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Abstract

This survey is a preliminary version of a chapter of the forthcoming book “Geometry and
Physics of Spatial Random Systems” edited and partially written by Daniel Hug, Michael
Klatt, Klaus Mecke, Gerd Schroder Turk and Wolfgang Weil.

The topic of this survey are geometric functionals of a Boolean model (in Euclidean
space) governed by a stationary Poisson process of convex grains. The Boolean model is
a fundamental benchmark of stochastic geometry and continuum percolation. Moreover,
it is often used to model amorphous connected structures in physics, materials science and
biology. Deeper insight into the geometric and probabilistic properties of Boolean mod-
els and the dependence on the underlying Poisson process can be gained by considering
various geometric functionals of Boolean models. Important examples are the intrinsic
volumes and Minkowski tensors. We survey here local and asymptotic density (mean
value) formulas as well as second order properties and central limit theorems.
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1 Introduction

Consider a finite or countably infinite number of points X,, scattered randomly in d-dimen-
sional space R?. Then attach a random particle (a nonempty compact set) Z, to each point X,
which yields the grain Z, + X,,. The union

Z:=\J(Zu+Xn)

is then a random set in R? which can serve as a model for spatial structures in physics and
other applied sciences (biology, geology, mineralogy etc.). An important benchmark case
arises if the random points X;,, come from a stationary Poisson process X and the sequence
(Z,) is independent of X and formed by independent and identically distributed random com-
pact sets, mostly assumed to be convex. Then the particle process

Y:={Z,+X,:neN}
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is a stationary Poisson process on the space %9 of nonempty compact subsets of R?. The
union set Z is called a stationary Boolean model (with compact particles (grains)). Its sta-
tistical properties are completely determined by two quantities, the intensity y of the Poisson
process X, a number which we assume to be positive and finite, and the distribution Q of the
typical particle (grain) Z, a probability measure on the class ‘fgl of suitably centered particles
in RY (we may assume, for example, that the particles have their circumcenter at the origin).
Fundamental properties of Boolean models are summarized in [22}[1}[14]. It is often assumed
that the particles are convex, that is random elements of the space .# ¢ of all compact and
convex subsets of R? equipped with the Hausdorff metric. We denote .#(4) := ¢z \ {0}.

Section [2] describes some basic properties of the Boolean model. Starting with Subsec-
tion 3.1l we assume that the distribution of the typical grain is concentrated on .7 (4). We
consider an additive (and measurable) functional ¢ on the convex ring %9, the system of
all finite unions of compact convex sets and study the random variable ¢(ZNW), where
We ., Starting with Subsection we assume that the Poisson process Y and hence
also the Boolean model Z is stationary. If ¢ satisfies a translative integralgeometric princi-
ple, then Theorem B.13] expresses the local density E@(ZNW) in terms of expected mixed
functionals of independent copies of the typical grain. A first result of this type was obtained
by Weil [26], dealing with mixed measures associated with curvature measures; see also [22,
Theorem 9.1.5]. Later the framework was extended to tensor valuations; see [4, Theorem
5.4] and [24]. As illustrated with many examples, our theorem generalizes and unifies these
results. We also consider (asymptotic) geometric densities of Z defined by the limit

. E@(ZNrW)
Plz):=lim =y Gy

where W € .# (@) has nonempty interior. In fact, Theorem [3.17] treats asymptotic densities
in a very general situation. In Subsection we assume the Boolean model not only to
be stationary but also isotropic. If @ satisfies a kinematic integralgeometric principle, then
Theorem[3.25] expresses the local and the asymptotic densities of @ in terms of the intensity
and the mean intrinsic volumes of the typical grain. Special cases of these results were first
discovered by Miles [[17]] and Davy [2]; see [22, Section 9.1] for an extensive discussion.
Potentially, the theorem could be used to construct estimators of the intensity y. In partic-
ular, the classical results show that in the stationary and isotropic case, the densities of the
intrinsic volumes of the Boolean model determine the intensity of the underlying particle
process completely. Theorem[3.27] (taken from [6]) generalizes these ideas and establishes a
corresponding uniqueness result in a non-isotropic situation.

Section 4] summarises some of the results from [11}[10] on second order properties of ge-
ometric (i.e. additive, locally bounded and translation invariant) functionals ¢ of the Boolean
model. Variances and covariances are much harder to analyse than mean values. Even in the
isotropic case explicit formulas are rather rare. Still it is possible to exploit the Fock space
representation from [[14] Theorem 18.6] to derive with Theorem [4.1]a series representation
for the asymptotic covariance

. Cov(y(ZniW),p(ZN1W))
o(¢,) = rlgg Va(rw)

between two geometric functionals ¢ and y. The formulas involve geometric functionals
¢* and y*, where ¢*(K) := E@(ZNK) — ¢(K), K € 2. Without isotropy, these func-



tionals can be treated for volume and surface area; see Theorem 4.2 The formulas are not
completely explicit, but involve local volume and surface covariances of the typical grain.
Further progress can be made under an isotropy assumption. Then Theorem [4.3] provides
a formula for the asymptotic covariances between the intrinsic volumes, involving another
series representation. In the planar case this leads to rather explicit formulas for the asymp-
totic covariance structure of intrinsic volumes; see Theorem Subsection £.4] presents
simple assumptions guaranteeing positivity of asymptotic variances. In the final Section[3we
present some central limit theorems from [|L1], derived via a combination of Stein’s method
with stochastic analysis tools for general Poisson processes; see [[19} [14]].

2 Basic definitions and facts

Particle processes and germ-grain models can be introduced via a marking procedure or by
considering processes of compact sets and their unions sets. For stationary processes, the
two approaches are essentially equivalent, but the latter viewpoint seems to be preferable if a
natural centering of the particles is not available.

2.1 Particle processes and germ-grain models

In the introduction we have used a marking procedure to introduce a Boolean model. Instead
we can directly start with a Poisson process Y on &) (equipped with the Borel o-field
generated by the Hausdorff metric) with intensity measure ® # 0 and defined on some given
probability space (Q,.7,P). We assume throughout that © is locally finite, that is,

O{Ke b KNC#0}) <, Ce%’, Q.1

where €4 := €@ U {0} denotes the set of all compact subsets of R?. We also assume that
Y is diffuse, so that Y can indeed be identified with a random subset of ‘f(d); see, e.g., [14,
Proposition 6.9]. The point process Y is said to be a Poisson particle process. The Boolean
model Z based on Y is given by

z=Jk. 2.2)

Key

It can be easily shown that {ZNC # 0} is an event, that is, an element of <7 (see [14} 22]).
Moreover, it follows from that Z is almost surely closed. Therefore Z is a random closed
set in the sense of [22, [18]]. It follows directly from the defining properties of a Poisson
process that

P(ZNC =0) =exp[—O(%c)], Ce %7, (2.3)

where 6¢ 1= {K € €9 : KNC # 0}. Since the capacity functional C — P(ZNC # 0) deter-
mines the distribution of Z (see [22, [18]]), it follows that the distribution of Z is determined
by the values @(%¢) for C € €.



2.2 Stationarity and isotropy

The Poisson process Y is called stationary if Y +x:={K+x: K €Y} LY for each x €
R?. (This definition applies to general particle processes.) Under the Poisson assumption, it
follows from that Y is stationary if and only if the intensity measure ® of Y is translation
invariant, that is, ®({K : K +x € -}) = © for each x € R?. By [22] Theorem 4.1.1] the intensity
measure ® has the representation

0() = y.//l{K—i—xe 1 dxQ(dK), 2.4)

where ¥ € (0,0) is an intensity parameter and Q is a probability measure on €4 (the grain
distribution) such that

/ Ma(K+C)Q(dK) <, Ce %" 2.5)
The intensity 7y is uniquely determined by ®. Without loss of generality we can assume that
Q is concentrated on the particles for which the center of the circumscribed ball is the origin.

Then ® determines QQ as well. It is convenient to introduce a typical grain, that is a random
closed set Zy with distribution Q.

A Boolean model Z (or a general random closed set) is said to be stationary, if Z+x Lz

for all x € RY (where 2 means equality in distribution). Essentially it follows from (2.3)
that this is the case if and only if the intensity measure of the underlying Poisson particle
process Y is translation invariant; see, e.g., [22, Theorem 3.6.4] (and its proof). A Boolean

model Z (or a general random closed set) is said to be isotropic, if ¥Z 2 7 for all proper
rotations © of R?. In this case the intensity measure of Y is rotation invariant in the obvious
sense. If Z is stationary it again follows from that Z is isotropic if and only if the grain
distribution is isotropic (that is invariant under proper rotations), provided that the center of
the circumscribed ball is chosen as the center function.

If Z is stationary, then can be written as

P(ZNC = 0) = exp|—YEVy(Zy +C*)], Ce %7, (2.6)
where C* := {—x: x € C}. In particular, we obtain that
p=P(xeZ)=1—exp[—YEV;(Z)], xcR (2.7)
Fubini’s theorem implies
EAs(ZNB) = pAs(B), Be A, (2.8)

which justifies to call p the volume fraction of Z.

2.3 Non-stationary structures

For some applications, stationarity might be too strong an assumption. A measure ® on ¢
is said to be translation regular (see [22]) if there exist a measurable function 7 : RYx €@
[0,c0) and a probability measure Q on €4 such that

®://1{K+x€ (K, x) dxQ(dK). 2.9)



The function 1 and the measure QQ are not determined by ©, nevertheless partial information
may be determined, in particular if 17 depends only on the location x and not on K. In
the following, we focus on the stationary framework, but mention one particular result in
Corollary Relations between mean values of functionals of Boolean models and mean
values of the underlying particle process are described, for instance, in [22, Chapter 11], [24]
Section 11.8], [6, Section 6] and [28| [29]. In the non-stationary setting, local densities are
defined as Radon-Nikodym derivatives and not via a limit involving an expanding observation
window. Hence, local densities are functions of the location in space where the particles are
distributed.

3 Mean values

In this section we fix a Boolean model Z as in (2.2). We assume that the underlying Poisson
particle process Y is concentrated on the system %2 (@) of nonempty convex bodies. Under
suitable moment assumptions, Boolean models with more general (polyconvex) grains can
be treated essentially in the same way.

Recall that we write .# ¢ for the family of all compact convex subsets (convex bodies) of
R?. and that the convex ring % is the system of all finite (possibly empty) unions of convex
bodies. Elements of Z¢ are called polyconvex sets. By the proof of [22| Theorem 14.4.4],
Z“ is a Borel subset of €. A function ¢: %#¢ — R is said to be additive if ¢(0) = 0 and

O(KUL) = @(K)+ (L) —o(KNL) forall K,L € %°. (3.1)

A function ¢: # ¢ — R is additive if is true whenever K,L,K UL € .#%. In this case
it is no restriction of generality to assume that ¢(0) = 0. An additive function on convex
bodies is also called a valuation. For an additive functional ¢ : %% — R, measurability of ¢
is equivalent to measurability of the restriction of ¢ to .#? (see again [22, Theorem 14.4.4]).

Remark 3.1. Assume that ¢: .#¢ — R is additive and continuous. A fundamental result by
Groemer (see [22, Theorem 14.4.2], and [9, Theorem 4.19] for a generalization) says that ¢
has a unique additive extension to %¢.

Let j € {0,...,d}, and let ¢: #¢ — R be a function. Then ¢ is said to be (positively)
Jj-homogeneous (or homogeneous of degree j) if

o(cK)=clp(K), ¢>0,Ke.x".

If : %#? — R is additive and the restriction of ¢ to .#“ is j-homogeneous, then ¢ is j-
homogeneous on % in the obvious sense.

The intrinsic volumes Vyy, . ..,V, are important examples of continuous additive function-
als. On .#? they can be defined by the Steiner formula (see [22, Equation 14.5])

d
Va(K+BY) =Y ki i 'Vi(K), r>0,Kex? (3.2)
i=0

where B? is the closed unit ball centered at the origin, BY := {rx : x € B}, k; denotes the
volume of the i-dimensional unit ball and Ky := 1. By Remark [3.1] the intrinsic volumes can



be extended to % in an additive way. The number V,4(K) is the volume (Lebesgue measure)
of K € ¢, while Vo(K) is the Euler characteristic of K. If K has nonempty interior, then
V4—1(K) is half the surface area of K. The intrinsic volumes are rigid motion invariant (in
particular translation invariant), monotone increasing (with respect to set inclusion) and V;
is j-homogeneous. These properties are characteristic for the intrinsic volumes on convex
bodies. Due to their different degrees of homogeneity, the intrinsic volumes are linearly
independent functionals on convex bodies. The values of the extension of V; to the convex
ring can be obtained by means of the inclusion-exclusion formula.

3.1 The basic equation for additive functionals

The following result is a slight generalization of Theorem 9.1.2 in [22]]. For additive functions
@, it expresses the mean value E@(ZNKjy) in terms of iterated integrals with respect to the
intensity measure ® of the particle process ¥ on .# (@), Translation invariance of ¢ is not
needed. But we require an integrability property.

Let ¢: #“ — R be a measurable function. Then ¢ is said to satisfy the integrability
condition I(®), if for each Ky € #“ there exists a constant ¢(Kp) > 0 such that

[ [lekonki 0N Ky ©dK1) -+ O(KY) < c(K)", ke N. 1(0))

If @ is defined on % then the restriction to .7 is required to satisfy I(8).

Theorem 3.2. Suppose that ¢: #? — R is measurable, additive and satisfies 1(®). Let
Ko € # 9. Then E|Q(ZNKy)| < o and

)kl
( 2 /,,,/(P(Komqm...ka)(a(dKl)...@(de), (3.3)

EQ(ZNKy) =)
k=1

where the series converges absolutely (also with @ replaced by |@)|).

Proof. Almost surely the window Kj is hit by only finitely many grains My, ...,M, of the
underlying particle process Y (here v is a random variable). Since ¢ is additive, the inclusion-
exclusion formula implies

w(ZﬁKo)zfp(LvJMmKo)
i=1

:Xv“(_nk*l Z o(KoNM;, N---NM;, )

k=1 1<ip << <v
o (D!

=Y a Y  oeKonKin--nKy), (3.4)
k=1 D (KK )ers

where Y;Z is the product process of all k-tupels of pairwise distinct bodies in Y. Here we could
extend the summation to infinity since ¢(0) = 0.



After taking expectations of (3.4) we wish to swap expectation and summation. By Fu-
bini’s theorem this is allowed, provided that

=1
Y-E Y |oKonKin--NK)| < oo

An application of [14} Corollary 4.10], which is a simple consequence of the multivariate
Mecke equation, shows that the latter series equals

= 1 .
Y o [ [loKonKin . nKy|OK:) - 0K
= k! .

which is finite by assumption I(®). In particular, we have E|@(ZNKp)| < . Taking the

expectation of (3.4) and repeating the argument, we obtain (3.3). O

Remark 3.3. The preceding proof still works with a slightly weaker integrability condition
on ¢: % — R than I(®). In fact, it is sufficient to assume that for each Ky € #¢ and k € N
there is a constant ¢, (Ko) > 0 such that

/---/|(p(K0ﬁK1ﬁ---ﬁKk)|®(dK1)---®(de) < co(Ko)klea(Ko)* 3.5)
and
Z Ck(KO)k < oo,
keN

that is, ¢ (Ko )*, k € N, is summable.
Remark 3.4. Suppose that ¢ : %#¢ — R is locally bounded, that is,
sup{|@(K)| : K€ #I KCW} <o, Wex (3.6)

Hence, given Ky € £, there exists a constant co(Kp) such that [@(M)| < co(Kp) for all
M € #? contained in Kj. Therefore for each k € N we obtain

/.../|(p(KOﬁK1ﬁ...ﬂKk)|®(dK1)...@(de)

< co(Ko)/--- / HKoNK1 £0,....KoN Ky % 0} O(dK) ) ---O(dKy)
= co(Ko)®(k, )",
which is finite by our basic assumption 2.1I). Hence ¢ satisfies the condition I(®).

Using the decomposition of the intensity measure ® in the translation regular case, we get
the following result. Here and later we use the notation K* := K +x for K C R¢ and x € R¢.

Corollary 3.5. Let the assumptions of Theorem[3.2 be satisfied and assume that © is trans-
lation regular as in (2.9). Then
oo (_l)kfl

Ep(Z0Ky) = ¥ [ [F(KoKi... KOQWEK) - QK) G

k=1




with

F(Ko.K ..., Ky) ;:/(p(Komelm--- K Hn Kioxi)d(x1, ... xp).

3.2 The stationary case

From now on we assume that Y and hence also the Boolean model Z is stationary. There-
fore the intensity measure ® can be written in the form (2.4). Then Corollary takes the
following form.

Corollary 3.6. Let the assumptions of Theorem[3.2]be satisfied and assume that Z is station-
ary. Then

P(ZNKy) = nenKr)

i=1
X d(Xh---,xk)Q(dKl)“'@(de)- (3.8)

It becomes apparent that a further investigation of the mean values E@(Z N Ky) requires
iterated translative integral formulas for additive functionals ¢.

Let j € {0,...,d} and k € N. Then we denote by mix(j,k) the set of all multi-indices
m=(my,...,my) € {j,...,d}* satisfyingm; +---+my = (k— 1)d + j. A measurable function
@: %% = Ris said to satisfy a translative integralgeometric principle of order j if for each
k € N and each m € mix(jj, k) there exists a measurable function @ : (#¢)* — R such that
¢m(K1,-) is for each Ky € #¢ symmetric on (22 ¢)k=! (for k = 1 this is no assumption) and
the following two properties are satisfied. For all Ki,...,K; € £,

/(P(KlﬂK;Zﬁ---ﬂKZk)d(xZ,...,xk): Z (Pm(Kl,...,Kk) 3.9
: memix(j,k)

holds for k > 2 (in particular, the iterated translative integral is defined) and

* the decomposability property

(p(ml,...,mk,l,d) (K17 et aKk) = (p(ml,...,mk,l) (K17 et ,Kk,])Vd(Kk) (310)

holds whenever (mj,...,m_,d) € mix(j,k) and k > 2. We simply write ¢; instead of
P0)-

We say that the condition IP(Q) holds for the translative integralgeometric principle sat-
isfied by ¢ if for each Ky € # ¢

[ [ 10mm g (Ko Koo KO QUK - QUK) <0 BN

forse{l,....m—j},me{j+1,...,d} andmy,...,m; € {j,...,d— 1} such that the relation
my + -+ +ms = sd+ j—mholds.

The following remarks relate the preceding definition to the integrability condition I(®).



Remark 3.7. If the functionals @ are all nonnegative, then condition IP(Q) is clearly im-
plied by the integrability condition I(®) on ¢.

Remark 3.8. In many cases of interest, the functionals (K1,...,Ky) — @m(K1,...,Ky) are
separately positively homogeneous of degree m; (say) with respect to K; fori =1,... k. If
we define F : #* — R by

F(Ky,...,Ky) ::/<p(K1mK;‘Zm~~~mK,jk)d(x2,...,xk),

then the relations
F(Ki,....K)=Y  om(Ki,....Kp)
memix(j,k)
can be inverted by considering r;K; fori =1, ... k and sufficiently many integers r; > 1. More
specifically this means that for each m € mix(j, k) there are a finite set .# C N¥ and constants
oy(m) € R for I € .#, independent of K1, ..., K}, such that

Om(Ki,... . K)= Y 0 (mMF(rK, .. rKy).

In this situation it follows that condition (3.11) is implied by the condition [[(®)|for ¢. (The
existence of such an inversion follows by iterating the usual Vandermonde inversion for poly-
nomials in a single variable.)

Remark 3.9. Suppose that ¢: .#¢ — R is additive (a valuation), translation invariant and
continuous. By a result of McMullen [15]], [21, Theorem 6.3.5], ¢ can be uniquely decom-
posed into a sum @ = 27:0 ¢, where @;: H4 R, je{0,...,d}, is additive, translation
invariant, continuous and homogeneous of degree j. Note that ¢ is a constant and ¢, is a
multiple of the volume.

Assume now that ¢ is a j-homogeneous, translation invariant, continuous valuation, for
some j € {0,...,d}. It was shown in [29] (see also [24, Theorem 11.3]) that ¢ satisfies
a translative integralgeometric principle of order j. Since in this situation the functionals
©m have the homogeneity property described in Remark B.8] condition IP(Q) is implied by
condition I(®) for ¢. Moreover, in this case the mixed functionals are completely symmetric
with respect to all entries and @(; 4)(K1,K2) = ¢(K)V4(M), that is ¢; = ¢.

Example 3.10. Let j € {0,...,d}. The intrinsic volume ¢ = V; is nonnegative and satisfies
a translative integralgeometric principle of order j; see, e.g., [29] and Remark 3.9] Intrinsic
volumes are monotone on .# % (with respect to set inclusion) and therefore locally bounded
in the sense of Remark Therefore the functionals ¢ = V; satisfy the condition I(®).
Remark 3.9 shows that condition IP(Q) holds for the integralgeometric principle satisfied by
¢ =V; as well.

Example 3.11. Important examples of translation invariant, continuous valuations with a
fixed degree of homogeneity have been discussed in [24, Section 11.6]. We mention them
only briefly and refer to [24] for further details:

(1) Mixed volumes of the form

O(K) ==V (K[j,Mjs1,....Ma), K€,



2

3

“

where j € {0,...,d} and Mj,..., My € @) are fixed; see [9] Section 3.3] for an
introduction to mixed volumes as d-fold Minkowski linear functionals V : (.#4)? — R.

Centered support function values (evaluated at a fixed vector u € RY)
o(K) = h*(K,u) := hg(u) — (s(K),u), Ke x4,

where j =1 and s : #(4) — R is the Steiner point map (see Example[3.18] for further
details).

Integrals of continuous functions f : $¢~! — R against an area measure
oK)= /d SW)S;(K,du), K,
G-

where j € {0,...,d — 1}. The area measure S;(K,-) is a finite Borel measure on the
unit sphere that can be considered as a local version of the intrinsic volume V; and may
be introduced by a local Steiner formula [9, Theorem 4.10].

As a generalization of the preceding example, we briefly also mention integrals of flag
measures (projection means of area measures). If G(d, j) denotes the linear Grassman-
nian of j-dimensional linear subspaces of R?, then F (d, j) := {(u,L) € S~ x G(d, j) :
u € L} is a flag manifold and

vi(K,") :=/ / 1{(u, L™V u) € -} S5(K|L,du) vjs1 (dL)
G(d,j+1) Jsd—1nL ’

denotes the j-th flag measure of K, which is a j-homogeneous Borel measure on the
flag space F(d,d — j). Here L* € G(d,d — j— 1) is the linear subspace orthogonal to
LeG(d,j+1),L*Vue G(d,d— j)is the linear span of L* and u € L, K|L denotes the
orthogonal projection of K to the subspace L and Sf(K |L,-) is the j-th area measure
of K|L with respect to L as the ambient space. By the projection formula for area
measures, the image measure of ¥;(K, -) under projection onto the first component is
proportional to S;(K,-). Thus

oK)= [ fuLyKdwL), Kex'®,
F(d,d—j)

for a given continuous function f : F(d,d — j) — R, generalizes the preceding example.

Each of these functionals ¢ satisfies an integralgeometric principle of order j and the as-
sociated mixed functionals @y, are uniquely determined by ¢. In Example (2) we obtain
translative integralgeometric formulas for a function-valued valuation (the support function)
by considering both sides of the resulting equation for a fixed u € $¢~! as a function of u.
Similarly, if we consider the integralgeometric formulas in Examples (3) and (4) for general
continuous functions f and apply the Riesz representation theorem, then we get integralge-
omtric relations for measure-valued valuations. In this way it can be seen that the resulting
formulas can be applied to not necessarily continuous functions.

10



The preceding Examples and can be generalized in another direction, thereby
also dropping the assumption of translation invariance. To do so we need some further tools
from convex and integral geometry. First we ask the reader to recall from [22} 21] the def-
inition of the support measure A;(K,-), K € 4, for j € {0,...,d}. These are finite mea-
sures on RY x S?~!, where S~ denotes the unit sphere in RY. The total mass is given by
Aj(K,R?x S?71) = V;(K). In the following, we call a function f: R? x S*"! — R locally
bounded if | f| is bounded on sets of the form B x S9!, where B C R? is bounded. We now
use [3, Theorem 3.14] (see also [4, Theorem 3.1]). By this result, for each £ > 2 and each
measurable, locally bounded function f: R? x S*~! — R, we have

//f xi,u) Aj(KiNK? N kakad(xla u))d(xa,. .. x)
= Z /f X1,U K17 Kkad(xla"'7xkau))a (312)
memix(j,k)

where the A,(,p (K1,...,K, "), m € mix(j, k), are finite measures on (R?)* x S¢~!, the mixed
support measures associated with Ki,...,K; € 4. We do not list all the nice properties of
these measures, but refer to the above sources.

Example 3.12. Let f: R? x S?~! — R be a measurable, locally bounded function. Let j €
{0,...,d — 1} and define ¢ : #¢ — R by

/f x,u)Aj(K,d(x,u)), (3.13)

where we use the additive extension of K — A;(K,-) from ¢ ? to %9. If f is independent of
x, then @ is translation invariant and the integration with respect to A;(K,-) can be replaced
by an integration with respect to the j-th area measure S;(K,-) of K. If f is independent of
u, we can include j = d in the range of j and then Ay(K,-) is replaced by d-dimensional
Lebesgue measure restricted to K. For this example we restrict the discussion to j < d — 1
though. Thanks to and the properties of the mixed support measures (see [3, Theorem
3.14]), ¢ satisfies a translative integralgeometric principle of order j with

(Pm Klu 7 /f X1,U Klu Kkad(xla"'u-xkuu)) (314)
for m € mix(j,k) and k € N. Even though A,(,p has a natural symmetry property, @n, is not
symmetric in all of its arguments, but only with respect to K5, ..., K. Note that ¢ is in general
not j-homogeneous and not translation invariant. Instead we have

O(AK) = /fx u)Aj(AK,d(x,u) :lj/f(lx,u)Aj(K,d(x,u)).

Since A;(K,RY x S91) = V;(K) it follows again from Remark[3:4lor directly from the mono-
tonicity of V; (and the triangle inequality) that ¢ satisfies the integrability condition I(®). We
now argue that condition IP(Q) holds for this integralgeometric principle satisfied by ¢. By
the integral representation (3.14) and the triangle inequality we can assume that f > 0. Then
all the numbers @ (K7, ..., K}) are nonnegative, so that 311l follows from (3.9) and the fact
that @ satisfies I(®).

This example includes the tensor valuations (see [4}23]]) as a special case.
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We need to introduce some notation. For r € N and a measurable function y on (#9)",
whenever the following integrals exist we set

VIK,Y] = V’l/q/(K,Kl...,Kr,l)@”l(d(l{l....,Kr,l)), Kexdr>2

V=7 (WK K)Q WK, K.

The next result extends of Corollary 6.3 in [29]; see also [22| p. 390]. By the forthcoming
Corollary and Example 320 it also generalizes [4, Theorem 5.4]. The existence of the
mean values @, ) [Ko, Y] in the following theorem is ensured by the condition IP(Q).

Theorem 3.13. Assume that Z is stationary. Let ¢: %#° — R be measurable and additive.

Let j € {0,...,d}. Assume that ¢ satisfies a translative integralgeometric principle of order
j such that the conditions 1(®) and IP(Q) hold. Then, for any Ko € ¢,

E@(ZNKo) = 9;(Ko) (1 —e ") (.15
e Tl Y D bl B0 [Ko, Y]
€ Z 5l Z (p(m,m) 054
m=j+1 s=1 : My, Ms=j

my+-+ms=sd+j—m
where m = (my,...,ms) in the inner summation on the right-hand side.

Proof. Since ¢ satisfies I(®), we can apply Corollary[3.6l Together with (3.9) this yields

E(P(ZQK())

o -1

:Z( 4 )/‘/---/fp(KOﬁKf'ﬂ~-'ﬁK;fk)d(x1,...,xk)Q(dKl)---Q(de)
k=1
s k 1

- Z kv 7/(/ / Py (Ko, K1, .., Ki) Q(dKy) - - Q(dKy)
k=1 m’emlx(j k+1)

= (P(m,m)(K()aKlu"'uKk)
k=1 memix(d—m-+j,k)

x Q(dK1)--- Q(dKy). (3.16)

By 3.1l this series converges absolutely. In the case j = d, we also have m = d and the set
mix(d, k) contains the single element (d,...,d), hence repeated application of (3.10) yields

?....qa) (Ko, K1, Ki) = @a(Ko)Va (K1) -+ Va(Ki).
Then (3.16), for j = d, reduces to

8
\

E@(ZNKoy) = ¢4(Ko) YDk,

k=1

that is

EQ(ZNKo) = ¢a(Ko) (1 —e Ve, (3.17)

12



For j < d and m = j, we can proceed similarly to obtain that
EQ(ZNKo) = ¢;(Ko) (1 —e ")

o [ — d
iy }c)"‘ oy /.../Sk’m(Ko,...,Kk)@(dKl)"'Q(de)a
: m=j+1 * ’

k=1

where again (3.10) was used and

Skm(Kos - .-, Ki) := ) Opm,m) (Ko, K1, -, Kg).
memix(d—m+j k)

Here, we have m = (my,...,my) with my +--- +my = kd + j —m. Since m > j, there must be
indices m; which are smaller than d. The number s of these indices ranges from 1 to m — j,
since

kd—(m—j)=m+--+m=m +- - +mg+ (k—s)d <s(d—1)+ (k—s)d.

We rearrange the arguments of Sy ,, according to this number s and use the symmetry and the
decomposability property (3.10) of ¢, ;). We obtain

Sk,m(KO, . ,Kk)
kn(m—j) rp d—1
= Z <S> Z Pimmy ,....my) (K07K17'"uKs)Vd(Kerl)"'Vd(Kk)-
s=1 my,...,mg=j

my+--tmg=sd+j—m

Thus we get

o [ _ d
Z( D 1,/( y /..../Sk’m(Ko,...,Kk)Q(dK1)"'Q(de)

w ( 1yk=1  d kA(m—)) d1 B
:Z( D )y <k> Y _ a(m,m)[K07Y]Vd[Y]k7S

m=j+1 s=1
(—1)rh1_ d-1 B
TVd [yl Y @ (m,m) Ko, Y.

m=j+1 s=1r=0 my,...,mMs=j
my+---+mg=sd+j—m

This gives the assertion (3.13). O

In the special j = d equation (3.13) simplifies to (3.17). The special case j =d — 1 is also
worth mentioning. It extends [4, Theorem 5.2] significantly.

Corollary 3.14. Let the assumptions of Theorem|3.13|be satisfied in the case j=d — 1. Then

EQ(ZNKo) = ¢a—1(Ko) (1 —e VelT) e Vel (Ko, Y]. (3.18)
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Next we specialize Theorem[3.13]to the case discussed in Example[3.12 To this end we

introduce for i € N and m = (my,...,m;) € Ni the mean measures
(K07 )" Yl / /A K()uKlu K 15" )Q(dKl)@(dKl,I), K()e‘%/da
if i > 2 and

:yf/---/AE,{>(K0,K1,...,K,-,l,-)@(dKo)---@(dK,-,l).

The next corollary generalizes Theorem [4, Theorem 5.4].

Corollary 3.15. Assume that @ is given as in Example[3.12] Then (3.13) holds with ¢; = @,

K07 /f X0, U (mm K(),Yd(.X(), xS7u))7

forme Ny, se Nandme {0,...,d—1}, and

P(gm) Ko, Y] = / 1{xp € Ko}f(xo,u)dxol_\ﬁ,{) (Y, d(x1,...,x5,u)).

Proof. The first identity is a direct consequence of the definition while the second follows
from the decomposability property of mixed support measures; see [3, Theorem 3.14]. O

Let ¢: % — R be measurable and additive and let W € # ¢ with V(W) > 0. Let & € R
and define

_ . Eo(ZzNnrw
Byal2) = lim “Z0W)

e V(W) G19

whenever this limit exists. If the limit is positive (and finite), we call @y, ,, [Z] the (asymptotic)
@-density of Z (w.r.t. W). Of particular importance is the case & = 1. In this case we write
@y |Z] := @y 1 [Z]. If this is independent of W we shorten this further to ¢[Z] Under additional
assumptions on ¢, Theorem implies the existence of these densities along with some
formulas. We start with a simple example.

Example 3.16. Let f: R? — R be measurable and locally bounded. Define ¢: %2¢ — R by
¢(K) := [ f(x)dx. Then we can apply (3.17) with ¢; = ¢ to obtain

EQ(ZNW) = (1 —e Val]) / f(x)dx
w
where W is as in (3.19). Of course this formula is very simple and makes sense for an arbitrary

Borel set W. Assume that there exists 8 € R such that {r 8 f(rx) : r > 1,x € W} is bounded
and lim, . 7P f(rx) = g(x), x € W, for some (bounded) g: W — R. Then

Fual2) = (1= TV, W)* [ go)dx,

where @ := (d+ ) /d.
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We now turn to Example In the following, we write mix*(j,s) for the set of all
(my,...,ms) € mix(j,s) for which my,...,m; < d — 1. Note that in this situation we neces-
sarily have my,...,mg > j+ 1.

Theorem 3.17. Assume that @ is given as in Example[3.12] Assume there exists B € R such
that {r B f(rx,u) : r > 1,(x,u) € W x S*"1} is bounded and lim, o0 r =B f(rx,u) = g(x,u),
(x,u) € W x S, for some g: W x S¥"! — R. Then

(1!

s!

. d-j
BwalZl = Va(W) % VY
s=1

X Z / 1{xp € W}g(xo,u) dxol_\,(,'{) (Y,d(x1,...,x5,u)),
)

memix*(j,s
where o .= (d+ ) /d.

Proof. We use Corollary3.13 By the homogeneity properties of the mixed support measures
we have

@ (m,m) [fW.Y] = rm/f(rxo,u)/_\gflm (W,Y,d(xo,...,xs5,u)).

A similar formula holds for ¢;(rW). Inserting this into (3.15), using the special form of
@(4,m)[W.Y], and taking the limit as r — co, yields the result. O

Suppose that a given measurable function ¢ : .#¢ — R satisfies a translative integralge-
ometric principle of order j. For a given 8 € R, we say that the principle is B-homogeneous
if for each k € N and each m = (my,...,m;) € mix(j,k), the function @m is (m; + fB)-
homogeneous in the first argument.

Example 3.18. For K € % (@), let hg: SY~! — R be the support function of K defined by
hg (1) := max{(x,u) : x € K}. The Steiner point s(K) € R? of K is defined by

dLKd /hK(u)ujfd*l(du),

where 774! denotes (d — 1)-dimensional Hausdorff measure. Fix u € S?~!. Since the map
K — s(K) is translation covariant and additive, the map ¢: ¢ @ 5 R given by

P(K) = hg sk (u) = i (u) = {s(K),u)

defines an additive and translation invariant measurable function, which can be extended to
2% in an additive way; see [21}[22]]. Since ¢ is locally bounded it follows from Remark [3.4]
that ¢ satisfies condition I(®). It was shown in [27, 20] that ¢ satisfies a 0-homogeneous
translative integralgeometric principle of order 1. It was also proved there that ¢ admits a
measure-valued extension. It follows from Remark [3.8]and the homogeneity properties of the
functionals @y, in this case that condition IP(Q) holds for this integralgeometric principle.

The next result can be proved as Theorem[3.171
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Corollary 3.19. Let the assumption of Theorem[3.13| be satisfied and assume moreover, that
the restriction of ¢ to # ¢ is B-homogeneous for some B € R. Let a := (d + B)/d. Then

P Zlw.arp = VaW) “@a(W) (1 —e Val'l)
in the case j = d and by

_d=j_1\s—
2w = V(W) %eValt] Z]( DA Y onlY] (3.20)
s=1

s! memix*(j,s)
in the case j €{0,...,d —1}. In particular, if j =d — 1, then
PlZw.a = VaW) % Vg, 4[],
Example 3.20. Define f: R? x S*~! — R by
Flxu) :=x] ---x:;dh(u), x=(x1,...,x5) e R ue s,

where & ,..., 0 € [0,00) and h: SY~! — R is measurable and bounded. Let j € {0,...,d — 1}
and define @ by (3.13). Then both, Corollary B.13and Corollary 3.19]apply with the choices
B := oy +---+ a; and g = f. The non-asymptotic formulas are provided by Theorem 317
In fact the formulas can be simplified a bit by using the product form of g. If ¢t,..., 07 € Ny
and 4 is of a similar product form, then @ is a component of the Minkowski tensors studied
in [4].

We finish this section by highlighting density relations for homogeneous functionals as
discussed in Remarks[3.8/and [3.9]and the subsequent Examples and

Corollary 3.21. Let Z be a stationary Boolean model with convex grains, and let Ky € 7.
Let ¢: %#? — R be a continuous translation invariant valuation satisfying 1(®) which is
J-homogeneous for some j € {0,...,d}. Then

E@(ZNKy) = ¢(Ko) (1 _ e*Vd[Y])

d
—+ efvd [Y] Z
m=j+1

m—j (_1)s71 d—1 .
] Y @ (n,m) [Ko, Y.

s=1 $ My, Ms=j

my+-+ms=sd+j—m

Proof. As noted in Remark 3.9] ¢ satisfies a translative integralgeometric principle of order
Jj and IP(Q) holds. Therefore we can apply Theorem[3.13] Since the ¢y, are symmetric in all
arguments, we have ¢; = ¢ and the result follows. O

For the asymptotic densitities, we thus obtain the following relations.

Corollary 3.22. Let the assumption of Corollary be satisfied and let W € % have
nonempty interior. Then we have for j = d that

= (W) (1 _e*Vd[Y])

wi2 Va(W)
and for j € {0,...,d — 1} that
_ d—j -1 s—1
pulz) =y Y Pult]
s=1 : memix*(j,s)
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3.3 The stationary and isotropic case

In this section we assume that the Boolean model Z is isotropic, so that the grain distribution
Q is invariant under proper rotations. First we note the following consequence of Corollary
As in [22]] we denote by u the (suitable normalized) Haar measure on the group G, of
rigid motions of RY.

Corollary 3.23. Let the assumptions of Theorem[3.2] be satisfied and assume that Z is sta-
tionary and isotropic. Then

=

0(ZNKy) N---NgrKy) (3.21)

x Q(dK:) - Q(dKy) p*(d (g1, .-, 8))-

We say that a measurable function ¢: .#¢ — R satisfies a kinematic integralgeometric
principle if there exist measurable functions ¢ ,..., ¢, on .# ¢ and constants ¢, ...,cs € R
such that for all k € N and all Ky, ..., K, € #¢

d k
/‘P(KoﬁglKl ﬁ~~~ﬁngk)uk(d(g1,.,.,gk)) = Z (PVO(KO)HCrini(Ki)a (3.22)
F()yeees =0 i=1
r()JS {Lll’(k:kd

where @y := ¢. If ¢ is defined on %, this definition applies to the restriction of ¢ to .# .
In the following remark and also later we use the constants

. ik o
= j!Klj" i,j€{0,...,d}; (3.23)

see [22 (5.4)].

Remark 3.24. Suppose that ¢: %% — R is additive and continuous on .# (). By [22] The-
orem 5.1.4], ¢ satisfies a kinematic integralgeometric principle with ¢; := CZ, i€{0,...,d}.
If ¢ = V; for some j € {0,...,d}, then the same result shows that
¢ = C.l.,-+jVj+i, i<d—j,

and ¢; =0fori>d—j.

The function @ from Example 3.18]is continuous. The functions ¢y,..., @, and the con-
stants co, . ..,cq can be expressed in terms of so-called mean section bodies of K; see [27] for
more details.

The following result is Theorem 9.1.3 in [22] if ¢ is assumed to be continuous, which
ensures via Hadwiger’s general integralgeometric theorem that ¢ satisfies a kinematic inte-
gralgeometric principle. The proof is similar to that of Theorem[3.13

Theorem 3.25. Let ¢: %#¢ — R be measurable and additive. Assume that @ satisfies condi-
tion 1(®) as well as a kinematic integralgeometric principle. Let Ko € # . Then

Eo(ZNKo) = o(Ko) (1 - e*Vdm) (3.24)

zd: (Ko) Z Z Hcmlvm,

m=1 s=1 my,...,msg=0
my+--+mg=sd—m
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Corollary 3.26. Let the assumptions of Theorem[3.23] be satisfied. Assume that there exists
Jj€10,...,d — 1} such that @, is (m+ j)-homogeneous for m € {0,...,d — j}, and ¢, =0
form>d— j. Let Ky € #? be such that Vy(Ko) > 0. Then

Eo(Z K (KD o dmd (s d-1 s
fim BOE07K) _ 9a-i(K0) vm) 'y (1) y [TemVmlY].
reree Vd(rKO) Vd(KO) s=1 s! my,...,mg=0 i=1
my+-+mg=(s—1)d+j

By Remark [3.24 we may take ¢ = V; in Corollary 3.26l Then ¢,_; = d'k,/(j'x;)V4, so
that Corollary [3.26] gives the classical Miles’ formulas; see [17, 2] and [22, Theorem 9.1.4].

3.4 Determination and estimation

The mean value formulas obtained so far can be used to estimate certain characteristics of
the underlying particle process Y from observations of functionals ¢ of the Boolean model
Z. Naturally, this requires the choice of suitable functionals ¢. In the simplest case, the
challenge is to estimate the intensity Y in the stationary case. For such a task we need to know
a class of functionals ¢ such that the mean values E@(ZNW), respectively the densities ¢[Z],
determine 7.

For a stationary and isotropic Boolean model Z with convex grains, Corollary 3.26 shows
that the intensity ¥ is uniquely determined by the densities V;[Z],j = 0,...,d. In fact, the
formulas build a triangular array, which can be seen better, if we write them in explicit form,

. _ _ d—j —1)s d—1 s -
Vi[z) =eVall] (Vj[Y] -4y ( S!) Y Hcd’Vm,»[Y]) (3.25)
§=2 my,...,mg=j+1 i=1
my+-tmg=(s—1)d+j

By recursion, the densities V4[Y] and V,,,[Y] in (323) are determined by the corresponding
equations for V;[Z], i =d,...,j+ 1. Therefore, (3.23) determines V;[Y]. At the end of the
recursion, we obtain V[Y] = y (since Vo = 1 on % (@),

Solving the system (3.23) for V[Y], we obtain an equation

Y= fao(VolZ],...,Va4lZ])

with an explicitly given rational function fz. For V;[Z], various estimators are described in
the literature (see, for example, [22, Section 9.4]), among them also unbiased ones. We thus
obtain estimators for y (usually biased ones). For other estimators of 7, see [22, Section 9.5].
More generally, there is a rational function f;; such that

VilY] = f4;(V;[Z],...,V4lZ]), j=0,....d.

If 7 is already determined (estimated), we thus get also estimators for the mean particle
characteristics

E@[v,]z/vj(K)Q(dK), j=1...d

Since the intrinsic volumes V; are rotation invariant, it is clear that the densities V;[Z]
do no longer determine v, if Z is not isotropic. In fact, the formulas (3.20) then involve
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mixed densities V[Y], for which a corresponding recursion procedure is not apparent. It is
thus natural to consider Corollary 3.22] with functionals ¢ which are direction dependent and
hence distinguish between different rotation images of convex bodies. Such functionals are
the mixed volumes K + V (K[j],M[d — j]), j =0,...,d, where M varies in .#¢; see Example
Justified by Corollary[3.22] we denote by V(Z[j],M[d — j]) the density of the functional
K — V(K[j],M[d — j]). The following general result was obtained in [[6].

Theorem 3.27. Let Z be a stationary Boolean model with convex grains which satisfies
/ Vi(K)2Q(dK) < o. (3.26)

Iffor j=0,...,d and all M € ¥ the densities of the mixed volumes V (Z[j],M[d — j]) are
given, then the intensity v is uniquely determined.

Proof. We sketch the main ideas of the proof and refer to [6], for details. We first mention,
that the density formulas for mixed volumes have the form

Valz] =1—e V],
V(z[d—1],M[1]] = e VMV [y [d — 1], M[1]],

J
d—j (_l)s d—1 _
-y = y Vg oomed—ilYs- - Y,M*] ) (3.27)
s— 5 my,...,mg=j+1

my+-4mg=(s—1)d+j

for j=0,...,d—2,and all M € #, as follows from Corollary 3.221
For the mixed functionals V,,, i, a—;(Ki,...,Ks,M*) an integral representation was es-
tablished in [8]] (based on [5]),

Vm17...7m5,d7j(K17"'7KS7M*):/"'/fml,...,mﬁdfj(ulal'lu"'7uS7L87u7L)

X Wa_j(M*,d(u,L)) Wi, (K, d(us,Lg)) - - Wi, (K1,d(u1,Ly))

which involves a universal function f,, . . 4 ; and the flag measures (of corresponding
degree) of M* K, ..., K;. This representation carries over to the densities

<l

ml,...,mmdfj[Ya"'7Y7M*] :/"'/fm17...7m5,d7j(ulal'17"'7uS7LS7u7L)
X Yaj(M*,d(u, L)W, [Y](d(us,Ls)) - W, [Y](d(u1,L1)),

where W;[Y](-) := v [ vi(K,-)Q(dK). Since fy,, . m, a—j is not continuous, an additional
approximation procedure is necessary here. The idea is now to use a recursion procedure, as
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in the isotropic situation described above, in order to show that the equations in (3.27) with
index > j determine the density y;[Y](-). Since the bottom line, for j = 0, is equivalent to

_ _1)s d—1
Volz] = e Valt] <V0[Y] -y ( }) Yy Vg [Ys - ,Y]) :
s=2 S my,...,mg=1

my+-+ms=(s—1)d

we obtain V[Y] = 7, if, by recursion, all measures y;[Y](), j =1,...,d, are determined.

A major problem here is that by (3.27) we do not get ¥;[Y](-) directly, but the density
VIY[j],M[d — j]] of the mixed volume V (-[j],M[d — j]) (for all M € #?). For these mixed
volumes, a similar flag representation was proved in [7], which states that

VKLMId = 1)) = [ gLl L)y (K., ) (1,40 L),

again with a universal function g;. Since also this function is not continuous, it is not apparent
that the corresponding density

VIYULMid =) = [ gLl L) ¥)(d0,L) Y- (M. L)

determines W, [Y](-), as M varies in %" 4. In fact, here a direct functional analytic argument
was not available and instead a deep result of Alesker was used which showed that linear
combinations of mixed volumes V (-[j],M[d — j]), M € # %, lie dense in the Banach space
Val; (of translation invariant, continuous, j-homogeneous valuations). Therefore, all densi-
ties @[Y] with ¢ in Val; are determined; thus, in particular,

[sw.L) ¥ )@ L)),

is determined for any convex function g on the corresponding flag space. This information
determines ¥, [Y](-). O

As in the isotropic case, we get some more shape information from Theorem[3.27, namely
we obtain all expected flag measures Eqy;, j=1,...,d — 1, (in fact, we get all expectations
Eg@ of translation invariant, continuous valuations ¢). For isotropic Z, these measures are
proportional to the Haar measure on the space of j-flags and the proportionality constant is
EqgV;, hence we do not get more shape information in this case. However, if the distribution
Q is concentrated on one shape Ky say, the whole distribution Q is determined.

Because of the use of Alesker’s approximation result, Theorem [3.27] does not seem lead
to an estimation procedure for ¥ in a direct way.

4 Variances and covariances

We adapt the setting of Section[3]and assume that the Boolean model Z is stationary. Since
we are interested in second order properties of Z we assume that

/V,-(K)ZQ(dK) <oo, i=0,...,d. 4.1

20



In view of the Steiner formula this is stronger than (2.3).

In this section we focus on geometric functionals. A measurable function ¢: Z#¢ — R
is said to be geometric if it is additive, locally bounded in the sense of (3.6) and translation
invariant, that is, (B +x) = @(B), for any B € % and any x € R?. Examples can be found
in Examples[3.12and[3.18 Note that if ¢ : %#¢ — R is additive, then @ is translation invariant
if the restriction of ¢ to convex bodies is translation invariant.

4.1 A fundamental formula
Let ¢ be a geometric functional. It follows from the local boundedness of ¢ that
EQ(ZNW)? < oo; (4.2)

see [L1, Lemma 3.3] and [14}, Corollary 4.10]. Given a second local functional y it makes
hence sense to study the covariance Cov(@(ZNrW), y(ZNrW)) between ¢(ZNrW) and
y(ZNrW). If V(W) > 0 we define the asymptotic covariance

o(,y) = lim Cov(y(ZNrW), e(ZN1W))

lim A 4.3)

whenever this limit exists and is independent of W.
For two geometric functionals ¢, y, we define the inner product

)= 1 7 [[etwn-ny (44
=l
v(KiN---NK,) O Yd(Ka,...,K,)) Q(dK),
whenever this infinite series is well defined. The functional ¢*: .#¢ — R defined by
0" (K) =E@(ZNK) - (K), Kex,

is again geometric and additive, see [L1, (3.11)]. The importance of these operations for the
covariance analysis of the Boolean model is due to the following result from [11].

Theorem 4.1. Let ¢ and y be geometric functionals and let W € % with Vy(W) > 0. Then
the limit @.3)) exists and is given by

o(e,y)=p(e",y"). 4.5)

Proof. (Sketch) From the Fock space representation of Poisson functionals (see [14, Theorem
18.6]) and additivity of ¢ and y we obtain for each Ky € .#“ that

(COV((p(ZﬁKO (ZQKQ))
'//q) (KoNK{' M- NKMw* (KoNK N---NK™)
li’l

Xd(x1,...,x,)Q"(d(Ky,-++ ,Kn))s (4.6)
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cf. [14} (22.34)] for the case ¢ = y. Replacing here Ky by rW for some large r > 0 this equals
approximately

L[ o5 e Ky (7 0 K1 (K0 € )
- n!

X d(xl, . ,x,,)@”(d(Kl, T ,K,,)).
Bya change of variables and translation invariance of ¢ and y the above series comes to

n' // O (KiNKP2 N NKMy (KiNK2 N NKMI{K +y1 CrW}
n=1

X d)’I d(yZa cee 7yn)Qn(d(Kla e aKn))
Making the change of variables y := r~'y| and dividing by V,;(rW) we see that

Vy(rW) L Cov(e(ZN W), w(ZNrW))
approximately equals
Y %///‘P*(Kl NK M- NK"y" (K NK N NK)
X 1{r71K1 +yC W}dyd(y27 s 7yn) Qn(d(Klv e 7Kn))'
As r — oo this converges to the right-hand side of (4.5). O

4.2 Asymptotic covariances for intrinsic volumes

As a warm-up we may consider the geometric functional V. In this case
Vi (K) =EVa(ZNK) = Va(K) = = (1= p)Va(K), KX, @7

where p :=P(0 € Z) is the volume fraction of Z; see (2.8). In order to apply (4.3) to compute
the asymptotic variance o(Vy,V,) of the volume we need to compute

p(VaVa) =Y l,//vd(lq N---NK,)? 0" (d(Ky,...,K,))QdK)).
=nl .

By Fubini’s theorem the above series can be written as

i ﬁ/---/1{y€K1ﬁ(Kz—i—xz)ﬁ---ﬁ(K,,—i—x,,)}

P} n!

x1{ze KiN(Kz+x2) NN (Ky+xn) Y dydzdx, ... dx, Q" (d(Ky,...,Ky))

_ Z ///v,, (K2 — )N (Ks—2)) - Va((Kn — ) N (Ko — 2))

X l{yEK]}I{ZEKl}ddeQn(d(Kl,...,K ))

ﬁ,// (EVi(Zo N (Zo+y—2)))" Uz € K1 }dydzQ(dK)

X
X

ﬁ' J]] ®a@on @+ )y 1+ 2 € Kih{z € Ki}dydzQaKy).
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Hence we obtain that
pWVarVa) = [ (¢4~ 1) ay, “8)

where the expected covariogram Cy4[Y] of the typical grain is the function on R? defined by
CalY)(v) = YEVA(ZoN (Zo+Y)), y€RY
By (4.5), @.7) and the asymptotic variance of the volume is given by

o(VarVa) = (1= p)? [ (€40 ~1)ay, 4.9)

Formula can be derived in a simpler way, without using Theorem .1 and without con-
vexity assumptions on the grain distribution; see [14, Proposition 22.1]. The above calcula-
tion, however, can be generalized to other geometric functionals.

To derive an expression for o(V;_1,V;) we need to compute p(Vy_1,Vy). To do so we
use that V; _1(K) = &, (K,RY) for each K € #?, where ®;(K,-) = A;(K,- x S 1), for
i € {0,...,d — 1}, is the i-th curvature measure of K; see, e.g., [22 Section 14.2] or [21,
Section 4.2]. Let B° denote the interior of a set B C R4, If

P(Z; #0)=1 (4.10)
it can be shown that
n
Dy 1 (KiN-NKy,) =Y /l{xe et K7 Y g1 (K, d) (4.11)
k=1

for (Q®®" -ae. (Ki,...,K,) and all n € N; see [11, Lemma 5.3]. Using these facts it is
not hard to see that

/V’“(Kl”"'”Kn)Vd(Klﬁ---ﬂKn)®”’1(d(K2,...,Kn))Q(dKl)
- n/// l{y < (K; +)C2) n---n (K;; +Xn),Z ekin (KZ +.XZ) n---N (Kn +.Xn)}
X ®y_1(Ky,dy)dzd(x,...,x,) Q" (d(Ky,...,K,)).

Therefore we obtain similarly as above that p(V;_,Vy) equals

i (,,an)'/ 1{z € K}EV,((Zo—y) N (Zo—2)))" ' ®y_1(K,dy)dzQ(dK).
n=1 .

It follows that
pWVa-1.Va) = [ S0 by Y )(d(r.2)) @12)
where the measure M, 4[Y] is defined by
MaralY)i =7 [[ 1(0.2) € J1{z € K} @41 (K. ) dzQUaK)

=7 [[1402) €} a1 (K. ) @a(K, d2) QUK),
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where ®; (K, -) equals d-dimensional Lebesgue measure restricted to K.
If ([@.10) holds, we obtain similarly to the derivation of (£.12)) that

P(Va—1,Va_1) = Y/ecdwyfz)cdfl Y](y—2)Mg—14[Y](d(y,2))
[ SO g 1)), @.13)

where the measure M, 4—1[Y] is defined by

My 1a1[Y] =7 // 1{(3,2) € -} D1 (K, dy) By 1 (K, dz) Q(dK)

and the function C;_[Y] is defined by

CaalV0) =7 [ @u1 (KK +3)QK), yeR",

We can now prove a result from [[L1]]; see [10, Theorem 2] for a slight generalization.

Theorem 4.2. It holds that
O(Vi1.Va) = (1= p)*Tal¥] [ (€410~ 1)
(1= pP? [ MY ).
If. in addition, (£10) holds, then
o(Va-1,Va—1)=(1 —P)Z(Vdfl[Y])z/ (Sl — 1) dx

(1 p)? [ I, Y] ) My glY)(d )
—2(1=p)*Vy1[Y] /ecd[y](xfy) My—1.4[Y](d(y,x))
(=P [ My g Y] ).

Proof. By Corollary B.14and 2.7),

Vi1 (K) = =(1=p)Var(K) + (1 = p)Var [V Va(K), Kex?. (414

Combining (@.14) and (4.7) with (@.12), @.13) and [@.3), we obtain the assertion. O

Formula (4.11) can be formulated for all curvature measures. Therefore it possible to de-
rive integral representations for all asymptotic covariances p(V;, V;). The resulting formulas,
however, are less explicit than those in Theorem We refer to [[11] for the details. The
special case of a planar Boolean model of aligned rectangles has been treated in [10]. Even
though this model is not isotropic, the formulas become surprisingly explicit in this case.
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4.3 The isotropic case

In this subsection we assume the Boolean model Z to be stationary and isotropic. For all
j€{0,...,d—1} and k € {j,...,d} we define a polynomial P;; on R?~/ of degree k — j by

kk*j (_1)s d—1 S
Pty tar) =Uk=j}+& Y — Y Ty tm:, (4.15)
s=1 : i=1

mp,...,mg=j
my+...+my=sd+j—k

where the constants ci. are given by (3.23). We also define P, 4 := 1. The following result is
taken from [[11]; see also [16].

Theorem 4.3. Leti,j€{0,...,d}. Then

d d
o(Vi,V))=(1=p)?* Y Y Pu(VilY],....Vaui YD)P; (V[Y],... . Vaui [Y])p (Vi Vi),
k=ii=j

Proof. By Theorem[3.23]and Remark [3.24 we have for all j € {0,...,d} and K € #? that
d p— J—
VHK)=—(1—=p) Y Vi(K)P; 1 (V;[Y],.... Va1 [Y)). (4.16)
k=j

Using this formula in (@:3) we obtain the assertion. O

Theorem 3] requires the numbers p(V;,V;). Thanks to our isotropy assumption we can

complement (&.8), (#.12) and @.13) as follows.

Proposition 4.4. We have that

p(Vo,Vy) =e el —1 (4.17)
and, fori € {0,...,d — 1},
V.1 K=y d-1 o
p(Vo,Vi) = e'alVl ¢ i Y _ [Tc;' VY] (4.18)
=1"" my,...,m;=i j=1

my+-tmy=(1—1)d+i
The formulas for p(Vy,Vs) and p(V;_1,Vy) are true without isotropy assumption.

Proof. The proof of (.17) is easy and left to the reader.
Leti€ {0,...,d — 1}. Since Q is concentrated on nonempty grains we have that

pvo.v) = ¥ X [[Viki N K 0 (AR .. K) QUK.
n=1""""
By isotropy, this equals

Y[R ngaten K ) @GRS Ke)
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By the principal kinematic formula (3.22) and Remark (see also [22, Theorem 5.1.5])
this equals

oo d n
vily] + 22%/ d L IV KUK, K
n= mi J=

seeesMip =1 .
my+--A4mp=(n—1)d-+i

We now argue as in the proof of Theorem If m+---+m,=(n—1)d+i we can
consider the indices my; which are smaller than d. The number s of those indices ranges from
1tod—i. Since (’;) =0ifs > nand cZ = 1, we thus obtain that

. = 1 4\ d-1 s
CCOOREIES MEteh of (9 17 SR VR | G4
j i=1
m1+--r-nJlrmS:(s71)d+ij
= 1 4\ d-1 s
=) e <s) Vayprs ) chdfvmj [r].

my,...,mg=i
my+-+mg=(s—1)d+i

Therefore,
d—i = | J 1 i B d-1 S mi—
p(Vo,Vi) =Y. ) —c ——ValY]"” ) [Ted’VmlY),
s:ln:sn' s.(n—s). my,...,mg=i j=1

my+-tmy=(s—1)d+i
and the result (.18} follows. O

When combined with (@.8), @.12) and @.13), Proposition d.4] provides in the case d =
2 explicit formulas for the asymptotic covariances ¢ (Vp,V;), i € {0,1,2}. Together with
Theorem[4.2]this yields all asymptotic covariances for the intrinsic volumes. For instance we
have:

Theorem 4.5. For a planar stationary and isotropic Boolean model the asymptotic covari-
ance between Euler characteristic and surface is given by

G(VQ,Vz) :p(l —p)— (1 _p)Z(,y_ M)/(ECQ[Y]&) _ l)dx

T
(1= pp 2V [l ) (),

The formulas for 6(Vp,V;) and o(Vy,Vp) (again in the planar isotropic case) require the
assumption ({.I0) and are more lengthy. In view of ({.12) and @.13) they not only involve
the measure M »[Y] and the function C,[Y], but also the measure M; ;[Y] and the function
C[Y].

For the time being it is not clear whether the asymptotic covariances of a three-dimensio-
nal isotropic Boolean model can be made as explicit as in the two-dimensional case. More
details on this point can be found in the extended preprint version of [[L1].
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4.4 Positivity of asymptotic variances

It is of some interest to know whether the asymptotic variance o (@, @) of a geometric func-
tional is positive. The following result (see [14, Exercise 22.4], where a typo needs to be
corrected) shows that this is true in great generality.

Theorem 4.6. Let ¢ be a geometric functional satisfying

//|<p(Kﬂ(K1—|—x1)ﬂ---ﬂ(K,,+x,,))|d(x1,...,x,,)(@"(d(Kl,...,K,,))Q(dK)>O (4.19)

for some n € Ny. Then 6(¢,¢) > 0.

Proof. We proceed by contradiction and assume that (¢, ¢) = 0.
First, we assume that (4.19)) holds for n = 0, that is,

/IfP(K)IQ(dK) > 0. (4.20)

By Theorem4.J]we then obtain, for all m € N, (4, @ Q)"-a.e. ((y1,K1),- .-, (Ym,Km)) and for
Q-a.e. K, that ¢*(K) =0 and

O (KN(Ki+y1)N--N(Kn+ym)) =0. 4.21)
Hence we obtain from that Var(@(ZNK)) =0 for Q-a.e. K, that is
©(ZNK)=E@(ZNK), P-as., Q-ae. K.
Since @*(K) = 0 for Q-a.e. K, we have EQ(ZNK) = ¢(K) for Q-a.e. K, and thus
o(ZNK)=¢(K), P-as,Q-ae. K.

Moreover, by (2.8) and our basic integrability assumption 2.3), P(ZNK = 0) > 0 for each
K € '@, Therefore o(K) = ¢(0) = 0 for Q-a.e. K, contradicting @.20).

If holds for n = 1, we proceed in a similar way. Observe that it follows from
that Var(p(ZNKN(K; +y;1))) =0 for Q-a.e. K and A; ® Q-a.e. (y1,K) ), hence

P(ZNKN (K1 +y1)) =E@(ZNKN (K1 +y1))

holds IP-a.s., for Q-a.e. K and for A; ® Q-a.e. (y1,K;). Since ¢* (KN (K; +y;)) =0 for Q-a.e.
K and A; ® Q-a.e. (y1,K) ), we conclude that

O(ZNKN(Ki+y1))=o(KN(K;+y1))

holds P-a.s., for Q-a.e. K and for 4; ® Q-a.e. (y;,K;). Since P(ZNKN(K;+y1)=0) >0
whenever KN (K| +y;) # 0, we arrive at a contradiction as before.
The argument for arbitrary n € N is the same, but the notation is more involved. O

In the case where @ = V;, the preceding Theorem[4.6]is equivalent to the following corol-
lary, since the intrinsic volumes are monotone and nonnegative.

Corollary 4.7. Leti € {0,...,d} be such that [ V;(K)Q(dK) > 0. Then o (V;,V;) > 0.
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The next result is a special case of Theorem 4.1 in [11]], dealing with more general geo-
metric functionals. Thanks to Theorem[4.6] we can give here a much shorter proof.

Theorem 4.8. Assume that P(Z; # 0) > 0. Then the matrix (6(V;,V}))i j—o,...a is positive
definite.

Proof. Leta,...,aq € R satisfy Y¢_; |a;| > 0. We need to show that

d
Z a,'ajG(V,',Vj) >0,
i,j=0

that is (@, ®) > 0, where ¢ := Y% a;V;. By Corollary 7] we can assume that I+ # 0 and
I~ #0,where I :={i € {0,...,n} :a; >0} and I is defined similarly. We check condition
for n =d+ 1. Assume it fails. Then there exist Ki,...,K;,1 € #¢ with nonempty
interior such that

(P(L(XZ, - ,de)) =0, lg-a.e. ()Cz, - ,de),

where L(x,...,%g11) ;== K1 N(Ka+x2) NN (Kyr1+Xg11). Assume without loss of gener-
ality that min/™ > min/~. Take ¢ > 0 to be specified later. Let R(K) (resp. r(K)) denote the
circumradius (resp. inradius) of K € .#(?). By the monotonicity, translation invariance and
homogeneity of intrinsic volumes we obtain for A¢-a.e. (x2,...,x44+1) with R(L) < cor(L)
(abbreviating L := L(xy, ... ,x441)) that

Y. aR(L)Vi(BY) > Y aVi(L) = Y (—~a)Vi(L)

ielt ielt icl~
> Y (—a)r(L)'ViB) > Y (—ai)ey 'R(L)Vi(B).
iel~ el

Since min/™ > min/~ the above inequality fails, whenever R(L) < r for a sufficiently small
r. However, choosing ¢ as in [11, Lemma 4.2], the inequality must hold on a set of points
(x2,...,X441) with positive A¢-measure. Hence cannot fail for n = d + 1, so that
Theorem[d.6 implies 6 (¢, @) > 0. O

5 Central limit theorems

Again we adapt the setting of Section Bl and assume that (4.1)) is satisfied. Throughout this
section we fix some W € #? with V;(W) > 0. Let ¢ be a geometric functional and define

o,(9) := Var(p(Znrw))' /2, r>o0. (5.1)
Whenever o,(¢) > 0 we define
¢r = 0,(¢)~ (@(ZNrW) —Ep(ZNrW)) (5.2)

and note that @, is a random variable (depending on Z) with mean zero and variance one. In
this section we study the asymptotic normality of @, as r — oo,
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5.1 Stein’s method

Recall from the textbooks (from [[12] for instance) that a sequence (X,,) of real-valued random
variable is said to converge in distribution to a random variable X if lim,, . Ef(X,) = Ef(X)

for every bounded continuous function f: R — R. One writes X, 4 X as n — oo, (This
definition extends to random vectors in the obvious way.) A possible way to quantify this
convergence is the Wasserstein distance between random variables Xo,X. This distance is
defined by

@0, X) = sup [E[ACK)] - BHCO] (53)
cLip

where Lip(1) denotes the space of all Lipschitz functions /: R — R with a Lipschitz constant
less than or equal to one. If a sequence (X,,) of random variables satisfies limy,_,e. d} (X, X) =
0, then it is not hard to see that X,, converges to X in distribution. Here we are interested in
the central limit theorem, that is in the case where X has a standard normal distribution.

Let AC;  be the set of all differentiable functions g: R — R such that the derivative g’
is absolutely continuous and satisfies sup{|g’(x)| : x € R} < 1 and sup{|g” (x)| : x € R} < 2,
for some version g"” of the Radon-Nikodym derivative of g’. Throughout we let N denote
a standard normal random variable. Let X be an integrable random variable. Stein [25]
discovered that

di(X,N) < sup [E[g'(X)—Xg(X)]| (5.4)
g€AC

To convert (3.4) into a bound for functions X of our Poisson process Y we need to intro-
duce some notation. Let X = f(¥) be a measurable function of Y. Then we define

DxX := f(YU{K}) — f(¥), Kex,

while DX denotes the mapping (the difference operator) K — DgF from K € % to the space
of random varables. Of course there exist other measurable function f such that X = f(Y)
P-a.s. However, it is not hard to see that the definition of DgX is P-almost surely and for
®-almost every K independent of the specific choice of the representative f.

We can write Y = {Z, : n € N}, where the Z, are random convex bodies, depending
measurably on Y. Let By,B;,... be a sequence of independent Bernoulli random variables
with success probability ¢ € [0, 1], independent of Y. Define 1, := {Z, : B, = 1} as at-thinning
of Y. By [14, Corollary 5.9], ¥; and Y — ¥; are independent Poisson processes with intensity
measures t® and (1 —7)0, respectively. Given X = f(Y) and 7 € [0, 1] we define a random
variable F; via the conditional expectation

PX =E[f(Y; +Y{_,)| Y], (5.5
where Y|_, is a Poisson process with intensity measure (1 —)®, independent of the pair
(Y. %).

Now we are in the position to state a seminal result from [19]. We take the version from
[[14, Chapter 21], specialized to Poisson particle processes.
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Theorem 5.1. Let X be a square integrable function of the Poisson process Y such that
E [(DkX)?*®(dK) < o and EX = 0. Then

d(X,N) <E[1 - / /O  (P.DRX) (DxX) dr ©(dK)
+IE//01 |PDgX|(DkX)?dt ©(dK). (5.6)

The proof of this theorem is based on the Stein bound (5.4) and a covariance identity for
Poisson functionals. The original proof in [[19] uses Malliavin calculus.

5.2 Quantitative results

In this section we strengthen the assumption @.1) and assume that
/Vi(K)3 Q(dK) <o, i=0,...,d. (5.7)

Let B¢ denote the unit ball in R?, and define a measurable function V: #9 — R by
V(K):=VyK®BY, Kex?, (5.8)

where A® B := {x+y:x €A,y € B} is the Minkowski addition of two sets A,B C RY. The
function V is translation invariant and additive.
Essentially, the following result is Theorem 9.3 in [11]. Recall the notation (3.I) and

G2.

Theorem 5.2. Suppose that @ is a geometric functional and that (3.1) holds. Then there exist
constants ci,cp > 0 such that

d\(¢r,N) < 16, (9)V (W) + 20, (9)V (W), (5.9)
whenever o,(¢) > 0.

The proof of Theorem[3.2]is beyond the scope of this chapter. The original argument in
[11]] rests on Theorem[5.1]and a tedious analysis of the chaos expansion of (ZNrW). Our
formulation is taken from [[14, Chapter 22], where the proof is based on the second order
Poincaré inequality from [13]]. The latter result involves second order difference operators
and is derived from Theorem[5.1and the Poincaré inequality.

If the asymptotic variance o (@, @) is positive, Theorem[5.2 has the following immediate
consequence.

Theorem 5.3. Suppose that the assumptions of Theorem [3.2] hold and, in addition, that
o(@,0) > 0. Then there exist ¢ > 0 and ro > 0 such that

di(¢r,N) < Eril/z, r>r.

By (14, Proposition 21.6] the rate of convergence in Theorem[3.3]is presumably optimal.
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5.3 Central limit theorems

In this subsection we return to the (minimal) integrability assumption (4.I). The following
result stems from [11]].

Theorem 5.4. Suppose that ¢ is a geometric functional and that @.1) holds. Assume also
that (@, @) > 0. Then @, 4 N as r— oo,

Proof. (Sketch) Under the stronger assumption (&) the result follows from Theorem[5.3] In
the general case we define for r > 0 the set

M, ={K € D V(K) < (Va(rw))" /2.

The restriction of Y to M, is a stationary Poisson process, generating a stationary Boolean
model Z,. By the triangle inequality for the Wasserstein distance,

dl((pbraN)Sdl((pra(P;F)"'dl((P;uN)u (510)
where
0 := Var(o(Z.nW)) " 2 (@(Z, N rW) —E@(Z, N W)).

We have that d, (¢, 9;) < (E(¢ — ¢}))'/2, which can be shown to converge to 0 as r — oo;
see [11} Lemma 9.6]. The distance d; (¢;", N) can be treated with the non-asymptotic result of
Theorem[3.3] applied to the Boolean model Z,. The constant ¢ = ¢, depends on r. However, it
can be seen from the explicit bounds in the proof of Theorem 22.7 in [14] (the third moment
condition is required only in the last step of the proof) that r~/2¢, — 0 as r — oo. Therefore
we obtain that d; (@, N) — oo as r — oo and hence the assertion. O

We finish this section with a multivariate central limit theorem for the intrinsic volumes.
Given a positive semi-definite matrix X, we let Nz denote a centered Gaussian random vector
with covariance matrix X.

Theorem 5.5. Assume that @.1) and P(Z5 # 0) > 0 hold. Define the asymptotic covariance
matrix X := (6(V;,V}))i j=o,...a- Then

Vy(rW) V2 (Vo(ZOrW) —EVo(ZOW), ... Va(ZO W) —EV4i(ZNrW)) % Ny,
asr — oo,

Proof. 1If ¢ is a geometric functional with & (@, ¢) > 0 then it follows from Theorem[5.4]and
Slutzky’s theorem that

Va(rW) 2(@(ZN0 W) = 9(ZNW)) L No(pg)  asT— o, (5.11)

We use the Cramér Wold theorem (see, e.g., [12]]). Given a non-zero vector (ay, ... ,a4) €
R4*! we need to show that (S.11) holds for the geometric functional ¢ := Y% a;¢. Note that
the asymptotic variance of ¢ is given by

d
o(g,0) =Y aa;jo(Vi,V)),
ij=0
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which is also the variance of the centered Gaussian random variable Zfl:o a;N;, where N; is
the i-th component of Ny. By Theorem[L.8] o (¢, ¢) > 0, so that (3.11)) holds. This concludes
the proof. o
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