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Abstract Lepton flavor universality is a key prediction of
the Standard Model of particle physics, and any violation
of it immediately indicates the existence of new physics.
Given the recent discrepancy of more than 40 in charged
current semileptonic B meson decays and the absence of
evident signals at the Large Hadron Collider, independent
cross-checks become invaluable. In this context, b — ¢
semileptonic sum rules based on heavy quark symmetry are
interesting, since they allow us to check the consistency of
experimental results. In this paper, we report newly found
sum rules among angular observables of mesonic and bary-
onic b — clv decays holding exactly in the large mass limit
of heavy quarks. Moreover, we investigate corrections to the
sum rule in realistic situations and discuss phenomenological
implications.

1 Introduction

The b — c¢ semileptonic sum rule for Ry, = BR(H, —
H.twv)/BR(H, — HLv) with £ = e, 1t is shown as [1-4]

Ra Rp Rp+
—af — YR~ — BrR—gy; = Or> ()
RM R3M P Ry

where the coefficients satisfy ag + Br = 1 and are inde-
pendent of new physics (NP) contributions. dg is found to
be small compared to current experimental uncertainties,
enabling us to apply it as a robust consistency check of
experimental results. Note that B (D) and B* (D*) form
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the lowest-lying beauty (charming) meson heavy quark dou-
blet, and A, (A.) corresponds to the lowest-lying beauty
(charming) baryon. Hence, the sum rule is satisfied among
ground-state to ground-state transitions. Recently, based on
the heavy quark effective theory (HQET) [5,6], another rela-
tion has been derived for mesonic and baryonic differential
decay rates as [7]

Kh 2(cpHep)

tw)? A+ wEw)?

0, @)

where KZ“ = dT'% /dw with THe = T'(H, — H.TV) are
defined forw = (m%,b +m3, —q*)/(2mp,mp,),and g is the
invariant mass of the leptons. Equation (2) holds exactly in
the large mass limit of heavy quarks, that is, mp . > Aqcp.
Also, Eq. (2) can be rewritten as

w w w
Ky, . Kp _p K Py ~0 3)
w,SM w,SM w,SM ’

KA. D K p+

again satisfying « + 8 = 1. Then, Eq.(1) is obtained by
integrating numerators and denominators over w and by nor-
malizing with the decay widths of light-lepton modes. In
other words, the HQET is explicitly shown to be a pillar of
the robust b — ¢ semileptonic sum rule for Ry, .

Given the discrepancy of more than 40 between the Stan-
dard Model (SM) prediction and the experimental value of
Rp and Rp+ [8], a tremendous number of NP interpreta-
tions have been explored, and the relations which enable us
to cross-check the consistency of the experimental results
become more important. In this paper, we provide sum rules
involving angular observables, e.g., the forward-backward
asymmetry of the charged lepton,
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Hl _ (+H,
Afs = (T

H,
cg >0 - Fcel <O) /(F¢9 >0 + Fco <O> “)
where FZ‘?O denote the decay rates satisfying cosf; 2 0,
1

with cg, being short for cos §; and 6; being the angle between
the charmed-hadron and the charged lepton in the bottomed-
hadron rest frame, as well as the charged-lepton polarization

observable,
H, H, H,
FA;:—I/Z) /(FAI:I/Z + FA]:—1/2> ’

(&)

He _ (pHe
Pl - ( )\121/2 -

where F ¢ is the rate with A; denoting a charged-lepton polar-
ization. In the case of / = 7, only the experimental measure-
ment of P " is currently available, and its uncertainty is still
as large as O(100)% [9]. In the future, the Belle IT experiment
could determine PP at the 3% level and PP at about 15%
[10-12]. Baryon observables measured at ongoing and future
colliders [13—16] can be compared with the predictions via
sum rules with upcoming Belle II input [11].

The outline of this letter is as follows: In Sect. 2, we intro-
duce our framework and present the new sum rule involv-
ing double-differential decay rates. In Sect. 3, we investigate
corrections to the sum rule and discuss phenomenological
implications. Section 4 is devoted to the conclusion.

2 b — c semileptonic sum rule of angular observables

We assume that the NP contributes to the b — c¢lv; transitions
in the following form:

4GFVep

V2
+C, 05, + Ch olT] : (6)

Lot = — [(1 +Cy)H0y, +C5, 0%,

The effective operators are defined at u = pp, as

= @y" PLb)(IyuPLv). Of, = @PLb)(IPLv)),
= (cPgb)(IPLv)), Of = (co'’ PLb)(0y, PLv)),
)

where | = e, u, 7, Pr(r) (1 F y5)/2, and o*¥ =
@/2D)[y*, y¥] with o#*Vys = —(i/2)e”"p"(7p(,.1 NP con-
tributions are encoded into the Wilson coefficients (WCs)

1" We assumed that the charged mediator of b — c¢[7 transition is
much heavier than the typical energy scale of bottomed-hadron decays.
Lepton flavor is assumed to be conserved. Also, all light neutrinos are
assumed to be left-handed. For studies including right-handed neutrinos
see Refs. [17-23].
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Céf with X = Vi, St g, and T. The SM case corresponds
to C éf = 0. In the following, motivated by the discrepancy
in Ry, we will focus on the tauonic NP scenario, that is,
I =1[3,24,25].

Let us provide a new sum rule holding among the double-
differential decay rates:

weg M weg, Al weg, Al
Ky ! 2 (KD + K
C

tw)? (I wEw)?

—0, ®)

A
where Kp, G dZF /dw dce,, and the leading-order

Isgur—Wise (IW) functlons ¢(w) and &(w), are introduced
for A, — A and B — D™, respectively. The relation
holds for any ¢y, and each A; as well as any w under the heavy
quark symmetry, i.e., at the leading order of the IW expansion
and the limit of heavy quark hadron masses satisfying m; ~
mp ~ mp, andm, X mp X mp+ X mp,.Summing up both
lepton polarizations and integrating over cg, reproduces the
single-differential decay rate sum rule, Eq.(2). This finding
leads us to propose two new sum rules involving Af and P;
for each to be tested experimentally:>

e Sum rule for the forward-backward asymmetry of the
charged lepton: (AgBT/AH v SM)(RHC/R%I:’I)

e Sum rule for the t-polarization difference:
(P ) PHSM (R, /RS

Their explicit forms are shown in Egs. (10) and (11) includ-
ing corrections. See Appendix C for the construction in the
heavy quark limit. It is noted that the tauonic total decay
width in the denominator of Egs. (4) and (5) is canceled with
that in the numerator of Ry,. PP is interesting since it is
known to be useful to distinguish NP models which explain
the R anomaly [1,26-30]. Therefore, confirming experi-
mental results with the one involving PtH ¢ provides an impor-
tant cross-check.

3 Corrections to the sum rule and implication

Let us check how large corrections exist in the sum rules. In
reality, the heavy quark symmetry is violated by higher-order
corrections in the heavy quark expansion. The heavy flavored
hadron masses include corrections as well as the heavy quark
mass. In the HQET, they are expressed as [31-33]

2 See Appendix A for details. Also, the sum rule holds for light-lepton
modes as well.

3 Uncertainties from both form factor and experimental measurements
will be reduced by normalizing with light-lepton decay widths.
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Table 1 Corrections to the sum rules, §p, and & Algs
ator (Sg, Sr, T') and single leptoquark scenarios (Rp, Sy, Uy). The first
column represents the scenario whose relevant WCs are listed in the
second column. For U; LQ, we consider the U (2)-flavored scenario,

in the single oper-

satisfying Cg, = —3.7ei¢C‘f,L . See Ref. [35] for the detail. The best-fit

values of the WCs at the u;, scale are shown in the third column, and
the fit quality is expressed by the pull in the fourth column, whose def-
inition is found in Ref. [35]. The last two columns provide the central
values of 8p, and 847, in each scenario

Scenario Parameter Value Pull dp, daz,
SR Cs, 0.18 39 —0.001 0

Sr Cs, —0.57 £ 0.86i 4.3 0.05 -1.6
T Cr 0.02 £0.13i 3.8 —0.004 —0.38
R; C5, =84CT —0.09 £ 0.56i 4.4 —0.008 -0.7
Sy Cs, = —8.9C} 0.18 4.1 —0.04 0.05
Ui Cy,.¢ 0.075, £0.4667 44 —0.003 0
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N 14 A n Am? )
MHe =M mo 2m2Q ’

where mg is a heavy quark mass parameter. Also, A and
Am parameterize a light quark contribution and the heavy
quark kinetic energy in a hadron, respectively, and are of the
order of the quantum chromodynamics (QCD) scale Agcp.
Moreover, higher-order corrections to the IW functions of
O(Aqcp/2m ) and O(AéCD /4m2Q) enter in the H, — H,
transition form factors. We will use the HQET form fac-
tor input from Refs. [33,34]. 4 Then numerical formulae of
(P /P Ry /RN and (AT /ALE™ ™) (R / REY)
are obtained for mesonic and baryomc decays (see Egs. (B3)-
(B8) in Appendix B). Combining three relations where the
coefficients o and § are determined such that |1 + C‘T,L |> and
Re[(1+ C )C ] terms are vanishing (see, e.g., Refs. [1-4]
for such a prescrlption), the sum rules are derived as

Ac

P2 R, PP Rp s PP" Rp- s
—op Pr D =op,
pheSM Rilz/[ pD-SM RSM " pDTSM RSM v
(10)
Act D D*
Apg Ra, s Apg  Rp _p Agg"  Rp+
AAcTSM RSM Afp , DT.SM pSM Afg AD*t SM RSM
FB FB
=04z, (1)

If the corrections, dp, and § AL, are small enough (even
when their uncertainties are taken into account) compared
to the experimental uncertainties, the sum rules are useful to
check the consistency of the experimental results simply by
neglecting the correction terms. Even when the experimental
values are determined so precisely that §p, and § AL, are not
negligible, the sum rules could be applied to discriminate the
NP scenarios. The corrections, dp, and 847, consist of bilin-

ears of the WCs as §y = Z CfC’*S” with Y = P, Afg,
and are approximately expressed 1gnor1ng uncertainties, as

8p, = —0.149Re[(1 + CT, )CE*] — 0.036 (|ch ?+1CE, |2)
— 0.136Re[CE, CE*] +0.540Re[(1 + CF, )CF]

—0.892|CL |2,
Sar, = +2.73Re[(1+ C}, )CEF1+21.2Rel(1 + €, )CF*]

12)

—46.2|CF|? — 0.503Re[CE, C5*] + 11.2Re[CE, CF*],

(13)

withap, =1 — Bp, = —0.258, aar, = 1 - ﬂAEB ~ 2.53.
In the absence of the NP contribution, i.e., within the SM,
the corrections vanish as §p, = § An, = 0. Also, we obtain

4 To be precise, we used the fit result of the 2210 scenario for the
B — D® transition and the b1 2 # 0 scenario for the A, — A,
transition.
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P{SMRIM ~ 0,10, -0.12, —0.10 and Afig™ M RIM ~
0.11, —0. 0094 —0.0082 for H. = D, D* A, respec—
tively. In Appendix D, Figs.1 and 2 respectively show the
probability distributions of oy and 8’Y] stemming from the
form factor inputs.

For the central values, the coefficients involving the ten-
sor operator in 8 are larger than the others, e.g., 857 ~
—0.9, while the scalar coefficients are smaller. In addition,
the tensor coefficients are @(10) in § Afyo while ‘SXé:L is
about 2 ~ 3. The former mainly comes from mismatches
between (AEBt/AD & SM) and (AA‘T/AA‘T SM) as seen from
Egs.(B7) and (BS8). In these numerical formulae, the coef-
ficients are large because A{;‘%r SM g suppressed for H. =
D*, A..

As seen in Figs. 1 and 2, the uncertainty of ap, is less
than 3%, while « Al has ~ 10% uncertainty. Regarding 6 p_,
the uncertainties of the scalar coefficients are 30-40%, while
those of the tensor are ~ 10% forij = V. T and ~ 4% for
TT. Similarly, in § Algs the uncertainty is ~ 20%, except for

the ij = S; T case, where we have ~ 100% uncertainty.5

Letusestimate dp, and 84z, with the WCs which are deter-
mined by performing a global fit to the current experimental
values of Rp) and F LD * [35]. The results are summarized in
Table 1. We consider three “single-operator” scenarios and
“three single-leptoquark (LQ)” scenarios. In Appendix D,
Figs.3 and 4 respectively show dp, and 8,7 at each bench-
mark point. We define the central value by fitting the proba-
bilities to Gaussian distributions. Out of three single-operator
scenarios, the Sy, case predicts 6 p, ~ 0.05, while the others
predictdp, = O(1073). Among three LQ scenarios, only the
S1 LQ scenario yields 6 p, ~ —0.04, while the other two sce-
narios predict at most a 1% level in 8 p,. On the other hand,
8r, can significantly deviate from 0 and become as large as
O(—1) in the S, and Ry LQ scenarios. The T and S| LQ
scenarios predict smaller corrections. It is noted that the Sg
and Uy LQ scenarios predict §4r, = 0, and hence they are
removed from the figure.

In summary, the correction to the sum rule §y can be
large for Y = Afy and at most ~ 5% for Y = P;. This
means that the sum rule involving Afy is more sensitive to
the NP effect and can be useful to discriminate the scenarios
if the experimental uncertainties are comparable. Checking
the experimental consistency with the t-polarization sum
rule will be important too. Currently, future experimental
prospects are available only for P and PP". Although esti-
mating the uncertainty of the product of observables, e.g.,
P,H” R4, needs careful study, as some of the uncertainties in
each observable should correlate to each other, it is highly
encouraged in light of the new angular sum rules.

5 Inthe S 1T case, the relative uncertainty is large, because the central
value is suppressed by a cancellation among the contributions.
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4 Conclusion

In this paper, we extended the previous studies of the b — ¢
semileptonic sum rule for the single-differential decay rates
and found a new relation for the double-differential decay
rates, which holds exactly in the heavy quark limit. We then
derived two sum rules involving the t-polarization observ-
able, P;, and the charged lepton forward-backward asymme-
try, Afg. Inreality, the heavy quark symmetry is violated, and
the sum rules receive corrections from higher-order effects
in the heavy quark expansion, i.e., the realistic mass spec-

trum and the inclusion of higher-order terms of the IW func-
tions. We also evaluated these corrections numerically. Using
HQET-based form factors, we demonstrated that the sum
rule coefficients arp, and arsr, can currently be determined
with precision of approximately 3% and 11%, respectively.
To reduce the uncertainty of these coefficients, experimental
input of A, — A.uv and lattice calculations are important.
Furthermore, we estimated the corrections in the NP scenar-
ios motivated by the R ) anomaly. We found that these cor-
rections are at most ~ 5% for the t-polarization sum rule,
Eqg. (10), while they can reach around —100% for the Afy

@ Springer
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case, Eq.(11), depending on the NP scenarios. These new
sum rules will provide independent cross-checks of exper-
imental results. By testing both angular sum rules, we can
better explore and distinguish NP scenarios. These results
encourage the feasibility study at ongoing and future exper-
iments [11,13-16].
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Appendix A: Differential decay rate

Here, let us write the double-differential decay rates of B —
D™Iv and A, — Al for each [-lepton polarization such
that

d°T (B — DIv)  G7lVerI*new/ Q2 QP 2(1 m12>z
= q - —

dg?d cos 6, 256713m33
X (Aé’ + Aq“ cos b + .A;’ cos? 91) ,

d’T* (B — D*Iv) G% |V |*new,/ Q7" Q2" ) (1 mf)2
= q -

dq?d cos6 51273 m3,

X (Bé’ + B]l’ cos ) + B;’ cos? 01> ,
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C C 2
PTH(Ap = AdD) _ Gzp\VcblzﬂEwm ) (1 ml2>

dq?d cos 51273m3,, 1

X (Cé’ + Cll’ cos @ + C%’ cos? 91) , (A3)
with ngw being an electroweak correction, and
H. 2 2
QY = (mm, £mp,)" —q°. (A4)
The squared amplitudes for B — DIv are given by
+1/2 ] 2’"12 2 1 I 2 2
Ayt =11+cy, ?(Hé,) +|Cs, + Ci, |7 (Hy)
Re| (14 Lyl +cky | 2L B mv? (A5)
+ el (1+ VL)( SL+ SR) \/q—z v, g
2
A2 =2/l +C! 2 s s
1 - \73 l]2 Vit Vo
i ! s M
_ 8Re_(1 + CVL)CT*] \/?Hf,t Hj
[ 1 1 1 m s
+2Re| (14 C},)(CY, + CSR)*}\/?H‘S/OHg
— 8Re| (C§, + cgk)c?]HgH;, (A6)
+1/2 I 2’"12 2 2 2
Ay =14 Cy, q—z(H;O) + 16|C7 | (HY)
sRe| (1 + 1, ycl | " s (A7)
- e_( 73 T_\/‘? vo T >
2
—1/2 —1/2 I 2,075 12 12" s
AP = a5 = 1w O Py + 161CY 47D
8Re| (1 4 Lyl | M my (A8)
L Vi T_ \/6]7 Vo i'T >
~172
AT =0. (A9)

For B — D*[v, they are given by

2
m
By = 11+¢, |2q—§((HV+)2 + (Hy_)* +2(Hy,)?)
+2ICY, — C5, PH3+16|CY 1 ((Hr,)*+(Hr.)?)
! l 1 yxq M

Va?

ﬂ(I{VJrI{TJr - HV,HT,) )

\/(?

— 8Re[(1 + C}, )CF]

(A10)

2
1/2 m
B2 =41+ Cl), zq—éHVOHW — 4Re[(1+CY)
m
_ZHVOHS

V2

— 16Re[(1 + C@L)C?]ﬂHv,Hro
Va2

+ 16Re[(Cy, — C§ )CY1HsHy, .

x (C5, — C5)*]

(A11)
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2
By'?=1+cl | —(Z(HV0)2 (Hv.)? — (Hy )?)
+16|CL? (2<HT0)2 — (Hr,)* — (Hr.)?)
mj
— 8Re[(1 + C}, )CY ]\/c?(zbrvom0
— Hy,Hr, + Hy_Hr_), (A12)

By'? = 11+ Cly, P(2(Hw)? + (Hy,)? + (Hy_)?)
2
+16/C7 —5(2(HT0>2 + (Hr,) + (Hr)?)

m
— 8Re[(1 + C}, )CH1——
Va2
+ HV+HT+ - HV,HT,)a
B2 =211+ C P((Hy,)? = (Hy)?) + 32|Ch
2
—;((Hm — (Hr. ))

(2Hy, Hr,

(A13)

—16Re[(1+C}, )CY )L (Hy, Hr,+Hy_Hr ),

\/(?

(Al14)
By =1+ CY P(—2(Hy)? + (Hy,)> + (Hy.)?)
2

m
+16|CL? q—;( — 2(Hr)* + (Hr,)* + (Hr )?)

+8Rel[(1 + Chy )CH1 22
Va?

— Hy Hr, + Hy_ HTf) .

(2H vo Hry

(A15)

The squared amplitudes for A, — A.lv are given by

2
€% = 114 Cl P (Y 4+ I + 2

+(Hy %) + 16|clT| ((H? + (Hf )

+ (5, P+ IC, D (HID? + (HI)?)

+ 4Re[CY, CE1H T H{™

+ 2Re[(1 + C}, )CY: ]—(HH+HH++HH HI™)

N7

+ 2Re[(1 + €}, )CY: ]—(HH+HH‘+HH HET)

N2

+ 8Re[(1 + C}, )C’*]—(HH+HH++HH Hi'7),
Va?

(A16)
2
' =211+ —(HH+HH++HH—HH )

H+ H— yyH—
+ 2Re[(1 + C}, )C ]—(H Hg'" + Hy H{' ™)

Ve?

+ 2Re[(1 + €}, )CS: ]—(HH+HH‘+HH HET)

N2

+ 8Re[(1 4 C}, )Cl*]—(HH+HH+ + HH—HH )

NZE
+8Re[Ch, 1 (I B + Hf= ™)
+8Re[Cl, CH] (HH+HH— + HH_HH+> ENING))

P =n+c) |2 ((HH+)2+(H = (HJ)?

— (Hy'~ ) +16ICT P ((HfT)? + (Hf 7)?
— (Hy'*)? - (HVL))+8Re[(1+CVL)CIT*]
xJ—qT(H‘Z+HTﬁ++H‘Z*HTﬁ*—H‘Z+HTFi+
— HJ"Hf), (A18)
Co % = 1+ C, P((HED? + (HE)? + (f)?
+ (H{!™)?) +16/C7 7 q2(<H”+)2+< o)’
+ (H? + (H{17)?) + 8Rel(1 + C}, ) CY]
x \;’;L(HTHH*JFHH—HH— + HIFE
+H!"HT), (A19)
cy ”2_2|1+c 2(HIH? = HEH?)
+32|C’ |2_§((HH+)2 _ (HTIi—)z)
+ 16Re[(1 + €}, )CY ]\/?
< (Hy' P HY — H"HT), (A20)

Cy P = 11 Cy, P(CH? o+ (HY ) = (L)

2
— (Hy! ™) + 16|c’|—(H”ﬂ2+<f1;j*>2

— mj

— (Hf'™)? = (H{!7)?) + 8Rel(1 + C{,L)C’T*]\/—T
q

% (H‘I/'-IL+HT111+ +HH—HH— HH+HH+

H— yyH—
— Hy " Hp~ )- (A21)

The hadronic helicity amplitudes, Hy and Hy, for B —
D™V are given in the HQET description as [29,36]

1
gy = | 2 =0 — 1= o]

9p

Hy, =mp /q [(l—rD)(w+1)h+—(1+rD)(w—l)h ]
D
H$ = mpJrp(w + Dhsg ,

Hy = —mp\/rpw? — ) hp ,

(A22)
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and

Hy, = mp./rp= [(w + Dha, FV w? — 1hv] ,

¥ p*
o+ D] e = wha,
qp+

(= Dpha +hay)]

Hy, =mp

rpew? — 1)
T[(w + Dha, + (rpew — Dhg,
D*

+ (rpe = wihay |

Hs = —mp+/rp«(w?> — Dhp,
}:% [1 —rpr(w FVw? — 1)]

qp+
X I:th +hp, + (w + m) (hr, — hTz):I s

Hy, = —mB./_rD*[(w + Dhy, + (w — Dhy,

Hy,

;, = —mB

HTi = :I:mB

+2(? = Dhry (A23)
where qAIZ_[C = qz/m%_[b =1 - 2}"[-[511) + r,zic and 'H. =

mpy, /mp, are defined. Regarding A, — A.IV, they are sum-
marized as [33,37]

2r
HIE =y, /é—f{«/w - 1[(1 O fi
A

+ W+ D(fara+ )| F Yo+ 1[0 - rg
— = D(gra+89]},
H‘I,-Ili = mAbw/ZrA[\/w —-1fiFxvw+ lgl] ,

[2
HIE = my, (;2A {,/—w i 1[(1 — ) fi+ fo(1—wry)
A

+ f3(w — rA)] F M[(l +ra)gi
— g2l —wrp) = gsw —r)] |,

Y™ = mp,y/2rn (Vo Th & Vw = Thp )

H{'* = MAb\/ﬂ{«/H[hl —hy+h3 — (w+ 1)h4]
NIRRT

Ht
HTJ_ =my,

qu—zA{«/w - 1[(1 Fraht — (1= wra)hy

A

— (w = ra)hs ]| £V 1] (1 =)y

— (= Dhara +ho)]} (A24)

@ Springer

To be self-complete, we introduce the HQET form factors as

DIcy"b|B) = /mpmp[hy(v + ) +h_(v — V)],
D|¢b|B) = /mpmp(w + Dhs,
Dlcy"ysb|B) = (D|cysb|B) =0,
D|éo™b|B) = —i/mpmp hr (vV'v"” —

~ e~~~

VM%) (A25)

for the B — D transitions, and

(D*|ey"b|B) = i/mpmp-hy e’ ;v v, ,
(D*|ey"ysb|B) = /mpmp+[ha, (w + De™ — (¢ - v)
x (hay v + hav™) ],
(D*|cysb|B) = —/mpmp+(e* - v)hp,
(D*|cb|B) =0,
(D*|ca""b|B) = —/mpmp+e""*? [hr €} (v + ),
+hryey(v =0 + hry (€ - v)

x (V+v),(v—1)g] (A26)

for B — D*.For A, — Aplv, they are given as

(AcléyublAp) = a(p', s") [ fivut+ favu+ frv, Ju(p,s)
(AcléyuysblAp) = a(p', s)[g1vu+82v,+83v, Jysu(p,s),
(AclcblAp) = hsu(p’, s u(p,s),
(AcleysblAp) = hpa(p',s") ysu(p,s),
(Aclc oy bIAp) = u(p', sH[h1 oy + i ha(uuyy — vuvy)
+ i h3 (v e — vy Yi)
+ i ha(uuvy, — vy ) Ju(p,s),  (A27)

where u(p, s) are spinors with momentum p and spin s.
Moreover, v = p/mp, and v’ = p’'/mp, satisfying v - v’ =
w = (m%,b + m%{c —q¢%/C2m H,MH,) are introduced. The
form factors f;, g;, and h; are functions of w and expressed
in the heavy quark limit as [5,38]

hy =hy =hp =hay; =hs=hp=hr =hp =§w),
ho=hg =hp, =hpy =0,
fi=gi=hs=hp=h =¢(w),
h=f=g=g=h=h3=h=0, (A28)
where &£(w) and ¢(w) are the leading-order IW functions
for ground-state mesons and ground-state baryons, respec-
tively, satisfying £(1) = ¢(1) = 1. For the mesonic
transition, we take corrections of the heavy quark expan-
sion into account at O(ay, A/mp.c, Az/mg) [34]. For
the baryonic transition, by following Refs. [33,39], we

take corrections of heavy quark expansion into account at
Olas, Afmpc, ash/mpc, A*/m?).
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Appendix B: Generic formula

In this appendix, we provide a set of numerical formulae of
the charged-lepton polarization and the forward—backward
asymmetry. They are defined by

H, H,
H. D — Tt H.
Pt = . Iy
pHe 4 pHe I
a=1/2 n=—1/2

WHe, max L' d’rM(Hy, — H.v
= dw/ dcg, (2 - ), (B1)
1 1 dw dcg,
H, H,
AHcl _ 1—‘09[>O T Vg <0 H.
FB — cgl>(<)0

H. H.
Fcel >0 + chl <0

WHe, max O g2r*(H, — H.Iv)
= Z dw dcy, ,
1 0 dw ng,

n==£1/2 =D
(B2)

with w, max = (my, +my —mp)/(2mp,mpy,). Then,
the generic formulae of (PfC/PTHC,SM)(RHC/RISLIIZ/I) and
(Agér/AHCT’SM)(RHC/RE}Z’[) are obtained as

FB
PP Rp\
D 2 2
= (RSM> x (11+ €5, P +3.020.0D]C5, +C5, |
7,SM D

+0.16(0.01)|C|? + 4.47(0.02)Re[(1 + C, )(CE, + C§)*]

— 1.06(0.03)Re[(1 + c;L)C;*]) : (B3)
PP’ Rp-\
D*
o = (RSM> x (|1 +C, 12 = 0.09(0.01)[C§, — CF,
7,SM D*

— 1.88(0.02)|C}[? + 0.26(0.02)Re[(1 + €, )(C5, — C5)"]
— 3.50(0.04Re (1 + €}, )CF1),

Ac -1

P ¢ R, 2

7PA:,SM - (RSM> x (11+cy, P - 14800.01)
T A

(B4)

x Re[(1 + C{;L)CEZ]

—0.97(0.01) Re[(1 + C‘T/L)Cgv;f —1.47(0.02)
X Re[CELCE:]

—0.92(0.01) (IC, > + ICE, I*) — 3.59(0.05)

x Rel(1 + €Y, )C}*] — 3.30(0.03) |c;|2) , (BS)

Afg Rp - B
ADTSM T | gSM x (Il +Cy, 17 4 1.19(0.01)
FB D

x Re[(1 + Cy, )(Cg, + C§,)"]
+2.40(0.03)
x Re[(1 + Cy, )CT*] + 3.04(0.04)

X Rel(CF, + C§,)CT). (B6)

* -1

AD T Rns

FB _ D 2

ADTSM T <R5M> x (Il +Cy, |7 = 2.61(0.60)
FB D*

x Re[(1 4 C, )(C§, — C§,)*]
+314(5.9) Re[(1 + C},)CF*] = 107(17) |CF?

+12.7(2.9) Rel(C, — CgL)c;*]) , (B7)

AbcT Ry )\ )
FB__ _ c .
i <RiM> x 11+, 12 +687063)
x Re[(1 + C},)C57]

+1.87(0.12) Re[(1 + C}, )CF]

—19.6(1.2) Re[(1 + C}, )CF*1+ 115(10) |CL|?

+26.1(2.6) Re[CE, C5*] +0.020(0.008) Re[CE, CF* ) . (BY)

The number in parentheses denotes the uncertainty, e.g.,
3.02(0.01) means 3.02 4 0.01 that comes from the form
factor input and is approximated by Gaussian distributions.
The result agrees with Ref. [35] within uncertainty.

Appendix C: More on the sum rule in the heavy quark
limit

In the heavy quark limit, the sum rule for the double-
differential decay rates of Eq. (8) can be transformed as

w12 w,—1/2 w,+1/2 w,—1/2
KAC KAC _O[PT KD _KD
w,+1/2 w,—1/2 — YHQL w +1/2 w,—1/2
Kacsm — Ka.sMm Kpsm —Kpsm
L2 w12
P, Kp+ — Kpx
+'3HQL w,+1/2 w,—1/2° €D
Kpssm — Kp+sm
wo woo_ o w
FAc+ TFA— At D+ T KD
(WSM _wSM T HQLKwSM _ wSM
Ac+ Ac— D+ D—
w w
AL, Kpsy —Kps_
FB + D
+ ﬂHQLKwSM _wsSM” (€2)
D+ D*—

where the differential decay rates in denominators are the

. drje
SM ones, ie., Cj, = 0. Also, KZC’AT = =, Kipy =
2 He 2He
£l d2rHe d2rie ATy, A5,
ifo dC@r dwdcg, ’ and dwdcg., —  dwdce, + dwdce, are
defined. The coefficients are given by
4172 —1/2
ol = 2 s’ —rpa
2 w2 w12
T+ wéw) KacsM K sM
(L +rp)?(1+ p2 — w(l —2p2)) — 6rppZ (1 + w)
4rp(1 —2p2 + w22 — p2)) — 6w(l — p2)(1 +r3)
M M
A2 c) ep — iy
O T w ) Y — M
—(1 = 7r%)p2
_ (A =rpez (C3)

21 = p2 +rf (1 + p2) — 2rpw) |

where p; = m;/\/q* and r; = m;/mp are defined. They
are independent of the leading-order IW functions ¢ (w) and
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&(w), and satisfy apqL + BugL = 1, as the sum rule should
hold in the SM limit. ayqr and By are independent of
NP contributions Cy, and hence the sum rule holds in any
NP model captured in Eq.(6). Similar to the construction
of the sum rule for Ry, , the sum rules involving angular
observables, Eqgs. (10) and (11), are obtained by integrating
numerators and denominators over w and by normalizing
with the decay widths of light-lepton modes. It is noted that
I'(Hp, — H.tVv) dependence is canceled in the combinations
of P,H ¢ Ry, and A?é Ry, for each.

Appendix D: Figures

In this appendix, we show the plot of probability distribu-
tions. In each plot, we generated 20,000 Monte Carlo samples
assuming the form factor parameters have Gaussian proba-
bility distributions. Figure 1 (Fig.2) shows the probability
distribution of o p, (« A?B) and coefficients in the corrections

to the sum rule, ng (8%{ ). Here, the results are not normal-
ized. Also, correlationsFBexist among the distributions, but
they are not shown. Figure 3 (Fig.4) shows the probability
distribution of the correction 6p, (8 Af:B) for the benchmark
scenarios in Table 1. The correction is zero in the Sk and U;
LQ scenarios, and hence is omitted.
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