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iIntroductionThis work is devoted to the investigation of the basic interrelations between the geometry ofconvex sets and certain measures (or functionals), curvatures and currents which are associ-ated with such sets. Indeed, measures have always played a decisive rôle in convex geometryand related �elds. Subsequently, we shall roughly outline why this is so.First and foremost, a general convex body can have a fairly wild, intricate and evencounterintuitive boundary structure. This is in contrast to the tame case of a convex bodywhich is bounded by a smooth hypersurface (of class C2) having positive Gauss curvatureeverywhere. The discrepancy between the cases of a general and such a special convex bodymakes it clear that characteristics of and information about the general situation cannotalways be obtained by a straightforward approximation argument, and even facts concerningsmooth convex bodies are not always easy to visualize. Clearly, general convex bodies aredistinguished from smooth ones by the appearance of various kinds of singularities. Thusit is of particular interest to describe these singularities in a quantitative way or, e.g., tostudy obstructions for such singularities. Here, of course, measures are naturally involved.For instance, although the set of singular boundary points of a convex body can form adense subset of its boundary, it still has boundary measure zero. Even more interesting isthe second order boundary structure. By a classical theorem of Aleksandrov, for almost allboundary points of a given convex surface there exists a paraboloid which yields a second orderapproximation of the surface in a neighbourhood of such a point. This basic fact allows oneto introduce curvatures at almost all boundary points of a convex body. However, these arenot the curvatures which we are interested in, since they do not contain su�cient informationabout the shape of the convex body.A second context, in which measures are naturally involved, concerns exceptional relativepositions, say, of pairs of convex bodies. Here one can imagine several situations in which apair (K;L) of convex bodies in Rd is said to be in exceptional relative position. For example,K and L might be called in exceptional relative position if they contain parallel segmentslying in parallel supporting hyperplanes (compare [123], x2.3), or else if K and L contain acommon boundary point in which the linear hulls of the respective normal cones intersect ina non-trivial way (see [129]). Variants of the latter notion have for instance been treated in[158] and [77]. Now let G(K;L) denote the set of all rigid motions g for which K and gLare in exceptional relative position. Then, in each of the cases just mentioned, one can showthat the intersection of G(K;L) with a suitable subgroup of the group of rigid motions hasHaar measure zero. This is important, since the exceptional relative positions present majorproblems in integral-geometric or topological arguments. Thus appropriate Haar measuresare used to show that certain situations are negligible from an integral-geometric point ofview. Recent applications in this spirit can for instance be found in [110], [76], [77] (or in theliterature cited there), but also in Sections 3 and 4 of the present work.On the other hand, Haar measures appear in the description of basic functionals such asthe ordinary (harmonic, a�ne, or dual a�ne) quermassintegrals as mean values of sectionsor projections of convex bodies. Quite often such averages give rise to challenging geometricinequalities some of which are still unsolved. The quermassintegrals of a convex body K alsoappear as coe�cients of a (global) Steiner formula, that is, as coe�cients of a polynomialexpansion for the volumes of global outer parallel sets of K. By localizing the notion of anouter parallel set, one is led to a fruitful generalization of a global concept. Local Steinerformulae, arising in this way, perhaps provide the easiest route to the curvature and surface



ii INTRODUCTIONarea measures, or to their common generalization, the support measures, of convex sets. Infact, the de�nition of these measures only requires a few basic facts of measure theory andconvex geometry. The study of these measures and their extensions represents a central themein convex geometry, and it is also a principal subject of the present work.The basic rôle of the support measures (and of their image measures under projectionmaps) is, to a certain degree, explained by the fact that they can be characterized by a numberof simple properties similar to Hadwiger's famous characterization theorem for the intrinsicvolumes. Characterization theorems for curvature, surface area and support measures, whichare similar in spirit, have been established in [119], [118], [157], [49], a recent applicationof such results and methods is given in [125] and [49]. Quite naturally, these measures areinvolved in the classi�cation of all continuous, additive maps on the space of convex bodiessatisfying suitable invariance hypotheses (compare [101], [54], [102], [127], [103], [80], [3], [4]).But this subject is still far from being completely understood.Mixed volumes represent another important subject in which measures are employed todescribe global geometric functionals. In fact, as a consequence of the Riesz representa-tion theorem, the mixed volume V (K1; : : : ;Kd) of convex bodies K1; : : : ;Kd in Rd can berepresented in terms of the mixed surface area measure S(K2; : : : ;Kd; �) of K2; : : : ;Kd andthe support function of K1. Other mixed functionals and measures arise in the context oftranslative integral geometry and, in a certain sense, they may again be viewed as far reachinggeneralizations of intrinsic volumes. Such functionals are an indispensible tool in stochasticgeometry, especially when anisotropic random structures are studied. We shall consider thesesubjects in some more detail in Section 4.The variety of subjects and methods in convex geometry, which are based on or are atleast related to measures, comprises many other topics such as the theory of zonoids (eitheras an interesting object of study or as an important tool for related areas), the theory ofintegral transforms and its conceptual generalizations (say to the level of distributions or togeneralized bodies) or the theory of projection functions. Measures also form a constituentpart of geometric probability, of the theory of random and deterministic approximation, andquite generally measures are involved when random methods are employed in the constructionof examples or in proving existence results. The connection to applied disciplines becomesapparent, for instance, in the subjects treated in geometric tomography and stochastic geom-etry. In fact, especially the latter may be viewed as a branch of mathematics which has strongconnections to all the �elds mentioned so far, and thus it reveals its genuinely interdisciplinarycharacter. On a more technical level, the support measures play a similar rôle.We should not close this �rst part of the introduction without having mentionedthat probabilistic and general measure theoretic methods are used in the local theory ofBanach spaces. Recently, the exploration of isotropic positions of convex bodies and relatedextremal problems provided a new link of this part of convexity theory to the classicalBrunn-Minkowski theory via the surface area measures of convex bodies (compare [47] and[46]). Moreover, Brenier's gradient map (see [18], [100]), arising from the Monge-Kantorovichmass transportation problem [107], has been combined with parts of Ca�arelli's regularitytheory to yield geometric and analytic inequalities; compare [13], [5].Clearly, the present work cannot contribute to all of the subjects to which we alludedabove, but there are strong links to most of them. Subsequently, we give a short descriptionof the contents of each section and indicate some underlying connections. Then again, atthe beginning of each section, we give a more detailed account of the material covered and



iiiprovide relevant background information.Section 1 is devoted to the investigation of curvature and surface area measures. Themain problem, which we address, is the exploration of the connection between measure the-oretic properties of the curvature and surface area measures and geometric properties of theunderlying convex body. The speci�c measure theoretic property, which we pursue here, isthe absolute continuity with respect to a suitable Hausdor� measure. The preface to Section1 puts this particular problem into a broader context and relates it to the literature. Inparticular, the preceding two papers [72], [74] prepared the present research. Subsection 1.1gives a detailed report on results of these papers which now serve as a starting point, andat the same time we take the opportunity to remark some minor improvements. Subsection1.2 provides a collection of selected results, to be established in Subsections 1.3 { 1.7, whichare designed to convey the 
avour of our contribution in this part of the work and to whichwe refer for further details. Moreover, Section 1, and here in particular Subsection 1.2, alsointroduces to some of the basic concepts which we use and extend in this work. For instance,an important technical and geometric device, which we use repeatedly, is the notion of gen-eralized curvatures that are de�ned almost everywhere on the unit normal bundle of a givenconvex body (compare [155]).The last two subsections of Section 1 are more loosely connected to the remaining partof the section. In Subsection 1.8 we provide a stability estimate for Minkowski's uniquenessproblem of optimal order, which applies to a large class of convex bodies. The proof isobtained by an extension and modi�cation of arguments which are implicit in contributionsby Diskant. Subsection 1.9 o�ers an alternative route to two results which have recently beenobtained by di�erent methods in [30]. Here we obtain representations of support measures ofconvex bodies on sets of �-�nite Hausdor� measure as weighted Hausdor� measures, wherethe strength of the singularities of the convex bodies is taken into account. The presentapproach to one of these theorems is based on a version of Federer's structure theorem inspherical space, for which we give a new integral-geometric proof that is in the spirit of B.White's recent proof for Federer's structure theorem in Euclidean space.In Section 2 we extend our framework in an essential way by replacing the Euclidean unitball as the fundamental gauge body by a rather arbitrary convex bodyB containing the origin.Some of our investigations, however, will require additional assumptions on B such as strictconvexity or smoothness and non-vanishing Gauss curvature. In such a setting of relativegeometry all measurements and de�nitions have to refer to the gauge body alone and shouldessentially be independent of an auxiliary Euclidean structure. Recently, support measureshave been introduced in relative geometry for pairs of convex bodies (K;B) such that o 2 Band K and B are in general relative position; compare [80], and [76] for the case of a strictlyconvex body B. In particular, if K and B are polytopes in general relative position, thenthe B-support measures of K can be represented in a simple way. Other representations,extending results in [155], are obtained if either the support function of B or the supportfunction of K is of class C2. In fact, for a convex body of class C2+ one can even go one stepfurther and introduce generalized relative curvatures which are de�ned on the relative normalbundle of K with respect to B. On the basis of these new concepts of relative geometrywe �nd another representation for the B-support measures which extends a correspondingrepresentation that is known from the Euclidean setting.Subsections 2.3 and 2.4 are devoted to the investigation of relative normals and of certainEuler-type formulae involving relative support measures. The basic question, asking for esti-mates of the average number of relative normals passing through a point in a convex body, can



iv INTRODUCTIONbe traced back to a classical paper by Santal�o. The relevant literature on this kind of problemand references concerning Euler-type formulae are reviewed in [59], [60], [61], [62], [69], [51].The case of the Minkowski plane deserves to be treated separately, since here stronger resultsare available due to the surprising fact that the B-projection onto K is Lipschitz for all pairsof convex bodies (K;B) in general relative position and for which o 2 int B. In the remainingpart of the section we treat characterizations of gauge bodies by linear relations between rel-ative support measures, related stability results and a splitting theorem in three-dimensionalsymmetric Minkowski spaces. These investigations heavily rely on results which are providedin Section 1.Thus Section 2 may be viewed as a general contribution to an overall attempt to trans-fer concepts and results of Euclidean geometry to general �nite-dimensional normed vectorspaces. For progress in this spirit, concerning a di�erent problem, see [48] (compare also[90]), where John's theorem is extended to arbitrary pairs of convex bodies and estimates forvolume ratios are derived as a consequence.Applications of the theory of relative support measures to stochastic geometry were re-cently given in [76]. There further results on additive as well as non-negative extensions ofrelative support measures are established, too. These results were then again applied in [75]to the study of the Boolean model with polyconvex grains. In Section 3 we combine resultsabout support measures and probabilistic methods of stochastic geometry to make substan-tial progress on the structure of contact distributions of random closed sets in the extendedconvex ring. For the technical details we refer to Section 3 and to [76], [75], here we justinclude a short informal discussion of the very special case of a stationary Boolean model toprovide some motivation.Let X be a stationary Poisson particle process in the space of convex bodies. ThenZX := [K2XKis a stationary Boolean model. In principle, the union set ZX is a directly observable quantityin contrast to the underlying point process X. It is a basic problem of stochastic geometryto retrieve information about X, or about certain mean values which are associated with X,from knowledge about the associated Boolean model. One strategy to approach this problemis to consider the conditional probabilitiesHB(r) := P (dB(ZX ; o) � rjo =2 ZX) ;where (
; A ;P) is an underlying probability space, o 2 int B, anddB(ZX ; o) = minfr � 0 : o 2 ZX + rBgis the distance of o from ZX measured in terms of B. Now the special mean mixed volumesV j(X;B), which are mean values that are associated with the particle process X, are relatedto the contact distribution function HB by a probabilistic version of a Steiner formula:HB(r) = d�1Xj=0 d�d� 1j �Z r0 td�1�j(1�HB(t))dt V j(X;B) : (1)Hence, once we know HB, we also know the densities V j(X;B). Since B is not restricted to beeither a ball or a segment (as in the case of the spherical or the linear contact distribution), we



vcan for instance determine the mean surface measure Sd�1(X; �) from knowledge of V j(X;B)for a suitably large class of convex bodies B with o 2 int B. On the other hand, equation(1) yields the structural information that HB is absolutely continuous and the density hBsatis�es hB(t)1�HB(t) = d�1Xj=0 d�d� 1j �td�1�jV j(X;B) : (2)The quantity on the left-hand side of (2) is called the hazard rate of ZX . Estimators forthe hazard rate have been explored in [9], [10], [64], [26], [63] (see also the survey in [8]) onthe basis of the analogy to corresponding notions in survival analysis. Of course, the simplerelations (1) and (2) are a particular feature of the Poisson process and the assumptionof stationarity. However, relation (1) can be properly extended in various directions undersubstantially less restrictive assumptions.For the case where B is the Euclidean unit ball, a local version of (1) has been establishedin [92] for a general stationary particle process of convex bodies (compare also [93] and Section5 in [76] for further developments). In fact, the authors of [92] consider the distribution of thecontact vector (see also [76]) rather than merely the distribution of the distance function. Moregenerally, in a non-stationary setup, the contact distribution will be a function of a variablereference point from which distances are measured with respect to a general structuringelement. This is the framework that is considered in [76]. There, for instance, a random closedset in the extended convex ring is studied which is derived from a fairly general marked pointprocess. Then, for strictly convex gauge bodies, it is shown that the local contact distribution(for almost all reference points) is absolutely continuous and the density is explicitly describedin terms of the Palm probabilities of the underlying marked point process. The main concernof Section 3 is to provide technical improvements and simpli�cations of the approach in [76].These improvements �nally result in various extensions of two of the main theorems in [76].In fact, we are even able to replace the reference point, from which all distances are measured,by a convex body L, which can be viewed as a \blown-up reference point". Therefore it makessense to consider points of contact in L at which the distance (with respect to B) between arandom closed set in the extended convex ring and L is realized.Another main subject, contained in Subsection 3.5, is the investigation of certain intensitymeasures which are associated with the random measures �+j (�; B; �). These random mea-sures are constructed in [76] (with a di�erent notation) as non-negative extensions of relativesupport measures that are associated with a random closed set � in the extended convex ring.The connection of these measures to contact distributions and to other related intensity mea-sures has been investigated in [76]; compare also the comments and illustrating examples in[75]. Our present objective is to establish the absolute continuity of these intensity measuresand to determine the explicit form of the densities for general strictly convex gauge bodies.The case of strictly convex and smooth gauge bodies is covered in [76]. The remaining partof Section 3 (Subsections 3.2 { 3.4) is devoted to the derivation of an iterated translativeintegral formula for relative support measures. Even in the Euclidean case the correspondingformula is more general than the corresponding results in [131] and [150]. Such an integralformula involves certain relative mixed curvature measures which have been of great use ina Euclidean context for applications in stochastic geometry; compare e.g. [150], [41], [152].Now a corresponding tool is available in the framework of relative geometry.In Section 4 we return to a deterministic and Euclidean setting. Our primary interest



vi INTRODUCTIONin this section is the investigation of mixed volumes and of the mixed curvature measures oftranslative integral geometry. The latter were already treated in Section 3 in the setting ofrelative geometry, but from a di�erent point of view and by employing other techniques. Theseand related mixed functionals and measures represent a central topic in convex and integralgeometry. A survey of various approaches and contributions to these concepts is outlined inthe preface to Section 4. The present primary concern is to describe these mixed functionalsand measures by using the normal bundles and generalized curvatures of the bodies involved.The great success of this method in the study of support measures in integral and stochasticgeometry is demonstrated by various previous contributions (compare [113], [110], [157], [108],[109], [29], [77]) starting with [155]. The latter paper also suggests a current representation ofsupport measures which is particularly useful. In fact, we adopt this viewpoint in Subsection4.3, since it greatly facilitates our arguments, and we apply it again in Subsections 4.4 and4.5. Subsection 4.5 essentially relies on a current representaton for mixed curvature measureswhich was provided by J. Rataj in [108]. Further details of our methods of proof are given inthe preface to Section 4.It is to be expected that the representatons obtained in Section 4 have a de�nite impacton future research related to mixed functionals and measures of translative integral geometry,which then again would result in further progress in stochastic geometry. One obvious advan-tage of our method is that it clearly leads to new results and relationships which otherwisemight only be obtained by delicate approximation arguments. Here the ultimate hope mightbe that the present framework eventually leads to a uni�ed understanding of various conceptsand tools of convex and integral geometry including zonoids, projection functions, supportfunctions, mixed volumes or mixed curvature measures.
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11 Curvature measures and the shape of convex bodiesA central and challenging problem in geometry is to explore the basic relationships betweensuitably de�ned curvatures of a geometric object and the local geometric shape and topologyof the object which is considered. In one direction, one asks for geometric properties of a setwhich can be retrieved, provided some speci�c information is available about the curvatureswhich are associated with the set. But it is also important to obtain inferences in the reversedirection. Here one wishes to �nd characteristic properties of the curvatures which can bededuced from knowledge of the local geometric shape of the sets involved. For example, fromthe point of view of Riemannian geometry, various facets of this interplay are highlighted inBerger's recent encyclopaedical survey [15].In convex geometry, and of course in other branches of mathematics as well, it is a guidingphilosophy to avoid as far as possible any smoothness assumptions on the geometric objects(here convex sets) which are considered. Indeed, the assumption of convexity implies a cer-tain, though weak, degree of �rst and second order smoothness. This already allows one tointroduce principle curvatures which are de�ned almost everywhere, in a measure theoreticsense, on the boundary of a convex set. On the other hand, for a general convex surfacethese curvatures only contain a limited amount of information. Therefore one introducescurvature measures of arbitrary closed convex sets, which now replace the pointwise de�nedelementary symmetric functions of the principle curvatures of smooth convex surfaces; thelatter correspond to the framework of classical di�erential geometry. In spite of the lackof di�erentiability assumptions, at least in principle the curvature measures encapsulate allrelevant information about the sets with which they are associated. In order to investigatethese measures, it turned out that the methods and tools of convex and integral geometry,certain generalized curvatures which live on generalized normal bundles and Federer's coareaformula play a crucial rôle.Our general setting is determined by the geometry of convex sets in Euclidean space Rd(d � 2). In this setting, local Steiner formulae are traditionally used to introduce the curva-ture measures Cr(K; �) of a (non-empty) closed convex set K � Rd , for r 2 f0; : : : ; d � 1g,as Radon measures on the �-algebra of Borel subsets of Rd . These measures, as well astheir spherical counterparts, the (intermediate) surface area measures Sr(K; �), have beenthe subject of numerous investigations over the last 30 years. This can be seen, e.g., fromthe books of Schneider [123] and Schneider & Weil [132], which are recommended for anintroduction to this subject, as well as from the surveys by Schneider [124] and Schneider& Wieacker [135]. A considerable number of these investigations can be understood ascontributions to the following fundamental question, which has also been pointed out in [128]and which certainly represents an instance of the general problem which we described initially.Which geometric consequences can be inferred for a closed convex set K, providedsome speci�c measure theoretic information on the curvature measure Cr(K; �), for somer 2 f0; : : : ; d � 1g, is available? For example, what can be said about the set of singularboundary points of a closed convex set K if the singular part of some curvature measure ofK vanishes?Clearly, similar questions can be asked for surface area measures as well, but in thisintroduction we shall restrict ourselves mainly to curvature measures. The general conceptwhich underlies the preceding question is much related in spirit to the ideas which form



2 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESthe heart of geometric tomography as described in the preface to Gardner's book [44]. Thesimilarities will become even clearer as soon as �rst answers to this question will be given; infact, these answers naturally involve the sections and projections of convex sets.Of course, the curvature measures of special classes of convex bodies (non-empty compactconvex sets) such as bodies with smooth boundaries (of di�erentiability class C2) or polytopesare fairly well understood. For arbitrary closed convex sets, a systematic investigation wasinitiated in [72], which aims at establishing a precise connection between the local geometricshape, in particular the boundary structure, of a given convex setK and the absolute continuityof some curvature measure Cr(K; �), r 2 f0; : : : ; d � 2g, of K with respect to the boundarymeasure Cd�1(K; �) of K (see Section 2 for some de�nitions). There, based on the previouswork [73], the interplay between the absolute continuity of some curvature measure of a convexset and the measure theoretic size of the set of singular boundary points of this set has beenelucidated. It is the purpose of the present section to continue this line of research.One of the basic roots of the present research can be traced back to a result of Aleksandrov.Let K � R3 be a full-dimensional convex body, and suppose that the speci�c curvature ofK isbounded, that is, there is a constant � 2 R such that C0(K; �) � �C2(K; �). ThenK is smooth(has a unique support plane through each boundary point); see [1] or [2, p. 445]. Obviously,the assumption of bounded speci�c curvature precisely means that the Gaussian curvaturemeasure C0(K; �) is absolutely continuous with respect to the boundary measure C2(K; �) andthe density function is bounded by a constant. Aleksandrov's result has been discussed in thebooks by Busemann [23, pp. 32{34] and Pogorelov [105, pp. 57{60] or in Schneider's survey[121]. These authors also raised the question whether suitable generalizations of this resultcould be established in higher dimensions. But only recently, an extension of Aleksandrov'sresult to higher dimensions and all curvature measures has been found by Burago & Kalinin[22]. As a consequence of their result, it follows that the assumptionCr(K; �) � �Cd�1(K; �) ; (3)for a closed convex set K � Rd with non-empty interior, a constant � 2 R and some r 2f0; : : : ; d� 2g, implies that the dimension of the normal cone of K at an arbitrary boundarypoint x of K is d� 1� r at the most. In the important case of the mean curvature measure,that is for r = d � 2, Bangert [12] and the present author have independently (and bydi�erent approaches) obtained a much stronger characterization, saying that condition (3) issatis�ed if and only if a suitable ball rolls freely inside K. Thus it becomes apparent that theabsolute continuity (with bounded density) of some curvature measure of a convex body Kwith respect to the boundary measure of K allows one to deduce a certain degree of regularityfor the boundary surface of K.The much more restrictive assumptionCr(K; �) = �Cd�1(K; �) ; (4)for a convex bodyK � Rd with non-empty interior, a constant � 2 R and some r 2 f0; : : : ; d�2g, yields that K must be a ball. This result, which in this generality was �rst proved bySchneider [120], represents a substantial generalization of the classical Liebmann-S�uss theoremto the non-smooth setting of convex geometry. A di�erent proof and extensions to spaces ofconstant curvature or to certain combinations of curvature measures have recently been foundby Kohlmann [83], [84]. For closed convex sets with non-empty interiors, Kohlmann (see [81],



3[85], [86]) has also studied weak stability and splitting results under pinching conditions of theform �Cd�1(K; �) � Cr(K; �) � � Cd�1(K; �) ; (5)where �; � 2 R are properly chosen positive constants. Furthermore, Bangert [12] (see also[97], [98]) has established an optimal splitting result in the case r = d � 2. In some specialsituations, diameter bounds have been obtained; see, e.g., the contributions by Diskant [33],Lang [89], and Bangert [12]. It is worth pointing out that, e.g., the contributions by Bangertand Kohlmann are new even for convex sets with su�ciently smooth boundaries. For suchsets condition (5) is equivalent to � � Hd�1�r(K;x) � � ;for all x 2 bd K, where Hj(K;x), j 2 f0; : : : ; d�1g, is the normalized elementary symmetricfunction of order j of the principle curvatures of K at x. Conditions of the form (5) can beused to state stability results, which have been explored by various authors; see Diskant [32],Schneider [122], Arnold [6], Kohlmann [81], [85], and the literature cited there. Actually, insome of these papers arguments are implicitly used which involve the absolute continuity ofsome curvature measure. It is the purpose of the present section to investigate the relationshipbetween the rather weak measure theoretic assumption of the absolute continuity of somecurvature or surface area measure and the geometry of the associated convex set. In particular,we are concerned with regularity results. Essentially we continue the line of research of thetwo preceding papers [72], [74], but now we focus on the investigation of absolutely continuousmeasures with bounded densities. Some applications to stability results are also treated. Aparticular feature of our method is that we study the interplay between results for curvaturemeasures and results for surface area measures.In the smooth setting, various conditions on functions of curvatures of a convex set, whichfor instance ensure that K is a ball, have been investigated in the literature. The problemswhich arise in this context and methods of solution which have been invented for that case(see e.g. [143], [87], [88] and the literature cited there) are, however, not the subject of thissection. To illustrate the fundamental di�erence between the smooth and the non-smoothsetting, we consider Schneider's method to show that condition (4) (for � = 1) implies thatK is a ball. In a �rst step it is shown that (4) implies thatSr(K; �) = Sd�1(K; �) :The only convex bodies which satisfy the last condition are r-tangential bodies of a unit ball;this follows from deep results of the Brunn-Minkowski theory. Now, if it were already knownthat K is smooth, then we would obtain that K is a ball. However, the proof that K indeedmust be smooth, represents a major part of the work in [120].For some of the results mentioned in the preceding paragraphs corresponding theoremsare known for surface area measures. The degree of similarity between statements of resultsand methods of proof for curvature and surface area measures depends on the particularcase which is considered. For example, recent approaches to characterizations of balls orstability results for curvature measures di�er considerably from the proofs of correspondingresults for surface area measures. Moreover, surface area measures are distinguished by theirconnection to mixed volumes. Results for surface area measures which are in the spirit of the



4 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESabove mentioned theorems of Aleksandrov and Burago & Kalinin will be presented in thissection for the �rst time. In fact, the strong interplay and analogy between surface area andcurvature measures is exploited as a technique of proof. Clearly, curvature and surface areameasures can be obtained as image measures of the more general support measures under thenatural coordinate projections of the cartesian product Rd � Sd�1 over which the supportmeasures are de�ned. However, it is not this kind of correspondence which we pursue here.A careful analysis of the true nature of the analogy suggests an underlying duality, which willbe analysed thoroughly in the following and which will enhance our understanding of bothtypes of measures.The results and methods of this section are relevant for the remaining parts of this workas well. There we shall develop, for instance, a theory of relative support measures in a vectorspace with a smooth gauge body which may be di�erent from a Euclidean ball. This theoryis then applied to obtain characterization, stability and splitting results for relative curvaturemeasures. Applications of relative support measures to contact distributions in stochasticgeometry are contained in Section 3. We should also emphasize that another new view onthe relationship between curvature and surface area measures is provided in the recent paper[30], where both sequences of measures are obtained as Hessian measures of special convexfunctions.1.1 Notation and background informationThe starting point for the present investigation was an explicit description of the Lebesguedecomposition for the curvature and surface area measures of convex sets in Rd with respect tothe appropriate (d� 1)-dimensional Hausdor� measures. As a preparation for this result andits consequences, we introduce some terminology, which will be used in the sequel. However,we shall assume that the reader is already familiar with curvature and surface area measuresas introduced in [123]. Subsequently, we shall sketch the main results for curvature andsurface area measures contained in the previous paper [74]. In particular, we shall try toemphasize the dual nature of the results obtained for these two sequences of measures. Thuswe hope to motivate and prepare some of the new results of this section.Let Cd be the set of all non-empty closed convex sets K � Rd withK 6= Rd . Let Hs, s � 0,denote the s-dimensional Hausdor� measure in a Euclidean space. Which space is meant, willbe clear from the context. The unit sphere of Rd with respect to the Euclidean norm j � j isdenoted by Sd�1, the unit ball centred at the origin o is denoted by Bd. Furthermore, wewrite Bd(x; r) instead of x + rBd. The scalar product is denoted by h� ; �i. If K 2 Cd andx 2 bd K (the boundary of K), then the normal cone of K at x is denoted by N(K;x); see[123] for notions of convex geometry which are not explicitly de�ned here. For our approach,the (generalized) unit normal bundle N (K) of a convex set K 2 Cd plays an important rôle.It is de�ned as the set of all pairs (x; u) 2 bd K � Sd�1 such that u 2 N(K;x). Walter(see [141] or [142]) has shown that this set represents a strong (d� 1)-dimensional Lipschitzsubmanifold of Rd � Rd . For Hd�1 almost all (x; u) 2 N (K), one can introduce (generalized)curvatures ki(x; u), i 2 f1; : : : ; d � 1g (which we also call curvatures on the normal bundle).These generalized curvatures can be obtained as limits of curvatures which are de�ned withrespect to the boundaries of the outer parallel sets of K. They are non-negative, since K isconvex. But they are merely de�ned almost everywhere on N (K), since the boundaries of theouter parallel sets of K are submanifolds which are of class C1;1 (that is they are submanifoldsof class C1 and the spherical image map is Lipschitz), but need not be of class C2.



1.1 Notation and background information 5It is appropriate to describe the construction more explicitly, since the details will becomerelevant in the following. For that purpose, we write p(K; �) for the metric projection onto K,we set d(K; y) := jy�p(K; y)j and de�ne u(K; y) := d(K; y)�1(y�p(K; y)) for y 2 Rd nK. Forany � > 0, letK� be the set of all points whose distance fromK is at most �. Then, for all � > 0,the map (p(K; �); u(K; �))jbd K� provides a bi-Lipschitz homeomorphism between bd K� andN (K). Furthermore, let DK denote the set of all y 2 Rd nK for which p(K; �) is di�erentiableat y. It is known that if y 2 Rd nK, then y 2 DK if and only if p(K; y)+ [0;1)u(K; y) � DK .For y 2 bd K� and � > 0, let �K(y) = u(K; y) denote the exterior unit normal vector of K�at y. Then, for any (x; u) 2 N (K) such that x+ [0;1)u � DK (and thus for Hd�1 almost all(x; u) 2 N (K)), the spherical image map �K jbd K� is di�erentiable at x+ �u for all � > 0 (see[141]), and therefore curvatures k1(x+ �u); : : : ; kd�1(x+ �u) are de�ned as the eigenvalues ofthe symmetric linear map D�K(x + �u)ju? . The corresponding eigenvectors will be denotedby u1; : : : ; ud�1. It is easy to see that they can be chosen in such a way that they do notdepend on �; of course, they depend on (x; u), but we shall often omit the argument. Hence,especially for Hd�1 almost all (x; u) 2 N (K) and any � > 0, we can de�ne the generalizedcurvatures ki(x; u) : = limt#0 ki(x+ �u)1 + (t� �)ki(x+ �u)= ( ki(x+�u)1��ki(x+�u) if ki(x+ �u) < ��1 ;1 if ki(x+ �u) = ��1 ;i 2 f1; : : : ; d� 1g, independent of the particular choice of � > 0 (see [155]). We shall alwaysassume that the ordering of these curvatures is such that0 � k1(x; u) � : : : � kd�1(x; u) � 1 : (6)In addition, we set k0(x; u) := 0 and kd(x; u) := 1 for all (x; u) 2 N (K). Finally, notethat the preceding notation does not make explicit the dependence of the various curvaturefunctions on the convex set K. If necessary, however, we shall be more precise and explain theappropriate notation as the need arises. Further details of this construction, in the generalcontext of sets with positive reach, can be found in M. Z�ahle [155] and in [73], [72].The curvature measures of an arbitrary convex set K cannot be expressed in terms offunctions of the principle curvatures which are de�ned (almost everywhere) on the bound-ary of K; a similar remark applies to surface area measures and principal radii of curvature.However, the generalized curvatures can be used to describe curvature and surface area mea-sures (and also the more general support measures) in an appropriate way. This is the reasonwhy, for Hd�1 almost all (x; u) 2 N (K), we de�ne certain weighted elementary symmetricfunctions of generalized curvatures on N (K) byH j (K; (x; u)) := �d� 1j ��1 XjIj=j Qi2I ki(x; u)Qd�1i=1 p1 + ki(x; u)2 ;j 2 f0; : : : ; d � 1g, where the sum extends over all sets I � f1; : : : ; d � 1g of cardinality j.(For j = 0 the product over the empty set has to be interpreted as one.)Let X be a locally compact Hausdor� space with a countable base. (Essentially, in Section1 we are interested in the cases X = Rd and X = Sd�1). In the following, we refer to Chapter



6 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIES1 of [39] for the basic notation and results concerning measure theory. However, there is oneminor di�erence. For us a Radon measure over X will be de�ned on the Borel subsets of X,whereas in [39] Radon measures are understood to be outer measures de�ned on all subsets ofX. The simple connection between these two points of view is as follows. A Radon measure� in the sense of [39] yields a Radon measure in our sense simply by restricting � to the�-algebra of Borel sets. On the other hand, a Radon measure � on the Borel sets of X canbe extended as a Radon measure �� to all subsets of X by setting��(A) := inf f�(B) : A � B ;B 2 B(X)g :Here and subsequently, we write B(Y ) for the �-algebra of Borel sets of an arbitrary topo-logical space Y . The preceding discussion shows that we can simply refer to Radon measures(over X) without further explanations.Now let � and � be two Radon measures over X. If �(A) = 0 implies �(A) = 0 forall A 2 B(X), then we say that � is absolutely continuous with respect to �, and we write� � �. By the Radon-Nikodym theorem, �� � if and only if there is a non-negative Borelmeasurable function f : X ! R such that�(A) = ZA f(x) �(dx)for all A 2 B(X). In particular, the density function f is locally integrable with respect to �.Furthermore, we say that � is singular with respect to � if there is a Borel set B � X suchthat �(X n B) = 0 = �(B), and in this case we write � ? �. Certainly, this is a symmetricrelationship. A version of the Lebesgue decomposition theorem says that for arbitrary Radonmeasures � and � there are two Radon measures �a and �s such that � = �a + �s, �a � �and �s ? �. Moreover, the absolutely continuous part �a and the singular part �s (of �with respect to �) are uniquely determined by these conditions. We shall also consider therestriction (� xA)(�) := �(A \ �) of a Radon measure � to a set A 2 B(X), which is again aRadon measure.These notions and results will now be applied to the curvature and surface area measures ofa convex set K 2 Cd. As the curvature measures are Borel measures over Rd which are locally�nite and concentrated on bd K, the curvature measure Cr(K; �), for any r 2 f0; : : : ; d� 1g,can be written as the sum of two measures, that is,Cr(K; �) = Car (K; �) + Csr (K; �) ;where Car (K; �) is absolutely continuous and Csr (K; �) is singular with respect to the boundarymeasure Cd�1(K; �). Recall that if K 2 Cd, thenCd�1(K; �) = Hd�1 xbdKif K has non-empty interior or dim K � d� 2. If dim K = d� 1, thenCd�1(K; �) = 2(Hd�1 xbdK) :Subsequently, we often say that the r-th curvature measure of a convex set is absolutelycontinuous, by which we wish to express that this measure is absolutely continuous withrespect to the boundary measure of the set.



1.1 Notation and background information 7The surface area measures Sr(K; �) of a compact convex set K � Rd are �nite Borelmeasures over Sd�1. Hence, if K � Rd is a convex body and r 2 f0; : : : ; d� 1g, then we canwrite Sr(K; �) = Sar (K; �) + Ssr(K; �) ;where Sar (K; �) is absolutely continuous and Ssr(K; �) is singular with respect to S0(K; �). Inthis case, the surface area measure of order 0 is just the restriction of the (d� 1)-dimensionalHausdor� measure to the Borel sets of the unit sphere, and thus it is independent of theconvex body K.In the remainder of this subsection, we recall various results and some notation from[72] and [74]. Let Kd denote the set of all convex bodies in Rd . We write Cdo (Kdo) forthe set of all K 2 Cd (K 2 Kd) for which int K 6= ;. The following two results, whichwere proved in [72], Theorems 3.2 and 3.5, give an explicit description of the singular partsof the curvature and surface area measures of a convex set K in terms of properties ofthe generalized curvature functions of the unit normal bundle of K. Although these twotheorems do not seem to be much related to geometry, they are indeed the �rst and essentialstep towards geometric results. Moreover, they already served as a main ingredient in theregularity theorems contained in [72].Theorem 1.1 For a convex set K 2 Cd, r 2 f0; : : : ; d� 1g, and � 2 B(Rd ),Csr (K;�) = ZN s(K) 1�(x)H d�1�r (K; (x; u))Hd�1(d(x; u)) ; (7)where N s(K) is the set of all (x; u) 2 N (K) such that kd�1(x; u) =1.Theorem 1.2 For a convex body K 2 Kd, r 2 f0; : : : ; d� 1g, and ! 2 B(Sd�1),Ssr(K;!) = ZNs(K) 1!(u)H d�1�r (K; (x; u))Hd�1(d(x; u)) ; (8)where Ns(K) is the set of all (x; u) 2 N (K) such that k1(x; u) = 0.In [72], the absolutely continuous parts of these measures were recovered as well. To describethese, we write k1(K;x); : : : ; kd�1(K;x) for the principal curvatures of K at a normal bound-ary point x 2 bd K; thus these curvatures are de�ned for Hd�1 almost all boundary points.Then the density function of Car (K; �) with respect to Cd�1(K; �) is given byHd�1�r(K;x) = �d� 1r ��1 XjIj=d�1�rYi2I ki(K;x) ;where the summation extends over all sets I � f1; : : : ; d� 1g of cardinality d� 1� r.Similarly, the principal radii of curvature r1(K;u); : : : ; rd�1(K;u) of K at u 2 Sd�1 arede�ned for all u 2 Sd�1 such that hK = h(K; �) is second order di�erentiable at u as theeigenvalues of the restriction to u? of the second order di�erential of hK at u, that is, as theeigenvalues of d2hK(u)ju? . Then the density function of Sar (K; �) with respect to S0(K; �) isPr(K;u) = �d� 1r ��1 XjIj=rYi2I ri(K;u) ;



8 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESwhere the summation is de�ned as before. Instead of Pr(K;u) we presently prefer to writeDrh(K; �); see [72] for further comments and references.Theorems 1.1 and 1.2 were used in [74] to prove useful conditions which are necessaryand su�cient for the absolute continuity of a particular curvature or surface area measureof a convex set. These conditions allow one to express the measure theoretic property ofabsolute continuity in terms of properties of the generalized curvatures which are easier totreat analytically. This was the starting point of the recent paper [74]. In fact, the followingtwo theorems also play a key rôle in the investigation of the present section. It is appropriateto state such characterizations (Theorem 1.3 and 1.4) as local results.Theorem 1.3 Let K 2 Cd, r 2 f0; : : : ; d� 1g, and � 2 B(Rd ). ThenCr(K; �) x� � Cd�1(K; �) x� (9)if and only if kd�1(x; u) <1 or kr+1(x; u) = 0 or kr(x; u) =1 ; (10)for Hd�1 almost all (x; u) 2 N (K) such that x 2 �.Theorem 1.4 Let K 2 Kd, r 2 f0; : : : ; d� 1g, and ! 2 B(Sd�1). ThenSr(K; �) x! � S0(K; �) x! (11)if and only if k1(x; u) > 0 or kr+1(x; u) = 0 or kr(x; u) =1 ;for Hd�1 almost all (x; u) 2 N (K) such that u 2 !.Obviously, the conditions (10) and (11) can be checked by simply counting the number ofcurvatures which satisfy ki(x; u) = 0 or ki(x; u) =1. Also note that in the present situationit is possible, for instance, to paraphrase condition (9) by saying that the Radon measureCr(K; �) on Rd is (d� 1)-recti�able. This terminology is used in [106, p. 603], [99, p. 228], or[40], where the (d � 1)-recti�ability of a general Radon measure � is characterized in termsof properties of the (d � 1)-dimensional densities of �. However, these investigations do notseem to be directly related to the present work.In the special but important case of the curvature measure C0(K; �) of a convex body K,a characterization of absolute continuity can be stated which involves a spherical supportingproperty of K. This property will be described by using the set expn�K of directions ofnearest boundary points of K. For any K 2 Cd, expn�K is de�ned as the set of all unit vectorsu 2 Sd�1 for which there exist points x 2 intK and y 2 bdK such that jy�xj = dist(x;bdK)and y � x = jy � xju. In other words, u 2 expn�K if and only if a non-degenerate ball whichis contained in K contains a boundary point of K with exterior unit normal vector u. Inthe following, we shall say that K 2 Cd is supported from inside by a d-dimensional ball indirection u if and only if u 2 expn�K. Since we are dealing with a local result, we shall alsoneed the spherical image �(K;�) of K 2 Cd at � � Rd . It is de�ned as the union of thenormal cones N(K;x) with x 2 �. The following result was established in [74].



1.1 Notation and background information 9Theorem 1.5 For a convex body K 2 Kd and � 2B(Rd), the following three conditions areequivalent:(a) C0(K; �) x� � Cd�1(K; �) x�;(b) Dd�1h(K;u) > 0 for Hd�1 almost all u 2 �(K;�);(c) Hd�1(�(K;�) n expn�K) = 0.In addition, for 
 2B(Rd),Cs0(K; 
) = Hd�1 (fu 2 �(K; 
) : Dd�1h(K;u) = 0g)and Ca0 (K; 
) = Hd�1 (fu 2 �(K; 
) : Dd�1h(K;u) > 0g) :Statement (b) of Theorem 1.5 is an analytic and statement (c) a geometric way of charac-terizing the absolute continuity of the Gaussian curvature measure. In fact, the geometriccondition (c) can be viewed as a substantially weakened form of a condition requiring a suit-able ball to roll freely inside K. Thus this theorem and the following counterpart for surfacearea measures represent �rst examples of results which correspond to the general programmwhich we described initially. These results indicate how local geometric properties of a convexset are related to measure theoretic properties of curvature and surface area measures whichare associated with this set.As in the case of the Gauss curvature measure C0(K; �), the absolute continuity ofSd�1(K; �), for some K 2 Kd, can be characterized by a spherical supporting property. Thesituation here is `dual' to the previous one. Condition (c) of Theorem 1.6 below can be in-terpreted as a substantially weakened form of a condition demanding K to roll freely insidea ball. The statement of this theorem involves the set exp�K of farthest boundary points ofa convex body K 2 Kd (see [70]). This de�nition implies that x 2 exp�K if and only if theboundary of a ball which contains K passes through x. In the following, we say that K 2 Kdis supported from outside by a d-dimensional ball at x if and only if x 2 exp�K. Moreover,recall from [123, x2.2] that �(K;!) denotes the reverse spherical image of K at ! � Sd�1. Byde�nition, �(K;!) is equal to the union of the support sets F (K;u) with u 2 !.Theorem 1.6 Let K 2 Kd and ! 2 B(Sd�1). Then the following three conditions areequivalent:(a) Sd�1(K; �) x! � S0(K; �) x!;(b) Hd�1(K;x) > 0 for Hd�1 almost all x 2 �(K;!);(c) Hd�1(�(K;!) n exp�K) = 0.In addition, for � 2 B(Sd�1),Ssd�1(K;�) = Hd�1 (fx 2 �(K;�) : Hd�1(K;x) = 0g)and Sad�1(K;�) = Hd�1 (fx 2 �(K;�) : Hd�1(K;x) > 0g) :



10 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESUsing a Crofton intersection formula and various integral-geometric transformations, The-orem 1.5 can be extended to curvature measures of any order. The corresponding result,Theorem 1.7, was proved in [74]. It can be interpreted as a two-step procedure for verifyingthe absolute continuity of curvature measures of convex bodies with non-empty interiors; see[74]. The precise formulation involves the conveniently normalized motion invariant Haarmeasure �r on the homogeneous space A(d; r) of r-dimensional a�ne subspaces in Rd ; com-pare [123]. Furthermore, here and in the following a prime which is attached to a quantityindicates that this quantity has to be calculated with respect to an appropriate a�ne or linearsubspace, which will be clear from the context. Finally, we write U(E) for the unique linearsubspace which is parallel to a given a�ne subspace E.Theorem 1.7 Let K 2 Cdo , � 2 B(Rd ), and r 2 f2; : : : ; dg. ThenCd�r(K; �) x� � Cd�1(K; �) x�if and only if, for �r almost all E 2 A(d; r) such that E \ intK 6= ;, and in Hr�1 almostall directions of the set �0(K \ E; � \ E) � U(E), the intersection K \ E is supported frominside by an r-dimensional ball contained in E.In fact, Theorem 1.7 was stated in [74] for K 2 Kdo , but for unbounded sets the assertionfollows immediately, since the curvature measures are locally de�ned. The main tool for theproof of Theorem 1.7 is the special case s = r of the following theorem, which is cited from[74].Theorem 1.8 Let K 2 Cdo , let � 2 B(Rd ), and assume that r 2 f2; : : : ; d � 1g and s 2fr; : : : ; d� 1g. Then Cd�r(K; �) x� � Cd�1(K; �) x�if and only if C 0s�r(K \E; �) x (� \E)� C 0s�1(K \E; �) x (� \E) ;for �s almost all E 2 A(d; s) such that E \ intK 6= ;.Thus, for s = r, Theorem 1.8 especially says that in the mean curvature case (r = 2) absolutecontinuity can be veri�ed by investigating planar sections of K.Analogous results for surface area measures have been established in [74] as well. Oneof the basic tools which one uses now are integral-geometric projection formulae. Such for-mulae involve the Grassmann space G(d; j) of j-dimensional linear subspaces of Rd and thenormalized rotation invariant Haar measure �j over G(d; j). In the following, we write KjVfor the orthogonal projection of a convex body K onto V 2 G(d; j); moreover, a superscriptV 2 G(d; j), which is attached to a particular quantity, indicates that this quantity has to beconsidered in V and not in the surrounding space Rd . The result corresponding to Theorem1.8 is the following.Theorem 1.9 Let K 2 Kd, i 2 f1; : : : ; d� 2g, j 2 fi+ 1; : : : ; d� 1g, and let ! 2 B(Sd�1).Then Si(K; �) x! � S0(K; �) x!



1.1 Notation and background information 11if and only if SVi (KjV; �) x (! \ V )� SV0 (KjV; �) x (! \ V ) ;for �j almost all linear subspaces V 2 G(d; j).As before, Theorem 1.9 leads to the subsequent characterization for surface area measures.Theorem 1.10 Let K 2 Kd, ! 2B(Sd�1), and i 2 f1; : : : ; d� 1g. ThenSi(K; �) x! � S0(K; �) x!if and only if, for �i+1 almost all U 2 G(d; i + 1), and at Hi almost all points of the set�(KjU;! \ U), the projection KjU is supported from outside by an (i + 1)-dimensional ballcontained in U .With regard to Theorems 1.7 and 1.10 it is natural to ask for one-step procedures whichallow one to decide whether a particular curvature or surface area measure of a convex bodyis absolutely continuous or not. For curvature measures, a result which leads to such aprocedure is contained in the ensuing Theorem 1.11 which is taken from [74].First, however, we point out that in [74] the following considerations concerning curvaturemeasures were restricted to sets K 2 Kdo , although they extend to the case K 2 Cdo . To seethis, one has to use that the curvature measures are locally de�ned, that the de�nition of thecontact measures described subsequently can be extended consistently to unbounded closedconvex sets (compare [113], equations (1) and (2)), and in addition a result of Zalgaller [159].Let us �x a convex body K 2 Cd and some r 2 f0; : : : ; d� 1g. For a unit vector v 2 Sd�1let H(K; v) denote the support plane of K with exterior normal vector v. An a�ne subspaceE 2 A(d; r) is said to touchK if E\K 6= ; and E � H(K; v) for some v 2 Sd�1. Furthermore,we write A(K; d; r) for the ((d� r)(r+1)�1)-recti�able set of r-dimensional a�ne subspacesof Rd which touch K. Several authors (see [146], [43], [156], [113], [132]) have introducednaturally de�ned measures on A(K; d; r). For convex bodies all these measures are essentiallyequivalent. These contact measures have been used for calculating collision probabilities [119],[149], and they are related to absolute or total curvature measures; compare [116], [7], [134].Let us denote such a measure by �r(K; �).Next we de�ne the spherical image of order r of K 2 Cd at � 2 B(Rd ) for any r 2f0; : : : ; d� 1g by �r(K;�) := fE 2 A(K; d; r) : � \ bdK \E 6= ;g :The case r = d � 1 leads to the ordinary spherical image, since A(K; d; d � 1) is the set ofsupporting hyperplanes of K each of which can be identi�ed with its exterior unit normalvector. Let !i denote the surface area of the (i � 1)-dimensional unit sphere. Then themeasure �r(K; �) can be normalized so that the relationCd�1�r(K;�) = !d!d�r �r(K;�r(K;�)) ; (12)which for convex bodies is due to Weil [146], holds for all � 2B(Rd). Set u� := ftu : t � 0g ifu 2 Rd n fog and let r 2 f2; : : : ; dg. Then we say that K 2 Cd is supported from inside by an



12 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESr-dimensional ball at E 2 A(K; d; r � 1) if there is some p 2 K \E, some u 2 Sd�1 \ U(E)?with (E + u�) \ intK 6= ;, and some � > 0 such that Bd(p� �u; �) \ (E + u�) � K.Equation (12) provides an integral-geometric interpretation for curvature measures ofconvex sets. In the present context, it also suggests a characterization of absolute continuityinvolving touching planes.Theorem 1.11 Let K 2 Cdo , � 2 B(Rd), and r 2 f2; : : : ; dg. ThenCd�r(K; �) x� � Cd�1(K; �) x�if and only if K is supported from inside by an r-dimensional ball at �r�1(K; �) almost allE 2 �r�1(K;�).Essentially, Theorem 1.11 is deduced from Theorem 1.7 through a succession of auxiliaryresults. The proof includes arguments from convexity, geometric measure theory and alsosome basic results about Haar measures. The key idea is to associate with an r-dimensionala�ne subspace E meeting int K and a unit vector u 2 U(E) the (r� 1)-dimensional supportplane of K \ E relative to E with exterior unit normal vector u. This support plane thenrepresents an (r � 1)-dimensional a�ne subspace which touches K.In order to complete the picture, we present the analogous result for surface area measuresas well. Again we introduce some terminology which is designed to underscore the dualityof the situation. Instead of lower-dimensional balls which support a given convex body frominside, we now introduce the notion of an orthogonal spherical cylinder which supports aconvex body from outside. To be explicit, we say that a convex body K is supported fromoutside by an orthogonal spherical cylinder at E 2 A(K; d; r) if there is some R > 0 and someu 2 Sd�1 with E � H(K;u) such that K � E +Bd(�Ru;R). Moreover, we set�r(K;!) := fE 2 A(K; d; r) : E � H(K;u) for some u 2 !gand call this the reverse spherical image of order r of K at !. Thus the reverse sphericalimage of order r = 0 is just the ordinary reverse spherical image. Again we quote from [74].Theorem 1.12 Let K 2 Kd, ! 2B(Sd�1), and i 2 f1; : : : ; d� 1g. ThenSi(K; �) x! � S0(K; �) x!if and only if K is supported from outside by an orthogonal spherical cylinder at �d�1�i(K; �)almost all E 2 �d�1�i(K;!).It has already become apparent that the boundary of a convex set K 2 Cdo one of whosecurvature measures is absolutely continuous with respect to the boundary measure cannotbe too irregular. A precise and in a certain sense optimal result in this spirit is stated asTheorem 4.6 in [72]. Another regularity result, which complements the picture, is providedby the following theorem. As usual, we say that x 2 bd K is a regular boundary point ofK 2 Cdo if there exists precisely one support plane of K passing through x.Theorem 1.13 Let K 2 Cdo , � 2 B(Rd), r 2 f2; : : : ; d� 1g, and assume thatCd�r(K; �) x� � Cd�1(K; �) x� :Then, for �r�1(K; �) almost all E 2 �r�1(K;�), every boundary point of K which lies in Eis regular.



1.2 Selected results 13The dual result demonstrates that the recti�ability of some surface area measure of a convexbody K leads to a certain degree of strict convexity for K. Another precise statement inthis direction was established in [72, Theorem 4.8]. Recall that a support plane H(K;u),u 2 Sd�1, of a convex body K is said to be regular if u is a regular normal vector of K, thatis, if F (K;u) contains precisely one point.Theorem 1.14 Let K 2 Kd, ! 2B(Sd�1), i 2 f1; : : : ; d� 1g, and assume thatSi(K; �) x! � S0(K; �) x! :Then, for �d�1�i(K; �) almost all E 2 �d�1�i(K;!), every support plane of K which containsE is regular.1.2 Selected resultsThe review of results on the absolute continuity of curvature and surface area measuresclearly indicates that there should be a general principle by which results for curvature andsurface area measures are related. Indeed, corresponding pairs of notions such as boundarypoint { normal vector, support set { normal cone, principal curvatures { radii of curvature,intersection by an a�ne plane { projection onto a linear subspace, are at least to a certainextent connected by polarity; compare [123], p. 75, and [71]. Therefore it is natural toconjecture that the characterizations of absolute continuity of curvature measures correspondin a precise sense to the characterizations of absolute continuity of surface area measuresvia polarity; on an intuitive level, this kind of duality has already served as a guiding rule,although formal statements of results, which support this intuition, were not available so far.The formation of the polar body of a given convex body certainly is a highly non-linearoperation and it requires the non-canonical choice of a reference point (compare x1.6 in [123]).Subsequently, it will be convenient to �x the origin o as the reference point, but this doesnot restrict the generality of our statements; moreover, we shall see that often the choiceof a reference point is immaterial for geometric consequences which appear in a translationinvariant setting. Most of the results, which we intend to discuss, thus refer to the set K 2 Kdooof all convex bodies K 2 Kd for which o 2 int K. For a given convex body K 2 Kdoo, weintroduce the map f : Sd�1 ! bd K� ; u 7! h(K;u)�1u :This map precisely provides the required correspondence between normal vectors of K andboundry points of K�.Now we are prepared to state our �rst transfer principle, which allows us to transferproperties connected with the absolute continuity of the rth curvature measure Cr(K; �) of aconvex body K to dual properties connected with the absolute continuity of the (d� 1� r)thsurface area measure Sd�1�r(K�; �) of the polar body K�, and conversely.Theorem 1.15 Let K 2 Kdoo, ! 2 B(Sd�1), and choose r 2 f0; : : : ; d� 1g. ThenSr(K; �) x! � S0(K; �) x!if and only if Cd�1�r(K�; �) x f(!)� Cd�1(K�; �) x f(!) :



14 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESClearly, by the bi-polar theorem, the rôles of K and K� are interchangeable. The proof of thisresult uses the characterization of absolute continuity for curvature and surface area measuresfrom [74] involving the curvatures on the unit normal bundle in an essential way. Therefore,Theorem 1.15 cannot be used to deduce Theorems 1.3 and 1.4 from each other. Presumably,except for parts of Theorems 1.5 and 1.6, it is also not possible to deduce the remaining cor-responding pairs of results of the preceding section in a rigorous and straightforward mannerfrom each other. However, we shall encounter a number of other applications of Theorem1.15 in the following subsections. In particular, Theorem 1.15 is an important ingredient forthe proof of our second transfer principle.In spherical space, the connection between curvature measures of a convex set and surfacearea measures of the polar set is much simpler and actually extends to support measures; seeGlasauer [49]. This is due to the fact that polarity on the sphere essentially is the duality ofcones, which is much easier to treat from a technical point of view. A similar phenomenoncan be observed when one tries to extend certain integral-geometric results from the sphere toEuclidean space; compare the discussion in [49], [50], [52], [53]. Still another kind of dualityfor Hessian measures of convex functions was discovered in [30]. In this context the rightnotion of duality turned out to be the classical formation of the conjugate function. However,the theory developed in [30] does not seem to be applicable to the present situation.Up to now we considered the case of absolutely continuous curvature or surface areameasures. The next step and the primary concern of the following subsections is to studyabsolutely continuous measures with bounded densities. We say that a particular curvatureor surface area measure is absolutely continuous with bounded density, if it is absolutelycontinuous and the density is bounded from above by a constant. Clearly, if the density of ameasure with respect to another measure is bounded, then the former need not be absolutelycontinuous with respect to the latter. Again the natural task is to �nd conditions whichcharacterize the absolute continuity with bounded density of a particular curvature or surfacearea measure or, at least, to �nd geometric consequences concerning the structure of the setof singular points or the set of singular normal vectors.A �rst general result concerning bounded densities is given by our second transfer principle,which we state as Theorem 1.16 and which represents the analogue of Theorem 1.15 for thecase of bounded densities. It is implied by Theorem 1.15 and by new estimates betweenelementary symmetric functions of principle curvatures of K� and elementary symmetricfunctions of radii of curvature of K at corresponding points; see Corollary 1.22 below. Theseestimates again are consequences of a more general connection between elementary symmetricfunctions of principle curvatures of K� and suitably weighted elementary symmetric functionsof radii of curvature of K. A very special instance of such a relationship was found in [71],Theorem 2.2, but the present approach is completely di�erent.Theorem 1.16 Let K 2 Kdoo, ! 2 B(Sd�1), and r 2 f0; : : : ; d�1g. Then there is a constantc such that Sr(K; �) x! � c S0(K; �) x!if and only if there is a constant c� such thatCd�1�r(K�; �) x f(!) � c� Cd�1(K�; �) x f(!) :In order to demonstrate how Theorem 1.16 together with Corollary 1.22 can be appliede�ectively to obtain new results, we transfer a theorem of Weil [144] concerning surface area



1.2 Selected results 15measures to a new theorem about curvature measures. Part (a) of Theorem 1.17 shows howan integrability assumption on the density of the mean curvature measure Cd�2(K; �) of aconvex set K implies the absolute continuity of certain lower-dimensional curvature measureswith precise information about the integrability of the corresponding densities. In a certainsense this result is optimal as an example demonstrates. We should also emphasize that ingeneral the absolute continuity of the rth curvature measure of a convex body K does notimply the absolute continuity of any other curvature measure of order s (s 6= r) of K as shownby examples.Theorem 1.17 Let K 2 Cdo , and let � � Rd be open.(a) Assume that Cd�2(K; �) x� � Cd�1(K; �) x� ;and further assume that H1(K; �) 2 Lploc(bdK \ �) for some p 2 [1;1). ThenCd�1�j(K; �) x� � Cd�1(K; �) x�and Hj(K; �) 2 Lh pj iloc (bdK \ �) for j 2 f1; : : : ; [p]g.(b) Assume that Cd�2(K; �) x� � �c Cd�1(K; �) x�for some constant �c > 0. ThenCd�1�j(K; �) x� � �cj Cd�1(K; �) x�for j 2 f1; : : : ; d� 1g.In view of the inequality between the arithmetic-mean and the geometric-mean, it is notsurprising that treating absolutely continuous curvature and surface area measures havingbounded densities, the strongest implications can be obtained if one assumes thatS1(K; �) � c S0(K; �) (13)or Cd�2(K; �) � cCd�1(K; �) : (14)Under the assumption (13), we show that K is a summand of a ball with radius (d � 1)c.This essentially is a known fact; see Weil [148]. The present proof is based on a new integral-geometric characterization of absolute continuity with bounded density for surface area mea-sures, which is applied to condition (13); this integral-geometric characterization is analogousto Theorem 1.9 and is of interest in its own right.Dually, the assumption (14) on the curvature measure of order d � 2 implies that a ballwith radius ((d � 1)c)�1 rolls freely inside K. In fact, this variant and strengthening ofBlaschke's rolling theorem can be extended to unbounded convex sets the boundary of whichis connected. Independently, Bangert [12] has arrived at the same conclusion by a completely



16 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESdi�erent method of proof. In addition, we show by examples that the bound for the radiusof the ball as given above cannot be increased further in general.Note that no a priori smoothness or strict convexity assumptions are required for theseresults. Moreover, local variants of these statements are established, too. In contrast to theproof of the characterization result which is related to (13), the proof of the analogous resultfor curvature measures is not based on an integral-geometric characterization of absolutecontinuity with bounded density for curvature measures. In fact, although such an integral-geometric characterization and thus an analogue of Theorem 1.8 does exist for curvaturemeasures as well, it is more involved than its counterpart for surface area measures, since theangles of a section plane with tangent planes of the body have to be taken into account.Our version of Blaschke's rolling theorem will eventually enable us to remove the smooth-ness assumptions in stability results of Schneider [122] and Arnold [6] for the (d�2)nd (mean)curvature measure. More surprisingly, the following stability result for the (d � 1)st surfacearea measure improves a theorem of Diskant [33] who merely showed, under the same as-sumptions, that K lies in a 
�1=(d�1)-neighbourhood of a unit ball. Our result shows that theexponent 1=(d � 1) can be improved to 1, which is the right order.Theorem 1.18 Let K 2 Kd and 0 � � < 1=4. Assume that(1� �)S0(K; �) � Sd�1(K; �) � (1 + �)S0(K; �) :Then K lies in a 
�-neighbourhood of a unit ball, where the constant 
 depends only on thedimension d.Finally, we make some comments on regularity results. Recall that the set �r(K) of r-singularboundary points of K is de�ned by�r(K) := fx 2 bdK : dimN(K;x) � d� rg :A point x 2 K is called an r-extreme boundary points of K if it is not the centre of an(r + 1)-dimensional ball which is contained in K; compare [123]. We write extrK for the setof r-extreme boundary points of K. The following collection of results describes how the sizeof the set of r-singular points of a convex set K is restricted by an assumption of absolutecontinuity on the rth curvature measure of K:1. For all K 2 Kd, the set �r(K) has �-�nite r-dimensional Hausdor� measure.2. Let K 2 Cd, � 2B(Rd) and r 2 f0; : : : ; d� 2g. Assume thatCr(K; �) x� � Cd�1(K; �) x� :Then Hr(�r(K) \ �) = 0 :This was shown in [72].3. Let K 2 Cdo , let � � Rd be open, and assume that there is a constant c such thatCr(K; �) x� � cCd�1(K; �) x� :



1.2 Selected results 17Then, for any x 2 bdK \ �,x =2 extrK or dimN(K;x) < (d� r + 1)=2 ;in particular, �r(K) \ � = ;. This was �rst proved by Burago & Kalinin; compareTheorem 1.30 below.Examples show that each of these three conclusions cannot be improved in general. Wealready mentioned in Subsection 1.1 that the third conclusion generalizes a classical resultof Aleksandrov [1] which describes the in
uence of the Gauss curvature measure C0(K; �) onthe local shape of a non-smooth convex surface in R3 . Such an extension has been askedfor by Busemann [23] and Pogorelov [104]. It is perhaps worth pointing out that the thirdconclusion can be combined with the �rst part of the proof in [120] to yield a proof for thecharacterization of balls by condition (4).Results for surface area measures which correspond to the �rst and the second conclusionhave already been established; see [73] and [72]. The dual result for (intermediate) surfacearea measures, which corresponds to the third conclusion and thus to the theorem of Burago &Kalinin, is contained in the following new result. The set extnrK of r-extreme normal vectorsof K, which appears in the statement of the theorem and which by polarity corresponds tothe set of r-extreme boundary points of K�, is de�ned as the set of all u 2 Sd�1 for whichdimT (K;u) � r + 1, where T (K;u) is the touching cone of K at u. Again we refer to [123]for the details.Theorem 1.19 Let K 2 Kdo and r 2 f1; : : : ; d� 1g. Let ! � Sd�1 be open, and assume thatthere is a constant c such that Sr(K; �) x! � c S0(K; �) x! :Then, for any u 2 !, u =2 extnd�1�rK or dimF (K;u) < r=2 :Essentially two di�erent proofs will be provided for Theorem 1.19, one of which is based onan integral-geometric characterization of absolute continuity with bounded density for surfacearea measures. In our opinion, this approach also leads to a simpli�ed proof of the result ofBurago and Kalinin. In any case, the second transfer principle plays a major rôle in botharguments, which will be provided.In the last two subsections of Section 1 we are concerned with results that can be readindependently of the preceding subsections, although they are related either by the methodsof proof or the statements of results.In Subsection 1.8 we improve the order of the stability function in Minkowski's uniquenessproblem for a large class of convex bodies. For a detailed description of this subject and areview of the relevant literature we refer to the beginning of Subsection 1.8.The investigation of absolute continuity which we described so far referred to (d � 1)-dimensional Hausdor� measure as the dominating measure. However, the curvature measuresof order r are naturally dominated by the r-dimensional Hausdor� measure, and the surfacearea measures of order r are dominated by the (d � 1 � r)-dimensional Hausdor� measure.This observation motivates the subjects which are investigated in Subsection 1.9. In par-ticular, we present two theorems which show that support measures of convex sets can be



18 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESviewed as suitably weighted Hausdor� measures, the weights depending on the strength ofthe singularities of the underlying convex set, at least as long as, roughly speaking, thesemeasures are restricted to certain sets of �-�nite Hausdor� measure. Again we refer to thebeginning of Subsection 1.9 for detailed references and background information. Included inthis subsection is also a new integral-geometric proof of a version of the Besicovitch-Federerstructure theorem in spherical space. A \simple" proof of the structure theorem in Euclideanspace has recently been found by White [154]. The main new tool in our approach to thespherical version is an integral-geometric transformation formula which may have potentialapplications in stereology, too.1.3 Absolute continuity and polarityIn the present subsection, we give a proof of the �rst transfer principle. The major problemhere in treating polarity is that the map K 7! K� cannot be described by a tractable analyticexpression. Therefore the idea is to pass to the normal bundles and to study instead a certainmap T : N (K) 7! N (K�), which turns out to be much more convenient. The same map hasindependently been used for a di�erent problem in [129].For a convex body K 2 Kdoo, we de�ne the mappingT : N (K)! N (K�) ; (x; u) 7! �hx; ui�1u; xjxj� ;which is a bi-Lipschitz homeomorphism, and which is di�erentiable, if considered as a mapfrom a neighbourhood of N (K) in R2d into R2d . The mapping T is properly de�ned. Tocheck this, let �(L; �) denote the radial function of L 2 Kdoo. Choose any (x; u) 2 N (K). Thenhx; ui = h(K;u) = �(K�; u)�1, and hencehx; ui�1u = �(K�; u)u 2 bdK� :In addition, we have � xjxj ; hx; ui�1u� = h�K�; xjxj� ;since this is equivalent to �(K;x) = 1. Thus jxj�1x 2 N(K�; hx; ui�1u)\Sd�1. It is also easyto check that the inverse of T is given byT � : N (K�)! N (K) ; (x�; u�) 7! �hx�; u�i�1u�; x�jx�j� :In the following, as a rule we will attach an asterisk to quantities which are associated withK�. For example, we write k�1(�); : : : ; k�d�1(�) for the (generalized) curvatures of K� instead ofthe more elaborate notation k1(K�; �); : : : ; kd�1(K�; �). Finally, we set Id�1 := f1; : : : ; d� 1g.Now we are prepared for Proposition 1.20, which relates generalized curvatures of Kto those of K�. Basically, the equations which are asserted in this proposition result fromcounting one and the same quantity in two di�erent ways.Proposition 1.20 Let K 2 Kdoo. Then, for Hd�1 almost all (x; u) 2 N (K),card fi 2 Id�1 : ki(x; u) =1g = card fi 2 Id�1 : k�i (T (x; u)) = 0gand card fi 2 Id�1 : ki(x; u) = 0g = card fi 2 Id�1 : k�i (T (x; u)) =1g :



1.3 Absolute continuity and polarity 19Proof. In the proof we consider a pair (x; u) 2 N (K) such that x + �u 2 DK for all � > 0.This condition is ful�lled for Hd�1 almost all (x; u) 2 N (K). For any such pair (x; u) anorthonormal basis of the (d� 1)-dimensional linear subspace Tand�1(Hd�1 xN (K); (x; u)) �Rd � Rd of (Hd�1 xN (K); d � 1) approximate tangent vectors of N (K) at (x; u) is given bywi :=  1p1 + ki(x; u)2ui; ki(x; u)p1 + ki(x; u)2ui! ; i 2 f1; : : : ; d� 1g ;where the vectors u1; : : : ; ud�1 2 Sd�1 constitute a suitable orthonormal basis of u?,and k1(x; u); : : : ; kd�1(x; u) 2 [0;1] are the generalized curvatures of the unit nor-mal bundle N (K). The generalized curvatures of N (K�) at T (x; u) are denoted byk�1(T (x; u)); : : : ; k�d�1(T (x; u)). Since T is bi-Lipschitz, we can assume that (x�; u�) := T (x; u)is such that x� + �u� 2 DK� for all � > 0.Let (x; u) be chosen as described. We also write T for the canonical extension of T to aneighbourhood of N (K) in R2d . In order to determine the special basis DT (x; u)(wi), i 2f1; : : : ; d�1g, of Tand�1(Hd�1 xN (K�); T (x; u)), we �rst determine the values DT (x; u)(v; o)and DT (x; u)(o; �v) with v; �v 2 Rd for the extended map T . By elementary calculus,DT (x; u)(v; o) = �� hv; uihx; ui2u; 1jxj �v �� xjxj ; v� xjxj��and DT (x; u)(o; �v) = � 1hx; ui ��v � hx; �vihx; uiu� ; o� :Since hui; ui = 0, we obtain for i 2 f1; : : : ; d� 1g thatDT (x; u)(wi) = 0@ kiq1 + k2i 1hx; ui �ui � hx; uiihx; ui u� ; 1q1 + k2i 1jxj �ui �� xjxj ; ui� xjxj�1A ;where the argument (x; u) of ki has been omitted. If we attach an asterisk to the correspondingexpressions for K�, another basis of Tand�1(Hd�1 xN (K�); T (x; u)), in fact, the one which isusually considered, is given byw�i =  1p1 + (k�i )2u�i ; k�ip1 + (k�i )2u�i! ; i 2 f1; : : : ; d� 1g ;where the argument T (x; u) of k�i has been omitted, and (u�1; : : : ; u�d�1) is a suitable orthonor-mal basis of x?. From this representation it is easy to see that the integercard fi 2 Id�1 : k�i (T (x; u)) =1gequals the dimension of the kernel of the linear map �1 which is given by�1 : linfw�1 ; : : : ; w�d�1g ! x? ; (y; z) 7! y :Since the vectors ui � hx; uiihx; ui u ; i 2 f1; : : : ; d� 1g ;



20 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESare linearly independent, and sincekiq1 + k2i 2 (0;1) ; if ki 2 (0;1] ;the dimension of the kernel of �1 is also equal tocard fi 2 Id�1 : ki(x; u) = 0g :To see this, recall thatlinfw�1; : : : ; w�d�1g = linfDT (x; u)(w1); : : : ;DT (x; u)(wd�1)g :Now the remaining statement of the lemma follows since K�� = K. �By combining the preceding proposition with results from [74], we can now establish the �rsttransfer principle which was announced in the introduction.Proof of Theorem 1.15. We continue to use the notation introduced in the proof of Proposition1.20 and in the preceding remarks. Let as assume thatSr(K; �) x! � S0(K; �) x! :Hence, by Theorem 1.4, for Hd�1 almost all (x; u) 2 N (K) such that u 2 !,k1(x; u) > 0 or kr+1(x; u) = 0 or kr(x; u) =1 : (15)Denote by N1 � N (K) the set of all (x; u) 2 N (K) such that u 2 ! and (15) is violated. ThenHd�1(N1) = Hd�1(T (N1)) = 0. Let N2 be the set of all (x; u) 2 N (K) such that at least oneof the two relations of Proposition 1.20 is not satis�ed. Again Hd�1(N2) = Hd�1(T (N2)) = 0,since T is bi-Lipschitz.Recall the de�nition of the mapf : Sd�1 ! bdK� ; u 7! h(K;u)�1u ;choose (x�; u�) 2 N (K�) n T (N1 [ N2) such that x� 2 f(!), and set (x; u) := T�1(x�; u�).Then (x; u) 2 N (K) n (N1 [N2) and u 2 !, because f is bijective and f(u) 2 f(!).By relation (15) and using Proposition 1.20 thrice, we conclude thatk�d�1(x�; u�) <1 or k�d�r(x�; u�) = 0 or k�d�1�r(x�; u�) =1 :Since Hd�1(T (N1[N2)) = 0, an application of Theorem 1.3 to the polar body K� now yieldsthat Cd�1�r(K�; �) x f(!)� Cd�1(K�; �) x f(!) :The reverse implication is proved in a similar manner. �



1.4 Bounded densities and polarity 211.4 Bounded densities and polarityIn order to prove the second transfer principle, which deals with the case of bounded densities,it will be necessary to have sharp inequalities between elementary symmetric functions ofprinciple curvatures of K� and elementary symmetric functions of radii of curvature of K,at corresponding points. Such inequalities will be derived from the following more generaltheorem. Instead of an elementary symmetric function of radii of curvature, it involves aweighted sum of products of radii of curvature.It is remarkable that although the assertion of Theorem 1.21 does not involve generalizedcurvatures on unit normal bundles, the proof essentially uses this concept. Furthermore, recallthat for a convex body K 2 Kd the reverse spherical image �(K;u) = �K(u) is well-de�nedfor Hd�1 almost all u 2 Sd�1; see [123], pp. 77{78.Theorem 1.21 Let K 2 Kdoo and l 2 f1; : : : ; d� 1g. Then, for Hd�1 almost all u 2 Sd�1,�d� 1l �Hl(K�; h(K;u)�1u) = � xjxj ; u�l XjIj=l"1�Xi2I � xjxj ; ui�2#Yi2I ri(K;u) ;if (u1; : : : ; ud�1) is a suitable orthonormal basis of u?, x := �K(u), and the summation extendsover all subsets I � f1; : : : ; d� 1g of cardinality l.Proof. Again we use the notation of the proof of Proposition 1.20. From the proofs of Lemma3.1 in [72], applied to K�, and Lemma 3.4 in [72], applied to K, as well as from the fact thatu 7! h(K;u)�1u, u 2 Sd�1, is a bi-Lipschitz homeomorphism from Sd�1 onto bdK�, we inferthat for Hd�1 almost all u 2 Sd�1 the following conditions are simultaneously satis�ed:1. The support function h(K; �) of K is second order di�erentiable at u and (�K(u); u) 2N (K) is such that �K(u) + �u 2 DK for all � > 0.2. The point h(K;u)�1u = h�K(u); ui�1u of K� is a normal boundary point, and hencehx; ui�1u+ �jxj�1x 2 DK� for all � > 0, if x := �K(u).Let us �x one such u 2 Sd�1, and set x := �K(u) and (x�; u�) := T (x; u). Then by the proofof Lemma 3.4 in [72], we especially get thatki := ki(x; u) > 0 ; i 2 f1; : : : ; d� 1g ;moreover, by Lemma 3.1 in [72],k�i := k�i (x�; u�) <1 ; i 2 f1; : : : ; d� 1g :Also note that again by Lemmas 3.1 and 3.4 in [72],H l (K�; T (x; u)) = Hl(K�; x�) ; x� = h(K;u)�1u ; (16)and ki(x; u)�1 = ri(K;u) ; i 2 f1; : : : ; d� 1g : (17)



22 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESHence the proof of Proposition 1.20 implies that�ui � hx; uiihx; ui u; 1ki � xjxj ; u��ui �� xjxj ; ui� xjxj�� ; i 2 f1; : : : ; d� 1g ;is a basis of Tand�1(Hd�1 xN (K�); (x�; u�)). Observe that the case ki =1 is not excluded.De�ne ai := ui � hx; uiihx; ui u and bi := 1ki � xjxj ; u��ui �� xjxj ; ui� xjxj� ;for i 2 f1; : : : ; d� 1g. Note that the vectors a1; : : : ; ad�1 2 x? are linearly independent. Thelinear mapping ' : x? ! x?, de�ned by'(ai) := bi ; i 2 f1; : : : ; d� 1g ;can also be determined by prescribing that' 1p1 + (k�i )2u�i! = k�ip1 + (k�i )2u�i ; i 2 f1; : : : ; d� 1g :To check this one can use that (a1; : : : ; ad�1) and��1 + (k�1)2�� 12 u�1; : : : ; �1 + (k�d�1)2�� 12 u�d�1�are two bases of x? and thatlinfw�1; : : : ; w�d�1g = linf(a1; b1); : : : ; (ad�1; bd�1)g :Therefore, the linear mapping ' has the eigenvalues k�1 ; : : : ; k�d�1. These eigenvalues are thezeros of the characteristic polynomialt 7! det(B � tEd�1) ; t 2 R ;where Ed�1 is the unit (d�1)-by-(d�1) matrix, and the matrix B = (�ij), i; j 2 f1; : : : ; d�1g,is de�ned by the relations bj = d�1Xi=1 �ijai ; j 2 f1; : : : ; d� 1g : (18)Substituting the expressions for ai and bj into (18), we arrive at1kj � xjxj ; u��uj �� xjxj ; uj� xjxj� = d�1Xi=1 �ij �ui � hx; uiihx; ui u� : (19)Since (u1; : : : ; ud�1; u) is an orthonormal basis of Rd , we havexjxj = d�1Xk=1� xjxj ; uk� uk +� xjxj ; u� u : (20)



1.4 Bounded densities and polarity 23If we use (20) for the unit vector jxj�1x within the bracket on the left-hand side of equation(19), a comparison of the coe�cients of u1; : : : ; ud�1 then yields, for i; j 2 f1; : : : ; d�1g, that�ij = D xjxj ; uEkj ��ij �� xjxj ; ui�� xjxj ; uj�� :Here, as usual, �ij denotes the Kronecker symbol. Moreover, for an arbitrary subset I �f1; : : : ; d� 1g with jIj = l, we set BI := (�jk)j; k2I ;thus the matrices BI are the principal minors of order l of the matrix B. Furthermore, weknow that �d�1l �H l (K�; (x�; u�)) can be calculated as the sum of these principal minors. Thuswe obtain from (16) that�d� 1l �Hl(K�; x�) = XjIj=lBI= XjIj=l� xjxj ; u�l Yi2I ki!�1 det ��jk �� xjxj ; uj�� xjxj ; uk��j; k2I!= XjIj=l� xjxj ; u�l Yi2I ki!�1 241�Xj2I � xjxj ; uj�235 :An application of (17) then implies the theorem. �The following Corollary 1.22, which is an immediate consequence of Theorem 1.21, can notonly be used to characterize absolute continuity with bounded density in terms of polarity,but it also leads to a characterization of the case where the measures are purely singular; seeCorollary 1.23 below.Corollary 1.22 Let K 2 Kdoo and l 2 f0; : : : ; d� 2g. Then, for Hd�1 almost all u 2 Sd�1,� xjxj ; u�l+2Dlh(K;u) � Hl(K�; h(K;u)�1u) � � xjxj ; u�lDlh(K;u) ;where x := �K(u). In addition, for Hd�1 almost all u 2 Sd�1,Hd�1(K�; h(K;u)�1u) = � xjxj ; u�d+1Dd�1h(K;u) :Remark. The special case l = d � 1 of the preceding theorem and its corollary has alreadybeen established in [71] by a completely di�erent method of proof. However, it does not seemto be possible to extend the approach of [71] to cover the present situation.Corollary 1.23 Let K 2 Kdoo, ! 2 B(Sd�1), and r 2 f0; : : : ; d� 1g. ThenSr(K; �) x! = Ssr(K; �) x!if and only if Cd�1�r(K�; �) x f(!) = Csd�1�r(K�; �) x f(!) :



24 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESAfter these preparations it is now easy to provide a proof for the second transfer principle byjust combining what we have proved so far.Proof of Theorem 1.16. Assume that there is a constant c such thatSr(K; �) x! � c S0(K; �) x! :Then Sr(K; �) x! is absolutely continuous with respect to S0(K; �) x!, and Drh(K;u) � cis satis�ed for Hd�1 almost all u 2 !. According to Theorem 1.15, Cd�1�r(K�; �) x f(!) isabsolutely continuous with respect to Cd�1(K�; �) x f(!) and, for Hd�1 almost all x� 2 f(!),the density is given by Hr(K�; x�). Now Corollary 1.22 implies that Hr(K�; x�) � c for Hd�1almost all x� 2 f(!). This �nally shows thatCd�1�r(K�; �) x f(!) � c� Cd�1(K�; �) x f(!)is satis�ed with c� = c.Similarly, the reverse implication follows from the inequality on the left-hand side of Corol-lary 1.22. In fact, let r;R 2 (0;1) be chosen in such a way that Bd(o; r) � K � Bd(o;R);hence hjxj�1x; ui � r=R, for Hd�1 almost all u 2 Sd�1 and x = �K(u), and we can proceedas before. �The following theorem has been established by Weil [144]. Its proof is based on a sophisticatedconvolution procedure which is applied to the restriction of the support function of a givenconvex body to properly chosen hyperplanes. Such a procedure is necessary in order to be ableto exert control over the radii of curvature of a suitably constructed sequence of approximatingsmooth convex bodies.Theorem 1.24 (Weil) Let K 2 Kdo, and let ! be an open subset of Sd�1.(a) Assume that S1(K; �) x! � S0(K; �) x!and further assume that D1h(K; �) 2 Lp(!) for some p 2 [1;1). ThenSj(K; �) x! � S0(K; �) x!and Djh(K; �) 2 Lh pj i(!) for j 2 f1; : : : ; [p]g.(b) Assume that S1(K; �) x! � c S0(K; �) x!for some constant c > 0. ThenSj(K; �) x! � cj S0(K; �) x!for j 2 f1; : : : ; d� 1g.



1.4 Bounded densities and polarity 25The corresponding result for curvature measures is stated as Theorem 1.17 in Subsection1.2. It will be implied by our �rst transfer principle, Corollary 1.22 and Theorem 1.24. Ofcourse, it is conceivable to deduce Theorem 1.17 by a more direct application of a convolutionprocedure to the distance function of the convex body K. In this way, Theorem 1.24 mightthen be obtained by arguments similiar to those presented in the proof of Theorem 1.17below. On the other hand, such a direct proof of Theorem 1.17 probably requires resultsanalogous to Satz 1.1 and Satz 4.1 in [144]. But then one encounters the problem that thecurvatures of a sequence of smooth convex bodies, which approximate a given convex body,are de�ned on di�erent domains. Furthermore, the proof of Satz 4.1 in [144] exploits theconnection of surface area measures to mixed volumes and such a relationship is not availablefor curvature measures.Proof of Theorem 1.17. It is su�cient to consider the case K 2 Kdo , since the curvaturemeasures are locally de�ned. Furthermore, since all notions involved in Theorem 1.24 andTheorem 1.17 are invariant with respect to translations, we can assume that o 2 intK.Consider the maps � : bdK ! Sd�1 ; x 7! jxj�1x ;and f� : Sd�1 ! bdK ; u 7! �(K;u)u ;which are bi-Lipschitz homeomorphisms that are inverse to each other. Let ! := �(bdK\�).Then ! � Sd�1 is an open subset of Sd�1. The assumptions of (a) and Theorem 1.15, appliedto K�, imply that S1(K�; �) x! � S0(K�; �) x!. Moreover, an application of Corollary 1.22to K� yields, for Hd�1 almost all x 2 bdK and l 2 f0; : : : ; d� 1g, that� xjxj ; �K(x)�l+2Dlh�K�; xjxj� � Hl(K;x) � Dlh�K�; xjxj� : (21)Let r;R 2 (0;1) be such that Bd(o; r) � K � Bd(o;R). Then, for (x; u) 2 N (K),�� xjxj ; u���1 � Rr =: c ;



26 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESand hence we obtain, for l 2 f0; : : : ; d� 1g and q > 0, thatZ!Dlh(K�; u)qHd�1(du)� c(l+2)q Z!Hl(K; f�(u))qHd�1(du)= c(l+2)q Z!Hl(K; f�(u))q hu; �K(f�(u))i�(K;u)d�1 Jd�1f�(u)Hd�1(du)= c(l+2)q ZbdK\�Hl(K;x)q D xjxj ; �K(x)Ejxjd�1 Hd�1(dx)� c(l+2)qrd�1 ZbdK\�Hl(K;x)qHd�1(dx)� c(l+2)qrd�1 ZbdK\�Dlh�K�; xjxj�q Hd�1(dx)= c(l+2)qrd�1 Z!Dlh(K�; u)qJd�1f�(u)Hd�1(du)� c(l+2)q+1Rd�1rd�1 Z!Dlh(K�; u)qHd�1(du) :Here we have used Lemma 3.1 from [71]. This shows thatDlh(K�; �) 2 Lq(!)() Hl(K; �) 2 Lq(bdK \ �) : (22)Hence we get that D1h(K�; �) 2 Lp(!), and thus Weil's result (Theorem 1.24) yields that, forj 2 f1; : : : ; [p]g, Sj(K�; �) x! � S0(K�; �) x! and Djh(K�; �) 2 Lh pj i(!) :Again from Theorem 1.15 we then conclude that, for j 2 f1; : : : ; [p]g,Cd�1�j(K; �) x� � Cd�1(K; �) x� ;and another application of equation (22) then completes the proof of (a).The proof of (b) follows from (a) and from Newton's inequalities for elementary symmetricfunctions (see [65], [112]). �Example. The result of Theorem 1.24 (a) cannot be improved in general. To see this, letr;R > 0 and de�ne X : [0; �] � [0; 2�]! R3 byX((#; ')) := ((R+ sin#) cos'; (R + sin#) sin'; cos #) :Then K := conv(X([0; �] � [0; 2�])) is the convex hull of a torus. From Theorem 1.4 iteasily follows that S1(K; �) is absolutely continuous with respect to S0(K; �). In addition,



1.5 Surface area measures: bounded densities 27D1h(K; �) 2 Lp(S2) for each p 2 [1; 2). In fact, the principal radii of curvature of K are givenby r1(T (#; ')) = r ; r2(T (#; ')) = R+ r sin#sin# ;where T : (0; �) � [0; 2�]! R3 is de�ned byT (#; ') := (sin# cos'; sin# sin'; cos #) :Now we obtain I(p) := ZS2(r1(u) + r2(u))pH2(du)= 2� Z �0 h2r(sin#) 1p +R(sin#) 1�pp ip d# :If p 2 [1; 2), it follows thatI(p) � 2p� Z �0 �(2r)p sin#+Rp(sin#)1�p� d# :The integral on the right hand side is �nite, since p� 1 < 1 andlim#!0 �(sin#)1�p#p�1� = 1 :But for p � 2 one obtains I(p) =1. On the other hand, S2(K; �) even has point masses.By polarity a corresponding example for curvature measures is obtained.1.5 Surface area measures: bounded densitiesThis section is mainly devoted to the investigation of absolute continuity with bounded densityfor surface area measures of convex bodies. In Theorem 1.26 we will provide an integral-geometric characterization of absolute continuity with bounded density which is stronglyrelated to Theorem 1.9. As a preliminary step we need a lemma on the weak convergence ofintermediate surface area measures of projected convex bodies. In order to indicate that theith surface area measure of the projection KjV of K onto V 2 G(d; j) has to be calculatedwith respect to the subspace V , we write SVi (KjV; �), which is a measure on B(Sd�1 \ V ).Lemma 1.25 Let K 2 Kd, i 2 f0; : : : ; d � 1g, and j 2 fi + 1; : : : ; dg. Then, for eachV 2 G(d; j), the map ! 7! SVi (KjV; ! \ V ), ! 2 B(Sd�1), is a Borel measure over Sd�1. Inaddition, if Vl; V 2G(d; j), Kl 2 Kd, l 2 N, Vl ! V and Kl ! K, as l!1, thenSVli (KljVl; � \ Vl) w�! SVi (KjV; � \ V ) ;as l!1, in the sense of the weak convergence of measures over Sd�1.Proof. Fix V 2 G(d; j) and consider �l; � 2 O(d), l 2 N, with �l ! � as l !1. We have toshow that S�lVi (Klj�lV; � \ �lV ) w�! S�Vi (Kj�V; � \ �V )



28 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESas Borel measures over Sd�1; in other words, it has to be proved thatliml!1ZSd�1\�lV f(u)S�lVi (Klj�lV; du) = ZSd�1\�V f(u)S�Vi (Kj�V; du) (23)is satis�ed for all f 2 C(Sd�1). Let ! 2 B(Sd�1) and L 2 Kd; thenS�Vi (Lj�V; ! \ �V ) = SVi (��1LjV; ��1! \ V )= ZSd�1\V 1!(�u)SVi (��1LjV; du) ;and hence, for any f 2 C(Sd�1),ZSd�1\�V f(u)S�Vi (Lj�V; du) = ZSd�1\V f(�u)SVi (��1LjV; du) : (24)Note that ��1l KljV ! ��1KjV , as l ! 1, with respect to the Hausdor� metric in V . Thisyields SVi (��1l KljV; �) w�! SVi (��1KjV; �) (25)as Borel measures over Sd�1 \ V , and thusliml!1ZSd�1\V f(�u)SVi (��1l KljV; du) = ZSd�1\V f(�u)SVi (��1KjV; du) ; (26)since u 7! f(�u), u 2 Sd�1 \ V , is a continuous function independent of l 2 N.From (25) and the fact that f is uniformly continuous on Sd�1, it follows thatliml!1ZSd�1\V jf(�lu)� f(�u)jSVi (��1l KljV; du) = 0 : (27)But then (23) is implied by (24), (26), (27) and the triangle inequality. �Theorem 1.26 Let K 2 Kd, i 2 f1; : : : ; d�1g, j 2 fi+1; : : : ; dg, and let ! � Sd�1 be open.Then the following conditions are equivalent.(a) There is a constant c such thatSi(K; �) x! � c S0(K; �) x! :(b) There is a constant ~c such that, for �j almost all V 2 G(d; j),SVi (KjV; �) x (! \ V ) � ~c SV0 (KjV; �) x (! \ V ) :(c) There is a constant ~c such that, for all V 2 G(d; j),SVi (KjV; �) x (! \ V ) � ~c SV0 (KjV; �) x (! \ V ) :Remarks.



1.5 Surface area measures: bounded densities 291. If the constant c in (a) is given, then ~c in (b) and (c) can be chosen so that~c � �d�1i ��j�1i �c ;and if the constant ~c in (b) or (c) is given, then we can choose the constant c in (a) sothat c � ~c.2. It should be emphasized that a result for curvature measures, which is strictly analogousto Theorem 1.26, in the sense that the analogue of condition (c) applies to all planes ofa certain dimension intersecting the interior of the convex body, is not true. A relatedproblem arises in the proof of Theorem 1.30 which is provided in [22]. To cope with thisdi�culty, Burago and Kalinin introduce the notion of an \�-transversal" hyperplane.We will return to this subject in the following subsection.Proof of Theorem 1.26. We can assume that i � d� 2 and j � d� 1.(a) ) (b). By Theorem 1.9 we obtain that, for �j almost all V 2 G(d; j),SVi (KjV; �) x (! \ V )� SV0 (KjV; �) x (! \ V ) :For �j almost all V 2 G(d; j), the support function hK is second order di�erentiable at Hj�1almost all u 2 Sd�1 \ V . This can be deduced from Lemma 4.1 in [74]. Let u be one suchunit vector; then we get�d� 1i �Dih(K;u) � �j � 1i �DVi h(KjV; u) :This inequality is a consequence of the Courant-Fischer \min-max theorem" (see Theorem4.3.15 in [67]) and the fact that all radii of curvature are nonnegative. Hence, (a) implies that(b) holds with a positive constant ~c, as described in the preceding remark.(b) ) (c). Assume that condition (b) is ful�lled. Let Vl; V 2 G(d; j), l 2 N, be such thatVl ! V as l !1 and (b) is satis�ed for all Vl, l 2 N. Let f 2 C(Sd�1) be nonnegative andassume that spt f � !. Then we haveZSd�1\Vl f(u)SVli (KjVl; du) � ~cZSd�1\Vl f(u)SVl0 (KjVl; du) ;for all l 2 N, and hence Lemma 1.25 with Kl = K for l 2 N implies that the same estimateholds, if V is substituted for Vl. But then Lemma 7.2.7 in [28] yields thatSVi (KjV; � \ V ) � ~c SV0 (KjV; � \ V )is true for arbitrary open subsets � of !. Condition (c) then follows from another applicationof the Borel regularity of these measures.(c) ) (a). This is immediately implied by relation (4.5.26) in [123]. �Now the �rst part of the following theorem can easily be inferred. The converse statement,saying that S1(K; �) � c S0(K; �)if K is a summand of the ball Bd(o; c), immediately follows from the additivity of the �rstsurface area measure; therefore we do not include it as part of the theorem.



30 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESTheorem 1.27 Let K 2 Kd, and assume thatS1(K; �) � c S0(K; �) ;where c is a constant. Then K is a summand of the ball Bd(o; (d�1)c); in general, the radiusof this ball cannot be reduced further.Proof. By an application of Theorem 1.26 and by the preceding remark we obtain that, foreach V 2 G(d; 2), SV1 (KjV; � \ V ) � (d� 1)c SV0 (KjV; � \ V ) :Then Minkowski's theorem (see Theorem 7.1.1 in [123]), applied in the plane V , yields thatKjV is a summand of the ball Bd(o; (d�1)c)jV . Since this is true for all V 2 G(d; 2), Lemma3.2.6 in [123] implies that K is a summand of Bd(o; (d � 1)c).In order to see that, as far as the radius of this ball is concerned, the result cannot beimproved in general, we consider an ellipsoid E(a; b) of revolution such that the lengths of itssemiaxes are a1 = a and a2 = : : : = ad = b, where a; b > 0. By choosing suitable coordinateswe obtain that E(a; b) = A �Bd(o; 1), where A = (aij) is a real d-by-d matrix with aii = ai, fori 2 f1; : : : ; dg, and aij = 0, for i 6= j and i; j 2 f1; : : : ; dg. An elementary calculation thenyields for the second derivatives of the support function h := h(E(a; b); �) at x 2 Rd n fog that
@2h@xi@xj (x) = a2b2jAxj3 �

8>>>>>>>>>><>>>>>>>>>>:
dXk=2 x2k ; i = j = 1 :x21 + b2a2 dXk=2; k 6=ix2k ; i = j 6= 1 :�x1xj ; i = 1 6= j :� b2a2xixj ; 1 6= i 6= j 6= 1 :In order to determine the principal radii of curvature of E(a; b), we can restrict ourselves tothe case where x = (x1; x2; 0; : : : ; 0) and jxj = 1, since E(a; b) has rotational symmetry. Inaddition, the eigenvectors u2; : : : ; ud 2 Sd�1 of the reverse Weingarten map Wx of E(a; b) atx are equal to the eigenvectors of the Weingarten map of E(a; b) at the uniquely determinedboundary point of E(a; b) with exterior unit normal vector u (compare [123, x2.5]). The latterare given by u2 = (x2;�x1; 0; : : : ; 0) and ui = ei ; i 2 f3; : : : ; dg ;see, e.g., [137, Chapter 3, IV]. Finally, Lemma 2.5.1 in [123] and some further calculationsyield for the corresponding principal radii of curvature r2(x); : : : ; rd(x) of E(a; b) at x thatr2(x) = IIx(u2; u2) = a2b2pa2x21 + b2x223and ri(x) = IIx(ui; ui) = b2pa2x21 + b2x22 ; i 2 f3; : : : ; dg :



1.5 Surface area measures: bounded densities 31Choosing a > b, we obtain that the principal radii of curvature of this ellipsoid can beestimated by r2(x) � a2b and ri(x) � b ; i 2 f3; : : : ; dg ;for any x 2 Sd�1, and the upper bounds are simultaneously attained for a suitable choice ofx 2 Sd�1. Therefore c = 1d� 1 �a2b + (d� 2)b�is the smallest positive constant such that S1(K; �) � c S0(K; �) is satis�ed. In addition, theellipsoid E(a; b) is a summand of the ball Bd(o; a2=b) and no smaller radius can be chosen.The ratio of this smallest radius and (d � 1)c is always less or equal 1, and it approaches 1as a!1. This justi�es the second statement of the theorem. �The following theorem extends a result of Weil [144], Satz 4.7 (a), to a local situation. Westart with a simple lemma which is based on the following de�nition. Let K 2 Kdo and R > 0;then we de�ne the closed setS(K;R) := nu 2 Sd�1 : K � Bd(x�Ru;R) for some x 2 F (K;u)o :On S(K;R) the support function of K is di�erentiable and its gradient coincides with thereverse spherical image map ofK. A dual notion will be introduced in the following subsection.Lemma 1.28 Let K 2 Kdo and R > 0. Then the restriction of the reverse spherical imagemap �K to S(K;R) is Lipschitz with Lipschitz constant less or equal R.Proof. Let u; v 2 S(K;R), and set x := rhK(u), y := rhK(v). Then we get y 2 Bd(x �Ru;R). This implies jy � xj2 � 2Rhx� y; ui ; (28)by symmetry we also have jx� yj2 � 2Rhy � x; vi : (29)Addition of (28) and (29) yields2jy � xj2 � 2Rhx� y; u� vi � 2Rjx� yj ju� vj ;and this proves the statement. �Theorem 1.29 Let K 2 Kd, let ! � Sd�1 be open, and assume that there is a constant csuch that S1(K; �) x! � c S0(K; �) x! :Then, for each compact subset !0 of !, there is some R <1 such that K � Bd(�K(u)�Ru;R)is satis�ed for all u 2 !0; in particular, hK is locally of class C1;1 on !.



32 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESProof. Throughout the proof, we write �� for the topological closure of the set �. First, let !1be an open spherically convex set with �!1 � ! such that there are open spherically convex sets!2; !3 with �!1 � !2, �!2 � !3, and �!3 � !. For i 2 f2; 3g de�ne 
i := ftu : t � 0; u 2 !ig.By the proof of Satz 4.7 in [144] or by Satz 7.1 and the subsequent remark in Weil [145],it follows that there is a positive constant R such that the function f : 
3 ! R, de�nedby f := hBd(o;R) � hK on 
3, is convex (we can choose R = (d � 1)c). In particular, f ispositively homogeneous of degree 1 on the convex cone 
3. In the following we use the notionof subdi�erential as introduced by Clarke [27]. The results of xx2.2-3 in [27] imply that therelation @hK + @f = @hBd(o;R)is satis�ed on 
3nfog. But then Proposition 2.2.4 in [27] yields that hK and f are continuouslydi�erentiable on 
3 n fog.Now, for y 2 Rd , we de�ne the functiong(y) := supfhy;rf(x)i : x 2 !2g :Since rf is continuous on �!2 � !3, we have jg(y)j < 1 for all y 2 Rd . By de�nition, g isconvex and positively homogeneous of degree 1. Since f is positively homogeneous of degree1 on 
3 and since f(tx)� f(x) � htx� x;rf(x)i ;for all t > 0 and x 2 
3 n fog, we obtain thatf(x) = hx;rf(x)i ; x 2 
3 n fog :But this implies that gj
2 = f j
2 . In fact, let x 2 !2; theng(x) � hx;rf(x)i = f(x) ;and thus g � f on 
2. In addition, for any x; ~x 2 !2,hx;rf(~x)i = hx� ~x;rf(~x)i+ f(~x) � f(x) ;and hence g � f on 
2.Thus we have shown that g is the support function of a convex body L and f j
2 = gj
2 .De�ne M := K + L 2 Kd. Then K slides freely inside M . Moreover, hM = hBd(o;R)on 
2. This implies the �rst statement of the theorem for �!1, provided that R is suitablyenlarged if necessary. The general case then follows from an obvious compactness argument.In particular, the preceding proof yields that hK is continuously di�erentiable on !.The remaining assertion is implied by Lemma 1.28. �In order to have a precise reference, we state the result of Burago & Kalinin [22], which wasmentioned in the introduction, as a theorem. Note that in [22] a di�erent terminology is used.Theorem 1.30 (Burago & Kalinin) Let K 2 Cdo , r 2 f0; : : : ; d � 2g, let � � Rd be open,and assume that there is a constant c such thatCr(K; �) x� � cCd�1(K; �) x� :Then, for any x 2 � \ bdK,x =2 extrK or dimN(K;x) < (d� r + 1)=2 :



1.5 Surface area measures: bounded densities 33To obtain Theorem 1.30, simply note that the support cone S(K;x) = N(K;x)� (compare[123, (2.2.1)]) contains a linear subspace of dimension l if and only if the normal cone N(K;x)is contained in a linear subspace of dimension d � l. Then the theorem is seen to be just arestatement of the corresponding Theorem of Burago & Kalinin [22].In [22], the proof of Theorem 1.30 is based on the following lemma, which is just thespecial case r = 0 of Theorem 1.30. We state it separately as a lemma to emphasize thelogical dependence of the subsequent arguments.Lemma 1.31 Let K 2 Cdo , let � � Rd be open, and assume that there is a constant c suchthat C0(K; �) x� � cCd�1(K; �) x� :Then, for any x 2 � \ bdK,x =2 ext0K or dimN(K;x) < (d+ 1)=2 :The following corollary is an easy consequence of Theorem 1.30.Corollary 1.32 Let K 2 Cdo , r 2 f0; : : : ; d � 2g, let � � Rd be open, and assume that thereis a constant c such that Cr(K; �) x� � cCd�1(K; �) x� :Then, for any x 2 � \ bdK, dimN(K;x) � d� 1� r :For r = d�2, Corollary 1.32 implies that �\bdK is a continuously di�erentiable hypersurface.Next we shall treat Theorem 1.19 which is the dual counterpart of Theorem 1.30. Infact, we will o�er two proofs for this result. The �rst one is particularly short, but it reliesessentially on Theorem 1.30. The second proof has the advantage of assuming merely thevalidity of Lemma 1.31. Thus, by this approach and by another application of our transferprinciple, we essentially obtain a new proof for Theorem 1.30. In particular, in this way wecan avoid the introduction of �-transversal hyperplanes.Lemma 1.33 The statement of Theorem 1.19 holds for a convex body K 2 Kdoo, an open set! � Sd�1 and the rth surface area measure of K, for some r 2 f1; : : : ; d� 1g, if and only ifthe statement of Theorem 1.30 holds for K�, � := f(!) [ (Rd n bdK�) and the (d� 1� r)thcurvature measure of K�.Proof. Let K 2 Kdoo be a given convex body, let ! � Sd�1 be open, and let r 2 f1; : : : ; d�1g.First, let us assume that if Sr(K; �) x! � c S0(K; �) x! ;for some constant c, thenu =2 extnd�1�rK or dimF (K;u) < r=2 ;



34 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESfor all u 2 !. Now suppose that there is a constant c� such thatCd�1�r(K�; �) x� � c� Cd�1(K�; �) x� :Let x� 2 bdK� \ � be arbitrarily chosen. From Theorem 1.16 we obtain that there is aconstant c such that Sr(K; �) x! � c S0(K; �) x! :De�ne u := jx�j�1x� 2 !; our assumption then implies thatu =2 extnd�1�rK or dimF (K;u) < r=2 :If u =2 extnd�1�rK, then the argument on page 75 in [123] shows that x� =2 extd�1�rK�. Nowassume that dimF (K;u) < r=2. It is easy to see thatN(K�; x�) \ Sd�1 = njxj�1x 2 Sd�1 : x 2 F (K;u)o ; (30)and hence we obtain thatdimN(K�; x�) = dimF (K;u) + 1 < (r + 2)=2 :In any case, we havex� =2 extd�1�rK� or dimN(K�; x�) < (r + 2)=2 :The reverse implication follows in a similar way, if instead of (30) the relationF (K;u) = nh(K�; u�)�1u� : u� 2 N(K�; x�) \ Sd�1ois used, which holds for any u 2 ! and x� := f(u). �First proof of Theorem 1.19. The theorem is an immediate consequence of Theorem 1.30and Lemma 1.33. �Second proof of Theorem 1.19. We proceed by induction on the dimension d of the Euclideanspace. For d = 2 the theorem is obviously true. Assume now that the statement of thetheorem is true in dimensions less than d, and let d � 3.By Lemma 1.33, the case r = d�1 of Theorem 1.19 follows from Lemma 1.31. Henceforthwe assume r 2 f1; : : : ; d � 2g. Let the assumption of Theorem 1.19 be ful�lled and assumethat u 2 ! is such that u 2 extnd�1�rK and dimF (K;u) � r2 :The theorem is proved by showing that this assumption eventually leads to a contradiction.Since u 2 extnd�1�rK, we have l := dimT (K;u) � d � r. De�ne the linear subspaceV := linfu; T (K;u)?g, and hence dimV = 1 + d� l � r + 1.First, assume that l � 2. Then we have dimV � d � 1. In addition, we know thatlinF (K;u) � T (K;u)? and linF (K;u) � linF (KjV; u). From Theorem 1.26 we obtain thatthere is a positive constant ~c such thatSVr (KjV; �) x (! \ V ) � ~c SV0 (KjV; �) x (! \ V ) :



1.5 Surface area measures: bounded densities 35Furthermore, u 2 ! \ V , ! \ V is open relative to V , anddimF (KjV; u) � dimF (K;u) � r2 :Therefore, the inductive assumption implies that u =2 extndimV�1�r(KjV ), and hence u =2extn0(KjV ). In other words, dimT (KjV; u) � 2, and thus we obtain linearly independentvectors u1; u2 2 T (KjV; u). But then also u1; u2 2 T (K;u) \ V , which contradicts thede�nition of V .Now we consider the case l = 1. If dimF (K;u) = d�1, then let U be an arbitrary (d�2)-dimensional linear subspace of u?. If dimF (K;u) � d � 2, then choose a linear subspaceU 2 G(d; d � 2), U � u?, with linF (K;u) � U . Set V := linfu;Ug 2 G(d; d � 1), and notethat dimV � 1� r = d� 2� r � 0. In any case we getdimF (KjV; u) � r2 :Again from Theorem 1.26 and the inductive assumption we obtain linearly independentvectors u1; u2 2 T (K;u), and this contradicts l = dimT (K;u) = 1. �Corollary 1.34 Let K 2 Kdo, r 2 f1; : : : ; d�1g, let ! be an open subset of Sd�1, and assumethat there is a constant c such thatSr(K; �) x! � c S0(K; �) x! :Then, for any u 2 !, dimF (K;u) � r � 1 :For r = 1, Corollary 1.34 implies that h(K; �) is continuously di�erentiable on !.Corollary 1.35 Let K 2 K3o, and assume that there is a positive constant c such thatS2(K; �) x! � c S0(K; �) x! :Then K is strictly convex.Remarks.1. Let � � Rd be Borel measurable; for r = 0 and x 2 �, the assumptionC0(K; �) x� � Cd�1(K; �) x�already implies that dimN(K;x) � d� 1 :This can easily be seen, e.g., from the relationC0(K; fxg) = Hd�1(�(K; fxg)), x 2 bdK.Similarly, let ! be a Borel measurable subset of Sd�1; for r = d � 1 and u 2 !, wealready obtain dimF (K;u) � d� 2 ;if merely Sd�1(K; �) x! � S0(K; �) x!is assumed. To see this, simply note that Sd�1(K; fug) = Hd�1(F (K;u)), u 2 Sd�1.



36 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIES2. Corollary 1.32 should be compared with Theorem 4.6 from [72], and Corollary 1.34with Theorem 4.8 from [72]. Thus the stronger assumption of absolute continuity withbounded densities implies a stronger obstruction to singularities.The case r = 1 of Corollary 1.34 is contained in Satz 4.7 (b3) in [144]. Moreover, usingour second transfer principle, we can derive Corollary 1.32, for r = d � 2, from Weil'sresult.3. Burago & Kalinin have given examples which show that the assumption of Theorem1.30 can be ful�lled and still one of the two conditions which appear in the implicationof Theorem 1.30 can be violated. By duality corresponding examples can be obtainedfor Theorem 1.19 as well.1.6 Curvature measures: bounded densitiesThis section is mainly devoted to the mean curvature measure of convex sets. Recall fromthe preceding section that if K 2 Cdo andCd�2(K; �) � cCd�1(K; �) ;for some constant c, then Theorem 1.30 implies that bdK is of class C1. In the following, wewill show that a much stronger result can be inferred. In fact, the same assumption alreadyimplies that a ball rolls freely inside K if bdK is connected. In a certain sense, the maindi�culty is to demonstrate that bdK is of class C1;1.First, however, we wish to provide a partial analogue of Theorem 1.26 for curvaturemeasures; this will extend a result of Burago & Kalinin in [22]. Thus we will also obtain anintegral-geometric characterization of absolute continuity with bounded density correspondingto Theorem 1.8.In the following, we will adopt the notation introduced in [74]. In particular, we writeTxK for the linear tangent space of K at x 2 bdK, where it is de�ned uniquely; in fact,whenever we write TxK, this will be justi�ed at least \almost everywhere" with respect to x.Theorem 1.36 Let K 2 Cdo , let � � Rd be open, and assume that r 2 f2; : : : ; d � 1g ands 2 fr; : : : ; d� 1g. Then the following conditions are equivalent.(a) There is a constant c such thatCd�r(K; �) x� � cCd�1(K; �) x� :(b) There is a constant ~c such that, for �s almost all E 2 A(d; s) with E \ int K 6= ;,C 0s�r(K \E; �) x (� \E) � ~c Z� 1fx 2 �g[TxK;U(E)]�r+1C 0s�1(K \E; dx) :Remarks.1. If the constant c in (a) is given, then ~c in (b) can be chosen so that~c � �d�1r�1��s�1r�1� c ;and if the constant ~c in (b) is given, then we can shoose the constant c in (a) so thatc � ~c.



1.6 Curvature measures: bounded densities 372. It does not seem to be possible to infer that condition (b) is satis�ed for all E 2 A(d; s)with E\ int K 6= ; if K is not smooth. Although the map E 7! C 0s�1(K\E; �) is weaklycontinous as a map from the set of all E 2 A(d; s) with E \ int K 6= ; into the space ofRadon measures on Rd , the integrand [TxK;U(E)]�r+1 is discontinuous as a functionof x for �xed E. Moreover, the restriction of this map to the set of regular boundarypoints of K is not equicontinuous with respect to E, and the set of regular boundarypoints is not closed.Proof. (a) ) (b). By Theorem 1.8 we know thatC 0s�r(K \E; �) x (� \E)� C 0s�1(K \E; �) x (� \E) ; (31)for �s almost all E 2 A(d; s) for which E \ int K 6= ;. Further, by Lemmas 5.2-4 in [74], weconclude that, for �s almost all E 2 A(d; s) satisfying E \ int K 6= ; and for Hs�1 almost allx 2 E \ bd K, we have x 2M(K) \M(K \E),H 0r�1(K \E; x) = [TxK;U(E)]1�rH 0r�1(K \ (x+ U0(E)); x) ;where U0(E) = linf�K(x); U(E) \ TxKg, and�d� 1r � 1�Hr�1(K;x) � �s� 1r � 1�H 0r�1(K \ (x+ U0(E)); x) :The last inequality follows again from Theorem 4.3.15 in [67] and since the principle curvaturesare non-negative (whenever they are de�ned). This �nally implies thatH 0r�1(K \E; x) � �d�1r�1��s�1r�1� [TxK;U(E)]1�rHr�1(K;x) ; (32)for �s almost all E 2 A(d; s) for which E \ int K 6= ;, and for Hs�1 almost all x 2 E \bd K.From (a) we further obtain that Hr�1(K;x) � c for Hd�1 almost all x 2 bd K. Hence, byLemma 5.4 in [74] we have Hr�1(K;x) � c ; (33)for �s almost all E 2 A(d; s) for which E \ int K 6= ;, and for Hs�1 almost all x 2 E \bd K.Now (b) follows from (31), (32), and (33).(b) ) (a). Let 
 � � be Borel measurable. For the following argument, we have torecall some terminology from [74]. We write �n for the volume of an n-dimensional unitball and set adsr := (�d�r!s)�1�s�r!d. If T 2 G(d; d � 1), then we write G(T; s � 1) forthe Grassmann space of (s � 1)-dimensional linear subspaces of T . Further, we write �Ts�1for the rotation invariant normalized Haar measure over G(T; s � 1); here rotations referto the linear space T with the induced scalar product. For any V 2 G(d; s � 1), we setGV (d; s) := fU 2 G(d; s) : V � Ug, and we let �Vs denote the corresponding normalizedHaar measure over GV (d; s); compare [74]. Finally, if T 2 G(d; d � 1) and U 2 G(d; s) aresuch that T+U = Rd , then [T;U ] := jhe; uij, where e 2 Sd�1\T? and u 2 U\(T\U)?\Sd�1.Using successively Theorem 4.5.5 in [123] (the constant adsr is de�ned as in [74], Propo-sition 5.8), assumption (b), Lemma 5.4 in [74], Lemma 5.6 in [74] , and Lemma 5.7 in [74],



38 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESwe obtainCd�r(K; 
) = adsr ZA(d;s) C 0s�r(K \E; 
 \E)�s(dE)� adsr ~c ZA(d;s) ZE\
\bd K [TxK;U(E)]�r+1Hs�1(dx)�s(dE)= adsr ~c Z
\bd K ZG(d;s) [TxK;U(E)]�r+2 �s(dU)Hd�1(dx)= !s!d�s+12!d adsr ~c Z
\bd K ZG(TxK;s�1) ZGV (d;s)[TxK;U(E)]s�r+1 �Vs (dU)�TxKs�1 (dV )Hd�1(dx)= !s!dadsr ~c �d�r�s�r (Hd�1 xbd K)(
)= ~cCd�1(K; 
) :This shows that (a) is satis�ed. �Corollary 1.37 Let K 2 Cdo , let � � Rd be open, and let r 2 f2; : : : ; d � 1g and s 2fr; : : : ; d� 1g. Assume that there is a constant c such thatCd�r(K; �) x� � cCd�1(K; �) x� :Then, for each E 2 A(d; s) with E \ int K 6= ;, there is a constant c(E) such thatC 0s�r(K \E; �) x (� \E) � c(E)C 0s�1(K \E; �) x (� \E) :Proof. Let E 2 A(d; s) with E \ int K 6= ; be �xed. Then there is some y0 2 E and somer0 > 0 such that Bd(y0; 2r0) � K. We can choose a sequence Ei 2 A(d; s), i 2 N, for whichthe estimate of condition (b) in Theorem 1.36 is ful�lled and such that Ei \ Bd(y0; r0) 6= ;;thus [TxK;U(Ei)] � r0diam Kfor all x 2 Ei \ bd K and i 2 N. Therefore we obtainC 0s�r(K \Ei; �) x (� \Ei) � ~c �diam Kr0 �r�1 C 0s�1(K \Ei; �) x (� \Ei)for all i 2 N. An argument similar to the one used to establish (b)) (c) in the proof of The-orem 1.26 then completes the proof. The analogue of Lemma 1.25, which is needed for suchan argument, follows from Theorem 1.8.8 in [123], the weak continuity of curvature measuresand the fact that up to proper normalization the curvature measures are independent of thedimension of the surrounding space (compare [123], p. 205). �



1.6 Curvature measures: bounded densities 39Remarks. On Corollary 1.37 one can base an inductive proof of Theorem 1.30, startingfrom Lemma 1.31. In fact, such an approach was essentially used by Burago & Kalinin.Our next aim is to show that if Cd�2(K; �) � cCd�1(K; �) for a constant c > 0, then K is ofclass C1;1. We shall deduce this theorem from Theorem 1.27 by means of the second transferprinciple through a succession of geometric results, which will be established �rst. Thesegeometric facts are designed to prove that if a convex body K 2 Kdoo is a summand of a ballof radius R > 0, then a ball of radius R�1 rolls freely inside the polar K�. For the proofs oftwo preparatory lemmas, we have to accomplish some explicit calculations for ellipsoids.Lemma 1.38 Let R > 0, t 2 Rd and jtj < R. Then Bd(t; R)� is an ellipsoid of revolution.The lengths of its semiaxes area1 = RR2 � jtj2 and a2 = � � � = ad = 1pR2 � jtj2 :Proof. We can assume that t = jtje1, where (e1; : : : ; ed) is the standard basis of Rd . Then,for u 2 Sd�1, we have�(Bd(t; R)�; u) = h(Bd(t; R); u)�1 = (ht; ui+R)�1 :If we set x := �(Bd(t; R)�; u)u, u 2 Sd�1, then we �nd (compare [44])jxj2 = 1R2 �1� ht; uiht; ui+R�2 = 1R2 (1� ht; xi)2 :Hence, any boundary point x of Bd(t; R)� satis�es the equationx21 �� jtjR�2 x21 + 2jtjR2 x1 + dXi=2 x2i = 1R2 ;where x1; : : : ; xd are the coordinates of x with respect to the standard basis (e1; : : : ; ed).Some elementary calculations �nally show that this is equivalent to�x1 + jtjR2�jtj2�2� RR2�jtj2�2 + dXi=2 x2i� 1pR2�jtj2�2 = 1 :This proves that bdBd(t; R)� is contained in and thus coincides with the boundary of anellipsoid with semiaxes as described in the statement of the lemma. �Lemma 1.39 Let R > 0 be �xed. Let Et, t 2 [0; R), be an ellipsoid of revolution in Rd thesemiaxes of which have the lengths a1 = R!2 and a2 = : : : = ad = !, where ! := (R2�t2)�1=2.Then the principal radii of curvature of Et can be uniformly bounded from below by R�1.



40 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESProof. From the calculations in the proof of Theorem 1.27 we obtain for the principal radiiof curvature r2(x); : : : ; rd(x) of the ellipsoid Et in direction x = (x1; x2; 0; : : : ; 0) 2 Sd�1 thatr2(x) = IIx(u2; u2) = R�1 1�� tR�2 +� tR�2 x21!� 32and ri(x) = IIx(ui; ui) = R�1 1�� tR�2 +� tR�2 x21!� 12 ; i 2 f3; : : : ; dg :This proves the lemma, since x21 2 [0; 1]. �Proposition 1.40 Let K 2 Kdoo and assume that the polar body K� is a summand of the ballBd(o;R) with R > 0. Then Bd(o;R�1) rolls freely inside K.Proof. By Theorem 3.2.2 in [123], the assumption implies thatK� slides freely insideBd(o;R).Hence for each u 2 Sd�1 there is a (uniquely determined) point x� = �K�(u) 2 bdK�with K� � Bd(x� � Ru;R). Thus we get Bd(x� � Ru;R)� � K. In particular, we haveF (K�; u) = fx�g and h(K�; u) = h(Bd(x� � Ru;R); u). Therefore, h(K�; u)�1u 2 bdK andalso h(K�; u)�1u 2 bd (Bd(x� �Ru;R)�). This shows thath(K�; u)�1u 2 bdK \ bd (Bd(x� �Ru;R)�) :In other words, for each x 2 bdK there is some u 2 Sd�1 such thatx 2 Bd(�K�(u)�Ru;R)� � K :From Lemma 1.38 we know that Bd(�K�(u) � Ru;R)� is an ellipsoid of revolution. Sinceo 2 intK� and K� � Bd(�K�(u) � Ru;R), we obtain j�K�(u)� Ruj < R. Now Lemma 1.38,Lemma 1.39 and a special case of Corollary 3.2.10 in [123] imply that Bd(o;R�1) rolls freelyinside any of the ellipsoids Bd(�K�(u)�Ru;R)�. But then Bd(o;R�1) rolls freely inside K.�The proof of Proposition 1.40 actually yields the following local result.Corollary 1.41 Let K 2 Kdoo, u 2 Sd�1, and R > 0. Assume that x 2 F (K;u) issuch that K � Bd(x � Ru;R), and set x� := �(K�; u)u 2 bd K�. Then x� 2 Bd(x� �R�1�K�(x�); R�1) � K�.Theorem 1.42 Let K 2 Kdo. Then there is a constant c such thatCd�2(K; �) � cCd�1(K; �)if and only if there is some r > 0 such that the ball Bd(o; r) rolls freely inside K.Proof. First, let us assume that Cd�2(K; �) � cCd�1(K; �)



1.6 Curvature measures: bounded densities 41is satis�ed for some constant c. We may also assume that o 2 intK. Then Theorem 1.16implies that there is a constant c� such thatS1(K�; �) � c� S0(K�; �) :Hence, Theorem 1.27 implies that K� is a summand of a ball. But then Proposition 1.40yields the assertion.The reverse implication follows, e.g., from equation (12) of [69], since K is a parallelbody of some body L 2 Kd if Bd(o; r) rolls freely inside K; see [123, Theorem 3.2.2]. �Remark. Alternatively, the last assertion can also be seen from Lemma 3.1 in [72] andTheorem 1.3. The boundedness of the principal curvatures of K from above by r�1 at Hd�1almost all boundary points can easily be checked. Still another way to prove the reversestatement is to use Proposition 1.45 below, Satz 4.7 (a2) ) (a1) in [144], and Theorem 1.16of the present work.In order to see that Theorem 1.27 and Theorem 1.42 are actually equivalent, we �rst provide ageometric result which is a converse of Proposition 1.40. We need two preparatory geometriclemmas.Let r; l > 0, and let e 2 Sd�1 be an arbitrary unit vector; then we de�neK(r; l; e) := convfBd(o; r) [ (le+Bd(o; r))g :We �rst calculate the radial function of the polar body of K(r; l; e).Lemma 1.43 The radial function �(K(r; l; e)�; �) of the polar body of K(r; l; e) is given by�(K(r; l; e)�; u) = 8<: (r + lhu; ei)�1 ; if hu; ei � 0 ;r�1 ; if hu; ei < 0 ;where u 2 Sd�1.Proof. The proof follows from �(K(r; l; e)�; u) = h(K(r; l; e); u)�1 , u 2 Sd�1, and elementarygeometric considerations. �Lemma 1.44 Let r > 0, and let l 2 [0; L] for some L > 0. Then there is a �nite numberR = R(r; L) such that K(r; l; e)� is a summand of Bd(o;R).Proof. For the proof we show that for Hd�1 almost all x 2 bdK(r; l; e)� the principal cur-vatures k1(x); : : : ; kd�1(x) of K(r; l; e)� can be estimated from below by a positive numberR0 = R0(r; L). In the terminology of Dekster [31, p. 248], this implies that K(r; l; e)� has anR-support at Hd�1 almost all of its boundary points if (say) we set R := 2R0. Then Theorem1.9 in [31] and Theorem 3.2.2 in [123] yield that K(r; l; e)� is a summand of Bd(o;R).It remains to establish the bounds for the principal curvatures ofK(r; l; e)� atHd�1 almostall boundary points. If x 2 bdK(r; l; e)� is such that hx; ei < 0, then triviallyki(K(r; l; e)�; x) = r�1 ; i 2 f1; : : : ; d� 1g :



42 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESNow consider the case where hx; ei > 0. By Lemma 1.43 we have to estimate the principalcurvatures of the smooth hypersurface of revolution which is parametrized by the map X :(0; �=2] � Sd�2 ! Rd de�ned byX(t; v) := cos tr + l sin t v + sin tr + l sin t e ;where Sd�2 := e? \ Sd�1.The exterior unit normal vector N of X is given byN(t; v) = r cos tpr2 + l2 + 2rl sin t v + l + r sin tpr2 + l2 + 2rl sin t e ;where (t; v) 2 (0; �=2] � Sd�2. A straightforward calculation (compare [123, x2.5, p. 105])yields for the principal curvatures of K(r; l; e)� at the boundary point x = X(t; v), (t; v) 2(0; �=2] � Sd�2,k1(K(r; l; e)�; x) = r(r + l sin t)3pr2 + l2 + 2rl sin t3 � r4(r + l)3 � r4(r + L)3and k2(K(r; l; e)�; x) = : : : = kd�1(K(r; l; e)�; x) = r(r + l sin t)pr2 + l2 + 2rl sin t � r2r + L :Since (r + L)�1r2 � (r + L)�3r4, we can de�ne R0 as the minimum of r�1 and (r + L)�3r4,and this completes the proof of the lemma. �Proposition 1.45 Let K 2 Kdoo, and assume that Bd(o; r) rolls freely inside K for somer > 0. Then there is some R <1 such that K� is a summand of Bd(o;R).Proof. We may assume that Bd(o; r) � K. We set L := diam(K) and choose R as in theassertion of Lemma 1.44. By Theorem 3.2.2 in [123] it is su�cient to show that for eachu 2 Sd�1 there is some t 2 Rd such that Ru 2 K� + t � Bd(o;R). Let u 2 Sd�1 be given.De�ne x := �(K;u)u andK(x) := convfBd(x� r�K(x); r) [Bd(o; r)g :Then K(x) � K, since Bd(o; r) rolls freely inside K. In addition, �(K;u) = �(K(x); u), andhence also h(K�; u) = h(K(x)�; u) : (34)Choose x� 2 bdK� such that h(K�; u) = hx�; ui. By (34) and since x� 2 K� � K(x)�, wenow obtain x� 2 F (K(x)�; u). But then Lemma 1.44 implies thatRu 2 K(x)� + (Ru� x�) � Bd(o;R) :This shows that the de�nition t := Ru� x� in fact yields Ru 2 K� + t � Bd(o;R). �From the proof of Proposition 1.45 we can extract the following local result.



1.6 Curvature measures: bounded densities 43Corollary 1.46 Let K 2 Kdoo, x 2 bd K, and r > 0. Assume that u 2 N(K;x) \ Sd�1 issuch that Bd(x � ru; r) � K, and set u := jxj�1x 2 Sd�1. Then there is some R > 0 suchthat K� � Bd(�K�(u)�Ru;R); moreover, R depends only on r and the diameter of K.The next theorem re�nes the statement of Theorem 1.42. But �rst we state a lemma whichimproves a less explicit assertion in [94], Hilfssatz 1. For this reason, we recall the followingnotion. Let K 2 Kdo and r > 0; then(bd K)r := fx 2 bd K : Bd(x� ru; r) � K for some u 2 N(K;x)gis the closed set of r-smooth boundary points of K.Lemma 1.47 Let K 2 Kdo and r > 0. Then the restriction of the spherical image map �Kto (bd K)r is Lipschitz with Lipschitz constant 1=r.Proof. Let x; y 2 (bdK)r, and de�ne u := �K(x), v := �K(y). Then we havex� ru+ rv 2 Bd(x� ru; r) � K ;and hence hx� ru+ rv � y; vi � 0. This yieldsrhv � u; vi � hy � x; vi ; (35)by symmetry we also have rhv � u;�ui � hy � x;�ui : (36)Addition of (35) and (36) impliesrjv � uj2 � hy � x; v � ui � jy � xj jv � uj ;which completes the proof. �Theorem 1.48 Let K 2 Kdo, and assume that there exists a constant c such thatCd�2(K; �) � cCd�1(K; �) :Then the ball Bd �o; ((d � 1)c)�1� rolls freely inside K; in general, the radius of this ballcannot be increased further.Proof. It follows from Theorem 1.42 and Lemma 1.47 that the spherical image map �K :bdK ! Sd�1 is Lipschitz. The assumption implies thatki(K;x) � (d� 1)H1(K;x) � (d� 1)c ; i 2 f1; : : : ; d� 1g ;for Hd�1 almost all x 2 bdK. Since �K is a Lipschitz map, Remark 2 after Lemma 2.5 in[70] yields that, for Hd�1 almost all u 2 Sd�1, all eigenvalues of d2hK(u)ju? can be estimatedfrom below by ((d � 1)c)�1. One way to complete the proof is to simply cite Theorem 1 in[148] (or Satz 4.9 in [11]).



44 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESA di�erent (and perhaps more elementary) argument proceeds as follows. By Lemma 4.1in [72] we deduce that, for �2 almost all U 2 G(d; 2), and for H1 almost all u 2 Sd�1 \U , theinequality r(KjU; u) � 1=[(d � 1)c] is satis�ed. This shows thatSU1 (KjU; �) � SU1 (Bd(o; ((d � 1)c)�1)jU; �) ;and hence by a special case of Minkowski's theorem (see Theorem 7.1.1 in [123]) we deducethat Bd(o; ((d� 1)c)�1)jU is a summand of KjU , for �2 almost all U 2 G(d; 2). But then theassertion follows from Lemma 3.2.6 in [123].For the second part, consider an ellipsoid E(a; b) whose semiaxes have lengths a1 = aand a2 = : : : = ad�1 = b, where b � a > 0. After some calculations (compare the proof ofTheorem 1.27), one obtains that the principal curvatures of E(a; b) satisfyk1(x) � ba2 ; ki(x) � 1b ; i 2 f2; : : : ; d� 1g ;for all x 2 bdE(a; b). The upper bounds are simultaneously attained for one boundary point.Therefore, c(a; b) := 1d� 1 � ba2 + (d� 2)1b�is the smallest constant such thatCd�2(E(a; b); �) � c(a; b)Cd�1(E(a; b); �)is ful�lled. Moreover, r(a; b) := a2=b is the largest radius of a ball which rolls freely insideE(a; b). This shows that r(a; b) c(a; b) = 1d� 1 �1 + (d� 2)a2b2� ; (37)and the expression in (37) is arbitrarily close to (d� 1)�1 for b=a!1. �Remarks.1. In the plane (d = 2), a slight modi�cation of the proof for Theorem 1.48 leads to adirect proof of this Theorem for d = 2. In fact, let K 2 K2o, and assume thatC0(K; �) � cC1(K; �)for some constant c. Then, for H1 almost all x 2 bdK, we obtain k1(x) � c. On theother hand, if � � bdK is a Borel set and H1(�) = 0, thenH1(�(K;�)) = C0(K;�) � cC1(K;�) = cH1(�) = 0 ;and therefore, as in the proof of Theorem 1.48, we have r1(u) � c�1, for H1 almostall u 2 S1. Now an application of Minkowski's theorem yields that Bd(o; c�1) rollsfreely inside K. (Instead of Minkowski's theorem, one can also use very special cases ofTheorem 1 in [148] or Satz 4.9 in [11].)



1.6 Curvature measures: bounded densities 452. The preceding results can be used to extend stability results for convex bodies of classC2+ to the nonsmooth case. In the plane, in particular, a sharp stability result can easilybe obtained. In fact, let K 2 K2o, 0 � � < 1, and assume that(1� �)C1(K; �) � C0(K; �) � (1 + �)C1(K; �) :Then a disc of radius (1 + �)�1 rolls freely inside K, and K rolls freely inside a disc ofradius (1� �)�1.Corollary 1.49 Let K 2 Cdo , let � � Rd be open, and assume that there is a constant c suchthat Cd�2(K; �) x� � cCd�1(K; �) x� :Then, for each compact subset �� of �, there is some r > 0 such that Bd(x� r�K(x); r) � Kfor all x 2 �� \bdK; in particular, all points in � \bdK are regular boundary points and �Kis locally Lipschitz on � \ bdK.Proof. It can be assumed that K 2 Kdoo, since the curvature measures are translation invariantand locally de�ned. The proof of the �rst statement then follows from Theorem 1.16, Theorem1.29, and Corollary 1.41.The remaining assertion is implied by Lemma 1.47. �Remark. Conversely, one can deduce Theorem 1.29 from Corollary 1.49 by using Theorem1.16 and Corollary 1.46. Thus, in view of the second transfer principle, Theorem 1.29 andCorollary 1.49 are equivalent up to rather elementary additional geometric considerations.Corollary 1.50 Let K 2 Cdo , let bdK be connected, and assume that there is a constant csuch that Cd�2(K; �) � cCd�1(K; �) :Then the ball Bd �o; ((d � 1)c)�1� rolls freely inside K.Proof. We already know that bdK is locally of class C1;1. Let �c > c be arbitrarily chosen.Further, choose x0 2 bdK and set u0 := �K(x0). Set �K := K \ Bd(x0; 1) 2 Kdo , and let� > 0 be such that x0 � �u0 2 int �K and � < ((d � 1)�c)�1. We can choose the origin so thato = x0 � �u0. The assumption and equation (21) imply thatD1h( �K�; u) � �cfor all u 2 !, where ! � Sd�1 is a su�ciently small, spherically convex neighbourhood of u0.In particular, we can assume that �(K;u) = �( �K;u) for all u 2 !. From Theorem 1.16 we�rst infer that S1( �K�; �) x! � S0( �K�; �) x! ;and hence S1( �K�; �) x! � �c S0( �K�; �) x! :



46 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESLet !0 � Sd�1 be a spherically convex, open neighbourhood of u0 whose closure is containedin !. As in the proof of Theorem 1.29 it then follows thath( �K�; u) � h�Bd (� �K�(u0)� (d� 1)�cu0; (d� 1)�c) ; u�is satis�ed for all u 2 !0. But then an application of Corollary 1.41 shows that��Bd �x0 � ((d� 1)�c)�1u0; ((d � 1)�c)�1� ; u� � �(K;u)is true for all u 2 !0. In other words, we have proved that for all x 2 bdK the ballBd �x� ((d� 1)�c)�1�K(x); ((d � 1)�c)�1� locally touches bdK from inside. By applying The-orem 4.3.2 or Theorem 9.3.2 of Brooks & Strantzen [19], we deduce that Bd �o; ((d � 1)�c)�1�rolls freely inside K. But this implies the desired result, since �c > c was arbitrarily chosen.�Remark. A completely di�erent proof of Corollary 1.50 has independently been found byV. Bangert [12]. There one can also �nd references to the literature, where special cases ofCorollary 1.50 have been treated in the setting of smooth hypersurfaces. The author gratefullyacknowledges discussions with V. Bangert, which motivated the treatment of the noncompactcase in the present work.1.7 Applications to stability resultsA familiar way of establishing stability and uniqueness results for balls is to use symmetriza-tion techniques. This is also the method which was used by Diskant in order to prove stabilityresults for convex bodies K for which Sd�1(K; �) or C0(K; �) are close to the correspondingmeasures of the unit ball Bd(o; 1). It is surprising, however, that it is possible to improveDiskant's result for the (d � 1)st surface area measure by means of Diskant's stability resultfor the Gauss curvature measure C0(K; �).Proof of Theorem 1.18. We can assume that � > 0. The assumption implies that intK 6= ;and 1� � � Dd�1h(K;u) � 1 + � ; (38)for Hd�1 almost all u 2 Sd�1. By Theorem 1.5, the left-hand side of (38) yields thatC0(K; �) � Cd�1(K; �) ; (39)moreover, the density function is given byHd�1(K; �). Let !0 � Sd�1 be the set of all u 2 Sd�1such that hK is not second order di�erentiable at u or (38) is not satis�ed. Hence, we get0 = S0(K;!0) � (1 + �)�1Sd�1(K;!0) = (1 + �)�1Hd�1(�(K;!0)) � 0 :For x 2M(K) n �(K;!0), and hence for Hd�1 almost all x 2 bdK, we obtain thatHd�1(K;x)Dd�1h(K;�K(x)) = 1 ; (40)see Remark 2 after Lemma 2.5 in [70]. From (38) and (40) we deduce1� � � (1 + �)�1 � Hd�1(K;x) � (1� �)�1 � 1 + 2� ; (41)



1.7 Applications to stability results 47since 0 < � < 1=2, and thus (39) and (41) imply(1� 2�)Cd�1(K; �) � C0(K; �) � (1 + 2�)Cd�1(K; �) :Now the proof is completed by applying Theorem 1 of Diskant [32]; compare Theorem 7.2.11in [123]. �Remark. Let K := Bd �o; (1 + �)1=(d�1)�, 0 < � < 1=4. Then the assumptions of Theorem1.18 are ful�lled, but the Hausdor� distance of K to an arbitrary unit ball is greater or equal1d� 1 �45� d�2d�1 � :Therefore, the exponent of � (namely 1) in the conclusion of Theorem 1.18 cannot beimproved in general.The proof of Theorem 1.18 also suggests the following consequence, which we include for thesake of completeness.Corollary 1.51 Let K 2 Kdo, let ! � Sd�1 be Borel measurable, and let 0 < � � � < 1.Then the following conditions are equivalent:(a) �S0(K; �) x! � Sd�1(K; �) x! � � S0(K; �) x! ;(b) 1=� Cd�1(K; �) x �(K;!) � C0(K; �) x �(K;!) � 1=�Cd�1(K; �) x �(K;!) .The second consequence of our general results on the absolute continuity of curvature mea-sures, which we discuss in this subsection, concerns a stability result for the mean curvaturemeasure. The following terminology is appropriate. For a given convex body K, let BK bethe Steiner ball of K. This is the ball which has the same Steiner point and the same meanwidth as K. Further, denote by �2(K;BK) and �(K;BK ) the L2-distance of the supportfunctions of K and BK and the Hausdor� distance of K and BK , respectively.Theorem 1.52 Let K 2 Kd, � 2 [0; 1), and assume that(1� �)Cd�1(K; �) � Cd�2(K; �) � (1 + �)Cd�1(K; �) : (42)Then �2 (K;BK) � c1(d)V (K) � 12 ; (43)where c1(d) =s d�d �23d�4(d� 1)2d�3d+ 1 � 12 :Remarks.1. By considering the convex hull of fx 2 Bd(o; 1) : hx; edi � 0g and Bd(o; 1 � �) for � # 0one can see that the exponent 1=2 of � on the right-hand side of (43) cannot be increasedin general.



48 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIES2. Under the assumptions of Theorem 1.52 one obtains from Lemma 2 in [58] that� (K;BK) � c2(d)V (K) 4d+3 b(K) d�1d+3 � 2d+3 ;where c2(d) is a constant which merely depends on the dimension d and which can becalculated explicitly. In particular, by the same arguments as in [122], we get under thepresent weaker assumptions that�(K;Bd(o; 1)) � c3(d;diamK) � 2d+3 ;where c3(d;diamK) is a constant which depends on d and diamK and which can bedetermined explicitly.3. Provided that (42) holds for some �0 2 [0; 1=(2d � 3)), we get for all � 2 [0; �0] that�(K;Bd(o; 1)) � c4(d; �0) � 2d+3 ;where c4(d; �0) is a constant which depends on d and �0. This follows from Corollary 4.3in Bangert [12], which yields a diameter bound Dd(�0) for convex bodies K such that(1� �0)Cd�1(K; �) � Cd�2(K; �) � (1 + �0)Cd�1(K; �) : (44)The constant Dd(�0), however, cannot be calculated explicitly.4. A close inspection of the arguments in a recent preprint by Kohlmann [85] shows thatfor �0 � �(d) a diameter bound D(d) can be established for all convex bodies satisfying(44). The constants �(d) and D(d) can be calculated explicitly, but certainly they arenot optimal. The explicit determination of suitable numbers �(d) and D(d) is carriedout in Section 2 in the more general context of relative curvature measures.5. Theorem 1.52 will be extended to a statement about relative curvature measures inSection 2.Proof of Theorem 1.52. The assumption (42) implies that K is of class C1;1. Therefore, byLemma 4.2.3 in [123], we get(1� �)Sd�1(K; �) � Sd�2(K; �) � (1 + �)Sd�1(K; �) :From this and from the symmetry of the mixed volumes we deduce thatW1(K)2 �W0(K)W2(K) � 4V (K)2 � ;where Wi(K) is the i-th quermassintegral of K; compare the contributions by Schneider [122]and Arnold [6]. Moreover, Theorem 1.48 implies that the ball Bd �o; ((d � 1)(1 + �))�1� rollsfreely inside K. But then the proof can be completed as in [6]. (Note that the de�nition of�2 in [6] di�ers from our de�nition by a normalizing factor.) �



1.8 Stability in Minkowski's uniqueness problem 491.8 Stability in Minkowski's uniqueness problemIn this section, we establish a stability result for Minkowski's fundamental (existence and)uniqueness theorem (see Theorem 7.1.1 in [123]) concerning measures over the unit sphereof Rd . Our aim is to provide a stability estimate with optimal exponent for the surface areameasures of order d� 1 of convex bodies, which may be chosen from a large class of convexbodies.In order to describe this class of convex bodies, we �rst recall that the surface are measureof order d � 1 of a convex body M 2 Rd can be decomposed with respect to the (d � 1)-dimensional Hausdor� measure into an absolutely continuous part Sad�1(M; �) and a singularpart Ssd�1(M; �). The singular part can again be decomposed into two measures, Snd�1(M; �)and Scd�1(M; �), where the �rst of these does not have atoms and the second is a countingmeasure, that is an at most countable sum of point measures. More explicitly, we de�neScd�1(M; �) := Xu2Sd�1 Sd�1(M; fug)�u; (45)where �u(!) = 1 if u 2 !, and �u(!) = 0 otherwise, for any Borel set ! � Sd�1, and we setSnd�1(M; �) := Ssd�1(M; �) � Scd�1(M; �) :It is easy to see that in (45) at most countably many summands are non-zero; moreover,Sd�1(M; fug) = Hd�1(F (M;u)) for all u 2 Sd�1. Thus we have the following decompositionSd�1(M; �) = Sad�1(M; �) + Scd�1(M; �) + Snd�1(M; �)of the surface area measure of order d � 1 into an absolutely continuous component, a com-ponent which is a counting measure, and a singular component which does not have pointmasses. In the following theorem, we shall consider K;L 2 Kd for which the conditionSnd�1((1� t)K + tL; �) � maxfSnd�1(K; �); Snd�1(L; �)g ; (46)is satis�ed for all t 2 [0; 1]. In particular, this condition is ful�lled ifK;L are both polytopes orif the surface area measures of order d�1 of K and L are absolutely continuous; for instance,the latter is true if the support functions of K and L are of class C2. Note, however, thatSd�1((1 � t)K + tL; �), t 2 (0; 1), is not necessarily absolutely continuous even if Sd�1(K; �)and Sd�1(L; �) are absolutely continuous for some convex bodies K;L 2 Kd; see Example 1in [72].Finally, for 0 < r < R we denote by Kd(r;R) the set of all convex bodies in Rd whichcontain a ball of radius r and are contained in a ball of radius R.Theorem 1.53 Let 0 < r < R. Then there exist constants �0 2 (0; 1) and 
, which dependonly on d; r;R and can be calculated explicitly, with the following property. If K;L 2 Kd(r;R)satisfy condition (46) and ful�ll jSd�1(K; �) � Sd�1(L; �)j � � (47)for some � 2 [0; �0], then �(K;L + x) � 
 � 1d�1for a suitable vector x 2 Rd .



50 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESIt is appropriate to compare this theorem with the literature. A stability result which holdsfor all convex bodies in Kd(r;R), with the smaller exponent 1=d, was proved by Diskant in[34]. He thus improved a previous result by Volkov [140] who had found a corresponding resultwith exponent 1=(d+2). Alternative approaches, leading to smaller exponents, but implyingstability results for projection bodies, have been provided by Bourgain & Lindenstrauss [17]and Campi [24].For convex bodies with support functions of class C2 and under a more restrictive assump-tion than (47), Diskant [36], [37] has shown that the exponent can be increased to 1=(d� 1);but he could not decide whether this is the optimal value. That the exponent in Theorem1.53 is indeed optimal for the class of convex bodies considered, can be seen by choosing forK a unit cube and for L the convex body which is obtaind from K by cutting o� a vertexof K in such a way that the section plane meets K in a regular (n� 1)-simplex whose edgeshave lengths equal to � 1d�1 .Finally, in Theorem 1.18 we treat a more special situation, since there one of the bodiesis a ball and also the basic assumption is more restrictive than condition (47). Therefore itis not surprising that a better exponent can be obtained in the situation of Theorem 1.18.Before we begin with the proof of Theorem 1.53, we make some preliminary remarks. Forbrevity, we set V1(M;N) := V (M [d� 1]; N) ;where M;N are convex bodies and, as usual, V (M [d� 1]; N) is the mixed volume with d� 1entries M and one entry N . Therefore, we haveV1(M;N) = 1d ZSd�1 h(N;u)Sd�1(M;du) :Further, if M 2 Kd and v 2 Sd�1, then we denote by Mv the orthogonal projection of Monto v?, and we write Vd�1(�) for the volume functional in (d� 1)-dimensional hyperplanes.Then a special case of equation (5.3.32) in [123] shows thatVd�1(Mv) = 12 ZSd�1 jhu; vijSd�1(M;du) :These relationships will be used repeatedly in the following.Proof of Theorem 1.53. For d = 2 the theorem follows easily from equation (3.1) in [14].Henceforth, we consider the case d � 3.The proof is divided into six steps. Subsequently, we denote by ci, i 2 N, constants whichmerely depend on d; r;R. Furthermore, Bd denotes the d-dimensional Euclidean unit ball.Step I. By Lemma 7.2.3 in [123], the following estimates are satis�ed for all � � 0 under the



1.8 Stability in Minkowski's uniqueness problem 51present assumptions: jV (K)� V1(L;K)j � 2Rd � ; (48)jV (L)� V1(K;L)j � 2Rd � ; (49)0 � V1(K;L)� V (K) d�1d V (L) 1d � 2Rd �Rr + 1� � ; (50)0 � V1(L;K)� V (L) d�1d V (K) 1d � 2Rd �Rr + 1� � : (51)From V1(K;L)d � V (K)d�1V (L) and (49) we deduceV (L)d�1 + 2Rd �V (L)�d = �V (L) + 2Rd ��d � V (K)d�1V (L) ;and hence V (K) � V (L)(1 + c1 �) dd�1 � V (L) + c2 � :By symmetry, we infer that jV (K)� V (L)j � c2 � : (52)Since K;L 2 Kd(r;R), the mean value theorem and (52) imply thatjV (K) 1d � V (L) 1d j � c3 � : (53)Step II. For t 2 [0; 1] we set Ht := (1 � t)K + tL; obviously, Ht 2 Kd(r;R). We shall showthat jV (Ht)� V (K)j � c4 � and jV (Ht)� V (L)j � c4 � (54)for all t 2 [0; 1].For the proof, we �rst de�ne�(t) := V (Ht) 1d � (1� t)V (K) 1d � tV (L) 1d ; t 2 [0; 1] :Then � is concave, smooth, and �(0) = �(1) = 0; in particular,�0(0) � �(t) � 0 ; t 2 [0; 1] : (55)A straightforward calculation shows that�0(0) = V1(K;L) � V (K) d�1d V (L) 1dV (K) d�1d � c5 � ; (56)where (50) and K 2 Kd(r;R) were used. Hence, by (53), (55) and (56) we obtainjV (Ht) 1d � V (K) 1d j � jV (L) 1d � V (K) 1d j+ c5 � � c6 � ;



52 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESand thus V (Ht) � �V (K) 1d + c6 ��d � V (K)(1 + c7 �)d� V (K) + c8 � ;for all t 2 [0; 1]. A similar estimate also givesV (K) � V (Ht) + c9 � ; t 2 [0; 1] :Since the rôles of K and L can be interchanged, the proof of (54) is completed.Step III. For the remaining part of the proof, we will need two essential estimates, which canbe obtained as consequences of (47). To derive these estimates, we introduce the followingnotation. If u 2 Sd�1 and M 2 Kd, then we setv(M;u) := Vd�1(F (M;u))and m(u) := minfv(K;u); v(L; u)g :The Brunn-Minkowski inequality implies thatv(Ht; u) 1d�1 � (1� t)v(K;u) 1d�1 + tv(L; u) 1d�1 ; u 2 Sd�1 ;and therefore v(Ht; u) � m(u) ; u 2 Sd�1 ; (57)for all t 2 [0; 1]. Furthermore, for all u 2 Sd�1 such that h(K; �) and h(L; �) are second orderdi�erentiable at u, that is for Hd�1 almost all u 2 Sd�1, we setm(u) := minfDd�1h(K;u);Dd�1h(L; u)g :By known properties of mixed discriminants we then obtainDd�1h(Ht; u) 1d�1 � (1� t)Dd�1h(K;u) 1d�1 + tDd�1h(L; u) 1d�1 ;and thus Dd�1h(Ht; u) � m(u) ; (58)for all u 2 Sd�1 such that h(K; �) and h(L; �) are second order di�erentiable at u, and thusfor Hd�1 almost all u 2 Sd�1 and all t 2 [0; 1].Let !1 denote the set of all u 2 Sd�1 such that v(K;u) > m(u). Hence, !1 is an at mostcountable set, and for u 2 !1 we have m(u) = v(L; u) andv(K;u) �m(u) = Sd�1(K; fug) � Sd�1(L; fug) :



1.8 Stability in Minkowski's uniqueness problem 53This shows that 0 � Xu2Sd�1(v(K;u) �m(u)) = Xu2!1(v(K;u) �m(u))= Sd�1(K;!1)� Sd�1(L;!1) � � : (59)Further, let !2 denote the set of all u 2 Sd�1 such that h(K; �) and h(L; �) are second orderdi�erentiable at u and Dd�1h(K;u) > m(u). Then m(u) = Dd�1h(L; u) and0 � ZSd�1(Dd�1h(K;u) �m(u))Hd�1(du) = Z!2(Dd�1h(K;u) �m(u))Hd�1(du)= Sd�1(K;!2)� Sd�1(L;!2) � � : (60)Here we have used the fact that if M 2 Kd and ! is the set of all u 2 Sd�1 such that h(M; �)is second order di�erentiable at u, thenSd�1(M; �) x! �Hd�1 x! :This can be veri�ed as follows. Choose any normal boundary point x 2 �(M;!) of M , thatis x = �M (u) for a uniquely determined u 2 !. Then by Lemma 3.4 in [72], we obtainki(x; u) > 0 for i 2 f1; : : : ; d � 1g; moreover, by Lemma 3.1 in [72], we �nd ki(x) = ki(x; u)for i 2 f1; : : : ; d � 1g. This shows that Hd�1(M;x) > 0 for Hd�1 almost all x 2 �(M;!).Now the assertion is implied by Theorem 1.6.Step IV. For all t 2 [0; 1], the estimatesjV1(Ht; Bd)� V1(K;Bd)j � c10 � and jV1(Ht; Bd)� V1(L;Bd)j � c10 � (61)are satis�ed.For the proof, we consider the sum I = IK which is de�ned byI := V (Ht)� 1d Xu2Sd�1 h(Ht; u)m(u) � 1d ZSd�1 h(Ht; u)m(u)Hd�1(du)� 1d ZSd�1 h(Ht; u)Snd�1(K; du) ;for t 2 [0; 1]. Note that here and in the following summations e�ectively extend only overcountably many u 2 Sd�1, since v(Ht; u), v(K;u) and v(L; u) are non-zero for at most count-ably many u 2 Sd�1. Therefore, we can simply write P instead of Pu2Sd�1 . Our next aimis to estimate I from above and from below. Similarly, we simply write R instead of RSd�1 ifthe integration is extended over Sd�1.



54 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESLet t 2 [0; 1] be �xed for the moment. Using (54), (59) and (60), we obtainI =V (Ht)� 1d Z h(Ht; u)Sd�1(K; du)+ 1dXh(Ht; u)(v(K;u) �m(u))+ 1d Z h(Ht; u)(Dd�1h(K;u) �m(u))Hd�1(du)�(1� t)(V (Ht)� V (K)) + t(V (Ht)� V1(K;L))+ Rd �X(v(K;u) �m(u)) + Z (Dd�1h(K;u) �m(u))Hd�1(du)��t(V (Ht)� V1(K;L)) + c11 � : (62)In addition, by (46), (57) and (58) we can estimateI �1d Z h(Ht; u) (Snd�1(Ht; du)� Snd�1(K; du))+ 1dXh(Ht; u)(v(Ht; u)�m(u))+ 1d Z h(Ht; u)(Dd�1h(Ht; u)�m(u))Hd�1(du)�rd �Snd�1(Ht; Sd�1)� Snd�1(K;Sd�1)+X(v(Ht; u)�m(u)) + Z (Dd�1h(Ht; u)�m(u))Hd�1(du)��r(V1(Ht; Bd)� V1(K;Bd)) : (63)Combining (62) and (63), we �ndV1(Ht; Bd)� V1(K;Bd) � tr (V (Ht)� V1(K;L)) + c12 � :By (54) and (49),jV (Ht)� V1(K;L)j � jV (Ht)� V (L)j+ jV (L)� V1(K;L)j� c13 � ;and thus V1(Ht; Bd)� V1(K;Bd) � c14 � ; t 2 [0; 1] : (64)



1.8 Stability in Minkowski's uniqueness problem 55On the other hand, from (57), (58), (46), (59) and (60) we deduceV1(Ht; B) �1dSnd�1(Ht; Sd�1) + 1dXm(u) + 1d Z m(u)Hd�1(du)�1dSd�1(K;Sd�1) + 1dX v(K;u) + 1d Z Dd�1h(K;u)Hd�1(du)� 1dX(v(K;u) �m(u))� 1d Z (Dd�1h(K;u) �m(u))Hd�1(du)�V1(K;Bd)� � : (65)Now (64) and (65) yield the �rst estimate of (61), and the second follows by interchangingK and L.Step V. If v 2 Sd�1 and t 2 [0; 1], thenjVd�1(Hvt )� Vd�1(Kv)j � c15 � and jVd�1(Hvt )� Vd�1(Lv)j � c15 � : (66)For the proof, we de�ne J = JK byJ := Vd�1(Hvt )� 12 Xu2Sd�1 jhu; vijm(u) � 12 ZSd�1 jhu; vijm(u)Hd�1(du)� 12 ZSd�1 jhu; vijSnd�1(K; du) :Since J =12 Z jhu; vij (Snd�1(Ht; du)� Snd�1(K; du))+ 12X jhu; vij(v(Ht; u)�m(u))+ 12 Z jhu; vij(Dd�1h(Ht; u)�m(u))Hd�1(du) � 0 ;we can deduce thatVd�1(Hvt )� Vd�1(Kv) �� 12X jhu; vij(v(K;u) �m(u))� 12 Z jhu; vij(Dd�1h(K;u) �m(u))Hd�1(du)�� � : (67)



56 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESOn the other hand, by (61)Vd�1(Hvt )� Vd�1(Kv) �J�Snd�1(Ht; Sd�1)� Snd�1(K;Sd�1)+X(v(Ht; u)�m(u)) + Z (Dd�1h(Ht; u)�m(u))Hd�1(du)=dV1(Ht; Bd)� dV1(K;Bd)+X(v(K;u) �m(u)) + Z (Dd�1h(K;u) �m(u))Hd�1(du)�c16 � : (68)The estimates (67) and (68) yield the �rst estimate in (66), and the second estimate followsby symmetry.Step VI. Now we consider the function�v(K;L; t) := Vd�1(Hvt ) 1d�1 � (1� t)Vd�1(Kv) 1d�1 � tVd�1(Lv) 1d�1 ; t 2 [0; 1] ;for an arbitrary but �xed v 2 Sd�1. Using (66) and the mean value theorem, we can estimate�v(K;L; t) = (1� t) hVd�1(Hvt ) 1d�1 � Vd�1(Kv) 1d�1 i+ t hVd�1(Hvt ) 1d�1 � Vd�1(Lv) 1d�1 i� c17 � : (69)Choose � > 0 so that Vd�1(�Kv) = Vd�1(Lv); then by (66)�1 := 1� c18 � � �1� c15�d�1rd�1 �� 1d�1 � � � �1 + c15�d�1rd�1 �� 1d�1 � 1 + c18 � =: �2if 0 < � � �d�1rd�1c�115 . But then�v(�K;L; t) � �2�v(K;L; t) + (�2 � �1)n(1� t)V (Kv) 1d�1 + tV (Lv) 1d�1o� c19 � :Now the main Theorem in [35] shows that there exist �0 and �
, depending only on d; r;R,such that �(�Kv ; Lv + x(v)) � �
 � 1d�1for some x(v) 2 v?, and therefore�(Kv; Lv + x(v)) � �
 � 1d�1 :Thus the assertion of the theorem is implied by Theorem 4.3.4 in [44]. �



1.9 A measure geometric structure theorem and applications 571.9 A measure geometric structure theorem and applicationsFor a long time the Besicovitch-Federer structure theorem (see Chapter 3.3 in [42]) has playeda central rôle in geometric measure theory. We refer to the survey paper [20] for some generalcomments on this theorem and its impact. Although Ross [111] has developed a simpli�edapproach to the structure theorem, the proof of this key result still remained long and involved.This fact (and other reasons) have eventually led to the development of alternative approachesto some parts of geometric measure theory which previously did depend on the structuretheorem. The recent discovery of a relatively simple integral-geometric proof of the structuretheorem by White [154] may well change the general attitude again.The structure theorem has been extended to certain homogeneous spaces by Brothers[21]. In this general situation a simple proof has not yet been worked out (if possible at all).Subsequently, we establish an integral-geometric transformation formula, which should beinteresting in its own right and from which the structure theorem in spherical spaces followseasily. In fact, the argument actually shows that the essential statements of the structuretheorem in Euclidean and spherical space are equivalent. We should emphasize that the latterresult is not just a simple corollary of the Euclidean version, since global integral-geometricconsiderations are required in the argument.Our original interest in this subject was motivated by certain applications to the inves-tigation of the absolute continuity of surface area measures, which are also included in thissection. This part of the present work has to be seen in connection with recent work onHessian measures of convex functions [29], [30]. There a general strategy is described whichallows one to deduce certain results on curvature or surface area measures of convex sets fromcorresponding more general theorems about convex functions.We start with some preparatory remarks. Let d � 2 and m 2 f0; : : : ; d�1g. Let � denotethe (complete) normalized invariant measure over the group O(d) of rotations in Euclideanspace Rd . Recall that h� ; �i and j � j are the scalar product and the norm, respectively. LetU0 2 G(d; d�m) be arbitrarily chosen and �xed, denote by �n the volume of the n-dimensionalunit ball Bn for n 2 N, and de�ne !n := n�n (as before). Then the m-dimensional sphericalintegral-geometric measure is de�ned byImS (A) := !m+12 ZO(d) card(A \ �U0)�(d�) ; (70)if A 2 B(Sd�1), and ImS (M) := inf nImS (A) :M � A 2 B(Sd�1)o (71)forM � Sd�1; compare the remarks in [20], [21]. It is easy to check that ImS is a Borel regularouter measure over Sd�1. In order to show the measurability of the mapO(d)! [0;1] ; � 7! card(A \ �U0) ;for each A 2 B(Sd�1), one can either refer to Theorem 3.2.48 of Federer's book [42] or, moreexplicitly, proceed as follows. Let �3 : Rd � Rd �O(d) ! O(d) denote the projection ontothe third component. If S � Sd�1 is a Borel set, then the setf� 2 O(d) : S \ �U0 6= ;g= �3(f(x; u; �) 2 Rd � Rd �O(d) : x 2 S; u 2 U0; �u = xg) ;



58 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESis measurable with respect to the completion of the measure space (O(d);B(O(d)); �). Thisfollows from the theory of Suslin sets; compare [42, x2.2], [28, x8.4]. Set�S\�U0 := � 0 ; if S \ �U0 = ; ;1 ; otherwise :Then, as j !1, XS2Hj �S\�U0 " card(A \ �U0)if (Hj)j2N is a sequence of Borel partitions of A such thatlim supj!1 fdiam(H) : H 2 Hjg = 0 :This yields the asserted measurability statement.The assumption of the subsequent theorem involves a �niteness condition on Hausdor�measures over Sd�1. The metric with respect to which the Hausdor� measures are constructedcan either be the interior geodesic metric of Sd�1 or the metric of the surrounding Euclideanspace Rd . It is easy to see that the value of the two measures thus obtained is independentof the chosen metric, i.e., for all r � 0,HrSd�1 = HrRd :Therefore we shall simply write Hr in the following.Theorem 1.54 Let d � 2 and m 2 f0; : : : ; d�1g. Assume that A � Sd�1 and Hm(A) <1.Then there is a countably m-recti�able Borel subset R of Sd�1 such that A n R is purely(Hm;m)-unrecti�able and ImS (A n R) = 0 ;moreover, Hm(A) = ImS (A) if and only if A is (Hm;m)-recti�able.With such a structure theorem for subsets of the unit sphere, we can now remove an assump-tion in the statement of a result on surface area measures Sm(K; �) of convex bodies K 2 Kd;compare Chapter 4.6 in Schneider's book [123].Corollary 1.55 Let K 2 Kd and m 2 f0; : : : ; d� 1g. ThenSm(K;!) � a2Hd�1�m(!)for each ! 2 B(Sd�1), with some constant a2 depending only on d;m and on the surface areasof the projections of K onto (m+ 1)-dimensional subspaces of Rd .A corresponding result for curvature measures was found by Schneider (compare [123]). How-ever, for curvature measures a simpler approach, based on an idea of Fallert [41], is providedin [30]. A result similar to Corollary 1.55 is outlined in the Notes to Section 4.6 in [123].The following two theorems, which are suggested by Corollary 1.55 and its counterpartfor curvature measures, represent the �nal step in a number of preliminary results (actually,Theorem 1.56 can be extended to sets with positive reach as shown in [30]). We refer to [73]for a discussion of the relevant literature; there one can also �nd the most general versions ofTheorems 1.56 and 1.57 which were previously known (see Theorems 3.2 and 4.3 in [73]).



1.9 A measure geometric structure theorem and applications 59Theorem 1.56 Let K � Rd be a convex body and j 2 f0; : : : ; d � 1g. Further, let � � Rdbe a Borel set having �-�nite j-dimensional Hausdor� measure, and let � � �� Rd be Borelmeasurable. Then �d� 1j ��j(K; �) = ZRd Hd�1�j(N(K;x) \ �x)Hj(dx) ;where �x := fu 2 Sd�1 : (x; u) 2 �g.Theorem 1.57 Let K � Rd be a convex body and j 2 f0; : : : ; d� 1g. Further, let ! � Sd�1be a Borel set having �-�nite (d� 1� j)-dimensional Hausdor� measure, and let � � Rd �!be Borel measurable. Then�d� 1j ��j(K; �) = ZSd�1Hj(F (K;u) \ �u)Hd�1�j(du) ;where �u := fx 2 Rd : (x; u) 2 �g.In [30], these results are deduced from a corresponding theorem involving semi-convexfunctions. The proof of this theorem is essentially based on Federer's structure theorem inEuclidean space. Following such an approach, the proof of Theorem 1.57 turns out to bemore involved than the argument required for Theorem 1.56, since it additionally requiresa duality theorem for Hessian measures of convex functions. On the other hand, Theorems1.56 and 1.57 both admit a direct approach which avoids the use of Hessian measures. Weshall demonstrate this for Theorem 1.57, and this will provide another (though related)application of the structure theorem in spherical space. A proof for Theorem 1.56 can begiven along similar lines.The proof of Theorem 1.54 will be based on an integral-geometric theorem and on the Eu-clidean version of the structure theorem. For the statement and the proof of the integral-geometric result we need some additional notation. Let U 2 G(d; j) and V 2 G(d; k) be ingeneral position, that is, assume thatn := dim(U \ V ) = maxfj + k � d; 0g :Choose vectors x1; : : : ; xn (if n > 0), yn+1; : : : ; yj; zn+1; : : : ; zk so that (x1; : : : ; xn) is anorthonormal basis of U \ V , (x1; : : : ; xn; yn+1; : : : ; yj) is an orthonormal basis of U and(x1; : : : ; xn; zn+1; : : : ; zk) is an orthonormal basis of V . Then we set[U; V ] := jdet(x1; : : : ; xn; yn+1; : : : ; yj; zn+1; : : : ; zk)j :This de�nition is independent of the particular choice of bases. Furthermore, we set He :=fx 2 Rd : hx; ei = 1g if e 2 Rd nfog, and we de�neA(He; m) to be the set of allm-dimensionala�ne subspaces of He.Theorem 1.58 Let d � 2, m 2 f0; : : : ; d � 2g, and A 2 B(Sd�1). Let e 2 Sd�1 be �xed.Then, for any measurable function f : G(d;m+ 1)! [0;1],ZG(d;m+1) f(U)H(m+1)(d�1�m)(dU)= ZA(He;m) f(linfEg)[linfEg; e?]dH(m+1)(d�1�m)(dE) : (72)



60 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESBefore we provide a proof for Theorem 1.58 some remarks are appropriate.First, the Hausdor� measure on the left-hand side of equation (72) is, up to a constantmultiplier, equal to the O(d)-invariant normalized Haar measure on G(d;m+ 1). In particu-lar, H(m+1)(d�1�m)(G(d;m + 1)) = !d � � �!d�m!m+1 � � �!1 =: cd;m+1 ;where !n = Hn�1(Sn�1) = n�n for n 2 N. The Hausdor� measure on the right-hand side isup to a constant multiplier equal to the usual motion invariant Haar measure on A(He; m).Especially, it satis�es the relationshipZA(He;m) g(E)H(m+1)(d�1�m)(dE)= ZG(e?;m) Ze?\U? g(U + t+ e)Hd�1�m(dt)Hm(d�1�m)(dU) ;where e 2 Sd�1 is �xed, g : A(He; m) ! [0;1] is an arbitrary measurable function, andG(e?;m) is the Grassmannian of m-dimensional linear subspaces of the linear subspace e? :=fv 2 Rd : hv; ei = 0g.Second, there is a slightly more general variant of Theorem 1.58 for oriented subspacesand oriented planes. It can be proved by using the coarea formula and some calculationsinvolving the Grassmann algebra. In contrast to this method, the approach which we preferpresently mainly uses classical formulae of integral geometry. A nice exposition of thismethod is provided in Chapter 6 of the book by Schneider and Weil [132].Proof of Theorem 1.58. The proof of the case m = 0 requires only relations (73) and (74) ofthe subsequent argument. Therefore we can assume m � 1. Recall that �m+1 denotes theO(d)-invariant probability measure over G(d;m+ 1) and set c1 := Hd�1(Sd�1)�(m+1). Thenwe have ZG(d;m+1) f(U)�m+1(dU)= c1 ZSd�1 : : : ZSd�1 f(linfu0; : : : ; umg)Hd�1(du0) : : :Hd�1(dum) : (73)In fact, if f is specialized to indicator functions of Borel subsets of G(d;m + 1), then theintegrals on both sides of equation (73) de�ne invariant measures with respect to O(d).Hence, they must be equal up to a constant multiplier. This constant c1 can be determinedexplicitly by setting f � 1.Now consider the transformation' : Sd�1 n e? ! He ; u 7! hu; ei�1u :Let (u; v2; : : : ; vd) be an orthonormal basis of Rd . A straightforward calculation then yields



1.9 A measure geometric structure theorem and applications 61for the Jacobian of this mapJd�1'(u) = ����det� 1hu; ei �v2 � hv2; eihu; ei u� ; : : : ; 1hu; ei �vd � hvd; eihu; ei u������= jhu; eij�(d�1) (1 + dXi=2 �hvi; eihu; ei �2) 12= jhu; eij�d = j'(u)jd :Thus we obtainZSd�1 : : : ZSd�1 f(linfu0; : : : ; umg)Hd�1(du0) : : :Hd�1(dum)= 2m+1 ZHe : : : ZHe f(linfx0; : : : ; xmg) mYi=0 jxij�dHd�1(dx0) : : :Hd�1(dxm) : (74)For the next step we apply the a�ne Blaschke-Petkantschin formula in the (d�1)-dimensionala�ne subspace He; see Satz 6.1.5 in [132]. Hence,ZHe : : : ZHe f(linfx0; : : : ; xmg) mYi=0 jxij�dHd�1(dx0) : : :Hd�1(dxm)= cd�1;m ZA(He;m) ZE : : : ZE f(linfEg) mYi=0 jxij�d�jdet(x1 � x0; : : : ; xm � x0)jd�1�mHm(dx0) : : :Hm(dxm) �Hem (dE) ; (75)where �Hem is the natural motion-invariant measure on A(He; m), normalized as in [132], andcd�1;m := !d�1 � � �!d�m!m � � �!1 :Observe thatjdet(x1 � x0; : : : ; xm � x0)j = [linfx0; : : : ; xmg; e?] jdet(x0; : : : ; xm)j (76)for 
m+1Hm almost all (x0; : : : ; xm) 2 Em+1. To verify this, we can assume thatlinfx0; : : : ; xmg 2 G(d;m + 1). Let (u1; : : : ; um+1) be an orthonormal basis of the linearsubspace linfx0; : : : ; xmg so that hum+1; ei > 0 andlinfx0; : : : ; xmg \ e? = linfu1; : : : ; umg :But then, for any x 2 linfx0; : : : ; xmg \He,[linfx0; : : : ; xmg; e?] = hum+1; ei= �����x� mXi=1hx; uiiui������1 ;



62 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESsince um+1 = x�Pmi=1hx; uiiuijx�Pmi=1hx; uiiuij :This �nally implies (76), if alsojdet(x0; x1; : : : ; xm)j = jdet(x1 � x0; : : : ; xm � x0)j jdet(x0; u1; : : : ; um)j= jdet(x1 � x0; : : : ; xm � x0)j �����x0 � mXi=1hx0; uiiui�����is used.Thus the right-hand side of (75) is equal tocd�1;m ZA(He;m) ZE : : : ZE f(linfEg)� ����det� x0jx0j ; : : : ; xmjxmj�����d�1�m mYj=0�jxjjm+1[linfEg; e?]��1�[linfEg; e?]dHm(dx0) : : :Hm(dxm)�Hem (dE)= cd�1;m ZA(He;m) f(linfEg)[linfEg; e?]d�ZE : : : ZE ����det� x0jx0j ; : : : ; xmjxmj�����d�1�m mYj=0�jxj jm+1[linfEg; e?]��1�Hm(dx0) : : :Hm(dxm)�Hem (dE) : (77)De�ne the map  E : E ! Sd�1 \ linfEg ; x 7! jxj�1x :If the previous notation is used, then an elementary calculation leads toJm E(x) = ����det� 1jxj �u1 �� xjxj ; u1� xjxj� ; : : : ; 1jxj �um �� xjxj ; um� xjxj������= jxj�(m+1) jdet(u1; : : : ; um; x)j= �jxjm+1[linfEg; e?]��1 :ThusZE : : : ZE ����det� x0jx0j ; : : : ; xmjxmj�����d�1�m mYj=0�jxj jm+1[linfEg; e?]��1Hm(dx0) : : :Hm(dxm)= 2�(m+1) ZSd�1\linfEg : : : ZSd�1\linfEg jdet(u0; : : : ; um)jd�1�mHm(du0) : : :Hm(dum)= 2�(m+1)(c1cd;m+1)�1 : (78)



1.9 A measure geometric structure theorem and applications 63In order to derive the last equality one can proceed as follows. A special case of the linearBlaschke-Petkantschin formula (see Satz 6.1.3 in [132]) yields�m+1d = cd;m+1 ZBd\U : : : ZBd\U jdet(x0; : : : ; xm)jd�1�mHm+1(dx0) : : :Hm+1(dxm) ; (79)if U 2 G(d;m+1) is arbitrarily chosen. Introducing polar coordinates on the right-hand sideof equation (79), we obtain the desired relation.Finally, from relations (73){(78) we deduceZG(d;m+1) f(U)�m+1(dU) = cd�1;mcd;m+1 ZA(He;m) f(linfEg)[linfEg; e?]d�Hem (dE) ;and this is equivalent to the statement of the theorem. �Proof of Theorem 1.54. The case m = 0 can easily be checked directly. Henceforth we assumem 2 f1; : : : ; d � 1g. The set A � Sd�1 can also be conceived as a subset of Rd . Accordingto our previous remark concerning Hausdor� measures, Federer's structure theorem can beapplied. Thus there is a countably m-recti�able Borel set R � Rd such that A n R is purely(Hm;m)-unrecti�able. We can assume that R � Sd�1 by replacing R by R \ Sd�1. Nextwe show that an arbitrary purely (Hm;m)-unrecti�able subset M of Sd�1 with Hm(M) <1ful�lls ImS (M) = 0 :Since Hm is Borel regular, it is su�cient to consider the case where M 2 B(Sd�1). Further-more, by decomposing M into �nitely many subsets we can assume thatM � �u 2 Sd�1 : hu; ei � 12� ;for some e 2 Sd�1. Let He := fx 2 Rd : hx; ei = 1g be de�ned as before, and de�ne thehomeomorphism ' : fu 2 Sd�1 : hu; ei > 0g ! He ; u 7! hu; ei�1u ;which is locally bi-Lipschitz. In particular, '(M) is a purely (Hm;m)-unrecti�able subsetof the (d � 1)-dimensional a�ne subspace He and Hm('(M)) < 1. Hence, from Federer'sstructure theorem, now applied to '(M) in He, we obtainZA(He; d�1�m) card('(M) \E)H(d�m)m(dE) = 0 ;and hence alsoZA(He; d�1�m) card('(M) \ linfEg)[linfEg; e?]dH(d�m)m(dE) = 0 :But now Proposition 1.58 impliesZG(d; d�m) card('(M) \ U)H(d�m)m(dU) ;



64 1 CURVATURE MEASURES AND THE SHAPE OF CONVEX BODIESwhich is equivalent to ImS (M) = 0, sincecard(M \ U) = card('(M) \ U)for all U 2G(d; d �m).On the other hand, if A is a (Hm;m)-recti�able subset of Sd�1, thenHm(A) = ImS (A) : (80)This follows from a special case of Theorem 3.2.48 in [42].Finally, let us assume that equation (80) holds for some A � Sd�1. ThenHm(A) = Hm(A \R) +Hm(A nR)= ImS (A \R) +Hm(A n R)= ImS (A) +Hm(A n R)= Hm(A) +Hm(A nR) : (81)Recall that the set R is a countably m-recti�able Borel subset of Sd�1 such that A n R ispurely (Hm;m)-unrecti�able. Moreover we have usedImS (A) = ImS (A \R) + ImS (A n R)= ImS (A \R) ;and also the results which have been veri�ed in the preceding part of the proof. Relation(81) then implies Hm(A nR) = 0, and thus A is (Hm;m)-recti�able. �Proof of Corollary 1.55. The proof is an immediate consequence of the proof for Theorem4.6.5 in [123] and of Theorem 1.54. �Proof of Theorem 1.57. For the proof we can assume that Hd�1�j(!) <1. By Theorem 4.3in [73] und using the de�nition of the set�d�1�j(K) = fu 2 Sd�1 : dim F (K;u) � jg ;we obtain�d� 1j ��j(K; � \ (Rd � �d�1�j(K))) = Z�d�1�j(K)Hj(F (K;u) \ �u)Hd�1�j(du)= ZSd�1 Hj(F (K;u) \ �u)Hd�1�j(du) :Hence it is su�cient to show thatSj(K;! n �d�1�j(K)) = 0 :By the structure Theorem 1.54, we can write ! n�d�1�j(K) = !r [ !u as a disjoint union oftwo Borel sets, where !r is countably (d�1�j)-recti�able and !u is purely (Hd�1�j ; d�1�j)-unrecti�able. We show that Sj(K;!r) = 0. Indeed, we have!d�j2 ZO(d) card(!r \ �U0)�(d�) = Hd�1�j(!r) <1 ;



1.9 A measure geometric structure theorem and applications 65where U0 2 G(d; j+1) is arbitrarily �xed. This shows that !r\�U0 is a �nite set for � almostall � 2 O(d). For any such �, we have !r \ �U0 = fu1; : : : ; upg, where the vectors ui dependon �. Hence, by the de�nition of !r and using equation (4.2.24) in [123], we deduce thatS�U0j (Kj�U0; !r \ �U0) = 0 :Now the assertion follows from equation (4.5.26) in [123].The proof is completed once we have proved that Sj(K;!u) = 0. By the structure Theorem1.54, we �rst obtain 0 = Id�1�jS (!u) = ZO(d) card(!u \ �U0)�(d�) ;and hence !u \ �U0 = ; for � almost all � 2 O(d). Thus the assertion follows again fromequation (4.5.26) in [123]. �



66 2 CURVATURES AND NORMALS IN MINKOWSKI SPACES2 Curvatures and normals in Minkowski spacesThe basic objective of the present section is to provide extensions of various results of theBrunn-Minkowski theory in a Euclidean space to general Minkowski spaces. The results whichwe have in mind use support measures of convex sets at a certain point. In fact, thesemeasures form a central subject in convexity and, in particular, they are an essential link torelated �elds. Therefore it is an important task to extend the existing theory of Euclideansupport measures to the setting of Minkowski (or relative) geometry. Extensions of otherconcepts of Euclidean geometry to �nite dimensional normed linear spaces have recently beenpushed ahead by specialists working in the geometry of Banach spaces with great success.Subsequently, we merely give a short survey over the subjects treated in this section. Moredetailed comments and references are provided at the beginning of each subsection.The �rst part of the present section is formed by Subsections 2.1 and 2.2. There we providesome of the main results which are required for studying relative support measures. Then weproceed (in the second part) to establish sharp bounds on the mean number of Minkowski(relative) normals through a point in a convex body. Thus we extend previous results in [59],[69], concerning the Euclidean case, and in [61], [62], concerning certain special Minkowskiplanes. At the same time, this particular problem, which is classical in Euclidean spaces,provides an excellent opportunity for introducing the appropriate notions of relative normalsand relative curvatures in Minkowski spaces. Moreover, we prove an Euler-type formula ingeneral Minkowski spaces, which complements a local Steiner formula in Minkowski spaces;see [59], [69] and [51] for previous contributions in Euclidean spaces. In the third part of thepresent section we investigate characterizations of gauge bodies in Minkowski spaces via linearrelations for relative curvature measures, and we also study stability and splitting results.The results obtained in this �nal part are essentially based on a theory of generalized relativecurvatures which live on relative normal bundles. Such an extension of the existing Euclideantheory is developed in Subsections 2.5 and 2.6.The results of this section are also developed in view of applications to stochastic geometry.The recent contributions [76], [75] already show how support measures in Minkowski spacescan be used as an important tool for the investigation of local contact distributions of randomclosed sets.2.1 Preliminaries from Minkowski geometryWe start with a brief description of some facts from Minkowski geometry, but familiaritywith notation and basic results of the geometry of convex bodies (see [123]) will be assumed.Furthermore, we essentially adopt the notation of [80] and, in particular, we shall freely useresults from that paper as well as from [76]. Speci�c information on Minkowski geometry isalso contained in Thompson's recent book [138].Let Kd be the set of convex bodies. We �x a convex body B 2 Kd with o 2 B and denoteits distance function by dB , that isdB(x) := inff� � 0 : x 2 �Bg ;x 2 Rd (with inf ; := 1). If o 2 int B, then dB(�) equals the gauge function g(B; �) of B.Usually, B is called gauge body or structuring element. If B is d-dimensional and centrallysymmetric with respect to o, then there exists a uniquely determined norm k � kB = g(B; �)with unit ball B. The pair (Rd ; k � kB) or, equivalently, the pair (Rd ; B) is called a Minkowski



2.1 Preliminaries from Minkowski geometry 67space with gauge body B. More generally, we shall also adopt the same terminology in themore general situation where B is not necessarily symmetric. For a nonempty closed setK � Rd , K 6= Rd , we de�ne the B-distance of x 2 Rd from K (or the distance of x from Kwith respect to B) by d(K;B; x) := inffdB(x� y) : y 2 Kg :It is easy to check that if d(K;B; x) <1, thend(K;B; x) = minfr � 0 : x 2 K + rBg= minfr � 0 : (x+ r �B) \K 6= ;g ;where �B := f�b : b 2 Bg. Let h� ; �i be an auxiliary scalar product, let j � j be the inducednorm, let Bd be the Euclidean unit ball, and set Sd�1 := bd Bd (as in Section 1). Clearly, ifo 2 int B, then jd(K;B; x) � d(K;B; y)j � maxfg(B; y � x); g(B; x� y)g ;and hence jd(K;B; x) � d(K;B; y)j � 1r0 jy � xj ;if r0Bd � B. Thus d(K;B; �) is a Lipschitz map. In particular, d(K;B; �) is di�erentiableHd almost everywhere in Rd . We remark that d(K;B; �) is a convex function if K is convex,which can be proved without the use of Euclidean notions.In the following, we write Kd2;gp for the set of all pairs (K;L) 2 Kd � Kd which are ingeneral relative position; this means that K;L are such thatdim F (K + L; u) = dim F (K;u) + dim F (L; u) ;for all u 2 Rd n fog. Further, we write (Kd2;gp)o for the set of all (K;L) 2 Kd2;gp with o 2 int L.We �x a pair (K;B) 2 Kd2;gp and choose a point x 2 (K+pos B)nK. Then there are uniquelydetermined points p(K;B; x) 2 bdK and u(K;B; x) 2 bdB such thatx = p(K;B; x) + d(K;B; x)u(K;B; x) :We call p(K;B; x) the B-projection and u(K;B; x) the B-projection direction of x; compare[80].Now let K;B 2 Kd with o 2 int B, x 2 Rd nK, and � 2 [0; t), where t := d(K;B; x). Wecan choose y 2 bdK and b 2 bdB such that x = y+tb. Since x��b = y+(t��)b 2 K+(t��)Band x � �b 62 K + (s � �)B, for s 2 [�; t), we obtain d(K;B; x � �b) = t � �, and thus thedirectional derivative of g := d(K;B; �) at x in direction b satis�esg0(x; b) = 1 : (82)In the preceding argument we did not use the convexity of K. In addition, using the convexityof K and a separation argument, we �nd that d(K;B; x+�b) = t+�, for any � � 0, and hencethe restriction of d(K;B; �) to the line x+ R b is di�erentiable at x.



68 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESLemma 2.1 Let K;B 2 Kd with o 2 int B, x 2 Rd n K, and set t := d(K;B; x). Thend(K;B; �) is di�erentiable at x if and only if x is a regular boundary point of K + tB. Ifeither of these two conditions is ful�lled, then Dd(K;B; x) = hh(B; u)�1u; �i for any u 2N(K + tB; x) n fog.Proof. First, let us assume that d(K;B; �) is di�erentiable at x. Since x 2 bd(K + tB),there is some vector u 2 N(K + tB; x) \ Sd�1 such that (x + R u) \ int(K + tB) 6= ;. Notethat d(K;B; y) = t for all y 2 bd(K + tB). Furthermore, there exists a nonnegative convexfunction f such that 
v(s) := x+ sv � f(x+ sv)u 2 bd(K + tB) ;if v 2 Sd�1 \u? and jsj is small enough. The convexity of f implies the existence of the limit
0v(0; 1) = lims#0 
v(s)� 
v(0)s = v � f 0(x; v)u :But since d(K;B; �) � 
v(s) = t, for jsj su�ciently small, we obtain thatDd(K;B; x)(v � f 0(x; v)u) = 0 ; (83)for all v 2 u? \ Sd�1. Now we assume that f 0(x; v) 6= 0, and hence f 0(x; v) > 0, for somev 2 u? \ Sd�1. Set u1 := v, let (u1; : : : ; ud�1) be a basis of u?, and de�ne ud := �Pd�1i=1 ui.Then we set aj := uj � f 0(x;uj)u for j 2 f1; : : : ; dg. The vectors a1; : : : ; ad are lin-early independent, and therefore (83) implies that Dd(K;B; x) = 0, which contradicts (82).Hence we obtain that f 0(x; v) = 0 for all v 2 u?. This proves the �rst statement of the lemma.In addition, we also get that Dd(K;B; x)(v) = 0 for all v 2 u?. Now let y 2 bdK andb 2 bdB be such that x = y + tb. By the considerations preceding Lemma 2.1 we �ndDd(K;B; x)(b) = 1, which impliesDd(K;B; x)(u) = 1hb; ui = h(B; u)�1 :This remained to be proved.Finally, assume that x is a regular boundary point of K + tB. Let u 2 N(K + tB; x) n fogand v 2 u? nfog. We continue to use the notation from the �rst part of the proof. Let r0 > 0be such that r0Bd � B. Then, for jsj > 0 su�ciently small, the estimate����d(K;B; x + sv)� d(K;B; x)s ���� = ����d(K;B; x + sv)� d(K;B; 
v(s))s ����� 1r0 ����x+ sv � 
v(s)s ����= 1r0 ����f(x+ sv)s ����implies that the partial derivatives of the convex function d(K;B; �)j(x+u?) at x exist. Inaddition, we already know that d(K;B; �)j(x+R b) is di�erentiable at x. Let u1; : : : ; ud�1 be a



2.1 Preliminaries from Minkowski geometry 69basis of u?. Then we consider the functiong : Rd ! R ; (�1; : : : ; �d) 7! d K;B; x+ d�1Xi=1 �iui + �db! ;which is convex and the partial derivatives @ig(o), i = 1; : : : ; d, of which exist. Hence byTheorem 1.5.6 in [123], g is di�erentiable at o. But then dB(K; �) is di�erentiable at x. �The following lemma simpli�es and clari�es an argument (check the inclusion on page 256,lines -8 to -9) in [45]. Moreover, the presentation in [45] is restricted to norms which corre-spond to symmetric gauge bodies.Lemma 2.2 Let K � Rd be closed, let B 2 Kd with o 2 int B be strictly convex, and letx 2 Rd nK. Assume that d(K;B; �) is di�erentiable at x. Thencardfb 2 B : x� d(K;B; x)b 2 Kg = 1 : (84)Proof. Choose any b 2 B such that x = y + d(K;B; x)b for some y 2 K; set f := d(K;B; �).By the considerations preceding Lemma 2.1, we have Df(x)(b) = 1. For any two such vectorsb1; b2 2 B, we deduce that Df(x)((b1 + b2)=2) = 1. On the other hand, for any v 2 Rd ,d(K;B; x + v)� d(K;B; x) � gB(v) ;and hence Df(x)(v) = lim�#0 d(K;B; x + �v)� d(K;B; x)� � gB(v) :This implies 1 = Df(x)((b1 + b2)=2) � gB((b1 + b2)=2) � 1 :Since B is strictly convex, we deduce that b1 = b2. �Using the notation of Lemma 2.2, we de�ne the B-exoskeleton of K, exoB(K), as the set ofall x 2 Rd nK for which condition (84) is violated. The proof of the following consequence isbased on the fact that d(K;B; �) is Lipschitz and hence di�erentiable at Hd almost all x 2 Rd .Corollary 2.3 Let K � Rd be closed, and let B 2 Kd with o 2 int B be strictly convex. ThenHd(exoB(K)) = 0.For later use, we also mention the following lemma, which is essentially due to Erhard Schmidt[117], pp. 94-95.Lemma 2.4 Let A � Rd , and let B 2 Kd with o 2 int B. Then Hd(bd(A + �B)) = 0, forany � > 0.Proof. Let x 2 bd(A+�B) be �xed for the moment. Then there is some a 2 clos A such thatx 2 bd(a+ �B); moreover, int(a+ �B) \ bd(A+ �B) = ; :



70 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESTherefore, lim supr#0 Hd(bd(A+ �B) \ (x+ rBd))Hd(x+ rBd) < 1 ;for all x 2 bd(A+ �B), which implies the assertion; compare Corollary 2.14 (1) in [99]. �In the following, we shall consider pairs (K;B) of convex bodies. The general assumptionwill be that (K;B) 2 Kd2;gp and o 2 int B, but sometimes we shall require, e.g., that K or Bis strictly convex or impose more restrictive assumptions. For example, if B is strictly convexand x 2 Rd nK, then u(K;B; x) = rhB(u) for any u 2 N(K+d(K;B; x)B; x)nfog. Similarly,if K is strictly convex, then p(K;B; x) = rhK(u) for any u 2 N(K + d(K;B; x)B; x) n fog.In these two cases, the points rhB(u) and rhK(u) are uniquely determined by x, butthis is not true for u 2 N(K + d(K;B; x)B; x) \ Sd�1. However, Lemma 2.1 shows thatu 2 N(K + d(K;B; x)B; x) \ Sd�1 is uniquely determined by x if d(K;B; �) is di�erentiableat x 2 Rd nK, which is true for Hd almost all x 2 Rd nK.For x 2 Rd nK and � � 0 we de�ne x(�) := p(K;B; x)+�u(K;B; x). It is easy to check thatp(K;B; x(�)) = p(K;B; x). Therefore we de�neN (K;B) := n(p(K;B; x); u(K;B; x)) 2 R2d : x 2 Rd nKo ;and call N (K;B) the B-normal bundle of K. Alternatively, we also call N (K;B) the relativenormal bundle of K with respect to B. Since p(K;B; �) and u(K;B; �) are continuous, wededuce that N (K;B) is homeomorphic to K + tB, for any t > 0, and thus is a closed subsetof bdK � bdB.2.2 Relative support measuresThe aim of the �rst part of this subsection is to sketch the construction of support measuresin Minkowski spaces; see [76], [80]. The arguments involved in the construction of theserelative support measures are similar to and have been inspired by the ones in [123], xx4.1{2,and [125], though the present setting is more general. Our basic interest, however, will be inrepresentations of these measures which can be obtained in each of the following three cases:1. The convex bodies K and L are polytopes in general relative position.2. The support function of B is of class C2 and K is arbitrary.3. The support function of K is of class C2 and B is arbitrary.For the subsequent discussion, we assume that (K;B) 2 Kd2;gp, o 2 int B, and � > 0. Thenthe map (K + �B) nK ! R2d ; x 7! (p(K;B; x); u(K;B; x)) ;is continuous and hence Borel measurable. Thus, for any measurable set � � R2d , the setM�(K;B; �) := nx 2 Rd : 0 < d(K;B; x) � �; (p(K;B; x); u(K;B; x)) 2 �o



2.2 Relative support measures 71is a Borel set. Note that M�(K;B;R2d ) = (K + �B) nK and de�ne��(K;B; �) := Hd(M�(K;B; �)) :This, in particular, implies that��(K;B;R2d) = d�1Xj=0 �d�j�dj�V (K[j]; B[d � j]) : (85)One can easily check that �� enjoys similar properties as in the Euclidean case, but now onehas an additional dependence with respect to a gauge body B; compare Theorems 4.1.1-3 in[123], [125] and the discussion in [76] and [80], Lemma 5.2. We emphasize that the measure��(K;B; �) is concentrated on the Borel subsets of N (K;B) � R2d .In order to derive a local Steiner formula and to construct Minkowski (or relative) supportmeasures, one �rst considers the case of polytopes (K;B) in general relative position. Oncethe desired representations have been established in this particular case, the general resultfollows by the usual approximation arguments, similar to the approach in Sections 4.1-2 of[123]. The following theorem can be found in [80] and essentially also in [76].Theorem 2.5 Let (K;B) 2 Kd2;gp with o 2 int B. Then there exist �nite positive Borelmeasures �0(K;B; �); : : : ;�d�1(K;B; �) over R2d such that��(K;B; �) = 1d d�1Xj=0 �d�j�dj��j(K;B; �) ; (86)for � � 0. The measure �j(K;B; �) is concentrated on N (K;B), homogeneous of degree jin K, and homogeneous of degree d � j in B. The mapping (K;B) 7! �j(K;B; �) is weaklycontinuous and satis�es additivity properties (see [80], [76]).Remarks.1. In the construction of the measures �j(K;B; �) Euclidean notions are involved. Never-theless, these measures clearly are Minkowski quantities, since the measures ��(K;B; �)are intrinsically de�ned and equation (86) holds for all � > 0.2. The assumption o 2 int B in Theorem 2.5 is unnecessarily restrictive; it is su�cient toassume that o 2 B.3. The proof of Theorem 2.5 in [80] leads to an explicit description of the support measuresfor a pair (K;B) 2 Kd2;gp of polytopes with o 2 B. In fact, one obtains�d� 1j ��j(K;B; �) (87)= XF2Fj(K) XG2Fd�1�j(B) det(F;G)h(B; u(F +G;K +B))�F 
 �G ;where �F is the j-dimensional Lebesgue measure restricted to F , det(F;G) is the volumeof the parallelepiped spanned by an orthonormal basis of the linear subspace parallelto F and an orthonormal basis of the linear subspace parallel to G, and u(A;L), for aconvex body L and a set A � Rd , is de�ned as the outer unit normal of L at A if A isa facet of L and as o otherwise.



72 2 CURVATURES AND NORMALS IN MINKOWSKI SPACES4. The measures �j(K;B; �), j 2 f0; : : : ; d � 1g, are called the Minkowski (the relative)support measures of K with respect to B or, more speci�cally, the B-support measuresof K.The next corollary is a straightforward extension of (86).Corollary 2.6 Let (K;B) 2 Kd2;gp with o 2 int B, and let f : Rd ! R be a bounded, Borelmeasurable function with compact support. ThenZRdnK f(y)Hd(dy) = d�1Xj=0�d� 1j �Z 10 td�1�j ZN (K;B) f(x+ tb)�j(K;B; d(x; b))dt :Proof. The map N (K;B)� (0;1)! Rd nK ; (x; b; t) 7! x+ tb ;is a homeomorphism with inverseRd nK ! N (K;B) � (0;1) ; y 7! (p(K;B; y); u(K;B; y); d(K;B; y)) :Hence, the desired result can be deduced from (86) by the usual measure theoretic arguments.�The relative support measures also satisfy a polynomial expansion with respect to the forma-tion of B-parallel bodies. Indeed, for any � > 0, let us denote by p� the mapp� : R2d ! R2d ; (x; b) 7! (x+ �b; b) :By an obvious modi�cation of the proof for Theorem 4.2.2 in [123], the following theorem canbe established.Theorem 2.7 Let K;B 2 Kd, o 2 int B, let � � R2d be measurable, � > 0, and let m 2f0; : : : ; d� 1g. Assume that B is strictly convex. Then�m (K + �B;B; p��) = mXj=0 �j�mj ��m�j(K;B; �) :As in the Euclidean case, it is appropriate to introduce two sequences of measures whichare obtained by specialization from �j(K;B; �), j 2 f0; : : : ; d � 1g, if (K;B) 2 Kd2;gp ando 2 int B. We de�ne the Minkowski curvature measures (compare [125])Cj(K;B;�) := �j(K;B;� � Rd) ; � 2 B(Rd) ;and the Minkowski surface area measuresSj(K;B; 
) := �j(K;B;Rd � 
) ; 
 2B(Rd) ;where j 2 f0; : : : ; d� 1g.By combining Corollary 2.6 and Theorem 2.7 (with m = d� 1), one can easily establish thefollowing disintegration of Lebesgue measure; see [146, Lemmas 4.1-2] or [132, Hilfssatz 5.3.1]for the Euclidean case.



2.2 Relative support measures 73Corollary 2.8 Let K;B 2 Kd, o 2 int B, and let f : Rd ! R be a bounded, Borel measurablefunction with compact support. Assume that B is strictly convex. ThenZRdnK f(x)Hd(dx) = Z 10 Z f(x)Cd�1(K + tB;B; dx)dt :The construction of the Minkowski support measures already led to an explicit descriptionof these measures for pairs of polytopes in general relative position. We shall now derivesuch representations in the two remaining cases which were mentioned at the beginning ofthis subsection. As in the �rst part of this work, we write ki(x; u), i = 1; : : : ; d � 1, forthe generalized Euclidean curvatures of the unit normal bundle N (K), for Hd�1 almost all(x; u) 2 N (K); the convex body K, which is meant, will be clear from the context or we shalluse a more speci�c notation. The unit vectors which are associated with these curvatures aredenoted by u1; : : : ; ud�1. Here and in the following, we usually do not indicate the dependenceof these vectors on (x; u). To simplify the notation, we introduce the abbreviationsH I(K;x; u) := Qi2I ki(x; u)Qd�1i=1 p1 + ki(x; u)2and RI(B;u) := det��d2hB(u)(uk; ul)�k; l2I� ;where I � f1; : : : ; d� 1g, provided that these expressions are de�ned. Moreover, we de�neH j(K;B;x; u) := �d� 1j ��1 XjIj=j H I(K;x; u)RI(B;u) ;for j 2 f0; : : : ; d � 1g. Here the summation is extended over all sets I � f1; : : : ; d � 1g ofcardinality j.For m-vectors x1 ^ : : : ^ xm 2 Vm Rd , m 2 f1; : : : ; dg, we write jx1 ^ : : : ^ xmj for thenorm which is induced by the auxiliary Euclidean scalar product; compare Chapter 1 of [42].Theorem 2.9 Let K;B 2 Kd, o 2 int B, and assume that hB is of class C2. Then, forj 2 f0; : : : ; d� 1g and � 2 B(R2d ),�j(K;B; �) = ZN (K) 1�(x;rhB(u))h(B; u) H d�1�j(K;B;x; u)Hd�1(d(x; u)) :Proof. Let � 2 B(Rd � Rd), set Rd� := Rd n fog, and de�ne the Borel measurable map~TB : Rd � Rd� ! Rd � Rd ; (x; u) 7! (x;rhB(u)) ;as well as the locally Lipschitz map~FB : N (K)� (0;1)! Rd ; (x; u; t) 7! x+ trhB(u) :



74 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESThen ~� := ~T�1B (�) 2 B(Rd �Rd� ) and, by Lemma 2.1, card� ~F�1B (fzg)� = 1 for Hd almost allz 2 Rd nK. Furthermore, we obtain for the approximate Jacobianap Jd ~FB(x; u; t)= �����d�1̂i=1 1p1 + ki(x; u)2 ui + t ki(x; u)p1 + ki(x; u)2 d2hB(u)(ui)! ^rhB(u)�����= h(B; u) d�1Xj=0 td�1�j XjIj=j Qi2Ic ki(x; u)Qd�1i=1 p1 + ki(x; u)2 det��d2hB(u)(uk; ul)�k; l2Ic�= h(B; u) d�1Xj=0 td�1�j�d� 1j � H d�1�j(K;B;x; u) ;for Hd almost all (x; u; t) 2 N (K)� (0;1). From Federer's coarea formula we hence deduce,for any � 2 (0;1),Hd(M�(K;B; �))= Z(K+�B)nK Z ~F�1B (fzg) 1~�(x; u)H0(d(x; u; t))Hd(dz)= ZN (K) Z �0 1~�(x; u) ap Jd ~FB(x; u; t)dtHd�1(d(x; u))= ZN (K) Z �0 1� � ~TB(x; u) d�1Xj=0 td�1�jh(B; u)�d� 1j � H d�1�j(K;B;x; u)dtHd�1(d(x; u))= d�1Xj=0 �d�jd �dj�ZN (K) 1�(x;rhB(u))h(B; u) H d�1�j(K;B;x; u)Hd�1(d(x; u)) : (88)A comparison of this expansion with equation (86) then yields the result. �The rôles of K and B in Theorem 2.9 are not completely symmetric. In view of the appli-cations in the next subsection we provide a version of this result with the rôles of K and Binterchanged. For that purpose, we henceforth denote the generalized curvatures on N (B)by l1(b; v); : : : ; ld�1(b; v) and the associated directions by v1; : : : ; vd�1 2 v?; of course, thesedirections are functions of (b; v).Theorem 2.10 Let K;B 2 Kd, o 2 int B, and assume that hK is of class C2. Then, forj 2 f0; : : : ; d� 1g and � 2 B(R2d ),�j(K;B; �) = ZN (B) 1�(rhK(v); b)h(B; v) H j(B;K; b; v)Hd�1(d(b; v)) :Proof. We de�ne ~TK : Rd � Rd� ! Rd � Rd ; (b; v) 7! (rhK(v); b) ;



2.2 Relative support measures 75as well as ~FK : N (B)� (0;1)! Rd ; (b; v; t) 7! rhK(v) + tb ;and then we proceed as in the proof of Theorem 2.9; in particular,ap Jd ~FK(b; v; t) = h(B; v) d�1Xj=0 td�1�j�d� 1j � H j(B;K; b; v) ;for Hd almost all (b; v; t) 2 N (B)� (0;1). �The preceding theorem suggests the following de�nition. Namely, under the assumptions ofTheorem 2.9, we set~�j(K;B; ~�) := ZN (K) 1~�(x; u)hB(u) H d�1�j(K;B;x; u)Hd�1(d(x; u))for j 2 f0; : : : ; d�1g and ~� 2 B(R2d). Thus, Theorem 2.9 can be paraphrased by saying that�j(K;B; �) is the image measure of ~�j(K;B; �) under ~TB , that is,�j(K;B; �) = ( ~TB)# ~�j(K;B; �) := ~�j(K;B; �) � ~T�1Bon B(R2d).Let us consider Theorem 2.9 in the special cases where j = 0 or j = d� 1. If j = d� 1, thenZ g(x; b)�d�1(K;B; d(x; b))= ZN (K) g � ~TB(x; u)h(B; u) d�1Yi=1 1p1 + ki(x; u)2Hd�1(d(x; u))= Z g � ~TB(x; u)h(B; u)�d�1(K; d(x; u)) :This is true for all g 2 C0(R2d ), and for all K;B 2 Kd, o 2 int B, for which hB is of classC2. An approximation argument shows that the additional smoothness assumption can beweakened.Corollary 2.11 Let K;B 2 Kd, o 2 int B, and assume that B is strictly convex. Then, forany � 2 B(R2d ),�d�1(K;B; �) = Z 1�(x;rhB(u))h(B; u)�d�1(K; d(x; u)) :In particular,Cd�1(K;B;�) = ZbdK 1�(x)h(B; �K(x))Hd�1(dx) ; � 2 B(Rd) ;for all (K;B) 2 Kd2;gp with o 2 int B, andSd�1(K;B; 
) = Zbd K 1
(rhB(�K(x)))h(B; �K(x))Hd�1(dx) ; 
 2 B(bdB) :



76 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESUnder the assumptions of Corollary 2.8 we thus obtainZRdnK f(x)Hd(dx) = Z 10 Zbd(K+tB) f(x)h(B; �K+tB(x))Hd�1(dx)dt :More directly, this can be inferred from Lemma 2.1 by applying Federer's coarea formula tothe Lipschitz map d(K;B; �).If j = 0, then again under the assumptions of Theorem 2.9 we deduce�0(K;B; �) = ZN (K) 1� � ~TB(x; u)h(B; u) H d�1(K;B;x; u)Hd�1(d(x; u))= Z 1� � ~TB(x; u)h(B; u) det �d2hB(u)ju?��0(K; d(x; u)) :This implies that, for � 2 B(Rd ),C0(K;B;�) = ZSd�1 1�(�K(u))h(B; u) det �d2hB(u)ju?�Hd�1(du)= ZSd�1 1�(�K(u))h(B; u)Sd�1(B; u) :The weak continuity of the Euclidean surface area measures thus shows thatC0(K;B;�) = ZSd�1 1�(�K(u))h(B; u)Sd�1(B; du)for all convex bodies K;B such that K is strictly convex and o 2 int B.The corresponding statement for the Minkowski surface area measure S0(K;B; �) is a specialcase of Theorem 2.14 below. In fact, Minkowski surface area measures can be described interms of certain mixed surface area measures. To see this, we start with a lemma.Lemma 2.12 Let K 2 Kd, and let B 2 Kdo be such that hB is of class C2. Then, for any! 2 B(Sd�1) and j 2 f0; : : : ; d� 1g,S(K[j]; B[d � 1� j]; !) = ZN (K) 1!(u) H d�1�j(K;B;x; u)Hd�1(d(x; u)) :Remark. As usual, this result can be extended to mixed surface area measuresS(K[j]; Bj+1; : : : ; Bd�1; �), where the convex bodies Bj+1; : : : ; Bd�1 2 Kdo are assumedto have support functions of class C2. This can be veri�ed by replacing the determinantunder the integral by a suitable mixed discriminant and by polynomial expansion.Proof. For the proof, we can assume that o 2 int B. Fix � > 0 and consider the map~FB� : N (K)! Rd ; (x; u) 7! x+ �rhB(u) :It is easy to check that~FB� (f(x; u) 2 N (K) : u 2 !g) = [u2!F (K + �B; u) (89)



2.2 Relative support measures 77and that card�( ~FB� )�1(fyg)� = 1 is satis�ed for Hd�1 almost all y 2 ~FB� (N (K)). Thus,Theorem 4.2.5 in [123], (89) and the coarea formula imply thatSd�1(K + �B; !)= Hd�1 [u2! F (K + �B; u)!= ZN (K) 1!(u) ap Jd�1 ~FB� (x; u)Hd�1(d(x; u))= ZN (K) 1!(u) �����d�1̂i=1  1p1 + ki(x; u)2ui + � ki(x; u)p1 + ki(x; u)2 d2hB(u)(ui)!�����Hd�1(d(x; u))= d�1Xj=0 �d�1�j ZN (K) 1!(u)�d� 1j � H d�1�j(K;B;x; u)Hd�1(d(x; u)) : (90)Comparing the coe�cients of �d�1�j in the expansionSd�1(K + �B; !) = d�1Xj=0 �d�1�j�d� 1j �S(K[j]; B[d � 1� j]; !)and in equation (90), we derive the desired conclusion. �The special case where K is a polytope deserves to be mentioned separately.Corollary 2.13 Let P 2 Kd be a polytope, and let B 2 Kdo be such that hB is of class C1;1.Then �d� 1j �S(P [j]; B[d � 1� j]; !)= XF2Fj(P )Hj(F )ZN(P; F )\! det �d2hB(u)ju?\F?�Hd�1�j(du) ;for ! 2 B(Sd�1) and j 2 f0; : : : ; d� 1g.If K;B 2 Kd, o 2 int B, and if hB is of class C2, then Lemma 2.12 and Theorem 2.9 implythat Z f(b)Sj(K;B; db) = ZSd�1 f � rhB(u)h(B; u)S(K[j]; B[d � 1� j]; du) ;where f 2 C0(Rd). The weak continuity of the mixed surface area measures then implies thatthis equation holds in greater generality.Theorem 2.14 Let K;B 2 Kd, o 2 int B, and let B be strictly convex. Then, for j 2f0; : : : ; d� 1g and 
 2 B(Rd ),Sj(K;B; 
) = ZSd�1 1
(rhB(u))h(B; u)S(K[j]; B[d � 1� j]; du) :



78 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESThe preceding theorem allows one to reduce the assertions of the following two corollaries toknown results.Corollary 2.15 Let K;L 2 Kd, let B 2 Kd, o 2 int B, be strictly convex and smooth (ofclass C1), and let j 2 f1; : : : ; d�1g. Further, assume that dim K � j+1 and dim B � j+1.Then Sj(K;B; �) = Sj(L;B; �)if and only if K and L are translates of each other.Proof. Use Theorem 2.14 and Theorem 7.2.4 in [123]. �Corollary 2.16 Let K;B 2 Kd, int K 6= ;, o 2 int B, assume that B is strictly convex, andlet j 2 f0; : : : ; d� 2g. If K is homothetic to a j-tangential body of B, thenSj(K;B; �) = �Sd�1(K;B; �) ; (91)where � is a positive constant. Conversely, if condition (91) is satis�ed for some positiveconstant �, and if B is smooth (of class C1), then K is a translate of a j-tangential body of��1=(d�1�j)B.Proof. Use Theorem 2.14. For the second assertion, one can adapt the proof of Theorem7.2.9 in [123]. �Our �nal result in this subsection will be applied in the course of the investigation of themean number of normals which pass through a point in a convex body. A Euclidean versionof this result was proved in [69]. Subsequently, we write V (M) for the d-dimensional volumeof a measurable set M � Rd . If L � Rd is a star body containing the origin, then we write�(L; �) for its radial function (compare Section 1).Proposition 2.17 Let (K;B) 2 (Kd2;gp)o, and let L � Rd be a compact star body with o 2int L. Then 1d d�1Xr=0� dr + 1�Z �(L; b)r+1Sd�1�r(K;B; db) � V (K + L)� V (K) :Proof. It is su�cient to prove the result for polytopes K;B in general relative position. Weuse the notation which was introduced in Remark 3 after Theorem 2.5.Let Fr(K;B) denote the set of all pairs (F;G) 2 Fr(K) � Fd�1�r(B) for which u(F +G;K +B) 6= o. Then we obtain(K + L) nK (92)= d�1[r=0 [(F;G)2Fr(K;B) �(K + L) \ (p(K;B; �); u(K;B; �))�1(relint F � relint G)� ;where the equality holds up to a set of Hd measure zero and the union on the right-hand sideis disjoint.



2.3 Relative normals 79Furthermore, for any such pair (F;G) 2 Fr(K;B), we certainly haveA(F;G) :=fx+ tb : t 2 [0; �(L; b)]; x 2 relint F; b 2 relint Gg�(K + L) \ (p(K;B; �); u(K;B; �))�1(relint F � relint G) : (93)Let (F;G) 2 Fr(K;B) be �xed for the moment, let f1; : : : ; fr be an orthonormal basis ofthe linear subspace parallel to F , let g1; : : : ; gd�1�r be an orthonormal basis of the linearsubspace parallel to G, and let u0 := u(F + G;K + B). Then an elementary version of thecoarea formula shows thatV (A(F;G))= ZF ZG Z �(L;b)0 jdet(f1; : : : ; fr; tg1; : : : ; tgd�1�r; b)jdt�F (dx)�G(db)= det(F;G)�F (F )ZG Z �(L;b)0 td�1�rh(B; u0)dt�G(db)= h(B; u0) det(F;G)�F (F ) 1d� r ZG �(L; b)d�r�G(db) :Consequently, by (87)X(F;G)2Fr(K;B)V (A(F;G)) = 1d�dr�Z �(L; b)d�rSr(K;B; db) : (94)Hence the assertion follows from (92), (93), and (94). �We remark that Proposition 2.17 can be proved by an application of the coarea formula if Bhas a support function of class C2. The general case then again follows by approximation.As an immediate consequence of Theorem 2.14 and Proposition 2.17, we obtain an exten-sion of the �rst inequality in the main theorem in [115].Corollary 2.18 Let K;B;L 2 Kd, o 2 B, o 2 int L, and assume that B is strictly convex.Then ZSd�1 �(L;rhB(u))h(B; u)Sd�1(K; du) � dV (K[d� 1]; L)and ZSd�1 �(L;rhB(u))d�1h(B; u)S(K;B[d � 2]; du) � dV (K;L[d � 1]) :We also remark that Proposition 2.17 can be proved by an application of the coarea formula ifB has a support function of class C2. The general case then again follows by approximation.2.3 Relative normalsIn this subsection we investigate normals of a convex body K in a Minkowski space withgauge body B and o 2 int B. A B-normal of K is any ray x + (�1; 0]b, where x 2 bdK



80 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESand b 2 F (B; u) for some u 2 N(K;x). Clearly, this de�nition is independent of auxiliaryEuclidean notions. The underlying notion of orthogonality in Minkowski spaces is usuallyattributed to Birkho�; see Section 3.2 in [138]. Basically, we are interested in the averagenumber of B-normals of K. In a Minkowski plane, this number is always in�nite if (K;B) 62K22;gp. Therefore we assume that (K;B) 2 Kd2;gp in the following. But then the number ofB-normals of K passing through a point p 2 Rd is given byn(K;B; p) = cardf(x; b) 2 N (K;B) : p 2 x� [0;1)bg :This functional has been investigated repeatedly from various points of view, especially in theEuclidean case; we refer to the literature cited in [59], [60], [61], [62], [69]. Here we shall beinterested in the mean value of n(K;B; �) over K. To some extent for technical reasons, weessentially restrict our considerations to the following three cases:1. K and B are polytopes in general relative position.2. K is arbitrary and hB is of class C2.3. B is arbitrary and hK is of class C2.In each of these cases, the mapping p 7! n(K;B; p) is Hd measurable. In fact, �rst note thatN (K;B) is a (d� 1)-recti�able Borel set. In the �rst case, this follows since N (K;B) then isthe set of all (x; b) 2 R2d for which there are faces F of K and G of B such that F +G is aface of K +B and x 2 F , b 2 G. In the second case, we have the representationN (K;B) = f(x;rhB(u)) : (x; u) 2 N (K)g ;and in the third case, we haveN (K;B) = f(rhK(v); b) : (b; v) 2 N (B)g :Furthermore, G : N (K;B) � [0;1)! Rd ; (x; b; t) 7! x� tb ;is locally Lipschitz and, for any p 2 Rd ,n(K;B; p) = card �G�1(fpg)� :The requiredmeasurability thus follows from Section 2.10.26 in [42]. Therefore we can considerthe mean value n(K;B) := 1V (K) ZK n(K;B; p)Hd(dp) :The following theorem provides sharp bounds for this average. It generalizes the corre-sponding Euclidean result (see [69]), and it extends partial results concerning the Minkowskiplane to Minkowski spaces of arbitrary dimensions. We should also emphasize that the maps(K;B) 7! n(K;B) and (K;B; p) 7! n(K;B; p) apparently do not enjoy suitable continuityproperties to admit an extension of the following theorem, for instance, to arbitrary pairs ofconvex bodies in general relative position.



2.3 Relative normals 81Theorem 2.19 Let (K;B) 2 Kd2;gp, int K 6= ;, and o 2 int B. Then, in each of the abovethree cases, 2 � n(K;B) � V (K +DK)V (K) � 1 ;where DK := K �K denotes the di�erence body of K.Proof. We only have to prove the right inequality. Moreover, we shall consider each of thethree cases separately.We start with the �rst case. For (x; b) 2 N (K;B) we de�ne�B(K;x; b) := H1(K \ (x+ R b))jbjand �A(F;G) := fx� tb : t 2 [0; �B(K;x; b)] ; x 2 relint F; b 2 relint Gg ;where (F;G) 2 Fr(K;B) for some r 2 f0; : : : ; d� 1g. Then, for Hd almost all p 2 Rd ,n(K;B; p) = d�1Xr=0 X(F;G)2Fr(K;B) 1fp 2 �A(F;G)g :Hence ZK n(K;B; p)Hd(dp) = d�1Xr=0 X(F;G)2Fr(K;B) V ( �A(F;G)) :An elementary argument shows that, for (x; b) 2 N (K;B),�B(K;x; b) � �(DK; b) : (95)Using (95) and a calculation similar to the one which led to equation (94) in the proof ofProposition 2.17, we obtainV ( �A(F;G)) � h(B; u0) det(F;G)�F (F ) 1d� r ZG �(DK; b)d�rHd�1�r(db) ;where u0 = u(F +G;K +B). This and Proposition 2.17 �nally implyZK n(K;B; p)Hd(dp) � d�1Xr=0 1d�dr�Z �(DK; b)d�rSr(K;B; db)� V (K +DK)� V (K) ;which completes the proof in the �rst case.We now turn to the proof of the theorem in case two. Let us consider the Lipschitz map~GB : N (K)� R ! Rd ; (x; u; t) 7! x� trhB(u) ;



82 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESand the set ~MB(K) := f(x; u; t) 2 N (K)� R : t 2 [0; ~�B(K;x; u)]g ;where ~�B(K;x; u) := H1(K \ (x+ RrhB (u)))jrhB(u)j ; (x; u) 2 N (K) :Note that K \ (x+ (0;1)b) = ; for all (x; b) 2 N (K;B). Therefore, ~MB(K) = ~G�1B (K), andthus ~MB(K) is a Borel set. For p 2 Rd we de�ne~nB(K; p) := card f(x; u) 2 N (K) : p 2 x� [0;1)rhB(u)g ;and hence n(K;B; p) � ~nB(K; p) ;for all p 2 Rd . Equality holds, for example, if B is smooth, but this will not be neededsubsequently. Note that ~nB(K; p) = card� ~G�1B (fpg)�, for all p 2 Rd , andZ ~G�1B (fpg) 1 ~MB(K)(x; u; t)H0(d(x; u; t)) = (~nB(K; p) ; if p 2 K ;0 ; otherwise :After these preparations, Federer's coarea formula (applied twice) yieldsV (K)n(K;B) = ZK n(K;B; p)Hd(dp)� ZK ~nB(K; p)Hd(dp)= ZRd Z ~G�1B (fpg) 1 ~MB(K)(x; u; t)H0(d(x; u; t))Hd(dp)= ZN (K)�R 1 ~MB(K)(x; u; t)ap Jd ~GB(x; u; t)Hd(d(x; u; t))= ZN (K) Z ~�B(K;x; u)0 ap Jd ~GB(x; u; t)dtHd�1(d(x; u)) :Furthermore, for Hd almost all (x; u; t) 2 N (K)� R,ap Jd ~GB(x; u; t)= �����d�1̂i=1  1p1 + ki(x; u)2ui � t ki(x; u)p1 + ki(x; u)2 d2hB(u)(ui)! ^ (�rhB(u))�����= hB(u) ������d�1Xr=0(�t)r XjIj=r�d� 1r � H I(K;B;x; u)RI (B;u)������� hB(u) d�1Xr=0 tr�d� 1r � H r(K;B;x; u) : (96)



2.3 Relative normals 83Using (96), the fact that~�B(K;x; u) � � (DK;rhB(u)) ; (x; u) 2 N (K) ;and applying successively Theorem 2.9 and Proposition 2.17, we infer thatV (K)n(K;B)� d�1Xr=0 ZN (K) hB(u) 1r + 1~�B(K;x; u)r+1�d� 1r � H r(K;B;x; u)Hd�1(d(x; u))� d�1Xr=0 1r + 1 ZN (K) hB(u)� (DK;rhB(u))r+1�d� 1r � H r(K;B;x; u)Hd�1(d(x; u))= d�1Xr=0 1d� dr + 1�Z � (DK; b)r+1 Sd�1�r(K;B; db)�V (K +DK)� V (K) ;and this completes the proof in the second case.Finally, we sketch the proof of the theorem in the third case. We de�ne the Lipschitz map~GK : N (B)� R ! Rd ; (b; v; t) 7! rhK(v) � tb ;and the set ~MK(B) := f(b; v; t) 2 N (B)� R : t 2 [0; �̂B(K; b; v)]g ;where �̂B(K; b; v) := H1(K \ (rhK(v) + R b))jbj ; (b; v) 2 N (B) :Again ~MK(B) = ~G�1K (K) is a Borel set. For p 2 Rd we de�ne~nK(B; p) := card f(b; v) 2 N (B) : p 2 rhK(v) � [0;1)bg ;and hence n(K;B; p) � ~nK(B; p) ;for p 2 Rd , with equality if K is smooth. Similarly as before we thus obtainV (K)n(K;B) � ZN (B) Z �̂B(K; b; v)0 ap Jd ~GK(b; v; t)dtHd�1(d(b; v)) :Furthermore, for Hd almost all (b; v; t) 2 N (B)� R,ap Jd ~GK(b; v; t) � hB(v) d�1Xr=0 tr�d� 1r � H d�1�r(B;K; b; v) :The proof can then be completed by using Theorem 2.10 instead of Theorem 2.9. �An inspection of the preceding proof yields the following corollary, which also shows theconnection to the subject of the next subsection.



84 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESCorollary 2.20 Let (K;B) 2 Kd2;gp, int K 6= ;, and o 2 int B. Then, in the cases two andthree, V (K)n(K;B) � d�1Xr=0 1d� dr + 1�Z �B(K;x; b)r+1�d�1�r(K;B; d(x; b)) ;where �B(K;x; b) := H1(K \ (x+ R b))=jbj.Note that �B(K;x; b) is the Minkowski length of the secant of K which is determined by theline x+ R b.In the two-dimensional case we shall obtain the same conclusions for all pairs of convexbodies in general relative position; see Subsection 2.5.2.4 Euler-type formulaeIn this section, we establish an Euler-type version of a Steiner formula in Minkowski spacesand deduce various consequences. In particular, we obtain relations of a combinatorial type,special cases of which have been used in [51] for an investigation of such results in Euclideanspaces. It is not clear, at the moment, whether the approach suggested in [51] can be extendedto Minkowski spaces. Instead we reverse the sequence of arguments in [51] and prove directlythe desired Steiner type formula by a measure geometric argument. An additional advantageof the present method is that it can be applied in other situations as well. However, bothapproaches employ a continuity arguments at essential points.The following lemma will be used in the proof.Lemma 2.21 Let 0 < r � R < 1, let K;L 2 Kd with Bd(o; r) � K;L � Bd(o;R), and letu; v 2 Sd�1. Then j�(K;u) � �(L; v)j � Rr �(K;L) + R2r ju� vj ;where � denotes the Hausdor� distance.Proof. We set � := �(K;L); hence K � L+Bd(o; �) and�(K;u) � maxft � 0 : tu 2 L+Bd(o; �)g ;for u 2 Sd�1. For a := �(L; u)u and n 2 N(L; a) \ Sd�1 we obtain�(K;u) � �(L; u) + �hu; ni :By assumption we have hu; ni � r=R, and thus�(K;u) � �(L; u) + Rr � :By symmetry we obtain j�(K;u) � �(L; u)j � Rr �(K;L) :



2.4 Euler-type formulae 85Furthermore, j�(L; u) � �(L; v)j = jh(L�; v)� h(L�; u)jh(L�; u)h(L�; v) � R2r ju� vj ;since Bd(o;R�1) � L� � Bd(o; r�1). �Theorem 2.22 Let (K;B) 2 Kd2;gp, and assume that o 2 B and dim(K + B) = d. Letg : Rd ! R be a bounded, Borel measurable function with compact support. Thend�1Xr=0�d� 1r �ZR td�1�r ZN (K;B) g(x+ tb)�r(K;B; d(x; b))dt= �1� (�1)d� ZRd g(x)Hd(dx) :Proof. It is su�cient to prove the theorem for an arbitrary convex bodyK and a convex bodyB the support function of which is of class C1 and which contains o as an interior point. Asusual, for the proof we shall use Euclidean notions. In fact, we shall show thatd�1Xr=0�d� 1r �ZR td�1�r ZN (K) g(x+ trhB(u)) ~�r(K;B; d(x; u))dt= �1� (�1)d�ZRd g(x)Hd(dx) :Choose some r0 > 0 with Bd(o; r0) � B, and let R0 > 0 be such that K; B; spt(g) �int Bd(o;R0). Then we set R := 2R0=r0. In the following, we shall consider the push-forwardof certain normal currents by the mapF : Rd � Rd� � R ! Rd ; (x; u; t) 7! x+ trhB(u) ;which is of class C1. Since B is held �xed throughout the proof, we simply write F withoutindicating the dependence on B. For � 2 [0; 1] we set K(�) := (1 � �)K + �B, and byNK(�) 2 Nd�1(Rd �Rd� ) we denote the normal current (cycle) which is associated with K(�);see [155], [157]. Since [�R;R] 2 N1(R), we obtain that NK(�)� [�R;R] 2 Nd(Rd �Rd� �R).Then, in particular, NK(�) � [ � R;R] is an integral current with compact support. Thesupport of the boundary of this current, @(NK(�) � [ � R;R]), is contained in the compactset N (K(�)) � f�R;Rg, since NK(�) is a cycle. According to Section 4.1.7 in [42], thepush-forward F#(NK(�) � [�R;R]) 2 Dd(Rd)is well-de�ned. In addition, by the Remarks 26.21 and 27.2 in [136], F#(NK(�)� [�R;R]) isan integral current. Furthermore, we havespt �@ �F# �NK(�) � [�R;R]��� � F (N (K(�))� f�R;Rg) ;



86 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESand hence, according to the special choice of R,spt �@ �F# �NK(�) � [�R;R]��� � Rd n int Bd(o;R0) :Federer's constancy theorem [42, 4.1.7] then implies that there exists a constant c 2 Z suchthat spt�F# �NK(�) � [�R;R]�� cEd� � Rd n int Bd(o;R0):Note that c may depend on K(�), R, and F . Since K, B, R, and F are held �xed forthe moment, we can write c = c(�) in order to indicate the dependence of c on � 2 [0; 1].Let us denote by 
 the standard volume form in Rd . Then, for any h 2 C10 (Rd) withspt(h) � int Bd(o;R0), we deduceF# �NK(�) � [�R;R]� (h
) = c(�)Ed(h
) = c(�)ZRd h(x)Hd(dx) : (97)In order to determine the constant c(�), we proceed as follows. First of all, observe that themap H : [0; 1] ! R ; � 7! F# �NK(�) � [�R;R]� (h
) ;is continuous; compare [157] and Section 4.1.14 in [42]. This already shows that c(0) = c(�)for all � 2 [0; 1]. Next we obtain, for � 2 [0; 1],F# �NK(�) � [�R;R]� (h
)= �NK(�) � [�R;R]� �F#(h
)�= �NK(�) � [�R;R]� (h � F F#
)= ZN (K(�)) Z R�R h � F (x; u; t)� h^dDF (x; u; t) [(^d�1P )a�(x; u) ^ (^1Q)e1] ;
idtHd�1(d(x; u))= d�1Xr=0�d� 1r �ZN (K(�)) Z R�R td�1�rh(x+ trhB(u))dt~�r(K(�); B; d(x; u)) ; (98)where P , Q are canonical injections into Rd � Rd � R (see [42, p. 360]), a� is a (d � 1)-vector�eld orienting N (K(�)) (compare [155, p. 565]), and e1 = 1 is the unit vector of R.Combining (97) and (98) and using that c := c(0) = c(�), � 2 [0; 1], we obtain thatd�1Xr=0�d� 1r �ZN (K(�)) ZR td�1�rh(x+ trhB(u))dt~�r(K(�); B; d(x; u))= c ZRd h(x)Hd(dx) ; (99)



2.4 Euler-type formulae 87for � 2 [0; 1]. It remains to determine c. Relation (99) holds for any h 2 C10 (Rd) withspt(h) � int Bd(o;R0), and hence it remains true if we merely assume that h 2 C0(Rd) withthe same condition on the support. By considering a sequence (hn)n2N of such functions withhn # 1K(�) pointwise as n!1, we infer from the dominated convergence theorem that (99)is still satis�ed if 1K(�) is substituted for h. In the case � = 1 we thus deduce thatd�1Xr=0(�1)d�1�r 1d�dr�ZN (B) ~�B(B; x; u)d�r ~�r(B;B; d(x; u))= c V (B) ; (100)where ~�B(B; x; u) = H1(B\(x+RrhB (u)))=jrhB(u)j for (x; u) 2 N (B). Using the de�nitionof ~�r and Lemma 2.12, we can simplify equation (100) to(1� c(B))V (B) = 1d ZSd�1(1� �B(u))dh(B; u)Sd�1(B; du) ; (101)where �B(u) = H1(B \ RrhB (u))jrhB(u)j :We write c(B) instead of c to indicate the dependence of c on B. Thus, in particular, wehave proved that if B is any convex body with support function of class C1 and o 2 int B,then there is a constant c(B) 2 Z such that (101) is satis�ed. In order to show that c(B) =1�(�1)d, we apply another continuity argument. For � 2 [0; 1] we set B(�) := (1��)B+�Bd.Since h(B(�); �) is of class C1 and o 2 int B(�), there is a constant c(�) 2 Z such that (101)is satis�ed with B replaced by B(�) and c(B) replaced by c(�), for all � 2 [0; 1]. Clearly,V (B(�)) depends continuously on � . Moreover, by Lemma 2.21,(�; u) 7! (1� �B(�)(u))dh(B(�); u)is Lipschitz, since�B(�)(u) = �((1� �)B + �Bd; v(�; u)) + �((1� �)B + �Bd;�v(�; u))jv(�; u)j ;where v(�; u) = (1� �)rhB(u) + �u :Here we also use that v(�; u) is bounded away from zero. Hence,� 7! ZSd�1(1� �B(�)(u))dh(B(�); u)Sd�1(B(�); du)is continuous as well. But c(B(�)) 2 Z for all � 2 [0; 1], and therefore c(B) = c(Bd). Since�Bd(u) = 2 for all u 2 Sd�1, we infer that 1� c(Bd) = (�1)d, which was to be shown.The statement of the theorem now follows from the case � = 0 of (99) by standardmeasure theoretic approximation arguments. �



88 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESRemark. Instead of using the preceding \current technique", Theorem 2.22 can also beproved by a mapping-degree argument; compare [59] and [69] for the Euclidean case. Ofcourse, the two methods are essentially equivalent to each other. We preferred the presentframework, because it is more general and since, in our opinion, it perfectly corresponds tothe requirements of the situation.Corollary 2.23 Let (K;B) 2 Kd2;gp, and assume that o 2 B and dim(K +B) = d. Further,let g : Rd ! R be a bounded, Borel measurable function with compact support. ThenZRd g(x)Hd(dx) = d�1Xr=0(�1)r�d� 1r �Z 10 td�1�r ZN (K;B) g(x� tb)�r(K;B; d(x; b))dt+ (�1)d ZK g(x)Hd(dx) :Proof. From Theorem 2.22 we deduce�1� (�1)d�ZRd g(x)Hd(dx)= d�1Xr=0(�1)d�1�r�d� 1r �Z 10 td�1�r ZN (K;B) g(x� tb)�r(K;B; d(x; b))dt+ d�1Xr=0�d� 1r � 1Z0 sd�1�r ZN (K;B) g(x + sb)�r(K;B; d(x; b))ds= d�1Xr=0(�1)d�1�r�d� 1r �Z 10 td�1�r ZN (K;B) g(x� tb)�r(K;B; d(x; b))dt+ ZRdnK g(x)Hd(dx) :In the last step we have used the Steiner formula for Minkowski spaces in the form ofCorollary 2.6. This immediately implies the result. �Corollary 2.24 Let (K;B) 2 Kd2;gp, and assume that o 2 int B. Thend�1Xr=0(�1)r 1d�dr�ZN (K;B) �B(K;x; b)d�r�r(K;B; d(x; b))= �1� (�1)d� V (K) ;where �B(K;x; b) := H1(K\(x+R b))=jbj is the Minkowski length of the segment K\(x+R b)for all (x; b) 2 N (K;B).Proof. The assertion follows from Corollary 2.23 by setting g = 1K . �



2.4 Euler-type formulae 89For a polytope P � Rd and a strictly convex compact set B � Rd with o 2 int B, we de�nethe Minkowski normal cone NB(P; F ) of P with respect to B at a proper face F of P asthe set of all vectors tb for which t � 0 and such that there is a point x 2 relint F with(x; b) 2 N (P;B). If F = P , then we set NB(P; F ) := fog. It is easy to see that if F 6= P ,then NB(P; F ) := ftrhB(u) 2 Rd : t � 0; u 2 N(P; F )g :In particular, if B is the Euclidean unit ball Bd, then NBd(P; F ) = N(P; F ). But note thatin general the cone NB(P; F ) need not be convex.Corollary 2.25 Let P 2 Kd be a polytope, let B 2 Kd with o 2 int B, and assume that hBis of class C1;1. Then XF2F(P )nf;g(�1)dim F 1fx 2 F �NB(P; F )g = 1 ;for Hd almost all x 2 Rd .Proof. This follows from a special case of Corollary 2.23. In fact, if K = P is a polytope andg : Rd ! R is an arbitrary bounded, Borel measurable function with compact support, thenCorollary 2.23 and Theorem 2.9 implyZRd g(x)Hd(dx) = d�1Xr=0(�1)r Z 10 td�1�r XF2Fr(P ) ZF ZN(P; F )\Sd�1 g(x � trhB(u))h(B; u)� det �d2hB(u)ju?\F?�Hd�1�r(du)Hr(dx)dt+ (�1)d ZK g(x)Hd(dx) ;compare Corollary 2.13. For each r 2 f0; : : : ; d � 1g and F 2 Fr(P ), consider the Lipschitzmap ~HF : F � (N(P; F ) \ Sd�1)� (0;1)! Rd ; (x; u; t) 7! x� trhB(u) :Then im( ~HF ) = F � (NB(P; F ) n fog) and, for Hd almost all y 2 im( ~HF ), we havecard� ~H�1F (fyg)� = 1. Moreover,ap Jd ~HF (x; u; t) = hB(u)td�1�r det �d2hB(u)ju?\F?� ;for Hd almost all (x; u; t) 2 F � (N(P; F )\Sd�1)� (0;1), and hence the area formula yieldsthat ZRd g(x)Hd(dx) = d�1Xr=0(�1)r XF2Fr(P )ZF�NB(P;F ) g(x)Hd(dx) + (�1)d ZK g(x)Hd(dx)=ZRd8<: XF2F(P )nf;g(�1)dim F 1fx 2 F �NB(P; F )g9=; g(x)Hd(dx) :



90 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESBut this implies the asserted result. �If one considers pairs of polytopes in general relative position, then one obtains a combinatorialrelationship which is more symmetric. First, recall that if (K;B) 2 Kd2;gp, o 2 B and dim(K+B) = d, then Fr(K;B) denotes the set of all pairs (F;G) 2 Fr(K) � Fd�1�r(B) for whichu(F +G;K +B) 6= o; in addition, we set Fd(K;B) := fK � fogg. Furthermore, we de�neF(K;B) := d[r=0Fr(K;B) :The proof of the following corollary is similar to the preceding proof, if one uses equation (87)as a starting point, so we omit it.Corollary 2.26 Let (K;B) 2 Kd2;gp be polytopes, o 2 B and dim(K +B) = d. ThenX(F;G)2F(K;B)(�1)dim F1fx 2 F � pos Gg = 1 ;for Hd almost all x 2 Rd .We also mention the following extension of Theorem 2 in [51] to Minkowski spaces. Recallthat if K;B 2 Kd, B = �B and int B 6= ;, then K is said to have constant B-width w � 0 ifK + (�K) = wB.Corollary 2.27 Let (K;B) 2 Kd2;gp, let B = �B and int B 6= ;. Let � � Rd be a Borel set,and assume that K has constant B-width w � 0. Then, for j 2 f0; : : : ; d� 1g,Sj(K;B;��) = jXi=0(�1)i�ji�wj�iSi(K;B;�) :A similar proof for this result can be given as in [51], which uses the preceding extensionsof results in [51]. However, in the present situation additional approximation arguments arenecessary, since the characterization of convex bodies K of constant B-width given in [25], p.56 (VI'), is only valid if B is smooth and strictly convex. We do not give the details of suchan approach, since the following theorem contains Corollary 2.27 as a special case.Theorem 2.28 Let K;L;B 2 Kd with o 2 B and such that (K;B); (L;B) 2 Kd2;gp. Assumethat K + L = B. Then, for j 2 f0; : : : ; d� 1g,Sj(K;B; �) = jXi=0(�1)i�ji�Si(L;B; �) :Proof. It is well known that equation (6.7) in [25] implies thatS(K[j]; B1; : : : ; Bd�1�j ; �) = jXi=0(�1)i�ji�S(L[i];M [j � i]; B1; : : : ; Bd�1�j ; �) ; (102)



2.5 Curvatures in a Minkowski plane 91where K;L;M;B1; : : : ; Bd�1�j 2 Kd are such that K + L = M . By Theorem 3.3.1 in [123]we can �nd sequences Kn; Ln; Bn � Rd , n 2 N, of strictly convex compact sets such thatKn + Ln = Bn for all n 2 N and Kn ! K, Ln ! L, Bn ! B as n ! 1. A special case of(102) and Theorem 2.14 imply thatSj(Kn; Bn; �) = jXi=0(�1)i�ji�Si(Ln; Bn; �) ;for all n 2 N. Passing to the limit as n!1 yields the desired conclusion. �2.5 Curvatures in a Minkowski planeThe Minkowski plane exhibits many special features, which cannot be observed in generalMinkowski spaces. For example, it is not known under which assumptions precisely themetric projection in Minkowski spaces is a Lipschitz map; see also the subsequent remarks.In the plane, however, we can show that the B-projection onto K is a Lipschitz map R2 ! Kfor any pair (K;B) 2 (K22;gp)o. Using this result, we introduce generalized relative curvatureson the relative B-normal bundle of K by generalizing the Euclidean construction in a suitableway. These curvature functions can then be used to derive representations of the B-supportmeasures �o(K;B; �) and �1(K;B; �) as integrals over N (K;B). Finally, we apply theseresults to extend Theorem 2.19 and Corollary 2.25 in the present two-dimensional case to themost general situation.In the remaining part of this section, we change our notation by writing @K instead ofbd K for the boundary of a convex set K � Rd .Theorem 2.29 For (K;B) 2 (K22;gp)o the B-projection p(K;B; �) : R2 ! K is Lipschitz.Proof. If dim K = 0, there is nothing to prove. In order to prove the lemma if dim K � 1,we proceed by contradiction. Thus we assume that there is a sequence of points xn; yn 2 R2 ,n 2 N, such that jp(K;B; xn)� p(K;B; yn)j > njxn � ynj (103)for all n 2 N. Let n 2 N be �xed for the moment. Then we can assume thatp(K;B; yn)� p(K;B; xn) = �e1 ;where � > 0 and e1 2 S1. Let un := xn � p(K;B; xn) and vn := yn � p(K;B; yn). Choosee2 2 e?1 \ S1 such that hun; e2i � 0. Now, up to symmetry, it is su�cient to consider thefollowing three cases.Case 1: hun; e1i � 0, hvn; e1i � 0. But thenjxn � ynj � jp(K;B; xn)� p(K;B; yn)j ;and this together with (103) leads to a contradiction. Thus Case 1 cannot occur under thepresent assumption.Case 2: hun; e1i � 0, hvn; e1i < 0. Denote by �yn the orthogonal projection of p(K;B; xn)



92 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESonto p(K;B; yn) + [0;1)vn. Since (p(K;B; xn) + [0;1)un) \ (p(K;B; yn) + [0;1)vn) = ;, iteasily follows that jxn � ynj � jp(K;B; xn)� �ynj :Thus we have jp(K;B; xn)� p(K;B; �yn)j > njp(K;B; xn)� �ynj ;since p(K;B; yn) = p(K;B; �yn).Case 3: hun; e1i > 0, hvn; e1i < 0, hvn; e2i < 0. Let �yn be de�ned as in Case 2, and let �xn bethe orthogonal projection of p(K;B; yn) onto p(K;B; xn) + [0;1)un. If jp(K;B; yn)� �xnj �jp(K;B; xn)� �ynj, then it follows thatjxn � ynj � jp(K;B; yn)� �xnj ;and hence jp(K;B; �xn)� p(K;B; yn)j > nj�xn � p(K;B; yn)j :If, however, jp(K;B; yn)� �xnj > jp(K;B; xn)� �ynj, then similarlyjp(K;B; xn)� p(K;B; �yn)j > njp(K;B; xn)� �ynj :In any case, after a change of notation (if necessary), we can assume that, for all n 2 N,jp(K;B; xn)� p(K;B; �yn)j > njp(K;B; xn)� �ynj : (104)But then (104) implies that ](p(K;B; xn) � p(K;B; �yn); �yn � pB(K; yn)) ! 0 as n ! 1.This shows that there is a sequence of points bn 2 @B such that 
n ! 0 as n ! 1, if 
ndenotes the angle between the vector bn and some (if there are several) support line of B atbn. Since o 2 int B, this yields a contradiction. �Let (K;B) 2 (K22;gp)o be �xed. Then, for � > 0, we consider the maph� : R2 nK ! R2 nK ; y 7! p(K;B; y) + �(y � p(K;B; y)) :In writing h� we do not make explicit the dependence of h� on K and B. Obviously, (h�)�1 =h��1 and for t > 0 we have h�(@(K + tB)) = @(K + t�B).By Theorem 2.29, h� is a bi-Lipschitz map. In the same way as in the Euclidean planeone can thus show that rang Dh�(y) = 2 and (h�)�1 is di�erentiable at h�(y) provided thath� is di�erentiable at y 2 R2 nK. This implies that p(K;B; �) is di�erentiable at y 2 R2 nK ifand only if p(K;B; �) is di�erentiable at �y for any �y 2 p(K;B; y)+ (0;1)(y� p(K;B; y)). Wede�ne DK;B as the set of all y 2 R2 nK for which y 2 reg(K + d(K;B; y)B) and p(K;B; �) isdi�erentiable at y. Thus, y 2 DK;B if and only if p(K;B; y)+(0;1)(y�p(K;B; y)) � DK;B ;moreover, Theorem 2.29 yields thatH2(R2 n (K [DK;B)) = 0



2.5 Curvatures in a Minkowski plane 93and, for all t > 0, H1(@(K + tB) n DK;B) = 0 :Choose y 2 DK;B and set t := d(K;B; y); then ut(K;B; �) := u(K;B; �)j@(K+tB) is di�er-entiable at y and Dut(K;B; y) : Tan(@(K + tB); y) ! R2 . Set u := �K+tB(y), and letv 2 u? \ S1. If Dut(K;B; y)(v) = o, then im Dut(K;B; y) = fog � u?. If, however,Dut(K;B; y)(v) 6= o, then we can choose a curve 
 : (��; �) ! @(K + tB) which locallyparametrizes @(K + tB) and ful�lls 
(0) = y and 
0(0) = v. Hence, ut(K;B; �) � 
 is di�eren-tiable at 0, (ut(K;B; �) � 
)0(0) 6= o and im(ut(K;B; �) � 
) � @B. This shows that u(K;B; y)is a smooth boundary point of B. But then im Dut(K;B; y) = u? and one can easily checkthat Du(K;B; y)(v) = k(y)v with some k(y) � 0 (and hence also k(y) > 0). Thus we haveestablished the following lemma.Lemma 2.30 Let (K;B) 2 (K22;gp)o, let y 2 DK;B, and set u := �K+d(K;B; y)B(y). Thenthere is some k(K;B; y) � 0 such that, for all v 2 u?, Du(K;B; y)(v) = k(K;B; y)v.Now, for y 2 DK;B and 0 < t < d(K;B; y), we havey � tu(K;B; y) 2 @(K + (d(K;B; y) � t)B)and u(K;B; y � tu(K;B; y)) = u(K;B; y): (105)Choosing v 2 u? n fog, whereu := �K+d(K;B; y)B(y)? = �K+(d(K;B ;y)�t)B(y � tu(K;B; y))? ;we obtain from (105) that(1� tk(K;B; y))Du(K;B; y � tu(K;B; y))(v) = k(K;B; y)v ; (106)moreover Du(K;B; y � tu(K;B; y))(v) = k(K;B; y � tu(K;B; y))v : (107)From (106) and (107) it follows that k(K;B; y) < 1=t andk(K;B; y � tu(K;B; y)) = k(K;B; y)1� tk(K;B; y) ; (108)hence 0 � k(K;B; y) � d(K;B; y)�1 :Using (108), we see that k(K;B; y) = d(K;B; y)�1 impliesk(K;B; y � tu(K;B; y)) = d(K;B; y � tu(K;B; y))�1 ;furthermore, k(K;B; y) < d(K;B; y)�1 yieldsk(K;B; y)1� d(K;B; y)k(K;B; y) = k(K;B; y � tu(K;B; y))1� d(K;B; y � tu(K;B; y))k(K;B; y � tu(K;B; y)) :The preceding considerations are summarized in the next lemma.



94 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESLemma 2.31 Let (K;B) 2 (K22;gp)o, and let (x; b) 2 N (K;B) be such that y := x+tb 2 DK;Bfor some (and hence for all) t > 0. Then the de�nition of the quantityk(K;B;x; b) := k(K;B; y)1� d(K;B; y)k(K;B; y) 2 [0;1];which we call the generalized B-curvature of K at (x; b), is independent of the particularchoice of t > 0.For �xed t > 0, the mappingsFK;Bt : N (K;B)! @(K + tB) ; (x; b) 7! x+ tb ;and (FK;Bt )�1 : @(K + tB)! N (K;B) ; y 7! (p(K;B; y); u(K;B; y)) ;are Lipschitz maps which are inverse to each other. In particular, this shows that N (K;B) isa 1-recti�able subset of R2 �R2 and that the generalized B-curvature k(K;B;x; b) is de�nedfor H1 almost all (x; b) 2 N (K;B).Let y 2 DK;B \ @(K + tB), t > 0, and (x; b) := (FK;Bt )�1(y). Then, if u := �K+tB(y) andv 2 S1 \ u?, we obtainTan1 �N (K;B); (FK;Bt )�1(y)� = D(FK;Bt )�1(y)(u?)= linf(Dp(K;B; y)(v);Du(K;B; y)(v))g= linf((1� tk(K;B; y))v; k(K;B; y)v)g= lin( 1p1 + k(K;B;x; b)2 v; k(K;B;x; b)p1 + k(K;B;x; b)2 v!) :Next we consider the bijective Lipschitz mapFK;B : N (K;B) � (0;1)! Rd nK ; (x; b; t) 7! x+ tb :A straightforward calculation shows thatap J2FK;B(x; b; t) = hb; u(x; b)i 1p1 + k(K;B;x; b)2 + t k(K;B;x; b)p1 + k(K;B;x; b)2! ;for H2 almost all (x; b; t) 2 N (K;B) � (0;1), where u(x; b) := �K+tB(x + tb) is de�ned forH1 almost all (x; b) 2 N (K;B) (for each �xed t > 0). By a repeated application of Federer'scoarea formula we thus arrive at the subsequent theorem.Theorem 2.32 Let (K;B) 2 (K22;gp)o, and let � � R2 � R2 be a Borel set. Then�0(K;B; �) = ZN (K;B)\�hb; u(x; b)i k(K;B;x; b)p1 + k(K;B;x; b)2H1(d(x; b))and �1(K;B; �) = ZN (K;B)\�hb; u(x; b)i 1p1 + k(K;B;x; b)2H1(d(x; b)) :



2.5 Curvatures in a Minkowski plane 95These results are already su�ciently general to yield an optimal version of Theorem 2.19 ina Minkowski plane.Theorem 2.33 Let (K;B) 2 (K22;gp)o. Then2 � n(K;B) � V (K +DK)V (K) � 1 :Proof. First, note that N (K;B) is compact and n(K;B; �) is H2 measurable. MoreoverMB(K) is a Borel set by the same reasoning as in the proof of Theorem 2.19. We de�neMB(K) := f(x; b; t) 2 N (K;B)� R : t 2 [0; �B(K;x; b)]gand maintain the previous notation; thus,ZG�1(fpg) 1MB(K)(x; b; t)H0(d(x; b; t)) = (n(K;B; p) ; if p 2 K ;0 ; otherwise :Hence,V (K)n(K;B) = ZR2 ZG�1(fpg) 1MB(K)(x; b; t)H0(d(x; b; t))H2(dp)= ZN (K;B)�R 1MB(K)(x; b; t)ap J2G(x; b; t)H2(d(x; b; t))� ZN (K;B) Z �B(K;x; b)0 hb; u(x; b)ip1 + k(K;B;x; b)2H1(d(x; b))dt+ ZN (K;B) Z �B(K;x; b)0 t k(K;B;x; b)p1 + k(K;B;x; b)2 hb; u(x; b)iH1(d(x; b))dt= ZN (K;B) �B(K;x; b)�1(K;B; d(x; b)) + 12 ZN (K;B) �B(K;x; b)2�0(K;B; d(x; b)) :In the last step, we used Theorem 2.32. From the estimate �B(K;x; b) � �(DK; b) we �nallydeduce V (K)n(K;B) � 1Xr=0 12� 2r + 1�ZN (K;B) �(DK; b)r+1�2�1�r(K;B; d(x; b))= 1Xr=0 12� 2r + 1�Z@B �(DK; b)r+1S2�1�r(K;B; db)� V (K +DK)� V (K) ;by a special case of Proposition 2.17. �Remark. The bounds established in Theorems 2.19 and 2.33 can be improved under variousspecial assumptions such as constant relative width or other curvature bounds. However, itis not the present purpose to present an exhaustive discussion of the subject. Rather we wishto provide the general techniques required to explore the �eld.



96 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESCorollary 2.34 Let (P;B) 2 (K22;gp)o, and assume that P is a polytope. ThenXF2F(P )nf;g(�1)dim F 1F�NB(P; F )(x) = 1 ;for H2 almost all x 2 R2 .Proof. For a polytope P 2 K2, F 2 F1(P ) and x 2 relint F it is easy to see that k(P;B;x; b) =0 whenever (x; b) 2 N (P;B). In addition, for F = fxg 2 F0(P ) we have k(P;B;x; b) = 1for H1 almost all (x; b) 2 N (P;B). Using a very special case of Corollary 2.23 and Theorem2.32, we �ndZR2 g(x)H2(dx)� ZK g(x)H2(dx)= Z 10 tZN (P;B) g(x� tb)hb; u(x; b)i k(P;B;x; b)p1 + k(P;B;x; b)2H1(d(x; b))dt� Z 10 ZN (P;B) g(x� tb) hb; u(x; b)ip1 + k(P;B;x; b)2H1(d(x; b))dt=: I� II :For the �rst integral we obtainI = Xfxg2Fo(P ) Z 10 ZNB(P; fxg)\@B g(x� tb)thb; u(x; b)iH1(db)dt= Xfxg2Fo(P ) Zfxg�NB(P; fxg) g(x)H2(dx);since the Jacobian of the mapF1 : (NB(P; fxg) \ @B)� (0;1)! fxg �NB(P; fxg) ; (b; t) 7! x� tb ;is equal to J2F1(b; t) = jdet(�b;�tv)j = thb; u(x; b)i ;for H2 almost all (b; t) 2 (NB(P; fxg) \ @B)� (0;1), where v 2 Tan(@B; b) \ S1.Similarly,II = XF2F1(P ) Z 10 ZF ZNB(P; F )\@Bhb; �P (x)ig(x � tb)H0(db)H1(dx)dt= XF2F1(P ) ZF ZNB(P; F ) 
�b=j�bj; �P (x)� g(x� �b)H1(d�b)H1(dx)= XF2F1(P ) ZF�NB(P; F ) g(x)H2(dx) :



2.6 Curvatures in Minkowski spaces 97In the last step we used that the Jacobian of the mapF2 : F �NB(P; F )! F �NB(P; F ) ; (x;�b) 7! x� �b ;is equal to J2F2(x;�b) = jdet(f; j�bj�1�b)j = 
�b=j�bj; �P (x)� ;for H2 almost all (x;�b) 2 F �NB(P; F ), where f 2 �P (x)? \ S1. �2.6 Curvatures in Minkowski spacesIn this subsection we develop the theory of support measures and generalized curvature func-tions in Minkowski spaces with a su�ciently regular gauge body. The constructions areclearly guided by the Euclidean situation and also partly by the intention to establish char-acterizations of gauge bodies via relations between Minkowski curvature measures. As a �rstmajor step in this direction, we extend a volumic formula involving interior reach, due to J.Sangwine-Yager [114], and a generalized Minkowski integral formula to the relative setting ofthis section.In the following we write Kd� for the set of all convex bodies of class C2+ which containthe origin as an interior point. The gauge bodies to be considered in this subsection and theremaining part of Section 2 will be assumed to satisfy B 2 Kd�. It is certainly desirable toweaken this assumption, and for some of the following arguments this is indeed possible. Butat a certain point of our arguments, we cannot avoid the C2+ hypothesis on the gauge bodies.Therefore we adopt B 2 Kd� as an overall assumption. In particular, without any additionalassumptions, for a pair (K;B) of convex bodies in general relative position, the B-projectiononto K is probably not Lipschitz in contrast to the two-dimensional situation. Finally, forK 2 Kd, B 2 Kd�, and t > 0, we set pt(K;B; �) := p(K;B; �)j@(K+tB) and ut(K;B; �) :=u(K;B; �)j@(K+tB).Lemma 2.35 Let K 2 Kd and B 2 Kd�. Then the map pt(K;B; �) is Lipschitz for any t > 0.Moreover, the Minkowski normal bundle N (K;B) is a (d � 1)-recti�able compact subset ofRd � Rd .Proof. For t > 0, a ball of positive radius rolls freely inside the convex body K + tB, andhence �K+tB is Lipschitz. Therefore the assertions of the lemma are implied by the relationut(K;B; �) = rhB � �K+tB . �In particular, the preceding lemma implies that the map h�j@(K+tB) : @(K + tB) !@(K+ t�B), which is de�ned in analogy to the two-dimensional case of the preceding section,constitutes a bi-Lipschitz map for any �xed t; � > 0. Note that we do not make explicit thedependence of h� on K and B.Lemma 2.36 Let K 2 Kd, let B 2 Kd�, and assume that h�j@(K+tB) is di�erentiable aty 2 @(K+ tB). Then rang Dh�(y) = d�1 and the inverse map of h�j@(K+tB) is di�erentiableat h�(y).



98 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESProof. For any t > 0, @(K + tB) is a submanifold of class C1. Using local charts, we canthen proceed as in the proof of Lemma 4.1 in [141]. �Next we de�ne DK;B as the set of all y 2 Rd n K for which p(K;B; �)j@(K+d(K;B;y)B) isdi�erentiable at y. By Lemma 2.36, p(K;B; �)j@(K+d(K;B;y0)B) is di�erentiable at y0 if and onlyif p(K;B; �)j@(K+d(K;B;y)B) is di�erentiable at y for any y 2 p(K;B; y0) + (0;1)u(K;B; y0).Let y 2 DK;B, t := d(K;B; y), and set u := �K+tB(y). Thenut(K;B; �) : @(K + tB)! @Bcan be obtained as the composition of �K+tB : @(K + tB) ! Sd�1 and rhB : Sd�1 ! @B,the latter being a di�eomorphism between C1 manifolds. Clearly, �K+tB is di�erentiable aty, since y 2 DK;B. Hence, Dut(K;B; y) : u? ! u? can be represented asDut(K;B; y) = �D2hB(u)ju?� �D�K+tB(y) ;where D2hB(u)ju? and D�K+tB(y) will be viewed as symmetric linear maps of u? onto itself,where the symmetry property refers to the restriction to u? of our underlying auxiliary scalarproduct.In order to describe the eigenvalues and eigenvectors of Dut(K;B; y) we introduce anotherscalar product [� ; �]u on u? (here the formation of the orthogonal complement u? of u is meantwith respect to the initial scalar product) by setting[v; w]u := h(D2hB(u)ju?)�1v; wifor v; w 2 u?. ThenDut(K;B; y) is symmetric and positive semi-de�nit with respect to [� ; �]u;compare [78], Satz 7.22. Thus we arrive at the following lemma.Lemma 2.37 Let K 2 Kd and B 2 Kd�. Then, for y 2 DK;B and u := �K+d(K;B; y)B(y),there are numbers kBi (y) � 0, i 2 f1; : : : ; d�1g, and corresponding vectors u1; : : : ; ud�1 2 u?,which form an orthonormal basis with respect to [� ; �]u, such that Dut(K;B; y)(ui) = kBi (y)uifor i 2 f1; : : : ; d� 1g and t := d(K;B; y).As in the Euclidean case, we usually do not indicate the dependence of the numbers kBi (y),which are called the relative curvatures of K with respect to B (or simply the B-curvaturesof K), on the convex body K.Now we go one step further and introduce generalized relative curvatures. Indeed, inthe same way as Lemma 2.31 was deduced from Lemma 2.30, we now obtain Lemma 2.38as a consequence of Lemma 2.37. This argument also shows that the orthonormal basisu1; : : : ; un�1 2 u? with respect to [� ; �]u, which appears in Lemma 2.37 and which is associatedwith any point y0 2 DK;B, can (and will) be chosen in such a way that it does not depend onthe particular choice of the point y0 on the ray p(K;B; y) + (0;1)u(K;B; y), for some �xedy 2 DK;B.Lemma 2.38 Let K 2 Kd, let B 2 Kd�, and assume that (x; b) 2 N (K;B) is such thaty := x+ tb 2 DK;B for some (and hence for all) t > 0. Then the de�nition of the quantitieskBi (x; b) := kBi (y)1� d(K;B; y)kBi (y) 2 [0;1] ; i 2 f1; : : : ; d� 1g ;which we call the generalized B-curvatures of K at (x; b), does not depend on the special choiceof t > 0. In particular, kBi (x; b) is de�ned for Hd�1 almost all (x; b) 2 N (K;B).



2.6 Curvatures in Minkowski spaces 99In the Euclidean case the support measures of a convex body can be expressed in terms ofintegrals of generalized curvatures which are integrated over the Euclidean normal bundle ofKwith respect to the (d�1)-dimensional Hausdor� measure over Rd�Rd . A similar relationshipwill now be deduced in Minkowski spaces. However, the fact that the scalar product [� ; �]u,u 2 Sd�1, does not coincide with the underlying scalar product and, in addition, depends onu 2 Sd�1, slightly complicates the situation.For that reason, we introduce a Riemannian metric on the C2 submanifoldM := Rd �@Bof Rd�Rd , which is associated with B and which takes into account the anisotropy of B. SinceB is of class C2+, the tangent space TbB of B at b 2 @B is uniquely determined. Let v; w 2 Rdbe arbitrarily given. Then there are unique decompositions v = v1 + v2 and w = w1 + w2such that v2 = �(v)b, w2 = �(w)b with �(v); �(w) 2 R and v1; w1 2 TbB; hence we can de�ne[v; w]Bb := hD�B(b)v1; w1i+ �(v)�(w) :Obviously, [v; w]Bb = [v; w]uif v; w 2 u? and b = rhB(u). Furthermore, a Riemannian metric gB of class C0 is de�nedon M by setting gB(x;b)((v; w); (�v; �w)) := [v; �v]Bb + [w; �w]Bb ;where (x; b) 2M and (v; w); (�v; �w) 2 T(x;b)M = Rd � TbB.Now let K 2 Kd and B 2 Kd�. Then N (K;B) is a (d � 1)-recti�able subset (actually astrong Lipschitz submanifold) of M andTand�1(N (K;B); (x; b))= lin8<:0@ 1q1 + kBi (x; b)2 ui; kBi (x; b)q1 + kBi (x; b)2 ui1A ; i = 1; : : : ; d� 19=; ;whenever x+ tb 2 DK;B for some t > 0. In this case, the vectors0@ 1q1 + kBi (x; b)2 ui; kBi (x; b)q1 + kBi (x; b)2 ui1A ; i = 1; : : : ; d� 1 ;represent an orthonormal basis of Tand�1(N (K;B); (x; b)) with respect to gB(x;b); moreover,u1; : : : ; ud�1 2 u? is an orthonormal system with respect to [� ; �]Bb .Subsequently, we write HrB, r � 0, for the r-dimensional Hausdor� measure over Rd � @Bwhich is induced by the intrinsic metric of the Riemannian space (M; gB). Further, forj 2 f0; : : : ; d� 1g and whenever the right-hand side is de�ned, we setH Bj (K;x; b) := �d� 1j ��1 XjIj=j Qi2I kBi (x; b)Qd�1i=1 q1 + kBi (x; b)2 ;where the summation extends over all subsets I � f1; : : : ; d� 1g of cardinality j.



100 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESWe need one more preparatory remark. Since @B is compact and gB(x;b) does not dependon x, the intrinsic metric which is induced by gB on M is equivalent to the intrinsic metricwhich is induced by the Riemannian metric which M inherits as a submanifold of R2d . Thisimplies that there are constants c; C > 0 such thatcHd�1B � Hd�1 � CHd�1Bover M ; especially, Hd�1 xM and Hd�1B have the same sets of measure zero. This fact will beused implicitly several times in the following.Theorem 2.39 Let K 2 Kd and B 2 Kd�. Then�j(K;B; �) = ZN (K;B)\�hb; �B(b)i H Bd�1�j(K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b)) ;for j 2 f0; : : : ; d� 1g and Borel sets � � R2d .Proof. We consider the transformationT :M � (0;1)! Rd nK ; (x; b; t) 7! x+ tb ;as a map between Riemannian manifolds and apply the coarea formula (in this setting) twiceto obtain ��(K;B; �) = Z �0 ZN (K;B)\� ap JdT (x; b; t)Hd�1B (d(x; b))dt :Moreover, for Hd�1B almost all (x; b) 2 N (K;B) and all t > 0, we haveap JdT (x; b; t) = ������d�1̂i=10@ 1q1 + kBi (x; b)2 ui + t kBi (x; b)q1 + kBi (x; b)2 ui1A ^ b������= hb; �B(b)i d�1Xj=0 td�1�j�d� 1j � H Bd�1�j(K;x; b)ju1 ^ : : : ^ ud�1j :A comparison of coe�cients �nally yields the desired result. �Of course, in the case where B = Bd the representation for �j(K;B; �), which is given inTheorem 2.39, yields the corresponding representation for the Euclidean generalized curvaturemeasures due to Z�ahle [155].Similarly to [155], we can provide a current representation of �j(K;B; �). In fact, letK 2 Kd and B 2 Kd� be �xed. Let aBK be the simple (d � 1)-vector�eld which is uniquelydetermined, for Hd�1 almost all (x; b) 2 N (K;B), by the requirements thataBK(x; b) = a1(x; b) ^ : : : ^ ad�1(x; b) ;where ai(x; b) 2 Tand�1(N (K;B); (x; b)),ja1(x; b) ^ : : : ^ ad�1(x; b)j = 1 and sgn(a1(x; b); : : : ; ad�1(x; b); b) = 1 ;



2.6 Curvatures in Minkowski spaces 101compare [155] for further explanations.Then we introduce the (d� 1)-currentTBK := �Hd�1B xN (K;B)� ^ aBK ;which is de�ned at least on Dd�1(Rd � Rd); see Chapter 4 in [42] for the terminology. Infact, the domain of TBK naturally includes the (d � 1)-forms 1A 'j , where A � R2d is Borelmeasurable and the (d � 1)-covector 'j(x; b), for (x; b) 2 R2d , is de�ned by its values forsimple (d � 1)-vectors. In order to give an explicit de�nition, we introduce the coordinateprojections �0 : R2d ! Rd , (x; y) 7! x and �1 : R2d ! Rd , (x; y) 7! y. Furthermore, let 
denote the standard volume form on Rd , and choose any �1; : : : ; �d�1 2 R2d . Then we de�neh�1 ^ : : : ^ �d�1; 'j(x; b)i := �d� 1j ��1Xh��1�1 ^ : : : ^��d�1�d�1 ^ b;
i ;where the summation is extended over all �i 2 f0; 1g, i = 1; : : : ; d � 1, for which Pd�1i=1 �i =d � 1 � j. Up to a normalizing factor, this de�nition coincides with the one given in [155].Using this terminology, we obtain that�j(K;B;A) = TBK (1A 'j)for j 2 f0; : : : ; d� 1g and Borel sets A � R2d .In analogy to the Euclidean case, the value of the interior reach function of a convex bodyK 2 Kd with respect to B 2 Kd� at the boundary point x 2 @K is given byrB(K;x) := maxf� � 0 : x 2 z + �B � K) for some z 2 Kg :It is clear from the de�nition that the map rB(K; �) is upper semicontinuous, and hence it isBorel measurable.Finally, we shall provide one more auxiliary result concerning curvature functions. Tostate it, let us de�ne MB(K) := fx 2M(K) : x 2 p(K;B; �)(DK;B)gas a subset of the set M(K) of normal boundary points of K. For any x 2 MB(K) andu := �K(x), we denote by kBi (x), i 2 f1; : : : ; d� 1g, the eigenvalues of the linear mapD2hB(u) �D�K(x) ; (109)see the arguments preceding Lemma 2.37. The linear map D�K(x) coincides with D2f(x) :u? ! u?, where f is a convex function which locally represents @K at x (compare [70]) andwhich is second order di�erentiable at the normal boundary point x.Lemma 2.40 Let K 2 Kd and B 2 Kd�. Then Hd�1(@K nMB(K)) = 0. If x 2MB(K) andb := rhB(�K(x)), then kBi (x; b) = kBi (x) � rB(K;x)�1, for i 2 f1; : : : ; d � 1g, provided theordering is chosen properly.



102 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESProof. The �rst statement follows sinceHd�1(@K nM(K)) = 0, the restriction of p(K;B; �) to@(K+ tB) is Lipschitz, and Hd�1(@(K+ tB)nDK;B) = 0 for any t > 0. Now let x 2MB(K),u := �K(x), and let t > 0 be �xed. For any p 2 @K we choose some ��K(p) 2 N(K; p)\Sd�1.Hence the map ��K : @K ! Sd�1 represents a choice of an exterior unit normal vector �eldfor K. But then we have ��K(p) = �K+tB(p+ trhB � ��K(p)) : (110)In fact, this follows fromN(K + tB; p+ trhB(��K(p))) = N(K; p) \N(B;rhB(��K(p)))= N(K; p) \ fr��K(p) : r � 0g :By a result of Bangert [11] (see also Schneider [121]) and since x 2 MB(K), we thus obtainfrom (110) thatkBi (x)ui = (1 + tkBi (x))D2hB(u) �D�K+tB(x+ trhB(u))(ui) ;if u1; : : : ; ud�1 2 u? denotes a suitable orthonormal basis of u? with respect to [� ; �]u, con-sisting of eigenvectors of the map described in (109). ThuskBi (y) = kBi (x)1 + tkBi (x) ; i 2 f1; : : : ; d� 1g ;if the ordering is chosen properly and y := x + trhB(u). On the other hand, we know thaty 2 DK;B, since x 2M�B(K), and therefore we also havekBi (y) = kBi (x; b)1 + tkBi (x; b) ; i 2 f1; : : : ; d� 1g :This obviously yields that kBi (x) = kBi (x; b), since kBi (x) <1 and thus kBi (y) < 1=t.Finally, assume that x 2 MB(K), u := �K(x), and x 2 z + rB(K;x)B � K. If f1 andf2 are convex functions which locally represent @(z + rB(K;x)B) and @K at x, respectively,then D2f1(x) � D2f2(x) ;and therefore alsorB(K;x)�1 idu? = D2hB(u) �D2f1(x) � D2hB(u) �D2f2(x) ;which completes the proof. �Theorem 2.41 Let K 2 Kd and B 2 Kd�. ThenV (K) = Z@K Z rB(K;x)0 h(B; �K(x)) d�1Yi=1(1� tkBi (x))dtHd�1(dx)and V (K) = 1d d�1Xi=0 �di�(�1)d�1�i Z@K rB(K;x)d�iCi(K;B; dx) :



2.6 Curvatures in Minkowski spaces 103Proof. De�ne the Borel setM1(K;B) := f(x; b; t) 2 N (K;B) � R : 0 � t � rB(K;x)gand the Lipschitz map F : N (K;B)� R ! Rd ; (x; b; t) 7! x� tb :Let (x; b) 2 N (K;B) and t 2 [0; rB(K;x)]. Then there is some u 2 N(K;x) \ Sd�1 suchthat b = rhB(u). By de�nition there is some z 2 K such that x 2 z + rB(K;x)B � K, andhence x = z + rB(K;x)b. Thus we get F (x; b; rB(K;x)) = z 2 K. But this also implies thatF (M1(K;B)) � K.Setting M2(K;B) := f(x; b; t) 2 N (K;B) � R : 0 < t < rB(K;x)g ;we obtain that F jM2(K;B) is injective. To see this, assume that y = x � tb for some(x; b; t) 2M2(K;B). It is su�cient to show that the following conditions are satis�ed:(i) t = minf� � 0 : (y + �B) \ @K 6= ;g.(ii) fxg = (y + tB) \ @K.First, we verify condition (i). Let �0 denote the right-hand side of (i) and let � 2 (0; �0).Then (y + �B) \ @K = ;, and hence x � y =2 �B. Since x � y = tb 2 tB, we infer that� < t, and thus �0 � t. For the proof of the reverse implication, we set r := rB(K;x). Thereis some u 2 N(K;x) \ Sd�1 such that b = rhB(u). In addition, there is some z 2 K withx 2 z + rB � K, and thus x = z + rb. For any s 2 (0; r) we have(z + sb+ (r � s)B) n fxg � int(z + rB) � int K; (111)where the �rst inclusion is implied by the strict convexity of B. Therefore, for any � 2 (0; t),x� tb+ �B = z + (r � t)b+ �B � int(z + (r � t)b+ tB) � int K:But this implies that t � �0. This proves (i).From y + tB = z + (r � t)b+ tB and (111) we see that(y + tB) n fxg = (z + (r � t)b+ tB) n fxg � int(z + rB) � int K;and this yields (ii).Finally, let y 2 int K and set �0 := minf� � 0 : (y + �B) \ @K 6= ;g. Choose somex 2 (y+�0B)\@K and u 2 N(K;x)\Sd�1. Then we also have u 2 N(y+�0B; x), and thusb := rhB(u) = (x� y)=�0. This shows that (x; b) 2 N (K;B) and y = F (x; b; �0). Moreover,x = y + �0b 2 y + �0B � K, which implies that �0 � rB(K;x). Hence we have proved thatint K � F (M1(K;B)). From this we can infer thatHd(K n F (M2(K;B)) = Hd(F (M1(K;B)) n F (M2(K;B)))� (Lip F )dHd(M1(K;B) nM2(K;B)) = 0 ;the last equality can be justi�ed by applying the coarea formula to a projection map.



104 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESThe considerations involved in the proof of Theorem 2.39 yield thatap JdF (x; b; t) = hb; �B(b)i ������d�1Yi=1 1� tkBi (x; b)q1 + kBi (x; b)2 ������ ju1 ^ : : : ^ ud�1j ;for Hd almost all (x; b; t) 2 N (K;B) � R. We assert that tkBi (x; b) � 1 for Hd�1 almostall (x; b) 2 N (K;B), t 2 [0; rB(K;x)], and i 2 f1; : : : ; d � 1g. In fact, we can assume thatrB(K;x) > 0 and x+sb 2 DK;B for all s > 0. Let z 2 K be such that x 2 z+rB(K;x)B � K.Then x+ sb 2 z + (rB(K;x) + s)B � K + sB ; for s > 0 ;x+ sb 2 @(K + sB), and therefores�1 > (rB(K;x) + s)�1 � kBi (x+ sb) ; i 2 f1; : : : ; d� 1g :Thus we get kBi (x; b) <1 and kBi (x; b)1 + skBi (x; b) (rB(K;x) + s) � 1 ;i 2 f1; : : : ; d� 1g, from which the conclusion follows.Again from the coarea formula, applied to F jM2(K;B), we now obtainV (K) = ZN (K;B) Z rB(K;x)0 hb; �B(b)iju1 ^ : : : ^ ud�1j d�1Yi=1 1� tkBi (x; b)q1 + kBi (x; b)2 dtHd�1B (d(x; b)) :(112)An expansion of the product and Theorem 2.39 then lead to the second equation of Theorem2.41.The �rst equation will also be deduced from (112). De�neN �B(K) := f(x; b) 2 N (K;B) : rB(K;x) > 0gand @�K := fx 2 @K : rB(K;x) > 0g :Further, note that kBi (x; b) � rB(K;x)�1 < 1 for Hd�1 almost all (x; b) 2 N �B(K). Hencethe coarea formula and Fubini's theorem yieldV (K) = ZN �B(K) Z rB(K;x)0 hb; �B(b)iju1 ^ : : : ^ ud�1j d�1Yi=1 1� tkBi (x; b)q1 + kBi (x; b)2 dtHd�1B (d(x; b))= Z@�K Z rB(K;x)0 h(B; �K(x)) d�1Yi=1 �1� tkBi (x)� dtHd�1(dx) :



2.6 Curvatures in Minkowski spaces 105In fact, the required Jacobian of �1 : Rd � @B ! Rd is given byap Jd�1 (�1jN (K;B)) (x; b) = ju1 ^ : : : ^ ud�1j d�1Yi=1 1q1 + kBi (x; b)2 ; (113)for Hd�1 almost all (x; b) 2 N (K;B). In addition, we used that Hd�1 almost all boundarypoints of K are normal and the simple fact that if (x; b) 2 N (K;B) and x is a regularboundary point of K, then �B(b) = �K(x); hencehb; �B(b)i = hrhB(�K(x)); �K(x)i = h(B; �K(x)) :Furthermore, for Hd�1 almost all normal boundary points and i 2 f1; : : : ; d � 1g, Lemma2.40 implies that kBi (x; b) = kBi (x). This establishes the �rst equation. �The last result in this subsection is a relative version of a generalized Minkowski integralformula. In the (Euclidean and) smooth setting, corresponding integral formulas representan important tool for proving characterizations of balls. Recently, generalized Minkowskiintegral formulas, which explicitly involve generalized curvature expressions, were used toestablish characterizations of balls in the non-smooth Euclidean case. The existing proofs (inEuclidean space) of generalized Minkowski formulas use the divergence theorem and approxi-mation arguments. The approach which we provide in the more general framework of relativegeometry, is essentially based on symmetry properties of mixed volumes and on the resultswhich have been established so far in this section.Theorem 2.42 Let K 2 Kd and B 2 Kd�. ThenZN (K;B)hx; �B(b)i H Bi (K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b))= ZN (K;B)hb; �B(b)i H Bi�1(K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b)) ;where i 2 f1; : : : ; d� 1g.Proof. In the following, we shall use mixed volumes of convex bodies and their connection withmixed surface area measures; see [123, Chapter 5] for background information and notation.Using a special case of Theorem 2.39 and Theorem 2.14, we obtainZN (K;B)hb; �B(b)i H Bi�1(K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b))= Sd�i(K;B;Rd)= ZSd�1 h(B; u)S(K[d � i]; B[i� 1]; du)= dV (K[d� i]; B[i]) :The symmetry of mixed volumes yieldsV (K[d� i]; B[i]) = V (K[d� 1� i]; B[i];K) ;



106 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESand thereforedV (K[d� i]; B[i])= ZSd�1 h(K;u)S(K[d � 1� i]; B[i]; du)= ZSd�1 hKhB � �B � rhB(u)h(B; u)S(K[d � 1� i]; B[i]; du)= Z@B hKhB � �B(b)Sd�1�i(K;B; db)= ZN (K;B) h(K;�B(b))h(B; �B(b))�d�1�i(K;B; d(x; b))= ZN (K;B) hx; �B(b)ihb; �B(b)i hb; �B(b)i H Bi (K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b))= ZN (K;B)hx; �B(b)i H Bi (K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b)) :This yields the desired equality. �2.7 A characterization of gauge bodiesIn this section, we establish an extension to the setting of relative geometry of a recentcharacterization of Euclidean balls via certain linear relations between Euclidean curvaturemeasures. A very special case of such a result was stated by Leichtwei� in [95], Theorem6.1; see also the references cited there. The result mentioned by Leichtwei� extends theclassical Liebmann-S�uss Theorem to the smooth setting of relative di�erential geometry inthe same way as our result generalizes contributions by Kohlmann [84] and Schneider [120]in the general setting of convex geometry.Theorem 2.43 Let K 2 Kdo, B 2 Kd�, and assume that there are constants �0; : : : ; �d�2 � 0such that Cd�1(K;B; �) = d�2Xj=0 �jCj(K;B; �) :Then K is homothetic to B.For the proof we need an extension of the Lebesgue decomposition of Euclidean curvaturemeasures (compare [72]). For a given convex body K, we writeHBj (K;x) := �d� 1j ��1 XjIj=jYi2I kBi (x)if x 2MB(K) and j 2 f0; : : : ; d�1g. We de�neN s(K;B) as the set of all (x; b) 2 N (K;B) forwhich kBi (x; b) =1 for some i 2 f; : : : ; d�1g. Finally, we write Car (K;B; �) for the absolutelycontinuous part of Cr(K;B; �) with respect to (d�1)-dimensional Hausdor� measure, and welet Csr (K;B; �) denote the singular part. Recall that we already know that Cd�1(K;B; �) andHd�1 x @K have the same Borel sets of measure zero.



2.7 A characterization of gauge bodies 107Theorem 2.44 Let K 2 Kd, B 2 Kd�, and r 2 f0; : : : ; d� 1g. ThenCar (K;B; �) = Z@K 1fx 2 �gh(B; �K(x))HBd�1�r(K;x)Hd�1(dx)andCsr (K;B; �) = ZN s(K;B) 1fx 2 �ghb; �B(b)i H Bd�1�r(K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b)) :Proof. The proof follows the lines of the proof of Theorem 3.2 in [72]. In particular, one hasto use Theorem 2.39, Lemma 2.40 and formula (113). �The essential ingredient of the proof of the characterization theorem is the following estimatefor the volume of a convex body. We shall derive this sharp inequality from our representationof volume involving the interior reach function.Lemma 2.45 Let K 2 Kd and B 2 Kd�. ThendV (K) � Z@K h(B; �K(x))HB1 (K;x) Hd�1(dx)with equality if and only if kB1 (x) = : : : = kBd�1(x) = rB(K;x)�1 for Hd�1 almost all x 2 @K.Proof. We can assume that 0 � kB1 (x) � : : : � kBd�1(x) < 1, whenever these curvatures arede�ned. Recall that rB(K;x) � kBi (x)�1, i 2 f1; : : : ; d� 1g, and note thatHB1 (K;x) = 1d� 1 �kB1 (x) + : : :+ kBd�1(x)� � kBd�1(x) ;for Hd�1 almost all x 2 @K. Therefore, for 0 � t < rB(K;x) and for Hd�1 almost all x 2 @K,0 < d�1Yi=1 �1� kBi (x)t� � " 1d� 1 d�1Xi=1 �1� kBi (x)t�#d�1 = �1�HB1 (K;x)t�d�1 : (114)Moreover, using Theorem 2.41, (114), and the fact that rB(K;x) � HB1 (K;x)�1, we obtaindV (K) = dZ@K Z rB(K;x)0 h(B; �K(x)) d�1Yi=1 �1� kBi (x)t� dtHd�1(dx)� dZ@K Z rB(K;x)0 h(B; �K(x)) �1�HB1 (K;x)t�d�1 dtHd�1(dx)� dZ@K Z HB1 (K;x)�10 h(B; �K(x)) �1�HB1 (K;x)t�d�1 dtHd�1(dx)= dZ@K h(B; �K(x)) �� 1dHB1 (K;x) �1�HB1 (K;x)t�d�HB1 (K;x)�10 Hd�1(dx)= Z@K h(B; �K(x))HB1 (K;x) Hd�1(dx) :



108 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESIn particular, the preceding analysis is correct for those x 2 @K for which HB1 (K;x) = 0.This proves the asserted inequality. Now assume that equality holds; then1� kB1 (x)t = : : : = 1� kBd�1(x)t ;for t 2 (0; rB(K;x)), and rB(K;x) = HB1 (K;x)�1hold for Hd�1 almost all x 2 @K. This implies the statement on the case of equality, sincethe reverse conclusion is obvious from the preceding argument. �Proof of Theorem 2.43. Because of the homogeneity of the Minkowski curvature measures,we can assume that �0 + : : :+ �d�2 = 1. Let i 2 f0; : : : ; d� 2g be such that �i > 0. ThenCi(K;B; �) � ��1i Cd�1(K;B; �) ;and hence by Theorem 2.44,Ci(K;B; �) = Z@K 1fx 2 �gh(B; �K(x))HBd�1�i(K;x)Hd�1(dx) (115)and Cd�1(K;B; �) = Z@K 1fx 2 �gh(B; �K(x))Hd�1(dx) :The last formula also follows from Corollary 2.11. Therefore the assumption of the theoremimplies that d�2Xi=0 �iHBd�1�i(K;x) = 1 (116)for Hd�1 almost all x 2 @K. But thendV (K) = Z@Khx; �K(x)iHd�1(dx)= d�2Xi=0 �i Z@Khx; �K(x)iHBd�1�i(K;x)Hd�1(dx)= d�2Xi=0 �i ZN (K;B)hx; �B(b)i H Bd�1�i(K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b))= d�2Xi=0 �i ZN (K;B)hb; �B(b)i H Bd�2�i(K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b))� d�2Xi=0 �i Z@K h(B; �K(x))HBd�2�i(K;x)Hd�1(dx) : (117)



2.7 A characterization of gauge bodies 109Here we have used (116), Theorem 2.44 (and its method of proof) and Theorem 2.42. FromLemma 2.45, (117) and (116) we infer0 � Z@K h(B; �K(x))HB1 (K;x) Hd�1(dx)� dV (K)� Z@K (h(B; �K(x))HB1 (K;x) � d�2Xi=0 �ih(B; �K(x))HBd�2�i(K;x))Hd�1(dx)= Z@K h(B; �K(x))HB1 (K;x) d�2Xi=0 �i �HBd�1�i(K;x) �HBd�2�i(K;x)HB1 (K;x)�Hd�1(dx) � 0 ;where Newton's inequalities were used to obtain the last estimate (compare [65], p. 52, or[112]). This shows that equality must hold in the inequality of Lemma 2.45, and thus wefurther deduce that d�2Xi=0 �i �kBj (x)�d�1�i = 1 ;for Hd�1 almost all x 2 @K and any j 2 f1; : : : ; d� 1g. Since �0 + : : : + �d�2 = 1 accordingto our initial assumption, this implies thatkB1 (x) = : : : = kBd�1(x) = HB1 (K;x) = rB(K;x)�1 = 1 ;for Hd�1 almost all x 2 @K.In particular,HBd�1(K;x) = 1 forHd�1 almost all x 2 @K and B is contained in a translateof K. The latter shows that V (B) � V (K) : (118)Further, using Theorem 2.44 and a comparison of coe�cients in (85) and (86), we deducethat V (K[d� 1]; B) = 1d ZSd�1 h(B; u)Sd�1(K; du)= 1d Z@K h(B; �K(x))Hd�1(dx)= 1d Z@K h(B; �K(x))HBd�1(K;x)Hd�1(dx)� 1d�0(K;B;R2d) = V (B) : (119)On the other hand, Minkowski's inequality (see (6.2.2) in [123]) yieldsV (K[d� 1]; B)d � V (K)d�1V (B) (120)with equality if and only if K and B are homothetic (since K and B are d-dimensional). But(118) and (119) show that equality holds in (120); hence K must be a translate of B, sincethe relative curvatures equal one. �



110 2 CURVATURES AND NORMALS IN MINKOWSKI SPACES2.8 Stability and relative curvature measuresStability results in convex geometry represent an important and challenging subject, sinceevery stability result includes a corresponding uniqueness assertion as a special case. We havealready addressed this subject in the preceding section. Until recently, stability results forEuclidean curvature measures have been rather exceptional and have only been obtained inrestricted situations. Weak versions of stability theorems involving curvature measures havebeen established in [81] by means of the classical method of symmetrization (and other tools).However, a �rst satisfactory solution of the stability problem is of even more recent vintage(see [85]). It is based on a representation of the volume of a convex body K in terms of theinterior reach function ofK, the Gauss-Bonnet theorem, and an estimate for the isoperimetricde�cit of K involving the circumradius and inradius of K.As in the preceding subsection, we shall use the tools which are now available to establishcorresponding stability results for relative curvature measures. Extensions of stability resultsfor curvature measures to spaces forms have been treated in [86].For a convex body K, we consider the normalizationK := K � s(K)b(K) ;where s(K) denotes the Steiner point of K and b(K) is the mean width of K; compare x1.7in [123]. For convex bodies K;L 2 Kd, the L2-distance �2(K;L) is de�ned as�2(K;L) := �ZSd�1 jh(K;u) � h(L; u)j2Hd�1(du)� 12 :It is known that estimates in terms of �2 can be transformed into estimates for the Hausdor�distance �, and vice versa.Lemma 2.46 Let K 2 Kd and B 2 Kd�. Assume that �Bd (� > 0) rolls freely inside B, letR denote the circumradius of B and let r > 0 be the inradius of K. Then�2(K;B)2 � �(d)�diam(K)r �2�R� �2d�2 "�V (K[d� 1]; B)V (B) �d ��V (K)V (B)�d�1# ;where �(d) := �d4d�3d(d� 1)=(d + 1).Proof. An application of Theorem 3 in [6] shows thatV (K;B[d� 1])2 � V (B)V (K[2]; B[d � 2]) � �(K;B)��2�2d�4 ; (121)where �(K;B) := V (K;B;Bd[d� 2])� V (K[2]; Bd[d� 2])V (B[2]; Bd[d� 2]) :Moreover, a repetition of the argument on pp. 355-6 in [123] with Wk := V (K[d � k]; B[k])yields that�V (K[d� 1]; B)V (B) �d ��V (K)V (B)�d�1 � V (K;B[d � 1])2 � V (B)V (K[2]; B[d� 2])V (B)V (K[2]; B[d � 2]) : (122)



2.8 Stability and relative curvature measures 111Finally, by Theorem 6.6.6 in [123],�(K;B) � d+ 1d(d� 1)b(K)2V (B[2]; Bd[d� 2])�2(K;B)2 : (123)Combining equations (121) { (123), we obtain the assertion by obvious estimates. �For s 2 f1; : : : ; d� 2g, we de�ne the numbera(s; d) := d� 1s  1��d� 1� sd� 1 � 1s!�d + d� 1� ss (d� 1)� d� 1d� 1� s� d�1s > 1and set �0(d; s) := 12 11 + 2a(s; d)d :If s = d� 1, then we de�ne �0(d; d � 1) := 1=2.Theorem 2.47 Let K 2 Kd, B 2 Kd�, and s 2 f1; : : : ; d� 1g. Assume that(1� �)Cd�1(K;B; �) � Cd�1�s(K;B; �) � (1 + �)Cd�1(K;B; �)for some � 2 (0; �0(d; s)). Then there exist constants c(B), c(d), which merely depend on B,d respectively, such that �2(K;B) � c(B)c(d) � 12dand, for some x 2 Rd , �(K + x;B) � c(B)c(d) � 1(d�1)d :Indeed, one can also prove a stability version of Theorem 2.43. But then the determinationof the constants is much less explicit than in the situation of Theorem 2.47. Such a resultcan be proved by combining the arguments of the proof of Theorem 2.47 with the approachin [86]. In particular, we emphasize that instead of proving a weak stability result (as in x8in [86]) one should use the estimate of Lemma 9.1 in [86] (for r = n) to obtain a diameterbound as in the proof of Theorem 2.47. Furthermore, the proof of Lemma 9.4 in [86] seems tobe restricted to the Euclidean situation; hence the improvement of the order of the stabilityfunction, which was achieved in [86] by means of this lemma, cannot be carried over to thepresent setting.Proof. Let the assumptions of the theorem be satis�ed. Recall that kBi (x) � rB(K;x)�1, andhence rB(K;x) � HBs (K;x)� 1s � (1� �)� 1s ; (124)for Hd�1 almost all x 2 @K. Using the assumption, Theorems 2.44 and 2.42, and the estimateHBs�1(K;x) � HBs (K;x) s�1s � (1� �) s�1s ;



112 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESwhich is based on Newton's inequalities and again on the assumption, we obtaindV (K) = Z@Khx; �K(x)iHd�1(dx)� 11 + � Z@Khx; �K(x)HBs (K;x)Hd�1(dx)= 11 + � ZN (K;B)hx; �B(b)i H Bs (K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b))= 11 + � ZN (K;B) h(B; �B(b)) H Bs�1(K;x; b)ju1 ^ : : : ^ ud�1jHd�1B (d(x; b))� 11 + � Z@K h(B; �K(x))HBs�1(K;x)Hd�1(dx)� (1� �) s�1s1 + � Z@K h(B; �K(x))Hd�1(dx)� (1� �)1� 1s1 + � dV (K[d� 1]; B) : (125)This can be combined with Theorem 2.41 to yield a point x0 2 @K \MB(K) such thatZ rB(K;x0)0 d�1Yi=1(1� tkBi (x0))dt � 1d 1� �1 + � ;and thus by Lemma 1 (iii) in [85] rB(K;x) � 1� (2�) 1d :Therefore we obtain V (K) � �1� (2�) 1d�d V (B) : (126)In order to be able to apply Lemma 2.46, we now estimate V (K[d � 1]; B) from above. Letus �rst consider the case s = d � 1. Then Hd�1(K;x) � 1 � � for Hd�1 almost all x 2 @K,and hence dV (K[d� 1]; B) = Z@K h(B; �K(x))Hd�1(dx)� 11� � Z@K HBd�1(K;x)h(B; �K(x))Hd�1(dx)� 11� �C0(K;B;Rd)� 11� �dV (B) :



2.8 Stability and relative curvature measures 113Thus for s = d� 1 we have provedV (K[d� 1]; B)V (B) � (1� �)�1 : (127)The remaining cases s = 1; : : : ; d � 2 are more involved. Here we proceed as follows. From(125), Theorem 2.41 and Lemma 1 (iii) in [85] we �rst deduceZ@K h(B; �K(x)) h1� rB(K;x)(1 � �) 1s idHd�1(dx) � 2�1� �dV (K[d� 1]; B) : (128)Then H�older's inequality, applied to the left-hand side of (129), and equation (128) yieldZ@K h(B; �K(x))�1� rB(K;x)(1 � �) 1s�Hd�1(dx) � � 2�1� �� 1d dV (K[d� 1]; B) : (129)Next we de�ne �� := � d� 1� s(d� 1)(1 � �)� 1sand @Kn := fx 2 @K : rB(K;x) � ��g ; @Kg := @K n @Kn :Similarly, we setVn := 1d Z@Kn h(B; �K(x))Hd�1(dx) ; Vg := V (K[d� 1]; B)� Vn :We start with some preparatory estimates. Using (128), we obtain2�1� �dV (K[d� 1]; B) � Z@K h(B; �K(x)) h1� rB(K;x)(1 � �) 1s idHd�1(dx)� Z@Kn h(B; �K(x)) h1� rB(K;x)(1 � �) 1s idHd�1(dx)� Z@Kn h(B; �K(x)) h1� ��(1� �) 1s idHd�1(dx)= "1��d� 1� sd� 1 � 1s#d dVn ;and hence Vn � 2�1� � "1��d� 1� sd� 1 � 1s#�d V (K[d� 1]; B) : (130)



114 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESUsing (124) and (130), we deriveZ@Kg d� 1s rB(K;x)s�d+1(1� �)h(B; �K(x))Hd�1(dx)� d� 1s (1� �)(1� �) d�1�ss d(V (K[d� 1]; B)� Vn)� d� 1s (1� �) d�1s 0@1� 2�1� � "1��d� 1� sd� 1 � 1s#�d1A dV (K[d� 1]; B) : (131)On the other hand, starting with (129), as in [85] we are led to0 �Z@Kg �hrB(K;x)(1 � �) 1s i�(d�1) � 1� h(B; �K(x))Hd�1(dx)�(d� 1)� d� 1d� 1� s� d�1s � 2�1� �� 1d dV (K[d� 1]; B) ;and thus�Z@Kg d� 1� ss rB(K;x)�(d�1)h(B; �K(x))Hd�1(dx) (132)� �d� 1� ss (1� �) d�1s "1 + (d� 1)� d� 1d� 1� s� d�1s � 2�1� �� 1d# dV (K[d� 1]; B) :Next we use the crucial estimateHBd�1(K;x) � max�d� 1s rB(K;x)s�d+1(1� �)� d� 1� ss rB(K;x)�(d�1); 0� ; (133)which under the assumptions of the theorem is satis�ed for Hd�1 almost all x 2 @K; compareLemma 2 in [85]. Therefore, combining (131) { (133), we can conclude thatdV (B) = C0(K;B;Rd ) � Z@Kg HBd�1(K;x)h(B; �K (x))Hd�1(dx)� (1� �) d�1s  1� a(s; d)� 2�1� �� 1d! dV (K[d� 1]; B) ; (134)where also 0 < � < �0(d; s) � 1=3 was used.By (126) and (134), we �nd that�V (K[d� 1]; B)V (B) �d ��V (K)V (B)�d�1 (135)� (1� �)� (d�1)ds  1� a(s; d)� 2�1� �� 1d!�d � �1� (2�) 1d�(d�1)d� c(d) � 1d : (136)



2.8 Stability and relative curvature measures 115The same conclusion can be obtained for s = d� 1 by (126) and (127).In order to see that K satis�es a diameter bound, it is su�cient to combine (134) (or(127) if s = d� 1) with the Minkowski inequalityV (K[d� 1]; B) � V (K) d�1d V (B) 1d (137)and with the elementary estimateV (K) � 1d �1� (2�) 1d�d�1 V �(B)diam(K) ;where V �(B) = minnVd�1((B � c(B)) \ u?) : u 2 Sd�1oand c(B) denotes the centre of mass of B. In fact, this shows that diam(K) � �(B)
(d) with�(B) = V (B)=V �(B) and a constant 
(d) which can be determined explicitly.The assertions of the theorem now follow from (136), Lemma 2.46 and from a stabilityresult of Groemer concerning the Minkowski inequality; compare [57] or Theorem 6.2.2 in[123]. For the application of the latter result, we also need that (126), (127), (134) and (137)imply that jV (K)=V (B)� 1j � �
(d) �1=d. This �nally completes the proof. �In the special case of the relative mean curvature measure, we obtain a stability result ofoptimal order. This provides the announced extension of Theorem 1.52.Theorem 2.48 Let K 2 Kd, B 2 Kd� and � 2 [0; 1=3). Assume that(1� �)Cd�1(K;B; �) � Cd�2(K;B; �) � (1 + �)Cd�1(K;B; �) :Then �2(K;B) � c(B)c(d)V (K)p� ;where c(d) depends merely on d and c(B) depends merely on the radius of the largest ballwhich rolls freely inside B.Remark. If � � �0(d; d � 2), then the factor V (K) can be bounded from above as describedin Theorem 2.47.Proof. First, we remark that @K is of class C1;1. In fact, by Theorem 2.9 and the assumptionwe obtain Cd�2(K; �) � �Cd�1(K; �) for a suitable constant � > 0, and hence the assertionfollows from Theorem 1.49. More precisely, let � > 0 be the radius of the largest ball whichrolls freely inside B. Then H 1 (K;B;x; u) � H 1(K; (x; u))� ;and thusZ@K 1fx 2 �gh(B; �K(x))H1(K;x)Hd�1(dx) � 1 + �� Z@K 1fx 2 �gh(B; �K(x))Hd�1(dx) :



116 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESThis shows that Cd�2(K; �) � 1 + �� Cd�1(K; �) ;and thus by Theorem 1.48, f(d� 1)(1 + �)=�g�1Bd rolls freely inside K.Furthermore, similarly as in the Euclidean case, we can deduce that(1� �)Sd�1(K;B; �) � Sd�2(K;B; �) � (1 + �)Sd�1(K;B; �) ;and hence (1� �)Sd�1(K; �) � S(K[d� 2]; B; �) � (1 + �)Sd�1(K; �) : (138)From (138) we infer thatV (K[d� 1]; B) � (1 + �)V (K) ;V (K[d� 1]; B) � (1� �)�1V (K[d� 2]; B[2]) ;and thereforeV (K[d� 1]; B)2 � V (K)V (K[d� 2]; B[2]) � 2�V (K[d� 1]; B)V (K)� 4�V (K)2 : (139)Now we apply Theorem 3 in [6]. Using the terminology of [6], we have in the present situationR(Bd;B)�1 � �,r(K;B) � maxfrB(K;x) : x 2 @Kg � 1� (2�) 1d � 1��23� 1dand � � �(d� 1)(1 + �) � �2(d� 1) :Hence V (K[d� 1]; B)2 � V (K)V (K[d� 2]; B[2]) � c1(d)�2d�4�(K;B) : (140)Thus (139) and (140) imply �(K;B) � c2(d)�1��2d�4 V (K)2 � : (141)In addition, �(K;B) � d+ 1d(d � 1)b(K)2V (B[2]; Bd[d� 2])�2(K;B)2� c3(d)�4�2(K;B)2 : (142)Thus (141) and (142) yield �2(K;B)2 � c(d)�1��2d V (K)2 � :The remaining assertion follows from Theorem 2.47. �



2.9 A splitting result 1172.9 A splitting resultIn the previous sections, we have restricted our attention to the investigation of relativecurvature measures which are associated with compact convex sets. The extension of relativecurvature measures to closed convex sets is accomplished in the usual way; in fact, the resultswhich are described in Theorems 2.5, 2.9 and 2.39 extend without essential changes to thenon-compact case.Once we consider unbounded closed convex sets K � Rd , the question naturally ariseswhether a pinching condition for some curvature measure of K implies that K splitts, that is,K is a cylinder. For Euclidean curvature measures, a weak splitting theorem has recently beenfound by Kohlmann [82]. It states the existence of a constant �0 = �(d; j), j 2 f1; : : : ; d� 1g,such that if K � Rd is a closed convex set with ; 6= int K 6= Rd and(1� �)Cd�1(K; �) � Cd�1�j(K; �) � (1 + �)Cd�1(K; �)for some � 2 (0; �0), then K is isometric to Ri �K 0, where i 2 f0; : : : ; d� 1� jg and K 0 is aconvex body in Rd�i . In [82], however, an explicit (but presumably far from optimal) value for�(d; j) is only provided for j = d�2. Of course, it would be interesting to know explicit or evenoptimal values for �(d; j). In the Euclidean context and for j = 1 corresponding results haverecently been discovered by Bangert [12] and Senchun Lin [97], [98]. The treatment in [97] isrestricted to d = 3 and smooth convex bodies; in particular, the smoothness requirement rulesout a phenomenon which is covered by the more general Theorem 4.2 in [12]. An alternative(and fairly involved) approach in [98] works in general dimensions, but again the presentationis restricted to smooth convex sets.In view of the results of the previous sections, it is tempting to predict that splittingresults can be obtained under pinching conditions on relative curvature measures as well.However, up to now any attempt to generalize the methods used in [12], [98], [82] led tounsurmountable problems. For example, although it seems to be possible to generalize theresults of Sections 1 and 2 in [12] to the setting of relative geometry, we do not even havea plausible conjecture for a suitable extension of the \Cap Theorem" (Theorem 3.1) in [12],which represents a main ingredient for the proof of a splitting result for d � 4. On the otherhand, the inductive procedure used in [82] is based on a structure theorem for curvaturebounded sets, on the natural decomposition of Euclidean curvature measures of cylinders(also used in [12]), and on a symmetrization argument. Whereas the structure theorem canbe extended, the decomposition property probably fails to be true, and the symmetrizationargument seems to be restricted to the Euclidean situation, too.In [97], another approach to a splitting theorem is described, which essentially uses theparticular features of the three-dimensional situation. In the following, we describe how thebasic ideas in [97] can be re�ned and combined with other results to yield an optimal splittingtheorem for a convex set in R3 whose relative curvature measure of order d � 2 (for d = 3)satis�es a pinching condition.We �x a convex body B 2 Kd�. Then we say that a closed set K � Rd with ; 6= int K 6= Rdhas a pinched (d� 1� j)th B-curvature measure if there are positive constants a; b > 0 suchthat aCd�1(K;B; �) � Cd�1�j(K;B; �) � bCd�1(K;B; �) : (143)Furthermore, for a convex set K � Rd and u 2 Rd n fog, we write Kju? or Ku for theorthogonal projection of K onto u?. For the sake of completeness, we state the followingstructur theorem.



118 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESTheorem 2.49 Let B 2 Kd�, let K � Rd be closed and convex with ; 6= int K 6= Rd , and letj 2 f1; : : : ; d� 1g. Assume that K satis�es (143). Then the following is true.(i) Either K is compact or there exists a vector v 2 Rd n fog of the recession cone of Ksuch that clos(Kjv?) has a pinched (d� 1� j)th Bv-curvature measure.(ii) There exists a constant � > 0, depending on a; b; d; j, such that K is isometric to asubset of (Bd(o; �) \ Rj+1)� Rd�1�j ; moreover, the dimension of the recession cone ofK is less or equal d� 1� j.Proof. By the representation of the relative curvature measures given in Theorem 2.9, theassertions immediately follow from the corresponding Euclidean result; see Theorem 2 in[82]. �The main subject of this subsection is the proof of the following splitting result.Theorem 2.50 Let K � R3 be closed and convex with ; 6= int K 6= R3 , let B 2 K3� becentrally symmetric, let � > 0, and assume that12�C2(K;B; �) � C1(K;B; �) � �C2(K;B; �) : (144)Then either K is compact or one of the following conditions is satis�ed.(i) There is some u 2 R3 n fog and a two-dimensional compact convex set K 0 such thatK = K 0 � R u.(ii) There is some u 2 R3 n fog such that K is a translate of ��1B + [0;1)u.Proof. By the homogeneity properties of relative curvature measures, we can assume that� = 1 in (144).We assume that K is not compact. By Theorem 2.9 and since B 2 K3�, (144) implies thataC2(K; �) � C1(K; �) � bC2(K; �) (145)for suitable constants a; b > 0; in particular, by Corollary 1.49, @K is locally of class C1;1(that is, @K is of class C1 and �K is locally Lipschitz).Clearly, the dimension of the lineality space of K cannot exceed one. If it is one, thenK = K 0�R u for some u 2 R3 n fog and a closed convex set K 0 � u? which does not containa line. But then (145) implies�C1(K 0; �) � C0(K 0; �) � � C1(K 0; �) ; (146)where the curvature measures are considered in u? and �; � > 0 are constants; compare theproof of Theorem 2.49. But then the left-hand side of (146) yields that K 0 is compact.Next we consider the case that K does not contain a line. Then the argument on page276 in [12] (or Theorem 2.49) and an estimate as on the left-hand side of (145) show thatthere is some u 2 R3 n fog such that L := clos(Kju?) is compact and K is the epigraph of aconvex function f : L! [0;1], that isK = fx+ tu : x 2 L; t 2 [f(x);1)g :



2.9 A splitting result 119Subsequently, we state three claims from which the remaining assertion will be deduced.Volumes and mixed volumes in a two-dimensional subspace will be denoted by v(�) andv(� ; �), respectively.Claim 1: Z@Kh�K(x);�uiHB1 (K;x)H2(dx) � v(L;Bu) :Claim 2: Z@Kh�K(x);�uiHB2 (K;x)H2(dx) = v(Bu) :Claim 3: For all v 2 u?,h(L; v) + h(L;�v) � h(Bu; v) + h(Bu;�v) :Let us assume that these assertions have already been veri�ed. Using successively the as-sumption HB1 (K;x) � 1 for H2 almost all x 2 @K, Claim 2, Claim 1, the central symmetryof B and Claim 3, we obtain0 � Z@Kh�K(x);�ui �HB1 (K;x)2 �HB2 (K;x)�H2(dx)� Z@Kh�K(x);�uiHB1 (K;x)H2(dx) � v(Bu)� v(L;Bu)� v(Bu)= 12 ZS2\u? h(L; v)S1(Bu; dv)� v(Bu)= 14 ZS2\u?(h(L; v) + h(L;�v))S1(Bu; dv)� v(Bu)� 12 ZS2\u? h(Bu; v)S1(Bu; dv) � v(Bu)= v(Bu)� v(Bu) = 0 :Therefore, for H2 almost all x 2 relint(L+ R u) \ @K =:M , we obtain thatkB1 (K;x) = kB2 (K;x) = 1 :To complete the proof, we de�ne the functionF :M ! R3 ; x 7! x�rhB � �K(x) :Then, for H2 almost all x 2 M , DF (x) = o. Since M is locally of class C1;1, we deducethat F � c0 for a constant c0 2 R3 , and hence x � c0 = rhB � �K(x) for all x 2 M . ThusM � c0 � @B and �K is injective on M , which implies the remaining assertion.



120 2 CURVATURES AND NORMALS IN MINKOWSKI SPACESWe still have to provide the proofs of the three Claims.Proof of Claim 1. Let S2u := fv 2 S2 : hv; ui � 0g, and de�neKi := K \ fx 2 R3 : hx; ui � ig ; @Ki� := @Ki \ fx 2 R3 : hx; ui < ig ;for i 2 N. Note that (Ki)u � (Kj)u � Lu for all i < j. Then we deduceZ@Ki�h�K(x);�uiHB1 (K;x)H2(dx)= Z@Ki�h�Ki(x);�uiHB1 (Ki; x)H2(dx)� ZN (Ki;B) 1��B(b) 2 S2u	 h�B(b);�ui H B1 (Ki; x; b)ju1 ^ u2jH2B(d(x; b))= Z@B 1��B(b) 2 S2u	 h�B(b);�uih(B; �B(b))S1(Ki; B; db)= ZS2 1fv 2 S2ughv;�uiS(Ki; B; dv)= 12 ZS2 jhv; uijS(Ki; B; dv)= v((Ki)u; Bu) � v(L;Bu) ;where we used Theorems 2.44, 2.39, 2.14, and a special case of formula (5.3.31) in [123].Consequently, the monotone convergence theorem implies thatZ@Kh�K(x);�uiHB1 (K;x)H2(dx) � v(L;Bu) ;which was to be proved.Proof of Claim 2. For the proof we consider the mapT : @K ! Bu ; x 7! rhB � �K(x)ju? ;where ju? denotes the orthogonal projection onto u?; more explicitly,T (x) = rhB � �K(x)� hrhB � �K(x); uiu :By Theorem 2.2.9 in [123], card(T�1(fyg)) = 1 forH2 almost all y 2 Bu (note that �K(@K) �int S2u). Then, for H2 almost all x 2 @K,DT (x)(ui) = kBi (x)[ui � hui; uiu] ;and hence J2T (x) = HB2 (K;x) j[u1 � hu1; uiu] ^ [u2 � hu2; uiu]jju1 ^ u2j= HB2 (K;x) jdet(u1 � hu1; uiu; u2 � hu2; uiu; u)jjdet(u1; u2; �K(x))j= HB2 (K;x)h�K (x);�ui :



2.9 A splitting result 121Therefore the coarea formula yields thatZ@Kh�K(x);�uiHB2 (K;x)H2(dx) = Z@K J2T (x)H2(dx)= v(Bu) :This completes the proof of Claim 2.Proof of Claim 3. Let v 2 S2 \ u? and set l := h(L; v) + h(L;�v). Then, for any � > 0 andany k 2 N, the assumptions imply the existence of a convex function g which is de�ned, say,over a neighbourhood of D := [o; (l � �)v]� [0; ku] and for which HB1 (epi(g); (x; g(x))) � 1=2is satis�ed for all x 2 D. In fact, a vector w 2 R3 can be found such that u; v; w are anorthonormal basis of R3 and fx+ g(x)w : x 2 Dg parametrizes a part of @K. We can assumethat g > 1 on D by a proper choice of the origin. Then we de�ne
i := fx+ zw : x 2 D; z 2 [i; g(x)]g ;for i = 0; 1, and NB(x; z) := rhB  rg(x)� wp1 + jrg(x)j2! ;for (x; z) 2 D � R. Then, by the general Gauss Theorem,Z
i div NB(x; z)H3(d(x; z)) = Z@
ihNB(x; z); �i(x; z)iH2(d(x; z)) ;where �i(x; z) is an exterior unit normal vector of 
i at (x; z) 2 @
i, i = 0; 1. Since NB(x; z)is independent of z 2 R, we obtainZD div NB(x; 0)H2(dx) = Z@DhNB(x; 0); �(x)iH1(dx) ; (147)where �(x) is an exterior unit normal vector of D at x 2 @D. But NB(x; 0) 2 B, and hencehNB(x; 0); �(x)i � h(B; �(x)) (148)for all x 2 @D; moreover, for x 2 D and z 2 R,div NB(x; z) = 3Xi=1hDNB(x; z)(ei); eii = Trace [DNB(x; z)]= 2Xi=1 kBi (epi(g); (x; g(x))) + 0 = 2HB1 (epi(g); (x; g(x))) � 1 ; (149)where e1; e2; e3 denotes the standard basis of R3 . From (147) { (149) we conclude that(l � �)k � k(h(B; v) + h(B;�v)) + (l � �)(h(B; u) + h(B;�u)) :Since � > 0 and k 2 N are arbitrary, we deducel � h(B; v) + h(B;�v) = h(Bu; v) + h(Bu;�v) ;where we used that u and v are orthonormal. This completes the proof of Claim 3, andhence also the proof of the theorem. �



122 3 APPLICATIONS TO STOCHASTIC GEOMETRY3 Applications to stochastic geometryThis section represents a continuation of the recent work [76], where methods and results fromthe geometry of Minkowski spaces were developed and then applied to stochastic geometry.The subject of the paper [76] was the investigation of contact distribution functions of randomclosed sets, the study of intensity measures associated with certain random measures that arederived from these random closed sets, and the exploration of the natural interplay betweenthese two fundamental concepts. One of the main objectives of that work was to avoid theassumptions of stationarity or isotropy, that is the translation or rotation invariance of theunderlying probability distributions. Perhaps, this may be viewed as a distinguishing featurecompared with related research, although instationary models have received much attentionrecently. Anisotropy has already been studied since about 15 years by methods of translativeintegral geometry. Without the assumption of rotational invariance the Euclidean unit ballis no longer distinguished as a reference (or gauge) body. Therefore, and also for other morepractical reasons, the need arises to treat more general structuring elements.The present aim is to generalize results and methods from the previous paper [76] byemploying a modi�ed approach. For an introduction to the particular questions consideredhere and for the basic terminology in this �eld we refer to [76] and to the literature citedthere. Especially, the forthcoming book [133] is recommended for the geometric aspects ofthe theory. Some further discussion of the subject of this section in the more restricted, butpractically relevant, situation of a Boolean model is contained in [75]. Stationary clustermodels have recently been considered by Last and Holtmann [91].3.1 Contact distributionsLet Kdc denote the set of all convex bodies for which the centre of the circumscribed ball ofmiminal radius is the origin. Let � be a point process in Rd � Kdc , de�ned on an abstractprobability space (
; A ;P), whose intensity measure �(�) = E [�(�)] can be represented in theform �(d(x;K)) = f(x;K)Hd(dx)Q(dK) ; (150)where Q is a probability measure over Kdc and f is a non-negative measurable function suchthat � is �-�nite (equivalently, f(x;K) <1 for Hd
Q almost all (x; u) 2 Rd�Kdc ). Further,we shall assume that there exists a �-�nite measure � over Kdc �Rd �Kdc such that the secondfactorial moment measure �(2) of �, which is de�ned by�(2)(�) := E �ZZ 1f(x1;K1; x2;K2) 2 �g(� n �(x1;K1))(d(x2;K2))�(d(x1;K1))� ;where � n �(x;K) := �� 1f�(f(x;K)g) > 0g�(x;K), satis�es�(2) �Hd 
 � : (151)Subsequently, we shall assume that, for all compact sets L � Rd ,Z 1f(x+K) \ L 6= ;g�(d(x;K)) <1 (152)



3.1 Contact distributions 123is satis�ed P almost surely. Under the assumption (152), the point process �(��Kdc ) is locally�nite P almost surely. Therefore we can associate the random closed set� := 1[n=1(�n + Zn)with the point process � which is given by� = 1Xn=1 �(�n;Zn) ;moreover, we set �n := �n+Zn for n 2 N. Each point process on Rd �Kdc can be representedin this way by sequences of random variables �n and Zn, n 2 N, as follows from [79]. In fact,the summation actually extends from n = 1 to n = � , where � is a random variable takingvalues in N0 [ f1g, although we do not make this explicit by notation. Of course, the mapT which assigns � to � does not depend on the particular enumeration of the point massesof �. Conversely, if � is any random closed set in the extended convex ring, then there existsa point process � for which T (�) = �; compare [153].Further, we denote by Kd3;gp the set of all (K1;K2;K3) 2 (Kd)3 which are in generalrelative position, that is for whichdim F (K1 +K2 +K3; u) = dim F (K1; u) + dim F (K2; u) + dim F (K3; u)is satis�ed for all u 2 Sd�1; see [80] for more details. Finally, let L;B 2 Kd with o 2 B begiven, and let F � Rd be closed. Then we de�nedB(F;L) := infft � 0 : (F + tB) \ L 6= ;g ;the in�mum is attained if dB(F;L) <1.Lemma 3.1 Let L;B 2 Kd, and let Q be a probability measure over Kdc . Then, for � 
 �almost all (�1; �2) 2 SO(d) � SO(d), the condition (�1B; �2L;K) 2 Kd3;gp is satis�ed for Qalmost all K 2 Kdc .Proof. The set f(K; �1; �2) 2 Kdc � SO(d)� SO(d) : (K; �1B; �2L) =2 Kd3;gpgis Borel measurable. To see this, observe that(K1;K2;K3) 2 Kd3;gpif and only if (K1;K2) 2 Kd2;gp and (K1 +K2;K3) 2 Kd2;gp :Moreover, (K1;K2) 62 Kd2;gp if and only if K1 and K2 contain (non-degenerate) parallel seg-ments lying in parallel supporting hyperplanes. Finally, one has to use that the set of allpairs (K1;K2) 2 (Kd)2 such that K1 and K2 contain parallel segements of length greater orequal 1=m lying in parallel supporting hyperplanes is closed, for all m 2 N.



124 3 APPLICATIONS TO STOCHASTIC GEOMETRYHence the assertion follows by a repeated application of Theorem 2.3.10 in [123] and bymeans of Fubini's theorem. �Subsequently, we freely use certain mixed curvature measures �i;j;k+1(K;M ;B; �), for i; j; k 2f0; : : : ; d�1g with i+ j+k = d�1 and K;M;B 2 Kd3;gp, which have been introduced in [80].These measures have to be distinguished from the mixed curvature measures of translativeintegral geometry which will be considered in the following section.Proposition 3.2 Let � be a Poisson process in Rd � Kdc satisfying (150) and (152). LetB 2 Kd, o 2 B, and let L 2 Kd be such that (K; �L;B) 2 Kd3;gp for Q almost all K 2 Kdc .Then P(� \M = ;) > 0 for all compact sets M � Rd andHB(L; t) := P(dB(�; L) � t j � \ L = ;) ; t � 0 ;satis�es HB(L; t) = 1� exp ��Z t0 �B(L; s) ds� ; t � 0 ;where �B(L; s) = d�1Xi;j;k=0�d� 1i j k �sk ZKdc Z f(�z2 � z1 � sb;K)� �i;j;k+1(K; �L;B; d(z1; z2; b))Q(dK) :Proof. The �rst assertion was already proved in [76]. The second can be obtained as follows:� lnP(dB(�; L) > t) = � lnP(� \ (L+ t �B) = ;)= ZRd ZKdc 1fy 2 �K + L+ t �Bgf(y;K)Q(dK)Hd(dy)= ZKdc ZRd 1fy 2 K + �L+ tBgf(�y;K)Hd(dy)Q(dK)= ZKdc ZRd f(�y;K)1fy 2 K + �LgHd(dy)Q(dK)+ ZKdc ZRd f(�y;K)1fy 2 (K + �L+ tB) n (K + �L)gHd(dy)Q(dK)=: (a) + (b) :



3.1 Contact distributions 125Furthermore, using a consequence of Theorem 5.3 and Theorem 5.6 in [80], we obtain(b) = ZKdc Z t0 d�1Xj=0 1d�dj�(d� j)sd�1�j� Z f(�y � sb;K)�j;d�j(K + �L;B; d(y; b)) dsQ (dK)= ZKdc Z t0 d�1Xj=0 1d�dj�(d� j)sd�1�j d�1Xi1;i2=0i1+i2=j � di1 i2 d� j��dj��1f(�y1 � y2 � sb;K)� �i1;i2;d�j(K; �L;B; d(y1; y2; b)) dsQ(dK)= d�1Xi;j;k=0�d� 1i j k �Z t0 tk ZKdc Z f(�y2 � y1 � sb;K)� �i;j;k+1(K; �L;B; d(y1; y2; b))Q(dK) ds :Now the proof can be completed as in [76]. �The following theorem is the crucial result in this subsection. It provides a generalization ofTheorem 4.16 in [76], which concerns contact distributions of random closed sets in a generalsetting, in various respects. Indeed, instead of calculating the distance of a point to a randomset, we now determine the distance of a convex body L to a random set. About the possibilityof such an extension of the results in [76] G. Last and W. Weil have speculated in a personaldiscussion, which G�unter Last has kindly communicated to the present author. But evenin the very special case where L = fxg, for some x 2 Rd , the new result is more general,since Theorem 4.16 in [76] was only established for Hd almost all points x 2 Rd and forstrictly convex and smooth gauge bodies B. All these restrictions can now be avoided, andindeed this is imperative for the further extension to the case of a general convex body L asa \blown-up reference point". The present progress is essentially due to a simpli�ed methodof proof. Note, however, that such a simpli�cation and extension does not carry over, forinstance, to the treatment of the intensity measure E hC+j (�; �)i, which is included in [76]and which requires the derivation of a Steiner type formula for sets in the extended convexring in a Minkowski space. Such intensity measures will be investigated more thoroughly inSubsection 3.5.In the following, we do not assume that the structuring element B is strictly convex ora d-dimensional convex body. Another new feature of the present investigation is that weadditionally consider the point of L at which the distance to the random set � is realized,whereas previously we had just considered the direction of the shortest segment connecting apoint of � and a �xed point x, for Hd almost all x 2 Rd , as well as the length of this segment.We �rst provide some lemmas and then we state the announced theorem and give theproof. The result can be speci�ed in various ways, as in [76], by specializing to Poissonprocesses, Cox processes, Gibbs processes or Poisson cluster processes. Further simpli�cationscan be obtained in a stationary setting. A more detailed analysis of these particular cases aswell as an investigation of potential applications will be carried out elsewhere. It should be



126 3 APPLICATIONS TO STOCHASTIC GEOMETRYemphasized, however, that the proof of Theorem 5.1 in [76] can probably not be simpli�ed ina similar way.Lemma 3.3 Let � =P1n=1 �(�n;Zn) satisfy the conditions (150) and (151), and let B;L 2 Kd,o 2 B, be given. Then, P almost surely, m 6= n implies thatdB(�n + Zn; L) 6= dB(�m + Zm; L)provided that one of these two numbers is �nite and ([1n=1(�n + Zn)) \ L = ;.Proof. Let the assumptions of the lemma be ful�lled. Let � denote the density of �(2) withrespect to Hd�1 
 �. ThenP0@ [m6=n fdB(�n + Zn; L) = dB(�m + Zm; L) <1g \ fL \ � = ;g1A� E �Z Z 1 f0 < dB(x1 +K1; L) = dB(x2 +K2; L) <1g� �� n �(x1;K1)� (d(x2;K2))�(d(x1;K1))�= Z 1�x1 2 bd(L+ �K1 + dB(x2 +K2; L) �B)	� 1f0 < dB(x2 +K2; L) <1g�(2)(d(x1;K1; x2;K2))= Z Z 1�x1 2 bd(L+ �K1 + dB(x2 +K2; L) �B)	 �(x1;K1; x2;K2)� 1f0 < dB(x2 +K2; L) <1gHd(dx1)�(d(K1; x2;K2))= 0 ;since the boundary of a convex body has Hd measures zero. �Remark. By a similar but easier argument it follows that under the assumptions of Lemma3.3, P almost surely, m 6= n implies that (�m; Zm) 6= (�n; Zn). Thus such a point process � issimple.In the following, we always assume that � is a point process in Rd � Kdc which satisfy (150){ (152).Let L;B 2 Kd with o 2 B be �xed. Then we de�ne a measurable map D : 
 ! N bydistinguishing several cases.1. If dB(�(!); L) = 0, then we de�ne D(!) as the smallest integer n 2 N such that(�n(!) + Zn(!)) \ L 6= ;.2. If dB(�(!); L) =1, then we de�ne D(!) := 1.



3.1 Contact distributions 1273. If 0 < dB(�(!); L) <1 and if there exists a unique n 2 N such thatdB(�n(!) + Zn(!); L) < dB(�m(!) + Zm(!); L)for all m 2 N n fng, then we set D(!) := n.4. By Lemma 3.3, the remaining measurable subset 
� of 
 has P measure zero, and weset D(!) := 1 for each ! 2 
�.Of course, D depends on L;B and on the choice of a representation for �, but this isimmaterial.The appropriate tool for formulating and proving our general result are the Palm probabilitiesfP(x;K) : (x;K) 2 Rd � Kdcg of �. Their de�nition requires that the intensity measure � of� is �-�nite, which we have assumed from the beginning. Then (x;K) 7! P(x;K)(A) is for allA 2 A a Radon-Nikodym derivative of the measure E [1A�(�)] with respect to �. It is easyto see that this de�nition entails thatZZ H(!; x;K)�(!; d(x;K))P(d!) = ZZ H(!; x;K)P(x;K)(d!)�(d(x;K)) ; (153)where H : 
 � Rd � Kdc ! [0;1] is an arbitrary measurable function. In the following,this equation will be used in an essential way. As in Kallenberg ([79], p. 84) we can assumewithout restricting generality that (x;K) 7! P(x;K)(�) is a stochastic kernel, since all of ourrandom elements take their values in Polish spaces. Moreover, by Lemma 10.2 in [79] we canalso assume that P(x;K)(�(f(x;K)g) � 1) = 1 for all (x;K). Since � is a simple point process(as we have seen already), P(x;K)(A) can be interpreted as the conditional probability of Agiven that �(f(x;K)g) = 1.Before we can state our general result, some more preparatory work is needed.Lemma 3.4 Let the assumptions of Lemma 3.3 be ful�lled. Assume that (B; �L;K) 2 Kd3;gpfor Q almost all K 2 Kdc . Then (B; �L;ZD(!)) 2 Kd3;gp for P almost all ! 2 
; moreover, for� 
 � almost all (�1; �2) 2 (SO(d))2, the condition (�1B; �2 �L;ZD(!)) 2 Kd3;gp is satis�ed forP almost all ! 2 
.Proof. We de�ne a Borel measurable map g : Rd �Kdc �
! [0;1) byg(y;K; !) := 1n(y;K) = (�D; ZD)(!); (B; �L;K) =2 Kd3;gpo :Using the remarks preceding the statement of the lemma, we obtainP�n(B; �L;ZD) =2 Kd3;gpo�= Z
 Z g(y;K; !)�(d(y;K))P(d!)= ZRd ZKdc Z
 g(y;K; !)P(y;K)(d!) f(y;K)Q(dK)Hd(dy)= ZRd ZKdc P(y;K)(f(y;K) = (�D; ZD)g)f(y;K)1n(B; �L;K) =2 Kd3;gpo Q(dK)Hd(dy)= 0 ;



128 3 APPLICATIONS TO STOCHASTIC GEOMETRYsince by assumption Q �nK 2 Kdc : (B; �L;K) =2 Kd3;gpo� = 0 :The remaining assertion is implied by Lemma 3.1. �The preceding lemma shows that it is not particularly restrictive to assume that(B; �L;ZD(!)) 2 Kd3;gp for P almost all ! 2 
. Especially, this condition is trivially sat-is�ed for all ! 2 
 if B and L are strictly convex. Moreover, if (B; �L;K) 2 Kd3;gp anddB(K;L) 2 (0;1), then there exist uniquely determined points zB(K;L) 2 K, zB(L;K) 2 Land a uniquely determined vector uB(K;L) 2 B such thatzB(K;L) + dB(K;L)uB(K;L) = zB(L;K) :Now assume that (B; �L;ZD(!)) 2 Kd3;gp for P almost all ! 2 
. Then, for P almost all ! 2 
for which dB(�(!); L) 2 (0;1), there exist uniquely determined points zB(�(!); L) 2 �(!),zB(L;�(!)) 2 L and a uniquely determined vector uB(�(!); L) 2 B such thatzB(�(!); L) + dB(�(!); L)uB(�(!); L) = zB(L;�(!)) ;this follows from Lemma 3.3. In fact, in this situation we havezB(L;�(!)) = zB(L; �D(!) + ZD(!)) ;and similar relations hold for the other quantities. Hence, the preceding discussion shows thatuB(�; L) and zB(L;�) are well-de�ned P almost surely if �\L = ; and (�+[0;1)B)\L 6= ;.Finally, for the map g : [0;1) � @B � @L ! [0;1), which appears in the statement ofTheorem 3.5, we set g(d; u; z) := 0 if d = 1 to simplify the notation. This convention isconsistent with the case where g is an indicator function.Theorem 3.5 Let � be a point process in Rd �Kdc satisfying (150) { (152). Let B;L 2 Kd,o 2 B, be such that (B; �L;K) 2 Kd3;gp for Q almost all K 2 Kdc . Further, let g : [0;1)�@B�@L! [0;1) be measurable. ThenE [g(dB(�; L); uB(�; L); zB(L;�))1f� \ L = ;g]= d�1Xi;j;k=0�d� 1i j k �Z 10 tk ZKdc Z g(t; b;�z2)P(�z2�z1�tb;K)(dB(T (� n �(�z2�z1�tb;K)); L) > t)� f(�z2 � z1 � tb;K)�i;j;k+1(K; �L;B; d(z1; z2; b))Q(dK) dt :Proof. The discussion preceding the statement of the asserted theorem already shows that allexpressions which appear in the formula are properly de�ned, since the integrand is de�nedto be zero if dB(�; L) =1. Subsequently, we often write y instead of fyg.Similarly as in the proof of Lemma 3.4, we de�ne a function ~g : Rd �Kdc �
! [0;1) by~g(y;K; !) :=g(dB(y +K;L); uB(y +K;L); zB(L; y +K))� 1f0 < dB(�(!); L) <1g1f(B; �L;ZD(!)) 2 Kd3;gpg� 1f(y;K) = (�D; ZD)(!)g :



3.1 Contact distributions 129More precisely, ~g is de�ned to be zero if one of the indicator functions is zero; in the remainingcases the argument of g is well-de�ned. Recall that � is simple under P. Then the de�ningequation (153) for the Palm probabilities shows that for � almost all (y;K) 2 Rd�Kdc the pointprocess � is simple also under P(y;K). This is used implicitly in the following argument. UsingLemma 3.3, Lemma 3.4, a straightforward extension of equation (2.6) in [76] and Theorem5.6 in [80], we obtainE [g(dB(�; L); uB(�; L); zB(L;�))1f� \ L = ;g]= ZZ ~g(y;K; !)�(d(y;K))P(d!)= ZZ ~g(y;K; !)f(y;K)Hd(dy)Q(dK)= ZZ 1f(y +K) \ L = ;gg(dB(y +K;L); uB(y +K;L); zB(L; y +K))� P(y;K) ��! 2 
 : dB �T (�(!) n �(y;K)); L� > dB(K + y; L)	�� f(y;K)Hd(dy)Q(dK)= ZZ 1fK \ (L+ y) = ;gg(dB(K;L+ y); uB(K;L + y); zB(L+ y;K)� y)� P(�y;K) �dB �T (� n �(�y;K)); L� > dB(K;L + y)�� f(�y;K)Hd(dy)Q(dK)= ZZ 1fy =2 K + �Lgg(dB(K + �L; y); uB(K + �L; y); zB(L+ y;K)� y)� P(�y;K) �dB �T (� n �(�y;K)); L� > dB(K + �L; y)�� f(�y;K)Hd(dy)Q(dK)= ZKdc Z 10 Z d�1Xj=0 1d�dj�(d� j)sd�1�jg(s; b; zB(L+ z + sb;K)� z � sb)� P(�z�sb;K) �dB �T (� n �(�z�sb;K)); L� > s� f(�z � sb;K)� �j;d�j(K + �L;B; d(z; b)) dsQ (dK)= Z 10 ZKdc d�1Xi;j;k=0�d� 1i j k �tk Z g(t; b;�z2)� P(�z1�z2�sb;K) �dB �T (� n �(�z1�z2�sb;K)); L� > t� f(�z1 � z2 � sb;K)� �i;j;k+1(K; �L;B; d(z1; z2; b))Q(dK) dt :In order to justify the third equality one has to distinguish several cases, similar to thede�nition of the map D. This �nally proves the theorem. �



130 3 APPLICATIONS TO STOCHASTIC GEOMETRYAs an immediate consequence of the previous general theorem, we obtain an extension ofTheorem 4.16 in [76], where the case L = fxg was considered. There, however, the conclusionwas only obtained for Hd almost all x 2 Rd . The subsequent assumption that K and Bshould be in general relative position is ful�lled, for instance, if B is strictly convex; also Kand �B are in general relative position for � almost all � 2 SO(d). Moreover, analogues ofLemmas 3.1 and 3.4 are clearly satis�ed.Corollary 3.6 Let � be a point process in Rd � Kdc satisfying (150) { (152). Let B 2 Kd,o 2 B, be such that (K;B) 2 Kd2;gp for Q almost all K 2 Kdc . Further, let g : [0;1) � @B ![0;1) be measurable. ThenE [g(dB(�; x); uB(�; x))1fx =2 �g]= d�1Xi=0 �d� 1i �Z 10 td�1�i ZKdc Z g(t; b)P(x�z�tb;K)(dB(T (� n �(x�z�tb;K)); x) > t)� f(x� z � tb;K)�i;d�i(K;B; d(z; b))Q (dK) dt :Proof. The translation invariance of the relative support measures and Theorem 5.6 in [80]imply that �i;j;k+1(K; fxg;B; �) = 0 if j > 0and �i;0;k+1(K; fxg;B;�1 � �2 � 
) = �i;k+1(K;B;�1 � 
)1fx 2 �2g ;where i; j; k � 0 and i+ j+k = d�1. The assertion follows by combining these remarks withTheorem 3.5.Alternatively, the assertion is also implied by a repetition of the proof of Theorem 3.5 inthe special case considered. �If � is a Poisson process, then by Slivnyak's theorem we haveP(x;K)(� n �(x;K) 2 �) = P(� 2 �)for � almost all (x;K) 2 Rd � Kdc . Furthermore, the contact distribution function HB(L; t)has been determined in Proposition 3.2 andP(dB(�; L) > t) = P(� \ L = ;)(1�HB(L; t)) :These remarks imply the next corollary.Corollary 3.7 Let � be a Poisson process in Rd �Kdc satisfying (150) and (152). Let B;L 2Kd, o 2 B, be such that (B; �L;K) 2 Kd3;gp for Q almost all K 2 Kdc . Further, let g :[0;1) � @B � @L! [0;1) be measurable. ThenE [g(dB(�; L); uB(�; L); zB(L;�)) j � \ L = ;]= d�1Xi;j;k=0�d� 1i j k �Z 10 tk ZKdc Z g(t; b;�z2)(1�HB(L; t))� f(�z2 � z1 � tb;K)�i;j;k+1(K; �L;B; d(z1; z2; b))Q(dK) dt :



3.1 Contact distributions 131Similar specializations in the spirit of the results in [76] can be obtained for other types ofprocesses as well.Corollary 3.8 Let � be a stationary Poisson process in Rd �Kdc with intensity 
 and satis-fying (152). Let B;L 2 Kd, o 2 B, be such that (B; �L;K) 2 Kd3;gp for Q almost all K 2 Kdc .Further, let �; � � Rd be Borel measurable and r � 0. ThenE [dB(�; L) � r; uB(�; L) 2 �; zB(L;�) 2 � j � \ L = ;]= d�1Xi;j;k=0�d� 1i j k �Z r0 tk(1�HB(L; t))dt 
 ZKdc �i;j;k+1(K; �L;B;Rd � ��� �)Q(dK) ;whereHB(L; t) = 1� exp8<: d�1Xm;n;l� dmn l + 1�tl+1 
 ZKdc V (K[m]; �L[n]; B[l + 1])Q(dK)9=; :Corollary 3.9 Let � be a stationary Poisson process in Rd�Kdc with intensity 
 and satisfy-ing (152). Let B 2 Kd with o 2 B be strictly convex. Further, let � � Rd be Borel measurableand r � 0. ThenE [dB(�; o) � r; uB(�; o) 2 � j � \ L = ;]= d�1Xi=0 �d� 1i �Z r0 td�1�i(1�HB(t))dt 
 ZKdc �i(K;B;Rd � �)Q(dK) ;where HB(t) := HB(fog; t).Recall that in the special case B = Bd one has�i;j;k+1(K; �L;Bd; �) = Cd�1i;j;k(K; �L;Bd; �) ;where the mixed measures on the right-hand side of the preceding equation are introduced in[80]. From the special case 
 = Rd of Corollary 3.8 and the relationshipCd�1i;j;k(K; �L;Bd;Rd � Rd � �) = S(K[i]; �L[j]; Bd[k]; �)one could deduce the next corollary under the additional assumption (�L;K) 2 Kd2;grep. How-ever, in order to obtain the result in full generality, it seems to be necessary to repeat theproof of Theorem 3.5 by using the simpli�cations which are available under the assumptionsof the corollary. (An approximation argument, though conceivable in principle, does not seemto go through easily.)Corollary 3.10 Let � be a stationary Poisson process in Rd � Kdc with intensity 
 andsatisfying (152). Let L 2 Kd be given. Further, let � � Rd be Borel measurable and r � 0.Then E [dBd(�; L) � r; uBd(�; L) 2 � j � \ L = ;]= d�1Xi;j;k=0�d� 1i j k �Z r0 tk(1�HBd(L; t))dt 
 ZKdc S(K[i]; �L[j]; Bd[k]; �)Q(dK) :



132 3 APPLICATIONS TO STOCHASTIC GEOMETRY3.2 Translative integral formulae { preparationsIn order to establish translative integral formulae in the setting of relative geometry, we willextend the methods of Schneider and Weil [131] and Weil [150]. Another main ingredientcomes from recent work of Kiderlen and Weil [80], where explicit representations of relativesupport measures are obtained for convex polytopes. It seems likely that an extension of themeasure geometric method developed by Rataj and Z�ahle [110] can be used for an alternativeapproach as long as the gauge body is su�ciently smooth.We introduce some notation. For K 2 Kd let L(K) denote the linear subspace which isparallel to the a�ne hull of K. Recall from [80] that K1;K2 2 Kd are said to be in generalrelative position if L(F (K1; u)) and L(F (K2; u)) are complementary linear subspaces for allu 2 Rd n fog. Let K1; : : : ;Kk; B 2 Kd and o 2 B. We say that (K1; : : : ;Kk) and B are ingeneral relative position if K1 \ (K2 + x2) \ : : : \ (Kk + xk) and B are in general relativeposition for 
ki=2Hd almost all (x2; : : : ; xk) 2 (Rd)k�1 for which the intersection is not empty.For k = 1 this de�nition coincides with the one given by Kiderlen and Weil [80]. We write(Kd)k;gp, k � 1, for the set of all (K1; : : : ;Kk; B) 2 (Kd)k+1 such that o 2 B and (K1; : : : ;Kk)and B are in general relative position. Theorem 2.3.10 in [123] and Fubini's theorem togetherimply that (K1; : : : ;Kk) and �B are in general relative position for � almost all � 2 SO(d).If K1; : : : ;Kk; B are all polytopes, then K1\ (K2+x2)\ : : :\ (Kk+xk) and �B are in generalrelative position for all x2; : : : ; xk 2 Rd and for � almost all � 2 SO(d). In fact, assume thatx2; : : : ; xk 2 Rd and � 2 SO(d) are such that there is some u 2 Sd�1 for which the linearsubspaces parallel to the a�ne hulls of F (K1 \ (K2 + x2) \ : : : \ (Kk + xk); u) and F (�B; u)are not complementary and hence contain a common one-dimensional linear subspace. Thesupport set F (K1\ (K2+x2)\ : : :\ (Kk+xk); u) is a face of K1\ (K2+x2)\ : : :\ (Kk+xk),and hence there are faces F1; : : : ; Fk of K1; : : : ;Kk such thatF (K1 \ (K2 + x2) \ : : : \ (Kk + xk); u) = F1 \ (F2 + x2) \ : : : \ (Fk + xk)and relint F1 \ (relint F2 + x2) \ : : : \ (relint Fk + xk) 6= ; :Therefore we obtainL(F (K1 \ (K2 + x2) \ : : : \ (Kk + xk); u)) = L(F1) \ : : : \ L(Fk) :Since K1; : : : ;Kk; B have only �nitely many faces, the assertion follows from Lemma 4.5.1in [123]. Clearly, if B 2 Kd is strictly convex and o 2 B, then (K1; : : : ;Kk) and B are ingeneral relative position for all K1; : : : ;Kk 2 (Kd)k with non-empty interiors.For linear subspaces L1; : : : ; Lk � Rd with dim L1+ : : :+dim Lk =: m � d we choose anorthonormal basis in each subspace Lj . Then we de�nedet(L1; : : : ; Lk)as the m-dimensional volume of the parallelepiped which is spanned by the union of theseorthonormal bases. Of course, the de�nition is independent of the particular choices involved.For linear subspaces L1; : : : ; Lk � Rd withkXi=1 dim Li � (k � 1)d



3.2 Translative integral formulae { preparations 133we de�ne [L1; : : : ; Lk] := det(L?1 ; : : : ; L?k ) :Moreover, if A1; : : : ; Ak are non-empty convex sets and L(Ai) denotes the linear subspacewhich is parallel to a� Ai, then we de�ne[A1; : : : ; Ak] := [L(A1); : : : ; L(Ak)]provided that dim A1+ : : :+dim Ak � (k�1)d. It is not hard to check that these de�nitionsare consistent with the ones given in [123] for the case k = 2.Now let K1; : : : ;Kk; B 2 Kd be polytopes with faces F1; : : : ; Fk; G, respectively. Further,let x2; : : : ; xk 2 Rd be chosen in such a way thatrelint(F1) \ relint(F2 + x2) \ : : : \ relint(Fk + xk) 6= ; :Then det(L(F1 \ (F2 + x2) \ : : : \ (Fk + xk)); L(G))= det(L(F1) \ (L(F2) + x2) \ : : : \ (L(Fk) + xk); L(G))= det(L(F1) \ : : : \ L(Fk); L(G))is independent of the particular choice of x2; : : : ; xk, and therefore we denote this quantityby det(F1; : : : ; Fk;G) :Finally, for a d-dimensional convex polytope K � Rd and a set A � Rd , we de�ne u(A;K) asthe outer unit normal vector of K at A if A is a facet of K, and as o otherwise. In order toextend this de�nition to the case of several convex bodies, we need the following lemma.Lemma 3.11 Let (K;B) 2 Kd2;gp with dim(K + B) = d, and let F;G be faces of K;B,respectively. Then F + G is a facet of K + B if and only if dim(F + G) = d � 1 andN(K;F ) \N(B;G) 6= fog.Proof. Let F +G be a facet of K+B. Since dim(K+B) = d, this implies dim(F +G) = d�1.Choose z 2 relint(F +G) and u 2 N(K+B;F +G) n fog. By Lemma 1.3.12 in [123], there issome x 2 relint F and some y 2 relint G such that z = x+ y. Hence, Theorem 2.2.1 in [123]yieldsN(K +B;F +G) = N(K +B; x+ y) = N(K;x) \N(B; y) = N(K;F ) \N(B;G) ;and thus u 2 N(K;F ) \N(B;G) n fog :Conversely, assume that dim(F + G) = d � 1 and u 2 N(K;F ) \ N(B;G) n fog. ThenF � F (K;u) and G � F (B; u). Since K and B are in general relative position, we obtaindim F (K;u) + dim F (B; u) = dim F (K +B; u) � d� 1 ;



134 3 APPLICATIONS TO STOCHASTIC GEOMETRYand henced� 1 = dim(F +G) � dim F + dim G � dim F (K;u) + dim F (B; u) � d� 1 :This proves that F = F (K;u) and G = F (B; u), and therefore F +G = F (K + B; u). Thuswe have shown that F +G is a facet of K +B. �Lemma 3.12 Let K1; : : : ;Kk; B 2 Kd be polytopes, and let F1; : : : ; Fk; G be faces ofK1; : : : ;Kk; B 2 Kd, respectively. Further, let x2; : : : ; xk 2 Rd be vectors such that thefollowing conditions are satis�ed:(a) relint(F1) \ relint(F2 + x2) \ : : : \ relint(Fk + xk) 6= ;;(b) dim(K1 \ (K2 + x2) \ : : : \ (Kk + xk)) = d;(c) K1 \ (K2 + x2) \ : : : \ (Kk + xk) and B are in general relative position.Then we can unambiguously de�ne the numberu(F1; : : : ; Fk;G;K1; : : : ;Kk;B)as u(F1 \ (F2 + x2) \ : : : \ (Fk + xk) +G;K1 \ (K2 + x2) \ : : : \ (Kk + xk) +B) :If there do not exist vectors x2; : : : ; xk 2 Rd such that (a) { (c) are satis�ed, then we de�neu(F1; : : : ; Fk;G;K1; : : : ;Kk;B) as zero.Proof. Assume that x2; : : : ; xk 2 Rd satisfy the assumptions of the lemma. By Lemma 3.11we obtain that F1 \ : : : \ (Fk + xk) +G is a facet of K1 \ : : : \ (Kk + xk) +B if and only ifdim(F1 \ : : : \ (Fk + xk) +G) = d� 1 (154)and N(K1 \ : : : \ (Kk + xk); F1 \ : : : \ (Fk + xk)) \N(B;G) 6= fog : (155)As dim(F1 \ : : : \ (Fk + xk) +G) = dim(L(F1 \ : : : \ (Fk + xk)) + L(G))= dim(L(F1) \ : : : \ L(Fk) + L(G)) ;the �rst condition is independent of the particular choice involved. Furthermore, if x0 2relint(F1) \ : : : \ relint(Fk + xk), then x0 2 relint(F1 \ : : : \ (Fk + xk)). ThusN(K1 \ : : : \ (Kk + xk); F1 \ : : : \ (Fk + xk))= N(K1 \ : : : \ (Kk + xk); x0)= N(K1; x0) + : : : +N(Kk + xk; x0)= N(K1; F1) + : : :+N(Kk + xk; Fk + xk)= N(K1; F1) + : : :+N(Kk; Fk) :



3.3 The basic formula 135This establishes the independence of the second condition of the particular choice ofx2; : : : ; xk.Moreover, if (154) and (155) are satis�ed, thenu(F1 \ (F2 + x2) \ : : : \ (Fk + xk) +G;K1 \ (K2 + x2) \ : : : \ (Kk + xk) +B)is the uniquely determined unit vector which lies in(N(K1; F1) + : : :+N(Kk; Fk)) \N(B;G) ;as follows from the proof of Lemma 3.11. �3.3 The basic formulaFor polytopes K;B 2 Kd in general relative position and with o 2 B, the relative supportmeasures �j(K;B; �) are de�ned as �d�1j ��j(K;B; �) (or �d�1j ��j;d�j(K;B; �) in the notationof [80]), and hence�j(K;B; �) = XF2Fj(K) XG2Fd�1�j(B) det(F;G)h(B; u(F +G;K +B))�F 
 �G :In the case where B is a Euclidean unit ball, a corresponding explicit representation for theordinary Euclidean curvature measures was used as the starting point for the proof of thetranslative integral formula for curvature measures, which is due to Schneider and Weil [131].Theorem 3.13 Let (K1;K2; B) 2 (Kd)2;gp, let j 2 f0; : : : ; d � 1g, and let f : (Rd )3 ! Rbe a non-negative Borel measurable function. Then there exist (uniquely determined) Borelmeasures �jk;d+j�k(K1;K2;B; �), k = j; : : : ; d, over (Rd )3 such thatZRd Z(Rd)2 f(z; z � x; b)�j(K1 \ (K2 + x);B; d(z; b))Hd(dx)= dXk=j Z(Rd)3 f(x; y; b)�jk;d+j�k(K1;K2;B; d(x; y; b)) : (156)Let A1; A2; C � Rd and D � (Rd)3 be Borel sets. Then the following properties are satis�ed:(i) �jk;d+j�k(K1;K2;B;A1 �A2 � C) = �jd+j�k;k(K2;K1;B;A2 �A1 � C);(ii) �jd;j(K1;K2;B;A1 �A2 � C) = Hd(K1 \A1)�j(K2;B;A2 � C);(iii) �jk;d+j�k(K1;K2;B; �) is a �nite non-negative Borel measure over (Rd)3 which is sup-ported by S1�S2�bd B, where S1 = K1 if k = d and S1 = bd K1 otherwise and whereS2 = K2 if k = j and S2 = bd K2 otherwise;(iv) the maps �jk;d+j�k(�;K2;B; � � A2 � C), �jk;d+j�k(K1; �;B;A1 � � � C) and�jk;d+j�k(K1;K2; �;A1 � A2 � �) are positively homogeneous of degree k; d + j � k andd� j, respectively;



136 3 APPLICATIONS TO STOCHASTIC GEOMETRY(v) if K1;K2; B are polytopes such that rm dim K1 = rm dim K2 = d, then�jk;d+j�k(K1;K2;B; �) = XF12Fk(K1) XF22Fd+j�k(K2) XG2Fd�1�j (B) det(F1; F2;G)� h(B; u(F1; F2;G;K1;K2;B))[F1; F2]�F1 
 �F2 
 �G :(vi) the map (K1;K2; B) 7! �jk;d+j�k(K1;K2;B; �) from (Kd)2;gp into the space of �niteBorel measures over (Rd )3 is weakly continuous;(vii) the map (K1;K2; B) 7! �jk;d+j�k(K1;K2;B;D) de�ned over (Kd)2;gp is measurable;(viii) the maps �jk;d+j�k(�;K2;B;D), �jk;d+j�k(K1; �;B;D) and �jk;d+j�k(K1;K2; �;D) are ad-ditive, where they are de�ned;Proof. First, we prove that for an arbitrary non-negative Borel measurable function f :(Rd)3 ! R the map x 7! Z(Rd)2 f(z; z � x; b)�j(K1 \ (K2 + x);B; d(z; b))is Lebesgue measurable and well-de�ned for Hd almost all x 2 Rd . Let N � Rd be a set of Hdmeasure zero such that K1\ (K2+x) and B are in general relative position for all x 2 Rd nN .Then the integral is well-de�ned for all x 2 Rd n N . Next we observe that Hilfssatz 7.2.3in [132] remains true if the topological space T appearing in the statement of this lemma ismerely assumed to have a countable base. In view of this, it is su�cient to show that themap x 7! Z(Rd)2 g(z; b)�j(K1 \ (K2 + x);B; d(z; b)) (157)is Borel measurable on Rd n(N[@(K1�K2)) =: T , for any continuous function g : (Rd )2 ! R.Of course, as a subspace of Rd the topological space T has a countable base. Thus the requiredmeasurability follows from the continuity of (157) as a map de�ned on T by the argument onp. 62 in [132] and by Theorem 5.3 in [80].Let K1;K2; B � Rd be polytopes such that (K1;K2; B) 2 (Kd)2;gp and dim Ki = d,i = 1; 2. Let �1; �2; 
 � Rd be Borel sets. Neglecting a set of translation vectors x of Hd



3.3 The basic formula 137measure zero (compare p. 231 in [123]), we obtainZRd �j(K1 \ (K2 + x);B; (�1 \ (�2 + x))� 
)Hd(dx)= ZRd XF2Fj(K1\(K2+x)) XG2Fd�1�j(B) det(F;G)�h(B; u(F +G;K1 \ (K2 + x2) +B))�F (�1 \ (�2 + x))�G(
)Hd(dx)= dXk=j XF12Fk(K1) XF22Fd+j�k(K2) XG2Fd�1�j(B)�ZRd det(F1 \ (F2 + x);G)h(B; u(F1 \ (F2 + x) +G;K1 \ (K2 + x) +B))��F1\(F2+x)(�1 \ (�2 + x))�G(
)Hd(dx)= dXk=j XF12Fk(K1) XF22Fd+j�k(K2) XG2Fd�1�j(B)�det(F1; F2;G)h(B; u(F1; F2;G;K1;K2;B))[F1; F2]�F1(�1)�F2(�2)�G(
)= dXk=j �jk;d+j�k(K1;K2;B;�1 � �2 � 
)if the relation in (v) is used as a de�nition for �jk;d+j�k(K1;K2;B; �) in the particular caseconsidered. Here we have also used the considerations from the beginning of this subsectionand the Fubini-type argument on p. 232 in [123].Hence, for polytopes K1;K2; B � Rd such that (K1;K2) and B are in strongly generalrelative position and for an arbitrary non-negative Borel measurable function f : (Rd )3 ! R,we deduce ZRd Z(Rd)2 f(z; z � x; b)�j(K1 \ (K2 + x);B; d(z; b))Hd(dx)dXk=j Z(Rd)3 f(x; y; b)�jk;d+j�k(K1;K2;B; d(x; y; b)) ;moreover, in this case the assertions (i){(iv) are easy to check.In order to establish the general result, let (K1;K2) and B be convex bodies in Rd ingeneral relative position. Choose sequences of polytopesKi1;Ki2; Bi, i 2 N, such that (Ki1;Ki2)and Bi are in strongly general relative position and Ki1 ! K1, Ki2 ! K2 and Bi ! B asi!1. Let N be the union of @(K1�K2) and of the set of all x 2 Rd such that K1\(K2+x)and B are not in general relative position. Thus Hd(N) = 0. For x 2 Rd nN we obtain�j(Ki1 \ (Ki2 + x);Bi; �)! �j(K1 \ (K2 + x);B; �)



138 3 APPLICATIONS TO STOCHASTIC GEOMETRYfor i ! 1, in the sense of the weak convergence of measures. For an arbitrary continuousfunction f : (Rd )3 ! R and for all x 2 Rd nN , we infer thatZ(Rd)2 f(z; z � x; b)�j(Ki1 \ (Ki2 + x);B; d(z; b))�! Z(Rd)2 f(z; z � x; b)�j(K1 \ (K2 + x);B; d(z; b)) (158)as i!1. Since�j(Ki1 \ (Ki2 + x);Bi; (Rd )2) � d�d� 1j �V (Ki1[j]; (B +Bd)[n� j])1Ki1�Ki2(x) ;for all x 2 Rd and all i 2 N, by the monotoneity of mixed volumes, the bounded convergencetheorem can be applied to yieldlimi!1ZRd Z(Rd)2 f(z; z � x; b)�j(Ki1 \ (Ki2 + x);Bi; d(z; b))Hd(dx)= ZRd Z(Rd)2 f(z; z � x; b)�j(K1 \ (K2 + x);B; d(z; b))Hd(dx) ; (159)where f : (Rd)3 ! R is an arbitrary continuous function.Let again f : (Rd)3 ! R be an arbitrary continuous function. For r; s; t > 0 and x; y; b 2Rd we de�ne Dr;s;t(x; y; b) := �xr ; ys ; bt�andDr;s;tJ(f;K1;K2; B) := ZRd Z(Rd)2 f �zr ; z � xs ; bt��j(K1 \ (K2 + x);B; d(z; b))Hd(dx) :To given convex bodies (K1;K2) and B in general relative position we now choose sequencesof polytopes as described above. ThenDr;s;tJ(f;Ki1;Ki2; Bi)! Dr;s;tJ(f;K1;K2; B)as i!1 andDr;s;tJ(f;Ki1;Ki2; Bi)= dXk=j rksd+j�ktd�j Z(Rd)3 f(x; y; b)�jk;n+j�k(Ki1;Ki2;Bi; d(x; y; b)) : (160)Now the proof for the existence of the measures �jk;d+j�k(K1;K2;B; �) with the assertedproperties can be completed as in [132], pp. 69 { 70. In fact, properties (i), (ii) and (iv) extendfrom the polytopal to the general case by approximation. Properties (iii) and (vi) { (viii)follow from (156), since (160) extends to the general case by continuity and corresponding



3.4 The iterated formula 139properties can be established for the left-hand side of (156). For instance, for the proof of (viii)we use that if (K1;K2) and B are in general relative position, (K 01;K2) and B are in generalrelative position, and K1 [K 01 is convex, then (K1 [K 01;K2) and B as well as (K1 \K 01;K2)and B are in general relative position; moreover, we use Theorem 5.3 in [80]. This yields theadditivity of �jk;d+j�k(�;K2;B;D). A similar argument works for the other arguments. Theproof of (vi) follows again from (156) and an easy extension of the argument employed toestablish (159). In fact, one merely has to exclude an additional set of translation vectors ofHd measure zero to obtain (158) for arbitrary sequences of convex bodies Ki1;Ki2; Bi, i 2 N,such that (Ki1;Ki2) and Bi are in general relative position and Ki1 ! K1, Ki2 ! K2 andBi ! B as i ! 1, where K1;K2; B are convex bodies such that (K1;K2) and B are ingeneral relative position. �3.4 The iterated formulaThe subsequent treatment of an iterated translative integral formula is based on ideas in [150]and [80].Theorem 3.14 Let (K1; : : : ;Kk; B) 2 (Kd)k;gp, j 2 f0; : : : ; d � 1g, k 2 N with k � 2, andm1; : : : ;mk 2 fj; : : : ; dg with m1 + : : : +mk = (k � 1)d + j. Further, let f : (Rd)k+1 ! Rbe a non-negative Borel measurable function. Then there exist (uniquely determined) Borelmeasures �jm1;::: ;mk(K1; : : : ;Kk;B; �) over (Rd )k+1, for m1; : : : ;mk 2 fj; : : : ; dg with m1 +: : :+mk = (k � 1)d+ j, such thatZRd : : : ZRd Z(Rd)2 f(z; z � x2; : : : ; z � xk; b)��j(K1 \ (K2 + x2) \ : : : \ (Kk + xk);B; d(z; b))Hd(dx2) : : :Hd(dxk)=XZ(Rd)k+1 f(x1; : : : ; xk; b)�jm1;::: ;mk(K1; : : : ;Kk;B; d(x1; : : : ; xk; b)) ; (161)where the summation extends over all m1; : : : ;mk 2 fj; : : : ; dg such that m1 + : : : +mk =(k � 1)d+ j.Let Ai; C � Rd , i 2 f1; : : : ; kg, let D0 � (Rd )k, and let D � (Rd)k+1 be Borel sets. Thenthe following properties are satis�ed:(i) �jm1;::: ;mk(K1; : : : ;Kk;B;A1 � : : :�Ak �C) is symmetric with respect to permutationsof f1; : : : ; kg;(ii) �jd;m2;::: ;mk(K1; : : : ;Kk;B;A1 �D0) = Hd(K1 \A1)�jm2;::: ;mk(K2; : : : ;Kk;B;D0);(iii) �jm1;::: ;mk(K1; : : : ;Kk;B; �) is a �nite non-negative Borel measure over (Rd )k+1 whichis supported by S1� : : :�Sk�bd B, where Si = Ki if mi = d and Si = bd Ki otherwise;(iv) the map �jm1;::: ;mk(K1; : : : ;Kk;B;A1� : : :�Ak�C) is positively homogeneous of degreemi with respect to (Ki; Ai) and of degree d� j with respect to (B;C);



140 3 APPLICATIONS TO STOCHASTIC GEOMETRY(v) if K1; : : : ;Kk; B are polytopes such that (K1; : : : ;Kk; B) 2 (Kd)k;gp and dim Ki = dfor i = 1; : : : ; k, then�jm1;::: ;mk(K1; : : : ;Kk;B; �)= XF12Fm1 (K1) : : : XFk2Fmk (Kk) XG2Fd�1�j (B) det(F1; : : : ; Fk;G)h(B; u(F1; : : : ; Fk;G;K1; : : : ;Kk;B))[F1; : : : ; Fk]�F1 
 : : :
 �Fk 
 �G :(vi) the map (K1; : : : ;Kk; B) 7! �jm1;::: ;mk(K1; : : : ;Kk;B; �) from (Kd)k;gp into the space of�nite Borel measures on (Rd)k+1 is weakly continuous;(vii) the map (K1; : : : ;Kk; B) 7! �jm1;::: ;mk(K1; : : : ;Kk;B;D) de�ned on (Kd)k;gp is mea-surable;(viii) the map �jm1;::: ;mk(K1; : : : ;Kk;B;D) is additive in each component as long as it isde�ned;(ix) if (K 01; : : : ;K 0k; B0) 2 (Kd)k;gp, �1; : : : ; �k; 
 � Rd are open sets, Ki \ �i = K 0i \ �i fori = 1; : : : ; k and B \ 
 = B0 \ 
, then�jm1;::: ;mk(K1; : : : ;Kk;B; �) = �jm1;::: ;mk(K 01; : : : ;K 0k;B0; �)on Borel subsets of �1 � : : :� �k � 
.Proof. We start with an assertion of measurability. By Fubini's theorem and Theorem 1.8.8in [123] it follows that there exists a set N 0 � (Rd )k�1 with 
ki=2Hd(N 0) = 0 such that(x2; : : : ; xk) 7! K1 \ (K2 + x2) \ : : : \ (Kk + xk)is continuous on (Rd )k�1 n N 0 with respect to the Hausdor� metric in the image space. Letf : (Rd )k ! R be an arbitrary non-negative Borel measurable function. Then an argumentsimilar to the one used in the proof of Theorem 3.13 shows that the map(x2; : : : ; xk) 7!Z(Rd)2 f(z; z � x2; : : : ; z � xk)�j(K1 \ (K2 + x2) \ : : : \ (Kk + xk);B; d(z; b))is Lebesgue measurable and well-de�ned for 
ki=2Hd almost all (x2; : : : ; xk) 2 (Rd)k�1.First, we prove the translative integral formula for polytopes in strongly general relativeposition by induction on k. The case k = 2 has already been settled in Theorem 3.13. Nowwe assume that k � 3 and that the assumptions of (v) are satis�ed. Subsequently, we useFubini's theorem and the translation invariance of Hd, the inductive assumption, argumentswhich have already been used in the proof of Theorem 3.13, and Proposition 1 in [151]. Let



3.4 The iterated formula 141�1; : : : ; �k; 
 � Rd be Borel sets. Then we obtainZRd : : : ZRd �j(K1 \ (K2 + x2) \ : : : \ (Kk + xk);B;[�1 \ (�2 + x2) \ : : : \ (�k + xk)]� 
)Hd(dx2) : : :Hd(dxk)= dXm1;::: ;mk�1=jm1+:::+mk�1=(k�2)d+j ZRd �jm1;::: ;mk�1(K1; : : : ;Kk�2;Kk�1 \ (Kk + xk);B;[�1 � : : :� �k�2 � (�k�1 \ (�k + xk))� 
])Hd(dxk)= dXm1;::: ;mk�2;m=jm1+:::+mk�2+m=(k�2)d+j XF12Fm1 (K1) : : : XFk�22Fmk�2 (Kk�2) XG2Fd�1�j(B)ZRd XF2Fm(Kk�1\(Kk+x)) det(F1; : : : ; Fk�2; F ;G)h(B; u(F1; : : : ; Fk�2; F ;G;K1; : : : ;Kk�2;Kk�1 \ (Kk + x);B))[F1; : : : ; Fk�2; F ]�F1(�1) : : : �Fk�2(�k�2)�F (�k�1 \ (�k + x))�G(
)Hd(dx)= dXm1;::: ;mk=jm1+:::+mk=(k�1)d+j XF12Fm1 (K1) : : : XFk2Fmk (Kk) XG2Fd�1�j(B)det(F1; : : : ; Fk;G)h(B; u(F1; : : : ; Fk;G;K1; : : : ;Kk;B))[F1; : : : ; Fk�2; L(Fk�1) \ L(Fk)]�F1(�1) : : : �Fk�2(�k�2)�G(
)ZRd �Fk�1\(Fk+x)(�k�1 \ (�k + x))Hd(dx)= dXm1;::: ;mk=jm1+:::+mk=(k�1)d+j XF12Fm1 (K1) : : : XFk2Fmk (Kk) XG2Fd�1�j(B)det(F1; : : : ; Fk;G)h(B; u(F1; : : : ; Fk;G;K1; : : : ;Kk;B))[F1; : : : ; Fk]�F1(�1) : : : �Fk(�k)�G(
)= dXm1;::: ;mk=jm1+:::+mk=(k�1)d+j �jm1;::: ;mk(K1; : : : ;Kk;B;�1 � : : :� �k � 
) ;



142 3 APPLICATIONS TO STOCHASTIC GEOMETRYwhere we used Lemma 2.1 (b) in [150] and the relation in assertion (v) as a de�nition for themixed measures �jm1;::: ;mk(K1; : : : ;Kk;B; �). Moreover, we also used the fact thatrelint(F1) \ : : : \ relint(Fk�2 + xk�2) \ (relint(Fk�1 \ (Fk + xk)) + xk�1) 6= ; ;relint(Fk�1) \ relint(Fk + xk) 6= ; ;and dim(K1 \ : : : \ (Kk�2 + xk�2) \ (Kk�1 \ (Kk + xk) + xk�1)) = dtogether yieldu(F1 \ : : : \ (Fk�2 + xk�2) \ (Fk�1 \ (Fk + xk) + xk�1) +G;K1 \ : : : \ (Kk�2 + xk�2) \ (Kk�1 \ (Kk + xk) + xk�1) +B)= u(F1; : : : ; Fk;G;K1; : : : ;Kk;B) ;provided that K1 \ : : : \ (Kk�2 + xk�2) \ (Kk�1 \ (Kk + xk) + xk�1) and B are in generalrelative position; compare the proof of Lemma 3.12. A similar observation can be made forthe expression det(F1; : : : ; Fk;G).Finally, the integral formula can be extended to the general case and the asserted prop-erties of the mixed measures can be justi�ed in way which is similar to the proof of Theorem3.13. �3.5 Intensity measuresIn this subsection, we establish a version of Theorem 4.17 in [76] which holds for all strictlyconvex gauge bodies B 2 Kd with o 2 int B. In fact, we also obtain a variant which is true forevery gauge body �B, where B 2 Kd with o 2 int B is arbitrary and � 2 SO(d)nN(B) with aset N(B) of proper rotations of Haar measure zero. Thus our aim is to remove the smoothnessand strict convexity assumptions on B, which considerably simpli�ed the argument in [76].In fact, the smoothness (and strict convexity) of the gauge body B together with an absolutecontinuity assumption on the second factorial moment measure �(2) of the underlying pointprocess � implied that the random measure �+j (�; B; �) could be represented in a simple way;see equation (4.13) in [76]. Instead of the deterministic assumption of the smoothness of B,we impose absolute continuity assumptions for the higher order factorial moment measures�(n) of �. These assumptions are automatically satis�ed, for instance, for Poisson or Gibbsprocesses, which supports the present point of view.We introduce some terminology. Let � be a point process in Rd � Kdc as described inSubsection 3.1. Hence � is supposed to satisfy conditions (150) { (152). In particular, �takes its values in the space N of all (N0 [ f1g)-valued measures ' over Rd �Kdc for which'(� � Kdc ) is locally �nite. The space N is endowed with the vague topology, and N denotesthe induced Borel �-algebra.Subsequently, we shall consider the non-negative random measure�+j (B; �) := E h�+j (�; B; �)i ;



3.5 Intensity measures 143which was introduced and investigated in [76] (with a di�erent normalization) and which iscalled the intensity measure of �+j (�; B; �). Here we �rst assume that B 2 Kd is strictlyconvex and o 2 int B. The non-negative extension �+j (K;B; �) of the B-support measures tothe local convex ring can be expressed in terms of B-support measures of convex bodies; seeTheorem 3.4 in [76] and the literature cited there. In fact, ifK = 1[i=1Kiis in the local convex ring, Ki 2 Kd for i 2 N, then�+j (K;B; �) = 1Xn=1 Xi1<:::<in Z 1nz =2 K(i1;::: ;in)o1f(z; b) 2 � \ NB(Ki1) \ : : : \NB(Kin)g��j(Ki1 \ : : : \Kin ; B; d(z; b)) ; (162)where K(i1;::: ;in) := [i=2fi1;::: ;ingKiand where NB(K) := N (K;B) is the relative normal bundle of K with respect to B. Thestructure of this formula suggest to introduce, for ' 2 N and n 2 N, the factorial measures'(n)(d(a1; : : : ; an)) := �' n �a1 n : : : n �an�1� (dan) : : : (' n �a1)(da2)'(da1) ;where ai 2 Rd �Kdc for i = 1; : : : ; n, and the n-th order factorial moment measure�(n)(�) := E �Z 1f(a1; : : : ; an) 2 �g�(n)(d(a1; : : : ; an))� :In the following, we assume that there exists a �-�nite Borel measure �(n) over Rd � �Kdc�nsuch that�(n)(d(x1;K1; : : : ; xn;Kn)) = fn(x1;K1; : : : ; xn;Kn)�Hd(dx1) : : :Hd(dxn�1)�(n)(d(xn;K1; : : : ;Kn)) (163)with a non-negative Borel measurable function fn < 1, for each n � 2. This assumptionimplies that �(n) is �-�nite. Finally, we write C(n) for the n-th order reduced Campell measureof �, that isC(n)(�) := E �Z 1 f(� n �a1 n : : : n �an ; a1; : : : ; an) 2 �g�(n)(d(a1; : : : ; an))� ;which is a Borel measure over N� (Rd �Kdc )n. Obviously, we have�(n)(�) = C(n)(N� �) ;and therefore there exists a probability kernelq(n)(a1; : : : ; an; d')



144 3 APPLICATIONS TO STOCHASTIC GEOMETRYfrom (Rd �Kdc )n to N such thatC(n)(d('; a1; : : : ; an)) = q(n)(a1; : : : ; an; d')�(n)(d(a1; : : : ; an)) :Note that �(1) = �, f1 = f and �(2) = �. For n = 1 we interpret condition (163) as condition(150).For the proof of our main result, we need a deterministic lemma. Surprisingly, the onlyproof of which we know uses point processes in an essential way and thus is of a proba-bilistic nature. For K1; : : : ;Kn 2 Kd and strictly convex B 2 Kd with o 2 int B we writeM(K1; : : : ;Kn;B) for the set of all (x1; : : : ; xn; b) 2 (Rd)n+1 such that (xi; b) 2 NB(Ki) forall i = 1; : : : ; n.Lemma 3.15 Let K1; : : : ;Kn 2 Kd (n � 2), let B 2 Kd with o 2 int B be strictly convex,and let j 2 f0; : : : ; d� 1g. ThenZRd : : : ZRd �j(K1 \ (K2 + y2) \ : : : \ (Kn + yn); B; �) xNB(K1) \NB(K2 + y2) \ : : : \NB(Kn + yn)Hd(dy2) : : :Hd(yn) = 0 ;moreover, �jm1;::: ;mn(K1; : : : ;Kn;B; �) xM(K1; : : : ;Kn;B) = 0for all m1; : : : ;mn 2 fj; : : : ; dg with m1 + : : :+mn � (n� 1)d + j.Proof. For the proof, we consider the stationary (marked) Poisson process � in Rd �Kdc withintensity measure �(d(x;K)) = Hd(dx)Q(dK) ;where Q is an arbitrary probability measure over Kdc . By an extension of the proof of Theorem4.16 in [76] in the special case considered here, and by an argument based on formula (162),it follows that HB(t) := HB(fog; t) is absolutely continuous with density hB(t) andhB(t)1�HB(t) = d�1Xj=0�d� 1j �td�1�j 1Xn=1 1n!hn(t; B) ;where hn(t; B) := Z : : : Z 1 f(z; b) 2 NB(K1) \NB(K2 + y2) \ : : : \NB(Kn + yn)g��j(K1 \ (K2 + y2) \ : : : \ (Kn + yn); B; d(z; b))�Hd(dy2) : : :Hd(dyn)Q(dK1 ) : : :Q(dKn) :A comparison with Corollary 3.9 demonstrates thathn(t; B) = 0



3.5 Intensity measures 145for all n � 2. Choosing Q := 1n nXi=1 �Ki ;we obtain the �rst assertion. The second assertion is then implied by Theorem 3.14. �Now we are prepared for the proof of our main result in this subsection. Subsequently, wealso write dB(�; x) instead of dB(T (�); x).Theorem 3.16 Let � be a point process in Rd�Kdc such that its n-th order factorial momentmeasure satis�es conditions (152) and (163) for all n 2 N. Let B 2 Kd with o 2 int B bestrictly convex, and let A � Rd be Borel measurable. Then �+j (B; � �A), j = 0; : : : ; d� 1, isabsolutely continuous with density�+j (B;x;A) = ZKdc Z P(x�z;K)(dB �� n �(x�z;K); x) > 0� f(x� z;K)�j(K;B; dz �A)Q(dK) :Proof. Using equation (162), the monotone convergence theorem, and the de�nitions of thevarious types of factorial measures and factorizations, we obtain�+j (B; �) = E h�+j (�; B; �)i= E" 1Xn=1 Xi1<:::<in Z 1nz =2 �(i1;::: ;in)o1 f(z; b) 2 � \ NB(�i1) \ : : : \NB(�in)g��j(�i1 \ : : : \ �in ; B; d(z; b))#= E" 1Xn=1 1n! ZZ 1�z =2 T �� n �(x1;K1) n : : : n �(xn;Kn)�	� 1 f(z; b) 2 � \ NB(x1 +K1) \ : : : \NB(xn +Kn)g��j((x1 +K1) \ : : : \ (xn +Kn); B; d(z; b))�(n)(d(x1;K1; : : : ; xn;Kn))#= 1Xn=1 1n! ZZ 1fz =2 T (')g1 f(z; b) 2 � \ NB(x1 +K1) \ : : : \NB(xn +Kn)g��j((x1 +K1) \ : : : \ (xn +Kn); B; d(z; b))C(n)(d('; x1;K1; : : : ; xn;Kn))= 1Xn=1 1n! ZRd�(Kdc )n ZRd : : : ZRd Z q(n)(x1;K1; : : : ; xn;Kn; f' : z =2 T (')g)� fn(x1;K1; : : : ; xn;Kn)1 f(z; b) 2 � \ NB(x1 +K1) \ : : : \NB(xn +Kn)g��j((x1 +K1) \ : : : \ (xn +Kn); B; d(z; b))�Hd(dx1) : : :Hd(dxn�1)�(n)(d(xn;K1; : : : ;Kn)) :



146 3 APPLICATIONS TO STOCHASTIC GEOMETRYHence, by an application of Lemma 3.15, we �nd that�+j (B; �) = ZKdc ZRd ZN (K) q(1)(x;K; f' : z =2 T (')g)� f(x;K)1f(z; b) 2 � \ NB(x+K)g�j(x+K;B; d(z; b))Hd(dx)Q(dK)= ZKdc ZRd ZN (K) q(1)(x;K; f' : z + x =2 T (')g)� f(x;K)1f(z + x; b) 2 �g�j(K;B; d(z; b))Hd(dx)Q(dK)= ZKdc ZRd ZN (K) q(1)(y � z;K; f' : y =2 T (')g)� f(y � z;K)1f(y; b) 2 �gHd(dy)�j(K;B; d(z; b))Q (dK)= ZRd ZKdc ZN (K) q(1)(x� z;K; f' : x =2 T (')g)� f(x� z;K)1f(x; b) 2 �g�j(K;B; d(z; b))Q (dK)Hd(dx) :Since clearly q(1)(x;K; �) = P(x;K)(� n �(x;K) 2 �)is satis�ed for �-almost all (x;K) 2 Rd �Kdc , the assertion follows. �Examples. 1. If � is a Poisson process with intensity measure�(d(x;K)) = f(x;K)Hd(dx)Q(dK)as described in Subsection 3.1, then�(n)(d(x1;K1; : : : ; xn;Kn))= f(x1;K1) : : : f(xn;Kn)Hd(dx1) : : :Hd(dxn)Q(dK1) : : : Q(dKn) :Thus the assumptions of Theorem 3.16 are satis�ed.2. Let � be a Gibbs process with local energy function � ln� as described in [76] (seealso the literature cited there). Then it follows by a repeated application of equation (4.23)in [76] that�(n)(�) = ZRd : : : ZRd ZKdc : : : ZKdc 1f(x1;K1; : : : ; xn;Kn) 2 �gfn(x1;K1; : : : ; xn;Kn)�Hd(dx1) : : :Hd(dxn)Q(dK1) : : : Q(dKn) ;where fn(x1;K1; : : : ; xn;Kn) = Eh� ��+ �(xn;Kn) + : : :+ �(x2;K2); x1;K1�� � ��+ �(xn;Kn) + : : :+ �(x3;K3); x2;K2� : : :: : : � ��+ �(xn;Kn); xn�1;Kn�1�� (�; xn;Kn) i :



3.5 Intensity measures 147Thus the assumptions of Theorem 3.16 are satis�ed whenever fn <1 for all n 2 N.Instead of considering a strictly convex body, we can also investigate the case of a generalconvex body B 2 Kd with o 2 int B in a similar way as in Subsection 3.1. (Presumably, itis su�cient to assume that o 2 B, but the details remain to be checked.) Indeed, �rst onechecks that the relative support measures can be extended to the local convex ring Sd in thefollowing sense. Let (K;B) 2 Sd �Kd and assume that K has a representationK = 1[i=1Kisuch that (Kv; B) 2 Kd2;gp (164)for all v 2 S(N), where S(N) denotes the set of all non-empty �nite subsets of N and, forv 2 S(N), Kv :=\i2vKi :Then we can de�ne �j(K;B; �) and �+j (K;B; �) as in [76], where now we only work withrepresentations of K which satisfy (164). In the same way, the non-negative extensions of therelative support measures and Theorem 3.4 in [76] can be extended.In order to obtain an appropriate extension of Lemma 3.15, we have to use Theorem3.3 in [76] in the present generality, and therefore we need an extension of Theorem 3.2.Unfortunately, we do not know whether such a deterministic result is true. However, by thearguments of Subsection 3.1 it is easy to see that if � is a Poisson process (as in the proof ofLemma 3.15), then the exoskeleton exoB(�(!)) of �(!) with respect to B has d-dimensionalHausdor� measure zero for P almost all ! 2 
. This is su�cient for the proof of the requiredextension.Moreover, under the assumptions of Theorem 3.16 and for B 2 Kd with o 2 int B, we�nd (as in Subsection 3.1) that for � almost all � 2 SO(d), and for P almost all ! 2 
, therandom set �(!) = 1[i=1�i(!)satis�es (�v; �B) 2 Kd2;gpfor all v 2 S(N).These considerations lead to the following supplement to Theorem 3.16.Theorem 3.17 Let � be a point process in Rd�Kdc such that its n-th order factorial momentmeasure satis�es conditions (152) and (163) for all n 2 N. Let B 2 Kd with o 2 int B, andlet A � Rd be Borel measurable. Then, for � almost all � 2 SO(d) and j = 0; : : : ; d � 1,�+j (�B; � �A) is absolutely continuous with density �+j (�B;x;A).



148 3 APPLICATIONS TO STOCHASTIC GEOMETRYA combination of results of Subsections 3.1 and 3.5 can now be used to continue the inves-tigation of conditions under which the surface density �+d�1(B;x;A) is the derivative of thecontact distribution(1� p(x))HB(x; t; A) = P(dB(�; x) � t; uB(�; x) 2 A; x =2 �) ;compare [76] and [75]. Under the assumption of stationarity and for A = Rd , a study ofsecond order derivatives has recently been initiated by Last and Schassberger [93]. Finally,we wish to point out that the deterministic translative integral formula of Subsection 3.4 canbe used to obtain immediate extensions of various results in [41], [150], [152] to the relativesetting.



1494 Mixed volumes and measures of convex bodiesA central subject in convex geometry is the investigation of the behaviour of various func-tionals of convex bodies with respect to basic operations for convex bodies. Perhaps, themost important functional is the volume, and a fundamental operation is the formation ofMinkowski sums. The combination of these two concepts naturally leads to the theory ofmixed volumes which represents the backbone of classical convexity theory. But the impor-tance and usefulness of mixed volumes can only be appreciated properly if one also observesthat mixed volumes provide a link to and represent an essential tool for other areas such ascombinatorics, algebraic geometry or stochastic geometry.Mixed volumes are introduced as coe�cients of the homogeneous polynomial in�1; : : : ; �k � 0 as which the d-dimensional volumeVd(�1K1 + : : :+ �kKk)of the Minkowski combination �1K1+ : : :+�kKk, for convex bodies K1; : : : ;Kk 2 Kd, can beexpressed; see [123] for an introduction to this subject and for the notation used here. Thevalidity of the polynomial expansionVd(�1K1 + : : : + �kKk) = dX�1;::: ;�k=0� d�1 : : : �k���11 : : : ��kk V (K1[�1]; : : : ;Kk[�k])is established �rst for polytopes by a recursive argument, and then the general case is deducedby approximation. This argument also shows that the mixed volume of K1; : : : ;Kd 2 Kd canbe de�ned byV (K1; : : : ;Kd) := 1d! dXj=1(�1)d+j X1�i1<:::<ij�d Vd(Ki1 + : : : +Kij ) : (165)Clearly, such an approach to mixed volumes only requires basic results about convex bodiesand it already yields simple proofs of various properties of mixed volumes. On the other hand,the de�nition (165) of mixed volumes is rather unsatisfactory from a computational point ofview, and it provides little insight into how the interaction between di�erent convex bodiesK1; : : : ;Kk 2 Kd in
uences the numerical value of the mixed volumeV (K1[�1]; : : : ;Kk[�k]) ;where k � 2, �1; : : : ; �k 2 f0; : : : ; dg and �1 + : : : + �k = d. For convex polytopes, thesedrawbacks of the classical approaches to and of the formerly known representations of mixedvolumes are avoided by a recent result of Schneider; see [126], [130], and [16] for a specialcase. This result has been discussed repeatedly in the context of computational convexity(see [68], [56], [139], [66], and [38]). Schneider's summation formula, as it was called in [66],shows that, for convex polytopes K1; : : : ;Kk 2 Kd,� d�1 : : : �k�V (K1[�1]; : : : ;Kk[�k]) = X(F1;::: ;Fk)[F1; : : : ; Fk]V�1(F1) : : : V�k(Fk) ; (166)where the summation extends over certain faces Fi 2 F�i(Ki), i = 1; : : : ; k, which are chosenaccording to an explicit summation rule which is based on speci�c information about the



150 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESnormal cones of the faces. The number [F1; : : : ; Fk] is just the volume of the parallelepipedthat is the sum of the unit cubes in the a�ne hulls of F1; : : : ; Fk, and thus this factor takesaccount of the relative position of the faces selected. Moreover, the �i-dimensional volumeof Fi is denoted by V�i(Fi). The expression on the right-hand side of (166) is symmetric inK1; : : : ;Kk and it contains only non-negative contributions. Recently, Schneider extendedthe construction described in [126] to more general functionals which are induced by a sur-jective linear transformation f : (Rd)k ! (Rd)r, where k > r � 1. In such a framework,representations of mixed volumes and of special total mixed curvature measures are derivedfor convex polytopes as special instances of a general result (see [130]). The main objective ofthis section is to establish extensions of such representations of mixed volumes and of generalmixed curvature measures for arbitrary convex bodies. Then, of course, the summation whichappears on the right-hand side of (166) will have to be replaced by an integration, and alsothe normal bundles of the convex bodies are naturally involved. In addition, curvatures onthe normal bundles of the convex bodies involved appear in such integral representations.Thus, local geometric characteristics of convex bodies are related to the values of non-localmixed functionals.For general convex bodies K1; : : : ;Kd 2 Kd, one has a non-symmetric representation ofa mixed volume as an integral over the unit sphere with respect to a mixed surface areameasure, that is V (K1; : : : ;Kd) = 1d ZSd�1 h(K1; u)S(K2; : : : ;Kd; du) : (167)Although this representation is particularly useful for many purposes and may be speci�ed forconvex bodiesK2; : : : ;Kd with support functions of class C2, it does not provide a descriptionof the type we are aiming at, since for the mixed surface area measures no explicit descriptionis available so far in the case of general convex bodies. On the other hand, equation (167)was used by Weil [147] as the starting point for a description of mixed volumes and mixedsurface area measures as distributions (applied to tensor products of support functions). Acorresponding representation of the mixed volume V (K1; : : : ;Kd) as a limit of d-fold inte-grals over (Sd�1)d of the products of the support functions h(K1; �); : : : ; h(Kd; �) also involvescertain functions fk, k 2 N, of class C1 which change signs and which therefore are di�cultto interpret geometrically.A surprisingly simple expression for the mixed volume of convex bodies K1; : : : ;Kd wasrecently established by Alesker, Dar and Milman [5]. They show thatV (K1; : : : ;Kd) = ZRd D(d2f1(x); : : : ; d2fd(x))Hd(dx) ; (168)where f1; : : : ; fd are certain convex functions of class C2 which are associated withK1; : : : ;Kdand D(�) is the mixed discriminant of the Hessian matrices d2fi(x), i = 1; : : : ; d. Indeed, therequired smoothness of the functions fi follows from Ca�arelli's delicate regularity theoryfor the Brenier map. The expression on the right-hand side of (168) is symmetric, non-negative and it can be used to verify a very special case of the Aleksandrov-Fenchel inequalityessentially by reducing the proof to a local calculation for special mixed discriminants. Buteven for very special convex bodies, it is not clear how the associated functions look like, sincee�ectively they are obtained by an approximation argument. Moreover, for a given convexbody Ki the construction of the function fi does not seem to be canonical.



151For the derivation of our new representation of mixed volumes we follow an idea of Schnei-der [126] (compare also the lifting theorem of Walkup and Wets) and �rst consider the or-thogonal projection pL : Rkd ! L (for k � 2), where L � Rkd is the \diagonal" d-dimensionallinear subspace of Rd�: : :�Rd (k times). Thus we �nd that Vd(K1+: : :+Kk) can be expressedas the volume of the orthogonal projection of the cartesian product K1� : : :�Kk � Rkd ontoL. Now the volume Hd(KjL) of the projection KjL of an arbitrary convex body K 2 Kp ontoa d-dimensional linear subspace L � Rp can be described as a very special mixed volume oftwo convex bodies. Moreover, this particular mixed volume can be represented as an integralover the normal bundle of K. To prove this, we use the close relationship between mixedvolumes and mixed curvature measures for two convex bodies and exploit the fact that forthe mixed curvature measures of two convex bodies a suitable integral representation, onwhich our argument is based, is provided in [110]. The integral representations for projectionfunctions which are thus established may be of some interest for other purposes as well. It is asurprising feature of this approach that our derivation of a representation for mixed volumesessentially relies on notions and tools of translative integral geometry.The �nal step then consists in transforming an integral over the normal bundle of theproduct K1� : : :�Kk into an integral over the product of the normal bundles of K1; : : : ;Kk.To be able to carry out this transformation, we �rst derive a current representation forthe volumes of projections of convex bodies onto linear subspaces, that is for projectionfunctions on Grassmannians. In fact, this will enable us to avoid the explicit use of generalizedcurvatures on the normal bundle of K1 � : : : �Kk; instead we can use the area formula forcurrents which is much more convenient.Furthermore, we shall establish similar representations for mixed surface area measures(involving a limit) and for general mixed curvature measures. The mixed surface area mea-sures S(K1[�1]; : : : ;Kk[�k]; �) ;for convex bodiesK1; : : : ;Kk 2 Kd and �1; : : : ; �k 2 f0; : : : ; d�1g with �1+ : : :+�k = d�1,are intimately related to mixed volumes via the Riesz representation theorem, as equation(167) suggests. But these Borel measures over Sd�1 can also be obtained by the polynomialexpansion for the (d � 1)st surface area measure of the Minkowski combinations of convexbodies K1; : : : ;Kk 2 Kd. In fact, for �1; : : : ; �k � 0 we haveSd�1(�1K1 + : : :+ �kKk; �) = d�1X�1;::: ;�k=0� d� 1�1 : : : �k���11 : : : ��kk S(K1[�1]; : : : ;Kk[�k]; �) ;and, for K1; : : : ;Kd�1 2 Kd,S(K1; : : : ;Kd�1; �) = 1(d� 1)! d�1Xj=1(�1)d�1+j X1�i1<:::<ij�d�1Sd�1(Ki1 + : : :+Kij ; �) ;in correspondence to the analogous relations for mixed volumes. In particular, mixed volumesand mixed surface area measures both are based on the Minkowski addition as the underlyingoperation for convex bodies.The mixed curvature measuresCr1;::: ;rq(K1; : : : ;Kq; �) ;



152 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESfor K1; : : : ;Kq 2 Kd and r1; : : : ; rq 2 f0; : : : ; dg with r1 + : : : + rq � (q � 1)d, are Borelmeasures over R(q+1)d , which arise by forming intersections K1 \ (K2 + z2) \ : : : \ (Kq + zq),z2; : : : ; zq 2 Rd , of translates of convex bodies, by considering the kth support measure ofsuch intersections, and by subsequently averaging over all translations. More precisely, thede�ning relationship for the mixed curvature measures is the translative integral formulaZRd : : : ZRd Z h(x; x� z2; : : : ; x� zq; u)Ck(K(z); d(x; u))Hd(dzq) : : :Hd(dz2)= X0�r1;::: ;rq�dr1+:::+rq=(q�1)d+k Z h(x1; : : : ; xk; u)Cr1;::: ;rq(K1; : : : ;Kq; d(x1; : : : ; xq; u)) ;where K(z) := K1 \ (K2 + z2) \ : : : \ (Kq + zq) ;k 2 f0; : : : ; d � 1g, and h : R(q+1)d ! R is an arbitrary non-negative Borel measurablefunction. This iterated integral formula was �rst proved by Schneider & Weil [131] for q = 2and by Weil [150] for q � 2 (in a slightly less general form, respectively) and later by Rataj[108] in the setting of sets with positive reach. An extension to relative curvature measureshas been obtained in Section 3 of the present work. For polytopes these mixed curvaturemeasures can be described in a simple and explicit way, but for arbitrary convex bodies andq � 3 only a current representation was available so far (see [108]). For the mixed curvaturemeasures of two convex bodies, however, an integral formula has already been proved in [110],which we now extend to a �nite sequence of convex bodies.More research, however, will be required to obtain a complete picture of the various rela-tionships (for instance via Crofton formulae) between these mixed functionals and measures,and to understand their appearance in the context of geometric inequalities; compare [151],[130], [55].4.1 PreliminariesIn this section, we shall consider various Euclidean spaces. The basic space, in which we areinterested, will be denoted by Rd , d � 2. Scalar products and norms will always be denotedby h� ; �i and j � j respectively, independent of the particular dimension. For simplicity, weshall assume that h� ; �i is the standard scalar product, but of course this speci�c choice canbe avoided. In particular, we shall investigate cartesian products such as Rd � : : : � Rd (kfactors) for which we also write Rkd . In this case, we endow each factor with the same scalarproduct, and the cartesian product will carry the natural scalar product which is derived fromits components by summation. In view of their importance for the subsequent investigation,we shall recall some basic notions of convexity, which we have already used repeatedly in thepreceding sections.Let Rp , p � 2, be a given Euclidean space, and let K 2 Kpo be a convex body in Rp withnon-empty interior. Later we shall remove the assumption int K 6= ;, but for the moment wepreserve this hypothesis. The following de�nitions are well-known:(i) Support function: For u 2 Rd ,h(K;u) := maxfhx; ui : x 2 Kg ;



4.1 Preliminaries 153(ii) Boundary: bd K is the topological boundary of K;(iii) Normal cone: For x 2 K,N(K;x) := fu 2 Rp : hx; ui = h(K;u)g ;in particular, we always have o 2 N(K;x), N(K;x) = fog if x 2 int K, anddim N(K;x) � 1 if x 2 bd K;(iv) Normal bundle: N (K) := f(x; u) 2 Rp � Sp�1 : x 2 K;u 2 N(K;x)g ;hence (x; u) 2 N (K) implies that x 2 bd K.These de�nitions will now be applied to the special situation where p := k � d, d � 2, andk � 1. Let Ki 2 Kdo , for i = 1; : : : ; k; then K1 � : : : � Kk 2 Kpo = Kkdo . In particular, ifthe details are clear from the context, then we simply write K for K1 � : : : �Kk and x for(x1; : : : ; xk), where x1; : : : ; xk 2 Rd . Using these conventions, for the notions recalled in (i){ (iv) we thus obtain:(i): h(K;u) = kXi=1 h(Ki; ui) :(ii): bd K = fx 2 K : xi 2 bd Ki for some i 2 f1; : : : ; kgg= k[j=1 [jIj=j fx 2 K : xi 2 bd Ki for i 2 I; xi 2 int Ki for i 62 Ig ;where I ranges over all subsets of f1; : : : ; kg of cardinality j.(iii): For x 2 K, N(K;x) = kYi=1N(Ki; xi) :To see this, note that hxi; uii � h(Ki; ui) for i = 1; : : : ; k, since xi 2 Ki; hencehx; ui = kXi=1hxi; uii � kXi=1 h(Ki; ui) = h(K;u) :Equality is satis�ed if and only if hxi; uii = h(Ki; ui) for all i = 1; : : : ; k. Thus we deduceN(K;x) = nu 2 Rkd : hx; ui = h(K;u)o= nu 2 Rkd : hxi; uii = h(Ki; ui) for all i 2 f1; : : : ; kgo= kYi=1N(Ki; xi) :



154 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIES(iv): Let I � f1; : : : ; kg n f;g; then we de�ne NI(K) as the set of all (x; u) 2 Rkd � Skd�1for which xi 2 (bd Ki ; i 2 I ;int Ki ; i 62 I ; and ui 2 (N(Ki; xi) ; i 2 I ;fog ; i 62 I :Then we obtainN (K) = n(x; u) 2 Rkd � Skd�1 : x 2 K;u 2 N(K;x)o= n(x; u) 2 Rkd � Skd�1 : x 2 K;ui 2 N(Ki; xi) for i = 1; : : : ; ko= k[j=1 [jIj=jNI(K) :Subsequently, we shall repeatedly refer to the d-dimensional linear subspace L � Rkd whichis de�ned by L := n(x1; : : : ; xk) 2 Rkd : x1 = : : : = xk 2 Rdo ; (169)the integer k will always be clear from the context. We write e1; : : : ; ed for the standardbasis of Rd . Then the mapping ' : Rd ! L � Rkd , x 7! (x; : : : ; x) is an isomorphism. Anorthonormal basis of L is given byei := 1pk (ei; : : : ; ei) ; i 2 f1; : : : ; dg ;moreover, L? = ((x1; : : : ; xk) 2 Rkd : kXi=1 xi = o)and dim L? = (k � 1)d. Let pL : Rkd ! L denote the orthogonal projection onto L. Thenwe obtain pL(x) = 1k 0@ kXj=1 xj; : : : ; kXj=1 xj1Aand jpL?(x)j2 = jxj2 � jpL(x)j2 = kXi=1 jxij2 � 1k ������ kXj=1 xj������2= 1k X1�i<j�k jxi � xj j2 :The inverse of ' is given by � : L! Rd , (x; : : : ; x) 7! x, and pk� is an isometry with respectto the scalar product which L inherits as a subspace of Rkd . Therefore we deduce thatVd(K1 + : : :+Kk) = k d2Hd (pL(K1 � : : : �Kk)) ; (170)



4.2 Volume and surface area measures of projections 155where K1; : : : ;Kk 2 Kd and V denotes the d-dimensional volume.Next we choose any Borel set ! � Sd�1 and set ! := k�1=2'(!). Then ! is a Borel subsetof Skd�1 \ L andSd�1(K1 + : : : +Kk; !) = k d�12 SLd�1 (pL(K1 � : : :�Kk); !) : (171)4.2 Volume and surface area measures of projectionsThe main objective of this subsection is to provide some auxiliary results on which the sub-sequent investigation is based.We start with some remarks concerning notation. Let p 2 N, p � 2, and d 2 f1; : : : ; p�1g.The bracket [� ; �] will be de�ned as in [110] for pairs of multi-vectors in Rp, which is consistentwith our previous usage. For example, if a1; : : : ; ap 2 Rp are linearly independent, I �f1; : : : ; pg with jIj = d and L 2 G(p; d), then we write" Î ai; L?# (172)for [W;L?], where W is the linear subspace which is associated with � := ^i2Iai. Alter-natively, we can choose any simple unit (p � d)-vector � which is associated with L? andde�ne (172) as [�; �]; compare p. 260 in [110] and Chapter 1 in [42]. Furthermore, we write�(m;n) 2 (0; �) for the angle between two unit vectors m;n with m 6= �n.In order to simplify our notation we occasionally omit arguments of functions; so we writeki instead of ki(x; u) = ki(K;x; u) for the generalized curvatures of a convex body K, if theconvex body and the argument are clear from the context. A similar remark applies to theassociated eigenvectors (see also Section 1), which now are denoted by ai instead of the moreprecise notation ai(x; u) or even ai(K;x; u). In addition, we introduce the abbreviationK := d�1Yi=1q1 + k2i ;where again the argument is usually omitted. Finally, we often write ^Iai instead of ^i2Iaiand a similar remark applies, e.g., to the formation of products.Proposition 4.1 Let K 2 Kp, d 2 f1; : : : ; p� 1g, and L 2 G(p; d). ThenHd(KjL) = 1!p�d ZN (K) jpL?(u)jd�p XjIj=dQIc ki(x; u)K (x; u) " Î ai(x; u); L?#2Hp�1(d(x; u)) ;where I ranges over all subsets of f1; : : : ; p� 1g of cardinality d and Ic := f1; : : : ; p� 1g n I.Proof. We set U := Bp \ L?. By [123], p. 294, and equation (4) in [110], we obtainHd(KjL) = �pd��p�dV (K[d]; U [p � d])= 1�p�d	d;p�d(K;U ;R2p) ;



156 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESwhere 	d;p�d(K;U ; �) is a particular mixed curvature measure ofK and U ; see [110] for furtherdetails. Hence we deduce from Theorem 2 in [110] thatHd(KjL) = 1�p�d ZN (K) ZL? ZSp�1\L Fd;p�d(�(u; n))1fy 2 Ug� XjIj=dQIc ki(x; u)K (x; u) " Î ai(x; u); L?#2Hp�1(d(x; u))Hp�d(dy)Hd�1(dn) (173)=ZN (K) XjIj=dQIc ki(x; u)K (x; u) " Î ai(x; u); L?#2� ZSp�1\L Fd;p�d(�(u; n))Hd�1(dn)Hp�1(d(x; u)) ; (174)where Fd;p�d(�) = 1!p �sin � Z 10 �sin(1� t)�sin � �p�1�d�sin t�sin � �d�1 dt :Note that a boundary term in (173), which comes from (y; n) 2 N (U) with y 2 relbd U ,vanishes, since for Hp�1 almost all such (y; n) precisely d of the curvatures ki(U ; y; n) arein�nite. Furthermore, if u = �n, then [ ^I ai(x; u); L?] = 0; in this case the integrand isde�ned to be zero and thus Fd;p�d(�) need not be de�ned for � 2 f0; �g.An application of equation (4.1) in [109] shows thatZSp�1\L Fd;p�d(�(u; n))Hd�1(dn) = 1!p�d jpL?(u)jd�p ; (175)and thus the assertion is implied by (174) and (175). �The result of the preceding proposition can be extended to a representation of the intrinsicvolumes Vr(KjL), r 2 f0; : : : ; dg, of the orthogonal projection KjL of a convex body K ontoa linear subspace L.Proposition 4.2 Let K 2 Kp, d 2 f1; : : : ; p� 1g, L 2 G(p; d) and r 2 f0; : : : ; dg. ThenVr(KjL) = 1�d�r!p�d ZN (K) jpL?(u)jd�p X(N;J):J�NcjNj=r;jJj=d�r QNc ki(x; u)K (x; u)� "N̂[J ai(x; u); L?#2Hp�1(d(x; u)) ;where the summation extends over all subsets N; J � f1; : : : ; p � 1g ful�lling the prescribedrestrictions.Proof. We derive two representations for the polynomial expansion ofHd((K+�Bp)jL), where� > 0. A comparison of coe�cients then yields the desired equality. First, for any � > 0 we



4.2 Volume and surface area measures of projections 157have Hd((K + �Bp)jL) = Hd(KjL+ �BpjL) = dXr=0 �d�r�d�rVr(KjL) :On the other hand, for any � > 0 Proposition 4.1 yields thatHd((K + �Bp)jL) = 1!p�d ZN (K+�Bp) jpL?(u)jd�p XjIj=dQIc ki(K + �Bp; y; u)K (K + �Bp; y; u)� " Î ai(K + �Bp; y; u); L?#2Hp�1(d(y; u))= 1!p�d ZN (K) ap Jp�1F�(x; u)jpL?(u)jd�p XjIj=dQIc ki(K + �Bp;F�(x; u))K (K + �Bp;F�(x; u))� " Î ai(K + �Bp;F�(x; u)); L?#2Hp�1(d(x; u)) ;where F� : N (K)! N (K + �Bp) ; (x; u) 7! (x+ �u; u) :It is easy to check that, for Hp�1 almost all (x; u) 2 N (K),ai(K + �Bp;F�(x; u)) = ai(K;x; u) ;ki(K + �Bp;F�(x; u)) = ki(K;x; u)1 + �ki(K;x; u) ;(if the ordering is chosen properly)K (K + �Bp;F�(x; u)) = p�1Yi=1 p(1 + �ki(K;x; u))2 + ki(K;x; u)21 + �ki(K;x; u)and ap Jp�1F�(x; u) = p�1Yi=1 �(1 + �ki(K;x; u))2 + ki(K;x; u)21 + ki(K;x; u)2 � 12 :



158 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESHence, by the coarea formula, we obtainHd((K + �Bp)jL) = 1!p�d ZN (K) p�1Yi=1 1 + �ki(K;x; u)p1 + ki(K;x; u)2! jpL?(u)jd�p� XjIj=d YIc ki(K;x; u)1 + �ki(K;x; u)!" Î ai(K;x; u); L?#2Hp�1(d(x; u))= 1!p�d ZN (K) jpL?(u)jd�p XjIj=d fQI(1 + �ki(K;x; u))g fQIc ki(K;x; u)gQp�1i=1 p1 + ki(K;x; u)2� " Î ai(K;x; u); L?#2Hp�1(d(x; u))= 1!p�d dXr=0 �d�r ZN (K) jpL?(u)jd�p X(M;J);J�MjJj=d�r;jMj=p�1�r QM ki(K;x; u)K (K;x; u)� "M̂c[J ai(K;x; u); L?#2Hp�1(d(x; u))= 1!p�d dXr=0 �d�r ZN (K) jpL?(u)jd�p X(N;J);J�NcjJj=d�r;jNj=r QNc ki(K;x; u)K (K;x; u)� "N̂[J ai(K;x; u); L?#2Hp�1(d(x; u)) ;which clearly completes the proof. �To illustrate the result of Proposition 4.2, we �rst consider the special case r = d� 1, wherewe haveSL(KjL) = 2Vd�1(KjL)= 1!p�d ZN (K) jpL?(u)jd�p X(N;J):J�NcjJj=1;jNj=d�1 QNc kiK "N̂[J ai; L?#2Hp�1(d(x; u)) ;especially, if d = p� 1 and L = v? for some v 2 Sp�1, then we obtainSL(KjL) = 12 ZN (K) jhu; vij�1 XjN j=p�2QNc kiK jhu; vij2Hp�1(d(x; u))= p� 12 ZN (K) jhu; vijSp�2(K; du) ;



4.2 Volume and surface area measures of projections 159where the last step follows from the known representation of the (p � 2)nd surface areameasure.Another special case is d = p � 1, r 2 f0; : : : ; p � 1g, and L = v? for some v 2 Sp�1.Then we obtainVr(Kjv?) = 1�p�1�r!1 ZN (K) jhu; vij�1 X(N;J):J�NcjNj=r;jJj=p�1�r QNc ki(x; u)K (x; u) jhu; vij2Hp�1(d(x; u))= 12�p�1�r ZN (K) jhu; vij XjN j=r QNc ki(x; u)K (x; u) Hp�1(d(x; u))= 12�p�1�r�d� 1r �ZSp�1 jhu; vijSr(K; du) :Of course, these relationships are well-known and can be derived in a di�erent way.Finally, we mention that for d = r = 1 and L = linfvg with v 2 Sp�1, we obtainV1(KjL) = 1!p�1 ZN (K)p1� hu; vi21�p XjN j=1QNc ki(x; u)K (x; u) hai(x; u); vi2Hp�1(d(x; u)) :For convex bodies of class C1+ and in three-dimensional Euclidean space, this formula wasrecently derived and used in [96] to prove a stability estimate for �-umbilical ovaloids in R3 .Next we consider surface area measures of projections. Let again d 2 f1; : : : ; p � 1g andL 2 G(p; d). Let U := Bp \ L? and set ~U := (�p�d)�1=(p�d)U . Then we obtain, for anyK1; : : : ;Kd 2 Kp,vL(K1jL; : : : ;KdjL) = �pd�V (K1; : : : ;Kd; ~U [p� d])= �pd�1p ZSp�1 h(Kd; u)S(K1; : : : ;Kd�1; ~U [p� d]; du) ; (176)where vL(�) denotes the mixed volume in L. On the other hand,vL(K1jL; : : : ;KdjL) = 1d ZSp�1\L h(KdjL; u)SL(K1jL; : : : ;Kd�1jL; du)= 1d ZSp�1 1fu 2 Lgh(Kd; u)SL(K1jL; : : : ;Kd�1jL; du) : (177)From (176) and (177) we infer thatSL(K1jL; : : : ;Kd�1jL; � \ L) = �p�1d�1��p�d S(K1; : : : ;Kd�1; U [p� d]; �) ;where both sides are conceived as measures over Sp�1. In particular, for all Borel sets ! �Sp�1, SLd�1(KjL;! \ L) = �p�1d�1��p�d S(K[d� 1]; U [p� d]; !) ; (178)



160 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESnote that the right-hand side does not change if ! is replaced by ! \ L.Equation (178) shows that for surface area measures the situation is more involved thanfor volumes, if we aim at a representation of the left-hand side of (178) as an integral over thenormal bundle of K. From our point of view, the main problem is that the support functionof U in Rp is not of class C2. Therefore we approximate U = Bp\L? by a sequence of convexbodies U(�), � > 0, which have smooth support functions and satisfy U(�)! U as � # 0. Forinstance, we can chooseU(�) := 8<: pXi=1 xiui 2 Rp : p�dXi=1(xi)2 + pXi=p�d+1(xi=�)2 � 19=; ;where u1; : : : ; up�d is an orthonormal basis of L? and up�d+1; : : : ; up is an orthonormal basisof L, but we shall not make explicit use of such a speci�c choice.For any such choice of a family U(�), � > 0, Lemma 2.12 yields that�p� 1d� 1�S(K[d� 1]; U(�)[p� d]; �)= ZN (K) 1fu 2 �g XjIj=d�1Qi2Ic ki(x; u)K (x; u) det �d2h(U(�); u)jaIc(x; u)�Hp�1(d(x; u)) ;where d2h(U(�); u)jaIc := �hd2h(U(�); u)(ai); aji�i;j2Icand ai = ai(x; u). Let us denote by r�l (u), l = 1; : : : ; p� 1, the principal radii of curvature ofU(�) at u and let b�l (u) denote the associated eigenvectors of the reverse Weingarten map ofU(�). Then we can conclude (for jIj = d� 1)d2h(U(�); u)jaIc = XjJj=p�d Yl2J r�l (u)! det (hb�s(u); at(x; u)is2J;t2Ic)2= XjJj=p�d Yl2J r�l (u)! �����ŝ2J b�s(u) ^ t̂2I at(x; u)�����2= XjJj=p�d Yl2J r�l (u)!"ŝ2J b�s(u); t̂2I at(x; u) ^ u#2= XjJj=p�d Yl2J r�l (u)!"ŝ2Jc b�s(u) ^ u; t̂2Ic at(x; u)#2 :Thus we have established the following proposition.



4.3 Projection volumes and surface measures from a current point of view 161Proposition 4.3 Let d 2 f1; : : : ; p�1g, L 2G(p; d) and K 2 Kp. Let U(�), b�i , r�i be chosenas in the preceding discussion. Further, let f 2 C(Sp�1). ThenZSp�1\L f(u)SLd�1(KjL; du) = lim�#0 1�p�d ZN (K) f(u) XjIj=d�1 XjJj=p�dQi2Ic ki(x; u)K (x; u)� Yl2J r�l (u)!" Ĵ b�s(u); Î at(x; u) ^ u#2Hp�1(d(x; u)) :Certainly, one could �nd representations for the other intermediate surface area measuresSLj (KjL; �), j 2 f0; : : : ; d � 2g, as well, by the same method which was used to establishProposition 4.2.4.3 Projection volumes and surface measures from a current point of viewIn this subsection, we shall provide a current representation for the volume of the projectionof a convex body onto a linear subspace. In the following subsection, this result will then beused in the derivation of a representation of mixed volumes in terms of generalized curvaturefunctions.Let us �x p � 2, d 2 f1; : : : ; p� 1g, L 2 G(p; d) and K 2 Kp. A recti�able (p� 1)-currentTK in R2p is de�ned by TK := �Hp�1 xN (K)� ^ aK ;where aK(x; u) is the simple unit (p�1)-vector which is associated with Tanp�1(N (K); (x; u)),for Hp�1 almost all (x; u) 2 N (K); the orientation of aK(x; u) is determined in the followingway. We set Ai(x; u) :=  1p1 + ki(x; u)2 ai(x; u); ki(x; u)p1 + ki(x; u)2 ai(x; u)! ;i = 1; : : : ; p � 1, where k1; : : : ; kp�1 are the generalized curvatures and a1; : : : ; ap�1 arethe associated eigenvectors of K. We assume that a1(x; u); : : : ; ap�1(x; u); u has the sameorientation as the standard basis e1; : : : ; ep, whenever the former is de�ned. Then we de�neaK(x; u) := A1(x; u) ^ : : : ^Ap�1(x; u) ;for Hp�1 almost all (x; u) 2 N (K), and thus we also �x the orientation of aK .Let v1; : : : ; vd be an orthonormal basis of L, and let vd+1; : : : ; vp be an orthonormal basisof L?. Then we de�neV := v1 ^ : : : ^ vd and V ? := vd+1 ^ : : : ^ vp :We assume that v1; : : : ; vp are chosen in such a way that V ?^V = e1^: : :^ep. In addition, wewrite e�1; : : : ; e�p for the basis of covectors which is dual to e1; : : : ; ep and set 
p := e�1^ : : :^e�p.Finally, we set �0 : Rp � Rp ! Rp , �0(x; y) := x, and �1 : Rp � Rp ! Rp , �1(x; y) := y.Using the notation of multilinear algebra as described in Chapter 1 in [42], we can de�ne the(p� 1)-covector  L(u) in R2p , for u 2 Sp�1, by setting L(u) := jV ^ ujd�p!p�d h��0(V ? y
p)i ^ h��1((u ^ V ) y
p)i



162 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESif u 2 Rp n V , and by  L(u) := 0 if u 2 V .Thus we are prepared to state the following result.Proposition 4.4 Let p � 2, d 2 f1; : : : ; p� 1g, L 2 G(p; d) and K 2 Kp. ThenHd(KjL) = TK( L) :It is part of the assertion of Proposition 4.4 that TK is de�ned for  L; compare also thediscussion in [155].Proof. The proof is based on Proposition 4.1 and on some multilinear algebra which is neededto rewrite the integrand of Proposition 4.1.Any set I � f1; : : : ; p � 1g with jIj = d can be represented as I = fi1; : : : ; idg, wherei1 < : : : < id; let Ic = fj1; : : : ; jp�1�dg with j1 < : : : < jp�1�d. Then we set sgn(I) :=sgn(i1; : : : ; id; j1; : : : ; jp�1�d). Thus, omitting arguments, we obtain* Î ai ^ V ?;
p+ = * Î ai ^ Îc ai ^ u;
p+ hV ? ^ V;
pi* Îc ai ^ u ^ V;
p+= sgn(I)* Îc ai ^ u ^ V;
p+ ;and thereforeXjIj=dQIc kiK " Î ai; L?#2= XjIj=d sgn(I)* Îc kiq1 + k2i ai ^ u ^ V;
p+* Î 1q1 + k2i ai ^ V ?;
p+= XjIj=d sgn(I)* Îc �1Ai ^ u ^ V;
p+* Î �0Ai ^ V ?;
p+= X�2Sh(d;p�1�d) sgn(�)* d̂i=1�0A�(i); V ? y
p+* p�1̂i=d+1�1A�(i); (u ^ V ) y
p+= X�2Sh(d;p�1�d) sgn(�)��0(V ? y
p) �A�(1); : : : ; A�(d)����1((u ^ V ) y
p) �A�(d+1); : : : ; A�(p�1)�= DaK(x; u); h��0(V ? y
p)i ^ h��1((u ^ V ) y
p)iE ;where shu�es of type (a; b) are de�ned as in [42], p. 15, and Sh(a; b) denotes the set of allsuch shu�es. This proves the assertion of the proposition. �Remarks.



4.3 Projection volumes and surface measures from a current point of view 1631. The support of a convex bodyK 2 Kp with Steiner point at the origin can be representedby h(K; v) = ZN (K) Fp�1;1(�(v; u)) XjIj=1QIc kiK hai; vi2Hp�1(d(x; u)) :Hence we obtain as before h(K; v) = TK( K;v) ;where  K;v(u) := Fp�1;1(�(v; u)) h��0(v? y
p)i ^ h��1((u ^ v) y
p)iif v 62 linfug and  K;v(u) := 0 otherwise. Here v? is de�ned as v1 ^ : : : ^ vp�1, wherev1; : : : ; vp�1; v is an orthonormal basis which has the same orientation as the standardbasis.2. As a special case of Proposition 4.4, we obtain for the support function of the projectionbody �K of K the representationh(�K; v)= ZN (K)�aK(x; u); jhu; vij�1 12h��0(v y
p)i ^ h��1((u ^ v?) y
p)i�Hp�1(d(x; u)) ;where v? := v2 ^ : : : ^ vd and v; v2; : : : ; vd is an orthonormal basis which has the sameorientation as the standard basis. (Again the relevant covector is de�ned to be zero ifhu; vi = 0.)3. Clearly, a current representation for Vr(KjL), r 2 f0; : : : ; d � 1g, can be obtained aswell; compare the arguments in the following subsection.A similar current representation can be given for the surface area measures of projections.We use the notation of the preceding subsection and setB�s(u) := (r�s(u)b�s(u); b�s(u)) ; s 2 f1; : : : ; p� 1g :Here and in the following, we assume that b�1(u); : : : ; b�p�1(u); u has the same orientation asthe standard basis. Furthermore, for � > 0, d 2 f1; : : : ; p� 1g and L 2 G(d; p) we de�ne �L(u) := 1�p�d XjJj=p�d sgn(J)" Ĵ B�s(u)! y��0(u y
p)# ^ " Ĵc B�s(u)! y��1(u y
p)# ;where u 2 Sp�1.Proposition 4.5 Let p � 2, d 2 f1; : : : ; p � 1g, L 2 G(p; d) and K 2 Kp. Then, for anyf 2 C(Sp�1), ZSp�1\L f(u)SLd�1(KjL; du) = lim�#0 TK(f  �L) :



164 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESProof. The assertion will be deduced from Proposition 4.3 by some additional multilinearalgebra. In fact, omitting arguments, we deriveXjIj=d�1 XjJj=p�dQIc kiK  YJ r�l!" Ĵ b�s; Î at ^ u#2= XjJj=p�d YJ r�l! sgn(J) XjIj=d�1 sgn(I)* Ĵ b�s ^ Î �0At ^ u;
p+�* Ĵc b�s ^ Îc �1At ^ u;
p+= XjJj=p�d sgn(J) XjIj=d�1 sgn(I)* Ĵ B�s ^ Î At;��0(u y
p)+* Ĵc B�s ^ Îc At;��1(u y
p)+= XjJj=p�d sgn(J) XjIj=d�1 sgn(I)* Î At; Ĵ B�s! y��0(u y
p)+�* Îc At; Ĵc B�s! y��1(u y
p)+= hA1 ^ : : : ^Ap�1; �p�d �Li ;from which the assertion follows. �4.4 Mixed volumes, surface measures and generalized curvaturesIn this subsection, we derive particular representations of mixed volumes as integrals overproducts of unit normal bundles.Let d; k � 2 and K1; : : : ;Kk 2 Kdo be �xed, and let L be as described in (169). Then byequation (170) and Proposition 4.1 we obtainHd(K1 + : : : +Kk) = k d2!(k�1)d ZN (K) jpL?(u)j�(k�1)d (179)� XjIj=dQIc ki(K;x; u)K (K ;x; u) " Î ai(K;x; u); L?#2Hkd�1(d(x; u)) :Our aim is to show that the right-hand side of (179) admits a polynomial expansion so thata comparison of coe�cients (an inspection of the degree of homogeneity) allows one to derivethe desired representation of mixed volumes.In order to identify the mixed volume V (K1[�1]; : : : ;Kk[�k]) for �1; : : : ; �k 2 f0; : : : ; dgwith �1 + : : : + �k = d, we �rst consider two cases separately. These cases arise, since by(iv) in Subsection 4.1 the normal bundle N (K) can be described as a disjoint union of sets



4.4 Mixed volumes, surface measures and generalized curvatures 165NI(K) with jIj = j and j 2 f1; : : : ; kg.(a) We claim that for Hkd�1 almost all (x; u) 2 NI(K) the integrand on the right-hand sideof (179) vanishes if jIj � k � 2.To see this, it is su�cient to consider the case where I � f3; : : : ; kg; hence u1 = u2 = o if(x; u) 2 NI(K). Moreover, we have x+ �u 2 bd(K�) and hence�K�(x+ �u+ (tej ; sel; o; : : : ; o)) = u ;for all j; l = 1; : : : ; d, provided that jtj; jsj > 0 are su�ciently small. In fact, if jtj; jsj > 0 aresmall enough, then x+ (tej ; sel; o; : : : ; o) 2 bd Kand u 2 N(K;x+ (tej ; sel; o; : : : ; o)) :But this shows that �K� has at least 2d eigenvectors (ej ; o; : : : ; o), (o; el; o; : : : ; o),j; l 2 f1; : : : ; dg at x + �u with corresponding eigenvalue zero (if they exist). Thus atleast 2d of the kd � 1 generalized curvatures ki(K;x; u) vanish (if they are de�ned). SincejIcj = (k� 1)d� 1 in (179), we infer that each summand under the integral contains a factorwhich is zero. This veri�es the assertion (a).(b) The right-hand side of equation (179) can be written in the formZN (K)G(x; u)Hkd�1(d(x; u)) :We consider the integral of G over NI(K) with jIj = k � 1. Let us choose I = f2; : : : ; kg(say). Then we obtain that at least d of the generalized curvatures of K vanish, and fromthis we can deduce thatZNf2;::: ;dg(K)G(x; u)Hkd�1(d(x; u)) = V (K1)H(K2; : : : ;Kk) ;where H(K2; : : : ;Kk) does not depend on K1. The subsequent discussion will show that theintegral ZNf1;::: ;dg(K)G(x; u)Hkd�1(d(x; u))only produces contributions which have a degree of homogeneity with respect to K1 which isstrictly smaller than d. Hence we infer that in fact H(K2; : : : ;Kk) = 1.(c) It thus remains to consider the case I = f1; : : : ; kg. We write N�(K) := Nf1;::: ;kg(K).The integral ZN�(K)G(x; u)Hkd�1(d(x; u))



166 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESwill produce the mixed expressions in the polynomial expansion of the volume of theMinkowski sum K1 + : : :+Kk.First, recall thatN�(K) = n(x; u) 2 Rkd � Skd�1 : xi 2 bd Ki; ui 2 N(Ki; xi)o :Furthermore, we write N (K) := N (K1)� : : :�N (Kk) ;(x; u) := ((x1; u1); : : : ; (xk; uk)) and (tu) := (t1u1; : : : ; tkuk) ;where t1; : : : ; tk � 0. Next we introduce the transformationT : N (K)� Sk�1+ ! N�(K) ; ((x; u); t) 7! (x; (tu)) ;where Sk�1+ := nt 2 Sk�1 : ht; eii > 0 for i = 1; : : : ; ko :Obviously, T is Lipschitz, injective andHkd�1(N�(K)nim(T )) = 0. The generalized curvaturesof N (Kj) in (xj ; uj) are denoted by k1(j)((xj ; uj)); : : : ; kd�1(j)((xj ; uj)) and the associatedeigenvectors are denoted by a1(j)((xj ; uj)); : : : ; ad�1(j)((xj ; uj)), whenever they are de�ned;but usually, the argument is omitted. Moreover, we writeK j := d�1Yi=1p1 + ki(j)2 ;for j = 1; : : : ; k. We assume that a1(j)((xj ; uj)); : : : ; ad�1(j)((xj ; uj)); uj is positively ori-ented for j = 1; : : : ; k. Subsequently, we write f1; : : : ; fk�1; t for an orthonormal basis of Rkwhich is oriented in such a way thatdet(f1; : : : ; fk�1; t) = (�1)(k�1)k(d�1)=2 :For the components of fi we write fi = (f i1; : : : ; f ik)T . Now we can de�ne a simple unit(kd� 1)-vector ~a(�), which is associated with the tangent space of N (K)� Sk�1+ , by~a((x; u); t) := k̂j=1 1K j d�1̂i=1(o; : : : ; o| {z }2(j�1) ; ai(j); ki(j)ai(j); o; : : : ; o| {z }2(k�j) ; o) ^ k�1̂i=1(o; : : : ; o| {z }2k ; fi) ;for Hkd�1 almost all ((x; u); t) 2 N (K) � Sk�1+ . An application of the area formula henceyields ZN�(K) ju ^ Lj�(k�1)d1fu =2 Lg 
aK(x; u);  L(u)�Hkd�1(d(x; u))= ZN (K)�Sk�1+ j(tu) ^ Lj�(k�1)d1f(tu) =2 Lg� D~a((x; u); t); (T# L)((x; u); t)EHkd�1(d((x; u); t)) :



4.4 Mixed volumes, surface measures and generalized curvatures 167Indeed, the orientations are chosen properly, since the quantities
aK(x; u);  L(u)� (180)and D~a((x; u); t); (T# L)((x; u); t)E (181)are both non-negative. For the expression in (180) this is already known; for the quantity in(181) the assertion follows from the subsequent calculations.In order to check the last assertion and to arrive at the desired expression for mixed volumes,we rewrite (181) in a more explicit way. In fact, we can deduceD~a((x; u); t); (T# L)((x; u); t)E= D^kd�1ap DT ((x; u); t)~a((x; u); t);  L((tu))E= * k̂j=1 1K j d�1̂i=1(o; : : : ; o| {z }j�1 ; ai(j); o; : : : ; o| {z }k�1 ; tjki(j)ai(j); o; : : : ; o| {z }k�j )^^ k�1̂i=1(o; : : : ; o| {z }k ; f i1u1; : : : ; f ikuk);  L((tu))+ : (182)The vectors appearing on the right-hand side of (182) are successively denoted byA1; : : : ; Ad�1; : : : ; A(k�1)(d�1)+1; : : : ; Ak(d�1); Ak(d�1)+1; : : : ; Akd�1. In addition, we de�ne�0 : Rkd � Rkd ! Rkd , (x; y) 7! x, and �1 : Rkd � Rkd ! Rkd , (x; y) 7! y. Then, by thede�nition of the covector  L, the preceding two equalities can be continued with= 0@ kYj=1K j1A�1 j(tu) ^ Lj�(k�1)d!(k�1)d X�2Sh(d;(k�1)d�1) sgn(�)�* d̂i=1�0A�(i) ^ L?;
kd+* kd�1^i=d+1�1A�(i) ^ (tu) ^ L;
kd+ ;compare the proof of Proposition 4.4. Next we subdivide the set of all shu�es over which wesum into �ner subclasses. For �1; : : : ; �k 2 f0; : : : ; d� 1g and �1 + : : : + �k = d, we de�neSh(d(�1; : : : ; �k); (k � 1)d� 1)as the set of all � 2 Sh(d; (k � 1)d� 1) for which�(f1; : : : ; �1g) � f1; : : : ; d� 1g ;...�(f�1 + : : :+ �k�1 + 1; : : : ; �1 + : : : + �kg) � f(k � 1)(d � 1) + 1; : : : ; k(d� 1)g :



168 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESThe remaining shu�es, which do not lie in one of these subclasses, do not yield a contributionsubsequently. Thus we obtainD~a((x; u); t); (T# L)((x; u); t)E= j(tu) ^ Lj�(k�1)d!(k�1)d d�1X�1;::: ;�k=0�1+:::+�k=d X�2Sh(d(�1;::: ;�k);(k�1)d�1) sgn(�)0@ kYj=1K j1A�1
�* d̂i=1�0A�(i) ^ L?;
kd+* kd�1^i=d+1�1A�(i) ^ (tu) ^ L;
kd+ :The preceding analysis leads to the following preliminary integral representation� d�1 : : : �k�!(k�1)dk d2 V (K1[�1]; : : : ;Kk[�k])= ZN (K) ZSk�1+ 1f(tu) =2 Lgj(tu) ^ Lj�(k�1)d X�2Sh(d(�1;::: ;�k);(k�1)d�1) sgn(�)0@ kYj=1K j1A�1

�* d̂i=1�0A�(i) ^ L?;
kd+* kd�1^i=d+1�1A�(i) ^ (tu) ^ L;
kd+�Hk�1(dt)Hk(d�1)(d(x; u)) : (183)In fact, the right-hand side of the preceding equation is homogeneous of degree �i with respectto Ki. We postpone the proof of this assertion, which also justi�es the remaining assertion in(b), to the proof of Theorem 4.6. In fact, this can also be seen more directly by considering,for � = (�1; : : : ; �k) with �i > 0, the transformationT� : N (K)� Sk�1+ ! N (�1K1 � : : :� �kKk) ; ((x; u); t) 7! (�1x1; : : : ; �kxk; (tu)) ;instead of T .It remains to simplify the expression under the integral in (183). For that purpose wede�neI�(1) := �(f1; : : : ; �1g) � f1; : : : ; d� 1g ;...I�(k) := �(f�1 + : : :+ �k�1 + 1; : : : ; �1 + : : :+ �kg)� (k � 1)(d � 1) � f1; : : : ; d� 1g ;I�(j)c := f1; : : : ; d� 1g n I�(j) ; j = 1; : : : ; k ;



4.4 Mixed volumes, surface measures and generalized curvatures 169where � 2 Sh(d(�1; : : : ; �k); (k � 1)d � 1). Then we can deduce
sgn(�)0@ kYj=1K j1A�1* d̂i=1�0A�(i) ^ L?;
kd+* kd�1^i=d+1�1A�(i) ^ (tu) ^ L;
kd+= sgn(�)0@ kYj=1K j1A�1* ^i2I�(1)0BBB@ai(1)o...o 1CCCA ^ : : : ^ ^i2I�(k)0BBB@ o...oai(k)1CCCA ^ L?;
kd+

�*td�1��11 0@ Yi2I�(1)c ki(1)1A ^ ^i2I�(1)c0BBB@ai(1)o...o 1CCCA ^ : : : ^ td�1��kk
�0@ Yi2I�(k)c ki(k)1A ^ ^i2I�(k)c0BBB@ o...oai(k)1CCCA ^ k�1̂i=10B@f i1u1...f ikuk1CA ^0B@t1u1...tkuk1CA ^ L;
kd+= sgn(�)td�1��11 : : : td�1��kk 0@ kYj=1K j1A�10@ Yi2I�(1)c ki(1)1A : : :0@ Yi2I�(k)c ki(k)1A� 26664* ^i2I�(1)0BBB@ai(1)o...o 1CCCA ^ : : : ^ ^i2I�(k)0BBB@ o...oai(k)1CCCA ^ L?;
kd+377752

� sgn�DL? ^ L;
kdE� sgn0BBB@* ^i2I�(1)0BBB@ai(1)o...o 1CCCA ^ : : : ^ ^i2I�(k)0BBB@ o...oai(k)1CCCA^^ ^i2I�(1)c0BBB@ai(1)o...o 1CCCA ^ : : : ^ ^i2I�(k)c0BBB@ o...oai(k)1CCCA ^ k�1̂i=10B@f i1u1...f ikuk1CA ^0B@t1u1...tkuk1CA ;
kd+1CCCA



170 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIES= td�1��11 : : : td�1��kk 0@ kYj=1K j1A�10@ Yi2I�(1)c ki(1)1A : : :0@ Yi2I�(k)c ki(k)1A� 26664* ^i2I�(1)0BBB@ai(1)o...o 1CCCA ^ : : : ^ ^i2I�(k)0BBB@ o...oai(k)1CCCA ^ L?;
kd+377752
� sgn0BBB@*d�1̂i=10BBB@ai(1)o...o 1CCCA ^ : : : ^ d�1̂i=10BBB@ o...oai(k)1CCCA ^ k�1̂i=10B@f i1u1...f ikuk1CA ^0B@t1u1...tkuk1CA ;
kd+1CCCA :By some manipulations with determinants, we �nd thatsgn0BBB@*d�1̂i=10BBB@ai(1)o...o 1CCCA ^ : : : ^ d�1̂i=10BBB@ o...oai(k)1CCCA ^ k�1̂i=10B@f i1u1...f ikuk1CA ^0B@t1u1...tkuk1CA ;
kd+1CCCA
= (�1)(k�1)k(d�1)=2 det0BBB@Ed�1 . . . Ed�1 (f1 : : : fkt)1CCCA = 1 :In addition, we have26664* ^i2I�(1)0BBB@ai(1)o...o 1CCCA ^ : : : ^ ^i2I�(k)0BBB@ o...oai(k)1CCCA ^ L?;
kd+377752= �det� 1pk (hai(1); eji)dj=1 ji 2 I�(1); : : : ; 1pk (hai(k); eji)dj=1 ji 2 I�(k)��2= 1kd ������ k̂j=1 ^i2I�(j) ai(j)������2 :Moreover, ���(tu) ^ L����(k�1)d = k (k�1)d2 8<: X1�i<j�k jtiui � tjuj j29=;�(k�1)d=2 ;and this number is zero if and only if tiui = tjuj for all i 6= j, that is, if and only ift1 = : : : = tk = 1pk and u1 = : : : = uk :



4.4 Mixed volumes, surface measures and generalized curvatures 171In this case, we also have k̂j=1 ^i2I�(j) ai(j) = o :Finally, for �1; : : : ; �k 2 f0; : : : ; d � 1g with �1 + : : : + �k = d and u1; : : : ; uk 2 Sd�1, wede�neF (�; u) := kd( k2�1)!(k�1)d ZSk�1+  kYi=1 td�1��ii !8<: X1�i<j�k jtiui � tjuj j29=;�(k�1)d=2Hk�1(dt)if (u1; : : : ; uk) =2 L, and F (�; u) := 0 otherwise. Thus we can state the following theorem.Theorem 4.6 Let k; d � 2, �1; : : : ; �k 2 f0; : : : ; d � 1g with �1 + : : : + �k = d, andK1; : : : ;Kk 2 Kd. Then� d�1 : : : �k�V (K1[�1]; : : : ;Kk[�k])= ZN (K) F (�; u) XjIj j=�jj=1;::: ;k 8<: kYj=1Qi2Icj ki(j)K j 9=;������ k̂j=1 î2Ij ai(j)������2Hk(d�1)(d(x; u)) ;where the sum extends over all subsets Ij � f1; : : : ; d � 1g, j = 1; : : : ; k, of the prescribedcardinality.Proof. Almost all of the work has already been done. It remains to supply two further details.First, we indicate why the right-hand side of the asserted formula is homogeneous of degree�j with respect to Kj. To justify this, we remark that, for a convex body K 2 Kd and Hd�1almost all (x; u) 2 N (K), ki(�K;�x; u) = ��1ki(K;x; u) ;where � > 0 and i 2 f1; : : : ; d� 1g. Further, the Jacobian of the mapF� : N (K)! N (�K) ; (x; u) 7! (�x; u) ;is given by ap Jd�1F�(x; u) = �d�1 d�1Yi=1 q1 + (��1ki(K;x; u))2p1 + ki(K;x; u)2 :Applying these two facts to K1; : : : ;Kk, we obtain the assertion.Thus the assertion of the theorem is already established for convex bodies with interiorpoints. The general case follows from this by �rst considering Ki + �Bd and using then thecontinuity of both sides with respect to the limit � # 0; compare for example pp. 335-6 in[69] for a similar argument. �



172 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESRemark. The last step of the proof shows that in principle it is su�cient to prove thetheorem for convex bodies of class C1;1. This class is stable with respect to Minkowskiaddition and projection onto subspaces. (For higher classes of di�erentiability, ratherunexpected phenomena can occur; see the examples of Kiselman as reported in [123], Notesfor Section 2.5.) However, these facts do not seem to lead to a simpli�cation of the proofof Theorem 4.6. In fact, the transformation T , which we considered previously, cannot bereplaced by a map from bd K � Sk�1+ to bd K. Moreover, the use of the normal bundlesleads to a convenient linearization of the calculations.A corresponding representation can be established for mixed surface area measures, too. Sucha result, however, now involves a limit in the same way as Propositions 4.3 and 4.5.Theorem 4.7 Let k; d � 2, �1; : : : ; �k 2 f0; : : : ; d � 1g with �1 + : : : + �k = d � 1, andK1; : : : ;Kk 2 Kd. Further, let f 2 C(Skd�1). Then� d� 1�1 : : : �k��(k�1)dk� d�12 ZSd�1 f � 1pk (u; : : : ; u)�S(K1[�1]; : : : ;Kk[�k]; du)= lim�#0 ZN (K) ZSk�1+ f((tu)) XjJj=(k�1)d0@ kYj=1 td�1��jj 1A Yl2J r�l ((tu))! XjIj j=�jj=1;::: ;k 8<: kYj=1Qi2Icj ki(j)K j 9=;� det De�j(b�s((tu))); aij (j)E s2Jc;ij2Ijj=1;::: ;k !!2Hk�1(dt)H(k�1)d(d(x; u)) ;where e�j : Rkd ! Rd , (y1; : : : ; yk) 7! yj.Proof. Subsequently, we omit some details which are similar to the proof of Theorem 4.6.Moreover, we adopt the same notation as in the proof of Theorem 4.6 and the discussionpreceding it. By equation (171) and Proposition 4.5 we obtainZSd�1 f � 1pk (u; : : : ; u)�Sd�1(K1 + : : : +Kk; du)= k d�12 ZSkd�1\L f(u)SLd�1(K1 � : : :�KkjL; du)= lim�#0 k d�12 ZN (K) f(u) 
aK(x; u);  �L(u)�Hkd�1(d(x; u))= lim�#0 k d�12�(k�1)d ZNf1;::: ;kg(K) f(u) XjIj=d�1 XjJj=(k�1)dQIc ki(K; �)K (K ; �)� YJ r�l!" Ĵ b�s; Î at(K; �) ^ u#2Hkd�1(d(x; u)) :In the last step, we have used that if jIj � k � 1, then at least d of the kd � 1 generalizedcurvatures ki(K ; �) are zero and thereforeQIc ki(K; �)K (K ; �) = 0



4.4 Mixed volumes, surface measures and generalized curvatures 173for all I � f1; : : : ; kd� 1g with jIj = d� 1.Hence,ZSd�1 f � 1pk (u; : : : ; u)�Sd�1(K1 + : : :+Kk; du)= lim�#0 k d�12 ZN (K)�Sk�1+ f((tu))D~a((x; u); t)�T# �L� ((x; u); t)EHkd�1(d((x; u); t)) :In addition, we �ndD~a((x; u); t);�T# �L� ((x; u); t)E= 0@ kYj=1K j1A�1 X�2Sh(d�1;(k�1)d) sgn(�) XjJj=(k�1)d sgn(J) YJ r�l ((tu))!�* Ĵ b�s ^ Î �0At ^ (tu);
kd+* Ĵc b�s ^ Îc �1At ^ (tu);
kd+ :This shows that� d� 1�1 : : : �k�k� d�12 �(k�1)d ZSd�1 f � 1pk (u; : : : ; u)�S(K1[�1]; : : : ;Kk[�k]; du)= lim�#0 ZN (K)�Sk�1+ f((tu)) XjJj=(k�1)d sgn(J) YJ r�l ((tu))!0@ kYj=1K j1A�1
� X�2Sh((d�1)(�1 ;::: ;�k);(k�1)d) sgn(�)* Ĵ b�s ^ d�1̂i=1 �0A�(i) ^ (tu);
kd+�* Ĵc b�s ^ kd�1î=d �1A�(i) ^ (tu);
kd+Hkd�1(d((x; u); t)) ;once it is clear that the right-hand side has the proper degrees of homogeneity with respectto K1; : : : ;Kk. Using some multilinear algebra, we deduce that the last integrand is equal toXjJj=(k�1)d sgn(J) YJ r�l ((tu))! XjIj j=�jj=1;::: ;k 0@ kYj=1 td�1��jj 1A0@ kYj=1K j1A�1

� kYj=10@Yi2Icj ki(j)1A���������* Ĵ b�s((tu)) ^ î2I10BBB@ai(1)o...o 1CCCA ^ : : : ^ î2Ik0BBB@ o...oai(k)1CCCA ^ (tu);
kd+���������2 :The proof can now be completed as in the proof of Theorem 4.6. �



174 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESSubsequently, we mention several special cases of Theorem 4.6 which illustrate the generalresult. Of course, a similar discussion could be given for Theorem 4.7.(a) Obviously, Theorem 4.6 leads to various formulae for computing the mixed volume of asequence of convex bodies. In particular, the result can be used for calculating volumes, sincefor a convex body K we haveVd(K) = V (K[1]; : : : ;K[1]) = V (K[�];K[d � �]) ;to mention just a few possibilities.(b) The case k = 2 plays a special rôle, since�d��V (K1[�];K2[d� �]) = 	�;d��(K1;�K2;R2d) ;where 	�;d��(K1;�K2; �) denotes a particular mixed curvature measure and � 2 f1; : : : ; d�1g; see [110]. If one compares Theorem 2 in [110] and Theorem 1.6 in this special case one isled to expect the relationship (see the notation in [110])F (�; d � �; u1; u2) = F�;d��(�(u1; u2)) ;for u1 6= �u2, which can indeed be veri�ed.(c) Suppose that the assumptions of Theorem 1.6 are satis�ed. Assume further that P1; : : : ; Pkare polytopes in Rd . Then� d�1 : : : �k�V (P1[�1]; : : : ; Pk[�k])= XF12F�1 (P1) : : : XFk2F�k (Pk) V (F1 + : : : + Fk)[F1; : : : ; Fk]� Z�(P1 ;F1) : : : Z�(Pk;Fk) F (�; u)Hd�1��1(du1) : : :Hd�1��k(duk) ;where �(Pi; Fi) := N(Pi; Fi)\Sd�1 and [F1; : : : ; Fk] denotes the volume of the parallelepipedthat is the sum of the unit cubes in the a�ne hulls of F1; : : : ; Fk, respectively.It is not clear, at present, whether this very special case of Theorem 1.6 can bededuced from Theorem 4.1 in [126] for k > 2. Theorem 4.1 in [126] describes a method ofcomputing V (P1[�1]; : : : ; Pk[�k]) by summing the volumes V (F1+ : : :+Fk), Fi 2 F�i(Pi) fori = 1; : : : ; k, of certain parallelotopes according to a given selection rule. In contrast to sucha selective summation, in the preceding formula we sum over all possible faces Fi 2 F�i(Pi)for i = 1; : : : ; k, but now the volumes V (F1+ : : :+Fk) have to be weighted in a suitable way.(d) Suppose that the assumptions of Theorem 1.6 are satis�ed. Assume further that



4.5 Mixed curvature measures 175K1; : : : ;Kk are of class C1;1. Then� d�1 : : : �k�V (K1[�1]; : : : ;Kk[�k])= Zbd K F (�; �K(x)) XjIj j=�jj=1;::: ;k 8<: kYj=1Yi2Icj ki(j)(xj)9=;������ k̂j=1 î2Ij ai(j)������2 �
kj=1Hd�1� (dx) ;where bd K = bd K1 � : : : � bd Kk and �K(x) = (�K1(x1); : : : ; �Kk(xk)). It does not seemto be possible to give a more direct proof of this special case.(e) Suppose that the assumptions of Theorem 1.6 are satis�ed. Assume further thatK1; : : : ;Kk have support functions of class C1;1. Then� d�1 : : : �k�V (K1[�1]; : : : ;Kk[�k])= Z(Sd�1)k F (�; u) XjIj j=�jj=1;::: ;k 8<: kYj=1Yi2Ij ri(j)(uj)9=;������ k̂j=1 î2Ij ai(j)������2 �
kj=1Hd�1� (du) :Again a more direct approach to this formula does not seem to be known.(f) Clearly, one also obtains simpli�ed expressions for mixed volumes of convex bodies whichbelong to one of the classes considered in (c) { (e).4.5 Mixed curvature measuresThe basic aim of this last subsection is to derive representations for mixed curvature measureswhich are similar to those already obtained for mixed volumes.Let q; d � 2 and K1; : : : ;Kq 2 Kd. For unit vectors u1; : : : ; uq 2 Sd�1 we setconefu1; : : : ; uqg := ( qXi=1 �iui : �i > 0 for i = 1; : : : ; q)if o is not an element of the set on the right-hand side, and otherwise we de�neconefu1; : : : ; uqg := fog. Next we introduce the joint unit normal bundleN (K1; : : : ;Kq) := f(x1; : : : ; xq; u) 2 Rqd � Sd�1 : u 2 conefu1; : : : ; uqg for some(xi; ui) 2 N (Ki); i = 1; : : : ; qg ;compare [108]. Further, we setRc := f(x1; u1; : : : ; xq; uq) 2 (Rd � Sd�1)q : o =2 conefu1; : : : ; uqgg ;obviously, Rc is a Borel set. The mapT : [(N (K1)� : : : �N (Kq)) \Rc]� Sq�1+ ! N (K1; : : : ;Kq)



176 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESis de�ned by T (x1; u1; : : : ; xq; uq; t) := �x1; : : : ; xq; Pqi=1 tiuijPqi=1 tiuij� :It is easy to see that F is well-de�ned, locally Lipschitz and onto. Although F is not injective,the following lemma is su�cient for our purposes. The proof of Lemma 4.8 was suggested byJ. Rataj.Lemma 4.8 For Hqd�1 almost all elements of im(T ), the pre-image under T is a single point.Proof. We write 4(q � 1) := ((t1; : : : ; tq) 2 (0; 1)q : qXi=1 ti = 1)for the (q � 1)-dimensional open simplex embedded in Rq . Clearly, to prove the lemma it issu�cient to show that the mapG : [(N (K1)� : : : �N (Kq)) \Rc]�4(q � 1)! Rqd � Sd�1 ;(x1; u1; : : : ; xq; uq; t1; : : : ; tq) 7! �x2 � x1; : : : ; xq � x1; x1; Pqi=1 tiuijPqi=1 tiuij� ;has a unique pre-image for Hqd�1 almost all elements of im(G). For the proof we proceed byinduction. The case q = 2 has been established in [158]. Now we assume that the assertionhas already been proved for q � 1 convex bodies. Set�Rc := f(y1; : : : ; yq�1; u; y; v) 2 R(q�1)d � Sd�1 � Rd � Sd�1 : o =2 conefu; vgg :To establish the assertion for q convex bodies K1; : : : ;Kq, q � 3, we introduce the maps'q : Rqd � Rd ! Rqd � Rd ; (x1; : : : ; xq; u) 7! (x2 � x1; : : : ; xq � x1; x1; u) ;G2 : [(N (K1)� : : : �N (Kq)) \Rc]�4(q � 1)! (['q�1(N (K1; : : : ;Kq�1))�N (Kq)] \ �Rc)� (0;1) ;(x1; u1; : : : ; xq; uq; t1; : : : ; tq)7!  x2 � x1; : : : ; xq�1 � x1; x1; Pq�1i=1 tiuijPq�1i=1 tiuij ; xq; uq; tqjPq�1i=1 tiuij! ;and G1 : (['q�1(N (K1; : : : ;Kq�1))�N (Kq)] \ �Rc)� (0;1)! 'q(N (K1; : : : ;Kq)) ;(z2; : : : ; zq�1; x1; v; xq; uq; s) 7! �z2; : : : ; zq�1; xq � x1; x1; v + suqjv + suqj� ;hence, G = G1�G2. By the inductive hypothesis it follows that, for Hqd�1 almost all elementsof im(G2), the map G2 has a unique pre-image. Thus, since G1 is locally Lipschitz, the image



4.5 Mixed curvature measures 177under G1 of the set of all elements of im(G2) for which the pre-image under G2 is not uniquelydetermined has (qd� 1)-dimensional Hausdor� measure zero.Furthermore, for Hqd�1 almost all(z2; : : : ; zq�1; x1; v; xq ; uq; s) 2 (['q�1(N (K1; : : : ;Kq�1))�N (Kq)] \ �Rc)� (0;1)we have (x1; v) 2 N (K1 \ (K2 � z2) \ : : : \ (Kq�1 � zq�1)) ;and therefore the result in [158] shows that Hqd�1 almost all elements of im(G2) have a uniquepre-image under G1. In fact, here we use thatv + suqjv + suqj = 1s+1v + ss+1uqj 1s+1v + ss+1uqjand (0;1)! (0; 1), s 7! (1 + s)�1s, is locally bi-Lipschitz. Thus the assertion follows. �In order to describe the current representation of mixed curvature measures, which is ourstarting point, we recall some notation from [108]. Let q; d � 2 and r1; : : : ; rq 2 f0; : : : ; d�1gwith r1 + : : : + rq � (q � 1)d; thus, necessarily q � d. Note that in view of Corollary 3.3in [150], Proposition 4 in [151] or [108], we need not consider the case ri = d for somei 2 f1; : : : ; qg. We set R1 := r1, R2 := r1 + r2, ... , Rq := r1 + : : : + rq, rq+1 := qd� 1� Rqand k := r1+ : : :+ rq� (q�1)d 2 f0; : : : ; d� qg; hence rq+1 = d�1�k. Let Sh(r1; : : : ; rq+1)denote the set of all permutations of f1; : : : ; qd � 1g which are increasing on each of thesets f1; : : : ; R1g, fR1 + 1; : : : ; R2g, ... , fRq + 1; : : : ; qd � 1g. Following [108], we write'r1;::: ;rq 2 Dqd�1(R(q+1)d ) for the di�erential form which is de�ned by*qd�1̂j=1 �a1j ; : : : ; aq+1j � ; 'r1;::: ;rq(x1; : : : ; xq; u)+= 1!d�k (�1)c1(d;r1;::: ;rq) X�2Sh(r1;::: ;rq+1) sgn(�)� 24R1̂i=1 a1�(i); R2̂i=R1+1 a2�(i); : : : ; Rq̂i=Rq�1+1 aq�(i); qd�1̂i=Rq+1 aq+1�(i) ^ u35 ;where aij 2 Rd , for i 2 f1; : : : ; q + 1g and j 2 f1; : : : ; qd � 1g, is arbitrarily chosen. Fora de�nition of the bracket [ ; : : : ; ] we refer to [108]. The numerical value of the constantc1(d; r1; : : : ; rq) 2 Z, as given in [108], does not seem to be correct. However, it is notnecessary to specify the precise value in the following as long as it is clear that it merelydepends on d; r1; : : : ; rq.Writing aK1;::: ;Kq for the unit simple (qd � 1)-vector�eld which is associated withN (K1; : : : ;Kq) almost everywhere, and with orientation as prescribed in [108], we obtainthe representationCr1;::: ;rq(K1; : : : ;Kq;A) := h�Hqd�1 xN (K1; : : : ;Kq)� ^ aK1;::: ;Kqi (1A'r1;::: ;rq)



178 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESfor the mixed curvature measure of K1; : : : ;Kq of order r1; : : : ; rq, where A � Rqd � Sd�1 isan arbitrary Borel measurable set. Furthermore, for t 2 Sq�1+ we de�ne~u(t) := qXi=1 tiui and u(t) := Pqi=1 tiuijPqi=1 tiuijif u1; : : : ; uq 2 Sd�1 are linearly independent,�r((x; u);A) := 1!d�k ZSq�1+ 1A(x; u(t)) qYi=1 td�1�rii j~u(t)j�(d�k)Hq�1(dt)if u1; : : : ; uq 2 Sd�1 are linearly independent, and �r((x; u);A) := 0 otherwise, where (x; u) 2N (K) := N (K1)� : : : �N (Kq) and A � Rqd � Sd�1 is a Borel measurable set.Theorem 4.9 Let q; d � 2, K1; : : : ;Kq 2 Kd, r1; : : : ; rq 2 f0; : : : ; d� 1g with r1+ : : :+ rq �(q � 1)d and k := r1 + : : :+ rq � (q � 1)d. Further, let A � Rqd � Sd�1 be Borel measurable.Then Cr1;::: ;rq(K1; : : : ;Kq;A) =ZN (K) �r((x; u);A) XjIj j=rjj=1;::: ;q qYj=1Qi2Icj ki(j)K j� ������ q̂j=1 î2Icj ai(j) ^ u1 ^ : : : ^ uq������2Hq(d�1)(d(x; u)) :Proof. For given t 2 Sq�1+ we denote by f1; : : : ; fq�1; t an orthonormal basis of Rq whoseorientation is chosen in such a way thatdet(f1; : : : ; fq�1; t) = (�1)c1(d;r1;::: ;rq)+c2(d;r1;::: ;rq)+c3(d;r1;::: ;rq) ;where ci(d; r1; : : : ; rq) 2 Z, i = 2; 3, are constants depending merely on d; r1; : : : ; rq, andwhich are given explicitly in the course of the proof. All other conventions of the previoussubsection concerning orientations of bases are preserved. Hence we obtainCr1;::: ;rq(K1; : : : ;Kq;A) =ZN (K) ZSq�1+ D^kd�1ap DT ((x; u); t)~a((x; u); t); 'r1;::: ;rq(u(t))E� 1A(x; u(t))Hq�1(dt)Hq(d�1)(d(x; u)) ;where ~a((x; u); t) is de�ned as in the previous subsection (with k replaced by q), and theorientation is properly chosen as we shall see.



4.5 Mixed curvature measures 179A direct calculation shows that, for Hqd�1 almost all ((x; u); t) 2 N (K)� Sq�1+ ,^qd�1ap DT ~a((x; u); t) = 1K 1 d�1̂i=1 �ai(1); o; : : : ; o; t1ki(1)j~u(t)j ai(1) + �i(1)~u(t)� ^...^ 1K q d�1̂i=1 �o; : : : ; o; ai(q); tqki(q)j~u(t)j ai(q) + �i(q)~u(t)�^ q�1̂i=1�o; : : : ; o; ~u(fi)j~u(t)j + �i~u(t)� ;where �i(j), i 2 f1; : : : ; d � 1g and j 2 f1; : : : ; qg, and �i, i 2 f1; : : : ; q � 1g, are suitablychosen. We write Sh�(r1; : : : ; rq+1) for the set of all � 2 Sh(r1; : : : ; rq+1) which satisfy�(f1; : : : ; R1g) � f1; : : : ; d� 1g...�(fRq�1 + 1; : : : ; Rqg) � f(q � 1)(d � 1) + 1; : : : ; q(d� 1)g ;and then we de�ne I�(i) and I�(i)c, for � 2 Sh�(r1; : : : ; rq+1), as in the preceding subsection.Thus we arrive atD^qd�1ap DT ~a((x; u); t); 'r1;::: ;rq(u(t))E= 1!d�k (�1)c1(d;r1;::: ;rq) X�2Sh�(r1;::: ;rq+1) sgn(�)0@ qYj=1 td�1�rjj 1A qYj=1Qi2I�(j)c ki(j)K j j~u(t)j�(d�k)� 24 ^i2I�(1) ai(1); : : : ; ^i2I�(q) ai(q); ^i2I�(1)c ai(1) ^ : : : ^ ^i2I�(q)c ai(q) ^ q�1̂i=1 ~u(fi) ^ ~u(t)35 :(184)Observe that q�1̂i=1 ~u(fi) ^ ~u(t) = det(f1; : : : ; fq�1; t)u1 ^ : : : ^ uq (185)and sgn(�) = 0@ qYj=1 sgn(I�(j)I�(j)c)1A (�1)c2(d;r1;::: ;rq) : (186)Set ��0 := ^i2I�(1)c ai(1) ^ : : : ^ ^i2I�(q)c ai(q) ^ u1 ^ : : : ^ uq ;



180 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESwhere � > 0 and j�0j = 1, and choose the unit simple (r1 + : : :+ rq)-vector �1 in such a waythat h�0 ^ �1;
i = 1 ;hence24 ^i2I�(1) ai(1); : : : ; ^i2I�(q) ai(q); ^i2I�(1)c ai(1) ^ : : : ^ ^i2I�(q)c ai(q) ^ q�1̂i=1 ~u(fi) ^ ~u(t)35= �* q̂j=124sgn(I�(j)I�(j)c) ^i2I�(j)c ai(j) ^ uj35 ^ �1;
+= �0@ qYj=1 sgn(I�(j)I�(j)c)1A (�1)c3(d;r1;::: ;rq)* q̂j=1 ^i2I�(j)c ai(j) ^ u1 ^ : : : ^ uq ^ �1;
+= �20@ qYj=1 sgn(I�(j)I�(j)c)1A (�1)c3(d;r1;::: ;rq) : (187)Combining (184) { (187), we �nally obtain the required assertion. �Remarks.1. For convex bodies K1;K2 2 Kd and � 2 f1; : : : ; d� 1g, the relationship�d��V (K1[�];K2[d� �]) = C�;d��(K1;�K2;R2d � Sd�1)is well-known. This equality now can also be veri�ed from the corresponding specialcases of Theorems 4.6 and 4.9.2. By de�nition and using the preceding notation, we have������ q̂j=1 î2Icj ai(j) ^ u1 ^ : : : ^ uq������ = [linfai(1) : i 2 I1g; : : : ; linfai(q) : i 2 Iqg] ;where the bracket on the right-hand side is de�ned as in [151] and is therefore non-negative.Similar to the discussion in the preceding subsection, Theorem 4.9 can be speci�ed in variousways. The case where K1; : : : ;Kq 2 Kd are polytopes is of particular interest, since itshows that the representation of mixed curvature measures given in Theorem 4.9 extends thede�ning relationship (3.1) in [151] in a natural way. For Fi 2 Fri(Ki), the bracket [F1; : : : ; Fq]is de�ned as in [151] in the following.



4.5 Mixed curvature measures 181Corollary 4.10 Let q; d � 2, let K1; : : : ;Kq 2 Kd be polytopes (or polyhedral sets), letr1; : : : ; rq 2 f0; : : : ; d � 1g with r1 + : : : + rq � (q � 1)d and k := r1 + : : : + rq � (q � 1)d.Further, let A � Rqd and C � Sd�1 be Borel measurable. ThenCr1;::: ;rq(K1; : : : ;Kq;A� C) = XF12Fr1 (K1) : : : XFq2Frq (Kq) Hd�1�k ((Pqi=1N(Ki; Fi)) \C)!d�k� [F1; : : : ; Fq] (
qi=1 (Hri xFi)) (A) :In particular, Corollary 4.10 is an extension of the de�ning relation (3.1) in [151], since
(F1; : : : ; Fq;K1; : : : ;Kq) = Hd�1�k �(Pqi=1N(Ki; Fi)) \ Sd�1�!d�k ;provided that lin N(K1; F1); : : : ; lin N(Kq; Fq) are linearly independent subspaces.Proof. We continue to use the previous notation. Under the present special assumptions, theformula of Theorem 4.9 boils down toCr1;::: ;rq(K1; : : : ;Kq;A� C) = XF12Fr1 (K1) : : : XFq2Frq (Kq) [F1; : : : ; Fq] (
qi=1 (Hri xFi)) (A)� ZSq�1+ ZN(K1;F1)\Sd�1 : : : ZN(Kq;Fq)\Sd�10@ qYj=1 td�1�rjj 1A� ������ q̂j=1 î2Icj ai(j) ^ u1 ^ : : : ^ uq������ 1C(u(t))j~u(t)j�(d�k)�Hd�1�rq(duq) : : :Hd�1�r1(du1)Hq�1(dt) ;where fai(j) : i 2 Icjg is an orthonormal basis of Tan(N(Kj ; Fj)\Sd�1; uj) and fai(j) : i 2 Ijgspans lin(Fj � Fj), j = 1; : : : ; q. Let Fj 2 Frj (Kj), j = 1; : : : ; q, be �xed and assume thatlin N(K1; F1); : : : ; lin N(Kq; Fq) are linearly independent. Consider the mapT : N(K1; F1)� : : :�N(Kq; Fq)� Sq�1+ ! Sd�1 ; (u1; : : : ; uq; t) 7! u(t) :Then the assertion of the corollary follows by an application of the area formula once we havechecked thatJT (u; t) = j~u(t)j�(d�k)0@ qYj=1 td�1�rjj 1A������ q̂j=1 î2Icj ai(j) ^ u1 ^ : : : ^ uq������ :In fact, using the previous notation, we �nd that@T@ai(j) (u; t) = tjai(j)j~u(t)j + �i(j)u(t) ;



182 4 MIXED VOLUMES AND MEASURES OF CONVEX BODIESwhere i 2 Icj , j 2 f1; : : : ; qg, and �i(j) 2 R,@T@fl (u; t) = ~u(fl)j~u(t)j + �lu(t) ;where l 2 f1; : : : ; q � 1g and �l 2 R, and� @T@ai(j) (u; t); u(t)� = �@T@fl (u; t); u(t)� = 0 :Here f1; : : : ; fq�1; t is an orthonormal basis of Rq . ThusJT (u; t) = ������ q̂j=1 î2Icj � tjai(j)j~u(t)j + �i(j)u(t)� ^ q�1̂i=1� ~u(fi)j~u(t)j + �iu(t)�������= ������ q̂j=1 î2Icj � tjai(j)j~u(t)j � ^ q�1̂i=1� ~u(fi)j~u(t)j� ^ u(t)������= j~u(t)j�(d�k) ������ q̂j=1 î2Icj (tjai(j)) ^ q�1̂i=1 ~u(fi) ^ ~u(t)������ ;from which the formula for the Jacobian immediately follows.
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