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Introduction

This work is devoted to the investigation of the basic interrelations between the geometry of
convex sets and certain measures (or functionals), curvatures and currents which are associ-
ated with such sets. Indeed, measures have always played a decisive role in convex geometry
and related fields. Subsequently, we shall roughly outline why this is so.

First and foremost, a general convex body can have a fairly wild, intricate and even
counterintuitive boundary structure. This is in contrast to the tame case of a convex body
which is bounded by a smooth hypersurface (of class C?) having positive Gauss curvature
everywhere. The discrepancy between the cases of a general and such a special convex body
makes it clear that characteristics of and information about the general situation cannot
always be obtained by a straightforward approximation argument, and even facts concerning
smooth convex bodies are not always easy to visualize. Clearly, general convex bodies are
distinguished from smooth ones by the appearance of various kinds of singularities. Thus
it is of particular interest to describe these singularities in a quantitative way or, e.g., to
study obstructions for such singularities. Here, of course, measures are naturally involved.
For instance, although the set of singular boundary points of a convex body can form a
dense subset of its boundary, it still has boundary measure zero. Even more interesting is
the second order boundary structure. By a classical theorem of Aleksandrov, for almost all
boundary points of a given convex surface there exists a paraboloid which yields a second order
approximation of the surface in a neighbourhood of such a point. This basic fact allows one
to introduce curvatures at almost all boundary points of a convex body. However, these are
not the curvatures which we are interested in, since they do not contain sufficient information
about the shape of the convex body.

A second context, in which measures are naturally involved, concerns exceptional relative
positions, say, of pairs of convex bodies. Here one can imagine several situations in which a
pair (K, L) of convex bodies in R? is said to be in exceptional relative position. For example,
K and L might be called in exceptional relative position if they contain parallel segments
lying in parallel supporting hyperplanes (compare [123], §2.3), or else if K and L contain a
common boundary point in which the linear hulls of the respective normal cones intersect in
a non-trivial way (see [129]). Variants of the latter notion have for instance been treated in
[158] and [77]. Now let G(K, L) denote the set of all rigid motions g for which K and gL
are in exceptional relative position. Then, in each of the cases just mentioned, one can show
that the intersection of G(K, L) with a suitable subgroup of the group of rigid motions has
Haar measure zero. This is important, since the exceptional relative positions present major
problems in integral-geometric or topological arguments. Thus appropriate Haar measures
are used to show that certain situations are negligible from an integral-geometric point of
view. Recent applications in this spirit can for instance be found in [110], [76], [77] (or in the
literature cited there), but also in Sections 3 and 4 of the present work.

On the other hand, Haar measures appear in the description of basic functionals such as
the ordinary (harmonic, affine, or dual affine) quermassintegrals as mean values of sections
or projections of convex bodies. Quite often such averages give rise to challenging geometric
inequalities some of which are still unsolved. The quermassintegrals of a convex body K also
appear as coefficients of a (global) Steiner formula, that is, as coefficients of a polynomial
expansion for the volumes of global outer parallel sets of K. By localizing the notion of an
outer parallel set, one is led to a fruitful generalization of a global concept. Local Steiner
formulae, arising in this way, perhaps provide the easiest route to the curvature and surface
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area measures, or to their common generalization, the support measures, of convex sets. In
fact, the definition of these measures only requires a few basic facts of measure theory and
convex geometry. The study of these measures and their extensions represents a central theme
in convex geometry, and it is also a principal subject of the present work.

The basic role of the support measures (and of their image measures under projection
maps) is, to a certain degree, explained by the fact that they can be characterized by a number
of simple properties similar to Hadwiger’s famous characterization theorem for the intrinsic
volumes. Characterization theorems for curvature, surface area and support measures, which
are similar in spirit, have been established in [119], [118], [157], [49], a recent application
of such results and methods is given in [125] and [49]. Quite naturally, these measures are
involved in the classification of all continuous, additive maps on the space of convex bodies
satisfying suitable invariance hypotheses (compare [101], [54], [102], [127], [103], [80], [3], [4])-
But this subject is still far from being completely understood.

Mixed volumes represent another important subject in which measures are employed to
describe global geometric functionals. In fact, as a consequence of the Riesz representa-
tion theorem, the mixed volume V(Kj,... , K;) of convex bodies Ki,...,K,; in R? can be
represented in terms of the mixed surface area measure S(Ks,... ,Ky,-) of Ky,... , K4 and
the support function of K;. Other mixed functionals and measures arise in the context of
translative integral geometry and, in a certain sense, they may again be viewed as far reaching
generalizations of intrinsic volumes. Such functionals are an indispensible tool in stochastic
geometry, especially when anisotropic random structures are studied. We shall consider these
subjects in some more detail in Section 4.

The variety of subjects and methods in convex geometry, which are based on or are at
least related to measures, comprises many other topics such as the theory of zonoids (either
as an interesting object of study or as an important tool for related areas), the theory of
integral transforms and its conceptual generalizations (say to the level of distributions or to
generalized bodies) or the theory of projection functions. Measures also form a constituent
part of geometric probability, of the theory of random and deterministic approximation, and
quite generally measures are involved when random methods are employed in the construction
of examples or in proving existence results. The connection to applied disciplines becomes
apparent, for instance, in the subjects treated in geometric tomography and stochastic geom-
etry. In fact, especially the latter may be viewed as a branch of mathematics which has strong
connections to all the fields mentioned so far, and thus it reveals its genuinely interdisciplinary
character. On a more technical level, the support measures play a similar role.

We should not close this first part of the introduction without having mentioned
that probabilistic and general measure theoretic methods are used in the local theory of
Banach spaces. Recently, the exploration of isotropic positions of convex bodies and related
extremal problems provided a new link of this part of convexity theory to the classical
Brunn-Minkowski theory via the surface area measures of convex bodies (compare [47] and
[46]). Moreover, Brenier’s gradient map (see [18], [100]), arising from the Monge-Kantorovich
mass transportation problem [107], has been combined with parts of Caffarelli’s regularity
theory to yield geometric and analytic inequalities; compare [13], [5].

Clearly, the present work cannot contribute to all of the subjects to which we alluded
above, but there are strong links to most of them. Subsequently, we give a short description
of the contents of each section and indicate some underlying connections. Then again, at
the beginning of each section, we give a more detailed account of the material covered and
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provide relevant background information.

Section 1 is devoted to the investigation of curvature and surface area measures. The
main problem, which we address, is the exploration of the connection between measure the-
oretic properties of the curvature and surface area measures and geometric properties of the
underlying convex body. The specific measure theoretic property, which we pursue here, is
the absolute continuity with respect to a suitable Hausdorff measure. The preface to Section
1 puts this particular problem into a broader context and relates it to the literature. In
particular, the preceding two papers [72], [74] prepared the present research. Subsection 1.1
gives a detailed report on results of these papers which now serve as a starting point, and
at the same time we take the opportunity to remark some minor improvements. Subsection
1.2 provides a collection of selected results, to be established in Subsections 1.3 — 1.7, which
are designed to convey the flavour of our contribution in this part of the work and to which
we refer for further details. Moreover, Section 1, and here in particular Subsection 1.2, also
introduces to some of the basic concepts which we use and extend in this work. For instance,
an important technical and geometric device, which we use repeatedly, is the notion of gen-
eralized curvatures that are defined almost everywhere on the unit normal bundle of a given
convex body (compare [155]).

The last two subsections of Section 1 are more loosely connected to the remaining part
of the section. In Subsection 1.8 we provide a stability estimate for Minkowski’s uniqueness
problem of optimal order, which applies to a large class of convex bodies. The proof is
obtained by an extension and modification of arguments which are implicit in contributions
by Diskant. Subsection 1.9 offers an alternative route to two results which have recently been
obtained by different methods in [30]. Here we obtain representations of support measures of
convex bodies on sets of o-finite Hausdorff measure as weighted Hausdorff measures, where
the strength of the singularities of the convex bodies is taken into account. The present
approach to one of these theorems is based on a version of Federer’s structure theorem in
spherical space, for which we give a new integral-geometric proof that is in the spirit of B.
White’s recent proof for Federer’s structure theorem in Euclidean space.

In Section 2 we extend our framework in an essential way by replacing the Euclidean unit
ball as the fundamental gauge body by a rather arbitrary convex body B containing the origin.
Some of our investigations, however, will require additional assumptions on B such as strict
convexity or smoothness and non-vanishing Gauss curvature. In such a setting of relative
geometry all measurements and definitions have to refer to the gauge body alone and should
essentially be independent of an auxiliary Euclidean structure. Recently, support measures
have been introduced in relative geometry for pairs of convex bodies (K, B) such that o € B
and K and B are in general relative position; compare [80], and [76] for the case of a strictly
convex body B. In particular, if K and B are polytopes in general relative position, then
the B-support measures of K can be represented in a simple way. Other representations,
extending results in [155], are obtained if either the support function of B or the support
function of K is of class C?. In fact, for a convex body of class C_2|_ one can even go one step
further and introduce generalized relative curvatures which are defined on the relative normal
bundle of K with respect to B. On the basis of these new concepts of relative geometry
we find another representation for the B-support measures which extends a corresponding
representation that is known from the Euclidean setting.

Subsections 2.3 and 2.4 are devoted to the investigation of relative normals and of certain
Euler-type formulae involving relative support measures. The basic question, asking for esti-
mates of the average number of relative normals passing through a point in a convex body, can
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be traced back to a classical paper by Santalé. The relevant literature on this kind of problem
and references concerning Euler-type formulae are reviewed in [59], [60], [61], [62], [69], [51].
The case of the Minkowski plane deserves to be treated separately, since here stronger results
are available due to the surprising fact that the B-projection onto K is Lipschitz for all pairs
of convex bodies (K, B) in general relative position and for which o € int B. In the remaining
part of the section we treat characterizations of gauge bodies by linear relations between rel-
ative support measures, related stability results and a splitting theorem in three-dimensional
symmetric Minkowski spaces. These investigations heavily rely on results which are provided
in Section 1.

Thus Section 2 may be viewed as a general contribution to an overall attempt to trans-
fer concepts and results of Euclidean geometry to general finite-dimensional normed vector
spaces. For progress in this spirit, concerning a different problem, see [48] (compare also
[90]), where John’s theorem is extended to arbitrary pairs of convex bodies and estimates for
volume ratios are derived as a consequence.

Applications of the theory of relative support measures to stochastic geometry were re-
cently given in [76]. There further results on additive as well as non-negative extensions of
relative support measures are established, too. These results were then again applied in [75]
to the study of the Boolean model with polyconvex grains. In Section 3 we combine results
about support measures and probabilistic methods of stochastic geometry to make substan-
tial progress on the structure of contact distributions of random closed sets in the extended
convex ring. For the technical details we refer to Section 3 and to [76], [75], here we just
include a short informal discussion of the very special case of a stationary Boolean model to
provide some motivation.

Let X be a stationary Poisson particle process in the space of convex bodies. Then

Zx 1= U K
KeX

is a stationary Boolean model. In principle, the union set Zx is a directly observable quantity
in contrast to the underlying point process X. It is a basic problem of stochastic geometry
to retrieve information about X, or about certain mean values which are associated with X,
from knowledge about the associated Boolean model. One strategy to approach this problem
is to consider the conditional probabilities

Hp(r) =P (dp(Zx,0) <rlo¢ Zx) ,
where (2, A, P) is an underlying probability space, o € int B, and
dp(Zx,0) =min{r >0:0€ Zx +rB}

is the distance of o from Zx measured in terms of B. Now the special mean mixed volumes

V (X, B), which are mean values that are associated with the particle process X, are related
to the contact distribution function Hp by a probabilistic version of a Steiner formula:

d—1

Hp(r) = Zd(d; 1) /0 179 (1 — Hp(t))dt V (X, B). (1)

§=0

Hence, once we know Hp, we also know the densities Vj(X , B). Since B is not restricted to be
either a ball or a segment (as in the case of the spherical or the linear contact distribution), we



can for instance determine the mean surface measure Sq_1 (X, ) from knowledge of V;(X, B)
for a suitably large class of convex bodies B with o € int B. On the other hand, equation
(1) yields the structural information that Hp is absolutely continuous and the density hp
satisfies

d—1
1—HB d( , )td 15V ,(X,B). (2)

Jj=0

The quantity on the left-hand side of (2) is called the hazard rate of Zx. Estimators for
the hazard rate have been explored in [9], [10], [64], [26], [63] (see also the survey in [8]) on
the basis of the analogy to corresponding notions in survival analysis. Of course, the simple
relations (1) and (2) are a particular feature of the Poisson process and the assumption
of stationarity. However, relation (1) can be properly extended in various directions under
substantially less restrictive assumptions.

For the case where B is the Euclidean unit ball, a local version of (1) has been established
in [92] for a general stationary particle process of convex bodies (compare also [93] and Section
5 in [76] for further developments). In fact, the authors of [92] consider the distribution of the
contact vector (see also [76]) rather than merely the distribution of the distance function. More
generally, in a non-stationary setup, the contact distribution will be a function of a variable
reference point from which distances are measured with respect to a general structuring
element. This is the framework that is considered in [76]. There, for instance, a random closed
set in the extended convex ring is studied which is derived from a fairly general marked point
process. Then, for strictly convex gauge bodies, it is shown that the local contact distribution
(for almost all reference points) is absolutely continuous and the density is explicitly described
in terms of the Palm probabilities of the underlying marked point process. The main concern
of Section 3 is to provide technical improvements and simplifications of the approach in [76].
These improvements finally result in various extensions of two of the main theorems in [76].
In fact, we are even able to replace the reference point, from which all distances are measured,
by a convex body L, which can be viewed as a “blown-up reference point”. Therefore it makes
sense to consider points of contact in L at which the distance (with respect to B) between a
random closed set in the extended convex ring and L is realized.

Another main subject, contained in Subsection 3.5, is the investigation of certain intensity
measures which are associated with the random measures @;“(E,B; -). These random mea-
sures are constructed in [76] (with a different notation) as non-negative extensions of relative
support measures that are associated with a random closed set = in the extended convex ring.
The connection of these measures to contact distributions and to other related intensity mea-
sures has been investigated in [76]; compare also the comments and illustrating examples in
[75]. Our present objective is to establish the absolute continuity of these intensity measures
and to determine the explicit form of the densities for general strictly convex gauge bodies.
The case of strictly convex and smooth gauge bodies is covered in [76]. The remaining part
of Section 3 (Subsections 3.2 — 3.4) is devoted to the derivation of an iterated translative
integral formula for relative support measures. Even in the Fuclidean case the corresponding
formula is more general than the corresponding results in [131] and [150]. Such an integral
formula involves certain relative mixed curvature measures which have been of great use in
a Euclidean context for applications in stochastic geometry; compare e.g. [150], [41], [152].
Now a corresponding tool is available in the framework of relative geometry.

In Section 4 we return to a deterministic and FEuclidean setting. Our primary interest
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in this section is the investigation of mixed volumes and of the mixed curvature measures of
translative integral geometry. The latter were already treated in Section 3 in the setting of
relative geometry, but from a different point of view and by employing other techniques. These
and related mixed functionals and measures represent a central topic in convex and integral
geometry. A survey of various approaches and contributions to these concepts is outlined in
the preface to Section 4. The present primary concern is to describe these mixed functionals
and measures by using the normal bundles and generalized curvatures of the bodies involved.
The great success of this method in the study of support measures in integral and stochastic
geometry is demonstrated by various previous contributions (compare [113], [110], [157], [108],
[109], [29], [77]) starting with [155]. The latter paper also suggests a current representation of
support measures which is particularly useful. In fact, we adopt this viewpoint in Subsection
4.3, since it greatly facilitates our arguments, and we apply it again in Subsections 4.4 and
4.5. Subsection 4.5 essentially relies on a current representaton for mixed curvature measures
which was provided by J. Rataj in [108]. Further details of our methods of proof are given in
the preface to Section 4.

It is to be expected that the representatons obtained in Section 4 have a definite impact
on future research related to mixed functionals and measures of translative integral geometry,
which then again would result in further progress in stochastic geometry. One obvious advan-
tage of our method is that it clearly leads to new results and relationships which otherwise
might only be obtained by delicate approximation arguments. Here the ultimate hope might
be that the present framework eventually leads to a unified understanding of various concepts
and tools of convex and integral geometry including zonoids, projection functions, support
functions, mixed volumes or mixed curvature measures.

Acknowledgements. The author wishes to express his deep gratitude to Professor Rolf
Schneider for his scientific and personal support over many years. The numerous stimulating
discussions with him have been of immense value. Particular thanks are also due to Professors
Giinter Last and Wolfgang Weil for instructive discussions on various aspects of this work.



1 Curvature measures and the shape of convex bodies

A central and challenging problem in geometry is to explore the basic relationships between
suitably defined curvatures of a geometric object and the local geometric shape and topology
of the object which is considered. In one direction, one asks for geometric properties of a set
which can be retrieved, provided some specific information is available about the curvatures
which are associated with the set. But it is also important to obtain inferences in the reverse
direction. Here one wishes to find characteristic properties of the curvatures which can be
deduced from knowledge of the local geometric shape of the sets involved. For example, from
the point of view of Riemannian geometry, various facets of this interplay are highlighted in
Berger’s recent encyclopaedical survey [15].

In convex geometry, and of course in other branches of mathematics as well, it is a guiding
philosophy to avoid as far as possible any smoothness assumptions on the geometric objects
(here convex sets) which are considered. Indeed, the assumption of convexity implies a cer-
tain, though weak, degree of first and second order smoothness. This already allows one to
introduce principle curvatures which are defined almost everywhere, in a measure theoretic
sense, on the boundary of a convex set. On the other hand, for a general convex surface
these curvatures only contain a limited amount of information. Therefore one introduces
curvature measures of arbitrary closed convex sets, which now replace the pointwise defined
elementary symmetric functions of the principle curvatures of smooth convex surfaces; the
latter correspond to the framework of classical differential geometry. In spite of the lack
of differentiability assumptions, at least in principle the curvature measures encapsulate all
relevant information about the sets with which they are associated. In order to investigate
these measures, it turned out that the methods and tools of convex and integral geometry,
certain generalized curvatures which live on generalized normal bundles and Federer’s coarea
formula play a crucial role.

Our general setting is determined by the geometry of convex sets in Euclidean space R?
(d > 2). In this setting, local Steiner formulae are traditionally used to introduce the curva-
ture measures C,(K,-) of a (non-empty) closed convex set K C R?, for r € {0,... ,d — 1},
as Radon measures on the o-algebra of Borel subsets of R?. These measures, as well as
their spherical counterparts, the (intermediate) surface area measures S,(K,-), have been
the subject of numerous investigations over the last 30 years. This can be seen, e.g., from
the books of Schneider [123] and Schneider & Weil [132], which are recommended for an
introduction to this subject, as well as from the surveys by Schneider [124] and Schneider
& Wieacker [135]. A considerable number of these investigations can be understood as
contributions to the following fundamental question, which has also been pointed out in [128]
and which certainly represents an instance of the general problem which we described initially.

Which geometric consequences can be inferred for a closed convex set K, provided
some specific measure theoretic information on the curvature measure C,(K,-), for some
r € {0,...,d — 1}, is available? For example, what can be said about the set of singular
boundary points of a closed convex set K if the singular part of some curvature measure of
K vanishes?

Clearly, similar questions can be asked for surface area measures as well, but in this
introduction we shall restrict ourselves mainly to curvature measures. The general concept
which underlies the preceding question is much related in spirit to the ideas which form



2 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIES

the heart of geometric tomography as described in the preface to Gardner’s book [44]. The
similarities will become even clearer as soon as first answers to this question will be given; in
fact, these answers naturally involve the sections and projections of convex sets.

Of course, the curvature measures of special classes of convex bodies (non-empty compact
convex sets) such as bodies with smooth boundaries (of differentiability class C2) or polytopes
are fairly well understood. For arbitrary closed convex sets, a systematic investigation was
initiated in [72], which aims at establishing a precise connection between the local geometric
shape, in particular the boundary structure, of a given convex set K and the absolute continuity
of some curvature measure C,(K,-), r € {0,... ,d — 2}, of K with respect to the boundary
measure Cyq_1(K,-) of K (see Section 2 for some definitions). There, based on the previous
work [73], the interplay between the absolute continuity of some curvature measure of a convex
set and the measure theoretic size of the set of singular boundary points of this set has been
elucidated. It is the purpose of the present section to continue this line of research.

One of the basic roots of the present research can be traced back to a result of Aleksandrov.
Let K C R3? be a full-dimensional convex body, and suppose that the specific curvature of K is
bounded, that is, there is a constant A € R such that Cy(K,-) < ACy(K,-). Then K is smooth
(has a unique support plane through each boundary point); see [1] or [2, p. 445]. Obviously,
the assumption of bounded specific curvature precisely means that the Gaussian curvature
measure Cy(K, -) is absolutely continuous with respect to the boundary measure Co(K, -) and
the density function is bounded by a constant. Aleksandrov’s result has been discussed in the
books by Busemann [23, pp. 32-34] and Pogorelov [105, pp. 57-60] or in Schneider’s survey
[121]. These authors also raised the question whether suitable generalizations of this result
could be established in higher dimensions. But only recently, an extension of Aleksandrov’s
result to higher dimensions and all curvature measures has been found by Burago & Kalinin
[22]. As a consequence of their result, it follows that the assumption

Cr(K,-) < XCy1(K,-), (3)

for a closed convex set K C R? with non-empty interior, a constant A € R and some r €
{0,... ,d —2}, implies that the dimension of the normal cone of K at an arbitrary boundary
point = of K is d — 1 — r at the most. In the important case of the mean curvature measure,
that is for r = d — 2, Bangert [12] and the present author have independently (and by
different approaches) obtained a much stronger characterization, saying that condition (3) is
satisfied if and only if a suitable ball rolls freely inside K. Thus it becomes apparent that the
absolute continuity (with bounded density) of some curvature measure of a convex body K
with respect to the boundary measure of K allows one to deduce a certain degree of regularity
for the boundary surface of K.
The much more restrictive assumption

Cr(Ka') = ACdfl(Ka') ) (4)

for a convex body K C R? with non-empty interior, a constant A € R and some r € {0,...,d—
2}, yields that K must be a ball. This result, which in this generality was first proved by
Schneider [120], represents a substantial generalization of the classical Liebmann-Siiss theorem
to the non-smooth setting of convex geometry. A different proof and extensions to spaces of
constant curvature or to certain combinations of curvature measures have recently been found
by Kohlmann [83], [84]. For closed convex sets with non-empty interiors, Kohlmann (see [81],



[85], [86]) has also studied weak stability and splitting results under pinching conditions of the
form

aCdfl(Ka') < C,«(K, ) < ﬁCde(Ka') ) (5)

where «, 3 € R are properly chosen positive constants. Furthermore, Bangert [12] (see also
[97], [98]) has established an optimal splitting result in the case r = d — 2. In some special
situations, diameter bounds have been obtained; see, e.g., the contributions by Diskant [33],
Lang [89], and Bangert [12]. It is worth pointing out that, e.g., the contributions by Bangert
and Kohlmann are new even for convex sets with sufficiently smooth boundaries. For such
sets condition (5) is equivalent to

a < delfr(Kax) < ﬁa

for all z € bd K, where H;(K,z), j € {0,... ,d—1}, is the normalized elementary symmetric
function of order j of the principle curvatures of K at xz. Conditions of the form (5) can be
used to state stability results, which have been explored by various authors; see Diskant [32],
Schneider [122], Arnold [6], Kohlmann [81], [85], and the literature cited there. Actually, in
some of these papers arguments are implicitly used which involve the absolute continuity of
some curvature measure. It is the purpose of the present section to investigate the relationship
between the rather weak measure theoretic assumption of the absolute continuity of some
curvature or surface area measure and the geometry of the associated convex set. In particular,
we are concerned with regularity results. Essentially we continue the line of research of the
two preceding papers [72], [74], but now we focus on the investigation of absolutely continuous
measures with bounded densities. Some applications to stability results are also treated. A
particular feature of our method is that we study the interplay between results for curvature
measures and results for surface area measures.

In the smooth setting, various conditions on functions of curvatures of a convex set, which
for instance ensure that K is a ball, have been investigated in the literature. The problems
which arise in this context and methods of solution which have been invented for that case
(see e.g. [143], [87], [88] and the literature cited there) are, however, not the subject of this
section. To illustrate the fundamental difference between the smooth and the non-smooth
setting, we consider Schneider’s method to show that condition (4) (for A = 1) implies that
K is a ball. In a first step it is shown that (4) implies that

Sr(Ka') = Sdfl(Kv ) :

The only convex bodies which satisfy the last condition are r-tangential bodies of a unit ball;
this follows from deep results of the Brunn-Minkowski theory. Now, if it were already known
that K is smooth, then we would obtain that K is a ball. However, the proof that K indeed
must be smooth, represents a major part of the work in [120].

For some of the results mentioned in the preceding paragraphs corresponding theorems
are known for surface area measures. The degree of similarity between statements of results
and methods of proof for curvature and surface area measures depends on the particular
case which is considered. For example, recent approaches to characterizations of balls or
stability results for curvature measures differ considerably from the proofs of corresponding
results for surface area measures. Moreover, surface area measures are distinguished by their
connection to mixed volumes. Results for surface area measures which are in the spirit of the
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above mentioned theorems of Aleksandrov and Burago & Kalinin will be presented in this
section for the first time. In fact, the strong interplay and analogy between surface area and
curvature measures is exploited as a technique of proof. Clearly, curvature and surface area
measures can be obtained as image measures of the more general support measures under the
natural coordinate projections of the cartesian product R¢ x S¢1 over which the support
measures are defined. However, it is not this kind of correspondence which we pursue here.
A careful analysis of the true nature of the analogy suggests an underlying duality, which will
be analysed thoroughly in the following and which will enhance our understanding of both
types of measures.

The results and methods of this section are relevant for the remaining parts of this work
as well. There we shall develop, for instance, a theory of relative support measures in a vector
space with a smooth gauge body which may be different from a Euclidean ball. This theory
is then applied to obtain characterization, stability and splitting results for relative curvature
measures. Applications of relative support measures to contact distributions in stochastic
geometry are contained in Section 3. We should also emphasize that another new view on
the relationship between curvature and surface area measures is provided in the recent paper
[30], where both sequences of measures are obtained as Hessian measures of special convex
functions.

1.1 Notation and background information

The starting point for the present investigation was an explicit description of the Lebesgue
decomposition for the curvature and surface area measures of convex sets in R? with respect to
the appropriate (d — 1)-dimensional Hausdorff measures. As a preparation for this result and
its consequences, we introduce some terminology, which will be used in the sequel. However,
we shall assume that the reader is already familiar with curvature and surface area measures
as introduced in [123]. Subsequently, we shall sketch the main results for curvature and
surface area measures contained in the previous paper [74]. In particular, we shall try to
emphasize the dual nature of the results obtained for these two sequences of measures. Thus
we hope to motivate and prepare some of the new results of this section.

Let C? be the set of all non-empty closed convex sets K C R? with K # R%. Let H*, s > 0,
denote the s-dimensional Hausdorff measure in a Euclidean space. Which space is meant, will
be clear from the context. The unit sphere of R? with respect to the Euclidean norm | - | is
denoted by S%!, the unit ball centred at the origin o is denoted by B¢. Furthermore, we
write B%(z,r) instead of 2 + rB?%. The scalar product is denoted by (-,-). If K € C? and
z € bd K (the boundary of K), then the normal cone of K at x is denoted by N(K,x); see
[123] for notions of convex geometry which are not explicitly defined here. For our approach,
the (generalized) unit normal bundle N'(K) of a convex set K € C? plays an important role.
It is defined as the set of all pairs (z,u) € bd K x S%~! such that u € N(K,z). Walter
(see [141] or [142]) has shown that this set represents a strong (d — 1)-dimensional Lipschitz
submanifold of R x R?. For H ! almost all (z,u) € N'(K), one can introduce (generalized)
curvatures ki(z,u), i € {1,... ,d — 1} (which we also call curvatures on the normal bundle).
These generalized curvatures can be obtained as limits of curvatures which are defined with
respect to the boundaries of the outer parallel sets of K. They are non-negative, since K is
convex. But they are merely defined almost everywhere on N (K), since the boundaries of the
outer parallel sets of K are submanifolds which are of class C'! (that is they are submanifolds
of class C'' and the spherical image map is Lipschitz), but need not be of class C?.
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It is appropriate to describe the construction more explicitly, since the details will become
relevant in the following. For that purpose, we write p(K,-) for the metric projection onto K,
we set d(K,y) := |y—p(K,y)| and define u(K,y) := d(K,y) ' (y—p(K,y)) for y € R\ K. For
any € > 0, let K, be the set of all points whose distance from K is at most €. Then, for all € > 0,
the map (p(K,-),u(K,"))|bd k. provides a bi-Lipschitz homeomorphism between bd K, and
N (K). Furthermore, let Dg denote the set of all y € R? \ K for which p(K, ) is differentiable
at y. It is known that if y € RY\ K, then y € Dy if and only if p(K,y) + [0, co)u(K,y) C Dk.
For y € bd K. and € > 0, let o (y) = u(K,y) denote the exterior unit normal vector of K,
at y. Then, for any (z,u) € N(K) such that z 4 [0,00)u C D (and thus for %! almost all
(z,u) € N(K)), the spherical image map ox|bq x, is differentiable at x + eu for all € > 0 (see

[141]), and therefore curvatures ki (z + eu), ... , kg1 (z + eu) are defined as the eigenvalues of
the symmetric linear map Dok (z + eu)|,.. The corresponding eigenvectors will be denoted
by u1,...,uq_1. It is easy to see that they can be chosen in such a way that they do not

depend on €; of course, they depend on (z,u), but we shall often omit the argument. Hence,
especially for H4! almost all (z,u) € N(K) and any € > 0, we can define the generalized
curvatures

) ki(z + eu)
k; =1
i@, u) 0o 1+ (t — €)ki(z + eu)

[ itk e <
00 if ki(z + eu) = et

i € {1,...,d — 1}, independent of the particular choice of € > 0 (see [155]). We shall always
assume that the ordering of these curvatures is such that

0<ki(z,u) <...<kg_i(zr,u) <oco. (6)

In addition, we set ko(xz,u) := 0 and ky(z,u) := oo for all (z,u) € N(K). Finally, note
that the preceding notation does not make explicit the dependence of the various curvature
functions on the convex set K. If necessary, however, we shall be more precise and explain the
appropriate notation as the need arises. Further details of this construction, in the general
context of sets with positive reach, can be found in M. Zahle [155] and in [73], [72].

The curvature measures of an arbitrary convex set K cannot be expressed in terms of
functions of the principle curvatures which are defined (almost everywhere) on the bound-
ary of K; a similar remark applies to surface area measures and principal radii of curvature.
However, the generalized curvatures can be used to describe curvature and surface area mea-
sures (and also the more general support measures) in an appropriate way. This is the reason
why, for H™! almost all (z,u) € N(K), we define certain weighted elementary symmetric
functions of generalized curvatures on N (K) by

| o fd—1\"" [Lics Ki(z, u)
s, = (V1) X e

j €10,...,d— 1}, where the sum extends over all sets I C {1,... ,d — 1} of cardinality j.
(For j = 0 the product over the empty set has to be interpreted as one.)

Let X be a locally compact Hausdorff space with a countable base. (Essentially, in Section
1 we are interested in the cases X = R? and X = §971). In the following, we refer to Chapter
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1 of [39] for the basic notation and results concerning measure theory. However, there is one
minor difference. For us a Radon measure over X will be defined on the Borel subsets of X,
whereas in [39] Radon measures are understood to be outer measures defined on all subsets of
X. The simple connection between these two points of view is as follows. A Radon measure
p in the sense of [39] yields a Radon measure in our sense simply by restricting p to the
o-algebra of Borel sets. On the other hand, a Radon measure p on the Borel sets of X can
be extended as a Radon measure [i to all subsets of X by setting

fi(A) == inf{u(B): AC B,B € B(X)} .

Here and subsequently, we write B(Y") for the o-algebra of Borel sets of an arbitrary topo-
logical space Y. The preceding discussion shows that we can simply refer to Radon measures
(over X) without further explanations.

Now let p and v be two Radon measures over X. If v(A) = 0 implies u(A) = 0 for
all A € B(X), then we say that p is absolutely continuous with respect to v, and we write
i < v. By the Radon-Nikodym theorem, p < v if and only if there is a non-negative Borel
measurable function f : X — R such that

u(A) = /A £ () w(de)

for all A € B(X). In particular, the density function f is locally integrable with respect to v.
Furthermore, we say that u is singular with respect to v if there is a Borel set B C X such
that (X \ B) = 0 = v(B), and in this case we write ;1 L v. Certainly, this is a symmetric
relationship. A version of the Lebesgue decomposition theorem says that for arbitrary Radon
measures 4 and v there are two Radon measures p® and p® such that p = p® + pf, p* < v
and p® L v. Moreover, the absolutely continuous part u* and the singular part p® (of p
with respect to v) are uniquely determined by these conditions. We shall also consider the
restriction (L A)(+) := (A N-) of a Radon measure p to a set A € B(X), which is again a
Radon measure.

These notions and results will now be applied to the curvature and surface area measures of
a convex set K € C%. As the curvature measures are Borel measures over R? which are locally
finite and concentrated on bd K, the curvature measure C,(K,-), for any r € {0,... ,d — 1},
can be written as the sum of two measures, that is,

CT(Kv ) = C;"I(Kv ) + Cﬁ(Kv ) )

where C{(K,-) is absolutely continuous and C; (K, -) is singular with respect to the boundary
measure Cy_; (K, ). Recall that if K € C%, then

Co1(K,)=HI L bdK
if K has non-empty interior or dim K < d —2. If dim K =d — 1, then
Cu_1(K,") =2(H" 1 LbdK) .

Subsequently, we often say that the r-th curvature measure of a convex set is absolutely
continuous, by which we wish to express that this measure is absolutely continuous with
respect to the boundary measure of the set.
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The surface area measures S,(K,-) of a compact convex set K C R? are finite Borel
measures over S9!, Hence, if K C R? is a convex body and r € {0,... ,d — 1}, then we can
write

ST(Kv ) = S;}(K’) + Srs*(Ka) )

where S?(K,-) is absolutely continuous and S?(K,-) is singular with respect to So(K,-). In
this case, the surface area measure of order 0 is just the restriction of the (d — 1)-dimensional
Hausdorff measure to the Borel sets of the unit sphere, and thus it is independent of the
convex body K.

In the remainder of this subsection, we recall various results and some notation from
[72] and [74]. Let K¢ denote the set of all convex bodies in RY. We write C¢ (K¢) for
the set of all K € C¢ (K € K% for which int K # (). The following two results, which
were proved in [72], Theorems 3.2 and 3.5, give an explicit description of the singular parts
of the curvature and surface area measures of a convex set K in terms of properties of
the generalized curvature functions of the unit normal bundle of K. Although these two
theorems do not seem to be much related to geometry, they are indeed the first and essential
step towards geometric results. Moreover, they already served as a main ingredient in the
regularity theorems contained in [72].

Theorem 1.1 For a convez set K € C%, r € {0,... ,d — 1}, and 3 € B(RY),
CH) = [ Lo (K (o) M ) 7
N#(K)
where N*(K) is the set of all (z,u) € N(K) such that kg 1(z,u) = co.

Theorem 1.2 For a convez body K € K¢, r € {0,... ,d — 1}, and w € B(S4),
S = [ L (K () B (o), ©)
Ns(K)
where Ng(K) is the set of all (z,u) € N (K) such that ki(z,u) = 0.
In [72], the absolutely continuous parts of these measures were recovered as well. To describe
these, we write k1 (K, z),... ,k4—1 (K, z) for the principal curvatures of K at a normal bound-

ary point z € bd K; thus these curvatures are defined for %! almost all boundary points.
Then the density function of C¢(K,-) with respect to Cy_1(K,-) is given by

Hyo1 (K, ) = (d; 1)1 S [k,

|[I|=d—1—ri€l
where the summation extends over all sets I C {1,... ,d — 1} of cardinality d — 1 — r.
Similarly, the principal radii of curvature r(K,u),... ,rq_1(K,u) of K at u € S4 ! are

defined for all u € S9! such that hx = h(K,-) is second order differentiable at u as the
eigenvalues of the restriction to u of the second order differential of hy at u, that is, as the
eigenvalues of d?hy (u)|,.. Then the density function of S¢(K,-) with respect to Sy(K,-) is

PL(Ku) = (d; 1)_1 S [ itk w),

\T|=r i€l
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where the summation is defined as before. Instead of P,(K,u) we presently prefer to write
D,h(K,-); see [72] for further comments and references.

Theorems 1.1 and 1.2 were used in [74] to prove useful conditions which are necessary
and sufficient for the absolute continuity of a particular curvature or surface area measure
of a convex set. These conditions allow one to express the measure theoretic property of
absolute continuity in terms of properties of the generalized curvatures which are easier to
treat analytically. This was the starting point of the recent paper [74]. In fact, the following
two theorems also play a key réle in the investigation of the present section. It is appropriate
to state such characterizations (Theorem 1.3 and 1.4) as local results.

Theorem 1.3 Let K € C% r € {0,... ,d — 1}, and B € B(R?). Then
Cr(K,) LB < Cy1(K,")LB (9)
if and only if
kg 1(z,u) <oo or keyi(z,u)=0 or k. (z,u)=o00, (10)
for HI=L almost all (z,u) € N (K) such that x € 3.
Theorem 1.4 Let K € K%, r €{0,... ,d — 1}, and w € B(S?1). Then
Sr(K, ) Lw < Sp(K, ) Lw (11)
if and only if
ki(z,u) >0 or keyi(z,u)=0 or ke (z,u)=o00,
for HA=1 almost all (v,u) € N (K) such that u € w.

Obviously, the conditions (10) and (11) can be checked by simply counting the number of
curvatures which satisfy k;(z,u) = 0 or k;(z,u) = oco. Also note that in the present situation
it is possible, for instance, to paraphrase condition (9) by saying that the Radon measure
C,(K,-) on R? is (d — 1)-rectifiable. This terminology is used in [106, p. 603], [99, p. 228], or
[40], where the (d — 1)-rectifiability of a general Radon measure 4 is characterized in terms
of properties of the (d — 1)-dimensional densities of u. However, these investigations do not
seem to be directly related to the present work.

In the special but important case of the curvature measure Cy(K, -) of a convex body K,
a characterization of absolute continuity can be stated which involves a spherical supporting
property of K. This property will be described by using the set expn*K of directions of
nearest boundary points of K. For any K € C%, expn*K is defined as the set of all unit vectors
u € S%! for which there exist points z € int K and y € bd K such that |y —z| = dist(z, bd K)
and y —z = |y — z|u. In other words, u € expn*K if and only if a non-degenerate ball which
is contained in K contains a boundary point of K with exterior unit normal vector u. In
the following, we shall say that K € C¢ is supported from inside by a d-dimensional ball in
direction u if and only if u© € expn*K. Since we are dealing with a local result, we shall also
need the spherical image o(K,[3) of K € C% at § C R%. It is defined as the union of the
normal cones N (K, z) with z € 8. The following result was established in [74].
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Theorem 1.5 For a convez body K € K% and 8 € B(R?), the following three conditions are
equivalent:

(a) Co(K," ). B < Cy1(K,-)Lp;
(b) Dg 1h(K,u) >0 for H* almost all u € o(K, B);
(c) H& Y (o(K,B) \ expn*K) = 0.
In addition, for v € B(R?),
C3(K,v) = H*" ({u € o(K,7) : Da—1h(K,u) = 0})
and
CHK,v) =H({u € o(K,v) : Dg_1h(K,u) > 0}) .

Statement (b) of Theorem 1.5 is an analytic and statement (c) a geometric way of charac-
terizing the absolute continuity of the Gaussian curvature measure. In fact, the geometric
condition (c) can be viewed as a substantially weakened form of a condition requiring a suit-
able ball to roll freely inside K. Thus this theorem and the following counterpart for surface
area measures represent first examples of results which correspond to the general programm
which we described initially. These results indicate how local geometric properties of a convex
set are related to measure theoretic properties of curvature and surface area measures which
are associated with this set.

As in the case of the Gauss curvature measure Cy(K,-), the absolute continuity of
Sy_1(K,-), for some K € K%, can be characterized by a spherical supporting property. The
situation here is ‘dual’ to the previous one. Condition (c) of Theorem 1.6 below can be in-
terpreted as a substantially weakened form of a condition demanding K to roll freely inside
a ball. The statement of this theorem involves the set exp*K of farthest boundary points of
a convex body K € K¢ (see [70]). This definition implies that = € exp*K if and only if the
boundary of a ball which contains K passes through z. In the following, we say that K € K¢
is supported from outside by a d-dimensional ball at x if and only if z € exp* K. Moreover,
recall from [123, §2.2] that 7(K,w) denotes the reverse spherical image of K at w C S4~'. By
definition, 7(K,w) is equal to the union of the support sets F(K,u) with u € w.

Theorem 1.6 Let K € K% and w € B(S%1). Then the following three conditions are
equivalent:

(a) Sa-1(K,")Lw < So(K,") L w;
(b) Hy 1(K,z) >0 for HP™" almost all v € 7(K,w);
(c) H¥ 1 (7(K,w) \ exp*K) = 0.
In addition, for o € B(S4),
Sa—1(K,0) =H" !t ({z € (K, @) : Hy—i (K, ) = 0})
and

S8 [(K,a) = HE ({2 € 7(K, a) : Hy 1(K,z) > 0}) .
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Using a Crofton intersection formula and various integral-geometric transformations, The-
orem 1.5 can be extended to curvature measures of any order. The corresponding result,
Theorem 1.7, was proved in [74]. It can be interpreted as a two-step procedure for verifying
the absolute continuity of curvature measures of convex bodies with non-empty interiors; see
[74]. The precise formulation involves the conveniently normalized motion invariant Haar
measure £, on the homogeneous space A(d,r) of r-dimensional affine subspaces in R¢; com-
pare [123]. Furthermore, here and in the following a prime which is attached to a quantity
indicates that this quantity has to be calculated with respect to an appropriate affine or linear
subspace, which will be clear from the context. Finally, we write U(E) for the unique linear
subspace which is parallel to a given affine subspace E.

Theorem 1.7 Let K € C, B € B(R?Y), and r € {2,... ,d}. Then
Cd—r‘(Ka')ng < Cd—l(Ka')l—/g

if and only if, for p, almost all E € A(d,r) such that ENint K # 0, and in H"~' almost
all directions of the set /(K N E,BNE) C U(E), the intersection K N E is supported from
inside by an r-dimensional ball contained in E.

In fact, Theorem 1.7 was stated in [74] for K € K2, but for unbounded sets the assertion
follows immediately, since the curvature measures are locally defined. The main tool for the

proof of Theorem 1.7 is the special case s = r of the following theorem, which is cited from
[74].

Theorem 1.8 Let K € CZ, let B3 € B(RY), and assume that r € {2,... ,d — 1} and s €
{r,...,d—1}. Then

Cir(K, )L B K Cq1(K,-)LpB
if and only if
C!_(KNE,)L(BNE)< C:_{(KNE,)L(BNE),
for us almost all E € A(d, s) such that E Nint K # (.

Thus, for s = r, Theorem 1.8 especially says that in the mean curvature case (r = 2) absolute
continuity can be verified by investigating planar sections of K.

Analogous results for surface area measures have been established in [74] as well. One
of the basic tools which one uses now are integral-geometric projection formulae. Such for-
mulae involve the Grassmann space G(d, j) of j-dimensional linear subspaces of R? and the
normalized rotation invariant Haar measure v; over G(d, j). In the following, we write K|V
for the orthogonal projection of a convex body K onto V' € G(d, j); moreover, a superscript
V € G(d, j), which is attached to a particular quantity, indicates that this quantity has to be
considered in V and not in the surrounding space R?. The result corresponding to Theorem
1.8 is the following.

Theorem 1.9 Let K € K%, iec{l,...,d—2},j€{i+1,...,d—1}, and let w € B(S4).
Then

Si(K, ) Lw < Sy(K, ) Lw
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if and only if
SY(K|V,)L(wNnV) < Sy (K|V,)L(wnV),
for v; almost all linear subspaces V € G(d, j).
As before, Theorem 1.9 leads to the subsequent characterization for surface area measures.
Theorem 1.10 Let K € K¢, w € B(S9!), and i € {1,... ,d —1}. Then
Si(K,)Lw < So(K, ) Lw

if and only if, for vi 1 almost all U € G(d,i + 1), and at H' almost all points of the set
T(K|U,wNU), the projection K|U is supported from outside by an (i + 1)-dimensional ball
contained in U.

With regard to Theorems 1.7 and 1.10 it is natural to ask for one-step procedures which
allow one to decide whether a particular curvature or surface area measure of a convex body
is absolutely continuous or not. For curvature measures, a result which leads to such a
procedure is contained in the ensuing Theorem 1.11 which is taken from [74].

First, however, we point out that in [74] the following considerations concerning curvature
measures were restricted to sets K € K¢, although they extend to the case K € C?. To see
this, one has to use that the curvature measures are locally defined, that the definition of the
contact measures described subsequently can be extended consistently to unbounded closed
convex sets (compare [113], equations (1) and (2)), and in addition a result of Zalgaller [159].

Let us fix a convex body K € C% and some r € {0,... ,d — 1}. For a unit vector v € S%~!
let H(K,v) denote the support plane of K with exterior normal vector v. An affine subspace
E € A(d,r) is said to touch K if ENK # () and E C H(K,v) for some v € S9!, Furthermore,
we write A(K, d,r) for the ((d —r)(r+ 1) — 1)-rectifiable set of r-dimensional affine subspaces
of R? which touch K. Several authors (see [146], [43], [156], [113], [132]) have introduced
naturally defined measures on A(K,d,r). For convex bodies all these measures are essentially
equivalent. These contact measures have been used for calculating collision probabilities [119],
[149], and they are related to absolute or total curvature measures; compare [116], [7], [134].
Let us denote such a measure by u,(K,-).

Next we define the spherical image of order r of K € C% at B € B(R?) for any r €
{0,...,d—1} by

or(K,B) == {E € A(K,d,r) : BN bd K N E # 0} .

The case r = d — 1 leads to the ordinary spherical image, since A(K,d,d — 1) is the set of
supporting hyperplanes of K each of which can be identified with its exterior unit normal
vector. Let w; denote the surface area of the (i — 1)-dimensional unit sphere. Then the
measure p,(K,-) can be normalized so that the relation

Od—l—r‘(Ka /8) = d

; pr (K, 00 (K, B)) (12)

Wq—

which for convex bodies is due to Weil [146], holds for all 3 € B(R?). Set u™ := {tu : t < 0} if
u € R4\ {0} and let r € {2,... ,d}. Then we say that K € C? is supported from inside by an
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r-dimensional ball at E € A(K,d,r — 1) if there is some p € K N E, some u € S NU(E)*
with (F +u~) Nint K # (), and some p > 0 such that B%(p — pu,p) N (E+u~) C K.

Equation (12) provides an integral-geometric interpretation for curvature measures of
convex sets. In the present context, it also suggests a characterization of absolute continuity
involving touching planes.

Theorem 1.11 Let K € C¢, B € B(RY), and r € {2,... ,d}. Then
Cd—r‘(Ka')ng < Cd—l(Ka')l—/g

if and only if K is supported from inside by an r-dimensional ball at p,.—1(K,-) almost all
Ee O'rfl(K, ,3)

Essentially, Theorem 1.11 is deduced from Theorem 1.7 through a succession of auxiliary
results. The proof includes arguments from convexity, geometric measure theory and also
some basic results about Haar measures. The key idea is to associate with an r-dimensional
affine subspace F meeting int K and a unit vector u € U(E) the (r — 1)-dimensional support
plane of K N FE relative to E with exterior unit normal vector u. This support plane then
represents an (r — 1)-dimensional affine subspace which touches K.

In order to complete the picture, we present the analogous result for surface area measures
as well. Again we introduce some terminology which is designed to underscore the duality
of the situation. Instead of lower-dimensional balls which support a given convex body from
inside, we now introduce the notion of an orthogonal spherical cylinder which supports a
convex body from outside. To be explicit, we say that a convex body K is supported from
outside by an orthogonal spherical cylinder at E € A(K,d,r) if there is some R > 0 and some
u € S with E ¢ H(K,u) such that K C E + B%(—Ru, R). Moreover, we set

7 (K,w) :={F € A(K,d,r) : EC H(K,u) for some u € w}

and call this the reverse spherical image of order r of K at w. Thus the reverse spherical
image of order r = 0 is just the ordinary reverse spherical image. Again we quote from [74].

Theorem 1.12 Let K € K%, w € B(S? 1), andi € {1,... ,d —1}. Then
Si(K, ) Lw < Sy(K, ) Lw

if and only if K is supported from outside by an orthogonal spherical cylinder at pg—1—;(K, ")
almost oll E € 741 _;(K,w).

It has already become apparent that the boundary of a convex set K € C? one of whose
curvature measures is absolutely continuous with respect to the boundary measure cannot
be too irregular. A precise and in a certain sense optimal result in this spirit is stated as
Theorem 4.6 in [72]. Another regularity result, which complements the picture, is provided
by the following theorem. As usual, we say that x € bd K is a regular boundary point of
K € C? if there exists precisely one support plane of K passing through z.

Theorem 1.13 Let K € C¢, B € B(R?Y), r € {2,... ,d — 1}, and assume that
Cor(K," )L B Cq1(K,-)LB.

Then, for p,—1(K,-) almost all E € o,_1(K,3), every boundary point of K which lies in E
18 reqular.



1.2 Selected results 13

The dual result demonstrates that the rectifiability of some surface area measure of a convex
body K leads to a certain degree of strict convexity for K. Another precise statement in
this direction was established in [72, Theorem 4.8]. Recall that a support plane H (K, u),
u € 8?1, of a convex body K is said to be regular if u is a regular normal vector of K, that
is, if F/(K,u) contains precisely one point.

Theorem 1.14 Let K € K%, w € B(S41), i € {1,... ,d — 1}, and assume that
Si(K, ) Lw < Sy(K,)Lw.

Then, for pg—1i(K,-) almost all E € 14 1_;(K,w), every support plane of K which contains
E is regular.

1.2 Selected results

The review of results on the absolute continuity of curvature and surface area measures
clearly indicates that there should be a general principle by which results for curvature and
surface area measures are related. Indeed, corresponding pairs of notions such as boundary
point — normal vector, support set — normal cone, principal curvatures — radii of curvature,
intersection by an affine plane — projection onto a linear subspace, are at least to a certain
extent connected by polarity; compare [123], p. 75, and [71]. Therefore it is natural to
conjecture that the characterizations of absolute continuity of curvature measures correspond
in a precise sense to the characterizations of absolute continuity of surface area measures
via polarity; on an intuitive level, this kind of duality has already served as a guiding rule,
although formal statements of results, which support this intuition, were not available so far.

The formation of the polar body of a given convex body certainly is a highly non-linear
operation and it requires the non-canonical choice of a reference point (compare §1.6 in [123]).
Subsequently, it will be convenient to fix the origin o as the reference point, but this does
not restrict the generality of our statements; moreover, we shall see that often the choice
of a reference point is immaterial for geometric consequences which appear in a translation
invariant setting. Most of the results, which we intend to discuss, thus refer to the set K € K¢,
of all convex bodies K € K¢ for which o € int K. For a given convex body K € K%, we
introduce the map

f:841 5 bd K*, uw~— h(K,u)  u.

This map precisely provides the required correspondence between normal vectors of K and
boundry points of K*.

Now we are prepared to state our first transfer principle, which allows us to transfer
properties connected with the absolute continuity of the rth curvature measure C,(K,-) of a
convex body K to dual properties connected with the absolute continuity of the (d —1 —r)th
surface area measure Sy_1_,(K*,-) of the polar body K*, and conversely.

Theorem 1.15 Let K € K, w € B(S%1), and choose r € {0,... ,d —1}. Then
SHK,)Lw << Sy(K, )L w
if and only if
Ca1-+(K", )L flw) < Cg1 (K", ) L flw).
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Clearly, by the bi-polar theorem, the roles of K and K* are interchangeable. The proof of this
result uses the characterization of absolute continuity for curvature and surface area measures
from [74] involving the curvatures on the unit normal bundle in an essential way. Therefore,
Theorem 1.15 cannot be used to deduce Theorems 1.3 and 1.4 from each other. Presumably,
except for parts of Theorems 1.5 and 1.6, it is also not possible to deduce the remaining cor-
responding pairs of results of the preceding section in a rigorous and straightforward manner
from each other. However, we shall encounter a number of other applications of Theorem
1.15 in the following subsections. In particular, Theorem 1.15 is an important ingredient for
the proof of our second transfer principle.

In spherical space, the connection between curvature measures of a convex set and surface
area measures of the polar set is much simpler and actually extends to support measures; see
Glasauer [49]. This is due to the fact that polarity on the sphere essentially is the duality of
cones, which is much easier to treat from a technical point of view. A similar phenomenon
can be observed when one tries to extend certain integral-geometric results from the sphere to
Euclidean space; compare the discussion in [49], [50], [52], [53]. Still another kind of duality
for Hessian measures of convex functions was discovered in [30]. In this context the right
notion of duality turned out to be the classical formation of the conjugate function. However,
the theory developed in [30] does not seem to be applicable to the present situation.

Up to now we considered the case of absolutely continuous curvature or surface area
measures. The next step and the primary concern of the following subsections is to study
absolutely continuous measures with bounded densities. We say that a particular curvature
or surface area measure is absolutely continuous with bounded density, if it is absolutely
continuous and the density is bounded from above by a constant. Clearly, if the density of a
measure with respect to another measure is bounded, then the former need not be absolutely
continuous with respect to the latter. Again the natural task is to find conditions which
characterize the absolute continuity with bounded density of a particular curvature or surface
area measure or, at least, to find geometric consequences concerning the structure of the set
of singular points or the set of singular normal vectors.

A first general result concerning bounded densities is given by our second transfer principle,
which we state as Theorem 1.16 and which represents the analogue of Theorem 1.15 for the
case of bounded densities. It is implied by Theorem 1.15 and by new estimates between
elementary symmetric functions of principle curvatures of K* and elementary symmetric
functions of radii of curvature of K at corresponding points; see Corollary 1.22 below. These
estimates again are consequences of a more general connection between elementary symmetric
functions of principle curvatures of K* and suitably weighted elementary symmetric functions
of radii of curvature of K. A very special instance of such a relationship was found in [71],
Theorem 2.2, but the present approach is completely different.

Theorem 1.16 Let K € ngo,
¢ such that

w € B(SY), and r € {0,... ,d—1}. Then there is a constant
Sr(K,)rw <eSy(K,-)Lw
if and only if there is a constant c* such that

Ca1-r(K*, )L f(w) <" Caa (K", )L f(w).

In order to demonstrate how Theorem 1.16 together with Corollary 1.22 can be applied
effectively to obtain new results, we transfer a theorem of Weil [144] concerning surface area
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measures to a new theorem about curvature measures. Part (a) of Theorem 1.17 shows how
an integrability assumption on the density of the mean curvature measure Cy_5(K,-) of a
convex set K implies the absolute continuity of certain lower-dimensional curvature measures
with precise information about the integrability of the corresponding densities. In a certain
sense this result is optimal as an example demonstrates. We should also emphasize that in
general the absolute continuity of the rth curvature measure of a convex body K does not
imply the absolute continuity of any other curvature measure of order s (s # r) of K as shown
by examples.

Theorem 1.17 Let K € C¢, and let 3 C R? be open.

(a) Assume that
Cia(K, ) B <L Cor(K,)) LB,

and further assume that Hy(K,-) € LI (bd K N B) for some p € [1,00). Then

loc

Ci1-j(K, )L KL Cy1 (K, )L

and H;(K,-) € Ll[i] (bd KN G) forje{1,...,[p]}
(b) Assume that
Ca2(K,") LB <eCi1(K,)L B
for some constant ¢ > 0. Then
Co1-j(K, )L B<& Cyr(K,") LB
forje{l,....d—1}.

In view of the inequality between the arithmetic-mean and the geometric-mean, it is not
surprising that treating absolutely continuous curvature and surface area measures having
bounded densities, the strongest implications can be obtained if one assumes that

Si1(K,-) < cSp(K,-) (13)
Ci2(K,") <cCy1(K,). (14)

Under the assumption (13), we show that K is a summand of a ball with radius (d — 1)c.
This essentially is a known fact; see Weil [148]. The present proof is based on a new integral-
geometric characterization of absolute continuity with bounded density for surface area mea-
sures, which is applied to condition (13); this integral-geometric characterization is analogous
to Theorem 1.9 and is of interest in its own right.

Dually, the assumption (14) on the curvature measure of order d — 2 implies that a ball
with radius ((d — 1)¢)~! rolls freely inside K. In fact, this variant and strengthening of
Blaschke’s rolling theorem can be extended to unbounded convex sets the boundary of which
is connected. Independently, Bangert [12] has arrived at the same conclusion by a completely



16 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIES

different method of proof. In addition, we show by examples that the bound for the radius
of the ball as given above cannot be increased further in general.

Note that no a priori smoothness or strict convexity assumptions are required for these
results. Moreover, local variants of these statements are established, too. In contrast to the
proof of the characterization result which is related to (13), the proof of the analogous result
for curvature measures is not based on an integral-geometric characterization of absolute
continuity with bounded density for curvature measures. In fact, although such an integral-
geometric characterization and thus an analogue of Theorem 1.8 does exist for curvature
measures as well, it is more involved than its counterpart for surface area measures, since the
angles of a section plane with tangent planes of the body have to be taken into account.

Our version of Blaschke’s rolling theorem will eventually enable us to remove the smooth-
ness assumptions in stability results of Schneider [122] and Arnold [6] for the (d—2)nd (mean)
curvature measure. More surprisingly, the following stability result for the (d — 1)st surface
area measure improves a theorem of Diskant [33] who merely showed, under the same as-
sumptions, that K lies in a ye'/(¢=_neighbourhood of a unit ball. Our result shows that the
exponent 1/(d — 1) can be improved to 1, which is the right order.

Theorem 1.18 Let K € K% and 0 < € < 1/4. Assume that
(1 —€)So(K,-) < Sa-1(K,-) < (1+€)So(K,).

Then K lies in a ye-neighbourhood of a unit ball, where the constant v depends only on the
dimension d.

Finally, we make some comments on regularity results. Recall that the set X" (K) of r-singular
boundary points of K is defined by

Y'(K):={rebdK :dimN(K,z) >d—r}.

A point x € K is called an r-extreme boundary points of K if it is not the centre of an
(r 4+ 1)-dimensional ball which is contained in K; compare [123]. We write ext, K for the set
of r-extreme boundary points of K. The following collection of results describes how the size
of the set of r-singular points of a convex set K is restricted by an assumption of absolute
continuity on the rth curvature measure of K:

1. For all K € K¢, the set ¥7(K) has o-finite r-dimensional Hausdorff measure.
2. Let K € C% B € B(RY) and r € {0,... ,d —2}. Assume that
ColK,) LB < Car (K, ) L.
Then
H(Z"(K)Np)=0.
This was shown in [72].
3. Let K € C4, let B C R? be open, and assume that there is a constant ¢ such that

CT(Ka )'—ﬁ < CCdfl(Ka )'—ﬁ
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Then, for any z € bd K N 3,
z ¢ ext, K or dimN(K,z) < (d—r+1)/2;

in particular, 3"(K) N B = (. This was first proved by Burago & Kalinin; compare
Theorem 1.30 below.

Examples show that each of these three conclusions cannot be improved in general. We
already mentioned in Subsection 1.1 that the third conclusion generalizes a classical result
of Aleksandrov [1] which describes the influence of the Gauss curvature measure Cy(K,-) on
the local shape of a non-smooth convex surface in R3. Such an extension has been asked
for by Busemann [23] and Pogorelov [104]. It is perhaps worth pointing out that the third
conclusion can be combined with the first part of the proof in [120] to yield a proof for the
characterization of balls by condition (4).

Results for surface area measures which correspond to the first and the second conclusion
have already been established; see [73] and [72]. The dual result for (intermediate) surface
area measures, which corresponds to the third conclusion and thus to the theorem of Burago &
Kalinin, is contained in the following new result. The set extn, K of r-extreme normal vectors
of K, which appears in the statement of the theorem and which by polarity corresponds to
the set of r-extreme boundary points of K*, is defined as the set of all u € S9! for which
dimT(K,u) <r + 1, where T(K,u) is the touching cone of K at u. Again we refer to [123]
for the details.

Theorem 1.19 Let K € K¢ and r € {1,... ,d —1}. Let w C S%' be open, and assume that
there is a constant c such that

Si(K, )Lw <ecSy(K, )Lw.
Then, for any u € w,
ué¢extng 1 K or dimF(K,u)<r/2.

Essentially two different proofs will be provided for Theorem 1.19, one of which is based on
an integral-geometric characterization of absolute continuity with bounded density for surface
area measures. In our opinion, this approach also leads to a simplified proof of the result of
Burago and Kalinin. In any case, the second transfer principle plays a major role in both
arguments, which will be provided.

In the last two subsections of Section 1 we are concerned with results that can be read
independently of the preceding subsections, although they are related either by the methods
of proof or the statements of results.

In Subsection 1.8 we improve the order of the stability function in Minkowski’s uniqueness
problem for a large class of convex bodies. For a detailed description of this subject and a
review of the relevant literature we refer to the beginning of Subsection 1.8.

The investigation of absolute continuity which we described so far referred to (d — 1)-
dimensional Hausdorff measure as the dominating measure. However, the curvature measures
of order r are naturally dominated by the r-dimensional Hausdorff measure, and the surface
area measures of order r are dominated by the (d — 1 — r)-dimensional Hausdorff measure.
This observation motivates the subjects which are investigated in Subsection 1.9. In par-
ticular, we present two theorems which show that support measures of convex sets can be
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viewed as suitably weighted Hausdorff measures, the weights depending on the strength of
the singularities of the underlying convex set, at least as long as, roughly speaking, these
measures are restricted to certain sets of o-finite Hausdorff measure. Again we refer to the
beginning of Subsection 1.9 for detailed references and background information. Included in
this subsection is also a new integral-geometric proof of a version of the Besicovitch-Federer
structure theorem in spherical space. A “simple” proof of the structure theorem in Euclidean
space has recently been found by White [154]. The main new tool in our approach to the
spherical version is an integral-geometric transformation formula which may have potential
applications in stereology, too.

1.3 Absolute continuity and polarity

In the present subsection, we give a proof of the first transfer principle. The major problem
here in treating polarity is that the map K — K™ cannot be described by a tractable analytic
expression. Therefore the idea is to pass to the normal bundles and to study instead a certain
map T : N(K) — N(K*), which turns out to be much more convenient. The same map has
independently been used for a different problem in [129].

For a convex body K € K%, we define the mapping

T:N(K) = N(K*), (z,u)— <(x,U>_IU,|z—|> )

which is a bi-Lipschitz homeomorphism, and which is differentiable, if considered as a map
from a neighbourhood of N (K) in R?>? into R??. The mapping T is properly defined. To
check this, let p(L, -) denote the radial function of L € K¢,. Choose any (z,u) € N (K). Then
(z,u) = h(K,u) = p(K*,u)~!, and hence

(z,u)"'u = p(K*,u)u € bd K*.

(et} = ().

since this is equivalent to p(K,z) = 1. Thus |z| "'z € N(K*, (z,u) " 'u)NS%1. Tt is also easy
to check that the inverse of T' is given by

In addition, we have

T N(K*) = N(K), (z%u*) <($*,u*)1u* il )

il
In the following, as a rule we will attach an asterisk to quantities which are associated with
K*. For example, we write k{(-),... ,k}_,(-) for the (generalized) curvatures of K* instead of
the more elaborate notation ki (K*,-),... ,kg—1(K*,-). Finally, we set I;_q :={1,... ,d—1}.
Now we are prepared for Proposition 1.20, which relates generalized curvatures of K
to those of K*. Basically, the equations which are asserted in this proposition result from
counting one and the same quantity in two different ways.

Proposition 1.20 Let K € K¢,. Then, for H" almost all (z,u) € N(K),
card{i € Iy 1 : ki(z,u) = 0o} =card{i € Iy : k& (T (z,u)) = 0}
and

card{i € Iy 1 : ki(z,u) =0} =card{i € I 1 : k] (T'(z,u)) = oo} .
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Proof. In the proof we consider a pair (z,u) € N (K) such that = + eu € Dk for all € > 0.
This condition is fulfilled for %%~ almost all (z,u) € N(K). For any such pair (z,u) an
orthonormal basis of the (d — 1)-dimensional linear subspace Tan?~!'(H% ! L N(K), (z,u)) C
R x RY of (H 'L N(K),d — 1) approximate tangent vectors of N'(K) at (z,u) is given by

oy ( 1 ki (2, u) )QUZ.) . iefl,...,d—1},

V1+ ki(a:,u)Qui’ V14 ki(z,u

where the vectors wi,...,ug_qy € S% ! constitute a suitable orthonormal basis of u™,
and ki(z,u),... ,kq_1(z,u) € [0,00] are the generalized curvatures of the unit nor-
mal bundle AV(K). The generalized curvatures of N (K*) at T(z,u) are denoted by
E{(T(z,u)),... ,k;_(T(x,u)). Since T is bi-Lipschitz, we can assume that (z*,u*) := T'(z, u)
is such that z* 4+ eu® € Dk~ for all € > 0.

Let (z,u) be chosen as described. We also write T for the canonical extension of T' to a
neighbourhood of N (K) in R2¢. In order to determine the special basis DT'(z,u)(w;), i €
{1,...,d—1}, of Tan"Y(H4 1 LN (K*), T(z,u)), we first determine the values DT (z, u)(v, 0)
and DT(z,u)(0,0) with v,o € R? for the extended map T. By elementary calculus,

DT (x,u)(v,0) = (_ (2),’32“’ ﬁ [v B <|i_|’v> %D

DT(z, u) (o0, 7) = <<L [5 _ Mu] ,o> .

T, u)

and

Since (u;,u) = 0, we obtain for 7 € {1,... ,d — 1} that

DT (z, u)(w;) = i ! [Uz'— <<x’ui>u] S — [Uz’— <%,Uz> x] )

/1+k12<x1u> {L',U> ’ 1_’_k-22m m

where the argument (z, u) of k; has been omitted. If we attach an asterisk to the corresponding
expressions for K*, another basis of Tan® ' (X% L N'(K*), T(x,u)), in fact, the one which is
usually considered, is given by

1 kf .
w; = uy, u, |, 1€{l,...,d—1},
Z <¢1+(k:>2 ANV ) { }

where the argument T'(z, u) of k} has been omitted, and (u},... ,u) ) is a suitable orthonor-
mal basis of z. From this representation it is easy to see that the integer

card{i € Iy 1 : kj (T(z,u)) = oo}
equals the dimension of the kernel of the linear map 7; which is given by
m o linfwl, . wh o} =zt (y,2) =y

Since the vectors

w, 1€{1,...,d—1},
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are linearly independent, and since

ks
Nwe

the dimension of the kernel of m; is also equal to

€ (0,00), ifk; € (0,00],

card {7 € Iy 1 : ki(z,u) = 0}.
To see this, recall that
lin{w],... ,wj_ 4} =lin{DT (z,u)(w1),... ,DT(z,u)(ws_1)}.
Now the remaining statement of the lemma follows since K** = K. O

By combining the preceding proposition with results from [74], we can now establish the first
transfer principle which was announced in the introduction.

Proof of Theorem 1.15. We continue to use the notation introduced in the proof of Proposition
1.20 and in the preceding remarks. Let as assume that

SrK, ) Lw < So(K, ) Lw.
Hence, by Theorem 1.4, for H%~! almost all (z,u) € N(K) such that u € w,
ki(z,u) >0 or kypi(z,u) =0 or ky(z,u)=o0c0. (15)
Denote by N7 C N (K) the set of all (z,u) € N(K) such that v € w and (15) is violated. Then
HEY(NT) = HEH(T (V1)) = 0. Let N be the set of all (z,u) € N(K) such that at least one
of the two relations of Proposition 1.20 is not satisfied. Again H?1(N3) = H4~Y(T(N3)) = 0,

since T is bi-Lipschitz.
Recall the definition of the map

f:84 1 5 bdK*, we— h(K,u) lu,
choose (z*,u*) € N(K*)\ T(N7; UAN3) such that 2* € f(w), and set (z,u) := T (z*,u*).
Then (z,u) € N(K) \ (N1 UN3) and u € w, because f is bijective and f(u) € f(w).
By relation (15) and using Proposition 1.20 thrice, we conclude that

ky_q(z",u") <oo or kj_,(z",u")=0 or kj_,_.(z",u")=o00.

Since H4~1 (T (N1 UN3)) = 0, an application of Theorem 1.3 to the polar body K* now yields
that

Cd—l—r(K*a ) L f(w) < Cd_l(K*, ) I_f(u)) .

The reverse implication is proved in a similar manner. [l
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1.4 Bounded densities and polarity

In order to prove the second transfer principle, which deals with the case of bounded densities,
it will be necessary to have sharp inequalities between elementary symmetric functions of
principle curvatures of K* and elementary symmetric functions of radii of curvature of K,
at corresponding points. Such inequalities will be derived from the following more general
theorem. Instead of an elementary symmetric function of radii of curvature, it involves a
weighted sum of products of radii of curvature.

It is remarkable that although the assertion of Theorem 1.21 does not involve generalized
curvatures on unit normal bundles, the proof essentially uses this concept. Furthermore, recall
that for a convex body K € K the reverse spherical image 7(K,u) = 7x (u) is well-defined
for #H%! almost all u € S¢'; see [123], pp. 77-T8.

Theorem 1.21 Let K € K% and 1€ {1,... ,d—1}. Then, for H*"! almost all u € ST,
d—1 x : T 2
( I >HZ(K*7h(K7u)_lu):<ﬂau> Z 1_Z<ﬂauz> HTi(Kau)a
T x
1=t icl ;

if (U1, ... ,ug_1) is a suitable orthonormal basis of u™, x := T (u), and the summation extends
over all subsets I C {1,... ,d — 1} of cardinality [.

Proof. Again we use the notation of the proof of Proposition 1.20. From the proofs of Lemma
3.1 in [72], applied to K*, and Lemma 3.4 in [72], applied to K, as well as from the fact that
u > h(K,u) " u, u € S4', is a bi-Lipschitz homeomorphism from S%~! onto bd K*, we infer
that for 7%~ almost all v € S the following conditions are simultaneously satisfied:

1. The support function h(K,-) of K is second order differentiable at u and (7x (u),u) €
N (K) is such that 74 (u) + eu € D for all € > 0.

2. The point h(K,u) ‘u = (75 (u),u) 'u of K* is a normal boundary point, and hence
(z,u)"'u + €|lz| "'z € D~ for all € > 0, if x := T (u).

Let us fix one such v € S4~! and set z := 7x(u) and (z*,u*) := T(z,u). Then by the proof
of Lemma 3.4 in [72], we especially get that

ki = ki(z,u) >0, ie€{l,...,d—1};
moreover, by Lemma 3.1 in [72],
ki == ki(z*,u") <oo, i€{l,...,d—1}.
Also note that again by Lemmas 3.1 and 3.4 in [72],
Hy (K*, T(z,u)) = H(K*,z*), z*=h(K,u) u, (16)

and

Ei(z,u) t =ri(K,u), i€{l,...,d—1}. (17)
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Hence the proof of Proposition 1.20 implies that

(o et (o () ) vt

is a basis of Tan? (H?' L N(K*), (z*,u*)). Observe that the case k; = oo is not excluded.

Define
; 1
a; ::ui—<x’uz>u and b; == — i,u u; — i,ui z ,
(z,u) ki \|z| |z| |z|

fori € {1,...,d—1}. Note that the vectors ai,... ,aq—; € - are linearly independent. The
linear mapping ¢ : - — =+, defined by

(P(ai)::bia ie{la"'ad_l}a

can also be determined by prescribing that

= ; b T,o1efl d—1}
—u, | = —V——u;, yoee,d—11}.
VTR ) T TR

To check this one can use that (a1,...,a4—1) and
(U D) 2y, (U (m)?) 7wy
are two bases of 2 and that
lin{w}],... ,w;_{} =lin{(a1,b1),...,(a¢g-1,b4-1)}-

Therefore, the linear mapping ¢ has the eigenvalues k7,... ,k;_;. These eigenvalues are the
zeros of the characteristic polynomial

t—det(B—tE; 1), teR,

where E;_; is the unit (d—1)-by-(d—1) matrix, and the matrix B = (8;;), 4,5 € {1,... ,d—1},
is defined by the relations

d—1
bj:ZBijaia jG{l,...,d—l}. (18)
=1

Substituting the expressions for a; and b; into (18), we arrive at

b (o)l -Zel- 83 o

Since (u1,... ,uq_1,u) is an orthonormal basis of R, we have

d—1
xr xr x
S Sl el ) 20
" kzl<|x|’“’“>“’“+<|x|’“>“ (20)
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If we use (20) for the unit vector |z|~'z within the bracket on the left-hand side of equation
(19), a comparison of the coefficients of uq,... ,ug_y then yields, for i,5 € {1,... ,d—1}, that

b= B o () ()}

Here, as usual, 0;; denotes the Kronecker symbol. Moreover, for an arbitrary subset I C
{1,...,d —1} with |I| =, we set

By := (Bjk)jyke[ ;

thus the matrices By are the principal minors of order [ of the matrix B. Furthermore, we
know that (dfl)]HIl (K*, (z*,u*)) can be calculated as the sum of these principal minors. Thus
we obtain from (16) that

(d; 1) H(K*z*)=Y B

[1=l

Sl ORS(CRERICEN
-3 (e () )

|I]=t el jer

An application of (17) then implies the theorem. O

The following Corollary 1.22, which is an immediate consequence of Theorem 1.21, can not
only be used to characterize absolute continuity with bounded density in terms of polarity,
but it also leads to a characterization of the case where the measures are purely singular; see
Corollary 1.23 below.

Corollary 1.22 Let K € K¢ and 1 € {0,... ,d —2}. Then, for H*" almost all u € S¢1,
x I+2 T I
(o) DUl ) < B ) ) < () Db ),
xr X
where x = T (u). In addition, for H* 1 almost all u € ST,

z
—, U
|’

Remark. The special case [ = d — 1 of the preceding theorem and its corollary has already
been established in [71] by a completely different method of proof. However, it does not seem
to be possible to extend the approach of [71] to cover the present situation.

Corollary 1.23 Let K € K¢, w € B(S9"), and r € {0,... ,d —1}. Then
So(K,)Lw=S}K,)Lw

d+1
Hy_(K* h(K,u) " u) = < > Dy_1h(K,u).

if and only if
Ci1 +(K* )L flw)=Cf_1_(K*,))L f(w).
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After these preparations it is now easy to provide a proof for the second transfer principle by
just combining what we have proved so far.

Proof of Theorem 1.16. Assume that there is a constant ¢ such that
SHK,)Lw<eSy(K, )L w.

Then S, (K, )L w is absolutely continuous with respect to Sp(K,-) L w, and D,h(K,u) < ¢
is satisfied for H?! almost all © € w. According to Theorem 1.15, Cy_;_,.(K*,-)L f(w) is
absolutely continuous with respect to Cy_i(K*,-) L f(w) and, for H4~! almost all z* € f(w),
the density is given by H,(K*,z*). Now Corollary 1.22 implies that H,(K*,z*) < ¢ for H4~!
almost all z* € f(w). This finally shows that

Co1—r(K*, )L fw) <" Cy1(K*, )L f(w)

is satisfied with ¢* = c.

Similarly, the reverse implication follows from the inequality on the left-hand side of Corol-
lary 1.22. In fact, let , R € (0,00) be chosen in such a way that B%(o,r) ¢ K C B%o, R);
hence (|z|~'z,u) > r/R, for H¢™! almost all u € S and = = 7x(u), and we can proceed
as before. O

The following theorem has been established by Weil [144]. Its proof is based on a sophisticated
convolution procedure which is applied to the restriction of the support function of a given
convex body to properly chosen hyperplanes. Such a procedure is necessary in order to be able
to exert control over the radii of curvature of a suitably constructed sequence of approximating
smooth convex bodies.

Theorem 1.24 (Weil) Let K € K2, and let w be an open subset of S 1.
(a) Assume that
SIK, ) Lw < Sy(K, ) Lw
and further assume that D1h(K,-) € LP(w) for some p € [1,00). Then

Sj(K, JLw K S(K,)Lw

and Djh(K,-) € L[ﬂ (w) for j €{1,...,[p]}.
(b) Assume that
S1(K," )Lw <ecSy(K,")Lw
for some constant ¢ > 0. Then
Sj(K,)Lw < d Sp(K,-)Lw

forje{l,...,d—1}.
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The corresponding result for curvature measures is stated as Theorem 1.17 in Subsection
1.2. It will be implied by our first transfer principle, Corollary 1.22 and Theorem 1.24. Of
course, it is conceivable to deduce Theorem 1.17 by a more direct application of a convolution
procedure to the distance function of the convex body K. In this way, Theorem 1.24 might
then be obtained by arguments similiar to those presented in the proof of Theorem 1.17
below. On the other hand, such a direct proof of Theorem 1.17 probably requires results
analogous to Satz 1.1 and Satz 4.1 in [144]. But then one encounters the problem that the
curvatures of a sequence of smooth convex bodies, which approximate a given convex body,
are defined on different domains. Furthermore, the proof of Satz 4.1 in [144] exploits the
connection of surface area measures to mixed volumes and such a relationship is not available
for curvature measures.

Proof of Theorem 1.17. It is sufficient to consider the case K € ICg, since the curvature
measures are locally defined. Furthermore, since all notions involved in Theorem 1.24 and
Theorem 1.17 are invariant with respect to translations, we can assume that o € int K.
Consider the maps

n:bdK — S,z |z e,
and
f 8 S bdK, ue p(K, u)u,

which are bi-Lipschitz homeomorphisms that are inverse to each other. Let w := n(bd K N fj).
Then w C S% ! is an open subset of S4~!. The assumptions of (a) and Theorem 1.15, applied
to K*, imply that S1(K*,-)Lw < Sp(K*, )L w. Moreover, an application of Corollary 1.22
to K* yields, for H4~! almost all z € bd K and I € {0,... ,d — 1}, that

<|i—|,az((x)>l+2 Dih (K*, i) < H|(K,z) < Dih <K*, i) : (21)

] |z]

Let 7, R € (0,00) be such that B%(o,r) C K C B%(o, R). Then, for (z,u) € N'(K),
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and hence we obtain, for [ € {0,... ,d — 1} and ¢ > 0, that
/ Dih(K*,u)? HE Y (du)

< o+ / H(K, () H (du)

=t [ e, T ) 1 )

P ,UK( )
= e | bk o SELE) = )3
bd Kng | |

C(l+2)q i1
i / HY(K, 2)1 1~ (da)
r bd KNG

(I+2)q q
S Db (K%, 2 ) #Hi(dx)
d—1
T bd Kng3 ||

l+2
= S [ DK £ ) 1O )

c(+2)g+1 pd—1
< — /Dlh ) H (du) .

IN

IN

Here we have used Lemma 3.1 from [71]. This shows that
Dib(K*,") € Li(w) <= H|(K,") € LI(bd K N ). (22)

Hence we get that D1h(K*,-) € LP(w), and thus Weil’s result (Theorem 1.24) yields that, for
jedl,....[pl}

Si(K*, )rw << So(K*,-)Lw and Djh(K*,-) € L[JE] (w).
Again from Theorem 1.15 we then conclude that, for j € {1,... ,[p]},

Cq 1 j(K," )L < Cyq1(K,")LB,

and another application of equation (22) then completes the proof of (a).
The proof of (b) follows from (a) and from Newton’s inequalities for elementary symmetric
functions (see [65], [112]). O

Example. The result of Theorem 1.24 (a) cannot be improved in general. To see this, let
r, R > 0 and define X : [0, 7] x [0,27] — R3 by

X((9,¢)) := ((R+ sind) cos ¢, (R + sin?d) sin ¢, cos 9) .

Then K := conv(X([0,n] x [0,27])) is the convex hull of a torus. From Theorem 1.4 it
easily follows that Si(K,-) is absolutely continuous with respect to So(K,-). In addition,
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D1h(K,-) € LP(S?) for each p € [1,2). In fact, the principal radii of curvature of K are given
by

_ R+ rsind

r(T(, ) =r, (T, ¢)) = sin

where T : (0,7) x [0,27] — R? is defined by
T (9, p) := (sin¥ cos @, sin ¥ sin ¢, cos 9) .

Now we obtain
10) = [ )+ raa))” 1o
— o /Oﬂ [2r(sind)s + R(sing) 5] .
If p € [1,2), it follows that
I(p) < 2n /0 " [(@r)P sind + RP(sin )] d.

The integral on the right hand side is finite, since p — 1 < 1 and

lim [(sin®)' PP 1] =1.

9—0 [( ) ]

But for p > 2 one obtains I(p) = co. On the other hand, S3(K,-) even has point masses.
By polarity a corresponding example for curvature measures is obtained.

1.5 Surface area measures: bounded densities

This section is mainly devoted to the investigation of absolute continuity with bounded density
for surface area measures of convex bodies. In Theorem 1.26 we will provide an integral-
geometric characterization of absolute continuity with bounded density which is strongly
related to Theorem 1.9. As a preliminary step we need a lemma on the weak convergence of
intermediate surface area measures of projected convex bodies. In order to indicate that the
ith surface area measure of the projection K|V of K onto V' € G(d, j) has to be calculated
with respect to the subspace V, we write S} (K|V,-), which is a measure on B(S?~t N V).

Lemma 1.25 Let K € K% i € {0,...,d -1}, and j € {i + 1,...,d}. Then, for each
V € G(d,j), the map w— S) (K|V,wNV), we B(S41), is a Borel measure over S4~1. In
addition, if Vi,V € G(d,j), K; € KL 1€EN, V; =V and K; — K, as | — oo, then

571 (Ki|Vi,-n Vi) = ST (K|V,-nV),
as | — 0o, in the sense of the weak convergence of measures over S¢1.

Proof. Fix V € G(d, j) and consider p;,p € O(d), l € N, with p; = p as [ — oco. We have to
show that

SOV (KilpiV, -0 pV) = SPY (K |pV, -1 pV)
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as Borel measures over S%!; in other words, it has to be proved that

lim Py S o = [ p st RIp.a (@)
l—o0 Sd=1np, v Sd=1npV

is satisfied for all f € C(S41). Let w € B(S% 1) and L € K% then

SV (LIpV,wnpV) = SY(p 'LV, p lwn V)
= [ e V),
Sd=1ny
and hence, for any f € C(S41),

[ s v = [ flou) SV V. du). (24)
Sd-1npV Sd=1nv

Note that p;IKl|V — p 'K|V, as | — oo, with respect to the Hausdorff metric in V. This
yields

SY (o K|V, ) =5 SV (p7 K|V, ) (25)

as Borel measures over S~ NV, and thus

lim Fou) S (o KilVidu) = [ f(ou) SV K V), (26)
=00 Jgd—1ny Sd-1ny

since u — f(pu), u € S~ NV, is a continuous function independent of I € N.
From (25) and the fact that f is uniformly continuous on S%~' it follows that

lim |f (pru) = fpu)| SY (o K|V, du) = 0. (27)

=00 Sd—1n\y

But then (23) is implied by (24), (26), (27) and the triangle inequality. O

Theorem 1.26 Let K ¢ K¢, i€ {1,...,d—1}, j € {i+1,...,d}, and let w C S be open.
Then the following conditions are equivalent.

(a) There is a constant ¢ such that

Si(K, )Lw <cSy(K,")Lw.

(b) There is a constant ¢ such that, for v; almost all V € G(d, j),

SUKIV, )L (wnV) <eS) K|V, ) (wnV).

(c) There is a constant ¢ such that, for all V € G(d,j),

SUEIV, ) e (wnV) ey (KIV, )L (wnV).

Remarks.
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1. If the constant ¢ in (a) is given, then ¢ in (b) and (c) can be chosen so that

d;l)

—1
i)
and if the constant ¢ in (b) or (¢) is given, then we can choose the constant ¢ in (a) so
that ¢ < ¢.

—

¢ < c,

—

2. It should be emphasized that a result for curvature measures, which is strictly analogous
to Theorem 1.26, in the sense that the analogue of condition (c¢) applies to all planes of
a certain dimension intersecting the interior of the convex body, is not true. A related
problem arises in the proof of Theorem 1.30 which is provided in [22]. To cope with this
difficulty, Burago and Kalinin introduce the notion of an “a-transversal” hyperplane.
We will return to this subject in the following subsection.

Proof of Theorem 1.26. We can assume that 1 <d—2and j <d—1.
(a) = (b). By Theorem 1.9 we obtain that, for v; almost all V' € G(d, j),

SY(K|V, )L (wnV) < S (K|V,)L(wnV).

For v; almost all V' € G(d, j), the support function hx is second order differentiable at #7~!
almost all u € S9! NV. This can be deduced from Lemma 4.1 in [74]. Let u be one such
unit vector; then we get

<d; 1>Dih(K, uw) > <3 . 1>Dth(K|V, w).
This inequality is a consequence of the Courant-Fischer “min-max theorem” (see Theorem
4.3.15 in [67]) and the fact that all radii of curvature are nonnegative. Hence, (a) implies that
(b) holds with a positive constant ¢, as described in the preceding remark.

(b) = (c). Assume that condition (b) is fulfilled. Let V;,V € G(d, j), [ € N, be such that
V, — V as | — oo and (b) is satisfied for all Vj, I € N. Let f € C(S%"!) be nonnegative and
assume that spt f C w. Then we have

/ f(u)si‘/l(mvl,du)se/ £ () SV (K Vi du)
Sd*ln‘/l Sd*ln‘/l

for all I € N, and hence Lemma 1.25 with K; = K for [ € N implies that the same estimate
holds, if V' is substituted for V;. But then Lemma 7.2.7 in [28] yields that

SY(K|V,anV) <éSY(K|V,anV)

is true for arbitrary open subsets a of w. Condition (c) then follows from another application
of the Borel regularity of these measures.
(c) = (a). This is immediately implied by relation (4.5.26) in [123]. O

Now the first part of the following theorem can easily be inferred. The converse statement,
saying that
SI(Ka ) < CSO(Ka )

if K is a summand of the ball B%(o,c), immediately follows from the additivity of the first
surface area measure; therefore we do not include it as part of the theorem.
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Theorem 1.27 Let K € K%, and assume that
SI(Ka ) < CSO(Ka ) >

where c is a constant. Then K is a summand of the ball B%(o, (d—1)c); in general, the radius
of this ball cannot be reduced further.

Proof. By an application of Theorem 1.26 and by the preceding remark we obtain that, for
each V € G(d,2),

SY(K|V,-NV) < (d—1)cSY (K|V,-nV).

Then Minkowski’s theorem (see Theorem 7.1.1 in [123]), applied in the plane V', yields that
K|V is a summand of the ball B%(o, (d—1)c)|V. Since this is true for all V € G(d,2), Lemma
3.2.6 in [123] implies that K is a summand of B%(o, (d — 1)c).

In order to see that, as far as the radius of this ball is concerned, the result cannot be
improved in general, we consider an ellipsoid &£ (a, b) of revolution such that the lengths of its
semiaxes are a; = a and as = ... = aq = b, where a,b > 0. By choosing suitable coordinates
we obtain that £(a,b) = A-B%(0,1), where A = (a;;) is a real d-by-d matrix with a;; = a;, for
i€{l,...,d}, and a;; =0, for ¢ # j and i,5 € {1,... ,d}. An elementary calculation then
yields for the second derivatives of the support function h := h(€(a,b),-) at = € R\ {0} that

d
>, i=j=1.

d
0’h a’b? 5 2 s s
=—" ¢ i+ —= E TR, 1= 1.
dz;0x; (z) |Az|3 | 1T Myt k 7

(

—T1Tj, 7::175j.
b? .,
[ — 2% 1#£i#£7#1.

In order to determine the principal radii of curvature of £(a,b), we can restrict ourselves to
the case where z = (x1,%2,0,...,0) and |z| = 1, since £(a,b) has rotational symmetry. In
addition, the eigenvectors us,... ,ug € S~ of the reverse Weingarten map W, of £(a,b) at
x are equal to the eigenvectors of the Weingarten map of £(a,b) at the uniquely determined
boundary point of £(a, b) with exterior unit normal vector u (compare [123, §2.5]). The latter
are given by

ug = (z2,—21,0,...,0) and wu; =e¢;, i€{3,...,d};
see, e.g., [137, Chapter 3, IV]. Finally, Lemma 2.5.1 in [123] and some further calculations
yield for the corresponding principal radii of curvature ro(z),... ,r4(x) of £(a,b) at x that

— a’b?

ro(x) =y (ug, ug) = ——
* Vatr? + b2$%3
and
— b2

i) =M = e g
1 2

ie{3,...,d}.
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Choosing a > b, we obtain that the principal radii of curvature of this ellipsoid can be
estimated by

a2

rg(ac)g? and ri(z) <b, i€{3,...,d},

for any z € S, and the upper bounds are simultaneously attained for a suitable choice of
z € 891, Therefore

c:géi[ﬁwwd—mq

is the smallest positive constant such that S1(K,-) < ¢Sp(K,-) is satisfied. In addition, the
ellipsoid &(a,b) is a summand of the ball B%(0,a?/b) and no smaller radius can be chosen.
The ratio of this smallest radius and (d — 1)c is always less or equal 1, and it approaches 1
as a — oo. This justifies the second statement of the theorem. (|

The following theorem extends a result of Weil [144], Satz 4.7 (a), to a local situation. We
start with a simple lemma which is based on the following definition. Let K € K¢ and R > 0;
then we define the closed set

S(K,R) := {u € 841 K ¢ B4z — Ru,R) for some = € F(K,u)} .

On S(K, R) the support function of K is differentiable and its gradient coincides with the
reverse spherical image map of K. A dual notion will be introduced in the following subsection.

Lemma 1.28 Let K € K¢ and R > 0. Then the restriction of the reverse spherical image
map T to S(K, R) is Lipschitz with Lipschitz constant less or equal R.

Proof. Let u,v € S(K,R), and set = := Vhg(u), y := Vhg(v). Then we get y € B%(z —
Ru, R). This implies

ly — z[* < 2R(z — y,u); (28)
by symmetry we also have
|z — y? < 2R(y — x,v). (29)
Addition of (28) and (29) yields
2ly — z|> < 2R(z — y,u — v) < 2R|x — y||u — v,

and this proves the statement. O

Theorem 1.29 Let K € K¢, let w C S9! be open, and assume that there is a constant c
such that

S1(K, )Lw <eSy(K,")Lw.

Then, for each compact subset w' of w, there is some R < oo such that K C B(tx(u)— Ru, R)
is satisfied for all u € W'; in particular, hx is locally of class C1' on w.
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Proof. Throughout the proof, we write & for the topological closure of the set a. First, let w;
be an open spherically convex set with w; C w such that there are open spherically convex sets
wo,ws with @1 C we, W C w3, and w3 C w. For i € {2,3} define Q; := {tu: ¢t >0, u € w;}.
By the proof of Satz 4.7 in [144] or by Satz 7.1 and the subsequent remark in Weil [145],
it follows that there is a positive constant R such that the function f : Q3 — R, defined
by f := hpa( ry — hx on Q3, is convex (we can choose R = (d — 1)c). In particular, f is
positively homogeneous of degree 1 on the convex cone (23. In the following we use the notion
of subdifferential as introduced by Clarke [27]. The results of §§2.2-3 in [27] imply that the
relation

Ohi +Of = Ohpa(, p)
is satisfied on 23\ {o}. But then Proposition 2.2.4 in [27] yields that hx and f are continuously
differentiable on Q3 \ {o}.
Now, for y € R?, we define the function
9(y) == sup{(y, Vf(2)) : © € wa}.

Since Vf is continuous on @y C w3, we have |g(y)| < oo for all y € R?. By definition, g is
convex and positively homogeneous of degree 1. Since f is positively homogeneous of degree
1 on Q3 and since

ftz) = f(z) = (tr — 2,V f(2)),
for all t > 0 and = € Q3 \ {0}, we obtain that

flz) =z, Vf(z)), =€Q3\{o}.
But this implies that g|q, = f|a,. In fact, let € we; then

9(x) = (z,V[(z)) = f(z),

and thus g > f on . In addition, for any z,Z € wo,

(z,Vf(2)) = (z -2,V [(2)) + f(Z) < f(z),

and hence g < f on Q.

Thus we have shown that ¢ is the support function of a convex body L and f|a, = g|a,-
Define M := K + L € K¢ Then K slides freely inside M. Moreover, hy = hpa(o, r)
on 9. This implies the first statement of the theorem for w;, provided that R is suitably
enlarged if necessary. The general case then follows from an obvious compactness argument.
In particular, the preceding proof yields that hx is continuously differentiable on w.

The remaining assertion is implied by Lemma 1.28. (|

In order to have a precise reference, we state the result of Burago & Kalinin [22], which was
mentioned in the introduction, as a theorem. Note that in [22] a different terminology is used.

Theorem 1.30 (Burago & Kalinin) Let K € C%, r € {0,... ,d — 2}, let 8 C R? be open,
and assume that there is a constant ¢ such that

Cy-(K,')LﬁSCCdfl(K,')I_ﬁ.
Then, for any © € FNbd K,
z¢ext, K or dimN(K,z)<(d-r+1)/2.
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To obtain Theorem 1.30, simply note that the support cone S(K,z) = N(K,z)* (compare
[123, (2.2.1)]) contains a linear subspace of dimension [ if and only if the normal cone N (K, z)
is contained in a linear subspace of dimension d — [. Then the theorem is seen to be just a
restatement of the corresponding Theorem of Burago & Kalinin [22].

In [22], the proof of Theorem 1.30 is based on the following lemma, which is just the
special case 7 = 0 of Theorem 1.30. We state it separately as a lemma to emphasize the
logical dependence of the subsequent arguments.

Lemma 1.31 Let K € Cg, let B C R be open, and assume that there is a constant ¢ such
that

Co(K," )L B <cCy1(K,) B.
Then, for any © € FNbd K,
z¢extogK or dimN(K,z)<(d+1)/2.
The following corollary is an easy consequence of Theorem 1.30.

Corollary 1.32 Let K € C¢, r € {0,... ,d — 2}, let 8 C R? be open, and assume that there
18 a constant ¢ such that

CT(K, )I_,B S CCd_l(K, )l_,B
Then, for any x € N bd K,
dmN(K,z) <d—-1-r.

For r = d—2, Corollary 1.32 implies that fNbd K is a continuously differentiable hypersurface.

Next we shall treat Theorem 1.19 which is the dual counterpart of Theorem 1.30. In
fact, we will offer two proofs for this result. The first one is particularly short, but it relies
essentially on Theorem 1.30. The second proof has the advantage of assuming merely the
validity of Lemma 1.31. Thus, by this approach and by another application of our transfer
principle, we essentially obtain a new proof for Theorem 1.30. In particular, in this way we
can avoid the introduction of a-transversal hyperplanes.

Lemma 1.33 The statement of Theorem 1.19 holds for a convez body K € K%,, an open set
w C 81 and the rth surface area measure of K, for some r € {1,... ,d — 1}, if and only if
the statement of Theorem 1.30 holds for K*, 3 := f(w) U (R? \ bd K*) and the (d — 1 —r)th
curvature measure of K*.

Proof. Let K € K% be a given convex body, let w C S4~! be open, and let ~ € {1,... ,d—1}.
First, let us assume that if

SHK,)Lw <eSy(K,")Lw,
for some constant ¢, then

u¢extng 1 K or dimF(K,u)<r/2,
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for all w € w. Now suppose that there is a constant ¢* such that
Cd—l—?"(K*a ) LB < c* Cd—l(K*a ) LB

Let ¥ € bd K* N B be arbitrarily chosen. From Theorem 1.16 we obtain that there is a
constant ¢ such that

SHK,)Lw<eSy(K, )L w.
Define u := |z*|~'z* € w; our assumption then implies that
u¢extng 1K or dimF(K,u)<r/2.

If u ¢ extng_1_, K, then the argument on page 75 in [123] shows that z* ¢ exty_1_,K*. Now
assume that dim F'(K,u) < r/2. It is easy to see that

N(K*,z*)n S = {|3:|_1:1: €541 1 e F(K, u)} : (30)

and hence we obtain that
dim N(K*,z*) = dim F(K,u) + 1 < (r +2)/2.

In any case, we have

¥ ¢extyg 1 K* or dimN(K* z*)<(r+2)/2.

The reverse implication follows in a similar way, if instead of (30) the relation

F(K,u) = {h(K*,u*)_lu* cut € N(K*,z*) N S’d_l}

is used, which holds for any u € w and z* := f(u). O

First proof of Theorem 1.19. The theorem is an immediate consequence of Theorem 1.30
and Lemma 1.33. O

Second proof of Theorem 1.19. We proceed by induction on the dimension d of the Euclidean
space. For d = 2 the theorem is obviously true. Assume now that the statement of the
theorem is true in dimensions less than d, and let d > 3.

By Lemma 1.33, the case r = d— 1 of Theorem 1.19 follows from Lemma 1.31. Henceforth
we assume r € {1,...,d — 2}. Let the assumption of Theorem 1.19 be fulfilled and assume
that u € w is such that

u€extng | K and dimF (K, u) >

N =

The theorem is proved by showing that this assumption eventually leads to a contradiction.
Since u € extng 1 K, we have | := dimT(K,u) < d — r. Define the linear subspace
V :=lin{u, T(K,u)"}, and hence dimV =1+d —1 > r + 1.
First, assume that [ > 2. Then we have dimV < d — 1. In addition, we know that
lin F(K,u) C T(K,u)" and lin F(K,u) C lin F(K|V,u). From Theorem 1.26 we obtain that
there is a positive constant ¢ such that

SY(KIV, ) (wn V) <ESY(KIV, ) (wn V).
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Furthermore, u € wNV, wNV is open relative to V', and

dim F(K|V,u) > dim F(K,u) >

N3

Therefore, the inductive assumption implies that u ¢ extngimy_1-(K|V), and hence u ¢
extng(K|V). In other words, dimT(K|V,u) > 2, and thus we obtain linearly independent
vectors uy,uy € T(K|V,u). But then also uj,us € T(K,u) NV, which contradicts the
definition of V.

Now we consider the case [ = 1. If dim F/(K,u) = d—1, then let U be an arbitrary (d—2)-
dimensional linear subspace of u*. If dim F(K,u) < d — 2, then choose a linear subspace
U € G(d,d —2), U C ut, with lin F(K,u) C U. Set V := lin{u,U} € G(d,d — 1), and note
that dimV — 1 —r=d —2 —r > 0. In any case we get

dim F(K|V,u) > %

Again from Theorem 1.26 and the inductive assumption we obtain linearly independent
vectors ui,us € T(K,u), and this contradicts | = dimT (K, u) = 1. O

Corollary 1.34 Let K € K¢, r € {1,... ,d—1}, let w be an open subset of S~', and assume
that there is a constant ¢ such that

SHK,)Lw <eSy(K," )L w.
Then, for any u € w,
dim F(K,u) <r—1.
For r = 1, Corollary 1.34 implies that h(K,-) is continuously differentiable on w.
Corollary 1.35 Let K € K3, and assume that there is a positive constant ¢ such that
So(K,)Lw <eSy(K," )L w.
Then K is strictly convex.
Remarks.
1. Let B C R? be Borel measurable; for » = 0 and z € (3, the assumption
Co(K," ). B < Cy—1(K,-)LB
already implies that
dmN(K,z) <d-—1.
This can easily be seen, e.g., from the relation Cy (K, {z}) = H* ' (o(K, {z})), z € bd K.

Similarly, let w be a Borel measurable subset of S%!; for r = d — 1 and u € w, we
already obtain

dimF(K,u) <d-—2,
if merely
Se-1(K, )Lw < Sp(K, )L w
is assumed. To see this, simply note that Sy |(K, {u}) = H¥ 1 (F(K,u)), u € ST 1.
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2. Corollary 1.32 should be compared with Theorem 4.6 from [72], and Corollary 1.34
with Theorem 4.8 from [72]. Thus the stronger assumption of absolute continuity with
bounded densities implies a stronger obstruction to singularities.

The case 7 = 1 of Corollary 1.34 is contained in Satz 4.7 (b3) in [144]. Moreover, using
our second transfer principle, we can derive Corollary 1.32, for r = d — 2, from Weil’s
result.

3. Burago & Kalinin have given examples which show that the assumption of Theorem
1.30 can be fulfilled and still one of the two conditions which appear in the implication
of Theorem 1.30 can be violated. By duality corresponding examples can be obtained
for Theorem 1.19 as well.

1.6 Curvature measures: bounded densities

This section is mainly devoted to the mean curvature measure of convex sets. Recall from
the preceding section that if K € C? and

Cd_Q(K, ) < CCd—l(Ka ) )

for some constant ¢, then Theorem 1.30 implies that bd K is of class C'. In the following, we
will show that a much stronger result can be inferred. In fact, the same assumption already
implies that a ball rolls freely inside K if bd K is connected. In a certain sense, the main
difficulty is to demonstrate that bd K is of class C'"!.

First, however, we wish to provide a partial analogue of Theorem 1.26 for curvature
measures; this will extend a result of Burago & Kalinin in [22]. Thus we will also obtain an
integral-geometric characterization of absolute continuity with bounded density corresponding
to Theorem 1.8.

In the following, we will adopt the notation introduced in [74]. In particular, we write
T, K for the linear tangent space of K at z € bd K, where it is defined uniquely; in fact,
whenever we write T, K, this will be justified at least “almost everywhere” with respect to x.

Theorem 1.36 Let K € CZ, let 3 C R? be open, and assume that v € {2,... ,d — 1} and
s€{r,...,d—1}. Then the following conditions are equivalent.

(a) There is a constant ¢ such that
Cd—r(Ka ) '—/3 < CCd—l(K7 ) '—B .
(b) There is a constant ¢ such that, for us almost all E € A(d,s) with ENint K # (),

C!_(KNE,)_.(BNE) < 5/ 1{z € YLK, UE)] "H'C'_ (K NE,dz).
B

Remarks.

1. If the constant ¢ in (a) is given, then ¢ in (b) can be chosen so that

d—1
1"71)
s—1
(r—l)
and if the constant ¢ in (b) is given, then we can shoose the constant ¢ in (a) so that
c<ec.

~

i<

¢,
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2. It does not seem to be possible to infer that condition (b) is satisfied for all E € A(d, s)
with ENint K # @ if K is not smooth. Although the map £ — C!_,(KNE,-) is weakly
continous as a map from the set of all E € A(d, s) with ENint K # ) into the space of
Radon measures on R?, the integrand [T, K, U(E)] "t is discontinuous as a function
of x for fixed E. Moreover, the restriction of this map to the set of regular boundary
points of K is not equicontinuous with respect to E, and the set of regular boundary
points is not closed.

Proof. (a) = (b). By Theorem 1.8 we know that
Co r(KNE)L(BNE) <O (KNE, )L (BNE), (31)

for s almost all E € A(d, s) for which ENint K # (. Further, by Lemmas 5.2-4 in [74], we
conclude that, for p; almost all E € A(d, s) satisfying ENint K # () and for H*~ ! almost all
z € ENbd K, we have z € M(K) N M(KNE),

H' (KNE,z)=[T,K,UE)]""H [(Kn(z+UyE)),z),

where Uy(FE) = lin{ok (z),U(F) NT,K}, and

(f: 1) H, (K, x) > <i } i) LK (@ + Ug(E)), ).

The last inequality follows again from Theorem 4.3.15 in [67] and since the principle curvatures
are non-negative (whenever they are defined). This finally implies that
d—1
! (T‘—l) 1—r
1 (KNEz) < —(571) [T,K,U(E)] "H,_1(K,z), (32)
r—1

for pus almost all E € A(d, s) for which ENint K # (), and for H*! almost all z € ENbd K.
From (a) we further obtain that H,_;(K,z) < c for H%~! almost all z € bd K. Hence, by
Lemma 5.4 in [74] we have

H._(K,z) <c, (33)

for pus almost all E € A(d, s) for which ENint K # (), and for H*~! almost all z € ENbd K.
Now (b) follows from (31), (32), and (33).

(b) = (a). Let v C B be Borel measurable. For the following argument, we have to
recall some terminology from [74]. We write &, for the volume of an n-dimensional unit
ball and set ags = (Kg_rws) ‘ks_rwq. If T € G(d,d — 1), then we write G(T,s — 1) for
the Grassmann space of (s — 1)-dimensional linear subspaces of T. Further, we write v |
for the rotation invariant normalized Haar measure over G(T,s — 1); here rotations refer
to the linear space T' with the induced scalar product. For any V € G(d,s — 1), we set
GY(d,s) := {U € G(d,s) : V C U}, and we let v} denote the corresponding normalized
Haar measure over GV (d, s); compare [74]. Finally, if T € G(d,d — 1) and U € G(d, s) are
such that T+U = R, then [T, U] := |(e,u)|, where e € S 'NT+ and u € UN(TNU)+NS4 1.

Using successively Theorem 4.5.5 in [123] (the constant ags, is defined as in [74], Propo-
sition 5.8), assumption (b), Lemma 5.4 in [74], Lemma 5.6 in [74] , and Lemma 5.7 in [74],
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we obtain

Ca—r(K,7) :adsr/ C;_T(KQE,’YQE),U,S(dE)
A(d,s)

< ager & / / [T K, U(B)] " 1o~ (d) o (dE)
A(d,s) JENynbd K

— ey & / / [T, K, U (E)] "2 vy (dU) HO~ (der)
yNbd K JG(d,s)

_ WsWd—s+1 ~
- 27 Qdsy C
Wq ynbd K JG(TxK,s—1) JGVY (d,s)

[T K, U(E)* ™" v (U= (aV)H (de)

_ Ws ~ Rd—r
= ——Gqsr C
Wq

(H"" Lbd K)(v)

S—r

= 5Cd—1(K7’Y) .

This shows that (a) is satisfied. O

Corollary 1.37 Let K € C¢, let § C R? be open, and let r € {2,...,d — 1} and s €
{r,...,d—1}. Assume that there is a constant c such that

Cir(K, )L B <cCyr(K,-)LB.
Then, for each E € A(d,s) with ENint K # 0, there is a constant ¢(E) such that
Con(KNE,)L(BNE)<c(BE)C; (KNE, )L (BNE).

Proof. Let E € A(d,s) with ENint K # () be fixed. Then there is some yy € E and some
ro > 0 such that B%(yo,2r¢) C K. We can choose a sequence E; € A(d,s), i € N, for which
the estimate of condition (b) in Theorem 1.36 is fulfilled and such that E; N B%(yo, o) # 0;
thus

70

T.K,U(E;)] 2 —
[ U(E:)] diam K

for all z € E; Nbd K and 7 € N. Therefore we obtain

. _ (diam K\" ',
Csfr(KﬂEi,-)l_(ﬁﬂEi) <c ( > S,I(KﬂEi,-)L(ﬁﬂEi)

for all 7 € N. An argument similar to the one used to establish (b) = (c) in the proof of The-
orem 1.26 then completes the proof. The analogue of Lemma 1.25, which is needed for such
an argument, follows from Theorem 1.8.8 in [123], the weak continuity of curvature measures
and the fact that up to proper normalization the curvature measures are independent of the
dimension of the surrounding space (compare [123], p. 205). O
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Remarks. On Corollary 1.37 one can base an inductive proof of Theorem 1.30, starting
from Lemma 1.31. In fact, such an approach was essentially used by Burago & Kalinin.

Our next aim is to show that if Cy (K, ) < ¢Cy 1(K,-) for a constant ¢ > 0, then K is of
class C!. We shall deduce this theorem from Theorem 1.27 by means of the second transfer
principle through a succession of geometric results, which will be established first. These
geometric facts are designed to prove that if a convex body K € K¢, is a summand of a ball
of radius R > 0, then a ball of radius R~ rolls freely inside the polar K*. For the proofs of
two preparatory lemmas, we have to accomplish some explicit calculations for ellipsoids.

Lemma 1.38 Let R > 0, t € R? and |t| < R. Then B%(t,R)* is an ellipsoid of revolution.
The lengths of its semiaxes are
R 1

S d T e e e T = — .
R2 — |t|2 an a9 aq '7R2 — |t|2

Proof. We can assume that ¢ = |t|e;, where (eq, ... ,eq) is the standard basis of R?. Then,
for u € S !, we have

al =

p(B(t,R)*,u) = h(Bt,R),u) ™" = ((t,u) + R)~!

If we set z := p(B%(t, R)*,u)u, u € S%!, then we find (compare [44])

2
o =g (1= i) = el o)

Hence, any boundary point z of B%(t, R)* satisfies the equation

d
2 _ (11 2|1
Ty — <§> + —:1: Z

=2

where z1,...,z4 are the coordinates of x with respect to the standard basis (eq,... ,eq).
Some elementary calculations finally show that this is equivalent to
2

( =)
1 + RZ_ 2) 2
It] i Z L s =1
(wlm) = (¢——Rzl_|z—z>

This proves that bd B4(t, R)* is contained in and thus coincides with the boundary of an
ellipsoid with semiaxes as described in the statement of the lemma. O

Lemma 1.39 Let R > 0 be fired. Let &, t € [0, R), be an ellipsoid of revolution in R? the
semiazes of which have the lengths a1 = Rw? and as = ... = ag = w, where w := (R2—t2)_1/2.
Then the principal radii of curvature of & can be uniformly bounded from below by R~
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Proof. From the calculations in the proof of Theorem 1.27 we obtain for the principal radii
of curvature ro(z), ... ,r4(x) of the ellipsoid & in direction z = (x1,29,0,...,0) € S%! that

and

This proves the lemma, since z2 € [0, 1]. O

Proposition 1.40 Let K € K¢, and assume that the polar body K* is a summand of the ball
B%o, R) with R > 0. Then B%o, R™") rolls freely inside K.

Proof. By Theorem 3.2.2 in [123], the assumption implies that K* slides freely inside B%(o, R).
Hence for each v € S%! there is a (uniquely determined) point z* = 7x+(u) € bd K*
with K* C BYz* — Ru,R). Thus we get B%z* — Ru,R)* C K. In particular, we have
F(K*,u) = {z*} and h(K*,u) = h(B%(z* — Ru, R),u). Therefore, h(K*,u)"'u € bd K and
also h(K*,u)"'u € bd (B%(z* — Ru, R)*). This shows that

h(K*,u)"'u € bd K Nbd (B4(z* — Ru, R)*).
In other words, for each z € bd K there is some u € S9! such that
z € BY(rg-(u) — Ru,R)* C K.

From Lemma 1.38 we know that B?(7x-(u) — Ru, R)* is an ellipsoid of revolution. Since
o€ int K* and K* C B%(rg+(u) — Ru, R), we obtain |7x+(u) — Ru| < R. Now Lemma 1.38,
Lemma 1.39 and a special case of Corollary 3.2.10 in [123] imply that B%(o, R™") rolls freely
inside any of the ellipsoids B(7x+(u) — Ru, R)*. But then B%(o, R™") rolls freely inside K.OJ

The proof of Proposition 1.40 actually yields the following local result.

Corollary 1.41 Let K € K¢, v € S, and R > 0. Assume that x € F(K,u) is

such that K C BY(x — Ru,RO)O: and set z* = p(K*,u)u € bd K*. Then z* € BY(z* —
R lokg-(z*),R ') C K*.
Theorem 1.42 Let K € K. Then there is a constant ¢ such that
Ci—2(K,-) <cCy_1(K,")
if and only if there is some r > 0 such that the ball B%(o0,r) rolls freely inside K.

Proof. First, let us assume that

Cd,Q(K, ) < CCdfl(Ka )
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is satisfied for some constant c¢. We may also assume that o € int K. Then Theorem 1.16
implies that there is a constant ¢* such that

Si(K*,") < ¢* So(K*,").

Hence, Theorem 1.27 implies that K* is a summand of a ball. But then Proposition 1.40
yields the assertion.

The reverse implication follows, e.g., from equation (12) of [69], since K is a parallel
body of some body L € K% if B%(o,r) rolls freely inside K; see [123, Theorem 3.2.2]. O

Remark. Alternatively, the last assertion can also be seen from Lemma 3.1 in [72] and
Theorem 1.3. The boundedness of the principal curvatures of K from above by r—! at H%!
almost all boundary points can easily be checked. Still another way to prove the reverse
statement is to use Proposition 1.45 below, Satz 4.7 (a2) = (al) in [144], and Theorem 1.16
of the present work.

In order to see that Theorem 1.27 and Theorem 1.42 are actually equivalent, we first provide a
geometric result which is a converse of Proposition 1.40. We need two preparatory geometric
lemmas.

Let 7,1 > 0, and let e € S be an arbitrary unit vector; then we define

K(r,1,e) := conv{B%(0,r) U (le + B%(0,7))}.
We first calculate the radial function of the polar body of K(r,[,e).
Lemma 1.43 The radial function p(K(r,l,e)*,-) of the polar body of K(r,l,e) is given by

(r+Uu,e)) ", if (u,e) 20,
p(K(rl,e)",u) =
r—t, if (u,e) <0,

where u € ST,

Proof. The proof follows from p(K(r,1,e)*,u) = h(K(r,1,e),u)"", u € %!, and elementary
geometric considerations. O

Lemma 1.44 Let r > 0, and let | € [0,L] for some L > 0. Then there is a finite number
R = R(r,L) such that K(r,1,e)* is a summand of B%(o, R).

Proof. For the proof we show that for H¢~! almost all z € bd K(r,l,e)* the principal cur-
vatures ki(z),... ,kq_1(z) of K(r,l,e)* can be estimated from below by a positive number
Ry = Ry(r, L). In the terminology of Dekster [31, p. 248], this implies that K(r,[,e)* has an
R-support at H? ! almost all of its boundary points if (say) we set R := 2R,. Then Theorem
1.9 in [31] and Theorem 3.2.2 in [123] yield that K (r,[,e)* is a summand of B%(o, R).

It remains to establish the bounds for the principal curvatures of K (r,[,e)* at H~! almost
all boundary points. If z € bd K(r,[,e)* is such that (z,e) < 0, then trivially

Ei(K(rle)z)=r1, ie{l,...,d—1}.
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Now consider the case where (z,e) > 0. By Lemma 1.43 we have to estimate the principal
curvatures of the smooth hypersurface of revolution which is parametrized by the map X :
(0,7/2] x S92 — R? defined by

cost sint

Xt, = n N 3
(t,v) r+lsmtv+r+lsmte

where §972 ;= el N §9-1,
The exterior unit normal vector N of X is given by

rCcost [+ rsint
N(t,v) = — v + — ¢,
Vr2 + 12 4+ 2rlsint VrZ2 + 12 + 2rlsint

where (t,v) € (0,7/2] x S%=2. A straightforward calculation (compare [123, §2.5, p. 105))
yields for the principal curvatures of K(r,[,e)* at the boundary point x = X(¢,v), (t,v) €
(0,7/2] x 52,

r(r 4+ [ sin t)3 rt rt

ki(K(rl,e)",z) = > 1 0?~ r+L)p

B Vr2 +12 + orlsint

and
r(r+Ilsint) S r?

KL ey, @)= =k (Kln ) o) = VrE+ 2+ 2rlsint  r+ L

Since (r + L)~'r2 > (r + L)~3r*, we can define Ry as the minimum of »~! and (r + L)™3r4,
and this completes the proof of the lemma. O

Proposition 1.45 Let K € K%, and assume that B%(o,r) rolls freely inside K for some

007’

r > 0. Then there is some R < 0o such that K* is a summand of B%(o, R).

Proof. We may assume that B%(o,r) C K. We set L := diam(K) and choose R as in the
assertion of Lemma 1.44. By Theorem 3.2.2 in [123] it is sufficient to show that for each
u € S9! there is some ¢ € R? such that Ru € K* +t C B%o,R). Let u € S9! be given.
Define z := p(K,u)u and

K(z) := conv{B%(z — rok(z),r) U B%(o,r)}.

Then K (z) C K, since B%(o,r) rolls freely inside K. In addition, p(K,u) = p(K(z),u), and
hence also

h(K*,u) = h(K ()", u). (34)

Choose z* € bd K* such that h(K*,u) = (z*,u). By (34) and since z* € K* C K(z)*, we
now obtain z* € F(K(z)*,u). But then Lemma 1.44 implies that

Ru € K(z)* + (Ru — z*) € B%(o,R).

This shows that the definition ¢ := Ru — z* in fact yields Ru € K* +t C B%(o, R). O

From the proof of Proposition 1.45 we can extract the following local result.
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Corollary 1.46 Let K € K¢, 2 € bd K, and r > 0. Assume that v € N(K,z) NS4 is

007

such that BY(x — ru,r) C K, and set u := |z|"'z € S4='. Then there is some R > 0 such
that K* C B%(rx+(u) — Ru, R); moreover, R depends only on r and the diameter of K.

The next theorem refines the statement of Theorem 1.42. But first we state a lemma which
improves a less explicit assertion in [94], Hilfssatz 1. For this reason, we recall the following
notion. Let K € K and r > 0; then

(bd K), := {z € bd K : BY(z — ru,r) C K for some u € N(K,z)}
is the closed set of r-smooth boundary points of K.

Lemma 1.47 Let K € ng and v > 0. Then the restriction of the spherical image map ox
to (bd K), is Lipschitz with Lipschitz constant 1/r.

Proof. Let z,y € (bd K),, and define u := o (z), v := ok (y). Then we have
z—ru+rv € Bz —ru,r) C K,
and hence (z — ru + rv — y,v) < 0. This yields
r(v —u,v) < (y —z,v); (35)

by symmetry we also have

r{v—u,—u) < (y —z,—u). (36)
Addition of (35) and (36) implies

rlo —uf? <{y — w0 —u) < |y —a||v—ul,

which completes the proof. O

Theorem 1.48 Let K € K%, and assume that there exists a constant ¢ such that

Ci—a(K,") <cCy_1(K,-).

Then the ball B% (o0,((d —1)c)~t) rolls freely inside K; in general, the radius of this ball
cannot be increased further.

Proof. Tt follows from Theorem 1.42 and Lemma 1.47 that the spherical image map og :
bd K — S% ! is Lipschitz. The assumption implies that

ki(K,z) < (d—1)H(K,z) < (d—1)c, i€ {l,...,d—1},

for #%~! almost all z € bd K. Since o is a Lipschitz map, Remark 2 after Lemma 2.5 in
[70] yields that, for #%~! almost all u € S9!, all eigenvalues of d?hx (u)|,. can be estimated
from below by ((d — 1)c)~!. One way to complete the proof is to simply cite Theorem 1 in
[148] (or Satz 4.9 in [11]).
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A different (and perhaps more elementary) argument proceeds as follows. By Lemma 4.1
in [72] we deduce that, for v, almost all U € G(d,2), and for H' almost all u € S¥~' N U, the
inequality r(K|U,u) > 1/[(d — 1)¢] is satisfied. This shows that

ST(K|U,-) = ST (B0, ((d — 1)e) H)|U,),

and hence by a special case of Minkowski’s theorem (see Theorem 7.1.1 in [123]) we deduce
that B%(o, ((d —1)¢)1)|U is a summand of K|U, for 15 almost all U € G(d,2). But then the
assertion follows from Lemma 3.2.6 in [123].

For the second part, consider an ellipsoid £(a,b) whose semiaxes have lengths a1 = a
and as = ... = ag_1 = b, where b > a > 0. After some calculations (compare the proof of
Theorem 1.27), one obtains that the principal curvatures of £(a,b) satisfy

k‘l (IB) S

kz(x)g ) i6{27"'7d_1}7

S =

b
a?’
for all z € bd €(a,b). The upper bounds are simultaneously attained for one boundary point.
Therefore,

c(a,b) := ﬁ (a—bQ +(d— 2)%)

is the smallest constant such that
Cy—2(&(a,b), ) < cla,b) Cq—1(E(a,b),-)

is fulfilled. Moreover, r(a,b) := a?/b is the largest radius of a ball which rolls freely inside
E(a,b). This shows that

1

a2
r(a,b) c(a,b) = -1 (1 + (d— 2)§> , (37)

and the expression in (37) is arbitrarily close to (d — 1)~! for b/a — co. O

Remarks.

1. In the plane (d = 2), a slight modification of the proof for Theorem 1.48 leads to a
direct proof of this Theorem for d = 2. In fact, let K € K2, and assume that

C[)(K, ) S CCI(K,')

for some constant c¢. Then, for H! almost all z € bd K, we obtain ki(z) < c¢. On the
other hand, if 3 C bd K is a Borel set and H'(3) = 0, then

HI(U(KHB)) = OO(KHB) < CCI(Kaﬁ) = CHI(/B) =0,

and therefore, as in the proof of Theorem 1.48, we have ri(u) > ¢!, for #' almost
all w € S'. Now an application of Minkowski’s theorem yields that B%(o,c™!) rolls
freely inside K. (Instead of Minkowski’s theorem, one can also use very special cases of
Theorem 1 in [148] or Satz 4.9 in [11].)
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2. The preceding results can be used to extend stability results for convex bodies of class
C_% to the nonsmooth case. In the plane, in particular, a sharp stability result can easily
be obtained. In fact, let K € K2, 0 < e < 1, and assume that

(1 —-€)Ci(K, ) <Cy(K, ) < (1+e)Ci(K,").

Then a disc of radius (1 + €)' rolls freely inside K, and K rolls freely inside a disc of
radius (1 — €)™,

Corollary 1.49 Let K € C¢, let 3 C R¢ be open, and assume that there is a constant ¢ such
that

Ci2(K,") LB <cCy(K,-)LB.

Then, for each compact subset B of B, there is some r > 0 such that BY(z — rog(z),r) C K
for all x € BNbd K; in particular, all points in BN bd K are regular boundary points and ox
1s locally Lipschitz on BN bd K.

Proof. Tt can be assumed that K € K%, since the curvature measures are translation invariant

and locally defined. The proof of the first statement then follows from Theorem 1.16, Theorem
1.29, and Corollary 1.41.
The remaining assertion is implied by Lemma 1.47. O

Remark. Conversely, one can deduce Theorem 1.29 from Corollary 1.49 by using Theorem
1.16 and Corollary 1.46. Thus, in view of the second transfer principle, Theorem 1.29 and
Corollary 1.49 are equivalent up to rather elementary additional geometric considerations.

Corollary 1.50 Let K € Cg, let bd K be connected, and assume that there is a constant c
such that

Ci2(K,") <cCy1(K,).
Then the ball B4 (o, ((d — 1)c)™") rolls freely inside K.

Proof. We already know that bd K is locally of class C1''. Let & > ¢ be arbitrarily chosen.
Further, choose £y € bd K and set ug := o (z). Set K := K N B%xy,1) € K¢, and let
€ > 0 be such that zg — eug € int K and € < ((d — 1)¢)~'. We can choose the origin so that
0 = xy — euy. The assumption and equation (21) imply that

Dih(K*,u) <¢e

for all v € w, where w C S% ! is a sufficiently small, spherically convex neighbourhood of u.
In particular, we can assume that p(K,u) = p(K,u) for all 4 € w. From Theorem 1.16 we
first infer that

Sl(K*,-)I_w < SO(K*,')I_Q),

and hence
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Let wy C S9! be a spherically convex, open neighbourhood of 4 whose closure is contained
in w. As in the proof of Theorem 1.29 it then follows that

h(K*u) <h (Bd (77 (o) — (d — 1)Eug, (d — 1)&) u)
is satisfied for all u € wy. But then an application of Corollary 1.41 shows that

p (B (w0 — ((d = 1)e) o, (4= 1)) ') ,u) < p(K,w)

is true for all u € wy. In other words, we have proved that for all x € bd K the ball
B (z — ((d—1)e)"'ox(z), ((d — 1)¢)~") locally touches bd K from inside. By applying The-
orem 4.3.2 or Theorem 9.3.2 of Brooks & Strantzen [19], we deduce that B? (o, ((d — 1)¢)~")
rolls freely inside K. But this implies the desired result, since ¢ > ¢ was arbitrarily chosen.[]

Remark. A completely different proof of Corollary 1.50 has independently been found by
V. Bangert [12]. There one can also find references to the literature, where special cases of
Corollary 1.50 have been treated in the setting of smooth hypersurfaces. The author gratefully
acknowledges discussions with V. Bangert, which motivated the treatment of the noncompact
case in the present work.

1.7 Applications to stability results

A familiar way of establishing stability and uniqueness results for balls is to use symmetriza-
tion techniques. This is also the method which was used by Diskant in order to prove stability
results for convex bodies K for which Sy_1(K,-) or Cy(K,-) are close to the corresponding
measures of the unit ball B%(0,1). It is surprising, however, that it is possible to improve
Diskant’s result for the (d — 1)st surface area measure by means of Diskant’s stability result
for the Gauss curvature measure Cy(K, ).

Proof of Theorem 1.18. We can assume that € > 0. The assumption implies that int K # ()
and

1—€e< Dy 1h(K,u) <1+e, (38)
for H9! almost all u € S4~ 1. By Theorem 1.5, the left-hand side of (38) yields that
CO(Ka ) < Cd—l(Ka ) ; (39)

moreover, the density function is given by Hy_; (K, -). Let wy C S%~! be the set of all u € §¢~!
such that hx is not second order differentiable at u or (38) is not satisfied. Hence, we get

0= So(K,wp) > (1+€) 1S4_1(K,wp) = (14 € 'HH(7(K,wp)) > 0.
For z € M(K) \ 7(K,wp), and hence for #?~! almost all z € bd K, we obtain that
Hy 1(K,z)Dy 1h(K,ok(z)) =1; (40)
see Remark 2 after Lemma 2.5 in [70]. From (38) and (40) we deduce

l—e<(l+e) ' <Hp(K2) <(1—¢) " <142, (41)
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since 0 < € < 1/2, and thus (39) and (41) imply
(1-200Cu 1(K,) < Co(K, ) < (1+26Ca 1(K,).

Now the proof is completed by applying Theorem 1 of Diskant [32]; compare Theorem 7.2.11
in [123]. O

Remark. Let K := B? (0,(1+¢)'/(®")), 0 < € < 1/4. Then the assumptions of Theorem
1.18 are fulfilled, but the Hausdorff distance of K to an arbitrary unit ball is greater or equal

d—2
1[4\
d—1<3> “

Therefore, the exponent of ¢ (namely 1) in the conclusion of Theorem 1.18 cannot be
improved in general.

The proof of Theorem 1.18 also suggests the following consequence, which we include for the
sake of completeness.

Corollary 1.51 Let K € K¢, let w C S%! be Borel measurable, and let 0 < a < § < oo.
Then the following conditions are equivalent:

(a’) aSO(Kv ) Lw < Sdfl(Kv ) Lw < ﬁSO(Ka) LWy
(b) 1/8Cu 1 (K, )L r(K,w) < Co(K,) L 7(K,w) < 1/aCy 1 (K, ) r(K,w).

The second consequence of our general results on the absolute continuity of curvature mea-
sures, which we discuss in this subsection, concerns a stability result for the mean curvature
measure. The following terminology is appropriate. For a given convex body K, let Bg be
the Steiner ball of K. This is the ball which has the same Steiner point and the same mean
width as K. Further, denote by d3(K, Bx) and §(K, Bx) the L?-distance of the support
functions of K and Bg and the Hausdorff distance of K and By, respectively.

Theorem 1.52 Let K € K%, € € [0,1), and assume that

(1—€)Cami (K, ") < Cama(K,") < (1+€)Cai (K, ). (42)
Then
02 (K, Bx) < c1(d) V(K) €2, (43)
where
(@ == (23“S’+‘11)2d3>2 |
Remarks.

1. By considering the convex hull of {z € B%(0,1) : (z,eq) > 0} and B%(0,1 —¢) for € | 0
one can see that the exponent 1/2 of € on the right-hand side of (43) cannot be increased
in general.
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. Under the assumptions of Theorem 1.52 one obtains from Lemma 2 in [58] that

4 d—1 2

d (K,Bg) < co(d) V(K)@+3 b(K) a3 ed+3 |
where co(d) is a constant which merely depends on the dimension d and which can be

calculated explicitly. In particular, by the same arguments as in [122], we get under the
present weaker assumptions that

3(K, B%(0,1)) < ¢3(d, diam K) ea+3

where c3(d,diam K) is a constant which depends on d and diam K and which can be
determined explicitly.

. Provided that (42) holds for some ¢y € [0,1/(2d — 3)), we get for all € € [0, ¢y] that

5(K7 Bd(oa 1)) < 04(d7 60) Edi% )

where ¢4(d, €p) is a constant which depends on d and €y. This follows from Corollary 4.3
in Bangert [12], which yields a diameter bound Dy(€g) for convex bodies K such that

(1 —€0)Ca-1(K,) < Cqa(K,) < (1+€)Cy-1(K,"). (44)

The constant Dy(ep), however, cannot be calculated explicitly.

. A close inspection of the arguments in a recent preprint by Kohlmann [85] shows that

for ey < €(d) a diameter bound D(d) can be established for all convex bodies satisfying
(44). The constants €(d) and D(d) can be calculated explicitly, but certainly they are
not optimal. The explicit determination of suitable numbers €(d) and D(d) is carried
out in Section 2 in the more general context of relative curvature measures.

. Theorem 1.52 will be extended to a statement about relative curvature measures in

Section 2.

Proof of Theorem 1.52. The assumption (42) implies that K is of class C''. Therefore, by
Lemma 4.2.3 in [123], we get

(1 —€)Si-1(K,") < Sg2(K,-) < (1+¢€)Sa—1(K, ).

From this and from the symmetry of the mixed volumes we deduce that

W1(K)? — Wy (K)Wa(K) <4V (K)?e,

where W;(K) is the i-th quermassintegral of K; compare the contributions by Schneider [122]
and Arnold [6]. Moreover, Theorem 1.48 implies that the ball B¢ (o, ((d — 1)(1 +€))~") rolls
freely inside K. But then the proof can be completed as in [6]. (Note that the definition of
d2 in [6] differs from our definition by a normalizing factor.) O
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1.8 Stability in Minkowski’s uniqueness problem

In this section, we establish a stability result for Minkowski’s fundamental (existence and)
uniqueness theorem (see Theorem 7.1.1 in [123]) concerning measures over the unit sphere
of R?. Our aim is to provide a stability estimate with optimal exponent for the surface area
measures of order d — 1 of convex bodies, which may be chosen from a large class of convex
bodies.

In order to describe this class of convex bodies, we first recall that the surface are measure
of order d — 1 of a convex body M € R? can be decomposed with respect to the (d — 1)-
dimensional Hausdorff measure into an absolutely continuous part S§_, (M, ) and a singular
part S5 ,(M,-). The singular part can again be decomposed into two measures, S} | (M, )
and S§_,(M,-), where the first of these does not have atoms and the second is a counting
measure, that is an at most countable sum of point measures. More explicitly, we define

Si (M) := Y Sy 1(M,{u})y, (45)

ueSd—1
where 0, (w) = 1 if u € w, and §,(w) = 0 otherwise, for any Borel set w C S%~!, and we set
Si—1(M, ) := Sg_1(M,-) = Sg_1(M,").

It is easy to see that in (45) at most countably many summands are non-zero; moreover,
Sy 1(M,{u}) = H¥"V(F(M,u)) for all uw € S*. Thus we have the following decomposition

Sa-1(M,-) = 54 (M) + 55 1(M,-) + 87 1(M, )

of the surface area measure of order d — 1 into an absolutely continuous component, a com-
ponent which is a counting measure, and a singular component which does not have point
masses. In the following theorem, we shall consider K, L € K¢ for which the condition

Sg—l((l - t)K + tLa ) > max{Sg_l(K, ')v 53—1(11’ )} ) (46)

is satisfied for all ¢ € [0, 1]. In particular, this condition is fulfilled if K, L are both polytopes or
if the surface area measures of order d — 1 of K and L are absolutely continuous; for instance,
the latter is true if the support functions of K and L are of class C?. Note, however, that
Sqg—1((1 —t)K +tL,-), t € (0,1), is not necessarily absolutely continuous even if Sy_;(K,-)
and S;_;(L,-) are absolutely continuous for some convex bodies K, L € K¢; see Example 1
in [72].

Finally, for 0 < r < R we denote by K%(r, R) the set of all convex bodies in R? which
contain a ball of radius r and are contained in a ball of radius R.

Theorem 1.53 Let 0 < r < R. Then there exist constants ey € (0,1) and 7, which depend
only on d,r, R and can be calculated explicitly, with the following property. If K, L € K%(r, R)
satisfy condition (46) and fulfill

|Sa—1(K, ") = Sg—1(L, )| <€ (47)

for some € € [0, €], then

1

§(K,L+1z)<vyelt

for a suitable vector x € R%.
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It is appropriate to compare this theorem with the literature. A stability result which holds
for all convex bodies in K%(r, R), with the smaller exponent 1/d, was proved by Diskant in
[34]. He thus improved a previous result by Volkov [140] who had found a corresponding result
with exponent 1/(d +2). Alternative approaches, leading to smaller exponents, but implying
stability results for projection bodies, have been provided by Bourgain & Lindenstrauss [17]
and Campi [24].

For convex bodies with support functions of class C? and under a more restrictive assump-
tion than (47), Diskant [36], [37] has shown that the exponent can be increased to 1/(d — 1);
but he could not decide whether this is the optimal value. That the exponent in Theorem
1.53 is indeed optimal for the class of convex bodies considered, can be seen by choosing for
K a unit cube and for L the convex body which is obtaind from K by cutting off a vertex
of K in such a way that the section plane meets K in a regular (n — 1)-simplex whose edges

1
have lengths equal to ed-T.

Finally, in Theorem 1.18 we treat a more special situation, since there one of the bodies
is a ball and also the basic assumption is more restrictive than condition (47). Therefore it
is not surprising that a better exponent can be obtained in the situation of Theorem 1.18.

Before we begin with the proof of Theorem 1.53, we make some preliminary remarks. For
brevity, we set

Vi(M,N) :=V(M[d - 1],N),

where M, N are convex bodies and, as usual, V(M[d — 1], N) is the mixed volume with d — 1
entries M and one entry N. Therefore, we have

1
Vi(M,N) = /5 BN, w) Sy (M )

Further, if M € K¢ and v € S9!, then we denote by MV the orthogonal projection of M
onto v+, and we write V;_;(-) for the volume functional in (d — 1)-dimensional hyperplanes.
Then a special case of equation (5.3.32) in [123] shows that

1

Va1 (M?) = 3 /Sdl |{(u,v)| Sq—1(M, du) .

These relationships will be used repeatedly in the following.

Proof of Theorem 1.53. For d = 2 the theorem follows easily from equation (3.1) in [14].
Henceforth, we consider the case d > 3.

The proof is divided into six steps. Subsequently, we denote by ¢;, ¢ € N, constants which
merely depend on d,r, R. Furthermore, B% denotes the d-dimensional Euclidean unit ball.

Step I. By Lemma 7.2.3 in [123], the following estimates are satisfied for all € > 0 under the
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present assumptions:

d
2R (R
0 < VA(L,K) = V(L)'T V(K)1 < = (— + 1) €.
From Vi(K,L)? > V(K)4 'V (L) and (49) we deduce

V(L) (1 + ?ﬁ)d = <V(L) + §e>d > V(K)WV(L),

and hence

By symmetry, we infer that
[V(K) —V(L)| < cae.
Since K, L € K%(r, R), the mean value theorem and (52) imply that

V(K)i —V(L)i| < cse.

o1

(52)

(53)

Step II. For ¢ € [0,1] we set H; := (1 — t)K + tL; obviously, H; € K%(r, R). We shall show

that
|[V(Hy) —V(K)| <cye and |[V(H;) —V(L)| <cye

for all ¢ € [0, 1].

For the proof, we first define
$(t) := V(H) T — (1 — 1)V (K)d —tV(L)7, te[0,1].
Then ¢ is concave, smooth, and ¢(0) = ¢(1) = 0; in particular,
$'(0) > ¢(t) >0, tel0,1].

A straightforward calculation shows that

-

#(0) = Vi(K,L) — V(IQ%V(L)E <ese,
V(K) 4

where (50) and K € K%(r, R) were used. Hence, by (53), (55) and (56) we obtain

—V(K)i|+cse < cge,

=

~V(K)i| <|V(L)

S

|V (Hy)

(54)
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and thus
1 d d
V(H) < (V(K)i +cge) < VK)(1+ere)
< V(K) +cge€,
for all t € [0,1]. A similar estimate also gives
V(K) <V(H;) +ecge, tel0,1].
Since the roles of K and L can be interchanged, the proof of (54) is completed.

Step III. For the remaining part of the proof, we will need two essential estimates, which can
be obtained as consequences of (47). To derive these estimates, we introduce the following
notation. If w € S and M € K¢, then we set

v(M,u) = Vy_1(F(M,u))
and
m(u) := min{v(K,u),v(L,u)}.

The Brunn-Minkowski inequality implies that

1

(Hy,u) T > (1 — t)o(K,u) ™ + to(Lu)™1, we S,
and therefore
v(Hy,u) >m(u), uweSt, (57)

for all ¢ € [0,1]. Furthermore, for all u € S%~! such that h(K,-) and h(L,-) are second order
differentiable at u, that is for H9~! almost all u € S 1, we set

m(u) := min{Dy_1h(K,u), Dy 1h(L,u)}.

By known properties of mixed discriminants we then obtain

1 1

Do h(Hy,u)T7 > (1= £)Dy_yh(K, u) =T + tDg_yh(L,u) =T ,
and thus
Dy—1h(Hy,u) = m(u), (58)

for all u € S%! such that h(K,-) and h(L,-) are second order differentiable at u, and thus
for H9! almost all w € S~ and all ¢ € [0, 1].

Let w; denote the set of all u € S¢~! such that v(K,u) > m(u). Hence, w; is an at most
countable set, and for u € w; we have m(u) = v(L,u) and

v(K,u) —m(u) = Sq_1(K,{u}) — Sqg_1(L,{u}) .
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This shows that

0< 3 WK, u)—mw) = 3 (K u) —m(u))

ucSd—1 UEWL

= Sdfl(K, wl) - Sd,l(L,wl) S €. (59)

Further, let wo denote the set of all u € S9! such that h(K,-) and h(L,-) are second order
differentiable at u and Dy h(K,u) > m(u). Then m(u) = Dy_1h(L,u) and

0= /sd—l(Ddlh(K’ u) —m(u)) Hd_l(du) - / (Dg_1h(K,u) —m(u)) Hd_l(du)

== Sd_l(K, w2) - Sd_l(L,UJQ) S €. (60)

Here we have used the fact that if M € K¢ and w is the set of all u € S%~! such that h(M,-)
is second order differentiable at u, then

Sq 1 (M) Lw << HIT W,

This can be verified as follows. Choose any normal boundary point z € 7(M,w) of M, that
is £ = 7y (u) for a uniquely determined u € w. Then by Lemma 3.4 in [72], we obtain
ki(z,u) > 0 for i € {1,... ,d — 1}; moreover, by Lemma 3.1 in [72], we find k;(z) = k;(z,u)
for i € {1,...,d —1}. This shows that Hy (M,z) > 0 for H?! almost all z € 7(M,w).
Now the assertion is implied by Theorem 1.6.

Step IV. For all t € [0,1], the estimates
\Vi(H;, BY) = Vi(K,BY)| <cpe and  |Vi(Hy, BY) — Vi(L,BY| < cppe (61)
are satisfied.

For the proof, we consider the sum I = Ix which is defined by

I = V(H,) _é S h(Hy, wm(u) — = /S h(H () H (dw)

ucSd—1 d

1
. / h(Hy, ) SB_y (K, du)
d Sd—l

for t € [0,1]. Note that here and in the following summations effectively extend only over
countably many u € S9!, since v(Hy,u), v(K,u) and v(L, ) are non-zero for at most count-
ably many u € S%~!. Therefore, we can simply write Y instead of Y, ga—1. Our next aim
is to estimate I from above and from below. Similarly, we simply write [ instead of [g,_, if
the integration is extended over S% 1.
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Let ¢ € [0,1] be fixed for the moment. Using (54), (59) and (60), we obtain

T=V(H) / W(H, ) Sa1 (K, du)

+ é Zh(Ht,u)(v(K, u) —m(u))

d
<(1 = 8)(V(H:) = V(K)) + ¢V (H;) = Vi(K, L))

+§ [Z(U(K,U) - m(u)) + /(Dd—lh(K, u) _m(u)) Hd—l(du)
<t(V(H;) = Vi(K, L)) +cii €.

+ 1 /h(Ht,u)(Dd_lh(K, w) —m(u))’Hd_l(du)

(62)

In addition, by (46), (57) and (58) we can estimate
1
I [ B (i (Hiydu) = S (. dw)
d Z h Hta Hta ) m(u))
1
42 [ B0 (Da () = ) 1 )

{Sd (Hy ST - S (K, S

&.I‘Z

+ 00w —m(w) + [[(Da-ih(Hi ) — () 1O )

>r(Vi(Hy, BY) = Vi(K, BY). (63)

Combining (62) and (63), we find

(V(Ht) — Vl(K, L)) + Cl12 €.

‘BI“

Vi(H;, BY) — Vi(K,BY) <

By (54) and (49),
[V(Hy) = Vi(K, L)| < |V(H;) = V(L) + [V(L) = Vi(K, L)

SCI?)ea

and thus

Vi(H, BY — Vi(K,B% < ciqe, te[0,1]. (64)
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On the other hand, from (57), (58), (46), (59) and (60) we deduce

1 i1y, 1 L[\ qgd-1
Vi(Hi, B) > 583 (i, 57+ 53 m(w) + © /m(u) H (du)
1
d— 1 d—1
>de (K, S dz v(K,u) E/Dd_lh(K,u)H (du)

2 ) = m(w) = 5 [(Dah( )~ ) 1O

>V (K,B%) —e. (65)

Now (64) and (65) yield the first estimate of (61), and the second follows by interchanging
K and L.

Step V. If v € 4! and t € [0, 1], then
|Vd_1(H;}) - Vd_l(KU” S C15 € and |Vd_1(H;}) - Vd_l(Lv)| S C15 €. (66)

For the proof, we define J = Jg by

T Var(H) =5 3 NwodlmGn) =5 [ o) 10 ()

ucSd—1

1
5 [, Ml Si (K du).
Sd—1

Since

—5 [ 1wl (S5 1 (o) — 34 (K, )
+ = Z| u, v)|(v(Hy,uw) — m(u))
5 [ o)D) — () 10 () 2 0
we can deduce that
Va1 (Hy) = Vg 1(K") > — % > Hu, v)| (v(K, 1) —m(u))

~ 5 [ 1w (Dams b, ) = ) 1 )

> —€. (67)
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On the other hand, by (61)
Va1 (HY) — Va1 (K") <J
<8 (Hy, ST — Si_y (K, 877
+ Z (Hy,u) — m(u)) + /(Dd_lh(Ht,u) —mm(u)) H Y (du)

=dVi(Hy, BY) — dVi(K, BY)

+ Z(U(K,u) —m(u)) + /(Dd_lh(K,u) —mm(u)) HO (du)
Sclﬁ €. (68)

The estimates (67) and (68) yield the first estimate in (66), and the second estimate follows
by symmetry.

Step VI. Now we consider the function

1

By (K, L,t) := Vg 1(HY)T T — (1= )V 1 (K")a 1 —tV, y(LV)a 1, te0,1],
for an arbitrary but fixed v € S?~!. Using (66) and the mean value theorem, we can estimate
1 v 1 .
Oy (K, Lyt) = (1= ) [Vaoa (H)TT = Vaoa ()T | 4 [Vaoy () ™7 = Vaoy (1)
<cre. (69)

Choose A > 0 so that Vy_1(AK") = V;_1(L"); then by (66)
1 1
)\12:1—0186§<1—Ld_16> S)\S(l—l—Ld_lE) <14cige=: A2
Kd—1T Kd—1T
if0<e< ﬁd_lrd_lcg. But then
Dy (VK Ly 1) < M@y (K, L) + (o = M) { (1 = )V(K") 77+ ev(L) a1 |

<cpge.

Now the main Theorem in [35] shows that there exist ¢y and 9, depending only on d,r, R,
such that

for some z(v) € v*, and therefore

Thus the assertion of the theorem is implied by Theorem 4.3.4 in [44]. O
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1.9 A measure geometric structure theorem and applications

For a long time the Besicovitch-Federer structure theorem (see Chapter 3.3 in [42]) has played
a central role in geometric measure theory. We refer to the survey paper [20] for some general
comments on this theorem and its impact. Although Ross [111] has developed a simplified
approach to the structure theorem, the proof of this key result still remained long and involved.
This fact (and other reasons) have eventually led to the development of alternative approaches
to some parts of geometric measure theory which previously did depend on the structure
theorem. The recent discovery of a relatively simple integral-geometric proof of the structure
theorem by White [154] may well change the general attitude again.

The structure theorem has been extended to certain homogeneous spaces by Brothers
[21]. In this general situation a simple proof has not yet been worked out (if possible at all).
Subsequently, we establish an integral-geometric transformation formula, which should be
interesting in its own right and from which the structure theorem in spherical spaces follows
easily. In fact, the argument actually shows that the essential statements of the structure
theorem in Euclidean and spherical space are equivalent. We should emphasize that the latter
result is not just a simple corollary of the Euclidean version, since global integral-geometric
considerations are required in the argument.

Our original interest in this subject was motivated by certain applications to the inves-
tigation of the absolute continuity of surface area measures, which are also included in this
section. This part of the present work has to be seen in connection with recent work on
Hessian measures of convex functions [29], [30]. There a general strategy is described which
allows one to deduce certain results on curvature or surface area measures of convex sets from
corresponding more general theorems about convex functions.

We start with some preparatory remarks. Let d > 2 and m € {0,... ,d—1}. Let v denote
the (complete) normalized invariant measure over the group O(d) of rotations in Euclidean
space R?. Recall that (-,-) and | - | are the scalar product and the norm, respectively. Let
Uy € G(d,d—m) be arbitrarily chosen and fixed, denote by x,, the volume of the n-dimensional
unit ball B" for n € N, and define w,, := nk, (as before). Then the m-dimensional spherical
integral-geometric measure is defined by

o = Ymti car v
my(a) =2t | D o), (70)
if A€ B(5%1), and
(M) := inf {Ig”(A) McCAec %(SH)} (71)

for M C S41; compare the remarks in [20], [21]. It is easy to check that TP is a Borel regular
outer measure over S4'. In order to show the measurability of the map

O(d) = [0,00], p > card(ANplp),

for each A € B(597"), one can either refer to Theorem 3.2.48 of Federer’s book [42] or, more
explicitly, proceed as follows. Let 73 : R x R? x O(d) — O(d) denote the projection onto
the third component. If S C S%! is a Borel set, then the set

{p € O(d) : S pUs # 0}
= m3({(z,u,p) €ER? x R x O(d) : 2 € S,u € Uy, pu = 1}),
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is measurable with respect to the completion of the measure space (O(d),B(0O(d)),rv). This
follows from the theory of Suslin sets; compare [42, §2.2], [28, §8.4]. Set

|0, it SNpUp =0,
XSnplo = 1, otherwise.

Then, as 7 — 00,

Z Xsnpu, T card(A N pUp)
SG’HJ‘

if (H;)jen is a sequence of Borel partitions of A such that
limsup{diam(H) : H € H;} =0.
J—00
This yields the asserted measurability statement.
The assumption of the subsequent theorem involves a finiteness condition on Hausdorff
measures over S4 1. The metric with respect to which the Hausdorff measures are constructed
can either be the interior geodesic metric of S¢~! or the metric of the surrounding Euclidean

space R?. Tt is easy to see that the value of the two measures thus obtained is independent
of the chosen metric, i.e., for all » > 0,

gd—l = Hﬂgd .
Therefore we shall simply write H" in the following.

Theorem 1.54 Letd > 2 and m € {0,... ,d—1}. Assume that A C S*! and H™(A) < oco.
Then there is a countably m-rectifiable Borel subset R of S?' such that A\ R is purely
(H™, m)-unrectifiable and

Ig'(A\ R) = 0;
moreover, H™(A) = ZZ(A) if and only if A is (H™, m)-rectifiable.

With such a structure theorem for subsets of the unit sphere, we can now remove an assump-
tion in the statement of a result on surface area measures S,(K,-) of convex bodies K € K¢
compare Chapter 4.6 in Schneider’s book [123].

Corollary 1.55 Let K € K% and m € {0,... ,d —1}. Then
S (K,w) < ag HE 1™ (w)

for each w € B(S4™1), with some constant ay depending only on d,m and on the surface areas
of the projections of K onto (m + 1)-dimensional subspaces of R%.

A corresponding result for curvature measures was found by Schneider (compare [123]). How-
ever, for curvature measures a simpler approach, based on an idea of Fallert [41], is provided
in [30]. A result similar to Corollary 1.55 is outlined in the Notes to Section 4.6 in [123].
The following two theorems, which are suggested by Corollary 1.55 and its counterpart
for curvature measures, represent the final step in a number of preliminary results (actually,
Theorem 1.56 can be extended to sets with positive reach as shown in [30]). We refer to [73]
for a discussion of the relevant literature; there one can also find the most general versions of
Theorems 1.56 and 1.57 which were previously known (see Theorems 3.2 and 4.3 in [73]).
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Theorem 1.56 Let K C R? be a convex body and j € {0,... ,d — 1}. Further, let « C R?
be a Borel set having o-finite j-dimensional Hausdorff measure, and let n C a x R be Borel
measurable. Then

(d ; 1) 0,(K,n) = /R HIIN(K, ) )W (da)

where 1, = {u € S471 : (z,u) € n}.

Theorem 1.57 Let K C R? be a convex body and j € {0,... ,d —1}. Further, let w C S
be a Borel set having o-finite (d — 1 — j)-dimensional Hausdorff measure, and let n C R x w
be Borel measurable. Then

(d - 1)ej(K,n> — [ W(EE ) Ny H T (du)
J sd=1

where n* := {z € R : (z,u) € n}.

In [30], these results are deduced from a corresponding theorem involving semi-convex
functions. The proof of this theorem is essentially based on Federer’s structure theorem in
Euclidean space. Following such an approach, the proof of Theorem 1.57 turns out to be
more involved than the argument required for Theorem 1.56, since it additionally requires
a duality theorem for Hessian measures of convex functions. On the other hand, Theorems
1.56 and 1.57 both admit a direct approach which avoids the use of Hessian measures. We
shall demonstrate this for Theorem 1.57, and this will provide another (though related)
application of the structure theorem in spherical space. A proof for Theorem 1.56 can be
given along similar lines.

The proof of Theorem 1.54 will be based on an integral-geometric theorem and on the Eu-
clidean version of the structure theorem. For the statement and the proof of the integral-
geometric result we need some additional notation. Let U € G(d,j) and V € G(d, k) be in
general position, that is, assume that

n:=dim({U NV) =max{j + k —d,0}.

Choose vectors z1,... ,z, (if n > 0), yni1,-..,Yj, Znt1,--- 2k s0 that (z1,...,2,) is an
orthonormal basis of U NV, (z1,...,%Zn,Yn+1,-..,y;) is an orthonormal basis of U and
(Z1y--+ Ty Zntts--- 5 2k) is an orthonormal basis of V. Then we set

[U, V] :=|det(z1,... s TnsYntir- - >Yj> Zntls--- »2k)]| -

This definition is independent of the particular choice of bases. Furthermore, we set H, :=
{r e R?: (x,e) =1} ife € R\ {0}, and we define A (H., m) to be the set of all m-dimensional
affine subspaces of H,.

Theorem 1.58 Let d > 2, m € {0,... ,d — 2}, and A € B(S4 ). Let e € S4! be fized.
Then, for any measurable function f : G(d,m + 1) — [0, oo,

/ f(U)H(m+1)(d_1_m)(dU)
G(d, m+1)

= / f(lin{ E})[lin{ B}, e ]9 (mH0d=1=m) (4 ) . (72)
A(He,m
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Before we provide a proof for Theorem 1.58 some remarks are appropriate.

First, the Hausdorff measure on the left-hand side of equation (72) is, up to a constant
multiplier, equal to the O(d)-invariant normalized Haar measure on G(d, m + 1). In particu-
lar,

wd DR wdfm

HmHDE=1=m) (G (d,m + 1)) = s Gl
1 Wl

where w, = H" 1(S" 1) = nk, for n € N. The Hausdorff measure on the right-hand side is
up to a constant multiplier equal to the usual motion invariant Haar measure on A(H., m).
Especially, it satisfies the relationship

/ g(E)H(m+1)(d_1_m)(dE)
A(Heym)

- / / g(U +t + e) 1 =™ (dt)yH™4=1=m) (qU))
G(et,m) JelnU+t

(et

where ¢ € S%! is fixed, g : A(H,., m) — [0,00] is an arbitrary measurable function, and
G(et,m) is the Grassmannian of m-dimensional linear subspaces of the linear subspace et :=
{veR:: (v,e) =0}

Second, there is a slightly more general variant of Theorem 1.58 for oriented subspaces
and oriented planes. It can be proved by using the coarea formula and some calculations
involving the Grassmann algebra. In contrast to this method, the approach which we prefer
presently mainly uses classical formulae of integral geometry. A nice exposition of this
method is provided in Chapter 6 of the book by Schneider and Weil [132].

Proof of Theorem 1.58. The proof of the case m = 0 requires only relations (73) and (74) of
the subsequent argument. Therefore we can assume m > 1. Recall that v, denotes the
O(d)-invariant probability measure over G(d,m + 1) and set ¢; := H* (4 1)~ (m+1) Then
we have

Lo i@
G(d, m+1)
. /Sd [ Pinfu R ) A (). (73)

In fact, if f is specialized to indicator functions of Borel subsets of G(d,m + 1), then the
integrals on both sides of equation (73) define invariant measures with respect to O(d).
Hence, they must be equal up to a constant multiplier. This constant ¢; can be determined
explicitly by setting f = 1.

Now consider the transformation

o:8" N\ et 5 H,, ur (u,e) .

Let (u,va,...,v4) be an orthonormal basis of R?. A straightforward calculation then yields
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for the Jacobian of this map

o (g (= ) it (= )|

Ji—1p(u) =

Thus we obtain

/ Flin{ug, ... ,um DHET (dug) . .. HO (duyy,)
gd—1 gd—1

m

2m+1/ o | fttingao,. o) Tl 9 o) (o) (74)

1=0

For the next step we apply the affine Blaschke-Petkantschin formula in the (d—1)-dimensional
affine subspace H,; see Satz 6.1.5 in [132]. Hence,

//H fQin{mo, ..., }) [ lsl " (dao) ... 1Y (dn)

=0
= Ci—1.m lin{ & xi_d
. /A(He’m)/E | # (En ] =
x|det(zy — xo,. .. ,Tm — x0)| T T H™ (dxp) . .. H™ (da) plle (dE), (75)

where ;e is the natural motion-invariant measure on A (H,, m), normalized as in [132], and

Wd—1" " Wd—m

Cd—1,m ‘=

Observe that

|det(z, — xo, ... ,Tm — z0)| = [lin{zo, ... ,zm}, e |det(zo, ... ,Tm)] (76)
for @™ H™ almost all (zg,...,z,) € E™FL. To verify this, we can assume that
lin{zg,... ,zm} € G(d,m + 1). Let (ui,...,ums+1) be an orthonormal basis of the linear
subspace lin{zg,... ,zmy} so that (um4+1,e) > 0 and

lin{zg,...,zp} N et = lin{uy, ..., un}t.
But then, for any = € lin{zg, ...,z } N He,
[lin{zo,... ,zm}et] = (Umyi,e)
m -1
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since

BRI e oyt AT
+ — .
" |z — Z?l1($,ui>ui|

This finally implies (76), if also

|det(zg, 1,... ,2m)| = |det(x1 —zo,... ,2m — zo)| | det(zo, w1, ... , un)]
m
= |det(zy —zo,... ,Tm —xg)| |To — Z(Q:U,ui>ui
i=1

is used.
Thus the right-hand side of (75) is equal to

Cd— lm/ N / /f lin{E})

z d—1-m m
X |det ( , —m>
[zol " |zl

TT (s tiny. ™))
x[lin{ E}, e |"H™ (dx) . .. H™ (dzpn )1 (dE)

j=0

= C in in eld
. m/ o SR},

[ Jaer (220,02
ol ol

XH™(dxzo) ... H™(dzy,) ple (dE) . (77)

d—1—-m m

TT (s ting 2y, 1)

Jj=0

Define the map
PP E— 8T nlin{E}, = |z 'z

If the previous notation is used, then an elementary calculation leads to

1 T T 1 T T
o (g (= () 1) oo (o= (o) 1))

] ] |z] |z] || ]
= |z|7™*D det(u, . .. , Um, )|

_ (|x|m+1[lin{E},el])71

[ Jaer (220,00 2 )
al o

:2—<m+1>/ / |det(ug, - - . um) |47 T H™ (dug) . . . H™ (dut,)
Sd—1nlin{E} Sd—1nlin{E}

T (z)

Thus
d—1-m m

11 <|acj|m+1[lin{E}, eL])A H™(dxg) . .. H™(dzy,)

J=0

= 27(m+1) (clcd7 m—l—l)il . (78)
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In order to derive the last equality one can proceed as follows. A special case of the linear
Blaschke-Petkantschin formula (see Satz 6.1.3 in [132]) yields

Hg”l:cd,mﬂ/ / |det(zg, ... ,2m) | THT  (dag) . H™  (dey),  (79)
BinU BinU

if U € G(d,m+1) is arbitrarily chosen. Introducing polar coordinates on the right-hand side
of equation (79), we obtain the desired relation.
Finally, from relations (73)-(78) we deduce

/ (U)o (dU) = S0 / f(in{E})linf B}, -]l (dE)
G(d, m+1) Cd,m+1 JA(H.,m

and this is equivalent to the statement of the theorem. O

Proof of Theorem 1.54. The case m = 0 can easily be checked directly. Henceforth we assume
m € {1,...,d —1}. The set A C S% ! can also be conceived as a subset of R?. According
to our previous remark concerning Hausdorff measures, Federer’s structure theorem can be
applied. Thus there is a countably m-rectifiable Borel set R C R? such that A\ R is purely
(H™, m)-unrectifiable. We can assume that R C S%! by replacing R by RN S% 1. Next
we show that an arbitrary purely (H™, m)-unrectifiable subset M of S4~! with H™(M) < oo
fulfills

I™(M) =0.

Since H™ is Borel regular, it is sufficient to consider the case where M € B(S%!). Further-
more, by decomposing M into finitely many subsets we can assume that

Mc{uesd‘l:(u,e)Z%},

for some e € ST, Let H, := {z € R : (z,e) = 1} be defined as before, and define the
homeomorphism
o:{ue ST (ue) >0 = H,, uw— (u,e)lu,

which is locally bi-Lipschitz. In particular, p(M) is a purely (H™, m)-unrectifiable subset
of the (d — 1)-dimensional affine subspace H, and H™(p(M)) < oo. Hence, from Federer’s
structure theorem, now applied to (M) in H,, we obtain

/ card(p(M) N E)H4=™™(dE) =0,
A(He,d—1—m)
and hence also
/ card(p(M) Nlin{ E})[lin{ B}, e* 1™ (dE) = 0.
A(H.,d—1—m)
But now Proposition 1.58 implies

/ card(p(M) NU)H ™™ (dU),
G(d,d—m)
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which is equivalent to Zg'(M) = 0, since
card(M NU) = card(p(M) NU)

for all U € G(d,d — m).
On the other hand, if A is a (H™, m)-rectifiable subset of S9!, then

H™(A) = I3 (4). (80)

This follows from a special case of Theorem 3.2.48 in [42].
Finally, let us assume that equation (80) holds for some A C S?~!. Then

H™A) = H™ANR)+H™A\R)
= IP(ANR)+H™A\R)
= T7(A) +H™(A\R)
= H™(A) +H™A\R). (81)

Recall that the set R is a countably m-rectifiable Borel subset of S9! such that A\ R is
purely (H™, m)-unrectifiable. Moreover we have used

75'(A) = I(ANR)+Ig(A\R)
— IANR),
and also the results which have been verified in the preceding part of the proof. Relation

(81) then implies H™(A \ R) = 0, and thus A is (K™, m)-rectifiable. O

Proof of Corollary 1.55. The proof is an immediate consequence of the proof for Theorem
4.6.5 in [123] and of Theorem 1.54. O

Proof of Theorem 1.57. For the proof we can assume that H% 17 (w) < co. By Theorem 4.3
in [73] und using the definition of the set
Yio1-j(K) = {u € 8 : dim F(K,u) > j},

we obtain

(d - 1) 0,(K,n N (R x S4_y_;(K))) = / W (F (K, u) Ny He 1 (du)
J Eg_1-;(K)

= HI(F(K,u) N YH I (du) .
Sd—l
Hence it is sufficient to show that
Sj(K,w \ Xg-1-;(K)) = 0.

By the structure Theorem 1.54, we can write w\ Xq_1—;(K) = w, Uw, as a disjoint union of
two Borel sets, where w, is countably (d—1—j)-rectifiable and w, is purely (H%~'=7, d—1—j)-
unrectifiable. We show that S;(K,w,) = 0. Indeed, we have

Wd—j
2

/ card(w, N pUg)v(dp) = HE 1 (wy) < 00,
0(d)
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where Uy € G(d, j+1) is arbitrarily fixed. This shows that w, NpUj is a finite set for v almost
all p € O(d). For any such p, we have w, N pUy = {u1,... ,up}, where the vectors u; depend
on p. Hence, by the definition of w, and using equation (4.2.24) in [123], we deduce that

S (K |pUn, wy M pUp) = 0.

Now the assertion follows from equation (4.5.26) in [123].
The proof is completed once we have proved that S;(K,w,) = 0. By the structure Theorem
1.54, we first obtain

0= Ifglflfj (wy) = / card(w, N pUy)v(dp) ,
O(d)

and hence w, N pUy = 0 for v almost all p € O(d). Thus the assertion follows again from
equation (4.5.26) in [123]. O
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2 Curvatures and normals in Minkowski spaces

The basic objective of the present section is to provide extensions of various results of the
Brunn-Minkowski theory in a Euclidean space to general Minkowski spaces. The results which
we have in mind use support measures of convex sets at a certain point. In fact, these
measures form a central subject in convexity and, in particular, they are an essential link to
related fields. Therefore it is an important task to extend the existing theory of Euclidean
support measures to the setting of Minkowski (or relative) geometry. Extensions of other
concepts of Euclidean geometry to finite dimensional normed linear spaces have recently been
pushed ahead by specialists working in the geometry of Banach spaces with great success.
Subsequently, we merely give a short survey over the subjects treated in this section. More
detailed comments and references are provided at the beginning of each subsection.

The first part of the present section is formed by Subsections 2.1 and 2.2. There we provide
some of the main results which are required for studying relative support measures. Then we
proceed (in the second part) to establish sharp bounds on the mean number of Minkowski
(relative) normals through a point in a convex body. Thus we extend previous results in [59],
[69], concerning the Euclidean case, and in [61], [62], concerning certain special Minkowski
planes. At the same time, this particular problem, which is classical in Euclidean spaces,
provides an excellent opportunity for introducing the appropriate notions of relative normals
and relative curvatures in Minkowski spaces. Moreover, we prove an Euler-type formula in
general Minkowski spaces, which complements a local Steiner formula in Minkowski spaces;
see [59], [69] and [51] for previous contributions in Euclidean spaces. In the third part of the
present section we investigate characterizations of gauge bodies in Minkowski spaces via linear
relations for relative curvature measures, and we also study stability and splitting results.
The results obtained in this final part are essentially based on a theory of generalized relative
curvatures which live on relative normal bundles. Such an extension of the existing Euclidean
theory is developed in Subsections 2.5 and 2.6.

The results of this section are also developed in view of applications to stochastic geometry.
The recent contributions [76], [75] already show how support measures in Minkowski spaces
can be used as an important tool for the investigation of local contact distributions of random
closed sets.

2.1 Preliminaries from Minkowski geometry

We start with a brief description of some facts from Minkowski geometry, but familiarity
with notation and basic results of the geometry of convex bodies (see [123]) will be assumed.
Furthermore, we essentially adopt the notation of [80] and, in particular, we shall freely use
results from that paper as well as from [76]. Specific information on Minkowski geometry is
also contained in Thompson’s recent book [138].

Let % be the set of convex bodies. We fix a convex body B € K% with o € B and denote
its distance function by dpg, that is

dp(z):=inf{a >0:z € aB},

r € R? (with inf() := o0). If 0 € int B, then dg(-) equals the gauge function g(B,-) of B.
Usually, B is called gauge body or structuring element. If B is d-dimensional and centrally
symmetric with respect to o, then there exists a uniquely determined norm || - || = g(B, ")
with unit ball B. The pair (R?, || -||5) or, equivalently, the pair (R?, B) is called a Minkowski
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space with gauge body B. More generally, we shall also adopt the same terminology in the
more general situation where B is not necessarily symmetric. For a nonempty closed set
K c R?, K # R%, we define the B-distance of x € R? from K (or the distance of z from K
with respect to B) by

d(K,B,z):=inf{dp(x —y):y € K}.
It is easy to check that if d(K, B,z) < oo, then
d(K,B,z) =min{r > 0:2z € K +rB}
=min{r >0: (z+rB)NK # 0},

where B := {—b: b € B}. Let (-,-) be an auxiliary scalar product, let | - | be the induced
norm, let B¢ be the Euclidean unit ball, and set S9! := bd B? (as in Section 1). Clearly, if
o € int B, then

|d(K,B,$) - d(KaBay” S ma’x{g(Bay - a?),g(B,a: - y)}’
and hence

1
|d(K,B,,’B) _d(KaBay)| < %|y_$|a

if B¢ C B. Thus d(K,B,-) is a Lipschitz map. In particular, d(K, B,-) is differentiable
H? almost everywhere in R?. We remark that d(K, B,-) is a convex function if K is convex,
which can be proved without the use of Euclidean notions.

In the following, we write Kg’gp for the set of all pairs (K,L) € K% x K¢ which are in
general relative position; this means that K, L are such that

dim F(K + L,u) = dim F(K,u) + dim F(L,u),

for all u € R?\ {o}. Further, we write (ICigp)o for the set of all (K, L) € Kg’gp with o € int L.

We fix a pair (K, B) € Kg’gp and choose a point z € (K +pos B)\ K. Then there are uniquely

determined points p(K, B,z) € bd K and u(K, B,z) € bd B such that
r = p(K,B,ZL') + d(K,B,[L’)U(K,B,[L’) :

We call p(K, B, z) the B-projection and u(K, B, x) the B-projection direction of x; compare
[80).

Now let K, B € K¢ with o € int B, z € RY \ K, and ¢ € [0,t), where t := d(K, B,z). We
can choose y € bd K and b € bd B such that x = y+tb. Since z—eb = y+(t—e€)b € K+(t—e)B
and x —eb & K + (s — €)B, for s € [e,t), we obtain d(K, B,z — eb) = t — ¢, and thus the
directional derivative of g := d(K, B,-) at z in direction b satisfies

g'(z;0) =1. (82)

In the preceding argument we did not use the convexity of K. In addition, using the convexity
of K and a separation argument, we find that d(K, B,z 4+ €b) = t+e¢, for any € > 0, and hence
the restriction of d(K, B,-) to the line x 4+ Rb is differentiable at x.
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Lemma 2.1 Let K,B € K¢ with o € int B, z € R* \ K, and set t := d(K,B,z). Then
d(K, B,-) is differentiable at = if and only if = is a reqular boundary point of K + tB. If
either of these two conditions is fulfilled, then Dd(K,B,z) = (h(B,u) 'u,-) for any u €
N(K +tB,x) \ {o}.

Proof. First, let us assume that d(K, B,-) is differentiable at z. Since xz € bd(K + tB),
there is some vector v € N(K + tB,z) N S ! such that (z + Ru) Nint(K + tB) # (. Note
that d(K,B,y) =t for all y € bd(K + tB). Furthermore, there exists a nonnegative convex
function f such that

Y(s) =z + sv — f(z + sv)u € bd(K + tB),

if v € S9! Nut and |s| is small enough. The convexity of f implies the existence of the limit

7(0;1) = i Y2(8) = 70(0)

— _ gl .
i . =v— fl(z;v)u.

But since d(K, B, -) o y,(s) = t, for |s| sufficiently small, we obtain that

DA(K, B,)(v — f'(z;0)u) =0, (83)
for all v € ut N S9!, Now we assume that f'(z;v) # 0, and hence f'(z;v) > 0, for some
v €ut NS Set uy :=w, let (ug,...,uq—1) be a basis of u", and define ug := — Zg:_ll Uj.
Then we set a; = u; — f'(z;uj)u for j € {1,...,d}. The vectors ay,...,aq are lin-

early independent, and therefore (83) implies that Dd(K, B,z) = 0, which contradicts (82).
Hence we obtain that f'(x;v) = 0 for all v € ut. This proves the first statement of the lemma.

In addition, we also get that Dd(K,B,z)(v) = 0 for all v € ut. Now let y € bd K and
b € bd B be such that z = y 4+ tb. By the considerations preceding Lemma 2.1 we find
Dd(K, B, z)(b) = 1, which implies

Dd(K, B, z)(u) = = h(B,u)"".
This remained to be proved.

Finally, assume that z is a regular boundary point of K + tB. Let u € N(K + tB,z) \ {o}
and v € ut\ {o}. We continue to use the notation from the first part of the proof. Let ry > 0
be such that roB? C B. Then, for |s| > 0 sufficiently small, the estimate

d(K,B,x—FS’U) —d(K,B,{L')

B ‘d(K,B,x +sv) — d(K, B,y (s)) ‘

s s
< 1z +sv—7(s)
To S
1| f(z+sv)
_7"0 S

implies that the partial derivatives of the convex function d(K, B,-)|(z4,1) at = exist. In
addition, we already know that d(K, B,")|,+r ) is differentiable at z. Let u1,... ,uq1 be a
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basis of u. Then we consider the function
d—1
g:Rd%R, (ozl,...,ad)»—>d<K,B,x+Zoziui+adb) s
i=1

which is convex and the partial derivatives 9;g(0), i = 1,... ,d, of which exist. Hence by
Theorem 1.5.6 in [123], g is differentiable at o. But then dp(K,-) is differentiable at z. [

The following lemma simplifies and clarifies an argument (check the inclusion on page 256,
lines -8 to -9) in [45]. Moreover, the presentation in [45] is restricted to norms which corre-
spond to symmetric gauge bodies.

Lemma 2.2 Let K C R? be closed, let B € K with o € int B be strictly convez, and let
r € R\ K. Assume that d(K, B,-) is differentiable at . Then

card{be B:z —d(K,B,z)be K} =1. (84)

Proof. Choose any b € B such that z = y + d(K, B, z)b for some y € K; set f := d(K, B,").
By the considerations preceding Lemma 2.1, we have D f(z)(b) = 1. For any two such vectors
b1, by € B, we deduce that Df(z)((by + b2)/2) = 1. On the other hand, for any v € R?,

d(K,B,$+U) —d(K,B,ﬁ) SgB('U),

and hence

O
This implies
1 =Df(z)((b1 +b2)/2) < gp((b1 +b2)/2) < 1.

Since B is strictly convex, we deduce that b; = bs. O

Using the notation of Lemma 2.2, we define the B-ezoskeleton of K, exop(K), as the set of
all z € R? \ K for which condition (84) is violated. The proof of the following consequence is
based on the fact that d(K, B, -) is Lipschitz and hence differentiable at H? almost all z € R?.

Corollary 2.3 Let K C R? be closed, and let B € K¢ with o € int B be strictly convex. Then
H(exop(K)) = 0.

For later use, we also mention the following lemma, which is essentially due to Erhard Schmidt
[117], pp. 94-95.

Lemma 2.4 Let A C R?, and let B € K% with o € int B. Then H%(bd(A + pB)) = 0, for
any p > 0.

Proof. Let z € bd(A + pB) be fixed for the moment. Then there is some a € clos A such that
z € bd(a + pB); moreover,

int(a + pB) Nbd(A + pB) =0.
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Therefore,

d d
Jim sup H*bd(A + pB) N (z + rB?))

<1,
10 H(z + rB?)

for all z € bd(A + pB), which implies the assertion; compare Corollary 2.14 (1) in [99]. O

In the following, we shall consider pairs (K, B) of convex bodies. The general assumption
will be that (K, B) € ng’gp and o € int B, but sometimes we shall require, e.g., that K or B
is strictly convex or impose more restrictive assumptions. For example, if B is strictly convex
and z € R\ K, then u(K, B, z) = Vhp(u) for any u € N(K +d(K, B,z)B,z)\{o}. Similarly,
if K is strictly convex, then p(K, B,z) = Vhg(u) for any u € N(K + d(K, B,z)B,z) \ {o}.
In these two cases, the points Vhp(u) and Vhg(u) are uniquely determined by z, but
this is not true for v € N(K + d(K, B,z)B,z) N S4~'. However, Lemma 2.1 shows that
u € N(K + d(K,B,z)B,z) N %! is uniquely determined by z if d(K, B, -) is differentiable
at © € R?\ K, which is true for H¢ almost all z € R? \ K.

For z € R\ K and A > 0 we define z(\) := p(K, B,z) + Mu(K, B, z). It is easy to check that
p(K,B,z(\)) = p(K, B,z). Therefore we define

N(K,B) := {(p(K,B,x),u(K,B,x)) eR¥ .z e RY \K} :

and call N'(K, B) the B-normal bundle of K. Alternatively, we also call N'(K, B) the relative
normal bundle of K with respect to B. Since p(K, B,-) and u(K, B,-) are continuous, we
deduce that N (K, B) is homeomorphic to K + tB, for any ¢ > 0, and thus is a closed subset
of bd K x bd B.

2.2 Relative support measures

The aim of the first part of this subsection is to sketch the construction of support measures
in Minkowski spaces; see [76], [80]. The arguments involved in the construction of these
relative support measures are similar to and have been inspired by the ones in [123], §§4.1-2,
and [125], though the present setting is more general. Our basic interest, however, will be in
representations of these measures which can be obtained in each of the following three cases:

1. The convex bodies K and L are polytopes in general relative position.
2. The support function of B is of class C? and K is arbitrary.
3. The support function of K is of class C? and B is arbitrary.

For the subsequent discussion, we assume that (K, B) € IC%gp, o € int B, and p > 0. Then
the map

(K+pB)\K >R, o (p(K,B,z),u(K,B,1)),
is continuous and hence Borel measurable. Thus, for any measurable set 7 C R?¢, the set

M, (K, B,n) = {z € B! : 0 < d(K, B,x) < p, (p(K, B,»),u(K, B,)) €}
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is a Borel set. Note that M,(K, B,R*) = (K + pB) \ K and define
N'P(KaBan) Hd( (K B 77))

This, in particular, implies that

d—1
po(K, B,R?) = X%pd () K[j], Bld — j)) - (85)

One can easily check that 1, enjoys similar properties as in the Euclidean case, but now one
has an additional dependence with respect to a gauge body B; compare Theorems 4.1.1-3 in
[123], [125] and the discussion in [76] and [80], Lemma 5.2. We emphasize that the measure
p1,(K, B,-) is concentrated on the Borel subsets of N'(K, B) C R?.

In order to derive a local Steiner formula and to construct Minkowski (or relative) support
measures, one first considers the case of polytopes (K, B) in general relative position. Once
the desired representations have been established in this particular case, the general result
follows by the usual approximation arguments, similar to the approach in Sections 4.1-2 of
[123]. The following theorem can be found in [80] and essentially also in [76].

Theorem 2.5 Let (K,B) € K gp With o € int B. Then there exist finite positive Borel
measures O (K, B;-),... ,04_1(K, B;-) over R*? such that

—édz () (K, B;-), (86)

for p > 0. The measure ©;(K, B;-) is concentrated on N (K, B), homogeneous of degree j
in K, and homogeneous of degree d — j in B. The mapping (K, B) — ©;(K, B;-) is weakly
continuous and satisfies additivity properties (see [80], [76]).

Remarks.

1. In the construction of the measures ©;(K, B;-) Euclidean notions are involved. Never-
theless, these measures clearly are Minkowski quantities, since the measures p,(K, B, )
are intrinsically defined and equation (86) holds for all p > 0.

2. The assumption o € int B in Theorem 2.5 is unnecessarily restrictive; it is sufficient to
assume that o € B.

3. The proof of Theorem 2.5 in [80] leads to an explicit description of the support measures
for a pair (K, B) € K¢ gp Of polytopes with o € B. In fact, one obtains

—1
("7 1)estr. e (57)
> > det(F,G)h(B,u(F + G,K + B))Ar ® Ag,
FeF;(K) GeF4_1_;(B)

where A is the j-dimensional Lebesgue measure restricted to F', det(F, G) is the volume
of the parallelepiped spanned by an orthonormal basis of the linear subspace parallel
to F' and an orthonormal basis of the linear subspace parallel to G, and u(A, L), for a
convex body L and a set A C R, is defined as the outer unit normal of L at A if A is
a facet of L and as o otherwise.
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4. The measures O;(K, B;-), j € {0,... ,d — 1}, are called the Minkowski (the relative)
support measures of K with respect to B or, more specifically, the B-support measures
of K.

The next corollary is a straightforward extension of (86).

Corollary 2.6 Let (K,B) € Kg’gp with o € int B, and let f : R — R be a bounded, Borel

measurable function with compact support. Then

d—1

d _ d—1 > d—1—j T . -d(z
L st =3 (1) [T [ e mes e B yar

=0
Proof. The map
N(K,B) x (0,00) = RI\NK, (z,b,t)—z+1tb,
is a homeomorphism with inverse
RI\K = N(K,B) x (0,00), y+~ (p(K,B,y),u(K,B,y),dK,B,y)).

Hence, the desired result can be deduced from (86) by the usual measure theoretic arguments.
O

The relative support measures also satisfy a polynomial expansion with respect to the forma-
tion of B-parallel bodies. Indeed, for any p > 0, let us denote by p, the map

pp R 5 R (z,b) = (z + pb,b).

By an obvious modification of the proof for Theorem 4.2.2 in [123], the following theorem can
be established.

Theorem 2.7 Let K,B € K%, o € int B, let n C R%® be measurable, p > 0, and let m €
{0,...,d —1}. Assume that B is strictly convex. Then

" Im
Om (K + pB,B;p,n) = Zp’ (j>®m—j(KaB;77)'
§=0

As in the Euclidean case, it is appropriate to introduce two sequences of measures which
are obtained by specialization from ©;(K,B;-), j € {0,...,d — 1}, if (K,B) € ’Cg,gp and
o € int B. We define the Minkowski curvature measures (compare [125])

Cj(K,B;B) := (K, B; B xRY), B eBRY),
and the Minkowski surface area measures
Si(K,B;y) = 0,;(K,B;R? xv), v B[R,
where 5 € {0,... ,d—1}.
By combining Corollary 2.6 and Theorem 2.7 (with m = d — 1), one can easily establish the

following disintegration of Lebesgue measure; see [146, Lemmas 4.1-2] or [132, Hilfssatz 5.3.1]
for the Euclidean case.
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Corollary 2.8 Let K,B € K%, o € int B, and let f : R — R be a bounded, Borel measurable
function with compact support. Assume that B is strictly convex. Then

d _ > .
/Rd\Kf(ac)H (dx) —/0 /f(a:)Cd_l(K +tB, B;dz)dt.

The construction of the Minkowski support measures already led to an explicit description
of these measures for pairs of polytopes in general relative position. We shall now derive
such representations in the two remaining cases which were mentioned at the beginning of
this subsection. As in the first part of this work, we write k;(z,u), 1 = 1,... ,d — 1, for
the generalized Euclidean curvatures of the unit normal bundle N'(K), for H¢~! almost all
(z,u) € N(K); the convex body K, which is meant, will be clear from the context or we shall
use a more specific notation. The unit vectors which are associated with these curvatures are
denoted by u1,... ,uq_1. Here and in the following, we usually do not indicate the dependence
of these vectors on (z,u). To simplify the notation, we introduce the abbreviations

Hz’e] ki(z,u)

H(K;x,u):=
NS 1SV e
and
R;(B;u) := det ((thB(u)(uk’ul))k,lel) ,
where I C {1,... ,d — 1}, provided that these expressions are defined. Moreover, we define
d—1\""
H](K,B,{E,U) = . Z HI(K7Z.3U)RI(B7U)3
=

for j € {0,...,d — 1}. Here the summation is extended over all sets I C {1,...,d — 1} of
cardinality j.

For m-vectors o1 A ... A zp € N, RS, m € {1,... ,d}, we write |z1 A ... A 3y, for the

norm which is induced by the auxiliary Euclidean scalar product; compare Chapter 1 of [42].

Theorem 2.9 Let K,B € K%, o € int B, and assume that hg is of class C*. Then, for
j€{0,...,d—1} and n € B(R*),

@j(K,B; 7]) = /J\[(K) ]_n($, VhB(u))h(B,u) delfj(K,B; x’u)Hd_l(d({L',U)) )

Proof. Let n € B(R? x R?), set R? := R? \ {0}, and define the Borel measurable map
Tg :RExRE 5 R xR, (z,u) — (z, Vhp(u)),
as well as the locally Lipschitz map

Fp:N(K) x (0,00) = R, (z,u,t) — z +tVhp(u).
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Then 77 := T5' (1) € B(R? x R?) and, by Lemma 2.1, card ( ({z})) =1 for H? almost all

z € R4 \ K. Furthermore, we obtain for the approximate Jacobian

ap Jdﬁ'B(xauat)

d—1

= A

<\/1+k (xz,u)? \/1+k z,u)?

d2hB )(u i)) A Vhp(u)

ckilz,u
=h(B,u th o Z \E/Ilﬂfix)u det ((&his(u) (s ) e
= I J

-1
Buth17< >Hd1](KB:cu)

for H? almost all (z,u,t) € N(K) x (0,00). From Federer’s coarea formula we hence deduce,
for any p € (0, 00),

H4(M, (K, B, 1))

—[ [ R e ) de)
(K+pB)\K JF5 ({z})

14 ~
:/ / 1;(z,u) ap JyFp(x,u, t)dtH (d(z,u))
N(K) JO

d—1

p _ , 1
— / / 1,0 Tp(x,u) > t4~"Th(B,u) (d , ) Hg1-j(K, B;z,u)dtH*™" (d(z,u))
N(K)Jo =0 J
d—1 ,Od g
= L ( ) / 1,(z, Vhp(u)h(B,u)H g 1 (K, B;z,u)H" (d(z,u)). (88)
= d \J) Jn)
A comparison of this expansion with equation (86) then yields the result. O

The roles of K and B in Theorem 2.9 are not completely symmetric. In view of the appli-
cations in the next subsection we provide a version of this result with the roles of K and B
interchanged. For that purpose, we henceforth denote the generalized curvatures on N'(B)
by 11(b,v),... ,l4_1(b,v) and the associated directions by v1,... ,v4_1 € v'; of course, these
directions are functions of (b,v).

Theorem 2.10 Let K,B € K%, o € int B, and assume that hg is of class C%. Then, for
j€{0,...,d—1} and n € B(R*),

0,(K, Bsy) = /N(B) 1, (Vhic(v), b)h(B, v) H (B, K; b, o) H (d(b, v)) .

Proof. We define

w:RT xR 5 REXRY, (b,v) = (Vhg(v),b),
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as well as
Fix : N(B) x (0,00) = RY, (b,v,t) = Vhg(v) +tb,

and then we proceed as in the proof of Theorem 2.9; in particular,

d—1
. (d—1
ap JdFK(bavat) = h(B,U) th_l_]< ] > Hj(BaK; b,U) )
j=0
for H? almost all (b,v,t) € N'(B) x (0,00). 0

The preceding theorem suggests the following definition. Namely, under the assumptions of
Theorem 2.9, we set

@j(K, B; ﬁ) = / ]_ﬁ({L', U)hB(U) delfj(K, B; T, U),Hdil(d(l’, U))
N(K)
forj € {0,... ,d—1}and 7 € %(RM); Thus, Theorem 2.9 can be paraphrased by saying that
©,(K, B;-) is the image measure of ©;(K, B;-) under Tp, that is,
0;(K, B;-) = (Tp)#0;(K, B;-) := ©;(K, B;-) o T
on B(R2?).

Let us consider Theorem 2.9 in the special cases where j =0or j =d—1. If j =d — 1, then

/ 9(2,0)0u_1 (K, By d(z, 1))

d—1
= oT T, U U ; d-1 T, U
—/N(K)g T (o), 0) || e W 0, )

i=1
= /goTB(a:,u)h(B,U)@d1(K,d(xau))-

This is true for all g € Co(R?*?), and for all K, B € K¢, o € int B, for which hp is of class
C?. An approximation argument shows that the additional smoothness assumption can be
weakened.

Corollary 2.11 Let K,B € K%, o € int B, and assume that B is strictly convex. Then, for
any n € B(R*),

01K, Bin) = [ 1400 Vi (W)h(B,1)04 1K, d(s, ).
In particular,

Ca—1(K,B; ) = /b dK1g(x>h(B,o—K(x>)Hd—1(dx), B € BRY),

for all (K,B) € lCigp with o € int B, and

Sa 1(K, Bi7) = /b L(Vhs(k @)DhBL ok @) (@), € B(bd ).
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Under the assumptions of Corollary 2.8 we thus obtain
o0
[ f@utan = [* [ @B (d)dr.
Rd\ K 0 Jbd(K+tB)

More directly, this can be inferred from Lemma 2.1 by applying Federer’s coarea formula to
the Lipschitz map d(K, B, ).

If 7 = 0, then again under the assumptions of Theorem 2.9 we deduce

O0(K, Bin) = / 1, 0 T (ar, w) (B, u) H g_y (K, B; 2, u) M= (d(a, )
N(K)

— /1,7 o Tp(z,u)h(B,u) det (d*hp(u)|,.) Oo(K, d(z,u)) .
This implies that, for 5 € B(R?),

Co(K,B; ) = /Sd—l 15(7x (u))h(B, u) det (thB(U)|uL) Hdil(du)

_ /Sdl 15(ri (u))h(B, w)Sy_1 (B, u).

The weak continuity of the Euclidean surface area measures thus shows that
ColK. B:) = [ Lalric(u))h(Bw)S-1 (B
Gd—

for all convex bodies K, B such that K is strictly convex and o € int B.

The corresponding statement for the Minkowski surface area measure Sy(K, B;-) is a special
case of Theorem 2.14 below. In fact, Minkowski surface area measures can be described in
terms of certain mixed surface area measures. To see this, we start with a lemma.

Lemma 2.12 Let K € K%, and let B € K¢ be such that hp is of class C?. Then, for any
w € B(SY) and j € {0,... ,d— 1},

S(K[j), Bld — 1 — j],w) = / 1 () g1 (K, B; 2w (d(, )

N(K)
Remark. As usual, this result can be extended to mixed surface area measures
S(K[j],Bj+1,... ,Ba-1,"), where the convex bodies Bji1,...,B41 € K2 are assumed

to have support functions of class C2. This can be verified by replacing the determinant
under the integral by a suitable mixed discriminant and by polynomial expansion.

Proof. For the proof, we can assume that o € int B. Fix € > 0 and consider the map
FBN(K) =R, (z,u) = z+ eVhp(u).
It is easy to check that

FP({(z,u) e N(K) :u€w}) = | | F(K +€B,u) (89)

ucw
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and that card ((ﬁ'eB)*l({y})> = 1 is satisfied for %% ! almost all y € FF(N(K)). Thus,
Theorem 4.2.5 in [123], (89) and the coarea formula imply that

Sdfl(K + eB,w)

-1 <U F(K + €B, u)>

ucw

N / 1o(u) ap Jg—1 FP (2, w) M (d(z, u))
N

d—1

= ki(x,u) 5 . TP

_/N(K)l “ /\ (m Z+emd hip(u)(u J)‘H (d(z,u))
d—1

_ (d=1-7 " d—1 o 1A (A

= ]/J\f(K) ol )( j )Hd 1 (K Bz, w)H™ (d(z,u)) - (90)

<

Comparing the coefficients of €?~177 in the expansion

d—1

(d—1
Si-1(K + eB,w) = Ze“"( . )S(Km,B[d ~1-jlw)
j=0 J
and in equation (90), we derive the desired conclusion. O

The special case where K is a polytope deserves to be mentioned separately.

Corollary 2.13 Let P € K% be a polytope, and let B € K¢ be such that hp is of class CbL.

Then
d—1 . .
( j )S(P[J]aB[d—l—J]aw)

= S W) / det (@ (u)]ys et ) O (du)
FeF;(P) N(P,F)

for w € B(S4") and j € {0,... ,d —1}.
If K,B € K% o € int B, and if hp is of class C?, then Lemma 2.12 and Theorem 2.9 imply
that

JECECA0R [ 1o (B S Bl — 1 = . du).

where f € Cy(R?). The weak continuity of the mixed surface area measures then implies that
this equation holds in greater generality.

Theorem 2.14 Let K,B € K% o € int B, and let B be strictly conver. Then, for j €
{0,...,d —1} and v € B(R?),

Sj(K, B;) = i Ly(Vhp(u)h(B,u)S(K[j], Bld — 1 — j], du).
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The preceding theorem allows one to reduce the assertions of the following two corollaries to
known results.

Corollary 2.15 Let K,L € K%, let B € K%, o € int B, be strictly conver and smooth (of
class C'), and let j € {1,... ,d—1}. Further, assume that dim K > j+1 and dim B > j+1.
Then

Sj(K,B;-) = S;(L, B; )
if and only if K and L are translates of each other.
Proof. Use Theorem 2.14 and Theorem 7.2.4 in [123]. O

Corollary 2.16 Let K,B € K%, int K # (), o € int B, assume that B is strictly convez, and
let j €{0,...,d—2}. If K is homothetic to a j-tangential body of B, then

Si(K,B;-) = aSs 1 (K, B;-), (91)

where « is a positive constant. Conversely, if condition (91) is satisfied for some positive

constant «, and if B is smooth (of class C'), then K is a translate of a j-tangential body of
-1/(d-1-j) B
o .

Proof. Use Theorem 2.14. For the second assertion, one can adapt the proof of Theorem
7.2.9 in [123]. O

Our final result in this subsection will be applied in the course of the investigation of the
mean number of normals which pass through a point in a convex body. A Euclidean version
of this result was proved in [69]. Subsequently, we write V(M) for the d-dimensional volume
of a measurable set M C RY. If L C R? is a star body containing the origin, then we write
p(L,-) for its radial function (compare Section 1).

Proposition 2.17 Let (K,B) € (Kg,gp)o, and let L C RY be a compact star body with o €
int L. Then

L S d r+1 .
d ; (r—i— 1) /P(L,b) Si—1-r(K,B;db) < V(K + L) —-V(K).

Proof. Tt is sufficient to prove the result for polytopes K, B in general relative position. We
use the notation which was introduced in Remark 3 after Theorem 2.5.

Let F,(K, B) denote the set of all pairs (F,G) € F(K) x Fy_1_,(B) for which u(F +
G, K + B) # o. Then we obtain

(K+L)\K (92)
d

= (K +L)N (p(K,B,-),u(K,B,-)) " (relint F x relint G)] ,

where the equality holds up to a set of 4% measure zero and the union on the right-hand side
is disjoint.
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Furthermore, for any such pair (F,G) € F,(K, B), we certainly have
A(F,G) :={x +1tb:t €[0,p(L,b)],z € relint F,b € relint G}
C(K + L)N (p(K,B,-),u(K,B,-)) (relint F x relint G). (93)

Let (F,G) € F.(K, B) be fixed for the moment, let fi,...,f, be an orthonormal basis of
the linear subspace parallel to F, let ¢g1,...,94_1_r be an orthonormal basis of the linear
subspace parallel to G, and let uy := u(F + G, K + B). Then an elementary version of the
coarea formula shows that

V(A(F,G))
p(L,b)
:/// (deb(F1, - Fortgro- - s tga 1 v b)|dEAR(dz) A (db)
FJGJO

p(L,b)
= det(F,G)\r(F) / / tT= 1T (B, ug)dt A (db)
GJO

= h(B,ug) det(F, G)/\F(F)d !

—T

[ Lm (@),
G

Consequently, by (87)
1(d d—r
> vare) = (1) [t s, (94)
(F\G)e 7, (K,B) "

Hence the assertion follows from (92), (93), and (94). O

We remark that Proposition 2.17 can be proved by an application of the coarea formula if B
has a support function of class C2. The general case then again follows by approximation.

As an immediate consequence of Theorem 2.14 and Proposition 2.17, we obtain an exten-
sion of the first inequality in the main theorem in [115].

Corollary 2.18 Let K,B,L € K% o € B, o € int L, and assume that B is strictly conve.
Then

[, LTk (B, )i (K. ) < dV(d 1], 1)
and
/ (L, Vhp(w) (B, u)S(K, Bld — 2], du) < dV (K, L[d —1]).
Sd—l

We also remark that Proposition 2.17 can be proved by an application of the coarea formula if
B has a support function of class C2. The general case then again follows by approximation.
2.3 Relative normals

In this subsection we investigate normals of a convex body K in a Minkowski space with
gauge body B and o € int B. A B-normal of K is any ray = + (—00,0]b, where z € bd K
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and b € F(B,u) for some u € N(K,z). Clearly, this definition is independent of auxiliary
Euclidean notions. The underlying notion of orthogonality in Minkowski spaces is usually
attributed to Birkhoff; see Section 3.2 in [138]. Basically, we are interested in the average
number of B-normals of K. In a Minkowski plane, this number is always infinite if (K, B) ¢

IC%ygp. Therefore we assume that (K, B) € Kg’gp in the following. But then the number of

B-normals of K passing through a point p € R? is given by
n(K,B,p) = card{(z,b) € N(K,B) : p € z — [0,00)b} .

This functional has been investigated repeatedly from various points of view, especially in the
Euclidean case; we refer to the literature cited in [59], [60], [61], [62], [69]. Here we shall be
interested in the mean value of n(K, B,-) over K. To some extent for technical reasons, we
essentially restrict our considerations to the following three cases:

1. K and B are polytopes in general relative position.
2. K is arbitrary and hp is of class C2.
3. B is arbitrary and hg is of class C?.

In each of these cases, the mapping p — n(K, B,p) is H? measurable. In fact, first note that
N (K, B) is a (d — 1)-rectifiable Borel set. In the first case, this follows since N (K, B) then is
the set of all (z,b) € R?? for which there are faces F of K and G of B such that F + G is a
face of K + B and z € F', b € (G. In the second case, we have the representation

N(K,B) = {(z,Vhp(u)) : (z,u) € N(K)},
and in the third case, we have
N(K,B) = {(Vhi(v),b) : (b,v) € N(B)}.
Furthermore,
G:N(K,B) x [0,00) = R, (x,b,t) — z —tb),
is locally Lipschitz and, for any p € RY,
n(K,B,p) = card (G~ ({p})) -

The required measurability thus follows from Section 2.10.26 in [42]. Therefore we can consider
the mean value

n(K, B) = ﬁ/}(n(K,B,p)’Hd(dp).

The following theorem provides sharp bounds for this average. It generalizes the corre-
sponding Euclidean result (see [69]), and it extends partial results concerning the Minkowski
plane to Minkowski spaces of arbitrary dimensions. We should also emphasize that the maps
(K,B) — n(K,B) and (K, B,p) — n(K, B,p) apparently do not enjoy suitable continuity
properties to admit an extension of the following theorem, for instance, to arbitrary pairs of
convex bodies in general relative position.
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Theorem 2.19 Let (K, B) € Kg’gp, int K # 0, and o € int B. Then, in each of the above
three cases,

V(K + DK)

2 <n(K,B) < 5

_]_’

where DK := K — K denotes the difference body of K.

Proof. We only have to prove the right inequality. Moreover, we shall consider each of the
three cases separately.
We start with the first case. For (z,b) € N (K, B) we define

HY (K N (z +Rb))
0]

op(K,x,b) :=

and

A(F,G):={z —tb:t€[0,0p(K,z,b)],z € relint F,b € relint G} ,

where (F,G) € F,(K, B) for some r € {0,... ,d — 1}. Then, for H% almost all p € R?,

d—

n(K,B,p) =Y _ > 1{p € A(F,G)}.

r=0 (F,G)EF, (K,B)

—

Hence

-1

d
/ n(K, B,pyH*(dp) = S VARG)).
K r=0 (F,G)e F,(K,B)

An elementary argument shows that, for (z,b) € N (K, B),

Using (95) and a calculation similar to the one which led to equation (94) in the proof of
Proposition 2.17, we obtain

V(A(F,G)) < h(B, ug) det(F, G)Ar (F) - L

-Tr

/ p(DE, BT I (db)
G

where uy = u(F + G, K + B). This and Proposition 2.17 finally imply

d—1
1
[ ntpman < 31 (1) [ oom byt 5 an
K —0 d\r
<V(K+ DK)-V(K),
which completes the proof in the first case.

We now turn to the proof of the theorem in case two. Let us consider the Lipschitz map

Gp:N(K)xR—=R! (z,u,t) =z —tVhg(u),
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and the set

Mg(K) = {(z,u,t) e N(K) xR:t € [0,65(K,z,u)]} ,
where

HYK N (z +RVhp(u)))
[Vhp(u)| ’

Note that K N (z + (0,00)b) = 0 for all (z,b) € N(K, B). Therefore, Mp(K) = G3'(K), and
thus Mp(K) is a Borel set. For p € R? we define

np(K,p) := card {(z,u) e N(K) : p € z — [0,00)Vhp(u)} ,

op(K,x,u) :=

(z,u) € N(K).

and hence
n(KaBap) < 'ﬁB(Kap) )

for all p € RY. Equality holds, for example, if B is smooth, but this will not be needed
subsequently. Note that np(K,p) = card (C;’l}l({p})>, for all p € R%, and

'ﬁB(Kap)a lprKa
o Lty o O, 1) = ,
Gz ({r}) 0, otherwise.

After these preparations, Federer’s coarea formula (applied twice) yields

V(K)n(K,B) :/Kn(K,B,p)Hd(dp)

: /K i (K, p)H (dp)
) /R‘i /@1<{ ) Lita ) (, u, Y (d(x, u, 1)) H (dp)
B P

= / 1MB(K)(x,u,t)ap J1G (2, u, )H(d(z, u, t))
N(K)xR

&B(K7m7u) ~
= / / ap JoGp(x,u, t)dtH ™ (d(z,u)) .
N(K) Jo

Furthermore, for #¢ almost all (z,u,t) € N (K) x R,
ap JdéB(xa u, t)
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Using (96), the fact that
(}B(K,{L',U)SP(DK,VhB(U)) ) (Z’,U)EN(K),
and applying successively Theorem 2.9 and Proposition 2.17, we infer that

V(K)n(K, B)

d-1
1 d—1

< h 5p(K ’"“( )HTKB- H(d

<Xy Py an s () B B i)

d—1

< [ R (DK, Vhn(w) (d‘1)H,«(K,B;x,umd*(d(x,u))
7":07"4-1 N(K) r

d—1

1/ d
=y = DK. b)) S, _.(K,B:db
TUd(T—)—l)/p( ) ) Sd 1 7'( y Dy )

<V(K + DK) - V(K),

and this completes the proof in the second case.

Finally, we sketch the proof of the theorem in the third case. We define the Lipschitz map
Gr:N(B) xR =R, (bv,t) = Vhg(v) —tb,
and the set

Mg (B) :={(b,v,t) e N(B) xR :t € [0,6p(K,b,v)]},
where
HY K N (Vhi(v) + Rb))
0] ’
Again Mg (B) = G!(K) is a Borel set. For p € R? we define
nk(B,p) := card {(b,v) € N(B) : p € Vhg(v) — [0,00)b} ,

o(K,b,v) := (b,v) € N(B).

and hence
n(KaBap) S 'fLK(Bap) )

for p € R%, with equality if K is smooth. Similarly as before we thus obtain
65(K,b,v) ~
V(K)n(K,B) < / / ap JyG (b, v, t)dtH? 1 (d(b,v)).
N(B) Jo
Furthermore, for ¢ almost all (b,v,t) € N(B) x R,
X L (d—1
ap JyG g (b, v,t) < hp(v) Zt’"( . ) Hg_i_r(B,K;b,v).
r=0
The proof can then be completed by using Theorem 2.10 instead of Theorem 2.9. O

An inspection of the preceding proof yields the following corollary, which also shows the
connection to the subject of the next subsection.
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Corollary 2.20 Let (K,B) € Kg’gp, int K # 0, and o € int B. Then, in the cases two and
three,

d

d—1 1
V) <3 (0,

> /O'B(K,$, b)H_l@dflfr(Kv B; d({L', b)) )

where op(K,z,b) := H' (K N (z +Rb))/|b|.

Note that op (K, z,b) is the Minkowski length of the secant of K which is determined by the
line z + Rb.

In the two-dimensional case we shall obtain the same conclusions for all pairs of convex
bodies in general relative position; see Subsection 2.5.

2.4 Euler-type formulae

In this section, we establish an Euler-type version of a Steiner formula in Minkowski spaces
and deduce various consequences. In particular, we obtain relations of a combinatorial type,
special cases of which have been used in [51] for an investigation of such results in Euclidean
spaces. It is not clear, at the moment, whether the approach suggested in [51] can be extended
to Minkowski spaces. Instead we reverse the sequence of arguments in [51] and prove directly
the desired Steiner type formula by a measure geometric argument. An additional advantage
of the present method is that it can be applied in other situations as well. However, both
approaches employ a continuity arguments at essential points.
The following lemma will be used in the proof.

Lemma 2.21 Let 0 <r < R < oo, let K,L € K with B4(o,r) C K,L C B%o,R), and let
u,v € 841, Then

2
p(K ) = plL, )| < (K, L) + - fu o],

where § denotes the Hausdorff distance.
Proof. We set € := §(K, L); hence K C L + B%(o,¢) and
p(K,u) <max{t>0:tuc L+ B%o,e},

for u € S, For a := p(L,u)u and n € N(L,a) N S~! we obtain

P ) < pl ) + 7o

By assumption we have (u,n) > r/R, and thus

R
p(K,u) < p(L,u) + ?6'

By symmetry we obtain

p(K,u) = p(L,w)| < (K, L).
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Furthermore,

* v) — * U 2
olon) = ploo)] = Pt < B,

since B0, R~') C L* C B(o,r™1). O

Theorem 2.22 Let (K,B) € Kg,gp, and assume that o € B and dim(K + B) = d. Let

g:R* = R be a bounded, Borel measurable function with compact support. Then

d—1

> (d;1> /R g /N (K’B)g(«f+tb)@r(K,B;d(x,b))dt

r=0
= (1 — (—1)d) /Rd g(x)H (dx) .

Proof. Tt is sufficient to prove the theorem for an arbitrary convex body K and a convex body
B the support function of which is of class C*° and which contains o as an interior point. As
usual, for the proof we shall use Euclidean notions. In fact, we shall show that

g(d;l> /th_l_’" /N(K)g(x+chB(u))é,(K,B;d(x,u))dt

= (1- (-1 /R ()M (d).

Choose some 79 > 0 with B%(o,7y) C B, and let Ry > 0 be such that K, B, spt(g) C
int B%(o, Ry). Then we set R := 2Ry /ro. In the following, we shall consider the push-forward
of certain normal currents by the map

F:RIxRIxR—- R, (2,u,t) = 2+ tVhg(u),

which is of class C*°. Since B is held fixed throughout the proof, we simply write F' without
indicating the dependence on B. For A € [0,1] we set K(A) := (1 — A\)K + AB, and by
Niy € N,_1 (R x R?) we denote the normal current (cycle) which is associated with K(\);
see [155], [157]. Since [— R, R] € N (R), we obtain that Ny, x [— R, R] € Ng(R? x Rf x R).
Then, in particular, Ng () x [ — R, R] is an integral current with compact support. The
support of the boundary of this current, d(Ng () x [ — R, R]), is contained in the compact
set N(K()\)) x {—R, R}, since Ng(y) is a cycle. According to Section 4.1.7 in [42], the
push-forward

Fu(Ngoy % [— R, R]) € Dyg(R?)

is well-defined. In addition, by the Remarks 26.21 and 27.2 in [136], Fiu(Ng(») X [ — R, R]) is

an integral current. Furthermore, we have

spt (8 (F# (NK()\) X [— R, R]))) C F(N(K()\)) X {—R, R}) ,
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and hence, according to the special choice of R,
spt (0 (Fig (Nw(yy x [— R, R]))) C R? \ int B%(0, Ry) .

Federer’s constancy theorem [42, 4.1.7] then implies that there exists a constant ¢ € Z such
that

spt (F# (N x [— R, R]) — cEd) c R\ int B%(o, Ry).

Note that ¢ may depend on K()\), R, and F. Since K, B, R, and F are held fixed for
the moment, we can write ¢ = ¢(\) in order to indicate the dependence of ¢ on A € [0,1].
Let us denote by Q the standard volume form in R?. Then, for any h € C§°(R?) with
spt(h) C int B%(o, Ry), we deduce

Fu (N % [~ R, R]) (h9) = c(\) E4(h Q) = e()) /R h(a)H ). (97)

In order to determine the constant ¢(\), we proceed as follows. First of all, observe that the
map

H:[0,1]] =R, X~ Fy(Ngn) x[—R,R])(hQ),

is continuous; compare [157] and Section 4.1.14 in [42]. This already shows that ¢(0) = ¢()\)
for all X € [0,1]. Next we obtain, for A € [0, 1],

Fy (Nky x [ R, R]) (h?)

= (Nky x [ B, R]) (F#(h.0))
= (Ngy % [— R,R]) (ho F F#Q)

R
:/ / ho F(z,u,t)
N(EON) /=R

X (NaDF(z,u,t) [(Ag—1P)ax(z,u) A (A1Q)er], Q)dtHI ™ (d(x, u))

d—1

_ R N
=> <d , 1) /N(K(A)) /thl’"h(:z:—|—chB(u))dtG)r(K(A),B;d(:z:,u)), (98)

r=0

where P, @ are canonical injections into RY x R? x R (see [42, p. 360]), ay is a (d — 1)-
vectorfield orienting N'(K (X)) (compare [155, p. 565]), and e; = 1 is the unit vector of R.

Combining (97) and (98) and using that ¢ := ¢(0) = ¢()), A € [0, 1], we obtain that

d—1

d—1 d—1-rp (0 u ~ (. u
Z( ] )/N(K(/\))/Rt Wz + tVhi (w)dtO, (K (\), B d(z, u)

r=0

—¢ / h(z)H(d) (99)
Rd
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for A € [0,1]. It remains to determine c. Relation (99) holds for any h € C{°(R?) with
spt(h) C int B%(0, Ry), and hence it remains true if we merely assume that h € Cy(R?) with
the same condition on the support. By considering a sequence (hy,)nen of such functions with
hn | 1g(y) pointwise as n — oo, we infer from the dominated convergence theorem that (99)
is still satisfied if 1g(y) is substituted for h. In the case A =1 we thus deduce that

d—1
_pyd-1-rL(d o z,u)%"@ sd(z,u
Z( 1) d< >/A[(B) B(Ba ) ) GT(BaBad( ) ))

r
r=0

= cV(B), (100)

where 65(B, z,u) = H'(BN(z+RVhg(u)))/|Vhg(u)| for (z,u) € N'(B). Using the definition
of ©, and Lemma 2.12, we can simplify equation (100) to

=BV (B) = 5 [ (= onw) BB, u)Si1(Bdu). (101)
where
(1) = HY(BNRVhp(u))
T T V()]

We write ¢(B) instead of ¢ to indicate the dependence of ¢ on B. Thus, in particular, we
have proved that if B is any convex body with support function of class C*° and o € int B,
then there is a constant ¢(B) € Z such that (101) is satisfied. In order to show that ¢(B) =
1—(—1)?, we apply another continuity argument. For 7 € [0, 1] we set B(7) := (1—7)B+7B.
Since h(B(7),) is of class C°° and o € int B(7), there is a constant ¢(7) € Z such that (101)
is satisfied with B replaced by B(7) and ¢(B) replaced by c¢(7), for all 7 € [0,1]. Clearly,
V(B(1)) depends continuously on 7. Moreover, by Lemma 2.21,

(Tyu) = (1 = op(r)(u)"h(B(T), u)
is Lipschitz, since

p((1 —7)B + 7B%,v(r,u)) + p((1 — 7)B + 7B%, —v(1,u))

OB(1) (u) = |’U(T, u)| )

where
v(r,u) = (1 —7)Vhp(u) + Tu.

Here we also use that v(7,u) is bounded away from zero. Hence,

T Sd?l(l —0B(r) (u))dh(B(T),u)Sd_l(B(T),du)
is continuous as well. But ¢(B(7)) € Z for all 7 € [0, 1], and therefore ¢(B) = ¢(B%). Since
opi(u) =2 for all u € S, we infer that 1 — ¢(B%) = (—1)%, which was to be shown.
The statement of the theorem now follows from the case A = 0 of (99) by standard
measure theoretic approximation arguments. [l
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Remark. Instead of using the preceding “current technique”, Theorem 2.22 can also be
proved by a mapping-degree argument; compare [59] and [69] for the Euclidean case. Of
course, the two methods are essentially equivalent to each other. We preferred the present
framework, because it is more general and since, in our opinion, it perfectly corresponds to
the requirements of the situation.

Corollary 2.23 Let (K,B) € Kg’gp, and assume that o € B and dim(K + B) = d. Further,

let g : R* = R be a bounded, Borel measurable function with compact support. Then
d—1 d—1 00
[ stmman =Sy (1) [Te [ gte - me, . Biata,
R —0 r 0 N(K,B)
+ ! [ gloytio).
K
Proof. From Theorem 2.22 we deduce

(1 (1) /R glyH ()

IS
—

|
(]

(—1)d-1=r <d;1> /Oootd” /N(K’B)g(x—tb)@)r(K,B;d(a:,b))dt

Il
o

r

s

-1

o0
+ <d_ 1) /sd”/ g(z + sb)O, (K, B; d(z,b))ds
r ] N(K,B)

ﬁ
Il
o

U
—

— (1)1 <d;1> /Oootd—l—’“ /N(K’B)g(x—tb)@)r(K,B;d(a:,b))dt

r

I
=)

d
+ /Rd\Kg(ac)H (dr) .

In the last step we have used the Steiner formula for Minkowski spaces in the form of
Corollary 2.6. This immediately implies the result. O

Corollary 2.24 Let (K,B) € ICg’gp, and assume that o € int B. Then

d—1

_yrl (e o z,b)4T ;d(z
S G(7) [y DTN B0

= (1= -0 v(K),

where og(K,z,b) := H' (KN (x+Rb))/|b| is the Minkowski length of the segment KN (z+Rb)
for all (z,b) € N(K, B).

Proof. The assertion follows from Corollary 2.23 by setting g = 1. O
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For a polytope P C R? and a strictly convex compact set B C R with o € int B, we define
the Minkowski normal cone Np(P, F) of P with respect to B at a proper face F of P as
the set of all vectors tb for which ¢ > 0 and such that there is a point z € relint F' with
(z,b) € N(P,B). If F = P, then we set Ng(P,F) := {o}. It is easy to see that if F # P,
then

Ng(P,F) := {tVhg(u) eR? : t >0, u € N(P,F)}.

In particular, if B is the Euclidean unit ball B, then Nza(P, F) = N(P, F). But note that
in general the cone Np(P, F') need not be convex.

Corollary 2.25 Let P € K% be a polytope, let B € K with o € int B, and assume that hg
is of class CY'. Then

> ()i Fi{z e F-Np(P, F)} =1,
FeF(P)\{0}

for H® almost all z € R?.

Proof. This follows from a special case of Corollary 2.23. In fact, if K = P is a polytope and
g : R? R is an arbitrary bounded, Borel measurable function with compact support, then
Corollary 2.23 and Theorem 2.9 imply

/Rd 2)H (dx) jzi / tdlrFG; //PF 9@ = 1) h(Byw)

x det (d®hp(u)|yLaps) HETTT (du) 1T (dz)dt

T (-1)f /K o) (dx) ;

compare Corollary 2.13. For each r € {0,... ,d — 1} and F € F,(P), consider the Lipschitz
map

Hp:F x (N(P,F)Nn 841 x (0,00) = R, (z,u,t) — x —tVhp(u).
Then im(Hp) = F — (Np(P,F) \ {0}) and, for H% almost all y € im(Hp), we have
card (ﬁ;l({y})) = 1. Moreover,
ap JoHp(z,u,t) = hp(u)t* " det (d®hp(w)|ynpt)

for #? almost all (z,u,t) € F x (N(P,F)NnS%1) x (0,00), and hence the area formula yields
that

d—1
d d d p
/Rd D) ; Fe; /F Ng(P,F) =) dz) + (=) ./Kg(I)H (dz)
:/R (-1)9m F1{z € F — Np(P, F)} p g(z)H(dz) .

FeF(P)\{0}



90 2 CURVATURES AND NORMALS IN MINKOWSKI SPACES

But this implies the asserted result. O

If one considers pairs of polytopes in general relative position, then one obtains a combinatorial
relationship which is more symmetric. First, recall that if (K, B) € lCigp, 0 € B and dim(K +
B) = d, then F, (K, B) denotes the set of all pairs (F,G) € F,.(K) x Fg—1—,(B) for which
u(F + G, K + B) # o0; in addition, we set F4(K, B) := {K X {o}}. Furthermore, we define

d
F(K,B) = | F(K,B).
r=0

The proof of the following corollary is similar to the preceding proof, if one uses equation (87)
as a starting point, so we omit it.

Corollary 2.26 Let (K,B) € lCigp be polytopes, o € B and dim(K + B) =d. Then

> () Fi{z e F-pos G} =1,
(F,.G)eF(K,B)

for H® almost all z € RY,

We also mention the following extension of Theorem 2 in [51] to Minkowski spaces. Recall
that if K,B € K¢, B = —B and int B # (), then K is said to have constant B-width w > 0 if
K+ (—K) =wB.

Corollary 2.27 Let (K,B) € Kg’gp, let B=—B andint B # 0. Let 3 C R? be a Borel set,

and assume that K has constant B-width w > 0. Then, for j € {0,...,d — 1},

J .

. ] s .

838, 55-9) = (1) (1wl 55K B ).
i=0

A similar proof for this result can be given as in [51], which uses the preceding extensions

of results in [51]. However, in the present situation additional approximation arguments are

necessary, since the characterization of convex bodies K of constant B-width given in [25], p.

56 (VD), is only valid if B is smooth and strictly convex. We do not give the details of such
an approach, since the following theorem contains Corollary 2.27 as a special case.

Theorem 2.28 Let K,L,B € K¢ with o € B and such that (K,B), (L, B) € Kg,gp. Assume
that K + L = B. Then, for j € {0,... ,d — 1},

J .
Sj(K,B;-) = Z(—l)l(])Si(L,B; ).
i=0 !
Proof. Tt is well known that equation (6.7) in [25] implies that

i .
S(K[jl. B1,... ,Ba1_j,) = 3 (1) (]_>S(L[i],M[j —il,Bi,... . Ba_1_j,),  (102)

N 2
=0
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where K,L,M,By,... ,Bq_1-; € K? are such that K + L = M. By Theorem 3.3.1 in [123]
we can find sequences K, L,, B, C R?, n € N, of strictly convex compact sets such that
K,+ L, =B, foralln e Nand K,, > K, L, -+ L, B, -+ B as n — oo. A special case of
(102) and Theorem 2.14 imply that

Sj(Kn, Bn;+) = zj:(—l)i (Z) Si(Ln, Bn;-)

1=0

for all n € N. Passing to the limit as n — oo yields the desired conclusion. (|

2.5 Curvatures in a Minkowski plane

The Minkowski plane exhibits many special features, which cannot be observed in general
Minkowski spaces. For example, it is not known under which assumptions precisely the
metric projection in Minkowski spaces is a Lipschitz map; see also the subsequent remarks.
In the plane, however, we can show that the B-projection onto K is a Lipschitz map R> — K
for any pair (K, B) € (IC% gp)o. Using this result, we introduce generalized relative curvatures
on the relative B-normal bundle of K by generalizing the Euclidean construction in a suitable
way. These curvature functions can then be used to derive representations of the B-support
measures ©,(K, B;-) and ©(K, B;-) as integrals over N (K, B). Finally, we apply these
results to extend Theorem 2.19 and Corollary 2.25 in the present two-dimensional case to the
most general situation.

In the remaining part of this section, we change our notation by writing 0K instead of
bd K for the boundary of a convex set K C R?.

Theorem 2.29 For (K,B) € (IC%gp)o the B-projection p(K, B,-) : R? — K is Lipschitz.

Proof. If dim K = 0, there is nothing to prove. In order to prove the lemma if dim K > 1,
we proceed by contradiction. Thus we assume that there is a sequence of points z,,y, € R?,
n € N, such that

for all n € N. Let n € N be fixed for the moment. Then we can assume that
p(KaBayn) _p(KaBaxn) = aaeyp,

where a > 0 and e; € S*. Let u, := z, — p(K, B,z,) and v, := y, — p(K, B,y,). Choose
es € e NS such that (uy,,ez) > 0. Now, up to symmetry, it is sufficient to consider the
following three cases.

Case 1: (up,e1) <0, (vy,e1) > 0. But then

and this together with (103) leads to a contradiction. Thus Case 1 cannot occur under the
present assumption.

Case 2: (up,e1) < 0, {(v,,e1) < 0. Denote by ¥, the orthogonal projection of p(K, B, z,)
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onto p(K, B, y,) + [0,00)v,. Since (p(K, B, zy,) + [0,00)uy) N (p(K, B, y,) + [0, 00)vy,) = 0, it
easily follows that

Thus we have
|p(K,B,xn) _p(KaBagn” > ’I’L|p(K,B,$n) - gn|’

since p(K, B,y,) = p(K, B, yp).

Case 3: (up,e1) >0, (vp,e1) <0, (vy,e2) <0. Let y, be defined as in Case 2, and let z,, be
the orthogonal projection of p(K, B, y,) onto p(K, B, z,) + [0,00)uy. If |p(K, B,yn) — Zn| <
|p(K, B, ) — Un|, then it follows that

T = yn| = |p(K, B,yn) — Tnl,
and hence
Ip(K, B, %n) — p(K, B,yn)| > n|zn — p(K, B, yn)|.
If, however, |p(K, B,y,) — Zn| > |p(K, B, Zy) — Un|, then similarly
Ip(K, B, zy) — p(K, B, )| > n|p(K, B, zn) — Jn| -
In any case, after a change of notation (if necessary), we can assume that, for all n € N,
Ip(K, B, zn) — p(K, B, yn)| > nlp(K, B,zy) — ynl. (104)

But then (104) implies that £(p(K, B, z,) — p(K, B, yn),yn — pB(K,yn)) — 0 as n — oo.
This shows that there is a sequence of points b, € OB such that v, — 0 as n — oo, if v,
denotes the angle between the vector b, and some (if there are several) support line of B at
b,. Since o € int B, this yields a contradiction. (|

Let (K, B) € (K3

2’gp)o be fixed. Then, for A > 0, we consider the map

hy R\ K - R\ K, y— p(K,B,y)+\y—pK,B,y)).

In writing k) we do not make explicit the dependence of hy on K and B. Obviously, (hy) ! =
hy-1 and for ¢ > 0 we have hy(0(K +tB)) = 0(K + tAB).

By Theorem 2.29, hy is a bi-Lipschitz map. In the same way as in the Euclidean plane
one can thus show that rang Dhy(y) = 2 and (hy)~! is differentiable at hy(y) provided that
hy is differentiable at y € R? \ K. This implies that p(K, B,-) is differentiable at y € R? \ K if
and only if p(K, B, -) is differentiable at y for any y € p(K, B,y) + (0,00)(y — p(K, B,y)). We
define D, g as the set of all y € R* \ K for which y € reg(K +d(K, B,y)B) and p(K, B, ") is
differentiable at y. Thus, y € Dk, p if and only if p(K, B, y) + (0,00)(y —p(K, B,y)) C Dk, B;
moreover, Theorem 2.29 yields that

H2(R?\ (K UDg,p)) =0
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and, for all ¢ > 0,
HY(O(K +tB)\ Dx.5) =0.

Choose y € Dk, p and set t := d(K, B,y); then w(K, B,-) := u(K, B,)|sx+p) is differ-
entiable at y and Duy(K,B,y) : Tan(0(K + tB),y) — R2. Set u := ox4:5(y), and let
v € ut NS If Du(K,B,y)(v) = o, then im Dus(K,B,y) = {0} C u'. If, however,
Dw(K,B,y)(v) # o, then we can choose a curve v : (—e,¢) — 9(K + ¢tB) which locally
parametrizes O(K + tB) and fulfills v(0) = y and 7/(0) = v. Hence, w(K, B, -) o~ is differen-
tiable at 0, (u;(K, B,-) ov)'(0) # o and im(u;(K, B,-) oy) C dB. This shows that u(K, B,y)
is a smooth boundary point of B. But then im Duy(K, B,y) = u* and one can easily check
that Du(K, B,y)(v) = k(y)v with some k(y) > 0 (and hence also k(y) > 0). Thus we have
established the following lemma.

Lemma 2.30 Let (K,B) € (K%,gp)o, let y € Dk, B, and set u = og 4k, B,y)B(Y). Then
there is some k(K, B,y) > 0 such that, for all v € ut, Du(K, B,y)(v) = k(K, B, y)v.

Now, for y € D, p and 0 <t < d(K, B,y), we have
y—tu(K,B,y) € 0(K + (d(K, B,y) — t)B)
and
u(K,B,y —tu(K,B,y)) = u(K, B,y). (105)
Choosing v € ut \ {0}, where
wi= 0k (k. B.yBY) " = Ok (4K, B y) 1By — tu(K, B,y)",
we obtain from (105) that
(1 —tk(K,B,y))Du(K, B,y —tu(K, B,y))(v) = k(K, B,y)v; (106)
moreover
Du(K, B,y — tu(K, B,y))(v) = k(K, B,y — tu(K, B,y))v. (107)
From (106) and (107) it follows that k(K, B,y) < 1/t and

k(K,B,y)
k(K,B,y —tu(K, B,y)) “1_th(K. B,y (108)

hence
0 < Kk(K,B,y) <d(K,B,y)"".
Using (108), we see that k(K, B,y) = d(K, B,y) ' implies
k(K,B,y — tu(K, B,y)) = d(K, B,y — tu(K, B,y)) !;
furthermore, k(K, B,y) < d(K, B,y)™" yields

k(KaBay) _ k‘(K,B,y—tU(K,B,y))

The preceding considerations are summarized in the next lemma.
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Lemma 2.31 Let (K,B) € (K%ygp)o, and let (z,b) € N (K, B) be such thaty := z+tb € Dk g
for some (and hence for all) t > 0. Then the definition of the quantity

k(K, B, y)
1- d(KaBay)k(K?Bay)

k(K,B;xz,b) := € [0, 00,

which we call the generalized B-curvature of K at (x,b), is independent of the particular
choice of t > 0.
For fixed ¢ > 0, the mappings
FP o N(K,B) = 0(K +tB), (z,b) — z+tb,
and
(ESP)TH 0K +B) 5 N(K.B), y e (0K, B,y),u(K, B,y)).

are Lipschitz maps which are inverse to each other. In particular, this shows that N (K, B) is
a l-rectifiable subset of R? x R? and that the generalized B-curvature k(K, B;z,b) is defined
for H' almost all (z,b) € N (K, B).

Let y € Dg,pNO(K +1tB),t >0, and (z,b) := (FEPY=1(y). Then, if u := og4p(y) and
v € S* Nut, we obtain

Tan' (M(K, B), (F/*") 7 (y)) = D)~ () ()
= lin{(Dp(K, B, y)(v), Du(K, B,y)(v))}
=lin{((1 — tk(K, B,y))v,k(K, B,y)v) }

I 1 k(K,B;z,b)
= lin v, v .
V1+k(K,B;x,b)?  \/1+k(K, B;z,b)2

Next we consider the bijective Lipschitz map

FEB . N(K,B) x (0,00) = RE\N K, (x,b,t) — x +1b.

A straightforward calculation shows that

1 k(K,B;z,b

ap BB (b, 1) = (b, u(r, ) LS Ll
V1+E(K, B;z,b)?  \/1+k(K,B;z,b)?

for #? almost all (z,b,t) € N(K, B) x (0,00), where u(z,b) := ox¢p(x + tb) is defined for

#H! almost all (z,b) € N(K, B) (for each fixed ¢t > 0). By a repeated application of Federer’s

coarea formula we thus arrive at the subsequent theorem.

Theorem 2.32 Let (K, B) € (K2, )o, and let n C R? x R? be a Borel set. Then

2,9p
k(K,B,$,b) 1
Oo(K, B; :/ b,u(z,b H (d(x,b
(KB = [ (e ) W )
and
1
0,(K, B; :/ b,u(z,b H(d(z,b)).
D) = [ (o) e W ()
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These results are already sufficiently general to yield an optimal version of Theorem 2.19 in
a Minkowski plane.

Theorem 2.33 Let (K, B) € (K3 gp)o- Then

V(K + DK)

2 <n(K,B) < S

—-1.

Proof. First, note that N (K, B) is compact and n(K,B,-) is H? measurable. Moreover
Mp(K) is a Borel set by the same reasoning as in the proof of Theorem 2.19. We define
Mp(K) :={(z,b,t) e N(K,B) xR:t €[0,05(K,z,b)]}

and maintain the previous notation; thus,

n(K,B,p), ifpekK,
p

0, otherwise .

Hence,

V(K)n(K, B) = /]R 2 /G o Lar, 10y (20 b, (VRO (d b, £))H2 (dp)
- p

_ / Largie (b t)ap TG (x, b, tYH (d(z, b, 1))
N(K,B)xR

K © b (bvu(va» 1
/ N(K,B) / \/1+k(K,B;x,b)2H (d(2, b))dt

op(K,z,b) .
+/ / o REBTD) g b)) (d(s, b)) dt
N (&.B) Jo V1+k(K, B;,b)2

:=/ aﬂmemmKBmmm»+?/ o5(K, 2,6)200(K, B; d(z,b)).
N(K,B) 2 JN(K,B)

In the last step, we used Theorem 2.32. From the estimate o (K, z,b) < p(DK,b) we finally
deduce

1

V(K <> % <7° + 1) / N(K,B) p(DK,b)" " Os1, (K, B; d(x,D))

r=0

1
1 2
§Q+J/prW“&4AK&%)
— oB

< V(K + DK) - V(K),

by a special case of Proposition 2.17. O

Remark. The bounds established in Theorems 2.19 and 2.33 can be improved under various
special assumptions such as constant relative width or other curvature bounds. However, it
is not the present purpose to present an exhaustive discussion of the subject. Rather we wish
to provide the general techniques required to explore the field.
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Corollary 2.34 Let (P,B) € (K%’gp)o, and assume that P is a polytope. Then

Z (=DM F 1y ey (@) =1,
FeF(P)\{0}

for H? almost all x € R?.
Proof. For a polytope P € K2, F € F(P) and z € relint F it is easy to see that k(P, B;z,b) =
0 whenever (z,b) € N(P, B). In addition, for F = {z} € Fy(P) we have k(P, B;z,b) = 00

for H! almost all (z,b) € N'(P, B). Using a very special case of Corollary 2.23 and Theorem
2.32, we find

2 _ V2 (da
[ otar?dn) = [ gla)(ao

Y . e k(P, B;z,b) L dle
- / . /N oy 90 o, )=, )

o . (b, u(z, b)) s
/0 /N(P,B)g( " \/1+k(P,B;x,b)2H (d(z, b))t
=:1-1I.

For the first integral we obtain

= I — ul\xr 1
I= > / /N th)t(b, u(z, b)) M (db)dt

{-’E}E}- B P {I} ﬁaB

g(z)H*(dx),

{z}eF,(P) Am}NB(Py {=})

since the Jacobian of the map
Fy : (Ng(P, {z}) N0B) x (0,00) = {z} = Ng(P,{x}), (b,t) >z —1h,
is equal to
JoFy(b,t) = |det(—b, —tv)| = (b, u(z, b)),

for H? almost all (b,t) € (Ng(P,{z}) N9B) x (0,00), where v € Tan(dB,b) N S'.
Similarly,

Z / //N (b, op(2))g(z — th)yH (db)H (dz)dt

FeF( B(P,F)NOB

Z //N b/|l_)|,ap(x)>g(x—b)’}-[ (db)H* (dx)

FeFi( B(P,F)

= > /F (z)H?(dz).

FeFi (P Np (P, F)
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In the last step we used that the Jacobian of the map
Fy:F x Ng(P,F) - F — Ng(P,F), (z,b)~z—0b,
is equal to
JoFy(x,b) = |det(f, [b|~"0)| = (b/|bl,op(2)) ,

for H? almost all (x,b) € F x Np(P, F), where f € op(z)* NS O

2.6 Curvatures in Minkowski spaces

In this subsection we develop the theory of support measures and generalized curvature func-
tions in Minkowski spaces with a sufficiently regular gauge body. The constructions are
clearly guided by the Euclidean situation and also partly by the intention to establish char-
acterizations of gauge bodies via relations between Minkowski curvature measures. As a first
major step in this direction, we extend a volumic formula involving interior reach, due to J.
Sangwine-Yager [114], and a generalized Minkowski integral formula to the relative setting of
this section.

In the following we write ? for the set of all convex bodies of class C_2|_ which contain
the origin as an interior point. The gauge bodies to be considered in this subsection and the
remaining part of Section 2 will be assumed to satisfy B € K% It is certainly desirable to
weaken this assumption, and for some of the following arguments this is indeed possible. But
at a certain point of our arguments, we cannot avoid the C_% hypothesis on the gauge bodies.
Therefore we adopt B € K¢ as an overall assumption. In particular, without any additional
assumptions, for a pair (K, B) of convex bodies in general relative position, the B-projection
onto K is probably not Lipschitz in contrast to the two-dimensional situation. Finally, for
K e K¢ B e Kd and t > 0, we set p;(K,B,-) := p(K, B, )|o(k+tp) and uw (K, B,-) =
U(Kv B, ')|8(K+tB) .

Lemma 2.35 Let K € K¢ and B € K¢. Then the map py(K, B,-) is Lipschitz for any t > 0.
Moreover, the Minkowski normal bundle N'(K,B) is a (d — 1)-rectifiable compact subset of
R x R?,

Proof. For t > 0, a ball of positive radius rolls freely inside the convex body K + tB, and
hence og+p is Lipschitz. Therefore the assertions of the lemma are implied by the relation
ut(K,B,-) :VhBOUK+tB. O

In particular, the preceding lemma implies that the map hi|sxiepy @ O(K + tB) —
O(K +tAB), which is defined in analogy to the two-dimensional case of the preceding section,
constitutes a bi-Lipschitz map for any fixed ¢, A > 0. Note that we do not make explicit the
dependence of hy on K and B.

Lemma 2.36 Let K € K¢, let B € K%, and assume that hxla(k+im) i differentiable at
y € (K +tB). Thenrang Dhy(y) = d—1 and the inverse map of hy|s(x1¢p) 15 differentiable
at hx(y)-
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Proof. For any t > 0, (K + tB) is a submanifold of class C'. Using local charts, we can
then proceed as in the proof of Lemma 4.1 in [141]. O

Next we define D p as the set of all y € R? \ K for which (K, B, ")|a(k+d(k,By)B) 18

differentiable at y. By Lemma 2.36, p(K, B, *)|s(k +d(k,B,yo)B) 18 differentiable at yq if and only

if p(K, B, *)|a(rk+d(k,B,y)B) is differentiable at y for any y € p(K, B, yo) + (0, 00)u(K, B, o).
Let y € Dk, B, t := d(K, B,y), and set v := ox1¢p(y). Then

w(K,B,"): 0(K +tB) — 0B

can be obtained as the composition of ox¢p : I(K +tB) — S4 ! and Vhp : S ! = 0B,
the latter being a diffeomorphism between C' manifolds. Clearly, o ;p is differentiable at
y, since y € Dk p. Hence, Duy(K, B,y) : ul — ut can be represented as

Dut(KaBay) = (D2hB(u)|uL) o DO'K«HB(?J),

where D?hp(u)|,. and Dok 45 (y) will be viewed as symmetric linear maps of u! onto itself,
where the symmetry property refers to the restriction to u' of our underlying auxiliary scalar
product.

In order to describe the eigenvalues and eigenvectors of Du,(K, B, y) we introduce another
scalar product [, -], on u' (here the formation of the orthogonal complement u" of u is meant
with respect to the initial scalar product) by setting

[0, wlu = ((D*h(w)],2) ™ v, w)

for v,w € ut. Then Duy(K, B,y) is symmetric and positive semi-definit with respect to [ Jus
compare [78], Satz 7.22. Thus we arrive at the following lemma.

Lemma 2.37 Let K € K¢ and B € K%. Then, for y € Di,p and u = 0k 4Kk, B,y)B(Y);
there are numbers kP (y) > 0,4 € {1,... ,d—1}, and corresponding vectors u1, ... ,uq_1 € u™,

which form an orthonormal basis with respect to [-,-]u, such that Duy(K, B,y)(u;) = kP (y)u;
forie{l,...,d—1} and t := d(K, B, y).

As in the Euclidean case, we usually do not indicate the dependence of the numbers kZB (y),
which are called the relative curvatures of K with respect to B (or simply the B-curvatures
of K), on the convex body K.

Now we go one step further and introduce generalized relative curvatures. Indeed, in
the same way as Lemma 2.31 was deduced from Lemma 2.30, we now obtain Lemma 2.38
as a consequence of Lemma 2.37. This argument also shows that the orthonormal basis
Ui, ..., un 1 € u withrespect to [-,-],, which appears in Lemma 2.37 and which is associated
with any point ¢’ € Dk, g, can (and will) be chosen in such a way that it does not depend on
the particular choice of the point ¢’ on the ray p(K, B,y) + (0,00)u(K, B, y), for some fixed
y € Dk, B-

Lemma 2.38 Let K € K%, let B € K¢, and assume that (z,b) € N (K,B) is such that
y:=x +tb € Dg, p for some (and hence for all) t > 0. Then the definition of the quantities

kP (y)
- d(Ka Ba y)sz(y)

kP (x,b) := €[0,00], i€{l,...,d—1},

which we call the generalized B-curvatures of K at (z,b), does not depend on the special choice
of t > 0. In particular, kP (z,b) is defined for H¥1 almost all (z,b) € N'(K, B).
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In the Euclidean case the support measures of a convex body can be expressed in terms of
integrals of generalized curvatures which are integrated over the Euclidean normal bundle of K
with respect to the (d—1)-dimensional Hausdorff measure over RY x R?. A similar relationship
will now be deduced in Minkowski spaces. However, the fact that the scalar product [-,],,
u € ST, does not coincide with the underlying scalar product and, in addition, depends on
u € 891, slightly complicates the situation.

For that reason, we introduce a Riemannian metric on the C? submanifold M := R? x 0B
of R% x R?, which is associated with B and which takes into account the anisotropy of B. Since
B is of class C’_ZH the tangent space Ty B of B at b € OB is uniquely determined. Let v, w € R?
be arbitrarily given. Then there are unique decompositions v = v; + v9 and w = w; + wo
such that vy = A\(v)b, we = A(w)b with A\(v), A(w) € R and vy, w; € T,B; hence we can define

[v,w]f := (Dop(b)vy,wr) + Mv)A(w).
Obviously,
[’U,’U)]bB = [’U,’U)]u

if v,w € v and b = Vhp(u). Furthermore, a Riemannian metric ¢” of class C° is defined
on M by setting

Q(B;c,b)((vvw)v (v, w)) := [vvﬁ]bB + [wvw]bB )

where (z,b) € M and (v,w), (0, ) € Ty y»M = R? x T}, B.
Now let K € K¢ and B € K¢. Then N (K, B) is a (d — 1)-rectifiable subset (actually a
strong Lipschitz submanifold) of M and

Tan? YWV (K, B), (,b))

B(
_n 1 k7 (z,b) d-14
\/1+le($,1))2 ,/1+k3xb
whenever z + tb € Dk, g for some ¢ > 0. In this case, the vectors
kB b
(z,0) cd—1,

1
\/1+kiB(x,b)2 ,/1+k3xb

represent an orthonormal basis of Tan?" (N (K, B), (z,b)) with respect to g(l?v p)> moreover,

Ut,...,uq 1 € ut is an orthonormal system with respect to [-,-]2.

Subsequently, we write H’;, r > 0, for the r-dimensional Hausdorff measure over R? x 9B
which is induced by the intrinsic metric of the Riemannian space (M,g¢?). Further, for
j €40,...,d—1} and whenever the right-hand side is defined, we set

d—1> [Ticr k7 (x,)

J IIIJHz 1\/1+k3$b

where the summation extends over all subsets I C {1,...,d — 1} of cardinality j.

H? (K, z,b) = <
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We need one more preparatory remark. Since 0B is compact and gg b) does not depend

on z, the intrinsic metric which is induced by g® on M is equivalent to the intrinsic metric
which is induced by the Riemannian metric which M inherits as a submanifold of R?¢. This
implies that there are constants ¢, C' > 0 such that

cHE ' <HT' <CHE!

over M especially, H%~ ! _ M and ’HdBfl have the same sets of measure zero. This fact will be
used implicitly several times in the following.

Theorem 2.39 Let K € K% and B € K¢. Then

0,(K, Byn) = / (b, op(0) HE (K, z,b)[us A ... A gy |HE  (d(z,b)),
N(K,B)Nn

for 5 €{0,...,d—1} and Borel sets n C R*?.
Proof. We consider the transformation
T:Mx (0,00) > RI\ K, (,bt)+ z+1tb,

as a map between Riemannian manifolds and apply the coarea formula (in this setting) twice
to obtain

p
mo By = [ [ ap 2T e b
0 JN(K,B)Nn

Moreover, for H% ™ almost all (z,b) € N(K, B) and all ¢ > 0, we have

a1 kB (z,b)

1
/\ u; +1
i=1 \\/1+kP(z,b)? 1+ kB (z,b)?

d—1
ifd—1
= (b,op(0)) Y 4" 9( j )Hglj(K,x,bﬂul/\.../\ud1|.
=0

ap JgT'(z,b,t) = u; | Ab

A comparison of coefficients finally yields the desired result. O

Of course, in the case where B = BY the representation for ©;(K, B;-), which is given in
Theorem 2.39, yields the corresponding representation for the Euclidean generalized curvature
measures due to Zahle [155].

Similarly to [155], we can provide a current representation of ©;(K, B;-). In fact, let
K € K% and B € K¢ be fixed. Let af be the simple (d — 1)-vectorfield which is uniquely
determined, for #%~! almost all (z,b) € N (K, B), by the requirements that

aB(z,b) = ar(x,b) A ... Nag_,(z,b),
where a;(z,b) € Tan’" Y (N (K, B), (z,b)),

la1 (z,b) A ... Nag_1(z,b)| =1 and sgn(ai(z,b),...,aq_1(x,b),b) =1;
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compare [155] for further explanations.
Then we introduce the (d — 1)-current

TE = (W' N (K, B)) Aaf,

which is defined at least on Dg_;(R? x R?); see Chapter 4 in [42] for the terminology. In
fact, the domain of T2 naturally includes the (d — 1)-forms 14 ¢;, where A C R?? is Borel
measurable and the (d — 1)-covector ¢;(z,b), for (z,b) € R* is defined by its values for
simple (d — 1)-vectors. In order to give an explicit definition, we introduce the coordinate
projections Iy : R* — R?, (z,y) — = and II; : R?? — R¢, (z,y) — y. Furthermore, let Q
denote the standard volume form on R?, and choose any &, ... ,&;_1 € R??. Then we define

-l
(G A N1, 95(z, b)) = <dj 1) Y (Mo & A ATl a1 AD,Q),

where the summation is extended over all ¢; € {0,1}, i =1,... ,d — 1, for which Z?;ll € =

d—1—j. Up to a normalizing factor, this definition coincides with the one given in [155].
Using this terminology, we obtain that

0;(K, B; A) = T (14 ¢;)
for 7 € {0,... ,d — 1} and Borel sets A C R*?.

In analogy to the Euclidean case, the value of the interior reach function of a convex body
K € K% with respect to B € K¢ at the boundary point = € 9K is given by

rp(K,z) :=max{\>0:2z € 2+ AB C K) for some z € K}.

It is clear from the definition that the map rp(K,-) is upper semicontinuous, and hence it is
Borel measurable.

Finally, we shall provide one more auxiliary result concerning curvature functions. To
state it, let us define

Mp(K):={z e M(K) :z € p(K,B,)(Dk,B)}

as a subset of the set M(K) of normal boundary points of K. For any z € Mp(K) and
u := o (x), we denote by kP (z), i € {1,... ,d — 1}, the eigenvalues of the linear map

D?hp(u) o Dog(x); (109)

see the arguments preceding Lemma, 2.37. The linear map Do () coincides with D2 f(z) :
ut — u', where f is a convex function which locally represents K at z (compare [70]) and
which is second order differentiable at the normal boundary point x.

Lemma 2.40 Let K € K% and B € K¢. Then H* (0K \ Mp(K)) =0. If t € Mp(K) and
b:= Vhp(ok(r)), then kP(z,b) = kP (z) < rp(K,z)7!, fori € {1,... ,d — 1}, provided the
ordering is chosen properly.
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Proof. The first statement follows since H?~' (0K \ M(K)) = 0, the restriction of p(K, B, ) to
O(K +1B) is Lipschitz, and H¢ ' (9(K +tB)\ Dk, g) = 0 for any ¢ > 0. Now let 2 € Mp(K),
u:= ok(z), and let t > 0 be fixed. For any p € 9K we choose some o (p) € N(K,p) N S? L.
Hence the map o}, : 0K — S=1 represents a choice of an exterior unit normal vector field
for K. But then we have

ok (p) = ok +iB(p+tVhp ook (p)). (110)
In fact, this follows from
N(K +1tB,p+tVhp(ok(p))) = N(K,p) N N(B, Vhp(ok(p)))
= N(K,p) N{rok(p) : r = 0}.

By a result of Bangert [11] (see also Schneider [121]) and since z € Mp(K), we thus obtain
from (110) that

kP (x)u; = (1 + thP(2))D*hp(u) o Dok yip(x + tVhp(u))(u;),

)

if uy,... ,uq_y € u' denotes a suitable orthonormal basis of u! with respect to [-,],, con-
sisting of eigenvectors of the map described in (109). Thus
kB
BP) = —0) e a-1),

L+ thP(x)’

if the ordering is chosen properly and y := x + tVhp(u). On the other hand, we know that
y € Dk, B, since ¢ € M3(K), and therefore we also have

! 1+ tkP(z,b)’

This obviously yields that k”(z) = kP (z,b), since kP (z) < 0o and thus kP (y) < 1/t.

Finally, assume that z € Mp(K), u := og(z), and z € z + rp(K,z)B C K. If f; and
f2 are convex functions which locally represent d(z + rp(K,z)B) and 9K at x, respectively,
then

ie{l,...,d—1}.

D2fy(z) > D?fa(z),
and therefore also
rp(K,z)"lid,1 = D?hp(u) o D*fi(x) > D*hp(u) o D?fy(z),

which completes the proof. O

Theorem 2.41 Let K € K% and B € K¢. Then

d—1

_ r5(K,a) _ ,.B d—1
V(K) _/BK/O h(B,ok(z)) [ (1 — thP (z))dtH" " (dz)

=1

and

V(K) = d_l (d> (—1)d- 1 /BK re(K,z)*'C;(K, B; dz) .
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Proof. Define the Borel set
M, (K,B) :={(z,b,t) e N(K,B) xR: 0< ¢t <rp(K,z)}
and the Lipschitz map
F:N(K,B)xR—RY, (z,bt)— z—tb.

Let (z,b) € N(K,B) and t € [0,rp(K,)]. Then there is some u € N(K,z) N S ! such
that b = Vhp(u). By definition there is some z € K such that z € z 4+ rg(K,z)B C K, and
hence z = z + rp(K, z)b. Thus we get F(z,b,rp(K,z)) = z € K. But this also implies that
F(M;(K,B)) C K.

Setting

My (K, B) :={(z,b,t) e N(K,B) xR: 0 <t <rg(K,z)},

we obtain that F|My(K, B) is injective. To see this, assume that y = x — tb for some
(z,b,t) € My(K, B). It is sufficient to show that the following conditions are satisfied:

(i) t =min{A >0: (y+ AB) N 0K # 0}.
(ii) {z} = (y+tB)NIK.

First, we verify condition (i). Let A9 denote the right-hand side of (i) and let A € (0, o).
Then (y + AB) N 9K = 0, and hence z —y ¢ AB. Since z —y = tb € tB, we infer that
A < t, and thus A\g < t. For the proof of the reverse implication, we set r := rg(K,z). There
is some u € N(K,z) NS such that b = Vhg(u). In addition, there is some z € K with
z € z+rB C K, and thus z = z + rb. For any s € (0,r) we have

(z+sb+ (r—s)B)\ {z} Cint(z + rB) C int K, (111)
where the first inclusion is implied by the strict convexity of B. Therefore, for any A € (0, t),
z—1tb+AB=2z+ (r—t)b+ AB Cint(z+ (r —t)b+tB) C int K.

But this implies that ¢ < Ag. This proves (i).
From y+tB =2z 4 (r —t)b+ ¢B and (111) we see that

(y+tB)\{z} = (z+ (r —t)b+tB)\ {z} Cint(z + rB) C int K,

and this yields (ii).

Finally, let y € int K and set A\g := min{\ > 0 : (y + AB) N dK # (}. Choose some
z € (y+XB)NOK and u € N(K,z)NS4!. Then we also have u € N(y+ X\oB, ), and thus
b:=Vhg(u) = (x —y)/Ao. This shows that (z,b) € N(K,B) and y = F(z,b, \y). Moreover,
x =1y+ Xb € y+ AB C K, which implies that \y < rg(K,z). Hence we have proved that
int K C F(M;(K,B)). From this we can infer that

HY (K \ F(My(K,B)) = H'(F(M\(K, B)) \ F(M(K, B)))
< (Lip F)* 1Y (My(K, B) \ My(K, B)) = 0;

the last equality can be justified by applying the coarea formula to a projection map.
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The considerations involved in the proof of Theorem 2.39 yield that

d—1

— tkB(x
ap JdF(x,b, t) = (b, UB(b)> H 1 tkz ( vb)

1+ kP (z,b)?

|u1/\.../\ud,1|,

for H¢ almost all (z,b,t) € N(K,B) x R. We assert that tkP(z,b) < 1 for H?! almost
all (z,b) € N(K,B), t € [0,rp(K,z)], and 7 € {1,... ,d — 1}. In fact, we can assume that
rg(K,z) > 0and z+sb € Dk, p forall s > 0. Let z € K be such that z € z+rg(K,z)B C K.
Then

z+sbe€z+ (rg(K,z)+s)BC K+ sB, fors>0,
x + sb € (K + sB), and therefore

s> (rp(K,z) +s) ' >kP(x+sb), ic{l,...,d—1}.

Thus we get
EB(z,b)
B ) ’
ki (x,b) < 0 and W(TB(K’$)+S)S1’
i€{l,...,d— 1}, from which the conclusion follows.

Again from the coarea formula, applied to F|My(K, B), we now obtain

5(K,2) ]-_th( 7b) d—1
V(K) (b,o(b))|ui A .. AudﬂII dtHE (d(x, b)) .
N(K.B) =1 1+kiB($,b)2

(112)

An expansion of the product and Theorem 2.39 then lead to the second equation of Theorem
2.41.

The first equation will also be deduced from (112). Define
N5(K) :={(z,b) € N(K,B) : rg(K,z) > 0}
and
'K :={zr € 0K : rp(K,z) > 0}.

Further, note that k2 (z,b) < rp(K,z) ! < oo for H4 ! almost all (z,b) € Nj(K). Hence
the coarea formula and Fubini’s theorem yield

re(K,x) b) .
:/ / (b,op(b))|ur A ... Nug_1] H = dtH% 1 (d(w,b))
5(K) /0 1+kﬂ,m

d—1

= /*K -/OTB(K,I) h(B,ok(z)) H (1 — thB(x)) dt’Hdil(dx) .

=1
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In fact, the required Jacobian of 7 : R x 9B — R? is given by

1
ap Jg_1 (mN(K,B)) (z,b) = |u1 A... Aug_1] , (113)
z‘l_[l \/1+ kP (z,b)?

for H%1 almost all (z,b) € N(K, B). In addition, we used that H% ! almost all boundary
points of K are normal and the simple fact that if (z,b) € N(K,B) and z is a regular
boundary point of K, then op(b) = ok (z); hence

(b,0p(b)) = (Vhp(ok(z)),0k(z)) = h(B, ok (z)).

Furthermore, for H%' almost all normal boundary points and i € {1,...,d — 1}, Lemma
2.40 implies that kP (z,b) = kP (x). This establishes the first equation. O

The last result in this subsection is a relative version of a generalized Minkowski integral
formula. In the (Euclidean and) smooth setting, corresponding integral formulas represent
an important tool for proving characterizations of balls. Recently, generalized Minkowski
integral formulas, which explicitly involve generalized curvature expressions, were used to
establish characterizations of balls in the non-smooth Euclidean case. The existing proofs (in
Euclidean space) of generalized Minkowski formulas use the divergence theorem and approxi-
mation arguments. The approach which we provide in the more general framework of relative
geometry, is essentially based on symmetry properties of mixed volumes and on the results
which have been established so far in this section.

Theorem 2.42 Let K € K% and B € K¢. Then

/ (2, 0 (D)) L2 (K, 2, Bur A ... A g1 [HE (d(, b))
N(K,B)

_ / (b, o (D) HE (K, 2,0)|ur A ... Aug_i [HE (d(,b)
N(K,B)

where i € {1,... ,d — 1}.
Proof. In the following, we shall use mixed volumes of convex bodies and their connection with

mixed surface area measures; see [123, Chapter 5] for background information and notation.
Using a special case of Theorem 2.39 and Theorem 2.14, we obtain

/ (b, o (b)) HE (K, 2, b)|ug A ... A ug_1[H%(d(x, b))
N(K,B)

= Su_i(K, B;R%)

— /Sdl h(B,u)S(K[d — i), B[i — 1], du)

=dV(K[d —1i], B[i]) .
The symmetry of mixed volumes yields

V(K[d —1],B[i]) = V(K[d — 1 —i], B[i], K),
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and therefore

dV (K[d — i), B[i])

— /Sd_l h(K,u)S(K|[d — 1 — 1], B[i], du)

= /Sd_l Z—I; oopoVhg(u)h(B,u)S(K|[d — 1 — 1], B[], du)

h
:/ “E o 05(b)Sa1_i(K, B; db)
oB hp

- / (2, 0 (B)) LB (K, 2, B) s A . A g1 [HE (d(z,B))
N(K,B)

This yields the desired equality. (|

2.7 A characterization of gauge bodies

In this section, we establish an extension to the setting of relative geometry of a recent
characterization of Euclidean balls via certain linear relations between Euclidean curvature
measures. A very special case of such a result was stated by Leichtweif§ in [95], Theorem
6.1; see also the references cited there. The result mentioned by Leichtweifl extends the
classical Liebmann-Siiss Theorem to the smooth setting of relative differential geometry in
the same way as our result generalizes contributions by Kohlmann [84] and Schneider [120]
in the general setting of convex geometry.

Theorem 2.43 Let K € ICg, B e K%, and assume that there are constants \g, ... ,Ag_2 >0
such that
d—2
Cq-1(K,B;-) =Y _XCi(K, B;-).
j=0

Then K is homothetic to B.

For the proof we need an extension of the Lebesgue decomposition of Euclidean curvature
measures (compare [72]). For a given convex body K, we write

-1
HP(K,z) = (d , 1) Sk @)
J \1|=j il
ifz € Mp(K)andj € {0,...,d—1}. We define N*(K, B) as the set of all (z,b) € N (K, B) for
which kP (z,b) = oo for some i € {,... ,d—1}. Finally, we write C¢(K, B;-) for the absolutely
continuous part of C,.(K, B;-) with respect to (d — 1)-dimensional Hausdorff measure, and we
let C3 (K, B;-) denote the singular part. Recall that we already know that Cy_; (K, B;-) and
M1 _ 9K have the same Borel sets of measure zero.
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Theorem 2.44 Let K € K¢, B € K¢, and r € {0,... ,d —1}. Then
Co(K, B;-) = / 1z € (B, ok (@) HE , (K,2)H' (dz)
oK
and

C}(K,B;-) = / 1{z € -}(b,op(b)) HE_I_T(K,QT, b)lug A... A ud_1|H%71(d(x, b)) .
Ns(K,B)

Proof. The proof follows the lines of the proof of Theorem 3.2 in [72]. In particular, one has
to use Theorem 2.39, Lemma 2.40 and formula (113). O

The essential ingredient of the proof of the characterization theorem is the following estimate
for the volume of a convex body. We shall derive this sharp inequality from our representation
of volume involving the interior reach function.

Lemma 2.45 Let K € K¢ and B € K. Then

h(B,ok(x))

dV(K) <
( ) oK HIB(Kax)

HI(dx)

with equality if and only if kP (z) = ... = kP | (z) = rp(K,z)"! for HT! almost all x € OK.

Proof. We can assume that 0 < kP(z) < ... < kZ |(z) < oo, whenever these curvatures are
defined. Recall that rp(K,z) < kP(z)"1, i€ {1,... ,d — 1}, and note that

HP(K,2) = - (K@) + 4 K () < K (0),

for H?1 almost all z € K. Therefore, for 0 < ¢t < rp(K,z) and for H?~! almost all z € 0K,

0<H (1—kP(x

Moreover, using Theorem 2.41, (114), and the fact that rg(K,z) < HP(K,z)~', we obtain

TB(Kam) d—1
= T — kB (x =1 (dg
K) _d/aK/O h(B, ok (z)) i||1 (1 — kB (2)t) deH® \(dz)

d—1 d—1

12 (1-kP(z = [1 - HP(K,z)t]
=1

A )

<d / / K’m)h(B,aK(x)) [1— HE(K,z)t]" " dimd (da)
0K

Sd/ / e W(B, ok (z) [L — HE (K, z)t]" 't (dx)
oK

HP (K,z)~*

! 1A (dx)

1
= d/aK h(B,ok(x)) [—m (1 - HP (K, )t)

i h(B,ok (7)) ,,4-1 -
= e .

0
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In particular, the preceding analysis is correct for those € K for which HP(K,z) = 0.
This proves the asserted inequality. Now assume that equality holds; then

1—kB@)t=...=1-kP (2)t,
for t € (0,7p(K,z)), and
’I“B(K,I) :HIB(Kax)_I

hold for H?~! almost all z € 9K. This implies the statement on the case of equality, since
the reverse conclusion is obvious from the preceding argument. O

Proof of Theorem 2.43. Because of the homogeneity of the Minkowski curvature measures,
we can assume that Ag+ ...+ Ag_2 = 1. Let ¢ € {0,... ,d — 2} be such that A\; > 0. Then

Cz(KaBa ) < AZICde(Ka B; ) )
and hence by Theorem 2.44,

Ci(K, B;-) = /M 1z € Jh(B, o (@) HE (K, z)yH* ! (dz) (115)

and
Cy (K, B;-) = /M 1{z € Yh(B, o (z)) 1" (dz) .

The last formula also follows from Corollary 2.11. Therefore the assumption of the theorem
implies that

d—2
Y ONHP_(K,x) =1 (116)
i=0

for H4 ! almost all z € K. But then

dV(K) = | (z,ox(z))yH* " (dr)

— ; >\1, _/3K<x, UK($)>HdBfl,Z-(K’ :L.),Hd_l(dx)

Il
I
(=)

R

~/N( (o on ) E (2D Ao Aug 1 HE (d(w, b))

K,B

~Y /N( (0 onB)HE 5 (K, 2 b)ur A ... Aug1 [HE (d(z, b))
i=0 K.B

(117)

v
e
m\
=
=
&
Q
o}
B
=
T
[N}
L
=
&
xr
T
=
)
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Here we have used (116), Theorem 2.44 (and its method of proof) and Theorem 2.42. From
Lemma 2.45, (117) and (116) we infer

M(B.ok(@) a1y )
og/aK Ty M ) = av ()

h(B,o )
S/aK{ 5{ K ZAhB O'K HdB—Q—i(Kax)}Hd l(dI)

d 2
h(B,ok(z d—1
= _ A H K, H K, x)H (K,z)) H d 0,
| e g B o) = HE o (K ) HP (K, ) 1O () <
where Newton’s inequalities were used to obtain the last estimate (compare [65], p. 52, or
[112]). This shows that equality must hold in the inequality of Lemma 2.45, and thus we

further deduce that

U

—2 )
N (kB@)T T =1,

Il
o

3

for #%~! almost all z € 9K and any j € {1,... ,d — 1}. Since A + ... + Ag—2 = 1 according
to our initial assumption, this implies that

EP(x)=...=kP |(z) = HP(K,2) = rp(K,z)"' =1,

for H% 1 almost all z € 0K.
In particular, H? (K,z) =1 for H%=1 almost all z € OK and B is contained in a translate
of K. The latter shows that

V(B) < V(K). (118)

Further, using Theorem 2.44 and a comparison of coefficients in (85) and (86), we deduce
that

oK
O¢(K, B;R??) = V(B). (119)
On the other hand, Minkowski’s inequality (see (6.2.2) in [123]) yields
V(K[d—1],B)" > V(K)" 'V(B) (120)

with equality if and only if K and B are homothetic (since K and B are d-dimensional). But
(118) and (119) show that equality holds in (120); hence K must be a translate of B, since
the relative curvatures equal one. O
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2.8 Stability and relative curvature measures

Stability results in convex geometry represent an important and challenging subject, since
every stability result includes a corresponding uniqueness assertion as a special case. We have
already addressed this subject in the preceding section. Until recently, stability results for
Euclidean curvature measures have been rather exceptional and have only been obtained in
restricted situations. Weak versions of stability theorems involving curvature measures have
been established in [81] by means of the classical method of symmetrization (and other tools).
However, a first satisfactory solution of the stability problem is of even more recent vintage
(see [85]). It is based on a representation of the volume of a convex body K in terms of the
interior reach function of K, the Gauss-Bonnet theorem, and an estimate for the isoperimetric
deficit of K involving the circumradius and inradius of K.

As in the preceding subsection, we shall use the tools which are now available to establish
corresponding stability results for relative curvature measures. Extensions of stability results
for curvature measures to spaces forms have been treated in [86].

For a convex body K, we consider the normalization

— K -—s(K)
=)

where s(K) denotes the Steiner point of K and b(K) is the mean width of K; compare §1.7
in [123]. For convex bodies K, L € K%, the Lo-distance d2(K, L) is defined as

5o(K, L) = {/Sd Ih(K, u) — h(L,u)|2’Hd1(du)}é .

It is known that estimates in terms of d9 can be transformed into estimates for the Hausdorff
distance ¢, and vice versa.

Lemma 2.46 Let K € K% and B € K%. Assume that pB® (p > 0) rolls freely inside B, let
R denote the circumradius of B and let r > 0 be the inradius of K. Then

R <o (M) (1) [ (Ve vy,

where a(d) = kg4973d(d —1)/(d + 1).

Proof. An application of Theorem 3 in [6] shows that

9 P 2d—4
V(K,Bld—1))? — V(B)V(K[2], B[d — 2]) > A(K, B) (5) , (121)

where

A(K,B) := V(K,B,Bd —2]) — V(K[2], BY[d — 2])V (B[2], BY[d — 2]) .
Moreover, a repetition of the argument on pp. 355-6 in [123] with W}, := V(K|[d — k], B[k])
yields that

(122)

(V(K[d - 1],B)>d B <V(K)>d—1 , VK, Bld— 1)) ~ V(B)V(K[2], Bld = 2))

V(B) V(B) V(B)V(K[2], B[d — 2])
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Finally, by Theorem 6.6.6 in [123],

A(K,B) > %b(m?vwm, B%d - 2])6,(K,B)?. (123)

Combining equations (121) — (123), we obtain the assertion by obvious estimates. O

For s € {1,... ,d — 2}, we define the number

1\ —d d
d—1 d—1—s)\+ d—1-—s d—1 E

and set

1 1
co(d,s) := 21+ 2a(s,d)? "

If s =d— 1, then we define ¢(d,d — 1) :=1/2.
Theorem 2.47 Let K € K% B e K¢, and s € {1,... ,d —1}. Assume that
(1 -€)Cq-1(K,B;) < Cq1-5(K,B;) < (1+€)Cq1(K, B;)

for some € € (0,€9(d, s)). Then there exist constants c(B), c¢(d), which merely depend on B,
d respectively, such that

62(K, B) < ¢(B)c(d) e%
and, for some z € R?,
§(K + 2, B) < ¢(B)e(d) e@ 1 .

Indeed, one can also prove a stability version of Theorem 2.43. But then the determination
of the constants is much less explicit than in the situation of Theorem 2.47. Such a result
can be proved by combining the arguments of the proof of Theorem 2.47 with the approach
in [86]. In particular, we emphasize that instead of proving a weak stability result (as in §8
in [86]) one should use the estimate of Lemma 9.1 in [86] (for » = n) to obtain a diameter
bound as in the proof of Theorem 2.47. Furthermore, the proof of Lemma 9.4 in [86] seems to
be restricted to the Fuclidean situation; hence the improvement of the order of the stability
function, which was achieved in [86] by means of this lemma, cannot be carried over to the
present setting.

Proof. Let the assumptions of the theorem be satisfied. Recall that kP (z) < rp(K,z) 1, and
hence

1
s

rp(K 1) < HB(K,z)"s <(1—¢€) >, (124)

for 7%~ ! almost all z € K. Using the assumption, Theorems 2.44 and 2.42, and the estimate

s—1 s—1

Hﬁl(Kvx) ZHSB(K’x) s 2(1_6) )
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which is based on Newton’s inequalities and again on the assumption, we obtain

AV (K) = /{9 JEXACI

1
“1+4e

1
= / (2,05 (b)) HE (K, z,b)|uy A ... Aug_i[HE (d(z,b))
N(K,B)

/ (2, 01 () HB (K, 2) MO~ (dz)
oK

1+e¢€

1

= / h(B,op(®)HE (K, 2,b)|u1 A ... Aug_1|H% (d(z,b))
1+4+¢ N(K,B)

1
1+e¢€

v

/ WB,ox(x)HE (K, z)H* " (dx)
oK

1

_ -9
1+e

/ h(B, o ()14 (dz)
oK

_-9"-

> P —dV(Kld - 1],B). (125)

This can be combined with Theorem 2.41 to yield a point zg € 0K N Mp(K) such that

T‘B(K,Io) d—1 1 1 — €
1—tkP dt > =
[ T - P opar = 1
=1
and thus by Lemma 1 (iii) in [85]
TB(K,LE) >1-— (26)5 .
Therefore we obtain
1 d
V(K) > (1= (207) V(B). (126)

In order to be able to apply Lemma 2.46, we now estimate V(K|[d — 1], B) from above. Let
us first consider the case s = d — 1. Then Hy_i(K,z) > 1 — ¢ for H4~! almost all z € 0K,
and hence

AV (K[d — 1], B) = /M h(B, o ()0 (dz)

1
1—6 0K
1
1—c¢
1

1—c¢

<

Hi (K, 2)h(B, ok (@)1 (do)

< ——Cy(K, B;RY)

dV(B).
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Thus for s = d — 1 we have proved
<(1—e)". (127)

The remaining cases s = 1,... ,d — 2 are more involved. Here we proceed as follows. From
(125), Theorem 2.41 and Lemma 1 (iii) in [85] we first deduce

Lvd
/ W(B.ok (@) [1 - ra(K.2)(1 - 9F] 1 (de) < (Kld—1],B).  (128)
oK

Then Holder’s inequality, applied to the left-hand side of (129), and equation (128) yield

./81( h(B,ok(z)) (1 —rg(K,z)(1 — e)§> H (d) < (12_66>(lidV(K[d_ 1,B). (129)

Next we define
d—1 .
R J— 8 S
Ae = | ———————
<(d— 1)(1 —€)>

0K, :={z € 0K :rp(K,z) < A}, 0K, := 0K\ 0K, .

and

Similarly, we set

Viim 3 [ hBowle) W ), V= V(KL= 1).B) = Vi
0Ky,

We start with some preparatory estimates. Using (128), we obtain

——dV(K[d-1],B) > / h(B,ox(z)) [1—7~B(K,x)(1—e)%}dﬁdfl(dx)
Z/aK h(B,ox(z )[1—7~B(K x)(1—e)%}d7{d*1(dx)
Z/BK h(B,ox(x )[1 Ae(l—e)%} 21 (dar)
_ [1 (d;1_3> ddvn,
and hence
V, < 12_66 [1— <d;1;‘3> _dV(K[d—l],B). (130)
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Using (124) and (130), we derive

/ A= (K, w) (1 = )h(B, o ()M (dx)
oK,

S

1
d—1 i 2 d—1-s\*
> 1—€e) s | 1— 1—( ———
z— (=) ( l—e[ <d—1>]

On the other hand, starting with (129), as in [85] we are led to

) dV(K|[d—1],B). (131)

0 S/ﬁ)[{ ([TB(K,I)(l - e)é} U 1) h(B, ok (z))H (dz)

d—1 1
d—1 E 2¢ \d
<(d — [ _
-0 (755) (7)),
and thus
d—1-s —(d-1) d—1
— rp(K,z) h(B,ox(x))H* " (dx) (132)
0K, s
d—1 d—1 \" [ 2 \4
—1-—s d—1 — E €
> = T(1-¢€ S e - ,
> . (1 —¢) 1+(d 1)(d—1—s> (1_6> dV (K[|d — 1], B)
Next we use the crucial estimate
— d—1—s

Hfﬁl(K,x) > max{ TB(K,x)s_dH(l —€) —

; p rB(K,x)—“—”,O} ;o (133)

which under the assumptions of the theorem is satisfied for H¢!' almost all z € 0K ; compare
Lemma 2 in [85]. Therefore, combining (131) — (133), we can conclude that

dV(B) = Cy(K, B;R?) > HP |(K,z)h(B, ok (z))H " (dx)
K,

— €

> (1—6¢)5 (1—a(s,d) (126 >E> dV(K[d—1],B),  (134)

where also 0 < € < ¢y(d, s) < 1/3 was used.
By (126) and (134), we find that

< cd)ed. (136)
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The same conclusion can be obtained for s = d — 1 by (126) and (127).
In order to see that K satisfies a diameter bound, it is sufficient to combine (134) (or
(127) if s = d — 1) with the Minkowski inequality

=

V(K[d - 1], B) > V(K)“T V(B) (137)

and with the elementary estimate

1\ d—1
V(K) > (1—(26)3) V*(B)diam(K) ,

ISHN

where
V*(B) = min{vd,l((B —eB)Nut)ue Sd—l}

and ¢(B) denotes the centre of mass of B. In fact, this shows that diam(K) < a(B)y(d) with
a(B) =V(B)/V*(B) and a constant 7(d) which can be determined explicitly.

The assertions of the theorem now follow from (136), Lemma 2.46 and from a stability
result of Groemer concerning the Minkowski inequality; compare [57] or Theorem 6.2.2 in
[123]. For the application of the latter result, we also need that (126), (127), (134) and (137)
imply that |V (K)/V(B) — 1| < 3(d) €/¢. This finally completes the proof. O

In the special case of the relative mean curvature measure, we obtain a stability result of
optimal order. This provides the announced extension of Theorem 1.52.

Theorem 2.48 Let K € K%, B € K and € € [0,1/3). Assume that
(1 —€)Ca1(K, B;) < Cy—(K, B;*) < (1 +€)Cy1(K, B;-) .
Then
02(K, B) < ¢(B)e(d)V (K) Ve,

where ¢(d) depends merely on d and ¢(B) depends merely on the radius of the largest ball
which rolls freely inside B.

Remark. If € < ¢y(d,d — 2), then the factor V(K) can be bounded from above as described
in Theorem 2.47.

Proof. First, we remark that 0K is of class C'. In fact, by Theorem 2.9 and the assumption
we obtain Cy_o(K,-) < aCy_1(K,-) for a suitable constant o > 0, and hence the assertion
follows from Theorem 1.49. More precisely, let p > 0 be the radius of the largest ball which
rolls freely inside B. Then

Hy (K, Byz,u) > H; (K, (z,u))p,

and thus

1+e
o)

/ 1z € Yh(B, o (2) Hy (K, 2)H* (dz) < / 1{z € Yh(B, o (z)) M (dz) .
oK oK
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This shows that

Cy—2(K,-) < Ci1(K,-),

and thus by Theorem 1.48, {(d — 1)(1 4 €)/p} * B? rolls freely inside K.
Furthermore, similarly as in the Euclidean case, we can deduce that

(1 —€)Sa-1(K,B;) < Sg2(K,B;+) < (14 €)Sa-1(K, B;-),
and hence
(1= Sar(K, ) < S(K[d— 2, B,") < (1+6)Su1(K, ). (138)
From (138) we infer that
V(K[d—1],B) < (1+¢e)V(K),
V(K[d—1],B) < (1 —¢)~'V(K[d — 2], B[2)),
and therefore
V(K[d—1],B)* - V(K)V(K[d — 2], B[2]) < 2¢V(K[d — 1], B)V (K)
< 4eV(K)2. (139)
Now we apply Theorem 3 in [6]. Using the terminology of [6], we have in the present situation

R(B%B)™! > p,

r(K;B) > max{rp(K,z) : x € 0K} > 1—(25)5 >1— <g>3

3
and
p p
T2 a0 +e = 2d—1)"
Hence
V(K[d—1),B)* = V(K)V(K[d — 2], B[2]) > c1(d)p** *A(K, B). (140)
Thus (139) and (140) imply
1 2d—4 )
A(K,B) < ¢3(d) <;> V(K)e. (141)
In addition,
A d+1 2 d = 72
(K,B) = d(d_l)b(K) V(B[2], B[d — 2])62(K, B)
> c3(d)p*02(K, B)?. (142)

Thus (141) and (142) yield
2d
5o(K,B)? < ¢(d) (—) V(K)%e.

The remaining assertion follows from Theorem 2.47. U
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2.9 A splitting result

In the previous sections, we have restricted our attention to the investigation of relative
curvature measures which are associated with compact convex sets. The extension of relative
curvature measures to closed convex sets is accomplished in the usual way; in fact, the results
which are described in Theorems 2.5, 2.9 and 2.39 extend without essential changes to the
non-compact case.

Once we consider unbounded closed convex sets K C R?, the question naturally arises
whether a pinching condition for some curvature measure of K implies that K splitts, that is,
K is acylinder. For Euclidean curvature measures, a weak splitting theorem has recently been
found by Kohlmann [82]. It states the existence of a constant ¢y = €(d, j), j € {1,... ,d —1},
such that if K C R? is a closed convex set with (} # int K # R? and

(1 - €) Camr(K,) < Camiy(K,) < (1 +¢) Canr (K, )

for some € € (0, ¢p), then K is isometric to R* x K', where i € {0,... ,d —1—j} and K’ is a
convex body in R¥~*. In [82], however, an explicit (but presumably far from optimal) value for
e(d, 7) is only provided for j = d—2. Of course, it would be interesting to know explicit or even
optimal values for €(d, 7). In the Euclidean context and for j = 1 corresponding results have
recently been discovered by Bangert [12] and Senchun Lin [97], [98]. The treatment in [97] is
restricted to d = 3 and smooth convex bodies; in particular, the smoothness requirement rules
out a phenomenon which is covered by the more general Theorem 4.2 in [12]. An alternative
(and fairly involved) approach in [98] works in general dimensions, but again the presentation
is restricted to smooth convex sets.

In view of the results of the previous sections, it is tempting to predict that splitting
results can be obtained under pinching conditions on relative curvature measures as well.
However, up to now any attempt to generalize the methods used in [12], [98], [82] led to
unsurmountable problems. For example, although it seems to be possible to generalize the
results of Sections 1 and 2 in [12] to the setting of relative geometry, we do not even have
a plausible conjecture for a suitable extension of the “Cap Theorem” (Theorem 3.1) in [12],
which represents a main ingredient for the proof of a splitting result for d > 4. On the other
hand, the inductive procedure used in [82] is based on a structure theorem for curvature
bounded sets, on the natural decomposition of Euclidean curvature measures of cylinders
(also used in [12]), and on a symmetrization argument. Whereas the structure theorem can
be extended, the decomposition property probably fails to be true, and the symmetrization
argument seems to be restricted to the Euclidean situation, too.

In [97], another approach to a splitting theorem is described, which essentially uses the
particular features of the three-dimensional situation. In the following, we describe how the
basic ideas in [97] can be refined and combined with other results to yield an optimal splitting
theorem for a convex set in R® whose relative curvature measure of order d — 2 (for d = 3)
satisfies a pinching condition.

We fix a convex body B € K%. Then we say that a closed set K C R with () # int K # R?
has a pinched (d — 1 — j)th B-curvature measure if there are positive constants a,b > 0 such
that

aCy-1(K,B;+) < Cq-1-(K,B;+) <bCq1 (K, B;-). (143)

Furthermore, for a convex set K C R and u € R? \ {0}, we write K|u" or K% for the
orthogonal projection of K onto u’. For the sake of completeness, we state the following
structur theorem.
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Theorem 2.49 Let B € K¢, let K C R? be closed and convex with () # int K # R%, and let
je{l,...,d—1}. Assume that K satisfies (143). Then the following is true.

(i) Either K is compact or there exists a vector v € R? \ {o} of the recession cone of K
such that clos(K|v*) has a pinched (d — 1 — j)th BY-curvature measure.

(ii) There exists a constant o > 0, depending on a,b,d,j, such that K is isometric to a
subset of (B%(0,a) NRITL) x RI=1=7 - moreover, the dimension of the recession cone of
K is less or equal d — 1 — j.

Proof. By the representation of the relative curvature measures given in Theorem 2.9, the
assertions immediately follow from the corresponding Fuclidean result; see Theorem 2 in

[82]. O
The main subject of this subsection is the proof of the following splitting result.

Theorem 2.50 Let K C R? be closed and conver with ) # int K # R3, let B € K2 be
centrally symmetric, let A > 0, and assume that

1
gAC2(K, B;) < Ci(K, B; ) S MCo(K, B;). (144)

Then either K is compact or one of the following conditions is satisfied.

(i) There is some u € R\ {0} and a two-dimensional compact convex set K' such that
K =K' ® Ru.

(ii) There is some u € R® \ {0} such that K is a translate of \='B + [0, 00)u.

Proof. By the homogeneity properties of relative curvature measures, we can assume that
A=1in (144).
We assume that K is not compact. By Theorem 2.9 and since B € K2, (144) implies that

aCy(K, ) < C(K,-) <bCy(K,) (145)

for suitable constants a,b > 0; in particular, by Corollary 1.49, K is locally of class C!
(that is, OK is of class C' and ok is locally Lipschitz).

Clearly, the dimension of the lineality space of K cannot exceed one. If it is one, then
K = K'®Ru for some u € R?\ {0} and a closed convex set K’ C u* which does not contain
a line. But then (145) implies

aCy(K',") < Cy(K',) < BC(K',"), (146)

where the curvature measures are considered in u and «, 3 > 0 are constants; compare the
proof of Theorem 2.49. But then the left-hand side of (146) yields that K’ is compact.

Next we consider the case that K does not contain a line. Then the argument on page
276 in [12] (or Theorem 2.49) and an estimate as on the left-hand side of (145) show that
there is some u € R3 \ {0} such that L := clos(K|u') is compact and K is the epigraph of a
convex function f : L — [0, 00|, that is

K={x+tu:z€L,te[f(x),00)}.
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Subsequently, we state three claims from which the remaining assertion will be deduced.
Volumes and mixed volumes in a two-dimensional subspace will be denoted by v(-) and
v(-,-), respectively.
Claim 1:
| (o(o), ~up P (K. 0)?(ds) < o(L. 5",
oK
Claim 2:
| o)~ (o)1 ) = o(5Y) .
0K
Claim 3: For all v € u™,
h(L,v) + h(L,—v) < h(B*,v) + h(B", —v).
Let us assume that these assertions have already been verified. Using successively the as-

sumption HP (K, z) < 1 for H? almost all z € 0K, Claim 2, Claim 1, the central symmetry
of B and Claim 3, we obtain

0< / (o1 (), —u) [HB (K, 2) — H (K, 2)] H2(do)
oK

< [ tonle), ~u)HP (K, 242 o) — o(B")
oK

< v(L, B") — v(B")

_ %/S2W h(L,v)S (B, dv) — v(BY)
_ i /SQW(h(L,u) + h(L, —0))S,\(B", dv) — v(B")
< %/SWL h(BY, ) (BY, dv) — v(B")

=v(B") —v(B") =0.
Therefore, for H? almost all € relint(L + Ru) N 0K =: M, we obtain that
EB(K,z) = kP (K,z) =1.
To complete the proof, we define the function
F:M =R, zw—1x—Vhgoog(z).

Then, for H? almost all z € M, DF(z) = o. Since M is locally of class C1!', we deduce
that F = ¢ for a constant ¢y € R?, and hence x — ¢y = Vhp o o (z) for all z € M. Thus
M — ¢y C OB and o is injective on M, which implies the remaining assertion.
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We still have to provide the proofs of the three Claims.

Proof of Claim 1. Let S% := {v € §? : (v,u) <0}, and define
K :=Kn{zeR: (z,u) <i}, OK™:=0K'n{zecR: (z,u)<i},
for i € N. Note that (K')* C (K7)* C L* for all i < j. Then we deduce

/ ok (2), —u) HP (K, 2)H? (dx)

BKi*

— / oy (), —u) HE (K, ) H? (d)
DK *

g/ - 1{op(b) € Sz} (op(b), —u) HT (K', z,b)|us A uz|HE(d(z,b))
N(Ki,B)

_ (oB(0), ~w) o i p.
_ /aBl{aB(b) € S} KBy S B )

:/ 1{v € 2} (v, —u)S(K", B, dv)
S?

1

2 S2|

(v,u)|S(Ki,B,dv)

=v((K")",B") < v(L,B"),

where we used Theorems 2.44, 2.39, 2.14, and a special case of formula (5.3.31) in [123].
Consequently, the monotone convergence theorem implies that

/ (o5 (), —u) HE (K, 2y H?(di) < v(L, BY)
oK

which was to be proved.

Proof of Claim 2. For the proof we consider the map
T:0K — B, z+ Vhgoog(z)ut,
where |u! denotes the orthogonal projection onto u"; more explicitly,
T(z) = Vhpoog(x) — (Vhpoog(x),u)u.

By Theorem 2.2.9 in [123], card(T ' ({y})) = 1 for H? almost all y € B* (note that ok (0K) D
int S2). Then, for H? almost all = € 0K,

DT (2)(u;) = kf (2)[ui — (us, uu],
and hence

JoT(z) = HP (K, ) [ — <U1,u|>53 ﬁiuj — (ug, u)u|

|det(u1 - <U1,U>U,U2 - <UQ,U>U,U)|
| det(u1, uz, ok (7))]

= HQB(K,I)<O'K(I), —u) .

= Hy (K, )
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Therefore the coarea formula yields that
/ (o1 (), —u) HB (K, 2YH2(dz) = / JoT(2)H2 (dz)
oK oK

=v(B").
This completes the proof of Claim 2.

Proof of Claim 3. Let v € S> Nwu" and set [ := h(L,v) + h(L, —v). Then, for any € > 0 and
any k € N, the assumptions imply the existence of a convex function g which is defined, say,
over a neighbourhood of D := [o, (I — €)v] x [0, ku] and for which HP (epi(g), (=, g(z))) > 1/2
is satisfied for all z € D. In fact, a vector w € R?® can be found such that u,v,w are an
orthonormal basis of R? and {z + g(z)w : z € D} parametrizes a part of 9K. We can assume
that ¢ > 1 on D by a proper choice of the origin. Then we define

Qi ={r+z2w:z€D,ze€[i,g(z)]},
for 7 = 0,1, and

Np(z,2) := Vhg (M)

1+ |Vg(z)[?
for (z,z) € D x R. Then, by the general Gauss Theorem,

/ div Np(z, 2)H> (d(z, z)) :/ (N(z,2), vi(z, 2))H?(d(z, ),
Q; 09Q;

where v;(z, z) is an exterior unit normal vector of ©; at (z,z) € 9€;, i = 0,1. Since Ng(z, 2)
is independent of z € R, we obtain

/ div Np(z,0)H?(dz) :/ (Np(z,0),v(z))H! (dz), (147)
D oD

where v(z) is an exterior unit normal vector of D at x € 9D. But Np(z,0) € B, and hence
(Np(2,0),v(z)) < h(B,v(z)) (148)

for all z € 9D; moreover, for z € D and z € R,

3
div Ng(z,2) = Y (DNg(2,2)(e;), e;) = Trace [DNg(z, 2)]

=1

2
= kP (epi(g), (z,9(x))) + 0 = 2HP (epi(g), (z,9(z))) > 1, (149)
=1

where ey, ez, e3 denotes the standard basis of R®. From (147) — (149) we conclude that
(I —e)k < k(h(B,v) + h(B,—v)) + (I — €)(h(B,u) + h(B, —u)).
Since € > 0 and k € N are arbitrary, we deduce
I <h(B,v) + h(B,—v) = h(B",v) + h(B*, —v),

where we used that u and v are orthonormal. This completes the proof of Claim 3, and
hence also the proof of the theorem. O
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3 Applications to stochastic geometry

This section represents a continuation of the recent work [76], where methods and results from
the geometry of Minkowski spaces were developed and then applied to stochastic geometry.
The subject of the paper [76] was the investigation of contact distribution functions of random
closed sets, the study of intensity measures associated with certain random measures that are
derived from these random closed sets, and the exploration of the natural interplay between
these two fundamental concepts. One of the main objectives of that work was to avoid the
assumptions of stationarity or isotropy, that is the translation or rotation invariance of the
underlying probability distributions. Perhaps, this may be viewed as a distinguishing feature
compared with related research, although instationary models have received much attention
recently. Anisotropy has already been studied since about 15 years by methods of translative
integral geometry. Without the assumption of rotational invariance the Euclidean unit ball
is no longer distinguished as a reference (or gauge) body. Therefore, and also for other more
practical reasons, the need arises to treat more general structuring elements.

The present aim is to generalize results and methods from the previous paper [76] by
employing a modified approach. For an introduction to the particular questions considered
here and for the basic terminology in this field we refer to [76] and to the literature cited
there. Especially, the forthcoming book [133] is recommended for the geometric aspects of
the theory. Some further discussion of the subject of this section in the more restricted, but
practically relevant, situation of a Boolean model is contained in [75]. Stationary cluster
models have recently been considered by Last and Holtmann [91].

3.1 Contact distributions

Let KZ denote the set of all convex bodies for which the centre of the circumscribed ball of
miminal radius is the origin. Let ® be a point process in R? x ICg, defined on an abstract
probability space (2, A,P), whose intensity measure «(-) = E[®(-)] can be represented in the
form

o(d(z, K)) = f(z, K)H(dz)QK), (150)
where Q is a probability measure over K¢ and f is a non-negative measurable function such
that a is o-finite (equivalently, f(z, K) < oo for H?®Q almost all (z,u) € R? x £%). Further,

we shall assume that there exists a o-finite measure 3 over K¢ x R x K¢ such that the second
factorial moment measure o(?) of ®, which is defined by

o) = | [[ 1{(o1. Ki.a, Ka) € 1@\ ), Ka)@lalar, K1)
where @\ 0(, r) = @ — L{®({(z, K)}) > 0}0(4,x), satisfies
o? < H @ 8. (151)
Subsequently, we shall assume that, for all compact sets L C R?,

/1{(x+K) AL # 0} (d(z, K)) < o0 (152)
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is satisfied P almost surely. Under the assumption (152), the point process ®(- x K¢) is locally
finite P almost surely. Therefore we can associate the random closed set

B:= U(§n+Zn)

n=1

with the point process ® which is given by

=3 e, z);

n=1

moreover, we set 2, := &, + Z, for n € N. Each point process on R? x K¢ can be represented
in this way by sequences of random variables &, and Z,, n € N, as follows from [79]. In fact,
the summation actually extends from n = 1 to n = 7, where 7 is a random variable taking
values in Ny U {oco}, although we do not make this explicit by notation. Of course, the map
T which assigns Z to ® does not depend on the particular enumeration of the point masses
of ®. Conversely, if Z is any random closed set in the extended convex ring, then there exists
a point process ® for which T'(®) = E; compare [153].

Further, we denote by K¢, the set of all (K, Ko, K3) € (K%)? which are in general

3,9p
relative position, that is for which

dim F(K; + Ko + K3,u) = dim F(K1,u) + dim F(Ks,u) +dim F(K3,u)

is satisfied for all u € S9! see [80] for more details. Finally, let L, B € K% with o € B be
given, and let F C R? be closed. Then we define

dp(F,L) :==inf{t >0: (F +tB)NL #0};
the infimum is attained if dp(F, L) < co.

Lemma 3.1 Let L,B € K¢, and let Q be a probability measure over K. Then, for v @ v
almost all (p1,p2) € SO(d) x SO(d), the condition (p1B,p2L, K) € lCigp is satisfied for Q
almost all K € K¢.

Proof. The set
{(K.p1,p2) € K x 8O(d) x SO(d) : (K, p1 B, poL) & K5}
is Borel measurable. To see this, observe that
(K1, K2, K3) € K9,
if and only if
(Ki,K2) €K, and  (Ki+ Ky K3) €KY,

Moreover, (K, K3) & ICigp if and only if K7 and K5 contain (non-degenerate) parallel seg-
ments lying in parallel supporting hyperplanes. Finally, one has to use that the set of all
pairs (K1, K3) € (K%)? such that K; and K5 contain parallel segements of length greater or

equal 1/m lying in parallel supporting hyperplanes is closed, for all m € N.



124 3 APPLICATIONS TO STOCHASTIC GEOMETRY

Hence the assertion follows by a repeated application of Theorem 2.3.10 in [123] and by
means of Fubini’s theorem. O

Subsequently, we freely use certain mixed curvature measures ©; j.x11(K, M; B;-), for 4,5,k €

{0,...,d=1} withi+j+k=d—1and K,M,B € nggp, which have been introduced in [80].

These measures have to be distinguished from the mixed curvature measures of translative
integral geometry which will be considered in the following section.

Proposition 3.2 Let ® be a Poisson process in RS x K¢ satisfying (150) and (152). Let
B e K% o€ B, and let L € K be such that (K,L,B) € Kg’gp for Q almost all K € K2.
Then P(ENM = ) > 0 for all compact sets M C R? and

Hgp(L,t):=P(dp(E,L)<t|ENL=0), t>0,

satisfies

t
Hi(Lot) = 1 — exp [—/ pB(L,sms] ——
0

where

d—1

p(Lys) = <i;k1>3k/lcg/f(—22—21—Sb,K)

i,5,k=0

X G)i,j;k+1(KaL§B;d(zlazz,b))Q(dK).

Proof. The first assertion was already proved in [76]. The second can be obtained as follows:

—InP(dp(E,L) > t) = —InP(EN (L + tB) = ()

_ /R /K 1{y € K + L+tB}/(y, K) QdK) H* (dy)
_ /’C d /R Uy € K+ L+ B} f (~y, K) 1 (dy) QUK)
- /’Cd 9 f(~y, K)1{y € K + L} H"(dy) Q(dK)

" /m Rdf(_y’K)l{y € (K +L+1tB)\ (K + L)} #'(dy) Q(dK)

=: (a) + ().
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Furthermore, using a consequence of Theorem 5.3 and Theorem 5.6 in [80], we obtain

o= [ [ Za(f)a-oe

x / F(—y — b, K) Oy (K + L By d(y, b)) ds Q(dK)

:/zcd/td ! ( ) (=) di (ili;cll—j) (j>_lf(_y1_y2_8b’K)

i1,ip=0
ip+izg=j

X ®i1,i2;d*j(K’ E; B; d(ylv Y2, b)) ds Q(dK)

- (ij>/tk/lcd/f —yy — y1 — sb, K)

%,7,k=0

X O j+1(K, Ly B;d(y1, y2,b)) Q(dK) ds .
Now the proof can be completed as in [76]. 0

The following theorem is the crucial result in this subsection. It provides a generalization of
Theorem 4.16 in [76], which concerns contact distributions of random closed sets in a general
setting, in various respects. Indeed, instead of calculating the distance of a point to a random
set, we now determine the distance of a convex body L to a random set. About the possibility
of such an extension of the results in [76] G. Last and W. Weil have speculated in a personal
discussion, which Giinter Last has kindly communicated to the present author. But even
in the very special case where L = {z}, for some z € R?, the new result is more general,
since Theorem 4.16 in [76] was only established for H¢ almost all points z € R? and for
strictly convex and smooth gauge bodies B. All these restrictions can now be avoided, and
indeed this is imperative for the further extension to the case of a general convex body L as
a “blown-up reference point”. The present progress is essentially due to a simplified method
of proof. Note, however, that such a simplification and extension does not carry over, for
instance, to the treatment of the intensity measure E [C]'-"(E, )}, which is included in [76]
and which requires the derivation of a Steiner type formula for sets in the extended convex
ring in a Minkowski space. Such intensity measures will be investigated more thoroughly in
Subsection 3.5.

In the following, we do not assume that the structuring element B is strictly convex or
a d-dimensional convex body. Another new feature of the present investigation is that we
additionally consider the point of L at which the distance to the random set = is realized,
whereas previously we had just considered the direction of the shortest segment connecting a
point of Z and a fixed point z, for #? almost all z € R%, as well as the length of this segment.

We first provide some lemmas and then we state the announced theorem and give the
proof. The result can be specified in various ways, as in [76], by specializing to Poisson
processes, Cox processes, Gibbs processes or Poisson cluster processes. Further simplifications
can be obtained in a stationary setting. A more detailed analysis of these particular cases as
well as an investigation of potential applications will be carried out elsewhere. It should be
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emphasized, however, that the proof of Theorem 5.1 in [76] can probably not be simplified in
a similar way.

Lemma 3.3 Let ® = 7° | (¢, 7,) satisfy the conditions (150) and (151), and let B, L € Ke,
0 € B, be given. Then, P almost surely, m # n implies that

dB(fn + ZnaL) 7é dB(gm + ZmaL)

provided that one of these two numbers is finite and (U (&, + Zn)) N L = 0.

Proof. Let the assumptions of the lemma be fulfilled. Let p denote the density of a® with
respect to HY' ® 3. Then

P| J {dp(én + Zn, L) = dp(ém + Zm, L) < o0} N{LNE = 0}
m#n

g]E{//l{0<dB(a:1+K1,L) — dp(zs + K>, L) < 00}

X (®\ 6z, .K1)) (d(xz,Kg))é(d(xl,Kl))}
- / 1{z, € bd(L + K + dp(zs + Ko, L)B)}

x 1{0 < dp(zs + Ko, L) < oo} a? (d(z1, K1, 72, K>))
— //1 {z1 € bd(L + Ky + dp(z2 + Ko, L)B)} p(1, K1, 22, K2)

x 1{0 < dg(z2 + Ko, L) < 0o} H(dz1) B(d(K 1, x2, K>))
=0,
since the boundary of a convex body has H¢ measures zero. O
Remark. By a similar but easier argument it follows that under the assumptions of Lemma

3.3, P almost surely, m # n implies that (¢, Z,) # (€n, Zn). Thus such a point process ® is
simple.

In the following, we always assume that ® is a point process in R% x ICg which satisfy (150)
- (152).

Let L,B € K¢ with o € B be fixed. Then we define a measurable map D : © — N by
distinguishing several cases.

1. If dp(E(w),L) = 0, then we define D(w) as the smallest integer n € N such that
(En(w) + Zn(w)) N L # 0.

2. If dp(E(w), L) = oo, then we define D(w) := 1.
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3. If 0 < dp(E(w), L) < oo and if there exists a unique n € N such that
dB(gn(w) + Zn(w)a L) < dB(gm(w) + Zm(w)a L)
for all m € N\ {n}, then we set D(w) := n.

4. By Lemma 3.3, the remaining measurable subset Q* of {2 has P measure zero, and we
set D(w) :=1 for each w € OQ*.

Of course, D depends on L,B and on the choice of a representation for ®, but this is
immaterial.

The appropriate tool for formulating and proving our general result are the Palm probabilities
Pkt (7,K) € R? x K2} of ®. Their definition requires that the intensity measure a of
® is o-finite, which we have assumed from the beginning. Then (z, K) +— P, x)(A) is for all
A € A a Radon-Nikodym derivative of the measure E [14®(-)] with respect to a. It is easy
to see that this definition entails that

/ / H(w, 2, K)®(w, d(z, K))P(dw) = / / H(w, 7, K)P o) (dw)ald(e, K)) . (153)

where H : Q x R? x K¢ — [0,00] is an arbitrary measurable function. In the following,
this equation will be used in an essential way. As in Kallenberg ([79], p. 84) we can assume
without restricting generality that (z, K) — P(; g)(-) is a stochastic kernel, since all of our
random elements take their values in Polish spaces. Moreover, by Lemma 10.2 in [79] we can
also assume that P, ) (®({(z, K)}) > 1) = 1 for all (z, K). Since ® is a simple point process
(as we have seen already), P(, x)(A) can be interpreted as the conditional probability of A
given that ®({(z, K)}) = 1.
Before we can state our general result, some more preparatory work is needed.

Lemma 3.4 Let the assumptions of Lemma 3.3 be fulfilled. Assume that (B,L,K) € Kg’gp

for Q almost all K € K%. Then (B, L, Zp(w)) € Kg’gp for P almost all w € Q; moreover, for

v ® v almost all (p1,p2) € (SO(d))?, the condition (p1 B, poL, Zp(w)) € lCigp is satisfied for
P almost all w € Q.

Proof. We define a Borel measurable map g : RY x K¢ x Q — [0,00) by

g(y, K,w) :=1 {(y,K) = (¢p, Zp)(w), (B, L, K) ¢ ’Cg,gp} :

Using the remarks preceding the statement of the lemma, we obtain

P ({(B.L,20) ¢ K4,,,})
- /Q / 9y, K,w) 0(d(y, K)) P(dw)
- /Rd /}Cd /Qg(y’ K,w) IP)(y,K) (dw) f(y, K) Q(dK) ’Hd(dy)

= /Rd /Kd P, ({(y, K) = (€0, Zp)}) f(y, K)1 {(B,I;,K) ¢ ’Cg,gp} QAK) He (dy)

=0,
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since by assumption

Q({KeKd: (B,L,K)¢Ki,})=0.

The remaining assertion is implied by Lemma 3.1. O

The preceding lemma shows that it is not particularly restrictive to assume that
(B,L,Zp(w)) € ng’gp for P almost all w € Q. Especially, this condition is trivially sat-

isfied for all w € Q if B and L are strictly convex. Moreover, if (B,L,K) € lCigp and

dp(K, L) € (0,00), then there exist uniquely determined points zp(K, L) € K, zg(L,K) € L
and a uniquely determined vector ug(K, L) € B such that

25(K, L) +dp(K, Lyup(K, L) = 25(L, K) .

Now assume that (B, L, Zp(w)) € Kg’gp for P almost all w € Q. Then, for P almost all w €
for which dg(E(w), L) € (0,00), there exist uniquely determined points zp(E(w), L) € Z(w),
zp(L,E(w)) € L and a uniquely determined vector up(=(w), L) € B such that

ZB(E(w)7 L) + dB(E(w)a L)UB (E(w)a L) = ZB(La E(w)) )
this follows from Lemma 3.3. In fact, in this situation we have
zp(L,E(w)) = zp(L,{p(w) + Zp(w)),

and similar relations hold for the other quantities. Hence, the preceding discussion shows that
up(E, L) and zp(L, E) are well-defined P almost surely if ENL = @ and (E+[0,00)B)NL # 0.

Finally, for the map g : [0,00) x 9B x dL — [0,00), which appears in the statement of
Theorem 3.5, we set g(d,u,z) := 0 if d = oo to simplify the notation. This convention is
consistent with the case where g is an indicator function.

Theorem 3.5 Let ® be a point process in RY x K¢ satisfying (150) — (152). Let B, L € K¢,

0 € B, be such that (B,L,K) € ’nggp for Q almost all K € K¢. Further, let g : [0,00) x 0B x

OL — [0,00) be measurable. Then

E[g(dB(Ev L)auB(EaL)a ZB(Lv E))I{E NL= 0}]

d—1
d—1 0
-y ( ) [t [ [t =By @@\ G D) > 1)
g0 NI R o Ké

x f(—z2— 21 —th, K) ©; jpi1(K, L; Byd(z1, 22,b)) Q(dK) dt .

Proof. The discussion preceding the statement of the asserted theorem already shows that all
expressions which appear in the formula are properly defined, since the integrand is defined
to be zero if dg(E, L) = co. Subsequently, we often write y instead of {y}.

Similarly as in the proof of Lemma 3.4, we define a function § : R? x K¢ x Q — [0, 00) by

g(yaKaw) ::g(dB(y+K7L)7uB(y+K7 L)azB(L7y+K))
x 1{0 < dg(E(w), L) < 0o}1{(B, L, Zp(w)) € K¢

x 1{(y,K) = ({p, Zp)(w)} .

,gp}
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More precisely, g is defined to be zero if one of the indicator functions is zero; in the remaining
cases the argument of g is well-defined. Recall that ® is simple under P. Then the defining
equation (153) for the Palm probabilities shows that for a almost all (y, K) € R? x K¢ the point
process @ is simple also under P, ). This is used implicitly in the following argument. Using
Lemma 3.3, Lemma 3.4, a straightforward extension of equation (2.6) in [76] and Theorem
5.6 in [80], we obtain

Elg(dB(E, L),up(E, L), zp(L,E))I{EN L = }]

— [ ity k) 2ty 1)) Pla)

_ / / iy, K,w)f (y, K) H(dy) Q(K)

— [[ 1+ 00 L =0glanly+ KoL), unly + K. L), 2n(Loy + K)
x P,y ({w € Q:dp (T(P(w) \ d(y,x)), L) > dp(K +y,L)})
x 1y, K) H(dy) QUK)
— [[ 150 L+ 0) =gl (K. L+ ) un (KoL o+ 9). 2L+ 3, K) ~ )
X P_y.x) (dp (T(®\ 6_y,x)), L) > dp(K,L +y))
X f(—y, K) H*(dy) QdK)

— [[ 10 # K + Dglan(K + Ly, un(K + Ly, zn(L+ 9. K) )

x Poy,i) (di (T(®\O(—y,x), L) > dp(K + L,y))

x f(—y, K)Hdy) QdK)

/,Cd/ /Z () §)s" I g(s,b,2B(L + 2z + sb, K) — z — sb)

X IP)(7zfsb,K) (dB (T(Q) \ 5(fzfsb,K))a L) > 3) f(—Z — sb, K)

x 0j.4—;(K + L; B;d(2,b)) ds Q(dK)

00 d—1 (d—1>
LR
0 Jid tg NIk

X P(*z1fz275b,K) (dB (T(q) \ 5(721722751,’[()),11) > t) f(_zl — 29 — sb, K)
X O jsk+1(K, L; B;yd(z1, 22,b)) Q(dK) dt .

In order to justify the third equality one has to distinguish several cases, similar to the
definition of the map D. This finally proves the theorem. O
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As an immediate consequence of the previous general theorem, we obtain an extension of
Theorem 4.16 in [76], where the case L = {z} was considered. There, however, the conclusion
was only obtained for H¢ almost all 2 € R?. The subsequent assumption that K and B
should be in general relative position is fulfilled, for instance, if B is strictly convex; also K
and pB are in general relative position for v almost all p € SO(d). Moreover, analogues of
Lemmas 3.1 and 3.4 are clearly satisfied.

Corollary 3.6 Let ® be a point process in RY x K satisfying (150) — (152). Let B € K¢,
o € B, be such that (K, B) € Kg,gp for Q almost all K € K¢. Further, let g : [0,00) x 0B —
[0,00) be measurable. Then

Elg(dp(E, z),up(E,z))1{zx ¢ E}]

d—1 d—1 00 )
= Z < i > /0 tdilil /}de /g(ta b)P(Ifzftb,K) (dB(T((I) \ 5(:177z7tb,K))7$) > t)
=0 c

X f($ — z — tb, K) Gz,dfz(K7Bad(zab))Q(dK) dt.

Proof. The translation invariance of the relative support measures and Theorem 5.6 in [80]
imply that

Oijkr1(K,{z}; B;-) =0 ifj>0
and
Oi0uk+1(K, {z}; B; B1 X B2 x ) = O41(K; B; B x y)1{z € (o},

where 7,7,k > 0 and 1+ j+ k = d— 1. The assertion follows by combining these remarks with
Theorem 3.5.

Alternatively, the assertion is also implied by a repetition of the proof of Theorem 3.5 in
the special case considered. O

If @ is a Poisson process, then by Slivnyak’s theorem we have
Px)(®\ 0@ x) €-) =P(® € )

for @ almost all (z, K) € R x K¢. Furthermore, the contact distribution function Hg(L,t)
has been determined in Proposition 3.2 and

P(dp(E,L) >t) =P(ENL=0)(1—- Hp(L,t)).
These remarks imply the next corollary.

Corollary 3.7 Let ® be a Poisson process in R x K& satisfying (150) and (152). Let B, L €

K o € B, be such that (B,L,K) € /cg’gp for Q almost all K € KY. Further, let g :

[0,00) x OB x OL — [0,00) be measurable. Then
E[g(dB(Ea L)auB(EaL)a ZB(La E)) | ENL= (Z)]

X f(—ZQ —zZ1 — tb, K) G)i,j;k-i-l(Ka Ivz; B; d(Zl, 29, b)) Q(dK) dt .
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Similar specializations in the spirit of the results in [76] can be obtained for other types of
processes as well.

Corollary 3.8 Let ® be a stationary Poisson process in R? x ICg with intensity v and satis-
fying (152). Let B,L € K%, o € B, be such that (B,L,K) € Kg’gp for Q almost all K € K4.
Further, let o, 3 C R? be Borel measurable and > 0. Then

Eldp(E,L) < rup(E,L) € B,25(L,E) € a | ENL = (]

d—1

= Z <d_ 1) / t*(1 —HB(Lat))dt’Y/ O j+1(K, L; B;RY x & x B) Q(dK),
igh=0 NI k) Jo K
where
d—1
d .
Hp(L,t) =1 —exp Z <mn - 1>tl+17/’Cd V(K[m], L[n], Bl + 1])Q(dK)
m,n,l c

Corollary 3.9 Let ® be a stationary Poisson process in R x K¢ with intensity v and satisfy-
ing (152). Let B € K with o € B be strictly convex. Further, let 3 C R? be Borel measurable
and r > 0. Then

Eldp(E,0) <rup(E,0) € 6| ENL =)

s ("71) [ manay [ e miwt < pagr).
i—0 N ' 0 Ke

where Hp(t) := Hp({o},1).

Recall that in the special case B = B% one has

Oy je+1 (K, L; BY ) = O (K, L, B% ),

where the mixed measures on the right-hand side of the preceding equation are introduced in
[80]. From the special case ¥ = R? of Corollary 3.8 and the relationship
Ci (K, L, BE R x RY x ) = S(KTi), L[j], BYK], )

one could deduce the next corollary under the additional assumption (L, K) € Kg’grep. How-

ever, in order to obtain the result in full generality, it seems to be necessary to repeat the
proof of Theorem 3.5 by using the simplifications which are available under the assumptions
of the corollary. (An approximation argument, though conceivable in principle, does not seem
to go through easily.)

Corollary 3.10 Let ® be a stationary Poisson process in RS x K¢ with intensity v and
satisfying (152). Let L € K% be given. Further, let 3 C R? be Borel measurable and r > 0.
Then

E[dpi(E,L) < rupi(E,L) € | ENL =0

d—1 r
S (d_1>/0 tk(l—HBd(L,t))dtq//KgS(K[Z‘]’L[j],Bd[k],B)Q(dK).

iik
ijk=0 N7
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3.2 Translative integral formulae — preparations

In order to establish translative integral formulae in the setting of relative geometry, we will
extend the methods of Schneider and Weil [131] and Weil [150]. Another main ingredient
comes from recent work of Kiderlen and Weil [80], where explicit representations of relative
support measures are obtained for convex polytopes. It seems likely that an extension of the
measure geometric method developed by Rataj and Zahle [110] can be used for an alternative
approach as long as the gauge body is sufficiently smooth.

We introduce some notation. For K € K% let L(K) denote the linear subspace which is
parallel to the affine hull of K. Recall from [80] that K, Ky € K¢ are said to be in general
relative position if L(F(Ky,u)) and L(F(K2,u)) are complementary linear subspaces for all
u € R4\ {o}. Let Ky,... ,K;,B € K% and 0 € B. We say that (Ki,...,K}) and B are in
general relative position if K1 N (K2 + z2) N ... N (Kx + zx) and B are in general relative
position for ®F_,H? almost all (za, ... ,zx) € (RY)*~! for which the intersection is not empty.
For k = 1 this definition coincides with the one given by Kiderlen and Weil [80]. We write
(K% j.gps k > 1, for the set of all (K1, ... , K, B) € (K%)**1 such that o € B and (K1, ... , Kj)
and B are in general relative position. Theorem 2.3.10 in [123] and Fubini’s theorem together
imply that (Ki,...,Ky) and pB are in general relative position for v almost all p € SO(d).
If Ky,..., Ky, B are all polytopes, then K1 N (Ko+z2)N...N (K +zk) and pB are in general
relative position for all g, ... ,2; € R? and for v almost all p € SO(d). In fact, assume that
Ty,...,x; € R? and p € SO(d) are such that there is some u € S¢~! for which the linear
subspaces parallel to the affine hulls of F'(K; N (K2 4+ z2) N... N (K + x),u) and F(pB,u)
are not complementary and hence contain a common one-dimensional linear subspace. The
support set F(K;N(Ky+z2)N...N (K +zk),w) is a face of K1 N (Ko +x2)N...N (K +xk),
and hence there are faces Fy,... , Fj of Kq,..., K} such that

F(Kin(Ko4z)N...N(Kg +x),u) = Fi N (Fo+x2) N ... N (F + x)
and
relint Fy N (relint Fy + z3) N ... N (relint F + zx) £ 0.
Therefore we obtain
L(F(KiN(Ky+z2)N...N (K +xzg),u)) = L(F1)N...N L(Fy) .

Since Ky,..., K, B have only finitely many faces, the assertion follows from Lemma 4.5.1
in [123]. Clearly, if B € K% is strictly convex and o € B, then (Ki,...,K}) and B are in
general relative position for all Ky,... , K} € (K%)* with non-empty interiors.

For linear subspaces L1, ... , L, C R with dim L; 4 ... +dim L, =: m < d we choose an
orthonormal basis in each subspace L;. Then we define

det(Lq,... , Lg)

as the m-dimensional volume of the parallelepiped which is spanned by the union of these
orthonormal bases. Of course, the definition is independent of the particular choices involved.
For linear subspaces L, ... ,L; C R? with

k
> dim L; > (k- 1)d
i=1
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we define
[Ly,...,Ly] :=det(Li,... ,Li).

Moreover, if Ay,...,A; are non-empty convex sets and L(A;) denotes the linear subspace
which is parallel to aff A;, then we define

[Al,... ,Ak] = [L(Al), ,L(Ak)]

provided that dim A; +...+dim A; > (k—1)d. It is not hard to check that these definitions
are consistent with the ones given in [123] for the case k = 2.

Now let K1, ..., K}, B € K% be polytopes with faces Fy,... , F,, G, respectively. Further,
let z5,... ,z; € R? be chosen in such a way that

relint(F;) Nrelint(Fy 4+ z9) N ... Nrelint(Fi + zx) £ 0.

Then
det(L(Fy N (Fy +2z2) N...N (Fx + 1)), L(G))
=det(L(Fy) N (L(F3) + z2) N... N (L(Fy) + zx), L(G))
=det(L(Fy)N...N L(Fy), L(G))
is independent of the particular choice of zo,... ,z;, and therefore we denote this quantity
by

det(Fy,... ,Fi;G).

Finally, for a d-dimensional convex polytope K C R? and a set A C R?, we define u(A, K) as
the outer unit normal vector of K at A if A is a facet of K, and as o otherwise. In order to
extend this definition to the case of several convex bodies, we need the following lemma.

Lemma 3.11 Let (K,B) € Kg’gp with dim(K + B) = d, and let F,G be faces of K, B,

respectively. Then F + G is a facet of K + B if and only if dim(F + G) = d — 1 and
N(K,F) N N(B,G) # {o}.

Proof. Let F+G be a facet of K+ B. Since dim(K + B) = d, this implies dim(F +G) = d—1.
Choose z € relint(F + G) and u € N(K + B, F+G) \ {o}. By Lemma 1.3.12 in [123], there is
some z € relint F' and some y € relint G such that z = z + y. Hence, Theorem 2.2.1 in [123]
yields

N(K+B,F+G)=N(K+B,x+y)=N(K,z)NN(B,y) = N(K,F)NnN(B,G),
and thus
u € N(K,F)NN(B,G) \ {o}.

Conversely, assume that dim(F + G) = d — 1 and v € N(K,F) N N(B,G) \ {o}. Then
F C F(K,u) and G C F(B,u). Since K and B are in general relative position, we obtain

dim F(K,u) +dim F(B,u) =dim F(K + B,u) <d -1,
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and hence
d—1=dim(F + G) <dim F +dim G < dim F(K,u) +dim F(B,u) <d—1.

This proves that ' = F(K,u) and G = F(B,u), and therefore F + G = F(K + B,u). Thus
we have shown that F' + G is a facet of K + B. O

Lemma 3.12 Let Ky,... ,K;,B € K% be polytopes, and let Fy,... ,F,,G be faces of
Ki,...,K;,,B € K%, respectively. Further, let xo,... ,z;, € R? be vectors such that the
following conditions are satisfied:

(a) relint(Fy) Nrelint(Fy + x2) N ... Nrelint(Fy + x) # 0;
(b) dim(K; N (Ko +z2) N...N (K +zk)) =d;
(c) KiN(Ky+z2)N...N (Ky + ) and B are in general relative position.
Then we can unambiguously define the number
w(Fy,... ,Fy; G Ky, ... ,Kg; B)
as
u(FiN(Fo+x)N...N(Fr+zr) + G KiN (Ko +xz2)N...N (K +x%) + B).

If there do not exist vectors s, ... ,xp € R such that (a) — (c) are satisfied, then we define
w(Fy,... ,Fy;G; Ky, ... ,Kg; B) as zero.

Proof. Assume that zo,... ,z; € R? satisfy the assumptions of the lemma. By Lemma 3.11
we obtain that Fy N ... N (Fy + z) + G is a facet of K3 N...N (K + x) + B if and only if

dim(FiN...N(Fy+x) +G)=d—1 (154)
and

NEKiNn...N(Kg+zr), iN...0(F, +z)) N N(B,G) # {o}. (155)

dim(F1 Nn...N (Fk + xk) + G) = dim(L(F1 Nn...N (Fk + {L'k)) + L(G))
=dim(L(Fy)N...N L(F) + L(G)),

the first condition is independent of the particular choice involved. Furthermore, if 2y €
relint(Fy) N... Nrelint(Fy + zg), then zy € relint(F; N ... N (F; + x)). Thus

NEN...0(Kp +z), FL N ... 0 (Fy + 33))
Kin...Nn(Ky +z), zo)

Ki,x9) + ...+ N(Kj + =g, z0)
Ki,Fi) + ...+ N(Kg + o, Fy + z1)
Ki,Fi)+...+ N(Kg, Fy) .
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This establishes the independence of the second condition of the particular choice of
Ly ver y Tk
Moreover, if (154) and (155) are satisfied, then

u(FiN(Fy+xz)N.o.N(F +2i) + G K1 N (Ko +22) N N (K + zx) + B)
is the uniquely determined unit vector which lies in
(N(K1,Fi) +...+ N(K, F,)) N N(B,G),

as follows from the proof of Lemma 3.11. O

3.3 The basic formula

For polytopes K, B € K% in general relative position and with o € B, the relative support
measures ®;(K; B;-) are defined as (dgl) ©,(K,B;-) (or (dgl) ©;.4—;(K; B;-) in the notation
of [80]), and hence

O;(K;B;) = Y. > det(F,G)h(B,u(F + G,K + B))Ar ® Ag .
FeF;(K)GeFy_1_j(B)

In the case where B is a Euclidean unit ball, a corresponding explicit representation for the
ordinary Euclidean curvature measures was used as the starting point for the proof of the
translative integral formula for curvature measures, which is due to Schneider and Weil [131].

Theorem 3.13 Let (K1, K2, B) € (K%)a,4p, let 5 € {0,...,d — 1}, and let f : (R?)3 —» R
be a non-negative Borel measurable function. Then there exist (uniquely determined) Borel
measures P, d+j_k(K1,K2;B; Y, k=74,...,d, over (R)3 such that

/ / f(z,2 —2,0)®;(K, N (Ka + 2); B;d(2,b))H (dx)
Rd (Rd)2

d
=3 [ SO DRy (K1 K B, ). (156)
k=i

Let Ay, Ay,C C R and D C (R%)? be Borel sets. Then the following properties are satisfied:
(i) q’i,d+j,k(K1,K2;B;A1 x Ay x C) = q’zlﬂ;k,k(KmKﬁB;AQ x Ay x C);
(ii) ®F (K1, Ka; B; Ay x Ay x C) = HI(Ky N A1) ®;(Ky; B; Ay x C);

i) @’ (K1, Ky; B;-) is a finite non-negative Borel measure over (R4)? which is sup-
k,d+j—k
ported by S1 x So x bd B, where S1 = Ky if k = d and S1 = bd Ky otherwise and where
So = Ky if k =35 and Sy = bd Ky otherwise;

(iv) thfe maps @i,dﬂ._k(-,KQ;B;- x Ay x C), q)i,da-j—k(Klv';B;Al x - x C) and
Q)fc d+j7k(K1,K2; v Ay X Ag X -) are positively homogeneous of degree k,d + j — k and
d — j, respectively;
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(v) if K1, Ky, B are polytopes such that rm dim Ky = rm dim Ko = d, then

O i p(K1, Ko By = > > > det(Fy, Fy;G)

F1€F (K1) F2€F g4 j—k(K2) GEFy—1-;(B)

X h(B,U(Fl,FQ;G; Kl,KQ;B))[FI,FQ])\FI ®Ap, @ Ag .

(vi) the map (Ki,Ks,B) Q)i d+j_k(K1,K2;B;-) from (’Cd)gygp into the space of finite
Borel measures over (R)? is weakly continuous;

(vii) the map (K1, K2, B) — @f; drj—k (K1, K23 B; D) defined over (K%)g,gp is measurable;

(viii) the maps @iydﬂ;k(-,Kg;B;D), @ideik(Kl, s B; D) and @i’d+j7k(K1,K2; 3 D) are ad-
ditive, where they are defined;

Proof. First, we prove that for an arbitrary non-negative Borel measurable function f :
(R?)3 — R the map

T — f(z,2 —2,0)®; (K N (Ky + z); B;d(z,b))
(R4)2

is Lebesgue measurable and well-defined for H¢ almost all z € R¢. Let N C R? be a set of H¢
measure zero such that K; N (K3 +z) and B are in general relative position for all z € R? \ N.
Then the integral is well-defined for all z € RY \ N. Next we observe that Hilfssatz 7.2.3
in [132] remains true if the topological space T appearing in the statement of this lemma is
merely assumed to have a countable base. In view of this, it is sufficient to show that the
map

T g(z,0)®; (K1 N (K2 +x); B;d(2,b)) (157)
(R7)2

is Borel measurable on R?\ (NUJ(K; — K3)) =: T, for any continuous function g : (R%)? — R.
Of course, as a subspace of R? the topological space T has a countable base. Thus the required
measurability follows from the continuity of (157) as a map defined on T' by the argument on
p. 62 in [132] and by Theorem 5.3 in [80].

Let Ki,K>, B C R? be polytopes such that (K1, K2, B) € (K%)3,, and dim K; = d,
i =1,2. Let 81,02,7 C R? be Borel sets. Neglecting a set of translation vectors z of H¢
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measure zero (compare p. 231 in [123]), we obtain
[ @i 01 (5 2131 (611 62+ ) x ) M)
R

- /R 3 S det(FG)

d
FeF;(KiN(Ka+z)) GeEFq 1 ;(B)

xh(B,u(F + G, K1 N (K3 + z2) + B))Ar(B1 N (B2 + 7)) Ac (7)1 (dx)

S DS

k=j F1eF, (K1) Fo€Fyqj_r(K2) GEFq_1_;(B)

« /Rd det(Fy 1 (Fy + 2): GYh(B,u(Fy 0 (Fy + 1) + G, Ky 1 (Ko + 1) + B))

XN (Fysa) (B N (B2 + 7)) Aa (v)H (dz)

Y D>

k=j F1eF, (K1) Fo€Fyqj_r(K2) GEFq_1_;(B)

x det(F1, Fa; G)h(B,u(Fy, Fo; G; K1, Ky; B))[F1, Fo]\p, (B1) AR, (62) Aa (7)

d
== Z éi,d—l—j—k(Kl’KZ;B;’Bl X /82 X 7)
k=3

if the relation in (v) is used as a definition for @i’dﬂ-ik(Kl, Ks; B;) in the particular case
considered. Here we have also used the considerations from the beginning of this subsection
and the Fubini-type argument on p. 232 in [123].

Hence, for polytopes Ki, Ko, B C R? such that (K, K2) and B are in strongly general
relative position and for an arbitrary non-negative Borel measurable function f : (R%)? — R,
we deduce

/ / f(z,2 —2,0)®;(Ky N (Ka + 2); B;d(2,b))H(dx)
Rd (Rd)2

d
Z/(Rd)3 f(x’y’b)q)?c,d+j_k(KlaK2;B;d(fﬂ,y,b)) ;
k=j

moreover, in this case the assertions (i)-(iv) are easy to check.

In order to establish the general result, let (K;, K2) and B be convex bodies in R? in
general relative position. Choose sequences of polytopes K!, K4, B*, i € N, such that (K}, K3)
and B’ are in strongly general relative position and K! — K;, K} — Ko and B* — B as
i — 0o. Let N be the union of O(K; — K3) and of the set of all z € R? such that K; N (K, +x)
and B are not in general relative position. Thus H?(N) = 0. For z € R? \ N we obtain

®;(Kin(Kj+2); B;-) = &;(K; N (K + x); B; )
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for i — oo, in the sense of the weak convergence of measures. For an arbitrary continuous
function f : (R?)3 — R and for all z € R? \ N, we infer that

/( Sz 0@, (1 0 (K 4 2); Bs)
Rd 2
— f(z,2 —2,0)®; (K N (Ky + z); B;d(z,b)) (158)
(Rd)2

as 7 — 0o. Since
i i i d—1 i -
(0 1 (16 + )55 (87) < () VORI (84 Bl - D1yl

for all z € R? and all 4 € N, by the monotoneity of mixed volumes, the bounded convergence
theorem can be applied to yield

lim/ / f(z,2 — 2,0)®,; (K} N (K4 + x); BY;d(2,b))H"(dx)
Rd (Rd)2

= / / f(z,2 — 2,0)®; (K, N (Ka + z); B; d(z,b))H%(dx) (159)
Rd (Rd)2

where f : (R4)?® — R is an arbitrary continuous function.
Let again f : (R?)®> — R be an arbitrary continuous function. For r,s,t > 0 and z,y,b €
R? we define

T b
Dr,s,t(xayab) = (_ Y _>

r’;’t
and
z z—x b d
Dy J(f, K1, K2, B) := fl=y——7 ) ®;(KiN(Ky +2); B;d(z,0)H" (dr) .
Rd (Rd)2 T S t

To given convex bodies (K7, K2) and B in general relative position we now choose sequences
of polytopes as described above. Then

DT,S,tJ(f’ K{a Kéa BZ) — Dr,s,tJ(fa K17 K?a B)
as 1 — oo and
Dr,s,tJ(fa K%a K%a Bl)
d . . . . . .
=) sty /(Rd)3 Fla,y, D)8, (K, K5 B d(e,y,b) . (160)
=j

Now the proof for the existence of the measures @fc’d+j7k(K1,Kg;B; -) with the asserted
properties can be completed as in [132], pp. 69 — 70. In fact, properties (i), (ii) and (iv) extend
from the polytopal to the general case by approximation. Properties (iii) and (vi) — (viii)
follow from (156), since (160) extends to the general case by continuity and corresponding
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properties can be established for the left-hand side of (156). For instance, for the proof of (viii)
we use that if (K, K3) and B are in general relative position, (K, K2) and B are in general
relative position, and Ky U K7 is convex, then (K; U K|, Ky) and B as well as (K3 N K|, K»)
and B are in general relative position; moreover, we use Theorem 5.3 in [80]. This yields the
additivity of (I)i:,d—l—j—k(.’ Ks; B; D). A similar argument works for the other arguments. The
proof of (vi) follows again from (156) and an easy extension of the argument employed to
establish (159). In fact, one merely has to exclude an additional set of translation vectors of
#H® measure zero to obtain (158) for arbitrary sequences of convex bodies K KL B i €N,
such that (K7, K%) and B’ are in general relative position and K! — K;, Ki — K, and
B' — B as i — oo, where K, Ko, B are convex bodies such that (K;,K>) and B are in
general relative position. (|

3.4 The iterated formula

The subsequent treatment of an iterated translative integral formula is based on ideas in [150]
and [80].

Theorem 3.14 Let (Ki,... Ky, B) € (K gp, j € {0,... ,d— 1}, k € N with k > 2, and
mi,... ,mg € {j,...,d} withmy +...+my = (k—1)d + 5. Further, let f : (R - R
be a non-negative Borel measurable function. Then there exist (uniquely determined) Borel
measures ®i, . mi (K1, ..., Kg; B;+) over (RO for my, ... omg € {4,... ,d} with my +
oo+ my = (k—1)d + 7, such that

/// f(z,z—x9,... ;2 — xk, b)
Rd Rd (Rd)z

x®; (K N (K4 x2) N ... N (K, + x); By d(2,0))H(das) . .. HE(dxy)

_ Z/(Rd)m f@re o )@ (K. K Bid(ny, ... 2, b)), (161)

where the summation extends over all my,... ,my € {j,... ,d} such that my + ... +my =
(k—1)d+j.

Let A;,C C R, i€ {l,... ,k}, let D' C (RY)*, and let D C (R*)¥*! be Borel sets. Then
the following properties are satisfied:

(i) @%1,...,mk(K1, oo s Ky By Ay X oo x Ay x C) is symmetric with respect to permutations
of {1,... ,k};
(i) @, o (K1, Ky B; Ay x D') = HYUK) N Ay, g (Ko, .., Ky; B; D');

(iii) @%I,m,mk(Kl,... ,K}1; B;-) is a finite non-negative Borel measure over (RV) ¥+ which
is supported by S1 X ...x S xbd B, where S; = K; if m; = d and S; = bd K; otherwise;

(iv) the map (I)g;n,l,,.,,mk (Ki,... ,Kg; B; Ay X...x Ay x C) is positively homogeneous of degree
m; with respect to (K;, A;) and of degree d — j with respect to (B,C);
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(v) if K1,...,Ky, B are polytopes such that (Ki,...,Ky,B) € (K4 and dim K; = d
fori=1,...,k, then

oI

my,... ,mk(

— Z Z Z det(F, ..., F;G)

F1€.7:m1(K1) FkGfmk (Kg) GGfdfl,j(B)

Kla--- aKkaB7)

hB,u(F1,... ,Fi; G Ky, ... ,Kig;B))[F1,... ,Fi]AR ® ... Q Ap, ® Aq .

(vi) the map (Ky,...,Ky,B) — '1)2711,--.,mk(K1,... , Ky; B;+) from (ICd)khqp into the space of
finite Borel measures on (RY)*+1 is weakly continuous;

(vii) the map (Ki,...,Ky,B) — '1)2711,___,mk(K1,... ,Ky; B; D) defined on (Kd)k’gp is mea-
surable;

(viii) the map '1)2711,___,mk(K1,... ,Ki; B; D) is additive in each component as long as it is
defined;

(ix) if (K1{,...,K};,B') € (lCd)/%gp, Bi,y... B,y CRE are open sets, K; N f; = K!Npg; for
i=1,... ,k and BN~ = B' ' N~, then

miy... Mg M1y Mg
on Borel subsets of B1 X ... X B X 7.

Proof. We start with an assertion of measurability. By Fubini’s theorem and Theorem 1.8.8
in [123] it follows that there exists a set N’ C (R?)* 1 with ®*_,H¢(N’) = 0 such that

({L’Q,... ,{L'k)i—)K1ﬂ(K2+$2)ﬂ...ﬂ(Kk+$k)

is continuous on (R%)*~!'\ N’ with respect to the Hausdorff metric in the image space. Let
f: (RH* — R be an arbitrary non-negative Borel measurable function. Then an argument
similar to the one used in the proof of Theorem 3.13 shows that the map

(52, 58) >

/ fz,z2 = w2, 2 —xp) P (K1 N (Ko +22) N ... N (K}, + z); B d(2,D))
(Re)?

is Lebesgue measurable and well-defined for ®%_,H? almost all (z2,... ,zx) € (RY)F L
First, we prove the translative integral formula for polytopes in strongly general relative
position by induction on k. The case k = 2 has already been settled in Theorem 3.13. Now
we assume that &£ > 3 and that the assumptions of (v) are satisfied. Subsequently, we use
Fubini’s theorem and the translation invariance of H%, the inductive assumption, arguments
which have already been used in the proof of Theorem 3.13, and Proposition 1 in [151]. Let
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Bi,s... B,y C RE be Borel sets. Then we obtain

// q)j(Klm(K2+$2)ﬂ...m(Kk+$k);B;
Rd Rd

[ﬁl N (,32 + 1'2) n...N (,Bk + Z'k)] X ")/)Hd(dl'g) ce Hd(dl'k)
d
= Z /Rd O e (i Ko, Ky 0 (K + @) By
MY yeer My —1=]
mi+...+my_1=(k—2)d+j
[B1 % .. X Bz X (Bt N (B, + 1)) x A))H (dy,)
d

- > > ¥ >

e F1€Fm, (K1) Fk._QE]:mk72(Kk_2) GE]'—d_l_j(B)

m1+...+mk_2+m:(k—2)d+j

/ > det(Fy,... ,Fy o, F;G)
Rd

Fefm(Kk_lﬂ(Kk-HE))
h(B’u(Fla"' aFk727F;G;Kla"' 7Kk721Kk71 N (Kk —|—$),B))
[F1, ... Freo, FIAR (BL) - .- A5,y (Be-2)Ar (Bi—1 N (Bk + 2)) Aa (v)H (da)

d

My =] F1€.7:m1(K1) FkGfmk(Kk) GGfdfl,j(B)

m1+...+mk:(k71)d+j
det(Fy,..., Fx; G)h(B,u(F,... ,Fy;G; Kq,... ,Ky; B))

[Flv ooy B, L(Fk—l) n L(Fk)P‘Fl (/81) s >\Fk—2(/6k—2)>\G(7)

/Rd By 1n(Fpta) (Be—1 0 (B + 7)) H(dz)

SEED SEED SRR SR »

F1€Fm (K1)  Fp€Fm; (Ki) GEFq_1-;(B)
m1+...+mk:(k—1)d+j
det(Fy,..., Fx; G)h(B,u(F,... ,Fy;G; Kq,... ,Ky; B))
(Fiy.o.. s FilAr (B1) - - Ap, (Be) Aa ()
d .
= > O, (K1sos Ky BBy X . B X )

my,... 7mk:j

m1+...+mk:(k71)d+j

141
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where we used Lemma 2.1 (b) in [150] and the relation in assertion (v) as a definition for the
mixed measures ®%,,  m, (Ki,... ,Kg; B;-). Moreover, we also used the fact that

relint(F1) N ... Nrelint(Fy_o + zp_o) N (velint(F,_1 N (F + xx)) + k1) # 0,

relint(Fj_1) Nrelint(Fy, + ) # 0,
and
dim(K; N ... N (Kk—2 + zk—2) N (K1 N (Kg + zk) + 25—1)) = d
together yield

w(FiN...N (Fr—g + 2g—2) N (Fg—1 N (F + zk) + z1—1) + G
Kin...N (K 2+wp2) N (Kg 1N (Kg +21) + 21 1) + B)
:U(Fl,... ,Fk;G;Kl,... ,Kk;B),

provided that K; N ... N (Kk—2 + zx—2) N (Kx—1 N (Kk + z%) + 7k—1) and B are in general
relative position; compare the proof of Lemma 3.12. A similar observation can be made for
the expression det(Fy,... , F; G).

Finally, the integral formula can be extended to the general case and the asserted prop-

erties of the mixed measures can be justified in way which is similar to the proof of Theorem
3.13. 0

3.5 Intensity measures

In this subsection, we establish a version of Theorem 4.17 in [76] which holds for all strictly
convex gauge bodies B € K¢ with o € int B. In fact, we also obtain a variant which is true for
every gauge body pB, where B € K¢ with o € int B is arbitrary and p € SO(d) \ N(B) with a
set N(B) of proper rotations of Haar measure zero. Thus our aim is to remove the smoothness
and strict convexity assumptions on B, which considerably simplified the argument in [76].
In fact, the smoothness (and strict convexity) of the gauge body B together with an absolute
continuity assumption on the second factorial moment measure (?) of the underlying point
process ® implied that the random measure @;’(E, B:;-) could be represented in a simple way;
see equation (4.13) in [76]. Instead of the deterministic assumption of the smoothness of B,
we impose absolute continuity assumptions for the higher order factorial moment measures
o™ of ®. These assumptions are automatically satisfied, for instance, for Poisson or Gibbs
processes, which supports the present point of view.

We introduce some terminology. Let ® be a point process in R? x K¢ as described in
Subsection 3.1. Hence ® is supposed to satisfy conditions (150) — (152). In particular, ®
takes its values in the space N of all (Ny U {oco})-valued measures ¢ over R? x K¢ for which
(- x ICg) is locally finite. The space N is endowed with the vague topology, and A/ denotes
the induced Borel o-algebra.

Subsequently, we shall consider the non-negative random measure

Af(B;) =E|6f(E,B;)] ,
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which was introduced and investigated in [76] (with a different normalization) and which is
called the intensity measure of @;“(E,B; -). Here we first assume that B € K? is strictly
convex and o € int B. The non-negative extension @j(K , B;-) of the B-support measures to
the local convex ring can be expressed in terms of B-support measures of convex bodies; see
Theorem 3.4 in [76] and the literature cited there. In fact, if

is in the local convex ring, K; € K¢ for i € N, then

or KB =Y T /1{z¢K(i17""in)}1{(z,b)e-ﬂ/\/’B(Kil)ﬂ...ﬂ/\/’B(Kin)}

n=1i1<...<in
x 0;(K; Nn...NnK;,,B;d(z,b)), (162)
where
K= ) K,
i@ {i1 e sin}

and where Np(K) := N(K, B) is the relative normal bundle of K with respect to B. The
structure of this formula suggest to introduce, for ¢ € N and n € N, the factorial measures

P (a1, van)) = (9 \ Gay \ -2\ G,y (dan) .. (9 \ 6a,) (daz)p(dar)

where a; € RY x K¢ for i = 1,... ,n, and the n-th order factorial moment measure
aM():=E [/ {(a1,... ,an) € Y™ (d(a,... ,a))

In the following, we assume that there exists a o-finite Borel measure 3™ over R? x (Kg)n
such that

o™ (d(z1, K1, ... ,2n, Kp)) = fulz1, K1y 20, Kn)
x Hi(dz1) ... H(dwn—1)B™ (d(zn, K1, ...  Kp))  (163)

with a non-negative Borel measurable function f, < oo, for each n > 2. This assumption
implies that o™ is o-finite. Finally, we write C(™ for the n-th order reduced Campell measure
of ®, that is

c™(.) ::E[/u(@\@“\...\5%,@1,... Lan) € Y™ (d(ay,... ,an))| ,

which is a Borel measure over N x (R? x K£%)". Obviously, we have
o™ () =CcM(N x ),
and therefore there exists a probability kernel

q(n)(ala cee 5 0p, d(p)
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from (R? x K¢)" to N such that
C(n) (d((pa aiy- - - aan)) = q(n) (ala -es 5 O, d(p)a(n) (d(ah N aan)) .

Note that V) = o, f; = f and 8% = . For n = 1 we interpret condition (163) as condition
(150).

For the proof of our main result, we need a deterministic lemma. Surprisingly, the only
proof of which we know uses point processes in an essential way and thus is of a proba-
bilistic nature. For Ki,...,K, € K% and strictly convex B € K% with o € int B we write
M(Ky,... ,Ky;B) for the set of all (x1,... ,zp,,b) € (RY)"*1 such that (z;,b) € N (K;) for
alli=1,... ,n.

Lemma 3.15 Let Ki,... ,K,, € K¢ (n > 2), let B € K% with o € int B be strictly convex,
and let j € {0,... ,d—1}. Then

/ O N (K ) N 1 (K ) Bs )
Rd R4

Ne(K1) NNB(Ky +y2) N ... NNB(Ky, + yn)H(dys) - .. H(yn) = 0;
moreover,

] (K1, Kn; By ) L M(K, ... Ky B) =0

M1,y ,Mp

forallmy,... ,my € {4,... ,d} withmy+...+m, > (n—1)d+j.

Proof. For the proof, we consider the stationary (marked) Poisson process ® in R? x K¢ with
intensity measure

a(d(z,K)) = H(dz)Q(dK),

where Q is an arbitrary probability measure over ICg. By an extension of the proof of Theorem
4.16 in [76] in the special case considered here, and by an argument based on formula (162),
it follows that Hp(t) := Hp({o},t) is absolutely continuous with density hp(t) and

hp(t) S fd—1\ 4 in 1
71_1{3(75)_]2;( ; )t nghn(t,B),

where

hin(t, B) = //1 {(2.5) € Np(E2) N Np(Es +92) O« AN (K + yn)}
X ©;(K1 N (K2 +y2)N...N (Ky +yn), B;d(z,b))
x H(dys) ... H(dy,)QdK,) ... QdK,) .
A comparison with Corollary 3.9 demonstrates that

hn(t, B) = 0
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for all n > 2. Choosing

1 n
i=1
we obtain the first assertion. The second assertion is then implied by Theorem 3.14. O

Now we are prepared for the proof of our main result in this subsection. Subsequently, we
also write dp(®, ) instead of dp(T(®), ).

Theorem 3.16 Let & be a point process in R x ICg such that its n-th order factorial moment
measure satisfies conditions (152) and (163) for alln € N. Let B € K% with o € int B be
strictly convez, and let A C RY be Borel measurable. Then A;F(B;- xA),j=0,...,d—1, is
absolutely continuous with density

A;_(BaxaA) = /ICd /I[D(IZ,K)(dB (@\(5(m,Z’K),$) > 0) f(fL' _ZaK)Gj(KaB;dZ X A)Q(dK) :

Proof. Using equation (162), the monotone convergence theorem, and the definitions of the
various types of factorial measures and factorizations, we obtain

A} (B:) =E 0] (5, B; )]

Y Y /1{z¢awh---yiw}l{(z,b)e.mNB(Eh)m...mNB(Ein)}

n=111<...<in

X @j(Eil Nn...N Ein,B;d(z,b))]

=E

S [ T @\ )

x 1{(z,b) € -NNp(z1 + K1) N... N Np(zn + Ky,)}

X 0;((x1 + K1) N...N (2, + Kp), B;d(2,0)8™ (d(z1, K1, . .. 20, Kn))

_ Z%//l{z ¢ T(P)11{(z,b) € N Np(w1 + K1) N... 0 Np(zm + Kn)}
n=1

X @3((1'1 +K1) ﬂ st m (xn +Kn)?Bad(zﬂb))c(n)(d((p,xlaKla e ,fL'n,Kn))

Z‘” 1
- _l/ / / /q(n)(xlaKla"' 7$H7Kﬂ7{¢ ‘2 ¢T((,0)})
— n: R‘ix(ng)” Rd R4

X fn(xl,Kl, - ,xn,Kn)l {(Z,b) € - ﬁ./\/B(xl + Kl) Nn... ﬂNB({L'n -I-Kn)}
X @j(({L’l +K1) n...N (xn -I-Kn),B,d(Z,b))

x HUdxy) ... HY (dzy 1) B (d(z, K1, ..., K,)).
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Hence, by an application of Lemma 3.15, we find that

V= [ L[ Ve K 2 £ TG

x f(z, K)1{(2,b) € -NNg(z + K)}0,(z + K, B;d(z,b))H" (dz)QdK)

/,Cd/Rd/ V@, K {p:2+z ¢ T(p)})

x f(z, K)1{(z + z,b) € -}O;(K, B;d(z,b))H*(dz)QdK)

Z/,Cg/Rd/N(K)qm(y_z’K’{"’:”T“‘J)})

fly = 2,K)1{(y,b) € -}H"(dy)0; (K, B;d(2,b))Q(dK)

/Rd/,cd/ Do~z K {p: o ¢ T(0)})

X f(z — 2z, K)1{(z,b) € -}0;(K, B;d(2,b))QdK)H" (dz).
Since clearly
()(LEK) PmK((I)\(SmK )

is satisfied for a-almost all (z, K) € R? x K2, the assertion follows. O

Examples. 1. If ® is a Poisson process with intensity measure
a(d(z, K)) = f(z, K)H(dr)Q(dK)
as described in Subsection 3.1, then
o "(d(zy, Ky, ... 20, Kn))
= f(z1, K1) ... f(zn, Kn)H(dz1) ... HY(dz) QK ) . .. QdK) .

Thus the assumptions of Theorem 3.16 are satisfied.

2. Let ® be a Gibbs process with local energy function —In A as described in [76] (see
also the literature cited there). Then it follows by a repeated application of equation (4.23)
in [76] that

:/ / / / (@1, Koy sms Kn) € M@, Koy s s 2y Kon)
R4 Ra Jxcd Kd

x H(dzy) ... H(dz,)QUK,) ... QdK,),
where

fn(,’lil, Kl, e ,IEn,Kn) = E|:>\ ('1) + (5(1-”’](”) + ...+ (5(12’[(2),,’171,1(1)
X A (‘I) + (5(1,”’](“) + ...+ (5(13’K3),¢’L'2,K2) ...

(@ + Oy sy @015 K1) A (Q),xn,Kn)} .
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Thus the assumptions of Theorem 3.16 are satisfied whenever f,, < oo for all n € N.

Instead of considering a strictly convex body, we can also investigate the case of a general
convex body B € K¢ with o € int B in a similar way as in Subsection 3.1. (Presumably, it
is sufficient to assume that o € B, but the details remain to be checked.) Indeed, first one
checks that the relative support measures can be extended to the local convex ring S? in the
following sense. Let (K, B) € S? x K¢ and assume that K has a representation

o0
K:Um
=1
such that
(K., B) € K§,, (164)

for all v € S(N), where S(N) denotes the set of all non-empty finite subsets of N and, for
v e S(N),

KU::ﬂKi.

S

Then we can define ©,(K, B;-) and @;“(K,B; -) as in [76], where now we only work with
representations of K which satisfy (164). In the same way, the non-negative extensions of the
relative support measures and Theorem 3.4 in [76] can be extended.

In order to obtain an appropriate extension of Lemma 3.15, we have to use Theorem
3.3 in [76] in the present generality, and therefore we need an extension of Theorem 3.2.
Unfortunately, we do not know whether such a deterministic result is true. However, by the
arguments of Subsection 3.1 it is easy to see that if ® is a Poisson process (as in the proof of
Lemma 3.15), then the exoskeleton exop(=Z(w)) of Z(w) with respect to B has d-dimensional
Hausdorff measure zero for P almost all w € €. This is sufficient for the proof of the required
extension.

Moreover, under the assumptions of Theorem 3.16 and for B € K¢ with o € int B, we
find (as in Subsection 3.1) that for v almost all p € SO(d), and for P almost all w € §, the
random set

satisfies

(E’UapB) € ’Cg,gp

for all v € S(N).
These considerations lead to the following supplement to Theorem 3.16.

Theorem 3.17 Let & be a point process in R x ICg such that its n-th order factorial moment
measure satisfies conditions (152) and (163) for alln € N. Let B € K% with o € int B, and
let A C R be Borel measurable. Then, for v almost all p € SO(d) and j = 0,... ,d — 1,
A;’(pB;- x A) is absolutely continuous with density )\j(pB;x, A).
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A combination of results of Subsections 3.1 and 3.5 can now be used to continue the inves-
tigation of conditions under which the surface density Ajﬁl(B ;x, A) is the derivative of the
contact distribution

(1 —p(z))Hp(z,t,A) = P(dp(E,z) < t,up(E,z) € A,z ¢ 2);

compare [76] and [75]. Under the assumption of stationarity and for A = R¢, a study of
second order derivatives has recently been initiated by Last and Schassberger [93]. Finally,
we wish to point out that the deterministic translative integral formula of Subsection 3.4 can
be used to obtain immediate extensions of various results in [41], [150], [152] to the relative
setting.
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4 Mixed volumes and measures of convex bodies

A central subject in convex geometry is the investigation of the behaviour of various func-
tionals of convex bodies with respect to basic operations for convex bodies. Perhaps, the
most important functional is the volume, and a fundamental operation is the formation of
Minkowski sums. The combination of these two concepts naturally leads to the theory of
mized volumes which represents the backbone of classical convexity theory. But the impor-
tance and usefulness of mixed volumes can only be appreciated properly if one also observes
that mixed volumes provide a link to and represent an essential tool for other areas such as
combinatorics, algebraic geometry or stochastic geometry.

Mixed volumes are introduced as coefficients of the homogeneous polynomial in
Aly... y A > 0 as which the d-dimensional volume

Vd(AlKl + ...+ AkKk:)

of the Minkowski combination A\ K +. ..+ A\, K}, for convex bodies K1,... , Kj € K%, can be
expressed; see [123] for an introduction to this subject and for the notation used here. The
validity of the polynomial expansion

d

d
Vd()\lKl-l-...-l-)\kKk) = Z < >A?l...)\sz(K1[Oz1],... ,Kk[ozk])
a1 ...0
at,...,ap=0
is established first for polytopes by a recursive argument, and then the general case is deduced
by approximation. This argument also shows that the mixed volume of K1,... , K; € K% can

be defined by

d
. 1 d+j
V(Ky,...,Ky) ':IE (—1)* | Ej. Va(Ki, + ...+ Kjj) . (165)

J=1 1<i; <...<i;<d

Clearly, such an approach to mixed volumes only requires basic results about convex bodies
and it already yields simple proofs of various properties of mixed volumes. On the other hand,
the definition (165) of mixed volumes is rather unsatisfactory from a computational point of
view, and it provides little insight into how the interaction between different convex bodies
Ki,...,K; € K% influences the numerical value of the mixed volume

V(Kl[al], P ,Kk[ozk]) ,

where £ > 2, ay,... ,a € {0,... ,d} and a3 + ... + ax = d. For convex polytopes, these
drawbacks of the classical approaches to and of the formerly known representations of mixed
volumes are avoided by a recent result of Schneider; see [126], [130], and [16] for a special
case. This result has been discussed repeatedly in the context of computational convexity
(see [68], [56], [139], [66], and [38]). Schneider’s summation formula, as it was called in [66],
shows that, for convex polytopes K, ..., K; € K%,

(o o Vil Bl = X [P V(R Vi (B, (166)
a1 ...0 (Fl,...,Fk)

where the summation extends over certain faces F; € Fy,(K;), i = 1,... ,k, which are chosen
according to an explicit summation rule which is based on specific information about the
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normal cones of the faces. The number [Fi,... , Fj] is just the volume of the parallelepiped
that is the sum of the unit cubes in the affine hulls of Fi,... , Fj, and thus this factor takes
account of the relative position of the faces selected. Moreover, the «;-dimensional volume
of F; is denoted by V,, (F;). The expression on the right-hand side of (166) is symmetric in
Ki,..., K and it contains only non-negative contributions. Recently, Schneider extended
the construction described in [126] to more general functionals which are induced by a sur-
jective linear transformation f : (R%)* — (RY)", where k& > r > 1. In such a framework,
representations of mixed volumes and of special total mixed curvature measures are derived
for convex polytopes as special instances of a general result (see [130]). The main objective of
this section is to establish extensions of such representations of mixed volumes and of general
mixed curvature measures for arbitrary convex bodies. Then, of course, the summation which
appears on the right-hand side of (166) will have to be replaced by an integration, and also
the normal bundles of the convex bodies are naturally involved. In addition, curvatures on
the normal bundles of the convex bodies involved appear in such integral representations.
Thus, local geometric characteristics of convex bodies are related to the values of non-local
mixed functionals.

For general convex bodies K7,... ,K; € K%, one has a non-symmetric representation of
a mixed volume as an integral over the unit sphere with respect to a mixed surface area
measure, that is

1
V(Ki,... , Kq) = E/Sd1 WK1, u)S(Ky, ..., Kq,du). (167)

Although this representation is particularly useful for many purposes and may be specified for
convex bodies Ko, ... , K4 with support functions of class C?, it does not provide a description
of the type we are aiming at, since for the mixed surface area measures no explicit description
is available so far in the case of general convex bodies. On the other hand, equation (167)
was used by Weil [147] as the starting point for a description of mixed volumes and mixed
surface area measures as distributions (applied to tensor products of support functions). A
corresponding representation of the mixed volume V(Ky,...,Ky) as a limit of d-fold inte-
grals over (S9~1)¢ of the products of the support functions h(K7,-),... ,h(Kg,-) also involves
certain functions fi, k € N, of class C* which change signs and which therefore are difficult
to interpret geometrically.

A surprisingly simple expression for the mixed volume of convex bodies K1, ..., Ky was
recently established by Alesker, Dar and Milman [5]. They show that

V(Ki,...,Kg) = dD(d2f1(a:),... ,d? fa(x))H(dx) (168)

R
where f1,... , fq are certain convex functions of class C2 which are associated with K1,... , K4
and D(-) is the mixed discriminant of the Hessian matrices d?f;(z), i = 1,... ,d. Indeed, the

required smoothness of the functions f; follows from Caffarelli’s delicate regularity theory
for the Brenier map. The expression on the right-hand side of (168) is symmetric, non-
negative and it can be used to verify a very special case of the Aleksandrov-Fenchel inequality
essentially by reducing the proof to a local calculation for special mixed discriminants. But
even for very special convex bodies, it is not clear how the associated functions look like, since
effectively they are obtained by an approximation argument. Moreover, for a given convex
body K; the construction of the function f; does not seem to be canonical.
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For the derivation of our new representation of mixed volumes we follow an idea of Schnei-
der [126] (compare also the lifting theorem of Walkup and Wets) and first consider the or-
thogonal projection py, : R¥ — L (for k > 2), where L C R¥ is the “diagonal” d-dimensional
linear subspace of R? x ... xR? (k times). Thus we find that V(K +...+K}) can be expressed
as the volume of the orthogonal projection of the cartesian product K; x ... x K, C R*¥ onto
L. Now the volume H¢(K|L) of the projection K|L of an arbitrary convex body K € KP onto
a d-dimensional linear subspace L C RP can be described as a very special mixed volume of
two convex bodies. Moreover, this particular mixed volume can be represented as an integral
over the normal bundle of K. To prove this, we use the close relationship between mixed
volumes and mixed curvature measures for two convex bodies and exploit the fact that for
the mixed curvature measures of two convex bodies a suitable integral representation, on
which our argument is based, is provided in [110]. The integral representations for projection
functions which are thus established may be of some interest for other purposes as well. It is a
surprising feature of this approach that our derivation of a representation for mixed volumes
essentially relies on notions and tools of translative integral geometry.

The final step then consists in transforming an integral over the normal bundle of the
product K; X ... X K} into an integral over the product of the normal bundles of K7,... , K.
To be able to carry out this transformation, we first derive a current representation for
the volumes of projections of convex bodies onto linear subspaces, that is for projection
functions on Grassmannians. In fact, this will enable us to avoid the explicit use of generalized
curvatures on the normal bundle of K7 X ... x Kj; instead we can use the area formula for
currents which is much more convenient.

Furthermore, we shall establish similar representations for mixed surface area measures
(involving a limit) and for general mixed curvature measures. The mixed surface area mea-
sures

S(Kl[al]a s 7Kk[ak]7 ')7

for convex bodies K, ..., K; € K% and ay,... ,a; € {0,... ,d—1} witha; +...+ap =d—1,
are intimately related to mixed volumes via the Riesz representation theorem, as equation
(167) suggests. But these Borel measures over S¢~! can also be obtained by the polynomial
expansion for the (d — 1)st surface area measure of the Minkowski combinations of convex
bodies K1,... , Ky € K% In fact, for A\i,... , A\ > 0 we have

d

1
d—1
Sd—l(AlKl"i_---"‘)\kKk,') = Z <a >>\?1...>\ng(}{1[&1],... ,Kk[ozk],-),

e
at,...,ap=0 1 k

and, for Ky,... , K4 1 € ch,

s

-1
(=1)d-1+ > Sa—1(Ki, +...+ K;;,-),
1 1<y << <d—1

1

S(Ky,...,Kq_1,") = =1

<
Il

in correspondence to the analogous relations for mixed volumes. In particular, mixed volumes
and mixed surface area measures both are based on the Minkowski addition as the underlying
operation for convex bodies.

The mixed curvature measures

Crl,...,rq (Kh e aKq; ) )
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for Ki,...,K, € K% and ry,... ,r, € {0,...,d} with r; + ...+ 7, > (¢ — 1)d, are Borel
measures over R9t1? which arise by forming intersections K N (Ko + 29) N ... N (K, + 2,),
29,...,2¢ € R?, of translates of convex bodies, by considering the kth support measure of
such intersections, and by subsequently averaging over all translations. More precisely, the
defining relationship for the mixed curvature measures is the translative integral formula

/ . / /h(a:,a: — 29y T — 2, u)Op (K (2), d(z,u))H(dz,) . .. H(d2y)
Rd Rd

= Z /h(a:l,... Tk W) Crpy g (K1y oo Koy d(21, .00 2g,u)),

0<ry,... ,rg<d
r1+...+rq:(q71)d+k

where
K(g) 2:K1ﬂ(K2—|-22)ﬂ...ﬂ(Kq+Zq),

k€ {0,...,d -1}, and h : R+D)d 5 R is an arbitrary non-negative Borel measurable
function. This iterated integral formula was first proved by Schneider & Weil [131] for ¢ = 2
and by Weil [150] for ¢ > 2 (in a slightly less general form, respectively) and later by Rataj
[108] in the setting of sets with positive reach. An extension to relative curvature measures
has been obtained in Section 3 of the present work. For polytopes these mixed curvature
measures can be described in a simple and explicit way, but for arbitrary convex bodies and
g > 3 only a current representation was available so far (see [108]). For the mixed curvature
measures of two convex bodies, however, an integral formula has already been proved in [110],
which we now extend to a finite sequence of convex bodies.

More research, however, will be required to obtain a complete picture of the various rela-
tionships (for instance via Crofton formulae) between these mixed functionals and measures,
and to understand their appearance in the context of geometric inequalities; compare [151],
[130], [55].

4.1 Preliminaries

In this section, we shall consider various Euclidean spaces. The basic space, in which we are
interested, will be denoted by R?, d > 2. Scalar products and norms will always be denoted
by (-,-) and | - | respectively, independent of the particular dimension. For simplicity, we
shall assume that (-,-) is the standard scalar product, but of course this specific choice can
be avoided. In particular, we shall investigate cartesian products such as R? x ... x R? (k
factors) for which we also write R¥?. In this case, we endow each factor with the same scalar
product, and the cartesian product will carry the natural scalar product which is derived from
its components by summation. In view of their importance for the subsequent investigation,
we shall recall some basic notions of convexity, which we have already used repeatedly in the
preceding sections.

Let R?, p > 2, be a given Euclidean space, and let K € K5 be a convex body in RP with
non-empty interior. Later we shall remove the assumption int K # ), but for the moment we
preserve this hypothesis. The following definitions are well-known:

(i) Support function: For u € R?,

h(K,u) := max{(z,u) : ¢ € K};
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(ii) Boundary: bd K is the topological boundary of K;

(iii) Normal cone: For z € K,
N(K,z):={u € R : (z,u) = h(K,u)};
in particular, we always have o € N(K,z), N(K,z) = {o} if z € int K, and
dim N(K,z) > 1 if z € bd K;
(iv) Normal bundle:
N(K) = {(z,u) ER* x Pl :x € K,u € N(K,z)};
hence (z,u) € N(K) implies that z € bd K.
These definitions will now be applied to the special situation where p := k -d, d > 2, and
kE>1. Let K; € K%, for i = 1,... ,k; then Ky x ... x K; € Kb = KF. In particular, if
the details are clear from the context, then we simply write K for K1 X ... X K; and z for

(z1,...,x1), where z1,... ,z;, € R, Using these conventions, for the notions recalled in (i)
~ (iv) we thus obtain:

(i):
k
h(K,u) =Y h(Ki,ui) .
i=1
(ii):
bd K={z€ K :xz; €bd K; for some i € {1,... ,k}}

k
=J U {z€eK 2 ebd K, fori € T,z; € int K; fori ¢ T},
j=1|I|=j

where Z ranges over all subsets of {1,... ,k} of cardinality j.

(iii): For z € K,
k
N(K,z) = [[ N(Ki, ).
i=1
To see this, note that (z;,u;) < h(K;,u;) for i =1,... k, since z; € K;; hence
k k

(@,u) = > (@i us) <Y h(Ki ug) = h(K, ).

i=1 i=1

Equality is satisfied if and only if (z;, u;) = h(K;,u;) for all = 1,... ; k. Thus we deduce
N(K,z) = {g eRM : (z,u) = h(K,a)}
= {u e R : (3, u) = h(KG,u;) for all i € {1, K} }
k

= [I V(& @)

=1
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(iv): Let Z C {1,...,k}\ {0}; then we define N7(K) as the set of all (z,u) € RF x Skd-1
for which

bd K, icT, N(K;,z;), i€,
T; €. . d Uu; € .
int K;, i¢T, {o}, iZT.

Then we obtain

NE) ={(z,u) e R x S .z e K uc N(K,z)}

—~

(z,u) € R¥ x S¥=1 . 4 ¢ K u; € N(K;,2;) fori =1,. .. k}

k
U U M&K).
J=1 7=

Subsequently, we shall repeatedly refer to the d-dimensional linear subspace L C R¥ which
is defined by

L::{(xl,...,xk)Ede:xlz...:xkERd}; (169)
the integer k£ will always be clear from the context. We write e1,... ,eq for the standard
basis of R?. Then the mapping ¢ : R — L C R¥, z + (z,...,z) is an isomorphism. An
orthonormal basis of L is given by

1 .
€ 1= ﬁ(ei"“ ,e), 1€{l,...,d};

moreover,

k
Lt = {(:1:1,... ,xp) € RF le :0}
=1

and dim L+ = (k — 1)d. Let pr, : R¥® — L denote the orthogonal projection onto L. Then
we obtain

1 k k
p(®) =, dowg Y w
j=1 j=1

and
k B 2
pr @) = el ~ (@)’ = Y Joil® — Y
i=1 j=1
1 2
1<i<j<k
The inverse of ¢ is given by 7 : L — R%, (z,... ,z) — &, and Vkr is an isometry with respect

to the scalar product which L inherits as a subspace of R¥¢. Therefore we deduce that

Va(Ky + ...+ Ky) = k2H (pL(Ky % ... x Ky)) (170)
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where K1,... , K}, € K% and V denotes the d-dimensional volume.
Next we choose any Borel set w C S9! and set w := k~'/%p(w). Then w is a Borel subset
of S¥=1N L and

Sy (K1 4.+ Kpw) =k"2 S, (pp(Ky x ... x Ki),w) - (171)

4.2 Volume and surface area measures of projections

The main objective of this subsection is to provide some auxiliary results on which the sub-
sequent investigation is based.

We start with some remarks concerning notation. Let p € N, p > 2, and d € {1,... ,p—1}.
The bracket [-, -] will be defined as in [110] for pairs of multi-vectors in RP, which is consistent
with our previous usage. For example, if ay,... ,a, € RP are linearly independent, I C
{1,...,p} with |I| =d and L € G(p,d), then we write

[/\ai,LL

I

(172)

for [W, L'], where W is the linear subspace which is associated with a := Ajcra;. Alter-
natively, we can choose any simple unit (p — d)-vector 8 which is associated with L+ and
define (172) as [«, (]; compare p. 260 in [110] and Chapter 1 in [42]. Furthermore, we write
O(m,n) € (0,7) for the angle between two unit vectors m,n with m # +n.

In order to simplify our notation we occasionally omit arguments of functions; so we write
k; instead of k;(x,u) = k;(K;z,u) for the generalized curvatures of a convex body K, if the
convex body and the argument are clear from the context. A similar remark applies to the
associated eigenvectors (see also Section 1), which now are denoted by a; instead of the more
precise notation a;(z,u) or even a;(K;x,u). In addition, we introduce the abbreviation

d—1
K:= ][] 1+k2,
i=1

where again the argument is usually omitted. Finally, we often write Aja; instead of Ajcra;
and a similar remark applies, e.g., to the formation of products.

Proposition 4.1 Let K € K, d € {l,... ,p—1}, and L € G(p,d). Then

2

! WP~ (d(, )

d— HIC kl(xvu) ailz. u s
Wy -//\/(K) |pLJ—(u)| pz K(a:,u) [/I\ z( ) )7L

|I|=d

HUKI|L) =

where I ranges over all subsets of {1,... ,p—1} of cardinality d and I¢:={1,... ,p—1}\ 1.

Proof. We set U := B? N L*. By [123], p. 294, and equation (4) in [110], we obtain

HUK|L) = (Z)dV(K[d], Ulp - d)
K,p_
1

= @d’p,d(K, U; RZ:D) )
Iﬁ',p_d
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where U4 ,_q(K,U;-) is a particular mixed curvature measure of K and U; see [110] for further
details. Hence we deduce from Theorem 2 in [110] that

d _ 1
HIKIL) = /N(K) [ Papaomiiy e 0}
2
<D Lﬁ;é;‘i;“) [/\ai(x,u»LL] HY (A, u)) M (dy)H (dn) (173)
|T|=d ’ I
2
Lo > s [/,\ (o),
y / Fipa(0(u, )M (dn)y P~ (d(z, w)) . (174)
KiaatiaV
where

1 0 ! /sin(1—1t)0\" 7 [sintd\ "
Fy,_q0) = — dt .
ap-d(6) wpsinﬁ/o ( sinf > <sin0>

Note that a boundary term in (173), which comes from (y,n) € N (U) with y € relbd U,
vanishes, since for #?~! almost all such (y,n) precisely d of the curvatures k;(U;y,n) are
infinite. Furthermore, if u = +n, then [ A7 a;(z,u), L] = 0; in this case the integrand is
defined to be zero and thus Fy,_4(f) need not be defined for # € {0, }.

An application of equation (4.1) in [109] shows that

| Fap a6 ) ) = ——lpy s ()1, (175)
SP—1nL w

p—d

and thus the assertion is implied by (174) and (175). O

The result of the preceding proposition can be extended to a representation of the intrinsic
volumes V,.(K|L), r € {0,... ,d}, of the orthogonal projection K|L of a convex body K onto
a linear subspace L.

Proposition 4.2 Let K € KP, d € {1,... ,p—1}, L € G(p,d) and r € {0,... ,d}. Then

1 _ c k(xau)
nEn) = [ ey by
d—rWp—d JN(K) TN (2, u)
|N|=r,|J|=d—r

2
HP~H (d(z,w))

X [/\ ai(z,u), L

NuJ

where the summation extends over all subsets N,J C {1,... ,p — 1} fulfilling the prescribed
restrictions.

Proof. We derive two representations for the polynomial expansion of H%((K +€eBP)|L), where
e > 0. A comparison of coefficients then yields the desired equality. First, for any € > 0 we
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have
d
HY((K + eBP)|L) = HYK|L + eB?|L) = > 'k, Vi(K|L).
r=0

On the other hand, for any € > 0 Proposition 4.1 yields that

ki(K 4 eBP;y,u)

1 I,
HY((K + eBP)|L) = / d=p L
( BHIL) Wp—d JN(K+eBp) Iz () Z K(K + eBP;y,u)

2
X [/\ai(KvLeBp;y,u),LL] HP~H(d(y, w))
I

1 (K 4+ eBP; Fo(z,u))

[k
= ap Jy_1 F.(z,u)|py L (u)]4?
Wp—d .//\/’(K) " pr.+(w) Izd K(K + eBP; F.(z,u))

2
X [/\ a;i(K + eBp;Fe(x,u)),Li] HP~H(d(z, ),
I

where
F.: N(K) - N(K +€B?), (z,u)— (z+ eu,u).
It is easy to check that, for HP~! almost all (z,u) € N'(K),
ai(K + €B?; Fe(z,u)) = a;(K;z,u),

1—|—ek(Ka:u)

ki(K 4+ eBP; F.(x,u)) =

(if the ordering is chosen properly)

p—1
(L + ek (K 7, w)2 + ki (K; 2, u)?
K(K +€Bp§Fe($vu)) = H \/ Zl —I—Ek'(Kv'Qj u)z

=1

and

= 1{ (1 +eki(K;x u)) +l<:z~(K;ac,u)2}é

Jy—1F(
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Hence, by the coarea formula, we obtain

d P 1 pl 1+ €ki(K;z,u)
HY((K + €BP)|L) _wp—d//\/(K (H V1+Ei(K;z,u)?

=1

2
i e e

\|=d

1 /N (W)= 3 {I1( 1+€k (B, w) } {11 ki(KG @, u)}

Wp—d = \/1+k (K;z,u)?

2
X [/\ai(K;x,u),LJ‘] HPH(d(z,u))
I

(M,J),JCM
|J|=d—r,|M|=p—1—r

2

X [ /\ ai(K;zyu), LN HP Y (d(z,u))

MeuJ

d r | d—p HNC (Kvﬂj u)
pr(u) Z
ovHTene K(K;z,u)
[J|=d—r|N|=

2
X [/\ ai(K;x,u),LL] HP(d(z,u)),

NUJ

which clearly completes the proof. O

To illustrate the result of Proposition 4.2, we first consider the special case r = d — 1, where
we have

S"(K|L) = 2V4_1(K|L)

1 / d—p HNc ki L
= pr(u g = a;, L
/\/’(K)| p(w) K /\

Wp—d (N, J)iJ CNE NUJ
|J]=1,| N|=d—1

2
HP (2, u)) 5

especially, if d = p — 1 and L = v for some v € SP~!, then we obtain

st = | ol 3 Hove sy w2007 ()

|N|=p—2

=2l [ )8, o (K, du),
2 JNk)
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where the last step follows from the known representation of the (p — 2)nd surface area
measure.

Another special case is d = p — 1, r € {0,... ,p — 1}, and L = v* for some v € SP~L.
Then we obtain

VKl = —— [ lwort > %I(uw?%”‘l(d(w,u))

Kp—1-rWi1 (N,J):JCNCE
IN|=r | |=p—1—7

. 1 v IINtk%(xau) -1 T.Uu
J ool 30 S )

2Ky 1 x, U
p—1—r |Nﬂ:r ) )

1 d—1
- (K, du) .
2’%—1—7«( r ) /Spl |(u, v)|Sy (K, du)

Of course, these relationships are well-known and can be derived in a different way.
Finally, we mention that for d = r = 1 and L = lin{v} with v € S?~!, we obtain

Vi(K|L) = 1_1 /N(K)\ﬂ—(u,v)zl"’ 3 %(ai(x,u),v)ZHP—l(d(:I;,u)).

w
P |N|=1

For convex bodies of class C'{° and in three-dimensional Euclidean space, this formula was
recently derived and used in [96] to prove a stability estimate for d-umbilical ovaloids in R3.

Next we consider surface area measures of projections. Let again d € {1,...,p — 1} and
L € G(p,d). Let U := B> N L+ and set U := (k, ) /®P~DU. Then we obtain, for any
Ky,... ,K;jeKP,

oI (KL |L,...  K4|L) = (Z)V(Kl"“ K, Ulp — d])

1 -
- (p>_/ h(Ka,u)S(K1,... , Kq 1,U[p —d], du), (176)
d p Sp—1
where v”(-) denotes the mixed volume in L. On the other hand,
1
v!(Ki|L,... ,KqL) = 3/ h(Kq|L,w)S*(Ki|L,... , Kq1|L, du)
Sp=1nL
1
_ 3/ Hu € TY(Kg,w)SH(KI|L, ... Ky 1|Lydu).  (177)
Sp—1

From (176) and (177) we infer that

()

SUK\L,... ,Kq_1|L,-NL) =
Rp—d

S(}(la"'a}(dfla[fh)_'dL')a

where both sides are conceived as measures over SP~!'. In particular, for all Borel sets w C
Sp-t,

()

Kp—d

St (K|L,wnL)= S(K[d—1],U[p —d],w); (178)
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note that the right-hand side does not change if w is replaced by w N L.

Equation (178) shows that for surface area measures the situation is more involved than
for volumes, if we aim at a representation of the left-hand side of (178) as an integral over the
normal bundle of K. From our point of view, the main problem is that the support function
of U in R? is not of class C2. Therefore we approximate U = BP N L* by a sequence of convex
bodies Ul(e), € > 0, which have smooth support functions and satisfy U(e) — U as € | 0. For
instance, we can choose

P p—d P
2 2
Ule) := leuz ERP: Z(:EZ) + Z (zi/e)* <15,
i=1 i=1 i=p—d+1
where w1, ... ,u,_g is an orthonormal basis of Lt and Up_d+1,--- ,Up is an orthonormal basis

of L, but we shall not make explicit use of such a specific choice.
For any such choice of a family U(e), € > 0, Lemma 2.12 yields that

(Z: i) S(Kld—1],U(e)[p - d,")

_ we- —Hielcki(x’u) et (d2 €). w)|are(x,u Pl d(x,u
_/W)l{ el ¥ det (dh(U (€), u)|are (z, u)) HP~}(d(z,w))

uea  K@w
where
d2h(U(€), u)|a’fC = ((th(U(E)a u)(ai)a aj>)i,j€IC
and a; = a;(z,u). Let us denote by rj(u), l =1,... ,p — 1, the principal radii of curvature of

Ul(e) at u and let bf(u) denote the associated eigenvectors of the reverse Weingarten map of
U(e). Then we can conclude (for [I| =d —1)

dh(U(e),u)lare = Y (HT?(U)) det (b5 (w), ar(w,w))sespere)”

|J|=p—d \leJ

2

/\ b (u) A /\ at(z,u)

. (Hmu))

|J|=p—d \I€J s€J tel
r 2
= Z (H rf(u)) /\ b (u), /\ ay(z,u) A u]
|J|=p—d \I€J LseJ tel
- 2
= ¥ (Hrf(u)) N b5w) Au, A\ at(x,u)] :
|J|=p—d \leJ LseJe tele

Thus we have established the following proposition.
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Proposition 4.3 Letd e {1,... ,p—1}, L € G(p,d) and K € KP. Let U(e), bS, ¢ be chosen
as in the preceding discussion. Further, let f € C(SP~™Y). Then

[Licse ki(@, u)
/N(K)f(u) 2 2 K(z, u)

||=d1|J|=p—d

2
X <H rf(u)) [/\ b;(u),/\at(x,u) Au| HP(d(z,u)).
7 I

leJ

uw)SY_ (K|L,du) =lim
[ SIS, ) =l

Certainly, one could find representations for the other intermediate surface area measures
SJL(K|L, ), 7 € {0,...,d — 2}, as well, by the same method which was used to establish
Proposition 4.2.

4.3 Projection volumes and surface measures from a current point of view

In this subsection, we shall provide a current representation for the volume of the projection
of a convex body onto a linear subspace. In the following subsection, this result will then be
used in the derivation of a representation of mixed volumes in terms of generalized curvature
functions.

Letusfixp>2,de{l,... ,p—1}, L € G(p,d) and K € KP. A rectifiable (p — 1)-current
Ty in R?P is defined by

Tk = (Hp_ll_N(K)) ANag ,

where ax (,u) is the simple unit (p—1)-vector which is associated with Tan? Y (NV(K), (z, u)),
for HP~! almost all (z,u) € N(K); the orientation of af (z,u) is determined in the following

way. We set
1 ki(z,u
RN Fy QR S— o p— 0 B— =y
\/1+ki(xau) \/1+ki(xau)
i@ = 1,...,p — 1, where ki,... ,k,_; are the generalized curvatures and ai,... ,ap_; are
the associated eigenvectors of K. We assume that ai(z,u),... ,ap—1(z,u),u has the same
orientation as the standard basis ey, ... ,e,, whenever the former is defined. Then we define

ag(z,u) == A(z,u) A... NAp_i(z,u),

for HP~! almost all (z,u) € N(K), and thus we also fix the orientation of ax.
Let vy,... ,vq be an orthonormal basis of L, and let vg441,... ,v, be an orthonormal basis
of L+. Then we define

Vi=vi Al Ay and VJ‘::Ud_l_l/\.../\vp.

We assume that vy,... ,v, are chosen in such a way that VEAV =elA.. .Aep. In addition, we
write e}, ... , e, for the basis of covectors which is dual to ey, ... ,e, and set ), 1= efA... Ae,.
Finally, we set IIp : RP x R? — RP, Ilj(z,y) := z, and II; : RP x RP — RP, IIj(z,y) := v.
Using the notation of multilinear algebra as described in Chapter 1 in [42], we can define the
(p — 1)-covector 9, (u) in R?, for u € SP~!, by setting

|V Aut?

Wp—d

i (u) : M5V 0,)| A [ (A V) 5 9,)]
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ifueRP\V,and by ¢r(u) :=0ifueV.
Thus we are prepared to state the following result.

Proposition 4.4 Letp>2,de{l,... ,p—1}, L € G(p,d) and K € KP. Then
HUK|L) = T (yr) .-

It is part of the assertion of Proposition 4.4 that Tk is defined for vr; compare also the
discussion in [155].

Proof. The proof is based on Proposition 4.1 and on some multilinear algebra which is needed
to rewrite the integrand of Proposition 4.1.
Any set I C {1,...,p — 1} with |I| = d can be represented as I = {iy,... ,iq}, where

i < ..o <igy let ¢ = {j1,...,jp_1-a} with j1 < ... < jp_1-4. Then we set sgn(l) :=
sgn(it, ... ,%d, j1,--- ,Jp—1—d). Thus, omitting arguments, we obtain
</\az~/\VL,Qp> = </\ai/\/\az~/\u,Qp> (VL/\V,QI) </\az~/\u/\V,Qp>
I I Ie Ie

:sgn(1)</\ai/\u/\V,Qp> ,
IC

and therefore

7e ki
5 It

= I

ki 1
S (A ) (v
= e /14 k? 1+ k?
=Y sgn()) </\H1Ai /\u/\V,Qp> </\H0Ai Avi,szp>
I

1]=d e

d p—1
i=1

oeSh(d,p—1—d) i=d+1

2

= > sgn(@) (Vo) (Aeys- -5 As(a))
o€Sh(d,p—1—d)

X T (wA V) 3 Q) (Agasnys -+ Aop-1))
_ <aK(x,u), [Hg(vL JQ,,)] A [H’{((u AV) JQp)D ;

where shuffles of type (a,b) are defined as in [42], p. 15, and Sh(a,b) denotes the set of all
such shuffles. This proves the assertion of the proposition. O

Remarks.
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1. The support of a convex body K € K? with Steiner point at the origin can be represented
by

_ [Irc ki, o
h(K,v)—/N(K)Fp_u(é‘(v,u))Z B 02 HP ).

I|=1

Hence we obtain as before

h(K,v) = Tk (YK p) ,

where
Yrco(t) = Fy_11(0(v, 1)) [n;;(vL , Q,,)] A [n’;((u Av) Q)

if v ¢ lin{u} and 9k ,(u) := 0 otherwise. Here v’ is defined as v; A ... A v, 1, where
V1,... ,Vp—1, 0 is an orthonormal basis which has the same orientation as the standard
basis.

2. As a special case of Proposition 4.4, we obtain for the support function of the projection
body IIK of K the representation

h(IIK,v)

= /N(K) <aK(w, u), [(u, v>|‘1% M0 5 2)| A [T ((w A 0h) 50,)] > HP~ Y (d(z, u))

where v := vy A... Avg and v, vs, ... ,vy is an orthonormal basis which has the same

orientation as the standard basis. (Again the relevant covector is defined to be zero if

(u,v) =0.)

3. Clearly, a current representation for V,.(K|L), r € {0,... ,d — 1}, can be obtained as
well; compare the arguments in the following subsection.

A similar current representation can be given for the surface area measures of projections.
We use the notation of the preceding subsection and set

B(u) = (rE(u)bs (w), b5(w) , s € {L,... ,p—1}.

Here and in the following, we assume that bf(u),... ,b; ;(u),u has the same orientation as

the standard basis. Furthermore, for e >0, d € {1,... ,p— 1} and L € G(d,p) we define

> sgn(J </\B )moum (/\Be ) HORIS

4 r1=pd
Proposition 4.5 Letp > 2, d € {1,... ,p—1}, L € G(p,d) and K € KP. Then, for any
fecsr,

P (u) =

where u € SP~1.

/ f(u)SE | (K|L,du) = i Ti (f %)
Sp—1nL €l0
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Proof. The assertion will be deduced from Proposition 4.3 by some additional multilinear
algebra. In fact, omitting arguments, we derive

2 2 M (1) [ pees]

I|=d—1|J|=p—d

= > (Hrf) sgn(7) Y sgn(I)</\b§/\/\H0At/\u,Qp>
J

\J|=p—d [T|=d—1 J I

X </\b§/\/\H1At/\u,Qp>

Je Ic

Z sgn(J Z sgn(I)</\B§/\/\At,H’6(u_|Q ></\B€/\/\At, (uay >
J I

\J|=p—d \T|=d—1
Z sgn(J Z sgn (I </\At, (/\B)_JIU UJQ)>
\T|=p—d \T|=d—1

</\At, (/\B) (0 >>

from which the assertion follows. O

= <A1 A... /\Ap—l,lﬁ:pfdzzbi) I

4.4 Mixed volumes, surface measures and generalized curvatures

In this subsection, we derive particular representations of mixed volumes as integrals over
products of unit normal bundles.

Let d,k > 2 and K1,... ,K; € K2 be fixed, and let L be as described in (169). Then by
equation (170) and Proposition 4.1 we obtain

d

X
WK 4ot K = [y () O (179)
W(k-1)d JN(K)
2
cki(K;z,u _
x Yy e kil Ksz,u) K o) Y [/\ai(K;Lg),LL HE (d(z, w)) -
7|=d I

Our aim is to show that the right-hand side of (179) admits a polynomial expansion so that
a comparison of coefficients (an inspection of the degree of homogeneity) allows one to derive
the desired representation of mixed volumes.

In order to identify the mixed volume V(Ki[a1],... , Kg[ag]) for ai,... ,ar € {0,... ,d}
with a; + ... + o = d, we first consider two cases separately. These cases arise, since by
(iv) in Subsection 4.1 the normal bundle N (K) can be described as a disjoint union of sets
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Nz(K) with |Z] = j and j € {1,... ,k}.

(a) We claim that for #¥?~1 almost all (z,u) € N7(K) the integrand on the right-hand side
of (179) vanishes if |Z| < k — 2.

To see this, it is sufficient to consider the case where Z C {3,... ,k}; hence uy = ug = o if
(z,u) € Nz(K). Moreover, we have z + eu € bd(K,) and hence

UKE(§+EQ+(tej,sel,o,... ,0)) = u,

for all j,l =1,... ,d, provided that |t|,|s| > 0 are sufficiently small. In fact, if |¢|,|s| > 0 are
small enough, then

z + (tej, sep,0,... ,0) € bd K
and
QEN(K,§+(t6j,86l,O,... 70))'

But this shows that o has at least 2d eigenvectors (ej,o0,...,0), (o,e;o0,...,0),
gl € {1,...,d} at z + eu with corresponding eigenvalue zero (if they exist). Thus at
least 2d of the kd — 1 generalized curvatures k;(K;z,u) vanish (if they are defined). Since
|I¢) = (k —1)d — 1 in (179), we infer that each summand under the integral contains a factor
which is zero. This verifies the assertion (a).

(b) The right-hand side of equation (179) can be written in the form
[ Glwn ).
N(K)

We consider the integral of G over N7(K) with |Z| = k — 1. Let us choose Z = {2,... ,k}
(say). Then we obtain that at least d of the generalized curvatures of K vanish, and from
this we can deduce that

.....

where H(K>, ..., Kj) does not depend on K. The subsequent discussion will show that the
integral

.....

only produces contributions which have a degree of homogeneity with respect to K; which is
strictly smaller than d. Hence we infer that in fact H(Ko,... ,K;) = 1.

(c) Tt thus remains to consider the case T = {1,... ,k}. We write N.(K) := N .. 1 (K).
The integral

/ Gz, w)H" ! (d(z, u))
Ni(K)
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will produce the mized expressions in the polynomial expansion of the volume of the
Minkowski sum K; + ...+ K.

First, recall that
N*(K) = {(g,g) € de X Skd_l :xz; € bd K;,u; € N(KZ,,’EZ)} .

Furthermore, we write

N(K):=N(Ky) x ... x N(Ky),

(ac,u) = ((xlaul)a"' 7($k7uk)) and (tu) = (tlula"- ,tkUk),
where 1, ... ,tx > 0. Next we introduce the transformation

T:N(EK)x S5t NAUK), ((z,u),t) — (z, (tu),

where
Skl {teS’kl (tez)>0f0ri:1,...,k}.

Obviously, T is Lipschitz, injective and H*?~1 (N, (K)\im(T)) = 0. The generalized curvatures
of N(Kj;) in (zj,u;) are denoted by ki(j)((z,u;)), ... ski—1(5)((zj,u;)) and the associated
eigenvectors are denoted by a1(7)((z;,u;)),... ,a4—1(5)((x;,u;)), whenever they are defined;
but usually, the argument is omitted. Moreover, we write

-1
K o= [ V1+ki()?,
i1

for j = 1,...,k. We assume that a1(j)((z;,u;)),... ,a4-1(5)((z},u;)),u; is positively ori-
ented for j = 1,... , k. Subsequently, we write fi,..., fu_1,¢ for an orthonormal basis of RF
which is oriented in such a way that

det(fla s 7fk71a t) = (_1)(k71)k(d71)/2 .

For the components of f; we write f; = (ff, . ,f,i)T. Now we can define a simple unit
(kd — 1)-vector a(-), which is associated with the tangent space of N'(K) x Sf“[l, by

k d—1 k—1
1
a T Z 7ki . % .7 yere 90y yeee 90y Ji )y
a((z, /_\]Kj/_\ ,0,0; (1)ai(j),0 00)/\[\1(0 o, [i)
= - ]—1) 2(k—7) . 2k

for HF*1 almost all ((z,u),t) € N(K) x S, An application of the area formula hence
yields

/ lu A L7 D91{y ¢ L} (ax (2, u), i (w)) HE (d(2, w)
N (K)

= |(tu) A LI~ (fu) ¢ L}
N(K)xSh=t = —

x (al(z,0),8), (TF 1) (2,w), 1) ) HH 1 (d((,0), 1))
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Indeed, the orientations are chosen properly, since the quantities

(ag(z,u), vz (u)) (180)

and

(al(z,w),6), (T ) (z,u), 1)) (181)

are both non-negative. For the expression in (180) this is already known; for the quantity in
(181) the assertion follows from the subsequent calculations.

In order to check the last assertion and to arrive at the desired expression for mixed volumes,
we rewrite (181) in a more explicit way. In fact, we can deduce

(al(w,w), 1), (T 1) (w,u),1))

= (Ara-1ap DT((z,u), Ha((,u), 1), Yo (tu))

k d—1
) <./\ é N gal)o o tkial)o A
e k—1 ke
k—1 . .
A /\(01 50, f{ula' aflzuk)7¢L(@)> (182)
=1 k

The vectors appearing on the right-hand side of (182) are successively denoted by
Al? . ,Ad_l, . 7A(k—1)(d—1)+1’ . 7Ak(d—1)’Ak(d—1)+17 . 7Akd—1' In a..dditi()n, we define
Iy : RF x Rk 5 REd, (z,y) = z, and II; : RFd % RFd 5 RKd, (z,y) — y. Then, by the
definition of the covector 11, the preceding two equalities can be continued with

-1
|(tu) A L|~ (k=14

k
= [[x ] = S sgu(o)
7j=1

“k-1)d oeSh(d,(k—1)d—1)

d kd—1
X </\ oA, (i) A Li,de> < N\ A, A (tu) AL de> ;
i=1

i=d+1

compare the proof of Proposition 4.4. Next we subdivide the set of all shuffles over which we
sum into finer subclasses. For ai,...,a; € {0,... ,d — 1} and oy + ... + o = d, we define

Sh(d(a, ... ,ax), (k—1)d —1)
as the set of all ¢ € Sh(d, (k — 1)d — 1) for which

o{l,...,an}) C {1,...,d—1},

c{ar+... 4+ 1+1,... ;o0 +...+a}) € {(E=1)(d-1)+1,... ,k(d—1)}.



168 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIES

The remaining shuffles, which do not lie in one of these subclasses, do not yield a contribution
subsequently. Thus we obtain

(al(@,w), 1), (TF 1) (2,0), 1))

—1
|(tu) A L|—(k—1)d d—1

= 2 2 sgn(o HKa

Wk-1)d ap=0
aoilJr...an{ck:d oe€Sh(d(ay,... ,ax),(k—1)d—1)

kd—1
</\H0 /\LL de>< /\ I A tu)/\L de> .

i=d+1

The preceding analysis leads to the following preliminary integral representation

d ww)
(al...a,) D1 (K ol K]

/ /Sk Y(tw) ¢ LY|(tu) A LI~ 3 o ﬁ

o€Sh(d(ay,...,a),(k—1)d—1) j=1

kd—1
</\ A /\LJ‘ de> < /\ I A tu) AL de>

i=d+1

x HEH(dt)yHFED (d(z, u)) (183)

In fact, the right-hand side of the preceding equation is homogeneous of degree «; with respect
to K;. We postpone the proof of this assertion, which also justifies the remaining assertion in
(b), to the proof of Theorem 4.6. In fact, this can also be seen more directly by considering,
for A = (\1,...,Ax) with \; > 0, the transformation

T, N(K) X S_]T__l — N()\IKI X ... X AkKk)a ((a:,u),t) — ()\1371,. .. ,)\kxk,@),

instead of T'.

It remains to simplify the expression under the integral in (183). For that purpose we
define

I,(1) = o({l,...,an}) C{L,...,d—1},

I,(k) = o{aa+...+ap1+1,...,00+...+ap})—(k—-1)(d—-1) C{1,...,d—1},

I,(5)¢ = {1,...,d—=1}\I;(5), j=1,...,k,
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where o € Sh(d(aq,... ,ax), (kK —1)d —1). Then we can deduce

—1
k d kd—1
sgn(a) (H KJ> </\ Hgég(i) A\ LJ‘, de> < /\ Hlég(i) A\ (tu) A L, de>
i=1

Jj=1 i=d+1
-1 al(l) 0
k 0 :
= sgn(o) HK]- < /\ . AN /\ ) /\LLand>
j=1 i€l, (1) : iel(k) | ©
4] a; )
a;(1)
d—1—«a 0 d—1—«a
X <t 1 ki(1) | A I N T
i€l (1)° i€l (1) :
o
v k-1 [ fiw truy
x| ] kilk) | A A A AL, de>
c c Y 1= 3
lEIg—(IC) ZEIO-(IC) az(k) =1 f]iuk tkuk
i —1
= sgn(a)tffl*o‘1 . tzfl*ak H K; H k(1) ki(k)
j=1 iel, (1) i€l (k)°
ai(1) 0 1’
o
X < /\ Ao A /\ A LL,de>
i€ls(1) i€l (k)
0 a; ) A
ai(l) o
0]
s (1 ) [ (A7 fen A )
i€l,(1) i€l (k)
4] aj; )
i(1 '
¢ g ) ? k-1 [ fiu tiu
A I VO A A ,de>
i€l (1)° i€, (k)e o i=1 \ fi
(1) o (k) az(k) fkuk tkuk
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-1
k
= ¢t g HKJ H ki ( H k; (k)
J=1 icly (1) icly(k)°

a;(1) 0 1°
o :
N < /\ ) A /\ : /\LL,de>
i€l (1) : icl, (k)| ©
0 a; ]
a;(1l 0 i
A1 g) a1 . k-1 [ fiw tiuy
X sgn </\ I YA RV AN A Y ,de>
i=1 : i=1 0 i=1 \ fig, ttu
0 a;(k) k
By some manipulations with determinants, we find that
a; 1 0 .
d—1 g) -1 [ . k—1 [ fiu tiu
sgn </\ A Aa AN T AN A ,de>
i=1 : i=1 0 i=1 \ fi
o ai(k) Jruk trug,
Eq
= (—1) =MD/ geg —1.
Eq-1
(fte..f*)
In addition, we have
a;(1) 0 >
o : n
/\ . Ao A /\ : N L™, Qg
i€l (1) : icl,(k) | ©
0 a; (k)
1 J 1 2
= [aet (7 Cast0. el i € 1), B e i € 1))
i 2
1
= d /\ /\ az(])
j=licl, (5)

Moreover,

1<i<j<k

—(k=1)d/2
—(k—1)d _
‘@/\L‘ (k=1 :k(k 2 { Z tiuitju]'Z} ,

and this number is zero if and only if ¢;u; = tju; for all 4 # j, that is, if and only if

th=...= 1t = — and U = ... = ug.
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In this case, we also have

k
/\ /\ a;(j) =o
Jj=1liels(4)
Finally, for ay,... 04 € {0,... ,d — 1} with oy +... + o, = d and uy,... ,u; € S, we
define
k4G <N 2 R k—1
F(a,u) := » /k_l Hti_ T Z |tiui —t]‘u]'| H(dt)
(k=1)d JS7™ \GZ4 1<i<j<k
if (ug,...,ux) ¢ L, and F(a,u) := 0 otherwise. Thus we can state the following theorem.

Theorem 4.6 Let k,d > 2, aq,...,ap € {0,...,d — 1} with aq + ... + o = d, and
Ki,... ,K, € K% Then

<a1 d ak>V(K1[a1],... , Ki[on])

2
k Hie[?ki(j)
[ Few ¥ A A A )| HD gz,
N(K) rjl=a; | j=1 7 j=1i€l;
j k

yeen

where the sum extends over all subsets I; C {1,...,d =1}, j =1,... ,k, of the prescribed
cardinality.

Proof. Almost all of the work has already been done. It remains to supply two further details.
First, we indicate why the right-hand side of the asserted formula is homogeneous of degree
a; with respect to K. To justify this, we remark that, for a convex body K € K% and H!
almost all (z,u) € N (K),

kl(AKa )\ac,u) = A_lkl(Kaxau) )
where A > 0 and 7 € {1,... ,d — 1}. Further, the Jacobian of the map
F\:N(K) = NAK), (z,u)+— (Az,u),

is given by

\/1 A1k (K z,u))?
\/l-i—k (K;z,u)2

ap Jg_1F\(z,u) —)\d 1H
i=1

Applying these two facts to Ki, ..., Ki, we obtain the assertion.

Thus the assertion of the theorem is already established for convex bodies with interior
points. The general case follows from this by first considering K; + B¢ and using then the
continuity of both sides with respect to the limit | 0; compare for example pp. 335-6 in
[69] for a similar argument. O
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Remark. The last step of the proof shows that in principle it is sufficient to prove the
theorem for convex bodies of class C'»!. This class is stable with respect to Minkowski
addition and projection onto subspaces. (For higher classes of differentiability, rather
unexpected phenomena can occur; see the examples of Kiselman as reported in [123], Notes
for Section 2.5.) However, these facts do not seem to lead to a simplification of the proof
of Theorem 4.6. In fact, the transformation 7', which we considered previously, cannot be
replaced by a map from bd K x Sﬁ_l to bd K. Moreover, the use of the normal bundles
leads to a convenient linearization of the calculations.

A corresponding representation can be established for mixed surface area measures, too. Such
a result, however, now involves a limit in the same way as Propositions 4.3 and 4.5.

Theorem 4.7 Let k,d > 2, ay,...,ar € {0,... ,d —1} with oy +...+ o = d—1, and
Ki,... Ky € K% Further, let f € C(S*=1). Then

(o o et [ 7 (e ) SUon).-... Kol )

s LI . b liers ki(7)
= lelir(rJl.//\/(K)/Si_l f(@) Z ) j];[ltj (Hrﬂ@)) Z H TJ

J|=(k=1) jl=ey  \J=1
k

yeen

2
X <det <<ﬁ](b§ (@)), aj; (_])> sere el )) 'kal(dt)fH(kfl)d(d(x’ u)),

J=1,. k
where 11 : Rkd 5 RE, (Y1, s Yk) = ;-

Proof. Subsequently, we omit some details which are similar to the proof of Theorem 4.6.
Moreover, we adopt the same notation as in the proof of Theorem 4.6 and the discussion
preceding it. By equation (171) and Proposition 4.5 we obtain

/Sdl f (\/LE(% e ,u)) Sq_1(Ki + ...+ K, du)

= kg/ f(w)SE [(Ky x ... x Ky|L, du)
Skd—1n7],

=limk =z w) {ar(z,u), Vs (u kd=1(d(z, u
~limk /N o 10 a0, 00) 1A ()

d—1
kT / [ ki(K;-)
= lim u E E ilre M= /
0 Kk-1)d JN, ,k}@)f(_) K(K;-)

\I|=d—1]J]|=(k—1)d =

2
X (Hri) [/\ b, N\ (K -)Ag] HE (d(z, w) .
J I

J

In the last step, we have used that if |[Z| < k — 1, then at least d of the kd — 1 generalized
curvatures k;(K;-) are zero and therefore
[1;e k(K50

KK)
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forall I C {1,... ,kd — 1} with |[I| =d — 1.
Hence,

/Sd_1 f (\/LE(% - ,u)> Sa (K1 + ... + Ky, du)

= limk‘7 / s (b)) (@, ), ) (TH4p1,) (@,0), ) HH (d((w,0), 1))

€l0

In addition, we find

(al(z,w), 0, (T#01) ((@,0),0))

f -1
(HH@) S sen(o) Y sen(J (Hrﬂ_ )
Jj=1 a€Sh( )d J

d—1,(k—1)d) = (k—1

< bs/\/\HoA A (tu), de> </\b;A/\H14tA@,QM> :

Je Ic

This shows that

1
O Lt ety A € NOStT) S R AT R
-1
k
= lim f((tu)) sgn(J) < rf((tu))> ;
WO JN(R)xsy T T J|:%:_1)d ° 1:I = (JIIKJ)

X > sgn(o </\bf/\ N\ Tod, ) A (tu), de>

oeSh((d—1)(a1,.-,ar),(k—1)d)

kd—1

X </\ bE A /\ T Ay A (tu), de> HFYd((z,u),t)) ,
Je i=d

once it is clear that the right-hand side has the proper degrees of homogeneity with respect

to K1,... , K. Using some multilinear algebra, we deduce that the last integrand is equal to
-1
k i k
s
S st (Thite) S (1157 ) (11
|T|=(k—1)d J IIjl=a; \j=1 j=1
Jj=1,...)k
a;(1) 0 2
k
0 :
< [T { IT %) </\b;(@)A/\ I SRR A@,de>
j=1 \d€l¢ J i€l : i€ly, o
0 a;(k)

The proof can now be completed as in the proof of Theorem 4.6. O
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Subsequently, we mention several special cases of Theorem 4.6 which illustrate the general
result. Of course, a similar discussion could be given for Theorem 4.7.

(a) Obviously, Theorem 4.6 leads to various formulae for computing the mixed volume of a
sequence of convex bodies. In particular, the result can be used for calculating volumes, since
for a convex body K we have

to mention just a few possibilities.

(b) The case k = 2 plays a special rdle, since
d 2d
a V(Kl[a],Kg[d—O{]) :\I/ayd_a(Kl,—Kg;R ),

where U, 4 (K1, —K>3;-) denotes a particular mixed curvature measure and o € {1,... ,d —
1}; see [110]. If one compares Theorem 2 in [110] and Theorem 1.6 in this special case one is
led to expect the relationship (see the notation in [110])

F(a,d — a,up,up) = Fo g—a(0(u1,u2)),
for w1 # t+us, which can indeed be verified.

(c) Suppose that the assumptions of Theorem 1.6 are satisfied. Assume further that Py, ... , Py
are polytopes in R¢. Then

(a1 d ak) V(Pi[aa], ..., Prlow])

= Y .Y V(R+...+F)[F,... ,F]

Fi1€Fa, (P1)  Fyp€Fa, (Py)

X / / Fla,w)H" 1 (duy) ... HE %% (duy,)
o(P1,F1) o(Py,Fy)

where o (P;, F;) := N(P;, F;)N S9! and [Fy,... , Fi] denotes the volume of the parallelepiped
that is the sum of the unit cubes in the affine hulls of Fy,... , Fj, respectively.

It is not clear, at present, whether this very special case of Theorem 1.6 can be
deduced from Theorem 4.1 in [126] for £ > 2. Theorem 4.1 in [126] describes a method of
computing V(P [a1],... , Py[ag]) by summing the volumes V (Fy +...+ Fy), F; € Fy, (F;) for
i =1,...,k, of certain parallelotopes according to a given selection rule. In contrast to such
a selective summation, in the preceding formula we sum over all possible faces F; € F,,(F;)
fori =1,... ,k, but now the volumes V(F; 4 ...+ F}) have to be weighted in a suitable way.

(d) Suppose that the assumptions of Theorem 1.6 are satisfied. Assume further that
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Ki,...,K}, are of class C'. Then

at...0

( d >V(K1[a1],...,Kk[04k])

k k
- /bdKF(g’ ox(z) >, STIITL*G @) p |\ N\ @) <®§?:1’Hd‘1> (dz),

I1jl=a; | j=1i€l? j=licl;
j=1,...,k

where bd K =bd K; x ... xbd K}, and ok (z) = (0K, (21),... ,0K,(zk)). It does not seem
to be possible to give a more direct proof of this special case.

(e) Suppose that the assumptions of Theorem 1.6 are satisfied. Assume further that
Ki,..., K} have support functions of class C™!. Then

(oq .d )V(Kl[al]a oo Kiog])

e

2

k k
- /(Sdl)kF(M S AT ) p A A aith)] (@5#t") (dw).

[Tj]=a; Jj=li€l; Jj=li€l;
j=1,....k

Again a more direct approach to this formula does not seem to be known.

(f) Clearly, one also obtains simplified expressions for mixed volumes of convex bodies which
belong to one of the classes considered in (c) — (e).
4.5 Mixed curvature measures

The basic aim of this last subsection is to derive representations for mixed curvature measures
which are similar to those already obtained for mixed volumes.
Let g,d > 2 and Ky,... ,K, € K?. For unit vectors ui,... yUg € S9=1 we set

q
cone{ui,... ,uq} = {Z)\Zul N >0fori=1,... ,q}
i=1

if o is not an element of the set on the right-hand side, and otherwise we define
cone{ui,... ,uqs} := {o}. Next we introduce the joint unit normal bundle

N(Kiy... , Ky) = {(z1,... ,x4,u) € RI x §4=1 4 € cone{uy,... ,u,} for some
(xlaul) EN(KZ)aZ =1,... aQ},
compare [108]. Further, we set
R :={(z1,u1,... ,zq,uq) € (R x ST17 : o ¢ cone{uy, ... JUgt}s
obviously, R® is a Borel set. The map

T:[(N(K1) ... x N(Kg)) "R x ST7" = N(Ky, ..., Ky,)
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is defined by

St
T(Il,Ul,...,$q,Uq,t) = <$17"'7$Q7|le_]1 — .

i1 titi]

It is easy to see that F' is well-defined, locally Lipschitz and onto. Although F' is not injective,
the following lemma is sufficient for our purposes. The proof of Lemma 4.8 was suggested by
J. Rataj.

Lemma 4.8 For 1" almost all elements of im(T), the pre-image under T is a single point.

Proof. We write

N(g—1):= {(tl,... tg) €(0,1)7: iti = 1}
i=1

for the (¢ — 1)-dimensional open simplex embedded in R?. Clearly, to prove the lemma it is
sufficient to show that the map
G : [NV(Kp) x...x N(K,)) N R x A(g — 1) — R4 x §4=1

i tiui )

(T1,u1,... , &g, Ugyt1,... ,Tg) — (352—351,... ,Lq — T1,1, |E o
(A

has a unique pre-image for H9%~! almost all elements of im(G). For the proof we proceed by
induction. The case ¢ = 2 has been established in [158]. Now we assume that the assertion
has already been proved for ¢ — 1 convex bodies. Set

R :={(y1,... ,yq—1,u,y,v) € RO 5 g1 R x §971: o ¢ cone{u,v}}.
To establish the assertion for ¢ convex bodies Ki,... , Ky, ¢ > 3, we introduce the maps

. d d d d
0 R x R* - R xR*, (z1,...,24,u) = (£2 —T1,... ,2q — T1,21,U),

Gy : [N(Ky1) x...xN(Ky)NR] x A(g—1)
— (g 1N (K1,... , K4 1)) x N(K,)] N R x (0,00),

(xlaula"' 7$q7uqat17"' 7tq)

Z t“z tq )
—> [L'Q—{L'I,...,$q_1— ) qa qa
( |Z z Z| |Z tul|

and
Gi ¢ (g1 N (K1, ... s Kgo1)) X N (K] N R) % (0,00) = pq(N (K1, ..., Ky)),

v—i—suq)‘

(225 -+ 3 2g—1, 21,0, Tq, Ug, S) — <22,... yZq—1,%q — L1, %1, P
q

hence, G = G 0G4. By the inductive hypothesis it follows that, for %! almost all elements
of im(G3), the map G4 has a unique pre-image. Thus, since G is locally Lipschitz, the image
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under G of the set of all elements of im(G2) for which the pre-image under G is not uniquely
determined has (gd — 1)-dimensional Hausdorff measure zero.
Furthermore, for H%4~! almost all

(Z27-'- ,qul,Il,’U,Iq,’U/q,S) € ([‘qul(N(Kla--- 7qul)) x N(Kq)] ch) X (0,00)
we have
({L'l,’l)) € N(K1 N (K2 — 22) n...N (Kq_1 — Zq—l)) ,

and therefore the result in [158] shows that H%~! almost all elements of im(Gs) have a unique
pre-image under Gy. In fact, here we use that

vt Sug _ STVt Sl
v+ sugl |?11v+ﬁuq|

and (0,00) — (0,1), s = (1 + s)~1s, is locally bi-Lipschitz. Thus the assertion follows. [

In order to describe the current representation of mixed curvature measures, which is our

starting point, we recall some notation from [108]. Let ¢,d > 2 and rq,... ,r, € {0,... ,d—1}
with 7 + ... 4+ 74, > (¢ — 1)d; thus, necessarily ¢ < d. Note that in view of Corollary 3.3
in [150], Proposition 4 in [151] or [108], we need not consider the case r; = d for some
ie{l,...,q}. Weset Ry :=r1, Ro:=r1+7r2, ... ,Rj:=ri+...47 rg41:=qd—1— R,
and k:=ri+...+r,—(¢q—1)d € {0,... ,d—q}; hence rg4y =d—1—k. Let Sh(rq,... ,7g41)
denote the set of all permutations of {1,...,gd — 1} which are increasing on each of the
sets {1,... ,Ri}, {R1+1,... ,Ra}, ... , {R;+1,...,qd—1}. Following [108], we write

Ori,..rq € qu*l(R(q“)d) for the differential form which is defined by

qd—1

1 q+1
/\ (aj,... NG )7(P7‘1,...,7‘q($17"' T, W)
j=1

1
— (_l)cl(d,rl,...,rq) Z sgn(a)
Wd—
d—Fk D'ESh(Tl,...,T‘q+1)
Ry R> Ry qd—1
1 2 q q+1
X /\“a(i)’ /\ Qi+ /\ IO /\ Aoy NU| >
i=1 i=Ri+1 i=Rg_1+1 i=Ry+1

where a;- € RY, for i € {1,...,g+1} and j € {1,... ,qd — 1}, is arbitrarily chosen. For
a definition of the bracket [,...,] we refer to [108]. The numerical value of the constant
ci(d,ri,...,rq) € 7Z, as given in [108], does not seem to be correct. However, it is not
necessary to specify the precise value in the following as long as it is clear that it merely
depends on d,rq,... ,7q.

Writing ag, .. x, for the unit simple (gd — 1)-vectorfield which is associated with
N(Ky,...,K,) almost everywhere, and with orientation as prescribed in [108], we obtain
the representation

Crvony (K1, K3 A) = [(qufl CN(KL,. .. ,Kq)) A aKK} (La@rr.. )
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for the mixed curvature measure of K1,... , K, of order ry,... ,ry, where A C R4 x §9=1 ig
an arbitrary Borel measurable set. Furthermore, for ¢ € S’fli__l we define

q q
- E i—1 tiui
t:—_§t~~ d ) ===t
50 i1 o o u(t) | D201 tiuil

ifug,...,uq € S=1 are linearly independent,
1 q
ur((@u); A) = —— | La(e,u(®) [T a0 H @)
Wa—k Js{7! i=1
if uy,... ,u, € S9! are linearly independent, and p, ((7,u); A) := 0 otherwise, where (z,u) €

N(K) :=N(Ki) x ... x N(K;) and A C RI? x §9=1 is a Borel measurable set.

Theorem 4.9 Letq,d> 2, Ky,... ,K, € K, re,... g €40,... ,d—=1} withri+... 47y >
(q—1)d and k:=ry + ... +71,— (¢ — 1)d. Further, let A C R x S%=! be Borel measurable.
Then

g Hz‘e Ckz(])
Corort (K1 Ky A) = /N () a) S [

(K) 1j1=r; j=1 K;
j=1,...,q
2
q
< |\ N\ aild) Aur AL Aug| HIETD (d(2,u))
j=1iel$
Proof. For given t € 53__1 we denote by fi,..., fy—1,t an orthonormal basis of R? whose

orientation is chosen in such a way that

det(fl, o afq—l,t) — (_1)cl(d,r1,...,rq)+02(d,r1,...,rq)+03(d,r1,...,rq)

)

where ¢;(d,r,...,rq) € Z, i = 2,3, are constants depending merely on d,rq,... ,r,, and
which are given explicitly in the course of the proof. All other conventions of the previous
subsection concerning orientations of bases are preserved. Hence we obtain

Croora (K1 K A) :/N(K) /Sql (Ari1ap DT (@), a((2,0),1), 9rr,..or, (1))

X La(z, u(t)) MO (dtyHO ) (d(z, w)

where a((z,u),t) is defined as in the previous subsection (with k replaced by ¢), and the
orientation is properly chosen as we shall see.
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z,u),t) € N(K) x 53__1,

A direct calculation shows that, for 72" almost all ((

d—1
. 1 ;
Nga—1ap DTa((z,u),t) = K (ai(l),o,... ,0, |ﬂ(t)|

i=1
d—1
1 teki(q) .
r A (oo B o) + i)
K, 1\ ( ()
q—1 ~
u(fi) .
A (oo i i)
\ ( ()
where \;(j), 1 € {1,...,d—1} and j € {1,... ,q}, and X;, i € {1,...,q — 1}, are suitably
rq+1) which satisfy

chosen. We write Sh*(ry,... ,rg41) for the set of all o € Sh(ry,...,

o{l,...,R:i}) C {1,...,d-1}

) C {leg=Dd=-1+1,....q9(d=1)},

o({Ry1+1,... R
Tq+1), as in the preceding subsection.

and then we define I,;(i) and I,(i)¢, for o € Sh*(rq, ...,

Thus we arrive at

(Aga-13p DTa((w,1),0), 0r..r, (W) )

_ 1 (_1)cl(d,r1,...,rq) Z sgn(a) ﬁ tc‘lflfrj ﬁ HiEIg(j)c k'z(]) |ﬂ(t)|_(d_k)
Wd—k Ll . K;
o€Sh* (1, s Tg41) j=1 j=1
q—1
x| N\ a0 N\ al@, N aA.A ai(g) A\ a(fi) nalt)
iel, (1) i€l () i€l (1)e el (a)° i=1
(184)

Observe that

/\ (fi) Aa(t) = det(fi,... , fo1,)ur Ao Ay

and

sgn(o (H sgn(/, )) (—1)c2(drirra) (186)

Set
/\ ai(L)A...A ai(q) Nup A...

€Iy (1)

Ao =
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where A > 0 and |ap| = 1, and choose the unit simple (1 + ... + r4)-vector o in such a way
that

(g Ny, Q) = 1;

hence
q—1
ai(1),-.., N\ ailg), ai() A A ai(g) A\ a(fi) At)
€15 (1) i€l5(q) i€ly(1)° i€ls(q)° 1=1

A(Hsgn(fg(j)fa(j)% (—1)e (i </\ ) Aur A Aqua1,9>

J=1 j=liel, (]
q
I sen(7,() 15 (5)°) | (—1)calrmora) (187)
j=1
Combining (184) — (187), we finally obtain the required assertion. O
Remarks.

1. For convex bodies K, Ky € K% and a € {1,...,d — 1}, the relationship
d 2d d—1
o V(Kl[a],Kg[d—oz]) :Ca’d,a(Kl,—KQ;R x S )

is well-known. This equality now can also be verified from the corresponding special
cases of Theorems 4.6 and 4.9.

2. By definition and using the preceding notation, we have

/\ N\ ai(i) Aur AL Aug| = Qlin{as(1) :i € I}, ... din{as(q) < i € I}],
j= lzGIC

where the bracket on the right-hand side is defined as in [151] and is therefore non-
negative.

Similar to the discussion in the preceding subsection, Theorem 4.9 can be specified in various
ways. The case where Ki,... ,K, € K are polytopes is of particular interest, since it
shows that the representation of mixed curvature measures given in Theorem 4.9 extends the
defining relationship (3.1) in [151] in a natural way. For F; € F,,(K;), the bracket [F,... , F,]
is defined as in [151] in the following.
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Corollary 4.10 Let q,d > 2, let Kq,... ,K, € K% be polytopes (or polyhedral sets), let
Tyeoo g €{0,...,d=1} withr + ... 471> (q—1)d and k :=r + ... + 14— (¢ — 1)d.
Further, let A C R gnd C C S4 1 be Borel measurable. Then

Z ’Hd_l_k (( 321 N(KZ,FZ)) ﬂC)

Cripirg (K1, K AX C) = Z Wik

FLeF (K1) Fy€Fry(Ky)

x [Fla--- 7F(I] (®;’1:1 (,Hrl '—Fz)) (A) :
In particular, Corollary 4.10 is an extension of the defining relation (3.1) in [151], since

v(F1 F: K, K)_’delfk (XL, N(K;, F))n 84t
g o ey q» gaee q) = ,
Wd—k

provided that lin N(Ky, Fy),... ,lin N(K,, Fy) are linearly independent subspaces.

Proof. We continue to use the previous notation. Under the present special assumptions, the
formula of Theorem 4.9 boils down to

Crvor(B1yoo (KgAxO) = 3 0 S [F.. F(EL, (K7 L F)) (A)
Flefrl(Kl) qufrq(Kq)

q
i J I
i ;
se7tIN(RLF)NSI=T IN(K g F)nsd=t \ G

< | A\ N\ @ili) Aur A Aug| e (u(®)la(t)|~@P

j=li€ls
x MY (duy) L 1T (dug )HTT (dt)
where {a;(j) : 7 € I} is an orthonormal basis of Tan(N (Kj, Fj) NS4t u;) and {a;(4) : i € I;}

spans lin(F; — Fj), j = 1,... ,q. Let F; € 7, (Kj), j = 1,...,q, be fixed and assume that
lin N(Ky, F1),... ,lin N(K,, F,) are linearly independent. Consider the map

T:N(Kj,Fi) X ...x N(Kg, Fy) x ST = S0 (g, ... ug,t) w u(t).

Then the assertion of the corollary follows by an application of the area formula once we have
checked that

q

q
JT(u,t) = ()] @ [T | I N aiG) Aus A Mgl
7=1

j=1 zEI;

In fact, using the previous notation, we find that

oT  tail)
da;(j) (w,2) =
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where i € If, j € {1,...,q}, and \;(j) € R,

o oy _ 4lf)
o " = o)

where [ € {1,... ;¢ — 1} and \; € R, and

<%(%t),u(t)> = <g—£(g,t),g(t)> —0.

Here fi,..., fs—1,t is an orthonormal basis of R?. Thus

+ Al@(t) )

‘ a;(j “ras
it = | A (T e xun ) a A (G54 )

j=lielf i=1

from which the formula for the Jacobian immediately follows.
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