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Scaling of many-body localization transitions: Quantum dynamics in Fock space and real space
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Many-body-localization (MBL) transitions are studied in a family of single-spin-flip spin—% models, including
the one-dimensional (1D) chain with nearest-neighbor interactions, the quantum dot (QD) model with all-to-all
pair interactions, and the quantum random energy model (QREM). We investigate the generalized imbalance
that characterizes propagation in Fock space out of an initial basis state and, at the same time, can be efficiently
probed by real-space measurements. For all models considered, the average imbalance and its quantum and
mesoscopic fluctuations provide excellent indicators for the position of the MBL transition W,.(n), where n is the
number of spins. Combining these findings with earlier results on level statistics, we determine phase diagrams of
the MBL transitions in the n-W plane. Our results provide evidence for a direct transition between the ergodic and
MBL phases for each of the models, without any intermediate phase. For QREM and QD model, W, (n) grows as a
power law of n (with logarithmic corrections), in agreement with analytical predictions W2REM(n) ~ n!/2 In n and
WP (n) > n**1n'/? n. This growth is in stark contrast to the 1D model, where W, (1) is essentially independent of
n, consistent with the analytic expectation W!P(n — 00) = const. We also determine the scaling of the transition
width AW (n)/W,(n) and estimate the system size n needed to study the asymptotic scaling behavior. Although
the corresponding values of n are larger than those accessible to exact simulations on a classical computer, they
are within the reach of quantum simulators. Our results indicate feasibility of experimental studies of n-W phase
diagrams and scaling properties of MBL transitions in models of 1D and QD type and in their extensions to other

spatial geometry or distance-dependent interactions.

DOLI: 10.1103/qcvd-n2yk

I. INTRODUCTION

The field of many-body localization (MBL) deals with a
fundamentally important problem of ergodicity and its vi-
olation in disordered interacting many-body problems at a
finite energy density [1,2]. The MBL transitions, i.e., transi-
tions between ergodic phases and nonergodic MBL phases
characterized by local integrals of motion, can be viewed as
an extension of Anderson-localization transitions [3,4] to a
(much more complex) setting of highly excited states of a
many-body problem. In the past years, the MBL problem
has been addressed for a rich variety of models, including
interacting spins, fermions, and bosons in various spatial di-
mensionalities with short-range and long-range interactions;
see reviews [5—11].

Despite remarkable progress in investigations of MBL,
many questions of key importance remain (at least partly)
open, in particular: What is the asymptotics of critical
disorder W.(n) of the MBL transition and of the transi-
tion width AW (n)/W,.(n) [12] for large system size (say,
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number of spins) n? What is the scaling behavior of various
observables around the transition? What is the physics of a
broad intermediate regime observed in numerical simulations
in relatively small systems? Does its width shrink asymptoti-
cally to zero, as expected for a single transition? Or are there
actually two transitions asymptotically with an intermediate
phase in the thermodynamic limit (n — 00)?

One-dimensional (1D) models have attracted particular
interest in the MBL context. Most analytical works favor a sin-
gle transition with W.(n) = const asymptotically [1,2,13-20].
On the numerical side, the model of a spin-% random-field
Heisenberg chain attracted particular attention. Exact-
diagonalization investigations of this model for # in the range
from 8 to 22 revealed an MBL transition at disorder W,.(n) ~
3—4 with a drift towards larger W,.(n) at increasing n [21,22].
Matrix-product-state study of longer chains yielded an
estimate W, (n) ~ 5.5 for n = 50 and n = 100 [23]. Very close
values were obtained for the estimated thermodynamic-limit
critical disorder, W,.(n — 00) >~ 5 — 6, by phenomenological
extrapolation [24,25] of exact-diagonalization data to
n — oo. Several works have hypothesized (with arguments
based mainly on numerical results) alternative possibilities,
such as W (n) diverging at n — oo [26-30] or a scenario
of two transitions, with an intermediate nonergodic phase
(between the ergodic and the “conventional” MBL phases) in
the asymptotic n — oo limit [31-33].

One can view a disordered interacting many-body sys-
tem as a tight-binding model on a graph representing the
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many-body Hilbert space (“Fock space”). In this representa-
tion, energies of many-body basis states are associated with
sites of the graph, and interaction-induced transition matrix
elements between these states are associated with links of
the graph. Such a Fock-space view on the MBL problem
suggests the use of observables akin to those known from
the Anderson localization problem, including level statistics,
eigenfunction statistics, the time dependence of propagation
on the graph, etc. In particular, the Wigner-Dyson level statis-
tics serves as a hallmark of the ergodic phase, with Poisson
statistics signaling the ergodicity breaking. It is worth empha-
sizing that, from the Fock-space point of view, the concept
of a transition between ergodic and MBL phases, with the
questions formulated above, is applicable also to models
with all-to-all interactions and without real-space localization
(“quantum-dot models”) [34-55]. Recent theoretical works
addressed various facets of the Fock-space physics around
MBL transitions [9,32,47,56-67]. Recent years witnessed
also major progress in experimental investigations of the
MBL transitions in the framework of Fock-space approaches
[68-73].

The Fock-space view on MBL provides a connection with
the problem of Anderson localization on random regular
graphs (RRG). An RRG is a random graph with a fixed (hence
“regular”) coordination number m + 1 (where m > 2) for all
vertices. The link to MBL has driven a considerable interest to
Anderson localization on RRG in recent years [54,59,75-93].
It is worth mentioning that a related sparse random matrix
model, which differs from RRG by fluctuations of the coordi-
nation number, was studied earlier [94,95]. We refer the reader
to a recent review [9] of localization on RRG and its relations
to MBL. Importantly, key observables for the RRG model can
be determined analytically, thus providing an excellent bench-
mark for numerical simulations [77,79,84,85,91,92]. While
the RRG model is simpler than genuine MBL models, there
are many similarities between them, making the understand-
ing of Anderson localization on RRG very instructive for
exploring MBL physics.

In view of this, we show in Fig. 1 the analytically deter-
mined finite-size “phase diagram” of the Anderson transition
on RRG in the parameter plane (W, 1/n), where W is the
disorder strength and N = 2" is the Hilbert-space volume
(number of vertices of the graph). The parameter n, rescaled
by a factor 1/log, m, is the diameter of the graph (i.e., the
maximal distance between two vertices); it is analogous to
the number of spins (i.e., to the real-space volume) in MBL
models of interacting spins. The boundary between the er-
godic and localized phases is at the critical disorder strength
WRRG(m, 2m); it is broadened by the finite-size transition
width (green region).

A pronounced drift of the finite-size critical disorder to-
wards its thermodynamic-limit value WCRRG (m, 00) (shown by
the vertical line) is obvious. The magnitude of this drift in-
creases logarithmically with m; we have chosen a moderately
large m = 20 for this plot. Another noticeable property of the
transition clearly seen in the figure is that its finite-size width
is much smaller than the distance to the thermodynamic-limit
value WRRS(m, 00). Let us note that the localized region in
Fig. 1 includes both the thermodynamic-limit localized phase,
W > WRRG (1, 00), and the regime to the left of the n — oo
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FIG. 1. Finite-size “phase diagram” of the Anderson transition
on RRG with connectivity m + 1, where m = 20, in the plane
(W, 1/n), where W is disorder and N = 2" is the number of vertices.
The diagram is obtained analytically following Refs. [54,74], see
Appendix A for details. The vertical line marks the thermodynamic-
limit critical value WRRG(m, 00), while the full green line is the
effective finite-size location of the transition WRRS (m, 2), with the
transition region shown around it. In order to probe the critical be-
havior of the correlation length £ (W) at W — WERS (m, 00), system
sizes n > n, are needed, with n, marked by the horizontal dotted line.

critical disorder, where the system exhibits localization prop-
erties because its size is not sufficiently large.

Thus, for the RRG model, answers to the questions for-
mulated at the beginning of this section are known. At the
same time, several key properties of the RRG model (such
as an exponential increase of Hilbert space with n and the
character of the critical point WRRG(m, 0o), which is a con-
tinuation of the localized phase) hold also for MBL problems.
This suggests that at least some of important features of the
transition between ergodic and localized phases on RRG are
also relevant to MBL. However, as the MBL physics is more
complex than that of the RRG model, more work is needed to
better understand phase diagrams of the MBL transitions that
are counterparts of the RRG phase diagram of Fig. 1. This is
the challenge addressed by the present paper.

To answer the questions posed above for MBL, we study
quantum dynamics around the MBL transition in several
single-spin-flip models (introduced in Ref. [74]), at infinite
temperature. This includes a 1D model (a spin chain with only
nearest-neighbor interaction) and models with all-to-all inter-
actions. We focus on single-spin-flip models for the following
reason. The Fock space of a many-body spin model can be
viewed as a set of vertices of a hypercube, and a single-spin-
flip matrix element corresponds to an edge of this hypercube.
Consequently, all our models “live” on the same hypercube
graph in the Fock-space representation, which simplifies the
analytical study of the models and their comparison.

In Ref. [74], we demonstrated the role of Fock-space
correlations between the matrix elements of the many-body
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FIG. 2. Finite-size “phase diagram” for the 1D model studied in
this work. The position of the transition WP (n) and its n-dependent
width, as obtained from results for the average generalized imbalance
in this work, are shown. The vertical line is the estimated value of
the thermodynamic-limit transition point W.(n — o0) = 6.5. In ad-
dition, the level-statistics indicator of the transition [74] is included.
This figure is an alternative representation of the data presented
and discussed in Sec. VII; see Fig. 13. The phase diagram in this
figure bears analogy to that in Fig. 1 for the RRG model but the
finite-size drift of WP (n) here is much weaker.

Hamiltonian for the scaling of critical disorder W.(n) and
the transition width AW/W,(n) in these single-spin-flip mod-
els. Numerics in Ref. [74] was based on statistics of the
many-body energy levels and eigenfunctions. Measuring
such observables experimentally requires full tomography of
many-body eigenstates and energies, which quickly becomes
extremely difficult or even impossible with increasing system
size.

Here we consider different observables that characterize
the dynamics of the system initially prepared in one of
the basis states (i.e., eigenstates of all S'f operators, where
i=1,...,n labels spins). Importantly, while the observ-
ables that we consider—the generalized imbalance and its
fluctuations—characterize the dynamics in Fock space, they
can also be measured by real-space measurements and are
thus experimentally accessible also for large systems. Further-
more, comparing the results for these observables with those
for level statistics provides information on the phase diagram
of the problem. Indeed, imagine that there would be two dis-
tinct transitions in the n — oo limit, at disorder strengths W,
and W,,, such that the system is asymptotically in the ergodic
phase for W < W,y, in the MBL phase for W > W,,, and in an
intermediate phase for W,; < W < W,,, which is nonergodic
but at the same time exhibits hybridization of states over the
maximal distance in Fock space. A scenario of this type was
recently suggested in Ref. [32]. In this case, the level statistics
(which is the indicator of ergodicity) would show a transition
from Wigner-Dyson to Poisson statistics at W,; and would be
insensitive to W,,. On the other hand, the imbalance (which
is the measure of propagation in Fock space) would exhibit a
transition at W,,.

Importantly, one of the models that we study is the quan-
tum random energy model (QREM), which allows for an
accurate analytical study due to its relation to the RRG model,
thus serving as a benchmark for numerical investigations. The
analytical findings include the phase diagram (a single transi-
tion from ergodicity to MBL), as well as results for the critical
disorder W, (n) (which scales asymptotically as n'/? Inn) and
for the transition width AW (n)/W,(n). Our numerical results
are in full agreement with these analytical predictions.

Our results for a 1D model are of particular interest. Cru-
cially, they support a single ergodicity-to-MBL transition with
a W.(n) = const behavior of the critical disorder at large n.
Specifically, the values of W,(n) that we obtain from the anal-
ysis of generalized imbalance and its fluctuations exhibit only
a weak drift with n and are in accordance with the finite-size
critical disorder found in Ref. [74] by studying statistics of
many-body energy levels and eigenfunctions. These results
are illustrated in Fig. 2. It is seen that the finite-size drift of
WP (n) is very weak in comparison to that in the RRG model,
the phase diagram for which is shown in Fig. 1.

Further, we study a quantum-dot (QD) model, which is
analogous to the 1D model in that the spin interactions are
only of two-spin type. The crucial difference is that, in the QD
model, all pairs of spin interact, in contrast to the 1D model
where interaction is restricted to pairs of nearest-neighbor
spins in a chain. Like for 1D model and for QREM, our
results for the QD model support a single transition between
ergodic and MBL phases. The numerically obtained scaling
of W,(n) for the QD model is consistent with the analytic
lower bound W, (n) > n**1n'/? n. Our analytical and numeri-
cal results show that the physics of the QD model is in many
respects similar to that of QREM.

The structure of the paper is as follows. In Sec. II, we
introduce the spin models—I1D, QD, and QREM—studied
in this work. In Sec. III, we define the generalized imbal-
ance and present first numerical results for the dynamics of
the average imbalance, which show that the imbalance is an
appropriate indicator of the MBL transition in all models
under consideration. We then turn to an analytical study of
the imbalance and its fluctuations in Secs. IV and V. Specif-
ically, Sec. IV contains a general analytical discussion of
the imbalance and its quantum and mesoscopic fluctuations,
which in particular emphasizes relations between real-space
and Fock-space observables. Section V contains an analysis
of the average imbalance and its fluctuations in the ergodic
and MBL phases as well as in the transition region for each of
three considered models. Armed with analytical predictions,
we return to a detailed numerical study of the imbalance and
its fluctuations in Sec. VI. In Sec. VII, we analyze phase
diagrams of the models, using numerical values for W.(n) and
for the transition width AW (n)/W,(n) obtained in Sec. VI
Key results of the work are summarized in Sec. VIII, which
also contains a discussion of prospective research directions.
Technical details are presented in several Appendices.

II. MODELS

We consider a family of spin—% models [74], specified

below. Hamiltonians of these models have the following prop-
erties (which motivate their choice):
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(i) the models are of single-spin-flip character, implying
that the Fock-space graph for all of them is the same and is
formed by vertices and edges of a hypercube;

(ii) the models are characterized by random interactions
and random Zeeman field, which makes all basis states of the
Fock space statistically equivalent;

(iii) in the Fock-space representation, fluctuations of en-
ergies and hopping matrix elements are the same for all the
models; the difference between the models is only in energy
and hopping correlations;

(iv) the only conserved quantity is energy.

These properties common to all of the models are greatly
advantageous for a direct comparison of observables between
the models. Also, the single-spin-flip terms in the Hamiltonian
connect Fock-space basis states separated by the minimal
Hamming distance (unity). It is plausible that this reduces
finite-size effects, such as the drift of W.(n) in 1D models,
in comparison with frequently studied XXZ models involv-
ing two-spin-flip terms that connect basis states separated by
Hamming distance two. Further, additional conserving quan-
tities (like total S, in the XXZ model) are not essential for
the MBL but lead to additional slow modes that may enhance
finite-size effects. Our choice of interaction couplings being
independent Gaussian-distributed random variables is in spirit
of ideas of random matrix theory. For interacting systems,
such a modeling has an extended prehistory in physics of
complex quantum systems, including the original Gaussian
ensembles by Wigner and Dyson and a variety of later de-
velopments such as, e.g., Wegner’s n-orbital gauge-invariant
model of Anderson localization, embedded random-matrix
ensembles of interacting systems, fermionic and spin models
of MBL in quantum dots and in systems with long-range
interactions, as well as Sachdev-Ye-Kitaev models. It is worth
mentioning that a single-spin-flip model with all-to-all ran-
dom Gaussian interactions, very similar to our QD model, has
been considered in Ref. [47].

A. 1D model

The 1D model considered here is a spin chain of length n
with periodic boundary conditions and the following Hamil-
tonian involving nearest-neighbor interactions [96]:

I‘?lD — HOID +ﬁ11D, (1)

I-?OID ZGSN—'—ZZ tl+1 i tz+1’ (2)

'D—zz VLSS + VA 88 B
ae{xy}

Here S“ are the spm-— operators, S“ = EG with Pauli ma-
trices of'. The energies ¢; are uncorrelated random variables
uniformly distributed in [—W, W]. Further, the interaction
couplings V%, 1, Vi, . and V_; (with a = x, y) are uncor-
related real Gaussian random variables with zero mean and

variances,

Vi) = ik, (4)

(Vi Vi) = Vi Vi) = S

(Vi

a=x,y. 5)

Throughout the paper, we denote by a bar ... the statistical
(“mesoscopic”) average over the distribution of both the on-
site energies ¢; and the random couplings V;;.

The Hamiltonian A'P, as well as any other spin Hamilto-
nian A, can be straightforwardly mapped to the Fock-space
representation:

H=Hy+H
on
_ZE lor) (| + Z Tupla) (B (6)
o,p=1
a#tp
where |«), |B) are basis states given by eigenstates of

all SZ operators (i.e., by strings of up or down spins).
Equatlons (1)—(3) split the Hamiltonian A'P into diagonal
(AJP) and off-diagonal (HP) parts with respect to this ba-
sis, which correspond to two terms in Eq. (6). Equation (6)
represents each of our many-body spin Hamiltonians A in
the form of a tight-binding model defined on the Fock-space
graph, which is an n-dimensional hypercube with 2" nodes
and connectivity n, with energies E, and hopping matrix ele-
ments Tyg.

For the H'® Hamiltonian, the many-body energy E, =
(a|A'P|a) associated with a given basis state |«) is

Zs“”ez +2 Zsf‘filv,iﬂ, ™

£1 and 5%}, = s\s\%) = £1. The
“hopping” matrix elements T, = (o|H lD| B) are nonzero if
and only if |a) and | 8) are connected by a single spin flip. For
a pair of states |a) and |B) = |&) = o} |a) that differ only by
the sign of the spin sy in a position k, we have

Tup :2(0"[(‘//«{1,1{3;—1 + kaJrl,kSIZc-&-l)Sl)cc
+ (ka—l.ks\‘lchl + Vlg;l,k§1§+1)§}f]|ak>

1 X (@) sy7y ()
=5V s +ive KSk—1k

()_<

with s alof|a) = s;

X (a) y a)
+ Vi S T 1V, ksk+1 W) ®)

whereas for any |g8) differing from |o) by more than one spin
flip, we have T, = 0.

By virtue of the central limit theorem, for n > 1, the
many-body energies E,, given by Eq. (7), obey a multivariate
Gaussian distribution. Likewise, the hopping matrix elements
T,s, Eq. (8), are multivariate Gaussian random variables.
The individual distributions of each of E, and 7,4 are [with
N (1, 0%) denoting the normal distribution of a real variable
with mean p and variance o2]:

nW?2 + 3n
Ea~ N (0’ T)
1 . 1
T ~N(O, 5) +1N(0, 5), ©)

and their correlations are governed by off-diagonal elements
of covariance matrices (Cg)op = (EoEg) and (Cr)apuy =
(Ta*ﬂ T,,). The energy covariance matrix (C};D)aﬂ = (EoEp)
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reads:

D W& @b
(CE )aﬂ = Ezsi s+
i=1

2
="
Here 7, is the Hamming distance between the basis states |«)
and |B), i.e., the number of spins to be flipped to transform
|a) into |B) or, equivalently, the length of the shortest paths
connecting these states on the Fock-space hypercube graph.
Further, g is the number of sites 7 such that sf"fil = =5
Crucially, the covariance (10) depends on the pair of states
a and B not solely via the Hamming distance r,g. The emer-
gence of g, in Fock-space correlations, Eq. (10), reflects the
1D real-space geometry of the model [74] and is of crucial
importance for special properties of the 1D model. An element
(C}D)aﬁw = <Ta*/3TMV> of the covariance matrix is different
from zero only if the states {«, B} are connected by a single
flip of spin s; and the states {i, v} are connected by a single
flip of the same spin sy, with s(“) = s,(f‘ ) In this situation,

1 n
(@) (B)
2 Zsi,i+lsi,i+l
i=1

1
2rap) + 7 (1 = 2ap)- (10)

ID

(Cr apuv = (Sl(ca)lsliu)l + Sl(c(i)l I(cljr)l) (1D
As in the case of energy correlations, (C}P)qp,, is not a
function of Hamming distance, which is again a manifestation
of the spatial geometry of the 1D model.

B. QD model

Like the 1D model, the QD model involves interactions
of pairs of spins. The difference is that, in the QD model,
these are all-to-all pair interactions. The Hamiltonian of the
QD model reads

A® =A® + A, (12)
ZG,SZ + = Z ViiSis;. (13
lj 1
. 1< Qoo
QD __ a(QzQa
A — 7 37 VA(8E8¢ + He), (14)
i,j=1
a€lx,y}

The single-particle energies ¢; are uncorrelated random vari-
ables uniformly distributed in [—W, W], as in the 1D model.
The interaction couplings V5 (with a € {x, y, z}) are uncor-
related real Gaussian random variables with zero mean and
variances,

(ViaVi) = 8udji, (15)

(Vavi = (V3V2) = 2608, (16)

In the Fock-space representation (6), the many-body energies
E, = (a|H®|a) are

(a) z ()
Vis', 17
Zés 2“/_11221 ./su 17

As for the 1D model, the Fock-space matrix element 7,4 is
nonzero if |«) and |8) are connected by a single spin flip, i.e.,

|B) = |lax) = of|la). It reads then

l;ék

Tup = (@A &) = FiVis).  (18)

The individual distributions of each of E, and T4 are exactly
the same as in the 1D model, Eq. (9). The difference between
the models is encoded in correlations. The energy covariance
matrix for the QD model is

2 2 2 2
(ch)aﬂzn[%O—%)Jr%(l— 2"‘3> } (19)

Similarly to the 1D model, an element (C(TQD Yy = (Ta*ﬁ Tuw)
of the hopping covariance matrix is nonzero only if the states
{o, B} are connected by a single flip of spin s; and the states
{w, v} are connected by a single flip of the same spin sy, with

s\ = s 1t is then given by
—1-2r 2r,
QD (@) (u) ap 1 Slap
(CT apuv = Z n ~1 n
z#k
(20)

Importantly, (C}i2D )op and nonzero elements of (C?D apuv de-
pend on the states involved via Hamming distance only (74
and r,,,, respectively).

C. QREM

The 1D and QD model defined above are “conventional”
interacting spin models in the sense that their Hamiltonians
include only single-spin terms and two-spin interaction terms.
In addition to these models, we consider the QREM. The
Fock-space representation of this model is obtained from
those of the 1D and QD models by removing all energy and
hopping correlations. Writing the Hamiltonian of QREM as a
sum of terms representing products of spin operators would
require terms involving arbitrarily many spin operators (up to
the maximal number 7). Thus, this model is rather far from
those that can be realistically implemented in an experiment.
The idea behind considering it is that, due to its close relation
to the RRG model, this model can be efficiently studied an-
alytically (for n > 1), thus allowing us to test the agreement
between analytics and numerics. Let us emphasize that the
Hilbert space for the QREM is the same as for the “conven-
tional” (1D, QD) spin models. This permits to study for the
QREM the same observables (in particular, the generalized
imbalance and its fluctuations in this paper, see below) as for
the 1D and QD models.

We provide now a formal definition of the model. Individ-
ual distributions of each of the Fock-space matrix elements
E, and T, are given in QREM by the same Eq. (9) as for
the 1D and QD models. At the same time, at variance with
the 1D and QD models, the energies E, and hopping matrix
elements 7,p in QREM are independent (i.e., uncorrelated)
random variables. We note that our version of the QREM
slightly differs from that studied in Refs. [97,98]: The hopping
matrix elements 7,g were constant in Refs. [97,98] (see also
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FIG. 3. Time evolution of the average imbalance Z(¢) for the 1D model (left), QD model (center), and QREM (right) with n = 14 spins,
following an interaction quench from a basis state |«). The disorder ranges from W >~ 1 to W =~ 100 for all three models. The maximum times

exceed the estimated Heisenberg time #5, Eq. (25), for all values of W.

an earlier work [99]) and are uncorrelated Gaussian random
variables in our case.

III. DYNAMICS OF THE GENERALIZED IMBALANCE
A. Generalized imbalance: Definition

A natural observable characterizing quantum dynamics in
interacting spin systems is a spin autocorrelation function,

1 n
) = (@l Y o)), @1)

J=1

where |a) is a basis state, ojz(t) = I7T(t)ajl7(t), and U(t) =
exp(—iHt) is the evolution operator. Since the basis states
are eigenstates of z components of all spins, cr;|oc) = s;"‘) loe),
Eq. (21) can be equivalently rewritten in the form

ZOt) = (Y OIZ®1y ), (22)

where | (1)) = U(r)|a) is the result of the unitary evolution
of state o) up to time ¢ and

R 1 ¢
0=~ > st (23)
j=1

For 1D models, the observable Z\*) () was used [mainly
for the Néel initial state, ) = [, ], 1,.... }) with s/ =

(—1)"7in many experimental [73,100,101] and theoretical
(see, e.g., Refs. [23,102—-106]) papers in the context of MBL
transitions. It was termed “imbalance” since for the Néel
initial state, it characterizes a difference in spin density (or in
particle density in the language of fermion or hard-core-boson
models) between even and odd sites. The above definition
(21) extends this notion to any spin system and any initial
basis state |a). Hence, T () can be termed “generalized
imbalance.”

For all models that we consider in this paper, proper-
ties of Z®(¢) are independent of the choice of the initial
state |«). Indeed, consider any two basis states |«) and |B).
They differ by flipping some subset of spins j. A unitary
transformation by a product of matrices o} over this sub-
set will map |a) — |B). It is easy to see that, for each of
our models, the ensemble of Hamiltonians is invariant under
this unitary transformation, which proves that properties of

T@(t) and Z)(¢) are statistically the same. In particular, the
ensemble-averaged generalized imbalance does not depend
on the initial state, Z)(¢) = Z®)(¢). In view of the above
invariance, one can choose the initial state to be, e.g., the Néel
state, |o) = |1, 1,1, ..., ), without restricting generality.
Below, we will frequently omit the superscript (o) indicating
the initial state in Z()(¢). For brevity, we will call Z®)(¢) the
imbalance, omitting the word “generalized.”

The imbalance Z(¢ ) measures how much of the initial order
is left at time 7, as Z(0) = 1 by construction. For an ergodic
system, Z(z) tends to zero as t — oo, up to a small finite-size
correction. In the MBL phase (or regime), the system fails
to thermalize and retains memory of the initial state, which
translates into a finite value of the imbalance at long times:

—00

It 22 7., 0<Zo < 1. 24)

B. Numerical results for imbalance evolution

To illustrate dynamical properties of the imbalance T (¢)
across the MBL transition for our models, we present in Fig. 3
the time-resolved dynamics of the average imbalance in a
broad range of disorder for the 1D and QD models, as well
as the QREM, with n = 14 spins. We take the state with the
energy E, closest to zero as the initial state «, in order to ad-
ditionally minimize the effect of the tails of the spectrum; see
a discussion in Sec. V A 1. The time evolution is performed
numerically using advanced matrix exponentiation algorithms
for large sparse matrices and adaptive time step and averaged
over many disorder realizations (see Appendix B for detail).

The maximum time of the dynamics in these plots is larger
than the estimated Heisenberg time #y that sets the largest
characteristic timescale for the quantum dynamics,

b= o T (25)

A W./n

Here A is the level spacing (around zero energy), and we
assumed W > 1, which is the range of disorder at which the
physics of our interest develops. For all three models, we
clearly observe an evolution of the asymptotic imbalance 7
from values close to zero to values close to unity with increas-
ing W, which is a manifestation of the MBL transition. In all
the plots, the range of disorder is from W ~ 1 to W ~ 100,
and the same color code is used.
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In the transition region (light blue to dark green in the
1D model, light green in the QD model, and yellow in the
QREM), the imbalance exhibits a slow decay on all times up
to ¢t ~ ty. This transition region clearly separates the ergodic
regime, with strong decay of the imbalance, from the localized
regime, for which the imbalance saturates to values close to
unity.

Despite these similarities between all the models, clear
differences between the 1D model, on the one hand, and QD
model and QREM, on the other hand, are seen in Fig. 3. In
particular, the imbalance dynamics for the 1D model displays,
at times ¢ 2 1, a clear power-law decay on the ergodic side
of the transition. This is in contrast with the behavior found
for the QD model and QREM, where the ergodic side of the
transition reveals a much faster, approximately exponential
decay of the imbalance, indicating a very different character
of the underlying dynamics. Also, the value of the disorder in
the transition region is a few times larger for the QD model
and QREM than for the 1D model.

The numerics presented in Fig. 3 thus demonstrates that,
for all the models, the imbalance is an appropriate indicator of
the MBL transition and, at the same time, there are essential
differences between the models. We turn now to an analytical
study of the imbalance and its fluctuations, Secs. IV and V.
After this, in Secs. VI and VII, we will present more detailed
numerical data and carry out their analysis.

IV. FROM REAL SPACE TO FOCK SPACE:
GENERAL RELATIONS

A. Dynamics of generalized imbalance

To determine the imbalance (22), it is sufficient to measure
spins S = %crj at all sites j after evolving the system for a
time 7. In this sense, the imbalance is a real-space observable:
Measuring it does not require finding many-body eigenstates
or energy levels. This makes the imbalance (including not
only its average but also fluctuations discussed below) par-
ticularly suitable for experimental studies.

At the same time, to better understand physical meaning
of the imbalance and to study analytically its properties in
various models, it is highly instructive to express it in terms
of Fock-space observables. The imbalance operator (23) is
diagonal in the eigenbasis of Hy:

> 1< 2r(a, B)
(BIZly) = 85, — 35 = %(1 - =)
j=1

(26)

where r(a, B) denotes the Hamming distance between the
basis states |«) and |8). Substitution of Eq. (26) into Eq. (22)
yields

”
TO@ = Y W OB BT v v (1)
By
o 2.
= |<ﬁ|w(t)>|2<1 - @) 27)
B

Thus, in the Fock-space representation, the time evolution
of Z@(t) corresponds to the propagation of a state on the

Fock-space graph measured by the Hamming distance be-
tween the initial state |«) and basis components |8) of the
evolved state | (¢)).

Using the decomposition of the basis states |«), |8) over
the eigenbasis {|I)} of the full Hamiltonian H, we can rewrite
Eq. (27) as

on

70 = Y ple o1 - 242
B

n
2” .
=D T LB BI) o)
1.J.B
y (1 _ M) (28)
n

The matrix elements («|/) have a meaning of wave-function
amplitudes of exact eigenstates |/) in the Fock-space basis.
In the large-t limit, oscillations originating from terms with
I +# J effectively average out, yielding Z@(t) — 7 with

on

2r(a,
=2 |<1|a>|z|<1|/3>|2<1 ) (aTm) .
1.B

Equation (29) expresses the saturation value of the imbalance
in terms of the exact many-body eigenstates of the Hamilto-
nian.

In Ref. [62], a quantity called “eigenstate polarization” that
is a close relative of the imbalance (22) was considered and
can be presented in a form similar to Eq. (29). An essential
difference is that, in order to determine the eigenstate polar-
ization experimentally, one would need to perform the full
eigenstate tomography.

B. Imbalance fluctuations

When one studies the imbalance, the simplest observable
is the average imbalance,

Z@(1) = (Y OIZ@N () = (Z@(1)). (30)

It includes the quantum averaging over the state | (¢)) =
U (1)|a), which we abbreviate as (... (r)), and the statistical
(mesoscopic) average over random realizations of the Hamil-
tonian (denoted by an overbar).

As was appreciated in earlier works [62,72,107,108] (for
other models), studying fluctuations of the imbalance and
related observables is also very useful in the context of MBL
transitions. It will be convenient in this context to introduce
an operator X of Hamming distance (with respect to the basis
state o),

R n Ao 1 . o
XZE(I_I( ))=§Z(1_5,(' )Uiz)' G

i=1
Then, for a given realization of disorder

IO = (Z90) =1 - M, (32)
n

where (x(1)) = (¥ (¢)|x|y(¢)). We define, again for a given
realization of disorder, the following probability distribution
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(with the variable x taking integer values from 0 to n)

PO, 1) =Y BV )8y pyes (33)
B

which has a meaning of a “radial” (Hamming-distance) prob-
ability distribution of the time-evolved state |i/(¢)) on the
Fock-space graph. Then (x(#)) = Y xP®(x, 1).

We turn now to fluctuations of the imbalance. Since
Eqg. (30) involves two types of averaging (quantum and meso-
scopic), one can define two types of imbalance fluctuations.
The quantum variance v, of the imbalance reads

vy (1) = ([Z@P(1)) — (Z@(1))?

2\ -
_ <;> [020) — o, (34)

where (x*(1)) = Y. x*P®(x,t). To determine experimen-
tally v,(¢), one should perform multiple quantum measure-
ments of the imbalance for the same disorder realization, to
find the variance of the distribution of results, and then to av-
erage this variance over disorder realizations. The mesoscopic
variance v,,(t) of the imbalance is defined as

ont) = @O — T

2 2
= (;) ()2 — ) 1; (35)

it measures fluctuations of the quantum average of the imbal-
ance from one disorder realization to another one.

V. ANALYTICAL CONSIDERATIONS
FOR SPECIFIC MODELS

The subject of this section is the analytical study of the gen-
eralized imbalance and its fluctuations in models considered
in this paper.

A. QREM

The localization transition in the QREM can be explored
by using its connection with the RRG model; see Ap-
pendix C. In the large-n limit, the scaling of the QREM critical
disorder is

WREM Gy ~ n21nn,  n— oo, (36)

see Egs. (C3) and (C4) for more accurate formulas with
numerical coefficients. Below we discuss the imbalance and
its fluctuations in QREM, first in the ergodic phase, then in
the localized phase, and finally at the localization transition,
W~ WREM (),

1. Ergodic phase

On the ergodic side of the transition, i.e., for W well below
WREM ;1) the dynamics of a system initially placed at a given
site o of the QREM Fock space is closely related to that on
RRG [84] or on a Cayley tree [109-111]. Specifically, the
fictitious particle representing the system exhibits diffusion
on the Fock-space graph. This diffusion is characterized by a
diffusion coefficient D(W). Diffusion on a Cayley tree is very

peculiar in the sense that the average distance r(¢) of a particle
from the origin grows linearly with time, r(t) = (m — 1)Dt,
where m + 1 is the coordination number. This is because, in a
small time interval At¢, there is a probability mD At to move
one step away from the origin and a probability DA? to move
one step closer to the origin. Here we use the normalization
of D as in Ref. [110], such that the total rate I" of escape from
the given site is I' = (m + 1)D.

On the QREM graph (hypercube), when a particle is at a
Hamming distance x from the initial vertex, there are x links
back (reducing Hamming distance by unity) and n — x links
forward (increasing Hamming distance by unity). Thus, the
“diffusion” equation for the averaged distance x(¢) reads

x@0) = [1 _ 2<x(t)>:|Dn. 37)

n

d
dt
Solving this equation and using Eq. (32), we obtain for the

dynamics of average imbalance

T =1 T oo

(38)
We discuss now the behavior of the diffusion constant
D(W,n) when the system approaches the transition from
the ergodic side. With increasing disorder, D decreases un-
til the transition from ergodicity to localization takes place.
This transition takes place when the correlation volume N,
which grows with increasing disorder W, reaches the Fock-
space volume N = 2", see Refs. [54,74] and Appendices A
and C. The corresponding disorder strength is denoted by
WRREM ;7). With increasing n, this disorder approaches from
below the thermodynamic-limit transition point in the cor-
responding RRG model with coordination number n, i.e.,
WREM (7)) /WRRG (5 00) — 1 as n — oo.

The scaling of the width I and the diffusion constant D is
determined, up to subleading factors, by the behavior of the
correlation volume Ng:

Wnl /2

r
Ne ~ , D~ —. 39)
r n

When the system is large enough, n > n, ~ 22, the
finite-size transition takes place in the critical regime
of the thermodynamic-limit transition, which means that
WRREM (1) > (1/2)WRRS (5, 00). In this case, there is a range
of disorder W for which the system is still ergodic and, at
the same time, the disorder satisfies W > (1/2)WRRG(n, 00).
In this range of disorder, the correlation volume is given by
Eq. (A4) (with m +— n) and

3 w12
D~N§1~exp—nlnn|:§<l—w):| , (40)

where we keep only the leading exponential factor. (A more
accurate formula for D in this regime includes an additional
subleading factor, which is a power of In Ng.)

For QREM systems that are accessible to exact numerical
simulations, we have n < n, and the behavior (40) cannot be
observed. In this case, the range of disorder on the ergodic
side of the finite-size transition point is in the precritical
regime (from the point of view of the thermodynamic-limit
transition), n'/? < W < (1/2)WRRS(n, 00). The correlation
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volume in this regime is given by (C7), which implies, in com-
bination with Eq. (39), the following behavior of the diffusion

constant:
D W 41
2w P 672 | D
The exponential decay (38) proceeds until the imbalance

saturates at its limiting value Z,,, which we are going to
discuss now. According to Eq. (29), Z, can be written as

2r(a, B)
)

Too = Y NF(r(a, ,8))(1
B

= ZNF(x)C(x)(l —2x/n), (42)

where

Fx) = [{Ie) PITIB)? 8raprx — (43)

N2’
and C(x) is the number of vertices § of the graph at a distance
x from a given vertex «. The correlation function F(x) was
studied for eigenstates |I) in the ergodic phase of the RRG
model in Ref. [84]. It was found there that

NF (x)C(x) ~ % x 732, (44)

Expecting the same behavior for QREM and substituting
Eq. (44) into Eq. (43), we see that the sum over x in Eq. (43)
is dominated by x ~ 1, yielding

_ N
T~ =2, (45)
N

This result suggests that the limiting value Z, of the gener-
alized imbalance exhibits the same behavior as the inverse
participation ratio (IPR) P, or the infinite-time return prob-
ability to the initial point on the graph.

Using Eq. (45), we can estimate the time #y, of saturation
of the exponential decay (38) of the imbalance,

1
toat E(n In2 —InNg). (46)

When the system is sufficiently deep in the ergodic phase
[i.e., W well below W,(n)], this time is much smaller than the
Heisenberg time 5, Eq. (25).

The following comment is in order at this point. The above
derivation of the estimate (45) uses Eq. (44) for the correlation
function (43), which holds for averaging over eigenstates |I)
near a given energy in the spectrum (in our case, this is the
band center, E = 0, where density of states is sharply peaked).
On the other hand, our Eq. (29) contains summation over
all eigenstates |/) in the spectrum. For W well below W_.(n),
nearly all states in the band are ergodic but an exponentially
small fraction of states in the band tails is expected to be local-
ized. Such a localized state |/) would give a contribution to the
sum in Eq. (29) if the initial basis states |«) happens to have
a substantial overlap with |I). This exponentially rare event
would give an additional small contribution to the average
Eq. (45). To minimize the effect of the localized states in the
tails, we choose as the initial state o in our numerical analysis
a basis state with an energy close to zero, see Sec. III B. This
ensures that eigenstates |/) that give a sizable contribution to

Eq. (29) are located close to the band center (in the energy
window I", within which the states are efficiently mixed), and
the contribution of eigenstates with other energies (in partic-
ular, localized tails) is negligible. This comments applies also
to other models that we study.

We consider now fluctuations of the asymptotic (t — o0)
value of the imbalance Z, in the ergodic phase. In the large-¢
limit, the distribution of |/ (¢)) over the hypercube Fock-space
graph is approximately uniform on volumic scales from the
correlation volume Ng to the volume N of the whole graph.
The distribution of Hamming distances x = r(«, ) with re-
spect to a given state ) on this graph is given by

1 n! ]2 2(x—§)2
P“)—ﬁm—\/gexp[‘T' “n

This yields

(%) — () = 7. (48)

and thus, for the quantum variance (34) of the imbalance,
vyt — 00) = % 49)

At the same time, the mesoscopic fluctuations of (x) are
expected to be exponentially small in this regime, because
(x) results from averaging over a state |y (¢)) with exponen-
tially many (~ N/Ng) independent components of comparable
amplitude:

() — ()" ~—=n=_>n, (50)

so that

Wn1/2

N;
vm(t—>oo)~2§ , Ne~
"n

619}

Here I is the energy width within which states are efficiently
mixed; ergodicity implies that ' is much larger than the
many-body level spacing, which corresponds to the condition
N <K N.

2. Localized phase

Now, we consider the localized phase, i.e., the disorder
W well above WREM (1), The mechanism of the localization
transition on RRG and QREM is peculiar in comparison with
a conventional d-dimensional Anderson model (e.g.,ind = 3
dimensions). In the conventional Anderson transition, when
the disorder changes towards the transition point W, from the
localized side, the system effectively spreads fractally over
the localization volume of a radius of order of localization
length &, that diverges at W — W,.. One manifestation of
this is the fractal growth of the IPR P, [4]. In this sense, the
delocalization happens gradually within the increasing length
scale &, until it reaches the system size at the transition
point. On the other hand, on treelike graphs, like RRG, the
delocalization is driven by systemwide resonances that are
exponentially rare in the localized phase but proliferate when
W reaches the transition point. Eigenstates of the system
remain close to basis states (i.e. infinite-disorder eigenstates)
in the whole localized phase, up to the transition point, with
only a parametrically small admixture of other basis states. In
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particular, the IPR P, remains close to unity. This behavior is
also expected for QREM at large n.

Thus, the wave function | (7)) in the localized phase of
QREM will remain close to the initial state [ (0)) = |ap).
The dominant correction will come from admixture of basis
states at a Hamming distance x = 1. The level spacing of these
states is ~W/n'/2, and they are connected to the initial state by
a matrix element 7 ~ 1. Thus, with a probability ~n'/?/W,
one of these states will form a strong resonance with |o).
In view of the scaling (C3) of the QREM critical disorder,
this probability is small in the localized phase. To the leading
order, one can thus neglect the probability of two or more such
resonances. Similarly, the probability of, say, second-order
resonance (with a state at Hamming distance x = 2) will have
an additional smallness and can be discarded.

We thus focus on a dominant admixture to |«) of a state at
Hamming distance unity. It will give, in the long-time limit,
the value of (x) in the range [0, 1/2]. (More precisely, there
will be Rabi oscillations around this value; we discard them by
assuming time averaging over a sufficient interval.) The value
(x) will be random, i.e., dependent on the disorder realization.
Typically, it will be small but the variances that we want to
calculate will be determined by those realizations for which
(x) ~ 1/2. The probability of such events is ~n'/2/W, as
discussed above. Therefore, to the leading order, we have at
t —> 00

o nl/2
0 =0 =1 (52)
_ 1/2
2 = o, ”W (53)

where ¢, ¢, ~ 1 are numerical coefficients. In Eq. (52), we
have used that the quantum operator % takes only values x = 0
and x = 1 in this case, so that x> = x. Thus, we obtain for
the average imbalance Z,, = 1 — 2(x)/n and for its quantum
and mesoscopic variances, Egs. (34) and (35), the following
results:

- 2
1-T= 1, (54)
n'’2w
4(c1 — ¢p)
vyt = 00) = =B (55)
4c
Unlt > 00) = i (56)

In Eq. (56), we have neglected mz’ which contains an addi-

tional small factor ~n'/2/W in comparison to (x)2.

To calculate the numerical coefficients ¢; and c¢,, we use
the distributions of the diagonal and hopping matrix elements
in the QREM, which are given by Eq. (9). The result is

_ /3 _ /3
o2 8
The calculation of these coefficients turns out to be essentially
the same as that in the localized phase of the 1D model,
Sec. V B 2. The above results can be obtained from 1D results
by including a rescaling factor 2./6/mn, which takes into
account the ratio of the densities of states on sites directly

coupled to a site with zero energy in the QREM and 1D
models, y REM(0) = (6/7n)/?W " and y'P(0) = 1/2W. An

ci &) (57)

important difference is that, in the QREM, Eqgs. (54)-(56)
correspond to the effect of a single strong resonance, while
their counterparts in the localized phase of the 1D model,
Egs. (72)—(74), hold for a finite density of strong resonances.

Analyzing corrections to Egs. (54)-(56) coming from
higher-order resonances, we find that the parameter con-
trolling the smallness of these corrections is WRRG(n, 00)/
WL L

3. Transition region

We turn now to the transition region, W =~ WCQREM(n). At
the transition, the correlation volume Nk is equal to the system
size: Ny >~ N = 2". To estimate the long-time asymptotics Z,
of the average imbalance, as well as quantum and mesoscopic
fluctuations of the imbalance, we develop a simplified picture
of the state [/ (7)) (at ¢ — 00) in this regime, which however
captures the key properties. Specifically, as discussed above,
we will typically have one strong systemwide resonance, i.e.,

[V (1)) =~ ala) + DIB),

with |a| ~ |b] and r(a, B) ~ n/2. To estimate v, at the transi-
tion, consider a maximally strong resonance, i.e., a state (58)
with |a| = |b| =1/ V2. This state is characterized by

n*  n? n?

n 2y _ 2 _n
30 WImWr=gmw=E Y

la)* + |b]* = 1, (58)

and thus
To=13%, v4=j3. (60)

Taking into account fluctuations of the resonance strength
(i.e., amplitudes a and b), as well as a finite probability of
|[¥(¢)) involving 2, 3, ... strong resonances will not change
the dominant n? scaling of (x2) — (x)2 but will reduce the
numerical prefactor. Thus, we will have at the transition,
W VVCQREM(n),

Too >~ 1/2, (61)

() — ()2 = Cyn?, vt > 00) = 4C,,  (62)
with a numerical coefficient C, satisfying C, < 1/16.

To estimate the mesoscopic fluctuations, let us again con-
sider the states of the form (58) and take into account that the
strength of the resonance |b/a| fluctuates from one realization
of disorder to the other. Consider a simplistic model of this,
with a half of the states having a maximally strong resonance,
|b/al = 1, and another half of the states having no strong
resonance at all, which can be approximated as |b/a| = 0.
This would give for the mesoscopic variance of (x)

2

Clearly, this is only a caricature of the true physical situation
of mesoscopic fluctuations at the transition W ~ WREM (),
Indeed, as discussed above, there should be, first, a continuous
distribution of |b/a| and, second, a finite probability of forma-
tion of more than a single resonance. This can, however, only
modify a numerical coefficient (making it larger or smaller)

(63)
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but cannot change the scaling with n. Thus, we have

(02 = () = Cun®, Ut — 00) 2 4C,,  (64)
with a rough estimate C,, ~ 1/64 for the coefficient C,,.

Comparing the results for the long-time value of the im-
balance and its fluctuations at the transition, W ~ WREM(p),
with those in the ergodic (Sec. VA1) and localized
(Sec. VA?2) phases, we make the following qualitative
observations:

(i) The average imbalance Z, is small in the ergodic
phase, close to unity in the localized phase, and crosses the
line Z,, = 1/2 in the transition region;

(ii)) Both quantum and mesoscopic variances of the imbal-
ance, v, and v, are of order unity in the transition region
(up to a numerical smallness of coefficients 4C, < 1/4 and
4C,, ~ 1/16), while they are parametrically small (for large
n) both in the ergodic and localized phases. Therefore, v, and
v, should have a maximum at the transition (at least, when n
is sufficiently large).

Thus, the three conditions, namely Zo, = 1/2, maximum
of v,, and maximum of v,,, can serve as indicators of the
transition point.

Of course, for a relatively small n, there are additional
sources of finite-size corrections that are not taken into
account in the above analysis. Thus, it is important to comple-
ment these analytical considerations with a numerical study,
which is done in Sec. VI below.

B. 1D model

As discussed in Sec. I, most analytical works predict

Wch(n) =const, n— 00, (65)

for the MBL transition in 1D models. Let us briefly com-
ment on the origin of this behavior within the Fock-space
representation of our 1D model. Consider two basis states |o)
and |u) separated by Hamming distance ry,. There are r,,,!
paths of the length r,,, in the Fock-space that connect these
states, thus contributing to hybridization between them. If
amplitudes associated with different paths were uncorrelated,
then one could obtain the scaling of W.(n) by an RRG-like
approximation, using the magntitude of hopping matrix ele-
ments, T, ~ 1, level spacing ~ W/n of the Fock-space basis
states directly coupled to a given one, and the coordination
number n. The result would be W,.(n) ~ nlInn. This is indeed
the correct behavior for the ulD model that is obtained from
the 1D model by removing Fock-space hopping correlations,
which makes contributions of different paths uncorrelated
[74]. However, for the 1D model, there are strong correla-
tions between the amplitudes of the r,,! paths, which lead
to dramatic cancellation between them [1,2,13,40], effectively
suppressing the factorial factor r,,,! down to p'=* with p ~ 1.
As a result, the scaling of the critical disorder takes the form
(65).

In analogy with the structure of Sec. V A, we discuss now
analytical predictions for the imbalance and its fluctuations in
our 1D model, starting with the ergodic phase and then con-
tinuing to the localized phase and the vicinity of the transition
point.

1. Ergodic phase

On the ergodic side of the transition, W < WP (n), the
dynamics is governed by the Griffiths phenomenon due to the
presence of rare regions with strong disorder. For models with
extensive conserved quantities (energy in our model), the real-
space relaxation of the corresponding density is subdiffusive.
The subdiffusion can be described in terms of an effective,
momentum-dependent diffusion coefficient D(q) that obeys

D(q) x¢?, B>0. (66)

This yields the power-law behavior for the characteris-
tic spreading in real space, characterized by exponent
O<yx <1t

2
248
In this regime, the averaged imbalance is expected to decay as
a power law of time:

Z(t)yoct™,

(Ar)2(t) oc 1™, yx (67)

0<w< (68)

1
3
The subdiffusive transport and the power-law behavior of the
imbalance on the ergodic side of the MBL transition have been
found numerically in various one-dimensional models (see,
e.g., Ref. [11] for a recent review). The exponents 8 and y;
were found to change continuously as a function of W, with
B diverging and y; approaching zero when W approaches the
transition point.

Anayltically, the power-law decay (68) of the imbalance,
with y; = 1/(1 + B) for a system with extensive conserved
quantities, was derived in Ref. [112]. The corresponding
mechanism is directly provided by the Griffiths effects due to
the presence of exponentially rare regions (“traps”), in which
the relaxation times are exponentially large. An alternative
mechanism leading to Eq. (68) was explored in Ref. [113].
Within this mechanism, the memory effects associated with
the return probability in subdiffusive dynamics are responsible
for producing the power-law tail of imbalance, yielding a
somewhat slower decay, y; = 1/(2 4+ 8). When the system
approaches the transition point, 8 becomes large and the
two contributions to imbalance decay with almost the same
exponents.

Beyond the Heisenberg time ty, Eq. (25), the imbalance
saturates at a small value Zo, < 1 determined by the system
size. If one assumes that the power-law decay (68) of the
imbalance holds in the whole time range up to a time of order
of #, then one gets an estimate

T~ 17" (69)

The quantum and mesoscopic fluctuations of the residual
imbalance Z,, in the ergodic phase of the 1D model are
obtained in the same way as for the QREM; see the analysis
in the end of Sec. VA 1. Since the two models are defined
on the same hypercube Fock-space graph, their distribution
functions of the Hamming distances (47) are equivalent. The
subsequent analysis, leading to Eq. (49) for v,(t — 00) and
Eq. (51) for v, (t — 00), applies also for the 1D model,
with the following word of caution concerning Eq. (51). It
was assumed in derivation of Eq. (51) that N/N; components
contributing to the state | (¢)) can be viewed as essentially
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independent, which leads to an exponential suppression o< 27"
of v,,(t — 00). The status of this assumption (similar to that
made in justification of the eigenstate thermalization hypoth-
esis) is not fully clear for the 1D model (and also QD model,
see below), because the number of independent parameters
of the Hamiltonian is of order n. In any case, the mesoscopic
variance v,,(f — 00) should be strongly suppressed compared
to the quantum variance v,(tf — 00) in the ergodic phase.
Our numerical results below fully confirm this and, moreover,
show that this suppression in the 1D and QD models is similar
to that in the QREM, supporting the validity of Eq. (51) also
for the 1D and QD models.

2. Localized phase

We now turn to the localized phase. Our analysis here has
close connections to that in Refs. [62,107] where a different
1D model was considered.

For strong disorder, W > VK,ID(n) ~ 1, various properties
of the system are governed by rare strong resonances. While
this bears some similarity to the physics of the localized phase
of the QREM, Sec. V A 2, there is an essential difference. For
QREM deeply in the localized phase, we had at most one (if
at all) strong resonance. On the other hand, in the localized
phase of the 1D model, there will be a finite concentration
~1/W of resonant spins. This is because, in the 1D model,
spins that are not nearest neighbors do not interact to each
other. As a consequence, the average imbalance in the 1D
model is predicted to saturate to a finite (n-independent) value
0 < Zoo(W) < 1 in the thermodynamic limit n — oo. Indeed,
each of these resonant spins gives a contribution ~ — 1/n
to the imbalance, and the total number of resonant spins is
~n/W for W > 1, yielding an n-independent result,

= n 1 1

1 —Zoo~—= -~ —. (70)
Wn W

It is worth emphasizing a direct relation of this result to a

fractal scaling of the IPR in the MBL phase, which is governed

by the same resonances,

P, ~ N2, (71)

with the multifractal exponent 7,(W) ~ 1/W.

In this way, we can also estimate the scaling of imbal-
ance fluctuations. Each of ~n/W strong resonances gives
a contribution ~O(1) to the variance (x?) — (x)?> at long
times. The total variance is thus ~n/W, which yields for the
quantum variance of the imbalance v, ~ 1/nW. To estimate
mesoscopic fluctuations, we notice that the number of strong
resonances ~n/W in Eq. (70) should exhibit fluctuations ac-
cording to Poisson statistics, with variance equal to the mean
value. Thus, the mesoscopic variance of the imbalance scales
as v,, ~ 1/nW, i.e., in the same way as v,,.

In Appendix D we calculate numerical coefficients in these
formulas for our 1D model. The result for the average imbal-
ance reads

32

1 -7 =

— T

{x) >~ 2B

S

(72)

and the long-time imbalance fluctuations are given by

2\ 3m3/?
vyt — 00) = <;) [(x?) — (x)?] =~ m (73)
2\ 2 — 732 »
Ut = 00) = (;) [(x)* = (x) ]~ m (74

The multifractal exponent characterizing the scaling of the
(typical) IPR P; is, to the 1 /W order,

1 — 722-1)
W)y=——MP=— " 75
uW)=—yne 22w (75

3. Transition region

Development of a fully controllable theory of the MBL
transition in 1D systems, including the corresponding critical
behavior of observables, remains a challenging goal. Several
phenomenological theories of the transition have been put
forward [16-20]. While differing in various aspects, they have
a very important common feature: The critical point of the
transition is essentially a continuation of the MBL phase.
From this point of view, the MBL transition in 1D systems is
similar to the localization transition in the RRG model (and its
relatives, including QREM). To discuss properties of the 1D
model in the transition region, we will thus proceed as for the
QREM (Sec. V A 3) and approach the transition region from
the localized side.

In the localized phase, the localized eigenstates in a 1D
chain are formed via p(W )n strong resonances, with p(W) ~
W~ as discussed in Sec. VB 2. While strengths of the res-
onances are statistically distributed, we assume here, for the
sake of an estimate, that there are p(W)n maximally strong
resonances, while all other resonances can be neglected. It
is understood that the function p(W) has a limit p. satisfy-
ing 0 < p. < 1 at the (thermodynamic-limit) transition point
WCID. This corresponds to the value Too=1-— pc of the im-
balance in the localized phase just near the transition. Thus,
every eigenstate is effectively spread over ~27<" basis states.

As W decreases to the transition region, W =~ WClD (n),
systemwide resonances proliferate, representing instability of
the localized phase. It is commonly understood, and supported
by numerical simulations, that systemwide resonances drive
the MBL transition [33,64,114—118]. To obtain estimates for
the average imbalance Zo(W), as well as for quantum and
mesoscopic fluctuations, we will assume that at W >~ WP (n),
every localized eigenstate (residing on 27<" basis states formed
by p. resonances) finds resonance with another such state,
located maximally far apart in the Fock space (x >~ n/2).

Within this “caricature” of eigenstates in the transition
region, the distribution P (x,t) of Hamming distances,
Eq. (33), acquires at long times a double-peak structure.
Specifically, one peak corresponds to resonances characterstic
for the localized phase, with a maximum at x = p.n/2 and
the width ~,/p.n/2, while the other peak corresponds to
systemwide resonances and is centered at x = n/2 with the
width ~./n/2. Under this simplifying assumption, we get, for
W ~ VVch,

—ifpn o\ _14p.
(x)_§<7~|—§)_ 1 n, (76)
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and thus

_ 1 —p.

T (WD) = Tp. (77)
For the quantum fluctuations of saturated (+ — oc0) imbalance,
we estimate

2
(02) = (x)7 (1‘_‘”) (5 + ””“)1. (78)

4 4 4 /2

In the large-n limit, the first term is dominant, and we get

l_pc
2

However, for numerically accessible (in the sense of exact
computations) system sizes n < 20, the correction term in
Eq. (78) can be comparable to the leading term.

Finally, we estimate the mesoscopic fluctuations. For the
part of the distribution over x that is related to systemwide
resonances, the consideration is similar to the ergodic regime
[see the reasoning above Eq. (50)]. There is an exponentially
large number (~27<") of independent states here, thus the cor-
responding contribution to the mesoscopic fluctuations should
be exponentially small. This leaves us with the same result
as in the localized phase discussed above [with an additional
factor 1/2 and W — WCID (n)]: The critical region is similar
to the localized phase in this sense. We thus expect that, for a
finite n, when the transition has a finite width, the maximum
of v,, will be on the larger-W side of the transition region,
where systemwide resonances are not yet important, with

2
vyt — 00) ( > , WX~ Wch. (79)

- 2 n

()2 — ()" = g (30)
and thus
Ut — 00) =~ 28w~ wiP. 81)
n
C. QD model

Similarly to QREM, the critical disorder WRP(n) in the
QD model grows as a power-law function of n (likely with
a logarithmic correction). While the exact exponent of the
power-law scaling of WP (n) is not known with certainty,
there are upper and lower bounds leaving a relatively narrow
window [74]. The upper bound, WP (n) < WP (n) is pro-
vided by the uncorrelated quantum-dot (uQD) model, which
is obtained from the QD model by removing correlations of
Fock-space hopping matrix elements. This makes the RRG-
like approximation applicable, leading to the equation W =
/7 nIn(4W/ /) for the critical disorder in the uQD model,
which yields W'®(n) ~ /7 nlnn in the large-n limit [74].
The lower bound for the QD model obtained in Ref. [74] was
WP (n) > n**(Inn)~'/4. 1t turns out that a better bound can
be derived, with the same power of n but a different power of
the logarithm: 1/2 instead of —1/4, see Appendix E. We thus
have the following window for the scaling of the transition
point in the QD model (omitting numerical coefficients):

n¥4(nn)'* <WRPm) <ninn. (82)

Let us emphasize a dramatic difference between the scaling
of the critcal disorder in the 1D model, Eq. (65), and the
QD model, Eq. (82). This may look surprising if one inspects

Fock-space representations of both models, see Secs. II A and
II B. The only difference between them is that the Fock-space
energy and hopping correlations for the QD model depend
solely on Hamming distance, while they have a more com-
plicated form for the 1D model. It is this difference, however,
that plays the decisive role. As discussed in the beginning of
Sec. V B, strong cancellation between amplitudes of r,,, ! path
connecting two Fock-space states separated by Hamming dis-
tance r,,, leads to the behavior (65) for the 1D model. For the
QD model, the effect of this cancellation is strongly reduced
by spectral diffusion [40]: Energies of all many-body states
are shifted each time a spin is flipped due to SfS’j interactions.
In the 1D case, the spectral diffusion plays a minor role, since
spin pairs do not interact except for nearest neighbors. In the
Fock-space representation, this difference between the models
is encoded in the interaction-induced terms in the covariance
matrices.

1. Ergodic phase

Both the upper and lower bounds for WP are obtained
from considerations akin to the physics of models on treelike
graphs, such as the RRG model and QREM. This leads to
an expectation that the time decay of the imbalance Z(¢) in
the ergodic phase of the QD model is analogous to that in
QREM, Eq. (38). The Griffiths physics related to rare strong-
disorder spatial spots, which is responsible for slow decay of
the imbalance in 1D model, is not relevant to the QD model
because of all-to-all couplings of spins.

Concerning the variances of the saturated imbalance,
vy(t — 00) and v,(t — oo), the arguments leading to
Egs. (49) and (51) are generic for the ergodic phase of the
class of spin models that we consider. Thus, these formulas
apply also to the QD model, with a word of caution concering
Eq. (51) in the end of Sec. VB 1.

2. Localized phase

The results for the average imbalance as well as quantum
and mesoscopic fluctuations that we have derived for the 1D
model, Eqgs. (72)—(74), apply to the localized phase of the
QD model as well. Indeed, the distribution of Fock-space
hopping matrix elements and the statistics of energies of basis
states coupled directly to a given basis state, which determine
the statistics of resonances, is the same in both models. The
difference is in the range of applicability of these formulas.
For the QD model they definitely apply for W > WP (n) ~
J/7mnlnn, as, under this condition, the dominant contribu-
tion is provided by a single strong first-order resonance. We
do not attempt in this work to analyze the disorder region
WRP(n) « W < WP (n) [i.e., the part of the localized phase
closer to the transition point WCQD (n)]. While this region is
formally parametrically broad at large n, it is relatively narrow
in practice for moderately large n.

3. Transition region

Our discussion of the MBL transition region, W ~ WP (n)
is necessarily rather speculative. Indeed, even the scaling of
the transition point W2P(n) with n is not fully understood,
although the corresponding window between the bounds is
relatively narrow. We argue, however, that the character of
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the transition bears similarity to that in the QREM and in
the 1D model. Specifically, in the localized phase close to the

transition, there is a certain number n{S) of strong single-spin

resonances, which implies that ~ QM eigenstates substan-
tially contribute to the basis state «. At the transition point,
systemwide resonances proliferate, so that typically each of
these eigenstates forms such a resonance. For QREM, we had

n¢) = 0, while for the 1D model we had n{<) = p.n, with an
n-independent p.. In the QD model, the situation is interme-
diate, although in a sense “closer to QREM.” Specifically, if
we assume that the lower bound in Eq. (82) yields in fact the
true scaling of W2P(n), then we get

n) ~ p!4(Inn)=172. (83)

Extending the analysis of QREM and 1D model, we obtain
the estimates

— 1 —n/n
Too 2 —B— ~ — 84
o0 7 5 (84)

for the average imbalance, and

1 — n©
vy(t — 00) < ’;res/n) ~ T (85)
1 27715-23 n©
vm(t — OO) ~ Z o + ;:2:8, (86)
n

Tes

for the fluctuations. Here we have taken into account that the
mesoscopic fluctuations at the transition in QREM and in the
1D model are governed by different mechanisms. Specifically,
for the QREM, these are fluctuations coming from the sys-
temwide resonances, while for the 1D model, this is the same
mechanism as in the localized phase. In Eq. (86), we have
summed contributions of both types for the QD model. In the
asymptotic limit of very large n, the second term will win,
since the first one gets exponentially small. At the same time,
since n{¢) grows very slowly with n, the first term is important,
and is in fact larger, for realistic values of n.

VI. NUMERICAL RESULTS

In Sec. V, we have presented analytical results for the
imbalance dynamics Z(r) and for the long-time limiting values
of the average imbalance, Z,o, and its quantum and meso-
scopic variances, v,(t — 00) and v,,(t — ©0), for QREM, 1D
model, and QD model. These results show that, for all these
models, the imbalance and its fluctuations provide indicators
of the MBL transitions. Specifically, the asymptotic imbalance
at the transition is Z, ~ 1/2 for the QREM and QD model,
and Zo, =~ (1 — p.)/2 for the 1D model, while the quantum
and mesoscopic variances v (t — 00) and v,,(t — o0) are
predicted to exhibit maxima in the transition region for all the
models.

In this section, we present detailed computational study
of the imbalance and its fluctuations (see Appendix B for
details of methodology) and confront the results with ana-
lytical predictions. In Sec. VII, we will use numerical results
to determine W,.(n) for MBL transitions in the models under
consideration.

Except for Fig. 12, which shows exact-diagonalization
results, all the numerical data presented in the following
are obtained through simulations of time-resolved dynam-
ics, which were performed using a Krylov expansion-based
method [as already described in Sec. III B in connection with
Fig. 3; see Appendix B for detail]. The system sizes addressed
in these dynamical simulations range from n = 8 to n = 18
for the QREM and 1D model and from n = 8 to n = 16 for
the QD model. For consistency, we have checked that the
infinite-time values of the observables under consideration,
obtained from the time evolution, agree with their counter-
parts obtained via full exact diagonalization for system sizes
ranging fromn = 8 ton = 14.

A. Dynamics of the imbalance
1. Average imbalance

We have already showed the time dependence of average
imbalance for all three models with n = 14 in Fig. 3 and
discussed it in Sec. III B above. We inspect now the dynamics
of average imbalance Z(r) in more detail.

In the left panel of Fig. 4, we show Z () in the 1D model for
different system sizes and for several values of disorder. For
relatively weak disorder, a power-law decay of the imbalance
is clearly observed, which proceeds up to a time of order of
Heisenberg time 7y, so that the saturation value drops expo-
nentially with n. These findings are in full agreement with
analytical arguments in Sec. V B 1, see Eqs. (68) and (69). At
the same time, for strong disorder, the behavior of imbalance
m is independent of n, with a saturation value close to unity,
in agreement with predictions for the MBL phase, Sec. VB 2.

In the right panel of Fig. 4, we present the exponent y;
obtained from a power-law fit of Z(r) in the range of time
fromt =4tot =0.175. For W < 4, the fitted exponent has a
tendency to increase with increasing n. At the same time, for
W > 6 the exponent decreases with increasing n as y; o« 1/n.
This implies that y; = 0 in the n — oo limit in this range of
disorder. The vanishing of y; reflects the long-time saturation
of the imbalance at an n-independent value for these values
of W, which is a manifestation of the MBL phase. Apparent
nonzero values y; o 1/n result from some dynamics of the
imbalance at relatively short times, which are included in
the fit window. The dependence y;(W) in the range from
W ~ 2 to W &~ 6 becomes steeper with increasing n. Extrap-
olating ton — oo via y;(W, n) = y;(W, 00) + c¢(W)/n yields
y1(W, 00) =0 for W > 6.5, thus providing an estimate of the
critical disorder WClD (n — 00) & 6.5 in the thermodynamic
limit [119]. We will see below that various indicators point
to approximately the same value of the transition point at
large n.

In the left two panels of Fig. 5, the dynamics of average im-
balance Z(¢) for QD model and QREM is shown for different
n and several disorder values. We have already seen in Fig. 3
a fast decay of Z(¢) in the ergodic phases of these models. It
is in full consistency with analytical arguments in Secs. V A 1
and V C 1 that predict the exponential decay law (38), with the
decay rate determined by the diffusion constant D. In the right
two panels of Fig. 5, we show the disorder dependence of the
diffusion constant D for both models and for various system
sizes. The results are in a good agreement with analytically
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FIG. 4. Left: Dynamics of average imbalance in the 1D model for several values of disorder W (see legend) and for system sizes n = 8§,
10, 12, 14, 16, and 18. For n = 18, power-law fits to Eq. (68) are shown, which are used to obtain the exponent y; shown in the right panel.
Right: Power-law exponent y; for the 1D model as a function of the disorder strength W, as obtained by a fit to Eq. (68) in the time range from
t =4tot = 0.11y. The result of extrapolation to n — oo according to y;(W, n) = y;(W, 00) + ¢(W)/n is shown by a dashed line.

predicted exponential dependence, In D~! oc W, see Eq. (41),
in the range of system sizes n accessible to exact numerical
simulations.

2. Imbalance fluctuations

In Fig. 6, the mesoscopic variance v,,(¢) as a function of
time ¢ is shown for 1D, QD, and QREM models with n = 14
spins, for various disorder strength. We use in this figure the
same color code for disorder as in Fig. 3 for the dynamics of
the average imbalance. It is seen that, after an initial increase
at short times, the variance v,,(¢) develops a strong depen-
dence on disorder W, with a maximum at an intermediate
disorder. This is in full consistency with analytical results in
Sec. V that predict that, in the long-time limit, v,,(¢) and v, (¢)
have maxima at the MBL transition, W >~ W_.(n).

In Fig. 7, the same data are plotted as functions of W for
selected times 7. It is seen that, for the 1D model, the position
of the maximum only weakly depends on time already for

QD

QREM QD QREM

short times, ¢ ~ 10, becoming nearly constant (within statisti-
cal fluctuations) at ¢t ~ 100, roughly two orders of magnitude
smaller than the Heisenberg time for the corresponding dis-
order (W ~ 5). This is also illustrated in the inset. On the
other hand, for the QD and QREM models, the position of
the maximum changes much more prominently, exhibiting an
approximately logarithmic increase with time up to t ~ 103.
This increase can be explained if one recalls the decay law of
the imbalance in the ergodic phases of these models, Eq. (38).
For a not-too-long time, this decay leads to a substantial
suppression of the imbalance only for D > t~!. Using the ex-
ponential dependence of the diffusion constant D on disorder
in the precritical regime, Eq. (41), we come to a characteristic
disorder strength W that grows logarithmically with time ¢,
explaining the numerically observed drift of the position of
the maximum.

For larger systems, n > n, ~ 22, we predict that at long
times, the system will probe the critical regime (40); this
will imply a saturation of the logarithmic drift of the
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FIG. 5. Left two panels: Dynamics of average imbalance in the QD model and QREM for several values of disorder (see legend). For the

QD model, we show values for system sizes n = 8, 10, 12, 14, and 16. For the QREM, system sizes go up to n = 18. For the largest system

size in each model, exponential fits to Eq. (38) are shown, which are used to obtain the diffusion coefficient D. Right: Inverse of the diffusion

coefficient D for the QD model and QREM as functions of the disorder strength W, as obtained by a fit to Eq. (38) in the time range from ¢ = 2
to the time at which Z(t) = 4Z,. Vertical lines indicate the estimates of the critical disorder WP (n) and WREM () extracted from Z,.
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FIG. 6. Time evolution of the mesoscopic variance v,,(t) for the 1D model (left), QD model (center), and QREM (right) with n = 14 spins.
The disorder ranges from W =~ 1 to W =~ 100 for all models. The maximum times exceed the estimated Heisenberg time 5, Eq. (25), for all
values of W. Vertical dashed lines mark times ¢, data for which are shown in Fig. 7.

position of the maximum for the QREM and QD models at the
corresponding crossover time that grows as a power law of n
(i.e., is much shorter than the exponentially large Heisenberg
time).

In Figs. 8 and 9, the results for the quantum variance
v,(?) are presented. In agreement with analytical predictions,
we find nv,(¢#) ~ 1 for sufficiently long times in the ergodic
phase of all models. Further, as analytically expected, a max-
imum is formed, providing a further indicator of the MBL
transition. For QD and QREM models, the position of the
maximum shows the same logarithmic drift at intermediate
times as for v,,(¢). For the 1D model, the maximum in v, ()
is less pronounced than for mesoscopic fluctuations, because
v, is much larger than v, in the ergodic phase. However, the
maximum becomes more pronounced with increasing system
size n, since nv, at the maximum grows with increasing n, in
consistency with analytical predictions.

B. Long-time asymptotic values of imbalance and its variances

We focus now on long-time asymptotic values of the im-
balance, Z,, and its mesoscopic and quantum fluctuations,
U (t = 00) and v, (t — 00). In Fig. 10, the infinite-time im-
balance is shown as a function of disorder for various system
sizes. For all the models, we observe a kink form of TOO(W),
which is a manifestation of the MBL transition. It is seen
that the transition becomes sharper with increasing n. Further,
a clear difference between the 1D model, on one side, and

1D

the QD and QREM models, on the other side, is observed.
For the latter two models, the kink moves to the right with
increasing n, in full consistency with the analytical prediction
of the power-law growth of W,.(n). In contrast, for the 1D
model, the lines Z,(W) for different n are virtually indis-
tinguishable at W > 7, which is a manifestation of WCID(n)
being n independent in the large-n limit. In the MBL phase
(i.e., for strong disorder), the results are in agreement with
the predicted behavior 1 — Z, o< 1/W, see Eq. (72) for the
1D and QD models and Eq. (54) for QREM. In particular,
for the 1D model, the numerical data are essentially indis-
tinguishable from the asymptotic formula (72) (without any
fitting of the numerical coefficient) for W > 30. For the QD
and QREM models, for which W, (n) is substantially higher,
the data nicely approaches the analytical large-W asymptotics
at our strongest disorder W =~ 100.

Figure 11 displays the quantum and mesoscopic variances
of the imbalance at + — oo as functions of disorder. Com-
paring this figure with Fig. 10, we see that the maxima of
vy(t — 00) and v, (t — 00) exhibit the same behavior as the
positions of the kinks in the average imbalance. (A more
accurate comparison will be performed in Sec. VII below.)
In the MBL phase, the behavior at strong disorder is in good
agreement with the analytical 1/W asymptotics, Eqs. (73) and
(74) for the 1D and QD models and Egs. (55)-(57) for QREM.
Deeply in the ergodic phase, the results are in agreement with
Eq. (49) for v,(t — o0) and with the exponential suppression
of v, (t - 00), Eq. (51). The values and n dependence in

QD QREM
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FIG. 7. Disorder dependence of the mesoscopic variance v,,(t) for the 1D model (left), QD model (center), and QREM (right) with n = 14
spins for selected values of time 7. This is an alternative representation of the data shown in Fig. 6. Insets show how the disorder W providing

a maximum to v,,(¢) develops with time for different system sizes n.
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FIG. 8. Time evolution of the quantum variance v,(¢) for the 1D model (left), QD model (center), and QREM (right) with n = 14 spins.
The disorder ranges from W =~ 1 to W =~ 100 for all models. The maximum times exceed the estimated Heisenberg time #;, Eq. (25), for all
values of W. Vertical dashed lines mark times ¢, data for which are shown in Fig. 9.

the transition region (i.e., at maxima) are also consistent with
analytical estimates in Sec. V, see Eqs. (62) and (64) for
QREM, Egs. (79) and (81) for 1D model, and Eqs. (85) and
(86) for QD model.

In Sec. IV A, we have discussed representation of the im-
balance in terms of exact eigenstates of the Hamiltonian. The
formulas strongly simplify in the r — oo limit, see Eq. (29)
for the quantum average of the imbalance. We have performed
exact diagonalization for system sizes n = 8, 10, 12, and 14 to
verify the numerical results for the imbalance and its fluctua-
tions obtained as a large-time limit of quantum dynamics. The
t — oo results obtained by the two approaches are identical
(within statistical uncertainty).

In Fig. 12, distributions of + — oo imbalance obtained by
exact diagonalization are shown. More specifically, we plot
distribution functions of the Hamming distance x divided by n,
which is related to the imbalance via £/n = (1 — Z(®)) { 2; see
Eq. (31). The top panels present total distributions Pt(oolO (x/n),
which are obtained by disorder averaging of the distributions
P (x, 1), Eq. (33), at t — oo. The term “total” means that
these distributions involve both quantum and mesoscopic fluc-
tuations. The bottom panels present mesoscopic distributions
P{>®)({x)/n) of the quantum average (x)/n. The figure nicely
illustrates the evolution of distributions from the ergodic
to the MBL phase with increasing disorder for all three
models.

VII. PHASE DIAGRAMS OF THE MBL TRANSITIONS

The numerical results presented in Sec. VI, in combination
with analytical results of Sec. V, allow us to determine the
phase diagrams of MBL transitions in the considered models
by using several indicators of the transition point W,(n). The
first of them is the average imbalance Zoo(W). In the QREM
and QD model, foo (W) exhibits, in the n — oo limit, a jump
from O to 1 at the transition, which is smeared at finite n. We
thus use the condition Z.,(W) = 1/2 to get the position of the
transition point in these two models. For the 1D model, the
jump is from zero to a value smaller than unity, see Eq. (72)
and Fig. 10. We find numerically that the limiting value of the
imbalance on the MBL side is &~ 0.6. For the transition point,
we use the condition Zo (W) = 0.4. Two further indicators
of W.(n) are provided by the positions of the maxima of
the quantum and mesoscopic fluctuations of the imbalance,
vy(t — 00) and v, (t — 00). Finally, in addition to the re-
sults of this work for the imbalance, we also include the
level-statistics indicator as obtained in Ref. [74]. Specifically,
it is determined by the point where the mean adjacent gap
ratio crosses the line that is halfway between the Poisson and
Wigner-Dyson values.

The obtained phase diagrams in the n-W plane are shown in
Fig. 13. We see that, for each of the models, the values W_(n)
mutually agree, indicating a direct transition between the er-
godic and MBL phases. In particular, the agreement between

(n/4) X vy(t)

(n/4) x vy(t)

10 ' 10 10 0

10" 102 RSt

w

FIG. 9. Disorder dependence of the quantum variance v,(¢) for the 1D model (left), QD model (center), and QREM (right) with n = 14
spins. This is an alternative representation of the data shown in Fig. 6. Insets show how the disorder W providing a maximum to v,(¢) develops

with time for different system sizes n.
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FIG. 10. Average imbalance at infinite time, Z,,, for system sizes from n = 8 to n = 16 for the QD model and up to n = 18 for the 1D model
and the QREM, obtained from the time evolution of the 1D model (left), QD model (center), and QREM (right). The large-W asymptotics of

T, Egs. (72) for 1D and QD models and Eq. (54) for QREM are shown by dashed line. Horizontal full and dashed lines serve to extract the
positions of the MBL transition, W,(n), and the transition widths, AW/W,; see text.

the imbalance and the level-statistics indicators excludes an
intermediate phase that would be nonergodic but, at the same
time, would allow propagation up to the largest Hamming
distance in Fock space.

For the QD model and QREM, we observe a fast, power-
law increase of W.(n), in full agreement with analytical
predictions (shown in the figure): WREM orows as n'/2Inn
(see Sec. V A and Appendix C), and WCQD grows (at least)
as n¥*1n'/? n (see Sec. VC and Appendix E). At the same
time, the results for the 1D model look very different: They
yield WP that is essentially constant as a function of disorder.
Estimating the critical disorder W!P(n — 00) using the data
for the averaged imbalance (which have considerably smaller
statistical uncertainty than those for maxima of the variances)

and using an extrapolation WCID(n) = Wch(oo) — a/n, we ob-
tain an estimate W!P(n — 00) ~ 6.33, in good agreement
with the estimate W!P(n — o00) ~ 6.5 obtained above by ex-
trapolating the exponent y; in Fig. 4.

We analyze now the transition width. For this purpose, we
consider a window of values of Z (W) chosen symmetri-
cally around the value that we use to determine the transition
point. Specifically, we choose the window to be [0.25;0.75]
for QD and QREM models and [0.3;0.5] for the 1D model.
This determines the disorder window [W_(n);W,.(n)] as-
sociated with the transition, yielding the transition width
In(Wy.(n)/W_(n)) = AW (n)/W.(n). In Fig. 14, we plot the
transition width as a function of n for all three models that
we study. In addition to the width obtained from our results

1D 0.6 QD QREM
0.5
0.3
s S04
X 0 X
famis Q().?)
~ ~
£ o2
0.1
0.1
0.0
g 0.2
IS >
X X
s <01
~ ~
£ =
0.0 10" 10! 10? 0.0 109 10! 102
w w

FIG. 11. Quantum (top) and mesoscopic (bottom) imbalance variances v,(t — ©0) and v,,(t — o00), multiplied by n/4, for system sizes
from n = 8 to n = 16 for the QD model and up to n = 18 for the 1D model and the QREM, extracted from the time evolution of the 1D model
(left), QD model (center) and QREM (right). The large-W asymptotics Egs. (73) and (74) for the 1D and QD models and Egs. (55)—(57) for

QREM are shown by dashed lines.
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FIG. 12. Total (top) and mesoscopic (bottom) distributions of Hamming distance x at infinite time, P (x/n) and P ((x)/n), for 1D
model (left), QD model (middle), and QREM (right) with n = 12. The data are averaged over 1600 realizations of disorder.

for the imbalance, we also include in this figure the results
of Ref. [74] obtained in an analogous way from data on levels
statistics. The above definition of the width contains a freedom
of choosing a window of the variable. For a reasonable choice
of the window, this freedom does not affect the scaling of the
transition width with »n but introduces a constant factor. To
compensate for this freedom, we introduce in the definition
of the transition width a factor R = (AX),/2(AX),,, where
(AX), is the total jump of a variable X at the transition (in
the thermodynamic limit) and (AX),, is the chosen window
width; see Appendix F for detail. We thus characterize the
transition width by

8(n) = RIn(Wy(n)/W_(n)) = R AW (n)/W.(n). &7)

It is seen in Fig. 14 that the transition widths obtained from
two observables (imbalance and level statistics) are essentially
the same. Further, for all the models, we observe a power-
law sharpening of the transition with increasing system size,
8(n) ~ n~*. Interestingly, the exponent p for all the models
is close to unity in the considered range of n. It should be
emphasized, however, that, for all these models, this is not
the asymptotic (large-n) behavior. For the QREM, the actual
asymptotics is predicted to be 8§ ~ n3In?n; see Eq. (C6).
However, it holds only for larger system sizes, n > n, ~ 22.
For smaller values of n (precritical regime), the effective expo-
nent p is reduced compared to its asymptotic value and p ~ 1
is in agreement with analytical expectations [74].

For 1D and QD models, the asymptotic behavior of the
width should be very different. Indeed, in these models, the
disorder of strength W is implemented via only n-independent
energy variables ¢; (in contrast to QREM where all 2" vari-
ables E, are independent). This leads to an important bound
(extension of Harris criterion) on the sharpness of the tran-
sition [120,121]. Specifically, we use the upper bound on a
derivative of the mean value of an observable serving as a
transition indicator given by Eq. (2) of Ref. [120] (see also
Lemma 2.3 in Ref. [121]). In our case, the observables are the
mean imbalance and the mean adjacent gap ratio. This leads,
for the 1D and QD models, to the following lower bound on
the transition width defined above [122]:

1

Py > —.
87 (n) 2 T
Details of derivation of Eq. (88) are presented in Appendix F,
where we also discuss implications of this bound for the
form of scaling at the transition at sufficiently large n. The
bound (88), which is also shown in Fig. 14, implies that the
numerically observed behavior §(n) ~ n=#* with u & 1 holds
only for not too large n, since it would violate the bound
for system sizes n exceeding a certain value n,. Specifically,
the value of n, is found as the crossing of the numerically
observed behavior of §(n) with the lower bound for §(n) given
by Eq. (88). Extrapolating the line ~1/n approximating the
numerical results for §(n) (dash-dotted line in Fig. 14) until a

8'P(n), (88)
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FIG. 13. System-size-dependent values of the critical disorder W, (n) for the 1D model and QD model (left) and the QREM (right), extracted
from several indicators: t — oo average imbalance and maxima of the quantum and mesoscopic variances obtained from the time evolution
out of an initial basis state |«) in this paper, as well as the adjacent gap ratio obtained via exact diagonalization in Ref. [74]). System sizes range
from n = 8 to n = 18. Also shown are transition regions [W_(n); W,.(n)] (see text) obtained from the r — oo average imbalance. The green
areas in the plots, which are obtained by a smooth interpolation of [W_(n); W, (n)] extrapolated to a slightly larger value n = 22, serve for
visualization of sharpening of the transition with increasing n. For a quantitative analysis of the transition width, see Fig. 14 and the associated

discussion in the text.

crossing with the bound (dashed line in Fig. 14), we obtain an
estimate n, ~ 80. (An analogous estimate was performed in
Ref. [120] by using data for different 1D models and different
observables [22,123]; it yielded substantially larger values,

0.2

np ~ 500-5000.) Thus, we expect that the actual critical be-
havior in 1D and QD models can be observed for system sizes
n 2 80. Clearly, this argument provides only the upper bound
on the crossover value of #; it is possible that the crossover to

1D, QD QREM
—o— 1D (gap ratio) —e— from gap ratio
%= 1D (Ix) 1 —>— from Z

QD (gap ratio)

Eq. (C6)

'\.Q"
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FIG. 14. Transition width 6(n), Eq. (87), as a function of n, for 1D and QD models (left) and for QREM (right), as obtained from t — oo
values of the averaged imbalance (this work) and from results for the gap ratio [74]. The lines ~n™* with u = 1 in the left panel and u = 1.2
in the right panel are guides to the eye. For 1D and QD models (left panel), the lower bound (88) is also shown; it crosses the line ~1/n at
n, ~ 80. For QREM (right panel), the large-n asymptotics (C6) is also shown.
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the actual asymptotic behavior in fact takes place already for
smaller system sizes.

VIII. SUMMARY AND OUTLOOK

In this paper, we have studied MBL transitions in a family
of interacting spin-% (or, equivalently, qubit) models with ran-
dom interactions and random Zeeman energies. The models
are of single-spin-flip type, so that the associated Fock-space
graphs are formed by vertices and edges of the n-dimensional
hypercube, where 7 is the number of spins. Two of the models
that we considered involve only interactions of pairs of spins,
thus belonging to a class of models that can be naturally
implemented in quantum simulators. One of these models is a
1D chain with nearest-neighbor interactions, the other one is
the QD model with all-to-all pair interactions.

The third model is (a version of) the QREM. While a direct
experimental implementation of QREM for a relatively large
number of spins does not appear to be realistic, its investiga-
tion in combination with more realistic, pair-spin interaction
models (1D and QD) is very instructive. First, the MBL
transition in QREM can be studied analytically by using its
connection to the RRG model, thus providing a benchmark for
numerical studies of various observables. Second, the MBL
transition in QREM and in more realistic models have many
common features. In particular, the physics of the QD model
turns out to be in many respects very similar to that of QREM.
Third, despite common features, the analytics predicts a very
different behavior for the scaling of the MBL transition in
the 1D model as compared to QREM, which was one of the
central points of our study.

The observable on which we focus in the present paper is
the generalized imbalance characterizing propagation in the
Fock space out of an initial basis state |«); the corresponding
operator is given by Eq. (23). More specifically, we consider
the averaged imbalance, as well as its quantum and meso-
scopic fluctuations. Importantly, while the imbalance has a
clear physical meaning in the Fock-space representation of the
problem, it can also be efficiently determined by real-space
measurements.

We show that, for all considered models, the average im-
balance and its quantum and mesoscopic fluctuations provide
excellent indicators for the position of the MBL transition
W.(n); see analytical results in Sec. V and numerical results
in Figs. 10 and 11. Combining these findings with earlier
results on levels statistics, we determine phase diagrams of
the MBL transitions in the n-W plane (Fig. 13). Our results
provide evidence of a single transition between the ergodic
and MBL phases for each of the models, without any in-
termediate phase that would be nonergodic but, at the same
time, exhibiting propagation up to the maximal Hamming
distance in Fock space. For QREM and QD model, W,(n)
grows as a power law of n (with logarithmic corrections), in
agreement with analytical predictions WREM(n) ~ n!/2Inn
and WP (n) > n3/*1n'/? n. This growth is in stark contrast
to the behavior of 1D model, which exhibits W,.(n) that
is essentially independent of 7, in agreement with analytic
expectation WCID(n — 00) = const. Our estimated value is
WIP(n — co) &~ 6.5 [124].

We also determine numerically the scaling of the transition
width AW (n)/W,(n); see Fig. 14. The transition sharpens
with increasing #n; interestingly, it does it almost in the same
way in all three models. However, this numerically observed
scaling of the transition width is certainly not the asymp-
totic (large-n) one. For QREM, an analytical study implies
that the asymptotic critical behavior, with a faster decay of
AW (n)/W.(n), will be approached for n > n,, where n, =~
22. For 1D and QD models, we find, using the Harris bound
[120], that a crossover to the asymptotic scaling behavior
should happen at n < np, where n, ~ 80. While the corre-
sponding values of n are larger than those accessible to exact
simulations on a classical computer, they are within the reach
of quantum simulators (NISQ devices) that are already avail-
able or expected to be available in the near future. Our results
thus indicate, in consistency with existing experimental works
[72,100,101], feasibility of experimental studies of phase dia-
grams of the MBL transitions and associate scaling behavior
in models of the type considered in our paper.

The fact that system sizes n < 20 accessible to exact sim-
ulations on a classical computer are not sufficient to reach
the asymptotic critical behavior at the MBL transitions should
be taken into account when one analyzes numerical data in
terms of various types of scaling. (See very recent preprints
[125,126] for this type of analysis in the context of the 1D
XXZ model and of the QREM.) This applies of course also to
the analysis of state-of-the-art experimental data on the MBL
transitions. At the same time, it is worth pointing out that
it is absolutely meaningful to explore the transition even if
one does not get access to the asymptotic scaling regime. The
following analogy with more conventional critical phenomena
is in order here. In many cases—such as the phase transition
to a superconducting state in conventional 3D metals, e.g., Al,
Sn, Zn, Pb—the transition can be located and explored with
an excellent accuracy but experimentally observed critical
exponents are mean-field exponents rather than the asymptotic
ones. This is because the asymptotic critical behavior takes
place in this case only in an extremely narrow temperature
range around the critical temperature 7, as determined by
the Ginzburg criterion, so that its experimental study requires
extraordinary experimental sensitivity and fine-tuning. The
“precritical” form of the critical behavior at the MBL tran-
sitions, as seen in our Fig. 14 for the scaling of the transition
width, is in this sense analogous to the mean-field behavior
for conventional phase transitions.

Advantages of considering the chosen class of models are
discussed in Sec. II. Furthermore, our results show that a
finite-size drift in our 1D model is relatively small. Impor-
tantly, one can also study models that interpolate between our
1D and QD models, by considering other spatial geometry
(e.g., two-dimensional) and/or other distance dependence of
interaction (e.g., power-law-decaying interaction). This can be
done by keeping all key properties of the model, including
the Fock-space graph (and thus the coordination number) and
the distributions of diagonal and hopping Fock-space matrix
elements. This will allow one to explore, in the clearest way,
the effects of spatial dimensionality and the interaction char-
acter on the n-W phase diagram and on the scaling of the
MBL transition. Note that, at variance with the 1D model and
in analogy with the QD model, the models with power-law
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interactions or in spatial dimensionality d > 1 are predicted
to exhibit critical disorder W,(n) that increases to infinity at
n— oQ.

A further important direction for future research is to ex-
plore in more detail the properties of the MBL phase in the
models studied in this paper. As discussed above, it is believed
that proliferation of systemwide resonances [33,64,114—118]
is responsible for the development of many-body delocal-
ization when the critical disorder is approached from the
MBL side. However, a detailed quantitative understanding
of manifestations of resonances of various types in various
experimentally measurable observables (such as, e.g., imbal-
ance) and in various models remains to be developed. Also,
connections with the avalanche theory [16-20,116,127,128]
need to be better understood.

Another interesting question, which is controversially
discussed in recent literature, is whether the numerically ob-
served residual, ultraslow transport deeply in the MBL phase
of one-dimensional models [31,115,129-133] requires any
modification of our understanding of the MBL phase. A re-
lated question concerns proposals in the literature, also based
on numerical data, that the MBL phase in one-dimensional
models may actually be subdivided into two phases that differ
in the form of asymptotics of some correlation or distribution
functions [31,33]. Although we are not aware of clear-cut
analytical support for these intriguing proposals, they cannot
be excluded in view of the absence of a fully controllable
analytical theory of the MBL transition. Our numerical data
do not provide any indication of a second transition within
the MBL phase. However, this would not be in contradiction
with such conjectures if the observables that we study are not
affected by a fine distinction between the two proposed parts
of the MBL phase.
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APPENDIX A: LOCALIZATION TRANSITION ON RRG

In Fig. 1, the analytical “finite-size phase diagram” is
shown for ergodicity-to-localization transition in an Anderson
model on an RRG. In this Appendix, we present definition

of the model and briefly summarize relevant formulas, which
have been derived in Refs. [54,74]. The coordination num-
ber of the graphs is denoted by m + 1; in Fig. 1 we choose
m = 20. To make a closer contact to the spin models, we
parametrize the number of vertices of an RRG as N = 2".
The diagonal matrix elements E, and the (complex) hopping
matrix elements 7,4 are independent random variables; we
choose them to be Gaussian distributed in analogy with our
spin models. Specifically, the distribution y (E') of on-site en-
ergies is A (0, w? /2m), where W is the disorder strength, and
the hoppings T,z are distributed as N'(0, 2/7) + iN(0, 2/7).
Specific choice of the numerical coefficients of order unity
in these formulas are not essential; modifying them amounts
simply to rescaling W. We choose these coefficients such that
(IT1)y(0) = 1/W in the notations of Ref. [74]. The thermody-
namic limit (N — oo) critical disorder WXRS (m, 00) is given
by a solution of the equation

4m(|T1)y(0)In (AD)

— =1
(IT1)y(0)

with respect to W. For the above choice of the distributions
of matrix elements, this equation becomes W = 4mIn W. We
note that the accuracy of derivation is not sufficient to fix a
numerical coefficient of order unity in the argument of log-
arithm in Eq. (Al); it is set to unity in Eq. (A1l). Modifying
this coefficient does not affect the large-m asymptotics of
WCRRG (m, 0o) but would lead to a subleading correction some-
what shifting WRRG (m, 00) at finite m. The finite-size critical
disorder WRRG (m, 2") is obtained by solving the equation

N;(W) =12", (A2)

where N (W) is the correlation volume given by Eqs. (48) and
(49) in Ref. [74].
For disorder W close to the thermodynamic-limit transi-
tion, i.e., for
WCRRG (m’ OO)
2

the correlation volume exhibits the following critical
behavior:

3 w 12

Consequently, for sufficiently large system size, n > n,, one
has

<W < WRRS (1, 00), (A3)

WERG(m, 00) = WERS(m,2") | |
X

WRRG (. o0) (AS)

with v = 1/2. In order to probe this (critical) regime, the
system volume N = 2" should be larger than the correlation
volume Ng (W) at disorder W corresponding to the lower bor-
der of the critical window (A3). This determines the lower
border n, of the critical regime with respect to the system
sizes n: One needs a system with n > n, to probe the critical
behavior [Eqgs. (A4) and (AS5)]. The lower border n, of the
critical regime increases logarithmically with m; for m = 20
chosen in Fig. 1, we get n, >~ 21. The critical behavior (AS5)
of WCRRG (m,2") is well seen in Fig. 1 below the dotted line
corresponding to 7.
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For a large coordination number, when WRRG(m, co) ~
4mInm, there is also a parametrically defined precritical
regime

WCRRG (m, 00)

m<W < > , (A6)
with the correlation volume Ng (W) given by
w2 4
Ne(W) >~ — exp (—) (A7)
m 2m

Consequently, for not-too-large system sizes, n < n,, the
finite-size transition point WRRS (m, 2") exhibits an approxi-
mately linear drift with n. The overall magnitude of this drift
increases logarithmically with m, as is seen from Eq. (A6).
We have chosen in Fig. 1 a moderately large value of m to
illustrate both regimes of WRRG(m, 2"): the critical and the
precritical one, with a crossover at n >~ n,.

For any finite n, the localization transition is in fact a
crossover, i.e., it has a finite width AW around the disorder
WRRG (1, 2M). To estimate AW, we use the fact that the rele-
vant observables follow the volumic scaling [i.e., are functions
of N/N:(W)] at W < WRRG(m, 00) [9,77,78,82,84,87]. Thus,
the interval of disorder [W_, W, ] in which the transition takes
place can be estimated from the equations

NW_)=2"b_, N:W,)=2"D,, (A8)

where b_ and b, are numbers of order unity, b_ < 1 < b;.
In the critical regime (A3), this yields the following scaling of
the transition width AW = W, — W_:

AW —1-1/v

_— A
WRRG (1, 27) (A9)

with v = 1/2. Note that the transition width on RRG shrinks
faster than the distance to the thermodynamic-limit critical
value, Eq. (AS).

APPENDIX B: NUMERICAL METHODS

To study the time-resolved dynamics of Z*)(¢) up to a de-
sired time T, we require an accurate numerical estimate of the
intermediate states |/ (f;)) = exp(—iHt;)|a), with a certain
time grid ¢#; € [f, ..., T]. Thus, starting from |y (t = 0)) =
|a), we evolve the state from one time point to the next by
numerically evaluating

[ (1)) = e M@= (1)),

The Hamiltonian A is a large sparse complex matrix, and
the matrix exponential can be conveniently evaluated using
the EXPOKIT algorithm, implemented in the C+4- library
SLEPC. To ensure that the algorithm converges to a desired
precision € at time T, each intermediate step is computed with
required precision ¢; = €/(t;11 — ;). Upon nonconvergence
of EXPOKIT over 1000 iterations, the time step is further
split into the minimal number of substeps required to achieve
convergence. The memory-efficient compression of the matri-
ces and vectors is done using the library PETSC. All of these
libraries have a built-in MPI parallel support, which brings
a significant improvement in time efficiency for sufficiently

(B

large matrices (typically when n > 14). The number of dis-
order realizations in our time-evolution computations is given
in the table below, for all three models and for systems sizes
fromn = 8ton = 16:

n=8 n=10 n=12

1D 3200 800 400 200 100 100
QD 3200 1600 800 200 100 X
QREM 3200 800 400 200 100 100

The full exact-diagonalization data presented in this paper
was obtained using the multithreaded version of the high-
performance C++- scientific library Armadillo [134].

APPENDIX C: LOCALIZATION TRANSITION IN QREM

Analytical predictions for the localization transition in
QREM [74] are obtained by exploting the fact that short
loops are suppressed on QREM graph for large n, yielding
a connection to the RRG model,

WREM 37y — WRRG (5, 2m). (Cl)

It is used here that the coordination number (equal to m + 1
for the RRG model) is given by n in QREM and that the
system volume N is related to n via N = 2". In the large-n
limit, we have lim,_, o WREM(n)/WRRG (5, 00) = 1. For a
finite n, this ratio is less than unity, approaching unity with
increasing n.

For our QREM, (|T|) = /7/2 and y(0) = (6+/27)7",
where 02 = nW?; see Eq. (9). Here we have neglected the
second term in the variance of energies E, in Eq. (9) since
it is much smaller than the first term in the range of disor-
der W > 1 that is of interest for QREM. Thus, the product
y(0){|T|) entering Eq. (A1) is

y(OX(IT]) = 3/2nm)' W, (C2)
so that Eq. (A1) for WRRS(n, 00) takes the form
W, = 4\@ n'?In[(2n/3)*W,]. (C3)

The leading large-n asymptotics of the solution of this equa-
tion is
WRRG ~ \/§ 1/2
0 (n, 00) > 4 2" Inn, (C4)
with a relative correction decaying slowly as Inlnn/ Inn.

In analogy with the RRG model, the system size n should
be large enough, n > n,, in order to probe the asymptotic criti-
cal regime, see Appendix A. In this case, the finite-size critical
disorder WREM (1) satisfies WREM () > (1/2)WRRG (1, 00),
in analogy with Eq. (A3). The condition is the same as for
the RRG model: the system volume N = 2" should be larger
than the correlation volume Ng. The difference is that the
coordination number, which was an independent parameter
m in the RRG model, is now given by the system size n.
As a consequence, the system-size lower bound nREM of the
critical regime for QREM can be obtained from the lower
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bound nRRS(m) of the RRG model by solving for m the equa-
tion n¥RS (m) = m. As this equation does not involve any large
parameter, one expects nREM (6 be of order unity. It turns
out, however, that n &M s quite large numerically. Specfi-
cally, the estimated lower border for the critical regime in the
QREM model is nSRF‘M ~ 22. Below, and in the main text, we
denote n XM simply by n, when discussing the QREM.

In the critical regime of QREM, one finds, in analogy with

Eq' (A5)3

WERG(n, 00) — WREM(n) 272 In’n
WRRG (1, 00) T 3?2 n?

(C5)

The scaling of the transition width can be estimated us-

ing Eq. (A8), which yields for the width AW REM () —

W, (n, N) — W_(n, N) in the critical regime (n > n,)
AWREM () 452 In’n

WRM ) T 31022 In®+/b-) =5 (CH)

in analogy with Eq. (A9).

The values of n accessible in exact-diagonalization sim-
ulations are smaller than (although not too far from) n, ~
22. The finite-size transition then happens in the precritical
regime, n'/? < WREM() < (1/2)WRRS (5, 00), cf. Eq. (A6).
The corresponding formula for the correlation volume Nz (W)
is then obtained from Eq. (A7) by substituting m +— n and
W+ (2n/3)'/2W, which yields

Ne ~W2exp | —r (€7)
From this formula, the finite-size transition point W,(n) can be

obtained via Eq. (A2).

APPENDIX D: LOCALIZED PHASE OF 1D MODEL

This Appendix Contains details of the calculation of
observables in the localized phase of our 1D model; the
corresponding results are presented in Sec. VB2. The
Hamming-distance operator x, Eq. (31), has the form % =
>, &, where the operator £; = %(l — sga)af) acts on the
subspace of spin i, such that

(Blxily) = (1 — 84,888y -

Summing these matrix elements over i, we recover the Ham-
ming distance to the initial state:

(D)

(BIEly) = (B1 D _%ily) =D (1 = 8a,5)8p, = r(e. B)dp,.
i=1 i=1
(D2)

The representation of X as a sum of local spin operators
is very helpful at strong disorder, because it aligns with the
usual /-bit picture of the Hamiltonian in the localized phase
[7,13-15,135]. At strong disorder, W > 1, almost all spins
i can be well approximated (up to parametrically small cor-
rections ~1/W) by eigenstates of S'f Only a small (~1/W)
fraction of spins will be resonant, with the corersponding
single-spin Hamiltonian

H; = & sgn(e;) 7, (D3)

where
7= gii(e,s,.z +8; + hS)sen(e). (DY)
B = 2(VELS +ViSiv), a=x, )
and
& =& + (1) + (1) (D6)

Here 77 is essentially an approximate form of the /-bit. Note
that S7, | are treated here as numbers since neighbors of a
resonant spin are almost always nonresonant; this approxima-
tion discards corrections of the next order in 1/W. Also, we
have Qmitted a correction 2(V;5,. le T Ve ’Ll.Sf_l) to. energy
€;, which does not affect the result in the leading orderin 1/W.
The eigenstates |/) of our 1D Hamiltonian (1) are now
obtained as product states of single-spin Hamiltonians (D3),
i.e., they are diagonal in the %7 basis. This approximation
neglects disorder realizations with two (or more) adjacent
resonant spins but these are corrections of higher orders in
1/W as explained above.
The eigenstates of 7 are
7% = e[ )l + (B + i) 1)), (D7)
l - =~ l l 1 [ [ ]
V2EE £ €) ' '
The overlaps of these states with the basis states (for a given
spin i) are

pi = o=+t =+ = (s = —1jt = — )|
(D8)
p; =i = +1lt = =) = [{o; = — 1|1 = +1)]?
(DY)

We turn now to the calculation of average imbalance and
imbalance fluctuations. As a first step, we compute (x;) = (xl-z)
(this is an exact equality since the operator x; has eigenvalues
0 and 1 only):

) = () = D03 Kl PHBil ) (1 = Ba)
B T
=Y Weulw) W@l w) > = 2pf py

Ti

(D10)

where |&;) denotes the basis state orthogonal to |«;), repre-
senting the opposite direction of spin i. Using £ =), & in
combination with (x;x;) = (x;)(x;) fori # j, we then get

() => () =2 pip;, (D11)
i=1 i=1
() = () =y ()4 D Gexy)
i,j=1 i=1 i,j=l1
i#j
=) +4 ) pipipip;. (D12)
i,j=1
i#]
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n

()7 =Y () x)

ij=1

n n
=4 (/P +4) pieiplp;.
i—1 ij=1
i#]

(D13)

To evaluate the ensemble average of (x) as well as quantum
and mesoscopic fluctuations of x, we use now statistical inde-
pendence and equivalence of Hamiltonians (and thus of pf[)
corresponding to different spin indices i. This yields

(x) =2n pip;, (D14)
0 — (2 =2nlpip, — 27 p Pl (DI5)
W - =4nlpip )2 —pip 1. (DI6)

Two single-spin averages entering these expressions, p; p;
and (p; p;)? can be straightforwardly computed. For the first

of them, we get
Ci\(W) = pfp;
1 /W de > dhdh, hi+h
= - — e
4 J_w2W J_ 2w 62+h%+h§

1 ©° ° h? >
:—/ de/ dhh e
SW — 00 0 62 + h2
EESER!
NG
Here we have extended the integration limits in the € integral

to oo to obtain the leading asymptotics of C;(W) at W > 1.
Likewise, we compute

n3+h3
R )

(D17)

C:(W) = pi p; pf p;

A o\
=—/ de/ dhh(—) e 2

32w W 0 €2+h2

732 1
T 642 W

Substituting these results into Eqgs. (D14)-(D16), we obtain,
to order O(W 1),

(D18)

32

W) ~ 200, (W) ~ Zﬁ% (D19)
&= 3038 n
(x*) — (x)> = 2n[C; (W) — 2C,(W)] = 16\/§W’ (D20)
., 232
W2 =) ~ 4nC(W) ~ mw @D

which yields Egs. (72)-(74) for the average imbalance and its
fluctuations.

In the same way, we also compute the large-W asymptotics
of the IPR P, and of the associated fractal exponent. We have

for the IPR of an eigenstate |/):
Py = [BIDI
B

n

=IT| 2 usiler* | =T TiwH + ;)

i=1 | pi=% i=1

—ﬁ 1(1+@)2+1<1—@>2 (D22)
4 & 4 &) |

To calculate the disorder-averaged IPR, we thus need the
single-spin average
CW) = (p)*+ (p; ) =1-2C;(W)
3/2 1
T
~] - ——. (D23)
42 W
This yields for the average IPR
3/2

_ 73%n
P, =[Cz(W)]" ~ -
» = [C3(W)] exp( 4w

where N = 2" is the many-body Hilbert-space volume, and

w2 1420

) =N"2W), (D24

H(W) = ~ (D25)
? 4/2m2w W
Finally, we turn to the fractal exponent
In P2 (D26)
Tp=——.
2 InN
Averaging this expression, we get
1 —
W)=———InP,
(W) oy P
1 n
=— In[(p;")? 21 D27
nln2§n[(pl) +(p; )] (D27)

We thus need the following single-spin average:

1 2
Ca(W) = In[(p/ ) + (p; 1 =In [5(1 + Z—;)]

- /W de /Oodhhln [1<1 < )}e—hz/z
W 2W 0 2 62 + h2

L mPW2-1)

- oW

where we have again replaced £W by Foo0 in the integration

limits for the € integral to find the leading asymptotics. This

results in the following asymptotic behavior of the fractal
exponent:

(D28)

w2 —-1) _ 1.664
2In2wW T W

which is Eq. (75) of the main text. It is worth noting a
difference (although not too large) in numerical coefficients
in Egs. (D25) and (D29). In the first case, we averaged the
IPR, while in the second case we averaged its logarithm,
i.e., essentially calculated the typical IPR. Thus, the scaling
of average IPR is determined by rare events. At the same

1
wW)=-1— Ca(W) ~ . (D29)
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time, we emphasize that the fractal dimension 7, defined by
Eq. (D26) is self-averaging in the large-n limit (since it is
proportional to In P,).

APPENDIX E: LOWER BOUND ON CRITICAL
DISORDER IN QD MODEL

In this Appendix, we present a derivation of the lower
bound on the critical disorder WCQD in the QD model, see
Eq. (82) of Sec. V C. This bound improves the result obtained
in Ref. [74] (see Appendix C of that paper). We start by sin-
gling out the terms in the Hamiltonian AP, Egs. (12)—(14),
that involve spin i (ignoring the self-interaction terms with

j=1i:

A = ( Ta 2 Visi+ Z %787)

J;ét JFL
ae{x v}
t o X VIS 2>
ol
ae{x v}

Following Ref. [74] and the consideration in Appendix D
above, we describe spin S; by the Hamiltonian

H” ~ (6 +1)8 + hiSF + 1S (E2)
This representation corresponds to a randomly oriented effec-
tive magnetic field of strength ¢&; [cf. Eq. (D6)], which includes
interactions with all other spins,

e~ — ZVlij I, a=xy. (E3)

By a unitary rotation of operators S’” we rewrite Eq. (E2) in
the form of Eq. (D3): H, O —¢ iT7, where %} is the z compo-
nent of the spin operator in the new basis.

In Ref. [74], the bound WCQD(n) > n3*(nn)~'7* was ob-
tained for the QD model by focusing on resonant spins, for
which ¢; ~ 1. Here, at variance with the approach of Ref. [74],
we analyze the role of nonresonant spins with €; > 1, which
may form two-spin resonances (cf. Refs. [40] and [136]). As
in Appendix D, we neglect i} in comparison with ¢;. For
simplicity, here, we discard the y component of the random
field, setting 2] = 0 (this will not affect the resulting scaling
of W, with n; we will restore the y components later). The
components of the spin operator in the rotated basis are then
given by (for €; > 0)

P e
2 = f—Sf 28 (E4)
. h’“ €i A

=SS (ES)

With this rotation, we generate the XX couplings in the full
Hamiltonian, which are responsible for the flip-flop processes
(two-spin flips) in the new basis:

Zv,’;sls;‘ Z (€27 — m327) (W335 + €;27). (E6)

Here the generated XZ terms sum up to zero by construction
of the rotation. The XX terms in the Hamiltonian,

hi $Xpx VX lAXAX
\/_Znggejle:\/_Z 'l‘]’ (E7)

are responsible for the two-spin-flip resonances that occur
when the energy distance |¢; —¢€;| is comparable to the
flip-flop matrix element. Restoring the y components of the
random fields, we generate the XY and YY terms in the same
way. The characteristic strength of the matrix element in the
flip-flop terms is

Lyl 1

ﬁ Y €; \/ﬁéi

since h{ ~ V5 ~ 1. We thus have the following approximation
for the full Hamiltonian written in the T basis:

n
7QD o 94 zp2p2
NZGT + ZVI} LY

i=1

M(e;) ~

1] 1
+L Z lfﬂf%’ (E8)
St
Voo
a,be{x,y}

where we suppressed the numerical factors of order unity.
Here, we retain the ZZ terms that will be responsible for
spectral diffusion.

Let us now explore the two-spin-flip resonances in the
model described by Eq. (E8). Consider spins i with energies
€; belonging to the energy window [E, E + §E]with1 < E <
W, their number is n;(6E) ~ n §E /W. The level spacing for
the states resulting from a flip of a pair of spins (i, j) including
such spin 7 and another spin j with arbitrary |e;| < W is

w w?
I’llj((SE) SE n? ’

where n;;(§E) ~ n;(§E)n = (n$E /W )n is the number of such
pairs. Among these pairs, there are about

A (8E) ~ (E9)

W32 SE
W2 E

ME)
AL (OF)

(En'?)
W2/(SE n?)

(E10)
resonant pairs, defined by the condition M = A,. The total

number of two-spin resonances is given by the integral over
energy slices,

(E11)

With lowering W,
Nres.2 Z 1 at

the system enters the regime with

W < n** n'/2n. (E12)

As discussed in Ref. [40], once we have resonances in a
typical state, nws2 2 1, spectral diffusion may lead to full
thermalization by activating further resonances. Let us check
whether this is the case in our QD model. For resonances
with E < €; < 2E, m steps of spectral diffusion due to the ZZ
term in Eq. (E8) shift the levels by ~/mV;; ~ /m/+/n. The
condition that m steps of spectral diffusion can be realized for
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the energy slice [E, 2E] is given by

Jm W2m

— > Ay(E)m = .
NG 2(E) a2
Setting here m = n (which means that mixing of states due to

resonances proceeds over the entire Fock space), we find the
condition (cf. Ref. [40])

(E13)

W2
— < 1.

o (E14)

For the largest W at which resonances start to appear,
Eq. (E12), we find that the spectral diffusion continues to
m = n steps for (up to a logarithmic factor)

E > n'’?, (E15)

which satisfies E < W. Thus, when resonances with such
energies are present, they will trigger full thermalization in-
volving all n spins. Adjusting the lower limit of integral in
Eq. (E11) to E modifies only the logarithmic factor and does
not affect the resulting estimate (E12) of disorder W at which
two-spin-flip resonances [of spins with energies satisfying
(E15)] emerge.

Therefore, the condition (E12) of the appearance of the first
resonance yields the lower bound for the critical strength of
disorder,

WP (n) > n**(Inn)'/?, (E16)

which is given in Eq. (82) of the main text. The leading
(power-law) n*/* factor in this bound is identical to that in
the lower bound derived in Ref. [74]; however, the subleading
(logarithmic) factor is improved by In*/* n. It is plausible that
the obtained bound (E16) yields in fact the actual scaling of
WRP(n) or is at least very close to it. This is further supported
by our numerical results, see Fig. 13.

APPENDIX F: LOWER BOUND ON TRANSITION
WIDTH FOR 1D AND QD MODELS

In this Appendix, we present details of the derivation of the
lower bound on the transition width in 1D and QD models,
Sec. VII. The calculation is based on a bound on a derivative
of an observable derived in Ref. [120].

Let X to be an observable that exhibits, in the n — oo
limit, a jump of magnitude (AX), at the transition. Ex-
amples of such an observable are the average imbalance
and mean adjacent gap ratio of level statistics. By a lin-
ear transformation of X, we make it to jump from X =
—1 to X = +1, with (AX), =2. To determine the width
of the transition, we consider the average X (W) and select
a window of the width (AX), within the interval [—1;1],
such as, e.g., [—1/2;1/2]. This defines the disorder window
[W_(n); W,.(n)] associated with the transition, and thus the
transition width In(W,(n)/W_(n)) ~ AW (n)/W.(n). We use
now a Lemma, Eq. (2) of Ref. [120] that bounds the derivative
dY(W)/dW (see also a related Lemma 2.3 in Ref. [121]):

dX (W)

YT < an'?, (F1)

where

2
a2:/de ! (de(e)) . (F2)
pw(e)\ de

Here pw (¢) is the distribution of diagonal energies ¢; corre-
sponding to the disorder W. We choose this distribution to be
Gaussian with a variance o> = ¢W? (where c is a numerical
coefficient) for the purpose of calculating «?; it is expected
that the transition width should not strongly depend on this
choice. We find then

dpw(€) 1 €?
EWAS 14+ —
e pr(e)( + 02>,

yielding
, 1 e\ 2
o :W dEpw(G) _1+07 :W, (FS)
and thus
dX(W)
< V/2n. F4
W n (F4)

This upper bound on the derivative leads to the lower bound
of the transition width:

Wen) _ (AX),
In——> ——. F5
"Won)~  Jon )

For large n, the transition sharpens, and In(W,/W_) ~
AW (n)/W,.(n) < 1. The inequality (F5) tells us, however, that
it cannot sharpen too fast.

We recall that we have assumed above that a linear trans-
formation of X has been made such that (AX), = 2. To get rid
of this assumption, we rewrite Eq. (F5) in the form

Wom) 1
S(n)=R1 > F6
(n) n o o o (Fo)
where
_ BX (F7)
2(AX),,

Clearly, R is invariant with respect to a linear transformation
of X, so that the bound in the form (F6) and (F7) holds
independently of the value of (AX),. Equation (F6) is Eq. (88)
of the main text.

Let us emphasize that, in the above derivation, we did not
make any assumptions concerning the scaling of the critical
disorder W, (n) or concerning the spatial geometry. The deriva-
tion thus holds equally for the 1D and QD models. It also
applicable to various extensions of these models, such as, e.g.,
systems of dimensionality d > 1 or systems with a nontrivial
spatial dependence of interaction.

We discuss now implications of the bound on the form
of scaling near the transition for an observable X of the
type considered above. In this part, we will focus on the 1D
model, for which W,.(co) = const, which simplifies the anal-
ysis. We will further make the following assumptions, which
are supported by phenomenological theories and by numerical
simulations on various 1D models: (i) W,.(n) increases mono-
tonically at sufficiently large n, so that W,.(n) < W,(o0), (ii)
in the thermodynamic limit, the system on the ergodic side of
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the transition, W < W_.(00), is characterized by a correlation
length & that diverges at W — W_(00); (iii) the condition for
the transition in a finite-size system is & >~ n. We note that
all these conditions hold for the RRG model, see Appendix A
and Fig. 1. Let v be the exponent characterizing divergence of
the correlation length, £ ~ w™", where w = W.(0c0) — W > 0.
(A faster-than-power-law divergence of & corresponds to v =
00.)

Very generally, one can write possible scaling of X at w >
0 in the form

(F8)

X = F(f(n) — f(£)) = G(M)

exp f(§)

where f(x) is a monotonically increasing function, f(x —
o0) = o0o. Two types of scaling that have been discussed in
the literature in the context of MBL transition in 1D sys-
tems are the “linear” scaling X = G(n/&) and the “volumic”
scaling X = G(N/Ng), where N = 2" is the full Fock-space
volume and N = 2% is the correlation volume. Equation (F8)
yields linear scaling for f(x) ~ Inx and volumic scaling for
f(x) ~ x. One can also imagine an intermediate scaling form,
f(x) ~x* with 0 < pu < 1, although we are not aware of any
analytical motivations for it. As pointed out in Appendix A,
the volumic scaling holds for the RRG model (for which
v =1/2)[9,77,78,82,84,87].

We are now going to analyze implications of the transition-
width bound (F5) for allowed scaling form in 1D model at
large n. According to Eq. (F8), we have

(AX)y 2= F'(0) f'(§) &' (w) Aw, (F9)

whgre primes denote the derivatives. As above, we take
(AX), ~ 1, which implies, according to Eq. (F5), Aw 2
n~Y2~g7Y2 In this analysis, we discard numerical

coefficients (since we are only interested in the form of scal-
ing), which is indicated by the symbols ~ and 2. Since F (y)
should be a smooth scaling function, we have F’(0) ~ 1.
Further, &' (w) ~ w™""! ~ g0+D/v_ Thys,

1
&'(w) Aw

Since by assumption f(§) — oo at & — oo, we obtain from
this inequality the Harris bound for the exponent v:

<g v

[~ (F10)

v >2, (F11)

in consistency with Ref. [120] (which considered only the
linear scaling). For v = 2, Eq. (F10) becomes f'(§) < 1/&,
leaving essentially the only option of linear scaling, f(§) ~
In&. For v > 2, in additional to the linear scaling, also a form
of scaling that is intermediate between linear and volumic is
consistent with Eq. (F10):

f&) ~&",
Importantly, the volumic scaling, = 1, is not allowed irre-
spective of the value of v.

We reiterate that these conclusions (concerning the expo-
nent v and the type of scaling) refer to the asymptotic (large-n)
critical behavior. Numerical results of this paper show that
our 1D model is not in this asymptotic regime for values of
n that we were able to explore, see Sec. VII. To our knowl-
edge, this applies also to all existent numerical studies of the
MBL transition in various 1D systems. The effective exponent
v and the effective scaling form in such “precritical” regime
may violate the above bounds. [This is at variance with the
strict bound (F6).] As discussed in Sec. VIII, the “true” critical
behavior may be accessible for quantum simulations of the
MBL transition.

O<pu<< -y, (F12)
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