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1 | INTRODUCTION

Deterministic tessellations, or mosaics, have been a subject of interest for a very long time.
Even ancient cultures, like the Sumerians or the Romans, used coloured tiles to decorate floors
and walls. Formal, mathematical definitions and deterministic tilings of the plane or higher
dimensional spaces were considered much later. A tessellation of Euclidean space R¢ is usually
understood to be a system of closed sets (often these are compact, convex polytopes with non-
empty interiors) in R¢ which cover the whole space, have pairwise no common interior points
and do not accumulate locally.

Random tessellations of Euclidean space are a classical topic in stochastic geometry. They have
been extensively studied in the literature; see, for example, [25, Chap. 9], [96, Chap. 10] and [77,
79, 85] for an overview and results for general tessellations. In a large number of contributions,
various properties of special models have been explored, in a deterministic or random framework,
including hyperplane tessellations, Voronoi tessellations, Delaunay tessellations, Laguerre tessel-
lations and generalisations of these models such as -Voronoi tessellations [34] and generalised
balanced Voronoi tessellations (see [59] and the survey [85]); see also [3, 4, 52, 72, 74, 75, 78, 80, 86,
99] and [71, Chap. 6].

In the present work, we consider random tessellations of the unit sphere S¢ in Euclidean space
R?+1, This setting has not been studied as extensively in the literature as the Euclidean frame-
work. The intersection of the unit sphere with a d-dimensional linear subspace is the unit sphere
in the intersecting subspace and thus a hypersphere (great subsphere) of S¢ with unit radius. At
the same time, d-dimensional linear subspaces partition the Euclidean space R%*! into polyhedral
cones. This relation plays an important role in spherical random geometry, see, for example, [1, 27,
61, 62, 94] and [95] (and the literature cited there). Tessellations of the sphere generated by inter-
secting the unit sphere with d-dimensional linear subspaces are called spherical hyperplane (or
hypersphere) tessellations. Random hypersphere tessellations, where the subspaces are selected
randomly, are studied in [2, 27], [ 73, Sec. 6], and in recent work on conical tessellations [49-51] (see
Figure 1 for an illustration). A cell splitting scheme on S?, related to Poisson processes of hyper-
spheres, has been considered in [30], a systematic study of splitting tessellations in spherical space
(in analogy to iteration stable tessellations in Euclidean space) is carried out in [53].

Voronoi tessellations in spherical space can be defined as in the Euclidean case, using the
geodesic distance on S¢ to determine the individual cells of the tessellation. Random Voronoi
tessellations on the sphere and their applications have been investigated, for instance, in [23, 24,
60, 89, 97,98,101], [73, Sec. 7] and [84, Sec. 3.7.6, Sec. 5.10]. Random Voronoi tessellations have also
been studied in hyperbolic space [56, 57] and in more general Riemannian spaces. Figure 2 pro-
vides an illustration for a Voronoi tessellation of the unit sphere. From a foundational viewpoint,
Voronoi diagrams have been explored in Riemannian manifolds in [55, 69, 70, 83], connections
to biomedical imaging are discussed in [58], aspects of computational geometry and informa-
tion theory are treated in [13, 14, 82] and random Poisson-Voronoi tessellations on surfaces and
Riemannian manifolds are studied in [21, 22]. Further motivation to consider Poisson-Voronoi
tessellations in Riemannian spaces arises from intriguing problems in percolation theory (see [5,
6,19, 35, 36]).
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FIGURE 1 Tessellation of the unit sphere by 30 uniformly sampled hyperspheres (generated by code based
on Wolfram Mathematica).

In the following, we focus on what became known as ‘Kendall’s Problem’ or ‘Kendall’s Conjec-
ture’ and in particular on its geometric foundations (see [52, Chap. 12] for surveys and background
information, [96, Note 9 for Sec. 10.4] and [15, 16, 20, 39, 42, 88, 92]). Prior to our work, this line
of investigation has been exclusively explored in the Euclidean setting. In the present investiga-
tion, we formulate and study a spherical analogue. An analysis of the problem in hyperbolic space
has been initiated in [37, 38]. To recall the problem in Euclidean space, consider a stationary and
isotropic Poisson line process in the Euclidean plane and denote the almost surely unique cell
containing the origin by Z,. This cell is called the Crofton cell or zero cell. In the foreword of the
first edition of [25] from 1987, David G. Kendall stated the following conjecture: The conditional
law for the shape of Z,, given the area A(Z,), converges weakly, as A(Z,) — oo, to the degenerate
law concentrated at the circular shape. This conjecture was strongly supported by heuristic argu-
ments from R. Miles [76]. Two years later, Kovalenko gave a proofin [63]. Kovalenko also provided
a simplified proof in [65] and an extension to the typical cell of a Poisson-Voronoi tessellation in
the plane in [64]. Further extensions to arbitrary dimensions and not necessarily isotropic Poisson
hyperplane tessellations were made in [43], where the size of the Crofton cell was measured by
the volume. In [44], the problem was extended and solved for typical cells of stationary Poisson-
Voronoi tessellations in arbitrary dimensions and the size was measured by an intrinsic volume.
In [46], a very general setting with a very general class of size functionals was considered, con-
taining the aforementioned results as special cases, streamlined statements and arguments can be
found in [52, Chap. 12]. In [47], Kendall’s problem was extended to the typical k-faces of a Poisson
hyperplane tessellation (k € 2,...,d — 1}) and in [48] to the typical k-faces of a Poisson-Voronoi
tessellation. In [45], typical cells of Poisson-Delaunay tessellations were considered. In all these
previous works, geometric inequalities, stability results and polytopal approximation have been
crucial geometric ingredients in addition to the probabilistic analysis. References to various appli-
cations, including extreme value theory and statistical learning theory, of the results obtained in
these works are highlighted in [52, Notes for Sec. 12.3].
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FIGURE 2 Voronoi tessellation of the unit sphere by a sample of 150 uniform random points on the unit
sphere (generated by code based on Wolfram Mathematica).

We continue with some notation in order to present selected new results. Since on the unit
sphere S¢, there is no naturally distinguished point similar to the Euclidean origin in R%*+!, we
choose an arbitrary fixed point p € S¢ as the spherical origin. Let d, denote the geodesic metric
on S%, and let By(x,r) denote the closed spherical (geodesic) ball with centre x and radius r <
7. If r < /2, then we call B(x,r) a spherical cap. A proper (spherically) convex body in S¢ is
the intersection of the unit sphere with some non-empty line-free closed convex cone in R%+!
that does not only consist of the Euclidean origin o € R%*1. We denote the set of proper convex
bodies by IC‘si. If we do not require the cone to be line-free but only that it is not equal to some

linear subspace of R4*!, then the resulting set will be denoted by E;j and its elements are called
(spherically) convex bodies. A spherical polytope is the intersection of S¢ with a polyhedral cone (a
finite intersection of half-spaces whose bounding hyperplanes contain the origin) which is also a
spherically convex body. For more details on spherical geometry, we refer to [33] and [96, Sec. 6.5].

By a tessellation of S¢, we mean a finite collection of spherical polytopes that have non-empty
interiors, cover S¢ and have pairwise disjoint interiors, or the trivial tessellation consisting of
s9 only. Prominent examples are hypersphere and Voronoi tessellations which are based on a
finite number of hyperspheres and point sets, respectively. Random tessellations are obtained, for
instance, by selecting the underlying hyperspheres and points randomly, thus giving rise to ran-
dom hypersphere and random Voronoi tessellations, respectively. In general, a spherical random
tessellation is said to be isotropic, if its distribution is invariant under any rotation in SO(d + 1).
In this case, almost surely there exists a unique cell containing p in its interior. We call this cell the
spherical Crofton cell (or spherical zero cell) of the given random tessellation and denote it by Z,,.

The spherical Lebesgue measure on S¢ will be denoted by o, and the surface area of the unit
sphere by wy,, := 04(S%). Itis often useful to work with oy = w>! o4, the normalised spherical

d+1
Lebesgue measure. The intensity measure of a point process X on S¢ is EX(-). (If X is a simple
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point process, we can view X as a random collection of finitely many points in S%.) If X is an
isotropic point process and EX(S?) < oo, then EX() = y802(~) with some constant y, > 0, which
is referred to as the intensity of X. Moreover, if X is a (not necessarily isotropic) Poisson process,
then for any Borel set A C S¢, the integer-valued random variable X(A) is Poisson distributed
with Poisson parameter EX(A) < oco. Henceforth, we always assume that the intensity measure of
a point process on S¢ is finite and not the zero measure. Hence, in the isotropic case, the intensity
¥, of X is positive and finite. From a (Poisson) point process X on S¢, we obtain a hypersphere
tessellation of S? by partitioning the unit sphere with the random hyperspheres {S N x* : x €
X}, where x* denotes the orthogonal complement of x (see again Figure 1 for an illustration).
We aim to show that, under appropriate assumptions, the shape of the Crofton cell Z,, given
a fixed positive lower bound for its spherical volume, converges to the shape of a spherical cap
as ¥, — oo. In fact, as has been explained in our previous work in Euclidean space, such results
on limit shapes follow from more general deviation results, which hold for any fixed intensity
and quantify the deviation of the shape of Z, from the shape of a spherical cap. A functional

—d
91 K, — [0,00) is called a deviation functional for the class of spherical caps, if it is continuous

and if 8(K) = 0 holds, for some K € %j with 0,4(K) > 0, if and only if K is a spherical cap (for
precise definitions, see Section 3). An example of such a deviation functional is the difference
between spherical circumradius and the spherical inradius of K. Another example, denoted by
A7, measures the deviation of the spherical radial function of K, with respect to a suitably chosen
centre point, from its integral average in the L-sense. A crucial tool in the probabilistic analysis of
the asymptotic shape of the spherical Crofton cell of a Poisson hypersphere tessellation is the use of
general inequalities of isoperimetric type and stability improvements thereof, for size and hitting
functionals in spherical space (explicit definitions are given in Section 3). While isoperimetric
results for a variety of geometric functionals in Euclidean space have been the subject of numerous
investigations (see [93] for a detailed and profound exposition of geometric inequalities and [8-12]
for some recent stability results, applications and further references), much less is known in the
spherical setting.

In the following, we say that @ is the hitting functional associated with (or determined by) an
isotropic Poisson hypersphere tessellation (or with an isotropic hypersphere process) if ® = 2U,

—d
on K, where U, is given by
. 1 1 o —d
U;(K) := E/ 1{x"NK #@to (dx), K€eK,.
sd

The number ®(K) can be interpreted as the invariant measure of all hyperspheres hitting K (see
(2) for an explanation of this terminology). Thus, it is a spherical analogue of the Euclidean mean
width functional. To resolve Kendall’s problem in spherical space, with the spherical volume as
the size functional, we need a stability improvement of a geometric inequality of isoperimet-
ric type involving spherical mean width U; and volume o,. In [31], the following inequality
(1) is shown. It can be interpreted as a spherical version of the classical Urysohn inequality.
The latter provides a lower bound for the mean width functional (a multiple of the first intrin-
sic volume V) in terms of the volume functional V; in Euclidean space R4, that is, V;(K) >
Va(K)/Vy4 (B))l/ d V,(B), where B C R? is a Euclidean ball and K c R is a convex body (see [54,
Corollary 3.2] or [93, p. 382]). Equality holds if and only if K is a ball. Stated in this form, the
homogeneity of the involved functionals is crucial. An equivalent form of the inequality states
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that V,(K) > V,(B), whenever K is a convex body and B is a Euclidean ball of equal volume. In
spherical space, a corresponding result can be formulated as follows.

—d
LetK € K. If C is a spherical cap with 04(K) = 04(C), then
U,(K) = Uy (0), D

and equality holds if and only if K is a spherical cap. Two proofs are provided in [31]. The sec-
ond proof exhibits an interesting connection to the Euclidean Blaschke-Santalé inequality [93,
Chap. 10.7]. Furthermore, this proof can be strengthened to yield the following more general sta-
bility estimate. For a spherical cap C, we denote its radius by a. We write A, for the restriction
of A7 to the set IC? of proper convex bodies of the unit sphere (explicit definitions are given in
Section 4).

Theorem A. LetK € ]Cf, and let C C S9 be a spherical cap with o 4(K) = 0,4(C) > 0. Then there is
a constant 3, > 0 such that

Ui(K) > (1+ B, A,(K)*) UL (O),
where 3, depends on d, .

A version of this result is stated as Theorem 4.3, where the dependence of 3, on d and «a is
made explicit.

In Section 6, we prove the following result, which is based on Theorem A. It provides not only
the asymptotic shape (which is a spherical cap) of the spherical Crofton cell given a lower bound
for its volume, but also gives deviation inequalities for fixed intensities.

Theorem B. Let Z, be the Crofton cell of the hypersphere tessellation derived from an isotropic
Poisson point process X on S with intensity y; € (0,0).If0 < a < wy41/2ande € (0,1], then there
are constants c*, f* > 0 such that

P(A5(Zy) 2 €| 04(Zy) > a) <c* exp (— * g2d+1) )/s>,
where the constant c* depends on a, ¢, d and §* depends on a, d.

For both, Theorem A and Theorem B, similar results with different stability exponents are
obtained in Sections 4 and 6, respectively, for the inradius as the size functional and a suitably
chosen deviation functional. In the case of a general size functional and an associated deviation
functional, an isoperimetric inequality and a corresponding stability result are obtained in Sec-
tion 3. This finally leads to a general resolution of Kendall’s problem, but without an explicit bound
on the stability order with respect to € as in Theorem B (see Theorem 6.3).

As a consequence of our approach, we also obtain the asymptotic distribution of the size func-
tional of the Crofton cell of an isotropic Poisson hypersphere tessellation as the intensity goes to
infinity.

Theorem C. Let Z, be the Crofton cell of the hypersphere tessellation derived from an isotropic
Poisson point process X on S¢ with intensity y, € (0, o). Let = be a general increasing and rotation
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invariant size functional. If a > 0 is such that 2~'([a, o)) # @, then

ylim v, InP(E(Zy) > a) = —1(@, %, a),

where 7(®, Z, a) is the isoperimetric constant (introduced in Section 3), associated with the hitting
functional ® = 2U,, the size functional £ and the threshold a.

In particular, this shows that the probability P(2(Z,) > a) decays exponentially fast as y, — o
(see Section 7).

Results similar to Theorem B and Theorem C (and to results stated in the following) can also be
obtained for tessellations derived from a binomial process of size N > d + 1, where the determin-
isticnumber N (of points or subspaces) replaces the intensity. Since the arguments are similar, and
preliminary versions of such results are contained in [87], we do not provide further details here.

After investigating Crofton cells, it is a natural next step to look at typical cells. Thus, in Sec-
tion 9, we consider typical objects in spherical space. Since S¢ is a homogeneous SO(d + 1)-space
(see [96, p. 584]), we could use the framework of random measures on homogeneous spaces
(see [32, 66, 90]). Instead, we will provide a more direct approach which yields some additional
insights. We start by recalling briefly the Euclidean framework which has been thoroughly stud-
ied. A process of compact convex particles in Euclidean space R is a point process on the space K¢
of non-empty compact convex subsets of R¢ (see [96, Chap. 4.1]). If ¢ is a (simple) stationary parti-
cle process (i.e. its distribution is invariant under translations) with intensity y, and c : K - R4
is a translation covariant centre function, then a very intuitive representation for the distribution
Q of the typical particle of { (see [96, p. 106]) is

00) = & 3\ UK —e(K) € JHe(k) € [0,1]%,
Ked

where Q is concentrated on sets having the Euclidean origin as their centre. Here, we implicitly use
that K — c(K)is the unique translate of K whose centre is the origin. In contrast, in spherical space,
there are infinitely many rotations ¢ € SO(d + 1) such that gp = x, for any fixed x € S¢. This is
the reason why an additional randomisation is naturally employed in the following definition of
a typical particle of an isotropic particle process in spherical space. Let X’ be a (simple) isotropic
spherical particle process with intensity yx» € (0, o0) (precise definitions are given in Section 9).
Then, the distribution of the associated typical particle Z can be defined by

1 _
pze)= e Y [ 1K e dxie®).dp)
)/X, Kex’! SO(d+1)

where ¢, is a rotation covariant centre function and x is a probability kernel such that x(x,-),
for x € S¢, is a probability measure on SO(d + 1), concentrated on the set {p € SO(d + 1) :
@p = x}. In addition, we set cS(Sd) = 0 (the zero vector of R9*1) and choose x(o,-) as the
invariant probability measure on SO(d + 1). Although Z is not isotropic, its distribution P is
invariant under rotations fixing p and satisfies a disintegration result for isotropic particle pro-
cesses on S¢ (a Euclidean analogue can be found in [96, Theorem 4.1.1]). The disintegration
result and the partial invariance together are characteristic for the distribution P, as stated in
Theorem 9.1.
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8of 54 | HUG and REICHENBACHER

In Section 9.2, we interpret an isotropic tessellation X’ of S¢ as an isotropic particle process and
use the aforementioned disintegration result to obtain that E [ f(Z,)] = yxE [ f@Z)o(Z )] , for any

measurable and rotation invariant function f of the particles. Thus, we relate the distributions of
the Crofton cell Z, and of the typical cell Z of X'. Using this relation, we transfer Theorem B and
Theorem C to the typical cell of a Poisson hypersphere tessellation (the same can be done for the
typical cell of the tessellation induced by a binomial hypersphere process of size N > d + 1).
Finally, we investigate the typical cell of an isotropic spherical Voronoi tessellation in Sec-
tions 10 and 11. For an isotropic spherical Poisson-Voronoi tessellations, we apply Mecke’s
characterisation of Poisson processes to show that the distribution of the typical cell of the
Poisson-Voronoi tessellation, induced by an isotropic Poisson process X on S¢, is equal to the
distribution of the Crofton cell associated with a special Poisson hypersphere process Y. The
hypersphere process Y is the set of all hyperspheres having equal distance to the spherical ori-
gin p and a point in X, and thus, clearly Y is not isotropic. This leads to a new functional Up on

—d . . —d .
K . the set of all spherically convex bodies K € K with p € K C By(p, 7/2), defined by

UP(K) 1= /gd 1{(x —p)tnK # @ros(dx), Ke fi
In this setting, we measure the size with the centred spherical inradius defined by
rp(K) :=max{r >0 : By(p,r) CK}, Ke Es.
Furthermore, let
Ry(K) :=min{r>0: K CBy(p.r)}, K €Ky,

denote the centred spherical circumradius, and define a deviation functional 9, (for the class of
spherical caps with centre p) by

—d
p(K) :=Ry(K)—rp(K), K€ K,
Section 4.3 is devoted to the following extremal and stability result for the size functional ﬁp.
—d
Theorem D. Ifa € (0,7/2)and K € IC'D with r,(K) > a, then
U,(K) > U,(By(p, a)) = 0(By(p, 20)),
with equality if and only if K = By(p, a). Furthermore, if 9,(K) > ¢ € (0, 1], then
_ 5 dHl\
0,(K) > (146,67 )T, (By(p. ),

where the constant 3, depends on a, d.
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 9 of 54

Finally, in Section 10, we obtain an asymptotic result for the typical cell Z;, of the isotropic
spherical Poisson-Voronoi tessellation induced by an isotropic Poisson process X on S¢ with
intensity y,, which is based on Theorem D.

Theorem E. Let X be an isotropic Poisson process on S¢ with intensity y; € (0, ). Ifa € (0,7/2)
and ¢ € (0,1], then

~ d+1
P(S,(Zy) > € | ry(Z) > @) < € exp (—5 e ;/S),
where the constant ¢ > 0 depends on a, d, ¢ and the constant 5 > 0 depends on a,d.

Asymptotic distributions of the spherical inradius or of general size functionals can be derived
by similar arguments as in the case of the Crofton cell.

2 | HYPERSPHERE TESSELLATIONS AND THE CROFTON CELL

We work in the Euclidean space R%*!, d > 2, with scalar product (-,-) and norm || - ||. The d-
dimensional unit sphere is S := {x € R%*! : ||x|| = 1}. The hyperspheres of S¢ are of the form
S, :=S%nxt, for some x € R4\ {0}, where x' is the d-dimensional linear subspace totally
orthogonal to x and 0 € R?*! is the Euclidean origin (zero vector). The set of all hyperspheres of
the unit sphere is Sg_l :={S, : x € S?}. For the interior, the closure and the boundary of a set
A c S% (with respect to S?) we write int(A), cl(A) and dA.

The intrinsic (geodesic) distance of points x,y € S¢ is denoted by d(x,y) and given by
dy(x,y) = 2arcsin(]|x — y||/2). If d((x,y) < 7, then the unique geodesic segment connecting x
and y isdenoted by [x, y]. For# # A ¢ S?and x € S$¢, we write dy(A,x) :=min{d,(a,x) : a € A}
for the distance of x from A, and we set A5 :={x € sd dy(A, x) < 6} for 6 € [0, 7]. For com-
pact sets @ # C,C’ c S%, the spherical Hausdorff distance satisfies 8,(C,C") = minfe € [0, 7] :
ccclc ccl.

The spherical convex hull of A C S¢ is denoted by conv,(A) and obtained as the intersec-
tion of the positive hull of A with s?. In particular, for x,y € s? with dy(x,y) < m, we have
conv({x,y}) = [x,y]. Moreover, for b € S, we write T,S? for the tangent space of S? at b
(which can be identified with the linear subspace orthogonal to b) and exp,, : T;S¢ — S for the
exponential map with base point b, in the sense of Riemannian geometry. The group of proper
(orientation-preserving) rotations, which acts continuously and transitively on S¢, is denoted by
SO(d + 1) or I (for short).

Let X be an isotropic Poisson process on S¢. We can view X as a simple finite point process
(a finite random counting measure) on S¢ or as a finite random collection of points on S¢. Since
the spherical Lebesgue measure o is (up to a constant) the only rotation invariant finite Borel
measure on S¢, the intensity measure ® = EX of X satisfies O(-) = a;(-), for some constant
75 € [0, ). Here, we use that O is finite, since X is finite and Poisson. In the following, we
always assume that ® # 0. Hence, P(X(S%) > 1) > 0, the intensity y, of X satisfies y, € (0, c0) and
EX(SY) = y, is the expected number of points on the unit sphere.

Applying the measurable mapping h : S¢ — Sg_l, x — S,, to the points in X, we obtain
the hypersphere process (the spherical hyperplane process) X := h(X), where h(X) denotes
the image measure of X under h. Clearly, h(X) is again an isotropic and simple (a.s.) Poisson
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10 of 54 | HUG and REICHENBACHER

process (see [68, 96] for an introduction to Poisson processes in general spaces). There is at least
one hypersphere in (the support of) X if X # 0, and in this case, the hyperspheres of X partition
s4 into a finite collection of spherical polytopes with pairwise disjoint interiors. If X = 0, then we
obtain the empty tessellation, which is S¢ itself. Such a partition is referred to as a hypersphere
(or spherical hyperplane) tessellation.

Recall that p denotes an arbitrary fixed point of the unit sphere (which we call the spherical
origin or the pole). The spherical Crofton cell or spherical zero cell is the (a.s. uniquely determined)
cell which contains p in its interior. We will denote it by Z,,. Clearly, if Z, # S¢, then Z,, is almost
surely a spherical polytope, but Z, € IC‘Si only if X(S%) > d + 1.

For K C $¢, we define Hy :={L € Sg_l : LN K # @}. Let X be an isotropic Poisson point pro-

. —d
cess with intensity y; and X = h(X).IfK € K, then Hy, is Borel measurable, Campbell’s theorem
(see [96, Theorem 3.1.2]) yields that

EX(Hy) = 7,2Uy(K), K€K, @

and the hitting functional ® = 2U, associated with X satisfies ®(C,) = 1 for any hemisphere C,, of
s4. To put the terminology into a broader context, let X now be a (not necessarily isotropic) point
process on S¢ with finite and non-zero intensity measure EX. Then, there are a unique constant
¥s > 0 and a unique Borel probability measure x on S? such that EX = y,x. If X = h(X) is the
induced hypersphere process, then

EX(Hy) =y, /d 1{S, N K # @} x(dx),
s

in particular, y, = [EY(Sg_l). In this case, the hitting functional ® associate with X is given by

EX(H
O(K) = / 1{S, NK # B} x(dx) = ~(—dK)
sd EX(S d—l)
Hence, ®(K) is proportional to the mean number of hyperspheres in X hitting K. If X is isotropic,

then x = 02 and ® = 2U;. In the following, we write

U = /S 15, € Jo5(d)

for the rotation invariant probability measure on the Borel sets of 82—1'

One of our principal aims in the following is to show that the Crofton cell Z,, given a positive
lower bound for its spherical volume, converges to a spherical cap as y; — oo. This means that the
conditional probability of Z, deviating from the shape of a spherical cap, given Z, has spherical
volume at least a, for some a > 0, converges to 0 as y, — co. An explicit weak convergence result
is stated and proved in Section 8. More generally, we will quantify the deviation of Z, from a
spherical cap.

Sections 3-5 provide several geometric key results which are of interest in their own right and
are needed for the investigation of Kendall’s problem in spherical space. The latter is treated in
Sections 6-10. The results on typical cells of isotropic Poisson hypersphere processes, which are
prepared by some general results on typical cells of isotropic particle processes, are covered in
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 11 of 54

Section 9. Kendall’s problem for the typical Voronoi cell of an isotropic Poisson process is treated
in Section 10. Finally, some structural information on the typical Voronoi cell of an isotropic point
process on S is contained in Section 11.

3 | A GENERAL FRAMEWORK FOR ISOPERIMETRY

The probabilistic deviation results outlined in the introduction are based on geometric inequalities
and related stability results. Similarly as in Euclidean space (see, e.g. [52, Chap. 12.2]), we will
describe a very general setting for stability results of isoperimetric type, which are then applied to
the solution of Kendall’s problem in spherical space.

The main ingredients in our analysis are a hitting functional ®, a size functional £ and a devi-

—d
ation measure 9. In general, by a hitting functional, we mean a map ® : K, — [0, co) that is

continuous and such that ®(K) = 0, for some K € Ej, if and only if K is a one-point set. Here
and in the following, the continuity on spherically convex bodies refers to the (spherical) Haus-
dorff metric d,. The first main example of a hitting functional is the hitting functional ® = 2U;
of an isotropic hypersphere process, as introduced in (2), which is proportional to the spherical
mean width functional. In this case, ® is also increasing and rotation invariant. Another example
arises in the study of Voronoi tessellations as the hitting functional of a non-isotropic hypersphere
process and will be introduced later (on a restricted domain). Further examples are obtained by
replacing o7, in the definition of 2U, with a probability measure that is absolutely continuous with
positive density with respect to o7.

A size functional is a continuous map X : Ej — [0, 00) which satisfies £ # 0 and Z({e}) = 0
for all e € SY. For the derivation of deviation inequalities and asymptotic distributions, we will
also assume that ¥ is increasing with respect to set inclusion. Examples of size functionals are
volume, surface area, any of the functionals Uy, ..., U,_; (see [96, (6.62)]), inradius, diameter or
width in a fixed direction. Note that the spherical intrinsic volumes V; (see [96, Chap. 6.5] for an
introduction) are not increasing in general [96, p. 262].

—d
Let @, X be fixed. Leta > Obe such that{K € K, : X(K) > a} = >~ 1([a, o)) # @. We define the
isoperimetric constant

(®,%,a) := min{®(K) : K € K-, %K) > a}.

Note that the minimum is attained, since Z~!([a, 00)) is non-empty and compact (as fg is compact
and X is continuous) and ® is continuous. Moreover, we have 7(®, X, a) > 0 since otherwise there
would be some K, € Ef with ®(K,) = 0 and Z(K,) > a > 0. But then K, = {e,}, for some ¢, € S¢,
and 0 = Z({e,}) > a > 0, a contradiction.

Ifa > 0and 27 1([a, o)) # @, then

—d
E(®,Z,a) :={KeK, : Z(K) > aand ®(K) = 7(D,Z, a)}
is the non-empty set of extremal bodies associated with @, X and a. Clearly, if ® and X are rotation

invariant, then so is the class £(®, X, a). In the following sections, we simply write 7(a) and £(a)
if ®, T are clear from the context.
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12 of 54 | HUG and REICHENBACHER

Finally, a continuous functional § : £7([a, 0)) — [0, o) such that 3(K) = Oifand only ifK €
E(D, %, a) is called a deviation functional for ®, %, a. A general, canonical example is provided by

__e®) I
S(K)_T(tb,z,a) 1, KeX (Ja,)). 3)

For specific choices of ® and Z, other choices of deviation functionals will be more natural. In
particular, § as given in (3) is rotation invariant if this is true for ® and X.

Proposition 3.1. Let ® be a hitting functional, £ a size functional and let a > 0 be such that
27 !([a, o)) # @. Let 9 be a deviation functional for ®,%, a. Then there is an increasing (stability)
function f, = fo54 : [0,00) = [0,1] with f,(0) =0, f,(¢t) > 0 for t > 0 and such that

®K) > (A + fo(e)T(P, Z,a)

forallK € 7Y([a, c0)) with 9(K) > € > 0.

Proof. Under the assumptions of the proposition, we consider
—=d -1
K (®,%,a,8,¢) :={K €X([a,0)) : 8(K) > ¢}.

—d —d
Then K, (®,%,a,8,e) c K . is compact. We can assume that this set is non-empty, since otherwise

—d
we simply define f,(¢) := 1 forany suche > 0. If K (®, %, a, 8, ) # 0, we have
—d
(®,2,a,9,¢) := min{®(K) : K € £ (D,Z,a,9,¢)} > 7(D, %, a).

—d
Assume that 7(®, 2, a, 8, ¢) = 7(®, %, a). Then, there issome K € K, with Z(K) > a, 8(K) > e and
d(K) = 1(®,%,a,9,¢) = (D, Z, a), hence K € E(D, %, a). By definition of 9, we get 3(K) =0, a
contradiction. Thus, we obtain 7(®, 2, a, 8, ¢) > 7(®, %, a) and define

7(d,2,a,8,¢) B

1>0
(D, %, a)

9,(8) 1=

and f,(¢) := min{g,(¢), 1}. Then, for K € £~!([a, o)) with $(K) > € > 0, we have
D(K) 2 1(D,%,a,8,¢) =1 + g, (e))T(D,Z,a) > (1 + f,(e) (D, 2, q),

which proves the assertion. O

In the following section, we will provide specific versions of stability results with the following
choices of functionals. Explicit definitions will be given in Section 4. In these specific situa-
tions, the domain of the functional has to be adjusted. Instead of using axiomatic properties of
functionals and deviation measures, we will argue in a more direct way.

Example 3.2. Let X = g4, ® = 2U;, § = A] (an L,-distance involving spherical radial functions

—d
to be introduced in Section 4). Continuity of o; on K| with respect to the Hausdorff metric is easy
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 13 of 54

to see ([33, p. 11] or [96, Theorem 6.5.2]), continuity of U; follows from [96, (6.63) and Theorem
6.5.2]. A direct argument as in the case of the functional fjp (see Section 4) can also be given.

—d
The definition of the deviation measures A, on IC‘Si and A7 on K will be given in Section 4. In
particular, we will show that A, and A; are measurable (see Lemma 4.2 and Remark 4.5), but
continuity will not be required.

Example 3.3. Let X = r (inradius), ® = 2U,, 8 = R — r, where R is the circumradius (see [17, Part
2, Proposition 2.7] or [29] for basic properties of R). In contrast to the Euclidean case, the inball is
uniquely determined if the inradius is positive (see [100, Lemma 1]). Moreover, r is a continuous

functional on Ef. To verify this, let K,K; € fg, i eN,withK; - K asi — oo. It suffices to show
that whenever r(K;) — r, > 0, for some r, > 0, as i — oo, then it follows that r, = r(K). Fori € N
there is some x; € K; such that By(x;,r(K;)) C K;. There are a subsequence (xij )jen and some
X, € $¢ such that X = X as j — oo. Thus, it follows from [96, Theorems 12.2.2 and 12.3.2] that
B(xy,ry) C K. Thisyields that r(K) > r,. Assume thatr, < r(K) < /2. We can choose € > 0 such
that ry + 2¢ < r(K) for i > iy. Fori > i; > iy, we have K C (K;).. Moreover, there is some X, € $¢
such that B((X,, r, + 2¢) C K C (K;), fori > i,. Hence, by Lemma 3.4, B((X,, 7, + €) C K; fori > i;,
whichyields r(K;) > r, + € fori > i}, and therefore r, > r,, + €, a contradiction. This finally shows
thatr, = r(K).

—d
Lemma3.4. Let A,B€ K  and$ € (0,7/2). If As C Bs, then A C B.

Proof. Suppose that x € A\ B.Thenx € A C A5 C Bs, and hence 0 < d((B,x) =: p <6 <7/2.
There are uniquely determined b € B and u € T,S? such that d (B, x) = d (b, x) = p € (0,5],
expp(pu) = x and d (B, exp(tu)) = dy(b, expy(tu)) = t for all t > 0 such that exp,(tu) € B;. For
y := exp,(6u) € Bs, we thus obtain d (B,y) =6, hence y € dBs. On the other hand, &’ :=
dy(A,y) <dy(x,y) =8 —p < 8. Therefore, y € Ay and By(y,8 —&’) C A5 C B, which shows
that y & dB;, a contradiction. O

—d
The proof of the fact that R is continuous on K is straightforward.

Example 3.5. LetZ =r,, & = ffp (or a multiple thereof), 8, = R, —r,, where p € s is a fixed
point. Only spherically convex bodies are considered that contain p and are contained in the
closed hemisphere centred at p. As in the introduction; rp, Ry, denote the centred inradius and
the centred circumradius, respectively. The functional Up will be discussed further in Section 4.
The continuity of r, follows as for r.

4 | GEOMETRIC INEQUALITIES AND STABILITY RESULTS

In this section, we consider stability results which specify the general setting described in the
preceding section.

4.1 | Framework of Example 3.2

In the following, we use the notation and some of the results from [31], specifically

D(x) := / xsind_l(t)dt, x €[0,7/2],
0
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14 of 54 | HUG and REICHENBACHER

and
h(y) :=tan(D7'(y)), y € im(D).

For e € S¢, let T, :=e +e' and define the open half-space H*(e) := {x € R*! : (x,e) >
0}, whose closure is H*(e) := {x € R4 : (x,e) > 0}. The map II, : SN H*(e) —» T, with
I, (u) := (e,u)"'u is the radial projection to the tangent plane of S¢ at e.

For K € K% with 0,4(K) > 0, the spherical polar K* :={u € S : (u,x) < 0for x € K} of K is
again in IC‘Si and int(K*) # §. If e € — int(K*), then K C H"(e) (but it is not guaranteed that e is
contained in K). The map

Fy : —int(K*) = (0,00), e Fg(e) := / (e,u)™ @D g (du),
K

assigns to e € —int(K*) the volume of I1,(K) in T, (see [31, Sec. 3]). Since Fy is continuous and
Fy(e) > oo ase - —3K* (see [31, Sec. 3]), the function Fy on — int(K*) attains a minimum. The
following lemma shows that Fy is strictly geodesically convex, hence Fy attains the minimum
at a unique point ¢(K) € —int(K*). As usual, Fy is called (strictly) geodesically convey, if for any
unit speed geodesic y : I — —int(K*) (where I C R is an interval), the composition Fy oy : I —
(0, o) is (strictly) convex.

Lemma 4.1. The map Fy : —int(K*) — (0, o0) is strictly geodesically convex.

Proof. Suppose that e}, e, € —int(K*). If u € K, then the geodesic segment [e, e,] is contained
in HY(u) N s?. Let u € K be fixed, and let y be a unit speed geodesic from e; to e,. Hence, there
issomev € TQISd with ||v]| = 1 and some ¢, > 0 (independent of u) such that y(t) := cos(t)e; +
sin(t)v, t € [0, t,], satisfies y(0) = e;, ¥(t,) = e, and y(t) € H*(u) NS¢ for ¢t € [0,t,]. The map
¢ 1 [0,t5] = (0,00), £(t) := (y(t),u), is strictly concave on [0, t,], since #”/(¢) = —£(¢t) < 0fort €
[0, £,]. Since (0, 00) = (0, ), s = s~@*1), is strictly decreasing and convex, the composition ¢
£(t)~@+1D is strictly convex on [0, t,].

This shows that, for each u € K, the map ¢ - (y(t),u)~@*1 > 0 is strictly convex on [0, ¢, ].
Since o 4(K) > 0, it follows that F o y is strictly convex, which (by definition) is the asserted strict
geodesic convexity of F. O

The point ¢(K), which in [7] is called the GHS-centre of K, is the unique e € — int(K*) such
that

/K(e, w) "D uyo,(du)y =0 forveSs,.

Equivalently, it is the unique e € — int(K*) such that

1

ey Hidx) =e,
HALE)) Jo L @0 =¢

which means that e is the centre of mass of IT,(K) in T,, where %9 denotes the d-dimensional
Hausdorff measure. It follows that ¢(K) € int(K), and thus ¢(K) € S(K) := int(K) N (—int(K*)).
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 15 of 54

The preceding statements are covered by [31, Sec. 3] or follow as straightforward consequences.

—d
Moreover, if K € K, then a separation argument shows that relint(K) n (- relint(K*)) # @, and
hence, K N (—=K*) # .
For e € J(K), the positive and continuous function ay , : S, — (0,7/2), defined by

0(I,(K)) = {e + tan(ag ,(W)u : u €S, }, (4)

is the spherical radial function of K, and tan o ay , is the radial function ¢(I1,(K), -) of IT,(K) with
respect to the origin e in T, (as a function on S,). We consider the set

D:={K,euekixs'xs!: ecSK),uecs,},

which is (rotation) invariant with respect to an application of the same rotation o € SO(d + 1) to
all three arguments. For each n € N, the set

D, :={(K,e,u) € K9 xs?* xS : By(e,1/n) CK,By(—e,1/n) CK*,u € S,}

is closed. To see this, one can use that B(—e, 1/n) C K* ifand only ifK C By(e, 7/2 — 1/n) and the
fact that inclusions are preserved under convergence of closed sets (see [96, Theorem 12.2.2] and
[96, Theorem 12.3.2], where the latter remains true in spherical space with the same proof). There-
fore, D = |5, D, is measurable as a countable union of closed sets. Since ay (1) = a g s.(ou)
for o € SO(d + 1) and (K, e,u) € D and tan~'(¢(T1,L, v)) depends continuously on the argument
(L,v) €{(K,w) € KIXS, : e € F(K)}, the map

a:D—(0,7/2), (K,e,u) ag,(u),

is continuous.

Let x, denote the volume of the d-dimensional Euclidean unit ball, hence dx; = w,. Using [96,
Lemma 6.5.1] and writing o) | := w;lo’d_l for the normalised spherical Lebesgue measure on
any hypersphere of S¢, for e € J(K), we obtain

o

aK,e(u)
o (K) = / / sind=L(¢) dt oy, (duw),
S, J0

and thus,

04(K) _
de

/§ Dla ) o, (du). 5)

If C c S¢ is a non-degenerate spherical cap contained in an open hemisphere, then there is a
constant a. € (0, 7/2) such that

a4(C) _
de

/Oac sin~1(¢)dt = D(a), h <U£ZL1<5)> = tand(ac).

If C* ¢ S is the polar of C, then a¢« + ap = /2.

A 'v '5e02 ‘2r6LTY0C

"00SUIeLUPUO//:SaNY WOy

UONIPUOD PU. SULB L 8L} 89S *[5202/60/G2] U0 ARid178uliuO /8|1 ‘9160j0uyos L Ny IMISU| BUNS Y AQ 65002 WU/ZTTT 0T/I0pAL0Y M| 1M ARIq Ul

fajm

3SUBO | SUOWIWIOD 3ARER1D a|qeal|dde ayy Aq pausenob afe SSp e YO ‘88N JO Sajn 104 ARig1T auluQ 3|1 UO (SUORIPUOD-pI



16 of 54 | HUG and REICHENBACHER

ForK € ]C;i and e € J(K), we define D o ag , as the integral mean of D o ag , with respect to
over S,, as given in (5), and

o

41

AK) 1= ||D oag (k) — Doag (k)

LX(Sq(x)05_,)

Thus, A,(K) measures the deviation of the shape of K from the shape of a spherical cap in the L?
sense. Clearly, A,(K) = 0 if and only if X is a spherical cap.
ForK € K% and e € S(K), we define

a,(K) :=minfag (1) : u €S,}, a,(K) 1= max{ag ,(u) : u €S,}.

If e = ¢(K), we simply write a(K), a(K) for a (K

)(K), ak)(K), respectively, and define
Ay(K) = a(K) — a(K),
which also measures the deviation of the shape of K from the shape of a spherical cap.
Lemma 4.2. The map A, : IC? — [0, 77/2] is measurable and A,(K) < Ay(K) forK € IC?.
Proof. Fore € 3(K), we have
ag () € [a,(K),a,(K)], u€S,.

Since D, D' are strictly increasing, we get

04(K)
dxy

D(ag o(u)) — < D(@,(K)) — D(a,(K)) < D' (@, (K)(@,(K) — «,(K))
= sin?~! (@, (K))@,(K) — a,(K)) < @, (K) — «,(K),
and thus,

A(K) € Ag(K) € 7 /2. (6)

Next, we show that A, is measurable. Since a : D — [0, /2] is continuous, the map
{(K,e)e KIxs?: e e S(K)}—[0,00), (K,e)r / (Doay ) (wa_ (du),
Se

is continuous, and therefore, this is also true for the map

{(K,e)e Kixst:eeS(K)}—[0,7/2, (Ke)r ”D oay, —Doag,

2 o '
12(S,.05_,)

The remaining assertion follows, once we have verified that the map ¢ : IC? >S4 K> c«(K), is
measurable. For this, we consider

D! :={K e k% : B(«(K),1/n) C K,By(—c(K),1/n) CK*}
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 17 of 54

—d —d
for n € N. We claim that Dfl is closed in K, . For this, let K; € Dfl, ieN,and K; - K, € K.
By assumption, By(c(K;),1/n) C K; and K; C By(¢(K;), /2 —1/n) fori € N. Since S¢ is compact,
e; 1= c(K;) — e,, for some ¢, € S¢, for i — oo and i € I, where I C N is an infinite subset. We

conclude that By(ey, 1/n) C K, C By(ey, /2 — 1/n), in particular K, € K% and (e;, x) > sin(1/n)
for x € K; and i € N,,. Hence, it follows from

/ (e(K;), u)_(d+2)(v,u) o4(du)=0 forve Sc(Ki),i el,
K;
and the dominated convergence theorem that

; (eg, )" @D (v, uyo, (du) =0 forve Se,-
0

Therefore, we conclude that e, = ¢(K,)) (recall the discussion after (4.1)). The argument shows
that D} is closed and the restriction of ¢ to D, is continuous and hence measurable. Since IC;i =
Unen D the assertion follows. O

Theorem 4.3. IfK € Kff and C c S% is a spherical cap with 04(K) = a4(C) > 0, then
Uy(K) > (1 +B Az(K)z)U1(C),
where

2 (d+1y _
E< ;“ ) sin®*(ete) tan =24 (et 3

B :=min > )
d+1 _ T
1+ ( ; )(%) tan~4(ac)

o(5 )

Proof. Throughout the proof, let K € IC? be fixed. We simply write ¢ for ¢(K) € S(K), put o :=
ak (k) and restrict the domain of D to (0, 7 /2) so thatim(D) = D((0, 7 /2)) = (0, D(7r/2)), since D
is strictly increasing and continuous. Since U, is rotation invariant, we can assume C to be centred
at c. Note that due to the assumptions we have o, € (0, 77/2).

We continue to use the preceding notation and otherwise refer to [31, Sec. 3]. Then
Xg i= Doa = 04(K)/(dxy) = 04(C)/(dxy) € im(D), since a(u) € (0,7/2), foru € S, o) ,isa
probability measure and D is strictly increasing and continuous. For any z € im(D), we have

h(z) — h(xy) = R (x,)(z — xo) + %h”(xo +6(z — %))z — X,

for some 8 = 0(x,, z) € (0,1). Since

d

h()’)=m>d

and

did+1) 1

h// -
2 cos?+2(D~1(y)) sin?2(D-1(y))

>d(d +1),
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18 of 54 | HUG and REICHENBACHER

for y € im(D), we deduce that

h(z) — h(xy) > W' (xo)(z — xo) + <d -2'_ 1>(Z - Xo)%. @)

Moreover, it follows that the functions & and h’ are strictly increasing. Substituting z = D(c(u)),
u €S, in(7), and then integrating (7) with respect to o} _, over S, we obtain

/ (D)) o’_, (du) - h(G;(K)> >0+ <d * 1>A2(K)2.
S X4 2

c

Using that

Ud(K) _ C"d(c) _ d
h( drg > _h< drg ) = tan*(ac),

the radial representation (4), and hence,

HA(TL(K)) = é / tan?(a(w)) o,_, (du) = % / | h(D(@(w))) o4, (dw),

Se S

we conclude

HA(T1.(K)) . o4(K)
e / h(D(a(w)) a5 (du) > (1 + B,A,(K)?)h (d—> @®)
Kq S, de
where §; := (dgl) tan_d(occ). Next, we recall some relations from [31]. The assumption o,4(K) =
04(C) > 0 and the equality case of [31, (27)] imply that
. ( adao) . (ad<c>> _ HUI(©) ©
de de K4
and the equality cases of [31, (26)] and [31, (30)] yield
C*
h(“d( )> _ g (10)
de Hd(Hc(C))
Hence, combination of (8), (9) and (10) gives
Kq < 1 <0d(c )>' an
HAII(K)) 1+ B1A,(K)? dicg

Now we use (26) and (30) from [31] for the first inequality and (11) for the second inequality to

obtain
h<ad(K*)> < Xq < 1 h(ad(C*)>
dry HAIT(K)) 1+ B14,5(K)> dxy
a4(C*)
d 9

Xq

<(1- ﬁzAz(K)z)h< (12)
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM 19 of 54

where for the last step, we used that

_ B < By
1+ B,(/2)* T 1+ B0y (K)Y

B, :

by Lemma 4.2. Since aq« = 7/2 — o, we get

L tan~9(arp) sin®(ap) /2 \2
Bs: _mm{‘BzD(%—aC) 7 ,(;)

13)

< B,

od(C*) _
tan?(ac-) cos? 1 (ae) iy h( drg >h’ o4(C*) 1
D(ac) d D) dx, :

de

The minimum in the definition of 3; is taken to ensure that 1 — 3;A,(K)? > 0. From (13), the mean
value theorem and the fact that h and h’ are increasing, we deduce that

a2 ) -r(a - pan 4E2)

de de
,{94(C*) ,04(C*) 2, [ 04(C*)
<h <d—xd>‘83A2(K) ax, < BrA5(K) h<d—1<d>' 14)
Combining (12) and (14), we get
o (K*) 5. 04(C*)
h( o ) < h((l - B (K) )
and hence
o3(K*) < (1 — B3A,(K)2)o(CH).
Since

2L = 5K, 2 - Ui(€) =05(C)
by [31, (20)], we deduce that

UL(K) > 2B38(K)° + (1 = B3,V (C)
Finally, we use

% — U(€) = 05(C*) = D(ag.) > 2D(ac)U, (C),

and therefore,

N | =

> <1 + 2D<% - occ>)U1(C),
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to get
UL(K) > [Bi8o(K) +2D (5 — arc )83 (K) + 1= B3RP | U(C),
and thus,
U (K) > (1+2D(Z — e )Bs,(K)? ) Uy O,
which yields the assertion with § = 2D(7 /2 — a.)B5. O

Remark 4.4. 1t is easy to see that

. d+1
. sin®(ac) afm d
> min ,0.4 <——cx ) .
k> { tan??(a,) + 2d tan () 2 ¢

Remark 4.5. ForK € E? with 04(K) > 0, we define AJ(K) := 0, if K is a hemisphere, and other-
wise we set A(K) 1= Ay((K N (-K))* nK), where A, is considered in $¢ N (K N (—K))*. Again,
A’ is measurable (since all involved operations such as taking intersections, orthogonal comple-
ments, dimension are measurable) and an extension of Theorem 4.3 is obtained as a corollary, in
which C has to be replaced by a spherical wedge of the appropriate dimension.

4.2 | Framework of Example 3.3

—d
For K € K, and e € K, let r,(K) denote the (spherical) inradius and R,(K) the circumradius of
K, with respect to e as the centre of the insphere and the circumsphere, respectively. We consider
the size functional

2.(K) :=max{r,(K) : e € K} = r(K),

which is the inradius r(K) of K. The following lemma shows that R,(K) < 7/2 if e € K is (the
unique point in K provided that int(K) # @) such that r,(K) = Z,(K).

—d
Lemma 4.6. LetK € K. Ife € K is such that r,(K) = Z,(K), then K C B(e, 7/2).

Proof. For the proof, we can assume that int(K) # @ (otherwise we argue in a lower dimensional
great subsphere). If r,(K) = /2, then K = B,(e, 7,(K)) and the assertion is clear. From now on,
we can assume that 0 < r,(K) < 7/2. By assumption and a separation argument, applied in the
hyperplane spanned by dB,(e, r.(K)), it follows that cos(r,(K))e € conv(dK N By(e,7,(K))) (here
the convex hull is taken in R%*1). Hence, there exist k € N, 4, ..., 4, € [0,1] with zi'{:l A =1,
and ay, ..., a; € conv(0K N By(e,r,(K))) C s9 such that

k
z A;ja; = cos(r,(K))e. (15)
i=1
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Furthermore, since By(e, 7,(K)) supports K from inside (and hence the same is true for the convex
cones generated by these sets), we have

(a; — (cos(r,(K))te,x) <0, x€K,i=1,..,k. a6)
From (16), we get
k
<Z’1iai - (COS(Ve(K)))_le,x> <0, x€K.
im1

Hence, (15) implies that (cos(r,(K)) — (cos(r,(K)))™!) (e,x) <0, that is, (e,x) >0, for all
x €K. O

—d
In order to measure the deviation of the shape of K € K from a spherical shape, we now use
the deviation measure

8,(K) := min{R,(K) — r,(K) : e € K,r,(K) = Z,(K)}.

Note that if int(K) # @, then the insphere of K is uniquely determined (see Example 3.3) and
3,.(K) = R,(K) — r,(K), where e is the centre of the insphere of K. The obvious geometric inequal-

—d
ity U;(K) > U;(By(e,a)), for K € K, with Z,.(K) > a, will be improved by a stability result in
Theorem 4.8. The following simple lemma will be useful.

Lemma 4.7. Ife € S? and a € [0, /2], then

w a
U,(By(e,a)) = ~ d / cos?(s)ds € [0,1/2]. 17)
d+1 Jo
Moreover,
W d-1 1)
L(2) armaxil,(r/2- @ < U Ble, @) < —a (18)
W41 N7 Wd+1

Proof. By definition, we have

1
20441

I /ﬂ sind_l(t)l{t — % € [—a,a]}dt

20441 Jo

a
- Y /cosd_l(s)ds,

2C‘)d+1 a

U,(By(e, a)) /gd 1{S, N By(e,a) # B} o4(dx)

which yields (17). (For a = /2, the last integral equals %.) The upper bound for U, (B,(e, a))
d

is now obvious. For the lower bound, we use Jensen’s inequality to get (for a € (0, 77/2])
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a a d—1 . d—1 _
l/ cos®(s)ds > <l/ cos(s) ds) = (sm_(a)) > (£>d 1. (19)
aljo a jo a T

On the other hand, using cos(t) > %(% —t)for t € [0, 77/2] and the mean value theorem, we get

[estwass (2)7 (55 6= () 3|(5) - (G-

2 d-1 T d—1
> (= - - .
~ ( T ) ( 2 a> ¢ (20)
Combination of (19) and (20) yields the lower bound in (18). O

—d
Theorem 4.8. LetK € K, a > 0,and ¢ € (0,1]. If £,(K) > a and §,(K) > ¢, then

UK > (1+¢a, deT )UBy(e, @),

d-1 d-1
where c(a,d) > (8d) 1(3r—*)4"1qd—2 (% - a) >2-0.024qd42 (% - a) )

—d
Proof. Let K € K be such that %,.(K) > a and 8,(K) > ¢. Let e € K be such that r,(K) = Z,(K)
sothata + ¢ < r,(K) + € < R,(K) < /2, where Lemma 4.6 was used. Then, there is some z, € K
such that convy(B,(e, a) U {z,}) C K and d(e, z,) = a + € > 0. Hence, writing

A:={xes?: s, nByea) =05, nconvyB,le,a) Uiz} # @},

we have

U,(K) > Us(convy(B(e,0)  fz0}) = Uy Be. ) + 7t /S 1fx € Ao (dx)
+1 Jsd

Forgivene € S, u € S,,a > 0 and ¢ € (0, 1], we define
d(e,u,a,¢e) :=o([convy(Bs(e,a) U{zp}) \ B(e,a)]Nn{fle+uu : 1 € R, u > 0})
and
C(e,a,¢) :={ues, : du,a,c)>¢c/2}
where o, is the one-dimensional spherical Lebesgue measure on geodesic arcs. By symmetry,

C(e,a,e) C S, is a spherical cap with centre (z, — (zy,e)e)/1/1 — (2, e)2. We will show below
that the spherical radius w of this cap satisfies

tan(w) > V212 av/e. (1)
Once this is shown, it follows that
w, d-1 @ d-1
041(Ce.a,0) > kg sin' (@) > ~LE (r2avE) >S4 (%avE) L @)
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where for the second inequality, we used that

t .
an(w) — tan(w) > n'za\/g, fo<w< /4,

1
— >
V1+tan2(w) V2

sin(w) =

by (21),
sin(w) > % 2> n_za\/g, ifr/4a<w< /2.
and
@g—1 1
——>—, d>=2.
We have

§+a+5(e,u,a,5)
/ 1{x € A}o,(dx) > / / sind=1(t) dt o4, (du)
sd C(e,a,e) J Z+a

Z+a+s
> / / sind=1(t)dt oy, (du)
C(e,a,e) %+a

a+s
_ 2 d-1
—/ / cos“(t)dt oy_;(du)
C(e,ae) Ja

a+<
=04-1(C(e,a, s))/ ’ cos?(t)dt. (23)

Using Jensen’s inequality, basic trigonometric identities and € < 7/2 — a, we get

d-1

a+& a+& d-1
/ 2cosd_l(l‘)dtzE g/ * costdt =£<%2003<a+£>5in<£>)
a 2\ e J,. 2\¢ 4 4

d—1

>£<g%£2005(a+z—2>>

2\e w4 8§ 2

d—1

5()" e (3(5 )

2\7mw 4\2

3d—1 T d-1
> —zﬂzd—2£<5 —a) . (24)

Hence, we finally deduce from (23), (22) and (24) that

d+1 d-1
/ 1{x € A} Gd(dx) > L3d_171'4(1_‘1)5()dgTad_l<E — a) .
sd 4d 2

From the upper bound in (18), we finally get

U,(K) > <1 + c(d)ad-2<§ - a)d_l e ) U,(B,(e, a)),

where ¢(d) > (8d) (3741 > 2. 0.024.
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To complete the argument, we have to verify (21), that is, the asserted lower bound for the
spherical radius of the cap C(e, a, €). By symmetry, it is sufficient to consider the case d = 2. Then,
the boundary of convy(B;(e, a) U {z,}) is the union of two geodesic segments, denoted by [z,, p],
[zo, P], and the arc of dBy(e, a) connecting p and p which does not meet the geodesic segment
[e,zy]. Let y € [e, z,] be such that d (y,e) = a + €/2. Further, let g and g be the intersections
of the geodesic through y orthogonal to [e, z,] with [p, z,] and [P, z,], respectively. Finally, let
a = z(e,zy, p) = £(y,2y,q) and w := £(q,e,y). Applying the sine rule in the right spherical
triangle /\(p, e, z,) and Napier’s rules for the right spherical triangles /\(z,,y,q) and /\(e,q,y)
(in this order), we obtain
sin(a) sin ( €

m, —) = tan(dy(y, q)) cot(x), sin <a + %) = tan(d,(y, q)) cot(w).

sin(a) = 5

Combining these relations, we deduce

. (€ sin(a) 1 1
tan(w) = sin (—)
2/ gin (a + %) \/sin(a + ¢) + sin(a) \/sin(a + ¢) —sin(a)
2¢€2 1 1 _
>2E824 — © —\orlav,

T27 \/E \/g \/_
which is the required bound. [l
4.3 | Framework of Example 3.5

For e € S%, we consider
—d —d
K, :={KeK, : e€K CBye,m/2)}
and define
. i . —d
U(K) := 1{(x—e)  NnK #Pto;(dx), KeK,.
sd

d

1> We also introduce

In analogy to the measure y on S
B0 = [ 10, € dogan),
s

so that U, (K) = 1, (Hy) for K € ..

For a € (0,7/2), we have (x —e)' N By(e,a) # @ if and only if x € B(e,2a), and hence,
it follows that ﬁe(Bs(e, a)) = 0,4(B,(e,2a)). Holder’s inequality and the relation 1 — cos(2a) =
2sin?(a) imply that

2a d-1 _
1— 2 2(d-1)
04(Bs(e,2a)) = wy / sind_l(t) dt > wy 2a<$> > de<g) al.
0 a T
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For an upper bound, we use sin(t) < ¢, t € [0, 7], to get o4(B;(e, 2a)) < d‘lcodzdad. Thus, we have

~ w
a? < U,(B,(e,a)) = 04(B,(e,2a)) < d —L-24q4. (25)
Wi +1

w 2(d-1)
25(2)
T

@d+1
_ —d ~
Lemma 4.9. Let e € S%. The functional U, is continuous on K,, fi, < 2%y, and U, < 2¢H1U,.

Proof. We first prove the second assertion in a slightly stronger form. A point x € S¢ can be
parameterised in the form x = cos(¢) e + sin(p) u with ¢ € [0, 7] and u € S,. Then, we obtain

/ H{(x-e'nste }oydx)
sd

=/Se/onl{lin{cos<%)e+sin<§>u,einuL}ngde,}sind—1(¢)d¢ad_l(du)

/2
= 2/ / 1{lin{cos(s) e + sin(s)u,e* Nut}ns? € -} sin® ! (2s)dsoy_; (du)
s, Jo

/9
= 2/ / 1{lin{sin(t) e — cos(t) u,e* Nu'}n st e -} sind~!(2t — 7)dt o, (du).
S, Jm/2
Since sin(2t — 7) < 2sin(t) for t € [7/2, 7], we obtain
/ H{x-e'nste }oy(dx)
sd
Ve
<2¢ / / 1{lin{sin(t) e — cos() u,e* Nuttns? € -} sin®'(¢)dt oy_ (duw)
S, Jm/2
w
=24 / / 1{(cos(t) e +sin()u)* ns? € -} sin® ' (1) dt 5,4_, (du)
Se Jm/2

<24 /d 1{x'n st e -} o4(dx), (26)
s

which yields the second and the third assertion.

Now we prove the continuity assertion. For K € E:, we put Ap :={z€S?:(z—e)n
K # ¢}

LetK,K; € E?, ieN,withK; -» Kasi - oo.Forx € sd, we distinguish the following cases.

If (x — e)* Nrelint(K) # @ and x # e, then (x — e)* N K; # @if i is sufficiently large, and hence
Ly (X) = 1y (x) asi — co.

If (x—e)' NK =0, then (x —e): NK; =@ if i is sufficiently large, and hence Ly (X) =
1,x)(x) asi — oo.

In addition, (26) yields

a4 ({z es?: (z—e)J' Nrelint(K) = (Zi,(z—e)l NK # ﬂ})
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26 of 54 HUG and REICHENBACHER

<2%, ({x e st : xt nrelint(K) = #,x* N K # 0})

<292 ({p €50(d +1) : K and pe touch each other}) = 0,
where e, € s9 is arbitrary and fixed, 1 is the unique Haar probability measure on SO(d + 1) and
we used [33, Korollar 5.2.1] (or [93, Corollary 2.3.11]) for the final equality.

Thus, we have 1, ,(x) = 1,k)(x) as i — oo for o -almost all x € s4, so that the assertion
follows from the dominated convergence theorem. O

—d
For a given e € S¢ and K € K ,» we define the size functional Z, by Z,(K) := r,(K) and the
deviation functional 8, by §,(K) := R,(K) — r,(K), that is, both functionals are considered on a
restricted domain in comparison with general size and hitting functionals, respectively.

—d
Theorem 4.10. Lete € S%. LetK € K, anda € (0,7/2). IfZ,(K) > a, then
U,(K) > U,(By(e, ) = o5(By(e, 2a)).

Ifalso 8,(K) > € € (0,1], then

~ d+1 ~
O.(K) > (1+c(@d)e™ ) OBye a)),

where c(a,d) > 27)24a~(min {a, % - a})d_l.

Proof. IfZ,(K) > a € (0,7/2) and §,(K) > € € (0, 1], then there is some z, € K C B,(e, 7/2) with
dy(e,zy) = a+¢ < 7/2and conv,(B(e,a) U{z,}) C K. We put

A:={xes?: (x—e) nByle,a) =0, (x —e)* nconvy(B,le,a) Uiz} # B}

Arguing as before, we get

U,(K) > U,(By(e,a)) + /d 1{x € A} o5(dx).
s

Moreover,
= " P e
/Sd 1{x € A}oy(dx) > /ggf /o l{cos (5) e + sin <E) u € convy(Bg(e,a) U{z,}) \ By(e, a)}
X sind_l(go) dpoy_q(du)
Ve
> [ [ terze @ate/psint @) dpag @)
C(e,ae) JO

For ¢ € (2a,2a + ¢), we have

sin @ > min{sin(2a), sin(2a + €)} > min{sin(2a), sin(a + 7/2)} > % min{a,7/2 — a}.
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 27 of 54

The second inequality is clear if the minimum is attained by sin(2a). If sin(2a + ¢) < sin(2a), then
n/2<2a+e=a+(a+¢)<a+rm/2, and therefore, sin(a + 7/2) < sin(2a + ¢). For the third
inequality, we observe that if a > 7 /4, then 7/2 < 2a < a + 7/2. Hence,

/ 1{x € A}oS(dx) > 2'~(min{a, /2 - apyi-1%a-1(C@a:0)
o W41

> 0,(B,(e,a))@m) *a~ (minfa, /2 — ap)~ T,

where we used (22) and (25). O

5 | APPROXIMATION RESULTS

In this section, we provide two auxiliary results. Firstly, we establish an approximation result
by means of spherical polytopes, from which we subsequently derive a crucial consequence for
hitting functionals. Recall that §; denotes the spherical Hausdorff distance.

—d
Lemma5.1. LetK € K. Then there are constants k; and by, depending only on d, such that for all
k > k,, thereis a spherical polytope Q € IC? with k vertices (which can be chosen on the boundary of
KifK € ]Cf) satisfying

8,(K,Q) < byk=2/(=D),

Proof. Since every convex body in E? can be approximated by proper convex bodies, it is sufficient
to consider the case where K € Icg.

Let € € (0,77/2), and first assume that the circumradius of K satisfies R(K) < /2 — €. Below ¢
will be chosen as a function of d. Let z(K) € S¢ denote the centre of the spherical circumball of
K. As in Section 4.1, we consider the radial map

g : SYNHY(2(K)) = Ty = z(K) + z(K)",  x+— (x,z(K))"" x.

The image T1(K) is contained in a d-dimensional Euclidean ball in z(K) + z(K)' centred at
z(K) with radius bounded from above by R, < cot(e). Applying the main result from [18], we
get constants ky = ky(d) and by = by(d) such that the following is true. For k € N, k > k), there
is a polytope Q, C z(K) + z(K)+ with at most k vertices, located on the boundary of I,k (K),
satisfying

S(R; ML )(K), R Q) < bok=2/@~1),
Here, § denotes the Hausdorff distance in R4*!. The polytopes R;TI,(K) and R;'Q, lie in a
common affine subspace parallel to z(K)*. Therefore, Q, C I, \(K) C Qy + R, by k=/(4=1B,

where By is the unit ball in z(K)*, and thus,

S, (K), Qo) < cot(e) by k—2/(d-1)
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The mapping Hz_(lK) : z(K) + z(K)t - S{n H*(2(K)), x — ||x||~x, is Lipschitz continuous with

Lipschitz constant at most 2. Since also (/2) ||x — y|| > 2 arcsin (||x — y||/2) = d,(x,y), for

x,y € S¢, the spherical polytope Q := Hz‘(lK)(QO) satisfies Q C Hz‘(lK)(HZ(K)(K)) =K and

8,(Q,K) < cot(e) by k24D k> k,.

For arbitrary K € lC‘si, we divide K into 2¢ pieces K N nleH*(eiei), €; € {—1,1}, whereeg, ey, ..., ¢4
is an orthonormal basis of R%*! with K € H*(e,). Then, each piece of K is contained in a reg-
ular spherical d-simplex of edge-length 7 /2, which is the spherical convex hull of d + 1 unit
vectors ey, €,€;, ..., €4€4. Its circumradius is arccos(1/v/d + 1) € (7 /4, 7w /2); see [28, Theorem 2].
Defining

-1
€ :=7r/2—arccos<\/d+1 )

the individual pieces satisfy R(K;) < % —¢,i=1,..,2% Applying the reasoning above to every
piece, we obtain spherical polytopes Q;,i =1, ..., 24, each having at most k vertices, such that

8,(Q;,K;) < cot(e) by mk=2/W@=1 i =1,..,29 k> k,.

Defining Q := convs(Ul.zi1 Q;) (here each spherical polytope Q; can be replaced by the set of its
vertices), we obtain a proper spherical polytope with at most 2¢ k vertices and

8,(Q,K) < cot(e) by w k241,

Since cot(e) = cot <7T/ 2 —arccos(1/vd + 1)) = \/E, the assertion follows with k; = 2d k, and

b,=by7 \/E 44/(d=1)  possibly enlarging Q, we can assume that all vertices of Q are in the
boundary of K. O

The following lemma states that the values of ® on spherical polytopes can be approximated
by the values of ® on proper spherical polytopes with a controlled number of vertices (extreme
points). We write ext(P) for the set of extreme points of a proper spherical polytope P and f,(P)
for the number of its extreme points.

Lemma 5.2. Let ® be a hitting functional, X a size functional and let a,a > 0. Then there is an

integer v € N, depending only on ®,%,d, a, a, such that for every spherical polytope P € IC‘Si with

3(P) = a, there is a proper spherical polytope Q = Q(P) satisfying ext(Q) C ext(P), f,(Q) < v and
Q) = (1 — a)2(P).

Furthermore, the mapping P — Q(P) can be chosen to be measurable.

—d —d

Proof. Since the functional ® : K — [0, o) is continuous on the compact space K (with respect
to the spherical Hausdorff metric d,), ® is uniformly continuous. Let ®, %, a, a be as in the state-
ment of the lemma and define ¢ : = a 7(®, Z, a). From the uniform continuity of @, it follows that
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GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 29 of 54

there is some & = §(¢) > 0 such that |®(K) — ®(K')| <€ = a7(®,%,a) for all K,K' € E(: with
5,(K,K") < 8(¢). Let P be a spherical polytope with £(P) > a. From Lemma 5.1, we obtain a spher-
ical polytope Q = Q(P) and anumberv = v(®, X, d, a, «) such that ext(Q) C ext(P), f((Q) < vand
8,(Q,P) < 8(¢). Since X(P) > a, we conclude that ®(P) > t(P, Z, a), and therefore,

O(P) — P(Q) < |P(P) - P(Q) < e = at(P,Z,a) < a P(P),

which yields the first assertion.

Identifying each spherical polytope with a Euclidean polytope which is the convex hull of the
Euclidean origin and the vertices of the spherical polytope, we conclude that the second assertion
follows as in [43, Lemma 4.2]. O

6 | PROBABILISTIC INEQUALITIES

After the geometric preparations of the preceding sections, we can proceed with estimating the
conditional probabilities involved in resolving Kendall’s problem in spherical space. In each case,
the conditional probability is the ratio of two probabilities. The probability in the denominator is
easy to treat. In the following lemma, we provide an upper bound for the numerator, which is the
main step in the probabilistic estimate.

Throughout this section, we consider a hypersphere tessellation, generated by the hypersphere
process X = h(X), where X is an isotropic Poisson point process on S¢ with intensity y, € (0, o).
Let ® = 2U,, which we called the hitting functional associated with X = h(X) (which is rotation
invariant). We write again u for the image measure of o, under h. Let X be a general increasing size
functional, and let a > 0 be such that Z~1([a, o)) # @. Let 9 be a deviation functional for ®, X, a.
We write 7(a) = t(®, Z, a) for the isoperimetric constant based on the parameters ®,% and a > 0
and f, for the stability function as in Proposition 3.1. Note that if X is rotation invariant, then the
class of extremal bodies is also rotation invariant, and the same is true for the canonical deviation
functional, defined in (3). The Crofton cell Z, is the almost surely unique cell of the tessellation
containing p (in its interior).

Lemma 6.1. Leta > 0,¢ € (0,1] and
K,.:={Ke Ef : 2(K) > a,9(K) > €}
Ifk € (0,1), then
P(Zy € Ky < ¢ max{Ly}?” exp (= (1 + (1 — ®)f (€))7(a)), (27)
where the constants ¢, and v depend on a,d, €, %, Z, 3.
Proof. By assumption, we have Z7([a, o)) # @. Let N € N. For Hy, ..., Hy € Hea such that p ¢
H;, fori=1,..,N, we define Hyyy := (Hy,...,Hy) and let P(H(N)) denote the spherical Crofton

cell of the tessellation induced by Hy, ..., Hy. In what follows, we consider Hy, ..., Hy € Hga such
that P(H(yy) € Ky N IC‘;. This requires N >d + 1. If N >d + 1 and H,, ..., Hy are i.i.d. with a
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distribution which has a density with respect to the invariant measure on 82—1’ then P(Hyy) € ICS
is satisfied almost surely.

Define o :=#%f,(€)/(1 + f,(€)), hence (1 —a)(1 + f,(e)) =1+ &, where & := (1 —&)f,(e).
By Lemma 5.2 and Proposition 3.1, there are v = v(Z, 8, d, a, ¢, &) vertices ofP(H(N)) EK,.N IC?
such that the spherical convex hull Q(Hy;) of these vertices satisfies

1> ®(Q(H(yy)) = (1 — a)@(P(H p))
> (1 —a)1+ f(e)r(a)
=1+ a)(a),
where we used ®(-) < 1. By Lemma 5.2, we can assume that the map (Hy, ..., Hy) — Q(H(N)) is
measurable. Since u = h(c), every vertex of Q(H ) lies uN -almost surely in exactly d of these
hyperspheres. The remaining subspheres do not hit Q(Hy,). Hence, the number of hyperspheres
hitting Q(Hyy) is j € {d + 1,...,dv}. Without loss of generality, we assume H; N Q(Hy)) #

g, ... JHjn Q(Hy)) # @. Then, there are subsets J, ... ’JfO(Q(H(N))) of {1,..., j}, each of cardinality
d, such that the intersections

Hi i=1 ., fo(QEHN)) <,

leJ;

,,,,,

—d
subsets of {1, ..., j} with d elements. Note that for K € K, we have

/ 1{H NK = B} u(dH) = 1 — ®(K).
Hed

N

Assuming N > d + 1 and using that CID(Sd) = 1, we obtain

P(Zy € Ky | X(Hga) = N) = / y YP(Hyy) € Koo N K2 pN(d(Hy, .., Hy))
H

sd
dv N
< 2 ( > / 1{P(Hy)) € Ko N ch}uHi NQHN) #0,i=1,..., j}
j=a+1 \J Hgi
XUH, NQHyy) =0, i = j+1,..,N}uN(d(H, ..., Hy))
dv

<) <N> D // _1{<1><conVSUﬂHi>>(1+5c)T(a)}
j=a+1 NGl Héd H;Vd_j r=1iel,

v
xl{HlnconVSU () H: =9, l=j+1,...,N}
r=1iel,

X N IAH e Hy) @ (ACH, o H))
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dv ’
_ N )
_]-511 <j>(fzf)'/Héd { <C0nv L:J O > 2(1+oc)r(a)}

v N—j
ll - (conv U ﬂ )] ,uj(d(Hl,..-,Hj))
r=1iel,

< Z < ><) [1-Q+a)r@)]N (28)

Jj=d+1
Summation over N gives

d
P(Zy € Kyp) < ), P(X(Hga) = N)
N=0

+ Y P(Zy € Kyp | X(Msa) = NP(X(Hea) = N).
N=d+1

For the second sum, we deduce from (28) that

Y P(Zy € Ky | X(Hga) = N)P(X(Hsa) = N)

N=d+1
e . N
+1 j=d+
dv v
_ AN (1+a>r<a>]N I Neg
z (d) exp(-p) 2 z Dol
N
= exp (—7,(1 + @)(a)) Z ( ) 5

Jj=d+1

dv .
-y (;) 2 axp (o1 + (= R u©)rCa)).
Jj=d+1 J!

For the first sum, we get

d d N

Y PEHo) =N < Y L exp (=1, + @yr(@))
“ sd) = I N' p }’s 5

N=0

since1 > (1 + a)r(a) = (1 + (1 — ©)f,(¢))r(a). Combining both estimates, we obtain

P(ZO € ICa,E) <G max{l, ys}dv exXp (_ys(l +(1- 72)fa(“:))l'(a'));
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where
dv ] v 1 d 1
¢ =c¢(2,98,d,a,6%) = _Z <d> At X <e+(dn?,
j=d+1 N=0
which completes the argument. O

In the next lemma, we specify = = o and § = A7 (see the definition in Remark 4.5). Using
Theorem 4.3 instead of Proposition 3.1, we arrive at the following more explicit result. Let C,
denote a spherical cap of volume a.

Lemma 6.2. Under the preceding assumptions, let ® = 2U,.If0 < a < wy,1/2, € € (0,1] and
— —d
Koo i={KeK, : 04(K) > a,A5(K) > ¢},

then

P(Z, € Ea,a) < ¢, max{l,y}% exp (—ys(l + ﬁ_sz(d“))@(ca)),
where ¢, and v depend on a, d, € and the constant 3 depends on a, d.

Proof. LetZ, € Ea,g N IC‘si, hence A,(Z,) = A%(Z,). Suppose that all points of the underlying Pois-
son point process X are in int(B,(¢(Z), €) U B(—¢(Z,), €)). Then, we immediately get Ay(Z,) < €.
By (6), it follows that A,(Z;)) < ¢, a contradiction to Z; € Ea,g.

Therefore, there is a point x € X such that x € By(¢(Z,), 7/2) and d,(¢(Z,)), x) > € or there is a
point x € By(—¢(Z,), w/2) and d(—¢(Z,), x) > €. In either case, we obtain

Wat1  Pd+1 €
2 2

Now let C be a spherical cap with 04(C) < wy,,/2 — (¢/7) - (wg41/2) and denote its radius by o.
Since a- < /2,

ac ) € @ 71'/2 cw
04(C) = wy / sind (1) dr ¢ =2 — E74H _ / sind=1(¢) dt — —3tL
0 0

2 T 2 27
and thus,
cw /2
¢ / sindl(t)dt < £ — ac,
27y ac 2
which yields
T &€Wgy1
- < — — . 29
c= 2 27TCUd ( )

A 'v '5e02 ‘2r6LTY0C

"00SUIeLUPUO//:SaNY WOy

UONIPUOD PUe SWLB 1 3} 39S *[G202/60/G2] U0 AReiqiauljuo A ‘21B0jouyas L Ny Imisu| Bynsiey Ag 67002 MU/ZTTT OT/I0p/woo A Akeiqipul|

fajm

3SUBO | SUOWIWIOD 3ARER1D a|qeal|dde ayy Aq pausenob afe SSp e YO ‘88N JO Sajn 104 ARig1T auluQ 3|1 UO (SUORIPUOD-pI



GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 33 0f 54

Analogously to the proof of Lemma 6.1, we consider N € N,N > d + 1,and H, ..., Hy € Hga such
that the Crofton cell P(H ;) of the induced tessellation satisfies P(Hy)) € Ea’g nkd. Let Cbea
spherical cap satisfying 04(C) = 04(P(Hy))) > a and denote its radius by «c. Using Theorem 4.3
instead of Proposition 3.1 and the monotonicity of @, we get

O(P(H(y)) > (1 4 Be))P(C) > (1 + Be)D(C,), (30)
where
‘ % (dzl) sin®™ (ar) tan=24(ax) 8 /x
B = min 5 ,—2D<5—occ>
T
1+ (dzl) (%) tan~4(ac)
with
T D41
<ac < o —
e, S de 2 Eand
Recalling

X X d-1 d-1
D(x) = / sin~ 1 () dr > / (3> Al = 2 xd,
0 0o 7

dmd-1

and using the fact that tan is increasing on [0, 7 /2) and tan(x) > x for x € [0, 7/2), we obtain

2 (d+1y .o d+1 -2d (& Dd+1
B i E( 2 ) o (aca) an (3 B 22”;d ) 2 2D @d+1
> min are=

2

d+1 _ T 27w

1+ ( ;” )(%) tan~%(ac ) d
2d

1 (d+1y ;o d+1 D41 d

d( 2 )Sll'l (CCCa)<27rwd) EZd <£>d+1 wd+1 EZd

2 ’ d

d+1 _ dQrw

1+ ( ;” )(%) tan~%(ac ) (@reoq)

> 2min =: 2,8-£2d,

T

where we made use of ¢ < 1 in the second to last line. Note that 8 > 0 depends only on a and d.
Combining this with (30), we get
O(P(Hy))) > (1 + 28X D)@(C,).

Proceeding as in the proof of Lemma 6.1, with % = 1/2 and f,(¢) = 28¢2@+1), we obtain the
required result. Ll

Now we are able to prove the following general theorem.
Theorem 6.3. Let Z, be the Crofton cell of a hypersphere tessellation derived from an isotropic

Poisson point process X on S¢ with intensity y,. Let ® = 2U,, let ¥ be an increasing and rotation
invariant size functional and let a > 0 be such that 27'([a, 00)) # 0. Let 9 be a deviation functional
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for ®,%,a, and let f,, be a stability function as in Proposition 3.1. If ¢ € (0,1] and x € (0, 1), then
there is a constant c; > 0 such that

P(8(Zy) > €| 2(Zy) > a) < ¢; exp (—xy, [, (e)T(a)),
where the constant c; dependson Z,a,9,d, ¢, .
Proof. Firstly, we note that

CBEZ) > N2> a) Pz EK,,)
PO(Zy) ze|2(Zy) 2 a) = Pz > a) AR

(3D

Let K, € £(®, %, a) be an extremal body, hence %(K,) > a and ®(K,) = t(a). Let e, € K, be
an arbitrary fixed point and let p, € SO(d + 1) be such that p,e, = p. Since X and @ are rota-
tioninvariant, K, := p,K, € £(®,%,a) withp € K, Z(K;)) > aand ®(K)) = 7(a). If)?(HKp) =0,
then K, C Z,,. Since X is increasing, we deduce from X (HKP) = 0 that 2(Z,) > Z(K) > a. Thus,
we arrive at

P(2(Zy) > a) > PX (Hg,) = 0) = exp(~y,7(a))- (32)
From (31), (32) and Lemma 6.1 with # = (1 — x)/2, we obtain

¢ max{l,y}* exp (=,(1 + (1 = D)4 (e))7(a))

P(§(Zo) 2 € | 2(Zy) > @) < exp(—y,7(a))

= Cl maX{l! )/s}dv eXp (_ys(l - E)fa(g)‘[(a))
< ¢z exp (—y(1 = 28) f ,(e)z(a)),
where the constants c;, v depend on a, €, d, k¥ and, of course, on X, 8. O

Using Lemma 6.2 instead of Lemma 6.1 (and, of course, & = A;), we obtain a similar result but
with a more explicit constant in the exponent, which was stated as Theorem B in the introduction.

By similar arguments, we get the following lemma and the subsequent theorem, which is
concerned with the asymptotic shape of Crofton cells having large spherical inradii in the case
where ® = 2U,. Now the crucial geometric ingredient is Theorem 4.8. Recall the definition of the
size functional Z, (the inradius functional) and the deviation functional 9, from Section 4.2. An
illustration is provided in Figure 3.

Lemma 6.4. Let ® = 2U,. Ifa € (0,7/2), € € (0,1] and
—d
K, = {K el : 5,(K) > a,9,(K) > s},
then
d+1
P(Z € K, ) < ¢4 max{L v exp (=r,(1+¢5¢= )0(B,(p. ),

where the constants c,, v depend on a,d, € and c5 > 0.02dad_2(71/2 - a)d_l.
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(a) vs = 1, the realization (b) vs = 2, the realization
contains 17 great circles contains 31 great circles

0
Al MY
1 A,'n‘g “
; N LI <
—— N T i sl 14 7HA

\ N L

(c) vs = 4, the realization (d) vs = 10, the realization

contains 61 great circles contains 118 great circles

FIGURE 3 Ifthe Crofton cell Z, of p contains a spherical ball B,(e, a) of radius at least a centred at some
point e € Z,, then r(Z,) > a. For easier programming, realization are discarded for which Z, does not contain
B,(p, a). Random points on S? are simulated with R, and the figures are produced with GeoGebra.

Proof. Using Theorem 4.8 instead of Proposition 3.1, the argument is essentially the same as in
the proof of Lemma 6.1. O

Theorem 6.5. Ifa € (0,7/2) and € € (0, 1], then there are constants cq, c; > 0 such that
d+1
P(3,(Z0) > € | 2,(Zp) > ) < cg exp (—e,¢ 2 1),

where ¢ depends on a,d, € and ¢; > 0.3 - 0.01%a% (/2 — a)¢~1.
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Proof. Combining

P(Z(Zy) > @) = PX(Hp () = 0) = exp (=7, (B(p, a)))

with Lemma 6.4, the result follows as before by using the lower bound in (18) and 2U; = ®. []

7 | ASYMPTOTIC DISTRIBUTION OF THE SIZE OF THE CROFTON
CELL

Similar to [46, Theorem 2], we determine the asymptotic distribution function of a general
increasing and rotation invariant size functional X of the Crofton cell Z, of the hypersphere
tessellation derived from an isotropic Poisson point process with intensity y,, as the intensity
¥, tends to infinity. We use the techniques developed in the proof of Lemma 6.1 to obtain the
following theorem. We write 7(a) = 7(®, Z, a) for the associated isoperimetric constant, where
d =2U;.

Theorem 7.1. Let T be an increasing and rotation invariant size functional. If a > 0 is such that
27 !([a, )) # @, then

lim 7, InP(X(Zy) > a) = —7(P, T, a).
ys—>00

Proof. Since we are only interested in y; — co, we can assume thaty, > 1. Letx € (0,1)and K, o =

—d
{KeK, :Z(K)>a}. Let NEN, N>d+1, and let Hy,...,Hy € Hsa be such that P(H(N)) €
KgoN IC?, in particular, ®(P(Hy)) > 7(a). By Lemma 5.2, we obtain a number v = »(Z, d, a,x)
and a spherical polytope Q(P(Hy)) =: Q with at most v vertices and ext(Q) C ext(P(Hy)) such
that

®Q) > (1= 3 )JePHu) > (1- 5 )r(@.
Proceeding as in the proof of Lemma 6.1, we obtain
- &N i\’ x N-j
Py € Koo | XM =N) < 3, <J_ ) <d> 1= (1- %))

for N > d + 1. After summation over N, where we deal with the cases N € {0, ..., d} as in the proof
of Lemma 6.1, and since y, > 1, we get

P(Zy € Kyp) < 087’?” exp (‘(1 - g)f(a)ys>
< ¢y exp(~(1 — ¥)(@)yy) (33)

for suitable constants cg,cy > 0 which depend only on X, a,d and x. For the last inequality, we
used that x — x” exp(—x/2 x) is bounded.
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Combining (33) with (32), we get

exp (—y,7(a)) < P(Z(Z,) > a) < ¢y exp (—(1 —x)y t(a)).
This yields

liminf y ' InP(X(Z,) > a) > —t(a)

Vs

and

limsupy; ' InP(2(Z,) > a) < —(1 — ©)7(a).

Ys— 00

The left-hand side of the second estimate is independent of x, and therefore,

lim ys_l InP(Zy(Zy) 2 a) = —1(a),
ys—>00

which completes this proof. O

8 | LIMIT SHAPES

In its original form, Kendall’s conjecture was vaguely expressed in terms of a weak convergence
statement. Adjusting the approach from [43, 46, 51], we briefly explain how rigorous results can
be obtained in the present setting.

Firstly, we introduce a notion of shape. Let G be a subgroup of SO(d + 1). If for given K,L €
I@? 1= Ej U {S%}, there is some g € G such that K = gL, then we write K ~ L and say that K and
L have the same G-shape. We endow the quotient space Sg := l@‘si /~¢ with the induced topology,

—d
which is the finest topology such that the canonical projection sg : K, — Sg is continuous. For

K e Ef, the set s5(K) ={gK : g € G} C Ef is the class of all spherically convex bodies with the
same G-shape as K, and s5(S%) = {S9}.

Let the situation of Theorem 6.3 be given. Explicitly, suppose that Z, is the Crofton cell of the
hypersphere tessellation derived from an isotropic Poisson point process X on S¢ with intensity
y,. Let ® = 2U,, and let X be an increasing and rotation invariant size functional. For a > 0 such
that 271([a, o)) # @, we define the probability measure

/"a,ys ‘= P(SG(ZO) € - | z“(ZO) =2 a)

on the Borel o-algebra of Sg, which is well defined by (32). We refer to 1, , as the conditional law

—d
of the G-shape of Z, given that (Z,) > a. A shape sg(B), where B € K, is said to be the limit
shape of Z, with respect to ¥ and a as y, - oo, if

V}l—rgo May, = 8syp) Weakly,

where §_(p) is the Dirac measure concentrated at the singleton sg(B) € Sg.
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The following theorem states that if the extremal bodies in £(®, Z, a) have a unique G-shape,
then this G-shape is the limit shape of Z,. Note that £(®, %, a) is rotation invariant, if ® and X are
rotation invariant.

Theorem 8.1. Let Z be the Crofton cell of the hypersphere tessellation derived from an isotropic
Poisson point process X on S¢ with intensity y,. Let ® = 2U,, and let X be an increasing and rotation
invariant size functional. Let a > 0 be such that = 1([a, 00)) # @. If sg(E(D, Z, a)) = sg(B), for some

—d
B € K, then sg(B) is the limit shape of Z, with respect to Z and a as y; — oo.
Proof. We will show that if C C S; is closed, then

limsup i, ,, (€) < 8, (5)(O), (34)

Vs>
which yields the stated result. For this, let a closed set C C S be fixed. Let 8 be the canonical
deviation functional associated with ®, X%, a as in (3).

If s5(B) € C, then (34) is clearly true.

Hence, suppose that s5(B) ¢ C. If the set £, :={K € Ej N sgl(C) : Z(K) > a} is non-empty,
then 9 attains its minimum at some K, € K, since § is continuous and K, is compact (here we
use that fj is compact, sgl(C) is closed and X is continuous). If 8(K,)) = 0, then K, € £(®, %, a)
and it follows that sg(K,) = s5(B) & C, which is in contradiction to K, € s;'(C).

Thus, we have shown that there is some € € (0, 1] such that 3(K) > ¢ for all K € K, which will
be used at (35).

Since Z7!([a, o)) # @, thereissome K € Ef such that %(K) > a. Using that X is increasing and
K C By(ey, w/2), for some ¢, € s, we get a < 2(K) < 2(Bg(ey, 1/2)) < 2(s%). Since X is rotation
invariant, Z(By(e,r/2)) > aforalle € s4. In other words, if X(S%) = 0, then 2(Zy) = 2(sY) > a,
and if X(S9) = 1, then 2(Z,) = Z(Bs(e,m/2) > a, where e depends on the realisation of Z,. We
thus obtain

P(X(Zy) > a) = P(E(Zy) > a,X(S7) = 0) + P(X(Z,) > a,X(S1) = 1)

=PX(SH=0)+PXESH=1)=1+y)e s,
Now we can conclude that

:ua,ys(c) = P(SG(ZO) eC | z"(ZO) 2 a)

<SP(Zy € K) | 2(Zy 2 a) + P(Zy = S | 2(Z) > a)
e Vs

<SPE(Zy) 2 €| 2(Zy) 2 a)+ W-

(35)

An application of Theorem 6.3 shows that the right-hand side converges to zero as y, — c0. [

Examples 8.2. Let Z,, be the Crofton cell of the hypersphere tessellation derived from an isotropic
Poisson point process X on S? with intensity y,. Let ® = 2U,. Then Theorem 8.1 applies, for
instance, in the following situations.
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s If2 = 0, (volume), a € (0,wy,;/2),G = SO(d + 1), the limit shape of Z, is the class of spherical
caps with spherical Lebesgue measure a.

* If ¥ =r (inradius), a € (0,7/2), G = SO(d + 1), the limit shape of Z,, is the class of spherical
caps with radius a.

* Consider X = diam (diameter) and a € (0, 7). Then, one can show that

—d
min{®(K) : K € £, diam(K) > a} >

>

S

and £(P, %, a) is the set of all geodesic segments of length a. With respect to G = SO(d + 1),
the limit shape of Z,, is the class of geodesic segments of length a if size is measured by the
diameter. So far, we did not provide an explicit stability function in this example. If one chooses

9,(K) :=min{fa >0 : I C K C I, is a geodesic segment of length a},
—d
for K € K, with diam(K) = a, then 9,(K) > ¢ implies that
OK) > (1+cy 52)%.

In all these examples, we have G = SO(d + 1). For the analysis of typical cells, the subgroup of
rotations that keep p fixed is relevant. In this context, Theorem 9.6 can be used to derive a general
result similar to Theorem 8.1.

9 | TYPICAL CELLS OF PARTICLE PROCESSES IN SPHERICAL
SPACE

After having studied the Crofton cell in the previous section, we now turn to typical cells. In
Euclidean space, there is a very intuitive representation for the distribution of the typical par-
ticle of a stationary particle process. In the special case of a particle process derived from a
tessellation, this leads to the notion of the typical cell of the tessellation. In spherical space,
some modifications are required. Instead of specialising the general framework of [66, 67],
where random measures are studied in a general homogeneous space, we prefer a more direct
reasoning which provides additional insights. The current approach is similar to the one in hyper-
bolic space, but some simplifications are possible due to the compactness of the unit sphere
and its isometry group. However, the compactness of the sphere also requires some additional
considerations.

9.1 | Particle processes

Let A denote the unique Haar probability measure on the compact isometry group Z; : = SO(d +
1) of $¢ (see [26, Theorem 9.2.6]), which is left invariant, right invariant and inversion invariant.
The isometry group operates continuously and transitively on S¢. For each x € S¢, the map ¢
ox from I, to S¢ is open and proper (inverse images of compact sets are compact), hence S¢ is a
homogeneous I;-space (see [81, 96]).
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For all x € S,
oy = / 1{ox € -} A(dg). (36)
14

LetZ,(p) :={¢ € I,: ¢p = p}denote the isotropy group of p, which carries a unique Z;(p) invari-
ant probability measure x(p, -). We define x(p, Z; \ Z;(p)) := 0toextend x(p, -) to 7. In addition,
we define x(o0, -) := A. More generally,

I,(p,x) :={fo€l,: op=x}, xeS9

is the set of isometries that map p to x. Choosing an arbitrary ¢, € Z,(p, x), we define
x(x,B) := / 1{o, oo € B}x(p,dg), x € S%, B e B(1y). (37)
Z,(p)

This definition is independent of the choice of ¢, (see [66]) and the map x — ¢, can be chosen
in a measurable way. Hence, « is a stochastic transition kernel from S¢ to 1,. Moreover, x(x, -) is
concentrated on Z;(p, x). The kernel x disintegrates 4 in the sense that

/ / 1{e € -}x(x,dg) o5 (dx) = 4. (38)
sdJ1,

A simple direct argument for (38) is given in [40, Sec. 2.1].

Let C? denote the space of non-empty compact subsets of S¢, endowed with the Fell topology
(which coincides with the topology induced by the Hausdorff metric [96, Theorem 12.3.2]), which
is a locally compact Hausdorff space with countable base of the topology (see the remarks after
[96, Theorem 12.2.1]). By a particle process on S¢, we mean a point process ¢ on C%. We require
¢ to be finite, that is, ¢(C?) < oo. In other words, ¢ is a measurable mapping from Q to N, where
(Q, 7, P) is the underlying probability space and N is the space of all measures on C¢ which take
values in N,. Measurability refers to the smallest o-field on N such that the mappings u — u(A)
(from N to [0, 00)) are measurable, for each Borel set A C C¢. Later, we will consider a particle

~;  —=d
process ¢ concentrated on the space ]Cg =K, U {S9} of non-empty compact convex subsets of S¢,
that is, P(¢(C% \ K%) = 0) = 1. The isometry group I acts continuously on C¢. For u € N and
¢ € 1, let ou denote the image measure of u under ¢. The map (g, u) — gu is measurable. A

particle process ¢ is called isotropic if ¢¢ d ¢, foreach o € 1.

Suppose that ¢ is an isotropic particle process on S¢. Then, the intensity measure A := E¢
is isometry (rotation) invariant, that is, A(A) = A(gA), for ¢ € I; and measurable sets A C ce,
where ¢A := {¢C: C € A}.If{ is a Poisson process, then the distribution of { is completely deter-
mined by A; see [68, Proposition 3.2]. In this case, A is finite. In the following, we establish an
important disintegration result for a finite isotropic measure A on C¢. For this purpose, we fix a
centre function by which we mean a measurable map ¢, : C¢ — S¢ U {o} that is isometry covariant
in the sense that

¢,(eC) = ¢ (C), Cecoel,. (39)
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If C = S, then (39) requires that cs(Sd) = gcs(Sd) for all ¢ € I, hence cs(§d) = 0. To provide
an explicit example of a centre function, let ¢(C) := clconv (C), C € ¢4, be the closed convex
hull of C, which is a spherically convex body or the intersection of S¢ with a linear subspace of
R IFP(C) 1= (9(C) N (—p(C)))*F N ¢(C) # @, then (C) is a proper convex body and we define
¢,(C) := R(¥(C)), which is the uniquely determined centre of the circumball of )(C). Otherwise,
we define c,(C) = o. In this example, we have ¢,(C) € C for C € E?. The number y = E[¢(C?)] =

A(C?) is said to be the intensity of ¢. We assume that y is positive and finite.
Let

cl:={cec?: ¢(C)=z}, zefo,p}

be the set of all compact sets with centre at z, and Cg’p :=Cdy Cg. Clearly, ¢4 and €4 := %\
C(‘f are 7, invariant sets and C"j is an 7;(p) invariant set. We write uL_ A for the restriction of
a measure u to a set A. Theorem 9.1 is stated for an isometry invariant, non-zero, finite Borel
measure A on C¢. Hence, it applies in particular to the intensity measure of an isotropic particle
process on S¢.

Theorem 9.1. Let A be an isometry invariant finite Borel measure on C¢ withy := A(C%) € (0, o).
Letc, : C% — S U{o} be a centre function. There exists a unique probability measure Q on C%, con-
centrated on Cg’p, such that @ |_ c¢ is rotation invariant, Q L Cg is invariant under rotations fixing
p and Q satisfies

A=y /cd /Id 1{eC € -} A(de) Q(dC). (40)
This measure is given by
Q= %/cd /Id 1{o™'C € -}x(cy(C),dg) A(dC). (41)

The proof of Theorem 9.1 is similar to the argument for [40, Theorem 2.1]. Some simplifications
are due to the fact that the measures involved are finite and a constant weight function w can be
used, however, some additional case distinctions are required. Another variant of the arguments
is provided in detail in the proof of Theorem 11.1 below. This is also true for the following remark.

Remark 9.2. Let k be an arbitrary probability kernel from S¢ U {o} to Z,. If %(x, -) is concentrated
on Z,(p, x), for H%-almost all x € S%, then

-1 P
Q= /c ) /I d ™' C € }x(cy(C), dg) A(dC). @)

This shows that while x as given at (37), together with x(o, -) = 4, is a natural choice, any other
kernel x leads to the same measure. For instance, we can choose x(x, -) = 59x’ provided that ¢, €
1,(p, x) is a measurable function of x € S and ¢, € 1, is arbitrary.

Remark 9.3. If A = E¢ is the intensity measure of an isotropic particle process ¢ and y = A(C%) €
(0, ), then the probability measure @ given in (41) (and (42)) is called the distribution of the
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typical particle (of {). It is convenient to introduce a random element G with this distribution.
Roughly speaking, the typical particle is obtained by choosing one of the particles C of ¢ at random
and applying toitarotation o~! with¢ € Z4(p, ¢,(C)),so thatc,(¢71C) = p,ifc,(C) € s4; ife(C) =
0, then we take a uniform random rotation of C. While in the Euclidean case, a canonical selection
of an isometry mapping p to ¢ (C) is available, this is not the case in spherical space.

9.2 | The typical cell of Poisson hypersphere tessellations

As in [2], we can interpret the tessellation generated by the isotropic hypersphere process X as
an isotropic particle process X’ on I@? with intensity yx» € (0, o0). The distribution of the typical
particle Z of X’ is then given by

P()i=P(Z €)= —E / / 1o 'K € }r(c,(K), dp) X' (dK).
Yxr JKd J1y

The following relation between the typical cell and the Crofton cell of an isotropic tessellation on
s9 is a special case of a well-known relationship valid for tessellations in homogeneous spaces
(see, e.g. [66, Corollary 8.4]). Its Euclidean counterpart can be found in [96, Theorem 10.4.1]. We
include the simple proof for convenience and add an explicit expression for the intensity of X’
if the tessellation is induced by a Poisson hypersphere process. In advance, we point out some
properties of the functions

NI§

m—2i
h, :[0,00) >R,  tr> (1)t 4 2 ( ni o

for m € N, which will occur in the explicit expression of the intensity of X’.

Lemma 9.4. The functions h,,, m € N, have the following properties:

W) Hy=hyq o m>1;

2) ho(t) =2—elzxL,@)=et+2t21;

(3) h,0)=1, m>0;

(4) h,, is strictly increasing and h,,, > 1, m > 0;

(5) h,, is convex form > 1;

© 0<h,O—(1+ 5+ 5+ +0) <2 meN,

Proof. Firstly, note that for m € N,

m

h(D) = (1) e + ) (1+ (—1)m—i)_i

t
."
i=0 L

The properties (1)-(3) now follow directly from this identity, (4) and (5) are an immediate
consequence of the first three properties. Assertion (6) follows easily by induction over m. O

The auxiliary function h, is used to relate the intensities y5, and y, in the following theorem.

A 'v '5e02 ‘2r6LTY0C

"00SUIeLUPUO//:SaNY WOy

UONIPUOD PU. SULB L 8L} 89S *[5202/60/G2] U0 ARid178uliuO /8|1 ‘9160j0uyos L Ny IMISU| BUNS Y AQ 65002 WU/ZTTT 0T/I0pAL0Y M| 1M ARIq Ul

fajm

3SUBO | SUOWIWIOD 3ARER1D a|qeal|dde ayy Aq pausenob afe SSp e YO ‘88N JO Sajn 104 ARig1T auluQ 3|1 UO (SUORIPUOD-pI



GEOMETRIC INEQUALITIES, STABILITY AND KENDALL’S PROBLEM | 43 of 54

Theorem 9.5. Let f : l@? — [0, 00) be measurable and rotation invariant. Let X' be an isotropic
tessellation of S¢ with intensity v € (0, o). If Z, denotes the spherical Crofton cell and Z the typical
cell of X', then

ELf(Zo)] = yxE[f(Z) 03(2)]. (43)

If X' is the hypersphere tessellation induced by X = h(X), where X is a Poisson point process on S¢
whose intensity measure has no point masses, then E[X’ (Cd)] = hy ([E[X(Sd)]). In particular, if X
is isotropic with intensity y, then yxr = hy(y,).

Proof. From (40) with A = EX’ and Q@ = P, and from the rotation invariance of f, we get

E[f(Z)l =E Y, fK)p € int(K)}

Kex’

=y / F@KLfp € int(gK)} A(dp) P(dK)
ki J14

-~ / F&) [ 1ep € nt(&)} A(dp) P(dK)
Kd 14

=1 /K R THE)PL(AK),

where (36) and oé(éK) =0forK € l@f were used in the last step.

For the second part (where X is a Poisson process), we use Schlifli’s theorem (see [91, p. 209-
212] or [27, (1.1)] in modern language), which provides an explicit formula for the number of cells
N(k) generated by k > 1 hyperspheres in general position,

oS (k-1
N(k)_zz L)
i=0

Recall that h(x) = S N xt =S, x € S%. Since the intensity measure of X is diffuse, X is simple
and if x € X, then —x ¢ X, almost surely (by [68, Theorem 4.4] or [96, Corollary 3.2.3]). If X
contains no points, we consider the whole of S¢ as one cell, and thus, define N(0) := 1. Therefore,
we get

E[X'(cH] = E[NX(sD)]

d

=Y2 (" A 1) P(sh) = k) + PX(sY) = 0)
i=0

(44)

5 i e—[E[X(Sd)J st [E[X(Sd)]k l + e—[E[X(Sd)J
& A (k—i-1k

The relation
© ik .
Ly 2(— D G H DT x el (45)

l'k l+1k (k_l
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holds, since both sides of relation (45) are zero for x = 0 and the differentials are equal. Plugging
(45) with x = E[X(S)] into (44) and observing that Zfizo(—l)i+1 = —%(1 + (=1)%), we get

d i

_ d E[X(s)]i—*
E[X/(cY)] = (DT KT 12 Y 3 [(_1)k [ .( )]'
i=0 k=0 (i—k)!
Since
d i ik 12 -
Y=Y ,
i=0 k=0 (l - k)' i=0 (d - 21)'
the remaining assertion follows. 0

Now we are able to extend our results concerning the asymptotic shape of the spherical Crofton
cell to typical cells. We state an abstract version of such a result, for specific size functionals, the
argument can be adjusted as before. Again, we require that the size functional X be increasing, but
now we also need that X is rotation invariant and simple. The latter means that £(K) = 0 when-
ever K is not d-dimensional. This condition is clearly satisfied by the volume and the inradius.
A simple compactness and continuity argument shows that if a > 0 with Z~!([a, 0)) # @, then
the condition implies that there is a positive constant c(a) > 0 such that O'Z(K) > c(a) whenever
2(K) > a. Alternatively, one can assume that 02 can be bounded from above by an increasing
(positive) function of X.

Theorem 9.6. Let X be the hypersphere process on S¢ derived from an isotropic Poisson point
process X on S¢ with intensity y; € (0, c0). Let Z be the typical cell of the induced tessellation. Let
® = 2U,, let X be an increasing, rotation invariant, simple size functional, and let a > 0 be such
that £7'([a, 0)) # @. Let 9 be a rotation invariant deviation functional for ®,%, a, and let f, be a
stability function as in Proposition 3.1. If ¢ € (0,1] and x € (0,1), then

PS(Z) 2 €| 2(Z) 2 a) < ¢1 exp (—xy, [ (e)T(a)),
where the constant c¢;, > 0 dependson a,d,¢,x,Z,9 and t(a) = ©(P, 2, a).

Proof. We first note the trivial upper bound o}(Z,) < 1. In order to estimate the denominator, we
use (43) and (32) to obtain

P(E(Z) > @) = E[1{Z(2) > a}] = i e [1{2(2) > a) % 05(2)

_1 1
= o E [I{Z(Zo) > a} J;(ZO)]
> L E1{s(Zy) > all

Yx!

\%

1
— exp (—y,7(a)),
Vx!
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where 7(a) = ©(®, X, a). For the numerator, we use (43), (27), the fact that ®, X and & are rotation
invariant (by assumption), and proceed as above to get

1

XI

P(E(Z)>a, 9(Z2)>¢)= —E [I{E(Zo) a, 8(Z,) > &

(%J

<ylmbm@@>msaa>535]

XI

max{1,y}*” exp (—y,(1 + 1 — ®)f,(e))r(a)),
c(a) Yxr

where € := (1 —x)/2 € (0,1/2). Combining the preceding two estimates, we obtain the result as
in the proof of Theorem 6.3. O

A result similar to Theorem 7.1 holds for the asymptotic distribution of the typical cell under
the assumptions of Theorem 9.6.

Theorem 9.7. Let a > 0 be such that 7'([a, )) # @. Then,

lim ;' nP(Z(2) > a) = —1(®,%, a).
yS—>00

10 | SPHERICAL POISSON-VORONOI TESSELLATIONS

After the investigation of the spherical Crofton cell and the typical cell of Poisson hypersphere
tessellations, it is natural to explore Poisson-Voronoi tessellations in spherical space.
Let A C S¢ be finite. The Voronoi cell associated with x € A is given by

C(x,A) :={ye s : dy(y,x) <dy(y,z)forall z € A}

If A is a singleton, then C(x, A) = s4 for x € A. The set of all these cells C(x, A), x € A, forms
the Voronoi tessellation generated by A. Note that for x € A and ¢ € I, we have

Clpx,pA) = C(x, A). (46)

Let X be an isotropic point process on S¢ with intensity measure E[X(-)] = ¥, cr;’(-). As before, we
assume that y, € (0, ).

For an isotropic Voronoi tessellation, there is a very natural way to choose a centre function,
applied to the cells of the tessellation, namely the nucleus x € X of the Voronoi cell C(x,X). In
analogy to (42), we therefore define the distribution P, of the typical cell Z;, of the Voronoi
tessellation associated with X by

/ / 1o 'C(x,X) € -} x(x,dp) X(dx)
sd

=1E / d / 1C(p, »7'X) € }R(x, dp) X(dx), (47)
sd J1,
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where ¥ is a probability kernel from $¢ to 1, such that x(x, -) is concentrated on Z;(p, x) for
H?-almost all x € S. The definition is independent of the special choice of the kernel (see
Remark 11.2), but the kernel x from (37) is certainly a natural choice. In the case of an isotropic
Poisson process X, relation (48) in particular confirms that the definition is independent of the
particular choice of the kernel x and also provides a useful geometric characterisation of the typ-
ical cell. A characterisation of the distribution of the typical cell in the spirit of Theorem 9.1 is
provided in Section 11. A different approach to arrive at the preceding definition of the typical cell
is described in [41, Sec. 10] and the literature cited there.

If X is an isotropic Poisson point process on S¢ with E[X(-)] = Ys 02(-), then an application of
Mecke’s theorem (see [68, Theorem 4.1] or [96, Theorem 3.2.5]), Fubini’s theorem and the isotropy
of X yield

Pz, = yls[E /ga /zd HC(p, p~'X) € -}x(x, dp) X (dx)
- / / E[1{C(p, o7 (X +8,)) € }] ®(x, dp) 0°(dx)
sd J1,

:/ / E[1{C(p,X + 8,) € -}] x(x, dp) o5 (dx)
sd J1,
=P(C(p.X +6,) € ), (48)

since ¥ and o’ are probability measures.

This relation shows that the typical cell of a spherical Poisson-Voronoi tessellation is the spheri-
cal Crofton cell of a special spherical Poisson hyperplane tessellation. The underlying (a.s. simple)
spherical hyperplane process Y is supported by the set of all great subspheres, having equal spher-
ical distance to the spherical origin p and to a point x € X. (If X(w) = @, then C(p, X(w) + J,) =
$4.) This suggests to consider the non-isotropic spherical hyperplane process

Y= Z Ox—pytnsd = /Sd H(x-ptns? e 1x(dx),
xeX

which is a spherical Poisson hyperplane process with intensity measure E[Y(-)] = y, f(-).
In order to derive a deviation result, we start with the proof of an upper bound for the deviation

probability. Recall from Section 4.3 that SP(K) =R, (K) — rp(K) forK € E:’ and GP(Sd) :=0.

~ —d
Lemma10.1. LetO < a <7m/2andlete € (0,1]. Let K, :={K € ]Cp : rp(K) >a,3,(K)zelIf
X is an isotropic Poisson process with intensity y, then

~ IS
P(Zy € Ky o) < e max{l, y}? exp (—n(l +3c(a,d)eT ) o5(By(p.20))),
where the constants v, c,; depend on a, d, ¢.

Proof. Let 5p(-) 1= ffp(-) and N € N. We can proceed as in the proof of Lemma 6.1, if we replace
p by 1, and @ by &,,.
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For Hy,...,Hy € Hsa, we define Hy) := (Hy,...,Hy) and let P(Hy) denote the spherical
Crofton cell of the tessellation induced by H,,...,Hy. For N >d + 1, let H,,...,Hy be such

~ d+1 d+1
that P(Hy)) € Ky N IC‘Si and definea := z—llc(a, d)s%/(l +c(a, d)s%) (i.e.wechoose € = 1/4),

d+1
where the constant c(a, d) is taken from Theorem 4.10. Then, we obtain (1 — a)(1 + c(a,d)e 2 ) =

d+1
1+ (1 —#%)c(a,d)e 2 . Byaresult analogous to Lemma 5.2 and by Theorem 4.10, there are at most
v =v(a,d,¢) vertices of P(Hy,) such that the spherical convex hull Q(Hy;) of these vertices
satisfies

13> 8,(QHp) > (1 — )F,(P(Hyy)

+1

> (1= )1+ e(a, d)e T )B,(By(p, ) = (1+ Je(a, e+ )B,(B,(p, ).

It follows from (26) that pf;f -almost surely any N hyperspheres are in general position and

therefore P(H y)) € IC? holds almost surely for N > d + 1.
Thus, proceeding as in the proof of Lemma 6.1, we obtain

~ d+1 ~
P(Zy € Ky) < ¢y max{l,ys}d” exp <—ys(1 + %c(a, d) s%) D(B,(p, a))).

Since E)p(Bs(p, a)) = ﬁp(BS(p, a)) = O';(Bs(p, 2a)), this completes the proof. O

For the spherical inball radius, centred at p, as our size functional, and for 0 < a < 7/2, we
get

P(r,(Zy) > a) = exp <_)/sﬁp(HBs(p,a))> = exp (=¥, 95(By(p, 20))).
In combination with Lemma 10.1 and using again (25), we obtain the following theorem for the
asymptotic shape of the typical cell of a spherical Poisson-Voronoi tessellation. In addition, we
describe the asymptotic distribution of the centred inball radius.
Theorem 10.2. Let 0 < a < /2 and ¢ € (0,1]. If X is an isotropic Poisson process on S¢ with

intensity y, € (0, ), then the typical cell Z,, of the induced spherical Poisson-Voronoi tessellation
satisfies

d+1
P(8,(Zy) > €| rp(Zy) 2 a) < ¢p; exp (‘Cls €2 Vs)a
where the constant ¢;, > 0 depends on a,d, € and
dd d-1
¢13 2 (1/2)c(a, d)a§(By(p, 2a)) > g 4dgd-t (min {a,% - a}) )
Moreover,

Jim v: InP@ry(Zy) > a) = —0(By(p, 20)).
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11 | THE TYPICAL VORONOI CELL REVISITED

In this section, we establish a counterpart to Theorem 9.1 for Voronoi tessellations induced by an
isotropic point process X on S¢ with intensity y, € (0, o). The finite Borel measure

A= [E/ 1{(x,C(x, X)) € -} X(dx)
sd

on S% x ﬁ? will be considered instead of the intensity measure A of a general particle process ¢ in
Section 9. We define o(x,C) := (ox,0C) for 0 € I, and (x,C) € S¢ x K¢ and denote by oA the
image measure of A under o. It follows from (46) and the isotropy of X that oA = A.

Theorem 11.1. Let X be an isotropic point process on S¢ with intensity y, € (0, o0). There exists a
unique Borel probability measure Q on S% x IC? which is concentrated on {p} X IC‘Si, invariant under
rotations of S¢ fixing p and such that

/ / 1{(ex. oK) € }A(de) Q(d(x, K)). (49)
deIC

If% is an arbitrary probability kernel from S9 to 1, such that x(x, -) is concentrated on L 4(p, x), for
o4-a.e. x € S, then Q is given by

_1 e
= E /§d Ld 1{(P, C(P, P X)) S }K(x, dQD)X(dx)
1 I

= ” /de,eg /Id Y(p,p L) € -}x(x,dp) A(d(x, L)).

In particular, @; is independent of the particular choice of the kernel x.

Remark 11.2. Except for the uniqueness statement, as a consequence of Theorem 11.1, we obtain
corresponding results for the image measures of A and Q under the projection map from S¢ x fg
to I/C\f. Note that the projection Qis precisely the distribution P, of the typical cell of the Voronoi
tessellation induced by X, introduced in (47).

Proof. 1t is easy to check that (/2\; is well defined and the second representation in terms of Ais
equal to the definition, by noting that C(p, ¢~'1X) = ¢~!1C(x, X) for k(x, -)-a.e. ¢ € 1. Moreover,
it is clear that Q\f is concentrated on {p} X ]@f. The proof of the theorem will be accomplished
by showing that (1) @K is invariant under rotations fixing p, (2) @; satisfies relation (49), (3) the
uniqueness assertion holds and (4) Q\,; = @K.

For the proof of (1), let o € I;(p) be given. Using the rotation invariance of A and basic
invariance properties of the kernel x, we get

7.0,(07'()) = / (.0 09 L) € }x(x, dg) A(d(x, L))

SXIC

= / / 1{(p,c o ' o0L) € -} x(ox,de) A(d(x, L))
sdxkd J1,
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/ / 1(p,o 0 (G o) 0oL) € }x(x, dp) AW(x, L))
sdxKd

/ / 1P, (oo 'L) € Jx(x, dp) RA(x, L))
sdxid

/ / 1(p.e~'L) € Jx(x, do) A(d(x, L)
sdxicd
=7,0.0).

For the proof of (2), we use again the second representation of Qx, the right invariance of 1, the
defining properties of , Fubini’s theorem and the rotation invariance of A to get

/ / 1{(ex, oK) € -} A(dg) Qx(d(x, K))
sdxid
B /gax;eg /zd /zd 1{(ep, 00 ¢™'L) € } A(de) ¥(x, dp) Ad(x, L))
- /delﬁd /zd /zd Lo 9p, L) € }A(dg) ¥(x, dp) Ad(x, 1))
/ / 1{o(x,L) € -} A(de) A(d(x, L))
sdxid

- / / 1e(x. L) € JAWAG L) A(dg) =
1, Jsixkd

since A(Z;) = 1.

Now we turn to (3). Let Q* be any Borel measure on S% x I@? which satisfies relation (49), is
concentrated on {p} X f‘s’l and is invariant under rotations of $¢ fixing p. Using these properties
(in this order, the first property is used again in the final step), basic properties of the kernel x and
Fubini’s theorem, we obtain

1 - ~
Vs /delag /Id 1{(p’¢ 1L) € -jxr(x, dq)) A(d(x,L))
- /gdx;ad /zd /zd H{(p.¢™" 0 9K) € -}x(ex, dp) A(de) Q"(d(x, K))
/ / / 1{(p, ¢ L0 gK) € -}x(gp, dp) A(dg) Q*(d(x,K))
sixkd J14
= o) lo . do) A(d *(d
/§d><KAfg -/Id -/Id 1. (eo9) oK) € }x(p, dep) A( 0) Q*(d(x,K))

/gdx,cd /Id / 1{(p, ¢~ 'K) € Jx(p, dp) A(dg) Q*(d(x, K))
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/ / 1{(p, #'K) € }x(p, dp) Q*(d(x, K))
sdxd
- [ [, 160 € 10 @ KD x(p.dp)
1, Jsdxid
_ / Hp.K) € FQA(xK) = Q
sd ><Kf

Finally, we prove statement (4). Here, we use (49) for the measure (’Q\K, (38) and the fact that
@K is concentrated on {p} X 163 (in the third and the final step), in the fifth and the sixth step, we
use that for ¢,,9 € I;(p,z) and ¢ € 1,(p), we have ¢, 0oop =z and ¢~ ' 0, € T;(p). Moreover
we apply Fubini’s theorem, the invariance properties of the kernel x(p, -), the invariance property
of the measure QK and the fact that x, x are probability kernels. Thus, we get

G= - [ [ 109D € SRR dp A 1)
= o to Jx(ox, dg) A(de) O, (d(x,
L [ [ 1097 0610 & R 260900005, K
) /gx /§ /1 /1 1{(p.¢™" 0 9K) € -}x(ep, dp) k(z, dg) 75(dz) Q, (d(x, K))
= (@ og,)o0 x(e, 0 0p,d ,dg) 0°(dz) Q. (d(x,
/H:/S /I /zd”(p (¢ 02.) 0 6K) € }(e, o p. dp) x(p. dp) o'(dz) O, (d(x. K))
/delcd /gd /Id/ 1{(p, (¢ 00,) 0 0K) € -}x(p, do) X(z, dp) 05(dz) Q. (d(x, K))
= s . ’d P ’d o d AK d ,
Lo [ [ 160550 € 10,0907z, 0502 8,065, K
-/ i L/ 110 6K) € (2, 48)93(d Q. (0(x. K)
-/ / 1(p.¢K) € }x(p. de) 0,(d(x.K)
sdxid
= [ [ 1K) € J0x k) x(p.co)
1, J sdxkd

_ / 1(p,K) € }0,(d(x,K)) = 0,.
delC

Thus, we have completed the proofs of (1)-(4), which establishes the theorem. O
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