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ARTICLE INFO ABSTRACT
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Recently, we revealed anomalous static response in metamaterials with strong beyond-nearest-neighbor in-
teractions or nonlocal interactions. Therein, the displacement field of a metamaterial beam when stretched is not
simply linear in space like for ordinary materials, but rather exhibits pronounced spatial oscillations. The unusual
behavior originates from evanescent Bloch modes at zero frequency, or frozen evanescent modes, with large
decaying length. Here, we start from a discrete nonlocal mass-and-spring model and adopt an effective-medium
approach based on higher-order differential equation to describe the anomalous behaviors. We demonstrate that
the theory well captures the frozen evanescent modes and predicates the exact spatial oscillations of the
displacement field. The strong dependence of the displacement field on the beam length is also revealed. The
feasibility of the effective-medium approach is validated by comparison with the uniaxial tensile test results of
metamaterials designed to support the anomalous frozen evanescent phonons. This theory can potentially be
used for exploring other intriguing phenomena in nonlocal materials.

Band structure

Spatial oscillation
Effective-medium approach
Higher-order differential equation

1. Introduction and Bilal, 2024), which is previously only accessible in correlated

quantum system (Landau, 1941; Godfrin et al., 2012). Such unusual

Metamaterials are often designed by engineering local interactions
inside their unit cells (Kadic et al., 2019; Jiao et al., 2023; Krushynska
et al., 2023; Chen et al., 2019; Karpov and Rahman, 2025; Han et al.,
2025; Bergne et al., 2022), while nonlocal interactions between distant
unit cells are less appreciated due to generally weak strength. Recent
study shows that nonlocal interactions in metamaterials can be signifi-
cantly enhanced and can even surpass local interactions by physically
coupling non-neighboring unit cells (Chen et al., 2021; Fleury, 2021).
Pronounced nonlocal interactions can drastically alter metamaterial
dispersion bands and offer opportunity to shape any desired dispersion
band (Kazemi et al., 2023). The highly unusual roton-like band, featured
by alocal minimum on the band at a finite wavenumber, is an interesting
example (Cui et al., 2022; Zhu et al., 2022; Chen et al., 2023a; Duan
et al., 2023; Rajabpoor Alisepahi et al., 2023; Yang et al., 2023; Samak

band enables multiple interesting wave properties, e.g., negative
refraction, multiple co-existing Bloch eigenstates (Wang et al., 2022).
Recent study further reveals that nonlocal mechanical systems not
only exhibit exotic wave properties, but also show intriguing static
response (Chen et al., 2024a). For an ordinary beam, unidirectional
stretch leads to homogenous tension and a linear displacement field in
the beam. In sharp contrast, local contraction and spatially-oscillating
displacement field are possible in nonlocal metamaterial beams (Chen
et al., 2024a). Furthermore, a longer beam can exhibit larger axial
stiffness than a shorter beam. The counterintuitive response originates
from the roton-like minimum induced zero-frequency evanescent mode
at a finite complex-valued wavenumber (Chen et al., 2024a). The mode
freezes in time due to zero frequency and is also called as frozen
evanescent modes (Chen et al., 2024a; Martinez et al., 2025). Due to its
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finite complex-valued wavenumber, kzgy, the mode exhibits a spatial
oscillation period or “wavelength” of p= 27 /|Re(kzem)| and decays
exponentially in space with a decaying length [ = 1 /|Im(kzgm)|- In
general, frozen evanescent modes are ubiquitous in periodic systems.
They are often negligible due to a small decaying length (Prodan, 2006).
The roton-like minimum frequency can be brought sufficiently close to
zero by engineering the nonlocal interactions, leading to anomalous
frozen evanescent modes with much larger decaying length, which is
essential for the unusual static response (Chen et al., 2024a).

Apart from the nonlocal interactions, different strategies, e.g.,
chirality, easy mode or mechanism mode, have been adopted for
achieving roton-like bands (Kishine et al., 2020; Chen et al., 2024b;
Bossart and Fleury, 2023; Grof} et al., 2024). We remark that the above
unusual behavior is not limited to roton-like bands but can arise from
general low-frequency minimums on dispersion band (Coulais et al.,
2018). For mechanical metamaterials, a good strategy for achieving
local minimums on dispersion bands is to adopt easy modes or zero
modes in the design (Grop et al., 2024), which are deformation modes
that conceptually cost no strain energy. In fact, the frozen evanescent
modes become easy modes when the local minimum exactly lies at zero
(Chen et al., 2024a).

Though the physics of the unusual behaviors are well explained from
frozen evanescent phonons (Chen et al., 2024a), this study does not
incorporate an effective-medium continuum description, and the
effective-medium continuum description of these modes remains elusive
(Milton, 2002). Such continuum theory can potentially facilitate further
optimization and application of the phenomenon without the
demanding microstructure computation. Cauchy elasticity theory
(Marin and Lesnic, 2004; Marin, 2009), which cannot account for
nonlocal interactions, apparently is not suitable for the purpose. In
literature, different continuum models have been proposed for nonlocal
mechanical systems, including micropolar continuum theory, micro-
morphic elasticity, strain gradient elasticity and so on (Eringen, 1966;
Shaat et al., 2020; Chen et al., 2020). Here, we specifically focus on
discrete systems, which has been modeled previously by using fractional
differential equations (Carpinteri et al., 2014) or high-order differential
equations (Iglesias Martinez et al., 2021). The former is mainly
considered when nonlocal interactions are relatively small and do not
significantly change the dispersion bands (Chen et al., 2023b). The later
has been derived for studying strong nonlocal interactions and has
previously been used to study dynamic behaviors of nonlocal meta-
materials (Chen et al.,, 2023b). Here, considering the nonlocal in-
teractions of interest in our study, we adopt the later model for our
purpose.

The paper is organized as below. We start from a one-dimensional

(a)

m
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mathematical toy model with strong nonlocal interactions based on
masses and springs. A high-order differential equation description of the
nonlocal model is also briefly introduced. Then, we compare frozen
evanescent modes in the discrete model and an effective-medium model.
We further study and compare the static response of a finite-length
beam. Different parameters, including decaying length and system
size, are studied. Finally, we compare the displacement field from the
discrete model and the effective-medium model with the experimental
results of the previously studied frozen evanescent phonon meta-
material. The results show that the effective-medium model can provide
an excellent description of the observed unusual static response.

2. Nonlocal model and frozen evanescent modes

We first introduce the proposed infinite periodic nonlocal discrete
mass-and-spring model with the lattice constant a shown in Fig. 1(a).
The blue dots represent masses. The green zigzag lines represent springs,
with spring constant K;, and mediate local interactions between adja-
cent masses. The red lines stand for springs, with the spring constant K3,
between masses separated by a distance of 3a. When the nonlocal in-
teractions are sufficiently strong compared to the local interactions, the
system will have a local minimum, or roton-like minimum, on its
dispersion band, which can further lead to anomalous static effects.

From the Newton’s equation of motion, the relationship between the
acceleration i, and the displacement u, at lattice site n can be expressed
as follows

mﬁn =K (un+1 —2u, + unfl) + K3 (u,l+3 —2u, + u,,,3). (€8]

In order to obtain the dispersion relation, we assume the Bloch wave
ansatz, u,(t) = uexp (i(nka — wt)), where U represents the amplitude, i
denotes the imaginary part,  and k, are the frequency and wave-
number, respectively. By applying the Bloch wave ansatz to Eq. (1), the
dispersion relation is obtained

_ Kl.zka K3.23ka
k) = 2\/ oS0 (?) +sin (7) (2)

A roton-like band is obtained when K3/K; > 1/3 (Chen et al., 2021),
as illustrated in Fig. 2. A local minimum frequency @, occurs at a finite
wavenumber k,;,. Previous investigations have elucidated that the
emergence of the minimum on the roton-like band stems from extraor-
dinary Bragg reflection interactions, arising from the intricate interplay
between local interactions and nonlocal interactions. The slope of the
dispersion relation in the long-wavelength limit is co. These parameters
can be derived from the dispersion relation in Eq. (2) and are given

K:
1

0 x

o> x
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Fig. 1. One-dimensional nonlocal mass-and-spring model. (a) Infinite mass-and-spring model with nearest-neighbor and third-nearest-neighbor interactions.
Masses m are represented by blue dots. The green zigzag lines represent the nearest-neighbor springs with spring constant K; . The red lines correspond to the third-
nearest-neighbor springs with spring constant is K3. We number each mass and select the central mass as the origin of the coordinates. (b) A finite system with length
L.The left-hand side is fixed and a displacement constraint is applied to the right-hand side. (For interpretation of the references to colour in this figure legend, the

reader is referred to the Web version of this article.)
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Fig. 2. Schematic diagram of a roton-like dispersion relation. The param-
eter co represents the slope of the roton-like dispersion relation in the long
wavelength limit. @mi, is the local minimum frequency at a finite wave-
number k.
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In order to describe the nonlocal mass-and-spring model with an
effective-medium approach, we first need to obtain a continuum version
of the governing Eq. (1). This can be done by replacing the finite dif-
ference operators with ordinary differential operators (Chen et al.,
2023b). Considering the balance between computational efficiency and
accuracy, we chose to use up to the sixth order derivatives in this study,
which is a minimal continuum model to reproduce the roton-like min-
imum. For example, a truncation to second-order derivatives leads to a
monotonic dispersion relation, while a truncation to fourth-order only
captures a local maximum on the dispersion relation but not the local
minimum. The inclusion of even higher-order derivatives, such as
eight-order derivatives, can provide similar quantitative agreement
(Fig. S4-S7 in Supplementary Material) between the continuum model
and the discrete system, however, it requires more intricate boundary
conditions. By truncating to six-order spatial derivative, the following
governing equation is derived (Chen et al., 2023b)

u(x,t Pu(x, t tu(x,t Fu(x,t
() _, Putxe) | dute) | Ful)
ot? 0x? ox* 0x®
Here, A, A4 and A¢ are unknown material parameters and u(x, t) is

the displacement field. With the plane wave ansatz, we can derive the
following dispersion relation

(€3]

(k) = \/ (Ask® — Ask* + Ak®) ®)

The material parameters A,, A, and A¢ can be obtained by fitting Eq.
(5) to the dispersion relation of the discrete model, i.e., Eq. (2). Spe-
cifically, we match the slope of the dispersion relation in the long-
wavelength limit, the wavenumber, ky;,, and the frequency, wmyy,, for
the roton-like minimum. The three material parameters can then be
obtained from cg, @iy and kpy,, introduced in Eq. (3),

A2 = C(Z)
Ay = (2Cgk?nin - S“fmn)/ Khin (6)
A = (Cgkrznin - 2a)12nin)/ Kovin

The obtained material parameters in Eq. (6) are used for the
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following comparison between the discrete model and the continuum
theory. The coefficients in Eq. (6) are expressed in terms of the three
parameters Cp, @Wpin and ky,, which are related to K; and K3. In principle,
the three coefficients A,, A4 and A¢ can be explicitly formulated as
functions of K; and K;. However, such expressions are excessively
lengthy and cumbersome. To maintain clarity and conciseness, the co-
efficients in Eq. (6) are instead expressed in terms of the intermediate
parameters €y, @pin and K-

We first compare the dispersion relation and the frozen evanescent
phonons from the two calculations. In Fig. 3(a), we plot the dispersion
relation of the discrete system (dashed lines) and the continuum model
(solid lines) for a stiffness ratio K3/K; = 30. The roton-like dispersion
relations (black dashed and solid lines) are given in the grey plane. Two
branches (yellow and green branches) with complex-valued wave-
number start from the roton-like minimum and arrive at the w =0
plane. The highlighted yellow dots and green dots correspond to frozen
evanescent phonons (Chen et al., 2024a). They constitute part of the
solutions for static response of a finite system and are essential for the
following observed anomalous effects. The displacement fields of the
frozen evanescent phonons are plotted in Fig. 3(b). They have an
oscillation period of 1 = 27/Re(k) ~ 3a and exponentially decays in
space. The decaying direction is determined by the sign of the imaginary
part of its wavenumber. A positive imaginary component indicates
exponentially decaying towards the right (see yellow lines and dots in
(b)). Likewise, a negative imaginary component means exponentially
decaying towards the left (see green lines and dots in (b)). We obtain a
nice agreement between the discrete model and the continuum theory.
Smaller stiffness ratio leads to frozen evanescent phonons with much
smaller decaying length (see Supplementary Material Fig. S1-S3).

3. Anomalous static response

Herein, we consider a finite beam system with length L as depicted in
Fig. 1(b). The system is fixed at the left end and a displacement load upax
is applied to the right-hand side. In an ordinary mass-and-spring system
with only local interactions, a static stretch leads to a linear displace-
ment field of the system. However, the situation becomes rather
different here for the nonlocal system with frozen evanescent phonon
modes. The force-balance equation for the mass at lattice site n writes as
(Chen et al., 2024a)

Ki(Uni1 + Un-1 — 2up) + K3 (Unyz — 2Uup + Up3) =0,n=3,...L/a— 3.
7
The total displacement field is the superposition of several parts.

First, the following linear or affine displacement field must be involved
as it apparently satisfies the above Eq. (7)

we — By 4 En,n=0,1,2...,L/a, (8)

with Es and Eg being unknown constants. Furthermore, multiple frozen
evanescent phonon solutions of the following form must be included

u® = exp(ikj(na — L/2)),n=0,1,2....L/a. 9

In which, k; must satisfy the same dispersion relation as in Eq. (2)
k; k;
K, sin® (g) Ky sin? (3 17“) ~o 10

We only need consider solutions of k; with its real part inside the first
Brillouin zone, — #/a < Re(k;) < z/a. Other solutions of k; is simply
translation of integer multiples of 2z/a, which does not affect the
displacement field solution of frozen evanescent phonons in Eq. (9).

In Fig. 3(a), we only plot the dispersion relations with Re(k) > 0. In
fact, the dispersion relation exhibits mirror symmetry with respect to the
plane of Re(k) = 0. For the mass-and-spring model, with these param-
eters used in Fig. 3(a), we obtain frozen evanescent phonons with the
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Fig. 3. Dispersion relation in complex-valued wavenumber space and frozen evanescent phonons. (a) Dispersion relations for the discrete model (dashed
lines) and the continuum model (solid lines). The stiffness ratio is K3/K; = 30. The curves on the grey plane are the dispersion relations for real wavenumbers and
roton-like minimums are clearly seen. Two complex dispersion branches with real frequency but complex-valued wavenumbers emerge from the roton-like minimum
and reach down to the @ = 0 plane, leading to frozen evanescent phonons (see the yellow and green dots) at wavenumbers k, ~ (0.666 +0.033 i) z/a for the discrete
model and at wavenumbers k, ~ (0.666 £0.017 i) z/a for the continuum model. (b) Illustration of the displacement field of the frozen evanescent phonons localized
at left end (cf. yellow dots) and localized at right end (cf. green dots). Results for K3/K; = 15, K3/K; =5 and K3/K; = 1 are shown in Supplementary Material
Fig. S1-S3. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

below wavenumbers

ky = (0.666 + 0.033i)/a,k, = (—0.666 + 0.033i)7/a, ks = —ky, ks
= —k2.
an

As stated before, the decaying direction of the displacement field in
Eq. (9) is related to the imaginary part of the wavenumber k;.

The total displacement field of the mass-and-spring model can be
assumed to be a linear combination of the above several parts

u, = Es + Egn + ijE, exp(ikjna) (12)

The total displacement field Eq. (12) automatically ensure the force-
balance condition in Eq. (7). The unknown coefficients E,, E; and E;
depends on the boundary conditions. Specifically, the first and the last
masses are prescribed with known displacement

up =0, Ur/q = Unmax- 13)

Furthermore, the masses at lattice sites 1, 2, L/a—2 and L/ a— 1
must be balanced

Kl(uo + Uy — 2111) +K3(U4 *ul) =0

K1 (u1 +us — ZUZ) +K3(U5 - uz) =0 (14)
Ky (Urja—3 + Urja1 — 2Up/a-2) + K3 (Uz/a-s — Urja2) =0

Ky (Uzja-2 + Urja — 2upja1) + K3 (Upjas — Upje1) =0

From the above six conditions in Eqgs. 13 and 14, the six unknown
coefficients E, ...Eg can be determined. The total displacement field and
different parts are therefore obtained.

Next, we solve the displacement field of the finite length beam by
using the continuum model as demonstrated previously. The displace-
ment field satisfy a similar differential equation as in Eq. (4)

o*u(x)
ox*
Here, the displacement field u(x) is time independent. The minimal

spatial derivative in Eq. (15) is second order, therefore the following
affine solution must be one part of the total displacement field

®u(x)

o, (as)

Azdzu(x)

2 +Ay

+ As

uaffine (x) = Csx + Cg,, (16)

Cs and Cg are two unknown coefficients. In addition, the continuum
model exhibits similar frozen evanescent phonons as in the discrete
system. We can assume the following displacement form

U (x) = exp(ikx). a7
In which, the parameter k satisfy
k*(Az — Aqk® + Agk?) =0 (18)

The solution of k = 0 actually corresponds to the linear solution in
Eq. (16). We only need to consider non zero solutions of k

Aq+ /AL —4AA,

2A6

Jka = —ks.

19

The total displacement field can then be assumed as a linear com-
bination of the above solutions

u(x) = Csx + Cs + ijc, exp (ikx). (20)

The six unknown coefficients C;, C,, C3, C4, Cs and Cg need to be
determined from the boundary conditions. However, the formulation of
boundary conditions in nonlocal continuum models remains a subtle
issue, especially for boundaries where artificial constraints may arise.
This challenge has been extensively discussed in the literature (Ceballes
et al., 2021; Puglisi, 2006, 2007), including the work by Ceballes et al.
(2021), which highlights several paradoxes and inconsistencies associ-
ated with nonlocal boundary treatments. In this study, the boundary
conditions have been carefully selected to reflect the physics and also to
ensure a nice agreement between the discrete model and the continuum
model. Specifically, the following set of boundary conditions is applied:
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The first two equations correspond to the clamped and loaded
displacement boundaries at the left and right end of the beam, respec-
tively. The remaining four boundary conditions impose anti-symmetric
conditions to the derivatives of the displacement field at the two ends
of the beam. In general, displacement derivatives, such as the first-order
derivative, are related to forces or gradients of forces if nonlocal in-
teractions are included. As a result, the four equations ensure that the
forces and gradients of forces at the two boundaries are balanced. This
set of boundary conditions is also compatible with the symmetry of the
1D discrete model with respect to its middle point. As will be demon-
strate later, the adopted boundaries here capture the essential physical
response.

Now, we compare the obtained displacement fields of the stretched
finite length beam by using the discrete model and the continuum the-
ory. Fig. 4(a) illustrates the total displacement field with stiffness ratio
K3/K; = 30 and length L = 29a. Unlike the linear displacement field of
an ordinary mass-and-spring model with only local interactions, the
displacement field for the nonlocal mode here exhibits pronounced
spatial oscillations with period of 3a. The dashed line with blue dots
represents the discrete mass-and-spring model, and the solid line depicts
the effective-medium results. The result from the continuum model (see
black line) is in perfect agreement with the discrete model calculations
(see blue dots), indicating that the derived continuum theory can
adequately describe the discrete mass-and-spring system.

(a) T T T T T L :
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We show in Fig. 4(b) the decomposed displacement field as intro-
duced in the previous analysis. This clearly demonstrates that the
observed oscillations in the total displacement field arise from the frozen
evanescent phonons localized at both ends of the finite system. It is
interesting to note that the two frozen evanescent phonons can interfere,
just like waves, albeit the analysis here is purely static. For examples, for
a beam length commensurate to the frozen evanescent phonon wave-
length (see panels (c) and (d)), the two frozen evanescent phonons are
exactly out-of-phase. This phenomenon highlights the destructive
interference between the two solutions, resulting in attenuated spatial
oscillations in the central region (see the grey area in panel (c)).
Conversely, constructive interference gives rise to amplified oscillations
in the central region (see the grey area in panel (a)). It is worth noting
that this pronounced sensitivity of the displacement field to the system
length is absent in ordinary local systems.

The stiffness ratio K3/K; is an important factor that influences the
decaying length of the frozen evanescent phonons (see Supplementary
Material Fig. S1-S3). For smaller K3/K;, the total displacement field
exhibits much less spatial oscillation and gradually approaches a simply
linear field as in an ordinary material (see Fig. 5), in consistent with the
much smaller decaying length of the frozen evanescent phonons (see
Supplementary Material Fig. S1-S3). Here, we also obtain nice agree-
ment between the discrete model and the continuum theory.

4. Comparison with experiments

To further validate the proposed effective-medium continuum
model, we compare its predictions with our previous experiments on
nonlocal metamaterial beams (Chen et al., 2024a). For completeness
and readability, we show in Fig. 6 our previously designed and
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Fig. 4. Anomalous displacement field of a finite nonlocal system under stretching. (a) Comparison between the displacement field of the mass-and-spring
model (blue dots) and the effective-medium model (black line) for K3/K; = 30. The length of the system is L = 29a. (b) Decomposition of the total displace-
ment field. The total displacement comprises three components: a linear part (cf. grey line), a frozen evanescent phonon localized at left end (cf. yellow curve), and a
frozen evanescent phonon localized at right end (cf. green curve). The two frozen evanescent phonons manifest in-phase displacement, leading to constructive
interference. (c) and (d) Same as (a) and (b) but for length L = 30a. The middle region has a much smaller oscillation magnitude (cf. blue dots in the grey region),
resulting from destructive interference between the two frozen evanescent phonons. (For interpretation of the references to colour in this figure legend, the reader is

referred to the Web version of this article.)
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Fig. 5. Displacement field of a finite nonlocal system under stretching as in Fig. 4(a) but for (a) K3/K1 = 15, (a) K5s/K1 =5, (c) K3s/K; = 1.

Fig. 6. Schematic of the metamaterial structure enabling anomalous frozen evanescent phonons in literature (Chen et al., 2024a). (a) The side view of the
metamaterial unit cell. (b) The top view of the metamaterial unit cell. (¢) The scanning-electron micrograph (SEM) image of the metamaterial, with nearest-neighbor
(blue) and third-nearest-neighbor (red) interactions highlighted. Adapted with permission from Ref. (Chen et al., 2024a), Copyright © 2024, Yi Chen et al. (For
interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

fabricated metamaterial, adopted from Ref. (Chen et al., 2024a). The
yellow plates in Fig. 6(a) and (b) represent masses. The blue helices
represent the nearest-neighbor connections between the masses, while
red rods indicate third-nearest-neighbor interactions. A
scanning-electron micrograph (SEM) is presented in Fig. 6(c). A direct
mapping of the metamaterial structure onto a discrete mass-and-spring
model leads to our system in Fig. 1(a).

We compare in Fig. 7 the calculated displacement fields with pre-
vious experiment results for different beam lengths (L = 38a, 39a and
40a). The experimental results (dashed line with red dots) in Fig. 7 are
reproduced from our previous work (Chen et al.,, 2024a). The

displacement field shown in Fig. 7 exhibit oscillatory behavior that
varies with the system length, which is distinct from the linear
displacement fields typically observed in conventional materials.
Overall, we observe excellent agreement between results from our
continuum model (black solid lines), discrete model (blue dotted lines)
and the experimental results (dashed line with red dots). When the
system length is commensurate with the nonlocal interaction order
(N = 3) (see Fig. 7(b)), the oscillation amplitude near the center is much
smaller compared to non-commensurate cases (see Fig. 7(a) and (c)). As
discussed in the preceding analysis, this phenomenon occurs because the
evanescent Bloch wave modes excited from the left and right sides are
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Fig. 7. The oscillatory displacement field of the stretched metamaterial beam with different lengths. (a) K3 /K; =72,L =38a. (b)K3/K; = 72,L = 39a. (¢c)
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out of phase, resulting in destructive interference at the center and
consequently leading to a diminished oscillation amplitude. A compar-
ison of the three configurations in Fig. 7 clearly shows that adding or
removing a single unit cell can lead to significant changes in the
displacement field. This sensitivity to structural length suggests poten-
tial applications in the design of remote mechanical sensing devices.

We note that the studied anomalous static effects, including oscil-
latory displacement field and size effects, are not limited to systems with
the specific third-order nonlocal interactions. Other nonlocal in-
teractions generally could also lead to similar effects if they can induce
dispersion relations with similar roton-like minima. For instances,
chirality and delocalized zero modes have been introduced to achieve
roton-like dispersion relations in metamaterials (Chen et al., 2024b;
Grop et al., 2024), though the corresponding static effects have not been
demonstrated. Moreover, nonlocal interactions that decay exponentially
or algebraically with distance (Puglisi, 2006, 2007) could potentially
lead to analogous static responses. These alternatives represent prom-
ising directions for future investigation. We briefly remark that similar
unusual static effects have already been numerically studied in
two-dimensional systems (Chen et al., 2024a) and are expected to occur
in three-dimensional architectures as well.

5. Conclusion

We presented an effective-medium approach to describe the anom-
alous static response of a nonlocal metamaterial. The theory is based on
a higher-order differential equation, with spatial derivatives up to six-
order. We obtained a satisfying agreement between the effective-
medium calculations and a proposed nonlocal mass-and-spring model
at different levels, including the slow-decaying frozen evanescent
modes, the oscillatory displacement profile of a stretched beam, and its
strong dependence of the displacement response to the beam length. The
consistency with experiment validation further confirms the reliability
of this effective-medium approach. We anticipate that this study will
stimulate other investigations into anomalous static responses in me-
chanical metamaterials. Furthermore, similar anomalous static effects
may not be limited to mechanical field but can be generalized to other
physical areas. This oscillating displacement field is expected to be used
in areas such as signal detection in the future.
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