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Abstract

We consider a random connection model (RCM) on a general space driven by a Poisson process whose
intensity measure is scaled by a parameter ¢ > 0. We say that the infinite clusters are deletion stable
if the removal of a Poisson point cannot split a cluster in two or more infinite clusters. We prove
that this stability together with a natural irreducibility assumption implies uniqueness of the infinite
cluster. Conversely, if the infinite cluster is unique then this stability property holds. Several criteria
for irreducibility will be established. We also study the analytic properties of expectations of functions
of clusters as a function of ¢. In particular we show that the position dependent cluster density is
differentiable. A significant part of this paper is devoted to the important case of a stationary marked
RCM (in Euclidean space), containing the Boolean model with general compact grains and the so-called
weighted RCM as special cases. In this case we establish differentiability and a convexity property of
the cluster density (t). These properties are crucial for our proof of deletion stability of the infinite
clusters but are also of interest in their own right. It then follows that an irreducible stationary marked
RCM can have at most one infinite cluster. This extends and unifies several results in the literature.
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1 Introduction

Let X be a complete separable metric space, denote its Borel-o-field by X, and let A be a locally finite
and diffuse measure on X. Let t € Ry := [0, 00) be an intensity parameter and let 1 be a Poisson process
on X with intensity measure t\, defined over a probability space (2, F,P). We often write P; instead of
P and E; for the associated expectation operator.

Let ¢: X2 — [0, 1] be a measurable and symmetric function satisfying

D,(x) := /np(x,y) Ady) < o0, Aae xzeX (1.1)

We refer to ¢ as connection function. The random connection model (RCM) is the random graph £ whose
vertices are the points of n and where a pair of distinct points x,y € n forms an edge with probability
¢(x,y), independently for different pairs. In an Euclidean setting the RCM was introduced in [37]; see [33]
for a textbook treatment. It can be defined on point processes other than Poisson. The general Poisson
version was studied in [26]. The RCM is a fundamental and versatile example of a spatial random graph.
Of particular interest is the stationary marked case. In this case we have X = R% x M for some mark
space M and A is proportional to the product of Lebesgue measure and a given mark distribution. Then
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the RCM becomes stationary and ergodic under shifts in the spatial coordinate. This model contains the
Boolean model (see [27, 41]) with general compact grains and the so-called weighted RCM as special cases
and keeps attracting a lot of attention; see e.g. [6, 11, 13, 19, 21, 29, 38].

Following common terminology of percolation theory we refer to a component of £ as cluster. The
RCM € percolates, if it has an infinite cluster, that is a component with infinitely many vertices. We say
that the infinite clusters of & are deletion stable if the removal of a point cannot split a cluster in two or
more infinite clusters. If the infinite cluster is unique, then it is easy to prove that £ is deletion stable. In
fact, & is then almost surely even 2-indivisible in the sense of [35]; see Corollary 6.4 Our first main result
(Theorem 6.1) says that deletion stability together with irreducibility implies (almost sure) uniqueness of
the infinite cluster. We prove this by a peculiar addition and removal procedure, which seems to be new.
Our method crucially relies on the properties of the underlying Poisson process. Irreducibility is a very
natural assumption for uniqueness (see Remark 5.9) and will be discussed in Section 5. Theorem 11.1
shows that the infinite clusters of the stationary marked RCM are deletion stable. This is the second
main result of this paper. Our proof transfers some of the beautiful ideas from the seminal paper [1] by
Aizenman, Kesten and Newman to the continuum. To this end we significantly extend and complement
the arguments in [25], where the methods from [1] were used to treat the Gilbert graph with deterministic
balls. Taken together, Theorems 6.1 and 11.1 yield uniqueness of the infinite cluster of an irreducible
stationary marked RCM; see Theorem 12.1. This extends and unifies several results in the literature.
The stationary (unmarked) RCM was treated in [33] for an isotropic and norm-decreasing connection
function; see also [4]. A special case of the marked RCM was treated in [23]. The uniqueness of the
infinite cluster of the spherical Boolean model was proved in [32, 33]. As a consequence of we also obtain
that an irreducible stationary marked RCM is 2-indivisible.

We also establish several analytic properties of cluster expectations, first in the general and then in the
stationary marked case. Since clusters are not locally determined, the proof of these results requires some
efforts. In particular we show that the position dependent cluster density (given by (8.6)) is, as a function
of ¢, continuously differentiable; see Theorem 8.8. In the stationary marked case this is true for the cluster
density k(t), defined by (4.6); see Theorem 10.1. Our proofs partially follow [7], where the Boolean model
with deterministic balls was considered. We also prove that tk(t) +d,t?/2 is a convex function of ¢, where
d, is the expected degree of a typical vertex, given by (4.2). This remarkable property was established
in [1, 14] for discrete percolation models and in [25] for the Boolean model with deterministic balls. This
convexity is crucial for proving deletion stability of the infinite clusters in the stationary marked case and
its proof heavily depends on the (amenability) properties of Euclidean space; see Remark 11.9.

With the exception of [25], all previous uniqueness proofs in continuum percolation seem to use the
approach in [10]; see also [16]. It is often argued that this approach is more elegant than the one in [1].
However, our paper shows that the methods from [1] can be conveniently extended to the continuum, at
least in the case of a Poisson driven RCM. Moreover, this approach provides a lot of additional information
on the clusters, which are valid for all values of the intensity parameter ¢. And last but not least our
general uniqueness theorem applies to a general state space X, without any structural assumptions.

The paper is organized as follows. In Section 2 we give the formal definition of the RCM &, while
Section 3 presents the RCM version of the multivariate Mecke equation and the Margulis—Russo formula.
In Section 4 we discuss the stationary marked RCM, an important special case of the general RCM. In
Section 5 we define a RCM to be irreducible if, roughly speaking, every pair of Poisson points has a
positive probability of being in the same cluster. Without such a property one cannot expect the infinite
cluster (if it exists) to be unique. For a stationary marked RCM Theorem 5.7 characterises irreducibility in
terms of the symmetric function [ ¢((0,p), (z,q)) dz, which is the expected number of neighbours of (0, p)
with mark ¢q. Theorems 5.11 and 5.12 provide sufficient conditions for irreducibility under more specific
assumptions. In Section 6 we prove that deletion stability of infinite clusters and irreducibility together
imply uniqueness of the infinite cluster; see Theorem 6.1. Section 7 presents a spatial Markov property.
In Section 8 we establish differentiability of certain cluster expectations, while Section 9 rewrites the
derivatives as Margulis—Russo type formulas. In Section 10 we show that the position dependent cluster



density is continuously differentiable. In Section 11 we prove that the infinite clusters of the stationary
marked RCM are deletion stable; see Theorem 11.1. The final Section 12 provides several examples of
irreducible stationary marked RCMs.

For the reader’s convenience, we list below our main results separately for the general and the sta-
tionary marked cases.

Main results for the general RCM:

e Theorem 6.1 shows that an irreducible RCM with deletion stable infinite clusters can have at most
one infinite cluster, while shows that deletion stability is necessary for uniqueness.

e Theorem 8.8 shows continuous differentiability of certain cluster expectations, while Theorem 9.4
and Remark 9.5 rewrite the derivative as a Margulis-Russo type formula.

e Theorem 10.1 shows continuous differentiability of the position dependent cluster density, while
Theorem 10.7 shows that this remains true after some additional integration.

Main results for the stationary marked RCM:

e Theorem 5.7 characterises irreducibility while Theorems 5.11 and 5.12 provide sufficient conditions
under more specific assumptions.

e Theorem 11.1 shows that the infinite clusters of a stationary marked RCM are deletion stable.

e Theorem 11.6 shows that the cluster density r(t) is continuously differentiable and that ¢ (t)+d,t?/2
is convex.

2 Formal definition of the RCM

It is convenient to model a RCM as a suitable point process. Let N denote the space of all simple locally
finite counting measures on X, equipped with the standard o-field, see e.g. [27]. A measure v € N is
identified with its support {z € X : v({z}) = 1} and describes the set of vertices of a (deterministic)
graph. If v({z}) = 1 we write x € v. Using the Dirac measure ¢, at point z € X, any v € N can be
written as a finite or infinite sum v = 6§, + 6, + ---, where the z; are pairwise distinct and do not
accumulate in bounded sets. The space of (undirected) graphs with vertices from X (and no loops) is
described by the set G of all counting measures p on X x N with the following properties. First we
assume that the measure V(u) := p(- x N) is locally finite and simple, that is, an element of N. Hence,
if z € V(u) (that is p({z} x N) = 1), then there is a unique ¢, € N such that (z,,) € p. We assume
that « ¢ ¢,. Finally, if x € V(u) and y € 1, then we assume that (y,1,) € p and = € ¢,. Also G is
equipped with the standard o-field. There is an edge between =,y € V(p) if y € ¥, (and hence x € 1y).
If ¢y = 0, then x is isolated.

We write |p| := (X x N) for the cardinality of p € G and similarly for v € N. Hence |u| = |V ()|
For z,y € V(u) we write z ~ y (in p) if there is an edge between x and y and = <> y (in u) if there is a
path in p leading from = to y. For A C X we write z ~ A (in p) if there exists y € ANV (u) such that
T ~y.

Let p, ' € G. Then u is a subgraph of p' if V(u) < V(i') (as measures) and if (x,7) € p and
(z,¢") € i together imply that ¢ < ¢’. Note that this is not the same as p < /.

Let x be a simple point process on X, that is a random element of N. The reader should think of a
Poisson process possibly augmented by additional (deterministic) points. By [27, Proposition 6.2] there



exist random elements X7, Xo, ... of X such that

x|

X=>_ 0x,, (2.1)
n=1

where X, # X,, whenever m # n and m,n < |x|. Let (Zmn)mnen be a double sequence of random
elements uniformly distributed on [0, 1] such that Z,, , = Z, ,, for all m,n € N and such that the Z,, ,,
m < n, are independent. Then the RCM (based on ) is the point process

x|
£:= ) 6(Xp W) (2:2)
m=1
where
x|
W, 1= Z 1{” #m, Zm,n < @(me XTL)}(SXn
n=1

In this notation we suppress the dependence on the Z,,,. While the definition of { depends on the
ordering of the points of x, its distribution does not.

Below we will work with a Poisson process n with a diffuse intensity measure A. Then 7 is simple and
can be identified with its support. Otherwise it is not obvious how to treat multiplicities. One way to
proceed is described in the following remark.

Remark 2.1. Let A be a possibly non-diffuse locally finite measure on X and let 77 be a Poisson process
with intensity measure A; see [27]. Then 7 is a random element of the space of all locally finite counting
measures on X whose atoms may have multiplicities. Let U denote the uniform distribution on [0, 1] and
let 9} be a U-marking of . Then 7 is a Poisson process on X = Xx [0, 1] with intensity measure A= A@U;
see [27, Theorem 5.6]. Since X is diffuse, 7 is simple and can be written as

7(X)

A=) 0(x, ) (2.3)
n=1

where (X, Up,) # (Xp, Uy,) whenever m # n. Given a connection function ¢ we can define a connection
function ¢: X2 — [0,1]. We set $((z,u), (y,v)) := p(z,y) for u,v € [0,1] if # # y. If 2 = y we set
@((x,u), (z,v)) := 1. The resulting random connection model ¢ admits the following interpretation. An
atom of n with size &k € N is split into k atoms of size 1. A pair of atoms of size 1 sitting at different
locations z and y are independently connected with probability ¢(z,y). A pair of atoms of size 1 sitting
at the same location are always connected. By definition of ¢, we have C% := C'@%) (&) for each u € [0,1]
with (x,u) € 7. Hence é induces a random graph £* on the support suppn of  with components C*,

x € 7. The infinite components of this random graph are in one-to-one correspondence to those of &.

Remark 2.2. Establish the setting of Remark 2.1 There are other ways to define a random connection
model driven by 7. For instance we might set ¢((x,u), (z,v)) := 0, while (as before) ¢((z,u), (y,v)) :=
o(z,y) for x # y. Then a pair of atoms sitting at the same location is never connected. In our opinion
the choice in Remark 2.1 is rather natural.

We now introduce some notation used throughout the paper. For u, i/ € G we often interpret u + p/
as the measure in G with the same support as p + p/. A similar convention applies to v,/ € N. Let
u € G. For B E X we write M(B) = u(B x N). More generally, given a measurable function f: X — R
we write [ f(z) = [ f(z) p(dz x N). Similarly, given = € X, we write z € p instead of x € V(u)
(=u(-xN)). In the same splrlt we write g(u) := g(V(p)), whenever g is a mapping on N. These (slightly



abusing) conventions lighten the notation and should not cause any confusion. For B € X we denote by
u[B] € G the restriction of u to B, that is the graph with vertex set V() N B which keeps only those
edges from p with both end points from B. In the same way we use the notation u[v] for v € N. Similarly
for a measure v on X (for instance for v € N) we denote by vp := v(B N -) the restriction of v to a set
B € X. Assume now that v € V(u). For n € Ny let Cp (1) € G denote the graph restricted to the set
of vertices z € V(p) with d,(v,x) = n, where d,, denotes distance within the graph p. Note that C§(u)
is just the isolated vertex v. Slightly abusing our notation we write C§(u) = d,. For v ¢ V(u) we set
C"(u) := 0, interpreted as an empty graph (a graph with no vertices). The cluster C¥(u) of v in y is the
graph p restricted to

> V(Chw)
n=0

while CZ, (1), n € Ny, is the graph u restricted to V/(Cg(1)) + -+ - + V(Cy(u)). For later purposes it will
be convenient to define CZ_; (1) = C¥;(u) := 0 as the zero measure. For y € G and x € X we denote by
w— 0z := p[V () — d5] the graph resulting from p by removing the point x. If x ¢ V' (u) then p— 6, = p

3 Basic properties of the RCM

Let £ be a RCM based on a Poisson process 17 on X with diffuse intensity measure A. Our first crucial tool
is a version of the Mecke equation (see [27, Chapter 4]) for {. Given n € N and z1,...,x, € X we denote
nFleoTn =1 4§y, + - -+ + 0, (removing possible multiplicities) and let £*1-»*» denote a RCM based on
nFLo%n Tt is useful to construct £%1»%n in a specific way as follows. We connect x1 with the points in n
using independent connection decisions which are independent of £&. We then proceed inductively finally
connecting x, to n + 0y, + -+ + 05, ,. For n € N and a measurable function f: X" x G — [0, 00| the
Mecke equation for £ states that

E/f($1, s 7331175) n(n)(d(mlv . 73}%))

(3.1)
:E/f(xl,...,xn,f’pl""””"))\"(d(xl,...,xn)),

where integration with respect to the factorial measure n™ of 7 means summation over all n-tuples of
pairwise distinct points from 7. A convenient way to prove this and related formulas is to introduce a
probability kernel I' from N to G, satisfying

P((0.6) € ) = [ 1{0n.1) € }T(n.dp). (3.2)

The kernel I' is just a regular version of the conditional distribution of ¢ given 1 and can be defined
explicitly; see Section 2. A crucial property of this kernel is

EL (5% ) = P(E¥T € ), Aae. (21,...,2,) € X" (3.3)
It follows from [27, Theorem 4.4] that the left-hand side of (3.1) is given by
/ flxr, .oy, ) T dp) A" (d(z, ..., 2p)).

Therefore (3.1) follows from (3.3).
Given v € X we sometimes use (3.1) in the form

E/f(xl, ey Ty £Y) n(”)(d(:cl, )
:E/f(:xl, T Y X (21 )



This can be derived from (3.1) as follows. We can write £ = h(§,v,U), where U is a random element
of [0,1]N with independent and uniformly distributed components, independent of &; see the proof of
Lemma 6.2 for more detail. It remains to note that h(*1 % v, U) has the same distribution as £”»%1n
provided that v, xq,...,x, are pairwise distinct.

To state another useful version of (3.1) we recall the notation p — §, = u[V () — d,] for p € G and
x € X. Given n € Nand z1,...,x, € X we define p — 6, —--- — d5,, inductively. The kernel I' has the

property
/1{,11—(5361 — =0y, € Ty dp) =T(v — 04y — - — 0g,,,-), Vv EN.

Therefore we obtain from [27, Theorem 4.5] for each measurable f: X" x G — [0, oo] that

E/f(a:l,...,xn,§ — Oy — o — 0 ) (21, )

(3.5)
—E/f X1y Ty §) A (d(21, ...y 2p))-

Given v € X we also have
/f:cﬁ”—é (dx) /f:vﬁ” (dx). (3.6)

This follows similarly as (3.4). Indeed, given n and = € n the random graph h(&,v,U) — d, has the same
distribution as h(§ — 6., v,U), provided that v # x.

Another quick consequence of the multivariate Mecke equation is the following deletion tolerance of
¢. Removing a finite number of points from 7 results in a random graph whose distribution is absolutely
continuous with respect to the distribution of . Deletion tolerance of point processes was studied in [22].

Proposition 3.1. Let A C G be a measurable set such that P(§ € A) = 0. Let ng be a point process such
that P(no(X) < 00) =1 and P(ng <n) = 1. Then P({[n — no] € A) = 0.

Proof. Let n € N. By the Mecke equation (3.5) we have

0= /P(g € AN (d(z1, ... 1)) = E/1{§ Gy by € A} (d(zr, s 70)).
Since P(np(X) < c0) =1 it follows that
P(¢[n —mo] € A)
_ i %El{no(X) =n} / 1{E =6y — - — 0y, € A}n(()n)(d(ajl, ceeyy)) = 0.
n=0
The result follows. O

We define ¢ :=1—¢p and forx € X, v € N

x) = H o(z,y), e,z):=1—-0,x), @rv):= /4,0(1/, x) A(dx). (3.7)

yev

We recall our general convention ¢(u,z) := @(V(u),z) and py(1) := pA(V (1)) for p € G. Throughout
we often abbreviate C := C?(£"), Cy, = Cp(£") and CZ, = CZ, (£”). Moreover we write CY" = CV —6,.
We shall need the following consequence of (3.1).



Lemma 3.2. Letv € X and h: G — [0,00) be measurable. Then

E/h@hﬂ@CWM»—EM8me% (3.8)

Proof. Let I denote the left-hand side of the asserted formula. Then

I=E [ W€~ 51z € C(E} nlde) = [ BR(E™ ~ 8.)1{ € CU(€™)} A(da),

where we have used the Mecke equation (3.4) to obtain the second identity. By definition we have that
VT — §, = &Y for each x € X. Hence we obtain that

I=/EM8ﬂ@€CW€ﬂ}Mmﬂ=/EM8W@€C%€ﬂ\8MM@-

By definition of £"* we have P(x € CV(£"") | £€¥) = ¢(z, C"), concluding the proof. O

Next we turn to the Margulis—Russo formula. Let A1 and A2 be two measures on X, where A; is locally
finite and Ag is finite. Given t > 0 we consider a RCM driven by a Poisson process n with intensity
measure A; + tA2. The associated expectation operator is denoted by E;. Let f: G — [—00,00] be a
measurable function and assume that E,|f(§)| < oo for some ¢y > 0. From [27, Exercise 3.8] and (3.2)
we then obtain that E;|f(£)| < oo for all t < ty. We assert that

SES€) = [ElFE) - HODalde), te 0.0) (59)

Using the kernel I, this can be seen as follows. From [27, Theorem 19.3] we obtain that

dEJ@%j/EU@ﬂ—fwﬂMw@,temJ@

dt
where f(v) := J f(p)T(v,du), v € N. Note that f(&) is Pi-a.s. well-defined.
Take t € [0,%9). Theorem 19.3 in [27] shows that [E[|f(n*) — f(n)|] A2(dz) < co. Furthermore we
have

/Et[lf(n)l] Ao (dz) = A (X)Ee[| f(m)]] < Ae(X)Ee[| f(€)]] < o0,

where we have used the triangle inequality and (3.2).
Therefore we also have [E[|f(n")|] A2(dz) < oco. It follows that

GES© = [ Efr) ~ Bfw) dalds) = [ (B~ Bef(€) Malao),

where we have used (3.3). Since the above right-hand side is finite we have |E,f(£{*)| < oo and hence also
E¢|f(£7)] < oo for Ag-a.e. x. This implies (3.9).

4 The stationary marked RCM

In this section we introduce an important special case of the general RCM. The setting is that of [11, 13].
Special cases were studied in [12, 18, 19].

Let M be a complete separable metric space equipped with a probability measure Q. This is our mark
space, while Q is said to be the mark distribution. In this section we consider the space X = R% x M
equipped with the product of the Borel o-field B(R?) on R¢ and the Borel o-field on M. We assume that



A =tAg ®Q, where t € Ry and \g denotes Lebesgue measure on R%. If (z,p) € X then we call x location
of (x,p) and p the mark of z. Instead of N we consider the (smaller set) N(X) of all counting measures
x on X such that x(- x M) is locally finite (w.r.t. the Euclidean metric) and simple. The symmetric
connection function ¢: R? x M — [0, 1] is assumed to satisfy

e((z,p), (¥,9)) = ¢((0,p), (y — 2, q)). (4.1)

This allows us to write ¢(z,p,q) := ©((0,p), (x,q)), where 0 denotes the origin in R?. We also assume
that

d, = / / (@, p, @) dr QX (d(p, q)) < oo, (4.2)

referring to Remark 4.2 for some comments. Let ¢ > 0 and let n be a Poisson process on X with intensity
measure tA\. We can and will assume that 1 is a random element of N(X). We consider a RCM ¢ based
on 7 and connection function ¢.

The RCM € is stationary in the sense that T,& 4 ¢, x € R%, where for u € G, the measure Tyu is (as
usual) defined by

Ty = / 1{(y - 2,q.v) €} uld(y, q.).

To see this, it is convenient to define ¢ in a slightly different way, without changing its distribution. As
at (2.1) we can write

[e.e]
M= (X0Qm) (4.3)
m=1
where X1, X, ... are pairwise distinct random elements of R% and Q1, Qo, ... are random elements of M.
Let Z;,,, m,n € N, be independent random variables uniformly distributed on [0,1] and set Z;, :=
(Z}y.n)nen, m € N. By the marking theorem (see [27, Theorem 5.6]),

W=D (X Q) (4.4)
m=1

is again a Poisson process. We then connect (X,,, Q,,) with (X, Q) if X,, is lexicographically smaller
than X, and Z;n’T < o(Xn — Xy, Qm, @Qn), where the N-valued random variable 7 is determined by
the fact that X, is the 7-th nearest neighbour of X,, in the set {Xj : k # m}, where we can use the
lexicographic order to break ties. Then we have £ = F(n*) for a well-defined measurable mapping F'.
Since the nearest neighbour relation is translation invariant it follows from (4.1) that F' can be assumed
to satisfy T,¢& = F(T,n*) for each x € R%. Since T,n* 4 n* it follows that £ is stationary. The same
argument combined with [27, Exercise 10.1] shows that & is ergodic, i.e. we have P(¢ € A) € {0,1} for
each translation invariant measurable A C G. If M contains only one element, we identify X with R¢. In
this case £ is said to be a stationary RCM.
The following consequence of the Mecke equation will be often used to treat cluster expectations.

Lemma 4.1. Let B € B(RY) and f: N — R,. Then

Et/l{w € BY(ICWP(&)]) n(d(x, p)) :t)\d(B)Et/f(’C(om)’)Q(dp)- (4.5)



Proof. By the Mecke equation (3.1) the left-hand side of (4.5) equals

tE: / / 1{z € B}(|CEP (@) dz Q(dp)
— 15, [[ 1o € BYFICON L)) do QL)

where we have used that |C®P) ()| = |COP)(T,u)| for all u € G. It follows from stationarity of £ and
definition of £®P) that T,&@P) 4 £0P) for \y ® Q-a.e. (z,p) € R x M. Therefore the result follows. []

Let Qo be a random element of M with distribution @ which is independent of n* given by (4.4). In
accordance with Palm theory we refer to C'(0:Q0)(£(0:Q0)) as cluster of the typical vertez (of €).

Remark 4.2. Let p € M. Then the degree D, of (0,p) (the origin marked with p) in ¢©P) has a
Poisson distribution with parameter ¢ [ ¢(z,p,¢) dzQ(dg). Our integrability assumption (4.2) means
that f ED, Q(dp) < co. This means that the expected degree of the typical vertex is finite. Hence (4.2)
excludes Pareto type degree distributions but is still much weaker than the integrability assumption made
in [11].

The function
R(t) == / E|COP| 7L Q(dp) = By Ot e Ry, (4.6)

plays a crucial role in Section 11. To interpret it, we introduce a point process 7. < (- x M) modeling
finite clusters as follows. Let (z,p) € . Then z € 7. if |C@P)(£)| < oo and z is the lexicographically
smallest spatial coordinate of the points in C'(*») (£). Since ¢ is stationary, it is easy to see that 7. is a
stationary point process. The following result shows that tx(t) is the intensity of 7., that is the density of
finite clusters. With a slight abuse of language we refer to k(t) as cluster density. In the unmarked case
this function is also called free energy; see [1, 7, 14].

Lemma 4.3. For each t € Ry we have that tk(t) = Em.([0, 1]9).

Proof. The result follows from [29, Proposition 3.1] upon taking there 7 as the projection of the point
process {(x,p) € n: |C@P)(€)| < 0o} onto RY and ¢ := 7. A direct proof can start with

tr(t) = Et/l{:v € [0, JHCwP (&) n(d(=, p)), (4.7)

a consequence of (4.5). The right-hand side can be written as
B [ [ 14 € 00810 @1 115 (w.p) =y} aldep) ),

where 7(x,p) is the lexicographic minimum of the spatial coordinates of C@p) (€). The key step is then
the application of the refined Campbell theorem for 7. O

The cluster density can also be obtained as an ergodic limit:

Proposition 4.4. Let B, € B(]Rd), n € N, be an increasing sequence of compact convexr sets whose
inradius diverges to co. Then

n—oo

lim (Ag(B,))"! / 1z € BT (O L n(d(z,p)) = tr(t), Pr-a.s.



Proof. For each u € G
M, = /1{3«" € HOWP ()|~ u(d(=, p))

is a locally finite measure on R%. For z,y € R and p € G we have C'(@) (Typ) = TyC'(Hy’p) (). Therefore,
we obtain for B € B(R?) and y € R?

M(B) = [ 1 € BYCEID () Tynd(e.p)
- / 1{z — y € BYOE) (1)~ p(d(x, p)).

This means that Mr,, = T, M. Therefore M is a stationary and ergodic random measure. By (4.7) it
has intensity tx(t). Hence the result follows from [36, Satz 3]; see also [24, Theorem 30.10]. O

We continue with a basic fact from percolation theory. Define
0(t) == P, (|COQ) (00| = 0) = / P, (|COP)| = 00) Q(dp), t >0, (4.8)
as the probability that the cluster of a typical vertex has infinite size. Let Co, denote the set of all 4 € G
such that p has an infinite cluster.
Proposition 4.5. Let t > 0. Then 0(t) > 0 if and only if P(§ € Cx) = 1.

Proof. Let B € B(R?) be a Borel set with \g(B) € (0,00). By (4.5),
0(t) = (tha(B)) 'E; / H{z € BIL{|CP ()] = oo} n(d(, p)).

Hence, if #(t) > 0, then the probability that there is some (z,p) € n with [C(®P)(£)] = oo must be
positive. Since £ is ergodic and Cy is translation invariant, we obtain Py(§ € C) = 1. If, on the other
hand, 6(t) = 0, then the probability that |C@P)(£)| = co for some (z,p) €  with & € B is zero. Letting
B 1 R? we obtain that P;(¢ € Cy) = 0. O

The critical intensity (percolation threshold) is defined by
te :=1inf{t > 0:6(t) > 0}. (4.9)

If t < t. then Py(§ € Cx) = 0 and if ¢ > t. then P (§ € C) = 1. Under a natural irreducibility
assumption our Theorem 12.1 will show that £ can have at most one infinite cluster.
We finish this section with some examples.

Example 4.6. In the unmarked case the connection function ¢ is just a function on RY. Under the
minimal assumption d, € (0,00) it was shown in [37] that t. € (0, c0).

Example 4.7. Assume that M = R and ¢(x,p,q) = 1{||z|| < p+ ¢}, where ||z|| denotes the Euclidean
norm of € R% The RCM ¢ is then said to be the Gilbert graph with radius distribution Q; see e.g.
[27, Chapter 16] for more detail. The integrability assumption (4.2) is then equivalent with [r9Q(dr) <
00, which is the minimal assumption for having a reasonable model. Under the additional assumption
Q{0} < 1 it was proved in [17, 20] that ¢, € (0, 00).
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Example 4.8. Suppose that M equals the space C¢ of all non-empty compact subsets of R?, equipped
with the Hausdorff metric cf. [27, 41]. Let V: C¢ U {@} — [0, 00] be measurable and translation invariant
with V() = 0. For instance, V' could be the volume or, if Q is concentrated on the convex bodies, a
linear combination of the intrinsic volumes; see [41]. Assume that the connection function is given by

o((z, K), (y, L)) =1 — e VIEFDNLHY) (4 K), (y, L) € R x €2

Then (4.1) follows from translation invariance of V. The case of the Gilbert graph arises if Q is concen-
trated on balls centered at the origin. A sufficient condition for (4.2) is

/ D(K) Q) < oo,

where D(K) is the radius of the smallest ball centered at the origin and containing K. This easily follows
from

p(e, K, L) < {K N (L +x) # 0} < [lz]| < D(K) + D(L)}.

The random closed set U(% K)en K + @ is known as the Boolean model and a fundamental model of
stochastic geometry (see [27, 41]) and continuum percolation (see [33]). This model corresponds to the
choice V(K) = co-1{K # (}. In that case and under some additional assumptions on Q it was proved in
[20] that t. € (0,00). The present much more general model is taken from [6] and is partially motivated
by statistical physics.

Example 4.9. Assume that M = (0, 1) equipped with Lebesgue measure Q. Assume that

e((z,p), (v, 0)) = plg(p, D)llx — y||*),

for a decreasing function p: [0,00) — [0,1] and a function g: (0,1) x (0,1) — [0,00) which is increasing
in both arguments. We assume that m, := [ p(||z||?) dz is positive and finite. This model was studied in
[19] under the name weight-dependent random connection model. A simple calculation shows that

dy =m, //g(p, q)” " dpdg.

To ensure (4.2) we have to assume that g~ is integrable. This is the case in all examples studied in [19],

where it is also asserted that ¢, < oo. Sufficient conditions for . € (0,00) can also be found in [11, 12].

5 Irreducibility

In this section, we first consider a general RCM & based on a Poisson process 7 on X with diffuse intensity
measure tA. We fix the intensity parameter ¢ > 0 and therefore drop the lower index ¢ in P;. To simplify
the notation, we take t = 1. We say that ¢ is irreducible if

P(xy <> o9 in £572) >0,  A-ae. (21, 22) € X2 (5.1)
Given k € N and random elements Y7, ..., Yy of X we let Z[Y7,...,Y)] be a RCM based on the point
process dy; + - -+ + dy;. Of course we can allow here some of the Yi,...,Y}, to be deterministic. Further

we define for each n € N a measurable function o™ : X" — [0, 00) recursively by oM = and
cp(”+1)(a:1,x2) = /4,0(”)(3:1, 2)p(z,x2) AM(dz), x1,29 € X, ne€N.

These functions are symmetric. It follows straight from the Mecke equation (3.1) that

‘P(n) (ml’ x2) = E/H 1{%—1 ~Yi in f‘rl’m} n(n_l)(d(yh ) yn—l))7 (5'2)
i=1

where yg := z1 and y, := x2. This is the expected number of paths of length n from z; to xo in £¥1%2.
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Proposition 5.1. The following siz statements are equivalent:
(i) & is irreducible.

(ii) There exist for A\*-a.e. (x1,22) € X2 a set B € X with A\(B) € (0,00), an n € Ny and independent
random variables Y1, ..., Y, with distribution Ag/\(B) such that

P(zq < x2 in E[xy, 22, Y7,...,Y,]) > 0. (5.3)
(iii) There exists for \*-a.e. (z1,72) € X% an n € Ny such that

/P(:El “ x2 in Elr1, 2, Y1, - Yn )N (d(Y1, - - -, yn)) > 0. (5.4)

(iv) For A*-a.e. (w1, x2) € X2 it holds that

sup o™ (z1, z2) > 0. (5.5)
n>1

(v) For M\%-a.e. (z1,72) € X2 and for all k € N we have

sup ™ (1, 29) > 0. (5.6)
n>k

(vi) There exist for N> -a.e. (x1,22) € X? a set B € X with \(B) € (0,00), an n € N and independent
random variables Y1, ..., Y, with distribution Ag/\(B) such that

P(xy < w9 in Z'[x1, 10, Y1,...,Y,]) >0, (5.7)

where Z'[xq1,29,Y1,...,Y,] is the graph obtained from Z[x1,x9,Y1,...,Y,] by removing the edge
between x1 and xo (if there is one).

Proof. Assume that (i) holds, and let x1,z2 € X be such that P(xy <> z9 in £*2%2) > 0. Let (B,,) be a
sequence of measurable sets of finite A-measure increasing towards X. By monotone convergence there
exists m € N such that z1,z9 € B, and

]P(:L‘l > X9 in 5:}01,:1:2 [Bm]) > 0. (58)
Let B := B,,. Note that £*1*2[B] is a RCM based on 6., + ., +np and np 4 Z(:Eé) Y}, where Y7,Y5, ...
are independent with distribution Ag/A\(B), independent of np. Splitting the event {z <> z2 in £**2[B]}

according to the value of n(B) yields (ii).
Assume that (ii) holds. Then we have for A\%-a.e. (x1,z2) that

P(z1 < 22 in E[zy, 22, Y1, .., Ya])

:)\(B)"/]P’(xl < o in E[z1, 2, Y1, .-, Yn)) AB(d(y1, .-, yn)) >0,

which implies (iii).

Assume that z1, x5 € X satisfy (5.4). If 21 <> x9 in E[z1,22,y1, ..., ys] then there exist k € {0,...,n}
and pairwise distinct i1,...,4; € {1,...,n} with &1 ~ y;; ~ -+ ~ y;, ~ x2 in ZE[z1,22,Y1,...,Yn)
Therefore and by the symmetry of A"

k+1

Z/ H e(Wi—1,yi) X¥(d(yr, ... yk)) > 0,
k=0 i=1
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where yg := x1 and yg41 := z2. Hence (iv) follows.
Assume that (iv) holds, then for A%-a.e. (z1,z2) € X2

0< Z QM) (1) 29) = Z /cp(m)(azl,z)ga(”)(z,xg))\(dz)

m,n=1 m,n=1
-/ (Z S (2, z>> (Z ¢<n><z,x2>) \d2).
m=1 n=1

Therefore sup o™ (z1, 29) > 0 for A2-a.e. (x1,z2) € X2. To obtain (5.6) for general k € N one has to start
n>2
with a k-fold summation instead of a double summation.
Assume now that x1, x5 € X satisfy (5.6), then there exists n > 2 such that ¢ (z1, 25) > 0. Therefore

there exists B € X of finite A-measure with
ST et X ) >0,
i=1

where yo := x; and y,, := x9. This implies (vi).
Finally, note that for any n € N

P(Qﬁl < 29 in E'[xl, X9, Yi, ey YnD < P(xl < x9 in E[$1,ZL’2,Y1, . ,Yn])
= P(z1 > 29 in V72 [B] | n(B) = n).
Therefore (vi) implies (i). O

Remark 5.2. Proposition 5.1 shows that irreducibility does not depend on the intensity parameter ¢ as
long as it is positive.

Remark 5.3. Consider the setting of Remark 2.1, where X is not assumed to be diffuse. In the diffuse
case, the value of the connection function on the diagonal of X? is irrelevant for the definition of the RCM.
But now we assume that ¢(z,x) = 1 for all x € X. For each n € N we can define a measurable function
@™ : X" — [0,00) as before. Now it can easily be checked that

¢ ((z,u), (1,0) = ™M (z,y), (z,u),(y.v) €X,

where (™ is defined as before, non-withstanding the fact that A might not be diffuse. By Proposition
5.1 we therefore have that the random connection model ¢ is irreducible, if and only if (5.5) holds.

Example 5.4. Let Y be a locally compact separable Hausdorff space and assume that X is the class of
closed subsets of Y equipped with the Fell topology; see e.g. [41]. Let v be a locally finite measure on
Y, Q be a probability measure on [0, ), such that [v(B(z,r))Q(dr) < oo for all z € X and all » > 0,
where B(x,r) denotes the closed ball with centre x and radius r. Assume that A is given by

A= // 1{B(z,r) € -} v(dzx) Q(dr). (5.9)
It is easy to see, that A is locally finite. Similarly as in Example 4.8 we take a measurable function

V: X = [0,00] and assume that ¢(K,L) =1 —e V&) K [, € X. Assume also that the function V is
increasing w.r.t. set inclusion and that V(K) > 0 if K # 0. If Q([e,o0)) > 0 for some £ > 0 and

/I{B(:vl,s) A Blas,e) £ 0} v2(d(21,22)) > 0,

then (K, L) > 0 for all K, L € X and the RCM ¢ is irreducible.
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In the remainder of this section we consider the stationary marked RCM as discussed in Section 4.
Recall that without loss of generality, we can take t = 1. It is easy to see that for all n € N and all

(z,p),(y,q) €X
" ((2,p), (,0)) = " ((0,p), (y — 2,9)) = ™ ((0,9), (z — y,p)) (5.10)

We write o™ (x, p, q) := ™ ((0,p), (z,q)) and note that o™ (z,p,q) = ¢™(—z,¢,p). In the unmarked
case we can identify X with R?. In this case ™ = ©*" is the n-fold convolution of ¢, where ¢ is
considered as function on R,

Proposition 5.5. The stationary (unmarked) RCM is irreducible.
The proof of Proposition 5.5 is a quick consequence of the first part of the following lemma.

Lemma 5.6. Assume that f: R4 — [0,00) is a bounded measurable function with 0 < f f(y)dy < oo and
f(y) = f(=y) for ally € R%. Let R > 0.

(i) There exist n € N and € > 0 such that f*"(x) > ¢ whenever ||z| < R.

(ii) Let g: RY — Ry be another bounded measurable function with J9(y)dy >0 and let = € R?. Then
there exists n € N such that (f*" * g)(z) > 0.

Proof. (i) The convolution of an integrable and a bounded function is bounded and uniformly continuous;
see [15, Proposition 8.8]. It follows that f** is bounded and uniformly continuous. Since [ f**(z)dx =

(ff(a:) d:v)2 > 0 there exist a ball B’ ¢ R? with positive radius and & > 0 such that f*?> > ¢’ on B'.
Since f is symmetric, f*? is symmetric as well. Hence we can find a ball B with center 0 and positive
radius and some € > 0 such that f** > ¢ on B. Finally we find m € N and ¢ > 0 such that f*™(z) > ¢
whenever ||z|| < R.

(ii) By assumption [ g(z)1{g(z) > e} dz > 0 for some g9 > 0. Set C' := {g > £¢}. Then we have for
each n € N that

(P2 g)(a) 2 20 [ £7(a = )1z € C .
Choose R > 0 so large that
/I{Hx—zH <R,zeC}dz>0.

By the first part of the lemma we can find n € N and ¢ > 0 such that f**(y) > ¢ whenever ||y| < R. It
follows that

(72 9)(e) 2 20 [ £7a = D1{lle - 2] < Byz € Chds
Zsos/l{lx—zﬂ <R,z e (C}dz.

By the choice of R this is positive. O

Proof of Proposition 5.5. We can use Lemma 5.6 (i) and condition (5.5) from Proposition 5.1 to conclude
the proof. Indeed, given x1,z3 € X we find an n € N such that ¢ (21, 29) = ¢*" (x5 — x1) > 0. O

It is natural to characterize irreducibility of the stationary marked RCM in terms of the functions
d&"): M2 — [0, 00], n € N, defined by

d (p,q) == /so(")(w,p, q)dz, p,q€ M.
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Similarly as at (5.2) we see that [ dfon) (p,q)1{q € A} Q(dq) is the expected number of paths of length n
from (0, p) to some location with mark in a measurable set A C M. From the symmetry property of (™

we obtain that dgon) is symmetric. Furthermore,
dson) (p7 q) = / H d@(%’—la QZ) Qn_l(d((.ha ey QHfl))a
i=1

where dy(-,-) == dg)(-, )y Qo := P, qn := q. Therefore
m—+n _ m n
Ay (p,q) = /dg(o J(p,r)d% (r,q)Q(dr), p,q €M, m,n€N. (5.11)
We may interpret g — Y 7, d™ (p, q) as the occupation density of a branching random walk (starting at

(0,p)) on the Poisson points induced by the connection function .

Theorem 5.7. Let & be a stationary marked RCM. Then & is irreducible if and only if

81;1'1) ds((,") (p,q) >0, Q%*a.e. (p,q) € M2 (5.12)

Proof. Assume that £ is irreducible and for the sake of contradiction that there exists some measurable
set B C M? satisfying Q?(B) > 0, and dfan) (p,q) = 0 for all (p,q) € B and for each n € N. But then
©™((0,p), (z,q)) = 0 for all (p,q) € B, n € N and A\g-a.e. z € R% This contradicts Proposition 5.1 (iv).

Now we assume that (5.12) holds. Then d, > 0. Indeed, otherwise we would have ¢(x,p,q) = 0 and
then also ¢ (z,p,q) = 0, n € N, for M-a.e. (x,p,q) € R? x M2. Therefore there exist measurable sets
A CR?%and E, F C M such that A\g(A) >0, Q(E) > 0, Q(F) > 0, and

€0 = inf x,p,q) = inf x,q,p) > 0. 5.13
0 xGA,pEE,qEF(p( pQ) xE—A,pEE,qEF(p( qp) ( )

Set () := ggl{x € A}. Then ¢(x,p,q) > &(z) for each (z,p,q) € R x E x F. For all z € R? and all
r,s € F' we have

90(2) (z,r,8) = // o(z,r,q)p(x — z,q,5) Q(dq) dz
_ // o(=2, 0,7 )p(@ — 2, q, ) Q(dg) d2
> Q(E) /5(—z)5(x —z)dz =Q(E)f(z),

where f is the convolution of € and gg1_4. Note that f is symmetric and has a positive and finite integral.
We further have

oD (a1, 5) > / / 1{g € F}o (2000 (@ - 2.0,5) Q(dq) d= > Q(E)Q(F)f(x)

and, inductively,

P (2,7, 5) = Q(E)"Q(F)" ! /" (x). (5.14)

Our goal is to Proposition 5.1 (iv). Let p,q € M. In view of this goal and assumption (5.12) we can
assume that there exist k,l € N such that

/ d% (p,r)Q(dr) > 0 and / dy (r.q) Q(dr) > 0.
F

F
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Then we obtain by (5.14) for each z € R? and each n € N that

cp(k+2n+l :E y D, d // Z y D, T )(’(U,T, 8)(10(1) (:E —Z-w, s, Q) Q2(d(7", 5)) d(Z,U))
> QB UFY™ [[ e w)e e - 2 w50 Q) dz )
= Q(E)"Q(F)" Mg * [ x h)(x) = QE)"QE)" " (f" * g * h)(2),
where g(z fF ¢ ™) (z,p,7) Q(dr) and h(z) == [, ©®(z,7,q) Q(dr). By the choice of k and [ we have

/g*h(:ﬂ) i = /g(m)dm/h(x) da > 0.

Therefore, given 2 € RY, we obtain from Lemma 5.6 that (f*™ % g * h)(z) is positive for some sufficiently
large n. Taking into the account translation invariance (5.10) we hence obtain from Proposition 5.1 (iv)
that & is irreducible. O

Remark 5.8. Condition (5.12) can be expressed as follows. For each B € X with Q(B) > 0 we have

/JBZdSO”) (p,q) >0, Q-ae.p. (5.15)
n=1

Assume (for the sake of illustration) that d(p f dy(p,q) Q(dgq) > 0 for each p € M and let (X,,),>0 be
a Markov chain with transition kernel p — d( ) td ( q)Q(dq). Then condition (5.15) means that

E[Z 1{X, € B}‘XO = p} >0, Q-ae.p, (5.16)

n=1

which is slightly weaker than Q-irreducibility of (X,,), as studied in [34]. Without additional assumptions
on @, (5.12) seems to be both a natural and a minimal assumption. If there exists A € X with 0 <
Q(A) < 1 and dy(p,q) = 0 for (p,q) € A x A°, then dfon) (p,q) = 0 for each n € N and all (p,q) € A x A€,
so that (5.12) fails.

The next remark shows the relevance of irreducibility for the uniqueness of the infinite cluster.

Remark 5.9. Assume that M is discrete and that Q{p} > 0 for each p € M. Given p,q € M we write
p =~ q if either p = ¢ or sup,,»; d( )( q) > 0. It follows from (5.11) that ~ is an equivalence relation.
Let [p] :== {¢g € M : p ~ ¢} be the equivalence class of p € M. Then 7y, = {(v,q) € 7 : ¢ € [p]} are
for different equivalence classes independent Poisson processes with intensity measures Ag ® Q([p] N -).
Assume now that there exist some marks p, ¢ € M such that [p] N[q] = 0. We assert that &[ny,] and &[n]
are vertex disjoint, that is, there is no edge in § between 7y, and 7. To see this, we take a bounded
Borel set B ¢ R? and let A denote the event that there exist € B and y € R? such that (z,p), (y,q) €1
and (z,p) < (y,q) in &. Similarly, as in previous calculations, we obtain

o0

Z B)Q{p}Q{q}dy’ (p,q)

which comes to zero. If {[ny,] and £[ny] both percolate, then { has at least two infinite clusters. Without
the irreducibility condition, the number of infinite clusters might be any natural number or even infinity.

In the following we will discuss some consequences of Theorem 5.7. We start with the case, where
Q has an atom. This covers discrete (that is finite or countably infinite) mark spaces and generalizes
Proposition 5.5.
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Corollary 5.10. Let ¢ be a stationary marked RCM and assume that there exists po € M with Q{po} > 0.
Then & is irreducible if and only if

Sl;}; d&”)(po,q) >0, Q-a.e.qe M. (5.17)

Proof. Take p,q € M and m,n € N. By (5.11),
dg™ ™ (p,q) > Q{po}dS™ (p, po)dS” (po, 4) = Q{po}d§™ (po, p)dy" (po, q).

Hence, if (5.17) holds, then we obtain that supy>y dgc) (p,q) > 0 for Q*-a.e. (p,q), so that irreducibility
follows from Theorem 5.7. The converse is obvious. O

Under a suitable minorization assumption on the connection function we have the following version of
Corollary 5.10 which does not assume py to be an atom of Q.

Theorem 5.11. Assume that there exist a measurable set A C M with Q(A) > 0 and some py € M
satisfying

dy(p,q) > dy(p, po), Q?-a.e. (p,q) € M x A. (5.18)
Assume also that (5.17) holds. Then the RCM & is irreducible.

Proof. Taking n =1 in (5.11) it follows by induction that

di™ (p,q) > di™ (p,po), Q%a.e. (p,q) € M x A.

Just as in the proof of Corollary 5.10 we hence obtain for all m,n € N and Q?-a.e. (p, ¢) that
di™ ™ (p, q) = Q(A)AT™ (p, po)dS” (po, ).

Therefore we obtain that supy>, dfak) (p,q) > 0 for Q2-a.e. (p, q), so that irreducibility follows from Theorem
5.7. O

A minimal assumption for irreducibility could be

/d¢(p, q) Q(dg) >0, Q-a.e.pe M. (5.19)

Under suitable assumptions on Q and ¢ we shall show with Theorem 5.12 that (5.19) is already sufficient
for irreducibility.

In Theorem 5.12 we will consider a partial ordering < on M which is measurable, that is {(p,q) : p < ¢}
is a measurable subset of M. Slightly generalizing [30] we say that M is partially ordered probability (POP)
space. A real-valued function f on M is said to be non-decreasing if < y implies f(z) < f(y). The
probability measure Q is called (positively) associated if

[ 940> [ra0 [ a0 (5.20)

for all non-decreasing measurable f,g: M — R for which the integrals make sense. Our next result
provides assumptions on ¢ and Q, under which the minimal assumption (5.19) implies irreducibility.
Corollary 5.13 and Example 12.7 will demonstrate the usefulness of this result.

Theorem 5.12. Assume that M is a POP space and that Q is associated. Assume also that d,(p,-) is
monotone (non-decreasing or non-increasing) for all p € M. Then the RCM & is irreducible if and only if

(5.19) holds.
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Proof. Assume that (5.12) holds but (5.19) fails. Then there exists a measurable set B C M with Q(B) > 0

and dy(p,q) = 0 for Q?-a.e. (p,q) € B x M. This implies for all n € N, that d(f) (p,q) = 0 for Q%-a.e.
(p,q) € B x M. The resulting contradiction shows that (5.12) implies (5.19). Let us assume the latter
holds. Since Q is associated we obtain for all p,qg € M

0200 = [ o)) Q) 2 [y, Q) [ dytra) Q).

This implies (5.12) and hence the result. O

Corollary 5.13. Assume that M C R is an interval and that d(p,-) is monotone for all p € M. Then
the RCM & is irreducible if and only if (5.19) holds.

Proof. Since any probability measure on M is associated (see e.g. [30]), the result follows from Theorem
5.12. ]

Remark 5.14. Let the assumptions of Theorem 5.12 be satisfied and assume moreover that [[ 1{p <
¢}Q(dp) Q(dgq) > 0. Let B be the increasing Borel set of all p € M such that sup,~; d™(p,q) > 0 for
Q-a.e. ¢ € M. Since ¢ is irreducible (by Theorem 5.12) we obtain from Theorem 5.7 that Q(B) = 1. We
assert that there is some py € B such that Q(C),) > 0, where Cp, := {p € X : po < p}. Indeed, if this
were not the case, then

0= // 1{p < q,p € B}Q(dp) Q(dg) = // 1{p < ¢,p € B,q € B}Q(dp) Q(dq)
_ / / 1{p = q}Q(dp) Qda),

contradicting our assumption. It follows that (5.17) and (5.18) both hold with A := Cp,. Therefore
Theorem 5.11 applies. However, given a monotone d, and an associated Q, Theorem 5.12 is much easier
to apply. It only remains to check (5.19), which could be assumed without too much loss of generality;
see Remark 5.15.

Remark 5.15. Assume that (5.19) fails and choose a measurable set B C M with Q(B) > 0 and
ds(p,q) = 0 for Q*a.e. (p,q) € B x M. This easily implies that

IC@P)| =1, (2,p) € Nparp, Pas..
Therefore Poisson points with a mark in B are isolated in &. In particular they do not contribute to
infinite clusters.
6 Deletion stability and uniqueness

In this section, we consider a general RCM ¢ based on a Poisson process n on X with diffuse intensity
measure A. Given (z,u) € X x G we let N*°(x, 1) denote the number of infinite clusters in C*(u) — d;.
We say that the infinite clusters in & are deletion stable if

P(N*(z,£%) >2) =0, Alae zeX (6.1)

Using the Mecke equation it is not difficult to see that the infinite clusters in £ are deletion stable if
Ngs = 0 a.s., where

Nowi= [ 1{N®(2.6) > 2} n(de). (6.2)
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Theorem 6.1. Assume that £ is irreducible and that the infinite clusters of & are deletion stable. Then
& has P-almost surely at most one infinite cluster. If, conversely, the latter holds then the infinite cluster
of & is deletion stable.

The converse implication in Theorem 6.1 will be an easy consequence of the Mecke equation. The
proof of the non-trivial implication will be based on two lemmas. Let Y7,...,Y,, be random elements of
X, which are a.s. pairwise distinct. In accordance with Section 3 we define a random connection model
£Y12¥n based on the point process 1 + dy; + - -- + dy, as follows. We connect Y; with the points in 7
using independent connection decisions which are independent of £. We then proceed inductively finally
connecting Y, to n+ dy; +--- + dy,_,.

Lemma 6.2. Suppose that B € X with A\(B) € (0,00) and let Y1,...,Y,, be independent random variables
with distribution Ap/A(B), independent of . Assume that the infinite clusters of & are deletion stable,
then

/ P(N (Y, 772 ) > 2) X\2(d(21, 32)) = 0. (6.3)

Proof. 1t is useful to add a point x € X to a graph pu € G in the following explicit way. There are
measurable mappings 7, : N — R? such that (- x N) = Zlﬁil 0o (n)> for each p € G. Let (p,z2) € G xX
and u = (up)n>1 € [0,1]N. Define % € G as the graph with vertex measure V(i) + 4, edges from p
and further edges between m,(un) and x if o(m, (1), z) > uy,. Define h(z, p,u) == L{N®(z, ul) > 2}.
Assume that U is a random element of [0, 1] with independent and uniformly distributed components,
independent of £&. Then 1{N*°(x,{") > 2} has the same distribution as h(z,£,U) and deletion stability
means that

/// h(z, p,w) P(§ € du) AN(dx) P(U € du) = 0. (6.4)
Given 1,22 € X we also have

L{N (Y, €102y > 9} & p(y,, govmatieYoot ),

where U, is independent of the pair (Y, §x1’x2’Y1""’Y"—1) and has the same distribution as U. Therefore
[ P g i) > ) (e )
= ) [ [ Bt ) () BU € du) 22(d1,2)
= BT [ [ Bl g1t ) PO € dwpXpldan, ..o ) Wo(dlar, ),

Y,

where we have used the definition of £%1:#2:Y1:»Yn-1_ From the Mecke equation we obtain that the above

equals

ABNE [[[ Mot ion, a1 € By As(dn) B € )
77(n+1)(d($1, 2, Y1y - -- aynfl))'

By (6.4), the integral [[h(y,& u) Ap(dy)P(U € du) does almost surely vanish. This concludes the
proof. O

For given z1,x9 € X let A(x1,z2) be the event that the clusters C*1(£*1*2) and C*2(£%1*2) are
infinite and not connected. Further, for n € Ny let By, (z1,22) be the event that z; and x5 are connected
in £x122: Y1 Y0 wwhere Y7, ..., Y, are defined in Lemma 6.2.
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Lemma 6.3. Let the assumptions of Lemma 6.2 be in force. Then for a given n € Ny

/P(A(xl, xg) N Bn(aﬁl,xg)) /\2(d({£1, xg)) =0. (65)
Proof. We can remove the points Yj,,...,Y; from &%12Y15Yn one by one. Each time we can apply

Lemma 6.2. Hence removing Y; (for i < n) cannot split the cluster of Y; in £%1%2:Y1,++Yi into more than
one infinite cluster. Take 1,29 € X and n € Ny such that B, (z1,z2) holds and assume for the sake of
contradiction that A(z1,x2) holds. In particular C*1(£*2*2) and C*2(£%1*2) are vertex disjoint, so that

there must be an i € {1,...,n} such that x;,x9 are connected in £x172. Y1V byt not in £%LE2 Y1 Yie
Hence, the removal of Y; would split the cluster of Y in &¥1:2:Y1--Yi into two infinite clusters. This is a
contradiction, showing that almost surely B, (w1, z2) C A%(w1, x9) for A-a.e. (z1,72) € X2, O

Proof of Theorem 6.1. Let us first assume that P(§ € Ay) = 0, where A is the set of all © € G such
that p has at least two infinite clusters. If € 7 satisfies N*°(z,&) > 2 then £ — §, € As. Therefore we
obtain from the Mecke equation (3.1)

IE/ 1Nz, €) > 2} n(da) < E/l{f 6, € At n(da) = IE/ 1 € ALY \(da)

which comes to zero.

Let us now assume that ¢ is irreducible and that the infinite clusters are deletion stable. We need to
show that almost surely two points of 1 cannot belong to two different infinite clusters. By the Mecke
equation (3.1) for n = 2 the latter is equivalent to

/ P(A(x1, 22)) \2(d(1, 7)) = 0. (6.6)

The following arguments apply to A%-a.e. (z1,72) € X2. By Proposition 5.1 (vi) there exist a set B € X
with 0 < A(B) < oo, an n € N and random variables Y7,...,Y,, with distribution A\g/\(B) such that
P(Bl,(z1,x2)) > 0, where

Bl (x1,79) := {x1 <> 2 in Z'[x1, 29, Y1,..., Y]}
We can couple the random graphs £%1:%2:Y15Yn and =[x, x2,Y1,...,Y,] in such a way that £*2*2 and
E'[x1,22,Y1,...,Y,] are independent and every edge in the latter graph is also present in the former.

Then B, (x1,22) implies B, (z1,22) and we obtain from Lemma 6.3 that
]I'D(A(:L’l, 1’2) N B;(xl, xz)) =0.

By the above coupling the events A(x1,z2) and B} (z1,x2) are independent. Hence P(A(z1,x2)) = 0, as
required. O

Motivated by [35] we might call an infinite graph u € G 2-indivisible if the removal of a finite number
of vertices results in at most one infinite connected component. The following corollary of Proposition
3.1 shows that £ is almost surely 2-indivisible.

Corollary 6.4. Assume that £ has almost surely at most one infinite cluster. Assume further that ng
is a point process such that P(no(X) < oo) = 1 and P(n9 < n) = 1. Then {[n — no| has a.s. at most one
infinite cluster.

Remark 6.5. Consider the setting of Remark 2.1. Assume that the infinite clusters of £ are deletion
stable. This means that reducing the size of an atom x of n by one (and removing the corresponding
edges), cannot split the associate cluster into more than one infinite clusters. This is not an intrinsic
property of the random graph £*, as defined in Remark 2.1. Assume in addition that é is irreducible
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(characterized in Remark 5.3), so that Theorem 6.1 applies. By Corollary 6.4 we can then remove any
finite number of points from 7 without splitting the infinite cluster (if existent) in two or more infinite
clusters. In particular we can remove a finite number of points from the support of 7, without splitting
the infinite cluster of £* in two or more infinite clusters.

Remark 6.6. In accordance with the physics literature (see e.g. [9]) we might call a point x € n red, if
any doubly infinite path in £ has to use z. If ¢ has a unique infinite cluster, then Corollary 6.4 says in
particular that £ cannot have red points. More generally, we may call a subset of n red, if any doubly
infinite path in £ contains at least one point from this set. Corollary 6.4 says that £ cannot have a finite
red set.

Remark 6.7. The authors of [8] studied random connection models on finite point processes in an
asymptotic setting. Under a natural irreducibility assumption (similar to Proposition 5.1 (iv)) they

proved uniqueness of the giant component; see Theorem 3.6 and Example 4.9 in [8].

Remark 6.8. Consider Example 5.4 in the special case where Y is the hyperbolic plane and v = tus,
where p9 is the invariant measure on Y and ¢ > 0 is an intensity parameter. Let Q be concentrated on
a single positive radius and let £ be RCM with connection function (K, L) = 1{K N L # 0}. (Then ¢
describes a hyperbolic Boolean model of balls.) Inspired by the seminal paper [5], it was shown in [42]
that there are numbers 0 < t. < t,, < oo such that there is no percolation for ¢ € (0, t.], infinitely many
infinite clusters for ¢t € (t.,t,) and a unique infinite cluster for ¢ > ¢,. Corollary 6.4 shows that the unique
infinite cluster cannot be destroyed by the removal of a finite number of Poisson points. A referee of this
paper has asked whether it is possible to check (resp. to reject) deletion stability for certain values of ¢
which are then (by Theorem 6.1) upper (resp. lower) bounds for t,. We do not know, whether this is
possible; see also Remark 11.9.

7 A spatial Markov property

We again consider a general RCM £ based on a Poisson process 1 on X with diffuse intensity measure A.
Let v € X. In the next section we shall establish and exploit a useful explicit change of measure for the
distribution of C¥ = C¥(£"). This is possible since for n € Ny the conditional distribution of C}; given
¢, can be described in terms of a RCM driven by Poisson process with a thinned intensity measure. In
this section we derive a general version of this spatial Markov property.
Let v be a locally finite and diffuse measure on X. Then we denote by 11, the distribution of a Poisson
process with this intensity measure. We define two kernels from N to X and from N x N to X (using the
same notation K, for simplicity), by

KV(M? dx) = 95(:“’ .T)V(dl’), KI/(:Ua Nl7dx) = 95(#7 .%')QO(,LL,,ZC)V(CL’E), (71)

where we recall the definitions (3.7). Proposition 7.2 will provide an interpretation of this kernel. Denoting
by 0 the zero measure, we note that

K,(0,dx) = v(dx), K,(0,4,dx) =y z)v(dz), K,(u,0,dx)=0. (7.2)

We write K, (1) := K, (u,-) and K, (u, 1) := K, (, 1/, -). Note that K (0, u, X) = px(1); see (3.7).

For n € Ng, p € G and v € X let I'Y (A, i1, -) denote the distribution of a random graph &, defined as
follows. Let &/, be a RCM based on n, + C/(u), where 7, is a Poisson process with intensity measure
K)\(C%,_1(n)), and where we recall that C2_; := 0. Remove in ], all edges between vertices from C} (1)
to obtain a random graph &/. Finally set &, := C2, (1) ® £, with an obvious definition of the operation
@®. We set C%, (1) := &,, which is the graph with vertex set {v} and no edges.

Theorem 7.1. Let v € X and n € Ng. Then,
P(gv S | C%n) = FZ()HC%W ')7 P-a.s. (73)
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Proof. This follows from the proof of [21, Lemma 3.3]; see also Proposition 2 in [31]. Essentially the
assertion is equivalent to equation (3.6) in this proof. The arguments given there apply to a RCM on a
general state space X and not only to R%. O

A quick consequence of Theorem 7.1 is that {(V(CZ, ), V(C}))}nen, is a Markov process.

Proposition 7.2. The sequence {(V(CZ,, 1), V(C}))}nen, is a Markov process with transition kernel

(s ) > / V(4 ) € ) Ty ) (@),
We also note that
K, X) < / (1 7) Mdz) < / / oy, ) 1 (dy) M),

where we have used the Bernoulli inequality. Hence

Kol %) < [ Do) ). (7.4

Corollary 7.3. Let n € Ng. Then we have for A-a.e. v € X that P(|C}| < 00) = 1.

Proof. We can proceed by induction. For n = 0 the assertion is trivial. Assume that P(|C}| < o0) =1

for some n € Nyo. From Proposition 7.2 we know that the conditional distribution of V(C}_ ;) given

(V(CZ,,_1),V(Cy)) is that of a Poisson process with intensity measure K(V(CZ,,_,),V(C})). By (7.4)
we obtain that

E[lChl | (V(C<na), VICH))] < /Dw(y) Cy(dy)

which is for A-a.e. v € X a.s. finite by our general assumption (1.1) and induction hypothesis. O
The following useful property of the kernel K can easily be proved by induction.

Lemma 7.4. Let n € N and po, ..., un € N. Then

K0, o) + Kx(po, 1) + -+ Kx(po + -+ + pin—1, ) = Kx(0, o + - + ).

8 Perturbation formulas

In the next sections we vary the intensity measure A and consider t\ for ¢ € Ry. We fix v € X and let
P, be a probability measure governing a RCM & based on 7, where 7 is a Poisson process with intensity
measure tA. The associated expectation is denoted by E;. Recall the definition (3.7).

Lemma 8.1. Let§~ be a RCM based on a Poisson process 1) with finite intensity measure v. Let f: G —
[0,00). Then

Eof(§) = By f(£)tlTed-vX)

Proof. 1t is well-known that
I, = / 1{p e =& I (dp), ¢ >o0. (8.1)

This follows, for instance from [27, Exercise 3.7] and an easy calculation. The assertion then follows by
conditioning, using the kernel I' in (3.2). O
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Proposition 8.2. Letv e X, t € Ry, ne€ N and tyg > 0. Then

Pu(CL, € ) = E1{CL, € Ht/to)| % | 1eltom0or(C2ims).

Proof. 1t is sufficient to consider the special case t{g = 1. The general case can be proved similarly or can
be derived from the special case. We omit the dependence on v in our notation by writing C), := C},
and C<,, := CY, . Given u € G we let C;f (u) denote the graph u[V (Cp—1(u)) + V(Cp(1))] with the edges
between vertices of Cy,_1(u) removed.

Let f: G — [0,00) be measurable. By Theorem 7.1,

B1f(Can) = Bt [ F(Cenmt ® C () Tua (N, Conr o).

By (7.4) we have

Kiz(Can_2,Cr1,X) <t / Do(y) Cos (dy)

which is almost surely finite by Corollary 7.3. By definition of I, and the thinning properties of a Poisson
process, the distribution of C;f(-) under '), (t\, C<p—1, ) is that of a RCM driven by a Poisson process
with intensity measure Kyy(C<p—2,Cp—1) with additional independent connections to V(C,—1); see also
Proposition 7.2. Therefore we obtain from Lemma 8.1 that

Eif(C<n) = E¢ / F(Can1 ® CF () =N Can2Crmt T, (X, Ccp1, dps).
Iterating this identity yields that the above equals
/.../f(ofr(m) DD C;'(lun))e(l—t)K)\(5v+ll1+~~.+un727,u«n71,X) oo (1= EA(G0,1.X)

t|l’«n‘ te t|M1|Fn—1()\7 Cii_(,ul) DD C:—l(un—l)v d,u’n) to FO(Aa 5117 dlul)

By Lemma 7.4 this equals

/-"/f(Cfr(m) B - @ CF ()L TOENO St tpin 1 X) gl [+ ||
Crt (N, CF (1) @ -+ ® Cf_y (1), dptn) - - - To (A, [80], dpan).
By Theorem 7.1 we obtain
Ef(Cep) = By f(Cep)tlCsnl=1ed=00n(Ccn1)
and hence the assertion. O
Theorem 8.3. Letv € X, t € Ry and tg > 0. Then
Py(CV € -, |CY| < 00) = Eyy 1{C? € -,|C| < 0o} (t/to)IC" 171 elto=tea(C?) (8.2)

Proof. Again it is sufficient to consider the special case tg = 1. By Proposition 8.2 the distribu-
tion P;(Cy € -) is absolutely continuous w.r.t. P;(Cy € -) with Radon-Nikodym derivative M} :=
#0712 (C% 1) Iy particular {M} }ren, is a (non-negative) martingale with respect to {o(CZ,) }nen,
and therefore converges a.s. towards MY, := limsup,,_,., M?. By [40, Theorem VIL6.1] we have

P/(CY € ) = E11{C" € -} M2 + E41{C" € -, M2 = o0}.
On the event {|C"| < oo} we clearly have
MY, = tlC"I-1e(-0ea(C?)

which is finite. This concludes the assertion. O
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Let f: G — R be a measurable mapping. Define for v € X; n € N, and t € Ry

Fo(€7) = FICOH|C| = n}, [o(l) := EFn(E7), (8.3)
Fen(€") = F(COH[CY[ < n}, [2,(1) := EiFen(E"), (8.4)
F(&%) = f(C)H{|CY] < oo}, fU(F) := B F(E7). (8.5)

We also write |f|°(t) := E¢|F(£)] and define |f[;(t) and |f[2,(¢) similarly. We are interested in the
analytic properties of the function f¥(t) under the assumption |f|V(¢) < co. A key example is the position
dependent cluster density

KO(1) = By CVI7Y, teRy. (8.6)

Our terminology is motivated by the stationary marked case (see Lemma 4.3) and also supported by the
Mecke equation, implying

/m”(t) Ap(dv) :Et/|0”(§)|_1n3(dv), Bex.

Suppose that |f|"(t9) < oo for some tyg > 0 and n € N, then by Theorem 8.3

fo(t) = (;) | e s ), (8.7)

where the signed measure vy, 4, is defined by

Vo (-) 1= By 1{pa(C") € -Je 0P I E, (£9). (8.8)

By Corollary 7.3 this is a locally finite signed measure on R;. It follows from Theorem 8.3 that the
function |f|%(¢)/t"~! is monotone decreasing on (0,0), so that

n—1
L) < (fg) FEt), >t

Lemma 8.4. Let v € X, n € N and to > 0. If | f|2(to) < oo, then fort >ty

t?’l o0 '
f’:l} (t) = n—1 / Vf7n7t0 [O’ u]e_ “ du'
to 0

Proof. We obtain from (8.7) that

fa(t)

/ / 1u < s} dsvpp (du). (8.9)

- tn 1
0
Since vy ¢, is locally finite, we can apply Fubini’s theorem to obtain the assertion. ]

Lemma 8.5. Let v € X, n € N and to > 0. If | f|)(to) < oo, then the function f; is analytic on (tg,00)
and fort >ty

d nt" 1 o) . " e8] .
—fo(t) = n—l/ Vintol0,ule™ ™ du — —— / UVt 1010, ule” " du. (8.10)
dt tO 0 to 0

Proof. Let Q, :={z € C: R(z) > tp}, and extend f! to 4, by setting

Zn

n—1
tO

fol(z) == / Vintol0,ule ™ du, 2z € Q.
0
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By (8.8) we have

V1,20 10, ]| < €| f[7 (2o).

Since |f|p(to) < oo this implies that f} is a complex analytic function on €2,. Since (tp,00) C 4, N R,
the restriction of this function to (tp, c0) is real analytic. The formula (8.10) follows from Lemma 8.4 the
product rule of calculus and the Leibniz rule for differentiating integrals. The latter can be applied since
for each e > 0 and all v > 0

Wl o 0, e~ < el f12 (1) < we™<| I3 (to)
uniformly for ¢t > tg + €. O
To rewrite Lemma 8.5 in a different way, we define
My = 1C% —1—tpr(C"), teRi,veX. (8.11)

Lemma 8.6. Let v € X, n € N and to > 0. If |f|\(to) < oo, then function f} is analytic on (tg,00) and
fort >tg

d
SR = IR MPFa(e”)]. (512
Proof. By Theorem 8.3,
n—1
0= (1) BolRle)eroe).
0

Hence the result follows from Lemma 8.5 and calculus, where the application of the Leibniz differentiation
rule can be justified as in the proof of Lemma 8.5. O

Lemma 8.7. Let v € X, n € N and to > 0. If |[f|Z, (to) < oo, then function f2, is analytic on (to,00)
and fort >ty

PL(t) = R M P (€], (81

Proof. The result follows from the definition of f2,, and Lemma 8.6, since |f|%, (to) = > p_; [f[}(t0). O

Theorem 8.8. Let 0 < tg < t1 < co. Assume for each t € [tg,t1] that |f|"(t) < co. Assume moreover
that for each € > 0,

= 0. (8.14)

lim  sup
"0 teftote,ta]

> s

k>n

Then fv is continuously differentiable on (to,t1] with derivative given by

d d — d
i< — 1 -1 rv — -1 i<
0= 7 G0 = o) (8.15)
Proof. Let n € N. Since [f[%,(to) < [f["(to) < oo, we can apply Lemma 8.7 to obtain that the function
f¢, is analytic on (o, 00), with derivative

n

d v - d v - v v
% Sn(t) =1 ! Z % n(t) =1 lEt [Mt an(g )]7 t> tO-
k=1
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By dominated convergence

Furthermore we have

d ., _
yr Ok f<n \— 1

Zdtfk ‘

k>n

By assumption (8.14) this tends to zero uniformly in ¢ € [ty + ¢, 1] for each € > 0. A standard result of
analysis gives us that fY is continuously differentiable on (to,¢;] with derivative given by the right-hand
side of (8.15). O

Theorem 8.9. Let 0 < tg < t; < 00. Assume for each t € [to,t1] that |f|(t) < co. Assume moreover
that for each € > 0,

lim  sup > B MPFp(¢")| =0. (8.16)

OO teftote ta] k>n

Then f is continuously differentiable on (to,t1] with derivative given by

% FUt) =t B [MPF(€Y)]. (8.17)

Proof. Let n € N. Since |f[}(to) < [f[2,(to) < [f]°(to) < oo, then by Lemma 8.5 the function f is
analytic on (tg, 00), with derivative

d
GRO = EDERE) < CBMAEL >0
Hence
SPYAOIETED DL
dt’® t
k>n k>n

By assumption (8.16) this tends to zero uniformly in ¢ € [tg +¢,t1] for each € > 0. Therefore by Theorem
8.8 the function f¥(t) is continuously differentiable on (t¢,t1] with derivative

d ., e d L, - S
@f (t)=t lnz::ldtf"(t):t lEt[MtF(f )],

where the last equality we get from Fubini’s theorem, since by assumption (8.16) we have that for ¢ € (o, t1]
B MPF(EY)] =) By MY Fo(€Y)] < o0. O
n>1

The following theorem provides a large class of functions satisfying the assumptions of Theorem 8.9,
covering the cluster density (8.6). We shall prove it in Section 10.

Theorem 8.10. Let f: G — R be a measurable mapping satisfying | f(u)| < ]f(|V(u)|)\ for each p € G,
where f : N — R satisfies

lim f(n)y/nlogn = 0. (8.18)

n—o0

Then fv is for each v € X continuously differentiable on (0,00) with derivative given by (8.17).
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9 Difference operators

In this section we shall rewrite Theorem 8.8 and Theorem 8.9 in the form of a Margulis—Russo formula.
Recall that u — 9, := p[V () — 0] is the graph resulting from p by removing the point z (if z € V(u))
along with all edges with vertex = for 4 € G and = € X. Given a measurable function f: G — R and
x € X we define V. f: G — R by

Vo f() == f(u) = f(p— 0z)- (9.1)

Theorem 9.1. Let the assumptions of Theorem 8.8 be satisfied. Then the function fU is continuously
differentiable on (to,t1] with derivative given by

% fU(t) = lim t7'E, / VaFn(€") C¥ (dz) = > t'Ey / V. F,(€Y) CV(dx). (9.2)

n—oo
n>1

We start the proof with the counterpart of Lemma 8.5 and Lemma 8.7.

Lemma 9.2. Let v € X, n € N and to > 0. If | f|}(to) < oo, then function fY is analytic on (to,c0) and
fort >t

d |
o o) =t 'R, / V. Fp(£9) CY (dx).

Proof. Let t > tg. We wish to apply Lemma 8.6. By definition we have

n—1
EdFu(€)1CY] = nl () < n <f0) A1)

which is finite by assumption. Therefore we obtain from Theorem 8.3, (8.8) (with |f| instead of f) and
Fubini’s theorem

n—1 o0
Ei|Fa(£)oA(CY) = / e o ()

o8
_ (;O)n /OOO /uoo(ts —1)e ™ ds g g, (du)
(&)

n—1 )
/0 V|f\7n,t0 [07 8](t3 - 1)€_ts ds

tn o0
<|fln(to) == / selto=t)s gg < 00,
to 0

where we have used that vy, ,[0,s] < €"%|f[5 (o). Hence we obtain from Lemma 3.2 that
tE L (£%)pA(CY) = Ey / Fo(€" = 6,) C¥ (dx).

Now the assertion follows from Lemma 8.6. OJ

Lemma 9.3. Let v € X, n € N and to > 0. If |[f|2, (to) < oo, then function f2, is analytic on (to,00)
and fort >ty

d !
G =By [ VP (€ € do).

Proof. The result follows from the definition of fZ,, Lemma 8.7 and Lemma 9.2. O
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Proof of Theorem 9.1. By Theorem 8.8 we have that f¥ is continuously differentiable on (tg,t1] with
derivative given by (8.15). Hence we can apply Lemma 9.2 and Lemma 9.3 to obtain the assertion. [

Theorem 9.4. Let the assumptions of Theorem 8.9 be satisfied. Assume moreover that for each t € [to, t1]
E[|F ()] (ICY] +@a(C?))] < 0. (9.3)

Then f is continuously differentiable on (to,t1] with derivative given by

dU 4 v\ !
ﬁfu>—tﬁa/kaF@>c (da). (9.4

Proof. Let t > ty. Theorem 8.9 states that fY is continuously differentiable on (g, 1] with derivative
given by (8.17). The assertion follows from (9.3) and Lemma 3.2, since splitting f into its negative and
positive part we can apply Lemma 3.2 to get

LEF(E)oa(C7) = Ey / F(€ - 6,) C*(dx).
The result follows. O

Remark 9.5. Let the assumptions of Theorem 9.4 be satisfied. By the Mecke equation (3.6) we have

E, / V. F(€°) Y (dz) = tE, / (F(E"7) — F(€*)1{v ¢ = in €7} M(dz).

If v and z are not connected in £, then F({"") = F(£). Therefore we can rewrite (9.4) as

G0 =B [ (B~ Fe) Ndo). (95)

10 Differentiability of the cluster density

In this section we prove in particular that the position dependent cluster density (given by (8.6)) is
continuously differentiable on (0, o).

Theorem 10.1. Suppose that f: N — R is a function satisfying

lim f(n)y/nlogn =0. (10.1)

n—o0

Then t — B, f(|C?]) is for each v € X continuously differentiable on (0, 00) with derivative given by (8.17).

We prove the theorem via some lemmas, partially following the proof of [7, (LP) (3.6)]. Let v € X.
For t > 0 and n € N we define

pu(t) =Py (|C%] = n).
Specializing definition (8.8) in the case f =1 we set
vi() == E11{px(C") € J1{|C"| = n}e (), (10.2)

Then we obtain from (8.7) in the case to = 1 that
po(t) = t"l/ e Y (du). (10.3)
0

Since pY(t) = e *P#(¥) we have

Vi) = 5Dw(”)’ ve X (10.4)
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Lemma 10.2. Letv € X, n € N and u > 0. Then

u;;[o,u]g< cu >n_1, (10.5)

n—1
where the right-hand side has to be interpreted as 1 if n = 1.
Proof. In view of (10.4) we can assume that n > 2. Since p{(t) < 1 for ¢t > 0, we have that

u
gl > / e Y (du) > e MUl [0, u).
0

Optimizing over t € (0,00) yields the assertion. O

Lemma 10.3. Letv e X, n €N andt > 0. Then

oo
po(t) = t"/ v2[0, ule™™ du.
0
Proof. The assertion follows from Lemma 8.4. O

Lemma 10.4. Let v € X, n € N. Then t — p?(t) is analytic on (0,00) with derivative given by

d oo o0
—pi(t) = nt" ! V200, ule ™ du — t" ur’[0, ule” ™ du 10.6
Proof. The assertion follows from Lemma 8.5. O

Lemma 10.4 implies

d n [ ut
—pl(t)] < — U0, u] |1 — — | t"e ™ du. 10.7
o] <5 [T =2 et ay (10.7

The next lemma provides a bound for the above right-hand side.

Lemma 10.5. Let v € X, n>2 and 6 € (0,1). Then we have for all t > 0 that

o0
t
/ V210, u] |1 — Y metudu < 8p2 () + (1 — 5)"ed™ 4 (1 4 6)me=n. (10.8)
0 n
Proof. By Lemma 10.3 we have
o t t
/ vpl0,ul |1 — B gme—tugy < opy(t) +/ V20, ult"e Tt 1 — " du
0 n |1—Le|>5 n
v € o n, n—1_—tu tu
< opr(t) + t"u" e ™™ |1 — —| du.
VA n

Changing variables yields that the above equals

e n—1
opy (1) + < > / T
" n—1 |1-%|>6

Splitting the integral on the above right-hand side into two pieces corresponding to tu < n(1 — J) and
tu > n(1+ 6) yields

1—3’ du.
n
n

n(1-4)
/ u e (1 — E) du =n""1(1 - 5)"8_"(1_6)7
0

- u et v 1) du = n™ (1 + §)re (179,
/n(1+5) (” ) ( )

Since (14 1/(n —1))" ! < e for all n > 2, we obtain the assertion (10.8). O
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Let f be as in Theorem 10.1 and v € X. Then f is bounded and
Ef(IC°) = EeF(€") = ) f()ph(D)
n=1

In order to prove Theorem 10.1 we will check the condition (8.16) on [tg,00) for each top > 0. This is
achieved by the previous and the following lemma.

Lemma 10.6. Suppose that f: N — R. Then
E¢| MPE, ()] < |f(n |/ 010, u] |n — ut| t"e " du. (10.9)

Proof. 1t is easy to see the following identities which follow from integration by parts

(n—1)/t (n—1)/t
— / e ds

u

(n—1)/t
/ (n —ts)e ds = —t_l(n —ts)e '
_ -1 ((n — tu)et £ o= (D) e—tu) =t Hn—1-—tu)e ™,

oo o0
/ (n—ts)e ¥ds =t (n — tu)e ™" — / e ds =t n—1—tu)e ™
u u
Since v} is locally finite, we can apply Fubini’s theorem to obtain that

B[ My Fr(€°))]

= [f(n)[Ee[ln — 1 = toa(CH|L{C| = n}] = [f(n)]t" /OOO n— 1 — tule™"v; (du)

(n—=1)/ o0
= |f(n)[t" (/0 1 t(n — 1 —tu)e ™Y (du) — /( 71)/t(n —-1- tu)e_tuyfb(du)>

(n=1)/t p(n-1)/t 0o 0o
n)[t" / / (n— ts)eftsds vy (du) — / / (n— ts)eftsds vy (du)
0 u (n—=1)/t Ju

(n—1)/t -
= [f(n)[t" </ V[0, s](n — ts)e™"*ds — /( i vpl0, s](n — ts)etsds>

n/t
o)l [ vnlo sl in = stlre s ds 2] [ iosln = ts)re s
(n=1)/t

O
Proof of Theorem 10.1. Let v € X, typ > 0 and n > 2. We need to check the condition (8.16). To do so,
we start with inequality (10.9). In (10.8) we choose 6 = d,, by J,, := y/91logn/n. We use the inequalities
(1—r)e” < e /2 which holds for all 7 > 0 and (1+7)e™" < e~""/3 which holds for all r € [0,1/3). Then

we obtain for all sufficiently large n € N that (1 — 6,)"e ™" < n=%2 and (1 — §,)"e " < n=3. Hence
there exist ng € N such that for each t > t,

Z = f () !/ o0, u] [ — ut| e du < £ > 1f(n)[v/nlognpi( +— Z n%. (10.10)

n=ngo n=no TLTLO

Let € > 0 and choose n; > ng such that |f(n)|v/nlogn < e for each n > n;. Then

> 1F()[V/nlognp)(t) < e,

n=ni

finishing the proof. O
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Proof of Theorem 8.10. We check condition (8.16). By assumption (8.18) it suffices to show that
r} v v| __
Jg{.lofgtpz | (k) [Be | My [1{|C*| = k}) =0,

for any top > 0. This follows from (10.9) and the proof of Theorem 10.1. O

Later we shall need the following integrated version of Theorem 10.1

Theorem 10.7. Assume that X = Y x M s the product of two complete separable metric spaces and
let Q be a finite measure Q on M. Suppose that f: N — R is a function satisfying (10.1). Then t —
[Ef(JCYD|)Q(dq) is for eachy € Y continuously differentiable on (0,00).

Proof. Let y € Y and ty > 0. We know from Theorem 10.1 that ¢ — B f(|C®9)]) is for each (y,q) € Y xM
continuously differentiable. The assertion follows from the Leibniz differentiation rule once we can show
that

Z\f ]/ Ou\n—ut\t” Ny <e, t>ty, q €M, (10.11)

for some ¢ > 0. Since f(n)y/nlogn is bounded, we see from (10.10) that the above series, starting from
n = ng is bounded in ¢ € M and ¢ > t5. The remaining terms in the series can be bounded by (10.8).

Similarly as in the proof of Lemma 8.5 one can show that [ f,(Ly’q) (t) Q(dgq) is an analytic function on (0, 00).
Therefore the continuity of the derivative follows from (10.10), since Y. |f(n)|y/nlogn [ p(y ) Q(dq) —

n>ng
0 as ng — oo uniformly in t € R,.. O

Strengthening the assumption on the function f in Theorem 10.7, we can write the derivative as a
Margulis—Russo type formula.

Theorem 10.8. Suppose that f: N — R is a function satisfying
sup | f(n)|n < oo. (10.12)
n>1

Then t — E.f(|C"|) is for each v € X continuously differentiable on (0,00) with derivative given by (9.4).
Proof. It is enough to check condition (9.3) on [tg, 00) for each ty > 0. Condition (10.12) implies that

Ee| fFICTDIICY] < oo

It follows from Fubini’s theorem and Lemma 10.2 that for n > 2
BFAE)In(©) = e [~ ue i) = s@let [ [ s et dsoian
= |f(n)t" ! /000 v2[0, s)(ts — 1)e S ds < | f(n)|t" /000 V[0, s]se " ds
<|f(n)| <2npfl(t) + " /200 vY[0, s]se” " ds>

<[f(m) <2npz<t> ! (n a 1)"‘1 /2‘” e du)

e

— £ ant o)+ 0] (2

where X, has a Poisson distribution with parameter 2n. By assumption (10.12) the sum over the first
terms is converging. By a rather elementary concentration inequality (using a Chernoff bound argument)
we have P(X,, < n) < (2/e)" for each n € N. Therefore the sum over the second terms is converging
too. O

n—1
1> n! P(X,, <n),
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Remark 10.9. The position dependent cluster density satisfies the condition (10.12) and its derivative
can be represented by (9.4), i.e.

%m”(t) =71 (IP’t(|C”| < o0) — KU(t) — Ey / 0V — 6,7} C’”!(dx)>

_E, / (IC* ()| ! = || )1 € C(€°)} A(da).

11 Deletion stability of the stationary marked RCM

In this section we consider the stationary marked RCM as introduced in Section 4. Hence we take a
Poisson process  on R x M with intensity measure t\ = t\; ® Q and consider the random connection
model £ based on 1 and a fixed connection function ¢: (R? x M)? — [0, 1] satisfying (4.1) and (4.2).

Theorem 11.1. The infinite clusters of a stationary marked random connection model are deletion stable.

Our proof of the theorem partially follows the seminal paper [1]. It requires a significant extension of
some of the arguments in [25] treating the Gilbert graph with deterministic radii; see Example 4.8.

We need to introduce some further notation. For u € G and (z,p) € V() we denote by N°(x,p, i)
the number of clusters in C@?) (1) — O(z,p)- Hence NO(x,p, 1) is the number of clusters in p — O(z,p) Which
are connected in u with (z,p). We then define N*(z,p, u) similarly to N°(z,p, i), except that at most
one infinite cluster is counted, i.e.

N*(z,p,p) :== N°(z,p, ) = L{N>(,p, ) > 1}(N®(z,p, p) — 1).

Given B € B(R?) and a measure v on R? x M it will be convenient to write vp := vgxn for the restriction
of v to B x ML

We fix some arbitrary tp > 0. It is then no restriction of generality to assume that ¢ € (0,¢p]. Let
(Bn)nen be an increasing sequence of convex and compact sets with union RY. Our proofs require a
specific coupling of the RCM ¢ with two random graphs &, and &, 4+, n € N, according two different
boundary conditions: free and wired. To this end we let é be a RCM based on a Poisson process 7 with
intensity measure tpA. We can assume without loss of generality that 7 is ¢/to-thinning of 7 (see [27,
Corollary 5.9]) and that & is given as the restriction 5 [n] of é to the vertices from 7. Let us first set
& = f 1B, + NBe]. This is a RCM driven by the Poisson process 1p, + fjpc which has intensity measure
tAB, +toApe. We define &, o as the restriction {[np,] = &u[nB,] of £ to B, x M. This is a RCM driven by
nB,- Welet §, + be the random graph resulting from &, by connecting all points from 7jgc to each other.
Then &, 4 is a RCM driven by npg, + fjge with a connection function which is equal to one for any pair
of points from (BE x M)? and ¢ otherwise. The reader should keep in mind that &, 4 is a very simple
function of the RCM ¢&,. An important property of this coupling is that &, o is a subgraph of &, while &
is a subgraph of &, + (in fact of &,).

For (z,p) € np, we define Cq(f(’)p) = C@P) (€, 0) and C’,(ff) := C@P)(¢&, 1) noting that
V(O = VICE) + H(w,p) < disgin il

Note also that if (z,p) ¢ np,, then Csép ) = ¢™P) = 0. Note also that C,(ff) is infinite if and only if

n,
(x,p) is connected (in &,) to f)pe. Otherwise it is finite and coincides (by the coupling construction) with

O = e (©).

Lemma 11.2. Let (z,p) € R? x M. Then, almost surely, V(C’ffép)) + V(C@P)(€)) and V(Cgff)) 1
V(C®P)(£)) as n — oo.
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Proof. Let (xz,p) € n otherwise the statement is trivial. There exists m € N such that x € B,,. We shall
always take n > m. The second assertion has to be interpreted this way. Clearly Cr(fép ) is a subgraph

of C@P)(¢). Assume that (y,q) € C®P)(€). Then there exists n such that (x,p) is connected to (y,q)

within &, 0. This proves the first assertion. Next we note that C@p) (€) is a subgraph of Cqsili) 4 Wwhile

Cffﬁ) 4 is a subgraph of Cfff). Assume that (y,q) € Cfff) for each n > m. For large enough n we then

have y € B,, and hence (y, q) € C@P)(¢). O

For each n € N we define
M= [ 1CE2 | i, (o),

where we use a star to denote either 0 or +. A simple counting argument shows that M, ( is the number
of clusters (finite) in &, o while M, 1 is the number of finite clusters in &, ;. Moreover, we have that

M, + < M, < M,, (11.1)
where (see also Proposition 4.4)

M= [ 1CED O 1, (dla,p) (11:2)

Recalling the definition (4.6) of the cluster density (t), we have the following lemma.
Lemma 11.3. Let t € [0,to]. Then (Aa(Bp)) 'E:M, + — tk(t) as n — oo.
Proof. By Lemma 4.1,
By M, =t / / 1{z € B, }E,|C@P |~ da Q(dp) = Aa(By)tk(t).
Almost surely M, o — M, is less than the number of clusters with points from 7p, which are connected in
§ with npe, and therefore less than the number of points from npg, which are directly connected in § with
npe. Analogously, M,, — M, ; is less than number of clusters with points from 7p, which are connected

in §, with 7jge, and therefore less than the number of points from 7, which are directly connected in &,
with 7jpe. Then with probability one, we have

My — / 1{(z,p) ~ s in &x}np, (d(z.p)) < Myo — / 1{(2,p) ~ i in €}, (d(z, D))

< My < My, + / (e p) ~ g in &, (d(z.D)).

By the Mecke equation, we have
Bo [ 1{(e.p) ~ s in &u}um, (dw.p)
= t// 1{z € B,} (1 — e—to J H{yeB to(y—z.p,q) dy@(dq)) dz Q(dp)
<tot [[[1a € Buy e Byt~ 2.p.0) de dy @ (alp.)
—tot [[ 1 € By € BiJuty - a)dod,

where

(z) = / o(z.p.0) Q*(d(p.q)), =R (11.3)
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By assumption (4.2), ¢ is integrable.
Let € > 0 and choose r > 0 so large that [ 1{|z] > r}y(z)dz < e. Then

/ 1z € By € BS |y — 2| > rh(y — 2) dedy < eXa(Ba).

Further

1

)\d(Bn)/l{x €B,,yeB;,ly—z| <riY(y—x)dedy < d, Mnjﬁ 0, (11.4)

Aa(Bn)

where, for a bounded set B C R?, Bg, := {x € B : d(x,0B) < r} and 0B denotes the boundary of B.
Therefore

EiM, 0 .. JEMy,
li —etot < tr(t) <1 f : etot
TP (B S SRR (B, T
Taking into account (11.1), this yields the assertion. O

Let n € N. We Will now explore the derivatives of t — E;M,, .. For (z,p) € B, x M we define
N*(x,p) := Nz, p, fnx ) the finite volume counterparts of N°(z,p, £&@P)) and N*(z, p, £(*P) ) By this

definition N2(z,p) is the number of (finite) clusters in &, which are connected to (z,p) in £n0 , and
N;F(x,p) is the number of clusters (with at most one infinite) in &, ; which are connected to (x p) in

&t
Lemma 11.4. For any n € N and either choice of boundary conditions the function t — E;M, . is
differentiable on [0,ty) and the derivative is given by

d

@EtMn* = \i(Bpn) — Eq // 1{x € B,} N} (z,p)dx Q(dp).

Proof. Since M, » < n(B,,) we have E;M,, , < oo for all t > 0. We now apply the Margulis-Russo formula

(3.9), where A2 = (A\g)B, ® Q and A1 = 0 for the free boundary condition (x = 0) and A\; = to(A\g)B: ® Q
for the wired boundary condition (x+ = +). Hence E;M,, , is a differentiable function of ¢t and

%Et n,% =[E, // 1{-73 € B, } n*( * )*Mn,*(fn,*)) de(dp)

Let (z,p) € B, x M. If N;(a:,p) = 0, then with probability one M, ,( (;p)) — My (ény) = 1.
Otherwise the removal of (x,p) from 5,17* results in M, . ( ,(f;p)) — My (énx) =1— N} (x,p) a.s., proving

the result. O

Lemma 11.5. For any n € N and either choice of boundary conditions EiM, . + Ad(Bn)d¢t2/2 s a
convex function of t on [0,t).

Proof. For (z,p) € RY x M we let ¥(z, p) denote the point process of the Poisson neighbours of (x,p) in
¢@P) that is the points in 1 which are directly connected to (z, p) in g@p) For a Borel set B ¢ R? we let
\IJB(:U p) denote the restriction of ¥(z,p) to B x M. We further denote dy,(p) := [ d(p,q) Q(dg) so that
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dy, = [ dy(p) Q(dp). By Lemma 11.4,

My + 2B
dt t4Vin,x d\Pn 4p2

— \a(By) — E / / 1{z € B} N (x, p) dze Q(dp) + tAa(Bn)d,
= N(Bn) + // 1{z € B,}(tdy(p) — EtN; (z,p)) dz Q(dp)
—M(Bo) + [ [ 1o € B} ENU@)| - BN (2p) do Q)

= Aa(Ba) + / / 1{z € By} (B (2, p)] + Eo(| U5, (2.p)| — N2 (z,p))) d Q(dp),

Clearly E¢|¥ ge (x, p)| is increasing in t. We shall now argue that E;[¥ g, (x,p) — Nj(z,p)] is increasing in
t. Applying the Margulis-Russo formula (3.9) similarly as in the proof of Lemma 11.4, we see that it is
sufficient to check that g, (x,p) — N} (z,p) cannot strictly decrease when adding a point (y,q) € B, x M
to n. Assume first that (y,q) is not directly connected to (z,p). Then ¥p (z,p) does not change while
N (x,p) can only decrease (namely by connecting some of the clusters in &, , which are connected to
(z,p) in §£f;p )). Assume now that (y,q) is directly connected to (x,p), so that ¥p (z,p) increases by
one. In that case N}(z,p) can increase by at most 1, namely if some of the clusters in §, . which are not
connected to (z,p) in §,(f;p ) get connected to the new point (y, ¢) while none of the clusters in &, , which

are connected to (z,p) in fr(f;p ) are connected by (y,q). This proves the asserted monotonicity and hence
the convexity assertion. O

Now we are in the position to prove the first main result in this section.

Theorem 11.6. The function t — tr(t) + dyt?/2 is continuously differentiable on (0,00), convexr on Ry
and right differentiable at zero.

Proof. The first assertion follows from Theorem 10.7 while the second follows from Lemmas 11.3 and 11.5
and the (elementary) fact that the limit of a sequence of convex functions is convex. The function is right
differentiable at zero since k is a monotone function. O

In the final step of the proof of Theorem 11.1 we need to identify the limits of the derivatives in
Lemma 11.4.

Lemma 11.7. Let t € [0,to]. Then

n—0o0

lim inf (Ag(B,.))~'E, / / 1{z € By}N (2, p) dz Q(dp) > / E,NO(0, p, £07)) Q(dp),

limsup(Ad(Bn))_lEt // 1{z € B,} N, (z,p) doz Q(dp) < /}EtN+(O,p,§(0’p))@(dp).

n—oo

Proof. Similarly as in the proof of Proposition 4.5 by stationarity, we have
/ EeN*(0,p,6%7) Q(dp) = (Aa(Bn)) ™ 'Ee / / 1z € By} N*(x,p,£7) de Q(dp), neN.

Hence our task is to show that N*(x,p,£®P)) is well approximated by N*(x,p). For a given Borel set
B C R% and (7,p) € RY x M we denote by N%(x,p) the number of clusters in ¢ to which the Poisson
neighbors of (x,p) in B x M belong. Note that a.s.

N%(z,p) + N%.(x,p) > N°(x,p, £@P).
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It is, moreover, easy to see that NO(z,p) > Ngn (x,p) a.s. for each n € N. It follows that a.s.
N? > N° @p)y — N9 11.5
n(xap) - (1:71))5 ) Bfl(xvp)- ( . )

Obviously N%. (z,p) is dominated by the number of points from npe which are directly connected to (z, p)

in £@P). Therefore

E:Nge (z,p) < t// {y € By}o(y — 2, p,q) dy Q(dg).

It now follows from (11.5) and exactly as in the proof of Lemma 11.3 that for each € > 0

lim inf (Ag(By)) " Ey //l{x € B, }N(z,p) dz Q(dp) > /EtNO(O,p,f(O’p))@(dp) —et.

n—oo

This implies the first asserted inequality. The second follows from N,F(z,p) < NT(x,p,& (“3’7’)) a.s.. O

Proof of Theorem 11.1. The convex function in Theorem 11.6 is differentiable and approximated by the
differentiable convex functions (Ag(By,)) "E¢M,, « + dyt?/2; see Lemmas 11.3 and 11.4. A classical result
from convex analysis (see [39, Theorem 25.7]) implies that
d d
. -1 4 _ 4
nh_}ngo()\d(Bn)) thtMn’* dtt/{(t).

Therefore we obtain from Lemma 11.4 that the limit inferior in Lemma 11.7 coincides with the limit
superior. Hence Lemma 11.7 yields

/ E.N°(0, p, 60P)) Q(dp) < / E:N*(0,p, £07)) Q(dp),

or
[ ENO(0.9.£07)) = N (0.5,607)) Q) < 0.
Since
NO(0,p,60P) = N*(0,p, 7)) = 1{N>(0,p, 7)) > T}(N>(0,p, %)) — 1),
we obtain
[ B (0.p,607) = 2) Q(dp) = 0. (11.6)
Using stationarity as in the proof of Lemma 4.1 we see, that this is equivalent to the assertion. O

The preceding proof yields the following corollary.

Corollary 11.8. The cluster density is continuously differentiable function and
d
G0) = 1= [EN0,p,€07) Qap).

Remark 11.9. The convergence on the right-hand side of (11.4) is crucial for the proof of Lemma 11.3.
This amenability property of Euclidean space is also important for Lemma 11.7. It might be possible to
extend the methods of this section to establish deletion stability for other amenable homogeneous spaces.
But we do not know, how to prove or disprove deletion stability in a non-amenable situation, like the
hyperbolic space.
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Remark 11.10. Assume that ¢(z,p,q) = &(||z||,p,¢) and t = 1, for a measurable function @: [0,00) X
M x M — [0, 1] which is decreasing and right-continuous in the first coordinate. Using the notation at
(2.2) and (4.3) we define

[ Xm — X
Winn = = ,
e (P_I(Zm,m Qm> Qn)

where ¢~ !(s,p, q) := inf{r > 0: o(r,p,q) < s}, (5,p,q) €[0,1] x M x M. Given r > 0 we define a RCM
& with vertex set n by connecting X,,, with X, if W,,,,, <r. Note that Wy, , <r if and only if

Zm,n < 927(7471‘|Xm - XnH7 Qm, Qn)

Since Y 7, O(r—1 Xn,Qn) 18 under Py a Poisson process with intensity measure ri\; ® Q, we hence have

m,n € N, (11.7)

P& e€:)=Pue), r>0, (11.8)

i.e. a joint coupling of the RCMs with different intensity parameters. In the unmarked case this construc-
tion can be found in [4, Example 1.3].

Remark 11.11. Consider the setting of Remark 11.10 and the complete graph with vertex set n. We can
interpret the random variable (11.7) as weight of the edge between (X,,, @) and (X, @y). As in [3] we
define the associated minimal spanning forest T as the forest (a graph without cycles) with vertex set n
and an edge between (X,,, @y,) and (X,,, Q) if there is no path between these points with weights strictly
less than Wy, ,. In special cases it was observed in [2, 3, 4, 7] that there is a close relationship between
the RCM &, and T. For instance it was proved in [3] that the trees (clusters) of T are all infinite and
can only have one or two ends. Two-ended trees T' can only occur if r equals the percolation threshold
in which case T contains all points of the infinite clusters (should they exist). It would be interesting to
explore the consequences of deletion stability of &, for T'.

12 The stationary marked RCM: irreducibility and uniqueness

In this section we consider a stationary marked RCM ¢ as introduced in Section 4. When combined with
Theorem 11.1, Theorem 6.1 immediately yields the following result.

Theorem 12.1. An irreducible stationary marked random connection model can almost surely have at
most one infinite cluster.

Remark 12.2. Theorem 12.1 and Corollary 6.4 show that an irreducible stationary marked RCM is
2-indivisible. In particular this holds at the critical intensity ¢.. This provides some evidence for the
absence of doubly-infinite paths at criticality. In fact, it is a common belief that in Euclidean space there
is no infinite cluster in the critical phase.

We now present several examples, starting with the classical stationary RCM; see Example 4.6.

Example 12.3. By Theorem 12.1 and Proposition 5.5 the (unmarked) stationary RCM can have at most
one infinite component. This generalizes [33, Theorem 6.3|, where it is assumed that p(z) = &(||z|]),
r € R? for a decreasing function @: [0,00) — [0,1]. The proof there is based on an extension of the
approach from [10] to the continuum and is very different from ours.

Next we treat the simple case, where the connection factorizes; see also [11, Section 1.2].

Example 12.4. Let ¢: R? — [0,1] be a symmetric function with 0 < my = [(z)dz < oo and let
K: M? — [0, 1] be measurable and symmetric. Assume that ¢(z,p, q) = ¢¥(z)K(p,q), (z,p,q) € R? x M2
Then dy(p, q) = mypK(p,q), (p,q) € M?. By Theorem 5.7 £ is irreducible if and only if

sup K" (p,q) > 0, Q?-a.e. (p,q) € M2,
n>1
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We continue with the examples from Section 4.

Example 12.5. Let us consider Example 4.8. Assume that there exists xo € R? (for instance zo = 0)
such that Q({L : B(zg,e0) C K}) > 0, where B(zo,c) denotes the ball with center zy and radius e.
Assume also that the function V is increasing w.r.t. set inclusion and that V(K) > 0 if K # (. We
show now how irreducibility of £ follows from Corollary 5.10. As point pg in (5.17) we can take the ball
B(zo,¢€0), while the set A is chosen as {L € C? : B(zg,c0) C L}. Then Q(A) > 0 and (5.18) holds. To
check (5.17) we take K € C%. Then

do(Blao,z). K) = [ (1= e VIOBE0D) dg,
By assumption on V this is positive, since

/I{K N B(x,e0) # 0} dx = /l{y € B(x,e0)}dx > 0,

where y is some point from K. We can now apply Theorem 12.1 to conclude that the infinite cluster is
unique. For the spherical Boolean model this result can be found as Theorem 3.6 in [33]. For general
Boolean models (i.e. ¢(z, K, L) = 1{K N (L + z) # (0}) the result seems to be new.

Example 12.6. The We1ghted RCM from Example 4.9 is irreducible by Corollary 5.13. Indeed we have
d,(p,q) = myg(p,q) ™1, which is positive and monotone. By Theorem 12.1 the infinite cluster is unique.
This was asserted in [19] without providing details of a proof. A more detailed proof in a special case
(based on the approach in [10]) was given in [23].

Example 12.7. Consider a stationary marked RCM with M as the space of all locally finite simple
counting measures on R%. Let Q be a distribution of a simple stationary point process x satisfying
Q{0} = 0. For x € R% and p € M let d(z, p) be the distance between x and p. Similarly as in Example
12.6 we consider a connection function of the form

p(,p,q) = p(d(—z,p) “d(x,q)"|z[|)

for a decreasing function p: [0,00) — [0, 1] such that m, := [ p(||z||?) dz is positive and finite and where
a > 0 is a fixed parameter. By stationarity,

[ elan.0 @0 s = [ [ 0.0 a0,.0) 21 de (dlp. )

= mp/l{d(O,p) < 00,d(0, q) < 00}d(0,p)*d(0, )* Q*(d(p, q))

= mp(/d(O,p)“ Q(dp)>2-

To ensure (4.2) we assume that [ d(0,p)* Q(dp) < oo, which is a rather weak assumption.
Next we check that [ dy,(p,q) Q(dg) > 0 for Q-a.e. p, so that (5.19) holds. Fix p € M \ {0} such that
0 ¢ p. As above we have

[ etep.0@ads = [[ ptate.) a0 a|") do (o).

Moreover, since 0 ¢ p there exist €, ¢ > 0 such that d(z,p) > ¢ for ||z] < e. Tt follows that

/ / (@, p.q) dz Q(dg) > / / 1{]lz]l < £} plc=d(0, g)~*|]|¥) dz Q(dg).
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Assume for the sake of contradiction that the above outer integral vanishes and take ¢ € M\ {0} such
that [ 1{||z|| <e}p(c;*d(0,q)%|z||?) dz = 0. However, since m, > 0 and p is decreasing, p(r) is positive
for sufficiently small r > 0. The resulting contradiction shows that [ d,(p,q) Q(dg) > 0. The function
o(z,p,-) is for all (z,p) € R? x M non-decreasing with respect to the natural partial ordering on M.
Therefore, if QQ is associated, then Theorem 5.12 implies that £ is irreducible. For instance we might take
Q as the distribution of a Poisson process; see e.g. [28]. Hence Theorem 12.1 applies.

Acknowledgement: This research was supported by the Deutsche Forschungsgemeinschaft (DFG, Ger-
man Research Foundation as part of the DFG priority program ‘Random Geometric Systems’ SPP 2265)
under grant LA 965/11-1. The authors wish to thank Markus Heydenreich for several stimulating discus-
sions.

References

[1] Aizenman, M., Kesten, H. and Newman, C.M. (1987). Uniqueness of the infinite cluster and con-
tinuity of connectivity functions for short and long range percolation. Commun. Math. Phys. 111,
505-531. 2, 9, 32

[2] Aldous, D. and Steele, M. (1992). Asymptotics for Euclidean minimal spanning trees on random
points. Probab. Theory Relat. Fields 92, 247-258. 37

[3] Alexander, K.S. (1995). Percolation and minimal spanning forests in infinite graphs. Ann. Probab.
23, 87-104. 37

[4] Alexander, K.S. (1995). Simultaneous uniqueness of infinite clusters in stationary random labeled
graphs. Commun. Math. Phys. 172, 221-221. 2, 37

[5] Benjamini, I. and Schramm, O. (2001). Percolation in the hyperbolic plane. J. Am. Math. Soc. 14,
487-507. 21

[6] Betsch, S. and Last, G. (2023). On the uniqueness of Gibbs distributions with a non-negative and
subcritical pair potential. Ann. Inst. Henri Poincare (B) Probab. Stat. 59, 706—725. 2, 11

[7] Bezuidenhout, C.E., Grimmett, G. and Loffler, A. (1998). Percolation and minimal spanning trees.
J. Statist. Phys. 92, 1-34. 2, 9, 28, 37

[8] Bollobés, B., Janson, S. and Riordan, O. (2007). The phase transition in inhomogeneous random
graphs. Random Struct. Algorithms., 31, 3-122. 21

[9] Bunde, A. and Havlin, S. (Eds.) (2012). Fractals and Disordered Systems. Springer Science & Business
Media. 21

[10] Burton, R.M. and Keane, M. (1989). Density and uniqueness in percolation. Comm. Math. Phys.
121, 501-505. 2, 37, 38

[11] Caicedo, A. and Dickson, M. (2023). Critical exponents for marked random connection models.
Electron. J. Probab. 29, 1-57. 2, 7, 9, 11, 37

[12] Deprez, P. and Withrich, M.V. (2015). Poisson heterogeneous random-connection model.
arXiv:1312.1948 7, 11

[13] Dickson, M. and Heydenreich, M. (2022). The triangle condition for the marked random connection
model. arXiv:2210.07727. 2, 7

39



[14]

[15]

[16]

[19]

[20]

[21]

Durrett, R. and Nguyen, B. (1985). Thermodynamic inequalities for percolation. Comm. Math. Phys.
99, 253-269. 2, 9

Folland, G.B. (1999). Real Analysis, Modern Techniques and Applications, 2nd Edition, John Wiley
& Somns. 14

Gandolfi, A., Keane, M.S. and Newman, C.M. (1992). Uniqueness of the infinite component in a
random graph with applications to percolation and spin glasses. Probab. Theory Relat. Fields 92,
511-527. 2

Gouéré, J.B. (2008). Subcritical regimes in some models of continuum percolation. Ann. Probab. 36,
1209-1220. 10

Gracar, P., Liichtrath, L. and Morters, P. (2021). Percolation phase transition in weight-dependent
random connection models. Adv. Appl. Probab. 53 (4), 1090-1114. 7

Gracar, P., Heydenreich, M., Monch, C. and Morters, P. (2022). Recurrence versus transience for
weight-dependent random connection models. Electron. J. Probab. 27, 1-31. 2, 7, 11, 38

Hall, P. (1985). On continuum percolation. Ann. Probab. 13, 1250-1266. 10, 11

Heydenreich, M., van der Hofstad, R., Last, G. and Matzke, K. (2024). Lace expansion and mean-field
behavior for the random connection model. To appear in: Ann. Inst. H. Poincaré Probab. Statist. 2,
22

Holroyd, A. and Soo, T. (2013). Insertion and deletion tolerance of point processes. Electron. .J.
Probab. 18, 1-24. 6

Jacob, E. and Morters, P. (2017). Robustness of scale-free spatial networks. Ann. Appl. Probab. 45,
1680-1722. 2, 38

Kallenberg, O. (2021). Foundations of Modern Probability. 3rd edn. Springer, Cham. 10

Jiang, J., Zhang, S. and Guo, T. (2011). Russo’s formula, uniqueness of the infinite cluster, and
continuous differentiability of free energy for continuum percolation. J. Appl. Probab., 48, 597-610.
2, 32

Last, G., Nestmann, F. and Schulte, M. (2021). The random connection model and functions of edge-
marked Poisson processes: Second order properties and normal approximation. Ann. Appl. Probab.
31, 128-168. 1

Last, G. and Penrose, M. (2018). Lectures on the Poisson Process. Cambridge University Press,
Cambridge. 2, 3, 4, 5, 6, 7, 8, 10, 11, 22, 32

Last, G., Szekli, R., Yogeshwaran, D. (2020). Some remarks on associated random fields, random
measures and point processes. ALEA, Lat. Am. J. Probab. Math. Stat. 17, 355-374. 39

Last, G. and Ziesche S. (2017). On the Ornstein—Zernike equation for stationary cluster processes
and the random connection model. Adv. Appl. Probab. 49 (4), 1260-1287. 2, 9

Lindqvist, B.H. (1988). Association of probability measures on partially ordered spaces. J. Multivar.
Anal. 26, 111-132. 17, 18

Meester, R., Penrose, M.D. and Sarkar, A. (1997). The random connection model in high dimensions.
Stat. Probab. Lett. 35, 145-153. 22

40



Meester, R. and Roy, R. (1994). Uniqueness of unbounded occupied and vacant components in
Boolean models. Ann. Appl. Probab. 4, 933-951. 2

Meester, R. and Roy, R. (1996). Continuum Percolation. Cambridge University Press, Cambridge.
1, 2, 11, 37, 38

Meyn, S.P. and Tweedy, R.L. (1993). Markov Chains and Stochastic Stability. Springer-Verlag, Lon-
don. 16

Nash-Williams, C. St. JA. (1971). Hamiltonian lines in infinite graphs with few vertices of small
valency. Aequationes Math. 7, 59-81. 2, 20

Nguyen, X.X. and Zessin, H. (1976). Punktprozesse mit Wechselwirkung. Zeitschrift fir Wahrschein-
lichkeitstheorie und verwandte Gebiete 37, 91-126. 10

Penrose, M.D. (1991). On a continuum percolation model. Adv. Appl. Probab. 23 (3), 536-556. 1, 10

Penrose, M.D. (2016). Connectivity of soft random geometric graphs. Ann. Appl. Probab. 26 (2),
986-1028. 2

Rockafeller, T.R. (1969). Convexr Analysis. Princeton Univ. Press, Princeton. 36
Shiryaev, A.N. (2016). Probability. Springer. 23

Schneider, R. and Weil, W. (2008). Stochastic and Integral Geometry. Probability and Its Applica-
tions. Springer, Berlin. 2, 11, 13

Tykesson, J. (2007) The number of unbounded components in the Poisson Boolean model of contin-
uum percolation in hyperbolic space. Electron. J. Probab. 12, 1379-1401. 21

41



	Introduction
	Formal definition of the RCM
	Basic properties of the RCM
	The stationary marked RCM
	Irreducibility
	Deletion stability and uniqueness
	A spatial Markov property
	Perturbation formulas
	Difference operators
	Differentiability of the cluster density
	Deletion stability of the stationary marked RCM
	The stationary marked RCM: irreducibility and uniqueness

