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 A B S T R A C T

The transcendent part of the Drinfel’d 𝑝-adic upper half plane is shown to be a Polish space. 
Using Radon measures associated with regular differential 1-forms invariant under Schottky 
groups allows to construct self-adjoint diffusion operators as Laplacian integral operators with 
kernel functions determined by the 𝑝-adic absolute value on the complex 𝑝-adic numbers. Their 
spectra are explicitly calculated and the corresponding Cauchy problems for their associated 
heat equations are found to be uniquely solvable and to determine Markov processes having 
paths which are càdlàg. The heat kernels are shown to have explicitly given distribution 
functions, as well as boundary value problems associated with the heat equations under Dirichlet 
and von Neumann conditions are solved.

. Introduction

Diffusion on 𝑝-adic domains is of increasing interest, both from a theoretical as well as from a practical perspective. On the 
ractical side, the local tree structure of such spaces seems appealing, and ultrametricity is found e.g. in spin glasses as well as in 
nergy landscapes in various application domains in the natural sciences and applied mathematics, in particular where complex 
etworks are relevant [1–3] and in order to model stochastic processes like 𝑝-adic Brownian motion [4–8]. In this context, a strong 
otor for developing ultrametric analysis is given by theoretical physics and its relationship with number theory [9–13].
On the other hand, number-theoretic questions are an invitation to study problems over local fields and other non-archimedean 

omains, where analytic tools for stochastic processes lead to operators acting on complex-valued functions. The work by S. Haran 
n their relationship with the Riemann zeta function is an example of such an arithmetic consideration, cf. [14]. The arithmetic 
ignificance of 𝑝-adic analysis is beginning to play out itself further through the study of Markov processes invariant under hyperbolic 
iscontinuous groups, as effected e.g. in [15] on a space named 𝑝-adic half-plane. This space is different from Drindfeld’s 𝑝-adic 
pper half plane [16] which allows a 𝑝-adic uniformisation of Shimura curves, cf. also [17,18]. This reveals them as disjoint unions 
f Mumford curves, and diffusion on the points of such curves defined over a 𝑝-adic number field has been initiated the author 
n [19–22].
One unsettled question is how to carry over the ultrametric analytic methods developed over local fields to the field C𝑝 of 𝑝-adic 

omplex numbers, which is not locally compact and thus has no Haar measure available for such a task, cf. [23, Ch. 6.8]. One aim of 
his present article is to show that at least on the transcendent part 𝛺tr of C𝑝, called here the transcendent 𝑝-adic upper half plane, this 
s possible due to the work [24], where it is shown that this transcendent part is locally profinite, where these local pieces are given 
y orbits of transcendent 𝑝-adic numbers under the continuous action of the 𝑝-adic absolute Galois group. Here, it will be shown 
hat 𝛺tr is a Polish space and allows for Radon measures with which ultrametric diffusion operators acting on function spaces on 
he transcendent 𝑝-adic upper half plane can be constructed, modelled after the 𝑝-adic Vladimirov and Taibleson operators [25–27] 
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and the Zúñiga operators from [2] in a fashion which is invariant under the Schottky groups forming the 𝑝-adic uniformisation of 
a Shimura curve. This approach generalises [28], where the operators were defined on the 𝑝-adic points of a Mumford curve.

Unlike in the case of Zúñiga operators, which have eigenvalues with infinite multiplicity, cf. [19, Ex. 1] and [29, Prop. 4], the 
present operators generate a semigroup having a heat kernel distribution function which furthermore can be made explicit in terms 
of the eigenfunctions. In 𝑝-adic diffusion on finite topologies, the heat kernel was exhibited as an explicitly defined distribution, 
cf. [29, Cor. 3.7]. But the method of this article also applies to that case, which leads to another class of 𝑝-adic Laplacian operators 
generating a diffusion having a heat kernel distribution function. In the end, boundary value problems for the heat equation under 
invariant Dirichlet or invariant von Neumann conditions are solved explicitly.

The operators used here are ultrametric Laplacian integral operators which, apart from being invariant under Schottky groups, 
can be viewed locally as an ultrametric version of the 𝑝-adic Vladimirov–Kochubei–Taibleson operator restricted to ultrametric 
discs, similarly as in the 𝑝-adic case of [30], cf. also [31]. One advantage of ultrametric integral operators are that they often 
have ultrametric wavelets as eigenfunctions [32]. Applications of these can be found in geo-physics, cf. [33,34]. Further potential 
applications of such operators (possibly without the Schottky invariance) are seen where hierarchical structures are not necessarily 
regular, like in the 𝑝-adic case, and this includes hierarchically clustered data, e.g. as they appear in image analysis, energy 
landscapes, biology, geo-sciences, and other scientific areas.

The main results are given concretely as follows:

Theorem 3.1.  The transcendent 𝑝-adic upper half plane 𝛺tr is locally profinite, and the set of orbits of transcendental elements in C𝑝 under 
the action of the absolute 𝑝-adic Galois group is countably infinite.

A consequence is that the transcendent 𝑝-adic upper half plane is a Polish space (Corollary  3.2).
Theorem  3.13 states that the 𝐿2-space of functions on 𝛺tr outside a measure zero part determined by a given regular differential 

form 𝜔 invariant under the Schottky group has an orthonormal basis consisting of invariant ultrametric wavelets (based on those 
from [32]) which are eigenfunctions of the diffusion operator 𝛥

1
2
𝛼  constructed in this article. The corresponding eigenvalues can be 

calculated explicitly, have finite multiplicity and an invariance property under the Schottky group.
Theorem  3.15 states that the 𝐿2-space associated with a 𝑝-adically uniformised Shimura curve has an orthonormal eigenbasis 

for a certain self-adjoint and negative definite Laplacian integral operator  constructed from a collection of data coming from the 
constituent Mumford curves. Again, the eigenvalue multiplicities are finite.

Theorem  4.2 states that the semigroup associated with the operator  yields a unique solution to the Cauchy problem for the 
heat equation associated with  and induces an invariant Markov process on the underlying ultrametric space outside the measure 
zero part determined by the given Schottky invariant regular differential forms. Its paths are càdlàg.

Corollary 4.3.  The heat equation associated with  has a well-defined heat kernel function 𝑝(𝑡, 𝑥, 𝑦) for 𝑡 ≥ 0 and 𝑥 ≠ 𝑦. For 𝑥 = 𝑦 it is 
only defined for 𝑡 ≫ 0.

Theorem 4.4.  The boundary value problem for the heat equation associated with  having as initial condition an invariant test function 
and either a Dirichlet or a von Neumann boundary condition on a compact open orbit 𝛤𝑆 has a solution for 𝑡 ≥ 0 if and only if the initial 
function is supported in 𝛤𝑆.

The article is structured into three further sections. Section 2 gives a brief review of 𝑝-adic uniformisation and states the needed 
results about the Drinfel’d upper half plane, Mumford curves and the uniformisation of Shimura curves. Section 3 studies the 
transcendent 𝑝-adic upper half plane, provides with appropriate Radon measures and constructs new integral operators in order 
to study their spectral behaviour. Section 4 is devoted to the study of the heat equation on the transcendent part of 𝑝-adically 
uniformised Shimura curves using these new invariant operators and includes boundary value problems.

2. A brief review of 𝒑-adic uniformisation

Here, the well-known 𝑝-adic uniformisation of Shimura curves is briefly explained by introducing the Drinfel’d 𝑝-adic upper half 
plane, 𝑝-adic uniformisation of Mumford curves and how this concept extends to Shimura curves.

2.1. The Drinfel’d 𝑝-adic upper half plane

The 𝑝-adic counterpart C𝑝 of the complex numbers is the smallest algebraically closed and complete extension field of the 𝑝-adic 
number field Q𝑝. It turns out that this can be obtained by completion of the algebraic closure Q̄𝑝 of Q𝑝, and that this is of infinite 
dimension, when viewed as a vector space over Q𝑝, and is not locally compact, cf. [23, Ch. 6.8].

The 𝑝-adic upper half plane over the field of 𝑝-adic numbers is defined as
𝛺𝑝 = P1(C𝑝) ⧵P1(Q𝑝)

where P1 denotes the projective line. The space 𝛺𝑝 consists of the complex 𝑝-adic points of the rigid-analytic upper half plane 
studied by Drinfel’d, cf. [16,35]. Important for the remainder of the article is that PGL2(Q𝑝) acts on 𝛺𝑝 by Möbius transformations. 
Also, the 𝑝-adic absolute Galois group 𝐺 = Gal(Q̄ ∕Q ) acts on 𝛺  as continuous isometries.
𝑝 𝑝 𝑝
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2.2. Mumford curves

A short introduction to Mumford curves can be found in [36]. More detailed treatments are [37,38]. Here, a few facts are 
collected, some of which will be used in the remainder of this article.

A 𝑝-adic Mumford curve is a projective algebraic curve 𝑋 defined over Q𝑝 such that it is the quotient
𝑋 = 𝛤 ⧵𝛺

under the action of a finitely generated free discrete subgroup 𝛤  of PGL2(Q𝑝). The group 𝛤  is called Schottky group, and its non-
trivial elements are hyperbolic Möbius transformations. The action takes place on an open subspace 𝛺 of the 𝑝-adic projective line 
P1 outside the set of limit points of 𝛤 , and is discontinuous. The number of generators of 𝛤  coincides with the genus of 𝑋.

The important theorem is: 

Theorem 2.1 (Mumford). The conjugacy classes of Schottky groups within PGL2(Q𝑝) are in one-to-one correspondence with the isomorphism 
classes of 𝑝-adic Mumford curves.

Proof.  Cf. [39]. A 𝑝-adic analytic proof is contained in [37]. □

After a finite field extension, a Mumford curve can be related to a so-called stable graph, which is a connected finite graph having 
no vertex of degree at most 2, and whose first Betti number equals to the genus of 𝑋. It is the quotient under the action of 𝛤  on 
a certain subtree of the 𝑝-adic Bruhat-Tits tree 𝒯𝑝, and is called the reduction graph of 𝑋. Cf. [40] for an introduction to the 𝑝-adic 
Bruhat-Tits tree.

2.3. 𝑝-Adic uniformisation of Shimura curves

Let 𝛥 be a quaternion skew field having centre Q, and let 𝛿 ∈ N be the product of all prime numbers where 𝛥 is ramified. Let 
𝑆𝑁  be the generic fibre of the Shimura curve which represents the moduli functor for certain abelian surfaces over Z𝑝-schemes. The 
details of this functor can be found e.g. in [18, Thm. 1], but are not important for this article. What is important, however, is that 
it is a projective flat Z𝑝-scheme, and its generic fibre is the Shimura curve defined over Q𝑝 we are interested in. For more details 
on Shimura curves and the following Čerednik–Drinfel’d theorem, cf. e.g. [18] (a short exposition), or [17] (a longer exposition).

Theorem 2.2 (Čerednik–Drinfel’d). There is a canonical isomorphism of rigid analytic spaces over Q𝑝:

𝑆rig
𝑁 = GL2(Q𝑝) ⧵

[

𝛺𝐾 ⊗Q𝑝 Q
nr
𝑝 ×𝑍𝑁

]

for 𝑝 ∣ 𝛿.
Here, the 𝑝-adic upper half plane

𝛺𝐾 = P1(C𝑝) ⧵P1(𝐾)

over some 𝑝-adic number field 𝐾 unramified over Q𝑝 is used, and 𝑍𝑁  is a certain space derived from 𝛥 contributing to only finitely 
many orbits of a pair (𝑤, 𝑧) with fixed 𝑤 ∈ 𝛺𝐾 ⊗Q𝑝 Q

nr
𝑝  under the action of GL2(Q𝑝), and it thus happens to be that

𝑆rig
𝑁 =

𝑁
⨆

𝑖=1
𝛤 ′
𝑖 ⧵𝛺𝐾

for some Schottky subgroups 𝛤 ′
𝑖 ⊂ PGL2(Q𝑝) with 𝑖 = 1,… , 𝑁—this is immediate from [18, sentence containing (3.7)]. Hence, 𝑆rig

𝑁
is a finite disjoint union of Mumford curves.

The transcendent points of the Shimura curve 𝑆rig
𝑁  are consequently described as 

𝑆rig
𝑁,tr = 𝑆rig

𝑁 (C𝑝) ⧵ 𝑆
rig
𝑁 (Q̄𝑝) =

𝑁
⨆

𝑖=1
𝛤 ′
𝑖 ⧵

(

𝛺(C𝑝) ⧵𝛺(Q̄𝑝)
)

=
𝑁
⨆

𝑖=1
𝛤 ′
𝑖 ⧵𝛺tr , (1)

where

𝛺tr = 𝛺(C𝑝) ⧵𝛺(Q̄𝑝)

is the transcendent 𝑝-adic upper half plane.
In the following, the constituent Mumford curves are assumed to be each given as 𝛤 ′

𝑖 ⧵𝛺𝑝 for 𝑖 = 1,… , 𝑁 .

3. The transcendent 𝒑-adic upper half plane

Since the field of 𝑝-adic complex numbers C𝑝 is not locally compact, there is no Haar measure to work with. However, it has 
been shown by Alexandru, Zaharescu and Popescu that the transcendent part 𝛺tr of C𝑝 is locally profinite, cf. [24]. It turns out that 
𝛺tr is an irregular ultrametric analogue of Q𝑝 in the sense that it is Polish, since it is covered by countably many profinite sets, 
and thus allows for Radon measures in such a way that Schottky invariant linear diffusion operators can be constructed on function 
spaces over 𝛺 .
tr

3 
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3.1. 𝛺tr is locally profinite

From [24, 1.§4 and 2.§1], it can be easily seen that the following is an equivalence relation on the set 𝒟  of all distinguished 
sequences in C𝑝, namely:

(𝛼𝑛) ∼ (𝛽𝑛) ∶⇔ (𝛼𝑛 − 𝛽𝑛) ∈ 𝒟 and 𝑣(𝛼𝑛 − 𝛽𝑛) → ∞,

where 𝑣 is the valuation of C𝑝. Define for 𝜌 ∈ Q the set 𝒟𝜌 ⊂ 𝒟∕∼ as the set of equivalence classes of distinguished sequences (𝛼𝑛)
with 𝑣(𝛼𝑛) = 𝜌 for 𝑛 ≫ 0.

Theorem 3.1.  The transcendent 𝑝-adic upper half plane 𝛺tr is locally pro-finite, and the set of orbits of transcendental elements in C𝑝
under the action of the absolute 𝑝-adic Galois group is countably infinite.

Proof.  The locally pro-finite property is a consequence of [24, Thm. 3.5]. An equivalence class [(𝛼𝑛)] ∈ 𝒟0 can be represented by 
a sequence of elements in the residue field of a 𝑝-adic number field. Since Q𝑝 has only finitely many extension fields of degree ≤ 𝑛, 
it follows that a given a prefix

[𝛼0],… , [𝛼𝑛]

of some [(𝛼𝑛)] ∈ 𝒟0 has only finitely many possibilities of continuation in the next place 𝑛 + 1, because any possible class of [𝛼𝑛+1]
corresponds to a unique element of some residue field at dimension dim(𝛼𝑛+1), and this is a finite field. This shows that the set 𝑆 tr

0
of transcendent elements of the unit circle in C𝑝 is the boundary of a locally finite rooted tree, and also that the Galois orbit (𝑡)
for 𝑡 ∈ 𝑆 tr

0  is the boundary of a branch starting in some class [𝛼0]. The topology induced by this tree coincides with the induced 
topology from C𝑝. In fact this is the content of the proof of [24, Thm. 3.5]. Hence, 𝑆 tr

0  is a compact locally pro-finite space, i.e. 
a finite union of Galois orbits. Via rescaling, this property also belongs to the transcendent points 𝑆 tr

𝜌  of the complex 𝑝-adic circle 
of radius 𝑝𝜌 ∈ 𝑝Q, only that the number of disjoint Galois orbits covering 𝑆 tr

𝜌  might be larger, because the branches start in a 
higher-dimensional extension field of Q𝑝. But it still is finite. The countability of the set 𝑝Q of possible radii of circles now proves 
the assertion. □

Corollary 3.2.  The space 𝛺tr is a locally compact Polish subspace of C𝑝.

Proof.  The subspace 𝛺tr of C𝑝 is locally compact, since it is locally pro-finite according to [24, Thm. 3.5]. Furthermore, it is clearly 
metrisable and, by Theorem  3.1, countable at infinity. This means that it is also Polish. □

Remark 3.3.  The transcendent 𝑝-adic upper half plane 𝛺tr can be viewed as an ultrametric manifold having a countable covering 
by ultrametric discs given by the Galois orbits (𝑡).

3.2. Measures on 𝛺tr

The Haran correspondence is a bijection between Markov chains on a rooted tree 𝑇  and probability measures on 𝜕𝑇  [41, Ch. 
2.1.1]. By multiplying with a fixed number 𝑟 > 0, a Markov chains corresponds now to a Radon measure 𝜈 on 𝜕𝑇  with 𝜈(𝜕𝑇 ) = 𝑟. 
In this manner, take now on each (𝑡) a Radon measure in a way such that the measure of each vertex equals the sum of the child 
vertex measures. A constructive proof of the existence of such a so-called equity measure can be found in [42, §2.2], and this is an 
example of such a Radon measure.

Define now a measure 𝜈 on 𝛺tr by a collection of equity measures on each (𝑡). A possible realisation is to say that 

𝜈((𝑡)) = 1 (2)

for all 𝑡 ∈ 𝛺tr , i.e. to realise such a measure as probability measure.

Definition 3.4.  A measure 𝜈 as above is called a local equity measure on the transcendent 𝑝-adic upper half plane 𝛺tr . In case (2) 
holds true, 𝜈 is called a local equity probability measure.

Let 𝛤 ⊂ PGL2(C𝑝) be a Schottky group, and 𝐹 ⊂ 𝛺𝐾 a good fundamental domain for the action of 𝛤  on its domain of regularity 
being 𝛺𝐾 . Then define

𝐹tr = 𝐹 ∩𝛺tr

which is a compact subset of 𝛺tr .

Lemma 3.5.  Assume that 𝐹  is defined over Q𝑝, i.e. the centres of the discs defining 𝐹  can be chosen in Q𝑝. Then 𝐹  is invariant under the 
𝑝-adic absolute Galois group.
4 
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Proof.  Given an inequality
|𝑥 − 𝑎| ≤ |𝜖|

with 𝑎 ∈ Q𝑝, 𝜖 ∈ C𝑝, observe that
|𝑥𝜎 − 𝑎| = |𝑥𝜎 − 𝑎𝜎 | = |𝜎(𝑥 − 𝑎)| = |𝑥 − 𝑎|

for any 𝜎 ∈ Gal(Q𝑝∕Q𝑝). This proves the Galois invariance of discs centred in points of Q𝑝. This now proves the assertion. □

Proposition 3.6.  Let 𝛤  be a Schottky group acting on 𝛺𝐾 . Assume that 𝐹 ⊂ 𝛺𝐾 is a good fundamental domain defined over Q𝑝. Then 
there exists a 𝛤 -invariant local equity measure 𝜇 on 𝛺tr with 𝜇(𝐹tr ) <∞.

Proof.  The compact 𝐹tr is the union of finitely many Galois orbits (𝑡). On each of these orbits define an equity probability measure, 
and together these define a local equity probability measure 𝜈𝐹  on 𝐹tr . Now, define for 𝛾 ∈ 𝛤  the measure

𝜈𝛾𝐹 = |

|

𝛾 ′|
|

𝜈𝐹 ,

and obtain a local equity measure with the transformation rule 

∫𝛺tr

𝑔(𝛾(𝑥))𝜈𝐹 (𝛾(𝑥)) = ∫𝛺tr

𝑔(𝑥) |
|

𝛾 ′(𝑥)|
|

𝜈𝐹 (𝑥) (3)

for 𝛤 -invariant integrable functions 𝑔∶𝛺tr → C. Let 𝜔 ∈ 𝛺1(𝛺𝑝) be a regular 𝛤 -invariant analytic differential 1-form on 𝛺𝑝. Since 
𝛤 ⧵𝛺𝑝 is a Mumford curve, such exists, and on 𝐹  it has the form

𝜔|𝐹 = 𝑓𝐹 𝑑𝑥,

where 𝑓𝐹  is a holomorphic function 𝐹 → C𝑝. Then define
|𝜔|tr,𝐹 ∶= |

|

𝑓𝐹 || 𝜈𝐹

which due to the transformation rule (3) and the 𝛤 -invariance of 𝜔, expressing itself as

𝑓𝛾𝐹 (𝑥) = 𝑓𝐹 (𝛾(𝑥)) =
𝑓𝐹 (𝑥)
𝛾 ′(𝑥)

,

extends itself to a 𝛤 -invariant local equity measure |𝜔|tr . Since

∫𝐹tr
|𝜔|tr <∞,

it follows that taking 𝜇 = |𝜔|tr proves the assertion. □

The 𝛤 -invariant local equity measure |𝜔|tr defined in the proof of Proposition  3.6 depends on the choice of a regular 𝛤 -invariant 
analytic differential 1-form 𝜔 on 𝛺𝑝 and a local equity probability measure on the transcendental part 𝐹tr of a fundamental domain 
𝐹 . Since the Mumford curve 𝛤 ⧵𝛺𝑝 is a projective algebraic curve defined over Q𝑝, it follows that regular differential 1-forms on it 
are algebraic. Hence the zeros of 𝜔 are 𝑝-adic algebraic numbers, and thus are already excluded from the transcendent 𝑝-adic upper 
half plane 𝛺tr on which the measure |𝜔|tr is defined.

The construction of the measure |𝜔|tr compares with the earlier construction on the 𝑝-adic points of a Mumford curve 𝛤 ⧵ 𝛺𝑝
in [28], as both use a fixed regular 𝛤 -invariant analytic differential 1-form on the domain of regularity of 𝛤 . When constructing 
the diffusion operator in [28], it was helpful to leave out the vanishing locus of 𝜔. In the following sections, this step will become 
unnecessary, as that locus consists of algebraic 𝑝-adic numbers only.

3.3. Invariant operators on the transcendent 𝑝-adic half plane

Since Theorem  3.1 showed that 𝛺tr is a countable union of Galois orbits, the theory of Schottky-invariant Zúñiga-type operators 
from [28] can be adapted to the situation of the transcendent 𝑝-adic points of a Mumford curve, i.e. the points of 𝛺tr invariant 
under a Schottky group 𝛤 ⊂ PGL2(Q𝑝) freely generated by 𝑔 > 0 hyperbolic transformations.

Let 𝜇 be a 𝛤 -invariant equity measure on 𝛺tr , which exists according to Proposition  3.6. Just like in [28], let 𝛼 > 0 such that 
𝑝𝛼 > 2 𝑔 (4)

where the genus of the Mumford curve
𝑋 = 𝛤 ⧵𝛺

coincides with 𝑔.
Since the group 𝛤  is a finitely generated free group, one can fix a set of generators and their inverses as an alphabet, and then 

view every element of 𝛤  as a word over this alphabet. The length 𝓁(𝛾) of 𝛾 ∈ 𝛤  is then defined as the number of letters occurring 
in the word after reducing all neighbouring pairs of the form 𝑔𝑔−1 and 𝑔−1𝑔, where 𝑔 is a letter of this alphabet.
5 
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Now define

𝐻𝛼(𝛽𝑥, 𝛾𝑦) = 𝜇(𝐹tr )−1𝑝−𝛼𝓁(𝛽
−1𝛾)

|𝛽𝑥 − 𝛾𝑦|−𝛼 ,

where 𝐹 ⊂ 𝛺 is a good fundamental domain, and 𝑥, 𝑦 ∈ 𝐹 , 𝛽, 𝛾 ∈ 𝛤 . The corresponding Laplacian operator is

𝛼(𝛽𝑥) =
∑

𝛾∈𝛤
∫𝐹tr

𝐻𝛼(𝛽𝑥, 𝛾𝑦)(𝑢(𝑦) − 𝑢(𝑥))𝜇(𝑦)

where 𝑢 ∈ (𝛺tr )𝛤  is a 𝛤 -invariant locally constant function on 𝛺tr . This defines an operator

𝛼 ∶(𝛺tr )𝛤 → (𝛺tr )

for 𝛼 > 0. There is now a Dirichlet bilinear form

𝛼(𝑢, 𝑣) = ⟨𝛼𝑢,𝛼𝑣⟩

=
∑

𝛽,𝛾∈𝛤
∬𝐹 2

tr

𝐻𝛼(𝛽𝑥, 𝛾𝑦)(𝑢(𝑦) − 𝑢(𝑥))
(

𝑣(𝑦) − 𝑣(𝑦)
)

𝜇(𝑦)

and a quadratic Dirichlet form

𝛼(𝑢) = ⟨𝛼𝑢,𝛼⟩

for 𝛼 > 0. 

Lemma 3.7.  The operator 𝛼 and the Dirichlet form 𝛼 are both defined on all of (𝛺tr )𝛤  for 𝛼 > 0 satisfying (4).

Proof.  Let 𝑢 ∈ (𝛺tr )𝛤 . Then, similarly as in the proof of [28, Lem. 3.2], let

𝛼
𝛾 𝑢(𝑥) = ∫𝐹

𝐻𝛼(𝛽𝑥, 𝛾𝑦)(𝑢(𝑦) − 𝑢(𝑥))𝜇(𝑦)

= 𝜇(𝐹tr )−1𝑝−𝛼𝓁(𝛽
−1𝛾)

∫𝐹tr
|𝛽𝑥 − 𝛾𝑦|−𝛼 (𝑢(𝑦) − 𝑢(𝑥))𝜇(𝑦)

for 𝑥 ∈ 𝐹tr . If 𝑥, 𝑦 ∈ 𝐹tr , then the distance between 𝑥 and 𝛾𝑦 is bounded from below and becomes arbitrarily large. Its values are 
negative rational powers of 𝑝 in such a way that 𝑦↦ |𝛽𝑥 − 𝛾𝑦|−𝛼 is a locally constant function on 𝐹tr . Since 𝑢 is locally constant on 
𝐹tr and all its 𝛤 -translates, it now follows that the integral converges for all 𝛾 ∈ 𝛤 . Since 𝐹tr is compact, it now follows that 𝛼

𝛾 𝑢(𝑥)
is bounded on 𝐹tr . Namely, by the assumption (4), it follows that the number of 𝛾 ∈ 𝛤 ⧵ {𝛽} such that 𝛼

𝛾 𝑢(𝑥) is fixed, is bounded 
from above by (2𝑔)𝓁(𝛽)+𝓁 for 𝓁 = 𝓁(𝛾), cf. Lemma [28, Lem. 3.1]. Hence, together with

𝓁(𝛽−1𝛾) ≤ 𝓁(𝛽) + 𝓁(𝛾)

it follows that 𝛼𝑢(𝑥) is a constant times a series consisting of a positive coefficient times non-negative rational powers of

(2𝑔)𝑝−𝛼 ,

where the rational exponents form an unbounded increasing sequence. By taking the largest integer smaller than or equal to these 
exponents, one finds a geometric series depending on 𝑥 ∈ 𝐹tr as an upper bound for 𝛼𝑢(𝑥). This proves the first assertion.

The proof of the second assertion is similar as the first assertion, just like that of [28, Lem. 3.3], and uses

𝛼(𝑢) = 𝜇(𝐹tr )−2
∑

𝛽,𝛾∈𝛤
𝑝−2𝛼𝓁(𝛽

−1𝛾)
∬𝐹 2

tr

|𝛽𝑥 − 𝛾𝑦|−𝛼 |𝑢(𝑦) − 𝑢(𝑥)|2 𝜇(𝑦)𝜇(𝑥)

together with a similar argument as in the previous case. □

A consequence of Lemma  3.7 is that operator 𝛼 and Dirichlet forms 𝛼 are densely defined on 𝐿2(𝛺tr , 𝜇)𝛤 . Let ∗
𝛼 ∶𝐿

2(𝛺tr , 𝜇) →
𝐿2(𝛺tr , 𝜇)𝛤  be the adjoint of 𝛼 ∶𝐿2(𝛺tr , 𝜇)𝛤 → 𝐿2(𝛺tr , 𝜇). Thus obtain operators

𝛥𝛼 = ∗
𝛼◦𝛼 ∶𝐿2(𝛺tr , 𝜇)𝛤 → 𝐿2(𝛺tr , 𝜇)𝛤

𝛥†𝛼 = 𝛼◦∗
𝛼 ∶𝐿

2(𝛺tr , 𝜇) → 𝐿2(𝛺tr , 𝜇)

for 𝛼 > 0 satisfying (4).

Lemma 3.8.  The operators 𝛼 ,∗
𝛼 are closed, the operators 𝛥𝛼 , 𝛥†𝛼 are self-adjoint, and the operators 𝐼 +𝛥𝛼 , 𝐼 +𝛥†𝛼 have bounded inverses 

for 𝛼 > 0 satisfying (4).

Proof.  The proof of [28, Lem. 3.4] carries over in a straightforward manner. □
6 
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3.4. Spectrum of the Schottky invariant operator

For Schottky invariant diffusion operators defined over the points in a local field of a regular domain for the 𝑝-adic Schottky 
group 𝛤 , the Kozyrev wavelets play an important role in constructing 𝛤 -invariant Laplacian eigenfunctions, cf. [28, Thm. 4.10]. 
However, this is not going to be feasible on the transcendent 𝑝-adic points, because their local profinite structure is not regular, 
meaning that these are more general ultrametric kinds of ‘‘discs’’ than the regular structures one obtains from 𝑝-adic discs. For this 
reason, the ultrametric wavelets defined in [32] will play a substitute role in the present case.

In the following, it will be assumed that the local equity measure 𝜈𝐹  on 𝐹tr satisfies the following property: 
𝜈𝐹 (𝐴) = diam(𝐴) (5)

for any disc 𝐴 ⊂ 𝐹tr ⊂ 𝛺tr ⊂ C𝑝, i.e. the diameter is determined via the 𝑝-adic absolute value |⋅|. For the measure 𝜇 on 𝛺tr , this 
means that representing the differential 1-form 𝜔 locally as

𝜔|𝐹 = 𝑓 𝑑𝑥

for some analytic function 𝑓 on 𝐹 , allows to conclude: 

Lemma 3.9.  It holds true that
𝜇(𝐴) = 𝐶𝐴 ⋅ 𝜈𝐹 (𝐴)

with 𝐶𝐴 > 0 for any disc 𝐴 ⊂ 𝐹tr .

Proof.  It holds true that
𝜇(𝐴) = ∫𝐴

|𝜔|tr = ∫𝐴
|𝑓 (𝑥)| 𝜈𝐹 (𝑥)

with

𝐴 =
{

𝑥 ∈ 𝛺tr ∣ |𝑥 − 𝑎| ≤ |𝑟|
}

with 𝑟 ∈ C𝑝. Since 𝑓 is a non-vanishing analytic function on the disc
𝐵 =

{

𝑥 ∈ C𝑝 ∣ |𝑥 − 𝑎| ≤ |𝑟|
}

satisfying 𝐴 = 𝐵 ∩ 𝛺tr , it follows that 𝑓 (𝐵) ⊂ C𝑝 is a closed disc, cf. [43, Prop. 2.3]. Since this disc does not contain 0 ∈ C𝑝, it 
follows that it is contained in a circle centred in 0. Hence, |𝑓 (𝑥)| is constant on 𝐴. This proves the assertion. □

Because

𝜇(𝛾𝐴) = ∫𝛾𝐴
|𝜔|tr = ∫𝐴

|𝑓 (𝑥)|
|𝛾 ′(𝑥)|

𝜈𝐹 (𝛾𝑥) = ∫𝐴
|𝜔|tr = 𝜇(𝐴)

for 𝛾 ∈ 𝛤 , it is 𝛤 -invariant, and hence the constant 𝐶𝐴 > 0 is invariant under 𝛤 . Notice that by the analytic property of 𝛾 ∈ 𝛤 , the 
image 𝛾𝐴 ⊂ 𝛺tr is also a disc.

Lemma 3.10.  It holds true that
|𝛽𝑥 − 𝛾𝑦| = |

|

|

𝑥 − 𝛽−1𝛾𝑦||
|

for 𝑥, 𝑦 ∈ 𝐹tr and 𝛽, 𝛾 ∈ 𝛤 .

Proof.  The proof of [28, Lem. 4.8] carries over to this case. □

In the 𝑝-adic case, the Kozyrev wavelets [44] turn out to be eigenfunctions of certain integral operators. In the present case, this 
role is taken by the ultrametric wavelets from [32] which can be defined with the help of an equity measure by representing the 
𝑚(𝑣) children of any given node 𝑣 of a rooted tree by a cyclic group 𝐶𝑚(𝑣). An ultrametric wavelet is supported on the boundary of 
such a tree and is constant on the boundary of the branch beginning in each child node of the root vertex a unit root, taking its 
value from evaluating a unitary character of 𝐶𝑚(𝑣). This approach has been used in [29, Def. 3.11] in order to be able to approximate 
graph Laplacians with 𝑝-adic Laplacians having a kernel function defined by an ultrametric.

The following Lemma generalises the observation of [29, Lem. 3.12]:

Lemma 3.11.  Let 𝜓 be an ultrametric wavelet supported in a disc 𝐴 ⊂ 𝐹tr . Then

∫𝐴
𝜓(𝑥)𝜇(𝑥) = 0

holds true.

Proof.  This follows immediately from the local equity property of the measure 𝜇 on 𝛺 . □
tr

7 
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The following result corresponds with [28, Lem. 4.9]:

Lemma 3.12.  It holds true that

∫𝐹tr
|𝑥 − 𝑦|−𝛼 (𝜓𝐴(𝑦) − 𝜓𝐴(𝑥))𝜇(𝑦)

= −

(

∫𝐹tr⧵𝐴
|𝑥 − 𝑦|−𝛼 𝜇(𝑦) + 𝜇(𝐴)1−𝛼

)

𝜓𝐴(𝑥)

for 𝛼 > 0 satisfying (4) with 𝜓𝐴 an ultrametric wavelet supported in a disc 𝐴 ⊂ 𝐹tr .

Proof.  This follows from [32, Thm. 10], since condition [32, eq. (21)] is satisfied for the kernel function. □

Just like in [28], an ultrametric wavelet 𝜓𝐴 supported in 𝐴 ⊂ 𝐹tr can be extended to a 𝛤 -invariant function 𝜓𝛤𝐴  on 𝛺tr via
𝜓𝛤𝐴 (𝛾𝑥) = 𝜓𝐴(𝑥)

for 𝛾 ∈ 𝛤 , called 𝛤 -invariant ultrametric wavelet. Of interest are those wavelets 𝜓𝛤𝐴  supported on the 𝛤 -translates of discs 𝐴 ⊂ 𝐹tr
such that 

𝐴 = 𝐵 ∩𝛺tr (6)

with 𝐵 a disc of equal radius as 𝐴 inside 𝐹tr ⧵ 𝑉 (𝜔). The 𝑝-adic disc 𝐵 of equal radius as 𝐴 satisfying (6) is called a C𝑝-extension of 
𝐴. The orbit 𝛤𝐴 is called an invariant disc in 𝛺tr , and 𝛤𝐵 an invariant C𝑝-extension of 𝐴. Define

𝛺𝜔
tr =

{

𝑥 ∈ 𝛺tr ∣
∃ disc 𝐴 ∋ 𝑥 having an invariant
C𝑝 − extension 𝛤𝐵 ⊂ 𝛺 ⧵ 𝑉 (𝜔)

}

𝐹𝜔tr = 𝐹 ∩𝛺𝜔
tr

where 𝜔 is the given regular 𝛤 -invariant differential 1-form on 𝛺.

Theorem 3.13.  The space 𝐿2(𝛺𝜔
tr , 𝜇)

𝛤  of 𝛤 -invariant 𝐿2-functions on 𝛺𝜔
tr has an orthonormal basis consisting of the 𝛤 -invariant 

ultrametric wavelets 𝜓𝛤𝐴  supported in 𝛺𝜔
tr , and these are eigenfunctions of 𝛥

1
2
𝛼  for 𝛼 > 0. The eigenvalue corresponding to 𝜓𝛤𝐴  is

𝜆(𝛼)𝐴 = −𝜇(𝐹𝜔tr )
−1

∑

𝛾∈𝛤
𝑝−𝛼𝓁(𝛾)

(

∫𝐹𝜔tr ⧵𝐴
|𝑥 − 𝛾𝑦|−𝛼 𝜇(𝑦) + 𝜇(𝐴)1−𝛼

)

for 𝐴 ⊂ 𝐹𝜔tr , and 𝐹 ⊂ 𝛺 a good fundamental domain for the action of 𝛤 . Here, 𝑥 ∈ 𝐴, and 𝜆𝐴 does not depend on 𝑥 ∈ 𝐴. The multiplicity 
of 𝜆𝐴 is finite. Both, 𝜆𝐴 and its multiplicity, are invariant under replacing 𝐹  with 𝛾𝐹  for 𝛾 ∈ 𝛤 . The restriction of 𝛥

1
2
𝛼  to 𝐿2(𝛺𝜔

tr )
𝛤  coincides 

with −𝛼 for 𝛼 > 0 satisfying (4).
This theorem corresponds with [28, Thm. 4.10].

Proof.  The proof of [28, Thm. 4.10] now carries over, because it can use the analogous Lemmas stated prior to this theorem in a 
similar way. □

3.5. Invariant diffusion operators for Shimura curves

A 𝑝-adically uniformised Shimura curve can be viewed as a locally ultrametric space with disjoint pieces invariant under a 
Schottky group. This gives rise to new Laplacian operators.

Now, that Theorem  3.1 showed that 𝛺tr is a countable union of Galois orbits, the theory of Schottky-invariant Zúñiga-type 
operators from [28] can be adapted to the situation of a 𝑝-adically uniformised Shimura curve.

Assume that the Shimura curve 𝑆rig
𝑁  is defined over Q𝑝 and has its semi-stable reduction also defined over Q𝑝. The latter is a 

necessary technicality from algebraic geometry, and can be achieved by a sufficiently large finite field extension of Q𝑝, if necessary, 
cf. e.g. [38, Thm. 5.5.3]. Given the transcendent 𝑝-adic points of a Shimura curve as in (1), let 𝜔1,… , 𝜔𝑁 ∈ 𝛺1(𝛺𝑝) with 𝜔𝑖 being 
a 𝛤 ′

𝑖 -invariant non-vanishing regular differential 1-form on 𝛺𝑝. This is possible, since the Shimura curve is defined over Q𝑝. Define 
the following spaces:

𝛺𝑖 = 𝛺 × {𝑖}, 𝛺𝑖,tr ,= 𝛺tr × {𝑖}

𝛺′ =
𝑁
⨆

𝑖=1
𝛺𝑖, 𝛺′

tr =
𝑁
⨆

𝑖=1
𝛺𝑖,tr ,

and fix a 𝛤 -invariant local equity measure |
|

𝜔𝑖||tr on 𝛺′
𝑖 as in Proposition  3.6 for 𝑖 = 1,… , 𝑁 . Then define

𝜇 = |𝜔 | ⊔⋯ ⊔ |𝜔 |
tr | 1|tr | 𝑁 |tr

8 
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as their co-product measure on 𝛺′
tr . Further, define

𝛺𝜔𝑖
𝑖,tr = 𝛺𝜔𝑖

tr × {𝑖}, 𝛺𝜔
tr =

𝑁
⨆

𝑖=1
𝛺𝜔𝑖
𝑖,tr

as well as
𝛤 = 𝛤 ′

1 ×⋯ × 𝛤 ′
𝑁

and

𝐹 ′ =
𝑁
⨆

𝑖=1
𝐹𝑖, 𝐹𝜔 = 𝐹 ′ ∩𝛺𝜔

tr

where 𝐹𝑖 is the transcendent part of a good fundamental domain in 𝛺𝑖. The subspace of a function space
 (𝛺𝜔

tr ) =  (𝛺𝜔1
1,tr )⊕⋯⊕  (𝛺𝜔𝑁

𝑁,tr )

invariant under 𝛤  is denoted as and understood as

 (𝛺𝜔
tr )
𝛤 =

𝑁
⨁

𝑖=1
 (𝛺𝜔𝑖

𝑖,tr )
𝛤 ′
𝑖

where each summand is the subspace of the corresponding summand above invariant under the corresponding Schottky group. An 
exception is the notation (𝛺𝜔𝑖

𝑖,tr )
𝛤 ′
𝑖  and (𝛺𝜔

tr )
𝛤  which stands just for locally constant and invariant functions. These are extensions 

of compactly supported functions on a good fundamental domain.
Now, define an integral operator for 𝛼1,… , 𝛼𝑁 > 0 each satisfying the corresponding condition (4) as follows: 

∶𝐿2(𝛺𝜔
tr , 𝜇tr )

𝛤 → 𝐿2(𝛺𝜔
tr , 𝜇tr )

𝛤 , 𝑢 ↦ 𝑢 −
𝑁
∑

𝑖=1
𝛥

1
2
𝑖,𝛼𝑖

(7)

with 𝛥
1
2
𝑖,𝛼𝑖

 equal to the operator 𝛥
1
2
𝛼𝑖  on 𝐿2(𝛺𝜔𝑖

𝑖,tr , 𝜇𝑖)
𝛤 ′
𝑖 ,

𝑢(𝑥) = ∫𝛺′
tr

𝑍(𝑥, 𝑦)(𝑢(𝑦) − 𝑢(𝑥)) 𝑑𝜇tr (𝑦)

and kernel function

𝑍(𝑥, 𝑦) =
𝑁
∑

𝑖=1
𝑖≠𝑗

∑

𝛾𝑖∈𝛤 ′
𝑖

∑

𝛾𝑗∈𝛤 ′
𝑗

𝑤(𝛾𝑖𝑥, 𝛾𝑗𝑦)𝛺(𝑥 ∈ 𝐹𝑖)𝛺(𝑦 ∈ 𝐹𝑗 )

for 𝑥, 𝑦 ∈ 𝐹 ′, 𝐹𝑖 ⊂ 𝛺𝑖,tr a good fundamental domain for 𝛤 ′
𝑖 , and

𝑤(𝛾𝑖𝑥, 𝛾𝑗𝑦) = 𝑝−𝛼𝑍 (𝓁(𝛾𝑖)+𝓁(𝛾𝑗 ))𝑤𝑖𝑗

with 𝛼𝑍 ≫ 0, 𝛾𝑘 ∈ 𝛤 ′
𝑘, 𝑤𝑖𝑗 ≥ 0 and 𝑤𝑖𝑗 = 𝑤𝑗𝑖 for 𝑖 ≠ 𝑗 and 𝑖, 𝑗 = 1,… , 𝑁 .

Lemma 3.14.  Let 𝜓
𝛤 ′
𝑖0

𝐴  be a 𝛤𝑖0 -invariant ultrametric wavelet supported in the orbit of 𝐴 ⊂ 𝛺
𝜔𝑖0
𝑖0 ,tr

. Assuming that 𝛼𝑍 ≫ 0, this function is 
an eigenfunction of  with eigenvalue

𝜆𝑖0 = −
𝑁
∑

𝑗=1
𝑗≠𝑖0

∑

𝛾𝑖∈𝛤 ′
𝑖0

∑

𝛾𝑗∈𝛤 ′
𝑗

𝑝−𝛼𝑍 (𝓁(𝛾𝑖)+𝓁(𝛾𝑗 ))𝑤𝑖0 ,𝑗 𝜇(𝐹𝑗 )

which only depends on 𝑖0 ∈ {1,… , 𝑁}.

Proof.  Since the number of group elements in a Schottky group having bounded length is bounded by a function of the genus, as 
in [28, Lem. 3.1], there exists 𝛼𝑍 ≫ 0 such that

𝜓𝐴(𝑥) =
𝑁
∑

𝑖,𝑗=1
𝑖≠𝑗

∑

𝛾𝑖∈𝛤 ′
𝑖

∑

𝛾𝑗∈𝛤 ′
𝑗

𝑤(𝛾𝑖𝑥, 𝛾𝑗𝑦)∫𝐹𝑗
(𝜓𝐴(𝑦) − 𝜓𝐴(𝑥))𝜇tr (𝑦)𝛺(𝑥 ∈ 𝐹𝑖)

=
𝑁
∑

𝑗=0
𝑗≠𝑖0

∑

𝛾𝑖∈𝛤 ′
𝑖0

∑

𝛾𝑗∈𝛤 ′
𝑗

𝑝−𝛼𝑍 (𝓁(𝛾𝑖)+𝓁(𝛾𝑗 ))𝑤𝑖0 ,𝑗

(

∫𝐹𝑗
𝜓𝐴(𝑦)𝜇(𝑦) − 𝜇(𝐹𝑗 )𝜓𝐴(𝑥)𝜇tr (𝑦)

)

⋅

⋅𝛺(𝑥 ∈ 𝐹𝑖0 )
Lemma 3.11

= −
∑

𝑗≠𝑖

∑

𝛾 ∈𝛤 ′

∑

𝛾 ∈𝛤 ′
𝑝−𝛼𝑍 (𝓁(𝛾𝑖)+𝓁(𝛾𝑗 ))𝑤𝑖0 ,𝑗𝜇(𝐹𝑗 )𝜓𝐴(𝑥)
0 𝑖 𝑖0 𝑗 𝑗

9 
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where the eigenvalue is as asserted, and does not depend on 𝐴 ⊂ 𝛺𝑖,tr . □

Theorem 3.15.  The space 𝐿2(𝛺𝜔
tr , 𝜇tr )

𝛤  has an orthonormal basis consisting of ultrametric wavelets which are invariant under one of the 
Schottky groups 𝛤 ′

𝑖  with 𝑖 = 1,… , 𝑁 . These are eigenfunctions of  with eigenvalue

𝜆(𝛼𝑖)𝐴 + 𝜆𝑖

where the wavelet is supported in the orbit of 𝐴 ⊂ 𝛺𝜔𝑖
𝑖,tr , and 𝜆𝐴 is the corresponding eigenvalue w.r.t. operator 𝛥𝑖,𝛼𝑖 , and 𝜆𝑖 the one w.r.t. to 

operator . The operator  is self-adjoint, and all its eigenvalues are negative and have finite multiplicity.

Proof.  The orthonormal eigenbasis property and the eigenvalues are an immediate consequence of Theorem  3.13 and Lemma  3.14. 
This implies the self-adjointness of  and the negativity of the eigenvalues. The finite multiplicity of eigenvalues then follows from 
Theorem  3.13. □

4. Heat equations for Shimura Curves

The goal here is to study the heat equation 
𝜕
𝜕𝑡
𝑢(𝑥, 𝑡) − 𝑢(𝑥, 𝑡) = 0 (8)

with  the Laplacian integral operator (7). First, the corresponding Cauchy problem and heat kernel. This is completed by a study 
of associated boundary value problems.

4.1. Feller semigroup, Cauchy problem and heat kernel

Lemma 4.1.  The linear operator  generates a Feller semigroup exp(𝑡) with 𝑡 ≥ 0 on 𝐶(𝛺′
tr ,R)𝛤 .

Proof.  The criteria for applying the Hille–Yosida–Ray Theorem are verified:
1. The domain of  is dense in 𝐶(𝛺′

tr ,R)𝛤 . This follows from Lemma  3.7 and 𝑍(𝑥, ⋅) ∈ (𝛺′
tr )
𝛤  for every 𝑥 ∈ 𝛺′

tr .
2. The operator  satisfies the positive maximum principle. For this let ℎ ∈ (𝛺′

tr ,R)𝛤  and 𝑥0 ∈ 𝛺′
tr such that ℎ(𝑥0) = sup𝑥∈𝛺′

tr
ℎ(𝑥). 

This exists, because ℎ is periodic and 𝐹  is compact. Then

ℎ(𝑥0) = ∫𝛺′
tr

(

𝑍(𝑥0, 𝑦) +
𝑁
∑

𝑖=1
𝐻𝑖(𝑥0, 𝑦)

)

(ℎ(𝑥0) − ℎ(𝑥0))𝜇tr (𝑦) ≤ 0,

where 𝐻𝑖(𝑥, 𝑦) is the kernel function of −𝛥
1
2
𝑖,𝛼𝑖
. This implies the positive maximum principle.

3. The range Ran(𝜂𝐼 −) is dense in 𝐶(𝛺′
tr ,R)𝛤 . The proof is analogous to the one contained in the proof of [28, Lem. 5.1]. For 

the convenience of the reader, the adaptations to the situation here are given now. Let ℎ ∈ 𝐶(𝛺′
tr ,R)𝛤 , and 𝜂 > 0. The task is to 

find a solution of the equation 
(𝜂𝐼 − )𝑢 = ℎ (9)

for some 𝜂 > 0 and ℎ in some dense subspace of 𝐶(𝛺′
tr ,R)𝛤 . The equation can formally be rewritten as 

𝑢(𝑧) −
∫ 𝐿(𝑥, 𝑦)𝑢(𝑦)𝜇tr (𝑦)

𝜂 + deg(𝑧)
=

ℎ(𝑧)
𝜂 + deg(𝑧)

, (10)

where 𝐿(𝑥, 𝑦) is the kernel function of , and

deg(𝑧) = ∫𝛺′
tr

𝐿(𝑧, 𝑦)𝜇tr (𝑦)

which, of course, does not converge. For this reason, take the operator

𝑇𝑘𝑢(𝑧) =
∫𝛺(𝑘)

tr,𝑧
𝐿(𝑧, 𝑦)𝑢(𝑦)𝜇tr (𝑦)

𝜂 + deg𝑘(𝑧)

with

𝛺(𝑘)
tr,𝑧 = 𝛺1,tr ⊔⋯ ⊔ 𝛺(𝑘)

𝑖,𝑧 ⊔⋯ ⊔ 𝛺𝑁,tr ,

where

𝛺(𝑘)
𝑖,𝑧 =

⨆

𝛾∈𝛤 ′
𝑖

𝛾𝐹 (𝑘)
𝑖,𝑧

and

𝐹 (𝑘) = 𝐹 ⧵ 𝐵 (𝑧)
𝑖,𝑧 𝑖 𝑘

10 
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where w.l.o.g. it is assumed that 𝑧 ∈ 𝐹𝑖, and such that
𝐵0(𝑧) ⊃ 𝐵1(𝑧) ⊃ 𝐵2(𝑧) ⊃…

is the maximal chain of discs contained in 𝐹𝑖 and containing 𝑧. Let

deg𝑘(𝑧) = ∫𝛺(𝑘)
tr,𝑧

𝐿(𝑧, 𝑦)𝜇tr (𝑦)

which does converge, and

|

|

𝑇𝑘𝑢(𝑧)|| ≤
deg𝑘(𝑧)

𝜂 + deg𝑘(𝑧)
‖𝑢‖∞ ,

where ‖𝑢‖∞ is finite, because 𝑢 is invariant, and 𝐹  is compact. Hence,
‖

‖

𝑇𝑘‖‖ ≤ 1
𝜂∕ deg𝑘(𝑧) + 1

< 1

for any 𝜂 > 0 and 𝑘 ∈ N. It follows that 𝐼 + 𝑇𝑘 has a bounded inverse as an operator on 𝐶(𝛺′
tr ,R)𝛤 . This means that its range is 

dense for 𝑘 ∈ N.
Now, let ℎ ∈ (𝛺′

tr ,R)𝛤 , and let 𝑢𝑘, 𝑢𝓁 ∈ 𝐶(𝛺′
tr ,R)𝛤  be solutions of

(𝐼 + 𝑇𝑘)𝑢𝑘 =
ℎ

𝜂 + deg𝑘
, (𝐼 + 𝑇𝓁)𝑢𝓁 = ℎ

𝜂 + deg𝓁
for 𝑘,𝓁 ∈ N. Then 

𝑢𝑘 − 𝑢𝓁 =
(𝐼 + 𝑇𝓁)(𝜂 + deg𝓁) − (𝐼 + 𝑇𝑘)(𝜂 + deg𝑘)
(𝐼 + 𝑇𝑘)(𝐼 + 𝑇𝓁)(𝜂 + deg𝑘)(𝜂 + deg𝓁)

ℎ (11)

shows that 𝑢𝑘 is a Cauchy sequence w.r.t. ‖⋅‖∞. The reason is that, firstly,

‖

‖

𝑇𝑘‖‖ = sup
𝑧∈𝐹

deg𝑘(𝑧)
𝜂 + deg𝑘(𝑧)

holds true, and this is a strictly increasing sequence converging to 1. This implies that 𝑇𝑘 converges to a bounded operator 𝑇  on 
𝐶(𝛺′

tr ,R)𝛤 . Secondly, the numerator of the right hand side of (11) is
𝜂(𝑇𝓁 − 𝑇𝑘) + (deg𝓁 −deg𝑘) + (𝑇𝓁 deg𝓁 −𝑇𝑘 deg𝑘)

whose first and third summands become arbitrarily small in norm as 𝓁 ≥ 𝑘 → ∞. The third term is
𝑇𝓁 deg𝓁 −𝑇𝑘 deg𝑘 = (𝑇𝓁 deg𝓁 −𝑇𝑘 deg𝓁) + (𝑇𝑘 deg𝓁 −𝑇𝑘 deg𝑘)

for which both summands also become arbitrarily small in norm as 𝓁 ≥ 𝑘 → ∞. Hence, 𝑢𝑘 converges to some 𝑢 ∈ 𝐶(𝛺′
tr ,R)𝛤  which 

can be seen to be a solution of (9) as follows:
lim
𝑘→∞

(𝜂 + deg𝑘)𝑇𝑘 = (𝜂 + deg)𝑇

with convergence in norm. The limit operator coincides with the unbounded operator

𝑢 ↦ 𝐴𝑢 = ∫𝛺′
tr

𝐿(⋅, 𝑦)𝑢(𝑦)𝜇tr (𝑦)

which shows that the operator

𝑇 = 𝐴
𝜂 + deg

appearing in (10) is bounded. Now, 𝑢𝑘 is a solution of
(𝜂 − 𝐿𝑘)𝑢𝑘 = ℎ

with

𝐿𝑘 = (𝜂 + deg𝑘)𝑇𝑘 − deg𝑘

which converges to  for 𝑘 → ∞. As 𝑢𝑘 → 𝑢, it follows that
(𝜂𝐼 + 𝓁)𝑢 = (𝜂𝐼 − 𝐿𝑘)𝑢 + (𝐿𝑘 − )𝑢,

where

(𝜂𝐼 − 𝐿𝑘)𝑢 = (𝜂𝐼 − 𝐿𝑘)𝑢𝑘 + 𝐿𝑘(𝑢𝑘 − 𝑢) = ℎ + 𝐿𝑘(𝑢𝑘 − 𝑢) → ℎ

and

(𝐿 − )𝑢 → 0
𝑘

11 
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for 𝑘 → ∞. Hence, 𝑢 is a solution of (9). This shows that Ran(𝜂𝐼 − ) contains the invariant real-valued test functions, and is thus 
dense in 𝐶(𝛺′

tr ,R)𝛤 .
The assertion now follows with Hille–Yosida–Ray. □

Theorem 4.2.  There exists a probability measure 𝑝𝑡(𝑥, ⋅) with 𝑡 ≥ 0, 𝑥 ∈ 𝛺𝜔
tr on the Borel 𝜎-algebra of 𝛺𝜔

tr such that the Cauchy problem 
for the heat Eq. (8) with initial condition 𝑢(𝑥, 0) = 𝑢0(𝑥) ∈ 𝐶(𝛺𝜔

tr ,R)𝛤  has a unique solution in 𝐶1((0,∞), 𝛺𝜔
tr )
𝛤  of the form

𝑢(𝑥, 𝑡) = ∫𝛺𝜔tr
𝑢0(𝑦)𝑝𝑡(𝑥, 𝜇tr (𝑦))

Additionally, 𝑝𝑡(𝑥, ⋅) is the transition function of a strong Markov process on 𝛺𝜔
tr∕𝛤 , where the action of 𝛤  is by 𝛤 ′

𝑖  on 𝛺
𝜔𝑖
𝑖,tr for each 

𝑖 = 1,… , 𝑁 , and whose paths are càdlg̀.

Proof.  The proof is the same as for [28, Thm. 5.2]. □

To say that a diffusion process has a heat kernel function means that there exists a distribution function 𝑝(𝑡, 𝑥, 𝑦) for the Markov 
distribution 𝑝𝑡(𝑥, 𝜇tr (𝑦)) from Theorem  4.2 in the sense that

𝑝𝑡(𝑥, 𝜇tr (𝐴)) = ∫𝐴
𝑝(𝑡, 𝑥, 𝑦)𝜇𝑡𝑟(𝑦)

for 𝑡 > 0, 𝑥 ∈ 𝛺𝜔
tr , and 𝐴 ⊂ 𝛺𝜔

tr a measurable set. It may happen that 𝑝𝑡(𝑥, 𝑥) is not defined for all 𝑡 ≥ 0. This is the case in the present 
setting.

Corollary 4.3.  The heat Eq. (8) has a well-defined heat kernel function 𝑝(𝑡, 𝑥, 𝑦) for 𝑡 ≥ 0 and 𝑥 ≠ 𝑦. In the case 𝑥 = 𝑦 it is only defined 
for 𝑡 ≫ 0.

Proof.  Due to Theorems  3.15 and 4.2, it can be said that if it exists, then the heat kernel has the following decomposition: 
𝑝(𝑡, 𝑥, 𝑦) =

∑

𝜓
𝑒𝜆𝜓 𝑡𝜓(𝑥)𝜓(𝑦) (12)

where 𝜓 runs over an orthonormal basis of 𝐿2(𝛺𝜔
tr , 𝜇tr )

𝛤 , and the question is whether this expression always converges. First, assume 
that 𝑥 ≠ 𝑦. Then, since the eigenfunctions are wavelets supported in one of the constituent 𝛺𝜔𝑖

𝑖,tr , it follows that if 𝑥 and 𝑦 do not 
belong to the same 𝛺𝜔𝑖

𝑖,tr , then the sum (12) vanishes. So, assume now that 𝑥, 𝑦 ∈ 𝛺𝜔𝑖
𝑖,tr . By invariance, one may assume that 𝑥, 𝑦

belong to 𝐹𝜔𝑖𝑖,tr . This means that the sum (12) contains only those wavelets whose support intersection with the good fundamental 
domain 𝐹𝑖 contains the ultrametric disc belonging to the join of 𝑥 and 𝑦. These are only finitely many because of the compactness 
of 𝐹𝑖. Hence, the sum converges for all 𝑡 ≥ 0 and 𝑥 ≠ 𝑦.

Now, assume that 𝑥 = 𝑦. Then (12) becomes
𝑝(𝑡, 𝑥, 𝑥) =

∑

𝜓
𝑒𝜆𝜓 𝑡𝜇tr (supp(𝜓))−1

and converges if and only if 𝑡 ≫ 0 because of the finite dimensionality of the eigenspaces of , and because the spectrum of − has 
a smallest positive element. □

4.2. Boundary value problems

In order to say something about boundary value problems involving the heat Eq. (8), it is helpful to use separation of variables:
𝑢(𝑥, 𝑡) = 𝑉 (𝑥)𝑊 (𝑡)

and obtain
𝑊̇ (𝑡)
𝑊 (𝑡)

=
𝑈 (𝑥)
𝑈 (𝑥)

which leads to the system
𝑉 (𝑥) = 𝜆𝑉 (𝑥)

𝑊̇ (𝑡) = 𝜆𝑊 (𝑡)

giving rise to the solution 
𝑢(𝑥, 𝑡) = 𝑒𝜆𝜓 𝑡𝜓(𝑥) (13)

for a 𝛤 ′
𝑖 -invariant ultrametric wavelet supported in some 𝛺𝜔

𝑖,tr for some 𝑖 = 1,… , 𝑁 . Since here the focus is on invariant Dirichlet 
and von Neumann boundary conditions, it suffices to generalise the corresponding 𝑝-adic definitions found in [45, §2.5].

The vertex boundary of 𝑆 is
𝛿𝑆 =

{

𝑥 ∈ 𝐹𝜔 ⧵ 𝑆 ∣ ∃ 𝑦 ∈ 𝑆 ∶𝐿(𝑥, 𝑦) ≠ 0
}

tr
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and the edge boundary of 𝑆 is

𝜕𝑆 =
{

(𝑥, 𝑦) ∈
(

𝐹𝜔tr
)2 ∣ 𝑥 ∈ 𝑆 ∧ 𝑦 ∉ 𝑆

}

for 𝑆 ⊂ 𝐹𝜔tr  compact open. Its invariant versions are

𝛤𝛿𝑆 =
𝑁
⨆

𝑖=1

⨆

𝛾∈𝛤 ′
𝑖

𝛾(𝛿𝑆 ∩ 𝐹𝜔𝑖𝑖,tr )

and

𝛤𝜕𝑆 ∶=
{

(𝑥, 𝑦) ∈
(

𝛺𝜔
tr
)2 ∣ 𝑥 ∈ 𝛤𝑆 ∧ 𝑦 ∉ 𝛤𝑆

}

with an obvious extension of the interpretation of an orbit of 𝑆 under 𝛤 . For an invariant function 𝑓 ∶𝛺𝜔
tr → C to satisfy the invariant 

Dirichlet boundary condition means

∀𝑥 ∈ 𝛤𝛿𝑆 ∶ 𝑓 (𝑥) = 0,

and for it to satisfy the invariant von Neumann boundary condition means

∀𝑥 ∈ 𝛤𝛿𝑆 ∶ ∫{(𝑥,𝑦)∈𝛤𝜕𝑆}
𝐿(𝑥, 𝑦)(𝑓 (𝑦) − 𝑓 (𝑥))𝜇tr (𝑦) = 0,

where 𝐿(𝑥, 𝑦) is the kernel function of the integral operator .

Theorem 4.4.  The boundary value problem
𝜕
𝜕𝑡
𝑢(𝑥, 𝑡) − 𝑢(𝑥, 𝑡) = 0

𝑢(𝑥, 0) = 𝑢0(𝑥) ∈ (𝛺𝜔
tr )
𝛤

with 𝑢(𝑥, 𝑡) satisfying either the invariant Dirichlet or the invariant von Neumann boundary condition for 𝑆 ⊂ 𝐹𝜔tr  compact open and for all 
𝑡 ≥ 0 has a solution if and only if 𝑢0(𝑥) is supported in 𝛤𝑆.

Proof.  Invariant Dirichlet boundary condition. If 𝑢0 is supported in 𝛤𝑆, then from Corollary  4.3 it follows that the solution 𝑢(𝑥, 𝑡)
of the Cauchy problem remains supported in 𝛤𝑆 for all 𝑡 ≥ 0. Hence, the invariant Dirichlet boundary is satisfied. Conversely, from 
(13), it follows that imposing the invariant Dirichlet boundary condition restricts the eigenfunctions 𝜓 to be supported in 𝛤𝑆 at all 
times 𝑡 ≥ 0. Hence, the initial condition must be supported in 𝛤𝑆.

Invariant von Neumann boundary condition. This condition means

0 = ∫𝛤𝑆
𝐿(𝑥, 𝑦)(𝑓 (𝑦) − 𝑓 (𝑥))𝜇tr (𝑦)

= ∫𝛤𝑆
𝐿(𝑥, 𝑦)𝑓 (𝑦)𝜇tr (𝑦) − ∫𝛤𝑆

𝐿(𝑥, 𝑦)𝜇tr (𝑦) 𝑓 (𝑥)

for 𝑥 ∉ 𝑆. These two integrals converge, because 𝑦 never gets too close to 𝑥, and the defining properties of 𝐿(𝑥, 𝑦). If the first 
integral vanishes, then due to the vanishing of the second integral, it follows that 𝑓 is supported in 𝛤𝑆. In this case, (13) says that 
the solution 𝑢(𝑥, 𝑡) is confined to 𝛤𝑆 at all times 𝑡 ≥ 0. If, on the other hand, the second interval does not vanish for 𝑥 ∉ 𝑆, then 
the expansion of 𝑓 w.r.t. the ultrametric wavelet basis also contains wavelets supported outside of 𝑆. But for such a wavelet 𝜓 , the 
first integral vanishes, because of Lemma  3.11, since 𝐿(𝑥, 𝑦) for 𝑦 ∈ 𝑆 only depends on the distance to the support of 𝜓 intersected 
with 𝐹𝜔tr . It follows that the possibility of a solution having support outside 𝛤𝑆 is ruled out. This proves the assertion also in this 
case. □
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