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Abstract
We show that Hadamard spaces with geometric group actions admit affine maps that are not
dilations, if and only if they are Riemannian symmetric spaces of higher rank, Euclidean
buildings of higher rank, or split as non-trivial metric products.

1 Introduction

1.1 Main result

A map f : X → Y between metric spaces is affine if it maps geodesics to linearly
reparametrized geodesics, with a reparametrization factor that may depend on the geodesic.
An affine map is called a dilation if the reparametrization factors are independent of the
geodesics. We call a metric space X affinely rigid if all affine maps f : X → Y , into any
metric space Y , are dilations.

We call a locally compact and geodesically complete CAT(0) space a Hadamard space.
A geometric group action is a cocompact, properly discontinuous action by isometries. In
this paper, we prove:

Theorem A A Hadamard space admitting a geometric group action is not affinely rigid if
and only if it is a Riemannian symmetric space of higher rank, a Euclidean building of higher
rank or splits as a non-trivial metric product.

This result is situated within the context of Ballmann’s Higher Rank Rigidity Conjec-
ture, which asserts that a Hadamard space of rank at least two and admitting a geometric
group action, is isometric to a Riemannian symmetric space, a Euclidean building, or a non-
trivial metric product. Here a CAT(0) space is said to have rank at least n if every geodesic
is contained within an n-dimensional flat. As a consequence of Theorem A, Ballmann’s con-
jecture can equivalently be stated as follows: any Hadamard space of rank at least two with
a geometric group action admits an affine map which is not a dilation.

We refer to Section 6 at the end of the paper for a brief discussion, exploring the necessity
of the various assumptions in Theorem A.

Affine maps on Hadamard spaces X with a geometric group action were investigated by
Bennett, Mooney, and Spatzier in [5]. Recall that by the generalized de Rham decomposition
theorem for metric spaces [9] (see also Caprace and Monod [7]), X uniquely decomposes
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as X1 × · · · × Xn × E
d , where each Xi is irreducible and not isometric to the real line or a

point. In this context, Bennett, Mooney, and Spatzier proved that any affine map f : X → Y ,
where Y is a CAT(0) space, decomposes as a product of dilations on the Xi factors and a
standard affine map on the Euclidean factor E

d . This result is analogous to Vilms’ classical
theorem [24] for affine maps between complete Riemannian manifolds.

Building on prior work of Ohta in [19], Lytchak in [18] completely characterized affine
maps f : M → Y from complete Riemannian manifolds into arbitrary metric spaces Y . As
a corollary of this characterization, every complete, simply connected Riemannian manifold
admits an affine map which is not a dilation if and only if it is isometric to a Riemannian
symmetric space of higher rank or a non-trivial Riemannian product. This result strongly
resembles TheoremA, just as Vilms’ result is a Riemannian analogue to the result of Bennett,
Mooney, and Spatzier mentioned above.

The study of affine maps is motivated by their natural appearance in the investigation of
various rigidity phenomena: they arise in super-rigidity, as described in the introduction in
[19]; in the analysis of product decompositions of metric spaces [9]; and in the investigation
of isometric actions on non-positively curved spaces as seen in [1]. Furthermore, affine maps
have recently played a crucial role in the author’swork on the isometric rigidity of L2-function
spaces with manifold targets (cf. [14]).

Another example of this rigidity theme are the geometric constraints imposed by the exis-
tence of non-constant real-valued affine maps: Innami in [11] demonstrated that a complete
Riemannian manifold M admitting a non-constant affine map f : M → R is isometric to
N × R. This result was extended to geodesically complete CAT(0) spaces by Alexander
and Bishop in [2]. Even without geodesic completeness, Lytchak and Schröder showed in
[16] that a CAT(0) space admitting a non-constant affine map into R is still isometrically
embedded into a product of another CAT(0) space and a Hilbert space. Similar results for
Alexandrov spaces with lower curvature bounds were obtained by Lange and Stadler in [17].
Finally, in an even more general context, Lytchak and Schwer (cf. [10]) established that the
existence of sufficiently many affine maps from a geodesic metric space into R implies that
the space is isometric to a convex subset of a normed vector space with strictly convex norm.

1.2 General Strategy

Let X be a Hadamard space, a subset V ⊂ ∂X is symmetric if for all ξ, ξ ′ ∈ ∂X , with
dT (ξ, ξ ′) ≥ π , we have that ξ ∈ V if and only if ξ ′ ∈ V , where dT denotes the Tits metric.

The proof of Theorem A relies on Stadler’s recent characterization [22] of Riemannian
symmetric spaces of higher rank, Euclidean buildings of higher rank, and non-trivial metric
products via closed symmetric subsets at infinity.

Theorem 1.1 (Stadler, [22, Th 1.1]) Let X be aHadamard space admitting a geometric group
action. Suppose that ∂X contains a non-trivial closed symmetric subset. Then X is isometric
to a Riemannian symmetric space of higher rank, a Euclidean building of higher rank, or
splits as a non-trivial product.

The idea for the proof of the forward direction of Theorem A is then to show that an
affine map that is not a dilation induces a non-trivial closed symmetric subset of ∂X . Indeed,
we first prove that an affine map f : X → Y induces a well-defined continuous function
ϕ : ∂X → R≥0, reflecting the reparametrization factors under f of geodesic rays in X , and
that this ϕ is constant on minimal closed symmetric subsets generated by any ξ ∈ ∂X . On
the other hand, we also observe that ϕ is constant on the entire boundary if and only if f is
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a dilation. Consequently, if f is not a dilation, ϕ is not constant, implying the existence of a
non-trivial, closed symmetric subset. Theorem 1.1 is then invoked to complete the argument.

Part of the technical difficulty behind this lies in showing that affine maps fromHadamard
spaces into arbitrary metric spaces are Lipschitz continuous, a fact which underlies the above
reasoning.

This is addressed right at the start of our argument, in Section 3:we begin in Lemma 3.1, by
showing that continuity at a single point already implies global Lipschitz continuity of affine
maps on Hadamard spaces. Utilizing the local Lipschitz manifold structure of Hadamard
spaces around regular points (Lytchak and Nagano [15]), and building on ideas of Ohta
[19] and Lytchak [18] for the continuity of affine maps from Riemannian manifolds into
metric spaces, we establish continuity at these regular points. By the above, this yields global
Lipschitz continuity.

For the converse direction of the proof of Theorem A, we draw upon ideas of Bennett and
Schwer in [6] and show, in Section 4, that Euclidean buildings of rank at least two are not
affinely rigid, paralleling the Riemannian case mentioned above [18]. Combined with the
fact that non-trivial metric products are also not affinely rigid (Lemma 2.1), we obtain the
desired result.

2 Preliminaries

We refer to [4, 21, 22] for more details and proofs.

2.1 Metric spaces

We begin by establishing notations and recalling a set of fundamental concepts and results.
Euclidean n-space will be denoted by E

n . Let (X , d) be a metric space. Let x ∈ X and
A ⊂ X , then we define the distance between x and A as d(x, A) := infa∈A d(x, a). For
r > 0, we define the open r -neighbourhood around A as B(A, r) := {x ∈ X |d(x, A) <

r}, and likewise define the closed r -neighbourhood around A, denoted B(A, r). We write
B(x, r) := B({x}, r), and B(x, r) := B({x}, r).

A geodesic in X is an isometric embedding of an interval into X . It is called a geodesic
segment if it is compact. A geodesic γ : [0,∞) → X is called a geodesic ray, and a geodesic
γ : R → X is a geodesic line.

A geodesic triangle � is the union of three geodesic segments connecting three points
x, y, z ∈ X . AEuclidean comparison triangle or simply comparison triangle� = �(x, y, z)
of� is a triangle inE

2 with vertices x, y, z ∈ E
2 such that d(x, y) = |x−y|, d(x, z) = |x−z|

and d(y, z) = |y − z|, and is unique up to an isometry of E
2.

The metric space X is a geodesic metric space if every pair of points in X is joined by
a geodesic. Finally X is geodesically complete if every geodesic segment is contained in a
complete local geodesic.

Affine maps A map f : X → Y between metric spaces X and Y is called affine if it
maps geodesics to linearly reparametrized geodesics. In other words, for any geodesic γ

in X , there exists a constant ρ(γ ) ≥ 0, called the reparametrization factor, such that
dY ( f (γ (t)), f (γ (t ′))) = ρ(γ )|t − t ′| for all t, t ′ ∈ I . We stress that ρ(γ ) may depend
on γ ; if ρ(γ ) is independent of γ , then f is a dilation. We call a geodesic metric space X
affinely rigid if every affine map f : X → Y , into any metric space Y , is a dilation.

123



   79 Page 4 of 13 Geometriae Dedicata           (2025) 219:79 

By [4, I.5.3], the components of a geodesic in a metric product are linearly reparametrized
geodesics, showing that projection maps X × Y → X are affine. Specifically, projections
from non-trivial metric products onto one of their factors serve as examples of affine maps
that are not dilations, and thus we have:

Lemma 2.1 Non-trivial metric products are not affinely rigid.

CAT(0) spaces A complete geodesic metric space is a CAT(0) space if, for any geodesic
triangle, the distance between any two points on its sides is less than or equal to the distance
between the corresponding points on the sides of its comparison triangle in E

2. See [4, II.1]
for more details. Following Stadler in [22], a locally compact, geodesically complete CAT(0)
space is a Hadamard space.

Let (X , d) be a CAT(0) space. Two geodesic rays γ, γ ′ : [0,∞) → X are asymptotic
if supt≥0 d(γ (t), γ ′(t)) < ∞. Being asymptotic is an equivalence relation and the set of
equivalence classes of geodesic rays is the boundary at infinity ∂X of X . The equivalence
class of a geodesic ray γ is denoted γ (∞). For any x ∈ X and ξ ∈ ∂X , there exists a unique
geodesic ray γx,ξ : [0,∞) → X which issues from x and with γx,ξ (∞) = ξ (cf. for example
[4, II. 8.2]).

The boundary at infinity ∂X equipped with the cone topology is the visual boundary (cf.
[4, II.8]). Pick a base point x ∈ X . An explicit neighbourhood basis of the cone topology
around any point ξ ∈ ∂X can be given by neighbourhoods of the following form: Given
r > 0 and δ > 0, we define

U (ξ, r , δ) := {ξ ′ ∈ ∂X |d(γx,ξ (r), γx,ξ ′(r)) < δ}.
The Tits boundary of X is the boundary at infinity equipped with the Tits metric dT , the
intrinsic metric associated to the angular metric, see again [4, II.8].

Following the notations and definitions in [21], two points ξ, ξ ′ ∈ ∂X are antipodal, if
dT (ξ, ξ ′) ≥ π , and visually antipodal, if there exists a geodesic line c : R → X connecting
these two points at infinity, i.e. c(−∞) = ξ and c(∞) = ξ ′. The set of (visually) antipodal
points of a subset V ⊂ ∂X is denoted by Ant(V ), Antvis(V ) respectively, and we define
Ant j+1(V ) = Ant(Ant j (V )) and Ant j+1

vis (V ) = Antvis(Ant
j
vis(V )) inductively. A subset

V ⊂ ∂X is (visually) symmetric if

Ant(vis)(V ) ⊂ V .

Finally we denote the minimal visual symmetric subset of V ⊂ ∂X by Avis(V ) :=
⋃

j∈N Ant jvis(V ) and record the following facts:

Lemma 2.2 (Stadler, [21, Corollaries 3.5 and 3.6]) Let X be a Hadamard space and let
A ⊂ ∂X. Then the following hold:

1. If A is visually symmetric, then the closure A is symmetric.
2. A is closed and symmetric if and only if it is closed and visually symmetric.

2.2 Euclidean buildings

We briefly recall Euclidean buildings, using the metric approach of Kleiner and Leeb [12],
which is equivalent to Tits’ original definition [23] (see [20]). We closely follow Kramer
[13], to which we refer for further details and proofs. Note that the below definition is a
generalization of the classic notion, since we do not assume the group W to be discrete. As
a consequence, this definition encompasses non-locally compact Euclidean buildings.
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Let W = R
m

� W0 be the semidirect product of the additive group R
m , and a spherical

Coxeter groupW0 acting in its natural orthogonal representation on Euclidean space E
m . We

callW an affineWeyl group. From the reflectionhyperplanes ofW0 weobtain a decomposition
of E

m into walls, half-spaces and Weyl chambers. The W -translates of these in E
m are still

called walls, half-spaces, and Weyl chambers.
Let (X , d) be a metric space. A chart is an isometric embedding ϕ : E

m −→ X . The
images of charts are called apartments. The metric space X is a Euclidean building if there
exists a collection A of charts such that the following five properties hold:

(A1) For all ϕ ∈ A and w ∈ W , the composition ϕ ◦ w is in A.
(A2) The charts are W -compatible (i.e., for any two charts ϕ,ψ ∈ A, ϕ−1(ψ(Em)) is

convex, and there is an element w ∈ W such that ψ ◦ w and ϕ agree on this convex
set).

(A3) Any two points p, q ∈ X are contained in some apartment.

Wemap walls, half spaces andWeyl chambers fromE
m into X using our collection of charts,

the first three axioms ensure that these notions will be well-defined and independent of the
choice of the chart.

(A4) If C, D ⊂ X are Weyl chambers, there is an apartment A such that the intersections
A ∩ C and A ∩ D contain Weyl chambers.

(A5) For every apartment A ⊆ X and every p ∈ A, there is a 1-Lipschitz retraction h : X −→
A with h−1(p) = {p}.

By [4, II 10A.4], Euclidean buildings are CAT(0) spaces.

3 Continuity of affinemaps

In this section, we prove that an affine map on a Hadamard space is always Lipschitz con-
tinuous.

We begin by reducing global Lipschitz continuity to continuity at a single point in the
Hadamard space:

Lemma 3.1 Let f : X → Y be an affine map from a geodesically complete CAT(0) space X
to any metric space Y . If f is continuous at a single point in X, then f is globally Lipschitz
continuous.

Proof Let f be continuous at x ∈ X , then supξ∈∂X ρ(γx,ξ ) < ∞, where ρ(γx,ξ ) denotes
the reparametrization factor under the affine map f of the unique geodesic ray from x to ξ .
Indeed, otherwise there would exist a sequence (γn)n∈N of geodesic rays issuing from x with
ρ(γn) ≥ n. In that case γn(

1
n ) → x , but also dY ( f (x), f (γn(

1
n ))) ≥ 1, a contradiction.

Denote λ := supξ∈∂X ρ(γx,ξ ). Since by geodesic completeness, the unique geodesic from
x to any y ∈ X can be extended to a geodesic line, we obtain a local Lipschitz bound:
dY ( f (x), f (y)) ≤ λ · dX (x, y).

Now assume for contradiction that f is not globally λ-Lipschitz continuous. Then there
exist y ∈ X and a geodesic line γ : R → X such that γ (0) = y and ρ := ρ(γ ) > λ. But
then for any t ≥ 0, by applying the triangle inequality twice, we obtain:

dY ( f (y), f (γ (t))) ≤ dY ( f (y), f (x)) + dY ( f (x), f (γ (t)))

≤ λ(dX (y, x) + dX (x, γ (t)))
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Fig. 1 A λ(δ)-bi-Lipschitz curve with endpoints contained in η(δ)-balls centred at v and w respectively

≤ λ(2dX (y, x) + dX (y, γ (t)))

= λ(2dX (y, x) + t).

Therefore, (ρ − λ) · t ≤ 2λdX (y, x) < ∞. The left hand side tends to infinity, while the
right hand side remains bounded, as t → ∞. This is a contradiction and proves that f is
Lipschitz continuous.

�

Let v,w ∈ E

n , we denote by lv,w : [0, |v − w|] → E
n the line segment from v to w

parametrized by arclength. The following auxiliary result establishes a uniform control on
the deviation of λ-bi-Lipschitz curves from straight line segments connecting designated
endpoints, given uniform bounds on the constants λ and the distances of the endpoints of the
curves to the designated endpoints of the line segments.

Lemma 3.2 Suppose that for any δ > 0, there exist λ(δ) ≥ 1 and η(δ) > 0 with λ(δ) → 1
and η(δ) → 0 as δ → 0. Then for any D > 0, there exists β(δ) > 0, with β(δ) → 0 as
δ → 0, and such that for any v,w ∈ E

n, |v − w| ≤ D, and any λ(δ)-bi-Lipschitz curve
γ : [0, |v−w|] → E

n with |γ (0)−v|, |γ (|v−w|)−w| < η(δ), we have ‖γ −lv,w‖∞ ≤ β(δ).

Proof Let v,w ∈ E
n . Define C(v,w, δ) as the set of λ(δ)-bi-Lipschitz curves γ :

[0, |v − w|] → E
n satisfying |γ (0) − v|, |γ (|v − w|) − w| < η(δ). Let β(v,w, δ) =

supγ∈C(v,w,δ) ‖γ − lv,w‖∞.
First note that for symmetry reasons, if |v−w| = |v′−w′|, then β(v,w, δ) = β(v′, w′, δ).

Thus, β(v,w, δ) depends only on d := |v − w|, and we write β(d, δ).
Let d ′ ≥ d , and let e be a standard unit vector. For γ ∈ C(0, d · e, δ), extend γ to

γ̃ : [0, d ′] → E
n by setting γ̃ (t) = γ (t) for t ≤ d , and γ̃ (t) = t · e for t ≥ d . Then

γ̃ ∈ C(0, d ′ · e, δ) and ‖γ̃ − l0,d ′·e‖∞ = ‖γ − l0,d·e‖∞. Therefore, β(d, δ) ≤ β(d ′, δ). Thus,
we set β(δ) := β(D, δ).

Finally, suppose β(δ) � 0 as δ → 0. Then there exists ε > 0 and δk → 0 such that
β(δk) > ε. Thus, there exist λ(δk)-bi-Lipschitz curves γk ∈ C(0, D · e, δk) with ‖γk −
l0,D·e‖∞ ≥ ε. By Arzelà–Ascoli, a subsequence of (γk)k∈N converges to some γ , and since
λ(δk) → 1 and η(δk) → 0, we deduce that γ = l0,D·e. This contradicts ‖γ − l0,D·e‖∞ =
limk→∞ ‖γk − l0,D·e‖∞ ≥ ε, proving limδ→0 β(δ) = 0.

�

Proposition 3.3 Let X be Hadamard space. Any affine map f : X → Y is Lipschitz contin-
uous.

The proof adapts to CAT(0) spaces ideas used byOhta and Lytchak to prove the continuity
of affine maps from Riemannian manifolds to metric spaces, see [19] and [18].
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Fig. 2 Inductive construction of gk from gk−1

Proof of Proposition 3.3 By Lemma 3.1, it suffices to show that f is continuous at a single
point. By Lytchak and Nagano (cf. Theorem 1.2, Section 14.2 and 14.3 in [15]), there exists
a regular point x ∈ X such that the tangent cone Tx X is isometric to E

n for some n ∈ N.
Moreover, for every δ > 0, there exists r(δ) > 0 and a (1 + δ)-bi-Lipschitz embedding
Fδ : Br(δ)(0) → X with open image and Fδ(0) = x . We show that f is continuous at this
regular point x .

Letv1, ..., vn+1 ∈ E
n be theunit vertices of a standardn-simplex� = Conv(v1, . . . , vn+1) ⊂

E
n centred at the origin. For 0 ≤ k ≤ n the k-skeleton �k is the union of all k-dimensional

faces, FA, where A ⊂ {1, . . . , n + 1}, |A| = k + 1 and FA := Conv({vi | i ∈ A}). In
other words, �k = ⋃

|A|=k+1 FA. Observe that �0 = {v1, . . . , vn+1}, �1 is the union of one
dimensional edges, �n−1 = ∂�, and �n = �.

Take any δ ∈ (0, 1). Since the image of Fδ is open, there exists ρ := ρ(δ) > 0 such that
Fδ(ρvi ), i = 1, ..., n+1 are all contained in a ball B(x, ρ′) ⊂ imFδ of radius ρ′ := ρ′(δ) <

2ρ centred at x .
Let g0,δ : �0 → X be defined by g0,δ(vi ) = Fδ(ρvi ) ∈ B(x, ρ′) for i = 1, ..., n + 1.

Inductively define successive extensions gk,δ : �k → X as follows: Given gk−1,δ , for
A ⊂ {1, ..., n + 1}, |A| = k + 1, and w ∈ FA\{v}, let γ be the geodesic from gk−1,δ(v) to
gk−1,δ(w), where v := vm(A) and m(A) = min(A). Then, for t ∈ [0, 1], we define

gk,δ((1 − t)v + tw) = γ (td(gk−1,δ(v), gk−1,δ(w))).

This completely characterizes gk,δ in a well-defined way. Indeed, on �k−1, it is simply
gk−1,δ . On �k \ �k−1 on the other hand, take any point u ∈ �k \ �k−1. This point lies
in exactly one k-face FA, where A ⊂ {1, ..., n + 1}, and there exists a unique w ∈ FA\{v},
v := vm(A), such that the line connecting v to u intersects the face FA\{v} at w. Furthermore,
there is a unique t ∈ (0, 1) such that u = (1−t)v+tw. Thus gk,δ : �k → X is a well-defined
extension of gk−1,δ : �k−1 → X Fig 1, Fig 2, Fig 3 and Fig 4.

Note that by the convexity of balls in CAT(0) spaces, im(gk,δ) ⊂ B(x, ρ′). Next define
hk,δ : �k → E

n by hk,δ(v) := 1
ρ
F−1

δ (gk,δ(v)); and let jk : �k → E
n \ {0} be the

standard inclusions. We show inductively that for any ε > 0, there exits δ > 0 such that
‖hk,δ − jk‖∞ < ε.

For the base case k = 0, note that h0,k = j0, and so the claim holds.
Now assume the claim holds for k − 1 ≥ 0. Then there exists η(δ) ≥ 0 with η(δ) → 0

as δ → 0, and such that ‖hk−1,δ − jk−1‖∞ < η(δ). Take a k-dimensional face FA, A ⊂
{1, ..., n + 1} and |A| = k + 1, set v := vm(A), and choose some w ∈ FA\{v}. We know that
there exists μ(k) > 0 such that μ(k) ≤ |v − w| ≤ 2.
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Now we show that the line segment lv,w : [0, |v − w|] → E
n is mapped to a λ(δ)-bi-

Lipschitz curve γ̃ connecting hk−1,δ(v) = v to hk−1,δ(w), where λ(δ) → 0 as δ → 1 and
λ(δ) does not depend on the choice of v and w, but only on δ and the dimension k.

Indeed, we have hk,δ(lvw(t)) = 1
ρ
F−1

δ (γ (t · d(gk−1,δ(v),gk−1,δ(w))

|v−w| )) := γ̃ (t),where γ is the
geodesic connecting gk−1,δ(v) to gk−1,δ(w). By the bi-Lipschitz property of Fδ , we know that
1
ρ
(1+δ)−1 d(gk−1,δ(v),gk−1,δ(w))

|v−w| |t− t ′| ≤ |γ̃ (t)− γ̃ (t ′)| ≤ 1
ρ
(1+δ)

d(gk−1,δ (v),gk−1,δ(w))

|v−w| |t− t ′|.
At the same time, by the triangle inequality, again the bi-Lipschitz property of Fδ , and the
assumption that ‖hk−1,δ − jk−1‖∞ < η(δ), we deduce that

d(gk−1,δ(v), gk−1,δ(w))

|v − w| ≤ ρ(1 + δ)
|hk−1,δ(v) − hk−1,δ(w)|

|v − w|
≤ ρ(1 + δ)

(

1 + η(δ)

|v − w|
)

≤ ρ(1 + δ)

(

1 + η(δ)

μ(k)

)

,

and likewise, ρ(1 + δ)−1
(
1 − η(δ)

μ(k)

)
≤ d(gk−1,δ (v),gk−1,δ(w))

|v−w| . Thus for sufficiently small

δ, we have shown that γ̃ is indeed a λ(δ)-bi-Lipschitz curve, where λ(δ) = (1 +
δ)2

(
1 − η(δ)

μ(k)

)−1 → 1 as δ → 0.

Therefore by Lemma 3.2, and since |v − w| ≤ 2, there exists β(δ) > 0, independent of
the choice of A, v and w, such that β(δ) → 0 and,

‖hk,δ(lvw) − lvw‖∞ ≤ β(δ).

Since any point of �k is contained in such a line segment lvw , this shows that indeed
‖hk,δ − jk‖∞ ≤ β(δ).

Now choose ε > 0 small enough, so that B(∂�, ε) avoids a neighbourhood of the origin.
By the above, there exists δ > 0 with ‖hn−1,δ − jn−1‖∞ < ε, and so � := im(hn−1,δ) ⊂
E
n \ {0}. Define h : ∂� = �n−1 → � by h(v) := hn−1,δ(v), i.e. h is simply hn−1,δ with

target restricted to the image. Since ‖ι1 ◦ h − j‖∞ < ε, ι1 ◦ h is homotopic to j := jn−1,
where ι1 : � → E

n \ {0} is the standard inclusion.
We now show that �, while avoiding the origin, must intersect every ray emanating from

the origin.
To see this, assume, for contradiction, that there exists a ray ν : [0,∞) → E

n , emanating
from the origin that does not intersect �. Then � ⊂ E

n \ im(ν), and since E
n \ im(ν) is

contractible, Hn−1(E
n \ im(ν)) = 0. Consequently, (ι2)∗ : Hn−1(�) → Hn−1(E

n \ im(ν)),
induced by the standard inclusion ι2 : � ↪→ E

n \im(ν), is the zeromap. Let ι3 : E
n \im(ν) ↪→

E
n \ {0} be the standard inclusion. Then (ι1)∗ = (ι2)∗ ◦ (ι3)∗ is also the zero map.
However, (ι1 ◦ h) is homotopic to j : ∂� ↪→ E

n \ {0}, which is a homotopy equivalence.
Thus (ι1)∗ ◦ (h)∗ = ( j)∗ is an isomorphism from Hn−1(∂�) ∼= Z to Hn−1(E

n \ {0}) ∼= Z.
But also, since (ι1)∗ is the zero map, ( j)∗ must also be the zero map, a contradiction. Thus,
as claimed, � intersects every ray.

Define Ak := im(gk,δ) = Fδ(ρ · im(hk,δ)), k ≤ n − 1. The above implies that
A := An−1 = Fδ(ρ · �) does not contain x , but intersects any geodesic ray γ : [0,∞) → X
which issues from x . We can use this fact to bound the map f around x : let a :=
max{dY ( f (x), f (Fδ(ρvi ))|i = 1, ..., n+1} and b := d(x, A). By induction, and by the trian-
gle inequality, we know that dY ( f (x), f (x ′)) ≤ 2ka for all x ′ ∈ Ak . Since A is compact, we
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also have that b > 0. Therefore, for all x ′ ∈ A, we know that dY ( f (x), f (x ′)) ≤ λd(x, x ′),
where λ := 2n−1a

b .
Since f is affine and A intersects any ray which issues from x , this implies that

dY ( f (x), f (x ′)) ≤ λd(x, x ′) for all x ′ ∈ X , and therefore f is continuous at x . This
completes the proof.

�


4 Affinemaps on Euclidean buildings

Lemma 4.1 Euclidean buildings of higher rank are not affinely rigid.

Our proof depends upon insights by Bennett–Schwer [6], on modifying the model geom-
etry of the apartments of a Euclidean building.

Proof of Lemma 4.1 Let (X , d) be a Euclidean building of rank at least two and let
W = R

n
� W0 be the affine Weyl group associated with X , where W0 is a spherical Coxeter

group. By Definition 4.1, there exists a collection A of charts ϕ : (Rn, ‖ · ‖2) → (X , d)

satisfying assumptions (A1)-(A5).
Now the idea is to equip R

n with a non-Euclidean norm ‖ ·‖B which is invariant under the
action of W0. Indeed in that case, we observe that by the definition of Euclidean buildings,
if we take any two points x, y ∈ X and some apartment ϕ(Rn), ϕ ∈ A containing x and y,
the expression ‖ϕ−1

A (x) − ϕ−1
A (y)‖B is independent of the particular choice of ϕ. Thus we

obtain the well-defined distance function

dB(x, y) := ‖ϕ−1
A (x) − ϕ−1

A (y)‖B ,

for any ϕ ∈ A with x, y ∈ ϕ(Rn). By Bennett and Schwer [6, Theorem 3.5], this distance
function satisfies the triangle inequality and is thus a metric.

Since any geodesic γ : I → (X , d) lies in an apartment ϕ(Rn), ϕ ∈ A, we can translate
this back to a geodesic ϕ−1

A (γ ) : I → (Rn, ‖ · ‖2). This map is still a geodesic in R
n after

changing to the norm ‖ · ‖B . Hence, by the definition of the metric d ′, γ : I → (X , d ′) is
also a geodesic.

Therefore the identity id : (X , d) → (X , d ′) is an affinemap. Finally, since the norm ‖·‖B
is non-Euclidean, this affine map is not a dilation.

Thus it only remains to construct such a non-Euclidean norm invariant under the action
of W0. To that end, simply choose a special W0-chamber or alcove C (see [3, Remarks
10.33 (d)]) adjacent to the origin and observe that the orbit B = ⋃

w∈W0
wC is a symmetric

convex body invariant under W0. Since n ≥ 2, B is not a Euclidean ball. Thus, B induces a
non-Euclidean norm ‖ · ‖B on R

n , which is invariant under W0.
�


5 Proof of themain result

Proof of Theorem A
By Lemma 2.1 for direct products, [18, Theorem 1.1] for Riemannian symmetric spaces

and Lemma 4.1 for Euclidean buildings, if X splits as a non-trivial direct product, is a
Riemannian symmetric space of rank at least two or a Euclidean building of rank at least
two, X is not affinely trivial. This establishes the first direction of Theorem A.
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Fig. 3 Tessellation of E
n induced

by W with B coloured and the
special alcove C highlighted in
blue

For the other direction, assume that X is not affinely rigid, i.e. there exists an affine map
f : X → Y which is not a dilation.
First, note that by Proposition 3.3, the affine map f is Lipschitz continuous with Lipschitz

constant ‖ f ‖ > 0. We begin by showing that if γ1, γ2 : [0,∞) → X are asymptotic rays,
meaning sups≥0 dX (γ1(s), γ2(s)) < ∞, then f ◦ γ1 and f ◦ γ2 are reparametrized under f
by the same factor. Indeed, since f is affine, f ◦ γi are linearly reparametrized geodesics
with factors ρi , i = 1, 2 respectively. Suppose now ρ1 �= ρ2. We can assume that ρ1 < ρ2.
Now for any t ≥ 0, using both the triangle inequality and the Lipschitz property of f , we
have

(ρ2 − ρ1) · t ≤ dY ( f (γ1(0)), f (γ2(0))) + dY ( f (γ1(t)), f (γ2(t)))

≤ 2‖ f ‖ sup
s≥0

dX (γ1(s), γ2(s)) < ∞.

Letting t → ∞ yields a contradiction, so ρ1 = ρ2.
For x ∈ X and ξ ∈ ∂X , let γx,ξ : [0,∞) → X be the unique ray from x to ξ . Define

ϕx (ξ) = dY ( f (γx,ξ (1)), f (x)). By the previous observation, ϕx is independent of the choice
of x , and so we set ϕ := ϕx .

The map ϕ : ∂X → R≥0 is continuous with respect to the cone topology. Indeed, fixing
some base point x ∈ X , for every ξ ∈ ∂X and ε > 0, we know that U (ξ, 1, ε

‖ f ‖ ) ⊂
ϕ−1(Bε(ϕ(ξ))), where Bε(ϕ(ξ)) is the open ball of radius ε centred at ϕ(ξ). Thus ϕ is
continuous.

Let ξ ∈ ∂X . By the above, we know that ϕ is constant on the set Antvis(ξ) of points
visually antipodal to ξ . By induction, ϕ is also constant on Ant jvis(ξ) for all j ∈ N, and
therefore on the minimal visual symmetric subset Avis(ξ). Furthermore, by continuity, ϕ is
constant on Bξ := Avis(ξ). By Lemma 2.2 (cf. [21, Corollaries 3.5 and 3.6]), the closure Bξ

is symmetric.
Now suppose, Bξ = ∂X . Then ϕ is constant on the entire boundary, which contradicts

the fact that the affine map f is not a dilation. Indeed take two geodesics η1 : I1 → X
and η2 : I2 → X with intervals I1, I2. By geodesic completeness, they can be extended to
geodesic lines respectively. If ϕ was constant, these lines, and therefore also η1 and η2, would
both be reparametrized under f by the same factor and hence f would be a dilation.

Thus Bξ ⊂ ∂X is a non-trivial closed symmetric subset. By Stadler’s Theorem 1.1 (cf.
[22, Theorem A]), this finally establishes that X is a Riemannian symmetric space of higher
rank, a Euclidean building of higher rank or spilts non-trivially as a metric product. �
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Fig. 4 The map ϕ : ∂X → R≥0
is constant on the set Antvis (ξ)

of points visually antipodal to ξ

6 Necessity of assumptions and open questions

We briefly explore the necessity of the assumptions in TheoremA. By TheoremA, a geodesi-
cally complete, locally compact CAT(0) space with a geometric group action admits an affine
map which is not a dilation if and only if it is isometric to one of the three higher rank model
geometries: non-trivial metric products, Riemannian symmetric spaces of higher rank, and
Euclidean buildings of higher rank.

Our argument directly builds upon, and is a consequence of, Stadler’s recent characteri-
zation (cf. [22, Theorem A]) of these higher rank model geometries in terms of symmetric
sets at infinity. The assumptions — geodesic completeness, local compactness, and that the
space admits a geometric group action — stem directly from Stadler’s result.

However, concerning the geometric group action,we are not aware of any counterexamples
if we drop this assumption, indeed it seems reasonable to conjecture that the result still holds
under these weaker assumptions and it is an interesting question to investigate this further.

Regarding dropping the local compactness, notice that our definition of Euclidean build-
ings already allows for, and Lemma 4.1 already holds for Euclidean buildings that are not
locally compact. In contrast, classicalRiemannian symmetric spaces are, by definition, locally
compact, and we would likely need to generalize to infinite dimensional Riemannian sym-
metric spaces. For more on this, see for example [8].

Finally, in contrast to the other assumptions, we record that geodesic completeness is
clearly necessary. Take a non-trivial metric product of Hadamard spaces X × Y , or a Rie-
mannian symmetric space M of higher rank (and non-compact type). As we already noted in
the proof of TheoremA, both of these types of spaces admit affine maps that are not dilations.
A closed ball in any of these spaces is convex and CAT(0); and its compactness ensures that
it trivially admits a geometric group action. An affine map that is not a dilation on the entire
space remains a non-dilation when restricted to a closed ball. However, balls are clearly not
isometric to non-trivial products, Riemannian symmetric spaces, or Euclidean buildings.

Indeed, itmight be hoped that non-dilation affinemaps on anyCAT(0) space arise precisely
as above: as non-dilation affine maps on one of the three higher rank model geometries,
restricted to convex subsets. While this holds in the special case of real valued affine maps
as shown in [16], the general case currently appears insurmountable and new ideas are likely
needed.
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