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ARTICLE INFO ABSTRACT

Communicated by Matteo Novaga The transcendent part of the Drinfel’d p-adic upper half plane is shown to be a Polish space.
Using Radon measures associated with regular differential 1-forms invariant under Schottky
groups allows to construct self-adjoint diffusion operators as Laplacian integral operators with
Mumford curves kernel functions determined by the p-adic absolute value on the complex p-adic numbers. Their
Shimura curve spectra are explicitly calculated and the corresponding Cauchy problems for their associated
p-adic uniformisation heat equations are found to be uniquely solvable and to determine Markov processes having
Feller semigroup paths which are cadlag. The heat kernels are shown to have explicitly given distribution
functions, as well as boundary value problems associated with the heat equations under Dirichlet
and von Neumann conditions are solved.
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1. Introduction

Diffusion on p-adic domains is of increasing interest, both from a theoretical as well as from a practical perspective. On the
practical side, the local tree structure of such spaces seems appealing, and ultrametricity is found e.g. in spin glasses as well as in
energy landscapes in various application domains in the natural sciences and applied mathematics, in particular where complex
networks are relevant [1-3] and in order to model stochastic processes like p-adic Brownian motion [4-8]. In this context, a strong
motor for developing ultrametric analysis is given by theoretical physics and its relationship with number theory [9-13].

On the other hand, number-theoretic questions are an invitation to study problems over local fields and other non-archimedean
domains, where analytic tools for stochastic processes lead to operators acting on complex-valued functions. The work by S. Haran
on their relationship with the Riemann zeta function is an example of such an arithmetic consideration, cf. [14]. The arithmetic
significance of p-adic analysis is beginning to play out itself further through the study of Markov processes invariant under hyperbolic
discontinuous groups, as effected e.g. in [15] on a space named p-adic half-plane. This space is different from Drindfeld’s p-adic
upper half plane [16] which allows a p-adic uniformisation of Shimura curves, cf. also [17,18]. This reveals them as disjoint unions
of Mumford curves, and diffusion on the points of such curves defined over a p-adic number field has been initiated the author
in [19-22].

One unsettled question is how to carry over the ultrametric analytic methods developed over local fields to the field C, of p-adic
complex numbers, which is not locally compact and thus has no Haar measure available for such a task, cf. [23, Ch. 6.8]. One aim of
this present article is to show that at least on the transcendent part 2, of C,, called here the transcendent p-adic upper half plane, this
is possible due to the work [24], where it is shown that this transcendent part is locally profinite, where these local pieces are given
by orbits of transcendent p-adic numbers under the continuous action of the p-adic absolute Galois group. Here, it will be shown
that £,, is a Polish space and allows for Radon measures with which ultrametric diffusion operators acting on function spaces on
the transcendent p-adic upper half plane can be constructed, modelled after the p-adic Vladimirov and Taibleson operators [25-27]
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and the Zuiiga operators from [2] in a fashion which is invariant under the Schottky groups forming the p-adic uniformisation of
a Shimura curve. This approach generalises [28], where the operators were defined on the p-adic points of a Mumford curve.

Unlike in the case of Ziiiga operators, which have eigenvalues with infinite multiplicity, cf. [19, Ex. 1] and [29, Prop. 4], the
present operators generate a semigroup having a heat kernel distribution function which furthermore can be made explicit in terms
of the eigenfunctions. In p-adic diffusion on finite topologies, the heat kernel was exhibited as an explicitly defined distribution,
cf. [29, Cor. 3.7]. But the method of this article also applies to that case, which leads to another class of p-adic Laplacian operators
generating a diffusion having a heat kernel distribution function. In the end, boundary value problems for the heat equation under
invariant Dirichlet or invariant von Neumann conditions are solved explicitly.

The operators used here are ultrametric Laplacian integral operators which, apart from being invariant under Schottky groups,
can be viewed locally as an ultrametric version of the p-adic Vladimirov-Kochubei-Taibleson operator restricted to ultrametric
discs, similarly as in the p-adic case of [30], cf. also [31]. One advantage of ultrametric integral operators are that they often
have ultrametric wavelets as eigenfunctions [32]. Applications of these can be found in geo-physics, cf. [33,34]. Further potential
applications of such operators (possibly without the Schottky invariance) are seen where hierarchical structures are not necessarily
regular, like in the p-adic case, and this includes hierarchically clustered data, e.g. as they appear in image analysis, energy
landscapes, biology, geo-sciences, and other scientific areas.

The main results are given concretely as follows:

Theorem 3.1. The transcendent p-adic upper half plane €, is locally profinite, and the set of orbits of transcendental elements in C, under
the action of the absolute p-adic Galois group is countably infinite.

A consequence is that the transcendent p-adic upper half plane is a Polish space (Corollary 3.2).
Theorem 3.13 states that the L2-space of functions on £2,, outside a measure zero part determined by a given regular differential
form w invariant under the Schottky group has an orthonormal basis consisting of invariant ultrametric wavelets (based on those
1

from [32]) which are eigenfunctions of the diffusion operator 42 constructed in this article. The corresponding eigenvalues can be
calculated explicitly, have finite multiplicity and an invariance property under the Schottky group.

Theorem 3.15 states that the L?-space associated with a p-adically uniformised Shimura curve has an orthonormal eigenbasis
for a certain self-adjoint and negative definite Laplacian integral operator £ constructed from a collection of data coming from the
constituent Mumford curves. Again, the eigenvalue multiplicities are finite.

Theorem 4.2 states that the semigroup associated with the operator £ yields a unique solution to the Cauchy problem for the
heat equation associated with £ and induces an invariant Markov process on the underlying ultrametric space outside the measure
zero part determined by the given Schottky invariant regular differential forms. Its paths are cadlag.

Corollary 4.3. The heat equation associated with £ has a well-defined heat kernel function p(t,x,y) fort > 0 and x # y. For x = y it is
only defined for t > 0.

Theorem 4.4. The boundary value problem for the heat equation associated with £ having as initial condition an invariant test function
and either a Dirichlet or a von Neumann boundary condition on a compact open orbit I''S has a solution for t > 0 if and only if the initial
function is supported in I'S.

The article is structured into three further sections. Section 2 gives a brief review of p-adic uniformisation and states the needed
results about the Drinfel’d upper half plane, Mumford curves and the uniformisation of Shimura curves. Section 3 studies the
transcendent p-adic upper half plane, provides with appropriate Radon measures and constructs new integral operators in order
to study their spectral behaviour. Section 4 is devoted to the study of the heat equation on the transcendent part of p-adically
uniformised Shimura curves using these new invariant operators and includes boundary value problems.

2. A brief review of p-adic uniformisation

Here, the well-known p-adic uniformisation of Shimura curves is briefly explained by introducing the Drinfel’d p-adic upper half
plane, p-adic uniformisation of Mumford curves and how this concept extends to Shimura curves.

2.1. The Drinfel’d p-adic upper half plane

The p-adic counterpart C,, of the complex numbers is the smallest algebraically closed and complete extension field of the p-adic
number field Q,. It turns out that this can be obtained by completion of the algebraic closure Q, of Q,, and that this is of infinite
dimension, when viewed as a vector space over Q,, and is not locally compact, cf. [23, Ch. 6.8].

The p-adic upper half plane over the field of p-adic numbers is defined as

Q,=PY(C,)\P'(Q,)

where P! denotes the projective line. The space Q, consists of the complex p-adic points of the rigid-analytic upper half plane
studied by Drinfel’d, cf. [16,35]. Important for the remainder of the article is that PGL,(Q,) acts on £, by M&bius transformations.
Also, the p-adic absolute Galois group G = Gal(Q ,/ Q) acts on £, as continuous isometries.
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2.2. Mumford curves

A short introduction to Mumford curves can be found in [36]. More detailed treatments are [37,38]. Here, a few facts are
collected, some of which will be used in the remainder of this article.
A p-adic Mumford curve is a projective algebraic curve X defined over Q, such that it is the quotient

X=T\Q

under the action of a finitely generated free discrete subgroup I' of PGL,(Q,). The group I is called Schottky group, and its non-
trivial elements are hyperbolic Mobius transformations. The action takes place on an open subspace 2 of the p-adic projective line
P! outside the set of limit points of I', and is discontinuous. The number of generators of I" coincides with the genus of X.

The important theorem is:

Theorem 2.1 (Mumford). The conjugacy classes of Schottky groups within PGL,(Q,,) are in one-to-one correspondence with the isomorphism
classes of p-adic Mumford curves.

Proof. Cf. [39]. A p-adic analytic proof is contained in [37]. [J

After a finite field extension, a Mumford curve can be related to a so-called stable graph, which is a connected finite graph having
no vertex of degree at most 2, and whose first Betti number equals to the genus of X. It is the quotient under the action of I' on
a certain subtree of the p-adic Bruhat-Tits tree 7, and is called the reduction graph of X. Cf. [40] for an introduction to the p-adic
Bruhat-Tits tree.

2.3. p-Adic uniformisation of Shimura curves

Let 4 be a quaternion skew field having centre Q, and let § € IN be the product of all prime numbers where 4 is ramified. Let
Sy be the generic fibre of the Shimura curve which represents the moduli functor for certain abelian surfaces over Z ,-schemes. The
details of this functor can be found e.g. in [18, Thm. 1], but are not important for this article. What is important, however, is that
it is a projective flat Z,-scheme, and ivts generic fibre is the Shimura curve defined over Q, we are interested in. For more details
on Shimura curves and the following Cerednik-Drinfel’d theorem, cf. e.g. [18] (a short exposition), or [17] (a longer exposition).

Theorem 2.2 (Cerednik—Drinfel’d). There is a canonical isomorphism of rigid analytic spaces over Q -
S;g =GLy(Q,) \ [QK ®Qp Q;r X ZN]
for p|é.
Here, the p-adic upper half plane
Qg =PY(C,) \P/(K)

over some p-adic number field K unramified over Q,, is used, and Z is a certain space derived from 4 contributing to only finitely
many orbits of a pair (w, z) with fixed w € Qg ®Q,, Qﬁ' under the action of GL,(Q,), and it thus happens to be that

N
rig _
sy =] ex
i=1

for some Schottky subgroups Fl.’ C PGL,(Q,) with i = 1,..., N—this is immediate from [18, sentence containing (3.7)]. Hence, S;\i/g
is a finite disjoint union of Mumford curves.

The transcendent points of the Shimura curve St

v are consequently described as

N N
S = SEE@\SE@) = | |17\ (RCH\ QQ)) =| | I]\ @y )
i=1 i=1
where
Q, = 2C)H\ 2Q,)
is the transcendent p-adic upper half plane.
In the following, the constituent Mumford curves are assumed to be each given as I\ Q, fori=1,...,N.

3. The transcendent p-adic upper half plane

Since the field of p-adic complex numbers C, is not locally compact, there is no Haar measure to work with. However, it has
been shown by Alexandru, Zaharescu and Popescu that the transcendent part £, of C, is locally profinite, cf. [24]. It turns out that
L, is an irregular ultrametric analogue of Q, in the sense that it is Polish, since it is covered by countably many profinite sets,
and thus allows for Radon measures in such a way that Schottky invariant linear diffusion operators can be constructed on function
spaces over Q..
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3.1. @, is locally profinite

From [24, 1.84 and 2.81], it can be easily seen that the following is an equivalence relation on the set 2 of all distinguished
sequences in C,, namely:

(a,) ~ (B, & (a, — p,) € D and v(a, — f,) > ,

where v is the valuation of C,. Define for p € Q the set 2, C @/~ as the set of equivalence classes of distinguished sequences (,)
with v(a,,) = p for n>> 0.

Theorem 3.1. The transcendent p-adic upper half plane €, is locally pro-finite, and the set of orbits of transcendental elements in C,
under the action of the absolute p-adic Galois group is countably infinite.

Proof. The locally pro-finite property is a consequence of [24, Thm. 3.5]. An equivalence class [(«,)] € 9, can be represented by
a sequence of elements in the residue field of a p-adic number field. Since Q, has only finitely many extension fields of degree < n,
it follows that a given a prefix

[agl, ..., [a,]

of some [(a,)] € Y, has only finitely many possibilities of continuation in the next place n + 1, because any possible class of [«,, ]
corresponds to a unique element of some residue field at dimension dim(a,,), and this is a finite field. This shows that the set S(‘)r
of transcendent elements of the unit circle in C p 18 the boundary of a locally finite rooted tree, and also that the Galois orbit C(r)
for t € Sy is the boundary of a branch starting in some class [a]. The topology induced by this tree coincides with the induced
topology from C,. In fact this is the content of the proof of [24, Thm. 3.5]. Hence, S(‘)r is a compact locally pro-finite space, i.e.
a finite union of Galois orbits. Via rescaling, this property also belongs to the transcendent points S' of the complex p-adic circle
of radius p? € p®, only that the number of disjoint Galois orbits covering S might be larger, because the branches start in a
higher-dimensional extension field of Q,. But it still is finite. The countability of the set pQ of possible radii of circles now proves
the assertion. []

Corollary 3.2. The space €, is a locally compact Polish subspace of C,,.

Proof. The subspace €, of C, is locally compact, since it is locally pro-finite according to [24, Thm. 3.5]. Furthermore, it is clearly
metrisable and, by Theorem 3.1, countable at infinity. This means that it is also Polish. []

Remark 3.3. The transcendent p-adic upper half plane £, can be viewed as an ultrametric manifold having a countable covering
by ultrametric discs given by the Galois orbits C(z).

3.2. Measures on £,

The Haran correspondence is a bijection between Markov chains on a rooted tree 7' and probability measures on o7 [41, Ch.
2.1.1]. By multiplying with a fixed number r > 0, a Markov chains corresponds now to a Radon measure v on 9T with v(dT) = r.
In this manner, take now on each C(r) a Radon measure in a way such that the measure of each vertex equals the sum of the child
vertex measures. A constructive proof of the existence of such a so-called equity measure can be found in [42, §2.2], and this is an
example of such a Radon measure.

Define now a measure v on £, by a collection of equity measures on each C(¢). A possible realisation is to say that

v(C®) =1 2

for all r € 2, i.e. to realise such a measure as probability measure.

Definition 3.4. A measure v as above is called a local equity measure on the transcendent p-adic upper half plane .. In case (2)
holds true, v is called a local equity probability measure.

Let I' € PGL,(C,) be a Schottky group, and F C Qg a good fundamental domain for the action of I' on its domain of regularity
being Q. Then define

Ftr:Fn‘Qtr

which is a compact subset of £,,.

Lemma 3.5. Assume that F is defined over Q,, ie. the centres of the discs defining F can be chosen in Q,. Then F is invariant under the
p-adic absolute Galois group.



P.E. Bradley Nonlinear Analysis 263 (2026) 113947

Proof. Given an inequality
[x —a| < le|

with a € Q,, € € C,, observe that

o) =

[x7 —al = |x7 —a°| = |o(x — a)| = |x - a]

for any ¢ € Gal(@l, /Q,)- This proves the Galois invariance of discs centred in points of Q,. This now proves the assertion. []

Proposition 3.6. Let I' be a Schottky group acting on Q. Assume that F C Qg is a good fundamental domain defined over Q,. Then
there exists a I'-invariant local equity measure u on . with u(F,) < c.

Proof. The compact F,, is the union of finitely many Galois orbits C(r). On each of these orbits define an equity probability measure,
and together these define a local equity probability measure vy on F,. Now, define for y € I' the measure

VyF = Iyll VF»
and obtain a local equity measure with the transformation rule

/g(J/(x))Vp(}'(X))=/ g |r' (0] vp(x) (3)
o)

tr Qi

for I'-invariant integrable functions g: Q,, - C. Let w € .QI(QP) be a regular I'-invariant analytic differential 1-form on ,. Since
I'\ £, is a Mumford curve, such exists, and on F it has the form

wlp = frdx,
where f is a holomorphic function F — C,. Then define
loly F 1= |fF| VE

which due to the transformation rule (3) and the I'-invariance of w, expressing itself as
Sr(x)

r'x)’

extends itself to a I'-invariant local equity measure |o|,,. Since

/ |l < oo,
F,

tr

frx¥) = frr(x) =

it follows that taking 4 = |w|,, proves the assertion. []

The I'-invariant local equity measure |w|,, defined in the proof of Proposition 3.6 depends on the choice of a regular I'-invariant
analytic differential 1-form » on 2, and a local equity probability measure on the transcendental part F;, of a fundamental domain
F. Since the Mumford curve I'" \ £, is a projective algebraic curve defined over Q,,, it follows that regular differential 1-forms on it
are algebraic. Hence the zeros of w are p-adic algebraic numbers, and thus are already excluded from the transcendent p-adic upper
half plane £, on which the measure |w|,, is defined.

The construction of the measure ||, compares with the earlier construction on the p-adic points of a Mumford curve I' \ 2,
in [28], as both use a fixed regular I'-invariant analytic differential 1-form on the domain of regularity of I". When constructing
the diffusion operator in [28], it was helpful to leave out the vanishing locus of w. In the following sections, this step will become
unnecessary, as that locus consists of algebraic p-adic numbers only.

3.3. Invariant operators on the transcendent p-adic half plane

Since Theorem 3.1 showed that £, is a countable union of Galois orbits, the theory of Schottky-invariant Zuiiga-type operators
from [28] can be adapted to the situation of the transcendent p-adic points of a Mumford curve, i.e. the points of £,, invariant
under a Schottky group I' C PGL,(Q,) freely generated by g > 0 hyperbolic transformations.

Let u be a I'-invariant equity measure on £2,,, which exists according to Proposition 3.6. Just like in [28], let « > 0 such that

p>2g “@
where the genus of the Mumford curve
X=r\Q

coincides with g.

Since the group I is a finitely generated free group, one can fix a set of generators and their inverses as an alphabet, and then
view every element of I' as a word over this alphabet. The length #(y) of y € I' is then defined as the number of letters occurring
in the word after reducing all neighbouring pairs of the form gg~!' and g~'g, where g is a letter of this alphabet.
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Now define
1. — -1 —
Ho(Bx,7y) = p(F) " p P70 | px — yy ™,

where F C 2 is a good fundamental domain, and x,y € F, f,y € I'. The corresponding Laplacian operator is

H,(px) = Z/F H, (Bx, yy)u(y) — u(x)u(y)

yerl
where u € D(€,,)" is a I'-invariant locally constant function on £,,. This defines an operator
H,: D@, - D(,)
for a > 0. There is now a Dirichlet bilinear form
E(u,v) = (Hu, H,v)

= 3 [ Hax ) - ) (363 - 20
£

pyer

and a quadratic Dirichlet form
E,w) = (H,u, H,)

for a > 0.
Lemma 3.7. The operator H, and the Dirichlet form &, are both defined on all of D(2,,)" for a > 0 satisfying (4).

Proof. Let u € D(22,,)". Then, similarly as in the proof of [28, Lem. 3.2], let
Hy“u(x) = / H,(Bx, y y)u(y) — u(x)) u(y)
F

— W(F) e / 1B — 731~ (u(y) — u()) uy)

Fye

for x € F,,. If x,y € F,, then the distance between x and yy is bounded from below and becomes arbitrarily large. Its values are
negative rational powers of p in such a way that y — |fx — yy|™® is a locally constant function on F,,. Since u is locally constant on
F,; and all its I"-translates, it now follows that the integral converges for all y € I'. Since F,, is compact, it now follows that 7 u(x)
is bounded on F,,. Namely, by the assumption (4), it follows that the number of y € I' \ {#} such that H;" u(x) is fixed, is bounded
from above by (2g)/*¢ for # = #(y), cf. Lemma [28, Lem. 3.1]. Hence, together with

B B+
it follows that H,u(x) is a constant times a series consisting of a positive coefficient times non-negative rational powers of
(g™,

where the rational exponents form an unbounded increasing sequence. By taking the largest integer smaller than or equal to these
exponents, one finds a geometric series depending on x € F,, as an upper bound for H,u(x). This proves the first assertion.
The proof of the second assertion is similar as the first assertion, just like that of [28, Lem. 3.3], and uses

e =uF) 2 T 0 ipx = ) - uopuo)
L

prer

together with a similar argument as in the previous case. []

A consequence of Lemma 3.7 is that operator H, and Dirichlet forms &, are densely defined on L?(2,,, u)". Let H;: LY(Q, p) ~
L*(2,,, )" be the adjoint of H, : L*(,,, )| — L*(£,,, u). Thus obtain operators

A, =HioH, o L Qy, )" = L3 (2, )"
AL = Hyo s LA(Qy, 1) > LAy, )

for a > 0 satisfying (4).

Lemma 3.8. The operators H,, H* are closed, the operators A,, A, are self-adjoint, and the operators I+ 4,, I + Al have bounded inverses
for a > 0 satisfying (4).

Proof. The proof of [28, Lem. 3.4] carries over in a straightforward manner. []
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3.4. Spectrum of the Schottky invariant operator

For Schottky invariant diffusion operators defined over the points in a local field of a regular domain for the p-adic Schottky
group I', the Kozyrev wavelets play an important role in constructing I'-invariant Laplacian eigenfunctions, cf. [28, Thm. 4.10].
However, this is not going to be feasible on the transcendent p-adic points, because their local profinite structure is not regular,
meaning that these are more general ultrametric kinds of “discs” than the regular structures one obtains from p-adic discs. For this
reason, the ultrametric wavelets defined in [32] will play a substitute role in the present case.

In the following, it will be assumed that the local equity measure v, on F,, satisfies the following property:

vp(A) = diam(A) 5)

for any disc A C F, C @, c C,, i.e. the diameter is determined via the p-adic absolute value |-|. For the measure x on £, this
means that representing the differential 1-form w locally as

o|lp = fdx

for some analytic function f on F, allows to conclude:

Lemma 3.9. It holds true that
u(A) =Cy - vp(A)

with C, > 0 for any disc A C F,,.

Proof. It holds true that

() = / ol = / 17 G Ve ()
A A
with

A={xeQ,|lx—al <|rl}
with r € C,. Since f is a non-vanishing analytic function on the disc
B={xeC,||x—al <|rl}

satisfying A = B N £, it follows that f(B) C C, is a closed disc, cf. [43, Prop. 2.3]. Since this disc does not contain 0 € C,, it
follows that it is contained in a circle centred in 0. Hence, | f(x)| is constant on A. This proves the assertion. []

Because
_ _ [ If&l _ _
u(yA) = /YA |l = ol vp(rx) = /A |l = u(A)

for y € I', it is I'-invariant, and hence the constant C, > 0 is invariant under I'. Notice that by the analytic property of y € I', the
image yA C £,, is also a disc.

Lemma 3.10. It holds true that
|px =yl = |x - ﬂ“yy|
for x,y€ F, and B,y € I.

Proof. The proof of [28, Lem. 4.8] carries over to this case. []

In the p-adic case, the Kozyrev wavelets [44] turn out to be eigenfunctions of certain integral operators. In the present case, this
role is taken by the ultrametric wavelets from [32] which can be defined with the help of an equity measure by representing the
m(v) children of any given node v of a rooted tree by a cyclic group C,,,. An ultrametric wavelet is supported on the boundary of
such a tree and is constant on the boundary of the branch beginning in each child node of the root vertex a unit root, taking its
value from evaluating a unitary character of C,,,,. This approach has been used in [29, Def. 3.11] in order to be able to approximate
graph Laplacians with p-adic Laplacians having a kernel function defined by an ultrametric.

The following Lemma generalises the observation of [29, Lem. 3.12]:

Lemma 3.11. Let y be an ultrametric wavelet supported in a disc A C F,,. Then

/y/(x)y(x) =0
A
holds true.

Proof. This follows immediately from the local equity property of the measure u on Q.. []
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The following result corresponds with [28, Lem. 4.9]:

Lemma 3.12. It holds true that

/ I = 9 WA ) = WA CDHE)

tr

= —</ [x = yI™* M(y)+u(A)1‘“>wA(x)
Fi\A

for a > 0 satisfying (4) with y, an ultrametric wavelet supported in a disc A C F,,.

Proof. This follows from [32, Thm. 10], since condition [32, eq. (21)] is satisfied for the kernel function. []
Just like in [28], an ultrametric wavelet y, supported in A C F,, can be extended to a I'-invariant function y//{ on Q, via
Wi (rx) = wy(x)

for y € I, called I'-invariant ultrametric wavelet. Of interest are those wavelets y! supported on the I'-translates of discs A C F,
such that

A=Bn&, 6)

with B a disc of equal radius as A inside F,, \ V(). The p-adic disc B of equal radius as A satisfying (6) is called a C,-extension of
A. The orbit I'A is called an invariant disc in €,,, and I' B an invariant C ,-extension of A. Define

Q:‘;:{xeﬂlrl

Fy=FnQy

3 disc A 5 x having an invariant
C b~ extension I'B C 2\ V(w)

where w is the given regular I'-invariant differential 1-form on Q.

Theorem 3.13.  The space L*(Q22, )" of I'-invariant L2-functions on Q has an orthonormal basis consisting of the I'-invariant
1

ultrametric wavelets q//f supported in Qf, and these are eigenfunctions of AZ for a > 0. The eigenvalue corresponding to y//f is

AP = —p(F) Y (/FM\A Ix = yyI™* u) + u(A)“’>
tr

yel
for AC F?, and F C Q a good fundamental domain for the action of I'. Here, x € A, and A, does not depend on x € A. The multiplicity
1

of 4, is finite. Both, A, and its multiplicity, are invariant under replacing F with yF for y € T. The restriction of A2 to L2@2)F coincides
with —H,, for a > 0 satisfying (4).

This theorem corresponds with [28, Thm. 4.10].

Proof. The proof of [28, Thm. 4.10] now carries over, because it can use the analogous Lemmas stated prior to this theorem in a
similar way. [

3.5. Invariant diffusion operators for Shimura curves

A p-adically uniformised Shimura curve can be viewed as a locally ultrametric space with disjoint pieces invariant under a
Schottky group. This gives rise to new Laplacian operators.

Now, that Theorem 3.1 showed that €, is a countable union of Galois orbits, the theory of Schottky-invariant Zafiga-type
operators from [28] can be adapted to the situation of a p-adically uniformised Shimura curve.

Assume that the Shimura curve S;;g is defined over @, and has its semi-stable reduction also defined over Q,. The latter is a
necessary technicality from algebraic geometry, and can be achieved by a sufficiently large finite field extension of Q,,, if necessary,
cf. e.g. [38, Thm. 5.5.3]. Given the transcendent p-adic points of a Shimura curve as in (1), let @,,...,0y € .Ql(.Qp) with w; being
a I'/-invariant non-vanishing regular differential 1-form on ,. This is possible, since the Shimura curve is defined over Q,. Define
the following spaces:

‘Qi:‘QX{i}s ‘Qi,tr’:‘QtrX{i}

N N
2=\, Q= | Q-
i=1 i=1

and fix a I'-invariant local equity measure |a),-|tr on £/ as in Proposition 3.6 for i = 1, ..., N. Then define

My = |0y [ U U oy,
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as their co-product measure on £/ . Further, define

wl J— wl
QF = Q% x (i}, |_|[2m

itr

as well as
) ’
=TI x-xTI}

and
0 _ ! 0
=| |F. F*=Fna®

where F; is the transcendent part of a good fundamental domain in £;. The subspace of a function space
FQy = F(-Ql DO F(-QN“)

invariant under I is denoted as and understood as

Qo)L = @ ateRa

where each summand is the subspace of the corresponding summand above invariant under the corresponding Schottky group. An
exception is the notation D(Qw‘ )'i and D(.Q{‘;)L which stands just for locally constant and invariant functions. These are extensions
of compactly supported functlons on a good fundamental domain.

Now, define an integral operator for «,...,ay > 0 each satisfying the corresponding condition (4) as follows:

1

L LAQ0 u)" > LXQE, ) ue Zu— Z 42, @)

with A2 ~equal to the operator A2 on LZ(QI i Mi)q”

Zu(x) = / ! Z(x, y)(u(y) — u(x)) d py (y)

tr

and kernel function

N
Zy =30 Y Y wx ) Rx € F)2Ay € F)
:;1 rEer! V/EF/'
for x,y € F', F; C Q;,, a good fundamental domain for I7, and

w(yl.x’ Y y) = p—az(f(y,)+f(y/ ))w

with a, > 0, ykel" w;; 20and w;; =w;; fori#jandi,j=1,...,N

Lemma 3.14. Let y A'U be a I -invariant ultrametric wavelet supported in the orbit of A C Q,
an eigenfunction of Z with elgenvalue

— i Z Z p_aZ(f(yl)-Fﬂ(yj))wio,j ”(Fj)

j=l yer! yer’
Tsio ri€l v;€l;

‘- Assuming that a; > 0, this function is

which only depends on iy € {1,...,N}.

Proof. Since the number of group elements in a Schottky group having bounded length is bounded by a function of the genus, as
in [28, Lem. 3.1], there exists a, > 0 such that

N
Zya0 =Y D wxyy) / WAG) = W4, () Qx € F)
Fj

ij=1 y.er! y.er’
i y,el"l yjel“/

_i Y ey, ( /F

Jj=0 y,el"/ vj EF/ J
J#ig

“Q(xEF,)
0
L 3.11
emma SAt Z z Z Pz D g, (F) ()

oy , ,
J#ig y,»el"io 1€l

vaAu©) - u(ﬂ)u/A(X)mr(y)> :
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where the eigenvalue is as asserted, and does not depend on A C ;.. [

Theorem 3.15. The space LZ(QH, )X has an orthonormal basis consisting of ultrametric wavelets which are invariant under one of the
Schottky groups I'! with i =1,..., N. These are eigenfunctions of L with eigenvalue

A 44,

where the wavelet is supported in the orbit of A C “Q:D{r’ and 4 is the corresponding eigenvalue w.r.t. operator 4; ., and ; the one w.r.t. to

operator Z. The operator L is self-adjoint, and all its eigenvalues are negative and have finite multiplicity.

Proof. The orthonormal eigenbasis property and the eigenvalues are an immediate consequence of Theorem 3.13 and Lemma 3.14.
This implies the self-adjointness of £ and the negativity of the eigenvalues. The finite multiplicity of eigenvalues then follows from
Theorem 3.13. [

4. Heat equations for Shimura Curves

The goal here is to study the heat equation
%u(x, 1) — Lu(x,t)=0 8)

with £ the Laplacian integral operator (7). First, the corresponding Cauchy problem and heat kernel. This is completed by a study
of associated boundary value problems.

4.1. Feller semigroup, Cauchy problem and heat kernel

Lemma 4.1. The linear operator L generates a Feller semigroup exp(:£) with ¢ > 0 on C(£2/,, R)L
Proof. The criteria for applying the Hille-Yosida-Ray Theorem are verified:
1. The domain of £ is dense in C(.Q",IR)f This follows from Lemma 3.7 and Z(x,-) € D(.Qt’r)L for every x € Q(r.
2. The operator £ satisfies the positive maximum principle. For this let 4 € D(¢2 . R)L and x,, € €2/, such that h(x) = sup o h(x).

This exists, because 4 is periodic and F is compact. Then

tr?

N

Lh(x)) = / (Z(XO’Y) + Z H,-(Xo,y)) (h(xg) = h(x()) e (») < 0,
2,

i=1

where H;(x,y) is the kernel function of A2 This implies the positive maximum principle.

3. The range Ran(yI — L) is dense in C(Q’ ,R)L. The proof is analogous to the one contained in the proof of [28, Lem. 5.1]. For
the convenience of the reader, the adaptations to the situation here are given now. Let 2 € C(£2/ ,R)L, and # > 0. The task is to
find a solution of the equation

tr>

Il —Lyu=h 9

for some # > 0 and & in some dense subspace of C(£2/,R)L. The equation can formally be rewritten as

tr’

JLGyume() — h(z)
u(z) - n + deg(z) T n+deg2)’ (10)

where L(x, y) is the kernel function of £, and

deg(z) = / L)

tr

which, of course, does not converge. For this reason, take the operator

St Lz, u) ()

tr,z

T u(z) =
k n + deg; (z)
with
(k) (k)
Q. =Q,U--u Q,.’Z U Uy
where
(k) _ (k)
'Qi,z - |_| }/Fi,z
rer]
and

F¥ = F,\ B(2)

10
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where w.l.o.g. it is assumed that z € F;, and such that
By(z) D Bi(z) D By(2) D ...

is the maximal chain of discs contained in F; and containing z. Let

degy(2) = / W LE )
Q

tr,z

which does converge, and

deg, (z)
|Tu(z)| € ———= llulls »
n + deg, (z)
where ||u||,, is finite, because u is invariant, and F is compact. Hence,

; <1
n/deg;(z)+1

for any n > 0 and k € IN. It follows that I + T} has a bounded inverse as an operator on C(£2,
dense for k € IN.
Now, let 7 € D(2/,R)L, and let u,,u, € C(£2/_,R)L be solutions of

tr? tr’
h h
— (4T uy = ——
n + degy ( 2 n+deg,

ITell <

/

! .R)L. This means that its range is

I +Tu =

for k,# € IN. Then

e = I +T,)n+deg,) — (I +Ty)(n + degy)
ST T+ TOU + Tp)(n + degy )(n + deg,)

shows that u, is a Cauchy sequence w.r.t. ||-||,. The reason is that, firstly,

an

72l = sup =25
KU ek n+ degi(2)

holds true, and this is a strictly increasing sequence converging to 1. This implies that 7 converges to a bounded operator T' on
C(.Q{ " R)L. Secondly, the numerator of the right hand side of (11) is

n(T, = T,) + (deg, —degy) + (T, deg, —T; deg;)
whose first and third summands become arbitrarily small in norm as # > k — co. The third term is

T, deg, —T, deg, = (T, deg, —T) deg,) + (T} deg, —T) deg,)
for which both summands also become arbitrarily small in norm as # > k - . Hence, u, converges to some u € C(Q{r, R)L which
can be seen to be a solution of (9) as follows:

klim (n + deg )T}, = (n + deg)T’

—00

with convergence in norm. The limit operator coincides with the unbounded operator

Wis Au= / L))

r
which shows that the operator

A
1+ deg

appearing in (10) is bounded. Now, u, is a solution of
(n=Lpu,=h
with
Ly, = (n+deg, )T, —deg,
which converges to £ for k — . As u; — u, it follows that
I +u=ml—Lu+ (L, —L)u,
where
I —Lu= @I — Lu + Ly —w)=h+ Li(u—u)—>h
and

(Ly=Lu—0

11
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for k — co. Hence, u is a solution of (9). This shows that Ran(yI — £) contains the invariant real-valued test functions, and is thus
dense in C(@2/ ,R)L.
The assertion now follows with Hille-Yosida—Ray. []

Theorem 4.2. There exists a probability measure p,(x,-) with t > 0, x € Q{7 on the Borel c-algebra of Q2 such that the Cauchy problem
for the heat Eq. (8) with initial condition u(x,0) = uy(x) € C(2%, R)L has a unique solution in C'((0, c0), Q)L of the form

tr’
u(x, 1) = / uo(Y)p,(x, pyr ()
2

Additionally, p,(x,-) is the transition function of a strong Markov process on Q2 /I', where the action of I is by I/ on -in{r for each
i=1,..., N, and whose paths are cadlg.

Proof. The proof is the same as for [28, Thm. 5.2]. ]

To say that a diffusion process has a heat kernel function means that there exists a distribution function p(t, x, y) for the Markov
distribution p,(x, y,.(y)) from Theorem 4.2 in the sense that

Pi(x, py (A)) = / p(t,x, y) fy (¥)
A

fort> 0, x € QF, and A C 2 a measurable set. It may happen that p,(x, x) is not defined for all # > 0. This is the case in the present
setting.

Corollary 4.3. The heat Eq. (8) has a well-defined heat kernel function p(t,x, y) for t > 0 and x # y. In the case x = y it is only defined
fort> 0.

Proof. Due to Theorems 3.15 and 4.2, it can be said that if it exists, then the heat kernel has the following decomposition:

Pt x,9) = Y v w W) (12)
v

where y runs over an orthonormal basis of L2(22, u,)L, and the question is whether this expression always converges. First, assume
that x # y. Then, since the eigenfunctions are wavelets supported in one of the constituent Q:‘i’w it follows that if x and y do not
belong to the same Q:"[’ - then the sum (12) vanishes. So, assume now that x,y € QE";r By inVariance, one may assume that x, y
belong to F:’i‘r This means that the sum (12) contains only those wavelets whose support intersection with the good fundamental
domain F; contains the ultrametric disc belonging to the join of x and y. These are only finitely many because of the compactness
of F;. Hence, the sum converges for all r > 0 and x # y.

Now, assume that x = y. Then (12) becomes

Pt x, %) = ) ™'y (supp(w)) ™!
173

and converges if and only if 7 > 0 because of the finite dimensionality of the eigenspaces of £, and because the spectrum of —£L has
a smallest positive element. []

4.2. Boundary value problems

In order to say something about boundary value problems involving the heat Eq. (8), it is helpful to use separation of variables:

u(x,t) =Vx)W ()

and obtain
W@  LU®K)
W@~ U

which leads to the system
LV (x)= AV (x)
W) = AW (1)
giving rise to the solution
u(x,1) = My (x) 13)

for a I“i’ -invariant ultrametric wavelet supported in some Qe for some i = 1,..., N. Since here the focus is on invariant Dirichlet
and von Neumann boundary conditions, it suffices to generalise the corresponding p-adic definitions found in [45, §2.5].
The vertex boundary of S is

8S={xe€F’\S|3yeS:L(x.y #0}

12
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and the edge boundary of S is
os={@ne(F)Ixes Aygs)
for § C F? compact open. Its invariant versions are
N
rss=[ || resnr
i=1 ye[‘lf
and
ros:={xye (@)’ |xers A y¢rs}

with an obvious extension of the interpretation of an orbit of .S under I. For an invariant function f : Q7 — C to satisfy the invariant
Dirichlet boundary condition means

VxeI'6S: f(x)=0,

and for it to satisfy the invariant von Neumann boundary condition means
Vx e I5s: / LG (@) = g () =0,
{(x.y)eros}
where L(x, y) is the kernel function of the integral operator L.

Theorem 4.4. The boundary value problem

%u(x, t)— Lu(x,t)=0
u(x,0) = uy(x) € DL

with u(x,t) satisfying either the invariant Dirichlet or the invariant von Neumann boundary condition for S C F{ compact open and for all
t > 0 has a solution if and only if uy(x) is supported in I'S.

Proof. Invariant Dirichlet boundary condition. If v, is supported in I'.S, then from Corollary 4.3 it follows that the solution u(x, 1)
of the Cauchy problem remains supported in I'.S for all r > 0. Hence, the invariant Dirichlet boundary is satisfied. Conversely, from
(13), it follows that imposing the invariant Dirichlet boundary condition restricts the eigenfunctions y to be supported in I'.S at all
times 7 > 0. Hence, the initial condition must be supported in I'S.

Invariant von Neumann boundary condition. This condition means

0= / LG, »)(f ) = e ()
rs

- / LGt 3)f i () — / LG, g () £ ()
s s

for x ¢ S. These two integrals converge, because y never gets too close to x, and the defining properties of L(x,y). If the first
integral vanishes, then due to the vanishing of the second integral, it follows that f is supported in I'S. In this case, (13) says that
the solution u(x, 1) is confined to I''S at all times ¢ > 0. If, on the other hand, the second interval does not vanish for x ¢ .S, then
the expansion of f w.r.t. the ultrametric wavelet basis also contains wavelets supported outside of .S. But for such a wavelet y, the
first integral vanishes, because of Lemma 3.11, since L(x, y) for y € S only depends on the distance to the support of y intersected
with F?. It follows that the possibility of a solution having support outside I'S is ruled out. This proves the assertion also in this
case. []
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