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A LOCALIZED ORTHOGONAL DECOMPOSITION METHOD

FOR HETEROGENEOUS MIXED-DIMENSIONAL PROBLEMS

MORITZ HAUCK∗, AXEL MÅLQVIST†, MALIN MOSQUERA†

Abstract. We propose a multiscale method for mixed-dimensional elliptic
problems with highly heterogeneous coefficients arising, for example, in the

modeling of fractured porous media. The method is based on the Localized Or-

thogonal Decomposition (LOD) framework and constructs locally supported,
problem-adapted basis functions on a coarse mesh that does not need to re-

solve the coefficient oscillations. These basis functions are obtained in parallel

by solving localized fine-scale problems. Our a priori error analysis shows that
the method achieves optimal convergence with respect to the coarse mesh size,

independent of the coefficient regularity, with an exponentially decaying local-

ization error. Numerical experiments validate these theoretical findings and
demonstrate the computational viability of the method.

1. Introduction

The simulation of physical processes in highly heterogeneous media is chal-
lenging, especially when the material contains thin structures such as fractures,
cracks, or reinforcements. Resolving these features explicitly in large scale simula-
tion can be prohibitively expensive, potentially exceeding the available computing
resources. A common and effective alternative is to model these thin structures
as lower-dimensional interfaces, embedded within a higher-dimensional bulk do-
main. Such problems arise in many applications, most prominently in the mod-
eling of flow through fractured porous media. In this context, the fractures are
modeled as lower-dimensional manifolds with effective interface conditions; see,
e.g., [MJR05, AGPR19, BNY18, DPFS17, FK18]. Related problems include mod-
eling vascular networks embedded in biological tissue; see [FKO+22].

From a numerical perspective, solving mixed-dimensional PDEs presents several
challenges. Classical finite element methods require meshes that resolve the complex
geometry of embedded features, which can become intractable for a large number of
interfaces. The situation is further complicated by the presence of strongly hetero-
geneous and oscillatory coefficients, which must also be resolved by the considered
meshes. This situation is typical in porous media flow where the permeability varies
rapidly in the bulk regions between interfaces. This paper focuses precisely on such
a setting: we study a mixed-dimensional, elliptic diffusion problem with highly
heterogeneous coefficients.

Many numerical methods have been developed for solving partial differential
equations on surfaces. A foundational contribution to the finite element approxi-
mation of the Laplace–Beltrami equation was given in [Dzi88], where the method
is formulated on a polyhedral approximation of the surface (see also the compre-
hensive overview in [DE13]). Alternative approaches include trace-based meth-
ods [BHL+18, BCH+14, ORG09], in which surface functions are represented as
traces of functions defined in a higher-dimensional ambient space. Finite element
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methods for coupled bulk–interface problems have also been the subject of extensive
research; see, for example, [ER12, MJR05]. More recently, a fitted finite element
method has been introduced in [HMM23b], with particular emphasis on establishing
Poincaré-type inequalities for the coupled bulk–interface model.

To address the challenges posed by heterogeneous coefficients in elliptic model
problems, a wide range of multiscale methods have been developed. These methods
aim to construct low-dimensional problem-adapted approximation spaces that effec-
tively capture fine-scale features. The corresponding basis functions are typically as-
sociated with mesh entities of a coarse mesh and computed by solving local fine-scale
problems. Prominent approaches include the Heterogeneous Multiscale Method
(HMM)[EE03, EE05], (Generalized) Multiscale Finite Element Methods (GMs-
FEM) [BO83, BCO94], Multiscale Spectral Generalized Finite Element Methods
[BL11, MSD22], the Localized Orthogonal Decomposition (LOD) method [MP14,
HP13], and gamblets [Owh17, OS19]. More recently, refined localization strategies
within the LOD framework have been proposed; see, e.g., [HP23, FHKP24]. For
a comprehensive survey of these methods, we refer to [AHP21]. In [HMW21], an
initial step toward extending the LOD method to mixed-dimensional models was
taken. However, that approach enforces the continuity of the solution across inter-
faces, making it more restrictive than the setting considered here. Moreover, the
methods differ fundamentally: our construction is explicitly tailored to domains
with a fractured structure. This allows us to relax the geometric assumptions on
the interface and to improve the localization properties of the method.

This paper proposes a multiscale method, in the spirit of the LOD method, for
the mixed-dimensional model problem with heterogeneous coefficients. Similar to
the classical elliptic setting, the method decomposes the underlying energy space
into an infinite-dimensional fine-scale space characterized by the vanishing of in-
tegrals with respect to coarse mesh entities, and a finite-dimensional complement
space. Crucially, the complement space is defined with respect to the energy inner
product, thereby adapting it to the multiscale problem at hand. The canonical
basis functions of the complement space are associated with coarse mesh entities
and exhibit exponential decay with respect to the coarse mesh. This motivates
their localization to patches of elements of the coarse mesh. The precise way the
localized basis functions are defined is inspired by the recent work [HLM25] in the
classical elliptic setting. We provide a rigorous a priori error analysis of the pro-
posed method in the mixed-dimensional setting, showing that the error consists of
two terms. The first term is an optimal-order term in the coarse mesh size. The
second term decays exponentially with the number of element layers of the patches
used for localization. Thus, increasing the number of element layers logarithmically
with the desired accuracy yields an optimally convergent approximation. Numerical
experiments are included to validate and support the theoretical results.

The remainder of the paper is organized as follows. In Section 2, we introduce the
mixed-dimensional model problem. A prototypical multiscale method that achieves
optimal convergence rates under minimal structural assumptions is presented in
Section 3. In Section 4, we establish the exponential decay of the corresponding
prototypical basis functions, motivating their localization, which is discussed in
Section 5. Based on the resulting localized basis functions, a practical multiscale
method is developed in Section 6. In Section 7 we extend the methodology to allow
for interfaces that vary of the fine computational mesh. Finally, in Section 8, we
present a series of numerical experiments that support our theoretical findings.
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2. Mixed-dimensional model problem

This section introduces the mixed-dimensional model problem considered in this
paper. We begin by specifying the underlying mixed-dimensional geometry.

2.1. Geometry. Consider a Lipschitz domain Ω ⊂ Rd, d ∈ {2, 3}, partitioned into
d+ 1 not necessarily connected subdomains of varying dimensionalities as follows:

(2.1) Ω = Ω0 ∪ · · · ∪ Ωd,

where c in Ωc denotes the codimension (0 ≤ c ≤ d). Each Ωc is decomposed into
finitely many disjoint and connected subdomain segments indexed by a set Lc, as

(2.2) Ωc =
⋃
ℓ∈Lc

Ωc
ℓ,

where each Ωc
ℓ is contained in a planar hypersurface of codimension c.

To formulate assumptions on the topology of the problem, we define, for each
codimension c, a topological subspace Xc ⊂ Rd. For codimension c = 0, we set
X0 = Ω, and for codimensions c > 0, we define Xc = Xc−1 \ Ωc−1. Standard
topological concepts such as openness, closedness, and density are understood with
respect to the subspace topology on Xc. The closure, boundary, and interior oper-
ators are denoted by ·, ∂·, and int(·), respectively. We assume that each subdomain
segment Ωc

ℓ, for ℓ ∈ Lc, is open in Xc, and that their union Ωc is dense in Xc.
Furthermore, we suppose that for any pair (i, j) ∈ Lc × Lc+1, we either have the
inclusion Ωc+1

j ⊆ ∂Ωc
i or it holds Ωc+1

j ∩Ωc
i = ∅. This condition allows us to define

an adjacency relation Ec between segments of codimensions c and c+ 1 as

(2.3) (i, j) ∈ Ec if Ωc+1
j ⊆ ∂Ωc

i ,

and to represent boundary integrals over subdomain segments as sums of subdomain
segments of one higher codimension. In what follows, we focus on subdomains of
codimensions 0, 1, and 2. To simplify the considered setting, we assume that all
subsets Ωc

ℓ have Lipschitz boundaries and are polyhedra, polygons, line segments,
or points, according to their dimension. This assumption excludes pathological
cases such as slit domains and ensures, for example, that an interface cannot end
within a bulk region without connecting to another interface. For an example of a
domain satisfying these requirements, see Figure 2.1.

Ω0
1

Ω0
2

Ω0
3

∂Ω

Ω1
1

Ω1
2

Ω1
3

Ω2
1

Figure 2.1. An example satisfying our assumptions for d = 2,
with subdomain segments of codimensions c = 0, 1, 2 indicated.
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2.2. Function spaces. For a measurable set ω ⊂ Rd, we denote by L2(ω) the
Lebesgue space of square-integrable functions on ω, and byH1(ω) the Sobolev space
consisting of functions in L2(ω) whose weak derivatives also belong to L2(ω). The
L2(ω)-inner product is denoted by (·, ·)ω, with induced norm ∥ ·∥L2(ω). The H

1(ω)-
norm is denoted by ∥ · ∥H1(ω). In the case that the subdomain ω is a subdomain

segment of codimension c > 0, we interpret H1(ω) as H1(ω̂), where ω̂ ⊂ Rd−c is the
image of ω under a rigid coordinate transformation. This allows to use of standard
tools such as differential operators, the Poincaré inequality, Green’s theorem, and
trace theorems on Rd−c. For clarity, we denote the gradient on subdomain segments
of codimension c by ∇c with the convention ∇ = ∇0.

We introduce the product space

V := V 0 × V 1,

where the space V 0, defined on the bulk domain of codimension 0, is broken along
the interfaces between subdomain segments. Specifically,

V 0 :=
∏
i∈L0

H1(Ω0
i ),

recalling that Ω0 is the disjoint union of the subdomains {Ω0
i }i∈L0 . The space V 1

is defined on the interfaces of codimension 1. Continuity is enforced across shared
boundaries, which are formed by subdomain segments of codimension 2, so that

V 1 :=
{
v ∈

∏
j∈L1

H1(Ω1
j ) : vj |Ω2

k
= vj′ |Ω2

k
for all (j, k), (j′, k) ∈ E1

}
,

where the restriction of a function to a subdomain segment is indicated with a
subscript index for the respective subdomain.

The subspaces of V c for c ∈ {0, 1}, which satisfy homogeneous Dirichlet bound-
ary conditions on ∂Ω are defined as

V c
0 := {vc ∈ V c : vc|∂Ω = 0},

and their product space is denoted by

V0 := V 0
0 × V 1

0 .

In the following, for a function v ∈ V , we write v = (v0, v1) and equip the
space V , and naturally the subspace V0, with the product norm

(2.4) ∥v∥2V := ∥v0∥2H1(Ω0) + ∥v
1∥2H1(Ω1).

2.3. Problem formulation. The mixed-dimensional model problem involves co-
efficients defined on both the bulk domain and the interface domain. On the bulk
domain Ω0, we consider a coefficient A0 ∈ L∞(Ω0). Similarly, on the interface
domain Ω1, we introduce coefficients A1 ∈ L∞(Ω1) and B1 ∈ L∞(Ω1). These
coefficients are assumed to satisfy uniform ellipticity and boundedness conditions:
there exist positive constants 0 < α ≤ α <∞ and 0 < β ≤ β <∞ such that

α ≤ A0(x) ≤ α a.e. in Ω0,

α ≤ A1(x) ≤ α, β ≤ B1(x) ≤ β a.e. in Ω1.
(2.5)

The bilinear form a of the mixed-dimensional model problem is then defined as

(2.6)

a(v, w) := (A0∇0v0,∇0w0)Ω0 + (A1∇1v1,∇1w1)Ω1

+
∑

(i,j)∈E0

(B1(v0i − v1j ), w
0
i − w1

j )Ω1
j
.

Given a right-hand side functional

(2.7) F (w) := (f0, w0)Ω0 + (f1, w1)Ω1 ,
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with source terms f0 ∈ L2(Ω0), f1 ∈ L2(Ω1), the mixed-dimensional model problem
is formulated as follows: find u ∈ V0 such that

(2.8) a(u, v) = F (v), for all v ∈ V0.

The bulk and interface domains are coupled through a Robin-type boundary con-
dition. Continuity of the solution across interface segments is enforced, and a
Kirchhoff-type law governs the flux exchange between adjacent interface segments.

If the solution and data are sufficiently smooth, the weak formulation in (2.8) is
equivalent to the strong formulation of finding u ∈ V0 such that

−∇ ·
(
A0∇u0

)
= f0, in Ω0,

−∇1 ·
(
A1∇1u1

)
−

∑
(i,j)∈E0

B1
(
u0
i − u1

j

)
= f1, in Ω1,

subject to homogeneous Dirichlet conditions on the exterior boundary, continuity of
both solution and flux at interface junctions, and the following Robin-type coupling
between bulk and interface domains:

nΩ0
i
·
(
A0∇u0

i

)
+B1u0

i = B1u1
j , on ∂Ω0

i ∩ Ω1
j

for all i, j such that the intersection is non-trivial. Here, nω denotes the outward
unit normal of the subdomain ω. The solution of this equation can for example
model the pressure in a heterogeneous medium in the presence of cracks or faults.
Further details can be found in [HMM23b].

We close this section by establishing coercivity and boundedness of the bilinear
form a, which, since V0 is a Hilbert space when equipped with the norm (2.4),
ensures the well-posedness of problem (2.8) by the Riesz representation theorem.

Lemma 2.1 (Properties of a). There exist constants 0 < ca ≤ Ca <∞, such that

a(v, v) ≥ ca∥v∥2V , v ∈ V0, a(v, w) ≤ Ca∥v∥V ∥w∥V , v, w ∈ V0,

where, up to constants solely dependent on the geometry of {Ωc
ℓ}c,ℓ, the constants

scale as ca ∼ (α−1 + β−1)−1 and Ca ∼ (α+ β).

A direct consequence of this result is that ∥ · ∥2a := a(·, ·) defines a norm on V0,
which will henceforth be referred to as the energy norm.

Proof. The coercivity proof employs an iterative procedure, starting by bound-
ing norms on subdomain segments far from the domain boundary and progres-
sively extending these bounds to neighboring segments until reaching those where
a Friedrichs-type inequality applies; see [HMM23b, Lem. 1] for details. The bound-
edness can be proved using a standard trace inequality; see [HMM23b, Lem. 2]. □

3. Prototypical method

This section presents a prototypical multiscale method that achieves optimal-
order approximations without any pre-asymptotic effects, under minimal structural
assumptions on the coefficients. The LOD method is typically defined with respect
to a coarse mesh of the domain. In the present mixed-dimensional setting, coarse
meshes are required for both the bulk domain and the interface domain, denoted
by T 0

H and T 1
H , respectively. They are henceforth referred to as the bulk mesh and

the interface mesh, respectively. Note that the considered coarse meshes are not
required to resolve the fine-scale variations of the coefficients. In general, there
is considerable flexibility in how these meshes are chosen. Even complex-shaped
elements representing fractures can be accommodated, provided the elements are
non-degenerate and a local element-wise Poincaré inequality holds.
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Subsequently, we restrict our attention to a significantly simplified setting; see
Section 7 for an extension of the methodology to more general meshes. Specifically,
we consider a bulk mesh that is a quasi-uniform partition of Ω into finitely many
closed, shape-regular simplicial or quadrilateral/hexahedral elements, with diame-
ter at mostH > 0. We assume that the bulk mesh is such that each bulk subdomain
segment Ω0

i can be expressed as a union of bulk mesh elements. Similarly, the in-
terface mesh is assumed to be such that each interface subdomain segment Ω1

j can
be expressed as a union of interface mesh elements. Moreover, we assume the com-
patibility condition that any face of a bulk mesh element lying on an interface Ω1

j

coincides exactly with an element of the interface mesh. Consequently, the mesh
size H is also the maximal element diameter of the interface mesh.

Following the presentation of the LOD in [AHP21], the definition of the method is
based on so-called quantities of interest (QOI). Their purpose is to encode which in-
formation about the solution u to problem (2.8) the prototypical multiscale method
should preserve exactly. Each QOI is associated with an element of either the bulk
or the interface mesh and is defined as the corresponding element-wise average:

(3.1) qT c(v) :=
1

|T c|d−c

ˆ
T c

vc dx, T c ∈ T c
H , c ∈ {0, 1},

where | · |n for n ∈ {d − 1, d} denotes the n-dimensional volume. Based on these
QOI, we can now define a so-called fine-scale space as

(3.2) W := {v ∈ V0 : qT c(v) = 0 for all T c ∈ T c
H , c ∈ {0, 1}} .

Intuitively, this space consists of functions that average out on length scales smaller
than or equal to H. It represents the fine-scale information that cannot be captured
on the coarse scale.

The approximation space of the prototypical multiscale method is then defined
as the (finite-dimensional) orthogonal complement of the fine-scale space W in V0,
with respect to the energy inner product a, i.e.,

(3.3) ṼH := {v ∈ V0 : a(v, w) = 0 for all w ∈W} .
Since ṼH is constructed as the orthogonal complement of W with respect to a, it
inherently encodes problem-specific information. This enables reliable approxima-
tions even at scales where the coefficients are not resolved. The use of tildes in the
notation serves to emphasize that the space is adapted to the problem at hand. A
basis for the space ṼH can be constructed as outlined in the following lemma.

Lemma 3.1 (Prototypical basis). A basis of the space ṼH is given by

(3.4)
{
φ̃T c : T c ∈ T c

h , c ∈ {0, 1}
}

with φ̃T c defined for all T c ∈ T c
h , c ∈ {0, 1} as the unique solutions to the saddle

point problem: find (φ̃T c , λ) ∈ V0 × RN with N := #T 0
H +#T 1

H such that

a(φ̃T c , v) + b(v, λ) = 0, for all v ∈ V0,(3.5a)

b(φ̃T c , µ) = µT 0 , for all µ ∈ RN ,(3.5b)

where the bilinear form b : V × RN → R is defined as

b(v, µ) :=
∑

c∈{0,1}

∑
T c∈T c

H

µT cqT c(v),

and µT c denotes the component of the vector µ associated with the element T c.

Before proving this lemma, we introduce the notion of bubble functions, which
will be used not only in this proof but also throughout the manuscript. These are
locally supported functions associated with either elements of the bulk or interface
meshes and are denoted by bT c for T c ∈ T c

H , c ∈ {0, 1}. They are defined as
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bT 0 := (vT 0 , 0) for T 0 ∈ T 0
H and bT 1 := (0, vT 1) for T 1 ∈ T 1

H , where vT c ∈ H1
0 (T

c)
is chosen such that the resulting bubble function bT c satisfies the Kronecker-delta
property:

(3.6) qKc′ (bT c) = δKc′T c , Kc′ ∈ T c′

H , c′ ∈ {0, 1},
and such that the following stability estimate holds:

∥∇cvT c∥L2(T c) ≲ H−1∥vT c∥L2(T ) ≲ H(d−c)/2−1, c ∈ {0, 1}.(3.7)

The construction of the functions vT c is classical; they can be obtained as suitably
scaled products of hat functions. We emphasize that bubble functions only serve
as a theoretical tool and are never used explicitly in practical implementations.

Proof of Lemma 3.1. We begin by establishing the well-posedness of problem (3.5)
by verifying the inf–sup stability of the bilinear form b. Specifically, we show that
there exists a constant C > 0 such that

(3.8) inf
µ∈RN

sup
v∈V

|b(v, µ)|
∥v∥V |µ|

≥ C,

where | · | denotes the Euclidean norm on RN .
Given any µ ∈ RN , we construct a function v ∈ V0 component-wise as

v :=
∑

c∈{0,1}

∑
T c∈T c

H

µT c bT c

using the bubble functions introduced above. Noting that, by construction, we have
|b(v, µ)| = |µ|2, and employing the locality of the bubble functions together with a
local Friedrichs inequality and the stability estimates from (3.7), we obtain

∥v∥2V ≲
∑

c∈{0,1}

∑
T c∈T c

H

|µT c |2∥∇cvT c∥2L2(T c) ≲ Hd−2|µ|2.

Combining these estimates establishes the inf–sup condition (3.8).

Next, we prove that (3.4) defines a basis for the space ṼH . To this end, we first

observe that condition (3.5a) implies that φ̃T c ∈ ṼH for all T c ∈ T c
H , c ∈ {0, 1}. To

establish the basis property, let v ∈ ṼH be arbitrary, and define

w := v −
∑

c∈{0,1}

∑
T c∈T c

H

qT c(v)φ̃T c .

By construction, it holds that w ∈ W , and since w is also a-orthogonal to W ,
it follows that w = 0. Thus, any v ∈ ṼH can be expressed uniquely as a linear
combination of functions in (3.4), which proves that they form a basis of ṼH . This
completes the proof. □

Having introduced the prototypical basis functions, we can define a projection
operator R : V → ṼH which preserves the QOI from (3.1) by

(3.9) Rv :=
∑

c∈{0,1}

∑
T c∈T c

H

qT c(v)φ̃T c , v ∈ V0.

This operator coincides with the a-orthogonal projection onto ṼH , since for any
v ∈ V0 and w ∈ ṼH it holds that a(v −Rv, w) = 0, noting that v −Rv ∈ W . This
orthogonality relation also implies the continuity of R, i.e.,

(3.10) ∥Rv∥V ≤
√

Ca/ca∥v∥V , v ∈ V0,

where we have used Lemma 2.1.
The desired prototypical multiscale method then seeks ũH ∈ ṼH such that

a(ũH , ṽH) = F (ṽH) for all ṽH ∈ ṼH ,(3.11)
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where F is defined in (2.7). The following theorem proves optimal-order convergence
of this method under minimal structural assumptions.

Theorem 3.2 (Prototypical method). The prototypical multiscale method (3.11) is
well-posed, and its solution is given by ũH = Ru. Consider any right-hand side F
of the form (2.7) with components satisfying f0 ∈ Hs(Ω0) and f1 ∈ Hs(Ω1), where
s ∈ {0, 1}, and define a corresponding norm by

(3.12) |f |2s := |f0|2Hs(Ω0) + |f
1|2Hs(Ω1),

where | · |Hs denotes the Hs-seminorm. Then, the following error estimate holds:

∥u− ũH∥V ≲ H1+s|f |s.(3.13)

Proof. First, observe that the space ṼH is a closed subspace of V0. Hence, by the
Riesz representation theorem, problem (3.11) is well-posed. Comparing (3.3) with
the weak formulation (2.8), we obtain that

(3.14) a(u− ũH , ṽH) = 0, ṽH ∈ ṼH ,

which shows that ũH = Ru with the a-orthogonal projection R introduced above.
To derive the error estimate, we observe that e := u − ũH lies in the space W .

Using the coercivity result from Lemma 2.1, the orthogonality relation (3.14), and
testing the weak formulation (2.8) with e, we obtain

(3.15) ca∥e∥2V ≤ a(e, e) = a(u, e) = F (e).

Let Π0
H : L2(Ω0) → P0(T 0

H) and Π1
H : L2(Ω1) → P0(T 1

H) denote the L2-orthogonal
projections onto piecewise constant functions on the coarse grid. Exploiting their
orthogonality properties yields the following representation for F (e):

F (e) = (f0 −Π0
Hf0, e0 −Π0

He0)Ω0 + (f1 −Π1
Hf1, e1 −Π1

He1)Ω1 ,

where the L2-projections of f0 and f1 may be omitted without affecting the identity.
Estimate (3.13) then follows by applying a local Poincaré-type inequality. □

4. Exponential decay of prototypical basis

We emphasize that the prototypical LOD basis functions defined in (3.4) are
globally supported, and thus their computation requires solving global problems.
However, this would be computationally infeasible in practice. In this section, we
demonstrate that these basis functions exhibit an exponential decay, justifying their
approximation by localized counterparts defined on oversampling domains, as will
be discussed in Section 5. A practical multiscale method based on these localized
basis functions will then be introduced in Section 6.

For the localization procedure, we adopt the approach proposed in the recent
generalized framework for high-order LOD methods; see [HLM25]. This framework
accommodates the choice of QOI on the bulk domain made here and enables a stable
basis construction, ensuring that the error of the localized method does not increase
as the coarse mesh is refined, when the oversampling parameter (the number of
element layers composing the oversampling domains) remains fixed. Such negative
effects have been observed, for example, in [MP14, Mai21]. Notably, this stability is
achieved without relying on intricate bubble function constructions in the practical
implementation of the method, cf. [HP22, DHM23]. The localization is based on a
quasi-interpolation operator IH : V → VH , where VH := V 0

H ×V 1
H , with V 0

H and V 1
H

denoting the conforming piecewise linear finite element spaces defined with respect
to the bulk and interface meshes, respectively. In particular, we have VH ⊂ V . The
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operator is defined component-wise as IHv = (I0Hv, I1Hv), where each component
IcHv is defined at interior nodes zc of the mesh T c

H for codimension c ∈ {0, 1} as:

(IcHv)(zc) :=
1

#T c(zc)

∑
T c∈T c(zc)

qcT c(vc)Λzc ,(4.1)

where T c(zc) denotes the set of elements in T c
H sharing the node zc, and Λzc

is the classical hat function associated with node zc. For boundary nodes, the
corresponding nodal values of IcHv are set to zero to conform to the prescribed
Dirichlet boundary conditions. This operator satisfies for c ∈ {0, 1} the following
local approximation and stability estimates:

∥v − IcHv∥L2(T c) + ∥∇cIcHv∥L2(T c) ≲ ∥∇cv∥L2(Nc(T c)), v ∈ V c, T c ∈ T c
H(4.2)

with Nc(Sc) denoting the first-order element patch of a union of elements Sc in T c
H ,

defined as

(4.3) Nc(Sc) :=
⋃{

T c ∈ T c
H : Sc ∩ T c ̸= ∅

}
.

Note that constructions such as (4.1) and the properties in (4.2) are classical; see,
e.g., [EG17]. The specific choice of quasi-interpolation operator is not essential.
Apart from the stability estimate (4.2), we only require that IHv = 0 holds for all
v ∈W .

Following the localization strategy in [HLM25], the a-orthogonal projection op-
erator R defined in (3.9) is decomposed as:

(4.4) R = IH −K,

where K : V0 → V0 maps any v ∈ V0 to the unique solution (Kv, λ) ∈ V0 × RN of

a(Kv, w) + b(w, λ) = a(IHv, w), for all w ∈ V0,(4.5a)

b(Kv, µ) = − b(v − IHv, µ), for all µ ∈ RN .(4.5b)

Note that λ is a generic notation for a Lagrange multiplier; the specific multiplier
being referred to will be clear from the context.

The operator K can be decomposed as

K =
∑

T 0∈T 0
H

KT 0 ,

where each local operator KT 0 : V0 → V0 maps any v ∈ V0 to the unique solution
(KT 0v, λ) ∈ V0 × RN of

a(KT 0v, w) + b(w, λ) = aT 0(IHv, w), for all w ∈ V0,(4.6a)

b(KT 0v, µ) = − bT 0(v − IHv, µ), for all µ ∈ RN ,(4.6b)

where, aT 0 and bT 0 denote, for any T 0 ∈ T 0
H , suitable restrictions of the bilinear

forms a and b, satisfying the properties∑
T 0∈T 0

H

aT 0 = a and
∑

T 0∈T 0
H

bT 0 = b.
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Denoting by n(T 1) := #{K0 ∈ T 0
H : ∂K0 ⊃ T 1} the number of bulk elements shar-

ing the interface element T 1 ∈ T 1
H , such restrictions aT 0 and bT 0 can be defined as:

aT 0(v, w) = (A0∇0v0,∇0w0)T 0 +
∑

T 1⊂∂T 0

1

n(T 1)
(A1∇1v1,∇1w1)T 1

+
∑

T 1⊂∂T 0

(B1(v0|T 0 − v1), w0|T 0 − w1)T 1 ,
(4.7)

bT 0(v, µ) := µT 0qT 0(v) +
∑

T 1⊂∂T 0

1

n(T 1)
µT 1qT 1(v).(4.8)

In what follows, we establish the exponential decay of the operators KT 0 away
from the element T 0. To quantify the decay, we introduce a notion of patches with
respect to the coarse mesh TH . For an oversampling parameter ℓ ∈ N and a union
of elements Sc ⊂ T c

H with c ∈ {0, 1}, the ℓ-th order patch is defined recursively by

Nc
ℓ(S

c) := Nc
1(N

c
ℓ−1(S

c)), ℓ ≥ 2,

with Nc
1(S

c) := Nc(Sc), as defined in (4.3). We also introduce a notation that jointly
represents the bulk and interface components, namely Nℓ(S) := (N0

ℓ(S
0),N1

ℓ(S
1))

for the ℓ-th order patches, and Ω \ Nℓ(S) := (Ω0 \ N0
ℓ(S

0),Ω1 \ N1
ℓ(S

1)) for their
complement. Additionally, we abbreviate Nℓ(T

0) := Nℓ(T
0, ∂T 0).

To formulate the desired exponential decay result, we require localized versions
of the V -norm defined in (2.4). Instead of naively localizing it by merely restricting
the H1-norms on the bulk and interface domains to subdomains, we define, for
tuples S = (S0, S1) as above, the localized norm as follows:

∥φ∥2V (S) := ∥∇
0φ0∥2L2(S0) + ∥∇

1φ1∥2L2(S1) +
∑

{T 1⊂∂T 0 :

T 0⊂S0, T 1⊂S1}

∥v0|T 0 − v1∥2L2(T 1).
(4.9)

This definition will prove more convenient for the subsequent proof. Note that
the unrestricted version of this norm (i.e., the above definition with S = (Ω0,Ω1)),
which we denote by ∥·∥V (Ω), is equivalent to the energy norm, which, by Lemma 2.1,
is in turn equivalent to the V -norm defined in (2.4) on the space V0.

Theorem 4.1 (Exponential decay). There exists a constant c > 0 independent of
H, ℓ, and T 0 such that for all T 0 ∈ TH and ℓ ∈ N, it holds that

(4.10) ∥KT 0v∥V (Ω\Nℓ(T 0)) ≲ exp(−cℓ)∥KT 0v∥V (Ω), v ∈ V0.

Proof. For a given v ∈ V0, define φ := KT v. Introduce a cut-off function η ∈ V 0
H ,

defined on the bulk domain, and uniquely characterized by the following properties:

(4.11)


η(x) = 0, x ∈ N0

ℓ−1(T
0),

η(x) = 1, x ∈ Ω0 \ N0
ℓ(T

0),

0 ≤ η(x) ≤ 1, x ∈ N0
ℓ(T

0) \ N0
ℓ−1(T

0).

By construction the cut-off function satisfies ∥∇0η∥L∞ ≲ H−1. Let the ring of
elements containing the support of the gradient of η be denoted by

(4.12) RT 0 = (R0
T 0 , R1

T 0) := Nℓ(T
0) \ Nℓ−1(T

0).

In what follows, we assume that ℓ ≥ 2, which implies that T 0 ∩ R0
T 0 = ∅. For all

elements T 0 ∈ T 0
H and T 1 ∈ T 1

H contained in the support of η, it thus holds that

(4.13)

ˆ
T 0

φ0 dx =

ˆ
T 1

φ1 dσ = 0.

To prove this result, we use the identity b(φ, µ) = −bT 0(v − IHv, µ), which follows
from (4.6b), together with the locality of the restricted bilinear form bT 0 .
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Using definitions (2.6) and (4.9), the properties of η from (4.11), integration by
parts, the coefficient bounds from (2.5), and (4.13), we obtain that

∥φ∥2V (Ω\Nℓ(T 0))

≤ (ηA0∇0φ0,∇0φ0)L2(Ω0) + (ηA1∇1φ1,∇1φ1)L2(Ω1)

+
∑

(i,j)∈E0

(ηB1(φ0
i − φ1

j ), φ
0
i − φ1

j )L2(Ω1
j )

= a(φ, ηφ)− (A0∇0φ0, (∇0η)φ0)L2(Ω0) − (A1∇1φ1, (∇1η)φ1)L2(Ω1)

≲ |b(λ, ηφ)|+ ∥∇0φ0∥2L2(R0
T0 )

+ ∥∇1φ1∥2L2(R1
T0 )

.(4.14)

In the last step, we have tested (4.6a) with ηφ and used that aT 0(IHv, ηφ) = 0.
We estimate the first term on the right-hand side of (4.14) using the properties

of η from (4.11), in combination with (4.13), yielding

|b(λ, ηφ)| =
∣∣∣∣ ∑
c∈{0,1}

∑
Kc⊂Rc

T0

λKcqKc(ηφ)

∣∣∣∣
≲

∑
c∈{0,1}

(
H−d+c+2

∑
Kc⊂Rc

T0

|λKc |2
)1/2

∥∇cφc∥L2(Rc
T0 )

.

(4.15)

To derive bounds on the entries of the vector λ ∈ RN , we employ element and face
bubble functions, as introduced for the proof of Lemma 3.1. By testing (4.6a) with
bK0 = (vK0 , 0) and using (3.7), we obtain, for any K0 ⊂ R0

T 0 , that

|λK0 | = |b(λ, bK0)| = |a(φ, bK0)| = |(A0∇0φ0,∇0vK0)L2(Ω0)

≲ Hd/2−1∥∇0φ0∥L2(K0).

The second equality follows from the fact that aT 0(IHv, bK0) = 0. Summing over
all K0 ⊂ R0

T 0 then yields

(4.16) H−d+2
∑

K0⊂R0
T0

|λK0 |2 ≲ ∥∇0φ0∥2L2(R0
T0 )

.

To derive a similar bound for the entries λK1 associated with K1 ⊂ R1
T 0 , we employ

a trace inequality for φ0 of the form

(4.17) ∥φ0∥L2(∂T 0) ≲ H− 1
2 ∥φ0∥L2(T 0) +H

1
2 ∥∇0φ0∥L2(T 0) ≲ H

1
2 ∥∇0φ0∥L2(T 0),

where the last estimate follows from the Poincaré inequality, which is applicable due
to (4.13). Testing (4.6a) with bK1 = (0, vK1), and using that aT 0(IHv, bK1) = 0
together with stability estimate (3.7), we obtain, for any K1 ⊂ R1

T 0 , that

|λK1 | = |b(λ, bK1)| = |a(φ, bK1)|

= |(A1∇1φ1,∇1vK1)L2(K1) +
∑

K0⊂ωK1

(B(φ0|K0 − φ1),−vK1)L2(K1)|

≲ Hd/2∥∇0φ0∥L2(ωK1 ) +H(d−1)/2−1∥∇1φ1∥L2(K1),

where ωK1 denotes the union of the two bulk elements sharing the interface K1.
Summing over all K1 ⊂ R1

T 0 , we obtain that

(4.18)
∑

K1⊂R1
T0

H−d+3|λK1 |2 ≲ ∥∇0φ0∥2L2(N0(R0
T0 ))

+ ∥∇1φ1∥2L2(R1
T0 )

.

Combining (4.16) and (4.18), we obtain that

|b(λ, ηφ)| ≲ ∥∇0φ0∥2L2(N0(R0
T0 ))

+ ∥∇1φ1∥2L2(R1
T0 )

.
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We conclude that there exists a constant C > 0, independent of H, ℓ, and T 0,
such that the following estimate holds for all ℓ ≥ 2:

∥φ∥2V (Ω\Nℓ(T 0)) ≤ C∥φ∥2V (Nℓ+1(T 0)\Nℓ−2(T 0)).

By the index shift ℓ← ℓ− 1, we obtain, for all ℓ ≥ 3, that

∥φ∥2V (Ω\Nℓ(T 0)) ≤ ∥φ∥
2
V (Ω\Nℓ−1(T 0)) ≤ C∥φ∥2V (Nℓ(T 0))\Nℓ−3(T 0))

= C
(
∥φ∥2V (Ω\Nℓ−3(T 0)) − ∥φ∥

2
V (Ω\Nℓ(T 0))

)
.

Rearranging terms and defining γ := C
1+C < 1, we obtain the recursive inequality

∥φ∥2V (Ω\Nℓ(T 0)) ≤ γ∥φ∥2V (Ω\Nℓ−3(T 0)) ≤ γ⌊ℓ/3⌋∥φ∥2V (Ω),

and, noting that there exist constants C, c > 0 such that γ⌊ℓ/3⌋/2 ≤ C exp(−cℓ),
the assertion can be concluded for ℓ ≥ 3. For ℓ ∈ {1, 2}, the result follows from a
scaling argument (with a possible different hidden constant). □

5. Localization

The exponential decay properties established in the previous section motivate
the localized computation of the prototypical LOD basis functions. The localization
strategy proposed here, based on the approach presented in [HLM25], overcomes
a key limitation of the naive localization method, which restricts problem (3.5) to
the ℓ-th order patches. For this naive approach, the localization error deteriorates
as the mesh is refined if the parameter ℓ remains fixed; see [MP14, Mai21].

To formalize the localization strategy, we introduce the localized spaces

V ℓ
T 0 := {v ∈ V0 : supp(v) ⊂ Nℓ(T

0)},(5.1)

M ℓ
T 0 :=

{
µ ∈ RN : µT c = 0 for all T c ⊂ Ωc \ Nc

ℓ(T
0), c ∈ {0, 1}

}
.(5.2)

Localized element correctors can then be defined for any v ∈ V0 as the unique

Figure 5.1. Example of a first-order patch N1(T
0), around a

coarse bulk element. The shaded red area marks the bulk ele-
ments of the patch whereas the opaque red marks the element T .
The thickened blue lines mark the interface elements belonging to
the patch.

solution (Kℓ
T 0v, λℓ) ∈ V ℓ

T 0 ×M ℓ
T 0 satisfying

a(Kℓ
T 0v, w) + b(w, λℓ) = aT 0(IHv, w), for all w ∈ V ℓ

T 0 ,(5.3a)

b(Kℓ
T 0v, µ) = − bT 0(v − IHv, µ), for all µ ∈M ℓ

T 0 .(5.3b)
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We define a localized version of the operator R as:

(5.4) Rℓv := (IH −Kℓ)v, Kℓv :=
∑

T 0∈T 0
H

Kℓ
T 0v.

In what follows, we show thatRℓ provides an exponentially accurate (quasi-)local
approximation ofR. The proof relies on a localized version of the decay result stated
in Theorem 4.1, which is formulated in the following corollary.

Corollary 5.1 (Local version of exponential decay). For all T 0 ∈ TH and all
m, ℓ ∈ N, it holds that

∥Kℓ
T 0v∥V (Ω\Nm(T 0)) ≲ exp(−cm)∥Kℓ

T 0v∥V (Nℓ(T 0)), v ∈ V 0,

where c is the constant from Theorem 4.1.

Proof. We apply Theorem 4.1 with KT 0 , V , and Nℓ(T 0) replaced by Kℓ
T 0 , V ℓ

T 0 ,
and Nm(T 0), respectively. The proof carries over without modification. □

We now proceed to the exponential approximation result.

Theorem 5.2 (Localization error). For all ℓ ∈ N, it holds that

(5.5) ∥(R−Rℓ)v∥V ≲ ℓ(d−1)/2 exp(−cℓ)∥v∥V , v ∈ V0,

where c is the constant from Theorem 4.1.

Proof. Let e := (R−Rℓ)v denote the localization error. Using the coercivity of the

bilinear form a from Lemma 2.1, the fact that a(ṼH , w) = 0, and the definition of
Rℓ from (5.4), we obtain the following representation of the localization error:

∥e∥2V ≲ a(e, e) = −a(Rℓv, e) = −a(IHv, e) +
∑

T 0∈T 0
H

a(Kℓ
T 0v, e).(5.6)

We now analyze each term in the sum on the right-hand side individually. Recalling
the definition of the cut-off function from (4.11) and testing (5.3a) with the test
function (1− η)e ∈ V ℓ

T 0 , we obtain that

a(Kℓ
T 0v, e) = a(Kℓ

T 0v, (1− η)e+ ηe)

= −b((1− η)e, λℓ) + aT 0(IHv, (1− η)e) + a(Kℓ
T 0v, ηe)

=: Ξ1 + Ξ2 + Ξ3.

To estimate the term Ξ1, we employ arguments analogous to those used in (4.15),
replacing η with 1− η and φ with e. Note that, not only φ, but also e satisfies the
vanishing mean condition (4.13), which leads to the following estimate:

|Ξ1| =
∣∣∣∣ ∑
c∈{0,1}

∑
Kc⊂Rc

T0

λℓ
KcqKc((1− η)e)

∣∣∣∣
≲

∑
c∈{0,1}

(
H−d+c+2

∑
Kc⊂Rc

T0

|λℓ
Kc |2

)1/2

∥∇cec∥L2(Rc
T0 )

,

where Rc
T 0 is defined as in (4.12). To estimate the entries of λℓ ∈M ℓ

T 0 , we follow the
same steps as in the proof of Theorem 4.1, specifically (4.16) and (4.18), yielding

(5.7)
∑

c∈{0,1}

H−d+c+2
∑

Kc⊂Rc
T0

|λℓ
T c |2 ≲ ∥Kℓ

T 0v∥2V (N(RT0 ))
.

Inserting this into the above estimate for |Ξ1| gives

|Ξ1| ≲ ∥Kℓ
T 0v∥V (N(RT0 ))∥e∥V (RT0 ).
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Next, we consider the term Ξ2. Noting that aT 0(IHv, (1 − η)e) = aT 0(IHv, e),
it follows that, upon summing over all bulk elements T 0 ∈ T 0

H , the term Ξ2 cancels
exactly with the term −a(IHv, e) on the right-hand side of (5.6).

To estimate Ξ3, we use that the intersection of the supports of the functions Kℓ
T 0v

and ηe is contained in RT 0 , which yields that

Ξ3 ≲ |a(Kℓ
T 0v, ηe)| ≲ ∥Kℓ

T 0v∥V (RT0 ) ∥ηe∥V (RT0 ) ≲ ∥Kℓ
T 0v∥V (RT0 ) ∥e∥V (N(RT0 )),

where in the last step we employed definition (4.9), the trace inequality (4.17), and
the fact that e satisfies (4.13).

Combining the estimates for the terms Ξ1, Ξ2, and Ξ3, and applying Corol-
lary 5.1, along with the finite overlap of the sets {N(RT 0) : T 0 ∈ T 0

H}, we obtain

∥e∥2V ≲
∑

T 0∈T 0
H

∥Kℓ
T 0v∥V (N(RT0 ))∥e∥V (N(RT0 ))

≲ exp(−cℓ)
∑

T 0∈T 0
H

∥Kℓ
T 0v∥V ∥e∥V (N(RT0 ))

≲ exp(−cℓ)
√ ∑

T 0∈T 0
H

∥Kℓ
T 0v∥2V

√ ∑
T 0∈T 0

H

∥e∥2V (N(RT0 ))

≲ ℓ(d−1)/2 exp(−cℓ)
√ ∑

T 0∈T 0
H

∥Kℓ
T 0v∥2V ∥e∥V .(5.8)

It remains to estimate the term ∥Kℓ
T 0v∥V . To this end, we test (5.3a) with the

function Kℓ
T 0v and apply the identity obtained by testing (5.3b) with λℓ. Using

Lemma 2.1, this yields the following estimate:

∥Kℓ
T 0v∥2V ≲ a(Kℓ

T 0v,Kℓ
T 0v) = −aT 0(IHv,Kℓ

T 0v)− bT 0(v − IHv, λℓ).(5.9)

We bound the first term on the right-hand side of the latter estimate as

|aT 0(IHv,Kℓ
T 0v)| ≲ ∥IHv∥V (T 0)∥Kℓ

T 0v∥V (T 0) ≲ ∥v∥V (N(T 0))∥Kℓ
T 0v∥V (T 0),

where we have used (4.1) and the trace inequality, cf. (4.17). Above ∥ · ∥V (T 0) is
used as an abbreviation for ∥ · ∥V (T 0,∂T 0).

For the second term, we obtain the estimate

|bT 0(v − IHv, λℓ)|

≲ H−d/2+1|λℓ
T 0 |∥∇0v0∥L2(T 0) +

(
H−d+3

∑
T 1⊂∂T 0

|λℓ
T 1 |2

)1/2

∥∇1v1∥L2(∂T 0)

≲ ∥Kℓ
T 0v∥V (N(T 0))∥v∥V (N(T 0)),

where we used arguments similar to those in the proof of (5.7) to estimate the
components of λℓ. Inserting the two preceding estimates into (5.9) yields

∥Kℓ
T 0v∥2V (Nℓ(T 0)) ≲ ∥v∥V (Nℓ(T 0))∥Kℓ

T 0v∥V (Nℓ(T 0)),

and, in turn, inserting this estimate into (5.8) yields the assertion. □

6. Practical multiscale method

In this section, we introduce a practical multiscale method based on locally
computable basis functions. This is justified by the exponential decay of the globally
defined prototypical basis functions. We define the localized basis functions as

(6.1) φ̃ℓ
T c := RℓbT c ,

and define the localized multiscale space as their span:

Ṽ ℓ
H := span{φ̃ℓ

T c : T c ∈ T c
H , c ∈ {0, 1}}.
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We emphasize that the operator Rℓ depends on its argument only through its QOI,
as introduced in (3.1). Consequently, the definition (6.1) of φ̃ℓ

T c is independent of
the specific choice of bubble functions, provided the Kronecker-delta condition (3.6)
on the QOI is satisfied. Note that, for a bulk element T 0 ∈ T 0

H , computing the
associated basis function φ̃ℓ

T 0 requires solving local problems of the form (5.3) for
all bulk elements in the first-order patch surrounding T 0. Similarly, for an interface
element T 1 ∈ T 1

H , the basis function φ̃ℓ
T 1 is obtained by solving local problems of

the form (5.3) for each bulk element that shares the face T 1. Figure 6.1 shows
examples of a bulk basis function φ̃ℓ

T 0 and an interface basis function φ̃ℓ
T 1 for ℓ = 4.

(a) (b)

Figure 6.1. Examples of basis functions corresponding to a
coarse mesh bulk element (a) and a coarse mesh interface element
(b) using a patch spreading ℓ = 4 layers.

The LOD method seeks the unique function ũℓ
H ∈ Ṽ ℓ

H such that

a(ũℓ
H , ṽℓH) = F (ṽℓH), for all ṽℓH ∈ Ṽ ℓ

H .(6.2)

The following theorem provides a convergence result for the LOD approximation.

Theorem 6.1 (Localized method). The localized multiscale method (6.2) is well-
posed, and, for any right-hand side F of the form (2.7), with components f0 ∈
Hs(Ω0) and f1 ∈ Hs(Ω1), where s ∈ {0, 1}, the following error estimate holds:

∥u− ũℓ
H∥V ≲ H1+s|f |s + ℓ(d−1)/2 exp(−cℓ)|f |0,(6.3)

where the (semi-)norm | · |s is defined in (3.12).

Proof. After establishing Theorem 3.2 and Theorem 5.2 the proof follows the argu-
ments of [MP20, Thm. 5.2] closely. We omit the details for the sake of brevity. □

We emphasize that, for a practical computation of the LOD basis functions
defined in (6.1), the problems (5.3), which are local but infinite-dimensional, still
need to be solved. In practice, we approximate the solutions to these problems using
a (local) fine-scale discretization. For codimensions c ∈ {0, 1}, let T c

h denote a mesh
obtained by uniform refinement of the coarse mesh T c

H . The fine mesh size h < H
should be chosen such that T c

h resolves the fine-scale oscillations of the coefficients
of the problem at hand. Throughout the derivation of the method, we replace the
space V0 by its finite-dimensional subspace V0,h, consisting of continuous, piecewise
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linear functions defined with respect to T c
h . Specifically, for problem (5.3), this

means posing it on a finite-dimensional version of V ℓ
T 0 as defined in (5.1), but

with V0 replaced by V0,h. In the fully discrete convergence analysis, V0 is likewise
replaced by V0,h, and most arguments carry over directly; see, e.g., [MP20, Ch. 4.4],
for a discussion of technical details that also arise in the present setting. This
yields an a priori error estimate for the fully discrete LOD approximation similar
to Theorem 6.1, but with respect to the fine-scale finite element solution in V0,h.
An estimate with respect to the weak solution of the original PDE then follows
from the triangle inequality combined with standard finite element approximation
results; see, e.g., [HMM23b, Thm. 2] for the present mixed-dimensional setting.

7. Generalization to complex-shaped coarse elements

The assumption made in Section 3 and used throughout, namely that the coarse
meshes T c

H , c ∈ {0, 1}, are simplicial or quadrilateral/hexahedral, can be relaxed. A
closer inspection reveals that the construction of the method and its error analysis
relies only on the ability to:

(1) construct bubble functions satisfying the Kronecker–delta property (3.6)
and the inverse inequality (3.7);

(2) construct a suitable partition of unity on the meshes T c
H , c ∈ {0, 1}, for

defining a quasi-interpolation operator in place of definition (4.1);
(3) establish local Poincaré-type inequalities used to prove that properties (4.2)

hold for the resulting partition-of-unity-based quasi-interpolation.

Such assumptions also hold in a more general setting for shape-regular and quasi-
uniform coarse meshes T c

H , c ∈ {0, 1}, consisting of simply connected elements
formed as unions of fine mesh elements from T c

h . See Figure 7.1 for an example
of such a mesh. For these meshes, quasi-uniformity and non-degeneracy can be
characterized as follows: for each element T c ∈ T c

H , with c ∈ {0, 1}, there exist
inscribed and circumscribed balls Bc

R(x0) ⊂ T c ⊂ Bc
R′(x0) such that

ρ0H ≤ R ≤ R′ ≤ ρ1H,

where ρ0, ρ1 > 0 are moderate constants.
Item 1 holds in the above general setting since a bubble function can be con-

structed as vT c(x) = αmax(0, R − |x − x0|) with support on T c. By choosing the
constant α appropriately, this function satisfies the Kronecker–delta property (3.6).
Clearly, also the inverse inequality (3.7) is satisfied.

To construct a partition of unity suitable for defining a quasi-interpolation oper-
ator replacing (4.1), as required in Item 2, we first introduce open covers of Ωc for
c ∈ {0, 1}. The subdomains in these covers correspond to elements T c ∈ T c

H and
are defined as the first-order element patches with respect to T c

H , i.e., UT c = Nc(T c)
with patches defined as in (4.3). Define the functions

Λ̃T c(x) =

{
distc(x, ∂UT c), x ∈ UT c ,

0, otherwise,

where distc(x, ∂UT c) denotes the intrinsic distance from x to the boundary ∂UT c ,
considering only paths contained entirely in Ωc. Using these functions, the partition
of unity for c ∈ {0, 1} consists of functions ΛT c defined for each T c ∈ T c

H by

(7.1) ΛT c(x) =
Λ̃T c(x)∑

Sc∈T c
H
Λ̃Sc(x)

.

Since the coarse meshes are assumed to be quasi-uniform and shape-regular, the
supports of the partition of unity functions overlap sufficiently to guarantee that
the denominator in (7.1) remains uniformly positive. Moreover, it follows that
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(a) (b)

Figure 7.1. A domain with straight interfaces (blue lines) and
simplicial coarse mesh elements (red thick lines) is shown in (a). A
modified domain with an interface that follows the fine mesh (red
thin lines) and leads to non-convex, complex-shaped coarse mesh
elements is shown in (b).

each ΛT c is Lipschitz continuous, with a Lipschitz constant proportional to H−1.
A quasi-interpolation operator can then be constructed as

IcHvc :=
∑

T c∈T c
H

qT c(vc)ΛT c ;

see [Car99] for the analysis of such operators, and also [HMM23a].
Finally, concerning Item 3, we assume that each element T c ∈ T c

H satisfies a
local Poincaré inequality on its first-order patch:

(7.2) ∥v − qNc(T c)(v)∥L2(Nc(T c)) ≤ CH∥∇cv∥L2(Nc(T c)),

for all v ∈ H1(Nc(T c)), where qNc(T c) is defined as in (3.1) but with Nc(T c) in
place of T c. According to [Rui12], for an inequality of the form (7.2) to hold, three
conditions are required: a uniform bound on the size of Nc(T c); the existence, for
each Nc(T c), of a fixed finite cone C such that every boundary point of Nc(T c) is
the vertex of a cone Cx, congruent to C and contained in Nc(T c); and a constant
δ0 > 0 such that for all δ ∈ (0, δ0), the inner set

Nc
δ(T

c) := {x ∈ Nc(T c) : distc(x, ∂Nc(T c)) > δ}
is connected. These assumptions exclude domains with narrow regions but are
not very restrictive in our context, as our elements are constructed as unions of
connected fine-scale elements.

8. Numerical experiments

In this section, we present a numerical investigation of the proposed multiscale
method. The first two numerical examples examine the convergence of the energy
norm of the error, ∥uh − ũℓ

H∥a, with respect to the coarse mesh size H for the
localized method defined in (6.2). Here, uh denotes the solution obtained from the
fitted finite element method on the mesh Th, as introduced in [HMM23b]. The first
example considers a problem with smoothly varying coefficients, while the second
addresses rapidly oscillating coefficients A0 and A1. The third example investigates
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the localization error of the method, measured in the energy norm, with respect
to the oversampling parameter ℓ, for a coarse mesh containing complex-shaped
elements. In this case, a simplified variant of method (6.2) is employed. Throughout
this section, H and h denote the coarse and fine mesh sizes, respectively.

We consider the domain Ω = (0, 1)2 with four interfaces, as illustrated in Fig-
ure 8.1. The convergence with respect to the coarse mesh size H is studied for
H ∈ {1, 1

2 ,
1
4 ,

1
8 ,

1
16}. The corresponding coarse meshes are generated by successive

uniform refinement of an initial coarse mesh TH with H = 1, capturing the geome-
try. The mesh Th, with mesh size h = 1/64, is obtained by uniform refinement of
the finest coarse mesh corresponding to H = 1

16 . Figure 8.1 shows the coarse mesh

for H = 1
4 , along with a zoomed-in view of the underlying fine mesh. Note that

the mesh sizes H and h have to be understood relative to the subdomain size.

0 1

1

0

Figure 8.1. The domain Ω used for the numerical experiments.
Here, the blue lines are the interfaces Ω1 and the coarse mesh
corresponding to H = 1

4 is shown in red. The fine scale mesh is
shown in the zoomed-in part.

In the first numerical experiment, we solve the problem (2.8) on Ω with data
A0 = 1, A1 = 1, B1 = 1, f0 = sin(πx) sin(πy), and f1 = x + 2y, and plot the
resulting errors for fixed oversampling parameters ℓ, as a function of the coarse mesh
sizeH. Figure 8.2(a) shows the finite element reference solution, while (b) shows the
convergence behavior of the proposed method. The error is measured in the energy
norm relative to the finite element reference solution. We observe that, for fixed
ℓ, the error first decreases with optimal order O(H2). Beyond a certain point, the
localization error becomes dominant, and the convergence curve reaches a plateau.
The level of this plateau decreases with increasing oversampling parameter ℓ. This
behavior is consistent with the theoretical result in Theorem 6.1. Importantly, for
fixed ℓ, the error does not increase again after reaching the plateau, an undesirable
effect observed, for example, in [MP14, Mai21]. These improved stability properties
of the proposed method can be attributed to the refined localization procedure
introduced in Section 5.

In the second numerical example, we consider coefficients A0 and A1 that vary
rapidly on the fine scale. The coefficient A0 is chosen to be piecewise constant
on the fine mesh Th, taking random values in the range [0.01, 1], while A1 is de-
fined as A1 = sin(30πx) sin(30πy) + 2. For this example, again we let B1 = 1,
f0 = sin(πx) sin(πy), and f1 = x + 2y. Figure 8.3(a) shows the correspond-
ing finite element solution, and (b) presents the resulting convergence behavior.
The observed convergence is qualitatively similar to that of the previous numerical
example.
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(a)

1/16 1/8 1/4 1/2 1

10−4

10−3

10−2

10−1

H

∥u
h
−
ũ
ℓ H
∥ a

ℓ =1
ℓ =2
ℓ =3
ℓ =4

H2

(b)

Figure 8.2. In (a), the solution to the problem defined by A0 = 1,
A1 = 1, B1 = 1, f0 = sin(πx) sin(πy), and f1 = x+2y is shown. In
(b), we see the convergence results, the energy norm of the error
between the reference solution uh and approximations ũℓ

H with
respect to H is shown for different oversampling parameters ℓ.

(a)

1/16 1/8 1/4 1/2 1

10−4

10−3

10−2

H

∥u
h
−
ũ
ℓ H
∥ a

ℓ =1
ℓ =2
ℓ =3
ℓ =4

H2

(b)

Figure 8.3. In (a), the solution of the problem with random,
piecewise constant A0 on the fine mesh, with random values in
the range [0.01, 1]. Here, A1 = sin(30πx) sin(30πy) + 2, B1 = 1,
f0 = sin(πx) sin(πy), and f1 = x+ 2y. In (b), the convergence of
said problem with regards to the coarse mesh size H, for different
oversampling parameters ℓ is shown.

In the final numerical example, we consider a generalized coarse mesh consisting
of complex-shaped elements; see Section 7. The domain and corresponding coarse
mesh are shown in Figure 7.1(b). In this experiment, A0 is again chosen to be
piecewise constant on the fine mesh Th, with random values in the range [0.01, 1],
while A1 = 1, B1 = 1, f0 = 1, and f1 = 1. The construction of the method for
these complex-shaped coarse meshes follows the procedure described in Section 7.
For implementation purposes, we deviate from the stabilized localization strategy
presented in Section 5 and instead employ a simplified localization approach, where
the global problems (3.5) defining the basis functions are localized directly. Note
that this method is affected by the previously described deterioration of errors
if the oversampling parameter is not increased logarithmically as the mesh size
decreases. The resulting solution and convergence behavior for h = 1

32 and H =
1
2 , with respect to the oversampling parameter ℓ, are shown in Figure 8.4. We

emphasize that for this choice of f0 and f1, the first term on the right-hand side of
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(a)

1 2 3 4 5 6
10−5

10−4

10−3

10−2

10−1

100

ℓ

∥u
h
−

ũ
ℓ H
∥ a

H = 1
2

exp(−2ℓ)

(b)

Figure 8.4. In (a), the finite element solution of the problem with
complex-shaped coarse mesh is shown, and in (b) is the convergence
of said problem based on the number of layers the patches spread.
Here, A0 is a piecewise constant, random coefficient within [0.01, 1],
A1 = 1, B1 = 1, f0 = 1 and f1 = 1. We have h = 1

32 and H = 1
2 .

error estimate (6.3) vanishes and only the exponentially decaying localization error
remains. The observed decay behavior is again consistent with Theorem 3.2.
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[BL11] I. Babuška and R. Lipton. Optimal local approximation spaces for gen-
eralized finite element methods with application to multiscale problems.
Multiscale Model. Simul., 9(1):373–406, 2011.

[BNY18] W. M. Boon, J. M. Nordbotten, and I. Yotov. Robust discretiza-
tion of flow in fractured porous media. SIAM J. Numer. Anal.,
56(4):2203–2233, 2018.



AN LOD METHOD FOR HETEROGENEOUS MIXED-DIMENSIONAL PROBLEMS 21
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[HMW21] F. Hellman, A. Målqvist, and S. Wang. Numerical upscaling for hetero-
geneous materials in fractured domains. ESAIM: Math. Model. Numer.
Anal., 55, 2021.

[HP13] P. Henning and D. Peterseim. Oversampling for the multiscale finite
element method. Multiscale Model. Simul., 11(4):1149–1175, 2013.

[HP22] M. Hauck and D. Peterseim. Multi-resolution localized orthogonal
decomposition for Helmholtz problems. Multiscale Model. Simul.,
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