the mixing matrices Vg,
F,, Fy given in egs. (6.37), (6.39) and (6.40). Then, the relevant matrix elements of the
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Figure 6. Parameter space in the scenario with two vector-like quark doublets coupling to up and
down and up and strange quarks, respectively, as predicted by resolving CAA1 and CAA2 (see text
for details, ]\4@1 = MQ, MQ2 = aMQ).

corresponding charged and neutral current matrices read

2 2

(rR v * (7R v *
Via = 3z “lu1d,  Vus = 53 Zou2s s
Q Q (7.96)
Pu= U lad?, =l Fu= L (l 4 bl
dd = 7,2 1”1d| > ss = ~oaro 1R2s] wu = 75 | [Flu 2 )
Mg a*Mg Mg a
Let us also highlight that we have the following relations for the couplings z,(q):
(7R 7R
v ’ d’ v }Vus v [/ A~ v A
|Zl’u,| MQ Fdd bl |22u| CLMQ Fss bl |Zld| MQ dd » ‘ZQS‘ CLMQ SSs
(7.97)

Again it is clear that there exists a direct connection between neutral and charged mixing
elements. In particular, as right-handed charged currents are assumed in order to explain the
anomalies, then modified neutral current couplings are predicted with the peculiar relation

n ‘Vulji|2 |Vu}§ ?
Fuu - = + S .
Fdd Fss

(7.98)
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In order to explain the CAAs, the charged-current mixings Re Byq/|V.5| and Re B,s/|V.k|
should assume the values in eq. (7.8). Then, one gets the relation between the charged-current
couplings appearing in eq. (7.7) and the neutral-current couplings:

FuuFdd Fuqus B |Vu[£l‘2 FuuFdd ’Vu[éP Fuqus

Hence, the presence of right-handed currents generating the CAAs would imply flavour-
conserving neutral currents with couplings above the rectangular hyperbola of axes FouFaa
and Fy,Fys. After applying the experimental bounds on the corresponding CP-violating
phases (see egs. (7.52) and (7.57)), we have that the bilinears should be real at the per
mille level when the real part assumes the values needed for the anomalies 3ud(s) / |‘A/uLd(s)| ~

Re Bud(s)/ |Vu€i(s)| ~ 1073. Then, the product of flavour-conserving neutral-current couplings
lie on the hyperbola at the per mille level:
. (0.79(27) x 1073)%  (1.24(37) x 1073)?

F,., = = + Z , 7.100
" Fdd Fss ( )

where we inserted in eq. (7.99) the values in eq. (7.8). This relation is shown in figure 5(b)
(blue curves, corresponding to x? = 1 region). While the anomalies can be addressed in the
region above the (blue) curves, CP-violation bounds force the couplings to remain within the
blue band (excluding the striped cyan region) once the charged-current couplings acquire
the values needed for CAA1 and CAA2.

The RH charged currents explaining the anomalies hence imply the presence of anomalous
Z couplings because of the connection between charged- and neutral-current couplings.
Neutral-current couplings are also subject to constraints from electroweak and Z-boson
observables (see e.g. eq. (7.61)) which should be included in the phenomenological analysis
of the Cabibbo angle anomalies. Then, after considering all phenomenological effects, the
predictions for each coupling Fuu, Fdd, F, become quite accurate and testable, for instance,
by improving the precision on Z-decay observables.

We show this connection and the corresponding parameter space in figures 6(a) and 6(b).
After considering the constraints on CP violation, we have

2 3 3 7L
Ty But  RebBud _ _ 7 (27) x 1078 Vud__
u M?2 VL* VL* |VL|
Q ud ud ud (7 101)
2 3 (7L '
N v Re Bys 3 Vi
25y, 225 5~ — = —1.24 (37) x 107° —=-.
T aMg o VE |Vis]

Taking into account these relations, we perform a x? fit using the parameters —z1,v /Mg,,
—2o0/Mg,, —22sv/Mg,, —z14v/Mg, and VULS (VuLd is determined by the unitarity of VL)
including the observables: determinations of the Cabibbo angle (7.5), I'(Z — had), Qw (p)
and Qw (Cs) (see section 7.3.4). We illustrate the result in figure 6(a). The 1o and 20
interval regions (x2,:, + 1, X2, + 4) are displayed in green and light-green, marginalizing
over the other variables and assuming real bilinears Bud and l’;’us. We receive an improvement
over the SM of xZy; — X2, = 18.1. We also show the constraints at 20 CL for the Z boson
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decay to hadrons (magenta), the weak charge of the proton (red), and the atomic parity
violation in 23Cs (purple). The fit including only the anomalies, namely eq. (7.5) without
the neutral-current flavour-conserving constraints and assuming real bilinears, is shown by
the blue bands, which indicate the 1o region (x2;, + 1) corresponding to eqs. (7.8). We
also paint the cyan striped area indicating the region which is excluded by CP-violating
phenomena once it is assumed that the real part of the couplings takes the values needed
for the Cabibbo angle anomalies, egs. (7.8) and (7.101).

Under the assumption of real bilinears Bud(s), a x? fit can be performed using the
neutral-current couplings as parameters, i.e. Fuu, Fus, Fug (and VULS) including the same
observables in eq. (7.5) and section 7.3.4. In figure 6(b) we illustrate the results of the
fit on the Fuu—ﬁ’ 555 Fw—ﬁdd and Fdd—ﬁ ss planes, respectively, marginalizing over the other
variables. The 1o and 20 interval regions (x2;, + 1, X2, +4) are presented in green and light
green. The relation in eq. (7.100) emerges in the stand-alone fit of the anomalies, without
including the flavour-conserving constraints, which at 1o gives the blue curves in the plots:
CAA1 and CAA2 can be resolved in the whole region above the curves, independently on
the assumptions on CP violation.

Besides being the potential resolution of the Cabibbo angle anomalies, the Yukawa
textures in eq. (6.36) are compatible with all other experimental constraints, in particular
the stringent limit on flavour-changing neutral currents. In fact, as it can be inferred
from egs. (6.39) and (6.40), there are no FCNCs at tree level. In principle, there is still a
contribution at loop level e.g. to neutral kaon mixing. However, in the scenario explaining
the Cabibbo angle anomalies, i.e. taking into account the values in eq. (7.8), we get that the
new contribution is well below the experimental constraints (at least two orders of magnitude
smaller than the SM contribution, see appendix H).

Let us close this section with a couple of observations. If Cabibbo anomalies were to
be confirmed and addressed by this scenario, two new puzzles would emerge: 1) Why does
each VLQ (mostly) couple to one light SM quark family in each sector (needed to evade
FCNC constraints)? 2) A priori, CP phases in nature are arbitrary. Why does one have
|arg l’;’ud(s)| = ]arg(VuLd’Es)VuIZ(s)) — 71| £1073? Perhaps a symmetry mechanism, beyond the
reach of this work, could shed some light on both issues.

Let us also note that, in an alternative scenario in which e.g. Re l?ud ~ Im l;’ud, CP-
violating probes on the invariant | Im B’ud! < 1079 are naturally testing possible scenarios
with VLQ doublets at Mg ~ 200 TeV, far beyond the direct reach of current and near-future
high-energy colliders, thus becoming one of the highest-scale BSM scenarios currently being
tested and not violating any of the SM symmetries (accidental or not).

8 Summary and conclusions

In this work, we studied models of VLQ doublets with standard charges, which are minimal
extensions of the SM and highly motivated from a model-building point of view. Notably, these
models provide favoured solutions to the Cabibbo angle anomalies (CAAs) [45, 49, 54, 59].
We emphasized that a prominent tool in the analysis of these models is obtained through a
weak-basis invariant (WBI) description. In an extensive survey, we explained how to construct
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WRBIs for VLQ doublet models and how to relate these to physical parameters. The physical
parameter count for an arbitrary number N of VLQ doublets is given in table 2.

An important and differentiating aspect of WBIs constructed for VL.Q doublet models
— and in contrast with the SM or VLQ singlet extensions — is that, due to the presence of
exotic right-handed currents new and simpler rephasing invariants and WBIs can be obtained,
which can also be related to Lagrangian parameters and observables. This extra character
of doublet representations allows for lower-mass-dimension (M = 6) CP-odd WB invariants.
This could represent a significant enhancement of CPV with respect to the SM (M = 12)
or even to the VLQ-singlet extensions (M = 8).

For the one-doublet case, we found a special weak basis, referred to as the “stepladder”
WB, which in a simple and comprehensive way enables us to extract all physical parameters
step-by-step, without having to solve complicated equations. We identified a set of WBIs
totally characterizing the single VLQ doublet scenario (N = 1). An alternative procedure,
using instead the minimal weak basis of section 3.1.1, is also used to generalize this char-
acterization to an arbitrary number of doublets (N > 1). Moreover, we presented useful
parameterizations for the quark mixing in section 4.

We then focused on studying rephasing invariants and CP-odd WBIs, whose imaginary
parts signal the presence of CPV. In the doublet scenario, new kinds of rephasing invariants
arise, which result from the existence of right-handed charged and neutral currents mixing
matrices Vg, F, and F;. The interplay between the two types of charged currents, right-
handed and left-handed, generates bilinears, of the form VLV E* involving only two quarks.

ot ar )

Flavour-changing neutral currents give rise to trilinear rephasing invariants of the form
gﬁVaLi*Vﬂe and Ffjl-Va%VaLj*, involving three quarks.

We found that the mass dimension and number of insertions of the mixing elements
in WBIs play a crucial role. In fact, we uncover a direct connection between the type of
effective rephasing invariants contained in different WBIs and their structure, i.e. the number
of Hermitian blocks from which the WBIs are built. We denote by effective the rephasing
invariants that involve only the three SM quarks and that emerge after taking into account
the hierarchy between the EW and the VLQ mass scale. These features then provide a deeper
understanding of the links between WBIs, rephasing invariants and observables.

We also find a complete set of WBIs which describe the CP properties of the one VLQ
doublet scenario and whose vanishing would ensure CP invariance. We present this set
in table 3. Moreover, we briefly studied the extreme chiral limit for the one- and two-VLQ
doublet scenarios. We show that in this regime of extremely high energies, even though
the lighter quark masses can be taken as vanishing, CPV can still be achieved, in contrast
to what happens in the SM.

We carried out a phenomenological analysis, using the WBI description previously
developed. Such description in terms of invariants provides unambiguous constraints on
the model, which is particularly attractive when describing CP-violating phenomena. The
crucial connection between WBIs and effective rephasing invariants hints at the strength of
different CP-violating VLQ contributions — the different structures of invariants emerging
in the presence of VLQ doublets suggest which phenomena can receive a large contribution,
particularly when involving CP violation.
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The presence of vector-like doublets can affect several processes, both CP-conserving
and CP-violating, e.g. hadron decays, low-energy EW observables and Z decay, kaon mixing,
direct CP violation, rare kaon decays, and electric dipole moments. We studied these
phenomenological effects in their rephasing-invariant form. In particular, we analyzed the
observables in terms of rephasing invariants, i.e. moduli, bilinears, trilinears, quartets and the
interrelations between them. We imposed limits on the corresponding invariant quantities
allowed by the model. These results are summarized in table 6.

Finally, we analyzed specific scenarios addressing the Cabibbo Anomalies with VLQ
doublets, explicitly showing, using rephasing-invariant quantities, the remarkable relations
between RH neutral- and charged-current observables involving both CP-even and CP-
odd probes.
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A Notation
Notation Description (¢ = u,d; x = L, R) Definition
N number of VL(Q doublets added to the SM eq. (2.1)
M, (3 + N)-dimensional mass matrix of ¢-type quarks eq. (2.5)
Y, 3 x 3 standard ¢-type Yukawa matrix eq. (2.2)
Zq N x 3 matrix of ¢-type Yukawa couplings to VLQs eq. (2.2)
M 3 x N matrix of bare mass terms involving SM quarks eq. (2.2)
Mg N x N matrix of VLQ-only bare mass terms eq. (2.2)

Table 7. Notations introduced in the text and equations where they are defined (continues...).
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Notation Description (¢ = u,d; x = L, R) Definition

Dg Mg in a basis in which it is diagonal and non-negative eq. (3.5)
Yy (3+ N) x 3 matrix of all ¢g-type Yukawa couplings eq. (2.6)
my the product v ), i.e. all masses terms or EW origin eq. (2.6)
M (3+ N) x 3 matrix of all bare masses terms eq. (2.6)
Vi (3 4+ N)-dimensional unitary rotations bidiagonalizing M, eq. (2.8)
D, (3 + N)-dim. diagonal matrix of physical ¢g-type masses eq. (2.10)
M1 new heavy physical masses (MY, ..., M) eq. (2.10)
Al matrix containing the first 3 rows of V{ eq. (2.12)
B} matrix containing the last N rows of VI eq. (2.12)
VL (3 + N)-dim. LH charged-current mixing matrix (unitary) eq. (2.16)
Vr (3+ N)-dim. RH charged-current mixing matrix (non-unit.) eq. (2.16)
VexkM 3 x 3 non-unitary CKM mixing matrix eq. (2.18)
F, (3 + N)-dim. Hermitian matrix controlling g-sector FCNCs  eq. (2.21)
Vi Vekwu at leading order, part of a parameterization of V7, eq. (4.23)
Vi 3 x 3 upper-left block of Vg at leading order, cf. eq. (4.19) eq. (4.29)
ﬁ’q 3 x 3 upper-left block of F; at leading order, cf. eq. (4.20) eq. (4.29)
Wi, weak-basis rotation of LH fields eq. (3.1)
Wr weak-basis rotation of RH VLQ fields eq. (3.1)
Wi weak-basis rotation of RH standard ¢-type quarks eq. (3.1)
Y, Y, in a basis in which it is diagonal and non-negative eq. (3.7)
qu 3 x 3 unitary rotations bidiagonalizing Y eq. (3.7)
V 3 x 3 CKM-like matrix in the definition of the minimal WB  eq. (3.9)
Zq rotated Z, in the definition of the minimal WB eq. (3.10)
Zq rephased z,, with IV less phases eq. (3.12)
1% 3 x 3 unitary matrix in the definition of the stepladder WB  eq. (3.13)
B rephasing-invariant bilinears, defined in terms of V), and F;,  eq. (3.20)
T rephasing-invariant trilinears, defined in terms of V, and F;, eq. (3.21)

Table 7. Notations introduced in the text and equations where they are defined (continues. . .).

— 76 —



Notation Description (¢ = u,d; x = L, R) Definition

Q rephasing-invariant quartets, defined in terms of V) and F,  eq. (3.22)
B rephasing-invariant bilinears, defined in terms of Vx and Fq eq. (4.29)
T rephasing-invariant trilinears, defined in terms of VX and Fq eq. (4.29)
Q rephasing-invariant quartets, defined in terms of VX and Fq eq. (4.29)
Q rephasing-invariant quartets generalizing the SM ones eq. (4.31)
Hy LH Hermitian matrix /\/lq./\/l:g =he+H eq. (5.1)
hq LH Hermitian matrix mqm; eq. (3.3)
H LH Hermitian matrix MM eq. (3.3)
Hyr RH Hermitian matrix M:g/\/lq eq. (5.1)
a ratio of VLQQ mass parameters in the N = 2 scenario eq. (6.36)
Ay shorthand for the product V.5V L eq. (7.22)

Table 7. Notations introduced in the text and equations where they are defined.

B Alternative ways of counting physical parameters

B.1 Counting via a spurion analysis

To independently check the (physical) parameter count of table 1, one may perform a
spurion analysis [148] (see also [56, 149]), which does not require fixing a WB. One starts
by identifying the general flavour symmetry available in the absence of mass and Yukawa
terms — in direct correspondence with the WB freedom of eq. (3.1), as mentioned above.
Mass and Yukawa terms break the symmetry of the kinetic terms to the conserved baryon
number symmetry. Schematically, one has

UB+N)o, xUB)up xUB)gp x UN)g, — Ul)B. (B.1)
The number of physical parameters Nppys = gﬁl‘;cslu“ + Ngﬁ;ses can be obtained from the
differences
Nmoduli _ pymoduli _ prmoduli
phys general broken > (B 2)
h h h )
Nonys = Naeneral = Noroken

where Ngeneral refers to the number of parameters (even if unphysical) describing the M,
matrices in a generic WB, i.e.

Yq, 24 M Mg
moduli __ arphases __ e /? _ 2
Ngeneral = Ngeneral = 2(9 +3N) + 3N + N° =18+ 9N + N (B.3)

= Ngeneral = Nimodull + NPIOSC — 36 + 18N + 2N 2,

g general
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As for Niyyoken, each U(k) factor contributes with $k(k — 1) moduli and $k(k + 1) phases.
The chain of eq. (B.1) then implies

1 1
Nil = S84+ N)(2+ N) +3+3+ SN(N = 1)~ 0=942N + N?

1 1
Niioten = 33+ N)(4+N) +6+6+ SN(N +1) = 1 =17 +4N + N? (B.4)

: hases
= Nbroken = gﬁgﬁéﬂl + N]g)roai:;? =264+ 6N + 2N2 .
As a result, we obtain

phys

NBEses = 1+ 5N

Nmoduli =94+ 7N
= Nphys = 10+ 12N, (B.5)

in agreement with table 1.

The results above apply to a general number N of SM-like VLQs. In the simplest case
of N =1, one counts 12 extra parameters in the quark sector (7 moduli and 5 phases), for
a total of 22 physical parameters (16 moduli and 6 phases).

B.2 Counting in the mass basis (IN = 1)

Consider the mass basis and the simplest case of N = 1. We have 8 physical masses. The
mixing matrix in the LH sector, V,, is a unitary 4 x 4 matrix which can be parameterized
using 6 angles and 10 phases. As regards the RH sector, the matrices Vg, F, and Fy are
built from B} and BdR, i.e. from the last rows of the unitary matrices V3 and VId%, which
contain a total of 6 independent mixing angles (3 in each B}) and 7 independent phases,
as only differences of the 8 phases (4 in each B}%) appear.

However, not all of the 8 + 6 + 6 = 20 moduli and 10 + 7 = 17 phases identified above
are physical. Recall that the extra species is vector-like. In the mass basis, this information
is encoded in the relations of eq. (2.26), which in this case read

D V|| = v Dg v (B.6)

— o O O
— o O O

This equations represent 4 real and 4 imaginary conditions. Then, we have 8 +6+6 —4 = 16
moduli describing the model. As regards the phases, note that, beyond the 4 imaginary
constraints set by eq. (B.6), 7 phases can be eliminated (in total, between the RH and LH
sectors) by rephasing the quark fields. Namely, one is free to rephase all 8 quark fields u, ¢, t,
T', and d, s, b, B’ in the mass basis with common phases for both chiralities (leaving the mass
terms real), cf. eq. (3.19). Due to the conserved baryon number, this procedure can remove
at most 7 unphysical phases, as indicated above. Thus, we are left with 10+7—-4—-7=26
physical phases describing the model.

As an example, out of the 10 phases contained in V7, one may choose to eliminate 5 phases
related to the LH mixing of the three light quark species by rephasing the corresponding
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fields. Then, 4 of the remaining 5 phases are determined by the relations in eq. (B.6). This
means that only one physical phase is contained in V. By rephasing the 7" and B’ fields, 2
out of 7 phases can be eliminated from the RH currents, leaving 5 phases as free parameters
in the RH sector. This results in a total of 6 physical phases, as anticipated.

This discussion can be extended to the case of more VLQ doublets. Counting in the
context of a specific parameterization, for N > 1, is carried out in appendix C.

C Parameterizing the mixing exactly

In this appendix, we derive exact parameterizations for the mixings in these extensions,
namely for the matrices Vi, Vg and consequently for the Fj, for an arbitrary number of
VLQ doublets N with hypercharge 1/6. These are given explicitly in terms of (physical)
angles and phases, in a way that is reminiscent of the PDG parameterization for the standard
CKM matrix [137, 150] or the Botella-Chau parameterization [151] for the mixing in SM
extensions with a fourth generation. While this is done for completeness and may be useful
for comprehensive scans of the parameter space of the model(s), an expansion like the one
considered in section 4 should be enough for most phenomenological applications.

Throughout this appendix we will make use of the following definitions for the (3 + V) x
(3 + N) orthogonal rotation matrices O;;,

sin 0;; , fora=i, =37,

(Oij)aﬁ _ —sin6;; , fora=j, =1, (1)
cos 0;j , fora=pg=1iorj,
daBs otherwise,

with 0;; € [0,7/2], and for the (3 4+ N) x (3 4+ N) diagonal phase matrices /C;;,

eiPis | fora=p5=1,
(Kij)as = { (C.2)

0ag s otherwise,

with ¢;; €[0,27], implying e.g. that K5 =diag(1,1,e"s1,1) and that Ko4 K14 =diag (e"14,e#24 1,1),
for N = 1.

C.1 A single doublet (N =1)

For the case of the SM extended with a single doublet VLQ we can parameterize the unitary
mixing matrix of the charged LH currents as a general 4 x 4 unitary matrix

Vi, = K 034094014K24K 14 O23K31 013012 K (C.3)

where we have used the 4 x 4 matrices O;; and K;; defined above, as well as the diagonal
phase matrices given by

- 11 102 103 14
K—dlag(e‘p ,e'? ,e“”,e“"),

I (C.4)
K' = diag (1, e'%2 e'¥3, 6“04) .
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Obtaining a parameterization for Vg is less immediate due to its non-unitary. Nonetheless,
it is helpful to recall that Vg is given by the product

Ve = Vil diag (0,0,0,1) V§ | (C.5)
where the V} are 4 x 4 unitary matrices. Then, using again the general parameterization
for a unitary matrix in eq. (C.3) to express both V% and V4,2! one can write

Vi = K0T 08T 0T diag (0,0,0,1) O%,04,0%,K4, (C.6)
so that the matrices controlling the FCNCs are given by
— 4% 9T AT AT 5. q q q
Fy = K303, 05, 01y diag (0,0,0,1) 07,05,03,K,, (C.7)

for ¢ = u,d. Here, the (’)gj matrices are 4 X 4 orthogonal matrices as defined in eq. (C.1) and
the I, and Ky matrices are diagonal phase matrices similar to K in eq. (C.4).

Now, by rephasing the LH fields as U;, — KUy and D, — K™* Dy, followed by an
identical transformation of the RH fields, i.e. Ug — K Ur and Dr — K* D which maintains
the mass terms in eq. (2.9) invariant, one can simply write

VI, = 034024014K24K14 O23K31013012, (C.8)

which has a form identical to the Botella-Chau parameterization of the quark mixing matrix
for the case of the SM extended with one VLQ isosinglet. On the other hand, Vz maintains
the form in eq. (C.6), of course with K, and Ky being redefined to absorb the effects of
the rephasing

KoK = Koy  KgK* = Kq, (C.9)

so that all factorizable phases are brought to the RH charged currents (absorbed in Vg).

Note that, right now, we have parameterizations for Vz, and Vg that appear to depend on
a number of parameters that largely exceeds the 14 mixing parameters we counted in section 3,
see table 2. This issue is resolved when enforcing the constraint of eq. (2.26), which allowed
us to derive egs. (2.27) and (2.28). For instance by writing

Bh=(0001) V= (0001) 04,04,04K, (C.10)
and using eq. (B.6) which directly follows from eq. (2.26) for N = 1, one finds
D, K, 081 031 Off

= V1, Da 3051 05 OFf (C.11)

= o O O
= o O O

that demonstrates the existence of relations between the (interdependent) parameters.

2'Without loss of generality, we reverse the order of the product in eq. (C.3) to parameterize the VE.
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One can choose to keep the 6 angles and 3 phases of V as given in eq. (C.8) as
independent parameters — different choices are possible, cf. appendix B.2. In this case, one
can plug eq. (C.7) into the leftmost part of eq. (2.27) to obtain

Vi = D, 'V Dy K;05{ 051 Off diag (0,0,0,1) 0,08,04,K4, (C.12)
after multiplying by D, ! from the left.?? Here, one can parameterize the phase matrix K4 as
K4 = diag (ei‘p?, ei‘pg, ei""g, 1) , (C.13)

with the fourth phase being factorized out as a global phase, which cancels with that from
KCj. Note that any mention of the O} (i = 1,2,3) and K, matrices has disappeared in this
parameterization of Vg, and consequently from F;, = VRVIE and Fy = VIEVR. Finally, using the
relation B}‘%B}%T =1, see eq. (2.14), and recalling that B}{f =D,V Dy4 B%T, one finds an extra
constraint on Bfé and Vz. Taking into account eq. (C.10), this constraint can be expressed as

|01,08,04,K4 DV D2V Dy K041 041 01 L= L (C.14)
Since the right-hand side of this equation is trivially real, this relation will correspond to one
single condition that has to be met by the mixing parameters. This allows us to eliminate,
for instance, the dependence on the mixing angle in (’)ﬁ. In summary, the parameters of
the theory can be chosen as:

o the 8 quark masses,

o the 6 mixing angles (012, 013, 023, 014, 024 and 034) and 3 non-factorizable phases (013, 14
and (524) in VL,

¢ the 3 independent phases in K; and the 2 independent mixing angles present in the
product 0¢,04,04,.

Hence all the mixing is parameterized by 8 mixing angles and 6 phases, for a total of 14
physical mixing parameters, as anticipated in table 2.

C.2 More than one doublet (N > 1)

In a more general extension of the SM with N doublets, one can parameterize the (3 +
N) x (3 4 N) unitary mixing matrix of the charged LH currents in a way analogous to that
of eq. (C.3) for the N = 1 case (see also e.g. [31]). We have

Vi =Ussn ... Us Us Us (C.15)

where the upper-left 3 x 3 block of the unitary matrix Us = 09331013012 corresponds to
the SM CKM matrix in the limit of decoupled VLQ doublets. The remaining U; (i > 3)
matrices are also unitary and are given by

i1 i1
U = <H0z]z)<HI€z—kz> (i=4,...,3+N), (C.16)
j=1 k=2

where the matrices O;; and K;; have been defined in egs. (C.1) and (C.2).

22We do not consider cases where lighter masses vanish, which would have to be treated differently.
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For N > 1, eq. (2.27) still holds, implying Vx can be obtained from V7, and Fy via

Vg =D, Vi DaFy,

where

Fy = B4 BL = Vil diag(0,0,0,1,...,1) V% .

23

The matrix le; can be written as

cc...c

CC..-C

CC;..C
BdT_ dT<O3><N>_ reoe
R = VR {4 =lor. ... c

NxN

00"

R

00---0

O O O O O

C

r

—t
Unxn = B% Unxw

(C.17)

(C.18)

(C.19)

with Uy« n being an N x N unitary matrix and Bi}j; a (34 N) x N rectangular matrix. Here,

each r represents a real entry while each ¢ represents a complex entry. Note that, just like

for BdT, the columns of 37?; are orthonormal. This is because

——t
BE B = Uy BEBL UL v =T

At the same time, we also have

Fy=B% BE.
One can now decompose F%T as
0 c
0 c
0 c
— e s T41 €42 -
By = KEKSKS 0505508 | o 4
0 0
0 0

c c
c c
c c

C4N—1 C4N
c c
r c
0 T

(C.20)

(C.21)

, (C.22)

28Note that any square matrix can be written as the product of an upper-triangular matrix and a unitary

matrix (RQ decomposition). By decomposing the last N rows of B}ilr in this way, one can extract the unitary
Un x ~ to the right while keeping the 3 first rows generically complex. The diagonal elements can be made real
by making an appropriate rephasing of each column, which is absorbed by the unitary matrix.
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where Oldj and ICZdj are also of the forms described in egs. (C.1) and (C.2), respectively. From
the orthonormality condition in eq. (C.20), one must have r4; = 1 and ¢4; = 0, so that

Oc---cc
Oc---cc
Oc---cc
vl ds yds pods AT ydT AdT 10---00
B = K5iK5KTT 05105108 |or - c e - (C.23)
00
s ure
00---0r

. : . . =at
Now, by repeating this process N — 1 more times, once for each remaining column of B¢ ,
one can arrive at the form

Bd,T _ = o odx jodx (0dT dT (dT O3xn | _ WT O3x N C24
R — H 3i Vo o1 Uz Vo U 1 ="r |4 . (C.24)
i=4 NxN NxN

Note that each time we apply this procedure, only three phases and three orthogonal rotations
can be factorised from each column j =1,..., N. After that, eq. (C.20) implies that r3;;; =1
and c3p;, = 0 for all £ # j. In the end, since one has

Fy = F%TF% = 17;!; diag(0,0,0,1,...,1) V%, (C.25)

by plugging this expression for Fy in eq. (C.17), we obtain a parameterization for Vz in terms
of a reduced number of parameters, which only grows linearly with N.

Finally, using the relation BIU%B}%T = 1 yxn and recalling that B}{r =D, WD, B%T
and le% = L{]TVX N?ﬁé, we have

— ~ —t
BLDGViD;2ViDyBY = Inun, (C.26)

or alternatively, given eq. (C.24),

0
<0N><3 ]1N><N> #H ( 3XN> =1nxn, (C.27)
NXxN
where o .
H = ViDL D2V DaVE (C.28)

which results in N? independent constraints for the mixing parameters. Of these, N can
be expressed as

Hi =1, (C.29)
with ¢ =4,...,3 4+ N, while the remaining N (/N — 1) constraints can be written as
Hi; =0, (C.30)
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with ¢ < j. Note that since # is Hermitian, eq. (C.29) corresponds to one constraint for
each value of i, while eq. (C.30) corresponds to two distinct constraints for each pair (3, j)
— one on a modulus and one on a phase.

A quick counting of parameters shows us that this method results in a minimal param-
eterization of the mixing in a general 1/6-hypercharge VLQ doublet model. For instance,
to parameterize Vi we have:

e (N +3)(N +2)/2 mixing angles,
o (N +2)(N +1)/2 physical phases,

as can be inferred from egs. (C.15) and (C.16), whereas to parameterize Vi we are addi-
tionally using:

e 3N mixing angles,
e 3N physical phases,

as can be seen from eqgs. (C.17), (C.21) and (C.24). Moreover, the naive quadratic dependence
of the number of mixing parameters on the number of VL.QQ doublets is removed by taking
into account the constraints in egs. (C.29) and (C.30). In summary, our parameterization
depends on

(N+3)(N+2) n (N+2)(N+1)

5 5 + 6N — N? =44 10N (C.31)

independent mixing parameters (3+5N angles and 1+ 5N phases), in agreement with table 2.
Note that when one accounts for the 6 + 2N quark masses of theory, one finds the total of
10 + 12N physical parameters we obtained before.

D Reconstructing the minimal WB

In a less direct manner than what is described in section 5.2.1, one may connect the minimal
weak basis of eq. (3.12) to WBIs which are straightforward to compute, given the numerical
values of the Yukawa matrices in any weak basis, for any value of N. Thus, the corresponding
connection gives a general procedure to map any parameterization of the Yukawa and VLQ
(bare) mass matrices to the minimal one studied above, also used to integrate out VLQs
(see appendix G). Finding this mapping is specially relevant in a top-down approach, where
we may start from a different parameterization of the same model (e.g. from a specific flavour
basis). In order to do so, we use the projection technique described below, which is valid
up to singular directions, such as degenerate eigenvalues.

We define a projector P as an object that under WBT's transforms as one of the relevant
building blocks and that satisfies (FP;),, = daidp; in the considered WB. In our case, we are
interested in the minimal WB and require that P — Wz P Wy, under WBT, just like the
building blocks of eq. (3.4). In the minimal WB, one has

V2 Y,z VYPVT VY] 00
hy = v* ! L . hg =0? fl . ¢ , H= . (D.1)
20 Yy 2u 2] 2aVaV 242] 0 D%,

u
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We assume, without loss of generality, that lA/;ﬂ > }A/qj > 0 and Dg; > Dgj > 0, for i > j,
with 4,7 =1,2,3 and ¢ = u,d. Here and from now on, we use a single index when referring
to matrix elements of the diagonal matrices Y/:; and Dg. We also take the first column of
z4 to be real and positive, z; — 24. For the unitary matrix V, we choose a (standard)
parameterization in terms of three mixing angles 613 € [0,7/2], 612 € [0,7/2], 23 € [0, 7/2]
and a phase d13 € [—m, 7).

For the WB under consideration, one defines

The corresponding projector condition, (P;),, = daidp; in a basis where H takes the form
in eq. (D.1), fixes the ') coefficients as functions of the (WBI) non-zero eigenvalues of H,

the Déa. These coefficients may be re-expressed in terms of {Tr H, Tr H?,..., Tr HN}, i.e.
o) =) (T H, Te B2, ..., Tr HY) (D.3)

are WBIs themselves and can be computed in any basis. Given that F;>4 is a polynomial
in H, it transforms as desired, and any traces of combinations of the matrices hy, hq, H, P;
and their powers is also a WBL

We may define now

N
Pip3=1n—) Pys. (D.4)
i=1
In the minimal weak basis,
}?2
hf = P123 hu P123 = 'U2 v 0 . (D5>
00
Defining
3. 2 3 m
Pes= Y a9 (Trh{j,Tr (n)" T (RE) ) ()" (D.6)
m=1

with aﬁ,? such that these are projectors in the minimal weak basis, (F;),, = 0ai0pi, We now

have all the P;, with i = 1,..., N + 3, as (dimensionless) polynomials in h, and H. Hence,

P — Wz P; Wy, under WBTs and they, together with Pjo3, can be used to build WBIs.
Now that we have all the projectors, we can trivially express all the moduli of some

matrix C' = hy, hg, H,h2, hyhg, . . ., in this minimal basis as a function of WBISs, via

Cyl? = Te(RCP,C). (D.7)

Taking this into account, the mapping of the Yukawa and bare mass matrices in any basis
to the minimal one can be achieved by following these steps:

1. Find the N + 3 projectors P; as explained above. This step involves computing the
non-zero eigenvalues of H and hl, giving us the values of Dg and Y.
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2. f/dQ are the non-zero eigenvalues of PjoghgPiros. These weak-basis invariants can be
trivially obtained, for example, by solving

Tr [(P123th123)k} = Z (U de’)%, (D.8)
i=1
where k =1, 2, 3.

3. The moduli of V can be reconstructed from

Te(Piha) = Y1V (075)”

J

Y (D.9)
Tl"(Pz‘thH?)hd):Z“/z‘j’ (”Ydj) )
J

where ¢ = 1,2 only. Taking into account the unitarity of V, this gives 619, 013, 023, and
|013| via cos d13. The sign of d13 is the same as the one of Im [Tr(PhgPahgPshg)], since

Im [Tr(PihgPohaPshg)] = v° ((%3)2 - (%2)2) ((%3)2 — (%1)2) ((Yd2)2 — (Ydl)Q)

1
X é sin 2912 sin 2(913 sin 2923 COS 013 sin 513 .

(D.10)
4. For |z,|,; one simply has
Tr(Pyhy Pih
|zu|ai = r< 20‘/\“ : “) ) (Dll)
v2Y0i
while |24],, can be obtained from
o\ 2k
Tr [Poha(Piasha)*| = (v9a:) " v* 2al2; . (D.12)

1

where k =1, 2, 3.

5. The most involved step is finding the remaining phases. For each row «, we first take

3
Tr [Po(haPiasha) Pihal = > v° (2a) 5 (2a)ar (Yaj)*Yar ViiVie (D.13)
k,j

with 4 = 1,2. Since we have arg[(24),,] = 0, at this stage we can use those equations
to fix the only remaining unknown parameters there, i.e., arg[(2q),,] and arg [(24) ,3)-
This completes the determination of all parameters in )y and thus hy in this weak basis,
including the phases in hgy. The remaining 3N phases in z, can be simply obtained
from

arg [(zu) o] = arg [(hu) ] = arg [Tr (PahuPiha)] + arg [(ha) o] » (D.14)

since Tr (PohuPiha) = (hu) o (hd)io-
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D.1 A numerical example

For illustration, let us give a numerical example with one doublet. Starting from an arbitrarily

convoluted set of values for the original Yukawa and mass matrices in eq. (2.2),%

yO

MO

12

12

0.209 +0.2174

0.080 + 0.080¢

0.080 + 0.08271

4.21 — 4.224¢
4.21 4+ 3.951¢
—3.69 +4.244
4.25 4+ 3.691¢

0.200 — 0.2427 —0.244 — 0.2287 —0.157 + 0.101 ¢

0.244 — 0.207¢ —0.099 — 0.143+¢

0.083 + 0.0814

0.080 + 0.080 1

0.089 — 0.180+¢

0.242 — 0.2447 —0.240 — 0.244 1
—0.244 — 0.2447 —0.243 4 0.244¢ —0.180 — 0.088 ¢
0.084 —0.080% 0.085 —0.083%

0.101 — 0.0807%
0.080 +0.0951¢

—0.082 + 0.080% —0.080 4 0.080¢ —0.080 + 0.087 %

0.088 +0.0807

, (D.15)

the algorithm described in section 5.2.1 returns the equivalent stepladder form

VYV =

(%)

with Mg ~ 11.49v (~ 2TeV) and

Here, the row vectors 7y =

V e~

0.00014 0
0.0034 9.0 x 1074
0 0.92
0 0

1.4x10™° 0

3.7 x 1077 0.0035

0
0
U?
0.18
0.37

0
0

0 0.015 0.0013 |

0 0

0.98 + 5.6 x 107%7 0.18 4+ 0.000407 —0.043 + 0.0018i

0.18 + 0.00014 ¢
—0.0081 + 0.0033 ¢

0.41

—0.95 4 0.0081 ¢
0.15+0.194

“GE) e )

0.24 +0.0364
0.48 +0.841

(0 0 Mgrq) have mass dimension one.

(D.16)

(D.17)

Instead, the algorithm just described applied to any of the two equivalent Yukawa sets,?’

leads to the equivalent minimal form

o= (1) = (V) = ()
Zuy d DQ

>

(D.18)

24As it will become apparent below, it corresponds to a physically meaningful solution. In this specific basis,

all Yukawa couplings are of the same order.
25We have also checked that applying the stepladder algorithm to the equivalent minimal weak basis form
also returns back the same stepladder result.
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with again Doy = Mg ~ 11.49v, and
Y, = diag(6.91 x 1079, 0.00344, 0.940)
Y, = diag(1.45 x 1075, 0.000292, 0.0158)
z, = (0.365, 0.0180, —0.0702) , (D.19)
24 = (0.000501, —0.404, 0.0334 2™/3) |
b7 = (615, 015, 05, 673) = (0.227, 0.00369, 0.0418, 0.367)

This particular benchmark satisfies the constraints discussed in section 7, while providing a
solution to one of the so-called Cabibbo angle anomalies (in this case CAA2, with z,, zs # 0;
see also section 7.5.1).

A Mathematica implementation of the stepladder algorithm for N = 1 and of the minimal
WB algorithm for N = 1,2,3 can be found as supplementary material, mapping any set of
(non-singular) ), Y; and M to these minimal bases.

E CP-odd weak-basis invariants expanded in v/Mj

Using the results found in section 4.1, we can write simplified expressions for weak-basis
invariants in the case N = 1. For 3-block invariants we have

I Te(HH; H) =Tm Te | D21V, D31V
=Im (M MBIV p Vi VR +mZ MV VL VE,

+M7217+1 2m+1VT/ VTT/VBZ +m2n+1m2m+1VL VT(,YV )

M2m+2n+2 v Z Im{V(fizazf Yali
Q i,a=1

X |:(1+kBm)(1—|—an)(1+kRB/)(1—|—kRT/)(1+/€Li)(1+kLQ)

2n

[e%)

]-+kBm)(1+kRB/)(1+kRa)(1+kLi) 1+—=

2m

v
T A2
MQm

sV L
g (Ltkrn) (1krr) (k) (Lkza) | 1457

[e%)

2n+2m on 9 L L 5vL
n m 1+ o 1 i 1 _ (612 ,
M2n+2m Yo Yi ( R )( +RR ) + V :| (El)

at

where the Greek (Latin) indices refer to up-type (down-type) light quarks, a = wu,c,t
(i =d,s,b). The quantities dubbed “k” account for the corrections to the eigenvalues and
mixing elements of order at least v? /Mé which are real. In particular, kp(p) includes the
corrections in MT/(B/) = Mq(1 + kr(p)), see eq. (4.9), with

Z\ P T a2 — (2T kal Y
Za 2 . Zal Ya B 8 Zo Mé Mg 5
1 2112 1 9 9 1 O\ vt v®
kB:§zi:\Zi| Mié—i_i Xi:|2’z‘| Yi — §Zi:|zz‘| %+O M75 ;

while 1 + kp, = (1 + k7)?" ™ and 1+ kg, = (1 + kp)?" 1. Recall also that M) = U Ya(i)-
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To go from the second to the third equality in eq. (E.1), we additionally need to expand the
RH elements VQET/ and VE in the up sector, and VgB, and VE, in the down sector. The k Ra(i)
are real quantities which account for the corrections of the elements Vﬁa = —20/Mg(1+kRa)
and VE = —2v/Mg(1 + kg;), see egs. (4.16) and (4.18), namely

02 4
kRO&: |: ‘Za|2_ya+2’25|2:| M2 +O(M4>
pa (E.3)

02 ol
kri = { B +Z|z]|2] —s +(’)<M4>
j<i Q

where we also take into account the hierarchy of SM Yukawa eigenvalues. Note that both
VQET/ = 1+ kg and VgB’ = 1 4 krp are real, with

2 06
v? v
— ——Z|za|2M2 +5(Zheal) = XLl ] ) +0(M6)
(0% «
2 ) 6 (E.4)
2 2
kRB’:_fz‘Z‘ M2+ (Z’ZZ) Z‘ZJ ‘| 4+O<M6>
so that kg ~ —kr and kgp ~ —kpg, up to O(U4/Mé) differences.
In what concerns LH mixing, recall that
Vi, 0
v = Vityd = RyH ( oL 1) R (E.5)
where the R4 matrices have the structure given in eq. (4.12). One then has
3
L L# vyL
Viig = VrrVep + Z (RYS)ar Vi (R
= (E.6)

3
=VipVEp + > Via Vi Vi (L+ ko) (1 + k)

a,i=1

where we have used (RY%) o = —(RYF)5, (1 + k) and (R$F);pr = —(RIE)%, (1 + k) ,), with
real lea(i) of at least 0(114/Mé). Note also that (RYY)re = V&, (R$") i = VE,, and that
both Vi, = 14 kppr and Vi, = 1+ kpp are real, with kp g g = O(v* /M),

U 8
kLT’ = —72 |Za‘2yaM4 + O<M8>

ol o8
kLB'Z—*ZVz’Q i~ ( 8)'
M MQ

Recalling eq. (4.21) and that a relation analogous to eq. (4.16) holds for the LH sector,

we can write

(E.7)

2 2
v° 1+ kra v ”
Vi, = —ZaVag e = —ZalYarg (L + ko),
o @ “M%kam @ “Mé o E£8)
v 1+kp v? .

VEi = —2iYi— = —ziyi— (1 + k;),
E ! ZM321+1<:’M ! ’Mé g
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leading to

Z Im [Zaya ai %Y } (1+kLa)(1+kLi), (Eg)
a,i=1

vt
Im Vf]%B/ = 4
Q
which has been used in eq. (E.1). Here,

2 4
k‘La:—[ |za!2—ya+2|z5! }MQ +(9<M4>

Q
fre , ) (E.10)
v

kri = [ 2|2 — o3 +Z\zj] }M2 —l—(’)(%) ,

7<t
so that k7, =~ kro ~ kpe and k7, ~ kr; ~ kg;, up to (9(1)4/Mé12) differences, i.e.
" _ U4 " _ U4
kLa—kRa:Aa%, kLJ_kR]:Aj% (Ell)

In writing eq. (E.10), we have once again taken into account the hierarchy of SM Yukawas.
For the other elements of V; we find
v

Vhi= 2o | 0 zatia (Vi + V) (14 ra) — 20+ k) (14 KL |
Q |a=uct
e T (BE12)

VL _L Z * '<AL 6AL(U) N ok "
aB’ — Zi Yi Vai + Vai ) (1 + kLZ) Zayoé(l + kLB')(l + kLoz) )
Q |i=d,sb

expanding on eq. (4.24). Here, MA/aLi(d) and MA/Oi(u) are small corrections to f/aLZ due to the
extra mixings of order y2221)4/Mé as in eq. (4.26):
[ 4 VL o 8
L L(d) _ ¢rL L 29w ¥ v
V +6V Vai 1_§|Z7,| yl M4 _; .7 ZValy]sz4 +O(M8>] 9

(E.13)

aard 8
MQ B<a ai M

oL rL(u) _ L Lop o, 0t VBL ' v
o R0 = 08 1= g~ 5 g +0 (i)

Note that, crucially, the C’)(v8 / Mg) terms do not contain additional phases. At first glance,
the rightmost O(v* /Mé) terms in each row of eq. (E.13) may seem to introduce new phases.
In reality, when reinserted into eq. (E.1) and after expanding the sums, one still finds that the
complex structure reduces to a sum of terms proportional to Im (VBZ 252;), with appropriate
indices. The remaining entries of the LH mixing matrix read

4
N ~ v "
Voi = Vo + 0V + L e Yaui(1 + k1) (1 + K1), (E.14)
Q
where the last term will vanish when taking the imaginary part in eq. (E.1). Here,
4 L 4
v 1 vl V v
VE L sVE=VE|1— 5\%‘2%2]\/[4 — 5‘%'21/3]\/_/4 Zz 2 VL yjyz
7<t
f/L o8 8
- ZZBZaALyByOcM4 +ZZZ,BZ ZZVLyByO‘y]yZMS +O(M >1 5
B<a j<i B<a Q
(E.15)
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where, once again, the concealed O(v®/ Mg) terms do not contain additional phases. Taking
the above into account, we can write eq. (E.1) in a more compact way,

1 1 5 > m,n
Q i,a=1

where the kg?n) account for real corrections of order at least v? /Mgz to the masses and

mixing elements, matching eq. (6.14). We emphasize that no approximation has been made
in deriving the complex structure of this result, revealing the exact phases at play.

As a further explicit example, consider WBIs with five “blocks”. We find:

1
M2n+2€+2m+2k+2
Q

Im Te[HEHEHE H H]

1 2n+1 2k 7T y2¢ 2m+11,t
— — st W T [ DI VLDV D VLDV
Q

4 3
v % * (a)
= Im|VEz,2 (1452
4 Z ai ?a?i | Yali ai
MQ i,a=1 [ } ( )
2h+20+4 3
v 5L vy LyrL ¢ 2k b
+ IVEEEEs! Y. Im {Vajvﬁivﬁj* Za%; } Yalil5 Y; (1"‘]‘3((131';')
Q ivjvavﬁzl

8 3 2(k+£-2) 2(k+n—2)
v I VLVL* x|, 2k v 20 v 2n 1 k(C)
g, 5ol st () (i) e o

PR N o v \2(mt=2) ) v\ 20k+H=2) o @
+J\4Si’J§11m[Vai*Vajzizj]ya yzng%) ylm_(]\fQ) ¥ <1+kaij)

12 3
v ‘7L *YrL *
+M12 Z Im [Vm‘ Raz; Vﬁj Z,sz}yayiyﬁyj
Q i7j7a7/B:1

v 2(k+n—2) v 2(m+n—2)
2k, 2n 2m, 2n
X _ B — N
[(Mq) Yi Ya +<MQ> Vi Ya
2(k40—2) 2(mA4-£—2)
v 2%, 20 v 2m, 20 (e)
- ; - ; 1+kY7 ..
+(MQ) yi*y3 +<MQ) | (1455 )
v'? & L o
* * %
+M12 Z Im [Vaizazi V,Bj Z,sz}yiyjyayﬁ
Q ija,8=1

L R P 2 v D 2k

2(k+0—2)
v 2%k (20 20 20 (. 2k 2k ]
+<MQ) {yj (ya dp<atys 5a<5)+y5 (yz dj<ity; 5i<j)}‘| (Hkaﬁij)
12 3

v S LErL A ¢
— Méz Z Im {VmVaj* 2 % Vﬁpz/gz;} yi YiYaY;Yp
i?j7p7a75:1
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I v R 2% (e)
m
X <JWQ) Yi +(]WQ> {yp 6j<p+yj 5p<j} (1+kaﬂl]p)
3
12 Z Im[f/LVL*Z* VLo 2k,
12 aiVBi #pRaV§i?é%i | Yi YiYalypYs
Q@ ij,a,8,0=1
2(k+n—2) 2(k+£—2)
v 2n v 2 2 (h)
x KMQ) Yo +<MQ) {ya dp<styj 55<B} (1+ka55ij)
16 3
v
+7M826 26 [V za2; V27 Vg Zazp}yzygypyay/sya
1,3,p,0,8,6=1
p \ 2(k+n=2) v\ 20Hm=2)
on | 2k 2k 2m, 20 2m, 26
x l(m) yan{yi Op<itYp 5i<p}+<]wQ) {yimya Ss<p+Y;"Ys 55<5}

2(k+0—2)
+ (MQ) {yf’“ YE 65« 0p<it Y Y3 0p<s0p<ityn Y5 05 p0icy +y§’“y§455<55¢<p}

v 2emtn—2) 2m, 2n 6)
+(MQ) 2y ] (145 i50) (E.17)
where the explicit forms of the higher-order &k factors in general depend on the exponents
n,k,¢,m. Here, d;<; = 1 for i < j and is 0 otherwise. Notice that the shown terms of type
(c) or (d) survive only when n # £ or k # m, respectively. In the cases where both n = ¢ and
k = m, also the shown type-(f) terms vanish. The leading terms of types (c), (d), and (f)
are then of higher order in the v/Mg expansion. For instance, for the M = 10 WBI, which
corresponds to taking n = k = ¢ =m = 1, we find:

I Tr [Ho HaHou HaH]

MlO
M&?O ImTx [ D}V, D3V, D2V, DV
ngllm[ 207 | yaui (1R
i 2 TR ol (145
322 Z a%: 1Im ViV 2025 vyiys A (14555 )
322 JZ i VEVE 2ot | w2y A (145507
gwg% 1Im[ 202 Vi 207 | vaviysy; (v (2 +93) (145555 )
_ j:j;i j lgﬁ 1 m [VEVE 225V 22 | v2uysyion (V20 ul0pes ) (14K 55,
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12 3
v Ly Ly o+ (L. %] 2 2, 9 2 10h
“ME >, Im [Vaz’vﬁi Zﬁza‘/éjzézj}yi YiYaysYs (ya+y555<5+y/355<5) (Hkég&)j)

i7j7a?ﬁ7§:1

16 3
v 9 (7 Lx
tyme 2 Im [Voﬁzazf 47 zEzj}yiyjyaya

Q ij,0,0=1
<] (8 =02) (Sole?) B0 (52 -98) (S5 20w s  (14450)
L16 3

—i—M—Cl?G Z Im {Val‘izazf Vﬂszﬂz; V(;g* zg‘zp} Vil YpYaYpYs
i7j7p7a7ﬁ76:1

x { (Y3052 ] [v20p<it 0t} | +05< |v7 (V30peitud ) +pyBdics] } (145 5h)

(E.18)

which we have partially reported in the main text, see eq. (6.23).

F  Conditions for CP invariance

In this appendix we illustrate the demonstration that the vanishing of the WBIs discussed
in section 6.1 listed in table 3 would imply CP conservation in a scenario with one vector-like
quark doublet. The vanishing of all complex phases in a given parameterization gives sufficient
conditions for CP invariance (CPI). However, that is not strictly necessary. A less restrictive
set of sufficient conditions consists in imposing that the imaginary parts of all rephasing
invariants one can build vanish. For instance, in the case of the minimal WB of section 3.1.1,
CPI is achieved in a one-doublet scenario (N = 1) if?¢

I,; =Im (zaf/aizf) =1Im (zuPaVPile) =0,

Iiqj =Im (le;ZVa]zj) =TIm (deVTPaVszE) =0,

Lnis = Tm (2aVai V525 ) = Im (2, PV V1 PRz ) =0, (F.1)
Lnis; = I (20 Vai V5 V2 ) = Im (2, PV RVIPV P2]) = 0,

L = TIm (%ngngjV;j) — ImTr [PQVPiVTPﬁVPjVT} -0,

where (POé)ij = dialjo and «,B,1,7 = 1,2,3. We have used the fact that Visa3d3x3
unitary matrix, so that any other rephasing invariant can be constructed by combining

these 5 types of invariants.
In turn, assuming non-degeneracy, one can always write the projectors as

_ u  H2n+l _ d N2n+1
Po= Y e Dt P= > D7, (F.2)
n=0,1,2 n=0,1,2

where ¢ and ¢ are real non-zero coefficients which depend solely on the elements of

n,o An,i R
D, = vY, and Dy = vYy, respectively. Thus, we have

Ty = I Tr 2, DIHVDI 2 =0 = Ly =0, (F.3)

26We emphasize that these are the rephasing invariants one can build directly from the minimal WB
of section 3.1.1 — they are not exactly the same as the ones defined in section 4.1.3.
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Alternatively we can write the projectors in terms of different combinations such as

Po= Y c;;faf)gn, p= Y d4iDi", (F.4)
n=1,2,3 n=1,2,3

so that using both eq. (F.2) and eq. (F.4) we have
Ty = In e [sa D3 DZVDP 5] —0 & Iy =0,

Thmp = Im Tr {zuDZ"HVlA?meVTDZpHZH =0 = Il.up=0,

m
v T e (F.5)
Lpmpg = Im Tr {ZUD?L”HVD?imVTDngDZqHZH =0 = laipj =0,
Thpg = Im T [DIVDIVIDZVDIVI| =0 = L4 =0.

In order to connect this new set of conditions to the WBIs discussed in section 6.1
we note that

o D2 b (o (VDI 0D -
“ VZy Dy v2zuzL+Mé ’ d vzgDgV1 v2zdz2+Mé ’ '

so that each one of the conditions in eq. (F.1) corresponds, in the same order, to the following
conditions in terms of the Hermitian matrices H, and Hg4,

o = e [Pt (8~ PO (1 - P ] =0,
T, = T Tr [PyHa [(1 = PH)" [(1 = POH,™ [(1 = PoHH | =0,
T = I Tr [Py, (1= P (1 POHA™ (1 - PO =0,
Tompg = T Tr | PyHy [(1 = PaYH]™ [(1 = PayHa™ [(1 = PR [(1— POHA™ | =0,

Thpg = T T [[(1 = Py, [(1 = PaYHa® (1= PyHy (1 — P)Ha| =0,
(F.7)
where Py =1 — P; — P» — P3 and 1 is the 4 x 4 identity matrix.
To ultimately achieve a direct connection between these conditions and the WBIs studied
in the main text, we must now remove the many P4 that feature in these expressions, for
which a useful property for N = 1 is

Tr (P,AP,B) = Tr (P4 A) Tr (P4B) . (F.8)

Using this property, one can show that the form of Z,,,, in eq. (F.7) can be expanded into
a convoluted combination of traces that are exclusively of three types:

Te(PAHS) ,  Te(PHg),  Tr(PyHoHE) (F.9)

Thus, since only the last type of invariant is in general CP-odd, the vanishing of Z,,, can
be achieved if

I Tr [ PyHGHE| = 0, (F.10)
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foralll <a<n+1and 1l < b < m+ 1. Likewise, one can show that the expansion
of Z¢, ~in eq. (F.7) depends solely on four types of traces: the ones in eq. (F.9) plus

nmp

Tr (PyMGHLHG), meaning that

T Tr | PyHGHEHG| =0, (F.11)

forall<a<n+1,1<b < m and 1 < ¢ < p+ 1, along with the condition of eq. (F.10),

leads to the vanishing of 7 nmp

In the same way, one can show that the vanishing of Z, , can be achieved if the

conditions of eq. (F.10) and
Im Tr | PyHHHG | = 0 (F.12)

are both true, while the vanishing of Z,,,,, is achieved if the conditions of eqgs. (F.10)-
(F.12) and

I Tr | PyHGHEHEHG| = 0 (F.13)
are fulfilled. Finally, the last invariant vanishes if all conditions in egs. (F.10)—(F.13) and
I Tr [H2HEH, Ha] = 0 (F.14)

are verified. Hence, using the fact that H = M%R; in the minimal WB, and making use
of the Cayley-Hamilton theorem to reduce the number of invariants to a finite set, we can
conclude that the conditions
ImTr [H,H'H] =0,
Im Tr [HgH, HYH] =0,
ImTr [HyHGHEH] =0,
Im Tr [HoHHYHIH ] =
T Tr [ H2HEH, Ha] = 0

n>p,np—123 m=1,2),
n>p, np=123 m=12), (F.15)

(n,
(
(
(

n>p, ng=123 mp=172),

)

necessarily imply CPI in a one-doublet model. These WBIs are the ones studied in sec-
tion 6.1.1.

The set in eq. (F.15) still amounts to a very large number of conditions, and since the
phase content of a one-VLQ-doublet model corresponds to at most 6 phases, we expect the
set of WBI conditions that lead to CPI to be much smaller. In fact, as we have shown
in section 5.2.1, when no z,, or z; coupling vanishes and there exist 6 physical phases, we only
need 9 conditions to ensure CPI. In what follows we will analyze all of the remaining possible
cases described in section 6.3 and presented in table 3 and, for each one of them, identify a
reduced set of WBI conditions that can lead to CPI. A set of conditions which is also minimal
(and valid also for general Yukawa matrices with mass degeneracies) could be achieved by a
systematic application of the Cayley-Hamilton theorem, together with some Group Theory
techniques as recently done in ref. [68] for the scenario with one vector-like quark singlet case.
We can anticipate that this set is about < 10 times larger for the doublet case.
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F.1 Case-by-case analysis

Here we will demonstrate the results of table 3. To that end, we make use of specific WBs
for which these proofs are more straightforward. In particular, we start by using the minimal
WB of section 3.1.1, while at the end of this appendix we switch to the stepladder WB
of section 3.1.2 which is more convenient in scenarios where all couplings z, or all z; are
non-vanishing. Let us recall that the goal is to achieve a set of WBI conditions for CPI, but
the final result is independent of the particular choice of WB exploited in the demonstration.

Using the minimal WB.

We start by using the minimal WB of section 3.1.1. Additionally, we recall that one column
and one row of V;, can always be made real, together with one of the couplings z;/,, so that
only one phase, which we denote by g, is contained in V. Hence, V can take the form

R Vud Vs Vb

V= ‘{cd ‘{cs ‘f;:z (F'16)

Via Vis Vi

in some version of the minimal WB. Here the index r identifies an entry as real. Note that
the complex entries can be parameterized in the following way

Vi = Qi + bai€™®, (F.17)
where aq; and b,; are real quantities.

e One z; = 0 and one z, = 0:

for the sake of illustration, we take z, = zg = 0. In this case, 4 physical phases are present,
do and the phases of zt, z; and z,. The simplest type of invariant which is sensitive to all
these phases is Z,,, of eq. (F.3) which takes the form
A [mim“ Im (‘7652:20) + 7" Im (‘707272;20)}
R R (F.18)
+ 2t [mgm“ Im (Vtsz:zt) + mgm“ Im (VtZzZztﬂ ,
where the 4 phases appear in 4 distinct rephasing-invariant combinations. Here, the m; = v §;
denote the eigenvalues of the ﬁq matrices.
Hence, CPI can be achieved if we guarantee the simultaneous vanishing of four invariants
of this type, such as

Zoo = Tro = Zo1 =111 =0, (F.19)

provided that these conditions form a non-singular system.
Now, note that

1
Mg
vanishes when
ImTr [H, HqH] =0. (F.21)
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Assuming that is the case and using the property in eq. (F.8), we then have

Tio = —— Tm Tr [HinH] :

M2
- (F.22)
Ty = 2 Tm Tr [HuﬂﬁH] ,
and their vanishing can be achieved via
I Tr [H2HH | = Tm Tr [H,H3H| = 0. (F.23)
Then, in a similar way, this leads to
Ty = — ImT [ 2942
1=~ ImTr |HIHGH | . (F.24)
Mg
Therefore, the conditions in eq. (F.19) can be achieved if
T Tr [ H] = 0, (F.25)
with (n,m) = (0,0),(1,0),(0,1),(1,1).
In turn, the system of linear equations in eq. (F.19) implies
Im (Vcszjzc> =Im (‘A/(:Zz;zc) =Im (Vtsz:zt) =1Im (VtZz;zt) =0, (F.26)
assuming a non-singular system, i.e.
R )3 P A0 (P2

Thus, in a non-degenerate scenario, we can eliminate four distinct rephasing-invariant combi-
nations of the four physical phases and, therefore achieve CPI if we require the vanishing
of the four 4-block WBI of the form of eq. (F.25).

From the form of eq. (F.18) it may seem that the vanishing of some entries of V could
result in a great simplification of these invariants in a way that would impede any direct or
useful connection between the physical phases and the set of WBI in eq. (F.19). Still, we
checked that in every case where any number of V entries vanishes, there is a reduction in
the number of physical phases such that, even if some (or all) of the invariants in eq. (F.19)
are trivially vanishing and therefore useless, imposing that the remaining subset of them
vanishes will always guarantee the vanishing of all surviving phases and thus CPI. We also
checked that analogous considerations are valid for all the cases we shall consider next.

e Two z,(;) = 0 in one sector and one z(;), = 0 in the other sector:

we assume the case with z, = zq = z; = 0, where there are 3 phases present: Jp, the phase
of z; and the phase of z,.
The simplest type of CP-odd invariants acquires the form

Tom = 1" {mg”“ Im (Ag;)z;;zc) + M2 Im (‘z’lﬂ)z;zt)} , (F.28)
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which is sensitive to the phases of z; and z;. The vanishing of all invariants of this type
only requires

I Tr [Hy HaH] = T Tr [H2HH| =0, (F.29)

since it would imply Im z; = Im 2, = 0, provided that the corresponding system of linear

equations is non-singular, i.e.
ey (i —m?) # 0, (F.30)

which again amounts to having non-degeneracy.

The next simplest and non-vanishing type of CP-odd invariant that is sensible to the

remaining phase g is now of the form?’

Iump = Anmp Im( Acd‘A/tZlZth) nmp Im(f/csf/tzzczt)

n +B
= Ay I (VeaVigzezt) + B I (VG Vi ze22)

nmp
= Al Im(VogVizezt) (F.31)
= Ay o T (Vea ViV Vi)
cb"tb
where
Ay = 2L (g0 = 20 (gdm — p2m ) (F.32)

and assuming 1702, At}; £ 0.28
Given that at this point all z,(; couplings are real, we have Z,,, = 0 for all n and
m, so that

u 1 2
=g T Tr [, HaHEH | | (F.33)

and the vanishing of this 4-block WBI, i.e.
I Tr | H, HgHEH] =0, (F.34)

leads to Z1y; = 0. Assuming no degeneracy, we must have Ag;; # 0 so that the vanishing
of this invariant ensures ITm (V4V;5V4 V) = 0 and similarly for all other quartets, meaning
there is no CPV induced by dg in V. Therefore, we need three conditions, such as

I Tr [H, HaH] = Tm Tr [H2HH| = T Tr [H,HGHEH] =0, (F.35)

in order to achieve CPI.

2"Here we make use of the unitarity condition Ves V{; = — ACth’(} — Vcbf/ﬁ, and the fact that V., and Vi are
real in the WB we are using.

Z8Both these conditions are required to ensure that the final step in eq. (F.31) is valid. Still, if either one of
these conditions is not fulfilled, then phase do is no longer an internal physical phase and can be rephased out
of V, meaning that Thimp = 0, for all n,m and p, and eq. (F.29) is sufficient to achieve CPI when there is no
mass degeneracy.
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e Three z,(;) = 0 in one sector and one z(;), = 0 in the other sector:

here we take z, = zg = zs = 2z, = 0 and only the phase §p and the phase of z; are physical.
In this scenario we automatically have

Tom = Ty = Lompg =0, (F.36)
while
Tiinp = Armp 0 (Vi Vis2e2] ) + Bunp T (Vi Vi 2e27 ) (F.37)

is sensitive to both physical phases and where
n+1m?n+1 (m?(Z’—n) _ mZ(p—n)) (mgm _ mim) ’ (F38)
n+1m§n+1 (mf(P—n) _ mg(pfn)) (mgm - m?[m) ) (F.39>

The fact that all Z,,,,, = 0 then allows us to write

u 1 2
=g T Tr [H, HaHEH | | (F.40)

and the vanishing of this quantity can be achieved if

I Tr | H, HgHEH| =0, (F.41)
which in turn leads to
1
o1 = 5z Im T [HGHGHOH] (F.42)
Q

Hence, the conditions Zy11 = Zg21 = 0 are fulfilled by having
T Tr [, HaHEH | = T Tr [HHZHEH] = 0. (F.43)

At the same time, from eq. (F.37), these conditions correspond to the following linear system
of equations

(Aon Bon) (Im(%%szczﬁ)) —0 (F.44)

Aga1 Boz1 ) \Im(V},Vipze27)
which is non-singular if
g (g — ) (i — 1hg) (g — 1mg) (g —m3) #0, (F.45)

and since we assume no mass degeneracy, we conclude that the vanishing of these two

invariants must imply
(Vi Viszez;) = Im(VVizezy) = 0, (F.46)

which leads to CPI.
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e Two z4(;y = 0 in one sector and two z(;)o = 0 in the other sector:

without loss of generality, we consider the case zg = zs = 2z, = 2. = 0. In this case we only
have two physical phases: dy and the phase of z,. Also one can check that

Ly =Ty =0. (F.47)
As for invariants of the Z,,, type one has
Zom = " Tn2 ™t Im (ztzgf/t};) . (F.48)

Now, if one 3-block WBI vanishes, then z;, must be real. That is the case, for instance, if
Im Tr [H, HqH] = 0 because, with z; and V35 being real, we have

Zoo =ImTr [H,HqH] =0 = Imz =0, (F.49)

and the only phase remaining is now dg.
This phase is captured by invariants of the type

Topg = 3" g (2 — i) (w3 — w2 ) tm (V7 Vi Viazgz) ocsindy  (F.50)

which are proportional sindy due to now z, being real, along with z, Vurd and VJb. At
this point we have

d
Tom = Ty = Ty = 0, (F.51)
so that
1 21742
Toro = ~ 5 Im Tr [H HIHEHH | . (F.52)
Mg

Thus, the vanishing of the remaining phase can be ensured if this 5-block WBI vanishes, i.e.

1
10110 = =9 Im [Hu%dHquH] =0. (F53)
Mg

With no mass degeneracy, we then must have sin §g = 0. Therefore, we can conclude that
Im Tr [HyHqH] = Im Tr [HyHqH HaH]) =0 (F.54)
ensures CPI.

Using the stepladder WB.

For the remaining three cases we drop the minimal WB of section 3.1.1 and instead focus
on the stepladder WB. Recall from the discussion in section 3.1.2 that there is a direct
connection between the number of z,;) couplings vanishing in the former WB and the number
of off-diagonal r, couplings vanishing in the latter.
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e One z,(;) = 0:

consider now the case of z; = 0. To analyze this case, we switch to the stepladder WB in
the rff = 0 limit. Here we have 5 physical phases, which we include in the parameterization
of V, making all rq couplings real, just like we did in section 5.2.1.

Now, using egs. (5.26)—(5.30), we can compute seven of the CP-odd invariants Im J;,
while the two remaining ones are identically zero (Ji3, J33 rff = 0). In this way we can
obtain the imaginary parts of all entries of V, except that of V4 (Vud can be taken as real).
However, using the fact that V is unitary, one can always extract the value of Im V4 from
simply having computed all the seven non-zero Im J;;.

In fact, even in an extreme scenario where all seven WBIs vanish because V has a
form such as

0 VJS VJb
V=|(o0 viVi], (F.55)
e 0 0

making it is impossible to determine the complex phase « via unitarity relations, there is
still no CP violation due to rﬁf = 0, since the phase a can be eliminated by rephasing the
RH down-type quark fields.

Hence, CPI is achieved if seven 3-block WBIs vanish. For instance,

Im Tr [HyHy'H] =0, (F.56)
with (n,m) = (1,1),(1,2),(2,1),(2,2),(2,3),(3,1),(3,2), ensures CPL

e Two z4(;y = 0 in the same sector:

consider the limit of 7§ = 0, which is analogous to having two z; = 0 in the down sector.
In this scenario we can perform a rephasing of the quark fields that leads to the following
form for the matrix V:
5 ‘?Jd ‘ZJS ‘ZUb
V= Vea Ves Vo | (F.57)
Via Vis Vo

where the r-label identifies real entries. Additionally, we can identify rg = mgy and rg = m.
In that case we can compute three of the CP-odd invariants in egs. (5.26)-(5.30), Ji1,
Jo1 and J31, while the rest are trivially zero in this limit. These three will vanish if

I Tr [Hy HaH] = Im Tr [HEHGH | = T Tr [H3HaH] = 0, (F.58)
implying Im V,;, = 0, for & = u,¢,t. At this point we have
‘Z’Jd ‘:/JS V’Ijb

V = Vea Ves VCTI; ) (F59)
Via Vis Vi
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and the presence of CPV hinges on having

fm (VeaVhsVes Vi) = — Tm (VeaVia Vi Vi) = — T (VeaV3) VA Vi # 0. (F.60)

S

Assuming the conditions in eq. (F.58) are verified, we then have
Im Tr {Huﬂdﬂﬁﬂ] = (rgr)? ripd (m?l - mg) Im (%d‘l?) . (F.61)
If there is no mass degeneracy, then having

I Tr [H, HaHEH | =0, (F.62)
leads to Im (f/tdf/;l) = 0 which from eq. (F.60) implies CPI. Hence CPI is achieved if
I Tr [H, HaH] = Tm Tr [H2HH | =T Tr [HEH H] = Im T [H,HaHEH| = 0. (F.63)

e Three z,(;) = 0 in one sector:

now we choose to work the limit of rg = 0, which is analogous to having all down-type
couplings z; = 0. Here we are interested in computing 4-block CP-odd WBIs, i.e.

1

Q

with n # p, as all other types vanish. Note that in this limit we will have

¥ Yal
Hd = <V 1) dlag (mdamsambaMB') <V 1) 5 (F65)

and in this scenario we have Mp = Mg,.
Let us now consider the simplest invariants, given by

s = L () m (775) + () m (Fu3)} - (0

If two of these vanish, let us say Ji12 = Ji22 = 0, we will have the following system

<m§ — mfl mz — mZ) Im (Vis Ve —0 (F.67)
4 _ 4 ,..4_ 4 A =Y .
Mg — Mg My — My Im (Vy ol

which is non-singular for non-degenerate masses, in which case we must have
fm (V3iV;) =0 (F.68)

and Ji,2 = 0 for all values of m.
Now consider the next simplest WBI of the form

Jim3 = (rgr}‘)jjg;jn:g‘rﬁ‘rg {(mgm — m?lm) Im (%SVJS) + (mim — mflm) Im (‘szJb)} ;
(F.69)
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where we assume not only that all Jy,,2 computed above vanish, but also that no mass
degeneracy is present. Thus, if for instance Ji13 = Ji23 = 0, then we must have

Tm (VtVu) =0. (F.70)
Finally, we may consider
o = IS (i) (1) () (105
(F.71)

and having for instance Jo13 = Joog = 0 will imply
Im (ViV;) = 0. (F.72)

At this point, it is safe to say that all quartets vanish and there is no internal phase in
V. Any other phases present in V have to be common to all non-zero elements in a given
column of this matrix, so that, given that M, is diagonal, they can be factored out via a
rephasing of the RH down-type quark fields. Hence, the vanishing of six 4-block WBIs is
sufficient (although perhaps not minimal) to achieve CPI.

As we did for the minimal WB and the vanishing of V entries, we checked that the
vanishing of any number of V entries does not invalidate these results. In those cases the set
of invariants needed for CPI is just a subset of the set we arrived at in this appendix.

G Integrating out the VLQs

G.1 SMEFT description

Below the VLQ mass thresholds, physical observables can be obtained from an effective
field theory (EFT) that does not include the VLQ fields as explicit degrees of freedom. The
footprints of these fields, as well as those from any other heavy BSM particle, are fully
captured by c-numbers, known as Wilson coefficients, which are suppressed by powers of
the heavy masses. Under general assumptions, this description is provided by the Standard
Model effective field theory (SMEFT), which extends the SM Lagrangian to incorporate
operators of dimension greater than four (D > 4):

Lsyerr = Lsm+ Y, CipOip, (G.1)
i, D>4

where O; p are operators of mass dimension D constructed from SM fields and C; p are the
corresponding Wilson coefficients. Their contributions to the amplitudes are suppressed by
powers of the heavy masses, 1 /Méjsj\j[l, and thus, by truncating at D = 6, one can obtain
the leading O(1 /M]_%,SM> corrections to the amplitudes. The resulting amplitudes in terms
of the Wilson coefficients C; p are identical for any heavy extension of the SM, and one
can consistently compute them at any loop order. Provided that these amplitudes and
that the corresponding observables are known at a given order in terms of the Wilson
coefficients, one needs only to match them to the parameters of the UV model at the required
level of approximation. Apart from providing a clean comparison of the phenomenological
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consequences of different UV models, this can simplify the low-energy phenomenology (see
section 7).

The tree-level SMEFT Wilson coefficients for the different UV completions of the SM,
including VLQ doublets, can be found for example in ref. [152].2° Let us thus start from
the Lagrangian in the form of eq. (3.5),%"

—L = (Yu)z] E@ i) u(l)%j + (Yd)ij Ez ) d%j + h.c.

+(Dq) s @Y, Qks +hoc..

As shown in section 3.1.1, a minimal parameterization is obtained taking Y, diagonal and Y}
as the product of a CKM-like unitary matrix times a diagonal matrix, plus setting to zero N
phases from Z; (e.g. in its first column), thus avoiding redundancies that would translate
into unphysical flat directions in the different fits. Finding the mapping of any weak basis to
this minimal one was done in appendix D, by making use of weak-basis invariants. One can
thus immediately obtain the EFT parameters in terms of any set of values for the Yukawa
matrices of the original UV VLQ completion.

After integrating them out, the low-energy tree-level effect of N VL(Q doublets, up to
D = 6, is fully encoded in

pug — © _
LsverT O (Cou)ij (B1iD,®) u%ﬂuu?%j + (Caq)ij (®1iD, @) d?zﬂ“d?%j
+ [(Coua)ij (211D, ®) uf 4 d; + hc.] (G.3)

+[(Cua)ij (210) ¢) D ufy; + (Caa)ij (21®) ¢f @ d; +hoc],

with ) )
1 v 1 +v
C<I>u = _ﬁ ZlDime C<I>d = ﬁZdDigZda
Q Q
1
Cooud = ZzD—éZd, (G.4)
1 v2 1 v2
_ i _ T

Notice how, regardless of the number of doublets one has, the full low-energy effect
at tree level and of O(l/Mé), where Mg = Mgswm, is encoded into three 3 x 3 matrices,
two of which are Hermitian, dramatically restricting the number of linear combinations of
physical parameters entering this regime. Additionally, if the number of VL.Q doublets is
small, one finds simple relations between the parameters in the charged-current sector and
the ones in the neutral-current one.

29While for the EFT applications of this work tree-level results suffice, it is worth mentioning that some partial
results regarding the one-loop matching corrections can be found in the literature, for example in refs. [54, 153].
With the fast development of automated tools [154], such as MatchMakerEFT [155] or Matchete [156], finding
the SMEFT expressions in the same (Warsaw) basis and implementing them consistently all the way to the
observable level will soon become straightforward.

300ne could write it in the more general form of eq. (2.2) by simply undoing the set of unitary transformations
that leads to this form.
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G.2 Electroweak symmetry breaking

After EWSB, the pure-VEV terms in eq. (G.3) modify both the effective quark gauge currents
and the mass matrices,

LD —TW’LJ” —i—hc}— Zq% g% +hec. —29 Z,JY. (G.5)
q=u,d ‘w
The SM Higgs-fermion interactions are also modified,
h _
L£L> 2 Z a0 Yo d - (G.6)
q=u,d
One has?!
1.
Ml =vY, []1 - 2Fq} , (G.7)
3 - M1 .
v =Y, {]1 - 2Fq} ==t 1-F, (G.8)
and
Jh =viyter + uLfy“dL +uY ul A Vg d%
. . (G.9)
Ty = Jgsu + up V" Fuug — dpy" Fudp,
where 5
Jysm 2 u ) — MY — 252 (3 udyta® — dO ”d0> (G.10)

with © = 4} +u% and d° = d} + d%. We are omitting the well-known leptonic part of
JgSM, which is not used in this work.

Without loss of generality, from now on we can work in the weak basis in which Y, = Y,
is diagonal and Y; = VYd, i.e., a CKM-like unitary matrix (free from external phases) times
a diagonal matrix, so that Z; — z, (corresponding to the trivial generalization of eq. (4.6)
for N doublets). In egs. (G.7)—(G.9) we have used

2 02 02

S v A ~
Fu=zlryz,  Fa=zlmyza,  Va=zlorz, (G.11)
D}, D}, D}

generalizing the definitions introduced in eq. (4.29) and footnote 9 for the N = 1 case.
The resulting mass matrices are not proportional to Y; and thus do not inherit the same
form. Nevertheless we can perform the infinitesimal unitary field redefinitions

ud — (1 +idLy)uY, d) — (14idLy)dY ,

! ! ‘ ‘ (G.12)
'LLR—>(]].+Z5RU)UR7 dR_>(]]-+25Rd)dR7

where the infinitesimal matrices are O(1 /MC%) Unitarity requires them to be Hermitian.
Since D > 8 corrections of O(1 /Mé) are neglected, any effect of this redefinition in the terms

31Note that in this work we are defining the mass (and Yukawa) terms using a left-right convention,
ie. L ~ —1;, Mig, while in SMEFT works (see e.g. [157]) they are typically defined using a right-left
convention, £ ~ —1) pM1r. Notice also the different VEV normalization.
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Figure 7. Graphical representation of the VLQ diagrams generating the new effective gauge interac-
tions.

above that already contain an O(1 /M%) insertion can be neglected. The only effect of the
field redefinition at the working order is then in egs. (G.7) and (G.8),

~ 1~
w o (1 —i5L,) Ve []1 _ 2Fu] (14i0Ry), (G.13)
~ A~ 1~
M=o (1 —i8Ly) V' Yy {11 - 2Fd} (1+i6Ry). (G.14)

Taking appropriate unitary matrices, one can always find a basis where MY = D" =
diag(my, me,my) and Mglﬂ = Vv.Dd =V, diag(mg, ms, mp), up to (but not including)
o(1 /Mé) effects. Notice that V;, # V in general. Then, in the mass basis and at this
order, the effective Lagrangian is described by

Di .
My =D,  Yh="[1-F], (G.15)

and
T =vy'er + ULV dr + TR Ve dg
) L (G.16)
Jy = Jysm + RV Fuur — dpy"'Fydg,

consistently with the full-theory result, see e.g. eqs. (4.19) and (4.20). The matrix V; can
be parameterized as the usual CKM matrix and thus, at order O(1/M3), the tree-level LH
sector is left unmodified, cf. eq. (4.26).

A diagrammatic interpretation of the origin of the new vertices is depicted in figure 7.
We relate V7, and D™ to the original Lagrangian parameters in appendix G.4.
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G.3 Low-energy EFT

Below the EW scale, the top quark and the electroweak bosons, as well as the Higgs, cannot be
directly produced. Physical observables, both within and beyond the SM, can, once again, be
obtained from an EFT free from the top quark, W and Z bosons or any other heavy BSM par-
ticle. In this case, the Wilson coefficients, now suppressed by O(1/M3, 1 /Ma, 7, 1/m2, 1/m3)
factors, also contain pure-SM contributions, whose corresponding coefficients can be explicitly
computed in terms of the heavy SM masses,

L1erT = LQCD+QED + Z (CZS’%I + CE%M) Oip. (G.17)

i, D>4

At tree level, the main operators induced both in the SM and in our VLQ scenario are the
four-fermion operators generated by the interactions of two-fermion currents mediated by EW
bosons.?? In that approximation, one simply recovers a generalized version of the Fermi theory,

1 1
Ligrr O LQCeD+QED — ﬁJﬁ/J‘tW - @JZJZ,M. (G.18)

Any process mediated in the SM by EW currents is suppressed by 1/v? and thus, even at very
low energies, VLQ interactions are suppressed with respect to the SM only by O(v?/ M%) In
practice, we do not need to limit ourselves to the approximation of eq. (G.18) for the SM
computation, but can use the results of SM works at all known orders. Instead, eq. (G.18)
is often sufficient to compute BSM effects, since the neglected contributions are suppressed

by both loop factors and powers of v? /Mé?’s

G.4 Effective CKM angles vs. Lagrangian parameters

The effective matrices D9 = diag(m¢, m4, m%) and V7, in egs. (G.15) and (G.16) are not
directly Yq and V of the minimal WB, eq. (3.12). Let us explicitly relate them to the
initial (minimal) parameters in Y,, ¥ and V. From egs. (G.13) and (G.14) one has, up
to O(l/Mé) corrections,

N 1.
(DY) =m!=vYy, (]1 — 2F£) , (G.19)
and
=1 0L) = i(0R) o)
iOzi =1 (5Ld)ii =1 ((5Rd)” y
where we have defined i 6Ly =1 — Vg(]l —idL,)V. For i # j, one has instead
U oy U d,,d
, i mymy; fu : i#j My M fod
Z( q) J (mg)z _ (m;)z 1) ? <5Ld) J (mg{)g _ (mjd)g E]
()2 4 (m)? o s (G.21)
izj 1 (mi)”+ (mj)” izj 1 (mi)” + (m§)” .
iR B - s B, (OR)y; Z - T fd
O = 5 (mj)? — (mf)> Y i(0Ra)j = 3 (md)2 — (md)2 ¥

32Higgs exchanges are also tree-level, but they are suppressed by 1 / m? times either light Yukawas or extra
BSM factors.

330ne should however keep in mind that, when quark currents are involved, it is important to use
renormalization group equations to, at least, re-sum large logarithms associated to gluonic corrections
> an(w) (ln Mz, / /f)n, since at the typical scale p of the corresponding hadronic processes they can easily
become O(1). The corresponding running equations can be found e.g. in ref. [157].
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Recall that V7, and V have the same functional form, with vV, = V(§VL) ~ Vexm and
‘A/ = V(é'v) Thus, ng = (912, 913, 923, 513) while 5 (912, 913, 923, (SA ) Expanding V(g)
in the neighbourhood of 9v and using the definition of § L4, one finds

oV N A
oo, (0, —0y) =i |V oLy — 6L, V|, (G.22)

which can be used to extract the five unphysical external phase differences o' — oz? in the field

redefinitions and, crucially, (612,013,623, 013). The exact solution is relatively cumbersome
and offers limited insight. Replacing instead the CKM angles and phase and quark masses
by their experimental values (correct up to neglected second-order O(1 /Mé) corrections)
and keeping only the largest numerical coefficients, one finds

010 ~ 07, — 0.050 Re F'Y, ,

B3 ~ 0%, — 0.018 Re F4, ,

f15 ~ 6%, — 0.00033 Re F'4, — 0.0015 Re £ + 0.00086 Re 4, + 0.0040 Re £ |

S13 ~ 0Vs + 1.1 Re B

(G.23)

Notice how the leading prefactors in the corrections of the parameters happen to roughly
scale as the values of the parameters themselves. Typically, the largest numerical prefactors
in front of Re Fj Pd for the 0;; corrections scale approximately as — mé ¢/ m , which accidentally
happen to be of the same order as the 0;; themselves. More 1mportantly, the rotation from
the parameters in V to the ones in Vj, is always suppressed by FCNC factors. Thus, for
phenomenological purposes — and unlike for the mass-like parameters D? # v f/q, see eq. (G.19)
— the approximate identification of the angles and phase in §VL with the ones of the original

Lagrangian in the minimal weak basis, 5 e 9 , is legitimate.

H FCNCs in the two doublets scenario

Besides being the potential resolution of the Cabibbo angle anomalies, the Yukawa textures
in eq. (6.36) are compatible with all other experimental constraints, in particular the stringent
limit on flavour-changing neutral currents. In fact, as it can be inferred from egs. (6.39)
and (6.40), there are no FCNCs at tree level. There is still a contribution at loop level
e.g. to neutral kaon mixing:

2
A2l Gimi, A v? M3
K ~ 2 FW o* * T
MlQ,NP |>\uu’2 oMKk A2 |>\uu’2 S45C45214%2s CLMC% F 5 +

myy

54521d C45Z1d21 Zz C4529
MQ "M, *aMg mé,

3 3 2 2
-2 (52‘1 z*d—v +ca5 2 g2 107 L > (52; 2} Cas 2 ! ) (MT” MT/)
541 1d*1u?2u"3 3 5%1d€45%2s 57 13
Mg aMg a Mg m?, m¥,
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where F'(z) are Inami-Lim functions [133]. Let us emphasize that the combination of mixing
elements is rephasing-invariant. For large = and a # 1 approximately we have F(z) ~ 0.25z
and F(x,a’z) ~ 0.25xa*In(a?)/(a® — 1). In the limit |a — 1| > [21(2),|v/Mgq, 345 is given
by eq. (6.41) and we get

N1, Gimdy, N v® Mg f(a)

2
M12 NP|>\ ‘2 = MKk A2 |)\ |2 (Zluzldz2uz2s) CL4M5 m%}[/ ) (HZ)

where f(a) is a function of a which is smaller than 0.25, f(a) ~ 0.25 a*(1+1/a?—41log(a)/(a*—
1))/(a* - 1)%

We want to test this effect in the scenario explaining the Cabibbo angle anomalies. Then,
we should consider that there exists an upper limit on the vector-like doublet masses. In
fact, given that |2z ]1)2 /M 4 ~ 1073, assuming the couplings 2,4 to be at most 1 we
have Mg < 6.2TeV, aMQ < 4.9TeV. On the other hand, there is a lower bound on the
mass given by the LHC limits, Mg, aM¢q 2 1TeV [75]. Then, the mass Mg and parameter
a are constrained as

1TeV< My <62TeV,  4.9>a>0.16, (H.3)

with a = 0.16 when Mg = 6.2TeV and a = 4.9 when Mg = 1TeV. For the following
computation, however, it is more convenient to dub Mg = min(Mg,, Mg,), a > 1.

The new contribution should be compared to the SM one in eq. (7.63) and confronted
with experimental constraints on Ampg and e€x. Bounds on the NP contribution can be
estimated as |M{§NP| < | M5 SM]AK, |ImM{§’NP| < |ImM{§’SM\ A¢y, with Ag =1 and,
again using the results in ref. [141], A, = 0.3. Then, by comparing the new contribution
in eq. (H.2) to the SM one in eq. (7.63) we have the constraints

)\*2 9 ’1)8 Mé f(a)
I = L < 1.6 x 1077
‘ m [’)\ 2 (#1214 22u%5s) ] a4Mg mIQ/V ~ )
, (H.4)
Ai2 of 08 Mg f(a)
& < 923x107°.
|A ‘2 (Zluzld ZZuZQS) CL4M5 m12/V ~
Then, taking into account the values in eq. (7.8), we get
X2 R f(a) M3 _g\2 )M} _
LU ~ (10 = <5x10710 H.5
’AU‘Q (Zluzld 22u%9g (I2Mé m%/[/ ( ) m[Q/V ~ ) ( )

which is well below the experimental constraints of eq. (H.4). We can inspect the scenario
in which the mixing angle can be large, for instance 645 ~ 7/4, with |1 —a| < 1073, In
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this case we would have

KM N}KQGFm%/V /\2
12,NP‘)\U|2 - K 4 2 )\

M2// M2/ M2// M2/
W w w

, . M\ (M 2 ()
2 ~% * * F 11 _ F 12 /
+ (04534521u 22u21d22s) a3Mg ( (m‘Q/V> (m%v ) ma}))

8 7\[2
2 * * 2 U T
+ (Cirz1uzts 25 20s) ——=F | ——
( 45~1u~ld ~2u 5) CL4M682 mIQ/V )

(the first two lines would disappear in the case of mass degeneracy). Taking into account
the values in eq. (7.8) we have

)\*2
P

)\*2

[Aul?

ot M3 f@) (10757 Mby M3 f(@)
(:LQMé2 m%[, - 4 vt m%v
62
’1)8 M/12—v// ~ (10 6) M'Z%" < 10_9
a4M§2 4m%v - 4 4m12,v ~ ’

2 —9
(S45C45214%55) S 1077,

(H.7)

(04521u751d Z2uz25)2

below the experimental constraints of eq. (H.4). The first inequality follows since, for
|1 —a] <1073, the combination of Inami-Lim functions in the first line of eq. (H.7) can be
written as f(d)Mgg/m%V ~ 0.3(a — 1)2Mé/m‘2,[,, a = max(Mrp» /Mg, Mg+ /Mpi), which gives
a value < 2 x 1072 taking into account |a@ — 1| ~ |zl(2)u|202/Mé and egs. (4.9) and (7.61)
and z, < 1.
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